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. Athree-sided fence is to be built next to a straight section of
river, which forms the fourth side of arectangularregion. The
enclosed area is to equal 1800 ft. Find the minimum perime-
ter and the dimensions of the corresponding enclosure.

. A three-sided fence is to be built next to a straight section of
river, which forms the fourth side of a rectangular region.
There is 96 feet of fencing available. Find the maximum
enclosed area and the dimensions of the corresponding
enclosure.

. A two-pen corral is to be built. The outline of the corral
forms two identical adjoining rectangles. If there is 120 ft of
fencing available, what dimensions of the corral will maxi-
mize the enclosed area?

. A showroom for a department store is to be rectangular
with walls on three sides, 6-ft door openings on the two fac-
ing sides and a 10-ft door opening on the remaining wall.
The showroom is to have 800 ft* of floor space. What di-
mensions will minimize the length of wall used?

. Show that the rectangle of maximum area for a given
perimeter P is always a square.

. Show that the rectangle of minimum perimeter for a given
area A is always a square.

. A box with no top is to be built by taking a 6 in-by-10 in
sheet of cardboard, cutting x-in squares out of each corner
and folding up the sides. Find the value of x that maximizes
the volume of the box.

. A box with no top is to be built by taking a 12 in-by-16 in
sheet of cardboard, cutting x-inch squares out of each cor-
ner and folding up the sides. Find the value of x that maxi-
mizes the volume of the box.

. (a) A box with no top is built by taking a 6”-by-6" piece
of cardboard, cutting x-in. squares out of each corner and
folding up the sides. The four x-in. squares are then taped
together to form a second box (with no top or bottom). Find
the value of x that maximizes the sum of the volumes of the
boxes. (b) Repeat the problem starting with a 4 in-by-6 in
piece of cardboard.
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Oil spills out of a tanker at the rate of 120 gl/min per
minute. The oil spreads in a circle with a thickness of %”.
Given that 1 ft* equals 7.5 gallons, determine the rate at
which the radius of the spill is increasing when the radius

reaches (a) 100 ft and (b) 200 ft. Explain why the rate de-
creases as the radius increases.

Oil spills out of a tanker at the rate of 90 gallon per minute.
The oil spreads in a circle with a thickness of 1" Determine
the rate at which the radius of the spill is increasing when
the radius reaches 100 feet.

Oil spills out of a tanker at the rate of g gallons per minute.
The oil spreads in a circle with a thickness of Ll (a) Given
that the radius of the spill is increasing at a rate of 0.6 ft/min

when the radius equals 100 feet, determine the value of g.
(b) If the thickness of the oil is doubled, how does the rate
of increase of the radius change?

Assume that the infected area of an injury is circular. (a) If
the radius of the infected area is 3 mm and growing at a
rate of 1 mm/hr, at what rate is the infected area increas-
ing? (b) Find the rate of increase of the infected area when
the radius reaches 6 mm. Explain in commonsense terms
why this rate is larger than that of part (a).

Suppose that a raindrop evaporates in such a way that it
maintains a spherical shape. Given that the volume of a
sphere of radius ris V = 3'"3 and its surface area is A =
4xr?, if the radius changes in time, show that V' = Ar'. If
the rate of evaporation (V’) is proportional to the surface
area, show that the radius changes at a constant rate.

Suppose a forest fire spreads in a circle with radius
changing at a rate of 5 ft/min. When the radius reaches
200 feet, at what rate is the area of the burning region
increasing?
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7. A 10 ft ladder leans against the side of a building as in ex-

8.

10.

(1.

(2.

(3.

ample 8.2. If the bottom of the ladder is pulled away from
the wall at the rate of 3 ft/sec and the ladder remains in con-
tact with the wall, (a) find the rate at which the top of the
ladder is dropping when the bottom is 6 ft from the wall.
(b) Find the rate at which the angle between the ladder and
the horizontal is changing when the bottom of the ladder is
6 ft from the wall.

Two buildings of height 20 ft and 40 ft, respectively, are
60 ft apart. Suppose that the intensity of light at a point
between the buildings is proportional to the angle @ in the
figure. (a) If a person is moving from right to left at 4 ft/s, at
what rate is # changing when the person is exactly halfway
between the two buildings? (b) Find the location at which
the angle @ is maximum.

i/

A plane is located x = 40 mile (horizontally) away from an
airport at an altitude of /i mile. Radar at the airport de-
tects that the distance s(f) between the plane and airport
is changing at the rate of s'(f) = =240 mph. (a) If the plane
flies toward the airport at the constant altitude h = 4, what
is the speed |x(f)| of the airplane? (b) Repeat with a height
of 6 mile. Based on your answers, how important is it to
know the actual height of the airplane?

(a) Rework example 8.3 if the police car is not moving. Does
this make the radar gun’s measurement more accurate?
(b) Show that the radar gun of example 8.3 gives the cor-
rect speed if the police car is located at the origin.

Show that the radar gun of example 8.3 gives the correct
speed if the police car is at x = ; moving at a speed of

(\/E— 1) 50 mph.

Find a position and speed for which the radar gun of exam-
ple 8.3 has a slower reading than the actual speed.

For a small company spending AED x thousand per year in
advertising, suppose that annual sales in thousands of dol-
lars equal s = 60 — 40¢7"%%_ The three most recent vearly
advertising figures are given in the table.
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EXAMPLE 9.8 Finding the Maximum Rate of Population Growth

Suppose that a population grows according to the equation p'(t) = 2p(t)[1 — p(#)]
(the logistic equation with r=2). Find the population for which the growth rate is a
maximum. Interpret this point graphically.

Solution To clarify the problem, we write the population growth rate as

fp) =2p(1 = p).
Our aim is then to find the population p > 0 that maximizes f(p). We have

f(p) = 2(1)(1 = p) +2p(=1)
=2(1-2p)

and so, the only critical number is p = % Notice that the graph of y = f(p) isa
parabola opening downward and hence, the critical number must correspond to
the absolute maximum. In Figure 4.104, observe that the height p = % corresponds
to the portion of the graph with maximum slope. Also, notice that this point is an
inflection point on the graph. We can verify this by noting that we solved the
equation f’(p) = 0, where f(p) equals p'(t). Therefore, p = % is the p-value
corresponding to the solution of p” (t) = 0. This fact can be of value to population
biologists. If they are tracking a population that reaches an inflection point, then
(assuming that the logistic equation gives an accurate model) the population will

eventually double in size. m
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37. Suppose that a population grows according to the logis-
tic equation p'(t) = 4p(t)[5 = p(1)]. Find the population at
which the population growth rate is a maximum.

38. Suppose that a population grows according to the logis-
tic equation p'(t) = 2p()[7 — 2p(1)]. Find the population at
which the population growth rate is a maximum.
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EXAMPLE 3.2 Computing the Area Exactly
Find the area under the curve y = f(x) = 2x — 2x” on the interval [0, 1].
Solution Here, using n subintervals, we have

1-0_1

n n

Axr =

andso, x; =0,x; = -1-,x2 =x+Ax= 3 and so on. Then, x; = -’-,fori:O,l,
" n n
2,...,n. From (3.1), the area is approximately

a2 -2 0] 6
EEEE]-ZEE)G)

" n
L3 3
nz DER

i=1

i=1

An(n+ 1) % ln(n +1)(2n+1)

= w2 3 3 6 From Theorem 2.1 (1) and (k).
_n+1 (m+1)2n+1)

Tn 3n?

_(n+1)(n-1)

- T-

Since we have a formula for A,, for any n, we can compute various values with ease.
We have

(201)(199)
AZOD = W — 0.333325,
= 1S01@EI9) _ \ anass

3007 3(250,000)
and so on. Finally, we can compute the limiting value of A, explicitly. We have

2 2
: .on— 1-1/n 1
IimA =lim — =1 = —.
uE?o " n—on:o 312 n—oo 3 3

Therefore, the exact area in Figure 5.8 is 1/3, as we had suspected. ® |
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slow¥ Ll Ol gaeae pasaul A1-14 Gpyled) B
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1. y=22+1on(a) [0,1]; (b} [0, 2]; () [1,3]
12. y=x*+3xon(a)[0,1]; (b) [0,2); (c) [1,3]
13. y=2x*4+1on(a)[0,1}; (b) [-1.1]); (c) [1,3]
4. y=4—xon @) [0,1); (b)[-1,1}; () [1,3)

In exercises 11-14, use Riemann sums and a limit to compute
the exact area under the curve.

11. y=x +1on{a)[0,1]; (b) [0,2]; (c) [1.3]
12. y=2%+3xon (a) [0,1]; (b) [0,2]; (c) [1,3]
13. y=2x*+1on(a)[0,1]; (b) [-1,1]; (c) [1,3]
4. y=4x"—xon(a)[0,1]; (b) [-1,1]; () [1,3]
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S0 Bt s 25-382 G jlead) 3
25. f(x):/t(!3-3!+2)dl
N

26, f(v)= /,“2_3‘_4)‘"

27. flx) = / e 1) 28. flx) = / sectdl
0 4]

29, i) = / " sin i 30. fy= [ 2a

.~ 2=
1. f= | s 2 0= [ o
s 3x

In exercises 25-32, find the derivative f’(x).
25. f(x):/x(tz—31+2)dt
0
26. f(x)=/x(t2—3!—4)dt
2
» 2
27. f(x) =/ (12‘r2 +1)dt 28. f(x) =/ sec tdt
0 x
2-x xe*
29. f(x) = / sin #*dt 30. f(x) = / e*at
tl’ 2

-X

13 S0 X
3156 = / sin(31) dt 32 )= / (* +4) dt

3x
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