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@ Infinite Series CHAPTER

Everywhere we look today, we are surrounded by digital technologies. For
instance. music and video are pow rowtinely delivered digitally, while digital sall
and wideo cameras are now the standard. An cssential ingredient in this digital
revolution has been the use of Fourier analysis, 3 mathematical idea that is intro-
duced in this chapter.

Thiz key 1o these digital technologies is the ability o transform various kKinds
of information into a digital format. For instance, the music made by a saxo-
phone might be initally represented as a series of notes on sheet music, but the
musician brings her own special inierpretaiion o the music. Such an individual
performance can then be recorded, o be copied and replayed later. While this is
casily accomplished with conventional analog technology. the advent of digital
technology has allowed recordings with a previously unkmown fidelity. To do
this, the music is broken down into its component parts, which are individueally
recorded and then reassembled on demand to recreaie the original sound. So, the
complex thythms and intonations generated by the saxophone reed and body are
converted into a siream of digital bits (zepos and ones), which are then mrned
hack into music.

Anton Civonbkoy/Alasiy Slock Plhoka
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In this chapter, we learn how calenlators can qoickly approximate a quantity
like sin 1-234567. bot we'll also see how music synthesizers work. The mathe-
matics of these o modern marvels is surprisingly similar. Quite significantly,
we see how to express o wide range of functions in terms of moch simpler func-
tions, opening wp a new world of important applications.
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@) 5.1 SEQUENCES OF REAL NUMBERS
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The mathematical notion of sequence is ool much different from the common English
usage of the word. For instance, to describe the sequence of events that led up to a traffic
accident, you'd not only need 1o list the events. but vou'd need to do =0 in the cormect onder.
In mathematics, the term seguence refers to an infinite collection of real numbers, written
in a specific order.

We have already seen sequences several times now. For instance, to find approcimans
solutions 1w nonlinear equations such as tan x — x =0, we began by first making an initial

DEFINITIOM OF SEQUENCE

A sequence is any function whose domain is the set of inegers starting with some
integer my, (often 0 or 1), For instance, the function ein) = ; form=1.23 ..,
defines the soquence

Here, } is callbed the first term, § is the second term and s0 on. We call a{n) =
the general term, since it gives a (general) formuls for computing all the terms
of the sequence. Further. we use subscript notation instead of funciion notation and

write a, instead of a{n).

EXAMPLE 1.1 The Terms of a Sequence

Write out the first four terms of the sequence whose general term is given by a. =
re=1,23._...

Solution 'We have the sequence
1+1 2 I+1

== b=
1 1 2

n+ 1
n

|
=4
da
[
&l

b | L

We oficn use et notation o denote a sequence. For instance, the sequence with gen-
1
cral ierma, = — form=1,2.3 ..., is denoted by
m

wazn {5}

or equivalenily, by listing the terms of the sequence:

To graph this sequence. we plot a number of discrete points, since a sequence Is a
function defined only on the inegers. (Sec Figure 5.1.) Note that s n gets larger and

1
larger, the terms of the sequence, a. = —, get closer and closer to zero. In this case, we say
-
that the sequence converges to 0 and write
1

?:I}

Jim a. = Jim — =0,

In general, we say that the sequence (4., =1 converges o L (i.e., lim a, = L) if we can
make a, a5 close to L as desired. simply by making n sufficiently large. Notice that this
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language parallels that used in the definition of the limit lim fx) = L for a function of a
redl variable ¥ (given in section 1.6). The only difference is that m can take on only integer
values. while x can iake on any real value (integer, rational or irrational .

When we say that we can make a, as close to L as desired (i.e_, arbitrarily close). just
how close must we be able 1o make o, to L7 Well, if vou pick sy (small) real number,
g = {I, you must be able to make o, within a distance ¢ of L, simply by making n suffi-
ciently larze. That is. we need |a, — L] < .

We summarize this in Definition 1.1.

DEFINITION 1.1

The sequence {a. | =-, converges to L if and only if given any number £ > {}, there is
an integer N for which

|ite — L] =&,  forevery n= N
If there is no such number L, then we say that the sequence diverges.

We illustrate Defimition [.] in Figore 5.2, Motice that the definition says that the
sequence [d.) 5= converges to L if, given any number & > I, we can find an infeger N so
that the terms of the sequence stay between L — £ and L 4 £ for all values of n > M

fa

#
'--" 1-. .I.-‘
.I'_-ri' —————— -.--———‘————"-!-.-. ————— -
L=y -|-|-|-|-|rrﬂ-r:"-rl!-rl-ﬂl-ﬂ-rl-ﬂ:r-:rn-rl-
.
- E L]
l12345 N
FIGURE 5.2
Coavergence ol a saquendce

In example 1.2, we show how to use Definition 1.1 o prove that 4 sequence converges.

EXAMPLE 1.2 Proving That a Sequence Converges

==
o=l

I
Use Definition 1.1 to show that the sequence {1} oonverges to 0.
n

I
Solution Here, we most show that we can make — as close to 0§ as desired, jusi by
"

mizking s sufficiently large. So, given any £ > 0, we must find N sufficiemly large so
that for every r = N,

|
<E Or —<£E {1.1%
|

1
——0

Since o and £ are positive, we can divide both sides nl[i.!hb}'eaudmﬂliplyhyn!,
by obtain

1 "
—LH .
£

Taking square roots gives us ;-r:.n.

|
Working backwards now, observe that if we choose N (o be an integer with N = J;,

1
then i = N implies that — < e, as desired. =
o
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Muost of the usual roles for computing limits of functions of a real variable also apply
to computing the limit of & sequence, as we sec in Theorem 1.1,

THEOREM 1.1

Suppose that {a,] 2., and {b,} 5., both comverze. Then
(i) lim(a,+b,)=lima, + lim b,

(i} limia, - b,)=lima,— lim b,

(iif) lim (o b} = (lim a.Wlim b.) and

{iv) lim — =

g 2’_'!1, B, {assuming !.I_I'!-'!. b &£ 0).

The proof of Theorem 1.1 is virtually identical to the proof of the corresponding the-
orem ahoat limits of a function of a real varishle {see Theorem 3.1 in section 1.3 and the
appendix) and is omitted.

To find the limit of a sequence, you should work largely the same a5 when computing
the limit of a function of a real variable, but keep in mind that sequences are defined only
for inmeger values of the variahle.

If youe (incorrectly b apply
I"Hipital’s Rule in exam-
ple L3, vou gei the mght
answer. {Go ahead and

iry it nobody's looking. )
Unfortunately. you will not
always be =0 lucky. It's a lot
like trying to cross 3 busy
highway: whilc there are
nmes when you Can Success-
fully cross with your cyes
closed, if's not generally
recommendad. Theorem
1.2 describes hovw you can
safely uze I"Hapital’s Rule.

iy
E 3
124
[]
it o
-I
® o
"
% o I.'
L] -
*-- “.I
2r
——— —— —— ———— %
5 14 15 1]

EXAMPLE 1.3 Finding the Limit of a Sequence

Sn+7

Evaluate lim ————.

L S ——
Solution This has the indeterminnie form ETI]: graph in Figure 5.3 sugpests that
the sequence tends Lo some limit arcund 2. Note that we cannol apply I"Hipital’s Rule
here, since the functions in the numerator and the denominator are defined only for
integer values of & and, hence, are not differentiable. Instead. simply divide numerator
and denominator by the highest power of » in the denominator. We have

3

(5n +7(1) il
3.

i lim
s 3y — 5 n—m‘h_ﬁ}{%} vy N

A =

| ——— 1L |

In example 1.4, we see a sequence that diverges by virtue of its terms iending o +-o0.

EXAMPLE 1.4 A Divergent Seguence

s |

In—3

Solution  Again, this has the indeierminaie fzrm E,hm from the graph in Figure 5.4,

the sequence appears in be increasing withowut bound. Dividing top and botiom by &
(the highest power of a in the denominator), we have

Evaluate LEIE

el Gr* + 1)(z) n+i

lim = = lim
l—ﬂln_] n—m‘zﬂ_l-:‘é} u--mz_é

3

41
In—23

aﬂdm,lh:sr_qn-:mc{ } diverges.
A=l
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In example 1.5, we see that a sequence doesn’t need (o tend o + o0 in arder o diverge.

EXAMPLE 1.5 A Divergent Sequence Whose Terms Do Mot Tend to oo

Determine the comvergenoe or divergence of the sequence {(— 1)} 5.

Solution  If we write out the terms of the sequence, we have
{-LL-LI-LL...L

That is. the terms of the sequence alternate back and forth berween —1 and 1 and so the

sequence diverges. To sec this graphically, we plot the first few terms of the soguence in
Figure 5.5. Notice that the poinis do not approach any limit (a horizontal line). = |

I'fl
[
I+ & &8 = » & » &

3 4 P
5 [] 15
=T ® ® ® 8 ¥ ¥ ¥
FIGURE 5.5 FIGURE 5.6
go={ =1y a, = fim}, where fix) — 2,

s T — o0

You can use an advanced tool like I'Hopital's Rule to find the limit of a sequence, b
you must be careful. Theorem 1.2 says that if fix) — L as ¥ — s through all real values,
then fin) must approach L, too, as n — oo through integer values. {See Figure 5.6 for a
graphical representation of this. )

THEOREM 1.2
Suppose that !Eﬂxr:L. Then, !ﬂﬁn‘]:f_,ahn_

REMARK 1.2

The converse of Theorem 1.2 is false. Thart is. i[jﬂfml:]‘..itntndmub:uu that
E_ﬂr]:f_m!i&ﬂtarﬁ'mﬂltﬁﬂlming observation. Mote that

lim cosiZzmi=1,
since cosi2e m) = | for every integer n. {See Figure 5.7a.) However,
lim cos(le.x) does not exist,
sinee as 1 — oo, oosf 2e v} oscillates between —1 and 1. (See Figore 5.7h.)

EXAMPLE 1.6 Applying I'Hépital's Rule to a Related Function

n+1
Evaluate i :
b o

Solution This has the indetcrminate form ﬁ but the graph in Figure 5.8 suggesis
that the sequence converges o 0. However. there is no obvious way o resolve this.
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sinm
a3, = 1

except by I"Hipital's Rule (which does nor apply to limiis of sequences). So, we mstead |
consider the limit of the corresponding function of a real variable to which we may
apply I'Hépital's Rule. {Be sure you check the hypotheses. ) We have

d
TS B i
fim = = fim = = lim =0
—{&"}
dx
From Theorem 1.2, we now have
+1
i =, also. m |

]

For many sequences (including infinite serics, which we study in the remainder of this
chapier). we don’t even have an explicit formula for the general term. In such cases. we
must test for convergence in some indirect way. Owr first indireet tool cormesponds to the
result {of the same name) for limits of functions-of a real variable presented in section 1.3,

THEOREM 1.2 (Squeeze Theorem)

Suppose {dal 5w, and | ]S, are convergent sequences, both converging to the
limit L. If there is an integer &, = &g such that for all v = Ry, 4, < ¢, < b, then
{ Cnl Fon, COnVErzes to L too.

In example 1.7, we demaonsirate how o apply the Squecse Theorem (o a sequence.
Observe that the trick here is to find two sequences, one oneach side of the given sequence (ie.
one karger and one smaller) that have the same limic

EXAMPLE 1.7 Applying the Squeeze Theorem to a Sequence
Dﬂcrnﬁmtbcmumgﬂmtwdimgmunf{%} .

=l
Solution From the graph in Figure 5.9, the sequence appears o converge to 0,
despite the oscillation. Further, node that vou cannot compuie this limit using the rules
wic have established so far. (Try it!) However, since

—1 <sinm =<1, forall m

dividing through by i gives s
-1 s
—,gﬂn, £ — foralle = 1.
n N
: =] R
Finally, since Im —=0= lim —,
" "
: o sinA
the Squeeze Theorem also gives us that lim —— =0
e L]

The following useful result follows immediately from Theorem 1.3

COROLLARY 1.1
If lim |aq| = 0, then lim @, = O also.
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PROOF
Motice that fior all w, —la,] £ a, = .
Further, limja|=0 and kEmi—ja,])=lim|a,|=0.

So. from the Squeeze Theorem, _ILrg: iy =0, to0. m

Corollary 1.1 is panicularly wseful for sequences with both positive and negative
terms, as in cxample 1.8

EXAMPLE 1.8 A Sequence with Terms of Alternating Signs

1y =
Determine the convergence or divergence of { ! ’J"} :
" n=i

Solution The graph of the sequence in Figure 3.10 suggests that although the
sequence oscillates, it still may be converging to 0. Since (—1)" oscillates back and

—13
forth between —1 and l,wccim'-ntmmpmt_lj_{nm%dirmdy. However, nofice that

=1 1
n | m
|
and fim — =1}
L |
S et
From Corollary 1.1, we get thai lim = [, b, Z
o ”.

We remind youo of the following definition, which we use throughout the chapter.

DEFINITION 1.2
For any mnieger m = |1, the factorial a! 15 defined as the prodoct of the first o positive
integers,
ml=1-2-3----up
We define 0! = 1.

Example 1.9 shows a sequence whose limit would be extremely difficult o find with-
out the Squesze Theorem.

EXAMPLE 1.9 A Proof of Convergence by the Squeeze Theorem

1 -
[nvestigaie the comergence of {H—"} -
i} a=i
1
Solution  First, notice that we have no means of compating lim 1_' directly. (Try
Bz

this!y From the graph of the sequence in Figure 5_11. it appears that the sequence is
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converging o (. Notice thai the general term of the sequence satisfies

! 1-2-3.----.
] H—_: =
m M-R-M----- n
23 1 ! i
S EE ML
mim-ae - n i

From the Squecze Theorem and (1.2}, we have that since

I'|E|:|l=1:|l and  lim (=0

o=

n!
then lim — =10, alzo.

n
;| n

Just as we did with functions of a real variable, we need o distinguish between sequences
that are increasing and those that are decreasing. The definitions are straightforward,

DEFINITION 1.3
(i1 The sequence {0.)= is increasing if

dy Sdy S-S, Rl B
(it} The sequence {a. )=~ is decreasing if

A 22 Bl 2o

Ifl 2 sequence is cither increasing or decreasing. it is called monotonic.

There are several ways 1o show that a sequence is monotonic. Regardless of which
method you use, you will need to show that cither @, < g..: for all # (increasing ) or daa: <
i, for all n (decreasing). We illusirate two very useful methods in examples 110 and 111,

EXAMPLE 1.10 An Increasing Sequence

} is increasing. decreasing or peither.
=l

Investigaie whether the sequence {u+]

Solution From the graph in Figure 5.12, it appears that the sequence is increasing.
However. you should not be deceived by looking at the first few terms of a sequence.
More generally, we ook at the ratio of two successive ierms. Defining a, = nﬂ? we

+ 1
m:_ mtﬂ.+1="—1mdsu.
. n-"-ulrl'“'“'"" n
gy _o® ("+|
E+ Hasl I'.I-I-]:] (n+1}(!r+l‘;
8. f A n4 2 i
i
(=) 3
0z o
+ 2 1 1
) S il PO (R
: 5 D B i+ i w4+ i
FIGURE5.12 Multiplying both sides of (1.3) by a, > {0, we obtain
el Busl >

ﬂ\.:
m+ 1
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for all i and =0, the sequence is increasing. Aliernatively, consider the function
fixh= :x! {of the real variable x) corresponding o the sequence. Observe that
_lx+h-x_ 1
TS T T
which says that the funmct'muj'{xl i5 increasing. From this, it follows that the correspond-

ng soquence d, = iy 15 also increasing.

=1,

Fix)

EXAMPLE 1.11 A Sequence That Is Increasing forn > 2
1 ==

Investigate whether the sequence { ﬂ?} is increasing. decreasing or neither.
=i

Solution  From the graph of the sequence in Figure 5_13, it appears that the soquence

L . . n! {n+ 0!
is increasing (and rather rapidly, at that). Here, fora, = — wehave a, = —
50 that
:n+il!l
gt L ™ ] 1
a (E} T & ol
e
(4 Lnte" n+41l
e e — = im0 =i & 10 -t B
oy = =1, form=2 :.._-." telfin 1 (1.4}

Multiplying both sides of (1.4) by g, = 0. we get
.y > d, forn = 2,

Motice that in this case, although the sequence is not increasing for all m, it is increasing
for i = 2. Keep in mind that it doesn’t really matter what the first few terms do, any-
way. Wi are only concerned with the behavior of a sequenceas n — oo, |

We need o define one additional propenty of sequences.

DEFINITION 1.4

W say that the sequence { &, } =, is bounded if there is a number M > (0 {called a
hound) for which |a.] < M. fior all «

I is imporant o realize that & given sequence may have any number of bounds (for
instance, if ja.] = 10 for all A, then |a,] < 20, for all &, o).

EXAMPLE 1.12 A Bounded .Sequence

ml

i

3_ ¥ =
Slmwthatlh:nrqu:m:{ } is bounded.

Solution We use the fact that 4n® — 3 > (|, forall m = 1, to gt

-4n1| -3 ad’  4n

|n!-l-1|= 41 {r.r'+1q e T

la.| =

S0, this soquence is boanded by 4. (We might also say in this case that the sequence is
bounded between —4 and 4_) Further, note that we could also use any number greater
than 4 a5 a bound. =
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FIGURE 5.14a

A bounded and imcreasing sequence
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FIGURE 5.14b
A bounded and decreasing
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=

FIGURE 5.15
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Theorem 14 provides a powerful tool for the investigation of sequences.

THEOREM 1.4
Ewvery bounded, monatonic Sequence comverges.

A typical bounded and increasing sequence is illusirated in Figure 5 14a. while a
bounded and decreasing sequence is ilusirated in Figure 5.14b. In both figures, notice that
a bounded and monotonic sequence can't oscillate or increase/decrease without a bound
and. consequently, must converge. The proof of Theorem 1.4 is rather involved and we
leave it w the end of the section.

Theorem 1.4 says that if we can show that a sequence is bounded and monotonic, then
it must also be convergent. alihough we may have litile idea of what its limit might be. Sall.
once we establish that a sequence converges, we can approxinate its limit by computing a
sufficient number of terms. as in example 113,

EXAMPLE 1.13 A Boundead, Monotonic Sequence

v.q
Investigate the convergence of the sequence { - }
n

|
'H'
Solution  First, note that we do not know how @0 compute -Il_.i.'l'ln ; Thizs has the inde-
tcrminaic form 1;—': bui we cannot use I'Hipital’s Bule here directly or indirectly. (Why

nit?) The graph in Figure 5.15 suggesis that the sequence converges to 0. To confirm
this suspicion, we first show that the sequence is monotonic. We have

Iﬁwl
Has lfn+l}!] il

fa o BETE S s
(=
2(2"m! 2 e
- _ {I_fur }I. BT - - - dans
in+ Im'2" nmsl” "= | phte e ke a3

Multiplying both sides of (1.3) by aq > 0 gives us g, 50 < de for all # and so, the
sequence is decreasing. Next, since the sequence is decreasing. we have thae

for m = 1 {ie.. the sequence is bounded by 2). Since the sequence is both bounded and
monoionic, it must be convergent, by Theorem 1.4, We display a number of erms of
the sequence in ihe table in the margin, from which it appears that the sequence is con-
verging o approximately 0. We can make a slightly sironger statement, though. Since
wie have established that the sequence is decreasing and convergent. we have from our

computations that
D<a, <axy=4312 107", form=20.
Furiher, the limit L must also satisfy the inequality
D=L <431 x 107"
We can confirm that the limit is 0. as follows. From (1.5},

L=].i.m.u,,+t=lim{. - )u,.
o r+ 1

Bz

i
so that L=(1im = ]{1j:nu.;=u-r_=n.
LS R | T
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REMARK 1.3

Do not. undercstimate the

This indirect way of westing
a sequence for convergence
takes on sdditional sig-
nificance when we stndy
infimite series {a special
type of sequence that is the
topic of the remainder of
this chaper).

imporance of Theorem 1.4,

u]
&
jfit=reerree s
"-....|-ilm
nEg o*

T

B E
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Before we can prove Theorem 14, we need to siate one of the properties of the real number
SysEiCTL.

THE COMPLETENESS AXIOM

If & nonempty set § of real nombers has a lower bound, then it has a grearess lower
Bonind. Equivalenily, if such a set has an upper bound. it has a feasr upper bownd.

This axiom says that if a nonempty set S has an upper bound, that is. a number M such
that

r=M forallx € 8
then there is an upper bound L, for which
L = M for all upper bounds, M,

with a corresponding statemend holding for lower bouands.
The Completeness Axiom enables us to prove Theorem 1.4

PROOF
(Increasing sequence) Suppose that {a, | ., is increasing and bounded. This is illustrated
in Figure 516, where you can see an increasing sequence bounded by 1. We have

B Ed By S - R, Ry Z- -

and for some number M > 0. Ja,| = M for all & This is the same as saying that
—M g, <M, foralln

Mow, let 5 be the sei containing all of the terms of the sequence, § = [ay. @2 - . ., o, - - ).
Notice that M is an upper bound for the se0 5. From the Completeness Axiom, § must have
a least upper bound. L. That is, L is the smalless nomber for which

ay =L, forallm {1.6)

Notice that for any number £ > 0, L — ¢ < L and so, L — £ is mor an upper bound. since L is
the feast upper bound. Since L — ¢ is not an upper bound for S, there is some element, ax,
of § for which

L—e<ay

Simce [a.) is increasing, we have that for e = N, aw < .. Finally, from (1.6} and the fact
that L is an upper bound for § and since £ > (0, we have

L—rzayza, =Ll +e
of mare simply
L—eag, =L 4k
for m = N. This is equivalent to
lan— L] <&, form=N,

which zays that {a.) comverges to L. The proof for the case of a docreasing sequence is
similar and is left as an exercise. m
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BEYOND FORMULAS

The essential logic behind sequences is the same as that behind much of caloulus.
When evaluating limits (including limits of seqoences and those that define deriva-
tives and integrals). we are froquently sble to compate an exact answer dircctly. as in
example 1.3. However, some limits are more difficult to determine and can be found
omly by using an indirect method. as in example 1.13. Such ndirect methods prove
o be extremely important (and increasingly common) as we expand our study of
sequences o those defining infinite series in the rest of this chaper.

EXERCISES 5.4 (@)

@ WRITING EXERCISES

L. Compare and contrast lim sin xx and lim sin . Doddicase the
doenains of the two fancirons and o they affect the limils.

L Explain why Theorem 1.2 shoubd be troe, mking inbo accoan
the respective domsins and ther eflect on the bowls.

A In wonds, explam why & decreasing boundid sequence must
COnVErRE.

A A sequence 15 sand o diverge il 1 does nol converge. The word
“diverge™ 15 well chosen for sequences thal diverge W oo, bul
is bess descriptive of sequences schoas (1.2, 1,2, 1,2, . ]
and [1.2.3. 1. 2.3, ._}. Briefly describe the limiting behav-
ior of these sequences amd discuss other possible limiting
behaviors of divergen! sequences.

In exercises 1-4, write oul the lerms ay, gz . - . . os of the given
SEQUEBCE.
-1 3

1. e = n: 1.. H.=m

4
al

Ly

L]
i iy = d. ﬂ.—[—l]‘m

-]

I exercises 5-8, (a) find the limil of each sequence, (b use ihe
definition 1o show that the sequence converges and (¢) plol
the sequence on & caleulator or CAS.

1 2z
5 a=1 Gt

a ]
1. oy = = & ﬂl=1ﬂ+|

n+ 1 n

9 Pl exch sequence in exercisss 58 and illosirare the
CONVETEEnE.

E 10, mmesqmu.={un¥+mg}ﬁwde1ﬁb:

the bebuwior of the sequence. ™

In exercises 11-24, defermine wheiher the sequence converges
o diverges.

:—
1L .|:|'..=J" +1 13 n..=5"1 1
2n—1 In'+ 1
a4+ 1 at+ 1
13 o, = 14 =
Ta+l ]
+2 m+d
15. a,=(—1F— 16 a,=i(—1r
T r3.rr—l == o+
)
17 n_=1—th""‘+_ 18 o, =i m
a4
1. a,=ne" 2L a,:mn
F s
e+ 2 ¥
1. s N et
M=y L R
2 !
i3, an= 4 =

In exercies 25-30, evaloale cach limit.

! s, .E_‘.it“‘“:+"_"}

25, lim mosin—
o o

Iy —

27. lim[nia+ 1) —in(m)] 2R um|..-mE ‘"+ :

- - 1 m I
o Tiin o'+ 1 B En 1mir)
e AT "."'m

In exercises 31-3, wse the Squecse Theorem and Corol-
lary 1.1 io prove ihat e sequence converges bo 0 (given ihai
[ﬂ!1=lhi;j;=ﬂh

[ -

x| [ F

A agy=— AL a,=
w

Inm

B o= Moo= (—1—
n [
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In exercises 35-34, determine whether the sequence is increas- 4
ing, decreasing or neitber.

3 a—1
;. g,="1 3. a,=
~ 42 » a4+l &5,
s o
3?.. P 3&. =
“ " o {m+ 2

In exercises 3942, show (hat the sequence is bounded.

k. n.r...=3":_1 B m:h_[
o+ 1 m+3
PP -

4L =.=“mi“l’ 2 o=
a

In exercises 43-4b, wrile & formula that produces the given
terms ol il sequence.

—1 1

1
43 ﬂ:=E1ﬂ1=T.ﬂ:=?ﬂ'+=—Lﬁl:-=1
1 1 1 1
. nt=E.ﬂ:=;.n;=;,u:=?_n,=;
3 5 T g
5. a=1 2=t = A= = oy
1 -2 3 - 5
A6, ﬂ't=E-.ﬂ:=T ﬂ:=E.ﬂ4—1— ﬂI—E
47, Prove Theorem 1.4 for a decressing sequence. %6
8. Define the sequence o, with oy = 3 and a, = 3 + 24,
forn = 2, Show that |a.) converges and estomate the limi of
the sequence.
E 49, (a0 Mumerically estimate the himis of the sequences
i, = (1 +;'::|'mdb_= i1 — 21" Comgpare the answers
0 e” and £

(b) Given that fim {1+ 1) =, show tha lim (1 +£) =¢’
for any constam £ (Hine Make the substilution r = mfr.)

@5& {a) Suppose thal ap = i.&mlﬂ,;.t:i-l:ﬂ'.-l-i].ShM'mlnbﬂ‘-
ically that the ssgience comvenges 10 2. To find ths Bt
analytically. let L = lim oy, = lim o, and solve the
equation L= £ L+ 3].
{bj Determane the it of the sequence defmed by o = |1
ﬂ...|='1_r{ﬂ'.+£lﬁl'r}ﬂaulu.}u.
B 51. Define the ssquence a, with ay = v and a, = /T + aa
foe m = 2. Show that {ao,) 15 incressing and bounded by 2
Evaluase the lomin of the sequencs by edimaling the appropri-
ate solution of 1 = V2 # VT
52 {a) Find all values of p such that the sequence o, = - Bﬂ
converges.
(b} Find all values of p such that the squence o, = <
SOOVETDES. Ei&.
53, D|=‘|".|.n!‘n.=.l—:+;!r+---+:-E.E'l‘:ll.l.ﬂelltzum:ll.mugal'mh
mada from saceon 4.2 and show that the sequence comverges.
By thinking of o, a5 a Biemann sum, idenify the definie inte-
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[ ]
1
Defime o, =
= En+

identily the definile inbegral o which the sequence converges.

s By thinking of @, a% o Remann sam.

Saart with two eincdles O and Oy of radios ry and e, regee-
tively, that are ngent 1o esch other and each langent 1o the
w-axis, Construet the circle C; that 1% tangent w O, C: and
the y-anis. (See the aceompanying figare ) (ab 17 the cenlers
af Oy and Cy are (0. ) and (o3, ro). respectively. shivw thal
{ez—e1F +{rz — nF =(ry + raf and then |o: — o] = 2yFirs.
{b) Find similar relationships for circes €, and ¢, and for cir-
cles Oz and . () Show that the rding ry of Oy is given by

T
=l
VT + o
¥
b
[
I A i

i) Constriset a sequence of cireles whene Cs s LEngent 1o O,
3 and the r-axis; then Cs b5 tangent W Cs, O3 and the s-axis.
I you start with umil cireles = e = 1, fiod a formals for e
raibiies ry in terms of Fo, the ath term in the Fibonacei sequence
of exercites 61 and 62 (Suggested by James Albwechi)

{a) Let O bethe cirche of rabiug r mscribed in Lhe parabala
¥ =1 (See the ligure) Show that the y-coordinate © of

1 1
the center of the cincle thc=I+f.

(b} Let O be the ancle of radius ry = 1 inseribed in oy =15
Construct 3 sequence of corches Oz, O amd 50 on, where
each circle C. reste on lop of the previous drele O, -
(that is. C, is angent 1o O, _ ) and is mscribed o the
parabieda. IF o is the radias of circle o, (o a (semple)
formula for r.. (Suggested by Gregory Minton)

Archimedes showed that if 5, 1% the leagth of an n-gon

inseribed in 3 circle, then 52, = VI — VA — 55 1% = 1. find

summwmsqz%_

n! 1 o B .
Sl'u.'m'llulF{;-ﬂ p:mr.‘lhal:b_rg; = L Meverthebess,
smumﬁu—mﬂym.hgm:::=L.mgm—dpup-

erty of In x explains this?

pral o which the ssquence converges.
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X appuicaTIONS

L

A ewelry company works with 12 cm squame boxes. Show
that form = 0, 2, 3. ..., atotal of o circular disks of diame-
ter L252 fip pntn the bottom o 2 bow. Let a, be the wasted ane

in the bottom af a box with 5° disks. Compaite d,.

The pattern of 2 sequence can'l always be determimed from the
frst few berms. St with a cercle, pick two points oa the circle
and commect them wath a boe segmenl. The cincle 15 divided
it oy = 2 regions. Adkl a thind poinl, conpect all poinds and
show that there are now a; = 4 regions. Add a fourth point,
connect all points and ghow that thens are @y = 8 reguons, s
the pattern clear™ Show thal os = 16 and then compube qq for a
surpeise!

A dufferent populstion model was studied by Fibonacei, an
Italian mathematician of the thirteenth century, He imagined a
population of rabbits starting with a pair of newboms. For ooe
muomnih, they grow and mature. The second meonth, they have a
peair of newhaorn haby rabbits. We count the number of patrs of
rabilnts. Thus far. ag = L m = 1 and @2 = 2. The rules are: adul
rabibat pairs give birth 108 pair of newboms every month, new-
bewrns pake one month 1o matre and no rabbits die. Show tha
my =3, ate =5 and m general &, = a. | + dy - 2. This sequence
of mambers, known 2 the Fibonaes sequence. ocours in an
amaring mumber of applications.

In this exercise, we viualize the Fibonseoi seguence {see
exercise 31 S1an with pwo squares of side | placed pext w
cach olher (wee Figure A). Place a square on the long side of
the resulimg rectangle (see Figure B deis squane hos side 2.
Continue placing squares on the bng sides of the rectangles: a

5-14

sqquare of sde 3 & added in Fgone C, then a sguare of side 5 is
abded w the bomom of Figure C, and w0 on.

] | [

FIGURE A FIGURE C

Arpue thel the sides of the wuares are determaned by the
Fibonadoe sequence of exercise 3.

@5 EXPLORATORY EXERCISES

E Lo ofa) il oy =3 and @, . ; = 0. + 40 g, for n > 2, show numer-

ially that [o.) comverges 1o = With the same relation
41 = fla + 50 g ry other fuarting vabues o (Hint: Try
o o=—3, a = 46, ay = +9, 4 = £17 and other values.) and
sabe a general rube for the limat of the ssquence a a lunction
ol the starting vaboe. {(b) I a; = 6 and o, . | =a. — %0 a, for
n > 2 pumerically estimate the Hmil of o, ) in terms of o
Then iy ather startimg valves amd date a general mile for
ihe lmmit ol the sequence & a function of the starting value.
() Stabe a peoeral rule for 1he Bl ol the sequence with
g4 | = dTy + O a1, 2 8 functon of the starting value a;.

-1+ 2
ldm:&u::laﬂu,:lm%ﬂrnﬁ_"lﬁmli

general formula for ja, — ] -'ld_p:nn! that the sequence
COMVETges, 5b|.ﬂv'|hu.ln_,=§+%(—1) " il thee Bt o
the sequence, Ceneralize wa, =a a: = b,

Qé}Ej INFINITE SERIES

Recall that we write the decimal expansion of § as the repeating decimal } = 0.3333333%,
wherne we understand that the 35 in this expansion go on forever. Allernatively, we can

think of this as

%:Dj + 003 4+ (0003 + 0U0003 + 0UD0003 + - - -

For convenience, we write (2_1) using summation notation as

(2.1)
=301+ 30 £ O + 300 -+ U0 -
1 o=
—= 301t (2.7
3 k=1

Since we can't add together infinitely many terms, we need o carcfully define the infinire
seent indicated in {2.2). Equation [2.2) means that as you add together more and more terms.
the sum gets closer and closer ',

In general. for any sequence [ag) S, suppose we start adding the terms together. We
define the partial sums 5, 8, .. . %, .. by
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Si=ai+ardai=3:+a,

Si=ai o+ m+as=5+ as
e e i S

S,=ay+a:+---+a,_  +a,=5_,+a, {2.3)

and so on. Node thal cach partial sum 5, is the sum of two numbers: the ath term, . and
the previous partial sum, 5, ;. as indicated in (2.3).

I =
For instance, for the sequence [E} . consider the partial sums
k=i

I 1 I 3
S== =t —=-
2 2 P 4
31 7 T3 15
Si=- — e =4 —=—
1 d+2] P =3 71
- . 3 1 T
Hﬂsnnn_Lun&:mﬂu:ﬂcmfull}'and}nunugilinnth:tlhatsl=i=!—5;,33:5:
1 15 1 1
I—E,.h:E:]—;mﬂmumsﬂlha.t.ﬁ.:L—E,Ii:ln:au:hn=1,l-...ﬂbun't
that the sequence [5.] = of partial sums converges. since
!Em.'i‘—lim{l [)—'[
x| e bl -

I -3
Tlﬂsﬁa}‘sﬂmluwaddlngfuﬂmcaudmnmlmufm:mqmnx{—*} . the par-
tial sums are drawing closer and closer to 1. In view of this, we write 2 Lt

= |
—-—=1. {24}

¥.a
Ir's very important to understand what's going on here. This new mathematical object.
z%,hcﬂhdaﬂﬂﬁtwhﬂni!ml It is mot ar suww in the usual sense of the word,
but rather. the fimir of the sequence of partial sums. Equation (2.4) says that as we add

together more and more terms, the sums ane approaching the limitof 1.
In general, for any sequence, a5, we can write down the series

l:I'|-I-.|:I:+---+|l|+---=§111P
i

DEFINITION 2.1
If the sequence of partial sums S,=Eai comverges (io some number 5), then we
] il
say that the series ;mnm'uw{mﬂmd Write
1

Ed.=mgﬂ+=ms.=s. (2.5
i

In this case. we call § the sum of the series. Aliernatively, if the sequence of par-
tial sums | 5, }o=; diverges (i.c., Jim 5, docs not exist), then we say that the series
diverges.




245 CHAPTER 5 infinite Scries
5l
Lot
FET1l Ll L]
aid -..l‘l‘lll-l
L]
ost *
L ]
u_q_1r
TR 3
} } + —= i
5 0 15 20
AGURES5.17
N I
= Eltk + 1)
5 1
'] sr=
Elll + 1)
] (1.0 |
100 {0, SO IR |
1000 {1.500000]
1000 000
10D 0190
1= 10 {1, 0
1x 10 {1, BRI

EXAMPLE 2.1 A Convergent Series
g w1 !
Determine whether the series E? converges of diverges.
Solution  From our work on the infroductory example, observe that

i%ﬂﬁjﬂs iﬂ.=}ﬂ(1—%}=;.

In thiz case, we say that the series convergesw [ ®

In example 2.2, we examine & simple divergent series.

EXAMPLE 2.2 A Divergent Series
[vestizgate the convergence or divergence of the series ;k!.
]

Solution Here, the nih partial sum is

S.=ii"=1!+21+---+n1

and lim S, = Em(1* 4+ F 44w} = o0

Since the sequence of partial sums diverges. the series diverges alse. m |

Deiermining the convergence or divergence of a senies 1s only rarely as simple as it
was in examples 2.1 and 2.2,

EXAMPLE 2.3 A Series with a Simple Expression for the Partial Sums

Investigate the convergence or divergence of the senies E
o | h’k + 1y

Solution In Figure 5.17, we have plotied the first 20 partial sums. In the accompany-
ing table. we list a number of partial sums of the series.

From both the graph and the table. it appears that the partial sums are
1. a5 m — oo, However, we must urge caution. It is extremely difficult 1o look at a graph
or a table of any partial sums and decide whether & given serics converges or diverges.
Ini the present case, we can find a simiple expression for the partial sums. The parial
fractions decomposition of the general term of the series is

1 —_

1 1
EEk+ 1) &

E+ 1

(2-6)

Now, consider the ath panial sum. From (2.6). we have
5 oy
" E m +1)

o
p i bk e aald e K e




that can be written in the form
¥ o for non-zero constants a
-ﬂ‘l;r I thias casee. each term in
the werbes equals the constant r
times the previous term.
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Notice how nearly every torm in the partial sum is canceled by another term in the
sum (the next term). For this reason, such a sum is referred to as a telescoping sum {or

collapsing sum). We now have
1
r+1

5.=1-

and 5o, iimi',:lim(l—;]=
L] i—=om ﬂ+i

This say= that the series converges o 1. as suggesied by the graph and the table. = |

It is rare that we can find the sum of a convergent series exactly. Usnally, we must iest a
series for convergence using some indirect method and then q:[:rmilmtbcsumb}' cilou-

lating some partial sums. The seres we considered in example 2.1, ?‘1 , & an example of
& geawrerric series, whose sum is known exactly. We have the following resuli.

THEOREM 2.1
For a £ 0. the peometric series E:.r.r*muvﬂgcs ta%':t’lrl < 1 and diverges if
ot o

Irl = L. iHere. r is referred to as the ratio.

PROOF

The proof relics on a clever observation. Since the first term of the series corresponds to
k =10 the seth partial sum (the sum of the first & terms) is

S,=a+a'+ar 4. +ar 27
Multiplying (2.7) by r, we get

ri.=ar far a4 4 ar" (2.8)
Subtracting (2.8) from (2.7}, we get

(1-—rS.=fa+ar' +ar 4 - +ar Y —jar' +ar +arf +--- +ar")
=da—arf=all — )L

Dividing both sides by (1 — #) gives s

E,:H“_'J].
I—r
If || < 1, notice that 7 — (has n — oo and so,

.ﬂil—.l":l_ a

lim 5, =li = 3
=+ s 1-r 1—-r

thrmtilasmr.t:mis:luﬁlmwﬂmiflrlEJ-P;ﬂf_dumnu:xisL-

EXAMPLE 2.4 A Convergent Geometric Series

= [
Investigate the convergence or ﬁkﬂg:untufﬂmmgﬂg} :
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Infinite Series 5-18

Solution  The first 20 partial sums are plotied in Figure 5.18. It appears from the

graph that the sequence of partial sums is cooverging to some number around 0.8
Further evidence 15 found in the adjacent table of partial sums.

i
L.0
Ij.s -|ll'l‘|‘|"‘..-.'ll'
L3
e,
04
02
- - . s
| i i5
FAGURE 5.18

axl

£.=£5[:%}.

While the table suggests that the series converges to approximately 0.83333333, we
must urge caution. Some sequences and serics converge (or diverge) far too showly o
observe graphically or numerically. You must always confirm your suspicions with
careful mathematical analysiz. In the present case, note that the series is geometric. as

B
BRate
200

3
Yuucmumvsnrﬁatllﬁs.isagmmcﬁ‘bcm:n’uwiﬂ:rﬁbr:'Imdﬂ=5{}} .
Further. since

1
==<21,
Il =75

we have from Theorem 2.1 that the series converges to

51_-' ]
- ':_” = i:é = 083333331,
b=r 1= (o) ®

which is consisicnt with the graph and the table of panial sums. =

EXAMPLE 2.5 A Divergent Geometric Series
= (3
Investizgate the convergence or divergence of the series Eﬁ{—:) p
i=a =
Solution A graph showing the first 20 partial sums (see Figure 5.19) is not particu-

larly helpful, until you look at the vertical scale. The following table showing a number
of partial sums is more revealing.
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&=l
n | S.=Xe-y
ik
11 1.29 x 10*
12 —4.5 = 10°
13 1.6 x 1(F
14 —5.5 % 1Y
15 1.9 10°
16 —5.8 = 10°
17 24 = 10¢
1% —Ra = 10°
1% 2 0= 10"
el —1 % H
REMARK 2.1
The converse of Theorem

2.2 s falze. That is,
having |II|.:|1 ai = 0 does por
ouarantee that the series
Z iy converoes. Be very

k=

ffd[ur abwr this poine
Tihix is a very common
PRERCORTCE PO
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=05 x 1!
=10 it .

=15 jo'

FIGURE 5.19

=B

Motz that while the partial sums are oscillating back and forth between positive and

negative values, they are growing in absolute value, We can confirm our suspicions by

observing that this is a geometric series with ratio r = —:T_ Since

Il =

b | =d

T
=—:l'l‘
3=
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the series is divergent. as we suspecied.

The following simple observation provides us with a very useful tesi

THEOREM 2.2

If Eu. COMYETEes, Ih:n*h_ﬂm =L

PROOF

Suppmclhatza, converges bo some number L This means that the sequence of partial

i n
sums defined by 5, = Eu* glso converges o L. Motice that
k=l

n (o |
SI= Edl = Eﬂl'l_an:-';ﬂ—l_'_ﬂr
=l k=i
Subtracting 5, _; from both sides, we have
dn=8a— 5ot
This gives us
!il.'l] n = ﬂlsn—su-lf=-|i_ﬂ_13.—}i_l'!_15--l =L- L=B-.

as desired. m

The following very usefol test follows directly from Theorem 2.2,

kth-Term Test for Divergence

[f}ﬂ'l‘l ag = 0, then the series zm diverges.
o =i
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1
L=Y%-
F = “-
L
n sl = Ei
=l
11 1019EN
12 110321
13 318013
14 135156
15 131823
16 3.38073
17 143955
18 149511
19 154774
20 159714

Infinite Seres 5§20

The kth-term test is so simple. you should use i o fest every series you run into. It says that
if the terms don't tend to zero, the serics is divergent and there™s nothing more to do. How-
ever, as we' ll soon see, if the terms do tend o zero, the serics may or may not converge and

aiditional testing is necded.
EXAMPLE 2.6 A Series Whose Terms Do Not Tend to Zero
k

Investizate the convergence or divergence of the series EHI—
1]

Solution A graph showing ihe first 20 partial sums is shown in Figure 5.20. The
partial sums appear to be increasing without bound as » increases. Further,

k
lim —=1£10
S rriabd
So. by the kth-term test for divergence. the series must diverge. ®

Example 2.7 shows an important series whose terms tend to 0 as & — oo, but that diverges,
nonetheless.

EXAMPLE 2.7 The Harmonic Serles
Inwestigate the convergence or divergence of the harmonic series: E%
b=l

Solution  In Figure 321, we see the first 20 partial sums of the series. In the table,

we display several partial sums. The table and the graph suggest that the series might
converge to a number around 3.6. As always with sequences and series. we need io con-
firm this suspicion. First, note that

L ::-*=Iim1=ﬂ.
b= e
Be careful: once again. this does not say that the series comerges. I the limit had been mon-
zere, we would have concluded that the series diverges. In the present case. where the
limit is 0, we can conclude only that the series may converge, bat we will need to inves-
tigate further.
The following clever proof provides a preview of things to come. Consider the nih

partial sum

Note that 5, corresponds to the sum of the areas of the n reciangles superimposed on the
grx.;huf}':—l,asshcmminﬁgurcjﬂfnrﬂ::cm where n = T.
Simce each of the indicaied reciangles lies partly above the curve, we have

5. = Sum of areas of n rectangles

a4+ 1
zﬁr:aund:rdb:mrw:d:f -

| E
=

= In |f = lmim + 1. 2.9)
However, the sequence [ Inin + Ir};';l, diverges, since

EEE- Infan+ ll=wa.
Since 8, = In (n + 1). fior all r [from {2.9)], we mosi also have rhal‘!ﬂ Sn= oo, from

o 1 1
which it follows that the series, z i diverges, oo, even though !im i .
k=1 e, [ 1
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We conclude this seciion with several unsurprising resulis.

THEOREM 2.3

{1} IIZ::* converges o A and z&, converges to B, then the series Z{ui + byh

k=i @ =l b=l

comverges to A + B and E“"‘*] comverges to eA, for any constant e

+ | iy If Z:q converges and Zb* diverges, then Elﬂai by} diverges.

1 3 345 6 17 4 =] =i

The proof of this theorem is beft as an exercise.

BEYOND FORMULAS

The harmonic series illustrates one of the most counterinfuitive facts in caleonlus. A
full understanding of this particular infinite serics will help you recognize many of the
subtle issues that anise in later mathematics courses. The general resalt may be stated
this way: in the case wh:r:}imm:ﬂ_ﬂm: SCTIES Emmigmdjvcrgtttmjghcm—
verge. depending on how fast the sequence o approaches zero. Keep thinking about
why the harmonic series diverges and you will develop a decper understanding of how
infimite series in particalar and caleolus in general work.

EXERCISES 5.2 (@)

@ WRITING EXERCISES

L]
1
o0 amall 1o change the partial sum EI Thas, the caloulator

verubd incorrecily imbicate that the harmionic seres comerges.

Suppose thal your frend 15 confused aboul the diffeence

between 1he convergence of 3 waquence and the convergence

of 3 series. Carefully explain the difference betwesn comver- In evercies 1-24, determine whether the series converpes or
diverges. For convergent series, lind tle sum of the series.

gmrhdhlﬂgemxdlhrmqm a.——hllhésaenest
+1

[ 1 &l
E 1. Ei{;} 1 E—‘jf
Sk+ 1 - ) =3
ﬁnphnnmnmltwh}-ﬂl:tﬂrlﬂmmﬁﬁ:rdhu’gmti:dﬂ A i%(_%} 4 ig( )
tnphnwtyulusmmmdlmm—nmza,m - o
esanly comverges. In your explanaison, |.|I.]I.||l=:1 |rrq:lﬂﬂ.:u1.l 5 Elqu‘ . E{—lh‘%
example that proves that this is not ree aod comment on the i e =
et that the convergence of oy 10 0 can be shvw or (1 B s i 4 & E .u:j
In Theorenss 2.2 and 2.3, the series start st k=1, a5 in ¥, a0 ik +2) mik+2
Explin why the conclustons of the theorems hold if the series 9 T3k it i 9
start sl k=2, k = 3 or al any positive inleger. TSk 4 = b+ )
Wi emphasized in the text thal oomencal amd graphecal 1 i; 1 4
evilence fir the comvergence of a series can be nuslesding. i k41

Suppuse your caleulstor carmes 14 digits in i caleulations. TR

4
Explain why for large enough values of r Ihzbrrmiwil]h: 13 P T 14.

e+ 1k + ME + )

<
5
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15.

17

1

21

In exercies 25-28, determing all values of ¢ such that the series

CHAPTER & indinite Series
Eh" 16, f_'{-"i
i) e F5-3)

Z(G+3) = 2w
i[—ll‘““i ¥ 3 gt—IJ*EL:_]

gsln[;] 24 g:n"k

ORI erpes.

2% a2+ 1y 7% V2
E Eu——h‘
— — 2

2 §i+i " E:ﬁ+i

Eheﬂ&“&mﬂﬂﬂmﬂnﬂueu
conjecture the convergence or divergence of the seris.

» ¥

EIR

4

ol = |
l:IF " Eﬁ
o T
Zi * I

(a) Prowe that of E_r.u converges, then Eﬂ] coaverges for
=t =

amy posilive inleger m. In paicular, if ¥,y converges w L
=] -

what does Eﬂu’.‘unw_rp: 1o* () Prose chat af Eﬂ| diverges,
L] = [ =]
then Ent ihvergss lor any posillive mleger m

(=]

Explain why the partial fractions technigue of example 2.3

=k + 102

Prove Theareen 2.3 (i), 36, Prove Theorem 2.3 {id).

L|=I..'|'.=§£. Show that §; = 1 and 5; = 3. Simce § > £ we
haved+ 5t + =L Therefore, 8= 3+ 3 =2, Similarly. 4 4+
lidtslat+dsdsd=t w8 >3 Showthar §,>3
amd 512 > 1. For which r can you guarantee that 5, > 47 5, >

57 Por any positive mieger m, defermine n such that 5, > m
Conclode that 1he harmoni: series diverpes.

Compude several partial sumns 5, of the sertes 1 + 1 -1 + 1
— 01+ 1—=1+---.Prove thal the series diverges. Find 1he

Cesare sum ﬁfﬂdsﬂ:h(sim).

522

L () Write 099000 = 09 4+ 009 + 0009 4 --. and

sum the geomeiric series o prove tha (LG0T = |
by Prove that 0199960 =02,
fa) Wrile [LIBIETE ax a peomelric series amd then

write the sum of the geometric series a5 a [raction
) Wirite 2134730 a5 a lraction.

L{Em;m:u.nqﬂ!hbﬂeimmlih-bﬂhﬁ\wphu

E[a. + by coavenges. o e

k=l
i Enu_ comverges anil Eh diverges, s i necesarily e
=] =
that ¥ fay + b} diverges?
=]

Frove that the sum ol a converpent géeomeinc seres 1 + r +
F -+ - musl be greater than 3.

3 k- ]
Prove that if the series E_a..:vl.nwlge:. Il'lﬂ'll!'h!'l'ﬂz—
diverpes. = =i T

Shavw that the partial sum S, = 1+ 5+ 4+ - -+ L does not
equal an ileper for any prime o < 1 Is the sialensent e
for all idegers m = 17

The Cantor sef 15 one of the miosl {amous =% in mathemal-
ics. T construct the Cantor s, start with the mterval |1 1).
Then remove the niidddle third. (1. $). This leaves the ses [0, §]
u l—i—, 1].Fur15&d\ul'lh:lw subiniervals, rensinve the mod-
ille third: o this case, remaove 1he intervals {.:,— %] anal [%-Ej
Continse m thas way, removing the middle thinds of each
remaiming talerval. The Camor st s all poists m [0, 1] that
ane aor removed. Argue that 0, 1.+ and 3 are in the Cantor set,
amel wlemtify four more podids m the sel [t can be shown that
there are an mfinile number af pedats m the Cantor w21 On the
other hond, the total bength of the subintervals removed is § +
33} + - . Find the thind term in this series, identily the
series 4% 4 convergen] geomelnic series and lmd the sam of the
series. Giiven that youw started with an interval off bength 1, how
e “length™ does the Canbor we have?

. Pl <z < 1, showthat T+ x +.0°+ - - -+ 2" < 7 Dioes this

imequaliy bold for —1 < x <

For any positive integer m, show that 2 = 1+ L4 - -+ &
Izt i+- -t handin 144+ -+ Use these facts
w show tha2-3-3--.. s l+i41+ -+ Lwhenp
i5 the largest prome that is less than o Coaclude that there ane
A infimite number of primes.

™ appuicaTIONS
1. Suppose you bave n boards of length L Place the firal board

niﬂll:nglhﬁhl.gin;umlb:edﬂ:uf'ﬂwﬁ]ﬂu.?l&m
the next board with length - hanging over the edge of the
first bosard. The mext board should bang = over the adie of
the second boand. Contime on until the last board hangs § over
the edgpe of the (m — 158 board. Theoretcally, this stack will
balamce {in practice, don't wse guite a5 much overhang . With
n= %, compuie the otal overhang of ihe stack. Determine the
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3

i

4.

5.

.

number af boands m soch that the wotal overhang & grester than
L Thas means than the last boand i= entirely beyond the edge of
the tahle. What is the hmit of the potal overhang a5 n — oo?

Have youa eveer felt that the: line you're ganding in moves mone
showly than the other lines? In An fntroduction to Probaebifiy
Theery and s Applications, Willam Feller proved just how
el yonar buck is. Let W be the sumber of people who gel in lme
until someons waits loager than you do (you're the fsg, so

N 2 7). The probiability that N = L.Enmhmk.:m’_”_

mmuuﬂmhmqul;hgzm;]=1.
== — 4}

From probability theory, the average {mean) number of people

who must get i line bedore someone has waited longer than
= 1

wou 15 given by Ei-i:{.l:_—l'ln Prose that this diverges 1o oo.

Talk about bad lack?

To win a dewvee lenms game, one player or the other must win
the mext two pomis. Il sach player wins one poinl, the dewce
starts over. I you win each poant with probabitity p, the prob-
abibity that you win the sext two paints i< po The probabality
that you win ome of e next two pomis is 2pi 1 — pi The prob-
ability that you win a devce gane is then p° + 2pil — pip’
+ [2p(1 — pIFF" + [2p(1 — p)'p" + - - - . Explain what each
flerm represents, explain why the geomelric series converges
anel find the sum of the seres I p = 0, you're a befter player
than your opponent. Show thal you are more likely 1o win a
deuce game than you are o single poinl The shightly sirange
seoriing rules in benns make @ more Bkely that the bermer
player wins.

O an analig chock, at 1:00, the nuniste hand paints w12 and
the hour hasd porms 1 1. When the mainue hand reaches 1,
the hour hasd har progressed 1o 1 + 5. When the minate hand
reaches | + 7. the hour and has moved 101 + 55 + <& Find
the sum of 4 geometric serves b determine the Goe 3 whach
the minwle hand and bour hand are in the same location.

A dossge o of & dreg i gven al imes r =0, 1,2 . ... The
drug decays exponentzally with rate r in the bloodstream The
amount i the bloodstream after n 4+ 1 doses iz o + de™ +
de™™ + - - - 4 de™™. Show that the eventual level of the drog
1.u.l'lu'u“m1"mil&"n=mbﬂ'u!d¢m]i.\._[ 4

r-l

Il r=1001, find

the dossge needid W mainlin o doog bevel of 2.

Twor bacyclists are 40 km apart, miling woward each other at
20 kmth (each) A fly tans ot ose bicychst and Flies wasacd
the oiher bicyclist ar 60 kowh. When i reaches the bike, it
turns aroend and Mees back o the fira bike. 18 coatines (lying
back and forth umil the bikes mest. Determine the distance

T

LIS

1

SECTION 5.2 =+ Infinite Senes. kil |
Nevwn om each beg of the My's journey and Gied the sum of the
peamelrsc series 10 pel the wial disance fown. Verily tha
this is the righl answer by solving the problem the easy way.

Suppase SO0 of counterfen money s introduoed o the
econamy. Each time the mosey 1% weed, 259% of the remain-
ing masey 15 ddenliffed as counterfel and removed from
circulation. Deternune the tdal amount of counterfisl money
spocesalully used i ransactons. This 15 an example of the
muliiplier effect m economics. Suppose that o pew marking
scheme on dollar bills helps e the detection rate o 405
Determane the reduction m e olal anwoun of cowsterfel
momey suceesafully spenl.

In this exercise, we will find the present valve of a plot of
farmband. Assunse th a crop of value S will be plamed in
wears 1, 2. 3 and 50 on, and the yearly mflstion rate is = The
present vl s given by

P=ce " 4o o™ -0

Find the sum of the geomebric series Wy compute the present
vakue,

Suppose you repeat a game 2l which you have a probabaliny
ool winming each time you play. The probabiliny thal your
firsl win comes in your mh game i o] — pr" Compuie
ol — p)*" and state in serms of probability why the result
%sm.

In general, the bolal tine i lakes lor a ball o complete its
bounces is — 3¢ and the total distance the ball moves

E =0

ot
15 ;Er" where ris the coefficient of restilution of the ball.
=
Assamang ) < r < 1, liod the sams o These geomselnic seres.

{2) Here 1% a magic tnck (from Art Benjarmin). Pick any pos-
ibve inleger less than DN Divide @ by 7, then divide the
answer by 11, then divide the answer by 13, Look at the first
six digits after the decimal of the answer and call out any five
of thes in any order and the magician will el what the other
dligin is, The “secret” knowbedpe wsed by the magician i thal
the sum of the six digits will egual 27 Try this! {b) Let x be a
99y — x

x
(L] . 1 CH (NN
[

posiive integer bess than 1000, and le1 c =

= + L + + -

LAODOOO0 | OO0 1000, 000"

:;: () Explan why part (b) imples that
the decimal expansson of the fraction m pant |a) will repeat
every six digits, with the first three digits being one less than
the origrial aumber and the remdaing three digits beng the
¥ s-comaplement of the first three digits,

Show that © +

comveErges L

45 EXPLORATORY EXERCISES

E 1. Infinite producis are of greal iplenest o mhenslicans.

Numerically explore the converpence or divergence of

the infinite product (1 — 3)(1 - §)(1 - s} {1 —5%)---=
n {1 —;:;}.Nﬂulhlﬂ-grﬁuiixMHmﬂz

P

prime pumbers, not all isegers. Compare your resulis b

the numbser 51
=
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Bl |n|:|.u.mp|.=*_'.",u-rsl'nmu.1lhﬂ.l[-[-i,--l--_'l--[-----l-r'T}in[n-.l- Ei Mm:u::].n::[—i—';ml
11 Superrmpiose the graph of fix) = 7 onto Figure 522 and Ty
= + =17 ¥ - for n > 2. [ustrate pumencally
showthat d + 3+ + 1 < lnin). Conclude that Inga + 1) < 1 L 5.1 i g

+324 5+ -+ + = | +Inin). Euber’s constant is defined by that the sequence diverpes, allernating between two valses
with lim jo, — aa_1| = In 2. Explore the sequence with by = 1
-

, 11 1 5

J'=..'!E[[ tyty -t —nlay. and by =bo +i-17" ¥ %. {Chiris Divis and Duavid Taylor
=

honve extended these resalts from bese 2 and base 3 1o any base

hmk@ﬂwhﬂu:ﬂff[ﬂﬂﬁ'z\ﬂmﬂﬂ.ﬁ-]uurm bx 1%

esdumbe E for m = Il.'l.lm-:.l.l:r— DR (NML. [nvestigate
i * g i e s il brae y com Public stiosta Dl i e i orale=T | 0GRS 2] 305-

whether rJ:le SEUERCE a, = E IL‘D‘I}I‘I“EEE.WI].“‘E‘I’#N 0| MR- 00 N N 3061 16

(@) 5.2 THEINTEGRAL TEST AND COMPARISON TESTS

We need to tesi most series for comvergence in some indirect way that does not result in
finding the sum of the series. In this section. we will develop several such tests for comver-
pence of series. The first of these is a generalization of the method we used in section 5.2
o show that ihe harmonic series is divergent.

For a given series ;m. suppose that there is a function § for which
=]
fibh=um, fork=1,2_..,

where Fis continuous and decreasing and f(x) = 0 for all x = 1. We consider the sth partial
sum

Se= Piti=ay +idz+- - +in.
=]
¥ In Figure 5.23a. we show (1 — 1) rectangles constructed on the imterval [1. o). each of
widdith 1 and with height equal to the value of the function ai the righi-hand endpoint
of the subinterval on which it is constructed. Notice that since each rectangle lies com-
pleiely beneath the curve, the sum of the areas of the (n — 1) rectangles shown is less than
the arca under the curve from x = | o x = n. That is.

im, & 0 = Som of areas of (n — ljrnclangla:ui_‘chrtaundcrlltcmrt=1r Jix) ey (3.1
1
+r  Moie that the area of the first rectangle is length ® width = {12}, the area of the secomnd
“ rectangle iz (1 }a,) and so on. We get that the sum of the areas of the (R — 1) rectangles
FIGURE 5.23a Sl iy
{m — 1} mecianghes, bying i+ -Fd. =5 —a.

beneath the curve
Together with (3.1), this gives us

0 <= Soum of areas of {n — 1) rectangles

=S_—.::|£A.n:aumtllh:cmt=fu_ﬁx]ir. (3.2
i

Now. supposc that the improper integral _ﬂ:ﬂj{ﬂﬂ'cmvcm:s. Then, fircm (3.2, we have

UESn—H:Ef-ﬂx}dtﬁf=fijdr.
I 1



a HISTORICAL
NOTES

Colin Maclaurin {1698-1745)

FIGURE 5.23b

{m — 1} rectanghes, partally
shawe the curve

Seottish mathesmatician wha
ditcoverad (he Integral Test
Mackaurin was ane of the

Foursers of the Royal Sackty

of Edinburgh and was &

pionesr i the mathematics of
actuarial sfudies. The inegral

Tt was infroduced in &
highly irflugniial beok that

also ncheded & new restment

of &n impartant method for
firvding Series of funclians.
Mackaurin saries, as we fnow
call thern, are devisloped in

section 5.7,

5,
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SECTION B2 =+ The integral Test and Comparizon Tests kit

Adding e to all the terms gives us

ﬂ|55,5ﬂ|+rﬂﬂif.
I

o that the sequence of partial sums (§,}q% is bounded. Since {5, is also mono-

tonic {why is that?), |3, } 5, is convergent by Theorem 1.4 and so, the scrics Edti.'i also
CONVErgent. o

In Figure 523b, we show (n — I} rectangles constructed on the imerval [1, 1), each
of width 1, ban with height equal to the value of the function at the kefi-hand endpoint of
the subinterval on which it is constructed. In this case, the sum of the areas of the (m — 1)
rectangles shown is greater than the area under the curve. That is,

0 = Area under the curve = Jrﬂrh:i::
, (3.3)

= Sum of areas of (m — 1) rectangles.

Furiher, noée that the arca of the first rectangle is lengih > widih = (1) ), the area of the
second rectangle is { 1las) and 5o on. We get that the sum of the areas of the {r — 1} rec-
tangles indicaied in Figure 5.23bis

iy +ﬂ1+- .- +.I:J._| =5-—l-
Togethier with {3.3), this gives us

DEAmauMﬂlh:cmt:fﬁr]dt
1

(34}
< Sum of arcas of (n — 1) ectangles = 5, .

Mow. suppose that the improper integral J|'I'=_f':’xl dy diverges. Simce fix) = [ this says
that lim f_,l"[.udt:m. From (3.4), we have that

JII' R EESE

This says that lim S, =00,
also. So. the sequence of partial sums { §.] = diverges and hence, the serics En. diverges,
(T

We summarize the resulis of this analysis in Theorem 3.1

THEOREM 3.1 (Integral Test)
Hfikl=miowall t=1. 2. .., fisconfinoous and decreasing, and fixc) = 0 forx = 1,
then [ fix) dx and 3 a, either both converge or both diverge.

=i

Mote that while the Integral Test might say that a given serics and improper intcgral
both converge, it does por zay that they will converge to the same value. In fact, this is gen-
crally not the case, as we sec in example 3.1,

EXAMPLE 2.1 Using the Integral Test
1
E+1
Solution The graph of the first 20 partial sums shown in Figore 524 suggests thar

the series converges to some value around 2. In the sccompanying table, we show
some selected partial sums. Based on this, it is difficult o say whether the series is

Investigaie the convergence or divergence of the serics E
F
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S0 | 207467

FEL L] 27567

0 207617

converging very slowly to a limit around 2 076 or whether the series 15 instead diverg-
ing very slowly. To determine which is the case, we must test the series further.

Define fix) =

|
% ]-Hnt: that fis continuous and positive everywhere and
r

|
ﬂki:k1+ ] = q;. for all & = 1. Furiher,
Fih=i—1e + 1732 = 0.

for x € (0. oo}, so that fis decreasing. This says that the Intcgral Test applies to this
series. o, we consider the iImproper integral

¥
—.1:_| = lim fan~" x
_rz+] -t—' J;‘-.I- E--:n B

= Ilm:_um"ﬂf tan ' j==—-0=

] | L]
YR

The Integral Test says that since the improper integral converges, the serics must
converge, also. Mow that we have established that the series is convergent, our earlier
caleulations give us the estimated sum 2.076. Motice that this is mor the same as the

value of the corresponding improper integral, which is ; = 1.5708.
=

In example 3.2, we discuss an important tvpe of series.

EXAMPLE 3.2 The p-Series
e 1
Determine Furﬁhkhx'aMﬁnfpﬂtscrbcigF[aMEimmrg:&
Solution First, notice that for p = 1. this is the harmonic series, which diverges. For
p}l.d:ﬁrh:ﬁx?:;:f’_mmtﬂmﬁxrzI,fEmaﬁumaudpusiﬁw_Funh:r_
Fig=—p™! <,

50 that iz decreasing. This says that the Integral Test applics. We now consider

-] & _.:-!H-L i
f Py = lim = Hm
i e 1 K-z —p) 4 1 1
1| R_HL I e —I D= gl | mdipiliet
_.l‘—na _P_|.| _F+I __p+|- il = & 1 <l

In this case, the improper iniegral converges and 50 o must the series. We leave it as
an exercizse to show that the series diverges whenp < 1. m

We summarize the result of example 3.2 as follows.

p-SERIES

|
The p-series zl_"' converges if p > | and diverges if p < 1.
=

Motice that in each of examples 3.1 and 3.2, we were able to use the Integral Test o

catablish the convergence of a serics. While you can use the partial sums of a convergent
SCTIES (o eslimate its sum. it remains w0 be seen how precise 4 given estimate is. First, if
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FIGURE 5.25
Estimate of the remmder
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we csiimate the sum 5 of the senes mh}'ﬂmnﬂlpﬂ'ﬁ.&lsﬂm&'.:l;ahw:drﬁmﬂr
remainder K, o be .

R.=1 —5.=ﬁd| - im: i iy
= =l

[t )
Motice that this says that the remainder R, is the error in approximating s by 8. For any
serics shown to be comvergent by ihe Integral Tesi. we can estimate the size of the remain-
der. as follows. From Figure 5.25, observe that K, corresponds o the sum of the areas of
the indicated rectangles. Further, under the conditions of the Integral Test. this is less than
the arca under ihe curve v = f{x) on the interval [n, oo). (Recall thai this area is finite, since
rﬂx'ﬂ_r converges.) This gives us the following resull.

THEOREM 3.2 (Error Estimate for the Integral Test)
Suppose that k) = forall k=1, 2. .., where fis continuous and decreasing,
and fixh = 0 for all x = 1. Further, ﬂppns:lhulﬂmﬂxlrirmwrgﬁ.ﬂmthﬁ
remainder /, satisfies

N<Rk, = i.ﬂiﬁfmﬂ:ﬂdx.

kmnd|

Whenever the Imegral Test applies. we can use Theorem 3.2 to estimate the error in
using a partial sum o approximate the sum of a series.

A more imteresting and far more practical guestion related o example 3.3 is o deter-
mine the number of terms of the series necessary to obtain a given acouracy.

EXAMPLE 3.3 Estimating the Error in a Partial Sum

Estimate the error in using the partial sum 8§, to approximate the sum of the series

o1

e

Solution  First, recall that in example 3.2, we used the Integral Test wo show that this
serics—a p-serics, with p = 3—is convergent. From Theorem 3.2, the remainder sarisfies

0= Ryjm =< Blir—lim klu:ir—lim —I—‘
= ) r" " Kem Il.l:l-'-J T im 1.31 08

=Iim(_1=+ : .
B—=\2g* * 3(100)

)=5x 1o-s. -

EXAMPLE 3.4 Finding the Number of Terms Needed
for a Given Accuracy

Determine the number of terms needed o obtain an approximation w the sum of the
o 1

SETIES Z k_jm. to within 1077,
kel

Solution  Again, we already uwsed the Integral Test to show that the series in guestion
comverges. Then, by Theorem 3.2, we have that the remainder satisfies
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S0, io ensure that the remainder is bess than 1077, we require thai

|

DR <— < 10°%
I
Solving this last inequality for # yields
5 HP Tig
H'ET ar mE T:]mﬁtlﬁ.ﬁ.

S0, taking n = 224 will guarames the required sccuracy and. conseguently, we have

el w1
EE;J;E:: 1.202047, which is correct to within 10, as desired. _
1

O Comparison Tests

We next present two results that allow us o compane a given serics with one that is already
known to be convergent or divergent, much as we did with improper integrals in section 6.6

THEOREM 3.2 (Comparison Test)
Suppose that 0 £ a; = by, for all k.

iy 1Ir Ehi converges, then gu. CONVETZes, 1.
i

(i} If ;d' diverges, ithen E.ﬁu diverges, (oo.

Iniwtively. this theorem should make abundant sense: if the “larger” series converges,
then the “smaller” one must also converge. Likewise, if the “smaller” series diverges, then
the “larger™ one must diverge, oo,

PROOF
Giiven that 00 < @ < f for all &, observe that the nih partial sums of the two series satisfy
el =ay+ar+---+anshi++---4 by

(i) lflEm converges (say, to B), this says that

01:5.=u|+a_1+---+u.£b.+b:+---+b.£§bs=s. (3.5)

for all m = 1. From {3_5), the sequence {8, )5 of partial sums nf;m is bounded. Motice
that {8.}% is also increasing. (WhyT) Since every bounded. monotonic sequence is con-
vergent (see Theorem 1.4}, we get that Eul is convergent, Lo,

k=i

(i) lfgm 15 divergeni. we have {since all of the terms of the series are non-negative)
that

Emiby +bx4-- -+ b}z limia +ay +---+a,) =00

Thus. Zu* must be divergent. alzo. m
=
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You can use the Comparison Test to test the convergence of seres that book similar
to serics that you already know are convergent or divergent (notably, geomeiric series or
P-SCriCs ],

5, EXAMPLE 3.5 Using the Comparison Test for a Convergent Series

03+ Investgaie the convergence or di\ﬂ:rg:uncurg

peassseERiaisses -

| B~ Solution The graph of the firsi 20 partial sums shown in Figure 5.26 suggests that
4T the series converges o some value near (L.3. To confirm such a conjecture, we must
e L carciully tesi the series. Node that for large values of &, the general term of the series

|
[N 3 looks ilk.r 3- Since when k is large, Eis |:uu|:'h larger than 5k This observation is sig-

mﬁcm;tnmw:akcadvhmvmz is a convergent p-series (p=3 > 1)
—— F/—F——1—%"  pynher, chserve that

1 1
b< =
E+57 K
k’-s-ﬁt ﬁ:{allkgl.smcnzkjmmu'gﬂ tb:Emrq:mmTHsa}*sllﬂtZE+ﬂ CO-
=l
verges, ton. As with the Integral Test. although the Comparison Test tells us that both
series converge, the iwe series Mtwnmmtrgcmlh:m: sum. A quick calculation

of a few partial sums should convinee you that z CONVErEEs to approximately 1302,
i.'II

1
while EA‘:’ = converges o approximately 0.2793. (Note that this is consistent with
=i

what we saw in Figure 5.26.) &

EXAMPLE 3.6 Using the Comparison Test for a Divergent Serles
e |
i

Investigate the convergence or divergence of E

5, Solution  From the graph of the first 20 partial sums seen in Figare 5.27, it appears
that the partial sums are growing very rapidly. On this basis, we would conjoctore that
20 3 10* 4

the series diverpes. OF course, to verify this, we need further esting. Notice that for &

15% 10" . T Lol B sy
] lHEC.ﬂtgcnu’a]tcmlmtshkc;: (f) m“hmﬂmg{:] is a divergeni

5
& BOOMELric Series {|r|=i::-1)_Futh:r,

S 5*+| ()
5 W 15 0
o T 2*

05w 1054

+1
LI B BydanmpanmnT:sLE—dmrgcim

There are plenty of series whose general term looks like the general term of a familiar
series, but for which it is unclear how o get the inequality required for the Comparnison
Test to go in the right direction.

EXAMPLE 3.7 A Comparison That Does Not Work

Investigate the convergence or divergence of the series ; B
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FIGURE 5.28
wel |
o Ek‘ sk

When we say Ig-_ﬁ%:mﬁ;

wir mean that the limit exists
ndhpuhﬁmhpﬁ!ﬁ:ﬁl.

mmﬂ&;#w-

Infinite Seres

5-30

Solution Note that this is nearly identical o example 3.5, except that there is a ™"
sign in the depominator insicad of a “+7 sign. The graph of the first 20 partial sums
seen in Figure 5.28 looks somewhat similar to the graph in Figure 5.26, except that
the series appears io be converging to about 0.12. In this case, however, we have the
incquality

1

EED

Unfonunately, this |mqua]u} zoes the wrong way: we know that E .t_" is & comvergent

forallk = 3.

pseries, bot since g is “larger” than this convergent series. the Comparison

.::J'—s&
Test says nothing. m

Think about what happened in example 3.7 this way: while you might observe that

F>—20, forallkz1

l=-

o |
and youkmwmugﬁ—lismuwrgcmﬂxcmq:nﬁmTﬂtsaysmﬂﬂug about the

“larger” series Z.ir'. In fact, we know that this last series is divergent (by the kth-term test
k=l

for divergence, since illm i = oo # ). To resolve this difficulty for the present problem,

we will need 1o cither make a different comparizon or use the Limit Comparison Test,

which follows.

THEOREM 3.4 (Limit Comparison Test)
Suppose that ay. & > 0 and that for some (finiic) valee, L]lmF—L}D'ﬁm

cither Za,md Ebkb.:mhcmvnrg: of they Mot diverge.

PROOF

EEm %=L:.:-I].ﬂl':sm}fﬂﬂmcaﬂnmkn%aﬁc]mmf_mdmimiﬂn.inpmtkﬂﬂ.

L
ﬁtl:a.unmc::%wjﬂdnihlmm;quThmiafurmmmhﬂH} i
/! 2

L L
L——-:.ﬂ:.ii-—

25 5 forall k= N

(3.6)

Multiplying inequality (3.6} through by By (since by > 0, we get

L 3L
ﬂ{;ﬂu{m {Eb:_ fork = N.

L a0
0
nuJ:.ls]summﬂ]c.hyﬂl:CnmpmmuuTm Likewise, |I'Em|:lm:rgu the * largl:t

AL &
SETIES E( bi} = ;m must also diverge. In the same way, Jf;m CONVETIES,

o ==} L
Mote that this mysﬂ:miij'Zm mmtrgﬁ,thmlhc"maﬂ:f‘mriuz(—m} =
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then ;[J—; Eu} converges and 5o, oo, must the “smaller” series im. Finally. if ih.
i = =
diverges, then g(%m} diverges and hence, the “larger” senies zm must diverge.
also. m

We can now use the Limit Comparison Test to test the series from example 3.7 whose
convergence we have so far been unahle to confirm.

EXAMPLE 3.8 Using the Limit Comparison Test
Investgate the convergence of divergence of the series Z 3 : s
=y & —

Solution Rocall that we had already observed in example 3.7 that the general term

1
= e “looks like” iy = E fior & large. We then consider the Firmit

1 11 I
tim 2= tim [ gy | =lim——— = lim —1>0.
P - By o .[13 - 5k) :II'} R 1_%

w— 1
mgghacmmﬂpurks(F:J}l},ﬂt Limit Comparison Test says that

& |
g B is also convergent, as we had originally suspected.
= i

The Limi Comparizon Test can be used to resolve convergence questions for a great
many serics. The first step in using this (like the Comparison Test) is to find another series
(whose convergence or divergence is known) that “looks like”™ the series in question.

5,
EXAMPLE 3.9 Using the Limit Comparison Test
L2 4
S .,..rl»“"'“"“""“ Investigate the convergence or divergence of the series
m__" i P—2k47
Lst4 S -3 -1
1544 Solution The graph of the first 20 partial sums in Figure 5.29 suggests that the series
1524 oconverges to a limit of about 1.61. The accompanying table of partial sums supports
L 5ide this conjectre.
1 E o1
: l.u I:ﬁ m * i aniucﬂ:atfu’kEﬂxc.ﬂmgﬁtraltcrmlunhliici—j=§[sémcﬂttcmﬁmth:
largest exponents tead to dominate the expression, for large values of k. From
FIGURE 5.29 the Limit Comparison Test, for b, = 5. we have
- -2k +7
S.=
bem by = S -3+ 2k -1 (L)
_ E_sked oo
» |S=Yrmratso PP -2k+7 K
s o (e S -3 2 -1y ]
5 W, i
10 161145 = i 2T {z)
p L6135 '*-'ﬂl:ks-l-ﬂ*—EE-i-lk—lltfr
St 161444 I "§4'5
s L1453 = lim ——————=1>0.
100 L61457 b | 4 3—F+5—F
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Simce Eylaamm'cfgmtphﬂmw_] > I}, the Limit Comparison Test says that
- E—247
E+5k-30 + 2k -1

that the series is, in fact, convergent, we can use our table of computed partial sums o
approximate the sum of the serics a5 1.61457. =

converges, also. Finally, mow that we have established

EEYOMND FORMULAS

Keeping track of the many convergence tests arising in the study of infinite serics can
be somewhat challenging. We need all of these convergence tests because there is not
a single test that works for all series (although more than one test may be used for a
given series). Keep in mind that each test works only for specific types of series. As a
result, vou must be able wo distinguish one type of infinite serics (such as a geometric
series) from another (such as a p-series), o order to deicrmine the nght test to use.

EXERCISES 5.3 (@)

= 3 = 3
") WRITING EXERCISES s @ P U Y
1. Motice the the Comparison Test dosin't always give us mlor-
; . — K = EEl
ttion shou L e, I ay < by for each & 6. (4] bi
i e e - §E+I ‘ rEnli"'+3-|i-r-2
amd } by dhiverges, explam why you can’t tell whether or pitl
S — =, = 1+ Lk
¥ a, diverges. 7o E— by Y ——
izl =k =4 k
X Explain why the Lims Comparison Test works. In particubar, w i - s
d'llrgb——]nphinbl.wmamlhmmpuumdnmm 8 Lﬂlgﬂ EMEII-.H-""
that and 3 by enther both converge or bath diverge. o 2 aa
E“‘ ; 9. (1) E;i-, m ¥ —=
) - e e +d
A hhhuﬁlfmﬂTﬂ.i!’lhﬂ ﬂ:ﬂﬂzarmun i g "
r_:plmnwtry],wnhndlwhhaumzbtw T (a) E - by E £
= 4] =+
. Ap1mumwrgesll_p}[m]dnugﬁll_p{| What
happens for p o= 17 Il your frend knows that the harmonie 1n. (@ i[m"'k I:b'l- sen (1K)
weries diverges, explaimn an eay way o remember the rest of el B P
the conclusion of the p-senes kel
R e+ 1
1% o b
2= oL
In exercises 1-20, determine convergence or divergence of the S 2 i
pecies. TR pt gy itk
1. {a) i -d-_ b} ik""‘"" =k ik
= VK Ed i = A 2k | “ﬂik‘+1ﬂ:+1
w = O o per e
2 @ Y b E% gy - P S ]
i=4 e
o k1 = Vk+ 1
i g = K 15 (@ ¥ by X
Lo ib) K+l = F+12
EF+1&+J Ef 1 = :
£+ 1 vE+1
o 4 i 4 16 (5 » —— [.]] 2
4 (a) gz{_‘m ﬂﬂlgm k2 = ik 2
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— I = 41
17 la) y ———— b
N TR T EVES Etﬂ+i'-ﬂ:+l
= -1 ﬁ,
B (4) ¥ ke T =
=4 =3 El
0 ] o
el 1ELn_ (k) gh[hh
ie) i : w ¥
S ngk n k) = nik!
o [ |
20 (a) Yrank I D
=l =l *
- m—l* o M-JE
e yX— T AT
§ [ g&’v’:— 1

I exercises 21-24, determine all values of p for which ihe series
CORVErgEs.
e 1

i 1
= Ekllnkf = §15+H'P"

= In k
21, :EF

In exercises 25-30, estimate the error in vsing the indicated
pariial sum 5, o approximate ihe sum ol the series,

= ) =
15, Emgg 6. ngg
o0 6 : o
Ir ELEF I8 .‘l-u-gm
= . - -Ik
s A ke 3 5
“E m;-i-‘:]+ﬁ:‘

i

Elﬂ enercies 31=-34, determine the nuniber of lerms needed 1o

abiain an approvimation accuraie lo within 100%,

N = ik =
=l Eiﬁ'
B Tkt u ¥
=] =1 &

In exercises 35 and 36, answer wilth “converges™ or “diverges™
o “can’t el Assume that a; > 0 and by > 0.

35. Assume thal 3 a; converges and fill in the blanks.
k=t

{a) I by = a for k= 10, then ¥ b,
k=1
ibi lﬂ.mﬂ_l:n.mmgbt .

i) I by <y for k> 6, then Eb,

iy 1f tim 2 = o, then Eb.

b—za g1y e

SECTEON B3

6.

4l

== The integral Test and Comparizon Tests
AsmnrllulEr.udhﬂgmnndl’lu 1m the blanks.
=11

{a) I by = oy for k= 10, then ¥ by
k=l

it} ulm—:u,u-n Eh

=¥

i) lmgmhtaﬁ.mzbt_.
=1

b -]
{dp I lima —- =m.1hm£h_
ez g =

Prone the following exiensions of the Limo Comparison Test:
{a) i lim ?: 0 amd Eb; converges, then Em LUV,
e Oy i=l =]

(1] lftll_r: ?:mmzbi drverges, then Eﬂ|, diverges.

I ey = 0 o Eﬂ;um'-ugc prove that E_.n" COEVermEs.

=
Prowe that if Em: el Ebi converge, lhen Eh’tbtl
mlﬁﬂ =l k=1 =1

Pronie H:l]'i:rrﬂ‘_}l.:l,En. comverges i and only u‘E
-

=)
1+x
Prmrﬂldlb:mr_vﬂhcrmh‘rhunﬂmﬁu]+%+%+3f
1

[+ﬂj_

mgu_[:h’lefzfl then 1 <

:.r:ll.u:

- diverges. {Hint: Write the series as E
m:Lu-mn‘:uq:mmmT:u:

Wionald the every-third-term harmonic series 1 + 5+ 34 554
diverge? How aboul the every-foarth-term harmonse serses
T+1+5+m+--

-7 Make & penerd a statement as possible

Show th both :
E{lr. .t]"' |EI:1|1 kY .
'i'u:wﬂnl ——— iliverges for any integer n > (& Compare

.--.Hnﬂ'
this resll o exercise 43,
Use your CAS w evaluse E—fm_p 2 4.6, 8 and 10, Can

I1

wour CAS evaluate the sum for odd values of p?
— |
The Riemann zeta function is defined by Jis) = ¥, —

L‘
k=l

for ¥ = 1. Explain why the residiction x > | & neces-
sary. Leonhand Euler, considered to be one of the gneai-
o5l madbematicians ever, proved the remarkshle resull that

fm=Tl

. 3} Explam why the Trapesoidal Rube approsimation of

J‘I'::"-il: will be |arger than the miegral, for any inbeger n > 1.
(b} Shew that the Traperouds] Bule approsimatoon, with h= 1
+{m— 1'r'+_—tn"‘.

equals 194 2 4 -

"+ +---+a"_ 3n+1

Coeclude that .
Ll " * 2
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E dB. Numencally imvestigaie he p-series i%iﬂlﬂ E#HIIJ:[II
=k

=1
oiber values of pclose o 1. Can vou distaguesh coovecgam
from divergent series numerically?

@ appLicaTIONS

E 1. Suppose thal you o 3 far coin unbl oo get hesds. How

many mes winald vou expect o 1oss the coin? To answer thas,
nutice that the probability of petting hesds on the firs oss s 3,
getting tails then heads is (1), getting two tails then heads
is (£} and so on. The mean number of wsses i ¥ k(5] Use
the Integral Test 1o prove that this senes Lmvetn;ljb amd esti-
miate the suwm numerscally.

The series E.l: [!'-]l can be visualired as the area shown

im the I':lg;l.m:_-IJ.u columns of width one, we see one reclan-
gle of beight 5, two rectangles of height 5, three rectangles
of height ¢ and so on. Stan the sum by taking one rectangbe
from each column. The combined area of the st rectangles is
T4 3+ ¢+ ---. Show that this s o convergenl series with
sum 1. Mext take the second rectangle from each column thal
heas ot least pwv rectangles. The combined area ol the second
rectangles i + & + 5z + - - - - Show that this i 3 comvergent
weries with sim 1. Mewt, lake the third rectangle from each
column that has =1 beast three rectangles. The combined area
from the third rectangles is § + 75 + 9 + - - - . Show that this
is a ooovergent series with sn.rn%.ﬂmlinl.-'llm.pmum:ul
show that the wal @rea of all rectangles is [+-§+,£+---.

Fnd the sum af thas convergent seres.
.r
]
03
0.375 1
0.25 4
{125 +
i
1] 1 2 3 4

The coupen colleclors” prablem s faced by collectors of
trading cards. If there are o different cands that make a oom-
plete sel and you randomly obtam one 3 3 line, how many
cards woukl you expect w oblan before having a complete
14T (By randosm, we mean that each different canl has the
same probability of 2 of being the pext card obained ) In
exercises -5, we find the aswer for m = WL The first step
15 simgple: 0 collect one card you need o oblan one canl.
Now, mven thal you have one cand, bow mamy cards do you
nezeed 10 obtan 1o gel & second (differen) cond® 1 yow’re lucky,
the mext cand & it {this has probability o). Bt your next card
mught be a dophicate, then you pel a pew card (this has proba-
bility 75 - o). Or you might get two duplicates and then a new
card {this has probability 15 - 15 - 75 and 50 on. The mean is

B
0 B

Ty R
- ak =
Eﬁ.U:lrlglhewuid;mmmr:iﬁ:lah:wlhﬂm:iis
=

. 10
amugnﬂsmuiwilhsm?.

—_

5-34

d. Inbe stustion of exencise 3, i you have two dilferent cands

il o e, the average aumber of cands 10 gt a thind dstine
£ L
mﬂhzﬂﬁ_—w;mmmuarﬁmuuﬁexwuﬁ
=1
[ [}]

sm—.
g

{a) Expend the resulis of exercises 3 and 4 1o fnd the sverage
number of cards you need 1o oblam o complete the sel of
ten different cands.

(b Comgpupe the ratio of cands obtamed 10 cands in the sel
That is, for a set of 10 canls, on the aversge you need 1o
obiian s 10 cards i cormplele Che set.

(4] Cemerahize exercse 5 m the e of n cands in the set
im= 2

(b Use the divergence ol the harmonic serses o slale the
unforunste (el about the ratio of cands obiained o cands
i the 48l &m0 IncneEses,

@ EXPLORATORY EXERCISES
E L. In this exercise. you explone the convergence of the infinits

producy P = 28300 . This con be wrilien in the form
P =[] For the partial product £, = [] £, use the natu-
[-—rd

=z

ral logarithm o wrale

Po= =g " o e
5= hlzlﬂ-ﬁlﬂlil'ln ey _"m'l

1 I 1 1
=—ln2+-mi+—md+---+—ln
™ 16 T

By comparimng 1o 2n appropriate inkegral and showing that the
imtegral converges, show that |5 | converges. Show that [ )
converges 1o 3 number between 233 and 239, Dse 3 CAS ar
caleulator W compute P, for large nand see bow socarale the
CoTpuklion 5.

Dhefing a function fix) i the following way for O < 1 < L
Wiite oul the binary expansion of . That is,

rhd oy

T+?+. - n

where each o, 15 @ther 0 or 1. Prove thal this infimile seres
oonvierges. Then flx) B the comespondeng lernary expansion,
given by

|
J—T'l-
4

(4§ dz ay
I'I]=?+E+E+-"

Provve thal this series converpes. There ix a sublle issue here
of whether the function is well defined or not. Show that ¢
can be writlen with oy = 1 amed @ = 0 for & = 2 and also with
ap =0 and a, = 1 for k = 2. Show that yoo get different val-
wes of fix) with different representations. In such casess, we
choose the representabion with as few 1's as possible. Show
that fi2ei =3 fir)and f{c + %) =4+ firj for = < & Ve
Ilrufatlswtum.pu!z_l'l:ﬂxﬂl_ Gieneralize the resull for any
e o ComverseOn.

iy iy
I{I]—:+:+F+--',

where n is an inleger greater tham 1.




B35

SECTION 54 =+ ARemafing Senes a5

@ 5.4 ALTERNATING SERIES

Il
JEIE
LHEE *esa e
o6 "ltllﬂl‘i
-
04
02
i W 15 M
FIGURE 5.30
: H [_]}hl
£, ;: .
P ] 5y il_':-H
k=l
il
2| as
A LE3333
4 (1553313
5 | nyEaas
& | (el6eT7
7| 075952
% | ma3dsz
9 | 0.74563
| (uedsa3
11 | 073654
12 | ues32]
13 | o73m3
14 | (eSETI
15 | 072537
i | (ea287
17 | a7
1% | oesais
| oTiETT
| (esETT

So far. we have focused ouwr atfention on positive-term series. that is, serics for which all
the terms are positive. In this section, we examine alrermaning series, that is, series whaose
termis alicrnate back and forth from positive to negative.

An alternating series is any series of the form

z:—lb“'a.=a.—n1+a;—ua+ds—ﬂn+---,
=1

where ag > 0, for all &

EXAMPLE 4.1 The Alternating Harmonic Series
Investigaie the convergence or divergence of the alternating harmonic series

= 4  }
Ei b =1—l+;—‘1+£—1+---.

56

Solution The graph of the firse 20 partial sums seen in Figure 5.30 suggests that
the series might comverge 1o about 0.7. We now caloulate the first few partial sums by
hand. Mote that

1 1
5i=1 S=l-—-==
1 2 2 ]-.
I -1 5 5 1 7
fi=—d—=1, ==
2 3 A 6 4 12
T 1 47 47 1 37
“=utsTw YTe s e

and =0 on. We have plotied the first 8 partial sums on the number line shown in
Figure 5.31.

% G&& . BER.B 5,
05 ) 07 ) 09 i
FIGURE 5.21

B i=l
Partial sams ufEt 1)
=l

Motice that the pariial sums are bouncing back and forth, bui seem to be zeroing in

on some value. This should ot be sarprising, since cach new term that is added or
subiracted is kess than the term added or subtracted to get the previows partial sum. You
should notice this same zeroing-in process in the accompanying table displaying the first
20 partial sums of the series. Based on the behavior of the partial sumes, it is reasonable

tor comjecture that the series converges to some value between UG6ETT and 0.TIRTT. We
can resolve the question of convergence definitively with Theorem 4.1, m |

THEOREM 4.1 (Alternating Series Test)

Suppose that !im ap =0 and 0 < @4 £ ag for all & = 1. Then, the alternating serics

: {— 177" ap converges.
k=

Before considering the proof of Theorem 4.1, make sure that you have a clear idea
what it iz saying. In the case of an allernating series satisfying the hypotheses of the
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theorem. we stan with 0 and add as > 0 to get the first partial sum 3. To gei the next par-
fial sum, ¥, we subiract o, from 5, where g, < a,. This says that 5, will be between O and
5. We illustrate this situation in Figure 5.32.

ay i
i

o

iy |

ay

S B el
1 1 1

.«._. 3 __.1 i {

0 o5 & & A

FIGURE 5.32
Convergende of the partial sums of an

slbernating series
Continuing in this fashion, we add a3 to 5 to get 5. Since a3 < a3, we must have that
5z = 53 < 5. Referming to Figure 5.32, notice that
S5, =85, <---=85: =585, =5,
In particular, this says that all of the odd-indexed pamial sums (ie., Sz fore=0 1.2, _)
are larger than all of the cven-indexed partial sums (Le.. S, form =1, 2, .. L. As the
partial sums oscillate back and forth, they should be drawing closer and closer o some
limit &, somewhere between all of the even-indexed partial sums amd the odd-indexed
partial sums.
S €L 8- S8 L- L5858, (4.1}
PROOF
Notice from Figure 5.32 that the even- and odd-indexed partial sums seem to behave some-
what differently. First. we consider the even-indexed partial sums. We have
=gy —ar 20
and Se=%:+(as — i) = 51,
since (g — ag ) = 0. Likewise, for any n, we can writc
Sa =802 4 (e s — @) = Sz,
SINCE {@20-| — 42} Z (L This says that the sequence of even-indexed partial sams {55} is
increasing {as we saw in Figure 5.32). Further. observe that
O S =a +{—rs + ) H—rs + dsh + - - -+ (= r + B2ei ) — @3 < i,

for all #, since every term in parentheses is negative. Thos, [52.} 5% is both bounded (by
i) and monoionic (increasingh. By Theorem [.4. {55,155, must be convergent 1o some
number, say L

Turning to the sequence of odd-indexed panial sums, notice thai we have

Sansi = 8o+ 020
From this, we have
lim Saney = M (520 + @201} = lim Sy + lim g =L+ 0=1L
since !Ln_} a, = (. Since both the sequence of odd-indexed pamial sums {5, | 2. and the
sequence of even-indexed pantial sums | 83} 5 converge 1o the same limit, L we have that
lim 8§, = L.

also. m
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FIGURE 5.33

_ i1k 3)
s=F ik + 1)

=1
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EXAMPLE 4.2 Using the Alternating Series Test

e 5| =1
Reconsider the convergence of the aliernating harmonic senes E %
k=i

Solution Notice that

1
lim a; = lim — = (.
. k= f
1 1
Further, <y y=——=%—=a forallk=]l
k+1 k&

By the Alicrnating Series Test, the series converges. (The calculations from example 4.1
give an approximate sum. An exact sum is found inexercise 43.) =

The Alternating Series Test is straightforward, but yvoo will sometimes need to work a
bit 1 verify the hypoheses.

EXAMPLE 4.3 Using the Alternating Series Test

=1k +3)
EE+1)

Solution The graph of the first 20 partial sums seen in Figure 53.33 suggesis that the

serics converges to some value around —1.5. The following tables showing some select
partial sums suggesis the same conclusion.

Investigate the convergence or divergence of the alternating serics z

=i

(-1 e i—1
n .5,=E'I—’.'El+3;lII i S.=E—" 1 +3)
im  kik + 1) im Rk + 1)
S —1 45545 51 —1 47581
1) — 1 46066 1 —1. AT07E
200 =1 46322 201 —1 46024
30HD — | dfbidh 31 —1 46741
EILK —4hddH il —1 466499
We can verify that the series comverges by first checking that
1 1,3
. N I
*]]I'I'Ld1=]l.'l1'l = lim =M.

i Bk + EJI‘! f—za |+{

Mext, consider the ratio of two consecutive terms:

el ik+4) Bi+1y 4 Ak =1
g [+ 1E+T (k43 E4+5k+6

for all & = 1. From this, it follows that ae. < e, forall & 2= 1 and so, by the Alternating
Series Test, the series converges. Finally, from the preceding tables, we can see that the

seTics converges io a sum between — 146448 and — 146699, (How can you be sure that
the sum is in this interval?) =

EXAMPLE 4.4 A Divergent Alternating Serles

= =11k
Determine whether the aliernating 5:1']:5; [* +]1
3 -

converzes of diverses.
Solution First, notice that

3
lim——=1£0
Al
S, this aliernating series is divergent, since by the fth-term test for divergence, the
terms must tend o zero in order for the series to be convergent. =

lim a, =
i
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O Estimating the Sum of an Alternating Series

S0 far. we have found spproximate sums of convergent serics by calculating a number of
partial sums of the series. As was the case for posifive-tcrm series o which the Integral
Test applies, we can say something very precise for aliernating series. First, note that the
error in approxintating the sum § by the ath partial sum 5,5 5 — 8,

Lock back at Figure 5.32 and observe that all of the even-indexed partial sums 5, of

the convergent alternating series ¥ (—11"'a; lic below the sum S, while all of the odd-
=l
indexed partial sums lie above 5. That iz [as in (4.1)].

L2828 <---£85< - 25 <5, <5,
This says that for r even, 5. 5555
Subtracting 5, from all terms, we gei

OS5, 25, -8, =du-

Since g, = 0. we have —ilg =08 -5 <a,.,
or IS — 5] £ &2osy, Formeven. (4.2
Similarly, for n odd, we have that S 52 8,

Again subtracting 5., we get
=il sl =Sn4|—5n ES—EHEU"‘:-HHI.
or |5 — 5. £ @pzi.  for nodd. (4.3)

Since {42} and (4.3) (called error bounds) are the same, we have the same ermor boomd
whether i is even or edd. This establishes the following resole

THEQREM 4.2

Euwn;cﬁaliimm:ﬂ-mdﬂ#:mn = oy forall k = 1. Then, the aliernating series
Z|:—I'|n*“.::t converges to some number § and the error in approximating § by the
=i

mth partial sum §, satisfies

B—5l=a,,. (4.4)

Theorem 4.2 says that the absolute value of the error in approximating § by 5, does not
exceed de o (the abanlute value of the first neglected term).

EXAMPLE 4.5 Estimating the Sum of an Altermating Series
(-1

.ti

Ap'p'o:dnﬂtﬂmsumnfﬂ!:alt:rmthgsuiuz by the 40th partial sum and
k=l

estinate the error in this approcimation.
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Solution We leave it a5 an exercise to show thai this series is convergent. We then
approximate the sum by
5 8o 09470326439,
From oor error estimate (4.4, we have

1 .
IS~ Sual Sas=7m334x107,

This zays that our approximation § = 0.9470326439 is off by o more than +3.54 x W' e

A misch more interesting question than the one asked in example 4.5 is the following.
For a given convergent alternating series, how many terms must we take in order to obtain
an approximation with a given accuracy? We illustrate this in example 4.6,

EXAMPLE 4.6 Finding the Number of Terms Needed
for a Given Accuracy
[ I 1
Fnrrh:mm'crgeualt:maﬁngsﬂhsz { ;Il . honw miany terms are nesded Do gear-
k=l
amee that 5, is within 1 x 10~" of the actual sum 57

Solution In this case. we wani o find the nomber of terms n for which
|5 —5]<1x10-"
1

From (4.4). we have that 15— 8] £ o=

n+ 1"
So, we look for s such thar w+h‘51xm-'°_
Solving for n, we get 10" < im + 13,
0 that VIO < n 41
or nzVI00 — 123152

So. il we take £ > 316, we will guaraniee an error of no more than 1 x 107" Using the
suggested number of terms. we get the approximate sum

5 2 8y 0 047032829447,

which we now know to be correct to within | » 107", =

BEYOND FORMULAS

When you think sbout infinite series, you must understand the interplay between
sequences and series. Our tests for convergence involve sequences and are completely
separate from the question of finding the swe of the series. I is impontant o keep
reminding vourself that the sum of a convergent series is the limit of the sequence of
partial sums. Often, the best we can do is 1o approximate the sum of a serics by adding
together a number of terms. In this case. it becomes imporiant o determine the acow-
racy of the approximation. For alternating series, this is found by examining the firse
neglecied term. When finding an approximation with a specified accuracy, you first
use the error bound in Theorem 4.2 o find how many terms you need o add. You then
get an approximation with the desired accuracy by adding together that many terms.
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EXERCISES 5.4 (@)

1) WRITING EXERCISES

L Il'm“:-l:l.a.mjllmm—ﬂ explain i terms of partial sums wiy
tt 1+, 1s maone likely mcmmgeﬂmtu.
=T

L Explain why in Theorem 4.2 we need the assumption that o,
= ay. That es, what would go wrong with the prood of ag., = !

31 The Abernating Series Test was saed for thee  senes
¥ (=1, Explain the difference between ¥ (—1Fa; and
=l =l

EI:—] 1+ g, and explam why we could have dated the theo-

=1

rem for Eq—l]"m_.

k=l -
4. A common mistake is o think that H’Elmm = [k, 1hen Em
—x iz

converges. Explan why this is nol rue for posilive-ferm
series. This is also mot roe for allernaling series unless you
add ane more hypothesis. Seate the exira hypothesis. (Exercise
43 shows why il is needed, )

In exercives 1=24, determine whelher the serdes is convergenl
ar divergent.

% 3 2 2
| I D et 2 iz
Ly e
- d P
i Yir— 4 Fi—np
g vk ‘E. k+1
= k = %1
5. Et—u‘lj+I [ g:—:‘ 5
7 E:—u‘*': L Et—”‘”i
=3 - =
[ 3 i
9 E:—[f“—: 1. ¥i L:"HLI
=1 =1
L. =3
1L §1+t 12 :,E_;
- k} k+1
13, -1 . Y-
Et J E+1 Et J &
15 F-1p= 16. Et—n‘*'*—
=l =3
z 4k = 4K
17. T I 18, e
Ek’i—l&{-l el )
19. ¥ -1t 20, ¥ (-1
=3 =n
- i ]
21 -1 lmk 22 —1f—
Et ¥ e El: "'M

5-40

24 i:—n“'z‘
=i

mamwl&mﬂeﬂw%

1o wiilein (L01.

. ¥l % ¥ u'*‘
k=l i=1
v k F

7. -1V W -1p—
E ¥ E 1
— 3 - 2

». -1ty m Ty
o] > [ ] a
- i - 3

L Tt az Fi-ps
= k = k

Blﬂ exercises 33-36, delermine how many lerms are needed 1o
estimate e sum of ihe series jo within 0001,

i

i il—lln‘]j:il

El 11-"*"

ir=1

34 E: n"—

E E | 'l+l E
=1 k‘

In exercises 37—, explain why Theorem 4.1 does nod
direcily apply. Conjecture the convergence or divergence of Uhe
e

8

.

41.

o
E{—] Fetsink

14+i=1¢
E-“‘ vE

= (Binik2)]
R BT

=

wan &

4. it—] P
=4

I the gexl, we showed you one way b verify thal a sequendce
t% decreasing. As an allernative, explan why if o = fik) and
Sikh < 0, then the sequence ay 5 decreasing. Use ths method

k
u.1p11:mElhalm=t_..+ is decreasing.
| EE R |
vmrym:m:mnzc ]I'JH_I ;_5{.?_$+-;
CUTINETEES. llmksmdﬂ[ﬂmmmufﬂﬂsmsu}

Chiven this resull. we coubd use this serses 1o ablain an appros-
maitson of = How many terms would be necessary 1o get enght
ihgts ol rcorrect

In this exercrse, you will discover why the ARernating Seres

Wk Ak s odd
Tmrf’mﬁ:ﬂl.a.lm.ﬂ_im. ""'_{t.r.F ik is even TEUE
that “.F'_ll—l'll"""n-I diverges o oo, Thus, an allermaling series

(=1
can diverge even if bm oy = (0
-z



E.41

. (a) Fiad umm;mlelnﬂuwlhullh:ﬁ:]hmmgm

menl 1% false (nod always woe). 0 Em e E.ﬂu COMAETIE,
=t
then E_ﬂ'lﬁ"_ comverges. [h) Fimd asoumptions that can be
bxi
made (for example, oy > ) that make the statement mopart

{a) o

45, h.:ll:e:]lﬂ'u.&hnghnmranmu: ulﬂmd'diz.—z——

E_=E = IE : -ll.h'rll['}'lhl:l H.E.Rm'n.mu
k= I .-]ﬂ"'& HL__|E+t|rﬂ

sum and show that the allermating harmomic senes oaverees
o dm 2

6. Find all valwes of p such that the :e-nztEq—l]*— ComvETes.

=
Compare your resull 1 the p-series of section $.3.

S appLicaTiONS

1. A person stars walking from boeme (al © = 0) wward 2 frend s
howse (a1 x = 1) Three-fourths of the way there, he changes ns
mimad and staris walking back bonse. Three-fourths af the wiy
home. he changes his mind agan and ans walking back 10 s
Triend’s howse. I he continoes this panern of imbecision, always
turmng arcund af the three-fourthe mark, what will be the
evenlual oukcome? A simibar problen appeared in 3 axisonal
magaane and ereated 2 minor controversy due o the ambigu-
munmlhugﬂlbﬁpmlﬂ:mll:thrﬂ'ﬂI}lfnﬁtm
isat o= and the second lomaround is a3 — 3(3) = & Butis
Ih:ﬂm‘dmmm'mmllhme-ﬁmnlu:r“]u way =1 Ul'.l:=q]-."
The magarne writer assunsed the larer. Show tht with this
ssxmaption, the person’s locstion forms o peomeinc series,
Find the sum of the serbes and siate where the parson ends up.

SECTION 55 «+ Absclute Comvergence and the Rato Test M

i

I the problem of Exercrse 1 i interpreted &fferently, 2 more
inleresting answer results. As before, bet x, = 5 and v, = 1. If
the mext lurnanound s three-Toarths of the way from oo o 1,
then &y =|—i +.=:1_I - IT';] =%+41.r:=:—:.1'h:=-ﬁnurlhmf|}|£
way back w0 o= 0 would pul ws at oy =:;|—:-1_-| =-_I|J;|=-;I;.
Show that if o & even. then x..q = %+JT.I|:..:.H]J,.: =Jl|:,“.|.
Show that the person ends up walking back and forth berwesn
two specilic kcations.

& EXPLORATORY EXERCISES

1.

In this exercise. youl will determine whether ar ool the
improper  integral _IInsuH]IJ:] dr comvenpes. Argue thal
[ sinilixyad, [ sin{bixhdr, [0 sin{1ix)dr, . exidt and
that (if i1 exiss),

1 1 Ly
£ sind 1) nI'r:f simi 1ixy dx -r-j- simf | fx) dx
™

(BE- ]

EZn
+f' smi Linhad + - - -
BAei

Weerily that the serfes 15 an alleristing series and show that the
hypotheses of the Allernating Serses Test are mel. Thas, the
series and the improper mdegral both comverge.

i
Comsider fee series _El— i“"— where 115 a constant. Show
=
thal the senes L‘ﬂm'\erpkt.t—lfl,;——]!l, any x such thal

—1 < x = 1. Sheew that the senes diverges il r=—1, 0 < - or
x> 1. We see in Exercise 5 of section 5.7 that when the series
comverges, il convernges Lo ndl 4 xj. Yerlfy this numerically
fora= 12 amd x = —172.

(@) 5.5 ABSOLUTE CONVERGENCE AND THE RATIO TEST

Duiside of the Alternating Series Test presented in section 5.4, our other tesis for conver-
gence of serics (ie.. the Integral Test and the two comparizon testsh apply only to series all
of whose terms are positiie. 5o, what do we do if we're faced with a series that has both
positive and negative terms, bui that is not an aliernating series? For instance, the series

o 5in &

| | 1
—— =50l +—-s5in 2+ —sin 3+ E:'m-i+---

'S

) T

has both positive and pegative terms. but the terms do not alternate signs. (Cabcolate the

first five or six terms of the series to see this for yvourself.) For any such scries Zm-

we check whether the series of sbsolote values Eluﬂ 15 convergent. When this hq:pa:ns_

we say that the orizginal series }:a. is ahsolutely convergent (or converges absolutely ).
=l

Moz that to test the convergence of the series of absoluie values Elu*l {all of whose terms
i=i

are positive ). we have all of our earlier wests for positive-term series available to s
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'f: EXAMPLE 5.1 Testing for Absolute Convergence
051w ) = —1 kel )
Determine whether g = is absolutely convergeni.
o4 1
. L ——— Solution It is casy to show that this aliernating series converges o approximately
azy * 0.35. {See Figure 5.34.) To determine absolute convergence. we need io check whether
ﬂ:.'!--' or not the series of ahsolute valoes is convergent. We have
o} FlEnEL SL-S0)
E T =i Il E z :
} ¥ + t n
3 o 53 which you should recognize as a convergent geometric serics {[r = -’! < ). This says
- ] L. +1
FIGURE 5.34 that the origimal scrics z { ]2* converges ahsoluiely.
: L 'I:+J b= L
=
-

We'll prove shorily that every absoluiely convergent series is also convergeni. How-
ever, the reverse is nol true; there are many series that are convergent, but nol abscluichy
convergent. These are called conditionally convergent series. Can you think of an exam-
ple of such a series? IF so. it's probably the example that follows,

EXAMPLE 5.2 A Conditionally Convergent Series

oz =1 }Il-i
k

Solution  In example 4.2, we showed that this series is convergent. To test this for
absolute convergence., we consider the series of absolute values,
w |

3s- 5

{the harmonic series), which diverges. This says that z

Determine whether the alternating harmonic serics is absolutely convergent.

{—t}hl
k
ally fi.e., it converges, but does not converze shsolutelv). wm

converzes condition-

THEQREM 5.1

Iera*[ converges, then Edt CONVETECS.
kel =i

This resoll says that if a series converges absobutely, then it must also converge.
Becapse of this, when we test series. we first test for absoluie convergence. If a series con-
verges absoluiely, then we need not test any furher io establish convergence.

PROOF
Motice that for any real number. & we can say that —[x| < x < |x]. So. for any &, we have
=l £ ap = ).
Adding [ to all the terms, we get
0= a + faef = 2l (5.1}
Since ghd 15 convergent, we have ihat illml =22|m| is convergeni. Define
] =i i=

by = ai + la]. From {3.1),
0 =< by < 2yl
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and so, by the Comparison Tesi. ;tHiscmwﬂg:ul. Observe that we may write
=l
Em = Etm + i) — Ja|d = E[ﬂ. +. Jexal} —:E feael

=§h.—§m.
Simce the two serics on the right-hand side are comvergent, it folbows that gm must also
be converzgent. m I

EXAMPLE 5.3 Testing for Absolute Convergence
Determine whether ﬁ %k is convergent or divergend.
=1

Solution Notice that while this is not a positive-term series. neither is it an
alternating series. Because of this, oor only choice is to test the series for absohite
convergence. From the graph of the first 20 partial sums seen in Figure 5.3, it appears
that the series is converging io some value arcund 0094 To test for absolwie conver-

o [5in &
gence, we consider the series of absolute values, Z m:!. . Mintice that

i=l

sink| |simd] _ 1
= 52
i | =P s

o |
gince |sin k| < I,fu’aﬂkﬂim.ﬂghacm:rg:utp—s:ﬁ:s[p:i} 1). By the
i

Comparison Test and (5.2), z }%ﬁ
I

o sink
g %cmmﬁs ahsolutely and, hence, converges. =
i

converges, too. Consequently, the original series

O The Ratio Test

We next introduce a very powerfil tool for testing a series for absolote convergence. This
test can be applied 0 a wide range of series. including the extremely imporiant case of
power series, which we discuss in section 5.6. As you'll see, this test is remarkably easy
b LsC.

THEOQREM 5.2 (Ratlc Test)

Given Euﬁ, with a; # 0 for all &, suppose that

s =L
iy

lim

oo

Then,
(i) if L= 1, the series converges absoluely,
(i) if L= 1 for L = ea). the serics diverges and
{iii) if L =1, there is no conclusion.
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PROOF
(i) For L < 1, pick any number r with L < r < 1. Then, we have

iy

i

lim

-1

=L<r

For this to occur, there must be some number & > (0, such that for k= N,

disl

<P (5.3)
iy

Multiplying both sides of (5.3) by |a;] gives us
bteso] < .
In particular. taking k = N gives us
lersail < rlaad
and taking k= N+ | gives us
s < rlawa] < "‘Elﬂ-ﬂ-
fawas] < rlanaa] < 7fas]
and 50 on. We have

lseif < Plas). fork=12.3,---.

Muotice that i}n_.,lr*:[u,,-lﬁr"isa convergeni geomedric series. since 0 < r < 1. By the

EompadmnTm.itfoﬂnmﬂmEluhd: E la, | converges, too. This says that Eu_
amAED e |

converges absolutely. Finally, sinoe

= N 2o
= iy + il
ZesZet 2,
we also get that Zu, converges absolutely.
=i
(i} For L = 1. we have

.
lim f——
b=z Y

=L>1

‘This says that there most be some number N > (0, such that for & = N

s CHES (5.4)
i

Multiplying both sides of (5.4 by Jml. we get
lail = bl > 0, forall k = N
Maotice that if this is the case. then
e

By the kih-term fest for divergence. we now have that Eu, diverges. m
k=l
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SECTION 55 «+ Absclute Comvergence and the Rato Test ¥

EXAMPLE 5.4 Using the Ratio Test

=, (-1t
Tﬂ; = for convergence.

— K
Sclution  The graph of the first 20 partial sums of the scrics of absolute values, ;E_

seen in Figure 5.36, suggests that the series of absolute values converges o about 2.
From the Ratio Test, we have

k+1
. |@een .2 k#1201 k41 1 Sine
.lﬂ.zil_.li'ﬂ R T e s Sl
7

and =0, the scries converges absoluiely. as expecied from Figore 5.36. & |

The Ratio Test is particularly useful when the general term of a series contains an
exponential term, a5 in example 3.4, or a factorial, as in example 5.5,

EXAMPLE 5.5 Using the Ratio Test
Test Ei for convergence.

Solution The graph of the first 20 pantial sums of the series seen in Figure 5.37 suggests
that the serics diverges. We can confirm this suspicion with the Ratio Test. We have

k41
pim [P i S _ i D
b—om| ay b~ k! e L 1.
&
E+Dk 1. k41 ettt 4y
= fm R = T S e T

By the Ratio Test, the series diverges. as we suspected. =

Recall that in the statement of the Ratio Test we said that if

i,
1i b+l
- iy

then the Ratio Test yields no conclusion. By ihis, we mean that in such cases the serics
may of may not converge and farther testing is required.

EXAMPLE 5.6 A Divergent Series for Which the Ratio Test
Is Inconclusive

Usie i Ratio Tesi for ihe harmonic series ;%

Solution We have

1
| k
iim[ = o = =1
b—an| o k= £ l-ln:k-{-l
K

In this case, the Ratio Test yields no conclusion, althongh we already know that the
harmonic series diverges.
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EXAMPLE 5.7 A Convergent Serles for Which the Ratio Test
Iz Inconclusive

e 1
Use the Ratio Test o test the series Y, —.

=0 Kk
Solution Here, we have

3 1

g,y

iy

lim

Ll

im =—= lim ——— =
b=k Iy 1 b= 4 241
S0 again. the Ratio Test vields no conclusion, although we already know that this isa
convergend p-series (p=2 > 1), &

Carefully examine examples 5.6 and 5.7 and you should recognize that the Ratio Test
will be inconclusive for any p-series.

O The Root Test

We now present one final test for convergence of senes.

THEQREM 5.2 (Root Test)

Given Eu., suppose that IIIlrrl wiad = L Then,
=l =
{i} if L = 1, the scries converges absoluicly,

(i} if L = 1 {or L = oo}, the series diverges and
{(1i} if L =1, there is no conclusion.

Notice how similar the conclosion is to the conclusion of the Rabio Test. The proof is
also similar to that of the Ratio Test and we beave this as an exercise.

EXAMPLE 5.8 Using the Root Test

= e+ ay
Us.t!h:leTultodﬂcmﬂnclhcmmtfgmmmdimgmc:ofmcs:rjuZ{ﬂ_ [).
k=l o
Solution  In this case, we consider
in Yiad = & 2k + 4 . +4 2
o Wl = | T Y m

By the Root Tesi. the serics is absoluicly convergeni. &

O Summary of Convergence Tests

By this point in your study of series, it may seem as if we have thrown at vou & dizzying
array of different series and tests for convergence or divergence. Just how are you o keep
all of these straight? The best suggestion we have is that yvou work through miasy problems.
We provide a good assonment in the exercise sct tha follows this section. Some of these
require the methods of this section, while others are drawn from the preceding sections
{just tov keep you thinking about the big picture). For the sake of convenience, we summ-
rize our convergence tests in the table that follows.

Tesi When to Lse Conclusions Swction
GH:II’ ‘;E'I"IEE ] 5
etried E_m-‘ Comverges o T <1 32
= 1=r
daverges of fr] = 1.
ket Term Test All weries I limt ars 5 0, thie series divierpes. 32
b=




E.47 SECTIOM 5.5 =+ Abszclute Comvergence and the Rabo Test 27T
Text When io Lse Conclcion Seetiann
-] i =
Integral Test E"” where (k)= o, Em jmdj firhd 53
=l k=l 1
s contingous and decreasing and fix) =0 bath comverge or hom diverge.
= 1 53
frseries EF Coaverges fur p > 1: diverges for p < 1.
=t
T o o - o J
Comparion Test Eu;—zuﬂ E_.ﬂu. where 0 < ay < by If Ebg conaverges, then Eu.- COAVETZES. 3
E=I k=1 =l =l
I En:.u diverges, then Eh; diverges,
i=l i=
- -] S i ) 5_1
e . e Em anl Ebt. where Emand Ehl
=1 k=1 Y i=t =
ul.bl::ﬂ.andll.lm ;‘:L}U ot converge or boih diverge.
- iy
W L] - l .
Allernating Series Test E:—I]‘“ulwher:m::-ulhrallk Ulll_r:m—ﬂmdmn"_'-mkrlllﬁ. 54
ey then the seres converges.
. . P =
Absolute Canvergence !n:ne-:. '*-'.II'J'I.HDE.' posilive ...I.I:IJ somme neg L Elﬂtl P 55
tive terms (including allernating seres) =1
s
Enu_ converges sheolutely.
L=i
Ratio Test Any senes (espectally those ivolving Eor T 200 = 1 55
exponentials andior fctorials) ol al
s
L <1, Em converges ahsoluely
=l
L
Wl =1, Eug diverges,
=l
il L= 1. oty conclusion.
Hoat Tesi Any series (especially those ivolving 55

exponenlials)

h.lrj!l:l'l:l #Fu;! ==

L <1, Eu; cimverges absolutely
izl

=1, Eu; daverges,
=l

il L= 1. ooy conclusion.

Examgple

O Concept Mapping

At this point of your study, we offer vou another alternative to the summary in the above
tahle. Concept maps are useful to lessen the effect of the roller coaster ride as you iy to
get your head around the different series and tests for convergence or divergence. It is not
about us and our work—it is about you and your understanding of the different ideas pre-
sented here. We hope that you will try to expand. modify or change the concept map below
as you see fit. To the righi-hand side of the map, we lefi you some concepis that might be
useful to integrate so that the bigger picture does not elude you.

COVET IS I

Jﬂf_r_w; if

CORVETRes foF

-l;r]t:,g.'r_.ﬂjr

-
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EXERCISES 5.5 (@)

") WRITING EXERCISES

Euﬁﬂ-u!l}ﬂm}u.llmu;—u,]lm b.—l!m'hi{bg}ﬂ:m[amﬁ
bath positve ancd n:pllv:lrnm.. Expliin why E_.fu:u: mare
likely 1o comverge than Em_ I light of rhis, e:puun why
Theorenm 3.1 is true.

In the Rano Tea. of lum
bigper, Jay. | o a]? l'-"-l5|l=
'I'Elmil.imrgﬂ..

In the Ratio Test, if lim iﬂ{ﬂ_ < 1, which is bigger, Jay.1]
b iy

= = 1, whech 15 (evenmally)
i why this bmplees that the series

o fargl? This imequatity could also boeld if L = 1, Compane the
rebative sizes of jo o ] and Jog] of L=08 verses L= 1. Explain
why L =08 would be more kely 1o cormespond 1o 3 comnver-
gent series than L= 1.

In many series of inlenesd, the rerms of the series imvalve pow-
ers of k fe.g. &), exposentials (e.g.. ') or Bactorials fe.g, k1L
Fuor which typeis) of lerms is the Baiio Test likely o produsce
4 result (i, a limil different froom 1)7 Briefly explain

In exercises 1=, determine whether the series is absolulely
convergent, condilionally convergeni or divergeni.

Ec—u‘% L g:—wﬁ
i:—n‘z‘ d. i:—u‘%
:Elt_nhll_;_'_l B it_”‘*l$
i[—:fi . i'[—u'%
i,':_““l:::t-[ B it_w“nil
i:—iftj—:: 1 i:—n‘%

= 4k A\ = 1 -3k
E(ﬂ;:] g .__,[: i)
] =

T 6. 23

3 &1 “'I.I S 1 k
Ef—li‘ Eit 18. E[—H‘ m
EE Im. itse'd'

L= = E(5)

o= S & o o0k

¢ e o o

= cos ke et
I -

o =11 o =11
:Eln_ e ;‘Eunt

'
=
+
-

i ]
L E

=

[‘-liu
;:r_] L

=

=
H

H':'ﬁb*iﬂ

5-48

o 2k

E— i E;
I':I- =i
Eu 1|F+' ET E:—nﬂ'%
l'h l:-!- ‘t

+1 The
EI = r.kJ' - Et ST
:Eq 1ﬁk+u - ;%
EM . iunrﬂ*
kml ; L . - =1

In exercises 41-6l, name ike method by identilying a test Lhai
will determine whether the series converges or diverges.

Al

43,

&

5

Jﬂ-,]. i r‘
;F * 1—Eil+].fk¥
EI_1F1+IH: “Er”
- =0 42
T B ¥ (a5
=1 =1
Ektl a8 E[—]I"i
o 4 =1 4]
.tzf-‘ sn‘ Ek;l.'_‘_
g =1
) 44k i 4+k
L:nl_lf{3+'_"i] 52 Et_n‘3+1k
= I & a2
sS4
g 4 lg [ |
g eoak — i ke
= S
I =
N 2 2=
:‘-":E Ty S8, EI 1) 1n(2 + Lik)
i Et ﬂjl
TP - 3
D—JH:'F E*

- fa) bnvhe 19108, the Indizn matheamatician Srinivass Ramano-

jan discovered the formula
I VB S 04k)01103 4 26,300k
= OEil = (kY 20gY ’

Approsimate the serses with only the & = 0 rerm and show
that yiui get b digils of zcormecl. Approgimate the senes
using the & = and & = | terms and shew that you get
14 dhgirs of reorrec. In general, each lerm ol thas remark-
able sertes increasss the sccurscy by 8 digis.

iy Prove tha Ramanujan’s serses in past (a) converges.

To m-mEﬂumugnm:meltamm.:m the fact

'_‘{H }

lim (
-
fa) Find all values of p such that "i_"‘l. CUMYETEES,

{by Find all vablues ul'_pqullh.l.lE; Comverges.
=
B

[ty whisthesr
P =138 21}

ibverpes,

CUNVETEEs iF
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45 EXPLORATORY EXERCISES

Chne reason that 6 is importand o distinguizh aboolute (from
conditional comvergence of a seres & the rearrangement of

series, b be explored in thee exercise. Show thal the senes
s

—1
E% is absodutely convergent and find o5 sum 5 Find
k=

the sum 5. of the positive tlerms of the series. Fined the sum
5_ of the negative terms of the series. Werify that § = 5, +
S__ However, you canmsd ceparate the pogitive and negative
terms for comditionally convergent series. Far example. show
mmE:c_“:cmhurgu{muﬁnmllﬂbuuﬂ:}uuﬁmd
=n Kk +
posative terms amd the senes ol negative terms bolh diverge.
Thus, the arder of lerms matters for conditionally convergent
seried. Amarmgly, for conditionally convergenl serfes, you
can reonder the terms s thal the partial sums converge Lo wry
real number. To flludrate thas, suppose we wand b reonder the
-] i i
mzt—bmﬂldlbepﬂrlialsumtummplnfr.ﬁtt
ik + 1 E:
by palling out positive terns |1+ ¢ + 3 + - - -} such that the

praariial suem is within (6.1 of 3. Mext, take the [ negative lerm

SECTIONSE =+ Power Senes P
[—%] and positive terms such that the partial sum is within
0.5 of 7. Then take the next negative erm [—;J and posi-
tive lerms such thal the partial sum is withan 0.01 of § Argue
thiat you could contine in this Fshion 1o reorder the lerms <o
thal the partial simes converge o = (Especaally explain why
you will never “run oul of” positive lerms.) Then explam why

you canned dio the sanee wath the absolutely comvergenl series
= -1y
In thas exercise, vou dhow thal the Rool Test s more general

%:#[
g

4 M . [ ]
then  lim fao ™ = r by considering  lim b amil

than the Batio Test. To be precise, show thot i.I"li_l|1_1

g

Tim b ez, [ = lim ]—iln 28 Imterpret this resall in lerms
- L ] i =1 u'

of oy lnkely the Ratio Test or Rool Test s o give a definge
conclusson. Show that the result 15 not i and only ™ by fisd-
. x i L ]

ing a sequence for which lim la. ™ < 1 hhl_]ﬂln—l| does
nol exisk In spite of s, give ooe neason why the Batio Test
mighi be preferable 1w the Root Test.

@ 5.6 POWER SERIES

(]
2

v Pl

W

aums of E_{.':—I)‘
=

We now expand oor discussion of series o the case where the terms of the series are func-
tions of the variable & Pay close atiention, as the primary reason for studying series is that
we can usc them o represent functions. This opens up numerous possibilities for s, from
approximating the values of transcendental functions o calculating derivatives and inte-
grals of such functions, to swdying differential cquations. As well, defining functions as
convergent serics produces an explosion of new functions available to us, including mamy
impontant functions, such as the Bessel functions. We take the first few steps in this section.
As a stan, consider the series

- =1+ =+ -2 (= 2P -
Al

Motice that for cach fixed x, this is a geometric series with r= (x — 2. which will converge
whenever |/ =[x — 2| < | and diverge whenever jr| = |x — 2| = 1. Forther, for cach x with
jr =2 = 1{ie., | < x < 3}, the serics converges to
a | 1
l—r 1—fx—2) 3-x

That is, for each x in the interval (1. 33, we have

o 1
|
Eh < I—x

For all other values of x, the series diverges. Im Figure 538, we show a graph of
1

fixy= e along with the first three partial sums P, of this series, where
—x

Px(i‘l=§{.t—1jl"=] + =2+ =2 4+ (2=,
}

,g:’_:- Fyix)
a —
A 2 3
/ fxm pyn)
FIGURE 5.38 n
=3 o the frra three partzal
e %

on the interval [0, 3]. Motice that as » gets larger. Fo{x) appears to get closer to fix), for any
given x in the interval (1, 3). Furiher, as o geis larger. P (x) tends to stay close io fix) for a
larger range of y-values.
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Here, we noticed that a series is equivalent o (i.c., it converges to) a known function on a
certain interval. Aliermatively, imagine what benefits you would derive if for a given function
{ome that you don’t know much about) you oould find an equivalent serics representation.
This is precisely what we do in section 5.7. For instance. we will show that for all x,

TR ]
As one immediate use of (6.1), suppose that you wanted o calculate &' 257 Using (6.1),
fior any given ¥, we can compuie an approximation to ¢, simply by summing the first few
termis of the squivalent power series. This is easy to do. since the partial sums of the series

are simply polynomials.
In gencral, any series of the form

=, IR
f=£E=1+r+E+ g, (6.1}

Power Series

Ebiiz—t'f=bu+blu—rl+bﬂl—-E‘J!+b3{.t—t']'3+---

is-called a power series in powers of (x — o). We refer o the constands & E=0, 1.2, ...,
a5 the coefficients of the serics. The first question is: for what values of x does the series

converge? Saying this another way, the power series ;iusr — &) defines a fumction of ¥
and iis domain is the sel of all x for which the serics converges. The primary ool for inves-
tigating the convergence or divergence of a power series 15 the Ratio Test.
EXAMPLE 6.1 Determining Where a Power Series Converges

w— Kk
Determine the values of x for which the power series g F:" COMVETZES.

Solution Using the Ratio Test, we have

o] _ | 1)
o) IR g I g
= {k+1]l'r| I'tl - t+| S o o gt
B o s o iy pr
Lt
=?{I.

fior |x] < 3 or =3 < x < 3. S0, the serics converges ahsoluiely for —3 < x < 3 and
diverges for [x] = 3 {i.e., for v > 3 or x < =3 Since the Ratio Test gives no conclusion
for the endpoints x = +3. we must test these separately.

For v = 3, we have the series

Eﬁf=£F3 = Ei-
Si J.i.mi— F0,
ince *_mi_m
the series diverges by the Kih-term test for divergence. The series diverges when @ = -3,
for the same reason. Thus, the power serics comverges for all x in the mterval (-3, 3)
and diverges for all v outside this interval. =

Observe that in example 6.1, as well as in our introductory example, the serics have
Ih:ﬁl1l'lEbﬂ]—r‘*mﬂﬂtﬂ:iﬁ!ﬂiﬂtn‘ﬂﬂﬂ:tlﬁnﬂh‘—ﬂ1‘+rhmﬂﬂ.ﬂh!}t!ﬂ:‘l‘iﬁ

converges and outside of which the series diverges. (In the case of example 6.1, notice
that ¢ = (L} This interval on which a power series converges is called the interval of
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'hmﬂﬂﬂml.m
thmxﬂﬁr
ane ar bith of
xzc—radczetr
Because the interval of conver-
:WhﬂMMFgm
;ﬁrucmm

SECTIOMEE =+ Power Senes a1

convergence. The constant r is called the radius of convergence (i.c_, r iz half the length
of the mterval of convergence). As wie soe in the following result, there is zuch an interval

for every power serics.

THEOREM 6.1
Given any power scries, Emu — ¢, there are exactly three possibilities:

{i} The serics converges absolutely for all ¥ € (—aa, o) and the radios of con-
YErgence is F = oa;
{ii} The series converges arly for ¥ = « (and diverges for all other values of x)
and the radius of convergence is r=10; or
{iii} The series converges absolutely for x € (¢ — £ ¢ + ¢) and diverges for
x -« ¢ — rand for x> ¢ + r. for some number Fowith 0 < r < oo,

The proof of the theorem can be found in the appendix.

EXAMPLE 6.2 Finding the interval and Radius of Conmnvergence
Determine the interval and radivs of convergence for the power series

It
Z—{x—n‘
Solution From the Ratio Test, we have
i | 2222 _“mlm**'{x—:f*‘ K
bem| @y | bem|  (k+ 1) m&x—n'l
k! Sir | wils = B =L}
=10x — “hm[fc+:l:|.k' s T 1M

1

for all x. This says that the serics converges absolutely for all x. Thos, the interval of
convergence for this series s (—oa, oa) and the radius of convergence isr=00. ®m |

The interval of convergence for a power serics can be a closed interval, an open inter-
val or a half-open interval, as in example 6.3,

EXAMPLE 6.3 A Half-Open Interval of Convergence
Determine the interval and radius of convergence for the power series E%

Solution From the Ratio Test, we have

-
bl ay] e ik + tH“'
k

iia--:k+l d

<1

So. we are guaranteed ahsolute convergence for |v| < 4 and divergence for v > 4. It
remains only o test the endpoints of the interval: x = 4. For x = 4, we have

L
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which you will recognize as the harmonic series, which diverges. For x = —4, we have

NOTES

I example 6.3, the series foe S L e R < e O

the endpaints of the interval gu*_g _§ k-’

of -!u:iub

related. One is 4 positive term which is the alternating harmonic series, which we know converges conditionally. (See

-ﬂhﬂmmg‘ﬂh while cxample 5.2} So. in this case, the interval of convergence is the half-open interval
[—. 4 and the radivs of convergence isr=4. =m

the ather is the cormesponeding

mm&;:—lf&.

Motice that (as siated in Theorem 6.1) every power serics Eml’x — £ comverges at
m‘k’lww

least for x = ¢ since for x = ¢, we have the frivial case

gaﬂx—frl:ga-.:r—t'f:m-l- gaﬂ' = g + 0 = ap.

EXAMPLE 6.4 A Power Series That Converges at Only One Point
Determine the radius of convergence for the power series E.t!{x— s,
Solution From the Ratio Test, we have o

(k+ 1)z -5
Kfx—5)
_ iy R DR —

k= k!

2isi T

g k==

ki

= lim [(k + Dix—5{]
oo

_{ ifx=5

T e, ifr#5

Thus, this power series converges ondy for x = 5 and so its radius of convergence is
r=0. u

Suppose that the power serics gbﬂr—rl‘mmm_rmf convergence ¢ > (. Then the
series converges absolutely for all x in the interval {c — v, ¢ + r) and 50 defines a function
fon the interval {c — F, ¢ + F),

ﬂx}=Ehﬂx—-r:*=m+b|u—c]+blu—r;l+bau — P e

It turns out that such a funciion is continwons. and differentizhle. althoogh the proof is
beyond the level of this course. In fact, we differentiate exactly the way you might expect,

Fixh= i[bﬂ+b.q:r—n+.tr;::—n’+b1{:—r:|’ §-e]

[hiflerenmning 8 powtr sis

= By + Zhaix — £} + 3bgx — e 4 -0 = zbﬂ.{x—ﬂ'".
=

where the radius of convergence of the resulting series s also v Since we find the deriv-
ative by differentiating cach term in the series, we call this term-by-term differentiation.
Likewise. we can integrate a coOnvergent power series term-by-term.
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liE@aing o poss

= ==
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fftxHE:fZM.t—rl‘ dr = zf‘l ix — ) dx

fx — e+
by—— K,
=T

where the radius of convergence of the resulting series is again » and where K is a constant
of integration. The proof of these two results can be found in & texe on advanced caloulus.

It’s important to recognize that these two results are aor obviows. They are not simply an
application of the rule that a derivative or imtegral of a sum is the sum of the derivatives or

integrals, respectively. sinoe a series is not a sum, but rather 3 limit of a sum. Further. these
resulis are true for power series, but are rot true for series in general.

EXAMPLE 6.5 A Convergent Serles Whose Series of
Derivatives Diverges

Find the interval of convergence of the series E
derivatives does not converge for any .

r.ln.[i“.u 1
—, for all x,
| o b et

since |sin (Y] < 1. Since Z :—_,is a convergeni p-series (p =2 = 1), it follows from
|

uu{i xh

and show that the series of

Solution Nobice that

o= L L
thtEnnw:isnnTc—st'rhat; %
=T

hand, the series of derivatives {found by differentiating the series term-by-term) is

converges absolutely, for all x. On the other

E % [nulfn} gfmu. x) gll:mflr"xu

which diverges for all x, by the kih-term iest for divergence, since the ierms do not tend
o Zero as £ — oo, forany x m

sm:F.t:

I{tcpmmmdlhatz is ot a power series. (Why not?) The result of example
6.5, a convergent series whmt series of derivatives diverges, canmaer oocur with any power
series with radius of convergence r > (0.

In example 6.6, we find that once we have a convergent power serics Ieproscnia-
tion fior a given function. we can use this to obtain power series representations for any
number of other functions by substitution or by differentiating and integrating the series
term-by-term.

EXAMPLE 6.6 Differentiating and Integrating a Power Serles

Use the power series ¢ (—1 2" to find power serics representations of ————;
E 1+ 1+:"

and tan~"'x.
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Solution Notice that Ei—lf.ﬂ:é[—xl*isagmm series with ratio r = —x.
1 ¥

‘This series comverzes, then, whenever /| = |—x| = x| < 1L

a 1 i 1
1=r 1—(—x} I14x
Thatis, for —l <x < I, L:E:—n‘.ﬁ {6.2)
14+x

Dnifferentiating both sides of (6.2, we zet

1=;[—|.]‘i'_lj_!. for —1 = xr« L.
(1 +xr

Multiplying both sides by —1 gives us a new power seTics representation:

= Z t_ EJl—!‘f—
(1+xy &=

valid for —1 < x < 1. Notice that we can also obtain a new power series from (6.2) by
substitution. For instance, if we replace x with x°, we get

ﬁ:i:—lﬂ.ﬁf:i{—n'ﬁ 6.3}

valid fior —1 < x* < 1 {which is equivalent to having © < l or -1 < x < 1),
Integrating both sides of (6.3) gives us

I S~
Jr1+ E[ hff'ﬂ TRELE &4
You should recognize the integral on the lefi-hand side of (6.4) as tan™"x. That is,
= 1_.__1-.:
Z‘ ’ for =1 = x< 1. {6.5)
= 2+
Taking x= 0 gives us
s +I
0= ;‘ ) A0 =0,
L+1

so0 that ¢ = tan™" 0 = 0, Equation (6.5) now gives us a power series representation fior
tan~" x, namely:
U - L | ko

ian” x= .ulk—ﬁ-!:I 3 1"——1‘ +eee, for—-l<x<l.

In this case, the series also converges at the endpoinix=1. &

MNotice that working &= in example 6.6, we can produce power SEries Feprescntations
of any number of functions. In section 5.7, we present a systemiatic method for producing
power series representations fior a wide range of functions.

BEYOND FORMULAS

‘!l"mﬂnuﬂhiuldnpnuumksualﬂff:mulfumfttuﬁﬁngﬁlmﬁm&lﬂﬂu%
can be rewritien as ™", many functions can be rewritien as power series. In general,
having an alicrnative for writing a funciion gives you onc more opiion o consider
when rying to solve a problem. Further, power series representations ane often casier
i work with than other representations and have the advantage of having derivatives
and integrals that are casy to compute.
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EXERCISES 5.6 (@

©

1.

WRITING EXERCISES

Power series have the form %oz — o). Explain why the
=i

Tarther x is foom o, the langer the lerms of the serses ane and
the bess likely the seres is o comerge. Describe how this gen-
eral remd relates po the radivs of convergence.

=
Applying the Batio Test 1o Eu.t.t — ¢} reguires vou 1o eval-
=0

G|

uﬂltﬂ n—xq.r—c*..‘u.r #F i mepeases or decreases, v — o

increases. I the senes has a fnite ados of coavergence r >
0, what is the vahse of the limit whea jx — of = r? Expiain how
the limit changes when |v — o < ranmd [x — of = rand bow this
determines the convergence or Evergence of the series.

As shown in example 6.2, EIE—{:'{: — 1} converges for all x.
=

1f x = 1001, the walue of {x — 1) = 1000F gels very large very
{2, as k ineveases. Explain why, for the series (o convenge, the
vadue of & must get large faster than 1K, To illustrate how
fast the factormsl grows, compite 50%, WK and 2007 §of your
calcwlatios canl.

L povaver series represemtation of +x + 1 abow o=, explun

why the nulios of convergence cannol be greater than 1.
{Think about the doman of x4+ 1.)

In exercises 1-D6, delermine e

CORVErgence,
o ol [ j.

L ¥ -2 L ¥4

ke =1 2

o a L,
= =
4 i 1 i [ ‘_”L—I:

5. ——(x—1J . {r+2f
E k3 = ¥
ol ﬂ] .

T Fheyes 1t & Fofx—1p
k=n I:Ij:

oW k+ 32 -3 1. Ei,cj.r-rn‘
=X =1'a
CO = =1

. Y —(+1 1z —— (3~ I
gv’_{_: J g vE X

13 E£1x+1r 14. E'l—-|;1+|:1
=Tl =13

15.
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Emwnmmmwmhﬁhmnm

Przix). Discuss the behaviar of the partial sums both inside and
oiside the radius of convergence from each of the following

ERETCiRes.
17. Exencise 3 18. Exercise 5

In exervises 19-24, determine the interval of convergence and
the fumciion to which e given power series converges.

. EI:-I:—I]J' 20, iu—i'ﬁ
iy =)

i, i{h—u‘ I E{?-:+I.|'
=0 =
-] '] a0 i

. V-3 VI 1
Zen'(3) 23(3)

In exercises 25-32, Mind a power series representation of i)

about ¢ = i (refer o examgle 6.6). Also, delermine the radins

aml interval of convergence, and graph fix) together with the
&

k]
partial sums ¥, and ¥ a0
Al il
15 = 6. LR
“'Fuh_l—z "ﬁ”_:—l
27 a . :
= W=
I ir
TRIRETD RIS
3. fix= £ 3k fin= 3
- TdEx T

In exercises 3338, find a power series represcatation and

rading of convergence by integrating or dilferentiating one of
the series lrom exercios 25-32.

3 fixh=3man s M fid=2mil—1)

2

T -2

35, fixd 36 flx=

fx— 1§
A7 fixh=lnll + ) M. fir)=Inid + x)

I exercises 342, find ihe interval of convergence of ihe (nog-
power) series and the corresponding series of derivatives.

o 1 =
. coslk x) a0 cosixk)
41 E{"' 42 ia'm
= =]
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For any constamts a aml b > 0 determine the mierval and
i:—ﬂ_l"

[

radins ufl."mhu]u'u:zufz
Prowe that iJ'Ea,L_rl‘ has radiss of convergence ¢ wih 0 < r<
i=0

oo, then Emr}thasmdi.luuhmm T
i=n

II‘Emf has rading of comvergence r, with 0 < r < oo, deter-
=]

mine the rmdivs of comvergence of Entl,.r — ¢ fior any con-
i=n

sanl .

Ir Em:"‘ has radios of comvergence r, with 0 < r < oo, deter-

mine the radivs of convergence ul'Em{ } fiar any eonstant
bED

1
(—sF
mepresentation fini =1 + Ir+ 5070 + T + 9t 4 - - -

Show that firy= h.aslh:&pnwh'lunts

I:—J:
Firud the

1
rading of convergence. &LJ:EMMLHEJM-

ingz decimal representaion ul'j—ﬁ%

Show that the boag division slgorithm prodisces =1+

l—x

I+ +x + -+ Explain why this squation iz nol valsd for
all x

= N ; ;
I:h:l‘m_ffj:j=): . Find a power series for f and

determine its radivs of convergence. Graph

Defme ff{x) =

determine its radiug of convergence. Graph f

T 3
——— di. Find a power series for § and
I+ ?

I:\-:ll.:lzf —itbyia}ﬂqmmgx.ptmwm:mlth]
1 1

1400 —vEF 1 +{1+ VF

Even greal mathematicians cam make mastales. Leonhand

rewriting the mdegrand as

+;=E|,n!vru.til
1-rx

Euber stamed with the egisiion

x—1
x

= = [, found power series representations lor

Y
I-1lix 1-x

. 1 1 "
each fonction and conclided that -- -+ —+—+ 1+ 1+ 0+
& X

- - = 0. Substinde v = 1 o show that the comclusion is falue,
then figd the mslake m Buber™s derivation.

For 00 < p < 1, evaloale i'ﬂk—]p"“: amd i.hl:—l]
=2 E=1
(k— 2jpt=" Generalize 1o i{:}#* fie pivsative Endesers n
k=1

Foreach sersesf{x), compare the iervalsof convergencesd fix)
and f_ff_t:l dx, where the antiderivative is aken erm-by-lenm.

= o s ]
fa) fixd = Foa=10ehs by fiw) = ¥ VES, (e} fin) = EI &
k= =] =

5-56

Based on the examples in this exercise, does mdegrafion

make 1l more or bess likely tha the series will converge al the
endpoints?

@ appLicaTIONS

1.

A decrete rendom variable that assames valoe & with probe-

o
bility py fior k= 1,2, - - -, has expected value 3 kpa. A gene
=l

erating fumction for the random varable is Fix) = 3 port
[ ]

Shaew that F7 1) equals the expecied vale.

An electric dipode consists of a charge g 6l v = | and a

charge —g at v =—1. The electric fiehd atany x> | 15 given by
kg ke

fx— 17 qx+ 17

e representation for E{1).

Exl= ., lor somi consiand b Find o power

@ EXPLORATORY EXERCISES

1.

Moot that the radivs of convergence m esch of exerciuss 25-29
i% 1. Given that the functions m exercress 25, 26, 28 amd 29
are usrlelined = v = 1, explan why the radius of convergence
'l be larger than 1. The redricted radius in exercise 27 can
be undersiood iskng complex numbers. Show that 1 + & =
0 for x = +i, where i = v—1_ In general. & complex aumiber
a + b i bs assoczated with the point ia, b) Fond the “dGstance™
between the complex numbers 0 and § by linding the distance
between the associated points (0, O) ancd (0 1) Discuss o
this compares W the rdivs of ooavergence. Then use the
ideas in this exercese o quickly conpecture the radios of con-
vergence al power serbes with center ¢ = 0 for the functions

z ‘r
= 35s 'ﬁ’_4+

A

L | fdxh ) be a sequence of functions defined on a s E The
Welersirass M-tesi states thar of there exist constams M,

-
such that [fifx)] € M for each x and ¥, My converges, then
=l

E_.I’n[.ﬂ- converges (oniformly) for each x in E Prove tha
=1

MEI‘:

I

- { i G all x =L
;1__'_1: comverge {amiformly) x “LUni-
fowrialy™ i this exercise refers bo the rate al wihich the nfmdne
seTies Comverges o ils sum. A precise definition can be found
in an sdvanced calculus book. We explore the main idea of
ihe definition in this exercise. Explain why vou would expect

. Mow, aumernically explore the fllowing question. Defining

- I

E e =, b& there an mleger N
ot ¥ o

=1

-~ 1
= 3 —and Sixl =
fix) §r+r Ted)

such that iff m = N then |flx) — S.(x} < 001 foc all £?
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@) 5.7 TAYLOR SERIES

TayliW serics CLpuandiin

Fix] shasn

"

O Representation of Functions as Power Series

In this secticn, we develop a compelling reason for considering series. They are not merety
a mathematical curiosity but, rather, arc an essential means for exploring and computing
with transcendental functions (e.g., sinx, cos X Inx &, ele.).

Suppose that l!h:puv.rcr:cm;m[x €)' has radius of convergence r > 0. As we've

observed, this means that the series converges absolutely to some function fon the interval
e —r. ¢+ r). We have

fly= me —c)f =bu+ by — )+ brlx —cF + balx — ) + bulx — e + - - -
for each x € (¢ — £ & + rl. Differentiating term-by-term. we get that
f{x}:ib,&h—c}'" = b, 4 2alx — )+ 3bylx — o) + dbyix — o) +
BEain, fnr:ﬂﬂ:IEtr—x ¢+ rl. Likewise, we get

Frin) = bkik— Dix— e =2b +3-2ix —c) 44 - Jbdx—cF + -+
=l

and rm:f:amk- Ik — 2 — et =328, 44 3. Ibgx —c) 4 - -
k=i

and =0 on {all valid for ¢ — F < ¥ < ¢ 4 r). Notice that if we substituie x = ¢ in each of the
above derivatives, all the terms of the series drop out, except one. We get

Siey = by,

el = by,

Fiel=1b,,

el =31,
and 50 on. Ohserve that in general, we have

™) =kl by, (7.5
Sobving {7.1) for &y, we have

&
)
m:f;‘ JRrk=0,1,2--..

To summarize, we found that if ¥ byix — )" is o converaent power series with radius of

convergence r > (I, then the series converges to some function fthat we can write as

FHe)

fid=lr—ct=(r—cl. rx€le—rc+r. Emg

Now, think about this problem from another angle. Instead of starting with a series,
suppose that you start with an infingtely differentiabde function, f{i.e. fcan be differentiated
infinitely ofien). Then, we can construct the series

[ AT
O oy,

called a Tavior series expansion for £ { See the historical note on Brook Taylor in section 6.2.)
There are two imporiant questions we oeed to answer.

+ Does a series constructed in this way converge and, if so. what i5 its radius of
comvergence?
« If the series converges., it comerges to a fonction. Does it comverge to f7
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REMARK 7.1

The special case of a Taylor
series expansion about x =10
iz often called a Maclaurin
series. (See the hisiorcal
niote aboot Colin Maclaurin
in section 5.3.) That is, the
- -] 1 n
serics E %x‘t is the
Maclaurin series expansion
for 1

Farfoal by miimiiad

FIGURE 5.38a
v=¢"and y= Pyix}

We can answer the first of these questions on a case-by-case basis, usually by applying
the Ratio Test. The second question will require further insight.

EXAMPLE 7.1 Constructing a Taylor Series Expansion
Construct the Taylor series expansion for f{x) = €, abowt © =0 {i.c. take ¢ = 0).
Solution Here, we have the extremely simple case where
Fixy=¢" fFix)=eandsoon, F)=¢" fork=0.1.2 ---
This gives us the Taylor series

F‘EUJ —0f= ;H z%-‘l

From the Ratio Test, we hawe

[ & ) k!

'| e —
g (k+ 13! |_.r|l IJ‘IEQ ik + 1!

it i

i

k—x

iy

. 1
=|I|l]]_!'2lt+l—|1|[|]:l—|]{|. for all x

W7y o
5o, the Taylor series giz converges absolutely for all real numbers 1. At this point,
though, we do ot know the function to which the series converges. (Could it be £7) =

Before we present any further examples of Taylor series, let’s sec if we can determime
the function to which a given Taylor series converges. First, notice that the partial sums of
a Taylor series (like those for any power serics) are simply polynomials. We define

n B
P =Ly

=

L6 2 PRSP B N i .
2 n!

= fled+ FleMx — )+ (x— el

cl
Observe that Fo(x) is a polynomial of degree i a.:'f:f is a constamt for each k. 'We refer

io F, as the Taylor polynomial of degree a for fexpanded about x = .

EXAMPLE 7.2 Constructing and Graphing Taylor Polynomials
For fix) = &, find the Taylor polynomial of degree n expanded about x = (.

Solution  Asin example 7.1, we have that £*'(x} = &*, for all k. So. we have that the
nih-degree Taylor podynomial is

P = Ef'"lﬂ'l —ﬂ'}"=§:—?f

o i
= Zk1f_1+ Ehe bbb
Since we established in example 7.1 thai the Taylor series for fix) = " about x =0
converges for all x. this says that the sequence of partial sums (i.c.. the sequence of
Taylor polynomials) comverges for all & In an effort o determine the function o which
the Taylor polynemials are converging, we have plotted Piix), Pa(x), Piix) and Pax),
together with the graph of f{x) = ¢ in Figures 5.39a—d, respectively.

Motice that as & gets larger, the graphs of F.lx) appear (at least on the interval
displayed) to be approaching the graph of f(x) = #*. Since we know that the Taylor
series converges and the graphical evidence suggests that the partial soms of the series
are approaching f{x) = &°. it is reasonable o conjecture that the series converges o 27
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FIGURE 5.3%b
y=r"aml ¥y = Pux)

REMARK 7.2

SECTIOM 7 == Taylor Senes e

ot

FIGURE 5.3259d
y=and v = P}

FIGURE 5.35c
y=e"and vy = Pyilx)

This is, in fact, exactly what is happening. as we can prove using Theorems 7.1
and 7.2 m

THEOREM 7.1

Suppose that Fhas (s + 1) derivatives on the interval {c — 7, ¢ 4 7). for some
# = 0. Then, for x € (¢ — ¢+ Fi flx) = Px) and the error in using P(x) w0

approximate fx} is

(Taylor's Theorem)

! ML
RAx) = fix) — Pdx) = WY (x— e, (73

for some number 7 between x and e

Observe that for n =10,
Taylar's Theorem
simplifies to a very
familiar result. We have
Rylx) = fix) — Pylx)

= %1’1 — e+
Since Polx) = fir), we have
simply
Fxk— fich = flizdx — el
Dividing by {x — ¢} gives us

fxy—fley
X—r =Ft)

which is the conclusion of
the Mean Valoe Theorem.
In this way, observe that
Taylor's Theorem is a
generalization of the Mean
Walue Theorem.

The error term K (x) in {7_2) 15 oficn called the remainder term. Note that this icrm
looks very much like the first neglected term of the Taylor series, except that 7" * ! s
cvaluated ai some (unknown) number 2 between x and ¢, instead of at ¢. This remainder
teTm Sserves [wo purposes: it enables us to obiain an estimaie of the ermor in using a Taylor
polynomial to approximate a given function and, as we'll sec in Theorem 7.2, it gives us
the means to prove that a Taylor series for a given function fconverges o f

The proof of Taykor's Theorem is somewhat technical and so we feave it for the end
of the section.

Mote: If we could show that
"]i_mz Rxy=0, forall xinic—r, c+ Fl.
then we would have that
0 = lim Rox) = lim [f{xh — Palx)] =fix) — lm Paix)
Jimy Pofxh = fix), forallveie—re+r)

That is. the sequence of partial sums of the Taylor series {ie. the sequence of Tavlor
polynomials ) converges to f{x) for each x € (¢ — £, ¢ 4 F). We summarize this in Thearem 7.2,
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THEOREM 7.2

Suppose that has derivatives of all orders in the interval (¢ — £ ¢ 4 #), for some
r > Oand lim Ra.(x) =10, for all v in {c — r. ¢ + r). Then, the Taylor series for £
expanded about x = ¢ converges to f{x}, that is,

3]

x {
—

fixy= tx—el.

forall xim (e — & © 4 Fl

We now return to the Taylor series expansion of fi{x) = ¢ ahout v = (0, constructed in
example 7.1 and investigated further in example 7.2, and prove that it comverges to £, as
we had suspected.

EXAMPLE 7.3 Proving That a Taylor Series Converges
to the Desired Function

Show that the Taylor series for fix) = ¢ expanded ahout x = () converges (o ¢*.

w— 1
Solution We already found the indicated Taylor series, ;Ff in example 7.1.
Here, we have f'"'(x) = *_ for all k=0, 1,2, -- - This gives us the remainder term

ol
R =t B g = L e

(n+1)! T T e -3

where £ is somewhere between x and ( (and depends also on the value of ni. We first find
a bound on the size of ¢ Motice that if x > 0, then 0 < 7 < x and s0,

L

fx=0 thenx £ 2 <0, 5o that
Fzf=1
We define M to be the larger of these two boands on & That is, we let
M = max] ", 1}.

Then, for amy x and any p, we have

&L M.
Together with (7.3 ), this gives us the error estimate

e

{m+1)!

Et.ll-l-l.
in+ 130

i < M

IR.Ax)| = (7.4)

To prove that the Taylor series converges (o &, we wani to use (7.4 ) to show that

==l
lim Eo(x} = 0. for all x. However. for any given @, we cannot compute lim ml'ti "

m o
directly. Instead. we use the following indirect approach. We test the .-reﬂ'e:g bl m
using the Ratio Test. We have (1)l

. - ™ 11
o g e o - S
for all i R, e
. T‘lﬁﬂﬁﬂlﬂt&?ﬂ:ﬂﬁzi T converges absolutely for all x. By the
- 2 1

dth-term test for divergence. it then follows that the general term mast tend to () as
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n — oo, for all x. That is,
+1
tim P
== g4 13!

and =0, from (74, _I_.Ergﬂ‘,l_x]:ﬂ.fctaﬂ.r_ From Theorem 7.2, we now conclude that
the Taylor serics converges io " for all x. That is,

5

B | r r
L i P S S et S Sl S (7.5}
Eu e T TR T

When constructing a Taylor series expansion, first accurarely calculate enough
derivatives for you to recognize the general form of the mth derivative. Then, show that
Rx} — 0. as n — oo, for all x, to ensure that the series converges o the function you ane
expanding.

Ome of the reasons for caleulating Taylor series is that we can use their partial sums (o
compute approximae valoes of a function.

EXAMPLE 7.4 Using a Taylor Serles to Obtain an Approximation of e
Use the Taylor series for ¢ in (7.5} to obtain an approximation to the number 2.
Solution 'We have

o | w— |
e=e'=£—1‘= —
=0 E! 0 £!
We list zome partial sums of this series in the sccompanying table. From this we get the
VETY ACCUrate approximation
ez 2 TINIEIE2E =

EXAMPLE 7.5 A Taylor Series Expansion of sin x

Find the Taylor series for fix) = sin x. expanded about x = 5 and prove that the series
converges bo sin x for all

Solution In this case, the Taylor series is
o= _r'"{g; i
é k! {“{T}-

First. we compute some derivatives and their value ol x =§. We have

fix)=sin x f5=1
Fix)=cosx fim=0
frix)= —sinx FlE=-1
fE=—emz  fE=0,
f*)x) = sin x Ma=1

and =0 on. Recognizing that every other term is zero and every other termiis +1, we see
that the Taylor series is

YT T

R
- S (—3)

dell
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To test this senes for convergence, we consider the remainder ierm

£ ET =5
R = (.:: = :) '}. (7.6
manil 2

for some 7 between x and 5 From our derivative calculation, noie that

abllyos _ | Ee08 2 if n is even

f L}_{tsin:, if i is odd ©

From this, it follows that =l = 1.

for every n. {Notice that this is true whether 1 is even or odd. ) From (761, we now have

Al _r‘H“[f_’
IR} _| im+ |r!|

a5 it — oo, for every x. as in example 7.3. This says that

: = (=1 AT 1 2 1 ( FAs
5]I1.[=E i——=) =l—-=lx—=] +—|x—=) —---,
=0 (2R 2 2 2 4! 2

for all x. In Figures 5.40a-d. we show graphs of f{x) = sin x ingether with the Taylor
polymomials Fax), Paixh, Polx) and Psix) (the first few partial sums of the series).
Motice that the higher the degree of the Taylor polynomial. the larger ihe interval
over which the polynomial provides a close approximation o fi{o) = sin L

A+l

—~0,

n+l 1 x
= ==
| 2

5 5
2l T{a+1p

.. .‘

FIGURE 5.40a FIGURE 5.40b
v =sin xamd ¥ = Palx) v =5nxamd v = Pd1)

¥ ¥

N i
=]
i = Py
FIGURE 5.40c FIGURE 5.40d
¥ = sin xand y= Palx) ¥ = 5aa x and v = Pg{x)

In cxample 7.6, we illustraic how to use Tavlor's Theorem to estimate the error in
using a Taylor polynomial to approximate the value of a function.
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v= Pix

=

FIGURE 5.41
v=lnxaml v = Pux)
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EXAMPLE 7.6 Estimating the Error in a Taylor
Pohynomial Approximation

Expand f{x) = In x in a Taylor series about a convenient point and use a Taylor
polynomial of degree 4 o approximate the value of In(1.1). Then, estimate the error in
this approximation.

Solution  First, note that since In 1 is known exactly and 1 is close to 1.1 (why would
this matter?). we expand (1) = In & in a Taylor series abow x = 1. We compute an
adequate number of derivatives so that the pattern becomnes clear. We have

Foxy=mx fily=0
Fixp=x"' Fixy=1
frixp=—a" frixi=-1
Mo=un" frfin=1
=32 FHir = -3!
¥y =4t

Py =41 7 F

o = (- k- 1t FEI) = (— 1k — 1)

We get the Taylor series
T ey

k=11

1 , 2 (& — 1)
=D - s — P+l — D I = 1 4

= Z[_Lwlfr—l}'.

We leave it as an exercise w0 show that the series converges to fixi =Inx, ford < x < 2.
The Taylor polynomial Pux) is then

iyt
FII-"F:‘E‘I' r x— 1
[ ] k

1 P [ y 1 "
—[.I:—!:I—I[.t—ﬂ+3[1—11—111—1]-.

We show a graph of ¥ = Inx and ¥ = Po{x) in Figure 5.41. Taking x = 1.1 gives us the
approximation

[ | 1
In(1)m Pa(L1)= 0.0 — (017 + Eqﬂ_lf —?ﬂ.lp“ﬁﬂ.ﬂ'ﬁ]ﬂﬂ]ﬂ.

We can use the remainder term to estimate the ermor in this approximation. We have

|Error] = [Ini1.1) — P4 1.1} = |R(1.1)]
i | 41
—}m“-‘—“‘" —Tfﬂ.l]s.

where 7 is between | and 1.1. This gives os the following bound on the ermor:

0.1y (0.l
|.E'rmr|={ }{: ;:D. 2
e %)
i s e 1 1 . HEE
sumcI{:.:d:I.llmph:iljml—-r;T=l.Thuﬁay:llmﬂJnapplmmmm
o

Ini 1.1 = 0095308333 is of f by no more than 0000002, =
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A betier question related to example 7.6 is (o determine how many terms of the Taylor
scrics ane necded in order w guaraniee a given accuracy. We use the remainder term o

accomplish this in example 7.7.

EXAMPLE 7.7 Finding the Number of Terms Needed
for a Given Accuracy

Find the number of terms in the Taylor series for f{x) = In x expanded about x = |
that will guaranice an accuracy of at least 1 % 107" in the approximation of (a) In{ 1.1}
and (b) In{1_5).

Solution {2} From our calculations in example 7.6 and (7.2). we have ihat for some
number 7 between | and 1.1,

P:H- | I[::l

LI = 1.1 — 1=
IRALIH :n+1:!‘ i
P |=m=1 1 ]
=ﬂ-|4 01 = (o1 {[D.Ir"*_
{m+ 1) {n+ 132"+ n+1

Further, since we want the error to be less than 1% 107 we require that

mI:IHI
1

|[R 1.0 < <1 x 0™
n+

You can solve this incguality for a by trial and error, o find that 8 = 9 will guaranee
the required accuracy. Notice that larger values of i will alse guaraniee this accuracy,

o +1
since "H _:!I is a decreasing function of £ We then have the approximation
i +1
-1
lnu.lmml.n=?_"_‘ X (LI—1F
=il

T Low_1 Loy
= (0.1} 2.[nL|F+3mm ‘m.n*+5m.n

!
6
= 0.095310179813,

1 1 1
m.n"+;m.:f— Em.u‘+ 5:1}.11"

which from our error estimate we know is correct to within 1 % 107", We show
a graph of v = Inx and v = Pylx) in Figure 5.42. In comparing Figure 5.42 with
Figure 8.41, observe that while Polx) provides an improved approximation to Psix) over
the inderval of convergence {0, 2, it does nod provide a better approximation outside of
this imerval.

(b} Similarly, notice that for some nomber 7 between | and 1.5,

B fl‘-rll{:} il F:r!I_:I—:l-I. o
|RALE) = Im“j— Y —mlﬂjf

__fosyt @5
Tn+ e T w1

| |
since | =2 < Ijinmljtsthﬂji{?=].ﬂu.hntﬁtr:quir:ﬂm

mj:ln-rl
n+ 1

|R(15) < < L lo™®

Solving this by trial and error shows that a = 28 will guarantee the required accuracy.
Observe that this says that to obtain the same accuracy, many more terms are needed to
approximeate {1.5) than for f{1.1). This further illustrates the general principie that the
farther away x is from the point about which we expand. the slower the convergence of
the Taylor series. =
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For your convenience., we have compiled a bsi of common Taylor series in the follow-

ing table.
Tavlor Series Interval of
Where fo Find
Canrergence
e ma_t-‘l =1tat g +3_l-‘l+q_‘*+ (—oo.oo) | examples 7.1 and 7.3
_ i | ORI t e
Hu;_z';ﬂn+l]"t TR AR +5!"} T!J+ {—oo.o0) enercise 2
tm::é:;: 2 —[—_—iﬁ+%r‘—$f+--- (—oo.00) exngrrise |
w (—1)" oy 1 =i il
uu:—;tn},( E} =E—_—_'_|{.1:—E +E .I'—Ej —_—— (—oo.0ok example 7.5
W 3l N ST V0. | AL S 0,2 . 16,17
=k g e secbgtaagteslfoes |8 examples 7.6, 7.
= I—U' ool Ay .
el .EJ_J;H P oma—gdagd gl e (-1, 1) exmnplé 6.6

Motice that once you have found a Taylor series expansion for a given funciion. you
can find any number of other Taylor series simply by making a substitution.

EXAMPLE 7.B Finding New Taylor Series from Old Ones
Find Taylor serics in powers of © for ¢ o and o™

Solution  Rather than compute the Taylor series for these functions from scraich.
recall that we had established in example 7.3 that

|
¥ = ;—r*—l+:+§r+—|’+—r‘+ (1.7}

for all v € {—oe, m). Taking ¢ = 2y in (7.7}, we get the new Taylor series:

= | s 2_" z 23
= (2f=3 =142t P44
EE' zk 21 L 1|

=il =i

Similarly, setting ¢ = 1 in (7.7}, we get the Taylor series
£ = E—tr]—zlr‘—l+r‘+Lf+lx"+---
T 2 J
Finally, taking r= —2v in (7.7}, we get

S SR, () ST RED S T DY

= &= S TREET

Motice that all of these last three series comverge for all @ € (—eo, o). (Why is tha™) =

O Proof of Taylor's Theorem

Recall that we had observed that the Mean Value Theorem is a special case of Taylor's
Theorem. As it furns out, the proof of Tavlor's Theorem parallels that of the Mean
Valwe Theorem. a5 both make use of Rolle’s Theorem. As with the proof of the Mean Value
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Theorem, for a fTved 1 € {c — r ¢ + rl. we define the function

i |
8() =00 — fit) — £~ — 3 e = 0 — S (e —
fx—1p!

! x
S _EF{!HI_ !}._Rdj.i.t—c:-ﬂ'
where B.ix) is the remainder term, B,(x) = f{x) — Pdx) If we take f = x, notice that
gty =fix)— fix)—0—-0—---—0=0

and if we take § = ¢, we got

i 1
#le) = flx) = fle) = Fledx = o) = 55 (el = o — o fleKa =)’

v —ef™
(x—ef
= filx) — Polx) — Rdx) = Kx) — Rfx) =1
By Rolle™s Theorem, there must be some number 7 between o and ¢ for which g'(z) =0

Differentiating our expression for g{r) {with respect to r), we get (beware of all the
product rales!)

PN %f‘"'{;{:{_{ — e — R, jx)

1
EWO=0— 70— -1y — Frix —r}—i_.l"'{n{‘z::x—nt—l}

1 1
—zf'{:]u o e — ;_,I"""U:i[rﬂ{x — =1

{4+ IHx —1n"—1})
{I—CI"“
{m+ THx — )"
(x— ey 7

1
—;f"*"trux — 11" — Raix)

1
= —H1f'"|'{i'ﬂ__[ — 1" + R, x)

afier most of the terms cancel. So_ taking f = 7. we have that

< e L e o g e
=gz= H!f"" Nzlx— 2 + R, ix}h e
Solving this for the icrm containing R {x). we get
4+ 10— 1 . o
ﬂnfljw—;f‘" fzix — 21
and finally.
— L ey, o e
R = e = e
_J:i.-l-ll{: ; i
T l]!ﬂ.\'—-r.r".
a5 we had claimed.
BEYOND FORMULAS

You should think of this section as giving a general procedure for finding power series
representations, where section 5.6 solves thai problem only for special cases. Fur-
ther, if a function is the sum of a convergent power serics, then we can approximate
the function with a partial sum of that serics. Taylor's Theorem provides us with an
estimate of the error in a given approximation and tells us that (in general) the approx-
imation is improved by taking more terms.
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EXERCISES 5.7 (@

[~ WRITING EXERCISES

1. Drescribe how the Taylor polynomeal of degree n = 1 com-
peres by the lnesr approximation. (Se section 3.1.) Gave an
analogouns interpretation of the Taylor polyoomial of depree
=2 How do various graphical properties {posfion, sbope,
concavity ) of the Taylor polynomial compare with those of the
Tunection flxhalx =T

2. Briefly discuss how a computer maight use Tavlor polynomi-
als o compule s 1 2). In particular, how woild the conpuler
know biw many lerms 1o compute” How would the nomber of
ferms necessary 10 compute sifl.2) compare 1o the number
needed o compute sind 10057 Describe abrick tha woubd make
it much exser foe the computer b compute sand 1000 (Hin:
The sine function s perodic. )

3 Taylor polynomisls are buill up from a knowdedge of fic),
Fick fRic) and 20 on. Explain in graphical terms why mfor-
maktion & ome puat (g, posiien, slope, concavily, elc.) can
be wed 1o consgriscl the graph of the function on the etine
imteryal of convergence.

4. I fic) s the position of an object af Gme = o then ic) 15 the
obpect’s velocaty amd fic) is the object’s acceberation 31 time
. Explain in physical serms how knowledge of these valises at
ooe lime [plus ~ic) et ] can be used 1o predict the position
of the object om the mterval of comergenae.,

5. Our table al common Taybor series ot two diflenent senes
for sin © Explain how the same funcion could heve vao dif-
feremt Taylor senies represeaistons. For 3 given problem (e.g.-,
appronimate s 21 explain how you woubld choose wiach
Taylor serses Lo use.

6. Explain why the Taylor series winth cemer ¢ = 0 of
Ffiri=x" — 1 is simply x° — 1.

In exercises 1-8, find the Madaurin series (i, Taylor series
aboul ¢ = 0) and ils inferval of convergence.

I fixh=omsx L fixi=snx

E _ﬂ.l:}:::" 4 fix)=cos 2y
5. fixi=Inil +x} & firj=&™
7. fixh = 1K1 + xf B fixi= 141 —x)

In exercises 9=14. fnd the Taylor series abowi the indicated
cenber and determine the interval of convergenoe.

9 fiv=e"c=1 ML fix)=cos x, ¢ =—ni2

1. fisk=lnrc=e 1L firi=e'c=2

13 fu:;:Lr:l 4 fix=
x

Lo=I1)
x+ 5

SECTIOM 7 == Taylor Senes 257

In exercises 15-20, graph fix) and the Taylor polysomials for

&

the indicated center ¢ and degree .
15 fixi=+T.c=La=3n=6
6. f[-l'ﬁ=l_:_1.c=lll.n=-|::r=ﬂ-

1. fixf=e'e=2n=3;

2
Il
-

W fixi=sin'xc=0a=3n=3

=
L

J__!,1'=E|,n=-l:r|-=ﬂu

. fixy=

In exervises 21-24, prove that the Taylor series converges
Sfix) by showing thal Baix)— 0asr — oo

2L :mn::il;—l]l

i=n 2+ 1)

_1_:'
F v =} -1y
s X E[ }[Ik]!

23, Iu:=Eq—IF*'¥.]£IEE

=i
£

4. l"‘=i|—|.ll;
e L

Ehmﬂsﬁ-ﬂ.iulﬂnhﬁwﬂuﬂdﬂmim

approximale the given nomber, (b) estimate the error in the
approximation and () estimate the number of terms needed in
a Taylar polynomial to guaraniee an accurscy af 1™,

25, Inil05) 26, In(ig)
7. vl I vz

I enereises 29-34, use a known Taylor series (o find the Taylor
series abowi ¢ = 0 for the given lunction and find its radios of

CVErEERCE.
2. fixp=c"" . _H.:::E =3
3l fixj=xe" 32 fin=sinx
13 fixj=xsinly A fixi=cosx’

In exercises 35-38, use a Taylor series to verily the given
Tormuda.

= L
H-. _—= h e T —
Ek.’ = .TE.,EI:+]H

o (=11 = Lt LA
kT E:Hn‘l k-3 E =2

=]
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In exercises 3-d2 name lhe method by stating the best method
(geomelric series, substituiion, diferentiation/antidifTerentia-

tion, Taybor series) for fnding a power series representation al
ihe Tunetion.

3 @) fixi=(1-1"
0. (a) fix)=coss")
41. {a) fix)=1tanh-'z

i) fixy=—
by fixh=cos’x
b} fizh=rtan"x

1
42, (a) fix)=—

: (B} fizy=eeed
= fix

43, You may have wondered why it 15 necessary o show that

Jim &, (x} =0 1o conclode that a Taylor series comverges 57
fis. Comider fm=47 - Wx#0  ow da
i iflx=10 :
-1 58,

{00 =700} = 0. (Hint: Use the fact that lim "T=umm

posilive nteger r ) I twrnes ot that 0 = 0 for all o
the Taylor series of fix) aboul o = O equals @, a Lmrgenl
“werses thal does nol converge B filx)

“ ] 5o

In  many  applieations.  the  errer fanetion

erfix) =%L & du 14 tmportant. Compute and graph the
fourth-order Tavlor polynomial for erfix) abos o = (0

i s

. Finid the Maclusrin series of fix) =

5-68

Find the first five terms in the Taylor serses aboul ¢ = 0 for
Sflx) = &' san v and compare o the product of the Taylor paly-
mmaks abowl o = 0ol & and sin x
Find the first live terms i the Taylor serses about © = 0 for
fix) = tan x and compare W the quotient of the Taylor polyooe-
mials about ¢ = 0 of sn o and cos x

Find the first four pon-zem lerms 1o e Maclaunn series of

fixi= {T I#qummhMuﬂmmmiuhT
1. x=0

S T

Find the Taylor sertes of fix) = x b xabout © = 1. Compare 1o

ihe Taybor seres for In x abowut c = L.

cosh x and fix) = sigh x.
Comrpare b the Maclaunn series of cos xand sinx

Use 1he Maclaurin series for Lan x asd the resall of exercise 5T
1o comjeciare the Meclawrin series for tanh ©

Wi have sen that sin | = 1 — g0 4 2 + - - . Determine how
many ternis are peeded o approximate sin 1w within 1077
Ehm'lhulxml—_llnm.uznﬁ Deterrmne how nany poinis
mrnsl:ﬂﬁx'iumn:“ulemmmuﬂnmz;rﬂm
wilhin 10 Compare the efficency of Maclaurin series and
Simipson’s Rude for this problem.

As in exercres 59, compare the efficency of Maclsurn senes
and Sinapson’s Rule in estimating « 1o within 1077

Exercises 4548 involve the binomial expansion.
45, Show that  the for

ol _[ e
:+Edr : 5 o fir any eoustant r
k=1 = l

Macksurin  series I+1" is

lr—Ek+1)

Srmplify the seres mexencise 45 for r= 2 r=3; r is a posi-
live mleger.

47, Use the resull of exercise 45 1o wrile oul the Maclaurin series
for fixl = w1 + x.

Use the resull of exercee 45 1 wrbe oul the Maclaurin series
for fix) =1 +21'°

Fimd the Taylor series of fir) = ] with center © = §. Argue
that the radios of comengence i3 oo, However, show thal the
Taylor series of fix) does nol comverge H:_HJ:] for all ©

Fimd the Maclaurin series of fix) = ya® — = lor

SO R e consdanl i

51. Prove that if § and g are fonctions sech that = (x) and g*{x)

exasl for all x and lim 'ﬁ:ﬂ ;{I}—ﬂ. then f{al = gial,

Flak = g'a) and fla) =g 1r_rr Wll.u.ll.lc#_'slhumpl)' ahoi
the Taylor series for fix) and gix)? [
Cieneralize exercize 51 by proving that if {fand g ane funciions
such that for some posilive integer m, (4 x) and g*hr) exis
Ax— Em—u. then f*%a) = g™ia) for

For afl x amd Hem
=y — )

=k<m

45 EXPLORATORY EXERCISES
- Almost all of cur serses resulis apply 1o senes of comples. aunm-

bers. Defining i = +— 1, show thal F = —1, # =—i. i*= 1 and
an i Beplacing x with ix m the Macksurin series for 2, sepa-
e lerims conlaining § fnom Lose that don't contaem i {afier the
anmplifications. indscaied above) amd derive Enber's formmula:
= eig x4 0 s o Show that oos (i) = eogh r and i (id) =
i sinh x. That ix, the ing functions s their byperbolic counter-
prurts are clisely related as functions of complea vanables.

The method used m examples 73, 7.5, 7.6 and 7.7 does ol
require us 10 aciually find 8 (), bul w approcimate i with
A worst-case bound. Ofien this approcimation is faidy close
o R ixh bul ths is not always ree. As an exireme example
of this, shiw that the bound oa Bdx) for fixg = o x about
=1 isee exercise 23) incresses without bound for 0 < r < 4.
Explain why this does nol necessarily nvean that the scmial ermor
imcreases without bound. Bn fact, Rdx) — O for ) < x < 1 but
Wi sl Sl ﬂ'&snjrlgmtﬂ:rruﬂhul[‘:ﬂ! imlegratn of
an appropriale power semes o show that Et I]‘““ 1y

=i
umkﬂg!:mln:ﬁxu{:{?

Verify numerically that if a; is close 1 m, the sequence a, | =
s+ Sin . comverges 10 x (In other words, if @. is an appros-
tmation of & then o, + sin o, 5 3 beller approgimatson § To
prevve this, Tined the Taybor seres for sin @ showl ¢ = 5 Use
thes 1o show that if & < g, < 2x, then & < o, - g < . Sirmibarly,
show that if O < o, < . then o, < @, 2 5 <
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@ 5.2 APPLICATIONS OF TAYLOR SERIES

In this section, we expand on our carlier presentation of Taylor series, by giving a few
examples of how these are wsed to approximate the values of ranscendental functions,
evaluate limiis and imtegrals, and define important new functions, These represent a small
sampling of the important applications of Taylor series.

First, consider how calculators and computers might calculate values of ranscenden-
tal functions, such as sin(1.234367). We illustrate this in example 8.1

EXAMPLE 8.1 Using Tavlor Polynomials to Approximate a Sine Value
Use a Taylor series to approximate sinf 1.234367) accurate 1o within 10,

Solution Insection 5.7, we lefi it as an exercise to show that the Taylor series.
expansion for fix) = sin x about x =0 is

o Ik
sinr:Eif**'= ——.r‘+—.r"——.r+
= or 1) T T T

where the interval of convergence is (—oo, oo). Taking x = 1.234567. we have

& (1 ;
1234567 = 123456775+
'““ E FIEST ¥

which is an alternating series. Wi can use a partial sum of this series (o approximate
the desired valwe, but how many erms will we need for the desired sccuracy? Recall
that for aleernating series. the error in a partial sum is bounded by the absolute value of
the first neglected term. {MNote that vou could also use the remainder term from Taylor's
Theorem to bound the error.) To ensure that the error is less than 100", we must find

: 1.234567 %+ Tl ;
an integer k suchlllqu 107" By trial and error, we find that
1. 2345674
T:i_mmﬂﬁxm-”{ -,

so that k = & will do. This says that the first neglected term corresponds to & = & and
50, Wi compute the partial sum

~1 H
sin 1.234567 = ; f [111455?]"'
2k +
1.23454533 1234567 12345677 1.234567"
LSS T T

= (944005431 37

Check your calculator or compuier to verify that this matches your calculator’s estimate.
L1

In example 8.1, while we produced an approximation with the desined accuracy, we
did mot do this in the most cfficient fashion, as we simply grabbed the most handy Taylor
serics expansion of fix) = sin x. We illustrate 3 more efficient choice in example 8.2

EXAMPLE 8.2 Choosing a More Appropriate Taylor Series Expansion
Repeat example 8.1, but this time make a more appropriate choice for the Taylor series.

Solution  Recall that Taylor series converge much faster close w the point abowt
which vou expand than they do far away. Given this and the fact that we know the
cxact value of sin x at only a few points, vou shoold guickly recoonize that a series
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upmbd:dahml.t:fm 1.57 i= a betier choice for compuiing sin 1.234567 than one
expanded about x = [ {Another reasonable choice is the Taylor series expansion about
x= 7.0 In example 75, recall that we had found that

e S =3 138 D)

where the imerval of convergence is {—ea. ao). Taking @ = 1. 23567 gives us

'
sin 1.234567 = g‘ 1y (I_Z'_’uiﬁﬂ'——)
(2k)! ]

1 =01 !
=I——(].H#ﬁ?—i}+ﬁ(t_mﬁ?—i) S,

which is again an aliernating series. Using the remainder term from Taylor's Theonen
o bound the ermar, we have that
P
1. 234567 — EI_—

; 1234567 — =|'“

= {(2m + 2

i |

R.{1.23456T)| =
1t " (2n + 2J!

{Mote that we get the same error bound if we use the error bound for an alternating
series. ) By trial and error, vou can find tha

12534567 — 3
|_—!T“ A il
{2n+ 2)8

for n = 4, =0 that an approximation with the required degree of accuracy is
s O
1.234567 = 1234567 — -
sin g w( 1)
I 2t =t
=1——| 1.234567 — - — | 1.234567 — —
3(1207-5) 4 (12050 -3)
L 1 s &
ﬁ_(llﬁ-ﬂ-iﬁ?— }-I-E(l.ﬂﬁﬁ'?—l—')
= 0900543137,

Compare this result to example £.1, where we needed many more terms of the Taylor
scries o obtain the same degree of accuracy. ®

We can also use Taylor series o quickly conjeciure the value of difficult limits. Be
carcful, though: the theory of when these conjectures are guaraniced o be correct is beyomd
the level of this text. However, we can certainly obtain helpful hints about certain limits.

EXAMPLE 8.3 Using Taylor Polynomiais to Conjecture
the Value of a Limit

sing —x
se Taylor series to conjecture lim -un—u
a—i i
Solution  Again recall that the Maclaurin series for sin x is
. e =1 . 1 1
sinx= —m_'_ I =J—37.t -I-—.hj—;,t'-l-

where the interval of convergence is (—oo. oo). Substituting 1 for @ gives us

:_1'1 _[1- J.Il
PP o Sl
o ZEr ETRET
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This gives us
a5
f’-"'—+"—----)—x3
sinx’ —x° ( k1 - 1 i
x = b o =_E+E+"

and so. computing the limit a5 ¥ — 0 of the above podynomial, we conjecture that
in ¥ — ¢
li.|'|15l—rl

1
— x 3!

L

You can verify that this limit is correct using I"Hopital s Rule (three times, simplifying
cach ime). =

Since Taylor polynomials are used to approximate functions on a given interval and
since polynomials are easy o infegraie, we can use a Taylor polynomial to obtain an
approximation of a definite integral. It tarns out that sach an approximation is often beter
than that obtained from the numerical methods developed in section 4.7. We illustrate this

in example 8.4.

EXAMPLE 8.4 Using Taylor Series to Approximate a Definite Integral
Use a Taylor polynomial with i = § to approximate _{'I cosir) dx.

Solution  Since we do not know an antiderivative of cosir), we must rely on a
numerical approximation of the integral. Since we are integrating on the interval
(—1, 1}, a Maclaurin series expansion (ie. a Taylor series expansion about v = 0} is a
good choice. We have

which converges on all of (—oo, o). Replacing x by x* gives us

1 P 1 B
cm{rlh— ﬁﬁ_l_if-‘-ﬁ-ﬂ_ax i
that o 0 DL SO
&0 cos{x) = —1:: +4_r p

This feads us o the approximation

ﬂm{r‘p:ﬂzﬂ (1—§f+if).ir

4!
P S Y
=(‘—m+m) o
o7
=ﬁ'ﬂ:ﬁ 1. BOA259.

Cur CAS gimsusf'lms(_r"lcits: 1 B0¥AE, =0 our approximation appears o be very
accurate. W -

You might reasonably argue that we don’t need Taylor serics to obiain approximations
like those in example 8.4, as you could always use other, simpler numerical methods like
Simpson’s Rule to do the job. That's often true. but just try to use Simpson’s Rule on the
imtegral in example §.5.
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EXAMPLE 8.5 Using Taylor Series to Approximate
the Value of an Integral

I Ls
Use a Taylor polynomial with # = 5 to approximate ari dx.
S -

Solution  Note that you do not know an antiderivative of %I Further, while the

integrand is discontinuous st x = [, this does Rod need o be ireated a5 an improper

inicgral, 'i.II'H:‘vI:lI._E.Ii:I — 1. {That is, the integrand can be exicnded to a continwous
* X

function g with g{0} = 1.) From the first few terms of the Maclaurin series for

fix) = sin x, we have the Taylor polynomial approximation

_\j

:':u:cr:x—i-!-i,

s that e ) | — e

1

={[-_+_}-[-1+i-L]
18 600 18 600

1703

= 2 | 89222

900

DOur CAS gives usf % dy 7= 1.B9216, so our approximation is quite good. On the

-1
other hand. if you iry to apply Simpson’s Rule or Trapezoidal Role, the algorithm will

niot work, as ithey willallunptm:wlm‘tc%ratx=ﬂ. =

While you have now caleulated Taylor series expansions of many familiar functions,
many other funciions are actually defined by a power series. These include many functions in
the very imporiani class of special functions that frequenily arise in physics and engi-
neering applications. One imporiant family of special functions are the Bessel functions.
which arise in the study of fluid mechanics, acousiics, wave propagation and other areas of
applicd mathematics. The Bessel lunction of order p is defined by the power series

ST e L
I,Exl=§m. (8.1

for non-negative integers p. Bessel functions anise in the solution of the differential equa-
tion ©v" 4+ 0 + (1 — priv =0 In examples 8.6 and 8.7, we explore scveral interesting
properiies of Bessel functions.

EXAMPLE 8.6 The Radius of Convergence of a Bessel Function
Find the radius of convergence for the serics defining the Bessel function Jy(xh
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FIGURE 5.43
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o (=1
Solution Frmnnqu.atiuu{!.lIw'ﬂi‘np:ﬂ.uthm!&xj:F‘ r The Ratio
=il

Test gives ns PR
lim "‘—*'{= imr m,"m_ ﬂfbif"_l=lian S P
| g | |24 D 2 | a4 15

for all x. The serics then converges absolutely for all v and so the radivs of convergence
iRee. W

In example 8.7, we explore an interesting relationship between the zeros of two Bessel
functions.

EXAMPLE B.7 The Zeros of Bessel Functions
Verify graphically that on the interval [0, 10], the zeros of Ji{x) and J(x) aliernate.

Solution  Unless youo have a CAS with these Bessel functions available as buili-in
functions, you will need to graph panial sums of the defining series:
g =1 St L

CUL sinmaiEls

25y 2N+ 1))
Before graphing these, vou must first determine how large r should be in order to
produce a reasonable graph. Notice that for cach fixed x > 0, both of the defining series
are aliernating series. Consequently, the error in using a partial sum to approximate the
function is bounded by the first neglected term. That is,

& (1| Jese
Jalxhy — > = T 7
"’“ &y |S = e o

Solx) =

_[l'ﬁ-!l

{ -
T e+ 2

- [_Ir-rll:-l-l.
PELEE L I

ami ‘..m.ﬂ -

with the maximom ermor in each occurring at @ = 10. Notice that forn = 12, we
have that

12 b Ik 1232
(-1 x| X 10
Tl e} — = <1
’ G E 2 | T P12 4 I T 22130
amd
1 {_I-F:JH-I I .t:“'“"'!' “}:i'
Jalx) — T4 = 3o =5
. k!{.t-!-l‘p!l FHERNI2 4 DINIZ 420 T 213004

S0, in cither case, using a partial sum with # = 12 results in an approximation that is
within 004 of the correct value for each x in the interval [0, 10]. This is sufficiently
accurate for our present purposes. Figure 5.43 shows graphs of partial sums with
1 =12 for Feix) and Ji{x).

Motice that J,(0) = 0 and in the figure, you can clearly see that fx) = 0 at ahout
x =24 Jiixy=0at abowt x = 39, Julx) =0 at abowt x = 5.6, Ji{x) = 0 at abou
x = 7.0 and Sy(x) = 0 at about x = &5, From this, it is now apparent that the zeros of
Jolx) and Ji{x) do imdeed alternate on the interval [0, 10]. =

It turns out that the result of example 8.7 generalizes to any interval of positive num-
bers and any rwo Bessel functions of consecutive onder. That is, between conseoutive 2eros
of Joix) is a zevo of J, . ([ x) and between consecutive zeros of J, 4 o(x) is a zero of Jxh We
explore this further in the exercises.
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0 The Binomial Series

You are already familiar with the Binomial Theorem, which states that for any positive
integer i,

— 1 5
%d‘"’b‘+---+mﬂ"'+b‘.

{2+ b =a+nx""b+

Wi often write this as @+ b= E{:} P 8

where we use the shorthand notation [:} 1o denote the binomial cocfficient. defined by

@)=t ()=n ()=220

" mwa—=1)---{n—Ek+1} ;
{k}= . . Forkz=3

For the case where a = | and b= x. the Binomial Theorem simplifies 1o

aear=F(5) ¢

Newion discovered that this result could be extended to include valoes of # other than
positive intcgers. What resulied is a special type of power scrics known as the binowial
series, which has important applications in statistics and physics. We begin by deniving the
Maclaurin series for fix) = (1 4 x)°, for some constam & 2 0. Computing derivatives and
cvaloating these at x = 0, we have

fi =il +ap FiDy =1

iz =nll +a" fili=n

Finh=mn— 1K1 + 297 Fidy=nmin— 1)

SO = ol — 1) G — b+ ENL 4 2 F0) = nln— 1) -~ (n—k + 1),

We call the resulting Maclaurin serics the hinomial series. given by

éiﬁ‘{ﬂi1_1+u+ﬂtn—1];+ --+ntﬂ—!:|..,tﬂ_k+!-'£+___

n
=§{k}ﬁ
From the Ratio Test, we have

fim | 2241 By — Em il — 1) -« in— b+ Dijn — k) o*! %

heom| gy ] k+ 1) e —1-(t—k+ 110
lm—k _
= k+ 1

s that the binomial series converges absolutely for jx] < 1 and diverges for Jx] = 1. By
showing that the remainder term Rx) tends 1o zero as & — a0, we can confirm that the
binomial serics converges o (1 + 17" for [v] < 1. We state this formally in Theorem B.1.

THEOREM 8.1 (Binomlal Serles)

For any real nomber r, (1 +_ﬂ"=g|:;}f, fior —1 = x< 1.
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As seen In the exercises, for some values of the exponent v, the binomial serics also
converges at one or both of the endpoints x = +1.

EXAMPLE 8.8 Using the Binomlal Serles

Using the binomial series, find & Maclaornn senies for fix) = 4| + x and vse it to
approximate ¥ 17 acourate to within L0001,

Solution From the hinomial series with r= 1! we have

M={|+x}“!=i{m]f_l+ L6, HEE,

k 2 2 3!
| S |

1
=I+ET—EI+[—§J—! t-’!.xq+--.

fior —1 = x = 1. To use this to approximate +17, we first rewrite it in a form invelving
w1 +x for—1<x < 1. (Observe that we can do this by writing

17 I|'|? [
S T (T RS TS

Sjnet:;':%isiuﬂmium'alufemwcrg:um —1 = x « 1, the binomial serics gives us

e 1 1f 1 if1y o f1y s {1y
"’“’=“‘-J'+ﬁ=“[“i{ﬁ)‘i(ﬁ) "'E(ﬁ) 'E(E) S ¢

Since this is an alternating serics, the error in using the first A terms w approximate
the sum is bounded by the first ncgkrtﬁdl:mﬁn if we use only the first three erms
u{ﬂturus\,mtmnflshuunthihym(“} = 0000015 > 0.000001 . However, if
w:m:ﬂtfuﬂfmrlnmunfﬂtunﬁmapprumm:ﬂtsumﬂtﬂmruhnuudnd
hvm{“, 2 (LODDO < O.MKKX] ., as desired. So. we can achieve the desined
accuracy by summing the first four terms of the series:

\.l'"_:f‘-;‘lil|+l{llﬁ} ;(ﬁ)!+]—'ﬁ(%)’]f.~.4.1u[nﬁ,

where this approximation is sccurate w within the desired accuracy. m

EXERCISES 5.8 @}

T WRITING EXERCISES A ibisies Hw yois pakght it this semse i ‘thes sppusaiis-

ton of example 8.4,
L. Inesample 82, we showed that an expansion about @ = 3 15
mre accursie for approximating sen 1234567 than an expan-
s ahoil =1 with the same number of lerms. Explam why

an expansion aboul r = 1.2 woubd be even more efficient, but Bhﬂﬂﬂﬂﬂ]-ﬁﬂ“lﬂwhﬁlﬂﬁﬁmw

1% Bl practscal meate the given value, accurale bo within 10",
2. Assaimdng that you doa't peed 1o nederive the Maclarin seres L sm 16l 2 sin 632 A el
T e x, Lﬁntpﬂ:'&lbemﬂwmiqluiﬂu:npleﬂ.-l-ln & cos 104 5 o2 & &
the work peeded o compute 3 Simpaon’s Rule spproximation
withm= 16,

3 In eguation (B.1). we defined the Bessel functions as seres.
This may seem like 3 comvaluted way of delining a function, In exercizes T-12, use a known Taylor series 1o conjecture the

but comyparne the levels of difficully doing the following with value al the limit.
a Beswel function versos sin @ computing fil), computing . L
ﬂ]ihuulu:nlmg!_ﬂlﬂ.rmmj'txlmﬁugf_ﬁﬂd; T e sy — 1 & i sin 1 —

lrlrJ.l.:manhng_lf ) e B i e 'S
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o Inx—ix = 11 i m lan 'k —x
-] {r—17 —3 P
e —1 e |
limu 1L Em £
P I il x

Im exercizses 13-18, use a known Tavlor polynomial with n
nan-pern lerms o eslimate the value of the ntegral.

'
13 j' ﬂan‘t,n:S
ST

15

17

1%
0.

Bll.
o

vE
14, I tLh.szI,IJ:-l
-

Jl".-r.ﬁ,n:s 16. fun-;it_ws
-1

2 1

f‘lu:d.r,n:!’r 1K. .{e"rnir.n=-i
1

Fmd the radsus of convergence af J,{x).

Fend the radms of comvergence af Sxx).

Fimnd the number of werms needed 10 approzimate Sl within
{04 for x i the dnterval [0, 10,

Show graphically that the peros of i x) and F(r) alternate on
the imterval {0, W]

I exercises 2326, use the Binomial Theorem to fond the firs

five terms of the Mackorin seres.
1
2 fin= 24, =1+ 2x
S e s
f 4
35 fin= o firi=il+x5"
vI+ iz

Euwnmnmmmmuqm
made Uhe value to within 107

7.

9,

31

— 2 -
{a) V36 (b) V23 M () — ) V1T
)
Apply the Binommal Theorem to (x4 41" and (1 — 207 Deter-

muee the nusmber of non-2ero terms. in the basormal expansson
b any positive mleger

Ifn;uiimpmﬁ:iwinm#nwhhn}k_du:wmu@“

n ol
{t} “kn— k)

Use exercise 23 1o find the Maclaurin series for L

1—-x
use it to find the Machurin series for bn™" x

Use the Broomial Theorem o find the Maclsurin senes for
{1+ 2o*” and conipane this seres o that of exercise 24

X appuicaTioNs

L

Einstemn’s theory of relstiviny stakes that the mass of an abject
traveling 2 velocity v is miv) = mgl v 1 — " where my is the
pesl mass of the object amd o 14 the speed of Hight. (2) Show tha

"Long. L M. il Wiekss, H. {1999 The Vel
A Prstary B Matlicietnsibic The Avvriaio Malberssion! Monihli, B&G 1T7-E35

5-76

m e g+ {—:Tq,:]v:_l:m Ll this approxicnatson Lo estmate o
.l o
large v would need 1o be 1o increase the mass by 105 (c) Find

the fourth-degree Taylor polynomial expamded aboul v = 0L
Ulsee iE oy respesal part {b).

1
——— = — i fiw sl
Ve +r
The weight (force de W gravity) of an object ol mass m
el altinude x km sbove the surface of the earth s wir) =
R

- —. where R i the radius of the earth and g s the scoel-
iR+
eration dwe 10 gravity. (a) Show thal wix = mg(l — ZoR)
{by Estimate bow large x would peed 1o be o rediuce the
weight by 1095 (c) Find the seconl-degree Taylor palynomial
expanded aboal 1 = 1 for wixh Use o to repeal part (bl

{2) Based on your andwers o exercise 3, 8 weight sagnili-
cantly differeni a1 & high-altitde bocation (e.g.. 2300 m) com-
el 1r ey level? (b The radius of the earth s up o 480 km
larger al the equator than il is al the poles. Which would have
a barger effect on weight. alude or latinsde?

Shov thast

In exercises 5-8, uwse ithe Maclaurin series  expansion
tanhxr =1 — o’ + gt —ree,

5. The tangentid component of the space shunle's velocity dur

ing re-entey i approximately v = v tanh {Lir + un!:‘l—"}
where v, is the velocity al time O and v, s the Erminal veloc-
ity (see Long and Weiss, 1999, 1f tah™"2" = 1 show that
Hr::;y-r-:]—,_r.,.l.i.u:.hu.nau af wir} oo l;gr-u; 1o sarmaall’?

Shevw that in exercise 5. wit) — v, 0% ¢ — oo. Lise the approxi-
mation m exercise 5 W esimate the Gme needed w reach 90%
aal the terminal velocaty.

« The downward vebocily ol a sky diver ol maxs m 15 vif) =

s [ 5 £
"Eh'l'lﬂl.ﬂ.ﬂh( EI}.SMMH"# —EF‘

The velocety of a waler wave of length L m owater of depth b

:u.i:.l':md:n:qu.hmﬁ:%l.&nh %.Ebﬂwl}mr: Ak

The energy density of electromagnelic ralialion 31 wavelengih
& froem 3 hlack body s emperatune Tidegrees Kelvin) is given
b}'M‘i baw of black h.ld_'p‘ rﬂh:ﬂlﬂﬂ:_ﬂ.ﬂ.i =W—1_”.
where b i1s Planck™s constanl, ¢ i the speed of lght and ks
Bolrzmana's constant. To find the wavelength of peak emas-
shoi, maxkmiee fiL) by mntzing g = A" — 1) Lse
a Taylor polynomial for & with n= 7 o expand the expression
in parentheses and find the critical nuniber of the resuling

function. (Hint: Use 55 = 0.014.) Conpan: this 1o Wien®s law:

0.002R9K
Apmy = ———— Wien's law is aocarate foe small % Disciss

the (aw im our use of Maclaoran series.

s Dieperdience of Aol Dieag
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T

12

Use a Taylor polynomial for ¢ W expand the denominator in

Heki

— . Slale
i

whether this approximation 2 bemer for small or large wave-

lengihe k. Thes is koown in plysics as the Rayleigh-Jeans Lo

The power of a rellecting lelescope is  proporional
o the surface amea § of the parabolic refleciorn, whene

Planck’s law of exercise 9 amd show thal f{i) =

gr L[ & -
5=—:'[(—_+L) —:J.Hmdulhu.lima:rur:he

3 16
parabolic eflector, which has depth & with © = TS Expand
w :
memrm(dc, ) and show tha of d_,i:.gmalL
1 T lac
=d
then §=—.

K
A disk of radine g has a charge of constant density o. Point
P]u:ﬂndm:rdnﬂ.ll}'abmtﬂullui The electrical
mﬂammflspwnhylr—_mvr+.r—r] Sheww

that for large . v:iﬂ_

®

1.

EXPLORATORY EXERCISES

The Bessel functsons and Legend re polynomials are exanples
off the so-called special functions. For non-negative integers m,
the Legendre palynomaals are defmed by

SECTIOMES == Fourier Senes 07

(—172n — 283! E
= ‘i—n _l.l-.l_
Pl = gm — kN m — 2k

Heve, |nf2] i the greaest mteger less than or egual o
a2 (for example, [12] = O and [22] = 1) Show that
Foixi =1, Fyin) = vamd Paich= 317 — 5. Show that for these
three lamchons,

l.-r

1
f PoxpPin de=0, form#n
-1

This fact, which is true for all Legendne polynomials, is called
the orthogonalilty condition. Oritbogonal functions are com-
nmly wsed tooprovide siople represemations of complicated
lunchons.

Suppose that p s an approcimatiin of @ with |p— o < 00001,
Explain why p has veo digits of sceurscy and has a decinl
expansion thal stars p = 304, | . Use Taylor™s Theorem to
show that pr + sin p s sin digits of acoursey. In general, i p
has m digits of accuracy, show thal p + sinp has 3o digits of
socuracy. Compare this o the sccuracy of p — tan p.

@ 5.9 FOURIER SERIES

Many phenomena we encounter in the world around ws are periodic in nawre. That is,
they repeat themselves over and over again. For instance, light. sound, radio waves and
x-rays arc all periodic. For such phenomena, Taylor polynomial approximations have
imherent shoricomings. Recall that as x gets farther away from ¢ (the poini abowt which
¥ we expanded). the difference between the function and a given Taylor polynomial grows.

v= Fyln)

Such behavior is illustraied in Figure 544 for the case of /(1) = sin x expanded about x = 3.

1 Because Taylor polynomials provide an accurate approximation only in the vicinity
of ¢, we say that they are accurate fovally. In many sitwaons, notably in commuonications,
we need o find an approximation to a given periodic function that is valid glodaily (ie.
for all x). For this reason. we construct a differem type of series expansion for periodic

= gin X

sinfkx) and cosikx),

FIGURE 5.44
v =sn xand v = Par)

fix + 20} = sin [kix + 22)] = sin{kt + 2kr) = sinikx)

w1 functions, one where each of the terms in the expansion is periodic.

T 3 Recall that we say that o function fis periodic of period T > 0if fix + T = flx). for
all x in the domain of £ The most familiar periodic functions are sin x and cos x, which
are both periodic of period 2o Further, sin{2x), cos{2x). sin{3x), cos(3xh and so on are all
pericdic of period 2e. In fact,

fork=1273 ...

are all periodic of period 2a, as follows. For any integer &, let fix) = sin (kx). We then have

= fi{x).

Likewise, vou can show that cos (kx) has period 2z

So, if you wanied to expand a perindic function of period 1

in a series, you mighi

consider a series each of whose terms has period 2x for instance
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HISTORICAL
NOTES

Jean-Baptiste Joseph Fourier
(176B-1B30} French
mathematician wha irmented
Fourier sevies. Fouer was
heavily imabved in French pal-
ilics, becoming a member of
the Revalutionary Commites,
Serving as scientific adwvisor
1o Mapolean and extablishing
educational lacities in Egypl.
Founier held numenoos offices,
including secretary of the
Cairo nstitte and Prefect of
Grenoble. Fourier introduced
his trigponomelric Sefies & an
eszenial technique for devel-
apang his highly argnal and
revolutionary theory of heat.
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FOURIER SERIES

i o )
?” + E s cos{kx]) + by sindkx)].

Notice that if the series converges. it will converge o a periodic function of period 2x, since
every term in the series has period 2x. The cocfficients of the series, &, a;, ;. ... and by,

e, . . ., arc called ithe Fourier coellicients. You may have noticed the wnuspal way in

which we wrote the leading term of the series {%} We did this in order to simplify the

formulas for computing these cocfficients. as we'll see Later.
There are a number of important questions we must address:
+ What functions can be expanded in a Fourier series?
+ How do we compute the Fourier coefficients?
+ Dwoes the Fourier serics converge? If so, to what function does the series comverge?

We begin our investipation much s we did with power series. Suppose that a given
Fourier series converges on the interval [—e. #]. It then represents a function f oo that
interval,

fix)= ﬂTn + i |y cosiix) + by sinfir)], (9.1
=1

where  must be perindic outside of [—a. x]. Although some of the details of the proof are
beyond the bevel of this course, we want to give you seme idea of how the Fourer coeffi-
cienis are computed. I we integraie both sides of eguation (%.1) with respect o x on the
inierval [—a, &), we get

ax + f' i [y cos{iory + By, simi o)y
o (9.2}

f'—“d:+z u*f.mﬂl:uit+blf sinfkx)elx],
- =i )

z

_{ :ﬂxrﬂx =

iy
2
&l

1 -

asswning we can interchange the order of integration and summation. {In gencral, the
order may nod be interchanged—ithis is beyond the level of this course—but for many
Fourier series, doing so is permissible. ) Observe that forevery k= 1. 2.3, .. ., we have

[sinikx) — sin(—ke)] =0

and f‘ sin k) dr = —%mﬂhlr = —% [eos{ke) — cos{—Laj] = 0.

This reduces equation (9.2) 1o simply

x 'u
j‘ﬁ'ﬂ'ﬂ=_{ fd:':uu:.

Solving this for aq, we have

aa = i f fixhdr. {9.3)
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Similarly. if we multiply both sides of equation (9.1) by cos{nx) iwhere # is an integer,
A = 1} and then integrate with respect to x on the interval [—x. 2], we get

f’_ﬂx:cm{rr.ﬂ dx
=J{ Emﬁm}dx
a2
+ f' E[m cos{kx) cos{nx) + b sin{kxjcos(ax)] di
it £ 3
= e
+ Z [mf cosir)cos{mhdy + b*J{ s Ao cos{ Ry de] {94
1 -= —
again assuming we can interchange the arder of integration and summation. Next, recall that

f'cm.{n.tlia::ll forallm=1,2,---.

It's a siraightforward, yet lengihy exercise o show that

f'sim.trhm{m]:ﬂ':ll forallm=1.2,.. . and forall k=1,2,. ...

-

and that fms[mm;.{m»m:{“' g s

i r Ha=#k
Motice that this says that every term in the series in equoation (9.4) except one (the term
corresponding o k = n) is zere. Equation (9.4) reduces to simply

Jr'_ﬂrjmﬂn.r}dx =g,

This gives us (after substituting & for m)
u.=£ff{.r:msm}m. fork=1,2,3---. (9-3)

Similarly, multiplying both sides of cquation (9.1} by sin(rr) and integrating from —ax to x
leads us to

! ‘"
ba=—f firisinibeidy, fork=1,23,.--, (6D
" -2
Equations (9.3), (9.3) and (9.56) are called the Enler—Fourier formulas. Notice that equa-
tion (9.3) 1= the same a5 (9.5) wath & = 0. {This was the reason we chose the leading term

" '1|| 1 i
u{ﬂturﬁmhri,mﬂ:adufmqﬂyuﬂ

To summarize what we've done so far, we have observed that if a Fourier series con-
verges on the interval [—x ], then it converges to a function fwhere the Fourier coefTi-
cients satisfy the Enler—Fourier formudas (9.3}, (9.5) and (9.6).

Certainly, given many functions f we can compuie the cocfficients in (93], (9.5) and
(9.6) and write down a Fourier serics. But, will the series converge and, if it does. 1o what
fumction will it comverge? We'll answer these guestions shortly. For the moment, we sim-
ply compute a Fourier series to see what we can observe.
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TODAY IN
| MATHEMATICS

Ingrid Daubechies
{1954=-Present) A Belgaan
pirysicist and mathematician
wiha pionesred he use of
winseliets, which etend the
ideas af Fourier Serses In

& Talk oo the relationdheg
Betwesn algoathms and
anahsis, she explaaned that
i waslel reseanch was
of & fype “stimidated by the
requiiements of engineering
degign rather than natural
science problems, but equally
mieresting and possibly
far-reaching.™ To meed the
e af an efficient image
comprasaion algorithm, she
created the first continuous
wisvelisl carrespanding

o a fast algadthm. The
Disaibec hses wavelsls are
naw the mast commonly
ued wiavedets in applications
and were instrumental in the
explodion of wavelet applica-
tiars i areas a5 diverse a
FBI fingerprinting, magratic
resonan e Emaging [MAT) and
digital storage formats such as
JPEG-2000.
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EXAMPLE 9.1 Finding a Fourier Series Expansion
Find the Fourier series cormesponding o the square-wave function

b, WH—r<x=0
1, f0<cx=<e "’

fx) ={

where s assumed to be periodic outside of the intcrval [—x, a]. (See the graph in
Figure 5.45.)

[} S p—
[ =

in

3

+
! R ——

* 1

S F—t—t
FIGURE 5.45
Sapuare-wave lumetion

Solution Even though aq satisfics the same formula as o for k = 1, we must always
COMpUtE g, separately from the rest of the a,"s. From equation (9.3 ), we get

ﬂ“=1){'_,r'th[:=lfﬂd.l.+1}:'[-it=B+f=I.
&l 2d_. " F o
From {9.5). we also have that for & = 1,
1 15 |
E!:-=—J' f{xjm-s{.tﬂ:it:-f {ﬂ]cm[i:r]n'.:+—f {1} cosjkx)dy
xl_, . £y

=

1
= —lsin(ke) - sin(0)}= 0.

1
= —sin{kx
.ﬂ'm{ )

Finally, from (9.6}, we kave

m=%f ﬂx]ﬂn[h}ir:%ffﬂ}sin{kﬂdt+f—h£ (1} siniloe)efx

-T -

1 i | 1
= —Ecm{m s [cosika) — cos(Djl= = [i—1) = 1]
0, if kiseven
=4 2
—. ifkisodd ~
i
Nofice that we can write the even- and odd-indexed cocfficients separately as by =100,
2
fork=1,2....amd by =————, for k= 1.2, . __.We then have the Fouri
| Gk — i e urier

SETIES

? 4+ E [a;cos{koy + b, sin{kx)] =

+ ¥ by sinfky) = % + 3 by g sin[(2k — 1)x]
- =l

i=1 k=l

[ ]
+ E—m_ P sin [{2k — L)x]
2

) 2 .
+;3.|I'II+ 3—.'5-“3134'5'““{51}-} HLAE

P | o o | e |
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Unfornately. none of our existing convergence tests apply o this series. Insiead, we
consider the graphs of the first few partial sums of the series defined by

T
Fity=e+ ¥ —————si — ]
(x) =5 E[H— iy Sl — 1]

In Figures 5.46a—d. we graph a number of these partial sums.

1 Ao
v

[ILE 3

g _r’T“H ' E u" = X

FIGURE 5.46a FAGURE 5.46b
v = Fdr)and y = fix) = Fox) and ¥ = fiz)

1.5 1
= ) it ] : I | il: ke
FIGURE 5.46c FIGURE 5.46d
¥ = Fylx) and y = fix) ¥ = Foglx)and y = fix}

MNotice that as i gets larger and larger. the graph of F.ix) appears o be approaching the
graph of the square-wave function fix) shown i red and seen in Figure 5.45. Based on
this, we might conjecture that the Fourier series converges to the function fixk As it
turns out, this is not guite correct. We'll soon see that the series converges o filx) every-
where. excepr at points of discontinity. =

Mext, we give an example of consiruciing a Fourver serics for another commeon wiveform.

EXAMPLE 2.2 A Fourler Series Expansion for the
Triangular-Wave Function

Find the Fourier series expansion of fix) = |, for —x = x = 2 where fis assumed to be
perimdic. of period 2e, outside of the interval [—x, x].

Solution  In this case. fis the triangular-wave function graphed in Figure 5.47. From
the Euler—Fourier formalas, we have

1 | I | B
r;r.5,=—f'|.1'|r;|'.;.=—ljr —x:it+—£:rd!.‘
- F F ;

[J.' 1]

x2

Similarly, for cach & = 1. we get

ay= if | xjcosilx)dy = %r {—xy cos{iocdy + ££ oS ko) el
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—dx =Ir =2 =x¢ | & Ix Gx dx

FIGURE 5.47
Triangular-wave function

Both imtegrals require the same integration by parts. We let
n=x dv=cos{ke)dr

1
du=dr wv= Eshth}

s that

fp = —lf.t ms:h}ir+ljr xcos{iradx
& r " {1

1|x R [ 1|z TR
=—;[:k-5mct.ﬂ _'+E_Eﬂ"[h]ﬂ+1[kimh}lu_ﬂ ; sinfio)dy
T P e STTIE PGS [P s e
= —; Eilﬂ —gE| — ,1—": i_' +; Ihll“_ == +;Em *n

1 |
=0 — —fcos 0 — cos{ —kx)] + 0+ —k.lmﬂh} — g (] -SecEdns =1
e sl =1}

Ilz |
2 i, if k is cven
== 2 — —& Sitice cos{ia) = | sbek i & cven il
P R L e
Fd

Writing the cven- and odd-indexed coefficients separately, we have gy =0, for k= 1,

—4
2 ...anday y=————— fork=1,2, ... . We leave it a5 an exercise to show that
a2k —1r

by=0, forallk

This gives us the Fourier series

Fvl o . F F
gk E{mmﬂh} + businfln] =+ gu.em[hl ==+ §d3_| cos [(2k — 1)x]
F - 4
== % _cos[(2k— )z
I Eim(k—1y ! ]
x 4 4 % 4 i
_I_IEMI_QIEN[ Il—ﬁlmﬂ Jo—=aea

You can show that this series converges absolutely for all x, by using the Comparnison
Test, since

4
—cos(2k — lix| <

4
Jad = |—— —
x(2k—1r =2k — 1F
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i 4
and the series )} ———— converges. (Hint: Compare this last series to the conver-
E k-1

o
SENL P-SeTies Z —» Using the Limit Comparison Tese.) To gt an idea of the fanction to
=i K

which the series converzes, we plot several of the partial sums of the series,

i 4
Fiyj=—— % ——
) 2 E,m_m

cos {2k — L]

See if you can conjeciure the sum of the series by booking at Figures 5 483—d. Notice
how quickly the partial sums of the series appear w converge to the riangular-wave
fonction f{shown in red; also sec Figure 5.47). We'll see later that the Fourier series
converges to f{x) for all x. There's something farther to note here: the accuracy of the
approximation is fairly uniforn. That is. the difference berween a given partial sum and
Six) is roughly the same for each x. Take care to distinguish this behavior from that of
Taylor polynomial approximations, where the fariber you get away from the point aboart
which you ve expanded. the worse the approximation tends o gel.

=

=3

—dx =i =2 —x | & Ix Ix dx

FIGURE 5.48a FIGURE 5.48b
¥ =Fprland v = fix) ¥ = Fax)and v = fix})

=1y = r X ixr dx

FIGURE 5.48c FIGURE 5.48d
= Faix)and v = fix} v= Fglx)and v = fix}
| |

O Functions of Period Other Than 2x
For a function f that is periodic of period T # e, we want to cxpand fin a serics of simple
functions of period T. First, define | = I and notice that

() ()
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are periodic of period T= 21, for cach k= 1. I, . . . . The Fourier series expansion of fof
period 21 is then

e Sloon(52)enn ()]

Wi leave it as an exercise to show that the Fourier coefficients in this case are given by the
Euler—Fourier formulas:

P
m:%f ‘rmm{t#}.ﬂ, fork=0,1,2._ .. (9.7)
-

1 [k
and b|=—fﬂ_x}sm{——}.|ﬂ., fork=1,2.3..... (9.8)
[ I

Notioe that (9.3), (9.5) and (9.6) arc equivalent to (9.7) and (9 8) with | = =

EXAMPLE 9.3 A Fourier Series Expansion for a Square-Wave Function
Find a Fourier series expansion for the function

fﬂ_{-z, if—1<x=0
=12 if0<x<1’

where fis defined so that it is periodic of period 2 outside of the interval [-1. 1].

Solution The graph of fis the square wave scen in Figure 5.49,

)

o

-3

FIGURE 5.45
Syuare wave

From the Euler—Founer formulas (9.7) and (9. 8) with [ = 1, we have

L 1
dn:%j ﬂx|,d'_|;=ri—1]¢i:+-i Zdv=0.
Al | -1

i
ﬂk=:_f f;:n.;»m(?)m:n fork=1,2.3,....
=1

Likewise, we gei

Finally, we have

I i
b‘=TIJr ‘m]gin{$)m=rt—2}sjn[ux}¢r+f 2 sinf el
—I - u
]

2 L] 2 4
= Etm{kxxji_l - E:‘uﬁ.{hx! =E[Dl:r5ﬂ— cosikrj]

il
0, ifkiseven

4
= —|1 —cosi{ka)] = B
1 —costke] ={ &

Simee con ind w1 wilen @ beocves

ifkisodd ~ il o) = — B wlien b b sl
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This gives us the Fourier series
d = = -
?" + El_mcm.{hu b+ besinike)] = Em sinfkrx) = Em_. sinf{Zk — 1jex]

[- -] E .
= ;m;m[m — D]

Although we as yet have no tools for determining the convergence or divergence of this
series, we graph a few of the partial sums of the series,

8
Flx)= ¥ ————— sin[{2k — 1}ax]
E:Ik— =

in Figures 5.50a—d. From the graphs, it appears that the series is converging to the
square-wave function f except at the points of discontinuity, x =, £, 42, 43, . __. AL
those points, the series appears (o converge 1o 0. You can easily verify this by observing
that the terms of the series are

]
{H_—Hlﬁinl{!k — ljex] =10, for integer values of @
Simce each term in the series is zero, the series converges to 0 at all imeger values of
You might think of this as follows: at the points where fis discontinnous, the series con-
verges to the average of the two function values on either side of the discontinuity. As we
will see, this is typical of the convergence of Fourier series.

v 1 T]L'v“"ﬂn
I

&5
=3 =7 =1 1 2 3
=
f s fi fie i
nruu =2 L
FIGURE 5.50a FIGURE 5.50b
v=Fdr)and ¥y = fix) ¥ = Fulx) and ¥ = fixh

= H =3

FIGURE 5.50c FIGURE 5.50d
v =Fylxpand v = flx) = Fyglxpand y=fix)
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REMARK 9.1

The Fourier Convergence
Theorem says that a Fourier
SEries May converge io a
discontinoous funciion,
even though every term in
the series is continuous (and
differentiable) for all x

We now staie the following major resalt on the convergence of Fourier series.

THEQREM 2.1 (Fourier Convergence Theoram)

Suppose that fis periodic of period 20 and thet fand  are confinuous on the interval
[— £, I]. excepi for a1 most a finite number of jump discominuities. Then, fhas a
convergent Fourier series expansion. Farther, the series converges o fixh, when fis
continwous at x and to

%L!En fi6) + lim ,rml

al any poanis x where fis discontinwous.

The proof of the theorem is beyond the level of this text and can be found in texts on
aivanced caleulus or Fourier analysis.

EXAMPLE 9.4 Proving Convergence of a Fourier Series

Usze the Fourier Convergence Theorem o prove that the Fourier series expansion of
period 2,

F 4
-— ¥ —————cos [(2k — 1}x].

2 Em—lh : ]
derived in example 9.2, for f(x} = |4, for —x £ ¥ < & and periodic outside of [—2. x].
converges to fix) everywhere.

Solution  First, note that is continuwous everywhere. (See Figure 5.47.) We also have
that sinee

—x, f—s=x=0
_ﬂxr—LrI—{L iflsr<sa
and it is periodic outside [—x 2], then
-1, —g=zx=0
‘r[x}_{], D=zrer

So, [ is also continuows on [—r, &), except for jump discontinuities ai x = and x =
+#. From the Fourier Convergence Theorem, we now have that the Fowrier series con-
verges [o fixh everywhere (since f is confinuous everywhere). Given this, we wriie

F 4
o —._c:usﬂk—l 1
b 2 E{H—In 2
forallz. =

As you can see from the Fourier Convergence Theorem, Fourier series do not always
converge to the function you are expanding.

EXAMPLE 9.5 Investigating Convergence of a Fourier Series

Use the Fourier Convergence Theorem o investigate the convergence of the Founer
Serics

B
— gin [(2k — 1) ex].
E{Zk—l}: [ 1
derived as an expansion of the square-wave function
_j2 if-l<x=0
ﬂﬂ'{l fo<rsl

where s taken 1o be periodic oumside of [—1. 1]. (See example 9.3 )
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FIGURE 5.52
Sanophone wavelorm
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Solution  First. note that fis continnous, except for jump discontinuitics at x =0, =1,
+2_ - ... Further,

0, f—-l=x=<0
'ﬂ“={ﬂ. iflzx=l

and it is periodic cutside of [—1. 1]. Thus,  is also continuous everywhere, excep at
integer values of x where [ is undefined. From the Fourier Convergence Thaorem. the
Fourier series will converge o f{x) everywhere, except at the discontinuities, =0, 1.
+2 .., where the serics converges to the average of the one-sided limits, that is. 0.

A graph of the function to which the series converges is shown in Figure 5.51. Since
the series does not converge o feverywhere, we cannot say that the function and the
series are equal. In this case, we usnally wriie

- ]
f-3 =

sin[(2k — 1jax
e L B E [ ]

io indicate that the series corresponds o [ (bul is not necessarily equal to f). In the
contexi of Fourier series, this says that the series comverges to fi{x) ai every x where
is continuous and to the average of the one-sided limits at any jump discontinmitics.
MNotice that this is the behavior seen inthe graphs of the partial sums of the series seen
in Figures 5 50a—d.

L
[ Jt————n —a
14
+ t + 4 + ¥ X
=] @S el f =] =05 0% 1 15 2 25 3
_I..
Dy [ — ] D}

FIGURE 5.51

0

b
Emuu fi2k — Lixx]

=l

O Fourier Series and Music Synthesizers

Fourier series are widely used in such ficld as engineering, physics and chemistry. We give
you a sense of how they are used with the following brief discussion of muosic synithesizers
and a varicty of excrcises.

A pure tone can be modeled by A sin v, where the amplitude A determines the vol-
ume and the frequency o deterntines the pitch. For example, for a music synthesizer 1o
miimic 3 saxophone, it most match the saxophone’s characteristic waveform. {See Figune
5.52.) The shape of the waveform affects the timbre of the tone, a guality most humans
readily discern. (A saxophone sounds different than a wampet, doesn’e it?)

Ciiven a waveform such as the one shown in Figure 5.52, can you add together several
pure tomes of the form A sin ed to approximate the waveform? Mote that if the pure tones
are of the form & sin f, &, sin 2t, by sin 3i, and 50 on, this is essentially a Fourier serics
problem. That is, we wani to approximaie a given wave function fir) by a sum of these pure
tones. as follews:

firi = b sin 1+ bysin 2r+ basin 3r 4 - - - + b sinoar
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Alilwough the cosine terms are all missing, notice that this is the partial sum of a Fourier
serics. (Such serics are called Fourier sine series and are explored in the exercises.)
For music synthesizers, the Fourier cocfficients ane simply the amplitades of the vari-
ous harmonics in a given waveform. In this context, you can think of the hass and meble
conirols on a stereo as manipulating the amplitndes of different terms in a Fourier series.
Cranking up the bass emphasizes low-frequency terms {ie. increases the coefficients
of the first few terms of the Fourier series), while wrning up the eble emphasizes the
high-frequency terms. An equalizer (see Figure 53.53) gives you more direct control of
individual frequencies.

In general, the idea of analyzing a wave phenomenon by breaking the wave down inio
its component frequencies is essential 1o moch of modern science and enginecring. This
tvpe of speciral analysis 15 used in numerous scieniific disciplines.

FFFFFRRRRY

FIGURE 5.53
A praphoc equalcrer

ERIT GOMNNGONShillerdock

BEYOMND FORMULAS

Fourier series provide an alternative to power series for representing functions: which

jon s more useful depends on the specifics of the problem you are solving.
Fourier series and their extensions (including wavelets) ane used to represent wave phe-
nomena such as sight and sound. In our digital age, such applications are everywhere.

EXERCISES 5.9 (@)

5. i il—x<x<i)

['~) WRITING EXERCISES =100 wocs<s
1. Explain why the Fourier series of fixj =1 + 3 cosx — sin 2y & - 1. f—w=x<li
om the imlerval |—x, &) 15 amply 1 + 3 aow x — san Zr. (Hinl: )= b NMl<x<x

Explain what the goal of a Fourier series representation i and
nobe that m this case so woark needs 1o be dose. ) Wouobd this
change if the mierval were [—1, 1] inspead?

7. fixi=3sn2x K fixi=2%in3x

1 Polynomizls sre buill op from e base operaticons of arithmetc.
Wi ollen nwe Taylor series o reante an awkwand luscion (eg
sin ) mbo arithmetic foeny Mamy natural phenomena ane waves,
which are well modelad by sines and cosines. Duvscuss the exient
1y which the following stensent e trse: Fourier serves allow s
o rewrile alpebri functbons (e ©) ino s samral (wave) form.

In exercises 9-14, find the Fourier series of the fonction on Uhe

given inferval
9 firi=—x [-1.1] I fix)= . [—1. 1]

1. fixi=1"[-1,1] 12 fini=3z[-27]

3. Theorem 9.1 states that o Fourier sertes may converge 1 8 i3 ..""-ﬂ={u- i-f—l <x<ib
function with jumg discontinuties. In examples 9.1 and 9.3, xn Wh<r<l
identify the Iocatmons of the ump discontinmies and the val- W fir= {U. if =1 <x=ih
wes fo whach the Fourier senes converges @ these pomts. In l—x, d0<z<1

whall way are these values restonable compromises?

d. Carefully examine Figures 5 46 and 5 5. For which «'s does the
Fourier serses seem 1o converpe rapudly? Skowty? Note that for
every m, the parial sum Fir) pases eunctly thrngh the lem-
iting pount for juemp dscontimeites. Describe the behavior of
the pamial sums mear the jump discontmuines. Thes overshool
undershool bebizavior is refemed i as the Gilvbs phemomendon.

In exercises 1-8, find ihe Fourier secies of the Munciion on the
inlerval [—x ). Giragh ihe fonction and the pariial soms Fyir)
and Fgix) on the interval [—2r. 2x].

L firij=x L fr=x

i fix) =2 4 firy=13a

In esercises 15-20, do ool compuie ihe Foorier series, bui
graph the Tonction (o which the Fourier series converpes, show-
img b least three Tull periods.

15. fixi=x [-2.2] 16 firi=i7 [-3.3]

-, H=l=z<i
£ ‘r"]_{u_ Hoex<l

1. -2=<x<id
i ‘"‘]_{3. ezl

-1, W=-2<1<—1|
19. fixj=4 0, [T B 2 |

I, Wl
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A | S e |
H fini=4 - W-l<x=l

i, irl=x<2

21, Subsvitute x= 1 inko the Fourer sies formula of exercise 11
=l

mmm§E=E.

I Use the PFourer senes of example 9.1 o prove that
oam—1) =
S %-1 T«

13 Use the Fourer seres of etample 92 10 prove that
= 2k— 17 8 .

24, Conbine the results of exercises 21 and 23 1o find Ei
(=)

In exercises 25-28, use the Fourier Convergence Theorem io
investigate the comvergence of the Fourier series in the given

enErcise
15, exercise 5 26, exercise T

27, exerciee 9 M. exercise 17

M. You heve endoubledly ootsoed that many Fourier serbes
comsisl of only cosine or only sine terms. This can be easily

umderstod m lerms of even amd odd mctions. A functon f

1% even if fi—x) = fix) for afl = A function 5 odd if fi—xy =
—fix} for all © Show that cos x is even, sin x s oodd and cos 5
4+ s x 1% nenther.

-

1 f ks even, show that glx) = fix) cos x s even and hix) = fix)
s x 3% acdd.

30 U F = odd, show that gix) = fir) cos xis odd and fix) = fi{x)
s x s even. I Fand g are even, what can you say about f g’
16 fos even and g is odd, whet can you say about g7 If fand g
are odhd, whon can you say abouat gt

Prove the general Euler—Fourier fornlas (9.7) and (9.8).

Il g i3 an odd feoction {see exercee 290 show thal
f_‘rg{xldt = [ for any (positive} constand L [Hint: Congrane

j:,g{;u: amd {',{:1 ddr. ¥ou will nead 1o make the change

of variable ¢ = —x in ome of the integrals. | Using the resulis of
exercii M), show that if Fis even, then by = 0 for all & and the
Fourier sevies of fix) consists only of a constanl amd cosine
terms. I f is odd, show that o = 0 for all & angd the Fourier
series of filx) consests onby of Line lerms.

£ B

In exercises 35-38, use the evenlsdd properties al fix) to pre-
dict (don’l compuie) whether the Fourier series will contain
only cosine lerms. only sine lerms or bl

3B fin=12 M. fir)=1
I fimg =& AR fixi =
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-1, U=2<x<i
3, iWbex<2
nor odd, bt can be wrilten ax f{x) = gix) + 1 where
-2 -2=x=i

I The fn.:ltl'um_ﬂ:b:{ it meither even

== - Explain why the Fourier series of
esk {:. il crel o

Fixh wall conbnn sipe lerms and the constant 1, bul no cosine
lerms.,

4. Suppose that you want o find the Fourer senes of
fixh = 1 + 1 Explain why to find by vou would need anly

1o imtegrate x sin (57| and 1o find ap you would seed anly to
inlegrate X oos | 5.

S appLicaTiONS

Exercises 1 and 2 are adapted from the owner’s mansal of @
high-end music synthesizer.

L A lumbizsmentsl chowe o be noide when generabing @ new
lome om o musk synbhesrer 15 the wavelorm. The options
are srwtooth, square and pulse. You worked with the saw-
tooth wave in exercise 9. Graph the lmmiting funciion for e
function m exercise 9 on the mterval [—4, 4], Explain why
“sawiooth™ is 3 good naume. A squone wave 15 shown in Figune
5.489. A pube wave of period 2 with width Lie 15 generated by

_j-2 dlim<id<l
‘ﬂ'ﬂ_[?_ ifld < Uin
and 1/4 on the mterval |4, 4]

. Ciraph pulbie waves of width 103

2. The harmonic content of 3 wave equals the ratw of mbegral
harmsonic waved o the fundamental wave. To onderstand what
this means, wole the Fourser series of exercse 9 as ;:I—sin X
-'I-il.'i'n h]—-;ﬁn!.l’.r+%ﬂil1dl1—-"ﬁ.mhm
content of the sawtooth wave i Explain how this relates
i thee melative sizes of the Fourber coefficeents. The harmosaic
cortent of e square wave &+ with even-numbered harmon-
ics missing. Compare this description o the Pourser series
of example 93, The harmomic contenl of the pulse wave of
widdth £ i & with every thirnd hermonic missing. Withou com
puting the Founer coefficsents, write oul the general form of

= HHi<fd<]

the Fourser serwes of flx)= {1' it} < 173

E A Panowning is relatively simple, dug 10 1he phenomenon -

ied i this exercise. Compare the graphs of sin Bf + sin 8.2r
amd 2 sin Be Note espectally that the amplinde of «in 8B +
smn B2 appears b slowly rise and il In the rigonometsic
identity €in B¢ + san 8.2t = [Joos (L2|sin (810, think of
Zeosiil ) ax the amplinede af s (8.1¢) and explain why the
ampliide vanes skvady. Prano luners often sian by sinking a
naing fork of a certain pitch {e.g.. sn B and then sinking the
cormesponding piano nobe. I the plano is slightly out-of-une
{e.g.. sin 8.2, the naning fork plus. piano produces a combined
tone that mtboeably mereases and decreases in volume. Use
your graph o explam why this occurs.

d.  The function sin S representsa d-He signal {1 He equals 1 eycle
per second) i ¢ s measured inseconds. I yoi recetved thas
signal, your task naight be 1o take vour mestorements of the
sigmal and iy 1o recomstrsed the function. For example. if you
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measured three samples per second, you would beve the data
S =0 005 = w32, {23 = — 32 and fi1) = (L Knowing
the sigral is of the form A sin Br yvou woukd e the dala ooy
1w zalve bor A and B, In this case, you doa't have enough infor-
mabon 1o guaranies peling the aphil vabues [or A and 8. Prove
thiz by finding several vaboes of A and 8 with 8 # B that match
the data. A famons result of H. MNyquist from 1928 skses that 1o
recomstrect 2 sigmal of Freguency Fyou need al leasa 2f samples.

The emergy of 2 signal fird oo the imerval |—m &) is
defined by E = lfmx]j:d:. If Fixy has a Fourier series
o=

X
ﬂ:]:u—_:'+ EEu;M.Lr-r-bgﬂrlﬂl..hhuw that E=A+ AT+

s =il
A3+ -, where Ay = Vi + bi. The sequence [A,] & called

he emergy spectrum of fit).
Carefully examme the graphs in Figure 546, There 1% a
Ciibbs phenomenon at © = 0, Does i1 appear that the siee of
the Gibbs overshoot changes a5 lhe number of lerms increases
Wi examinge that bere. For the partial sam Fix) & delmed in
exanpilr:g 1, it ciin be shown that The shsolule maximiam ocoars

e m=4_n=hand n =& Show that
F"{E —j'{;” = 0,04,

Ciabbs showed that, in general, the siee of the bumg al a jump
dhseomtinuity & aboot (08 thmes the s of the jump.

al E Evaluste F,{

In
fuor large o, che size of the bump is

. Some fines have been devised 1o redoce the Gibbs phe-

)

kx

momenon, Define the edfaciors b oo, = fior

n
E= 1,2 ...« ol oomsider the modified Fourser sum

L
? + ¥ s mcosks + byousin kx|, For example 9.1, plot the
FE-1]

midified sums for o = 4 and n = B and compurne w0 Froupre 546
I —z<x=<i 2 3
'Hﬂ_{—l. PR Fraoy hes eritical point st =2n

and lim F, (&) =1

Tdr=11&

@ EXPLORATORY EXERCISES

L

Suppose that you wanled b approsmate 3 wive form with sne
functions (mo cosies), a5 i the nousse synthesizer problend
Such a Fourier sine series wall be derved in this exercise.
Wi exsemzally use Fourier series with atrick o guarantes sine
terms only. Stan with your wavelorm as a functon defined
on the interval i, {], for some bength L Then define a func-
tion glr) that equals fix) oa [0 1] aed that 15 an odd fuseion
Fixl, < r=<{

—fi—x), H—=d=<x<l
why the Fourier series expansson of gix)on [ -1 ] would con-
lain sme lerms only. This serses 15 the sine series expansmon
of fixh. Show the followmg helplul shoricut: the sine series

ool pents are
f _,ft.r:l.un

rf#l-ﬂm

Then comapaite the sine serbes expansson of fix) =1 oa [0, 1)
amd graph the lmain function on [—3, 3], Anabogous o the

Shiva that gix) = winrks. Explain

5-80

abowe, develop o Fourier cosine series and find the cosine
sries expansion of fix) = von [0, 1].

Fourier series sre a part of the feld of Fourier analysis
which 5 central o many engineening applications. Fourier
analysis meludes the Fourier transforms {and the FFT or Fast
Fourer Tramsfsem) and inverse Fourer imnsiorms, 1o which
o will get a bred introduction in thas exercre. Given meas-
irements of 8 signal (wavelorm). the goal 18 10 condtrucd the
Fourser series af @ fmction. To gart with a simple vwersion
of the problem. suppose the signal has the form fin) = 2 +
@pC0s T + 32008 2ox + bosin gy + bosm 2ox asd you have
the meswrements [{— 1) =0, fi—i= 1 il =2, fiz) =1 and
fil) =0, Substituting ik the gemeral equation for fix), show
that fi—1) = % — a, + a: = (L Similary, § — az — by = 1,
'-'r+ﬂ| + a2 —l.#—ﬂ':|+b| =].ﬂ.|'l]?—ﬂ| + a; =1L
Mol that the first amd last equations are ulentical and that
B mever appears in an equation. Thus, you heve Gour eguations
and fowr onknowns. Solve the equations. Yoo should cos-
clube that fir) = | + cosaxr + basanay, with oo mlormation
aboul by Forunstely, there s an esier way of determingng the
Fourter coelficients. Recall thet o, = f‘ﬂ:]u.ukr:d’.r and
by = f'rfh}:mh:d.l_ Vol canl. agimaie the megral using
funcron valwes &1 v = -2, r={, x = I/2 amd x = |. Find
a version of a Fiemann sum approdimation thal gives a, = 2,
m o= 1. a:= 0 and by = 0. Wha value & given for b7 Use
this Biemarm som rube 1o find the sppropeiais coelficents for

the data fi—3) = 3, fi— = 5 fi—p =1 A0 =0, /{5 = -,
fidy = =4 fth = =3 and fi1) = —1. Compare 1o the Fourier

TS uf::l.:rl:l.we 9,

Fourser series have been used extensively m processing dig-
ital imformation, iscloding dignal photographs and musse
synthesis. A digital photograph stored in “bitmap” formar
can be thought of as theee functions fix, ¥h i v and
falx, vh. For example, feix, v} could be the amount of red
content in the pisel thal conbansg the podat {r, v). Brefly
explzin what frdr v} and fal{z. ¥} would represent and how
the three Tusctions could be combined 10 create & color pie-
Lu:r: A sane weries for a function i on the mierval [0, L] 45

Eh,nn[E] where b, _Ijifmm[ el Deseribe what

A sine werees for a function fix vjwith 0 € v < Land 0 < v
= M would look Gike. If possible, take your favorite photo-
graph in bitmap fermat and serne 2 program o find Fowrier
approjumaiens. The acoompanying images were creabed in
thes way. The first three images show Fourier approsint ions
with 2, 10 and 50 terms, nespectively. Motiee that wiale the
Sik-term approxmmation 1% fairdy sherp, there ane some ripples
{or “ghosts™) oullimng the two people: the rmpples are mone
ohwious in the H-erm mmage. Breelly explam how these np-
piles relate o the Gibbs phenomenon

2 Lerms
i Bilol Imtagpes LIC
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In Applications exercise T a s-corectin i3 introduced that
reduces. the Cibbs phenomenon. The next three images show
the sume pciure wang e-oorrecled Founer approsimatons
with 2, 10 and 50 terms, respectively. Describe how the cor
rection of the CGibbs phenomenon shows up in the mages.
Based on these images, how does the raie of convergence for
Fourier series compare 1o a-conrecied Fourer series?

0 Bileaal Bmtigpes LT

Q@ Review Exercises

[ WRITING EXERCISES

The (olowing bt mcledes terms that are defined amd theorems
that are stated 1m thes chapter. For each term or theoreme (1) give
a precise definition or statement, (2} sate in general erms what
il means and (3) describe the types of problems with wheeh i i
associaled.

Sequence Lammin off sequence Sqpueees Theorem
Infinie series Partial sum Seres converges
Series diverges Gieometric serbes kth-term lest for
Harmwmme series Integral Test ibvergence
Comparisom Test Limit Companson  p-Serwes
Cionestional Tesa Alvernating Series
LXNTVE BT Absodute Test
Rty Tiest COETVErDEnOS Allermaling
Eadius of Koot Tes harmaonic series
COEVENREnce Taybor series Poaer series
Taylor's Theorem Fourser serves Taylor polymamual

() TRUE OR FALSE

Suile whether esch statement 15 roe or Glse, and brefly explain
why I the sialement 15 fabse, try to “fix i by modifying the given
sladerment 0o 4 pew stilement thal 1s ree.

L. Anmcreasing sequence diverges o milmaly.

2 Aspine Faster than 10P.

5, m? ine
)
3. 1M the sequence a, diverges, then the series E_.n't diverges.
o k=i
d. L0 oy decreases i ) ax k& — oo, Thén Eu. divenges.
i=l
e
5 U air converges, them ¥ ay converges for o = fikL
,l':tﬂ-ﬂ erge E i eTge a = ki
6. 10 the Comparison Tesl can be ped W determine the conver-
pence or divergence of a series, then the Lima Comparison
Test can also determine the convergence or divergence of the

SeTies.
7. Usmg the Ahernsting Serses Tesy, if lim oap # 0, then v can
] ]
conclude that Eu; diverges,
i=

B The difference berween a pariial sum of a convergenl
senes and il som = less than the Dirst neglectad term 8 the
SETIEs.

9. I asenies i condiionally convergent, then the Ranio Test will
be imconclusave,
ML A semes wilth all negabve berms cansid be comdinonally
coavergent.
£ -]
1L I Eﬁuﬂ diverges, then Enl diverges.
=l k=l
1L A seres may be imegrated term-by-lerm and the interval of
comvergence will remam the same.

13 A Tayber series of a lunction §is smply a power weries nep-
resentation of f

14 The more erms in 3 Taylor polynommal, the beter the
EpproKImALion.

15. The Pourser series of 1° converges 10 0 for all x

In exercises 1-8, determine whether ihe sequence converges or
diverges. IT it converpes, give the Bmil

L o= : 2 oa,= A
I4n 1+nm
n
i =i—1)" d. =i-1
£ w+d o Jrer
4" n!
5 ﬂn=m . u,.=F
7. oy =cos o &, u.=|m:“

In exercises 9-18, answer with “cosverges.” “diverges™ or
*ean'l el

9 Ll'l!lrn ag =1, then Eu.

e
10, If fim oy = 0, then 3 a,
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Infinite Seres

¥ :-l-!.l.+l
11. u‘l._»lu—'[_l u:._-uEu.

1z Ir}Lﬂfﬂ—*'i 0, then Em

I o
13 ".'53"“3 M'ngul ==
1 1 lim [— - Ihen E.:._
1S, If Jim Vjad = mEm —

16 If !Lril'ag =, then Ea._

17. Up> 0, then E;

k|

18 Ifr> I.lhﬂl.Eur'

I exercises 1922, find ihe sum of ihe convergend series.

19 iq-[l]A T,
L izt kk+I)
21 i.r‘ 3 il—lllil
i=0 i=0 4

Im exercises 23 and 24, estimaie the sum of the serdes o within
(LN

. i[—n‘— 24 ii—n““l
=i & 1 iz k!

In exercises 2544, defermine whether the series converges or
diverges.

25 2;—?3 26 gu—n‘ﬁ—j
i :Ent_” :+| » :‘i 1:4+1
20, §ypm s, Fop

=1 i=i
WSl 5
I H[—lf% 3d. il_”t%
£ E[—wm{ni} 36, il““T:‘

E7 . e
E:k+3r ‘F":J.hl.
- .! ES *
» ¥ noy o
=13 =
o [
a §E o B
i=1 & ik Ink+1
o & o
43 4__ m E .E"f--i
e LETF ]_|JI! +3k+1

In exercises 45-48, determine whether the series converges
absolutely, converges conditionally or diverges.

— k

45, —Ip— 4. —||1—
E' il‘.t’+l :F":l +1
= ik i i

47 g i 4K El—l'l" Inj:+l

In exervises 4% and S0, Gnd all valoes of p for which ihe series
CORVERES.

= .} o

4%, T
3+ =

L exercises 51 and 52, defermine the aumber of lerms neces-
sary o extimate the sum af the series to within 107%

e _‘.' ] 3"
51 ¥i-11'S o M Y
E=l K =] k!

In exercises 53-56, Miml & power “eries representation for the
Tunetion. Find the radius of convergence.
1 F

X d+x . f—x
3 2
85, . St =
I4xr 1+dr

In exercises 57 and 58, use the series from exercises 53 and 54
1o find a power series and its radins of convergence.

57. Imid +x) SR Inib — x)

In exercises 59-66, lind the interval of convergence.

4, i‘u—u‘l-r‘ i, i[—lhln*
E=li (=]
- 2 -3

6L X (—1F=s 6L 3} —
E?;u‘ k ;-.,ﬂ. }
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&, E"'_q:—:;‘ B, ik’11+3h‘
i k! =1

5. ifi‘i-'t—":" i, ii.n+u‘
=] =1

i emercises 67 and 68, derive ithe Tavlor series of fir) aboul ihe
cenler r = .

1
67, fixy=sinx c=10 Gl _,H.lrj::,c:]

I enercises 6% and T, Mnd the Taylor polynomial Pyl Graph
Jixh and Pylxh

. fixi=lnre=1 T fixjl=—-.c=1

I
T

I exercises 71 and T2, use the Taslor polynomials fromn exer-
chies &9 amd 70 io estimate the given values. Determine the
order of the Taybor palynamial needed 1o estimate the value s
within 1075

7. a2 7

Vil

In esercises 73 and T4, v a known Tayloer series io lind =
Taylor series af the Tunclion and fod its radies of convergence.

T T4 mndx

In exervises 75 aond Th, wse the lirst five non-zere terms of a
known Taylor series bo estimate the value of the inlegral

1 3
75. j tan"rdr Th. £ e

(1]
In exercises 77 and TH, derive the Fourier series of the fonction,
T flxh=z,-2<x<2

i if—x=x=0

D=1y wocr<x

I enercises T9-BL graph ai least three periods of the lunction
o which the Fourier series comverges.

T fi=r.—-1€x<]
B firi=2r -2

-1, f—-l<x=<i

B ’r“"={1. i PETd
_jo. if-2<x<i
n‘r‘”_{;, Wocr<?

CHAPTER & +» Review Exeroses 13

B3, Suppose you and your friend take murns ossmg a coin. The
lirsl one W0 g a bead wins, Obviously, the person who goes
firsl has an sdvaniage, but how much of an sdvantags is i? [T
il go [ersd, The proobabiley that you wim on your fird foss 15 {r_
the probabiliny thet you win on your md [oxs i ;i—. the proh-
ahaliry that you win on your third toss is 55 and s on Sem a
peometrie series 1o lind the probability thet you win,

B4 In g game simlar to that of exercise B3, 1he fird one 1o moll 2
4 on a six-sided die wins. 15 this game more fair than 1he pre-
vious game”? The probabilites of winning on the firsy, second
and thaed roll are i. % aod %.. respeclively. Sum a peomelsic
seres Wy [md the probability that yoo win,

B5. Recall the Fibonaced sequence defined by m=1.
g = Lay,=2amd @, =a, + a, ;. Prove (he kllwing

B g st 14V,

{This munber, Enowm 1o he

—

ancient Cireeks, s called the golden ratio.) {Hint Sean with
s
Hopd = @a + do-y 20l dovide by oo I r= km -

, argue

a
that lim == =l:.|h'J!hur:mIH.'lbequauunr= 1+4
g r

B6. The Fibonsoel sequence can be visualized with the Bollow-
ing constructmon. St with two ssde-by-side squares of sule
1 (Fgure A) Above them, draw a square (Figune B), which
will have side 2. Tothe kel of tha, draw a square {Frgure C)
which will have side 3. Continue 1o spiral around. drawing
sguanes thal have sides gven by the Fibomacet sequence. Bor
Each bounding reclangle in Bigures A-C, compute the rateo of
the sides ol the rectangle. (Hinl: St wall f- and then %.] Findl
the limit of the rtios as the construoction prooss conlinues.
The Greeks proclarmed thas 1o be the most “pleasing™ afl all
rectangles, buikiling the Partheoom and other imaporiant buabd-
1ags with these Frq:u.'wl‘:il.rm.'-

11 | [

FIGURE A FIGURE B FIGURE C

aﬂ_ Anidher type of sequence dmdbed by mathematicians s the

confined fraction. Mumenically explore the sequence | + %_

and so on. Shew that the b L
i

14
[ I

sabisipes the equabon L= 1 + Ik Shova that the limal eguals

the golden ratia! Viscoun Brouncker, a seventeenth-centiry

'
English mathematcian, showed that the sequence 1 + Y 1+
2 1° i,
s |+ — and w0 o, converges 1o —." Explore
243 2+—== bl

¥ —

this sequence numerically.

“Ser Huniley. H. E {20825 The Dhiviewr Proportioe A Sy i Mathemutical Bty
{ew Wk Diorer Pubilie st s )

S Beckmann, B 20150 A R of o Mew Yok 5L Wasnin®s GeilTinlk
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1 "
Lc=fpFax+ oyt Fo-,
—x—x

show thatl the constants o are the Fibonsoo mmmbers. Subsia-

For the power series ;

1
lnite x = 1000 1o [ind the mdereshing dectmal representatnos
(L LETEE ]
o —————.
U oo

I 0 = r = . shhonw thiat

I
I_Ir.Rq)Ial:E.r

1
with ﬁ and discuiss whatl's interestmg abwnil the decimal

I+ 2r + 4 oo (27 400z

representalm MHI.I
e A

5 EXPLORATORY EXERCISES

)
The challenge bene = 1o déternune
% i Elﬂ:+]l

as possible. St by Onding the merval of convergence. Fmd
the sum for the special cases {a) x = 0 and (k) x = 1. For

s corapletely

U< x < 1, do the following: (c) Bewrie the series usng the

. (d} Bevsuse the senes

1
partii] ractions expamnson ol Im

5-04

Review Exercises C@

converges absolmtely, 1t i legal 10 nearmange erms. Do o

2 r—1
and reswrile the serses as 1 +

|1I:J_-+—LJ'"+ is‘+---i_
X :
-
(2] ldemtsly the series in brackes as I(E.r')dt.ﬂ'ahalu the
b=l
seried and then miegrate termeby-term. () Replace the term in
rackets in part (dh with 13 valwe obtamed in part fe). (g) The
nenl case s for —1 < x < (L Use the echnigue in pans (e
1 fimd phee swm. ¢h) Evaluste the sam at x = —1 using the et
that the altermating hanmonee seriex sams o In 2, (Used by
permession of the Yiginia Tech Mathematics Contest. Sodu-
1eom sugpesied by Gregory Mnton.

o
Yo have wsed Fowrser serses o show thal Eé =
k=l
you will use a verswm of Vidla's formula 10 give an alberns-
hve derivation. St by using 3 Maclasrin series for sinox lo
S0
T
Vidta's hormula Sates that the sum of the recrprocals of the
serrs of Fix) equals the negative of the coelficient of the linear
lerm i the Maclaurm series of fiix) divided by the constani
term. Take this équathon and multiply by =° w0 get the desired
formugla. Use the same method with o different function o
N N
B TS

Here,

> 4,

derive a senies lor fix) = . Then Tind the zeros of fix).
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6.2

g

=
B

&8

Plane Curves and Parameinic
Equations

Cabeulus and Parametric
Exjuations

Are Length and Surface Area
in Parametri: Equations
Polar Coordinates

Cabculus and Polar
Coosdinaies

Conie Sections

Conie Sections in Polar
Coordinaies

You are all familiar with sonic booms, those lowd crashes of noise cansed
by aircrafi flving faster than the speed of sound. You may have even heard a
sonic boom, but you have probably never seen one. The remarkable phoio-
graph here shows water vapor outlining the swrface of a shock wave created
by an F-18 jet flying supersonically. {Noae that there is also a small cone of
water vapar trailing the back of the cockpit.)

You may be surprised at the apparently conical shape., but a mathernat-
ical analysis veriftes that the shape of the shock waves is indeed conical.
{ You will have an opporiunity o explore this in the exercises in secton 6.1.)
T visualize how sound waves propagate, imagine an exploding firecracker.
If you think of this in two dimensions, you'll recognize that the sound waves
propagaie in a series of ever-expanding concentric circles that reach every-
onc standing 2 given distance away from the firecracker an the same time.
In this chapter, we extend the concepts of calculus to curves described by
parametric cquations and polar coordinates. For instance. w describe the motion
of an object such as an airplane in two dimensions, we would noed to describe the
object’s position (x. ¥) as a function of the parameter ¢ (time). That is, we write
the position in the form (x. ¥} = ((r), W1, where x(r) and v(r) are functions to
which our existing techniques of calculus can be applied. The equations x = xir)
and v = vir) are called parmnerric equations. Additionally, we'll explore how to
use polar coordinaies o represent curves, nol & a set of poinis (x, v, but rather,
by specifying the points by the distance from the origin to the point, together
with an angle corresponding o the direction from the ongin o the poini. Folar
coordinates are especially convenient fir describing circles such as those thai
OCCUT in propagating sound waves,

These alicrnative descriptions of corves bring us needed flexibility for
attacking many problems. Often. even very complicated looking curves have a
simiple description in terms of parametnic equations or polar coordinates.

(@) 6.1 PLANE CURVES AND PARAMETRIC EQUATIONS

We ofien find it convenient to describe the location of a point {x, ¥) in the plane in
terms of a parameter. For instance. for a moving object. we would naturally give
its location in terms of time. In this way. we not only specify the path the object
folloars, but we also know when it passes through cach point.

Ciiven any pair of functions x(r} and Wi} defined on the same domain [0, the
cqualions

¥ =}, v=wr}
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i x ¥
-2 2 -1
-1 5 —:
1] ] ]
i
1 5 5
2 2 1
i
3 -3 B
& — 1k 2
¥
=0
13
=
)
g= 15
. 1]

are called parametric equations. Notice that for each choice of ¢, the parametric equations
specify a point (x, ¥) = {xirk, w1} in the xy-plane. The collection of all such points is called
the graph of the parametric equations. In the case where x{r} and wr) are continuous func-
tions and £ is an interval of the real line. the graph is a curve in the xv-plane, referned o
as a plane curve.

The choice of the letter ¢ 1o denote the independent variable (called the parameter)
should make you think of rime, which is often what the parameter represents. In fact,
your miight recall that in section 5.5, we used a pair of equations of this tvpe 1o describe
mwi-dimensional projectile motion. In general, a parameter can be any quantity that is
convenient for describing the relationship between xand v. In example 1.1, we simplify oor
discussion by eliminating the parameter.

EXAMPLE 1.1 Graphing a Plane Curve

Skeich the plane curve defined by the parameiric equations x = & — £. v =2, for
—X=r<4

Solution  In the accompanying table. we list a number of values of the parameter rand
the corresponding valuwes of x and v. We have plotted these points and connected them
with a smooth curve in Figure 6.1, Yoo might also notice that we can easily eliminate
the parameter here, by solving for fin terms of v. We have r=1y. sothait =6 — 4"
The graph of this last equation is a parabola opening to the left. However. the plane
curve we'ne looking for is the portion of this parabola corresponding o -2 < 7 < 4.
From the table, notice that this corresponds o —1 < v < 2, so that the plane curve is
the portion of the parabola indicated in Figure 6.1.

b
=10, ¥

[-3. 5 21
(1) ;
i+ (s, El
0, 0
s | X

= <o g 2 ) NG S

ik =3
{2 =1j
FIGURE 6.1
= £
x=h-,y=.-2<r=d

E.

You probably noticed the small arrows. drawn on top of the plane curve in Figure 6.0,
These mdicate the orientation of the curve (Le. the direction of increasing r). If ¢ rep-
resents me and the corve represents the path of an object. the orientation indicates the
direction followed by the object as it raverses the path. &= in cxample 1.2

EXAMPLE 1.2 The Path of a Projectile
Find the path of & projectile thrown horirontally with initial specd of 4.9 mis from a
height of 1225 m_
Solution Following our discussion in section 33, the path is defined by the
parametric cquations

=49 y=1225-49% fwd<i<3,
where r represents time (in seconds). This describes the plane curve shown in Figure 6.2
Note that in this case. the orientation indicated in the graph gives the direction of
motion. If we eliminate the parameter, as in example 1.1, the corresponding x-v equation
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FIGURE 6.3a

x=2cat y=2xun¢

5

FIGURE &6.3b
x=2cot y=2sint

REMARK 1.1

To sketch a parametric
graph on a CAS. you may
need to write the cquations
in vector format. For
instance, in the case of
cxample 13, instead of
entering ¥ = 2 cos 1 and

v =2 sinr, voo would
enter the ordered pair of
functions {2 cos 1, 2 sin 7).

SECTION 8.1 == Plane Cunves and Parameinc Equaticns 127

y=1225- 4.'?[ﬁ }! describes the path followed by the projectile. However. the
parameiric equations provide us with additional information, as they also tell us when
the object is located at a given point and indicaie the direction of motion. & |

Giraphing calculators and computer algebra systems sketch a plane curve by plotting
poinis corresponding o a large number of values of the parameter ¢ and then connecting
the plotied points with a curve. The appearance of the resulting graph depends greatly on
the graphing window used and also on the particelar choice of r-values. This can be secn
in example 1.3.

EXAMPLE 1.2 Parametric Equations Involving Sines and Cosines
Sketch the plane curve defined by the parametric eguations

x=2o0ar. yv=2sinf, forfa)l0=<¢i<Ieand(bib<r<e (1.1}
Solution  {a) The default graph produced by most graphing calculators looks
something like the curve shown in Figure 6032 (where we have added armows indicating
the orientation). W can improve this sketch by noticing that since x = 2 cos 1, ¥ ranges
between —2 and 2. Similarly, v ranges betwern —2 and 2. Changing the graphing window
mw—21=<=x=21and-21 %y <721 produces the curve shown in Figure 6.3h. The
curve looks like an ellipse, but with some thought we can identify it as a circle. Rather
than eliminate the parameter by sodving for 1 in terms of either ¥ or v, instead notice
finoorm 1.1 that

L4+ vV =4cos’ 1+ 450’ r=4cos’ 1 + 50t =4,

S0, the plane curve lies on the circle of radius 2 centered at the origin. It's not hard to
see that this is the entire cincle, raversed counterclockwise. (Simply plot some poinis,
or betier yet, recognize that ¢ commesponds to the angle measured from the positive
x-axis i the line segment joining (x, v) to the origin. noting that f ranges from 0 o 2 )
A “zguare” graphing window—one with the same scale on the x- and v-axes, though
not necessanly the same x and v ranges—aives us the circle seen in Figure 6.3c.

{b} Since we™ve identified 1 as the angle as measured from the positive x-axis,
limnitineg the domain to (b = ¢ £ 2 will give the top half of the circle, a= shown in

{1

FIGURE 6.3¢c
A circle

o

I

FIGURE 6.3d
Top semucirche

Simple modifications to the parametric equations in example 1.3 will produce a vari-
ciy of circles and ellipses. We explore this in example 1.4 and the exercises.

EXAMPLE 1.4 More Circles and Ellipses Defined
by Parametric Equations

Identify the planc curves (ajx =2sin y=3cosr ibir=24+ 4w y=3 +4sinr
and (clr=3 cos 2. v=3xin2r all for 0 £ 1 £ 1a.
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REMARK 1.2

Look carcfully ai the plance
curves in cxamples 1.3
and 1.4 until you can
identify the roles of cach
of the constants in the
cquations ¥ = a + B cos o1,
il = d + & sin o1 These
in applications.

FIGURE 6.4a

r=3zmty=3oot

REMARK 1.3

There are imfinitely many
choices of parameters that
produce a given curve.
For instance, you can
verify that

x=—=-2431 v=-3+35L

forl <5<2
and
1+ 5
X=f W = ———,
: 3
forl <r=4

both produce the line
segment from example 1.5,
We say that cach of

these pairs of parametric
equations is a differens
parameterization of

the curve.

Paramefric Equaticns and Polar Coordinates =1

Solution A computer-gencraied sketch of (a) is shown in Figure 640 Observe tha
this is not a circle, since the parameiric equations produce s-values beiween —2 and
2 and y-values between —3 and 3. To verify that this is an e¢llipse, observe that

4 45in’s 9 cos’y

r+f = + = sin f + cos-r = |
4 9 4 g ek

A computer-generated sketch of (b) is shown in Figure 6.4b. You should verify that
this is the circle (x — 2 + (v — 3)* = 16, by eliminating the parameter. Finally, a
compuier skeich of (o) is shown in Figure 6.4c. You should verify that this is the circle
1"+ v* =9, but what is the role of the 2 in the argument of cosine and sine? If you
sketched this on a cabculator, you may have noticed that the circle was completed long
before the calculator finished graphing. Given the 2. a complete circle cormesponds to
D=2 = 2eor D=1 < r With the domain (0 £ 1 £ 2, the circle is traced out twice.
Yiou might say that the facior of 2 in the arpument dowbles the speed with which the
curve is traced.

¥ ¥

FIGURE &6.4b FIGURE 6.4c
a=2+domsy=3+4dsint s=3 o2, y=3 sin 2t
]
In example 1.5, we see how to find parametric equations for a line segment.
EXAMPLE 1.5 Parametric Equations for a Line Segment

Find parmmetric equations for the line segment joining the poinds (1. 2) and (4, 7).

Solution  For a line segment, notice that the parametric equations can be chosen to be
linear functions. That is.

x=a+ b, ¥=¢+dr,

for some constants o, b, ¢ and d. (Eliminate the parameter § o see why this generates

a line.) The simplest way to choose these constants is to have ¢ = () correspond 1o the
starting poind (1, 2). Node that if 1 = 0, the equations reduce tox = g and v = «. To stan
oursegment iy =l andy =2 weseta = 1 and ¢ = 2. Taking 1 = | 1o correspond fo
the endpoint (4. T, we have a + b=dand c + d =7 . Since o = | and ¢ = 2, we get
=3 and d = 5. so that

x=14 3 y=24 5i ford<r= 1

is a pair of parametric equations describing the line segment. = i

In general, for parametric equations of the form x = a 4 b v = ¢ + di. notice that you
can always choose @ and © (o be the x- and v-coordinates, respectively. of the starting point
(zsince ¥ = &, ¥ = ¢ cowresponds to 1 = 0. In this case, & is the difference in y-coordinates
{endpoint minus starting point } and & is the difference in y-coordinates. With these choices,
the line segment is always sketched out for 0 < r < L
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FIGURE 6.5a
y=ix+1F—2
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FIGURE &6.6a

r=F =2 y=r—t

y

FIGURE &6.6b
r=f—fy=1—5" +4

P
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As we illusiraie in example 1.6, every equation of the form ¥ = fix) can be simply
cxpressed using parametric equations.

EXAMPLE 1.6
Find parametric equations for the portion of the parabaola v = 1 from (—1, 1) 10 (3, 9%

Parametric Equations from an x-y Equation

Sofution Any equation of the form y = f{x) can be converted to parameiric form
simply by defining ¢ = x. Here, this gives us y = x" = r, so that

r=1 y=rF  for—l<r<d,

is @ parameiric representation of the curve. =

Besides indicating an oricotation, parametric representations of curves often also
carry with them a built-in restriction on the portion of the curve included, as we see in
example 1.7.

EXAMPLE 1.7 Parametric Representations of a Curve
with a Subtle Difference

Sketch the plane curves (ajx=1— 1. y=rF —Z2and (bjx=r—1,y=r"—-12,

Solution  Since there is no restriction placed on i, we can assume that § can be any
real number. Eliminating the parameter in (a), we get f = x + 1. so that the parametric
-rqulimin[a}mrrupaniuﬂxpamha]a_r:ix+IF—lihmmﬁgur:&.Sa.
MNotice that the graph incledes the entire parabola, since 7 and hence, x =1 — | can be
any real number. (1f your caleulator sketch doesn't show both sides of the parabola,
adjust the range of ~values i the plot.) The importance of this check iz shown by (b).
When we eliminate the parameter, we get i = x + 1 and so, v = (x + 1)* — 2. This gives
the same parabola as in (a). However, the initial computer skeich of the parametnic
oquations shown 'mFlgu.n.-&Shshn:!'n.-snlﬂyth:righlha]fnfﬂ:tpﬂmhu]a_Tntrtrjfylhm
this is correct. note that since x =~ — |, we have that ¥ > —1 for every real number 1.
Therefore, the curve i.smlyllu:l'igl].lhalfufllh:pmdmlny:[x+]]!—I.assiu:rwlL
Mote that we do not indicate an orientation here, since the curve is traversed in one
direction for ¢ > 0 and the opposite direction for r <. =

Many plane curves described parametrically are unlike anything you've scen so far in
vour study of calculus. Many of these are difficult to draw by hand, bat can be casily plot-
ted with a graphing calculator or CAS.

EXAMPLE 1.8 Some Unusual Plane Curves
Sketch the plane curves () x=rF — 2 v=r —rand (bjx=r =,y = — 5 + 4.

Solution A sketch of (a} is shown in Figure 6.6a. From the vertical line test, this is
not the graph of any function. Further, comverting o an x-v equation here is messy and
not particularly helpful. (Try this @0 see why. ) However, node thar x =1 -2z -2for
all rand y = — ¢ has no maximum or minimom, {Think about why.)

A computer sketch of (b) is shown in Figure 6.6b. Again, this is not a familiar
graph. To get an idea of the scope of the graph, note that 1 = r' — r has no maximum or
minimum. To find the minimum of v = £ — 57 + 4, note that critical numbers are at
f=0andr= t\E with corresponding function values 4 and —3_ respectively. You

should conclude that v = —E,M indicated in Figure &.6bh. =

You should now have some idea of the flexibility of parametric equations. Signifi-
cantly, a large number of applications ranslate simply into parametric equations.
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EBEYOND FORMULAS

When thinking of parametric cquations. it is often helpful to think of r as representing
tme and the graph a= representing the path of & moving particle. However, il is importam
i realize that the parameter can be anything. For example, in equations of circles and
ellipses, the paramcter may represent the angle a5 you rotate around the oval. Allowing
the parameter to change from problem to problem gives us incredible flexibility 1o
describe the rebationship between x and v in the most convenient way possible.

EXERCISES 6.1 (@)

['~) WRITING EXERCISES - [:=1z—wr=+nmm
=1+t WF + Fsin 32
1. Imerpret in wonds the moles of each of the consants 0 the y=I i
x=d+ b oos{cr) g =
]:m'a.n'u:r.l'lcur.p.nl:rum{ s ; bl : e x=Hicos 46y £ 1
I s =Ko sin 4 VE+ 1

2 Analgorithm was given in example 1.5 for Ninding pammetrse
equatons of a line segment. Discuss the advantages that this

miethad has the other methods presented moremark 1.3,
e g In exercises 21-28, find parameiric equations describing the

A Asindicated i oremark 1.3, o gaiven curve can be described by given curve.
numerous sels of parsmetric equations. Explam why several

il agiitng: e all e . (ifias; Baakasize fha 2L The lime segment from (0, 1) 4 (3, 4)

Eact that £ is o dummy variable.) X3 The line segnwend from (3, 1) w (1, 3)
23, The line segment from (—2_ 4) w5, 1)
I exercises 1-12, sketch the plane curve defined by ihe given
parmmeiric equalions and lind an c-r equation for the carve, 24, The lne segment from (4, =2 w2, —1)
L {1:111:.-;: 3 [1=E+:“3‘ 25, The portion of the parabola v =1 + 1 fram {1, 2 (2, 5)
v=13xin¢ y=—2+2smnf
5 P 5 s -
4 {I=_]+1’ 2 {I=4+}J 6. The partion of the parabola v =2 — x° from 2, —2) 1o (0, 2)
y=¥ y=2i-¥ 27. The circle of radius 3 cemered ar (2, 1), coumterclockwise
{":[“ . {1=1,_' M. The circle of radius § cemtered at (—1. 3), counterclodkwise
v=F+2 y=r+1
R o =
= A=E In exercises 29-32, find parameiric eguations for the path of &
9 {x:h:iu"‘r . r=tan""t projeciile launched From height b with initial speed v al angle §
" |w=snt y=divT+ 1 From the horizomntal.
. {x=]\;lﬂf 12 {'="’_h 29 h=16m v=12mi, ja) @=0° (b} #=6"up
v= Lt V=
M b= 100m v =24 mbs, (a) =07 by &=4% dowm
[P 1 exercises 13-20, use a graphing caloulatar to sketch the 3. h=10m v =2mhk, fa) B=0¢ (b} =5 down
plane curves defined by the parametric equathons.
o o 32 h=40m, v=FHmb, (ay =0 (by &=6" up
13 {::.r:—lr 14 {::r:—lr
}':J’—] _1.-=r—3!
15, {!=M'-1|' 1. {I=1-'l-1-\1* In exercises 3342, find all poinis of inlersection of the twa
v =8n It ¥ = 4in &t CHEVES
a=3o0s 2 + sin St {"=" {I=[+5
i B amil
1. {_1.':3-:.i.n"_r+nm!ur v=r—1 y=4—x
x=3o0s 2 + sin G x=r r=2+x
. {}'=3§JEIII'+EI'IEEI||' a {y-t-‘l—l - {_v:[—:



&7

=I=I'+3 - {;=]+;

F y=2-x
16 13= r+3 {Jr=1+1
¥=r 4+ y=1-—x

@ﬂ. Congecnene the difference berween the graphs of {ff:’::
where & & an inleger compared 1o when & i an freational num-
ber. (Hink Try k=3, k= /3. k=5, k= +'F and other valwes )

P 38, Compare the graphs of {‘;E:rurt= LE=2k=3,

k=dand k=5 and describe the robe theat k plays in the graph.

=i — oo
= for k=2 k=3,
}'=n'u!—%:a'uk.l

Bj‘!‘. Conapare the graphs :rl'{

k=4 and k =5, and describe the role that & plays in the graph.

= i
#0. Describe the robe that r plays in np:ﬁxd{:_:zf'
=tcos s
then describe low o sketch the graph of {1_,;':!
r=ocos M x=ois §
Blt. L‘unp:-eﬂegmphsﬂ{\__m' :1.|:-|]{1t_.mI . Lse e
identities cos 2 = cos’t — sto’f and sin 20 =2 cos § s e find

x-v exquaiions for esch graph.

B-I.L Determine  pammetric equatins for the curves defined
I:jlr'-l—v" = for mtegers n. |Ho: Start with o = 1,
O+ v = r, then think of the general equation = (°F +
{vF = r.) Sketch the graphs form = 1. n=2amnd n= 3 and
prediet what the curve will book lke for barge valoes of i

In exercises 4348, maich the parameiric equations with the
corresponding plane curve displayed in Figures A-F. Give
reasons far your clhoices.,

J=f:—| r=Ff—1
b {_'|.'=.I'I " {:I.'=.I‘:I
45 lx:l’T—I 3% {.lr:]'::—l

¥=5IT ¥ = san 2

x = i 31 x=3omr
. {\—nm - {_T:Z.ti.n.r

SECTION 6.1

Piane Curves and Paramesric Equations
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X appLicATIONS

Exercises 1| and 2 explore ihe sound barrier problem discossed
in the chapler introdoclion. Define 1 unil o be the distance
iraveled by sound in 1 second.

L {a}

(b

1]

(di

(n

Suppose a sound wave i emined from the arigin al hme 0.
Adver ¢ seconcls {r = 0, explain why the position i umis of
the sound wave & modeled by 1= rees # and v = f <o 8,
whene the dummy parameter § has range 0 < @ < 2z

Fimd parametnc equalions for the posdiion al i seconds
{F = ) of o sound wave emimed al hme o seconcds Fram
the point (o, k).

Suppose that a pet has speed (U8 ot per second (pe,
Mach 0.%) with posstion fuscton ) = (L& and wie) = 0.
To muoubel the posiion &1 tme § = 5 econds of vanous
soumd waves endbied by the et do the Tllowing on one
sel of axes. (1) Graph the position after § seconds all the
sound wave emitted from ({0, O3 (2) graph the position
afver 4 weconds of the sowmd wave emitted Trom (LK, 0
{3) graph the powton after 3 seconds of the soumd wave
ermilled o i 1.6, U (4) graph the posaion afler 2 seoods
o phe <ouned wave emined from (2.4, 0 (5) graph the poa-
teoa after 1 second of the sound wave emitled From §3.2, 0]
{6 mark the position of the je al time = 5.

Repea part () for a jet with speed 1.0 aml per seoond
{Mach 1. The sownd waves thal inbersect a1 the j=t's bsca-
ki dre Che “oumd barmer™ that must be broken.

Repeat part (c) for a et with speed 1.4 umis per second
{Mach 1.4).

I part (e}, the sound waves inlersed each other. The
ialerseciions form the “shook wave™ Tkl we hear as a sonec
hoom. Theoretically, the angle & between the shock wave
and the r-axis sahishes the equabon gnd= E. where
15 the Mach spesd of the jet Show thal for m= 1.4,
the theoretical shick wave bs formed by the lines xir) =
T — vl vir) = ¢ and of) = T — L%, wit) = —1
Superimpose these lines onto the graph of part (el

In part (], the shock wave of a jet ot Mach 14 s mod-
eled by wo himes Argue thal in three dimensioms., the
shock wave has circular enoss-seciions. Deseribe the three-
dimmensional fegane formed by revodving the lines m part ([
ahinll thee r-axis.

Paramefric Equaticns and Polar Coordinates

6B

2 Il a pebbile s deoopped inlo water, 8 wave sprexds ool m an
expamnding circle. Let v be the speed of the propagstion of the
wave. I a boat moves throogh this water with speed 14y, anpue
that the boar's wake will be described by the graphs of part (f)
of exercise | Graph the wake of a boai with speed 1.6v.

& Pursino: L Seperitock

Exercise 3 shows that a cebestial objec con incorrecily appear
ta be moving faster than the speed of light.

3 (a

(b

L]

()

()

i

0]

A bright objpect is al posatian (0, 2 al ime {), where £ is
a very larpe posative number. The obgect moves woward
the posillive r-axis with comstant speed g < ¢ al an angle &
{rom the vertical. Find parametric equations for the posi-
toon of the object 31 wme £

Let sify be the didtance from the obgect o the armgin at
i
tume & Then ur::?;:\rhﬂu:muﬂmillﬂmx

for light erdned by the object & tine o neach the origan.
Show that L'{# = 1 M_
[ sy

An observer stamls al the arigin and tracks the hoozon-
1l mxwement of the object. Light recerved &1 me T was
emitted by the abject a1 doee & whene T'= ¢ + Lifh Sim-
1karly, light recerved ot bme T + AT wias ematled al bme
r+alt, where iypically dr # AT, The apparenl r-coonkinate
ol the ohgect af time T 15 wi(Th = xl¢). The apparent hor-

ol d asl 1he object at thme T & measured by the
s b AT+ AT) — x 4T} i

obisrver 18 MT) = Hm . Tracing
aT—n AT
back w time « show that k() = kim 20 T2 —H0 _
F AT
|.'=.:i.|1£l‘_ w sl
iy 1+
i
Show that #i0)) = ————
= v s 8

Show that for 3 constant speed , the maximinm apparent

horzronbal gpeed B0 occurs when the object moves at an

angle with cos == Find this speed in terms of o and
c

|

T Vi—de

Show thal a2 v approaches ¢ the apparent horizonial
speed can exceed o causmyg the observer o measine
an object mowing (ster than the speed of light! As o
apprisches o, show thal the angle producing the maxs-
mum apparend horgontal speed decreases o (L Discuss
why this 1% paradixical.

¥ 1, shov that B0 has no maximuam.
e
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E d. Let ry 3nd ry miodel the paths of Earth and Mars, respec- equalions for the position of a rider and graph the rider’s path
= ok It Adjust the speed of mtation of the wheels to improve the ride.
wvely, amund the San,  where r‘:_{:—;mlﬂ = " .
x = 1.5 cos o | ; :
= - Acvonding w thes model, bow do the
g {y:[j.u'n:r '
raudin and periods of the orbils compare? How accurue is this?
The orbit of Mars relative o Exrth & modeled by ry — 5y
Ciraph this and wdentily the retrograde motion of Mars as seen
Troxa Earth.

5 EXPLORATORY EXERCISE

E L. Mamy carmivals have a version of the double Ferris whesl
A large central arm rotates clockwase. Al each end of the cen-
trad arm is a Ferris whael that rotates chockwizse around the arm
Assaime that the central amm has length &) m snd notstes aboot
s cember. Also assume that the wheels have radis 12 meoand
rotale al the same speed st the central arm. Fand parametric

@ 6.2 CALCULUS AND PARAMETRIC EQUATIONS

Owr initial aim in this section is o find a way to determine the slopes of tangent lines
to curves that are defined paramewrically. Firse. recall that for a differentiable function
v=fi{x), H!:-ilnpcnflhrtangemhmaldu:pnmu_augw:n by (). Written in Leibniz

uulatnu_mtslnwu—{d: In the case of a curve defined parametrically, both x and v anc

ﬁumunnsnfth:pml:raﬂatm:thﬂlfr_xmam_k = w1} both have derivatives that
are continuous ai f = ¢ the chain mnele gives us

REMARK 2.1

&S
I
B S
BB

Be carcful how you As long o ) 0wt B
inierpret equation {2.1 ). ot
The primes on the right
side of the equation refer oy
o derivatives with respect v P

to the parameter 1. We 71 ol b =-.'t’h'l' (21
recommend that you {at g~

lzast initially j nse the
Leibniz notation, which
also gives vou & simple way where @ = xic). In the case where 1'{c) = v'(ch =0, we define

o accurately remember the
chain rule.
dy
dy di ¥
.:.h[“: h_r‘ug—lﬂl P {2.2)
il

provided the limir exises.
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CAUTION

Lowok carefully at {2.3) and
comvinoe yoursell that

oy
d'y | df
=" o
dr’

Egquesting thewe Twas expressions
15 i common error. You should

be careful w avid thas trap.

FIGURE 6.7a

The Scrambler
Dietirs A rson/Shaiesdick

=11

AGURE 6.7b
Fath of a Scrambler rder

FIGURE 5.8
Tangenl lines 1o the Serambler path

We can wse (2.1) to calculate second (as well as higher) order derivatives. Motice that

if we replace v by —, we
rep .h}‘h get
4(dr)
d [dv dirh dx

§=E{E) ==& S

dr

The Scrambler is a popular carnival ride consisting of two seis of roating arms. {Sec
Figure &.7a). If the inner arms have length 2 and rotate counterclockwise, we can describe the
location {x.. v;) of the end of one of the inner arms by the parametric equations @ = 2cos 1, v,
= 2 sin r. At the end of each inmer arm, & set of owuter arms rotate clockwise at ronghly twice
the speed. IF the outer arms have length |, parametric equations describing the soler arm
rotation are x, = sin 21, y, = ook 21 Here, the reversal of sing and cosine terms indicates that
the rotation is clockwise and the factor of 2 inside the sine and cosine terms indicates
that the speed of the rotation is double that of the inner arms. The position of a person
riding the Scrambler is the sum of the two component motions; that is,

x=2 o5 ¢+ 5in 21, y=2xint+ cos 2

The graph of these parametric equations is shown in Figure §.7h.

EXAMPLE 2.1 Slopes of Tangent Lines to a Parametric Curve
Find the slope of the tangen line to the Scrambler path described by x =2 cos 1+ sin 21,
vy=21sinr+cos Irai(a) = 0 and (b) the point (0, —3).

Solution  {a) First, note that

dx dy
S e Jsinr4Z2cos? and S —Zcosr—2sEnl
dr dt

From (2.1}, the slope of the tangent line at 1 = 0 is then
:ﬂ.

—{0
dr‘ ) Zeoal—2sinll

dv _
T _2sinD+2cosO

dx

T
(]
—{0)
i
b} To determine the slope ai the point {0, -3}, we must first determine 8 valoe of 7 that
corresponds 1o the point. In this case, notice that § = 3e2 gives ¥ =10 and v = —3. Here,
we have

dax f3e dy .'-Lt\J "
m[z}_m 2l

m.
and consequently, we marst use (2.2) to compuie E Since the limit has the
indeierminate mg. we use |"Hopital's Rule, 1o get

dx

2

dy 3:‘: - 208 ¢ — 2 sim X lim —2sinr—4cos 2y
{ e —2sins 42 cos 2t ~~ta —2 006§ — 4 8in 20

which does not exist, since the limit in the numerator 15 6 and the limit in the
denominator is 0. This says that the slope of the angent line at r = 3472 is undefined.
In Figure 6.8, wie have drawn in the tangent lines at 1 = () and 322, Notice that the
tangent line at the point (0, —3) is vertical. =

Finding stopes of tangent lines can help us identify many points of interest.



FIGURE 6.9
x=cos XM v =xin 3
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EXAMPLE 2.2 Finding Vertical and Horizontal Tangent Lines

Ideniify all points ai which the plane curve x = cos i, ¥ = sin 37 has a horizonial or
vertical tangent line.

Solution The skeich of the curve shown in Figure 6.9 suggesis that there are two
locations—ihe top and bottom of the bow—with horizontal tangeni lines and one

point—ihe far right edge of the bow—with a vertical tangent line. Rnc-s.ll that horizon-

day dy i)
taltmgﬁ'lhnﬁnn:ulwmmir (. From (2.15, mli:l.II:tha'.-'ntIir P = (I, which
can occur only when

h=wv'{r=3 cos 3,

provided that x'(r) = —2 sin 21 # [ for the same value of 1. Since cos 8 = 0 only
when & is an odd multiple of 3, we have that ¥'{f) = 3 cos 3t = (), only when

3:_‘_3_' “—:'____andr.n.r—gri; _____ The corresponding points on the curve

are then

Note that 1 = 2* and r = %* reproduce the first and third points, respectively. and
50 on. The points (3. 1) and (. —1) are on the top and bottom of the bow, respectively,
where there clearly are horizontal tangenes. The poims (—1, —1) and (—1. 1) should mot
seem guite right. though. These points are on the extreme ends of the bow and certainly
dunl]mkhhﬂ:ylmtvﬂwﬂurhmmlmnm In fact, they don’t. Motice that
a.tbulhr—‘andr—-— we have x'(i) = 1{:1—ﬂandau.ﬂtslup:umhccmrputndas
a limit using (2.2). W leave it as an cxercise fo xlnwll:nlmrshptsﬂr——a.ﬂdf——
AT < a.ﬂli——_lﬂ-[!:ftnltlj'

'l'n find points where there is a vertical tangent, we neod o see where x'() = O but
Y1) # 0_Setting 0 = x'{t) = —2 sin 2, we get sin 2 = 0, which ocowrs if 2r =0, 2 22, . __
or=03a .. The cormespanding podnts are

{00, W0 = {oos 0, sin @) = (1. 0).
{afxh, W) = loos 2, sin 3g) = (1, 0)

and the points corresponding Inr=_§an:lr=_¥, which we have already discussed
{where v'(rj = [, also). Since v'(f) = 3 cos 31 £ 0, for 1 = 0 or ¢ = a, there is a vertical
tangent line only at the poing (1. 0). =

Theorem 2.1 generalizes what we observed in example 2.2,

THEOREM 2.1

Suppose that x'(r) and v'(r) are continwous. Then for the curve defined by the
parameinic equations x = x(f} and ¥ = vir),
(i) if ¥ich=0and x'{c) = 0, there is a horizontal tangent line ar the paoint
eleh, Wk
{ii) 1 x"(c)=10and ()= 0, there is a vertical tangent line at the point (e, W)
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o [XF + v

i

xin

FIGURE 6.10
Horizomal and vertical compone s
ol velocily and spead

PROOF
The proof depends on the calculation of derivatives for parametric curves and is beft as an
Excrcise. |

An imteresting question about the Scrambler is whether the rider ever comes o a com-
plete stop. To answer this question, we need to be able o compute velocities. Recall that
if the position of an ohject moving along a straight line is given by the differentiable func-
tion fir). the object’s velocity 15 given by (r). The sitnation with parametric equations is
completely analogous. If the position is given by (xir), w(z)). fior differentiable functions
xifpand wi), then the horizontal component of velocity 1= given by x'(r) and the vertical
component of velocity is given by v'(1). {See Figure 6.10.) We define the speed o be
1|,l'[,1"f::|]J + Llr'f:i]". From this, note that the speed is 0 if and only if x'{#) = v"(7) = 0. In this
cvent, there is o horizontal or vertical motion,

EXAMPLE 2.3 Velocity of the Scrambler

For the path of the Scrambler x = 2 cos 1 + sin 21, ¥ = 2 sin 1 + cos 2i. find the
horizontal and veriical components of velocity and speed at Ii:'rl:ﬁr:ﬂmd::?,and
indicate the direction of moticn. Also determine all times at which the speed is zero.

Solution  Here, the horizontal component of velocity i.;:’E:—Esinr+2m51ran:l
Ay 't
ﬂ:»trﬁcalmmmiis;‘: 2 cas 1 — 2 sin 28 At f = (0, the honizontal and vertical

components of velocity both equal 2 and the speed is v4 4+ 4 = v'E. The rider is
located at the point (a0}, ¥(0)) =2, 1) and is moving to the right [since x'{0) > O]
and up [since Vil > 0] Atr= i the velocity has components —4 (horizontal) and 0
{vertical) and the speed is /16 4 0 = 4. Ai this time. the rider is located ai the point
(0, 1) and is moving to the left [since jl:ﬂ = 0].

In general, the spoed of) of the rider af fime ¢ is given by

de'y®  favy :
2y = (;) +(E) =f{—lsin:+2m51ﬂ'+g2m5r—lsiﬂlrf

= /4 sin’s — Bsintcos 4 deos I 4 4 cosr— 8 cos rain 0 4 4 sin® X
= +/B — R sin fcos 27 — B oos 150 27

= %8 — & sin 3¢,

using the identities sin® r + cos® 1= 1. cos® 2r + sin® 2r= 1 and

sin 7 oos 2 + sin 27 cos 1= sin 3. So, the speed is O whenever sin 3r= 1.
'l‘his.n-u:u:sﬂh:nk:i.%%‘,...,mr:i,%,%‘---..'l‘ttmnﬁpuuii'ngpnhu

on the corve are (x(Z). ¥(3)) = (3 V3. 3). () #(T)) = (3. 3) and

(x(%). ¥(3)) = (0. —3). You can casily verify that these points are the three

tips of the path seen in Figure 6.7Th. =& |

We just showed that riders in the Scrambler of Figure 6.7b actually come o a brief
stop o the ouiside of cach loop. As you will explore in the exercises. for similar Scrambler
paths. the riders slow down but have a positive speed at the outside of cach loop. This is
truc of the Scrambler ai most carnivals. for which a more complicated path makes up for
the lack of stopping.

Motz that any curve that begins and ends at the same point will enclose an area. Finding
the area enclosed by such a curve is a straightforward extension of our original development
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of imegration. Recall that for a continuoas function fdefined on [a &), where fix) = (hon
[ex, ], the arca under the curve v = fix) fora £ x < & is given by

A=fﬁﬂ.t}d.r=f_l.'d[.

MNow, supposc that this same curve is described parametrically by x = x(r) and v = vir).
where the curve is traversed exactly onee for ¢ < ¢ < . 'We can then compute the area by
making the substitwtion x =) 1t then follows that dv = () dr and o the area is given by

A= ¥ -.i.[..-t.- =f_'|.f]'}1“ﬁ]’]d.f.

where you should motice that we have also changed ithe limits of integration to maich the
new variable of integration. We generalize this resuli in Theorem 2.2

THEOREM 2.2 (Area Enclosed by a Curve Defined Parametrically)

Supposc that the parametric cquations x = x(r) and v = Wz, with ¢ < 1 = 4, describe
& curve that is traced oot cloackwise exactly once and where the curve does not infer-
sect itself, except that the initial and terminal points are the same [ie. oleh = wid)
and we) = vidi]. Then the enclosed area is given by

o il
A =f ' {frdt = —f e (2.4)
If the curve is traced out cownterclockwise, then the enclosed arca is given by

ol
A=— f W (= f v (rhde (2.5)

PROOF
This result is a special case of Green's Theorem, which we will develop in section 14.4.m

The new area formulas given in Theorem 2.2 tern out to be guite wseful, as we illus-
irate in example 2.4.

EXAMPLE 2.4 Finding the Area Enclosed by a Curve
Find the ares enclosed by the path of the Scrambler 1 = 2 cos ¢+ &n 2, vy =2 gin t 4 cos 26

Solution Notice that the corve = traced out counterclockwise once for 0 <7 < 2o
From {2.5), the area is then

Ir =
.{=Jr -l'{.l'}}"fil.l:fi=jr (2 cos 1 + sin 2002 cos f — 2 sin 21)dt
L u
=f {4 cos® t — 2 cos rsin 2 — 2 in® Ahadr = D,
(]
where we evaluated the integral using a CAS. = i

In example 2.5, we use Theorem 2.2 to derive a formula for the area enclosed by an
cllipse. Pay particular attention to how much easier this is to do with parametric equations
than it is o do with the original ¥-y equation.
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EXAMPLE 2.5 Finding the Area Enclosed by an Ellipse
R
Find the area enclased by the ellipse — + %J = 1 (for constants a, b > 0).
=

Solution One way to compuic the area is 1o solve the equation for ¥ to obtain
=%k l—i:mdm:niﬂtgmtc:
a
A=f [hﬁﬂ]—l—:—(—hﬁ]—l—:}]ix_
—a i i

You can evaluate this integral by trigonomeiric substiution or by using a CAS_ bt a
simpler. more clegant way to conpute the arca is o use parametric equations. Notice
that the ellipse is described parametrically by x =gcos L y=bsing for 0 =7 = 1o,
The ellipse is then traced out counterclockwise exactly once for () < ¢ = 2, so that the
arca is given by (2.5) to be

.l.=—)l:_(_1.~[:h'l_r}-ir=—.£ {bsinr]-[—usinr}-ir:aﬁi sin® £t = abs.
where this last integral can be evaluated by using the half-angle formula:

. |
ﬂn‘!:i{l —oos ).

We leave the details of this calculation as an exercise. =

BEYOND FORMULAS

Many of the formulas in this section are not new, but are simply modifications of the
well-established rules for differentiation and integration. If you think of them this
way, they are not complicaied memorization exercises. bul instead are old standards

expressed in a slightly different way.

EXERCISES 6.2 (@

) WRITING EXERCISES

L

In the denvatom of parametne equations lor the Serambler,
we whed the fac1 that reversing the sime and cosine functions

Ly {::f,:;‘; camses the crrele o be traced ol clockwise.
Explain why this i w0 by starting at ¢ = 0 and following the

graph a8 rincreases W 2

Explain why Theorem 2.1 nuakes sense. (Hint IF v'ic) = 0,
what dioes that say aboul the change in y-coordinates on the
graph™ Why do you alse need x'(c) 2 10 10 puarantee a borioon-
tal tangent ¥}

Imcgene an object with positon given by i) and e If a
sight iriangle has 3 hortzontal lag of lemgth x'{f) and 2 vertical
leg of length v'(¢), what would 1he length of the hypotenuse
represent? Explain sy this makes sense.

Explain why the sign (£) of [“wix'(fhds in Theorem 2.2 is
different for curves raced ol clockwise and counterclockwise.

I exercises 1-h, Mnd the sopes of the tangenl lines o the given
curves al ihe indicaled poinis.

L {:f;::! fayr=—1 (Wr=1 (e} (=20

5 {::f‘:;‘-ﬁ+4 @) r==1 (b} r=1  {c} (0.4}
x=21pst x =

* {'I'=35ir|r @ i=2 M=y (9 in, 3
=i 2 o x _x L faE

4 {v:smd.r {'”I_I “ﬂr_j [L}{."'l}
r=feos! x

% {v:ninr @i=0 Wmi=5 ()=l

» {I= |'-r{-I fay r=—x (Bhr==  (c} (O
¥ = si
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In exercises 7 and B sketch the graph and find the slope of the
curve ai ihe given poind.

r=r—2
S

& x=r—i .
{_1.-=|l‘—5r+-l

ar(—1,

al (I,

In exercises 9-14, identily all points @i which the curve has
{a) & horizantal tangent and (b a vertical langenl.

= 2t x =i 2t
.. [:r:sirl-ll.r . {y::.in'.’]
1i. r=r-1 1 r=r—1
{}':I"—Iﬁr ¥y=r—dr

13, [.I::Zn:uﬁr-l-mulr

x=2ooat+snr
v=2 s f + oos 2f .

v=2%in 2 + cos ¢

In exercises 15-20, parameiric equalbons for ihe posiiion of
an object are given. Fiml the object’s velocity and speed ot the
given times and describe iis motion,

x=2omm ¢ o
15 {:":35irl]' fa) t=10 (by ,=£
6. [::gxll:' fa) p=0 (b} 1=2=
.t:ﬁ],r
] =3
i L‘=3LI—_‘.'_;_|E“.:' (g} t=0 (b} 1=2
=40t + 5
i {:-'=IIJ+3:_ fa) t=0 (b) ¥=2
x=2 cos 2+ san W :
14, l}-=15'm'_fr+._m5¢ fa) #=0 fbit=§
x=3 gim 1 + wn A i
- {.‘"=]!in]'+rm3_r fap t=0 (k) ;=i_

In exercises 21-28, Mnd the area enclosed by the given curve.

x=3cosr =0 r

ek [T:Euiur — {y:lnnr

. I__"m' oo 2 24, {.r:lu.'n:-l!+tm-|r
_v=:!,xinr—£x-iu2: ¥=2dan 2+ sin de
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In exercises 29 and 30, find the speed and acceleration af the

uhrject each time il crosses e c-axis.

r=2s" f + 2 cos i — | x=6e0s f+ Goos'r
=21 — o Flsin £

y=6sins— Asin'

31. Suppose that x =
£
= it
Fx
E[IJ'E!]

2 ok ¢ amd o= 2 mt.ﬂmiiftﬁ:
¥]

and

il show thal they are ol égueal

32 For r = of and v = br” for non-2emo constants o and b,
determine whether there are any valoes of + such thar

d v %F:
b=
dx” :‘,{!]

33, Suppose you are danding at the origin watching an object that
has position (x(0), v(e)) = tme £ Show that, from your per-

spective, the object i moving clockwise if (ﬂﬂ) < 0 ol

15 moving counterclockwise if (:}:} =i

A In the Piolemae misde] of planelsry motion, thee earth was
o the center of the solar system and the sun and planets
orbited the earth. Circular orbits, winch were preferred for
segthetie resmons, coubld nol sceount for the actusl motion of
the plansts as viewed from the eanth. Plolemy modifed 1he
crcles o epicycloids, which are cincles oa arcles somi-
lar 10 the Scrambler of example 2.1, Suppose thal a planel’s

= lloos Vemt + 20 cos daf .

y= 10sin 16xr+ 20 in dur - USI0E the

resll of exercise 33 fimd the miervals in which the planet

rotates clockwise amd the inlervals inowhich the planet rotates
counerclockwie.

rm.lli.mi.-.gi.tmlr}-{

35, Find parametric equstsons fof the path iaced oul by a specific
point on a circle of radios r oolling from leh o oght at a con-
sland speed v > r Adsume that the point sLarts al {r, r) &0 Dme
# =L {Hint: First, ind parsmetric equations for the center of
the circle. Then, add on parametric egquations for the point
poing around the cenler af the cirele ) Find e mnimum and
maximum speeds af the point and the bocatumns whene ach
occurs. Ciraph the curve for v = 3 and r = 2 This curve is

called a eycloid

36, Find parametnic equations for the path waced oul by a spe-
cifie ponal msade e circle as the arcle molls from lefw nght
{Hmm: i ris the ruding of the crcle, ket d < rbe the distance
from the poial o the center. ) Find the mmimam and maxi-
i speads of the poant and the becations when: sach oceurs.
Ciraph the curve for v =3, r =2 and o = 1. This curve is called
= trochoid

A7, A hypoeycloid s the path traced out by @ pomt on @ smaller exre-
cle of radius b chet is rolling inssde a Larger circle of radns o >
b {see accompanying ligure). Find parametne equations for the
hypocyclond and graph it for o = 5 2nd b= 3. Find an equation
in Bermns of the parameter ¢ for the dhope of the 1angent lme b the
hypocychond and deternmine ame point 8 which the pangent e
1% vertical. Whal inleresting simplification ocears if o = 25
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Figure for enercrae 37 Fugure for exercise 38

cirche of radius b ithat i< rolling outside & larger circle of radis
a = b {see acvompanying higare). Fond parametric squations for
the epicychoid and graph o for o = 8 and b = 5. Find an equa-
tion in lerms of the paranter ¢ for the shope off e angent Hoe
10 the epicycloid and determine one point o which the slope is
vertscal. Wit pnteresiing simplification ocours if @ = 2H7

@ appLicaTIONS

L

x=snde g il
¥ = =0k dF
s speed 15 constant. Show thad, al amy wme r, the angenl line

is perpendicular bo a bne connecting the orgin and the ohyect.

Suppose an object lollows the path {

A Perris wheel has hedght 100 m and completes one revolution

in 3 nuimses a1 a consiant spesd. Compute the speed of a nder
o Lhe Ferris wheel.

A modification of the Scrambler ;o example 21 s
1 =2 pos 3+ sin 5r i
{F=1“y+ﬂﬂ.hm1t,wmmuzapeﬂ!
of the outer arms o the speed of the inner arms is 240-1.
Wit is the mbio in this version of the Scrambler? Sketch a
graph showine the motion of this nrew Scrambler.

Compute 1he spesd of he Scrambler m exercize 3. Using rigo-
nemetnic bleniies a5 moeample 2.3, show that the speed is ata
mniromem when gin Be= 1 but that the speed is never Bero. Shos
that the menzmum speed ix reached at the outer points of the peth.

Fmd paramelric equalions for a Scrambler that 18 the same as
in exampbe 2.1 except that the cuber srms rolste three Emes

Paramefric Equaticns and Polar Coordinates

&16

as fast as the inner arms. Skeich a graph of i motion and
determing 1B minimum and maximom speeds.

Find paramenric squsions for a Scrambler that 15 the same
as in example 2.1 except that the inner arms have length 3.
Sketch a graph of s motion amd devermine 108 manimum and

@E)(PLMTDFH’EJCEICIS
AR An epheveloid mothe parth traesd ol by a poial on a smaller B 1. By varying the speed of the ouler arms, the Serambler of

example 2.1 can be gemeralized 1o {:=i'::::$g
snme pasilive consdanl ko Show that the semmum speed for
any such Serambler is neached af the catsde of a kop, Show
that the onby valoe of & that actually produces a speed of O s
k=2 By varying the lengths of the arma, you can further
: &= ook § 4+ sin ke
peneralire the Scrambler 10 {_\':r:.in!-l-mﬁ.r
comstants ¢ > 1 and ko Sketch the paths for several such
Scramhiers snd determine the relatioaship berween r and k
meeded 10 produce a spead of L Find the “bext™ Serambler
as gudged by complexity of path and vanation i passenger
speed.
Bigier curves are essential in almost all areas of modern engi-
neering design. (For instance, Béxer curves were wsed for
sketching mamy of the figures for thas book.) One version of a
Bézer curve starts with comtrol points at (o, vo), (b vl o, %)
anel (g, val The Bérier curve passes through the points (o, v
and (e, vyl The tangent line al 1= a paxses through (&, %) and
the tamgent ke alx = o passes through (o, v Show that these
crileria are mel, for 0 < f < 1, with

foxr

for posilive

e+ b—c—dit + {2 — 2k + ¢ — a®
Y W

Aty w0+ (v — By + v — 3P

- + (¥ — Valf + ¥

Use this formmula o find and graph the Bétier carve with con-
trod podnds (0,00, £1, 23, 02, 3jpand (3, 0). Exploce the effect of
imuving the middle contrl points, for example moving them
g b 1, 3 andd 2. 4), respectively.

6.2 ARCLENGTH AND SURFACE AREA
IN PARAMETRIC EQUATIONS

In this seciion, we investigate arc lengith and surface arca for corves defined paramet-
rically. Along the way, we explore one of the most famous and interesting curves in

mathematics.

Let © be the curve defined by the parametric equations x = wo7) and v = wr). for
a = f = b (see Figure 6.1 1a), where x, 17, v and v° are contimoous on the interval [@ B].
We further assume that the curve does not intersect itself. except possibly at a finite number
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FIGURE 6.11a
The plane curve C

FIGURE 6.11b
Approximate anc leaglh
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of points. Cur goal is to compuie the length of the curve (the are length). Once again, we
begin by constructing an approximation and then improve the approximation.
First, we divide the i-interval [o, b] into n subliniervals of equal length, Ar:
d=lg=lj €h<---g£i,=h,
b—ua

where t, —1,_; = Ar = Jforeach i= 1,2 3, . ___n Foreach subinterval [r, _ . 1], we
n
approximate the arc length 5 of the portion of the carve joining the point (ol - 0. wie - )
to the point (o), Wi)) with the length of the line segment joining these poinis, as shown
in Figure 6.1 1b for the case where & = 4. We have
n= d[{.ﬂl’ -I.J"| :"‘1IJ-| ”-{IHJ]\ ."'anl
= VIt — xrOF + [¥0) — MaoOF.

Recall that from the Mean Value Theorem {see section 210 and make sure you know why
we can apply it here), we have that

) —x(t ) = xedn — o) = 2 (e A
and WL — Wit = vlddin — reg) = Vil A,

where ¢, and o, are some paints in the interval (¢, _ ;. ;b This gives us

5 &= i) — ¥ F + [wn) — el
= Vixic) ArF + vid) AP
= [Pl + V()] A

Motice that if As is small, then ¢; and o are close togeiher. So, we can make the further
approximation

[ el + [y(eaF A
foreach i =1, 2. ..., n The total arc lengih is then spprocimately
s= ¥ I’ + e A
i

Taking the limit 85 8 — o2 then gives us the exact are length, which you should recognize
85 an imegral:

- [
s=tim F Vi + erar= [ Vidor + o,

We summarize this discussion in Theorem 3.1,

THEOREM 3.1 (Arc Length for a Curve Defined Parametrically)

For the curve defined parametrically by x = x(f), v =virh a £ 7 £ b, if x" and ¥" are
continnous on [d, &) and the curve does not intersect itselfl {(except possibly st a finite
number of points). then the arc length 5 of the curve is given by

e I|I dry* (v
3=J:. [ + [ aﬁ—[ (m) +(d:) . i3.h

In example 3.1, we illusirate the use of (3.1) to find the arc length of the Scrambler
curve from exanple 2.1.
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FIGUREG.12
r=2¢os t+ an I,
v =2 sin ¢+ cos 2,

O<i<is

AN
SR

-]

)

FIGURE 6.13
A Lissajous curve

EXAMPLE 3.1 Finding the Are Length of a Plane Curve

Find the arc length of the Scrambler curve x =2 cos ¢+ sin 2¢, ¥ = 2 sin £ + cos 21, for
0 =7 = 2a Alzo. find the average speed of the Scramibder over this interval.

Solution  The curve is shown in Figure 6.12. First, noie that x, x°. v and v* are all
continuous on the ivterval [0, 2], From (3.1}, we then have

i P A dvi2 . :
I=f (E) +(j)d‘=_£ V(—2sin 1+ 2 cos 2 + (Zcos  — 2 sin 2y dr

=Jr \,-"d gin® f — 8 sin £ cos 2 + 4 cos® 27 + 4 cos” ¢ — 8 cos sin 2 + 4 sin® 2rdr
]

=-’£ ﬂ—ﬁsinrcm!i—ﬂmt—;rsinlrd::j: w8 — B xim 3rdr = 16,

since sin’f 4 cos’r = 1, cos®r + sin®2r = 1 and sin 1 cos 2r 4 sin 2f cos f = sin 3¢ and
where we have approximated the last integral numerically. To find the average speed
over the given interval, we simply divide the arc length (ie. the distance wraveled). by
the total ime, 2, to obiain

b6

T B == B L5,
™o ™ |

We want o emphasize that Theorem 3.1 allows the curve o intersect itself at a finire
numther of points, but not o intersect iself over an entire interval of values of the parame-
ter 1. To sec why this requirement is needed, notice that the parametric equations ¥ = cos 1,
v=sinf, for 0 < ¢ < 4g, describe the circle of radius | centered at the origin. However, the
circle is raversed mwice as r ranges from O to 42 IF vou were to apply (3.1} to this curve,
yioul would obtain

f (E)W%)’mf (—sin 1)’ + cos'zdr = 4,

which corresponds to twice the are length (circumference b of the circle. As you can see. if
a curve intersects itself over an entire interval of values of 1, the are length of such a portion
of the curve 15 counied twice by (3.1 )

EXAMPLE 3.2 Finding the Arc Length of a Complicated Plane Curve
Find the arc lengih of the plane curve x = cos 5, v =sin T for D <7 < 2.

Solution  This unusual curve {an example of 2 Lissajons curve) is sketched in
Figure 6.13. We leave il as an exercize to verify that the hypotheses of Theorem 3.1
are maet. From (3.1}, we then have that

[\ 2 i . §
:=J‘r (—} + (i) d:=f 1..-’[—5511-.5::- + {7 cos Try- ol = 365,
[ dr r ]

where we have approximated the integral numerically. This is a long curve o be
confined within the rectangle -l = x = I, -1 =v< 1! &

The arc length formula (3.1) should seem familiar w you. Parametric equations for a
curve v = fix} are x = 1, ¥ = fir) and from {3_1), the arc length of this corve fora = x < b

is then
n=f -“'(%)l-p (%)Id;:f 1+ [F(nTdi,

which is the arc length formuola derived in section 5.4. Thus, the formula developed in
section 5.4 is a special case of (3.1
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Observe that the speed of the Scrambler calculated in example 2.3 and the
length of the Scrambler curve found in cxample 3.1 both depend on the same

) 1
quantity: 4(%) - (%) . Dbserve that if the parameter ¢ represends time. then

i

tance traveled) is the integral of the speed with respect to time.

Arc length is a key ingredient in a famous probiem called the hrachistochrone
problem. We state this problem in the contexi of a ski slope consisting of a tilied plane.
where a skier wishes to get from a point A at the top of the slope o a point B down the
slope (but not directly beneath A) in the least tme possible. (See Figure 6.14.) Suppose
the path taken by the skier is given by the parametric equations v = xin) and v = (),
0= u = 1. where x and v determine the position of the skicr in the plane of the ski slope.
{For simplicity, we orient the posifive v-axis so that it poinis dowmn. Also, we name the
parameter o since # will, in general, mor represent time_ )

To derive a formula for the time required to get from point A 1o point B, sart with the

famifiar formula distance = rate - ime. As seen in the derivation of the anc formulka (3.1},
for a small section of the curve, the distance is approximately [_t'{u]]: - [_\"Lu'"! 178

The rate is harder to identify since we aren’i given position as a function of time. For sim-
plicity. we assume that the only effect of friction is to keep the skier on the path and that
¥} = (0 In this case, using the principle of conservation of energy. it can be shown that the

skier's speed is given by Hes for some constant & = 0. Putting the pieces wgether, the
total time from point A o point 8 is given by

i)+ e P
Time = Jf .t1||4' T (3

Your first thought might be that the shortest path from point A to poim B is along a straight
lime. If you're thinking of shorr in terms of gissamce, you're right, of course. However, if
you think of shoer in terms of rime (how most skiers would think of i), this is not true. In
example 3.3, we show that the fastest path from point A to point 8 is, in fact, sor along 2
straight line, by exhibiting a faster path.

dx oy
(—) -l-( ) represents speed and from Theorem 3.1, the are length (Le. the dis-

EXAMPLE 3.3 Skiing a Curved Path That is Faster Than Skiing
a Straight Line

If point A in our skiing example is {00 0) and point B is (#, 2}, show that skiing along
the cycloid defined by

r= fmu — sin au, y=1—cos zu

is faster than skiing along the line segment connecting the points. Explain the result in
physical terms.

Solution  First, note that the line segmen connecting the poinis is given by x = au,
¥ =2u_for 0 = & = 1. Further, both curves mect the endpoint requirements that (w0,
Wiy = (0, ) and (o ), w1} = (& 2}. For the cycloid, we have from (3.2) that

Time — L‘ ) + Iﬂﬂ]'
wiuh

_IL\/[‘ & cos u) +[15"1ﬂ].|ﬂ:l
| — cos =u

=hf‘i:.£ -1||—I_M“du
1 —cos

= k3
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HISTORICAL
NOTES

Jacob Bermoulli (1655-1705)
and Johann Bernoulli
[1667-1748)

Swiss mathematicians who
seisre irstrumenial in the

developrment of the calculus.
Jacid was the first of Several

generations of Bernoulis io
ke Emponant contrbuBons
1o mathematics. He was active
in probability, series and the
caloulu s of vakations and
mitroduced the term “irtegral™
Johann followed hig brother
mito mathematics whills

also eaming a doctorate in
medicine. Johann first stabed
MHapitars Rule, one ol many
redults over which he fought
bitterly jusasally with his brother,
ait, after lacobs death, slso
wiith his cwn son Danisl) to
recene cridit. Both beothers
st SErEive, irrtable,
egatistical [lohann had his
iombstone macribed, “The
Archimedes of his age™ and
quick to eriticire others. Their
compelithve spirit accelerated
the developmert of calculus.
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Similarly. for the ine segment, we have that

= kv +4.

Natice that the cycloid route is faster since £ < Vi + 4. The two paths ane shown in
Figure 6.15. Observe that the cvcloid is very steep at the beginning. which would allow
a skier o go faster following the cycloid than following the straight line. As it turms
out, the greater speed of the cycloid more than compensates for the longer distance of
its path. =

We will ask you i construct spme skiing paths of your own in the exercises. However,
it has been proved that the cycloid is the plane curve with the shoriest time (which is what
the Greek root words for brachistochrone mean). In addition, we will give you an oppor-
tunity o discover another remarkable property of the cycloid. relafing to another famoas
problem. the tantochrone problem. Both problems have an interesting history focused on
brothers Jacob and Johann Bernoulh, who solved the problem in 1697 (along with Mewton.
Leibniz and 1"Hbpital} and argued incessantly about who deserved credit.

Much as we did in section 5.4, we can use our arc length formula to find a formula for
the surface area of a surface of revolution. Recall that if the curve v = fixifore <y £ dis
revolved about the x-axis (soc Figure 6.16], the surface arca is given by

mﬂmm:fh!ﬂf}! V1 + [FoF dx

vaidie wit. =ik

Let © be the curve defined by the parametric equations ¥ = xii) and y= v witha < r < b
where x, 1", v and ¥ are continuous and where the curve does no intersect itself fora <@ < b
We leave it as an exercise to derive the corresponding formula for parameiric equations:

Surface Area= f bl VO] + Y (o] dr.
a B —

[SE2THY
mic gl

More generally. we have thai if the corve is revolved about the line v = ¢, the surface area
i= given by

Surface Arca = f 2a)yin) — e] VICWT + Lv'in) dr. (3.3)
ST

T an: ength

Likewise, if we revolve the curve about the line x = d. the surface area is given by

i
Surface Arca = f Za|nieh — d] I OF + D] b (3.4)

s I
s Enyih

Look carefully at what all of the surface area formulas have in common. That is, i each
case, the surface area is given by

SURFACE AREA

i
Surface Area =f 2airadius are lemgth)dr. (3.5}
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FIGURE 6.16

Surface of revolitson

=3

FIGURE 617
_'|,'=] E

9

FIGURE 6.18

x=%in I, y=cos &

g

FIGURE 6.19

* 0

Laclder shiding diwn a wall
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Look carefully ai the graph of the curve and the axis about which you are revolving, to see
how to fill in the blanks in (3.5). As we observed in section 5.4, it is very imporiant that
you draw a picture here.

EXAMPLE 3.4 Finding Surface Area with Parametric Equations
Find the surface area of the surface formed by revolving the half-ellipse

J‘E_+%= L. v = 0, about the x-axis. {See Figure 6.17.)

Solution It would truly be a mess to set up the integral for v = filx) = 2V 1 — M,
(Think about this!) Insiead. notice that you can represent the curve by the parametric
oquations x =3 cos L, vy =2sinr, for 0 = 1 £ 2. From (3.3), the surface area is then
given by

Surface Arca =f e (2 sin 1) 4/ (—3 sin 17 + (2 cos i df
1]

ki o= lengsh

=dr| sinrv9sin®r+ 4 cosrdr

4 045 sim 1 4/503) 4 10 _
E 5

67.7,

where we wsed a CAS to evalusic the integral. =

EXAMPLE 3.5 Revolving about a Line Other Than a Coordinate Axis

Find the surface area of the surface formeed by revolving the curve x = =in 2,
v =oos 31 for 0 £ 1 £ 23 abowt the line r =2,

Solution A sketch of the curve is shown in Figure 618, Since the r-valoes on the
curve ane all less than 2. the radius of the solid of revolution 15 2 — 1 =2 — sin 2r and
o, from (3.4}, the surface area is given by

il
5urfxu:h.n:a=£ 2a (2 — sin 26} 4/ [2 cos 21]* + [—3 sin 3] dr = 201,
—— e

tamdiiih o= lengsh

where we have approximated the value of the integral nomerically. =

In example 3.6, we model 2 physical process with parameiric equations. Since the
modeling process is itself of greal importance, be sure that you understand all of the steps.
Also, see if you can find an alternative approach o this problem.

EXAMPLE 3.6 Arc Length for a Falling Ladder

An B m tall ladder stands vertically against a wall. The botom of the Lladder is pulled
along the floor, with the top remaining in contact with the wall, until the ladder resis
flat on the floor. Find the disiance traveled by the midpoini of the ladder.

Solution  We first find parameiric equations for the position of the midpoint of the
ladder. We orient the x- and y-axes as shown in Figure 619,

Let x denote the distance from the wall to the botiom of the ladder and let v
denote the distance from the floor to the top of the ladder. Since the ladder is 8 m
long, ohserve that x° + 3* = 64. Defining the parameter 1 = x. we have v = V64 — .
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The midpoint of the ladder has coordinates (3

muicpaint are
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When the ladder stands vertically against the wall, we have © = 0 and when it lies flst
on the floeor, x = 4. 50,0 < ¢ < & From (3.1). the arc kengih is then given by

L

o) = [ i1+ a)

o | (] i | 1
Y Y AP A
264 —1r 2V 1 -t

1
5uhﬁlituliﬂgu=1—;gi.\ts usd‘u:idicn:d‘i=ﬂdu_ For the limits of integration, note
that when r = 0, u = 0 and when r = 8, i = 1. The arc length is then

il | II 1 aml
;=_’£ - —,m-=f —yf——Bdu=4 sin~u
2N 11—y o 2§ 1 —w el

-(3-9)-

Since this is a rare arc length ingcgral that can be evaluated exacily, you might be
suspicious that there is an easicr way o find the arc length. We explore this in the

EXNCICISCS. |

EXERCISES 6.3 (@)

) WRITING EXERCISES

L

In the dervatim preceding Theorem 3.1, we gustified the
eyualnm

B — B = g'l:r_.'] Ar.

Thinkieg of gif) s position amd g'(f) as velocity, explam wiy
this makes wende

The curve m example 3.2 was a long curve conlained within
a small rectangle. What would you giess would be the maxi-
i bength for a corve conlained inossch a reclangle? Briefly
explain.

In example 3.3, we poted that the geeper mitial slope of the
cycloid would allvw the skier W build up more speed than
the strzight-line path. The eycload takes this sbea to the lingt by
having & vertical tangent Boe al the ongin. Expln wiy, despite
the vertbeal langent hine, il i il physscally possable for the
skier 1o stay on this dope. (Himt: How do the two dimensions af
the path relate b the three dimensions of the sk ope)

The wutechrone problem discussed in explorgiory exercise
2 dmvalves starling on the same curve al o different places
amd comparing the bmes requimed 0 reach the end. For the
cyclond, compare the speed of a skier gdanting al the origin
versus one starting halfway 1o the botom. Explain why i is
mol clear whether gartmg hallway down would get you 1o the
barttom fasder.

In exereises 1-8, lind the are length of endh curves compube ome
exacily and approcimate the other numerically.

=2l r=01—2cosr
P |
) {y:-'l-unr L {_r:!-l—lhin!
i) {‘=':_‘1' 2zl
y=r-3

14

ﬂﬁl {ifii":, —1<1<1
2) {::hn]‘ﬂhl" <1< xi?

¥ =St

b {.‘I. = sin i cos 1

R
¥ = sm &¢ 4am ¢ =

¥ = suf o’

@ {I—!Inf T

="
by {,

w Esmir’
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<
(4) {_y-—.u <r<d
R .
ik {“*’. D<r<d
y=r
x =44 o
() _-.-=1.,-'ﬁ‘]£*—'
1] {1=3ﬁ!+1 <12
' F=O+3T T T

In exervises 9=12, (a) show that the curve starls al the origin
al ¢ = 0 and reaches the point (x, 2 al § = L ib) Use the time
Formanla (3.2} to delermine bow boag it would take a skier 1o

take

the given path. (¢} Find the slope at the origin and the arc

bemgih Tor the curve in the indicated exercise.

L8

it

1
{::—Edw:-.rr— 1
= 4 a3
ry=4+ n_un.d'

Blﬂuﬂﬂlﬂ 13-18, compuie fhe surfsce area of the surface
obigined by revelving ithe given curve aboul ihe indicated axis.

13 {‘=":_t_—:£:5|:| fa) aboul the raxis
y=r—d4 by abewtr=—1

=F—-1

. {‘_ B B2+ {a) sbout the T-axis
- o e (b} aboutr=3

:—

15. {‘_': Yocez fa) about the y-axis
=53 ib) aboul y=2
x=4dr

16, S J,IEFEI fa) about the r-axis
. Sk Uik {b) aboutxr=4
='|

17 [:_:'tmruysi fa) aboul the v-axis
= = {b) abouty=3

18, “:]:__'Jsrg‘: fa) about the T-axis
E (b) absout the r-axis

@™ appLicaTIONS

L

Amn ¥ m il ladder stands vertically against a wall. The wop of
the ladder is pulled direcily away from the wall, with the bot-
lom remaining in contact with the wall, until the ladder resas
on lhe (Roor. Find parametric squations for the position of the
maicpoint of the ladier. Find the distance aveled by the med-
point afl the babdes.

The answer inexercise | equals the cincumiErence of 2 quarter-
circle of radis 4. Disruss whether this 15 a coincidence or noL
Compare this valoe to the an: leagih in example 306, Discwss
whether or md this b5 a comcidence.

Arc Length and Swrface Area in Paramedric Equaticns 347
The ligure shown hene 15 called Corno’s spiral. 1 is defined by
anmmw;:i'mrfdr:ﬂy:‘f:iinrr"in
Each af these miegrals 15 imporant 18 the sody of Fresne] dif-
fracticn. Find the arc length of the spical for (a) —2x < 1 < 2x
and (b) general o £ ¢ £ b Use thes resull v discoss the rate al
which the spiraling occurs.

A eyclosd s the curve traced oml by & poinl on a carcbe ax the
circle mlls along the r-axis, Suppose the circle has radios 4,
the point we are follovamg starts at (1, ) and the circle rolls
from left o right. Fund parametric equations for the cyclosd
and figd the are length as the crele compléles one poation,

45 EXPLORATORY EXERCISES

=

For the brachsiochrone problem, o critera for the Bsled
curve are: (1} steep slope i the origin and {2) concave down
{nie in Figire 6.15 that the positive y-axis poists dovwensarnd ).
Explain why thess criteria make sense Identfy oiher neasonable
criteria. Then find parametric equatoas for a corve {diffenent
from the cyelod or those of exercises 9-12) tha meet all the cri-
terea. U the formiiks of exsmple 3.3 1o fmd oul how 10 your
curve 1. Yow can't beat the cyclowd, bul pet & close as you can!

The tautochrone problem o ansher surprising problem
that was siudsed and solved by the same sevenbeenth-century
miathemsticians a5 the brachistochrme problem. (See Journey
therourgh Genius by William Dunbam” for a descrpteon of this
imleresting piece of history, featuring the brilliant yel combai-
ive Bernoulli brothers ) Becall that the eychind of example 3.3
runs from (0, 0) © {x 2). It wakes the skier kvZx=nig
seconds to ski the path. How long would it take the skier
slarting partway down the path, for mstance at (2 — 1, 1§77
Fimd the slope of the cyclosd at this point and compare il Lo
the shope ar {0, 00 Explain why the skier would build up less
speed starting al this new poind. Graph the speed function for
the eycloid with 0 < o = | and explain why the fariber down
the slope you starl the less speed you'll have. To see how
speed and distance balance, use the eme lormuda

VI —ood
/T o — O 5
for the bme it takes woski the cychxd starting 21 the pont

{me — sin e, | — oo ma), O < o < 1. What 15 the remarkablbe
property that the cycloid has™

D, W 19PHE. Lwrnry ot Groe (New Yok Wiley b
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(@) 5.4 POLAR COORDINATES

The familiar r-v coondinate system is ofien referred o a5 a system of rectangular
coordinates, because a point is described in terms of its horizontal and vertical distances
from the origin. {See Figure 6.200)

An aliernative description of a point in the xy-plane consists of specifying the distance
¢ from the point w the origin and an angle @ (in radians) measured from the positive 1-axis
counterclockwise 1o the ray connecting the point and the origin. (See Figure 6.21) We
describe the point by the ordered pair (s, &) and refer to r and @ a5 polar coordinates for
the point. For convenience, we allow r o be negative, with the understanding that in this

case, the point is in the epposite direction from that indicated by the angle &

FIGURE 6.20
Reclangular covrdinates EXAMPLE 4.1 Piotting Points in Polar Coordinates

Flot the points with the indicated polar coordinates (7, @) and determine the
corresponding rectangular coordinates (x, ¥) for: (a) (2, 00, {b) (3, 3). (e} (=3, 3} and
d} (2, 7).

Solution  {a) Notice that the angle 8 = 0 locates the point on the positive x-axis.
Al a distance of r = 2 units from the origin, this corresponds 1o the point (2, 0} in
rectangular coordinates. (Sce Figure 6.22a.)

(b} The angle 8 = :—, locates points-on the positive v-axis. At a distance of F= 3
units from the origin. this corresponds o the point (0. 3) in rectangular coordinates.
{5ec Figure 6.22b )

() The angle is the same as in (b}, bot a negative value of rindicates that the
point is located 3 units in the opposite direction, at the point (0, —3) in rectangular

FIGURE 6.21 coordinates. {See Figore 6.22b.)
Polar coondinabes (d) The angle # = & corresponds o the negative r-axis. The distance of r =1
uniis from the origin gives us the point (—2. 0) in rectanguolar coordinates. (See
Figure 6.22¢c.)
¥ ¥ ¥
3 .
11.3)
EE
2t T 2. TN
+ e e T ! — i X
_!_a 'q—:—
+ i 2
[-5.3)
FIGURE 6.22a FIGURE 6.22b FIGURE 6.22c
The poin (2, 1) in polar mw&nu{lf}m{_lfj The point (2, ) in
coordinates 2 2 polar coorbinates
i palar covndimales
]

EXAMPLE 4.2 Converting from Rectangular 1o Polar Coordinates
Find a podar coordinate representaiion of the rectangular poini (1, 1.

Solution From Figure 6253, notice that the point lies on the line v = x, which
makes an angle of E with the positive x-axis. From the distance formula. we get
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FIGURE 6.23a
Pollar ooordinates For the pound (1. 1)

- lf-ﬂl'
& : o= gin il
il [ =1
¥=rcoad
FIGURE 6.24

Comerting from palar w
rectangular coonfinates

REMARK 4.1

As we saw in example 4.2,
cach point (x, ¥} in the
plane kas infinitely

many polar coordinale
representations. For a given
angle &, ithe angles & = 2,
i & 4 and so on, all
correspond o the same ray.
Fior convenicnee, we use
the notation & + 2ra (for
any integer ) (o represent
all of these possible angles.
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that r = %'1° + 1* = +2. This says that we can write the point as (v/2. §) in polar
coordinates. Referring io Figure 6.23b, notice that we can specify the same point
by using a negative value of r. r = —+/Z, with the angle % (Think about this fur-
ther.j Notice also. that the mgkt—':f+2:cm:ipnnds to the same ray shown in
Figure 6 23a {See Figure 6.23¢.) In fact, all of the polar p-n'mb:h-"if-} 2rer) and
(—2. if + o) for any integer i correspond o the same point in the rv-plane.

t"ﬁ ...... I
¥ i L
¢
T3 + My
FIGURE 6.23b FIGURE 6.23c
An alternative polar Aniother polar representalnm
representation of (1, 1) of the poant (1, 1)

Referring to Figure 6.24, notice that it is a simple matter 1o find the rectangular coor-
dinates (x, ¥) of a point specificd in polar coordinates as (r, &) From the usual definitions
for sin & and cos 8, we get

x=reoxfd and y=rsind 4.1

From the equations i {4.1 ). notice that for a point {x, ¥) in the plane,
C4+ vV =ros @+ Fsir @ = ficos” 8+ sin® #) = #

e 2 £ 0 y_rmnd s o

That is. every polar coordinaie representation (n &) of the point (x. ¥}, where x # 0 musi
safisfy

P=v+y md un@=1. (4.2)
X

Motice that since there's more than one choice of # and 8, we cannot actually solve the equa-
tions in (4.2) to produce formulas for » and & In particular, while vou might be wempted
to write & = tan™'( *), this is not the only possible choice. Remember that for (7, ) to be
a podar representation of the poimt (& v). # can be anv angle for which um-ﬂ':i, while
tan”' () gives you an angle & in the interval (—3. 7). Finding polar coordinates for a given
point is typically a process involving some gmpi-:iﬁg amd some thought

EXAMPLE 4.2 Converting from Rectangular to Polar Coordinates

Find all polar coordinate representations for the reciangular poinis {a) (2, 3) and
(Bi{—3. 1}

Solution (a) With x= 2 and v = 3, we have from (4.2} that

F=r+y=r4+%=13
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REMARK 4.2
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Motice that for any point
{x, ¥) specificd in rectangular
conrdinates {1 £ (), we
can always write the point
in polar coordinates using
cither of the polar angles
tan~'(%) ortan~' (1) + 2
You can determine which
angle corresponds to
r=yx + ¥ and which
correspoasds to

r=—y1" 4" by looking

al the quadrant in which the
poing lies.

[ ] |£'=-|:n"'[—;-_|'+:

0= an~H-3|

FIGURE 6.26
The podat (—3, 1)

626

sothat # = +%' 13 Also,

wd

Enfd===

o
ba

One angle is then # = tan™' (2} = 0.98 radian. To determine which choice of r
corresponds to this angle, note that (2, 3)is located in the first quadrant. {See

Figure 6254 ) Since (.98 radian also puts vou in the firse quadrant, this angle corresponds
to the positive valoe of r, so that {v’ﬁ tm"{%:l:l is one polar representation of the
point. The negative chosce of rcorresponds to an angle one half-circle {i.e., 2 radians)
away |see Figure 6.25b), so that annth:lmpr:snﬂaﬁmist—xﬂ"ﬁ.lan"ﬁ! +l}. Every
other polar representation is found by adding multiples of 2# to the two angles used
above. That is, every polar representation of the point (2. 3) must have the form

(V13 1an~' (2] + 2ne) or (=13, tan~'(2) + 2+ 2nx). for some integer choice of n

3

4
¥
1 2.3 23
YE
. a4 (3
. wn {4 + ?/' -
B m"4T| e
i ]
\_v_‘
FAGURE 6.25a FIGURE 6.25b
The poant (2. 3) Negative value of r

{b) For the point (—3, 1), we have x = —3 and v = 1. From {4.2), we have
F=r v =(-3r+ P=10,
s that ¥ = 44/ 10. Funther,
i
L
mﬂ:atlh:nhxtuhx'husdﬂmfmﬂtpﬂ]m:nglciﬁﬂ:lan"[—%];‘:—ﬂjlwhifh
lics in the fourth quadrant. Since the point (—3, 1) is in the second quadrant, this choice
of the angle corresponds o the negative value of r. (See Figure 6.26.) The positive
value of r then corresponds to the angle E=l:m"|,r—%] + &. Observe that all polar
coordinate representations must then be of the form (—+/10, tan™" (1) + 2ax) or
i+ 10, ta.n"[—i} + &+ 2, for some integer choice of B, m
The conversion from polar coordinates to rectangular coordinates is completely
straightiorwand, as seen in example 4.4.

v
fan ===
1.

EXAMPLE 4.4 Converting from Polar to Rectangular Coordinates
Find the rectangular coordinates for the polar points (a) (3, £} and (b) (-2, 3).
Solution For{a), we have from (4.1} tha

x 33

x=rmﬁﬂ=3m-a=T
x 3
and y=rEinf@=3sin—-=—.
¥ =rsin gmﬁ 2

The rectangular point is then I:jf%:] For (b}, we have

i=rom@=—-200s 3= 198
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FIGURE 6.27a
The circle r=2

L]

FIGURE 6.27b
The tine 6 =3

¥

FIGURE 6.28

1 5
=y =

1l o

FIGURE 6.29a
v=sm x plotied in recrangulor

coordenales
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amd v=rsnf#=-2zn 3= —02F

The rectangular point is then (—2 cos 3. —2 zin 3). which is located at approximately
(1.98, —028). m

The graph of a polar equation r = f{ff} is the set of all poinis {(x ¥) for which
X =rcos iy = rsindamd r = fif). In cther words. the graph of a polar equation is a graph
in the ry-plane of all those points whose polar coordinates satisfy the given equation. We
begin by sketching two very simple (and familiar) graphs. The key to drawing the graph of
4 polar eguation is to always keep in mind what the polar coordinates represeni.

EXAMPLE 4.5 Some Simple Graphs in Polar Coordinates
Sketch the graphs of {a) r= 2 and {b) @ = a73.

Solution For (a). notice that 2 = r= 'o,l'xl + _1.'1 and o, we want all points whose
distance from the origin is 2 {with ary polar angle @), OF course, this is the definition
of a circle of radius 2 with center at the origin. (Sec Figure 6.27a.) For (b}, notice thai
8 = a/3 specifics all points with a polar angle of «/3 from the positive r-axis (af any
distance r from the origin). Including negative values for r, this defines a line with
slope tan 2/3 = +/3. (See Figure 6.27h) =

It turns oot that many familiar curves have simple polar equations.

EXAMPLE 4.6 Converting an Equation from Rectangular to Polar
Coordinates

Find the polar equationds) cormmesponding to the hyperbola «* — ¥ =9, {See Figure 6.28.)
Solution From (4.1), we have
O=xr—v=rcosf—rsin’d
= riicos” & — sin’ #) = r cos 24,
Solving for r, we oet

9
cos 28

l;= =";s.|:|:']E',

50 that F=43vaec 26,

Hﬂﬁi::ﬂ:atinuﬂkrtnkc:pmlﬂ::ﬂ.w:mrmiﬂI.Emii-rinlhrint:n'al
—% = 28 = 2, sotha — --r:.ﬂ{ - Observe that with this range of values of & the
hj’pcrhohrnt’&wu:ncdymnt wh:n:r—h.-’ 28 corresponds o the right
branch of the hyperbola and r = —3+'sec 28 corresponds to the leftbranch. m |

EXAMPLE 4.7 A Surprisingly Simple Polar Graph
Sketch the graph of the polar equation » = sin 8.

Solution  For reference, we first skeich a graph of the sine function in recianguiar
coordinates on the interval [, 2g]. (See Figore 6.29a ) Motice that on the interval
ﬂgﬂsg,sjnﬁ‘incmasufmﬂluEEma:immnvah:nl’].Thisn:u’mqmudﬁtua
polar are in the first quadrant from the origin (7 = 07 10 1 unit up oo the v-axis. Then,
mmtimmﬂggﬂﬁx,smﬂd:cumﬁ'ml to ), corresponding to an arc in the
second quadrant, from 1 wnit up on the v-axis back to the origin. Mext. on the interval
xsﬂs]?‘.ﬁiu-ﬂ'dmrcasmfrmnﬂ-mimmhlimumvn]u:n:rl'—i.ﬂinmlll.:wluﬁn[rm
negative. remember that this means that the poinis are plotied in the spposize guadTant
{i.e. the first quadrant ). racing oul the same curve in the first quadrant as we've alneady
drawm for ) = 8 < 3. Likewise. taking & in the interval % = & = 2o retraces the portion
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FIGURE 6.20
Thespiral r=@ 8210

= I
o

,_

il
-

i

FIGURE 6.31

=23+ 2 ¢os x im reclangular
coonlinales

of the curve in the second quadrant. Since sin # is periodic of period e, taking further
values of & simply retraces portions of the curve that we have already drawn. A sketch
of the polar graph is shown in Figure 6.29b. We now verifly that this corve is actually a
circle. Multiplying the polar equation through by r. we get

5 &
F=rsin#.

From (4.1} and (4.2} we have that v = rsin & and F=x +_1.'!_ which gives us the
rectangular equation

rEvV=y
or ﬂ=.l::+_'|‘:—_'|-'.

Completing the square. we get

' a I 1
0= +[: — +_}__
r y—% i i

and adding § to both sides. we get

-2+

This is the rectangular equation for the circle of radius § centered at the point (0. 3).
which is what we see in Figure 6.2%. =

The graphs of many polar equations are nof the graphs of any functions of the form
v=fixh, as in cxample 4 8.

EXAMPLE 4.8 An Archimedian Spiral
Skeich the graph of the polar equation r =@, for & = 0.

Solution MNotice that here, a5 @ increases. so 0o does r. That is, as the polar angle
increases. the distance from the origin also increases accordingly. This produces the
spiral (an example of an Archimedian spiral) seen in Figure 6.30. =

The graphs shown in examples 4.9, 4.10and 4.11 are all in the general class known as
limagons. This class of graphs is defined by r=a + bsin @ or r = a + b cos 8, for positive
consiants @ and b. Ifa = b, the graphs are called cardioids.

EXAMPLE 4.9 A Limacon
Sketch the graph of the polar equation r =3 4 2 cos &.

Solution 'We begin by sketching the graph of ¥ = 3 + 2 cos x in rectangular
coordinates on the interval [0, 2x], io use as a reference. {See Figure 6.3 1.) Notice

that in this case, we have r =3 + 2 cos @ > () for all values of . Forther, the maxinem
value of ris 5 (corresponding o whencos 8 = | at @ = (0, 2r, etc.) and the minimom
value of r is | (corresponding to when cos 8= —1 &t @ = g 3& etc). In this case, the
polar graph is traced oot with 0 = # = 22 We summarize the intervals of increase and
decrease for rin the following table.

Tmterval s r=3+2ocosl
|o.£] Decreases from 1100 | Decreases fram § 1w 3
E Decreases from Gw —1 | Decreases from 3w 1
|:#] Incrences from —1 0 0 | Increases from 1 o 3
[%Zr] Icreases from O bo 1 Imcreases from 3w S




B2

In Figures 6.322-632d. we show how the skeich progresses through each inierval
indicated in the table, with the completed figure (called a limagon) shown in
Figure 6.32d.

: i ¥

T =3
=1 -3
FIGURE 6.32a FIGURE 6.32b FIGURE 6.32c FIGURE 6.32d
T E b=y Dede= 0= 2n
m

EXAMPLE 4.10 The Graph of a Cardioid
Skeich the graph of the polar equation » =2 — 1 sin &.

¥ Solution  As we have done several times now, we first sketch a graphof v=2 — 2 zin x
in rectangular coordinates, on the imerval [(1, 2a]. as in Figure 6.33. We summarize the

T intervals of increase and decrease in the following table.

34

4 Imterval sin i r=2—2zinf

1d |11. i] Incresses from 0o 1 Drecreases from 2 o 0
. ] . o 2 = Decreases from 1100 | Increases from 0o 2

* u
% x % el g [z.#] Decreases fromlhio —1 | Increases from 2 1o 4
Er
e 2 Incréases fnom —1 Lo 00 Decreases from 4w 2
FIGURE 6.33 [5. 2]

=2 —2 sin ¥ in reclangular
cordinales ; 5 . 3 vt n
Again, we skeich the graph in stages, corresponding to each of the intervals indicated in
the table, as seen in Figures 6. 3406 344

I+ 1=
— s R P —
-3 =3 i 1 3 3 -3 =3 -1 T

P S =1

-1t -2

~ig =34

—4t -4

-5t -5

FIGURE 6.34a AGURE 6.34b

e ies 0<i=<x
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FIGURE 6.35
y=1—2 5@ x1in reclangular
coomlinales

" 5
FIGURE 6.34c FIGURE 6.34d
0 D=2

The compleied graph appears in Figure 6.34d and is sketched out for < @ < 2. You
can see why this figure is called a cardioid (“heartlike™). =

EXAMPLE 4.11 The Graph of a Limacon with a me
Sketch the graph of the polar equation F = 1 — 2 sin é.

Solution 'We again begin by sketching a graph of v = | — 2 sin.r in rectangular
coordimaies. as in Figore 6.35. We summarize the intervals of increase and decrease in
the following table:

Taderval sl r=1—2sind
|U.:' I reases (oo O o 1 Decreases from 1w —1

I.I.‘! Decreases from 1 Lo 0 Incremoes oo —1 1o 1

|I.J:T. Devrenses from 0w —1 | neneases foom 1 oo 3

%,EA‘F Incresces from —1 w0 | Decreases from 3w |

Notice that since r assumes both positive and negative values in this case, we need o
exercise a bit more caution, as negative values for » cause us to draw that ponion of the
gra.;hmlh:uppa-meqm:lmt Dhscn*clhau_ﬂ-wh:n I — 2 sin & = (I, that iz, when
sin # = ;. This will occur when 8= g and when f=12 % For this reason, we expand the
above Iﬂ:h: to inchede maore 1m:n'a]-; and where we also indicate the quadram where

the graph is o be drawn. as follows:

Tnterval sin i r=1—1sind Puatrani
|_"-|':i Inemeases (o 0 pu—! Diecreases from 1wl Fimst

|‘-':_, 5_.| J.nn'lra.i.n:s]m e L Decreases [rom O —1 | Third

|§ !ﬂ Decreases from 1 o+ Incresses fom —1 w0 | Fourth
|%. l'] Decreases from 5 1o Incneases From O | Second
|l'- '51\!] Decreases from 0 1o —1 Increases from 1 o3 Third

%- —li Increnses from —1 w0 Decreases from 3 i | Fourth

We sketch the graph in stages in Figures 6.36a-6_36f. corresponding wo cach of the
intervals indicated in the table.

&30
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¥ i
Y E
14 1+ 14
} t t — } t t — } t o} —F X
2 -l B -2 =i I 2" -l 1 2
1 AN A
=3t e =3
-31 -1 -31
FIGURE 6.36a FIGURE 6.36b FIGURE 6.36c
e e R R

FIGURE 6.36d

S e

AWAS

(2]

FIGURE G.26f

D= i<z

The completed graph appears in Figure 6.36f and is sketched out for 0 < 8 < 2 You
should ohserve from this the importance of determining where r = (. as well a5 where r

is increasing and decreasing. 6

EXAMPLE 412 A Four-Leaf Rose
Sketch the graph of the polar equation r = sin 28,

Solution  As usual, we will first draw a graph of v = sin 1y in rectangular coordinates
on the interval [0, 2x], as seen in Figure 6.37. Notice that the period of sin 269 is only o
We summarize the intervals on which the function is increasing and decreasing in the

following rahle.

-+
g\/r. s\/h
_!a.

FIGURE 6.37
¥ = sin Irin reclangular
corclenales

Trderval

r = sin 24

Chruaara

[o- 5]

Increases from (o 1

Fira

[
4" X

Decreases from 1 w0

Frrst

Es

Deecreases from 0o -1

Fourth

e

Increases [rom —1 1w 0

Fourth

[ %1

Increases Trom 0o 1

531

Deecreases from 1 w0

[5-4

Decreises from 0o —1

Secomd

rd

Increases from —1 1o (0

Sevond
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We sketch the graph in stages in Figures 6.38a-6.38h, corresponding to the iniervals
indicated in the table, where we have also indicaied the lines v = 4r. as a goide.
Thas is an interesiing curve known as a four-leal rose. Motice agaim the significance

of the points corresponding to r = 0, or sin 28 = 0. Also. notice that r reaches a
maximum of 1 mz&:%.s—:_.__nr-ﬂ:i_éf,...andrlﬂdr.saminimumnf—l

whcnlﬂ:%‘."r:—',...nrﬂ:%-,%....hgahl.ymmnﬁlkﬁ:pinm'mdmﬂlﬁhnr&

negative, we draw the graph in the opposite quadrant.

¥ ¥ ¥

FIGURE 6.38a
D<d<]

¥

FIGURE 6.38d FIGURE 6.38e FIGURE 6.38f
U<#<x DecE DcicE

FIGURE 6.38g FIGURE 6.38h
oo 0<f<in

Mote that in example 4.12, even though the period of the function sin 28 is = it ook
t-values ranging from O to 2 to sketch the entire curve £ = sin 28, By contrast, the period
of ihe function sin # is 2x. b the circle r = sin @ in example 4.7 was completed wiih
0 = @ = & To detcrmine the range of values of & that produces a graph. you need o care-
fully identify important poinis 35 we did in example 4.12. The Trace feature found on
graphing calculators can be very helpfal for getting an idea of the f-range. but remember
that swch Trace values are only approximates.

You will explore a variety of other interesting graphs in the exercises.
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BEYOND FORMULAS

The graphics in Figures 6.34, 6.36 and 6.38 provide a good visual model of how o
think of polar graphs. Most polar graphs r = f1#) can be skeiched as a sequence of
connected arcs, where the ares stant and stop at places where r = ) or where a new
quadrant is entered. By breaking the larger graph into small arcs, you can use the prop-
ertics of o determine where each arc stans and stops.

EXERCISES 6.4 (@

Mind & corresponding x-y egquation.
L. Suppose 4 pomnl hes polar representation (. &), Explan why N _ i
another polar representation of the came point is {—r, § + ). %= 2. r=V3 . A= ull
2. Ader working with rectangular coondinases for o long, the L 0=l e =rall Mur=Soned
ides of polar representalions may seem shghtly awkbwand 25 r=3sind 6 r=2xnd

Hevwever, polar represenfations ane entirely natural in many
seftings. For instance, if you were on & ship a1 sea aml another
ship was approaching you, explan whether you would use a
polar representabon (distance and beanng) or a reciangular

In exercises TT-di, shetch the graph and identily all valwes of &
where r = 0 and a range of values of @ that produces one copy

represenLation { distance east-west and distance porth—south). of the graph.

3. Inexample 4.7, the graph {a corcle) of r= sin @ 15 completsly  y A— ] W r=rcoz i
traced oul with 0 £ 8 = = Explam why graphing r = an & with
& i 2 would produce the same Dull circe, . r=sin3f M. r=sin 2l

4. Two possble advantages of immoducing o pew coonfinale 3L r=3+lsnd 3 or=I-ZTomd
syalem are making previous problens eakier o solve and i r=2_dgap M or=3 1 dcoid
allowing new problems o be solved. Give two examples of -
graphs for which the polar eguation is smapler than the rectan- 35 r=2+2sind 36 r=31-fHemsd
pular equation. Give two examples of polar graphs for which 1. r=:-||'.'F Fr—
you have nod seen 3 reclangular eguation.

M. r=2cos (0 —aid) . r=2sin{} —x)

In exercises 1-6. plof ihe given polar poinis (r, #) and lnd ibeir

) in exercises 41-50, sketch the graph and identify all vabses of

reclangular representation. & where r =L
L {20 Lilx A (-2 1) 4. r=cosd + s 42, r=cos 0+ sin 29
4 |:—3.,ji.'] 503, -x 6 [5.-3) 4 r=un "2 Hor=0VF+1

45, r=2+dcos 38 46 r=2—dsindd
In exercisss 7-12, find all polar cosrdinate representations of 47, ;= > oo T
the given rectangular psoini. 1 + sin & 1 —smd

3

A s E (—1.1) % (3 ) =m Sl =ﬁ
I (2 —1) IL 3.4 1L (-2, —'5) 7 y

In exercises 51=-56, find a polar equation corresponding o the
B cnvwciasy 1318 find vortsuguiie coondiuates G the given. FYen Pectingular ecuafien,
polar puini. 5l ¥—1r'=4 5L ey =4
1% (2-5) . (-1.5) 15. (i 3) 82 FA+i=16 H P+ v=x
16 (3.5 17. (4, =) 18 (-3, 1} 55 y=3 56 r=2
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Im exercises 5T-62, sketch the graph for several dilferent valoes
ol o and describe the elTecis of changing a.

57,
5.
6l.

3 e
Fa o

EM.

F e

r=u oo i 58 r=quni

r= o (aff) 6. = sniad)

r=14 aom i 6. r=1+4+asmd

Ciraph r= 4 cod 0 san @ and explain why there 15 60 curve 1o
the left of the v-axis.

Ciraph r = & cos & for —2x £ & < 2z, Explamn why this is called
the Garfeeld curve.

[EREFFIEH o PR

Skeich the graph ol r = ﬂhﬁﬁ first for O < & < &, then
for O < & < 2, then for 0 < 8 < 3z, . . . and finally lor
0 < i = Jdx. Discuss any patterns that you find and predict
whal will bappen lor larger domarns.

Skeich the graph of r= cos aff ficst for O < @ < 1, then lor
U@ thenfwr 0 <&<3, ... ;nd fenaldly focld < &< 3L
[Mscuss any pattems that you Dimd and predict what wall bappen
o larger domaias,

I exercises 67 amd 68, use the graph of ¥ = fix) (o sketch a
graph of r = fitL

7.

L5

b

L
14 /
13 + — 1
3 e |
L

P

i
=15

&34

&,
1| Wi [ —
+
- - i —
= X =5
+
=14 F —Y

@ EXPLORATORY EXERCISES

E 1. Enohis enercrse, you will explore the roles of the constants o b

and ¢ i the graph of r=af (b + ). To @art, sketch r = an &
followed by r= 2 sin d and r = 3 sin 8. What does, the constant
o affect’’ Then sketch r= sin (8 + &2) amd r = sin (0 — =ML
What does rhe constanl ¢ alfect? Now for the ough one
Sketch r = sin 20 and r = gin 38 What does the conslant b
seem 1o alfect” Test all of yvour hypolbeiess on the base fanc-
om r= 1 4 I oo aned several Tunctions of your choice.

The polar curve r = @™ i an equiangular curve. Skeich
il
the curve and then show that .n'_l; = br. A somewhal comapl-
o
caled geometrie argunsent shows that j = r o . where a

1% the angle between the langent Boe and the hoe conpecting
the pmnl on the curve o lhe ongin Comparing equalions,
conclude that the angle a s constaal (hente “equiangular™).
To tllustrale this property, compate o for the pomnts o 8= 0
amel @ = x for r = % This type of spiral shows up ofien in
mature, including shelllish (shern here 15 an ammeonite Tos-
al from aboul 350 mallwn years ago) and the MMorels of the
comamon dagy. (ther examples, inclideng the conmeciyon 1o
sanllowers, the Fibonsocs wequence aml the mosical scale. can
b foaimd m H. E. Huntley™s The Divine Proportion.

>

beierheanm nesces’ Alanny
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@ 6.5 CALCULUS AND POLAR COORDINATES

Having introduced polar coordinates and looked st a variety of polar graphs, our next step
is to extend the wwchniques of calculus to the case of polar coordinates. In this section. we
focus on tangent lines, arca and arc length. Surface arca and other applications will be
cxamined in the exercises.

Motice that vou can think of the graph of the polar equation r = f{#) as the graph of
the parametric squations x = firjeos 1. w(ry = firsin ¢ (where we have used the parameter
= i), since from (4.2)

xr=rcos @ =f{fcos 8 {31}
arud v =rsin = fifisin & {52

In view of this. we can now take any resulis already derived for parametric equations and
extend these to the special case of polar coordinates.

In section 6.2, we showed that the slope of the tangent line at the point corresponding
o & = a is given [from (2.1)] to be

ay _d" 53
delo-. de il
o
aﬁ.hﬂgu%la]:ﬁﬂ. From the product rule, (5.1} and (3 2}, we have
d q
— = f{i}sin & + fif)jcos &
di?
dx g
amd E:ffﬂjms-ﬂ'—_ﬂﬂ]ﬂn i
Puiting these together with (3.3). we get
ﬁ _Fla)sin et + fla)cos o (5.4)

dxlgma  fla)cosa — fla)sina

a5 long ax the denominator is mon-zero.

EXAMPLE 5.1 Finding the Slope of the Tangent Line
to a Three-Leaf Rose

Find the slope of the tangent line to the three-leaf rose r = sin 38 at E=f.

Solution A sketch of the curve is shown in Figure 6.3%. From (4.1}, we have
¥ = rsin = sin 38 sin &

and x=rcosf=sin 3F cos 4.

Using (5.3}, we have

B
&

13 cos 39)sin & + sin 3 cos &)
" {3 cos 3@ )cos @ — sin 3 sin @)

Bl&
BIE%
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1
il
I

FIGURE 6.40a
=3 05 v @n x4+ sm dx oo x

]
I i t —+
1 =] =05 05 1
=5
=14
FIGURE 6.3%9a FIGURE 6.3%b
Three-leal mose The tangent line at =5
Taking # = § gives us
(3m5£}ﬂn£+sm2{m5£} E+l
i‘ _ 4 4 4 4/ 22 1
. 3\ r _ 3xf =y 3 1 2
o [JMI}CME—HET(SNE} —E—i

In Figure 6.3%, we show the section of » = sin 38 for 0 Eﬂsi,ahngwimlhf_tmgcm
lincatd=3% m

For polar graphs, it's important to find places where r has reached a maximum o min-
imum, bui these may or may nol carrespond 1o a horizontal tangent line. We explone this
idea further in example 5.2

EXAMPLE 5.2 Polar Graphs and Horizontal Tangent Lines

For the three-leaf rose r = sin 36, find the locations of all horizontal tangend lines.
Also, at the three poinis where [r] is @ maximum, show thai the tangent line is
perpendicular o the line segment connecting the point io the origin.

Solution From {(5.3) and (3.4}, we have

_ [(@)sin @ + fif)cos @
T Fi@)cos 0 — f{6)sin §

dy _do
dr dr
e

oy
Here, f{f) = sin 33 and 50, to qu.u:j: (0, we must have
I

iy
L d—'ﬂ:3m3ﬂ:iu-ﬂ‘+:=j.u3ﬂ'i:mﬁ‘.

From the graph of f{x) = 3 cos 3x sin x + sin 3x cos x with 0 < x < & (in Figure 6.40a).
observe that there appear to be five solutions. Three of the solutions can be found
cxacthy: # =0, @ = 3 and & = &. You can find the remaining two numerically:

@ = 0.659 and A = 248. (You can also usc trig identities to arrive at sin’# = .) The
corresponding points on the curve F= sin 3@ (specified in rectangular coordinates)

are {0, 03, (0.73. 056}, (0, —1), ( —0.73, 0L56) and (0, 0. The point (), —1) lics at the
boitom of & leaf. This is the familiar siiuation of a horizontal tangent line at a local (and
in fact, absoloie) minimum. The angent lines at these poinds are shown in Figure 6.40b.
Note that these points correspond o points where the v-coordinate is a maximaum.
However. the tips of the leaves represent the extreme points of most interest. Notice
that the tips are where |F| is a maxinum. For » = sin 38, this eccurs when sin 38 = + 1.
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FIGURE &6.41
Crrcular sector

SECTIOM 8.5 =+ Calcuus and Polas Cocrdinates 81
= , = ixr Su x 5 S
Ltuﬂ.m.whcrr:!ﬂ:;,?.?,....urﬂ:;.;,; ..... From (3.4}, the slope of the
tangent line to the curve at § = 7 is given by

o kT " V3
d_'.| [3 M-—)EEDE+SEEE{WEE] 1ZI-+—1 =
* hﬂ_[]ms—j]*n:— sml—'{mf)_ 1] x -
s 6L 6 2

TIL:r:::lang]ﬂupuﬁimr:spmldinglnE:Eisgiﬁtuh}'

(1o 1007) = (£3).

The slope of the line segment joining this point to the origin is then ﬁ making this
line segment perpendicular o the tangent line, since the product of the slopes is —1.
This is illastrated in Figure 6 40c. Similarly, the slope of the tangent line at @ = % is
+'3, which again makes the tangent line at that point perpendicular to the line scgment
from the origin to the point {— =, —'] Finally, we have already shown that the slope
of the tangent line at # = £ is () and a horizontal tangent line is perpendicular to the
vertical line from the origin to the poine (0, —1).

FIGURE 6.40b FIGURE 6.40c
Horizontsl mngent lines The tangent line at the tip of a leal

Mext, for polar curves like the three-leaf rose seen in Figure 6.3%a. we would like w
compute the area enclosed by the curve. Since such a graph is mor the graph of a function
of the form v = fix), we cannot use the usnal area formulas developed in Chapeer 5. While
Wi can convert our area formulas for parametric equations {from Theorem 2.2) into polar
coordimates, a simpler approach uses the following geomeiric argument.

Observe that a sector of a circle of radivs r and central angle &, measured in radians

2]
(see Figure 6.4 1) contains a fraction {1—] of the area of the entire circle. So, the area of
2x

the sector is given by

% H 3
A =.I:.|"E=EJ"E.
Mow, consider the area enclosed by the polar curve defined by the equation F= fif) and the
rays 8 = q and & = b (sce Figure 6.42a), where fis continuous and positive on the interval
a = 8 < b As we did when we defined the definite integral. we begin by partitioning the
B-inierval into n equal pieces:

a=f,<8 cfh=---=8 =h
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B —
The width of each of these subintervals is then AB =@, — 8_, = T:r_ {Does this look
familiar™) On cach subinierval [& _ &) (i=1.2, ... n}, we approximate the curve with

FLE el
= i
By
=7 —_
F= i) =y
x x
FIGURE 6.42a FIGURE 6.42h
Avrea of 2 polar region Approximating the area

of a palar region

The area A; enclosed by the curve on this subinterval is then approximately the same
as the arca of the circular sector of radius {8 and central angle Ad:

1, 1 ’
A= 5P A8 = S LB A,

The total arca A enclosed by the curve is then approximatcly the same as the sum of the
areas of all such circular sectors:

An ¥ A= i%mm]ﬂm

Az we have done numerous Gmes now. we can improve the approximation by making »
larger. Taking the limit as » — oo gives us a definite integral:

LI | 1 | »
sk e s dursdsisioy a“ =nlh--1:|‘: E;mﬂ,jj_ﬂ&:f EU’[E‘H'.:H. tis}
=t 2 =
;‘, EXAMPLE 5.3 The Area of One Leaf of a Three-Leaf Rose
e Find the area of one leaf of the rose r= sin 36,
a5+ ; Solution M:Mw]:ﬂﬂﬂ:mthmﬁmﬂgﬂﬂg-tm
i Figure 6.43.) From {5.5), the area is given by
I Y 05 1 = | . 1S
.-i.=J’r + (sin 38y df = - sim 38 o8
05+ s I 2
I eed 1 1 P
— 1 - [T =_(E—_ i m) —
-11 4.’: (-0 %N =1
FIGURE 6.43 where we have used the half-angle formula sin’a = 1(1 — cos 2a) to simplify the
Uiz zall o r = sim 30 iniegrand. &

Odten, the most challenging part of finding the area of a polar region is determining
the limits of integration.
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! EXAMPLE 5.4 The Area of the Inner Loop of a Limacon
Find the area of the inner loop of the limagon r= 2 — 3 sin .

Solution A sketch of the limacon is shown in Figure 6.44. Starting at & = (. the carve
starts at the poini (2, (). passes through the origin, traces out the inner loop, passes back
through the origin and finally traces oul the outer loop. Thus, the inner loop is formed
by #-values between the first and second occurmences of r = 0 with & = 0. Solving
r=0, we get sin § = 3. The two smallest positive solutions are # = sin™' (3] and
f=n— sh"{%]_Numtdcally,thﬁcmapprmimmlymﬂalwr]=lll.'.|'3 and

#=241. From {3.5). the area is approximately

T4 1 g 1 T4 .
FIGURE 6.44 Axfl (2 - 3sinfV df == {4 — 17 sin @ + 9sin” #)dd
r=2—3szind 2 2 Jan

T
i N o 9

=—£- [4—!251nﬂ+—1|—cm16p]dﬂ:ﬂ.4ﬂ.
2 b 2

where we have used the half-angle formula sin®@ = (1 — cos 28) to simplify the
integrand. ®

¥ When finding the area lving between two polar graphs, we ose the familiar device
1 of subtracting one area from another. Althoagh the calcolations in example 5.5 aren’t (oo
T micssy. finding the points of ntersection of two pelar curves ofien provides the greatest
challenge.

EXAMPLE 5.5 Finding the Area between Two Polar Graphs
Find the area inside the limagon r=3 + 2 cos & and outside the circle r= 2.

Solution  We show a sketch of the two curves in Figure 6.45a. Notice that the limits
of integration correspond to the valees of & where the two curves intersect. So, we must
first solve the equation 3 + 2 cos 8 = 2. Notice that since cos & is periodic, there are
infinitely many solutions of this equation. Consequently, it is essential to consuli the
graph to determine which solutions you need. In this case, we want the leasi negative
FIGURE 6.45a and the smallest positive solutions. { Look carefully at Figure 6.43b, where we have
r=3+2cosfland r=12 shtirdlh:a.rcnh:tv.'c:um:gmpmcmr:spuﬂngtﬂﬁrhﬁwmli—'md'—;.ll:fm
two positive solutions. This portion of the graphs corresponds o the area ouwside
the limagon and inside the cincle!) With 3 + 2 cos 8 = 2. we have cos 8 = —L, which
occurs at 8= —=% and # = . From (5.5), the arca enclosed by the portion of the
¥ limacon on this interval is given by

1 it | - 333 + e
o g |II -:3+1ma:-dﬂ="r—+.
P 1w L
21 Similarly, the area enclased by the circle on this interval 1s given by
T i Ba
e s e S Jf ;[ll'dr]:——.
I. 2 3 4 5 —2ail = 3

The area imside the limagon and owrside the circle is then given by

ln"ll 2uil 1
A =f =13 + 2 cos 0) dbf — ~(2) det

2l < ST
_ B3 4+ddx Br BVI4e o,

FIGURE 6.45b 6 3 6
1—; =8 5“—; Here, we have lefi the {routine) details of the integrations to you. =

In cases where rtakes on both positive and negative values, finding the intersection
points of two curves is maore complicated.
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FIGURE 6.46a
r=1—2cosdand r=2sm &

FIGURE 6.46b
Rectangular plot: v =1 — 2 oos x,
y=2lsinxr0Lr<e

-4
\\..,
(ST o
iy
o

FIGURE 6.46c
Rectangalar plot: y= 1 — 2 oos x,
yv=unr0<y<lte

FIGURE 6.47a
A eylmadrical ol 1ank

EXAMPLE 5.6 Finding Intersections of Polar Curves Where r
Can Be Negative

Find all intersections of the limagon = 1 — 2 cos & and the circle v =2 zin &

Solution 'We show a sketch of the two curves in Figone 6.46a. Notice from the skeich
that there are three intersections of the two curves, Since r = 2 sin & is compleiely
traced with 0 £ & £ =, you might reasonably expect to find three solutions of the
equation 1 — 2 cos &= 2 sin # on the interval 0 £ @ < & However, if we draw a
rectangular plot of the two curves ¥ =1 — 2 cos x and v = 2 sin ¥, on the interval

0 = x £ & (see Figure 6.46b), we can clearly see that there is only one solution in

this range. at approximately @ = .99, (Use Newion's method or your calculaior’s
solver o obtain an accuraie approximation. ) The comesponding rectangular point

is {rcos 8, rsin @ = (=074, 1.67). Looking at Figure 6.46a. observe that there is
another intersection located below this point. From a rectangular plot of the rao
curves corresponding to an expanded range of values of @ (sce Figure 6.46c), nolice
that there is a second solation of the equation | — 2 cos & = 2 sin &, near 8 = 5.86,
which corresponds to the point (—0.74, (0.34). Note that this point is on the inner loop
of r=1— 2 cos & and corresponds toa negative value of v Finally, there appears to
be a third intersection at or near the origine. Notice that this does not arise from any
solution of the equation 1 — 2 cos @ = 2 sin & This is becanse, while both curves pass
through the arigin (you shoald verify this'), they each do so for differenr values of

. (Keep in mind that the origin corresponds o the point (0, #), in polar coordinates,
for any angle £ ) Notice that | — IEmE:ﬂl’u’ﬂ:iaﬂd 2 zin @ = 0 fior & = (). S,
although the curves intersect at the origin, they cach pass through the origin for
different values of @ m

REMARK 5.1

To find points of intersection of two polar carves r = fif) and r = gl@), vou must
keep in mind that points have more than one representation in polar coordinates. In
particular, this says that points of intersection necd not correspond w solations of
Sl = gidh.

In example 5.7, we see an applicaiion that is far simpler to st up in polar coondinates
than in rectangular coordinates.

EXAMPLE 5.7 Finding the Volume of a Partially Filled Cylinder

A cylindrical oil tank with a radius of 2 m is lving on its side. A measuring stick shows
that the il is 1.8 m desp. (Sec Figure 6.47a ) What percentage of a full tank is left?

Solution Motice thai since we wish to find the percemiage of oil remaining in the
tank, the lengih of the tank has no bearing on this problem. (Think aboot this some_ )
We need only consider a cross-section of the tank, which we represent as a circle of
radius 2 centered af the origin. The proportion of oil remaining is given by the arca of
that portion of the circle lving beneath the line v = —022. divided by the total area of the
circle. The area of the circle is 4, so we need only find the area of the shaded region in
Figure 6.47b. Computing this area in rectangular coordinates is & mess (try it!), b it is
straightforward in polar coordinates, Firse. notice that the line v = —0.2 corresponds o
rsin = —0.2 or r = —0.2 csc &, The arca bencath the line and inside the circle is then
oiven by (5.5) as

Area = [ lfzﬁiﬂ— JF 1{—0_1 cac A7 did,
1 2 By 2
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FIGURE 6.47b
Cross-section of a ank

Ade ienpih m pesdes ceenlineles

FIGURE 6.48

r=23—2cou
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where & and & are the appropriate intersections of r= 2 and r= —0.2 csc 8. Using
Newton's method, the first two positive solutions of 2 = —(0.2 csc @ are & = 3.242 and
= 6183 The area is then

] L
b f‘l )
An:a=.£ ;{Ej’dﬂ— EI:—DE-:EEF::‘B
= (26 + 0.02 cot )], = 5.485.

The fraction of oil remaining in the tank is then approximately 5485040 = 0.43648 or
abour 43.6% of the wtal capacity of the tank. =

We close this section with a bricf discussion of arc length for polar corves. Recall
that from (3.1), the arc length of a curve defined parametrically by x = x(f), ¥ = wr). for

a =i = b, is given by
& T dvil
5 =.|’r (—) + (—F) dr. {5.6)
o ol v

Onece again thinking of a polar corve as a parametric representation (where the parameter
is &), we have that for the polar carve r = fid),

o= roos =) cos @ and ¥ = rsin = f{f)sin 4.

This gives us
A2 .ﬂj.' - | . 3 ) .
(E) +(ﬁ) = [F{@)cos & — f@lsin A + [ (@) sin & + fid)cos 8]

= [ (@) (cos” @ + sin” ) + ) (—2 cos & sin @ + 2 sin § cos )
+ [Fi@cos” & + sin® §)
=[] + L)

From (5.%). the arc lengih is then

= f' VIFeI + [reyds. (5.7}

EXAMPLE 5.8 Arc Length of a Polar Curve
Find ihe arc length of the cardioid r = 2 — 2 oos 8.

Solution A sketch of the cardioid is shown in Figure 6.49. First, notice that the curve
is traced out with O < & < 2x. From (3.7}, the arc length is given by

Ll T
3=J[ \I'ILf'fE}]z+Lr[ﬂ]|1d?=f V(2 sin 8) + (2 — 2 cos @Y 4@
]
=ff¢ﬂu1a+4—scmﬁ+4m:ﬂdﬂ=£ B — B cos 4P = 16,

where we leave the details of the integration as an exercise. {Hint: Use the half-angle
formula sin’x = %{i — cos 2x) to simplify the iniegrand. Be careful: remember that
VE =5 =
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EXERCISES 6.5 (@)

") WRITING EXERCISES

Explain why the tangeal line is perpendicular b the radius line
al any podnt 8 which ris a local maximum. {See examphe 52
In particular, of the tangenl and radiug sre ool perpendicular a1
{r, &), explain why ris not 2 bocal maxinmm

In example 5.5, explan why inlegrating from "'T' 1y ? would
givee thee area shown in Figure 6,456 and mot the desired ares.

Referring o eaxample 5.6, exphin why inlersections can
oocur ik each ol the cases FE = gith, (8 = —gll + xj and
Sy = giehy =

In example 5.7, explain why the leagth of the ok diesn’t
madter. 1§ the probbem were o compute the wmosns of odl kell,
would 1he length moarer?

In exercises 1-6, find ihe slope of the tangent line to the polar

curve al the given poinl

L r=smifa (@ &= (h&#=3
L r=ewmlfat @) #=0 (b #=%
3 r=3sinfal fa) #=0 (b) #=7F
d. r=sindfm 1=Jﬂ=f b E=ﬁ
5 r=c"u {a) #=0 (b} #=1
6 r=lafa (@) #=¢ (b =4

Im exercises T-10, (a) lind all poinis ol which | s 3 maximom
and show that the langent line is perpendicular to the radios

Paramefric Equaticns and Polar Coordinates

Em

1.

BhoRERR

&42

Duter bsop of r=2 + 3 sin 38

s of r=3 + 2 sin 8 and ousdde ol r=2

Inssde of r= 2 and owtssde of r=2 — 2 sin dl

Inspde of =2 and outsde of both loops of r= 1 + 2 sin @
Ineitalee of r= 2 san 26 and outside r=1
Il of both r= 1 + cos & amd r= 1

Insude o bt r=1 4+ sm B and r=1 4 com &

In exercises 27-30 find the area of the indicaied region
Formwed by r= 1, r = 2 cos & and r = 2 sin 0. (Soggested by Tim
Pennings. )

mn.

Ay 28, A

b A Y

. Ay

[ In exercises 31-34, find all points al which the two curves

connecting the point to the origin. [ (b) Find all points at e ot

which there is a borizontal tangent and determine the coneavity 31 r=1-Zsmfandr=2comd

of the curve al each painl. 1 or=l+lcosfandr=—2+5sn8

. r=sin 38 §. r=cmdd 3B or=l+sinfandr=1+cos 8

% r=1—4sinld 1k r=21+45in28 M or=14+vIundandr=1+cos ¥

Iin exercises 11-26. find the area af the indicated region. [ 1 exercises 3540, find the arc length of the given curve.
11. One leal of r= cos 38 35 r=2-2zm ¥ 3 r=3-3csd
12, One leal ol r= sn &8 7. r=sm3d IR r=2om 30

13, Bounded by r=2 cos 8 MW or=1+2sin20 S0 r=724 3 sin 30

14
15
6.

F 12

1

Bounded by r=2 — 2eos i
Semall op ol r= 1 + 2 s 20
Large loop ol r= 1+ 2 sin 24
Ianer loop ol ¢=3 — 4 sn i
Lner loop of r=1— 3 cts
Iamer loop of r= 2 + 3 am 38

4l

Repeal example 5.7 for the cage where the ol sk shows a
adepthy of (a) 14 (b 24

Repesl exangple 3.7 for the case where the ol stk shisws a
epth il () 10 bh 26

The problem of fimbing the shope of r = sin 30 a1 the poing
(0, ) s ot & well-defined problam.
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[ET] Tu:uwhﬂwrmﬂml&ullthwmpnmlhm.@h
the arigin 3 8= 0, 0= % and 0= 2, and find the slopes

M thess angles.
E (b} For each of the three slopes, ilustrate with a skeach
of r=sin 38 for f-values pear the gven values (eg.,

> EXPLORATORY EXERCISES

L In this exercize, you will discover a remarkable property
d:nlﬂlemmj&nﬂﬂhﬂzgﬁphﬂfy:f.ﬁrﬁ,ihmlhﬂl

IWMWIWMHNELWEE:$.“’EW“[

—Ei’ ﬂﬁilumﬂz:lup: al i =1L
Find amd illusiraie all shopes of r= 2 — 3 sin @ the origin.

1T the polar curve r=fiifl, o < 0 < b, has lengih L show that
r=cfiifi, a € 8 < b, has keagth o)L for any constant ¢

If the polar curve r = fith, a < 8 < b_encloses amea A show
that for any constand o, ¢ = cf(h, a < 8 £ b encloses
area oA

A bogarithmic spiral i the graph of r = ae™ for positive con-
stanls o and b, The accompanying Nigure shows: the case where
a=2and b= with# < 1. Althsuagh the graph never reaches
the origin, the limit of the anc length from O = o w oa given
poinl with @ = ¢, &% o decreases by —oo, exisls. Shosw that this
Vi + 1
b
Tromm the starting paint o the origin.

K, where B s the distance

fotal arc length equals

For the logarnhmec spiral of exercise 47, if the starting point
F us o the x-asas, show that the gdal anc length 1o the aragin
equals the distance from P o the v-axis along the amgent line
1o bhe cuarve at P

fhlhmhmdﬂlh}y:%.y:mxmﬂy:!ﬂufwxb&
where m is a posilive constanl. Skeich graphs for m = 1 (the
mmmu;«;:%.:.-::m;:um-mm::mma
b|.1|.l1.|.lndb3'_1.'=:'.:|.'=h.arl'l_'l.'=hr.‘|‘|"lﬁd1:|m]m.i.ilhgﬂ?
T find oul, yous shoubd itegrabe. Explain why this would be
a very diffseull indegraton in reclangulsr coonbinales. Then
comver] all curves o polar coordinates and comguate the polar
area. You should discover thal the area equabs £ in 2 for any
vabue of m. {Are you surprised?) .

In the sody of biological oscillstions (eg., the beatng of
heart cells), an miporiant mathematical lerm 15 limil evele
A simple example of @ il cycle s produced by the polar

d.

mﬁnﬂmiﬂhlvulm_plmhmj-:ﬂﬂ]—r].ﬂﬂ]:rgaml
%:1:.&m=ﬁ:u.ﬁuc-ui3apmnwummlu
section 7.2, we showed tha the solution of the imidal valie

dr

p!ub]rmI=nn|1 —rl. iy =ryis

To
rn—fm — L™
and it is gl hord jo show thar the solution of the mitial value
wab]um%:lr. ) = iy iz ) = 2er + e ln reclangu-
lar coordinstes, the solution of the combined matal valoe
problem hes parametric equations i) = i) cos @ and
ﬂr}:ﬂ!]ﬁnﬂﬂ.ﬁmﬂllﬁeﬂuﬁ un lhe cases faja = 1.
ra=1fh=kib)a=1 =3 = ) your choice of
a 3 1, your choice of ry with 0 < oy < L, your choice of i)
{d) your chdee aof a = 0, your chowe of ro with rp > 1. your
choice of fp As ¢ incresses, whal 15 the limiting behavior of
the solutren? Explain what i meant by saying that this system
has a limit cycle of r= 1.

rifl =

@) 6.6 CONIC SECTIONS

Amaong the most important curves. yvou will encounter are the conic sections, which we
explore here. The conic sections include parabolas, ellipses and hyperbolas, which are
undoubtedly already familiar to you. In this section, we focus on geometric properties that
are mosi casily deiermined in rectangular coordinates.

We visualize cach conic section as the intersection of a plane with a right circular
cone, (See Figares 6.4%93—6.49.) Depending on the orientation of the plane. the resulting
curve can be a parabola. an cllipse or a hyperbola.

O Parabolas

We define a parabala (sec Figure 6.50) to be the set of all points that are equidistant from
a fixed point (called the feeus) and a ling {called the directrix).
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FIGURE 6.49a FIGURE 6.49b FIGURE 6.49c

Parabaola Ellrpse Hyperbaola
Focus
A special point on the parabola is the vertex, the midpoint of ihe perpendicular line seg-
- ment from the focus 1o the directric.
d A parabola whose directrix is a horizontal line has a simple rectangular equation.

ry——

EXAMPLE 6.1 Finding the Equation of a Parabola
FIGURE 6.50
Parabula Find an equation of the parabola with focus at the poim (0, 2} whose directrix is the

ling v =-2.
Solution By definition, any point {x, v) on the parabola must be equidistant from the
focns and the direcirix. {See Figure 6.51.) From the distance formula the distance from
Lx, ¥) to the focus is given by 4/ 4+ (v — 2 and the distance to the directriy is

Y v — =21l

Setting these equal and squaring both sides, we get

i), 2 4 CHlr—D=r+28

\\\_ / Expanding this out and simplifying, we get

LY oy .'lz-.l-}'l—d-_'.'-l-d:_'l.ll{-d-_n--:-d.
or r—lf
G
= y= -2 I
In general, the fiollowing relationship holds.
FIGURE 6.51
The parshola with focus
ar i, 2 and derectrx y = -2 THEOREM &.1

The parabala with vertex at the poine (. ¢, focus at (k, c+ ];}md directrix given
by the line ¥y = ¢ — ﬁisdﬁc‘:iht:ih_vllwnqumjm_'.'=d[x—br1+e_

PROOF
Given the focus (b, ¢ + o) and directrix v = ¢ — -, the vertex is the midpoint (b, c}.
(See Figure 6.52.) For any point (x, ¥) on the paraboda_ its distance o the focus is given

il : - - - - - . -
by yr{.r—br+:_1.l—r.'—4—t] . While itz distance 1o the direcirix is given by [v — ¢ +
Setiing these equal and squaring as in example 6.1, we have

( b1+( o LV f -+L)1
X —by _i'—l.—M:]—{_'I.—L el

1
Bl

FIGURE 6.52 Expanding this out and simplifying, we get the more familiar form of the equation:
Parabula v=uaix — bF + ¢_ a5 desired m
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FIGURE 6.53
Parabisla wilh focus af t—}.u. ard
direcing r = —i

T v =

FIGURE &6.54
Parabola with focous ag (3, 2) amd
derectrix y = 6

FIGURE 6.56
The rellectve priperly.
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We simply reverse the roles of x and v to obiain the following resuli, whose proof is
beft as an exercise.

THEOREM 6.2

The parabola with vertex ai the point (c, b}, focus at {c + ;—u,bjmﬂd.i.mchiz given
hym:ﬁmr=c—ﬁisdﬁcn'hadbyﬂtcmﬂimx=ﬂu—f?]l-l-r.

We illustrate Theorem 6.2 in examphs 6.2

EXAMPLE 6.2 A Parabola Opening to the Left
Fnrmcpa:ahala4j+2f+it=ﬂ-_ﬁud the venex, focus and direcirix.

Solution  Solving for x, we have z = ;_1 — 2. The vertex is then at (-2 [l'rTh:
focus and directrix are shifted left and right. respectively. from the vertex b L=
nmmmmumuu:1—?m—p_numnummmuux_—z——4_—%
We show a sketch of the parabela in Figure 6.53. m )

EXAMPLE 6.3 Finding the Equation of a Parabola

Find an equation relating all points that are equidistant from the point (3, 2) and the
line: Y= (8

Solution Referring to Figure 6.54. notice that the veriex must be at the point (3. 4)
(i.e.. the midpoint of the perpendicular line segment connecting the focus (o the
dm:u:-uur and the pamhclaupcus d-uwlL From the veriex, the focus is shifted vertically

hjh=—TUEFLE so that g = — ,H——— An equation i= then

1 .
y=—(x—3P+4
8 .

You see parabolas nearly every day. A very useful property of parabolas is their
reflective property. This can be seen as follows. For the parabola x = ay’ indicated in
Figure .55, draw a horizonial line that intersects the parabola at the point A. Then, one
can show that the acuie angle o between the horizontal line and the tangeni line at A is
the same as the acuie angle § between the tangent line and the line scgment joining 4 o
the fivcus. You may already have recognized thai light rays are reflected from a surface in
exactly the same fashion (since the angle of incidence must equal the angle of reflection ).
In Figure 6.55_ we indicate 3 nomber of rays (you can think of them as light rays, although
they could represent other forms of energy) traveling horizontally until they sirike the
parabala. As indicated. all rays swriking the parabola are reflected through the focus of
the parabola.

Due 1 this reflective property, satellite dishes are usually built with a parabolic shape
and have a microphone located at the focus o receive all signals. (See Figure 6.56.) This
reflective property works in both directions. That is, energy emitied from ithe focus will
reflect off the parabola and travel in parallel rays. For this reason. flashlighis utilize para-
bolic reflectors to direct their light in a beam of paralie] rays.

EXAMPLE 6.4 Design of a Flashlight

A parabolic reflector for a flashlight has the shape v = 2_1'!_ Whiere should the lightbalb
be located?
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FIGURE 6.57a
Defimtion ol ellipas
¥
'y
{01, iy
(=, O} e 1h
x
=z, Op fa, LNp
(L]
FIGURE 6.57h

Ellipse with focy al (e, ) and (—c, 0)

Solution  Based on the reflective property of parabaolas. the lightbulb should be
locuied ai the focus of the parabola. The vertex is at {0, (1) and the focus is shifted 1o

the right from the vertex - = ¢ units, so the lightbalb should be kocated at the point

(Lo). o =

O Ellipses

We define an ellipse to be the sct of all points for which the sum of the distances o two
fixed points (called Focd, the plural of focus) is constant. This definition is illostrated in
Figure 6.57a. We define the center of an cllipse to be the midpoine of the line segment
connecting the foci.

The familiar equation of an ellipse can be derived from this definition. For conveni-
ence, we assume that the foci lie at the painis (o, 0 and (—, 00, for some positive constant
¢ {i.e, they lie on the r-axis, at the same distance from the origing. For any point (x, v on
the ellipse, the distance from (x, ¥) io the focus (e, 0} &8 4/{x — ¢}’ + ¥ and the distance io
the focus {—c, 0) is 4/(x + )" + . The sum of these distances must equal a constant that
wi'll call . We then have

Vir—el+ ¥ + i+ ef+v¥ =k
Subiracting the first square root from both sides and then squaring. we gei
i {1+c]1+_-.~‘:|2=fk— 1.1:—.::33+_1r3_]|J
or P+t 4V =B - —eF + ¥+ P - Zex + 2 4 7

Now, solving for the remaining term with the radical and squaring gives us

2y — e + 7] =0 — der’,
s that 4ty — 8ex + 4 + 48 = 1 — BPer 4 160
or (4 — 16207 + 48 = i — et
Seiting k = 2a, we obiain

(16a® — 16671 4 160y = 16a® — 16a"c".
MNaotice that since 2a is the sum of the distances from (x, v) to (e, 00 and from (o v to (—e, O)
and the distance from (e, 0) to (—, 00 is 22, we muost have 20 > 2, sothat a = ¢ = 0.
Dividing both sides of the equation by 16 and defining b = a® — ¢, we get
B+ a'y =o'k,

Finally, dividing by a’b" leaves us with the familiar equation

L
+
ot P
l

In this equation. notice that © can assume values from —a to @ and ¥ can assume values
from —# to & The points (o 0 and {—a, 0) are called the vertices of the cllipse. (Sec
Figure 6.5Th.) Since @ > & we call the line segment joining the vertices the major axis and
wie call the line segment joining the poings (0, b) and (0, —b) the minor axis. Motice that
the length of the major axis s 2a and the length of the minor axis is 25
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We state the general case in Theorem 6.3,

THEOREM 6.3
The equation

(r—xaf  (v—y)
—+ = =1 (6.1}
with @ = B > () deseribes an ellipse with foci at (x5, — e, ¥o) and (g, + ¢, ). where
¢ = Wa — I¥. The center of the ellipse is at the point (g, yu) and the vertices are
located at (x; + . ¥yb on the major axis. The endpoinis of the minor axis are located
at {xi. vo % &)
The equation

ix —:m“ I et (6.2)

B i

with @ > b > 0 describes an ellipse with foci af (xe v — o) and (6, yo + ¢) where
¢ = V& — b°_ The center of the ellipse is at the point (x, yo) and the vertices are
located at (o, ¥o £ a) on the major axis. The endpoints of the minor axis ane located
at (3o & & vl

In example 6.5, we use Theorem 6.3 o identify the features of an ellipse.

2 EXAMPLE 6.5 Identifying the Features of an Ellipse
+ ' ¥ Ty e e Bk et i 2 O
- - L 'li E
== Solution From (6.2), the center is at {2, —1). The values of o® and & are 25 and 4,
i respectively, so that ¢ = V21 Since the major axis is parallel to the y-axis, the foci
0 are shifted ¢ units above and below the center, at (2. —1 — /T and (2, —1 + /21
=& Motice that in this case, the verfices are the intersections of the ellipse with the line
x=T1 Withr=2 we have (v + 1 =25, so that v = —1 + 5 and the vertices are
FIGURE 6.58 (2, —6) and (2, 4). Finally. the endpoints of the minor axis are found by seiting v = —1.
::—1F+1_1.-+I:|==] We have (x — 21 = 4. so that x = 2 + 2 and these endpoints are {0, —1) and (4, -1}
4 25 The ellipse is skeiched in Figure 6,38, =

EXAMPLE 6.6 Finding an Equation of an Ellipse

Find an equation of the ellipse with foci at (2. 3) and (2, 5) and vertices (2, 2} and
(2, &)

Solution Here, the center is the midpoint of the foci, (2, 4). You can now see that the
foci are shifted ¢ = | unit from the center. The vertices are shified @ = 2 units from the
center. From ¢ = o® — b, we get B =4 — | = 3. Notice that the major axis is parallel
to the y-axis, 2o that o = 4 is the divisor of the y-term. From {62}, the ellipse has the
cquation
I:r—2]f’+[_'~'—4-]r= 5
3 4 [

FIGURE 6.59 Mouch like parabolas, ellipses have some uscfol reflective properties. As illustrated in
The reflective property of ellipses Figure 6.59. a line segment joining one focus 1o a point A on the ellipse makes the same
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FIGURE 6.60
Drefimitson of hyperbola

FIGURE 6.61
Hyperbolda, shown with s
Asymplides

acuie angle with the tangeni hine at A as does the line segment joining the other focus to
A, Again, this is the same way in which hight and sound reflect off a surface, so that a ray
originating at one focus will always reflect off the ellipse wward the other focus. A sur-
prising application of this principle is found in the so-called “whispering gallery™ of the
U5, Senate. The ceiling of this room is elliptical, so that by standing at one focus you can
hear everything said on the other side of the room at the other focus. (You probably never
imagined how much of a role mathematics could play in political intrigoe!)

EXAMPLE 6.7 A Medical Application of the Reflective
Propery of Ellipses

A medical procedure called shockwave lithotripsy is used o break wp Kidney stones
that are too large or irregualar to be passed. In this procedure. shockwaves emanating
from a transducer located at one focus are bounced off of an clliptical reflector (o
the kidney stone ]uzcﬁcd_?t the other focus. Suppose that the reflector is described

by the equation é + % = 1 {in units of cm). Where should the transducer be placed?

Solution In this case,
e=vVa - =+TI2—48 =8,

s that the foci are 16 cm apart. Since the ransducer must be located at one focus,
it should be placed 16 cm sway from the Kidney stone and aligned so that the line
scgmient from the kidney stone to the transdocer lies along the major axis of the

clliptical reflecior. &

O Hyperbolas

We define a hyperbola o be the et of all poinis such that the difference of the distances
between two fixed points (called the foci) is a constant, as illostrated in Figure .60, Notice
that it is nearly identical to the definition of the ellipsc, except that we subtract the dis-
tances instead of sdd them,

The familiar equation of the hyperbola can be derived from the definition. The der-
ivation is almost identical to that of the ellipse, except that the quantity &@ — & is now
negative. Wi leave the details of the derivation of this as an exercise. An equation of the
hyperbola with foci at (+c, () and parameter 2o (equal to the difference of the distances) is

© — b so that

Rl T

S b b
Miiux—hﬂ,}—,—-—l.mmg—-:1:—mdsu.y=1—ran:me:ﬂmuaswm
¥ a X a o

as shown in Figure 6.61.
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We state the general case in Theorem 6.4,

THEOREM &.4
The equation

(x —jrg]r b= ;1-'1:]' = i6.3)
W i

describes a hyperbola with foci at the points (6 — ¢, yoband (o + e, va), wihere
¢ = v + b_ The center of the hyperbola is ai the point (x;. Vo and the vertices
i)
are located at (1 4+ a, yuj.mu}'mpm&my=i;{x—xul+}&
The exqueation
(v—va fr—x)

: —= fid)
o i )

describes a hyperbola with foci at the paints (g, ¥ — ) and (X Ve + ¢, whene
¢ = ¥a + ir. The center of the hyperbola is ai the point {x. veb and the vertices
are located at (. vo & a). The asympeotes am_k:ig{x—jnl+_\~¢

In example 6.8, we use Theorem 6.4 to identify the features of a hyperbola.

¥ EXAMPLE 6.8 Identifying the Features of a Hyperbola
= T z —1 ¥ 1 3
e ol Furthchyputuh%—%:i,ﬁlﬂlhc:ﬂtﬂ. vertices. foci and
b A" ﬂfﬂllp’tﬂﬁ
H‘\ .--""-II
“wd Solution  Notice that from (6.4}, the cender is at {—1, ). Setting x = —1, we find
'-'l-'—'l—'l-'—':?'l-"'-'-;.—:—l—*—-l-'-"l that the vertices are shified vertically by & = 3 units from the center, o (—1, —2) and
3 e Lt (=1, 4). The foci are shifted vertically by ¢ = V' + B° = +/35 = 5 units from the
r‘.f‘“ [E s . center, to(—1, —lllaud.{—l.ﬁ'l.'l"h:aﬁyn‘ptﬂt:smy:if{.t+ 1)+ 1. A skeich of the
3 1 > hyperbola is shown in Figure 6.62. m
—x4

EXAMPLE 6.9 Finding the Equation of a Hyperbola

PYSIIEE (L Find an equation of the hyperbola with center at (=2, 0), vertices at (—4, 0) and (0, 0)
M_%ﬂ and foci at (—5, 0 and (1, 0.
o 1

Solution Notice that since the center, wertices and foci all Lie on the x-axis, the

hyperbola must have an equation of the form of (6.3). Here, the vertices are shifted
¥ a = 2 units from the center and the fioci ane shified ¢ = 3 units from the center. Then,
we have I = ¢ — & = 5. Following (6.3), we have the equation

L5k e
4 5 m
— X Much like parabolas and ellipses. hyperbolas have a reflective property that is useful

in applications. Ii can be shown that a ray direcied toward one focos will reflect off the
hyperisola toward the other focus, as illustrated in Figune 6.63.
EXAMPLE 6.10 An Application to Hyperbolic Mirrors
A hyperbolic mirror is constructed in the shape of the top half of the hyperbola
) 1_ - - - -
The reflective y of I:_'l.+2]r—§=].Tuwm‘dwhalpnmlmllhgmmysfalhmnglkpaﬂu}=E_r
by perbolas reflect fwhere & is a constant)?

FIGURE 6.63
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Solution  For ihe given hyperbola, we have ¢ = v/'a* + = /T + 3 = 2. Notice
that the center is at (0, —2) and the foci are at (0, 0 and {0, —4). Since rays of the
form v = ko will pass through the focus at (0. 00, they will be reflected eovward the
focus at (0, 45 =

A clever use of parabolic and hyperbolic mirmors in telescope design is illustrated in
Figure .64, where a parabolic mirror eo the left and a hyperbolic mirror o the right are
arranged so that they have a common focus ai the point F. The veriex of the parabola is
located at the other focus of the hyperbola, at the peint E, where there is an opening for the
cye or a camers. Notice that light entering the telescope from the right {and passing around
the hyperbolic mirror) will reflect off the parabola directly toward its focas at F. Since Fis
akso a focus of the hyperbola, the light will reflect off the hyperbola toward its other focus

at E. In combination, the mirrors focos all incoming light at the point £

EXERCISES 6.6 (@)

r

Parahala with foes (1. 2) and directrin y = -2

FIGURE 6.64
A combination of parabolie and by perbolse mirmors

1. Esch fixed poimt referned 1o m the definitions of the conic Aok wih Bsa G2 U) Wk dlevioorin 3 ==X
sectons 1% called a foeus. Use 1he rellective properties of the 5. Ellipee with focd 00, 1) and (0, 5) and vertiees 0. —1) and
comie secimns o explan why this is an appropriale name. i, 73
L A hyperbola looks somewhat ke a pair of parabolss G- 6. Ellipse with foci (1, 2) and {1, 4) and vertices (1, 1) and
ing opposite directions. Discuss the differences bebween a i1, 5
parabola and half of a hyperbola (recall that byperbaol
Hk&t:].-mpu;":. = G o 1. [l"ili::ﬁr with foct (2, 1) amd (6, 1) and vertices (0, 1) and
]
3 Carefully explamn why in exsmple 6.6 (or for any other ellipse) )
the sum of the distances (rom a paint an the elipse 10 the two B. Ellipse with foci (3, 2) and (5, 2) and vertices (I 2) and
foei equals 2o (&, 2}
4. Imagine plying a game of pool on an elliptical pool 1able 9. Hyperbols with foci (1), U) anet (4, 0) and vertices (1, 0} and
with a single hobe Jocated at one focus. IF o ball rests near the (3,0
oiher focus, which is clearly marked, describe an easy way o 1. & with fixd (=3 73 and (6 77 snd 7Y sincd
it the ball into the hole. T e e
11. Hyperbola wah foci (2, 2) and (2, &) and vertices (2, 3) and
In exercises 1-12, find an equation for the indicated comic s 5
st Lo,
] i, =%
. i 0, 1) and dinstrix y = 1 12 Hyperbola with foci (0, —2) and (1, 4) and vertices {0, (1) and

0,
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In exercises 13-24, identily the conic section and Tind each ver-

tex, focus and direcirix.
1% y=Ne+1F —1
4. y=—2x+2) -1
e—1p (p—2F
15. 3 o= =1
ir+2F ¥
SN e
i 2 AT
17 3 3 =1
1P =3
1% 3 el
19. [)'+[!|’_u:+1i'=l
6 4
& T
i y b+l =1
4 9
. (r—-2F + =1
B oty +1r =16
Bor+ 1P -4y—2=16
M o Six+ N -(r—1F=—4

In exercises 2531, graph the conic section and lind an equation.

5.

6.

.

All points equidistant from the poiat (2, 1) and the loe
y=-1

Al pornts equadistant from thee point (—1, 0) and the lme
=4

All points such thet the sum ol the dislances w the pomnis
{1, Z) and (4, 2) equals 8

All points such thet the sum of the distances w ihe pomds
{3, Djand (—1. 1) equals 6

All pornts swch that the difference of the disianees 10 the
points i), 4) and (0, —2) equals 4

Al pornts such thal the dillference of the dissnces (o the
points {1, 23 and (6, 2) equals 2

A parabolic Thahbisht reflector has the dhape © = v, Where
should the Eghtbulb be placed?

A parabulic Nashlight rellector has the shape © = 177, Where
should the lighrbulb be placed?

A parabolic sstellite dish has the shape v = 207, Where should
the microphone be placed?

A parsbolic ssellite dish s the shape v = do”. Where should
the microphose be placed?

lumnm]rﬁ.?.il'lhexhqzuflh&mlhﬂuis%+£= L
how far from the kidney sione should the tansducer be

placed?

SECTHOM 6.6 »» Comc Sections s

hua'npi:h.'.r,illhemapem’:}:mﬂukruﬁ+ ]‘;
how far fom the kidney sone should the trmnsducer be

placed?

If a hyperbabic mirror is in the shape of the wp hall of
r+dr- %:].mwhidpinlwﬂlﬁg]lmysﬁﬂhnﬁugﬂz
path v = cx (v < 0 reflect?

U a hyperbolic mirroe is in the shape of the bottom balf of
1;.-—3F—IE-=],mwhﬂ:pdmwi]lhgmmpmhmingdu
path ¥ = cx (¥ > 0) reflect?

=1

If a hyperbolic mirmor is in the shape of the right half of
%—_—': L. 1o which point aill light rays following the path

y=olr — 2] rellect?

I a hyperbolic mirror is in the shape of the left half of
%—f:!,mwl‘i.l:h'puirl will light rays following the parh
v=olx + 3) nellect?

APPLICATIOMNS

IT the cetlig of a room s the xl’qkﬁ+ ]JE=J., where
shoubd you place the desks w0 that you can <it 2 one desk and
hear everyihing sald a1 the other desk?
I the ceilmng of a room hos the :lq-re;—ﬂ+ %: 1, where
should you place vao desks o that you can st at one desk and
hear everything said st the other desk?

A spectator al the 2000 Summer Olympic Games throws
an object. After 2 seconds, the object i 28 meters from
the speciator. After 4 secomds, the object 15 48 meters
from the speciator. I the object’s distance (rom the specta-
tor 1% a quadratie function af tme, fad an equation for the
position of the object. Sketch a graph of the path. What s
the ohject?

Halley's comset follows an elhptical path with a = 17.79 Au
{astronomecal pmies) and b= 4.53 {Au) Compute the disiance
the comet travels in one orbil. Given that Halley s comet com-
pletes an arbit in approsimately 76 years, what s the average
speed of the comet”

45 EXPLORATORY EXERCISES

All of the equations of conic seclions thal we have seen 5o
lar have been of the form ArC + OF + D+ Ev+ F=10LIn
this exercize, you will classify the conic sectioms for differemt
values off the constants. Ford, adsume that A > 0 and © > (L
Which coaic section will you get? Next iry A > 0 and £ < 0,
Which conde section s o this tme? How shom A < 0 and
=004 <0and O <07 Firally. suppose that either A o O
{nol both) equals 0 which conic ssetion is 07 Inoall cased, the
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walwes of the constants £, E and F do nol affect the clssifica- examples with B — dAC=0(eg. B=2 A= 1ad C= 1)L
tion. Explain what effect these constants have, Whech come ssction resulis? MNow, make up several examples

E L Inthis exercise, you will geserabize the resabs of exercise 1 by
exploring the equation Ar® + By + Ov + e + Exy + F =1L
{ln exercize 1, the coefTicient of oy was L) You will peed o

with B — 4AC < 0feg, B=1_A =1 and € = 1). Which conic
spction do you get? Finally, make up several exanmples with
B-"—ML'}UIE.E..E=-ILA=| amd £ = 1) Which coni:
sptbom 1% phas?

heve soltware that wall graph such equations. Make up several

(@) 6.7 CONIC SECTIONS IN POLAR COORDINATES

{x. ¥

FIGURE 6.65

An aliernative definition of the conic sections utilizes an important quantiey called eccen-
riciry and is especially convenicnt for studying conic sections in polar coordinates. We
introduce this concept in this section and review some options for parametric represcia-
tions of conic sections.

For a fixed point P (the focos) and a fixed line [ not containing P (the direetrix).
consider the set of all points whose distance to the focus is 4 constant multiple of their
distance to the direcirix. The constant muliiple £ > 0 is called the eccentricity. Moie that if
¢ = | this is the usual definition of a parsbola. For other values of e, we get the other conic
seciions, as we see in Theorem 7.1.

THEOREM 7.1

The sct of all points whose distance to the focus is the product of the eccentricity ¢
and the distance to the directrix is
(i} an ellipse if 0 < & < 1,
{ii} a parabola if ¢ = | or
(iii) a hyperbola if & > 1.

PROOF

We can simplify the algebra greatly by assuming that the focus is located at the origin
and the direcirix is the line x = > (. (We illustrate this in Figure 6.63 for the case of a
parabola.) For any point (x, v)on the carve, observe that the distance to the focus is given
by 1/ + v* and the distance 1o the direcirix is d — x. We then have

Ve + ¥ =eld -1 (7.1}
Squaring both sides gives us
4 ¥ =id — 2dv + ).

Cathering together the like terms, we get

Bl — &%) My 4+ v = NP (7.2)
Note that {7.2) has the form of the equation of a conic section. In particular, if ¢ = 1,
{7.2) becomes

2dx + v = o,

which is the equation of a parabola. If (b < ¢ < 1. notice that {1 — &%) > 0 and s0, (7.2} is the

cquation of an ellipse (with center shified to the keft by the x-term). Finally, if ¢ > 1, then
(1 — e = Dand a0 (7.2 is the equation of a hyperbola. m



E-53

SECTIOM 8.7 »+ Conic Sections in Polas Cocedinates £

Motice that the original form of the defining cgquation (7.1} of these conic seclions
includes the term /" + 37, which should make you think of polar coordinates. Recall that
in polar coordinates, r = 1/x" + 3" and x = r cos 8. Equation (7.1) now becomes

r=¢{d — roos 8.
Solving for r. we have

ed

r= -
ecos 4+ 1

which is the polar form of an cguation for the conic sections with focus and directrix
orienied 25 i Figure 665 As you will show in the exercises, differeni onentations of
the focus and directrix can produce different forms of the polar equation. 'We summarize the
possibilities in Theorem: 7.2,

THEOREM 7.2

The conic section with eccentricity « > 0. focws at {0, 0) and the indicated directrix
has the palar cquation

&d
(1) Fr=—————, if the directnx is the linex=d > 0.
eons 8+ 1

{ii} F= if the directrix is the linex =d <0,

eons 8 —1"

(i) r = —————, if the directrix is the line y = o = (hor
& 5in i+ |

(i¥) F= —— . if the directrix is the line v = d < 0.
& sin i — |

Motice that we proved part (i) above. The remaining parts are derived in similar fashion
and are lefi as exercises. In example 7.1, we illustrate how the ecoentricity affects the graph
of a conic section.

EXAMPLE 7.1 The Effect of Various Eccentricities

Find polar equations of the conic sections with focas (), 0}, direcirix x = 4 and
eccentricities () ¢ =04, (ble =08, (cle=1(d)e =12 and (ej e =2.

Solution By Theorem 7.1, observe that (a) and (b) are ellipses, (o) is a parabola and
(d) and (e} are hyperbolas. By Theorem 7.2, all have polar equations of the form
de . 16 32
ST N it e M e TV T T Ryt g T TR
are shown in Figure 6.66a. Note that the ellipse with the smaller eccenricity is much
miore nearly circular than the ellipse with the larger eccentricity. Further, the ellipse
with # = (.8 opens uwp much fariher io the lefi. In faci. as the value of ¢ approaches 1.
the ellipse will open up farther to the lefi. approaching the parabola with e = 1.
r=ﬁ. also shown in Figure 6.66a. For values of ¢ > 1, the graph isa
cos
hyperbola, opening wp to the right and left. For instance, with e = 1.2 and ¢ = 2. we
4.8 B
have the hyperbolas r= (shown in Figure 6.66h),

IZcwB+1  ZcosB+1
where we also indicate the parabola with ¢ = 1. Notice how the second hyperbola

approaches its asymptotes much more rapidly than the firse
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=

FIGURE 6.66a FIGURE 6.66b
e=0d e=0ande= 110 e=10e=12ande=2

EXAMPLE 7.2 The Effect of Various Directrixes '

Find polar equations of the conic sections with focus (0, O, ccoemricity ¢ = 0.5 and
directrix given by {a) ¥y =2, (bl ¥y = =3 and (ch r = —1.

Solution  First, note that with an eccentricity of ¢ = 0.3, each of these conic sections

is an ellipse. From Theorem 7.2, we know that {a) has the form r= T IR A
sketch is shown in Figure 6.67a
—-1.5
For (b). we have r = o and show a sketch in Figure 6.67b. For (¢}, the
5 sin & —

directrix is parallel bo the r-axis and so, from Theorem 7.2, we have r= DEcosd—1

A sketch is shown in Figure 6.67c.

=31

FIGURE 6.67a
Direcinx: y= 2

Lt o
L3
-

=R FE

L

= e
FIGURE 6.67b FIGURE 6.67c
Drecinx: y=—3 Dimrectrin: x = -2

The resulis of Theorem 7.2 apply only to conic sections with a focus at the origin.
Recall that in reclangular coordinates, it's casy o ranslate the center of a conic section.
Unfortunately, this is not troe in polar coordinates.

In example 7.3, we see how 1o write some conic sections parametrically.
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EXAMPLE 7.3 Parametric Equations for Seme Conic Sectians

. y ’ . =17 (v+27
Find parametric equations of the conic sections (a) + = | and

3 4 )
py EED -3

o9 it

Solution Notice that the carve i {a) 1= an cllipse with center at {1, —2} and major
axis parallel 1o the y-axis. Parametric equations for the ellipse ane

{‘=2"5‘"'+] with0 £ £ 2¢.
y=3sinr—2
We show a skeich in Figore 6.68a.
HGPHEEEB‘“ You should recognize that the curve in (b) is a hyperbola. It is convenient
bx— |-l'+1.1-'+1]'=] u::uschypﬂhnli: functions in its parametric representation. The parameters are
4 4 a'=9{a=3)and & = 16 (b = 4) and the cenier is {—2. 3). Parametric equations are

x=3coshr—2
y=4sinhy+3°

for the right half of the hyperbola and

¥=—3¢coshr—2
v=4sziphr+3

for the left half. We leave it as an exercise o verify that this is a comect parameterization.
f—tr I We sketch the hyperbola in Figure 6.68b. m

-1t In 1543, the astronomer Copernicus shocked the world with the poblication of his
theory that the Earth and the other planets revolve in circular orbits about the Sun. This

FIGURE 6.68b stood in sharp conirast to the age-old belief that the Sun and other planets revolved around
(r+2F (y—31° the Earth. By the carly pant of the seventeenth century, Johannes Kepler had analyred
R =8 20 years” worth of painstaking observations of the known planets made by Tycho Brahe

{before the invention of the telescope). He concluded that, in fact. each planet moves in an
ellipiical orbit. with the Sun locaied &l one focus. About 100 years later. Isase Newton used
his newly created calenlus to show that Kepler's conclusions follow directly from Mewton's
universal law of gravitation. Although we must delay a more complete presentation of
Kepler's laws until Chapter 11, we are now in a position to illustrate one of these. Kepler's
second law states that, measuring from the Sun to a planet, equal areas are swept oul in
equal fimes. As we see in example 7.4, this imiplies that planets speed up and slow down
a5 they orbit the Sun

EXAMPLE 7.4 HKepler's Second Law of Planetary Motion

2
Supposc that a plan:t‘ﬁulbifullm&lh::llipﬂcﬂpa.ﬂlr:mwitbmrﬂun

located at the origin {one of the foci), as illusrated in Figure 6.6%. Show that roughly
equal areas are swept out from & = 0w E:t:m:lﬁ'nmﬂ':“?' o = 5224895 Then,

find the cormesponding m]cugtuaudumpmtﬂmamagc}pudsnfﬂ:phnﬂm
these arcs.

Solution  First, note that the area swept out by the planct from & =0 # = ris
2
the arca bounded by the lea,rgm]ﬂur:ﬂﬁ]:ﬁ,E:ﬂﬂlﬂE:l.[E:t
Figure 6.69b.) From (3.5), this is given by

1 s lpef 2 W2
A== [figPdd== [ (—— ) d8=09455904.
1_’:'”'[ " z.’: (sin|9+2) -
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FIGURE 6.69a FIGURE 6.659b FIGURE 6.65c
Elliptical orhal Area swepl ou by the orbal Arnca swepd oul by the arbal
tram =0t 8= = froam B = =2 1o = 5224895

Similarly, the arca swept out from # = 32 o &= 5274893 (sec Figure 6.69¢) is
given by

t af FRaRUs - w3

oo 2.1{ [uinf;—l;l

i = (9455905

From {5.7). the arc length of the portion of the curve on the interval from @ = 0o
#= xis given by

%) =Jl' VIFIEF + LA8F di

=f o e il TR
I (sin @+ 2} (sinf+2)

while the arc lengih of the portion of the curve on the interval from & = =5 to
= 5224895 15 given by

ganggas [

[ | 4 cos™ @ B
J;=Ji Pl o = 1.02.
1I|'ni|!.-:J—2|' (sim & + 2

Since these arcs are traversed in the same time., this says that the average speed on the
portion of the arbit from & = 0 to & = & & roughly two-and-a-half times the average
specd on the portion of the orbit from 8= = to 8 = 3224895, m

EXERCISES 6.7 (O

Y A DEiexinir=21e=1
I WRITING EXERCISES :
o - 3 d Diecinxx=21,¢e=1
L. Based on Theorem 7.1, we nught say thal parsbolas are the
raresl ol the come seclmons, smce they oocur only i e = 1 5. Dhreciniz y =2, e =L6
exacilly. Relferring 1o Figure .49, explan why ol akes a faerly =
6 Iheciniy=2 e= 1.2

precise ool of the cone W prodoce o parabola.

1. Ihecin y =1 =]

L Describe e the elbpses m Figure fbba “open up™ into a
pariboly 2k £ mcreases 0 e = 1. What happens a2 ¢ decreases f Dhrecinxvy=2 =2
Iy e =117

L[}
]
P
[}
=

9. [hrecinx

1. Dhrecinx

Im exervises 1-16, Mo polar equations fr and graph the conic
seclion with focuos (U, ) and tee given direcirix and eccentricily. 11 arectmx

|

]
1

|

L Direcdnir=2 e=1L& 1L Dhieerinir=—1 =4

L Dirednix=2 e= 122 13 [hrecing y=—2 e =04
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14. Directrix y =—2 e =09
15. Dhrecirix vy =—-2 e=1

6. Darecinx v=—-2 = 1.1

In exercises 17-22, graph aml interpred the conic section.

d
17. -
= o — B+ 1
T UL
= A gGalf— 61+ 1

-
W o= =
= gatp— ) — 3
), ,.=_—"
cosid— zid)— 4
21 r=_—3
Qoo+ 2/4)— 2

B r= 3

ol + &/l + 2

I enercises 23-28, find paramelric equations of the conic sections.

ix+ 1F (v—1F x—2F (v+1F

ri 8 5 + 3 1 4 e =1
x+1F o Xl

5. 6 —E—l 26, T+_'r =1

I?.-L——+_'r=l Iﬁ..t—:‘;—=l

. hﬂumb?.lwnmufﬁjimd%fﬂ£4u5ﬂ

. Rzpemu:;uuph?.-lwnhfiﬂﬂ:mﬂ-l.-l-?l EE.I'-_f%.

1. Prove Theonem 7.2 i)

32, Prove Theorem 7.2 fin).

33, Prove Theorem 7.2 {iv).

CHAPTER & ++ Review Exeromes I

@ EXPLORATORY EXERCISES
L. I Neptune's orbat is given by

L&7 5 10
"= 303 cosid — 0.77) + 40,000

and Plala’'s ocbil 15 given by

552 % 100
TR cos(# — 301 + 10,0007

r

show that Plute is sometimes closer and sometmes farther
fromy the Sun than Nepuse. Based an these equations, will the
planats ever collsde?

2. Vissom has proved o be one of the bigge challenges for buikd-
iag fuachonal robots, Robol viskon either can be déesagned to
i buman vision or can follow 2 different design. Taao
possihilities are analyzed bere. In the diagram w the left, a
camera follows an obpect divectly from beft 1o right. If te cam-
erd s al the origin, the object moves with speed 1 m's and
the line of motion 15 a1 v = o, find an expressaon for @ 2 2
lumcton of the postion of the object. In the dizgram w the
right. the camera looks dewn oo a corved merror asd mdi-
rectly views the object. Assume that the mirmor has equation
p= LS00 v that the ruirsoe s pasibolic and find its

Tens” i
lscus and directrix. With x = r cos 8, lind an expression for
& a a Tusction af the position of the object. Compare valees
of @ a1 x = 0 and other r-values. [l 3 brge valoe of & coonses
thee image 1o hlur, which camers system 15 betler? Does the

digtance v = ¢ allect your preference”

1. ¥l

L, ¥)

Review Exercises

["~) WRITING EXERCISES

The leflowang ha meludes erms that are delimed m ihs chapler
For each term, (1§ gree a precise defmbon, (2) skale i general
terms whal it means aml (3) describe 1he pypes of problems with
whach it 15 associabed.

Parimeélnc aqualions Wilocily Fiscus

Polar coordinates Aure bength Werlex

Slope m parametrs eguions Surface anca Darectrix
Slope i polar coordinates Parabola Eccentricity
Auren i paramelne eguslsons Ellpese Bepler's Eaws
Area i podar coordinabes Hyperbola
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() TRUE OR FALSE s

State whether each stalement 18 Uride or false and boefly explain
why. If the statement is Galse iy o “fix 17 by modifying the given
slatemreend o make 3 new slalement Chat 15 froe.

1. Fora given corve, there is exsctly one sl of parametric sgqua-

liomns thal describes 5l
L In parametne squations, circles are always deetched coonter- i H !
chckwise. )
3 In parameinic egusiwons, the derivative equals slope and
WY FIGURE A
4 If & pownd has polar coordinates (r @), then i also has polar
coindinstes (— n 8 + 1. ¥
E
B I fis penodee with fundamental period 2, then one copy of :
r = (89 is traced out with 0 < 6 < 2x. (“\'-,
|
fi. In polar coonhnates, you can describe arcles bud nol Domes.
7. To lind all intersections of polar curves r= fid) and r = gl -'(-‘_ ‘_hh\l- =
sobve fill) = githL =Th :
B The focus. vertex and directnix of a parabola all lie on the
same lmi. _/'f
9. The equation of any comic section ean be wrilten in the fomm .
PO ... [ FIGURE B
o i+ 1
3
I exercises 1-4, sketch the plane curve defined by the para- %
melric equations and lind a corresponding r-v equation for the
CHIrvE.
4
r==14+3cost r=2=1
L
{1.'=1+3=|nr 1 {T=l+3~| 4 t bt 1
; | 2 3
r=F+1 x=cost
.. -4
1 {_l.':.l" : {'r=:.'m'J—I
-4
Ehmmﬂﬁn&&emmudﬂiuﬂh}ﬂepu- FIGURE €
mieiric equations.
X =o0s 2 r=cos ¥
5 {_\':nuﬁr = {_‘r:nulr
1=
1 =0 2 cos ¢ L, {.1:=1.'u:'_'JL1:n._"-.r
Y Ly = oo 24 sin o ¥=c0s rsm 3 T
= X
In exercives 9-12. match the paramelric equations with the =L - e
corresponding plane curve ~i5 4
=r-1 =M
. {'T I 11, {'T ! ] =]
¥=I y=r—1I

1 {x:u:ulrruu! 12, = cos(f + o f FIGURE D
© ¥ =o0s 2 sin 4 ¥ = Cos(f 4+ i f)
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Q@ Review Exercises

In exercises 13 and 14, flind parameiric equations for the given
Curve.

13 The lime segrent from (2, 1) w4, T)
14. The portion of the parabola v = 1 + | from {1, 25 w3, 1)

I exercises 15 and 16, ind e dopes of the carves al the points
{a) i =10, (b} =1 and () (2, 3).

In exercises 17 and 18, parametric equations for the position of
an object are given. Find the object’s velocity and speed at time
1 =0 and describe ils mislion.

)i -
17 .r_r‘ 3t w I 11 3r
¥y=F+X y=r+12

In exercises 19-22, Mind the ares enclosed by the curve.

x=3smi
L8
{_&':3.’.\1.1.“

x=d sun I
v=213 ok 3¢

£
{ USLNEN )i
{i=

.

Elﬂt!ﬂ&ﬂ:ﬁ 2326, Mind the arc length of the curve {approximate
numerically, il nesded ).

= 3
23, {" cEaT e
¥ = smn

r=r—1
24, ]
{_r:r‘—-l.r i

25 {.‘t=|'.'\'l.tilll'

V=8 M

26, {.t—hlrlu.h'l x<icx
y=r-—1

Elu exercises 27 and 28, canpuie the surface area of the surface
obtained by revelving the curve alsool the indicabed asis.

=5 —dr
T {" u.—li]‘i'l..ubtm[lhc:-um

—
8, {‘_ b igrgl shouty=2
:

Review Exeroses w3

CHAFTER G =-

In exercises 2% and 30, skeich the graph of the polar equation
il Minel a eorresponding -y equalion.
M or=3emsd M, r=2sch

In exercises 31-3%, sketch the graph and identify all values of
& where r = 0 and a range of values of & thal prodices one

copy of the graph.

AL r=2xsind 2. r=2-2snd

A% r=2-3unf M or=cos 3 4+ 5in 20

35 F=dsin 2 36 r=c—2cmdd
) b

N or=— B r= -

1 4+ 2 sin & I+ 2 cox

I exercices 3 and 40, find a pelar equation corresponding e
the rectangular equation.
M =0 40 x-3IF+v =9

In exercises 41 and 42, find ihe shope of the angeni line bo the
pelar curve at the given poinl.

41. r=L1.1:.f'|-|'.'l‘i|'.'l‘=i 42 r=1—-smiaf=0

In enercises L3-48, find the area of the indicated region.
43, Owoe lead of r=sin 58

. One leal of r=cos 20

45, Inperloopof r=1— Z2an d

d6. Hounded by r= 3 sin &

47, Inside of r=1 + «in & and omside of r=1 + cos f
A8, Inside of r=1 + cos  and outssde of r= 1 + s @

) 1n exerises 49 and 50, find the are length of the curve.

4. r=3—dsnd 8. r=xin 48

I exercises 51=-53, find an equation for e conie section.

S1. Parabola with foeus 1, 2) and direcirix y =0

52 Ellpse with foca (2. 1) and (2, 3) and vertices {20 0) and (2, 4}
53 Hyperbala watl foc (2, ) and (2, 4 sod verinces (2, 1) and (2, 3)

In exercises 34-58, identily ihe conic sectlion and find each
vertex, focus and direciris

B oy=3x-2F+1

x4+ 1r i (v—3F
9 25

55,




384 CHAPTERE == Parameiric Eqguations and Polar Coondinates

2. .I_:_l.'|r+3'|:=_|
L 1
1. ix—1F+y=4d

SR x—1F 44 =4

59, A pamabolic ssellite dish has the shape v = é.l:. Where shwouald
the microphone be placed

&0, If a hyperbolic mimor 16 m the shape of the wp hall of
{v+2y— % = | tov whach poamt will hight rays lollowmg the
path v = cx (y < ) reflect?

Im exercises 61-64, lind a polar equation and graph ibe conic
section with focas (0, () and te given direciriz and eccentriciiy.

8L, Direcinx r=3 e=1{LK

G Direcinay=3e=1

Review Exercises

63, Direcinxv=2,e= 14

6l Diecinxr=1,e=21

In exercioes 65 amd 66, lod parameiric equations for the conic
Spcibms.

u+]F+L_-r—?I-:-=
S A
v+ 2F
_w = =i

5 EXPLORATORY EXERCISE

1. Sketch several polar graphs ol the form r= 1 + o cos & and
r= 1+ a sun & wmg some condamls o thal are positive
anel some thal sre megalive, grealer them 1, equal o 1 and less
than 1 iforexample, a =L a=-l.a=—lLa= 12, a=1
anct o = 2. Discirs all patterns you find.
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@VEC’[DTS and Vector-Valued CHAPTER

Functions

Auio racing at all levels has become a highly technological competition.
Formula Ome race cars are engincered with large wings on the back and
with undersides shaped like upside-down airplane wings, o use the air
flow 10 help hodd the cars o the rack even at speeds up o 322 km'h.
The engineering of stock cars is kess obviows o the unirzined eye. bat
is mo hess imporiant. Stock car racers sne challenged by, among other
things. intricate rules that severely limit the extent to which the cars can
be modified. Nevertheless, at the Brisiol Motor Speedway, the track is
an oval onby (LE5E km in length and racers regulary exceed 193 km per
howr, completing a lap in just over 13 seconds. These speeds would be
umzafic if the track were not specially designed for high-spead racing. In
particular, the Bristol track is sieeply banked, with a 16-degree bank on
siraightaways and a spectacular 36-degree bhank in the cormers,

As you will see i the exer
cises in section 7.1, the hanking
of a road changes the role of grav-
ity. In effiect, pam of the weight of
thiz car is diverted into a foree that
helps & car make its turn safely. In
thiz chapter, we introduce vectors
and develop the calculations needed
10 resdve vechors inko cComponents,
This is a fundamental iool for
cngineers designing mace cars and
© Shumersinel { Digilal S racetracks.

This chapier represenis a
crossroads  from  the primar-
ily two-dimensional world of
first-year calculus to the three-
dimensional world of many
important  scientific and engi-
neering problems. The rest of
the calculus we develop in this
hook bailds directly on the basic
ideas developed here.

£ Do TIFS EFags foloicd

Chapter Topics

T The Dot Product

7.2  The Cross Product

7.3 Vector-Yalued Funclions

7.8 The Cabeolus of Vector
Valued Functioas

.8 Molon in Space

O Gl Imespies

G}I 7.1  THE DOT PRODUCT

o

You may recall previously defining vectors in R and R* and examining many of the
properties of vectors, incleding how o add and subiract too veciors. | torms out that two
different Kinds of produces imvolving veciors have proved © be useful: the dot(or scalar)
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REMARK 1.1

Since vectors in Vo can be
thought of as special cases
of vectors in Vs (where

the third component is
zeral, all of the results we
prove for vectors in Vs hald
equally for veciors in V.

product and the cross {or vecior) product 'We introduce the first of these iwo products
in this section.

DEFINITION 1.1
The dot product of two vectors a8 = {@), d;. a3} and b= (b, b, B} in Vs defined by
a-b=lay, as aq) - (b By Bs) = aghy + a4 gy (1.1}
Likewise, the dot product of two vectors in Vs is defimed by
a-b=aaz)- b, ) =ab + axk

Be sure to notice that the dot product of two vectors is a scalar (e a number, not a
vector). For this reason, the dot product is also called the scalar product

EXAMPLE 1.1 Computing a Dot Product in R2
Compute the dot product a - b fora= (1,2, 3) and b = (5, -3, 4).
Solution We have
a-b={L2 3 -(5.-3.4)=(105)+2H-3+3ph=11.m___ |

Cenainly. dot products are very simple o compuee, whether a vector is written in
compomsent form or written in terms of the standard basis vectors, as in example 1.2
EXAMPLE 1.2 Computing a Dot Product in R*

Find the dot product of the two vectors & = 2i — 5] and b = 3i + 6j.
Solution We have
a-b={2)3) + (-6 =6—-30=-24 =m

The dot produwct in Va ar Vy satisfies the following simple properties.

THEOREM 1.1

For vectors a. b and ¢ and any scalar 4, the following hold:
(i) a-b=b-a {commutativity
{it) a-{bh+ci=a-b+a-c {distributive law)
{iii) {(da)-b=d{a-b)=a-(dh)

{iv) 0-a=0and

(v) a-a=|a|[".

PROOF
We prove (i) and (v} for a, b € Vi The remaining parts are lefi as exercises.
{1} For & = {ay, @z, a1) and b = {by, bz, By}, we have from (1.1} that
2-b=(a.aya;)- (. by, by} = a,b; +asb; + a3b;
=bap+bxi+ bas=b-a
since multiplication of real numbers is commutative.
{v) For & = {a@, &, 44}, we have
a-a={a,anas} (@, o ey =ai+ai+ai=fal’. =

MNotice that propertics {(1-{iv) of Theorem 1.1 are also properties of multiplication
of real numbers. This is why we use the word prodicr in dot product. However. there
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I are some properiics of muliiplicaiion of real numbers not shared by the dot product. For

instance, we will sce that a - b = 0 docs not imply that cithera=0or b= 0.
For two rove-zere vectors 8 and b in Vs, we define the angle 8 (0 < 8 < g) between the
vectors 1o be the smaller angle between a and b, formed by placing their initial points at

" b the same point, as iflustrated in Figure 7.1a
Motice that if a and b have the some direction. then @ = 0. If a and b have opposite
3 directions, then & = x. We say that a and b are orthogonal (or perpendicnlar) if § = 3.
We conzider the zero vector 0 to be orthogonal to every vector. The general case is stated
in Theorem 1.2,

FIGURE 7.1a
The angle berween Dag veclon

THEOREM 1.2
Lei & be the angle between non-zero vectors 3 and b. Then.,

a- b = Jaljbjjcos A. 1.2y

PROOF
We must prove the theorem for three separaie cases.

{1} If & and b have the same direciion, then b = ca, for some scalar ¢ > 0 and the angle
between a and b is & = 0. This says that

a-b=a-(ca)=ra-a=cla|".

Further,
lall bl cos &= ||allic|lla]| cos 0 =clall*=a-b,

since for ¢ = 0, we have |of = c.

{ii} If a and b have the opposite direction, the proof is nearly identical to case (i) above
and we leave the details as an exercise.

(i} If @ and b are not parallel, then we have that (0 < @ < «, as shown in Figure 7_1b. Recall
that the Law of Cosines allows us to relaie the lengths of the sides of triangles like the
one in Figure 7.1b. We have

Ba — bl = =’ + [IbE - 2{agib) cos 8. (1.3}

FIGURE 7.1b Mow. obhserve that
The anghe between tag veclons

lla— blI* = lI{a — by, @2 — by, @z — b3}
= fay — b £+ las — b+ (a3 — by
= {a} — 2auby + bi) + (aF — 2asbs + B3) + (a — 2ashs + b3)
= (af + af + af) + (b + bE + b3} — 2a b + aabs + aab)
= {jal* + [Ib]* — 2a - b (14

Equating the right-hand sides of (1.3) and (1.4}, we get (1.2}, as desired. m

W can use (1.2} w find the angle between two vectors, as in example 1.3

EXAMPLE 1.2 Finding the Angle between Two Vectors
Find the angle between the vectorsa = {2, 1, -3} and b= {1, 5, &).
Solution From (1.2). we have

g ab _ -l
~ Hallib]  VI3VEZ
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—11
Ii follows that & = cos™ (—) &= 1.953(radians)
v 1462
{or about 1 127), since 0 £ § < & and the mverse cosine function refums an angle in this
rangc. ®

The following result is an immediate and important consequence of Theorem 1.2,

COROLLARY 1.1
Two vectors a and b are orthogonal if and only if a - b=

PROOF
First. ohserve that if either a or b is the zero vector, then a - b =0 and a and b are orthog-

onal, as the zero vector is considered onhogonal io every vector. If a and b are non-zero
vectors and if 2 is the angle beiween a and b, we have from Theorem 1.2 thai

llallib}j cosf=a-b=0

if and only if cos @ = 0 (since neither a nor b is ihe zero vecior). This occors if and only if
@ = %. which is equivalent to having a and b orthogonal and so, the result follows. =

EXAMPLE 1.4 Determining Whether Twe Vectors Are Orthogonal
Determine whether the following pairs of vectors are onhogonal: (a) a = (1, 3, -5} and
b={2 3 10)and (bja= {4, 2. -1} and b = {2, 3, 14).
Solution  For {a). we have:

a-b=I+9-50=-3920,

so that 8 and b are nor crthogonal.
For (b}, we have

a-b=8+6-—14=0,
sothat a and b are orthogonal, in this case. ®

The following two resuls provide us with some powerful tools for comparing the
magnifides of veciors.

THEOREM 1.3 (Cauchy-Schwartz Inequality)
For any veciors 2 and b,
[a- b = Hall lIby]. {1.5)

PROOF
If either a or b is the zero vector, notice that (1.5} simply says that 0 < 0 which is certainly
rue. On the other kand, if neither a nor b is the 2ero vector, we have from (1.2) tha

a - b] = [fa]l[{blll cos 8 = Half ||k
since |oos @] £ | for all valoes of & =

e benefit of the Caschy—Schwanz Inequality is that it allows us to prove the follow-
ing very uwscful result. IF you were going 1o learn only one inequality in your lifetime. this
is prohably the one you would want to learn.
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FIGURE 7.2
The Triangle Inegquality

'j TODAY IN
eI/ MATHEMATICS

Lene Vestergaard Hau
{1950-Present} A Danish
rathermnalician and physics
krrn for her experimants

b shivwe dawens and stap light
Althaugh neithes of het parerts
had & backareund in seisnes
or mathematics, the says that
a5 & student, | loved matbe-
ratics | would rather do math-
ermalies thin oo to e mevie
in Broae days, Bt afer o whie
| dtcovered quartum mechan-
e and I've bean hooked ever
since” Hau credits & culbure

of scinntific achissement with
Rier suereds | wis leky b be
& Dane. Denmark has & long
scientlie tradion that included
the great Mieks Boht. .. In
Drerirna, plryaics i widishy
respected by laymen as wel as
seietzats, mrd liymen contrite
ute 1o physics™

® Browa, MW {19549], Lone Vesiai-

gaard Hast She Puts the Brakes on
Light {Tha Haw ¥ork Timas)

SECTION 7.1 =+ The Dot Product g

THEOREM 1.4 (The ThHangle Inequality)
For any vectors a and b,

lla + b = Qal] + [{b]. (1.6)

Before we prove the theorem, consider the wriangle formed by the vectors &, b and
a + b. shown in Figure 7.2 Notice that the Triangle Insquality says that the length of the
vector 8 + b never excecds the sum of the individoal lengths of a and b,

PROOF
From Theorem 1.1 {i}, (ii) and {v}, we have

fath| =(a+thi-(a+hi=a-a+a-h+h-ath-h
=l + 2a- b + || bl

From the Cauchy-Schwartz Inequality (1.5, we have a- b < ja - b| < fa]|lib{] and so.
wie have

lla + Bi* = ffall* + 2a - b + Ib|f*
< llall* + 2fjalllibd + [bE* = ([lal + Ebil¥.

Taking square roots gives us (16} =

O Components and Projections

Think about the case where a vector represents a force. Often, it’s impractical o exert a
force in the direction you'd like. For instance, in pulling a child’s wagon, we exert a force
in the direction determined by the position of the handle, instead of in the direction of
mition. (Soc Figure 7.3.) An important question is whether there is a force of smaller mag-
mitude that can be exerted in a differemt direction and =till produce the same effect on the
wagon Notice that it is the horizontal portion of the force that most directly contribuzes o
the motion of the wagon_ (The vertical portion of the force only acts o reduce friction. ) We
now consider how o compuote swch a component of a force.

FIGURE 7.3
Pulling a wigon

For any two non-zem position vectors a and b, ket @ be the angle between the veciors.
If we drop a perpendicular line segmeni from the terminal point of a to the line containing
the vector b, then from elementary rigonometry, the base of the triangle (in the case where
0 < @ < 5) has length given by fall cos &. (See Figure 7.4a.)
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fulf cos @ b b =
FIGURE 7.4a FIGURE 7.4b
i A, ) < 8 < 5 conapy, a, for for < 8 <x

O the other hand, notice that if § < & < . the length of the base is given by —|[al cos 8.
{Sec Figure 7.4b.) In either case, we refer to ||af] cos 8 as the component of a along b,
denoted comps 3. Using (1.2), observe that we can rewrite this as

h
compsa = [|aljcos # = %c
= alliblicos # = ——a - b
b b

Cinrgsiseel il i dlomns or I:'CIITI.PL a= “ T”

Motice that comps a is a scalar and that we divide the doi product in (1.7} by |||
and not by [|lafl. One way to keep this straight is o recognize that the componenis in
Figures 7.4a and 7.4b depend on bow long a is bul not on how long bis. We can view (1.7)

aslh:dnlprml.-uﬂh:vn:turazmdauuitwmlh:dirmﬁmnfb.giwnbyﬁ.

Once again, consider the case where the voctor & represents 3 force. Rather than the
component of & along b, we are ofien interesied in finding a force vector paralle]l w b
having the same component along b as a. 'We call this vector the projection of a onto b,
denoted projs &, as indicated in Figures 7.5a and 7.5b. Since the projection has magnitude
jcompy &) and points in the direction of b, for 0 < & < 5 and opposite b, for 3 < & < 2.
we have from (1.7) that

b
ol = Comn ) ( UL

Pauestion of b ot b or Pl'ﬂj'ﬁ a= “ ﬂj

a .
ettty
[

1]
mmlcﬁmnuau:ﬂl vector in the direction of b

FIGURE 7.5a FIGURE 7.5b
proja e <3 projea. for <8< x
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CAUTION

Be careful 1o distinguish
berween the prejection of a
onto b (a vector) and the com-
porent of @ dlong b (a scalar)
I is wery comenon o confuse
the L.

FIGURE 7.6
Pulling a wagon

SECTION 7.1 =+ The Dot Product 2 ]

In example 1.5, we illustrate the process of finding components and projections.

EXAMPLE 1.5 Finding Components and Projections

Fora={213)and b ={—1. 3}, find the component of a along b and the projection of a
onto b.

Solution From (1.7), we have

mmm,=ﬂ_ {2.3)-{-L5) -2+15 13

el K-L31 145 6

Similarly, from (1.8), we have

_(2:d\ b _( 13 \(-L3)
proina = (§ ||)||h| (=7
13
=E ]5}——{!5}_< }
We leave it as an exercise o show that. in general, comps, 8 # comps b and proj. a =

prog, b, One reason for necding to consider components of o vector in a given direction is
o compuie work, as we sec in example 1.6,

EXAMPLE 1.6 Calculating Work

You exert a constant force of 18D newtons in the direction of the handle of the wagon
pictured in Figure 7.6. If the handle makes an angle of § with the horizontal and you
pull the wagon along a Mat surface for 1 Km ( 100 m), find the work done.

Solution  First, recall from our discossion in Chapter 5 that if we apply a constant
force F for a distance d, the work done is given by W= Fd. In this case, the fooce
exened in the direction of motion is not given. Howewer, since the magnitude of the
force is 180, the force vector muost be

g _ K "'pﬁ V‘j
F=]H}{cm2,mnz)_lﬂﬂ( =, ) (903, 90+/F).

The force excried in the direction of modion is simply the component of the force along
the vector i (that iu.rhrim:izmual:mmuumtufﬂur%ﬁ.hwmkdmism

W = Fd = 90+/Z {1000} = 127279 1
Muore generally. if a constant force F moves an object from point F to point (7. we refer
tov the vector d = P as the displacement vector. The work done is the product of the
component of F along d and the distance:

W = compgFld||

F-d
== -df =
la

Here, this gives us

W= (902, 90v2} . {1000, 0} = 90+2(1D00), ashefore. m
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BEYOND FORMULAS

7-B

The dot product gives us a shortcut for computing components and projections. The dot
product test for perpendicalar vectors follows direcily from this interpretation. In gemseral,
components and projections are wsed o isolate & particalar portion of a larger problem
for detailed analysis. This son of reductionism is ceniral o much of modern science.

EXERCISES 7.1 @

) WRITING EXERCISES
L. Explain m wonds why the Triangle Ineguality is troe

L The dot product s called a “product” becaus the properties
listed in Theorem 1.1 are true for moltiplicaton of real aum-
bers. T other propertes of mulisphieation of real numbers
imvalve factoring: (1) if ab = oc (o £ 0) then b = ¢ and (2 if
ab = then a = 0 or b = . Discuss the extent 1o which these
properies ane rue for the did product.

1 To onderstand the importance of wni veclors, dentily the
samphilcation m formualas for Dimding the angle between vec-
tors and for finding the component of a vector, if the veclors
are umil vectors, There is also a theoretbeal benelil 10 using
unit veciors. Compare the mumber of veclors in a partsco-
lar direction o the number of unit vectors in that direction.
{For this reason, wml vectors are sometimes called direction
W hirs. |

do It is bmponant 1o enderdand why work 1% computed ismg
only the component of force in the direction of moton. Sup-
poee you push on a door o close i 1f you sre pushing on the
edge of the door siraighl 31 the door hinges, are you acoom-
pleshing anyihing useful? In this case, the work done would be
zero. I you chamge the angle a1 which you push very shighaly,
whal happens? As the angle mcreases, discuss how the oom-
pooent of force mothe direction of motion changes and how
the work dome changes.

1o exercioes 1=, conpule a - b
L a={3 1) b={2 4)
a=3i+jb=-21+3j
a={2 -1, 3 b={0 2 4}
a={3310Lb={—24 3}
a=%-kb=4dj-k
a=3+3kb=-2i+j

o e e

I exercises =110, compite the angle between the veclors.
T. a=3i-2jb=i+]
K E=-I:1U_—2}.h=l:u_—1-|}

9 oa=3i+j-dkb=-2i+2j+k
M a=i+3-kb=2-3k

In exercises 11=14, determine whether (he vectors are
orthoganal.

1l. a={2 -1}, b={24)
12, a=6i+2jb=—i+3j
13 a=3i.b=6-2k

M a={4 -1, 1% b={(2 4 4}

In exercises 15-18, (a) lind a 3-dimensiomal veclor perpendicu-
lar o ithe given vector and (b) find a vector ol ihe form {a. 2, —3)

that is perpendicular to the given vector.
15, (2.-1.0) 16 (41, 1)

17 6i+2-k 18 34— 3k

In exercises 19-24, lind comp, a amd projs, @
a={2 15 bh={34)
a=3i+jb=4di-3j

a={2 -1 3L bh={1212)
a={L4. 5. b={-21,2)
a=1{20,-2), b=1{0, -3, 4}

BB REEER

a={3,2.0).b={-2.21}

Repest example 1.6 with an angle of T wath the horizontal.
Repeal example 1.6 with an angle uf;wiﬂ:lh!hurituﬂn].

4 R

Explain why the answers 10 exencises 25 and 26 aren’t the
sune, even though the force exeried & the same. In this s
g, explain why a larger amounl of work cormssponds o a
e eflicient use of the fonce.

2. Find the force needed in exercise 25 w prodoce the same
amount of work 28 in example 16
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29

A0,

3.

A cordtal fonce afl (30, 20 N moves an object in a siaeeld line
fremm the poent (0, 00 8o the point (24, 100, Conmpute the work done.
A constan force of {6, —30) M moves an object in a dranght
lve froem the point (0, 0) 1o the point {10, — 10 Compute the
work dione.

Label each satement as woe or false. IF o ois e, briefly
explain why; if o is false, give a counberesample.

jg) Ha-b=a-cthenb=ec

by ib=ec thema-b=a-e

(c) &-a=ja

{dy If flafl = bl thena-c>h-e

{g) If fajj = lib]] then a=h.

4. 5

vig e
Tlirst compute {2, 5) - {4, 1} and then divide the resulr {13) by
' 17. Which property stated in Theorem 1.1 is being used”

To commpute @ - b, where a = {2, 5) and b = ——

I exercises 13 and 34, use the figores o sequence a- b, a - ¢ and
b - ¢ in increasing arder.

n \< “ L.

IWa = {2 1) find a vector b soch that {a) compy & = 1:
b comp, b =—1.

36 Ifa= (4, -2} fnd a vector b such that (a) progy & = {4, 0):

di.

() g, by = {4, =2}
Find the angles in the treangbe with verboes (1, 2,00, (3, 0.—1)
and (1., 1).
Find the angles m the guadritsieral ARCD with vertices A =
(201 8= 1,4 C=(d, =2 Syand D =(4 0 2}
The distance (rom o point P w 3 line L is the length of the
lme segment oonpecting P L &l a nght anghe. Show
that the distance from ix. v) o the fing ox + by + c= 10

Jar + bys +of
quals ——————

vt + b
Prove that the distance between lines ax + by 4 ¢ = lhand oy
b —

V' + b
{a) Find the angle between the dogonal af a sgeare and an
sdljacent sade. (b Find the angle between the diagonal of a
cube and an adjacent sade. () Extend the resubis of parts (a)
amud (b 1o a hypercube of dmension r = 4.
Prove that [ja + B+ lla — bii* = 2{jall® + 2{biF". Swe this
resull in terms of properties of the parallelagram formed by
vechrs @ and b,

+ by 4+ o =1 egquals

Exercises 43-54 involve the Cawchy-Schwariz and Triangle
Inequalities.

43,

By the Capchy-Schwartz Inequality, [a - b < |la][b)). What
relationship must exist between a and b o have |a - b| =
[lafl By

51

SECTION 7.1 =+ The Dot Product 353

By the Triangle Inequality, [Ja + bij < jaj] + ||b). What rela-
teoenship must exsl between & and b o heve la + b = ja)| +
1l 2

Lise the Tramgle Ineguabty o prove thar la — bj =
[lall — /.

Prosve parts {i1) and (i) of Theorem 1.1.

For vectors a and b, wwe the Caschy-Schwanz Inequality bo
Tigwed the maxinaem valse of & - bif [laf] = 3 and b = 5.
Bind a formida for & moerms of b il Baj] = 3, ||b]l = 5 and
a - b s maimiam.

Use the Cauchy-Schwarte lnequality in r dimensions o
show that (Eh,&-tl)— < (:Em) (Ebi). If both ¥ ai and
2 =1 k=1 k=l k=i

Eﬁ-f comverge, what can be concluded? Apply the resull o
=l

&y = }mkih: .I

Show that E'}a,blp < TEu. + TEb- I baoth E-n
E_b.._ L"IJI!"FE#, what can 1'.': L‘url:ll.uh.l"‘ Apply Ihl! n-.':u]l Lis

k=l
= and by = 3. 1 this bound better or wirse than the bound
founil m exencise 497

{a) Use the Canchy-Schwarte Ivequabity m n dimensions bo

lhﬂ-wllﬂ-lzlml < Em) b I p e, oo, paarE

k=1
- 1
nin-pegalive aumsbers thal sum o 1. show that Epi = =
=1
{ch Amuong all sets of non-negative numbers p,. .

+ P Nhat
A
stem 1 1, find the chobce of g, e . . ., pa thial miniszes ¥, pi.

=l

Llse the Canchy-Schvwariz Insguality in o dimensions s show

i Bt 5 (F)” (Eheut®) "
aimwlhazldihﬂ{z"*){gﬁ}"““(g“'bn—,):

<(2)(2+)(Z)

Show that 4=+ +‘( AL +V‘ i TRV -
TE¥HI r+y+r I+¥+z
Prove that comp,a + b) = comp, & + compe b for any non-zens

vectors & b and e

The orthogenal prajection of vector @ along veclor b i
defined as orihy a = a — projs, 4. Sketch a picture showing
vectors a, Iy, proj, a and artby, &, and explam what is orthogo-
nal about orthy .

Wirite the: given vector & & + b, where @ i parallel w {1, 2, 3} and
b i perpendicular bo | 1, 2 3}, for (a) (3, —1, 2) and (by (0, 4 2.
{a) For the Mandelbot set and assoctated Jubia s#s, Munctions
of the form fix) = x° — ¢ are analyzed for various constants
o The iterates of the funchon increase if |«° — of > [x]. Show
that this is true if o] > 4 /5 + oo (b) Show thar the vec-
tor analog ol part (a) ix alio ree. For vectors %, % and e if
1% > &+ /5 + llell and Bxall = fxll, then [jx: — cf] > =
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X appuicaTIONS

5

15 a meethane mobecule (CHL), a carbon atom 15 surrounded by
Fomir liydrogen aloms. Assume that the bydrogen atoms ane at
(0,0, 00, (0, 1, 0 (0,0, 1) and §0, 1. 1y the carhon alom is
at [ 4 3). Conmpute the bond angle, the angle from bydn-
pen alom o carbon aboom K hydmogen alom.

Suppose thal a beam of an ol rig 15 maalled in a drectson par-
aflel io (00, 1. 5}, (a) Il & wave cxens a force of (0, —200, 0}
newtons, fmd the component of this force along the heam
ib) Repear with a fwee of {13, —190. —61) newwms, The
lnces mn pards (a) and (b)) hove neardy lembcal magnoudes.
Explain why the foree conponents ane different.

In the diagram. a crabe of weight w N s placed on a ramp
imclined at angle & above the horzontal. The vector ¥ along
the ramp is given by ¥ = {cos ¢, sin @) 2nd the normal vector
by m = {—sin @ oos & (a) Show that ¥ and 0 ane perpen-
dicular. Find the compoment of w = (i, —w} abong v aml the
componeal of W abong

{b) I the coeflicient of aatic friction between the crafe and
ramp equaks g, the crabe will shide down te mng i the com-
pooenl of W along ¥ is greater than the product ol @, and the
compament of w akmg 0, Show that this occurs i the angle &
is steep epough that & > ="y,

A weghl of 500 N s supported by Do ropes that exert forces
of @ = {— 100, 200} N and b = {10 3003 N_ Find the angles
. and £ berween the mopes.

A coar makes & tam on 2 banked moad. 17 the nosd & banked an
10, show that 3 vector paralle] to che romd is (oos 1, gin 107},

(a) I the car has weight 2000 N, find the composent of the
weight vector alomg the road vector. Thas composent of

T-10

weight provedes a lorce that helps the car e, Cormpute
the ratio of the component of weight along the road o the
component of werghl into the road. [Nscuss why il might
he dangerous i this ratio s very small or very Large.

0 Shumerstock / Diigatal Sworm

(b Repe part (a) for o UKD N car on a 15" bank.

The racetrack al Brstod. Tennessee. s famous foe i shiort
lemgth and s steeply banked curves. The Iruck 15 an oval of
length (LESE kim and the cormers are hanked a1 36 Circu-
lar molion al a constanl spesd v neguenes a ceninpetal Tonce

of =" where ris the radivs of the cirche and m is the

r
mass of the car. For a irack banked 31 angle A, the weight of
ihie car provides 3 centripetal foroe of mg sin A, where g is the

4

gravilatiomad constan. Sefting the two equal grves L pam A,
r

Assuming that the Brigiol irack is circular (ic's ol really ) and
using g = 98 mist, fmnd the speed supported by the Brisiol
bank. Cars sciusally complete laps an over 190 kmh. Discuss
where the additional force for s hgher speed might come
[roema,

Suppose a srnall busipess sells three produces. In a given
rownhy, 1 OO0 umits of prodiict A are sald, 2000 uaits of prod-
el B are sold and J000 units of prodsct O ane sold, then the
sabes vector for thal monath i defined by 5 = (3000, 2000,
SO0 If the prices of products A, B and © are 320, 515 and
2%, respectively, then the price vector is defined by p =
{20, 15, 25). Compaite § - p and discuss how it relates 1o
mnthly revenaie.

Suppuse thal m a pariecular counly, sce cream sales (in thou-
canids of Hiers) fior a year are given by the vector 8 = {3, 5,
1240, &0, 10, 120, 16, 110, 50, 10, 2} That s, 3000 b
ers wene sold i January, SO leers were sold m Febroary,
and g0 om. In the same counly, suppose thal festivals lor the
year e given by the vector m = {20, 1, 6, 4, 8, 0, 13, &
20, &) Show that the average monthly e cream sales sre
F = 56000 Lvers amd that the sverage monthly member of
festivals is & = 5. Compute the vectors a amd b, wherne the
components of 2 equal the components of § with the mean
56 subtracted (o that & = (=533, =51, —&d, . _}) and the
components of b equal the components of m with the mean
5 subtracted. The comelatzon belween ice crewm wales and fes-

lrvals is delimed as p = en, a posabive correlalion is

L
lladilibd
imcorrectly interpreted a3 meaning thal 8 “canses™ b, {ln {0,
oorrefabion should mever be used o aler a cause-asd-elfect
relatsmshap. b Explain why =och a cosclusion would be mvalid
in Lhis case.
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@ EXPLORATORY EXERCISES

1.

1

This exercize develops a baae principle used in computer
praphics. bnthe drowing, an artist races the image off an ohgect
onle a pane of gliss. Explan why the race will be distarted
unlew the artist keeps the pane of glas perpenidicular o the
lme of sight The irce is thos & projection of the objpect ando
the pane of glase. To make thas precise, suppose that the armist
is &l the point (10N, 41, 0) and the point Py = (2, 1, 3} is part
of the object being wraced. Fimd the projection p, of the posi-
trom vector (20 1, 3) along the ariist’s positon veclor 100,
{0y, Then find the vector g soch that {2, 1, 3} = p; + ga-
‘Which of the vectors py and g does the anist actually see and
which one is hididen? Repeat this with the poamt Po= (-2, 1, 3)
amd fnd vectors po amnd g such that (=2, 1, 3} = p: + g
The arist would plot both ponts & amd P2 al the same point
on the pane of glass, Identify which of the vectors py. . p:
anl g eorrespond e s peinl. From the arbsts perspective,
one of the podats P, o F, is hadden behind the other. Identify
which point is hadden ane explam how the information in the
veckins @y, ;. . and q, can be used o determune which pomt
15 hilideri.

Take a cube and spin it aroend a diagonal.

SECTROM 7.2 =+ The Cross Product 395

I yoous spim a0 rapidly, you will see 3 corved outlne sppear m
the middle. (See the figure bebon ) How dies a cube become
curved? This exercioe answers that guestion. Suppose thal the
cube i a ual cube withf<x < 1L, 0<y < 1 andl <z < 1, amd
wee modate aboat the diagonal o (0, O, OF we {1, 1. 1) Span-
niig The cube, we see the combination of pomis on the cube al
their menimum distance from the diagonal. The pomis on te
adge of the cube have the maximpm dstance. I {x, v, 7} s a
point on an edge of the cube, define & wo be the companent of
the vector (x, v. o) slong the diagosal {1. 1, 1). The disiance o
frome {x, v, z) to the diagonal is then o = f Jlx v D — K as
in the diagram below. The curve is produced by the edoe from
(e, Tyno g, 1, 1) Parametne equations for this segment are
s=0v=ramd =1, for 0 = ¢ % 1. For the vector {0, ¢, 1),
comgule h and then o, Graph dis). You should see a curve sim-
ikxr 10 the maddle of the cutline shown below. Show that this
curve is actually part of 2 hyperhola. Then find the outline
ereated by ather sidex of the cube. Which ones produce curves
and which produce graight lnes?

@ 7.2 THE CROSS PRODUCT

In this section, we define a second type of product of vectors, the cross prodiect or vecior
product, which has many imporiant applications, from physics and engineering mechanics
b space travel. We first need a few definitions.
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DEFINITION 2.1
The determinant of a 2 % 2 matrix of real numbers is defined by

iy iz
by B2

(")

25 1 maslkls

=ﬂlb‘_1—ﬂ‘1b|. {I.I}

EXAMPLE 2.1 Computing a 2 x 2 Determinant
< 1 2

Evaluaie the determinant |3 dl'

Solution From (2.1}, we have

1 2] ] -
|:1 "l—{inm @3 =—2.

DEFINITION 2.2

The determinant of a 3 » 3 matrix of real numbers is defined as o combination of
three 2 x 2 determinants, as follows:

iy efr 43
by by bs|=a)|® h|_"! 3 I@l:1|*"'1!|‘:" ba 2.2)
o T E s Iy &y £y Ly £

1 &3 T3

T

1 b oisisia

Equation (2.2) is referred 1o a5 an expansion of the determinant along the first row.
Notice that the multipliers of cach of the 2 » 2 determinanis are the entries of the first row
of the 3 x 3 matrix. Each 2 x 2 determinant is the determinant vou get if vou eliminate the
row and column in which the comresponding multiplier lies. That is, for the firsr term,
the maltiplicr is @ and the 2 % 2 determinan is found by eliminating the firsr row and G

column from the 3 ® 3 matrix:
1 bz by
= |

Likewse, the second 2 x 2 determinant is found by eliminaimg the first row and the see-
wwid column from the 3 % 3 determinani:

by B2
Ly Oy

|f|‘| b]

Oy Cy

by b;l
1 cal

Be certain to nodice the minus sign in front of this term. Finally, the teird determinant is
found by eliminating the first row and the third column from the 3 x 2 determinani:

by by 3:
O £3

by b:I_

[ TR
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REMARK 2.1

defined only for vectors in
V. There is no correspond-
ing operation for vectors

in FJ.

SECTROM 7.2 =+ The Cross Product 357

EXAMPLE 2.2 Evaluating a 3 x 3 Determinant

1 2 4
Evaluate the determinanmt | -3 3 1]
i =2 5

Solution Expanding along the first row, we have:

1 ‘Id-
-3 3
3

—m|
-2 5

3 1 3 3

=2 5 —{2‘1| 3 5|+{4:| 1 —zl

= (L[{3NSD — (i —23] — (2(—3N5) — (1 W3]
+ (d)[(—3W—2h — (3H31]

=4l. m

We use detcrminant notation & & convenicnt device for defining the cross product, as
follorars.

DEFINITION 2.3

For two veciors & = (. @2, ds) and b= (b, bz, ) in Vi, we define the cross
product (or vector product} of a and b io be

ij
1 1]
bhb

dy . eIy

axh= aml' 5 |+ E 23

|d|_ i@

Motice that a ¥ b is also a vector in Vi. To compute a x b, you must write the com-
ponents of a in the second row and the components of b in the third row {the order is
imporiant! ) Also noie that while we've used the determinant notation, the 3 x 3 deter-
minani indicated in (2.3} is not really a determinant, in the sense in which we defined
them. since the entries in the first row are vectors instead of scalars. Noncetheless, we
find this slight abuse of notation convenient for compating cross products and we use it
rowiinely.

EXAMPLE 2.3 Computing a Cross Product

Cumpm:fl_ll}x{i,i-ﬁr}_

Solution From (2.3}, we have

ij k
2 3

123 4 &
=—3i+6j—Fk=(—36-3) g

{1.2.3) % (4,5, 6) = -+

s oli-la el 5

THEOREM 2.1
Forany vectora € Vi axa=0anda =0 =10
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&Hlﬂm
NOTES

Josiah Willard Gibbs
{1839-1903)

Armerican physicis! and mathe-
matician who introdoced amnd
named the dod product and
the eross product. A graduate
of Yale, Gibbs publched
important pagers in thenmody-
namics, stafistcal mechanics
and the electramagnetic
theary of Bght. Gibls used
wectors bo detemming the orbit
of & comet rom only Hhires
ol ervations. Oviginally pro-
duced &% printed nobes for ks
suddents, Gibbe” vecior system
Greatly sampilied the arginal
system developed by Hamil-
ton. Gibhs wak well Bked but
ot faemous in his Belime. One
biographer wrate of Gibbs
that, “The greatness of hs
mellectusl schievements will
mever overshadow the beauky
and dignity of his fife™

“Buestaad, H. A (1903), Iosian
Willar o Gitibes, Amaiican oumal of
Stinnda ) POVE

*  Wectors and Vecior-Valued Functions 714

PROOF
We prove the first of these two results. The second, we beave as an exercize. Fora = {ay. az, ).
wi have from (2.3) that

i j k
- _ oz ey ay d5| Il:h i3
AXE=|g; ar dy _Iﬂ: ﬂ_\li_lﬂh ay i+ ay ﬂ;t
iy dy

= (aptty — gty i — (etgiey — gl + oty — i o =0 m
Let's take a brief look hack at the result of example 2.3, There. we saw that
{1,2.3) = (4,5 6)={-3, 6, —3).
There is something rather interesting to observe here. Note that
(1,23 - (-3, 6, -3 =0

and {4.5.6) - (3.6, -3} =0.

That §s. both (1. 2. 3} and {4, 5, 6} are crthogonal to their cross product. As it mwrms oo,
this is true in general, as we see in Theorem 2.2,

THEOREM 2.2
For any vectors @ and boin Vi, a » b is onthogonal to both a and b,

PROOF
Recall that two vectors are orthogenal if and only if their dot product is zero. Now, using
(231, we have

i o i a 3
“"”"']={"""'*"*’7’"|bf b-:|l_ b bj|j+ :: :-:l"‘}
s iy .t-:. r.l_e dy iy -
B |5 m|‘" by m|+" by b:

= aylasbs — asby] — axfas — aaby ] + @by — axb)
= dpdals — @y — aashs + aseab; + gl — @by
= D‘

sothat & and (a » bj are orthogonal. We leave it as an exercise to show that b - (2 % b) =0,
also. m

Motice that for non-zero and nonparallel veciors a and b, since a x b is onhogonal to
both a and b, it is also onhogonal (o every vector lying in the plane containing a and b
(We also say that a x b iz orthogonal to the plane, in this case.) But, given a plane, out of
which side of the planc does 2 % b point? We can get an idea by computing some simple

cross products.
MNotice that
ijk
ixi=(1 0 o=[{ gli-lg gli+p j|x=*
o1 0
Likewise, jxk=1L

These are illusirations of the right-hand role: If you align the fingers of your righr hand
abong the vector @ and bend your fingers around in the direction of rotation from a ivward
b {through an angle of less than 1807, your thomb will point in the direction of a < b. as in
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FIGURE 7.7a
axh

FIGURE 7.7b
hxa
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Figure 7.7a Now, following the right-hand rule, b x a will point in the direction opposite
a x b. (See Figure 7.7b.) In particular, notice that

ij k
J=i=|p 1 o|=-k
I 00
We leave it as an exercise o show that
jxk=1L kxj=-—

kxi=j and ixk=-—j.
Take the time o think through the right-hand mule for each of these eross products.
There are several other unusoal things 1o observe here. Notice thae

ixj=kz-k=jxi
which says that the cross produci is mer commuiative. Forther, notice that
fixjixj=kxj=-i
while
iz{jzji=i=z0=0
50 that the cross product is also sor associative. That i, in general,
(axhixecaxibxch

Simce the cross product does not follow several of the rules you might expect a product to
satisfy, you might sk what rules the cross product dees satisfy. We summarize these in
Theorem 2.3

THEOREM 2.3
For any vectors a, b and ¢ in V3 and any scalar o, the following hold:

(1) axb=—ibxa) {anisommmulalivily )

(i) (o) x b =d{ax b) =a x{dh)

(mj axib+ei=axbhisaxe {uisaributve law)

fiv) fa+hixe=axec+hxe {ilisariburve law)

ivj aibxei=ifaxhi-c {scalar wriple product) and

(vid @ (b el=(a-cih— ia-hic {wector riple produact ).

PROOF

We prove pants (i) and (iii) onky. The remaining parts are left a5 exercises.
{i} For a = (&g, @2, a3} and b= {b;, ba. B3}, we have from (2.3) that

i j k P
b\ bjl _| I I b"'It

gy i 43
_ _|B2 iz _ & -f-“_I —
a3 | +| ]|j a, as k=—{bxa),

axh=

&. By by

since swapping two rows ina 2 X 2 mairix (orin a 3 % 3 matrix, for that matter) changes
the sign of its determinant.
{iii) For € = {ry, c1. 1), we have

b+e={b +ci.br 4. bat o)

i i k
iy 3 iy
bi4ci batez Patdos

ad =, axib+ecj=




CHAPTERT7 =+ Veclors and Vecior-Vakued Functions T-16

Looking only a1 the i component of this. we have

a3 s
bt Ba4 o

= ll_\{b] =+ l."]" =" ﬂjuil! +{'!:I

= {aalfy — asba) + {aacs — dacz)
_ @y dy iy l:l:l
T by by +It‘1 cal

3

which you should note is also the i component of a x b 4 a % e. Similarly, you can show
that the j and k components also match, which establishes the result. m

Always keep in mind that vectors are specified by two things: magnitude and direc-
tion. We have alrcady shown that a % b is orthogonal o both 2 and b. In Theorem 2.4, we
make a general (and quite uscful) statement about [ja x bl

THEOREM 2.4
For non-zero vectors 3 and b in Vi, if @ i the angle between a and b {0 < @ < x). then
lla % bi} = ||all[ibjjsin 8. 2.4)

PROOF
From (2.3). we gt
a2 = bl = [aaby — @b + [ashs — @ P+ [aibsy — axn P
_ aibi — Dasashabs + aibd + aibi — 2aasbibs 4 aibi
+athi — 2aash b + aihi

= (af + ai + ai}bi + b 4 BE) — (@b + axby + aab)

= |lal*lIbl* - (a - bF

= [laf*lIbi* — [al’[blcos’@  From Teeen 12

= |lal*lIbi*(1 — cos'd

= ||laf*|bji*sin".
Taking square roots, we gei

fia = hi| = Jallib]jsin &,

sincesin @ =0 for0 <@ <z m

The following charactenzation of parallel vectors is an immediate consequence of
Theorem 2.4.

COROLLARY 2.1
Two non-zero vectors &, b € W, are parallel if and only ifa = b =0

PROOF
Recall that a and b are parallel if and cnly if the angle & between them is cither 0 or 2. In
cither case, sin = (1 and 50, by Theorem 2.4,

[la = b = [lal|||blsin & = [fa]|||bE(0} = 0.

The resuli then follows from the fact that the only vector with zero magnitude is the zero
vecln. W



FIGURE 7.9
Dastanee from a poind o a line

FIGURE 7.10

Parallelepiped formed by the
vectors &, b and €

SECTROM 7.2 =+ The Cross Product 401

Theorem 2.4 also provides us with the following interesting geometric inlerpretation
of the cross product. For any two non-zero vectors & and b, as long as a and b are not par-
allel, they form two adjacent sides of a parallelogram. as seen in Figare 7.8, Nodice that
the area of the parallelogram is given by the product of the base and the altitude. We have

25
= [[biillalisin & = fla = bij. =

from Theorem 2.4. That is. the magniide of the cross product of two veciors gives the arca
of the parallelogram with two adjacent sides formed by the vectors.

EXAMPLE 2.4 Finding the Area of a Parallelogram Lising
the Cross Product

Find the arca of the parallchogram with two adjacent sides formed by the vectors
a={12 3)and b= {4, 5 6.

Solution  First notice that
ij k

g2 3 1 3 12

123 =l| I—il |+l| |={—3,&—3}-
5 6l 14 & 45

456

From (2.5}, the area of the parallelogram is given by

axh=

[axbl =[|{-3.6, -3 = VA= 7.348. g

We can also use Theorem 2.4 o find the distance from a point to a line in R?, ag fol-
tows. Let d represent the distance from the point § to the line through the points P and 8.
From clementary rigonometry, we have that

d = [|PQYsin 8,
where # is the angle between PQ and PR. (See Figure 7.9.) From (2.4), we have

IPQ x FRY = || PO1||PRIjsin & = ||PRI|(d).

_IF@ = PR

Solving this for J, we get d g
[1FR]

{26}

EXAMPLE 2.5 Finding the Distance from a Point to a Line

Find the distance from the point @01, 2, 1} to the line through the points F(2, 1. -3)
and R(2 —1. 3).

Solution  First, the position vectors corresponding to FEmd P_ﬁm

PO={-1,1,4) and PR={0 -2 6)
k

and (—1. L4} % {0, -2.6) = ={14.6,2).

i ]
-1 14
0 -2 6

Wi then have from (2.6) that

2 e o W7
_IPgxPRY _ (4.6, _ V236 _, o

o = =
IPRY fl{o. 26| %0 R

For any three non-zero and noncoplanar veciors a, b and e (i.e.. three vectors that do
noi e in a single plane). consider the parallelepiped formed wsing the veciors as three
adjacent cdges. (See Figure 7.10.) Recall that the volume of such a solid is given by

Volome = { Area of basej(altitude).
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FIGURE 7.11
Torgue,
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Furiher, since two adjacent sides of the base are formed by the vectors a and b, we know
that the area of the base is given by ||a % bj|. Referring 1o Figure 7,10, notice that the alti-
tude is given by

| tl_lc-:axh]l
S e T T

from i 1.7). The volume of the parallclepiped is then
je-ia = by
[la = B

The scalar e - (a = bj is called the scalar triple prodoct of the vectors a. b and e It erns
out that we can evaluate the scalar triple product by computing a single determinant. a5
follows. Note that for 8 = (. @y a3 b= (b, by, By} and € = {cy. o3, 1), we have

Volume = fla = h]| = |c - (a = b]|.

i j k
c-jaxb)=oc-[d; ax dy
by by by
iy iy @ i iy @
=tevered- (10 o =1ar 5l + %[5 bl
ay d3 dy i iy
=Clpy b T Yy b;l “i by b:!
) O Oy
= (@ @ d3] (2.7
by By by

EXAMPLE 2.6 Finding the Yolume of a Parallelepiped Using
the Cross Product

Find the velume of the parallclepiped with three adjacent edges formed by the vectors
a=1(1.2,3).b={4 5 6)and c= {7, 8 O).

Solution First, note that Volume = |c - (3 % b)|. From (2.7}, we have that

I E g_ 2 3I—E|l 3|+ql 2|
456 5 & 4 6 4 5
=T{—3) - 8{—6)=2T.
S0, the volume of the parallelepiped is Volume = je-fax =27 =27. = |

c-{faxh)=

Consider the action of a wrench on a bolt, as shown in Figure 7.1 1. In order to tighten
the bolt, we apply a force F at the end of the handle, in the dircction indicated in the figure.
This force creates a torque ¢ acting along the axis of the bolt. drawing it in tight. Notice
that the torgue acts in the direction perpendicular 1w both F and the position vector r for
the hanidle as indicated in Figure 7.1 1. In fact, using the right-hand mle, the torgue acts in the
same direction as r x F and physicisis define ithe inrgue vector io be

t=r=®%F.
In particular. ihis says that
=l = [Ir = F}i = [[rfl||Fii=in &, (2.8)

from (2.4). There are several observations we can make from this. First, this says that
the farther away from the axis of the bolt we apply the force (Le., the larger Jjrj is), the
greater the magnitude of the worgue. So. a longer wrench produces a greater torgue, for a
given amount of force applied. Second, notice that sin @ is maximized when 8 = 5, so that
fromm {2.8) the magnimde of the worque is maximized when # = 5 (when the force vector F
is orthogonal 1o the position vector r). If vou've ever spent any time using a wrench, this
shoubd fit well with your experience.
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EXAMPLE 2.7 Finding the Torque Applied by a Wrench

If you apply a force of magnitude 110 N at the end of a 40 cm-long wrench, ai an angle
of § to the wrench, find the magnitude of the torque applicd 1o the bolt. What is the
miaximum torgque that a force of 110 N applied ai that poini can produce?

Solution From (2.8}, we have
40 x
= Fljsin # = [ — |1 10} sin—
fizll = [Irl|HF[jsin {]m] el

40 V3
=|—|110— =38 M-
(mu} 2 = "
Further, the maximum torgue is obtained when the angle between the wrench and the
force vector is 5. This would give us 8 maximum torque of

== IIfIIIIFIliiﬂﬁ'=[%]1 0l =4N-m

In many sports, the action is at least pantially influenced by the motion of a spinning
ball. For instance. in cricket, batters must coniend with pitchers” curveballs, and i gaolf,
players try to control their slice. In tenniz, players hit shots with topspin, while in basket-
ball, players improve their shooting by using backspin. The list goes on and on. These anc
all examples of the Magnus force, which we describe below.

Suppose that a ball is spinning with angular velocity ., measured in radians per sec-
ond {i.e., w is the rate of change of the rotational angle). The ball spins about an axis, as
shown in Figure 7.12. We define the spin vector s to have magnitude « and direction par-
allel to the spin axis. We use a righi-hand rule o distinguish between the two directions
parallel v the spin axis: curl the fingers of your right hand around the ball in the direction
of the spin, and your thumb will point in the correct direction. Two examples are shown in
Figures 7.13a and 7.13b. The motion of the ball disturbs the air through which it travels,
creating a Magnus force F,, acting on the ball. For a ball moving with velocity v and spin
vector 5, Fa, 15 given by

Fo=cisx ¥},

for some positive constant ©. Suppose the balls in Figure 7.13a and Figure 7.13b are mowv-
ing imto the page and away from you. Using the usual sports terminclogy, the first ball has
backspin and the second ball has wpspin. Using the right-hand rule, we see that the Mag-
nus force acting on the first ball acts in the wpward direction. as indicated in Figore 7_14a.
This says that backspin (for example, on a baskethall or golf shot) produces an wpward
force that helps the ball land more softly than & ball with no spin. Similarly. the Magnus
force acting on the second ball acis in the downward direction (see Figure 7.14b). so that
topspin (for cxample. on a tennis shot or cricket hit) produces a downward force that causes
the ball io drop to the ground more quickly than a ball with no spin.

i

F, F;
x
Fa
- L
FIGURE 7.14a FIGURE 7.14b
Wlagnus force for a ball Maprus force for 3 ball with

with hackspin 1opspin
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Figure 7.15a
Right-hand curveball
D Swephen Moweess /1 73RF
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EXAMPLE 2.8 Finding the Direction of a Magnus Force

The balls shown in Figures 7.15a and 7.15b are moving into the page and away from
you with spin as indicated. The first ball represents a right-handed baseball pitcher's
curveball, while the second ball represents a righi-handed golfer’s shot. Determine the
direction of the Magmus force and discuss the effects on the ball.

Solution For the first ball. notice that the spin vector points up and to the left. so that
5 X v points down and to the keft as shown in Figure 7.16a. Soch a ball will curve to the
left and drop faster than a ball that is not spinning. making it more difficult o hit For
the second ball, the spin vector points down and to the right, 5o 5 X ¥ points up and o
the right. Such a ball will move to the right (2 “'slice™) and stay in the air longer than a
ball that is not spinning. (See Figure 7_16b.)

F.
¥
v
Figure 7.15b ¥ ol
Right-hanel galf shot nl
0 Deesign Fis £ Darven Gresrriocod

Figure 7.16a FIGURE 7.16b
Mapaus force for a righi-hasded Magnus force for 2 right-

carvehall handed golll bt

EXERCISES 7.2 (@)

) WRITING EXERCISES

1. Inthis chapler, we have developed several tests lor geometre
melabonsknps. Briefly describe bow 1o tesl whether two vec-
tows are () paraliel; {b) perpendicular. Brielly describe b
1o Besil whether () three points ane colinear; {d) four points ane
ooplanar

L The Mg ssde of the problems in exercise 1 8 0 construct vec-
tors with desired properties. Briefly describe hos o consruct
a veclor (a) parallel by o given veclor: (b)) perpendecudar 1w oa
given vector. (¢} Given a vector, describe how 1o consaruct
twa ober vectors such that the thoee vectors ane mistually
perpenelcular.

3 In example 2.7 how would fee woogue change i the force F
were peplaced with the force —F? Answer both in matheriais-
cal lerma and o physecal erms.

4 Skeich a plerure and explain in geomerric Brms why K xi=j
amlk® j=—1i

In exercies -4, campute the given deferminant.

R | a6 2 -1
L1 1 b L1 -1 2
o | 11 2
R | B, e . |
Llo 1 o d |03 -2
—2.—1 3 a1 2

In exercises 5-10, compute the cross product o x b
5 a={L2-1}bh={1.0,2)
6 a={3,0~1).b={1.22)
7. a=(0 14 bh={-1.2-1}

B a={2-2.0),b={301)
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9 a=2li-kb=4j+k
W a=-li+j-3kb=2-k

In exercises 11-16, M twa unit veclors arthogomal o the twae
given veclors.,

1 a= {104} b={1.—4.2}
12 a={2-2 I} b={10-2)
13 a= {2105 b={1,03)
4 a={02 1} b={,0-1}
15. a=3i—-jb=4dj+k

T a=-Ji+3j—-3kb=Ji-k

In exercises 17-20, find the dstance from the poiat (F 1o Uhe
given line.

17, =112, 0} e through (0. 1. 2) @nd (3, 1. 1)

18 Q=2 4, 1), line through (1, -2, Zyand (3, 0, 2}
1. =3 -2 1), line throagh (2, 1, —yand (1, 1. 1}
He fr=i1.3, 1) lne throwugh (1.3, —2)and {1, 0. -2}

In exercises 21-26, M the indicated ares or vilume

21, Ases of the paralbelogram with two adjscent sides formsed by
{2.3) and {1, 4)

Area of the parallelogram with two adjacent sides formed by
{—2 I} and (1. 3)

Anza of the nangle with verbices (0, O, 0}, (2, 3, =1} and
{3, —1.4)

Amza of the ranghe with verbices (1, 1, O3, (0, =2, 1) and
{1, =300

Wolume of the parallelepiped with theee aljacen edges ormed
by {2, 000, {—1, 2, 0% and {1, 1,2}

Wishurne of the parallelepiped with three adjacent edges formed
by {0, —1. 0}, (0, 2, —1) and {1, 0.2}

moE B OB

&

27, I you spply a force of magmiiude 30 N 51 the end of a 20 cm-
lomg wrench aI:nmglEuI{Lﬂl’J‘E wrench, hind the magnisde
o the ongue pplied o the bolL

28, If you apply a force of magnitode 160 N = the end of a 0.5 m-
long wresch at an angle of 3 1o the wrench, fisd the magnitide
off the tongue applied o the boll

29, Use the wegque Fomiwla © = r % F o explain the positioaing
of doorknobs In particular, explain why the koob is placed
as far as possible from the hinees and a1 a heaght thet makes it
possrhle lor most pedph: b push or pull on fhe door at a ceght
angle 1o the door.

3. Lo the dizgram, a foot applies a force F vertcally tooa bicycle
pedal. Compuile the tongue on the sprocksl m lemms of & aod F.
Determine the angle & a1 which the wongue s maximized
When helping o vwoung person B kamm o nde a eyvele, most

SECTRON 7.2 =+ The Cross Product 405

people mowte the sprocket so that the pedal sieks stmught out
1o the front. Explun why tes s helpiil.

In exercises 31-34, assume thai the balls are moving inio the
page (and away From you) with the indicated spin. Determine
the direction of the spin vecior and of the Magnus foroe.

(b} ’ T,

3L (a)

© Breplem Moywozmd IIIRF

32 (a)

A Phubinlabs oo L1 /Al

()

€ Sreplem Micvwesind ETIRF & Dzwes Cireeswecnl Desiinacs

i) ' "‘H\“

34 (a)
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Im exercises A5=i, label each statement as troe or False. IF i is
true, brielly explain why. IT it is False, give a counterexample.

B Maxb=axethenb=¢. 36 axb=-bxa

7. axa=al* AR a-bxeci=(a-bj=e
30, I the force is doubled, the angue dowbles.

40, 1f the spin rte 5 doubled. the Magnus force is doubled.

Im exercises 41-44, use the cross prodoct to determine the angle
& betweed the vectors. assuming that 0 < 8 < 5.

42 a=(2.2 1) b={00.12)
4 oa=i+3f+3kb=2i+]j

di. a={1.0,4), b={Z0. 1)
43 a=3i+kb=4dj+k

1m exercises 45-50, draw pictores (o identily the cross produc

(el ol comipte] ).

5. iwi3k) db. k(20
a7 iwjuk A8, ju(jxk)
d jeijxi) Sh (jxiixk

1o exercises 51-54, nse the parallelepiped volume formula e
determine whether the yectors are coplanar,

S0 (2.3 1) (0,0 2) and {0, 3, -3}
52 {1 -3 00 (2. =1, 00 and {0, -5, 2}
53 (10,20 (3.0, By and (2, 1,00
54 (11,25, (0,—1, 0 and {3, 2, 4}

55, Show that [Ja x bJ" = fa["||bli” —ia - by
56, Showthaja—bix{a+bi=Xaxhb)
57, Smdm{nxhh-itxdr=|:_'; :;
5K,

Prove parts (o), {iv) (v) and {vi) of Theorem 2.3,

2

In each of the stwations shown bere, faf] = 3 and [jbll = 4. In
which case is ||a % bi| larger? What i the maximum possible

walue for fa < bj|?
hl/' .V
n a
FIGURE A FIGURE B

6. In Frgures A and B, if the angles between a and b ane S0° and
0, respectively, find the exsct valuwes for la x bil. Also, aate
whether & 3 b poanis. imto or ol of the page.

61. ldentily the expressions that are urmbe fined

{b) axib-e
() @ ibx e

{a) a-{hxe)
{ch a-ib-e)

T:22

6. Explain why each eguation = true.

{a) a-faxbi=0 {hi b-iaxa)=i

S appLicaTiONs

In exercises 1-8, a sporis situation is described, with the [ypical
ball spin shown in the indicated exercise. Discuss the effects on
the ball and how the game is affected.

Baseball averhand Gsthall, gpm in exercise 31 {a)

Baseball rght-handed corveball, span in exercrse 33(a)
Tenms opspun proundstrokie. spen o exercee Ba)

Tennis beli-handed slice serve. spin in exercise 32(h)

Socoer spiral pase, spim i exercise 340bj

Socoer lefi-footed “curl™ kick, spin in exercise 31(bj

Gl “pire™ hil, apin in exercise 32(a)

Ciodll righa-hamded “hook™ shot, spin m eserase 330h)

I R

A EXPLORATORY EXERCISES

1. Devise ates that queckly depermines whether [Ja x bj| < |a- b,
[la = bl = Ja- b or Ba = bji = |a - bj. Apply your et o the
following vectors: {a) (2, 1. 1) and {3, 1, 2}, (bj {2, 1, -1}
and {—1, =2, 1} and (e} {2, 1, T} and {—1. 2, 2}. For rundomly
chosen vectors, wihich of the three cases 18 the most lkely

2 Inthas exercrse, we explore the equation of motion for 2 gen-
eral projectile in three dinsensions. Newton's. second law ix
F = ma. Three forces that could aifect the motion of the pro-
Jectile @re gravity, ar deg and the Magnus force. Orient the
axes such thal postive ; is up, posilive © & right and posilive v
i5 stratght abead, The foree due 10 gravity i weight, given by
F, = {00, —mg). Alr drag has magniude proporisonal 1o the
saquare of speed and direction opposite that of velociny. Show
that if ¥ 15 the velocity vector, then F, = —||w]lv satislies both
properties. The Magnus force 1s proporional o £ = v, where 5
i% the spin vector. The foll moded 15 then

% = {00, —g) — cal| VIV + culx = v,

for positive constams o and .. With ¥ = (v, v, ) and
&= {1, 7, 5}, expand s equation iako separate duferentl
equations for v., v, and v.. We can't solve these equations, but
we can get some infermation by considering signs. For a golll
ibrve, the spm produced could be pure backspen, in whach
i the spin veetor 15 € = Ja, 0, 00 lor some large o = 0. 0A
goll shiot can have spins of 4000 rpoc) The ial velocity of
a o shot woulbd be armight ahead with some loft, vil) =
{0 b, ) for posplive constants & amd o AL the beginming of
the Might, show that »°, < 0 amd thiss, v, decreases. 1§ the ball
spends approximately the same amount of ime going up a
coming down, conclude that the ball will travel farther down-
range while going up than coming down. Mext, consider the
wase of a ball with some sdesprn, so that s, > 0 and 5, > 0L
By examiming the sign of v° ., determine whether this ball will
curve o the righl or lefl Examine ihe other equations and
determine whal other ellects this sxdespin may have,
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C@) 7.2 VECTOR-VALUED FUNCTIONS

For the circoitous path of the airplane indicated in Figure 7.17a, it turns ow to
be convenient to describe the airplane’s location at any given time by the end-
point of a vector whose initial poine is located &t the origin (4 position vector).
(5o Figure 7.17h for vectors indicating the location of the plane at a number of
timpes. ) Motice that a fusetion that gives us a vector in Vy for each time ¢ would do
the job nicely. This is the concept of a vector-valued function, which we define
more precisely in Defination 3.1.

DEFINITION 3.1

A vector-valued function i) is 3 mapping from its domain D C B to its
range R C V. so that for each rin D, v1) = v for exactly one vector v € &,
W can always write a vecior-valoed funciion as

il =i + girj + kirk (3.1)
for some scalar functions ff g and & (called the component functions of r).

For each 1, we regard rii) as a position vecior. The endpoint of rirh then can be viewed
as tracing oul a curve, as illusiraied in Figune 7.17b. Observe that for rirp as defined in
(3.1}, this curve is the same as that described by the parametric equations x = ik v = glih
and 7 = hir). In three dimensions, such a curve is referred to a5 a space curve.

FIGURE 7.17a FIGURE 7.17h
Arrplane’s Might path Vectors mndecating plane’s positbon
al several limes

We can likewise define a vector-valuwed function vif in Vs by
Fir) = fivi + girg,
for some scalar funciions fand g.
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REMARK 3.1

Although any varisble would do, we routinely use the variable 1 to represent the
independent variable for vector-valued functions. since in many applications 1
TCPrESEIts finee.

EXAMPLE 3.1 Sketching the Curve Defined
by a VectorAValued Function

Skeich a graph of the curve traced out by the endpoing of the two-dimensicnal
vector-valwed function

rif) = + L 4 (7 — 2.

Solution  Substituting some values for t, we have i) =1 — 2§ = (1, =2},
r{2) =3i+ 2j= (3, 2} and N{-2) = {1, ). We plot these in Figure 7.18a. The
endpoints of all position vectors r{f) lie on the curve C, described parametrically by

Cx=t+1, y=r-2 1R
We can eliminate the parameter by solving for fin terms of 1
f=x-—1
The curve is then given by
y=F-2={x-1F-2

Nofice that the graph of this is a parabola opening wp, with vertex at the point (1, —2),
as seen in Figure 7.18h. The small arrows marked on the graph indicate the orientation,
that is. the direction of increasing values of r. If the curve describes the path of an
object, then the orientation indicates the direction in which the object traverses the path.
Ini this case, we can easily determine the orientation from the parametric representation
of the curve. Since x =1+ 1. ohserve that 1 increases as 1 increases.

{-1.2 (%5
» L

{1, =2

FIGURE 7.18a FIGURE 7.18b
Somme vabues of Curve defined by
fe) =i+ 14+ (F — 23 =0+ i+ (7 — 2
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by,
4\—//4

-3

FIGURE 7.19
Curve defined by
rif) = deos i — 3sn )
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You may recall from your expenence with parametric equations in Chapier & that
climinating the parameter from the parametric representation of a curve is not always so
casy as it was in example 3.1. We illustrate this in cxample 3.2,

EXAMPLE 3.2 A Vector-Valued Function Defining an Ellipse

Skeich a graph of the curve traced out by the endpoint of the vecior-valued function
riii=4cosfi— 3 sinrj, e B

Solution  In this case. the curve can be written parametrically as
x=4cos L, v=-=3sml, e |

Instzad of solving for the parameter 1, it often helps to look for some relationship
between the variables. Here,
v

(2) +(2) meostra smite=1

Xy vy
" (G)+G) =t
which is the equation of an ellipse. (Sec Figure 7_19.) To determine the orientation
of the carve here, you'll need 1o look carefully at both parametric cquations. First, fix
a starting place on the curve. for convenience, say, (4, 0). This corresponds w1 =0,
2 e .. L As 1 increases, notice that cos 1 {and hence, x) decreases initially, while
sin [ increases. s that y = —3 sin ¢ decreases (initially ). With both x and y decreasing
initially, we get the clockwise ornientation indicated in Figure 7.19. =

Just as the endpoint of a vecior-valued funciion in two dimensions traces oul a curve,

if we were to plof the value of Fif) = f{7i + g(f)j + Mirk for every value of 1, the endpoinis
of the vectors would trace oot a curve in three dimensions.

EXAMPLE 3.3 A Vector-Valued Function Defining an Elliptical Helix

Flot the curve traced out by the vector-valued function r(r) = sin d — 3cos rj + 2k,
=i

Solution The curve is given parametrically by
x=sinr, y=-3ommr, =2 =20
While most curves in three dimensions are difficult to recognize. you should notice that

there is a relationship between x and ¥ here, namely.

f+('3£}:=5i|r'r+m5zr= L: (3.2}
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FIGURE 7.20a
Elliptical helix:
riti=sani— Jcosf+ 2k

FIGURE 7.20b
Computer sketch:
rit) = sim i — Jeos 1+ 2k

FIGURE 7.21
Siraigh e
M ={3+2 5324

I twor dimensions, this is the equation of an cllipse. In three dimensions, since the
equation does not involve 2, (3.2 is the equation of an elliptic cylinder whose axis is

the r-axis. This says that every point on the curve defined by n(r) lies on this cylinder.
From the parametric eguations for x and v (in two dimensions), the ellipse is waversed
in the counterclockwise direction. This says that the curve will wrap stself around the
cylinder {counterclockwise, as you look down the positive r-axis toward the origing, as r
increases. Finally, since 7 = 2r, 7 will increase as r increases and so, the curve will wind
its way up the cylinder, as r increases. We show the curve and the elliptical cylinder

in Figure 7.20a We call this curve an elliptical helix. In Figure 7 30b. we display a
compuier-generated graph of the same helix. There, rather than the usual x-, - and
z-axes. we show a framed graph, where the values of x, v and z are indicated on three
afdjacent edges of a box containing the graph. &

We can use vector-valued functions as a convenieni representation of some very famil-
iar curves, as we see in example 3.4.

EXAMPLE 3.4 A Vector-Valued Function Defining a Line
Plot ihe curve iraced out by the vector-valued function
ri={34+2 5312 —dr, re®

Solution  Motice that the curve is given parametrically by

=3+ yv=535-13 =24 reR.
You should recognize these oquations as parameiric equations for the straight line
paralle] to the vector {2, —3. —4) and passing through the point (3. 3, 2. as seen in
Figure 721, where we also note the oriemation. =

Muost three-dimensional graphs are very challenging o skeich by hand. Ablhough you
may want to use compater-generated graphics for most sketches, you will need to be knowl-
edgeable enough to know how o adjust such a graph to uncover any hidden featores. You
should be able to draw several basic curves by hand. like those in examples 3.3 and 3.4,
More importantly, you should be able to recognize the effects varions components. have
on the graph of a three-dimensional curve. [n example 3.5, we walk you through matching
four vector-valued functions with their computer-generated graphs.

EXAMPLE 3.5 Matching a VectorValued Function to its Graph

Match each of the vector-valued functions £(f) = (cos ¢, In &, sin b,

Gl = {rcos 1, £ sin L 1), () = {3sin 21, &, 1) and L1} = {3sin % Scos i, 1} with the
corresponding computer-generated graph.

Solution  Firsi, realize that there is no single, correct procedure for solving this
problem. Look for familiar functions and match them with familiar graphical propenies.
From example 3.3, recall that certain combinations of sines and cosines will produce

curves that lic on a cylinder. Notice that for the function fulf), x =cos rand = sin &,
s that

Y+ =cos'r +sinfr=1.

This says that every point on the curve lics on the cylinder & + £ = 1 {the right
circular cylinder of radius 1 whose axis is the y-axis). Further, the function v = Inor
tends rapidly to —os as 1 — 0 and increases slowly as 1 increases beyond = 1. Notice
that the curve in Graph B appears to lie on a right circular eylinder and that the spirals
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FIGURE 7.22

A cross-section of the cylinder
x=S5am'r, v = Scos’ ¢

SECTIOM 7.3 =+ VectorValued Functicns 411

get closer together as you move i the right (as ¥y — o) and move very far apart as you
miove ko the left (as v — —oa). Al first glance, you might expect the curve traced out by
1) also o lic on a right circular cylinder, but look more closely. Here, we have x =1 cos |
I, ¥ = sin fand 7 = 1, 5o that

Y+ v =reos’r 4+ fsinfi=rf=7~.

This says that the curve lies on the surface defined by x* + ¥ = 7* (2 right circular
cone with axis along the z-axis ). Notice that only the curve shown in Graph C fiis this
description. MNexi, notice that for Fir). the v and 7 components are identical and so, the
curve mast lic in the plane v = 2 Replacing r by v, we have x = 3sin 2r = 3sin 2y, a sine
curve lying in the plane ¥ = = Clearly, the curve in Graph D matches this description.
Although Graph A is the onby curve remaining to match with £4r). notice that if the
cosine and sine terms were not cubed. we would simply have a helix. as in example

3.3. Since 7 = ¢, cach point on the curve lies on the cylinder defined parametrically by
X =>5sin't and y = Scos *t. You need only look =t the graph of the cross-section of the
cylinder shown in Figure 7.22 {found by graphing the parameinic equations x = Ssin Y
and v = Scos *tin two dimensions ) o decide that Graph A is the obvious choice. =

O Arc Length in R?

A natural question to ask about 3 curve is, "How long is it Nowe that the plane carve
traced out exacily once by the endpoint of the vecior-valuwed function rir = (firk. gii)), for
i € [a. B] is the same as the curve defined parameirically by x = fir), ¥ = gir). Recall that if
S . g and g are all continuows for 1 € [a, &), the arc lengih is given by

-]
5= f VIFIOF + [g°(0) dr. (3.3)
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¥ We derived this by first breaking the curve into small pieces (i.e., we parritioeed the imer-
1 (il gibh val [a #]) and then approximating the length with the sum of the lengths of small line
scgments connecting successive points. (Sce Figure 7.23a.) Finally, we made the approx-
imation exact by taking a limit as the number of poins in the partition ended w infiniry.
Consider a space carve traced out by the endpoint of the vecior-valued function
rieh = {f(rh, gir), M), where £ F. g 2, h and &' are all continuous for ¢ € [a, b] and
where the curve is traversed exactly once as rincreases from o o b, As we did in the teo-
Al gz} dimensional case, we begin by partitioning the inierval (o, b] inio n subintervals of equal
sz a=h<h<- - 2h=0b wherer, — 1y = Ar= j";", foralli=1.2 __ .. . Mext,
¥ foreachi=1,2....,n weapproximate the arc length 5 of that portion of the carve join-
ing the points {F(8 - o gl - oh foln o) and {fn), gieh, M) by the straight-line distance
FIGURE 7.23a between the poinis. (See Figure 7.23b for an illustration of the case where n = 4.) From the
Approgimate arc beagth m B distance formula, we have

8522 fn ), i, Mo AR, gln), i}
= VLAt — fir_oF + [eted — gt _o0F + [he) — hiz,_)P.

Applying the Mean Value Theorem three times {why can we do thisTh, we get

_ﬂ’-’l_' __fuj-l]‘ =_r.|:|'-'r:|{!'| — P =_f'f¢';}-lih
?ﬁ tl — H‘L-l} == .ﬂ'r[!ful'[h = IJ—ll = .ﬁ"[ﬂ.}ﬁf

and fin) — hie ) = Wiedn — o = Wie)Ar

for some poinis ¢, o and & in the inierval (7 - i, &) This gives us

5, % VLA — FU_OF + L800) — gt 0F + [5) — t_oF
FIGURE 7.23b = Vel + [g' (AT + [ReAdf

oesaistuse s iaglh T2 = VIFedF + [(d)F + [W(eF Ar
I Muotioe that if At iz small, then all of ¢ d, and &, are very close and we can make the funther
approximaion
sim LF el + (2 el + Irieal Ar,
foreachi=1,2,. .., A. The total arc length is then approximately

33 3 A LAl + 18l + e Ar.
m=l

In Figure 7.23¢, we illustrate this approximation for the case where m = 9. This suggesis
that taking the limit as 1 — oo gives the exact arc length:

FIGURE 7.23c
Improwend e bength approdimation n . 5 X
s= lim 3 VIO + 8l + e A,
m=i
provided the fimit exists. You should recognize this as the definite imtegral
3 3 ui
ot ength = f VIFINE + 12T + (WO dr. i3.4)

Observe that the arc length formula for a plane curve (3.3} is a special case of (3.4} Ax
with other formulas for arc length, the integral in (3.4) can only rarely be computed exacthy
and we must typically be satisfied with a numerical approximation. Example 3.6 illustrates
one of the very few arc lengths in R that can be computed exactly.
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FIGURE 7.24
The curve defined by
i ={2 lnt, F)

FIGURE 7.25a
Imteriection of come and plane

=

¥
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EXAMPLE 3.6 Computing Arc Length in R*

Find the arc length of the curve iraced owt by the endpoint of ihe vector-valued function
=2 Ing, ) forl <r<e

Solution First. notice that for x(r) = 2 v(f) = In  and zir) = . we have x'(1) =
yir= + amd z'(r) = 21, and ihe curve is iraversed exactly once for 1 €1 < e (To see
why. observe that x = 2r is an increasing function.} From (3.4}, we now have

j_f \/"" —} + (M dr = fmd‘!

[ a0
_f'”"_d;_f[r +"'_r}dr

o)

We show a graph of the curve for | ¢ < ¢ in Figure 7.24. =

v
".JJ'

={lne+e)—ilnl + 1j=¢~

The arc length integral in example 3.7 is typical, in that we need a numerical
Approximaion

EXAMPLE 3.7 Approximating Arc Length in R

Find the arc length of the curve traced owt by the endpoint of the vector-valued function
rir)={e" sing, it for < r =2

Solution  First, note that for i) = ¢, vir) =sin ¢ and 200) = ¢, we have v'(f) = 2=,
vif)=cos fand £'(f) = 1. and that the curve 15 iraversed exacily once fm <7< 2
(since x is an increasing function of ri. From (3.4), we now have

s=f-1,-"[2a:"r+:cmrr‘+1‘m=f-f4#+mfr+lm.
] |

Since you don't know how o evaluate this integral exacily {which is typically the case),
you can approximate the integral using Simpson’s Rule or the numerical integration

reutine built into your calculator or computer algebra system. o find that the arc length
is approximately 5 = 53.8. m

Officn, the curve of interest is determined by the intersection of two surfaces. Parameiric
oquations can give us simple representations of many such curves.

EXAMPLE 3.B Finding Parametr!r: Equations for an Intersection
of Surfaces

Find the arc lengith of the portion of the curve defermined by the intersection of the cone
1=/ x + v and the plane v + 2 =2 in the first octant.

Solution The cone and planc are shown in Figure 7.25a. From your knowledge of
conic sections, note that this curve could be a parabela or an ellipse. Parametric
cquations for the curve must satisfy both 2 = 4/x 4+ 3" and ¥ + 2 = 2. Eliminating z
by solving for it in cach equation, we get

Y - e P

Squaring both sides and gathering terms, we get

=2 —y=d—dv4 v
ar r=4—dv
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FIGURE 7.25b
Curve of inlersection
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7-30

: _ L
Solving for v now gives us 'lr:l_i'
which is clearly the equation of a parabala in two dimensions. To obtain the equation
for the three-dimensional parabola, ket x be the parameter, which gives us the parametric
cquations

o

=V (-8 =142

4

A graph is shown in Figure 7.25b. The portion of the parabola in the first octant must
Imt:rzﬂ-fmrzﬂr,_rzﬂ-tm:!ﬁd-bmd:zﬂtajmystmc“]. This ocours if 0 <5 < 2.
The arc length is then

: - . W2
5=.[ V1 +[—r."2:|‘+[r.rlrd;=T1n:-.-"'1_'+ VI VIimosg
L

where we leave the details of the integration o yoo. &

If you think that exampdes 3.1 and 3.2 look very much like parameiric equations cxam-
ples. you're exactly right. The idess presented there are not new;, only the notation and
terminology are new. However, the vector notation lets uws easily extend these ideas

into three dimensions, where the graphs can be more complicated.

EXERCISES 7.3 (@)

") WRITING EXERCISES

L

[hscuss the differences, i any, berween the corve raced
cul by the ermnal poini of the vector-valued function
rit) = (firk gin} and the curve defimed perametrscally by
=f{th, y=glI).

In exampls 3.3, describe the “shadow™ of the helix in the xv-
plane (the shadow created by shinmg a light down from the
“wp” of the s-axis). Equivalentdy, if the belix is collapsed
dovvn a0 the ry-plane, describe the resulting corve. Compane
this curve o the ellipse defined parametrically by 1 = sin @

¥ = —3c0s L

[iscuss lwew you would compute the are leagih of a carve in
four or more dimensins. Specifecally. for the curve raced
oul by the ermmal poast of the n-dimensional vector-valoed
Tunctsom #1) = (fulr) Fole). - . o, fGlr)) Bor m = 4, state the anc
length fornmula and discuss bow ol relales g the a-dimenssonal
distance fommula.

The lehx in Figore 7 20 s chown (nom a standand viewpount
{above the oy-plane. in berween the x- and y-axes). Describe
what an observer al the pmat (L O, —1HE) woull see
Also, deseribe what observers an the points | W, O, 0) and
0. VEWNE, 00 vl see.

In exercises 1-18, sketch ihe corve iraced ouwi by the given
veclor-valved function by hand

L
i

rifl={r— 1.F} I An={F—1.4

cifl=2ecoeri +isne— 1 4 A ={mi— 2+ 4 oo i

. mf={ F+ 1. -1}

rif) = {2 cos £, 2 soncr, 3) 6 Fifl = foos 2o sin e, 1)

E A= —1)

9 rif=ri+j+ Ik

e Fed=0F+ 20 +(2r — 1§+ (r + 2k
1. wify={d¢— 1, 2r+ 1. —6r)

1L rin={-2r 2 3-1

138 ritd=3 cos i+ Jsin £ + ok

14 rith =2 cos bl + s if + Wk

15, Fif) = (2 cos &, 24 3sin o)

16 wirh={— 1.2 cos & 2sin s}

17, rirh = cos 21, ¢ sin 25, 26}

18 Fir)= (i cos b 20 0 sin )

Blﬂmmﬁu 12, nse graphing lechaology to shetch the curve
traced ool by the givem vector-valued Tonction. Delermine
whether the lunction is periodic: il sa, mme the period

ERREES

rir) = feos 4r, sin § sn T
i) = (e 2, san 5, oos 1
A =d+6+(2F - 1k
Fil = — i + Cj+ (2 — dik
Fif) = {lan ¢, sin F, cos £

Fir) = (sen f, — s kool 1)
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35, ja) o= (2oos &+ sin 2y Igin g+ cos 2
by mrl = {2cos 3¢ + win Sr, Zsin 3+ cos 5
() How does the graph of {2cos at + sin br, Jsin ar + cos br)
diepend on o and b
6. (2) A= {deos df — Boos £, dsin dF — Bsan )
(b EEl = (doos Te + Joos o, dsin T¢ + Zemr)
{t]  How does the graph of
(oo et + boeos £, dsinat + b sin 0 depend on a and b7

27, In parts =, mabch the vector-valued function with is graph.
Ciive reasons for your cholces.

(4) mirh={oos L 8

(b} mirh={cos 1, sin g, d@n e

() e(r) = {xin 16 +F. oos 16+, 1)
idi = {sinf, oo FL

(2) mrp={L6—4r}

(M w={r—r 05 2 —4)

SECTION 7.3 ==
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GRAFPH G

M. OF the functions in exercise 27, wihach are peniedic Which are
bounded? ldesnly all components (x, v, 2) that are bounded

In exercises 29-31 compule the are bengih.
M. df={tcoss esing, 2077, 0S5 £ 2
M. wir)={de Joos g, Isin ). 0 <0 £ 3
3L mf={ding A 1<

32 nf={tan"r 18l 4+ FL 2 — 2an' ), 0 cr € S

o

] In exervises 33-38, use a CAS to sketch the curve and estimate

s arc lengih
33 pmf=fcost sing cos ), 0 € 2n
M pf={osk sind, anf+oos i), 00€ 82 I

35, ) = {oos mf, sin rt oos De, 0 r 2
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i) = (oo rL sinoxf, cos 16}, 0<r<d

M= rf—1rL0grs2

® 4K

=P+ 1. F—1)0gr=2

&

A spiral saincase makes pvo complee furns as il nses 3 m
between (oo, A lendeail al the outside of the starcase s
locatied 0.5 m from the center pole of the stamease,

{a} Use psrametric eguations for a behx o conpuiz ihe
lemgth of the hambail.

(b} Dmagine unrolling the stamcace w0 that the handrail s a
lene segment. Lse the formula for the hypolennse of a
right triangle 1o comguate 15 kength,

4. Fmd the arc bength of the section of the helin traced o by

rif) = {cox &, sin kb for 0 £ f £ P As noexencise 39, illus-

iratee this as the hypotenuse of @ right mrianghe.

Eummalﬁmmmmmmw
curve. Il you have acoess o a graphing wiility, graph the sar-
fsces and the resuliing curve. Estimate its arc length.

4L The interectional =y + v amd - =2
The intersction of = 4 + v and v+ 22 =2

The intersection of © + vV =%ad y+ =2

EEB

The interection of ¥ + = =%and r =2

45, Show that the curve riry = {2¢, 46 — 18" 0 < < 1, s the
same s bength as the curve in exercise 37

. 5hu|'lhﬂll:l!n.n1tﬂtr=ﬁ+].2ﬁ,!— l:|.U£l£I1.I1.:1'i
the same arc length as the curve in evercise 38,

47. Compare the graphs of 66 = (& ©, ©), glt = {eos 1, cos 7,
eoz ) and by = (T, £, ). Discoss the similanties and the
differences.

48. Compare the graphs of ri) = (2 — L. F, ¢}, giry={2sin s — L,
sin °r, sin £} and () = (2" — 127, ). Discuss the similarities
amd the differences.

E-ﬂ. Show that the curve in exercie 33 lies om the hyperbolic
parabolind = — 35 Use a CAS o sketch both the surfsee
amd the curve.

Eﬂl Show that the curve in exercise 34 hes onothe plane : =x + %
Use a CAS 1o sketch both the plane and the carve.

ESL

52

a2

(a)  Lse agraphing utility 1o sketch the graph of /i) = {cos r,
oo £, &b 1) with 0 < 1 < 2. Bxplain whvy the graph should
be the same with ) < ¢ < T, hiw any T > 2o Try several
larger domxins (0 < ¢ < 2, 002 ¢ € D, 00 1 < 500, o)
with your graphing utility. Evennially, the ellipse should
start booking thecker amd for large enough domaing you
will see a mess of jErged Hoes. Explain what has gone
wrong with the graphing wulily.

by It may surprise you that this curve is o a cincle. Show
thal the shalows in the io-plane and yz-plane are cir
clies. Show that the curve Lies i the plane @ = . Skeich
a graph shivwing the plane x = v and a cercalar shadow in
the yo-plane. To draw a curve 1o the plane © = v with the
owrcailar shadow, explan why the corve must be wider 1o
the xy-tirection than in the -direction. In other wonds,
the curve o5 mil ceocialar.

The graph of Fifl= (oo £, 0ok £, ¥2 %in o) iz o circbe. To verify
this_ start by shivwing that ) = +/2. for all & Then observe
thal the curve lwes i the plane © = 3. Explain why thas proves
that the graph is a (portiom of a) drele

@ EXPLORATORY EXERCISES

L

Mure insight fo exercise 32 can be gained by looking o basis
veciors, The circle reced out by ) = (oo 1, cos w2 sin ) lhes
im the plane x =y, which contains the veclor u =—{1. 1, 0).
The plane r = y also conlzing the vecior v = (i O, 1)
Shevw that may vector W in the plane @ = v can be wnillen as
W =yl + ¥ lor some constants o, and o, Ao, show that
Pty = (VT cos il + (VI sin rp. Recall thal in bwo dimen-
wons, 3 circle of rads ¢ centerad al the ongia can be
wiillen parmetncally as (rcos i + (r s i In general,
supposs thal o and ¥ are any orthoponal ol vectors. I
Fif) = (roos O + (rsio v, show that o8 - o0 =

Examine the graphs of several vector-vabued functions of the
foer w{r} = {a oos% of + b cos df, @ sn o + B sin dr), for con-
stants e by o and o Deternnge the values of these constants
that produce graphs of different types. For example. starting
with the graph ol {dcos df — beos ¢, dsm 48 — e £}, change
r=dwec=3c=5 c=2 de Conjeciure a relatbonshdp
between the number of loops and the dilference between ¢
amd o Test this conpecture on other veclor-valued functions.
Returnimg by (deos dF — Beos £ dsm 4 — Baan i), change a = 4
1o other valies. Coapeciure a relationship between the size of
the loops and the valwe of o

(@) 7.4 THE CALCULUS OF VECTOR-VALUED FUNCTIONS

In this section., we begin io explore the calcalus of vector-valued functions, beginning wiih
the notion of limit and progressing o continoity, derivatives and, firally, integrals. just as
wie did with scalar functions. We define evervihing in this section in terms of vector-valued
functions in three dimensions. The definitions can be interpreted for vector-valued
functions in two dimensions in the obvious way, by simply dropping the third component

everywhen:.
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For a vector-valued function rii) = { fir, gl bir)), when we write
lim Afl=mu,
Pt

wie meean that as 7 geis closer and closer to @, the vector mir) s getfing closer and closer o
the vector m. For o = {u;, iz, &3}, this means that
lim riz} =lim = (f{r), g(r). br}) =w = {us. stz w3}

MNotice that for this to occur, we must have that fir) is approaching a;. g7} is approaching
wy and Je(r) is approaching ws. In view of this, we make the following definition.

DEFINITION 4.1
For a vector-valued Function w(r) = {fir). g{r}, &y} the limit of rr) as ¢ approaches
ar is given by

lim v} = lim = (f(1), g(0), hiny) = (lim f0), lim g(o), lim hn)), i4.1)

provided il of the indicated limits exist If any of the limiis indicated on the righi-
handsid:ufid.llfailtn:xiiﬂunliﬂ_r‘pﬂndmmleﬂ.

In example 4.1, we see that calculating a limit of a vector-valued function simply con-
sists of calculating three separate limits of scalar functions.

EXAMPLE 4.1 Finding the Limit of a Viector-Valued Function
Find lim (r'+ 1. 5 cost, sinr).

Solution Here, each of the component funciions is continuous (for all 1) and so, we
can calculate their limits simply by substituting the valoe for .. We have

!:I_I.'I:'II{P'+ 1,5cosz, nnr} = {]‘:E-l]U' + I]-.]JJ_:.rE{Smf_L lll“n unr}

={1.5.0) m

EXAMPLE 4.2 A Limit That Does Not Exist
Find lim {e* + 5.7 + 2r — 3, Lir).
4 1

Solution Notice thar the limit of the third component is !.I.l'll"l T which docs not exist

So. even thoogh the limits of the first two components exist, the limit of the

vector-valued function does not exist. =

Recall that for a scalar function £ we say that (is confinuous at o if and only if

]I.'Tf{r} = fia).

That is. a scalar function is continwons at a point whenever the limit and the value of the
function are the same. We define the continuity of vector-valued functions in the same way.

DEFINITION 4.2
The vector-valued function eir) = {firh, g(r). M)} is continoous ai r = a whenever
lim r{1) = riu)

(i.e. whenever the limit exists and equals the value of the vector-valwed function ).
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Notice that in terms of the components of r. this says that rir) is confinuous ai 7 = a
whenever

tim (fis), (7). Wy} = {Kim f(n), lim (o), lim A( ) = (fta), gla), hia)).
It then follows that r is continuous & ¢ = a if and only if
lim fif) = fla). lim g()=gla) and lim k() = bla).

Look carcfully at what we have just said, and observe that we just proved the following
theorem.

THEOREM 4.1

A vector-valued function o{f = {firl. g, ki) is continuous at § = @ if and only if
all of f g and & are continous at 1 = &

Theorem 4.1 says that to deicrmine where a vector-valued function is contimeous. youw
need only check the continuity of each component function {something vou already know
how 1o do). We demonstrate this in examples 4.3 and 4.4.

EXAMPLE 4.3 Determining Where a Vector-Valued Function
s Continuous

Determine the values of 1 for which the vector-valued function r(r) = (&, In {r + 1},
cos ) s continuous.

Solution From Theorem 4.1, {7} will be continuous wherever i its components are
continoous. We have: ¢ is continuous for all 1, In (¢ + 1) is contimous for ¢ > —1 and
cos I is continuous for all & So, rir) is continoous forr > —1. =

EXAMPLE 4.4 A VectorMValued Function with Infinitely

Mamy Gaps in its Domain
Determine the values of 1 for which the vector-valued function r(r) = {tan 1, | + 3. 25}
is continuous.

In+1
Solution Hmmﬂutunrismutmumuﬂq!ur=[#,fa

n=0, £l +2 __. {i.c except at odd multiples nf:'r}.'['h.:snmud‘_mqmn:ﬂl [r+ 3]s
continoous for all f {although it's not differeniiable at ¢ = —3). Finally. the third
r:u:n:-|1|:|.|:|a'l:nl.lr_2 is coniinuous except at ¢ = 2. Since all three componenis must be
continueus in order for r{r) o be continuous, we have that rir) is continuouws, except at
r=2m:=M,ﬁrn=ﬂ.il.ﬂ. S

Fa

Riecall that in Grade 11, we defined the derivative of a scalar function | io be

_ o fir+ b~ fin
i =lim —————.

We replace &t by Ar, to emphasize that Ar is an inerement of the variable r. We then have

o fle+ A —fin)
L e
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We now define the derivative of a vector-valued funciion in the expecied way.

DEFINITION 4.3
The derivative r'{r) of the vector-valued function rir) is defined by

rit+ Ari — rir)

(4.2)
At

rirh= lim
Aiih

for any valwes of 1 for which the limit exists. When the limit exists for = a, we say
that r i= differentiable a1 r = a.

Fortunately, you will not need to learn any new differentiation males, as the derivative
of a vector-valued function is found directly from the derivatives of the individual compo-
nents, a5 we see in Theorem 4.2,

THEOREM 4.2

Let wir) = {fir). giri. ir)) and suppose that the components ) ¢ and & are all
differentiable for some value of . Then r s also differentiable at that valoe of § and
it derivative is given by

rin = {0, g i'ing. 4.3

PROOF
From the definition of derivative of a vector-valued function (4.2), we have

ol + Ar) — mir)

=1 Ar

1
= Iim = [(F0r + A1), gr 4 An), b1+ An) — (f(0), g60). b)) ]

.1
= !:LnuEUTI+ Ar) — flen, glr + Ary — glrl, ie + Ary — ).
= lim (ﬂ”"*” —fit) g+ An) — glt) Bt + M—H:}}

Al At Ar : Ar
_ ( lim Jir 4 Ag) —ﬂn‘ ki Bilr + Ary — g{n‘ lim feli + Ary— h{ﬂ)
L} Ai Apedd Ar TR Ar
= ek, gl ).

where we have used the definition of imit of a vectior-valwed function (4.1) and where
in the last sicp we recognized the definition of the derivatives of each of the componrent
functions f, ¢ and b m
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We illustrate this in example 4.5,
EXAMPLE 4.5 Finding the Derivative of a Vector-Valued Function

Find the derivative of r{f) = {sin (), £™", 1 In 1}.

Solution  Applying the chain nule o the first two componcnis and the product nule to
the third, we have (for r > 0):

P = (ghin{r']], g{e“":, %{r In n}
e PR | d d

= (ms[!":l E{f]. e d[{mﬁ il m[n Int+ lml:lll”)

= (cm(a’}:‘lr], e —ging, (1) Int 4 r%}

= {2rcos(r), —sinr ™ Inr4 1), o

For the most part, to compute derivatives of vector-valoed functions. we need only use
the already familiar rules for differentiation of scalar functions. There are several special
derivative rules, however, which we state in Theorem 4.3,

THEOQREM 4.3

Suppose that rr) and s{r) are differentiable vector-valued functions, f{r) is a
differentiahle scalar function and « is any scalar constant. Then

i
I EIH” + 5] =rin + 1)

]

Blr

cr{1l] = er'ir)

3 fir(ri] = iy + fiee'in

B ﬁ&éh-

4. —rr) - s{t)] =w'{1) - 500} + vir) - ") and

i

i
: E[ﬂr} ® S = rir) = sir) 4+ el = 8.

Notice that parts (ilij, (iv) and (v} are the product rules for the vanious kinds of prod-
ucts we can define. In each of these three cases, if's important o recognize that thess

follow the same pattern as the usual product rule for the derivative of the product of two
scalar funciions.

PROOF
(i) For mir) = { filr)., galsh, Rolr)) and s(r) = (40 g4k fdn)), we have from (4.3) and the
rules fir vector addition that

d o
EII'{J"H- s = ?{_ﬁm.x.m, Fradrky + (2000, gor), fran1y]

d
= E'Lﬂ{ﬂ + o0, gl 4 gairh, halr) + ha{r))

= (") + o), g ) 4+ g o, RO 4 a0}

= {71y, g ulrl, & 0] + OF ), g 2000, +00 1))
= (1} 4+ £ (I).
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{iv) From the definition of dot product and the usual product rule for the product of
two scalar functions, we have

%lﬂﬂ -8l = 5[{1"1[71 £l Relrd) - LFAT). g1, R=(r)}]

o
= E[fl[”f_‘{n + gt alr) + By (i)

= 00+ Al s+ gildedn + golnein
+ Ry + R0 A1)

= [ lrife) + g wrkg o) + R (riidn}]
+ [fidef sl0y + galrhg’ 2000 4+ Rl 1))

= (i) - ={1} 4 w1} - 8'{r).

We leave the proofs of (1), (iii) and {v) as exercises. m

We say that the curve traced out by the vector-valued function v(r) = {fi{r), g(r), W)
on an inicrval [ is smooth if ¢’ is continuous on [ and r'(7) # 0, excepl possibly at any
endpoints of L. Motice that this says that the curve is smooth provided 7, ¢° and & are all
continnous on fand fir), £'(r) and &'{r)arc not all zeroe at the same point in L

EXAMPLE 4.6 Determining Where a Curve is Smooth

Determine where the plane curve traced out by the vector-valued function riih = {r', '}
is smpoth.

Solution  We show a graph of the curve in Figure 7.26.

4 ; P - Here. r'if) = (3. 24} is continnous everywhere and r'(r) = 0 if and only if r = 0.
=75 -5 =25 © 25 5 75 This says that the curve is smooth in any inierval not incloding 1 = 0. Referring io
Figure 7.26, observe that the curve is smooth except at the cusp located at the origin.
FIGURE 7.26 n
The curve traced oal by
=4

We next explore an important graphical interpretation of the derivative of a vector-
valued function. First, recall that the derivative of a scalar function at a point gives the
slope of the tangent line to the curve at that point. For the case of the vector-valued function
r{i}. motice that from (4.2}, the derivative of rir) at = a is given by

ra + Al — ra)
= 3
Again, recall that the endpoint of the vector-valued function v(r) fraces oot a curve C in R

In Figure 7.27a. we show the position vectors ria), ria + Af) and o + Ar) — nla), for
some fowed Ar > 0. using our graphical interpretation of vector subtraction.

r'{a)= lim
fa) jrrme

a4 Arj— pla)

FGURE 7.27a FGURE 7.27h
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FIGURE 7.28
Posation asid Langenl vedors

FIGURE 7.27c FIGURE 7.27d
The tangent vector ©'{a)

(How does the piciure differ if Af < 07) Notice that for Ar > 0, the vector

At —
ne+ ol —ne points in the same direction as ria + Ar) — riaj.

Ar
Af) —
If we take smaller and smaller values of Ar, w will approach r'{a). We
H}

illustrate this graphically in Figures 7.27band 7.27c.

Al —
.-'l._r..-'_'l..r—-llmlhﬂmllhxmmwgpmmsammrﬂmisuuguﬂ

to the curve C ai the terminal point of na), as seen in Figure 7.27d. We refer o r'{a) as a
tangent vector io the curve C at the point cormesponding o 7 = a. Be sure to observe that
r'{a) lies along the tangent line io the curve at § = a and poinis in the direction of the ori-
entation of . {Recognize that Figures 7.27a, 7.27h and 7.27c are all drawn =0 that Af > 0.
What changes in cach of the figures if Ar < 077)

We illustrate this notion for a simple curve in B in example 4.7,

EXAMPLE 4.7 Drawing Position and Tangent Vectors

For rir) = {—cos 21, sin 2r). plod the curve traced out by the endpoint of rir) and draw
the position vector and tangent vector at @ = 3.

Solution First, notice that
rifh= {2 sin 2r, 2 gin 2r}.
Also, the curve traced out by i) is given paramctrically by
Cir=—cos2r, w=sinds, R
Ohserve that here,
r+yv=coeM+sinrr=1,

s that the curve is the circle of radius 1, centered at the origin. Further, from the
parameterization, you can see that the orientation is elockwise. The position and
iangeni veciors ai §= 7 are given by

o(5)= (gt =on
and :'{1—'} - (2 r.m;_ Em%) = (2,03
respectively. Wi show the curve, along with the vectors r{7) and r{3) in Figure 7.28

[where we have drawn the initial point of r'($) at the terminal point of v{$)]. In
particular, you might node that
ll ST
'(i} i [:4:' =8,
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EEYOND FORMULAS

Theorem 4.4 illustrates
the importance of good
notarion. While we could
have derived the same resolt
the vector nodation

greatly simplifics both the
statement and proof of the
thearem. The simplicity of
the notation allows us to
make connections and ose
our geomeiric infuition,
instead of floundering in

a mess of equations. We
can visualize the graph of a
vector-valued function r{r)
maore easily than we can iry
io keep rack of separaie
expressions for (). v
and ().

SECTION 7.4 The Calculus of Vector-Valued Functions 423
so that r{{) and r'(§) are orthogonal. In fact, rir) and r'is) are orthogonal for every 1, as
follows:

ri) - v = {—cos 2, sin 2r) - {2 sin 2, 2 cos 2r)
=—2oos rsin 2t + 2gin 2ocos 2r=10. =
Were vou surprised to find in example 4.7 that the position vector and the tangent vector

were orthogonal at every poini? As it twrms out, this is a special case of a more general
result, which we state in Theorem 4.4,

THEQREM 4.4
|IFii}|| = constant if and only if K and () are orihogonal, for all &

PROOF
(i} Suppose that [[rir)|| = . for some constant ¢ Recall that
rif - ity = |0 = (4.4)
Differentiating both sides of {4.4), we get

0.

d d 4
Elr{r} -] = E{
From Theorem 4.3 (4 ), we now have
o
0= E[r[r] -p(iH] = i - e} + e - ' = 2eis - e,

=0 that wr) - £'{r} = 0, as desired.
(11} Wi leave the proof of the converse as an exercise. m

Mote that in two dimensions, if ||r) = ¢ for all r (where ¢ is a constant), then the corve
traced ot by the position vector rir) must lic on the circle of radivs ¢, centered at the origin.
Theorem 4.4 then says that the path raced out by rir) lies on a circle centered at the erigin if
and only if the tangent vector is orthogonal io the position vector at every point on the curve.
Likewise, in three dimensions, if ||rirf] = ¢ for all ¢ {where ¢ s a constant), the curve traced
out by rir) lics on the sphere of radivs ¢ centered ab the origin. In this case, Theorem 4.4
says that the curve raced out by A} lics on a sphere centered at the origin if and only if the
tangent vector is orthogonal o the position vector at every point on the curve.

We conclude this section by making a few siraightforward definitions. Recall that when
wie say that the scalar function F(f) is an antidenvative of the scalar funciion f{¢), we mean
that F is any function such that F{r} = fifl. We now extend this nofion to vector-valued
functions.

DEFINITION 4.4

The vector-valued function Rir) is an antiderivative of the vector-valued function
rif) whenever R'{1) = rir).

Motice that if m{r) = {fir, glrh, Mo) and f g and h have antiderivatives F, 7 and H,
respectively, then

d
E{F{J‘}. Crrp, By = (F° (e, GROn. H(EY) = Ok, gle), Biryh.
That is. {Firy, Gizy, Hin) is an antiderivative of rire In fact, (F0 4+ o, Gl + oo B+ o)

is also an antiderivative of r(r), for any choice of constanis ¢y o2 and c3. This leads os o
Drefinition 4.5.
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DEFINITION 4.5
If Rit} is any antiderivative of riz), the indefinite integral of r(r) is defined to be

fr{ﬁd‘i:ll‘[n + .

where ¢ i an arbitrary constant vector.

As in the scalar case, Rir) + ¢ is the most general aniderivative of mirh. {Why is that?)

Motice that ithis says that
e — [roar= [t s msa={ [roa. [soas. [ioa). @5
That is. you integrate a vector-valued function by integrating each of the individual
BDﬂIFEHtI‘I.L‘i.
EXAMPLE 4.8 Evaluating the Indefinite Integral
of a Vector-Valued Function

Evaluate the indefinite intcgral [{r* + 2, sin 21, 41" ).
Solution From (4.5), we have

f{r‘+ 2 sin 2r, 4’ Yot = {ftr‘um. fs'mzrd;, fdw'=.|ir)
= (%IJ + 2+, —%C‘NZ{+1‘J,E¢’F+t‘J>
1 | :
= (Erl+2r, —5 008 2, 2J>+r.'.

where € = {cy, £, €3} I8 an arbifrary constant vector. m

We define the definite integral of a vector-valued function in the obwvious way.

DEFINITION 4.6

For the vector-valued function wir) = {f{rL, (1), hiry}, we define the definite integral
of r{r) on the interval [a, b] by

] & ]
f rind = Jf U{r},g{l},h{-rl]nd'r=( f ey, f. glr) b, f m::d:}. (4.6)

This says simply that the definite integral of a vector-valwed function rir) is the vector
whose components are the definite intcgrals of the corresponding components of ).
With this in mind, we now exiend the Fundamental Theorem of Calculus to vector-valued
functions,

THEOREM 4.5
Suppose that Rir) iz an antiderivative of ris) on the interval [o, #]. Then,

]
Jf rit)di = Rib) — Ria).

PROOF
The proof is straightforwand and we leave this as an exercise. m
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EXAMPLE 4.9 Evaluating the Definite Integral
of a Vector-Valued Function

Evaluate [! (sin x 1, 60 + dr)dr.
Solution Notice that an antiderivative for the inegrand is

1 [Ta - 1 :
——cos g, — + -lE = (——cm.ﬁ. 27+ Zr}.
T 3 2 x

From Theorem 4.5, we have that

EXERCISES 7.4 (@)

(") WRITING EXERCISES

1. [E]'i_ryﬂn = lim gis} = 0 amd Ilg_gh{!h = oo, describe what
happens graphically as ¢ — 0 w the curve raced owl by
rirh = (i gir, hin)). Explain why the limit of rif) as ¢ — 0
dioes ool exisl.

2. In example 4.3, describe what is happendng graphically for
¢ = —1. Explain why we don't say that rirj is contiuous for
r<-—1.

3 Suppose thal rif) 15 a vector-valued fuscion swch thar
rill) = (o b, o} and ri0) exists. Imagine sooming tnoom the
curve raced oul by Fif) pear the poinl (o b, o). Describe what
the curve will ook like and bow it nzlstes o the Langent vechor
o (110

d. There 1% a quotiesl rule corresponding to the product e in
Theorem 4.3, part (3). State this rule and desenibe in words
how you would prove il Explain why there Ba'l 2 guatient
rule corresponding b the prodsct rubes mparts (4) and (5) of
Thearem 4.3

In exercises 1-f, find the limii il it exists.

L lim {F — L& sins) 2 !E{f.r”. F+

s f P+ 1
3 lim <T;, cosf——r

1= f—

4 l-n{v": r+ ’L—]>

& ]um{mr,f+1mr:|
[T - n

5. ]I.l_r||11(]ur~.l'r:+],:—3}

In exercises 7-14, determine all valwes of 1 3l which the given
vector-valned Mosction is continuous.

7. Bn= (E 1."F—I.‘_'r> i l'{.l'ﬁ:{.\.ill,nmr,%}

r—2

%m0 = (A sin e, oo L Fifi= {o0s 3¢ tan £, In f)

2
1L rif= {r"".. VE 4, Hﬁ} 1L rirh= {sin &, —cse &, ool 1)

13 wii={vT. -.-"_r.anr} 4. riry={ln ¢, sect. v =1}

In exercises 15-20, find the derivative ol the given vecior-
valwed funetion.

15. = (.F‘_ vi+ ]%)

16 o= {E,:r"’.r‘}

17, m(f) = {xin &, 80 F, oo% f)

18. i) = {cos 5 1an £ 6 sin )

19 6 =" F e sec)

18 ﬂrr:{'l.l"m.tmt_f"'

In exercises 21-26, deiermine where the curve iraced ol by
rif} i smooih,

. mn={'-2r.r -2 B orin={f+L0)
2. (= {oos T sin 7r)

26. ru:n=(.;. lan—m:)
r+4

1. p() = {xin f, cos 2e)
s /= r-1)
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Im exercises 7=, shetch the corve traced ot by the endpabnt
ol the given vecior-valoed funciion and plot pesition and tan-
genl veclors al the indicated points.

I Fny= (oot sann r=0i=51

x
B oRN={t -1} r=0i=1r=2

M orl={cerannr=0Li=%i=x

M oA=L f—ir=l0t=1r=2

In exervises 31—40, evaluate the given indelinite or definite
imiegral

I f:a:-:,mm a1, f{%? di
1 Jr{n.-ma-r.ninr:.é'}dr
ET R f{r’e",:in’n.mr.uzc:r:lm
o
F-rF+l rF+1

. Jr(f 2 m»r—]}m

1-r

. J[I{F— 1, 30 el

38 Jr‘ Vi3, S

- d =
30, L(—.r-.n’}n
41
40 Jrl:zre*.—, d ,—,'" }d:r
F+53+0 P+

1 exercies 41-44, Tind all valwes of @ such that ric) and e are

perpendicular.
1. rif) = (ood &, sin ) 4% Al ={2cos s dnt)
43 rin =L F—1) M. Ain={F.Lr-5)

d5. In éach of exercises 41 and 42, show that there are B values
ol ¢ such that #{f) and £{F) are parallel.

4. In emch of exencises 43 and 44, show that there are oo values
ol ¢ such that rirh asd r'{f) are paralbel.

L enercises d7=-50, find all values of § such thai ¢'if) is parailel
io ihe (a) xy-planes (b) yz-plane; ic) planex = y.

7. rii={rr -3 dB. re)=ir. e smr}
H0. rir) = (oos o gn k, sin 2e)

S0, rin={vi+ [eosr i — B

T-42

Elﬂmiﬂiil-ﬂmpﬁ the curve traced oul by rifl

g g op e

i

#

rif) = ({2 4+ cos Bijoos & (2 + cos Bijsin i, sim 8r)
Fif) = ({2 + ¢ cos Bieos & (2 + ¢ cos Bfism §, ¢ san Br)
FiE) = {2eos Foos B, Jeos ¢an B, 2aan )

Firj= {{—2 + & oo Heos(h W2y, (—2 + 8 cos (emdE v,
Bsint)

Find afl valees of o and b for which
Fir) = {sin f, sin jaf), sl (B0} s periodic.

Find all valwes of o asd & for which
rir) = (s (e, sim Gant), sano () es periodic.

In exercises ST-60, label ax true or false and explain why.

5.

55
59,
[ 18

6.

£

FHRE R

g B RS

If i} = —I'rt.r] and wir) - w'it) =0 then rir - i =0,
Jledr||

I Pl - F'ita) = 0 Bor e &, then [[rin] is consant.
I " Fie) - giende = " Hededr - [ gichalr.
IF F () = Nie), then [ 016 dr = Fi).

Define the ellipse O with parmsetnc eguaions © = @ cos § and
w= b sim ¢, for postive constants o 2md b For a Gixed valoe ol r,
idefine the points P = (o cos ¢ b sin ),

{7 = cos {f + &2} b sin (¢ + 5720 and

@ = (@ cos {f — 20 bosin (F — o2)). Show that the vector
X called the conjugaie dismeber) is parallel o the tan-
genl vecior 1o al the point £ Sketch a graph and show the
relationship between B (0 and (7,

Repesl exercise 6l G the general angle &, so that the poinis
are P =g ook bsin g, 0= (o cos (F + 8, B osin (0 + @) and
(= (o cos (F — @5 bostn (F— 890

o
Find jﬂrh - igle) = b))

Find :—'Eﬂri X (git) x hin))].
Prove Theorem 4.3, part (2.

In Theorem 4.3, part (2], replace the scalar product orid) with the
ot proaduct € - F{), for 2 constant vector ¢ amd prove the resulis.

Prove Theonem 4.3, parts (2) and (3}
Provve Theomem 4.3, part (5).

Prove thal of mir) and r(¢) are orthogonal for all f then
[rirh}] = constant [Theorem 4.4 Proof, part (n)].

Prove Theorem 4.5,

@ appLication

If the curves traced om by fif) = {F — 4e, vt + 5, 42} and
= (u‘n[:n. fl 4+ 31') represent the paths of two
airplanes, determidne il they collide.
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45 EXPLORATORY EXERCISES

o 1.

Find all valses ol ¢ sech that ©'(e) = 0 for esch functon: (o) el =
(L F — 1), (b AR = (2eos + + 58 28 26 ¢+ oo ),
(b P = (2o 3o+ sin 51 2sin 3+ cos S0, W0 =0, P — 1)
aned fe) Fig) = (. " — 1}, Based on your resills, conjecture
the graphical significance of having the derivative of 3 vector-
valied Function equal the zero vector, I 1) 15 the positon
lumction of some object in motion, explam the physical sig-
nificance of having a zero dervative. Explain your geometric
inlerpreration in light of your physical imterpretation.

A curve O is smmoth if i1 is rraced out by a vector-valwed fanc-
twom F{e), where £'(#) 15 conlinwons and £(0 2 0 for all values
of & Skeich the graph of = {!. E} and explain why i1
musl he contmuois. Sketch the graph of /i = (2 oo ¢ +

SECTIOM 75 == Moiicnm Space 427

amn 2, 2 sinf o+ cos 26 amd show that ejly = 0. Explain why
r'i#) must be noa-zero: Skeich the graph of v = {2 cos 3 +
sm Sr, 2 sim 3+ cos 5 and show that F{r) never eguals the
#ero vecior. By sooming in on the edges of 1he graph, show
thal this curve i accurately described as smooth. Sketch the
graphs of () =, £ — D and gith = (. * — 1) for e =0
and observe that they irace oul the same curve. Show that
10 = 0, but thal the curve s smooth at ¢ = (. Explan why
this says thal the requirement thar r'if) £ 0 need mot hold for
every il iracing oul the curve. {This reguirement needs b
hold for only one such pirL) Determine which of the follow-
ing curves ane smooth. If the curve B oo smoath, identify
the graphscal charactensbc Chal = “unsmoth™: Bf) = (cos L
am r 1), Wi} = {:m £ s p, w}'F} rirh = {1an ¢, sin £, cos 1),
o) = (S sin’ ¢ cos’ o 1) and miel = (eos e, Fe T cos®ry

% 7.5 MOTION IN SPACE

We are finally at a point where we have sufficient mathematical machinery to describe
the maotion of an object in a three-dimensional sewting. Problems such as this were one of
the primary focuses of Newion and many of his contemporaries. Newion used his newly
invenied calculus io explain all kinds of motion, from the motion of a projectile (such as
a ball) horled through the air, to the motion of the plancts. His stunning achicvements in
this ficld unlocked mysierics that had cluded the greatest minds for ceniuries and form the
hasiz of cur understanding of mechanics today.

Suppose that an object moves along a curve raced oot by the endpoint of the vector-
valued function

riry = {f{eh, gir), W),

where r represents time and where 1 € [a, #]. We observed in section 7.4 thai for any given
value of 1, ©{r) is a tangent vector pointing in the direction of the orientation of the curve.
We can now give another interpretation of this. From (4.3 ), we have

i = {7, g, &,
amd the magnitude of this vector-valued function is
IFl = VPO + g8 + vinr.

(Where have you seen this expression before?) Notice that from (2.4), given any number
fo € [a, ##], the arc length of the poriion of the curve from o = fs up o w =1 is given by

=ih = f VLA + [ 00] + [ ()] du. {3.1)

Part 11 of the Fondamental Theorem of Caleulus says that if we differeniiate both sides of
(5.1}, we get

£l =y LrnF + [g0F + InF = irmj.

Since xir) represents arc length, #r) gives the instantaneous rate of change of arc length
with respect i time, that is. the speed of the object as it moves along the curve. So. for
any given value of 1, r'ir) is a angemt vector pointing in the direction of the orientation of
C [ie., the direction followed by the object) and whose magnitude gives the speed of the
object. So. we call r'{r) the veboeity vector. denoted virh. Finally, we refer to the derivative
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ity

st ]

FEfk

FIGURE 7.29
Position, velocty and
soceberation veciors

FIGURE 7.30
Position, velocity and accelerstion
VeCTims

FIGURE 7.21
Position, velocily amd accelerstbon
vechors

of the velocity vector ¥'(f) = r°(r) as the scceleration vecior, denoied 3{r). When drawing
the velocity and acceleration vectors, we locate both of their initial points af the terminal
point of r(r) {i.c., at the point on the carve), as shown in Figure 7.29.

EXAMPLE 5.1 Finding Velocity and Acceleration Viectors

Find the velocity and acceleration vectors if the position of an object moving in the
xy-plane is given by rr) = (. 2r).

Solution 'We have
W =r@= {3 &) and a(r)=r()=(64)

In particular. this says thatatf = I we have ril} = (L. 2}, vili =r'{l)= (3, 4) and
a1} =r’(l)= {6 4). We plot ithe curve and these vectors in Figure 7300 =

Just as in the case of one-dimensional motion, given the acccleralion vector, wie can
determine the velocity and posidion vectors, provided we have some additional information.

EXAMPLE 5.2 Finding Velocity and Position from Acceleration

Find the velocity and position of an object at any mme 7, given that its acceleration is
alf) = (fr, 12r 4+ 2. ¢}, its initial velocity is (00 = {2, 0. 1} and its initial position is
ril = {, 3 5.

Solution  Since air) = ¥'(r), we inlegrate onee to obtain

I'[J'F=fal:rld‘i'=.f[ﬁri+[]lr+2:ﬁ+e’l:]:ﬂ'
=30+ (6F + Ij + €k + ¢,

wherne o is an arbitrary constant vector. To determine the value of ¢, we use the given
mmitial velocity:

{2, 0 1) = v(D) = (0 + (00 + (Dk + e,
so that ey = (2, 0, 0}. This gives us the velocity

vif)=(3r + 2)i + (65 + 2)j+ £k
Since vir) =r'(r), we inlegrate again, o obtain

rit) =fvmm=f[:3r’ + 20 4 (67 + 20 + ¢k
=P +Mi+20+ 0+ ek +en

where €2 is an arbitrary constant vector. Wie can use the given initial position to determine
the value of oz, as follows:

1, 3, 5 = ril) = (0 + {00 + {1}k + c2,
s0 that ez = ([ 3, 4}. This gives us the position vector
e =(F +20E+ (2P + F £ 3§+ o'+ Dk
We shiw the curve and indicate sample vectors for vz}, ¥(7) and air) in Figure 7.31. =

We have already secn Mewion's second law of motion several times now. In the case
of motion in two or more dimensions, we have the vector form of Newton's second law:

F=ma

Here, i is the mass. a is the aceeleration vector and F is the vector representing the net
force acting on the object.
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FIGURE 7.32b
Centripetal foroe
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EXAMPLE 5.3 Finding the Force Acting on an Object

Find the force acting on an object moving along a circalar path of radius b, with
constant angular speed.

Solution  For simplicity. we will take the circular path to Lie in the xy-plane with its
center at the origin. Here, by constant angular speed. we mean that if @ is the angle
mizde by the position vector and the positive v-axis and ¢ is me {(sec Figure 7.32a,
where the indicated orientation is for the case where w = ), then we have that

f = o [Constang .
ot

Miotice that this says that @ = wf 4 ¢, for some constant c. Further, we can think of the
circular path as the curve traced out by the endpoint of the vector-valwed function

rii}= (b oos & b sin &) = (b cos{at + ). b sinjat + c)).

Motice that the path is the same for every value of c. (Think abowt what the value of ¢
affects. ) For simplicity. we take 8 = 0 when r = 0, 50 that £ = ex and

rit) = {b coswr, fr sin ).

Mow that we know the position at any time 1, we can differentiate to find the velocity
amnd acceleration. We have

Wil = r'{rh = {—fa sin e, e cos ),
s0 that the speed is ||¥(r)|] = wb and
il = ¥ii) = o = {—bw® cos wr, —ba’ sin G}
= —a (B cos wt_ b sin arh = —w T
From Mewton's second law of motion. we now have
Fir) = meair) = —mar' rii)

Motice that since mer = 0, this says that the force acting on the object poinis i ithe
direction opposite the position vector. That is, at any point on the path. it poines in
toward the origin. {See Figure 7.32h.} We call such a force a centripetal
(center-secking) force. m

Observe that on the circular path of example 5.3, [[rir)]| = b, so that at every poini on
the path. the force vector has consiant magnitude:

NFitHl = ||—me'ri )]} = e [rish]] = mar'h.

Motice that one consequence of the result Fir) = — i (1) from example 5.3 is that the
mizgnitude of the force Increases as the rotation rate o increases. You have experienced this
if you have been on a roller coaster with tight turns or loops. The faster you are going, the
stronger the force that your scat exens on you. Alermatively. since the speed is || vin) = aab,
the tighter the turn {i.e. the smaller § is), the larger o must be to obain a given speed. So,
o a raller coaster, a tighter m reguires a larger valoe of w, which in om increases the
ceniripetal force.

Juest as we did in the one-dimensional case, we can wse Newton'™s second law of motion
to determine the position of an obpect given only a knowledge of the forces acting on it. We
present a simple case in example 5.4.

EXAMPLE 5.4 Analyzing the Motion of a Projectiie

A propectile is launched from groond level with an initial speed of 30 meters per second
at an angle of § to the horizontal. Assuming that the only force acting on the object is
gravity {Le. there is no air resistance, etc. ), find the maximum altiiede, the horizontal
range and the speed ar impact of the projectile.
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T-dh

Solution  Notice that here, the motion is in a single plane (so that we need only
consider two dimensions) and the enly foroe acting on the object is the foroe of gravity,
which acts siraight downward. Although this i= nof constant, it 15 nearly so at altitodes
reasonably close to sea level. We will assume ihai

Fir) = —mgj.

where g is the constant scoeleration doe to aravity, ¢ = 9.8 mfs® (using the metric valoe

since the initial speed is given in mv's). From Newaon's second Law of motion, we have
—migj = Fii) = mair).

We now have v'ifl = alry= —9.8j.

Integrating this once gives us

virl= fa{ﬂd'l: =08 + e (3.2)

wherne o is an arbitrary constant vector. If we knew the initial velocity vector w0, we
could use this to solve for €. bui we know only the initial speed (ie. the magnitude
of the velocity vector). Referring to Figure 7.33a, notice that you can read off the
componenis of w0, using the definitions of the sine and cosine functions:

vi0)= {50 cos 3, 50 sin ) = (25V3, 25VT).
From (3.2), we now have

(2572, 23v2) = vil) = (-9 8N + e1 = €1
Subsittuting this back into (3.2}, we have

wir)=—9.8f + (252, 25vT) = (25v2, I5v7 - 9.8r).
Integrating (3.3} will give us the position veotor

(5.3)

r'[r]-=fv:;]d::{ﬁvﬁr.ﬁﬁr—d.ﬂrl} + 0,

where €2 is an arbitrary constant vector. Since the initial location was not specified. we
choose it to be the origin (for simplicity). This gives us

b= rill}= e,
() = {25vZ1, 25vZ — 4.9, (3.4)
We show a graph of the path of the projectile in Figure 7.33b. Now that we have found
expressions for the position and velocity vectors for any time, we can answer the
physical questions. Notice that the maximuom altinede oceors at the instant when the

object stops moving up (just before it starts (o fall). This says that the veriacal (j) com-
poneni of velocity must be zero. From (5.3}, we get

s that

0=25+2 -9 R
s that the time at the maximum altibnde is
L BV2
T oog

The maximum altitude is then found from the vertical componeni of the position vecior

at this time;
2542 25TV
=t -l e s —
. ﬁ\.-"':( = ) .i.*;(—” )m

=

Maximum altitude = 25+2 1 — 4.9°

_ 1250
T 194

m = 638 m.
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To determine the borizontal range, we first need to determine the instant at which the
object strikes the ground. Notice that this occurs when the vertical component of the
position vector is zero (Le., when the height above the ground is zero). From (3.4}, we
see that this occurs when

0=25v2r - 497 = 1(25v2 — 4.9,
There are tao sqzlu%nﬁ_znflhu cquation: ¢ = () {the time at which the projectile is
launched) and 1 = {the time of impact). The horizontal range is then the
horizontal component of position at this time:;

= ——= 255 1m.
39 o

. =125vT)

L

(”-'_sw.a’i) 1250

Finally, the speed at impact is the magnitde of the velocity vector at the time of

imipac:
252 2542
()| -Nm ()
=[[{25v2, —-25v2) =50mis.

You might have noticed in example 5.4 that the speed al impact was the same as the
inifal speed. Don't expect this io always be the case. Generally, this will be true only for a
projectile of constant mass that is fired from ground level and returns o ground kevel and
that 15 not subpect to air resistance or other forces.

O Equations of Motion

We now derive the equations of motion for a projectile in a slightly more general seiting
than that described in example 5.4. Consider a projectibe launched from an altitude f above
the ground at an angle @ to the horizonal and with initial speed vo. We can use Newion's
second law of moton to determine the position of the projectile at any time § and once we
have this, we can answer any guestions aboul the motion.

We again start with Newton's second law and assume that the only force acting on the
objoct is gravity. We have

—imgj = Fir) = mair).
This gives us (a5 in exampie 5.4)
v'if = alil = —gj. (5.5
Inicgrafing (5.5) gives us
it = fa[nd'r: —grj + e, {5.6)

where ¢, is an arbitrary constant vector. In order o solve for ¢, we need the valoe of wirh
for some 1, but we are given only the initial speed ve and the angle at which the projectile is
fired. Naotice that from the definitions of sine and cosine, we can read off the components
of wil) from Figure 7 34a From this and (5.6), we have

{wgoosd, vysinf®) = villl =¢,.
This gives us the velocity vecior

vil) = (vacosf, vesin® — gr). {5.7)
Simce r'(r) = wir}, we integraie (3.7) to gei the pesition

mrl= fﬂj]dr = <[v.-. oo @, (vosindir — %} + €.
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To solve for ¢z, we wani (o use the initial position F0), but we're not given 1L We're told
only that the projectile starts from an altimde & above the ground. So, we choose the origin
i be the point on the ground direcily below the launching point, giving us

(0, &) = r{l) = €1,
. ar
s that i) = (l:rgcmﬂ']r, (vasinfy — ?> + (0, b
= (:r..::mﬂ}r, It 4+ (vpsindfie — g) (5.8

Nuotice that the path traced out by rir) (from r = 0 until impact) is a portion of a parabaola
{See Figure 734b.)

Mow that we have derived (5.7) and (5.8). we have all we need to answer any further
questions about the motion: For instance. the maximum altiwde occurs at the time at which
the vertical component of velocity is zero (iLe. ai the time when the projectile siops rising ).
From (3.7). we solve

D=|r||:'mﬂ—gr,

s that the time at which the maximum alfitude i reached is given by

Vgsind
= = -

e

The maximum altitude is. then the vertical component of the position vector at this time.
From (5.8). we have

Maximum altitude =k + (vq singf — H
LT

o 5 6 v i 3
=n+u-u.r.ium("“5'” )_E('U‘“‘ )
£ 2 .

1 visin' @
o —
[

=h

In all of the foregoing analysis. we left the constant acoeleration due W gravity as g.
You will usually use one of the two approximations:

p=32fE or g=98mikl

When using any other units, simply adjust the units to fect or meters and the time scale o
seconds or make the corresponding adjustments to the value of g

We mext use the calcolos to analyze the motion of & body rotating about an axis. {For
instance. think abom the motion of a gymnast performing a complicated rowtine. ) We use
a rotational version of Newton's second law o analyze soch motion. Torgue (denoted by «)
is defined in section 7.2, In the case of an object rotating in two dimensions, the torgue has
magnitude (denoted by £ = || £]]) given by the product of the force acting in the direction of
the motion and the distance from the retational center. The moment of inertia [ of a body
is & measure of how an applied force will cause the object 1o change #s raie of mtation.
This is determined by the mass and the distance of the mass from the center of rotation. In
rotational motion, the primary variable that we rack is an angle of displacement, denoted
by & For a rotating body, the angle measured from some fined ray changes wath time #, s0
that the angle is a function A1} We define the angular velocity o be w(r) = 891} and the
angular acceleration to be mir) = @'ty = &) The equation of rotational motion is then

=1z (5.9)
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Motice how closely this resembles Newton's second law, F = me. The calculus used in
cxample 5.5 should look familiar.

EXAMPLE 5.5 The Rotational Motion of a Merry-Go-Round

A stationary merry-go-round of radivs 2 m is started in motion by a pash consisting of
a force of 30 N on the outside edge, tangent to the circular edge of the merry-go-round.
for | second. The moment of inertia of the memy-go-round 1s f = 25. Find the resulting
angular velocity of the merry-go-roumnd.

Solution  We first compuic the torgue of the push. The force is applied 2 m from the
center of rotation, so that the torque has magnitude

r = (Farce j(Distance from axis of rotation) = (302 = 100 N.m
From (5.9), we have 100 = 25,

s0 that @ = 4. Since the foree is applied for | second. this equation holds for k<5< I
Integrating both sides of the equation o = a from ¢+ =0 o f = 1, we have by ihe
Fundamental Theorem of Calculus that

I 1
mll—wm}=£ -r.:ﬂ:f 4di=4. (5.1
]

If the mierry-go-round is initially stationary. then @) = 0 and (3.10) becomes simply
i lj=4 radfs. m

MNotce that we could draw 3 more general concluzion from (5.10). Even if the
mierry-go-round is already in motion, applying a force of 50 N tangentially to the edge for
1 second will increase the rotation rate by 4 radfs.

For rotational motion in three dimensions. the caleulations are somewhat more com-

plicated. Recall that we had defined the torque ¢ due w0 a force F applicd at position r o be
r=rxF.

Example 5.6 relates torque to angular momenium. The linear momentum p of an object
of mass m with velocity v i given by p = mv. The angular momenium L is defined by
Lir) = rir) x mvir).

EXAMPLE 5.6 Relating Torque and Angular Momentum
Show that torque equals the derivative of angular momentum.

Solution  From the definition of angular momentum and the product rule for the
derivative of a cross product | Theorem 4.3 (53], we have

d
L= Emn 2 mrvirl]
= r'{f} > mvir) + i) = mv'ir)

= wii) ¥ mwf) + rir) x mead)

Motice that the first term on the right-hand side is the zero vector, since it is the cross
product of parallel vectors. From Newton's second law, we have Fir) = maii). s0 we
have

L'ifi=rilxmaili=r=xF=r. m
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FIGURE 7.35c
Progection of path oato the az-plane

From this result, it is a short step o the principle of conservation of angular
mamentum, which states that, in the absence of torque. angulsr momentum remains con-
stant. This s left as an cxercise.

In example 5.7, we examine a fully three-dimensional propectile maotion problem for
the first time.

EXAMPLE 5.7 Analyzing the Motion of a Projectiie
in Three Dimensions

A projeciile of mass | kg is launched from ground level toward the east at 200 meters/
second, at an angle of § 1o the horizontal. If the spinning of the projectile applics a
steady northerly Magnus force of 2 newtons to the projectile. find the landing location
of the projectile and its specd at impact.

Solution Motice that because of the Magnus force, the motion is fully three-
dimensional. We orient the x-, v- and z-axes so that the positive y-axis points norih,
the positive x-axis points casi and the positive 2-axis poinis up. as in Figure 7.35a,
where we also show the mitial velocity vector and vectors indicating the Magnus
force. The two forces acting on the projectile are gravity (in the negative T-direction
with magnitude 9.8 m = 9.8 newtons) and the Magnus foree (in the y-direction with
magnitude 2 newions). Mewiton™s second law is F = ma = a. We have

ain=v'{ft= {0, 2, -9.8)
Integrating gives us the velocity function
wirp= {0, 2r, =98 + o1, (511}
where ¢ is an arbitrary constant vector. Node that the initial velocity is

¥i0) = (200 cos . 0. 200sin ) = (100V3, 0, 100).

From {5.11 k. we now have
{100+/3, 0, 100} = ¥(0) = ¢,
which gives us vir) = {100+/3, 2¢, 100 — 9.8¢)
We integrate this to get the position vector:
rin = (100v3 1 7 1000 - 4.97) +c2,
for a constant vector ©;. Taking the initial position to be the ongin, we get
#=ril)=c,.
so that rir) = {100+/3e 7, 100r — 4.9¢%). (5.12)

Note that the projectile strikes the ground when the k component of position is zero.
From (5.12), we have that this occors when

1= 1060 — 4.9¢° = 0 100 — 4 97}

So, the projectile is on the ground when 1= 0 (time of laonch) and wh:nz:%a—:?ﬂ.#
seconds {the time of impact). The location of impact is then the endpoint of the vecior
r(4%) = (3534.8, 416.5, 0) and the speed at impact is

1040
w[ﬁ}l o 206 mfs.

We show a compuicr-generated graph of the path of the projectile in Figure 7.35b,
where we also indicate the shadow made by the path of the projectile on the ground. In
Figure 7.35c, we show the projection of the projectile’s path onto the o2-plane. Observe
that this parabola is analogous to the parabola shown in Figure 7.33b. [ ]
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EXERCISES 7.5 (‘@

[~ WRITING EXERCISES

L. Explain why it sakes sénse in suample 54 thot the speed a1
it egquals the initial speed. (Hint: What force would slow
the object down?) If the projectile were laonched from above
pround. discuss how the speed a1 pnpoct would conrpete 10 e
initial speed.

2 I we had naken sir diag inko sccount inexample 5.4, dscuss
how the caleudated speed a1 impact woubd have changed.

3. lnthis section, we assumed that the scceleration dwe o gravity
i% oomstant. By contrast, alr resisiance 15 & Tunction of vebse-
iy, (The fasier the object goes, the more air resistance Chere
1.} Explain why including air resistance in oar Newlon's law
msidle] of progectile motion would make the mathenstics mnch
mre complicaged.

d. In example 5.7, gee the x- and y-components of the position
fumction ko explain why the progection of Lhe projectibe’s path
ol the oy-plane would be a parsbots. The projecion omto e
xr-plane i also a paraboda. Discuss whether or mol the path in
Figure 7.35b ts a paraboda. If you were watching the projec-
b=, wonibd the path appear 1o be parabolic?

In exercises 1-6, find the velocity and acceleration fondctions e
the given position Nenction

L rirh = {5 cos 2, S sin 2¢)

2 rifi= {2 coxt +sin 2, 2 gim ¢ 4 cos 2
X rin= (2% —16r + 15+ 5}

4. Eiy= {25, —16F + 10¢ + 20)

5. rin= {4 VP + Lo + 1))

G rif= (3 sin 2 e + sin g}

In exercises T-14, lind the position Teoction from the given
velocity or acceleration lunction.

T. winy= {1l —32r + &}, R0y = {3, 8}
B wirk={da r — 1} el = {10, -2}
9. airy={, —32). vili = {5, O}, vl = (0, 16)
10 airy={r, sin o}, ¥(0) = {2, =6}, 00 = (10, 4}
1L wieh= {12 VT 0+ Ik re™ ) 00y = (B, -1 1)
1L wirh=dre™, INC + 130 20+ 1) 1) = (4. 0. -3)
13, aly={r. 0, -6}, wilh = {12, —4. 0}, rilh = (5.0, 2}

14, a(ry={e™, 1, gn e}, wil) = (4, =2, 43 el = (0, 4, =2}
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In exercises 15-18, find the magnitude of the wet force on an
oliject of mass 10 kg with the given position Tunclion (in units
ol meters and seconds).

15. mirk={d cos 2, 4 sin 2r)
17, rirh = {6 cos 4, & n dr)

6. riri={3 cos 5. 3 zin 5¢)
8. rird= (2 cos 3, 2 sin 3r)

In exervices 19-22, Mind the met force acling on an object of
ks an wiith the given position lundtion (in units of meters and
spcirmls L

9. win=1{3 cos 2t $un ) m= kg
. o= {3 cos dr, Tain Srfm= 10kg

2 WA={3r 4L H— 1) m=20kg

22 AN ={Mu—3 —168 + 214 30} m =20 kg

In exercises 23-28, a projectibe is fired with initial speed v, miés

Trom a heighi of & meters ol an angle of & above the horizonial.

Assuming that the only force acting on ihe ohject & gravity, lind

the maximum altitwde. horizontal range and speed ai impaci.

O ou,=9h=08=% M oy,=08 A4=00=
i

25 wp=dB h=00= 6. =9 h=00=

1
B
=
]

7. we=6l h=l0,8=3 M. ovp=6i k=20 0=3

2. Based on your anseers o exercises 25 aml 36, what elfect
dives doubling the imitial speed have oa the bonzoatal range?

30. The angles § amd £ are symmeiric aboul 3 tha ix,
i — & =7 — 5 Based on yoar answers o exercises 13 aned 24,

how do horizonzal ranges lor symmetrec angles conypans?

31, Beginning with Mewton's second Lw of motoa, derive the
equalions of motion for a projectile fired from altimade b abosve
the grousd = an asgle @ 1o the horizonial and with isirial
specd v

A% Forthe general progectile of exercise 31, with b = 0, (a) show

i
lhlﬂrhmmmulm,pziﬁﬁul[b; fomel thoe angle thay

prodbuces the maximum horiaomeal mnge.

A3 A foree of 100 N is appleed 10 the oulside of a siabonary
merry-go-round of radis 2 N for 0.5 second. The moment of
imiertia i = L Fsd the resuliant change i angular velsaly
of thi mermy-go-noand.

A A merry-go-round of radios 2 masd moment of mertka F= 10
rotales 3 4 radis. Fmd the constan foree peeded 1o siop the
merry-go-round in 2 seconds.

35, A golfier romstes a club with constant angular sceeleration o
through an angle of rodians, I the angular velociy increases
frveny {0 1 15 radis [ined er.

36, For the golll club m exercise 35, find the increase in angular
vebocity if the club is mtated through 2n mgltdéfmliaﬂ&
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with the same sngular scoelertion. Descnbe one advantage
ol 2 long swing.

Softhall pischers such as Jenmie Finch often uwse a double
windmill 1o generale arm speed. Al a condanl angular acceler-
ablon, cormpane the speeds oblained mtating through an angle
ol versus rolatieg through an angle of 3z

As the softhall i exercise 37 rotales. it hnear speed v is
related 1o the angular velocily e by v = re, where ris the dis-
tance of the ball from the center of rotation. The pitcher’s amm
should be Fully extended. Explain why this is 3 good tachnique
fir throwing 2 fast paich.

Use the result of example 56 w prove the Law aof
Conservation of Angular Momentum: of there s semo (net)
liwguee am am ashgect, i angular momenlum remans consank.

Prove the Law af Conservation of Linear Momentum: o
there s Pero (nel) force on an ohect, its Hnear nomendiom
TEmE R consand

If accelerapon i parallel w posiion (afjr). show that there is
ey lorgues. Explain this resull in terns of the change in angpu-
Lar enoenenium. (Hin: 1§ a ||, would angular velocity or lnsar
velocity be affected Ty

If the acceleralion a is constant, show that L= = 0.

Suppose an mrpline s acted on by three forces: gravity, wind
amd engine throst Assume that the foece vector for gravily is
meg = m{l, 1), —32}_ihe force vector for wmd is w= (L L. 0}
B O € 4 £ 1 and w = {0, 2. 0) for 13 1. and the force vector
for enpine throst is e = (2, @, 24). Mewton's secomd law
of mobon gives us ma = mg + W + & Assume that m = 1
and the manal velocity vector is w(0) = (000, 0, 1. Show
that the velocity vector Tor 0 € ¢ = 1 is wir) = {F + 10, ¢
I(h — &}, For ¢ = 1, inbegrate the equaliona = g + W + & o
pel W = (F 4+ o, 2+ b, —Br + o), foc constants g, b and o
Explain (on physical grounds) why the function v should be
contineous and (md the values of fhe constants thl make i1
s, Show thetl i) s nol differentiable. Given tee nature of Lhe
fimce function, why does this make sense”™

Find the posison function for the airplane 10 exercise 43,
Fmd a vector eguation for positon and the point of mopact @f
the: progecibe mexercise 23 s lounched in the plne v=x
Fend 2 vector equation (or positkon and the point of mapact of
the progectle m exercise 27 15 launched in the plane v = 2
Ciiven that the horpsonial range of a propecile launched from
the goouemd 5 Ell]munlﬂ!lul.l‘l:hmghii;,ﬁulﬂl:miﬁul
speed.

Caven that the horieontal range of a projectile launched from
the ground 13 240 m and the lsunch angle 1 30°_ fund the ne-

aad speed.

§ appLicaTIONS

A roller coaster is designed 1o travel a coeular lop of radios
30m I the riders feel weightless at tee top of the boop, what
i% the speed of the roller coaster?

52

A moller coaster ravels @ vanable aagubar speed ofe) and
radhus Ar) but constant speed © = aifin). For the centripetal
force F{rh = mua (i), shiw that £ = maliir e (L Con-
clude that entering 2 nght curve with Fic) < 0 b mainisning
comsant speed, the centripetal foroe monsases.

A et pilot executing a crreular lum e periences an acoslera-
tom o =5 5™ (that s, [fafl =5 gi. I the jers speed is 00 ke,
what s the radhos of the ™

For the pet pibol of exercioe 3, how many g's woubil be expen-
enced if the speed wene 1800 kb ?

. Example 5.3 1% o nusde] of a satellive orbiting the Earth. In this

case the force F s the gravitstional anirsction of the Earth on
the smellie. The magnamde of the foree 15 , where m

Y

i& the mass of the satellite, M s the mass of the Eath and
€7 1% the umversal gravitational constant. Using example 5.3,
this shoubd be equal 0 meh. For a geosynchronoss ocbil,
ihee frequency w is such that the ssiellise completes ome arbdt
in cne day. (By orbiting at the same rale as the BEanh spins,
the satellite can remain divectly abosve the sane point om the
Esrth ) For a subereal day of 23 bours, 56 mimses and
4 seconds, find o Using MG = 30871ET % 10 Nom kg,
find b for & geosynchromous arbil (the umts of B will be m).

Example 5.3 can also model 2 pal executing a lurn. For a jet
traveling al 1000 kmvh, find the rading b such that the palo
feels 7 g's of force; that is. the magmitude of the force is 7 mg.

@ EXPLORATORY EXERCISES
1. A ball roll off a ble of beight 1.5 mo ls il vebooty 15

horizontal with speed v Delermine where the ball hits the
grouand and the velocily vector of the ball ot the moment of
trpacd. Frned the angle between the horizental asd the impact
vebocily veclor. MNexl, aciume that the next bounce af the ball
srarts with the ball betng lsunched from the ground with ink-
teal conditions determined by the impact vebocity, The Bunch
speed aguals U6 lmes the impact speed {(so the ball woa't
bownce forever) and the launch angle equals the (positve)
angle between the horizontal amd the impact velocity vecior
Using thews conditions, determine where the ball pext hits the
ground. Continue on w find the third pome ar which the ball
beances.

In many sports sach as polf and ki jumpeng, il is important
i depermine Che range of a propectile on a slope. Suppose that
the ground passss through fee orgm and shopes al an angle
of a w the horizomal. Show thal an eguation of the ground
% ¥ = —{tan ahr An object is lunched at height k= 0 with
imitial speed vy Al an angle of @ from the horisental, Beler-
nng 1o exercase 31, show that the landing condiion s oow
v = —(tan oir. Find the a-coondinate of the landing point and
shiw that the range (the distance along the ground) is given
b}'R:%L%:-uL‘uL‘ﬂs i sin 8 + 1an e cos @) Ulse ingonometric
identities o rewrile tis = R =i'_:f,.m|.:ul:'m o + sinlo + 26))-
Use this formuks 1o {ind the value of @ thal maximizes e
range. For (Tt grousd (o= ), the optimal angle i 457, Swate
an easy way of 1aking the value of o (say, a = 10° or o = —8%)
andl sdjusting from 45 o the optimal angle.
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Q%) Review Exercises

[~ WRITING EXERCISES

The fodloweng bist includes tems that are delined and theonems that
are stated in this chapter. For each lerm or theorem, (1) give a precise
dbelimition or stement, (2} st inogeneral kerms whal i means =nd
(3} describe the types of problems with which o i3 associaned

Wectir fumction acceleration

Dot poosclsct Angular velocity Comtinueus Fixy
Cross produict Arc length Spend
COrthogonal planes Velowiny veclor Angular
Wector-valised Angular LR T

() TRUE OR FALSE

Stale whether each sistement is roe or fale and boefly explain
why Il the stalement 15 faloe, try to “Tix 7 by modifying the given
ataterment B a pew Satemend thal 1s nee.

1. ‘The dot product & - b = 0 imphies thateitber a=0or b= L
L Ifa-b >0, then the anghe between @ and bos less than 3

1 Theeross product can be used ode ermme thang e v vectons.
4. The graph of the vecuor-valved function {cos &, <o &, ({6}, for

some function flies on the circle © 4 7 = 1
5. For vectr-valued functons, derivagives are found component by
camgonent anl 2l of e sl rules (product, quotient, choan) apply.
6. The derivative of a vector-valued function gives the slope of
the tungent hme.

7. Mewton's Laws apply only o sirighi-line motion and nod 1o
ridational motken.

In exervises 1=4, compuie the cross product a = b,
L a={L,-21}Lb=1{(2 01}

2 oa={1,-200b={10-2)
a=2j+kb=4di+2j-k

d a=i-2j-Jb=2-]

ol

I exercises 5 amd &, find iwo snil veciors oribogonal to boeih
given veclors.

5. a=li+kb=—i+2j-k & a=3+j-2kbh=3-j

I exercises 7 and B, skeich the corve amd plod the values ol ihe
wisihir-v alued Dumetion.

T =2 -F 1 r=0t=1r=2

B rifi=dmy 2eosr ) t=—mi=00=x

mamm]&ﬂﬂhmetmﬂmh} the given

vector-valwed function

9 rin={3cost+ 1, sind}

LIS
11.
¥
i
14.
15,
I
17.
18

L8

CHAFTER 7 =-

Review Exeroses 437

rifh =42 sin ¢, ook § + 2)

rif={3cos ¢t + 2 an 3 3sin ¢+ 2 ood 5
ik = {3 cos ¢+ sin A 3 sin e+ s 3)
mfh={2cost 3, 3sinr)

rf={3cose -2 2ant)

rirh= (4 cos 3r 4 6 ook & & sm 4 sin 3
rif) = {sin =, V1, cos )
nifp={tanm ¢, 4 cos ¢, 4 sm 1)

rirh={cos 5 @nr, 6 sin )

In pearts ()41 }. madch the vector valied function with its graph.

{a) p{r)={siny, 1, sn 1) (h) wlt) = (& =in & sin 20}
(e} B = (6 sin xf, £ 6 cos m) () H = da’r, sin 't oo )
{2} mr = {cos g, L — cos %, cos 1)

My m={F+ LFE+2e—1)

GRAPH B

GRAPH C
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GRAPH D

GRAPHE

GRAPH F

I exercioes 20-22, sheich ihe curve and lind s are lengih.
M. Ft)= {oos oL s xk, cos dee), 0= 2
2L rif)= (oo § anr Ge) 0 << 2

X Ri={ed— 1.2 -6, 0L

In exercives 23 and 24, Mnd the Doit if i exists.
2% hm - 1, e, ook wv)

24 I:T e o mt =51}

I exercises 25 and 6, defermine all values of § 2l which e
given veclor-valued function is continuous.

25 =" Inr. 2
26, ﬂrj:{:s.iur.l;mlr ,3 l>
"_

Review Exercises

In exercises 27 and 28, find the derivaiive of the given
vector-valued lumetion.

0. mn={WE + 1, sindi, In dd)
B A= %)

In exercices 29-32, evaluate the given indefimite or deliniie
integral.

0. [(r_", 2 g L}:Ir
*1
E T f{;r .
r+ 2

i
. ‘{ {cos xf, 41 Xhdr

1
iz ri_:",ﬁr"_:-dr
1

I exercises 33 and 34, lind the velociily and acceleration vec-
tors fer the given position vecior.

Born={dos 2 dsin2e 4 M An={r+2.4.05

In exercises 35-38, fimd the position vector from the given
velocily or acceleration vector.

35 vin={2r+ 4, -3 my=1{2, 1}

36 W=7 — 1} A= {-4.2}

I aln =0, —33), vl = {4, 3), R\l = (2, 8)
3. adry= T w0l = {2, 0}, fl) = (4, 1)

In exercises 39 and #0, fnd the force acting on an ohject of
muiss A with the given position veclor.

W rn= {12, 12— 16F) SL i) = (3 eos 2 2 ain )

In exercios 41 and 42, a projectile is Gred with initial speed v,
meters per second from a height of kb melers ai an angle of 8
above the horizontal. Assuming that the enly Force acting on
the object is gravity, Mnd the maximom altitude, horizonial
range and speed al impact,

41 ..-.,=uu.ﬁ=u.u=t—f| ar :r.|=H?EL.I'r=6-.I|'=%

In exercises 43 and 44, find the unit tangeni vector to the curve
al ihe indicated points,
43 W= 2 dpr=0=1

M. A= saer ) r=1,r=2
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C;@ Review Exercises

In exercises 45 and 46, find ihe unit targent and principal weit
norml veciors al Use given poinis.

45. rify={cost sink sne)arr=10

46, rif=(CO% L s L sn ppatf =5

In exercies 47 and 4%, the [rction force reguired o keep a car
Trom skidding on a curve is given by Fif) = mea M. Find ihe
Friction ferce needed 0 keep a car of mass m = 120 kg fram
shialding for the given position veclors,

4T, rif) = (80 cos b, Bl sin br) BB R = (Blleos 4a B0 sin dd)

- EXPLORATORY EXERCISE

L o this three-dimensional projectile problem, theink of the
X-axis as pornting o the reght, the y-axis as poimling strasght
st and the s-axis as pointing wp. Suppese that a projectle
of mass ar = 1 kg w lsunched from the ground swith an metal
vedoeaty of 100 m's in the yo-plane 3 an angle of § above the
horzomial, The spmnmng of the progecibe producess a constant
Magnus force of (L1, 0, 0} sewions. Find a vector for the
posbion of the projeciile &1 bmse 1 2 0. Assummg kevel ground,
lind the tume of Might T for the projecile and lied ns landing
place. Find the curvature for the path of the progectile al time
¢ 2= (L Fud the times of mmmum and maximem carvalure of
the path w0 < T
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Chapter 5
Exercises 5.1

P . gy 1 o - I g
L L3fwss o4z

E  comerges o0 T. comverpesio |
LT

T3

LR}

Ta,
M T I

Comverpes in 2
il comerpestos  B% diverges 05, diverges
17. comerges o0 19, convesges o0 2. converges
I comergesiofl M. 1 IL In2 M. 0
3. decressing 3. increasing M. lolcd

apE

4L i<y 4% -5
. lim (1+3) =¢ lim (1 -3} = e
5L EM2 SN convergesto ¥ [ ud
55 b fes = o Lrs = P = ry 4 b fes = oo = 2 T
{3 = oo # (ry = rol = (e o 1ih s Jes = oo = 2 0T
{d) r, = 1HFE

LT A Sua."p'lz-. V24 vis ;3 == 0k IR g = LA

-1
o=

Applications

L oo = 44 = 3axm S

Exercises 5.1

L q:nmerptu-u—s k nmmp:n:% B diverges

7. oomverges ind 9. diverges 11, diverges

ik comverpes o | £ comverpes in 17, diverges

1% comverpesioi 3L dverpes 3% diverpes

B =l<ce«l . c=D M. oomverges

M. comverpes 3L urL—-fnu 37, 64; 296 4=
=l

g
I:—u.l:-J 41 oy fand b=~

Ii]'_'—,:a-!:i-.'l'—t-:rnti B ye 47. o

Applications

L L3SE8L:w=4 & :-pi.l'p:\-%'.l'..lm

S
b= 2p{l = p}
5 Nl=eNallde T S4O00000; save S 150,000

8. 1; you evemually win a game 1L D EMI20008 . .

Exercises 5.3

L. {a) diverges (b} diverges X (a} diverges (b)) converges
& ) diverges  (b) converges  T. (&) converges (b)) coaverpes
B ja) drerges (b)) diverges 1L (2} conwerges (bl converzes
I3 (a) diverpes (b} diverpes 15, (o) diverges [b) comerges
I7. {a) converges (b} converges

19, (a) diverges (h) diverges (o} diverges (dj divesges

W opxl I opxl M oo I Ao

2 a3k ™ oML m 3 4

X a) canttell (b} converges (o) cosmverges  (d) can’tiell

Pl o T £t

47. {a) y= 1 is oomcave up for x 70

Applications

1] |.
L2 5 (m mgiam.a (B3

Exercises 5.4

L. comverpess L oconvergem 5.  convergent

7. ooEverpess 9. diverpem 1L diverges

1% comvergess 15 & Een 17 diverges

19 cosverpess XL dvergemt 1N coowergemt

& 361 17. =01 . Lo AL =021
33 20000 M, 3Miemsil=0wi=13)

7. comverpes 3% diverpes 4L ik =0frkz2

43,  positives diverpe. negatives comerpe

uf‘i.ﬁ
. X



Exercises 5.5

L. absohoely comvergem X diverpemi

8. conditionally convergent 7. ahwolussly comverpem

% divergent 1. shenletely converpem

13 shenluiely comverpens 18, divergeni

17, cosditonally convengent 15.  shsnbately convergent
21, absolwely converpem 1Y, shsolmely convergent

28, cosditionally convergeni 17.  condisimnally comergens
29, ahsoluiely comverpam 31 shsoluiely convergent

31 divergent 35, shsobetely comvergent

3. absolutely comvergont 3. aohsluely comeergent

41, oo 4% alemming
4% niegral 5. oot 5% oomparison 15,  companson
7. integral 5. mitio 6L fap -l=zp=l

45 psenes 47, mio

Exercises 5.6

L. @, (=o, e)] AL di-4.4) & 3(-24] 7. 0Q[r=-=1]

I 1 5 3
9 rhi,ll,z\] 11. J'IIE, (—E,—E}
I r=2 (=400 18, r=so.allx

1 1

i (=3 =1, —— L oqod
1 M S

A% =23y

L ill:‘,rul,i—l,l:l
L

I4+x

T Zh—ll-‘ir"‘,r-],{—],!] kL Zh"".;nl,q—l,h

- i w 3
M NP r=d (=44 M (=1 ™ = |
E P+ E 2k +1

1

1
oL r= |
k41

3= iz.hf'“".ut 37 gr—n'

T .~ ik =
M, m.m:.g—t:ukn}: ]
FiN i—m.ﬂkgh".l—m.ul

43 ja-bha+ b r=k F L
47, rasl, NS0T _ .
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i }qu
® Fayyre!
&
E
1
a
L s o3 L L3
1
— 1 ] E-1..1
&1, =1 oS
“’"E "lllr.un'-unl‘ 17377
1 o
ik} ﬁhn"l L v/ Th ™1 = T
. [/ 1
3. — -
=g {0 = g =
Exercises 5.7
- Ilt - 2"
1. E‘_tllﬂﬂﬂ' ] 3 EE:'J—M. 20
= Il-o-l -
ST N = s -
i E: o= T Er 1k + Dt (=1, 1)
i - It i —i
PN 1Rl PP Y S, O | LA R
e | = [
i
L D 1 [ e
el
15, 0 S =1 =gin = 157 & ppic = 1 = fagix = 17"
+ g dr = 1 = e - 1
. &1+ = 0 +ir =2+ sl =2 mpin =29
# gl = 27+ ghgis = Y
W, x+3xt+ g1’
o =i
1. [ ] | L == 0
w"d':rrflld Mﬂ‘afl P
Titk1
35 (o) (LO4ETY; (b 25 - fch T
Tiap®
. (m LS (h) % b @
= (=3 - it
o E?:&r—m 3L Eq—llﬂ'?rnm
-‘_”JIE-I i
Lo [11.t+n!"Jl L
1B, Fuihy=2 ¥ wa'sxwithz=1l
3. (n) differentiagon (k) Taylor series
41. (o) smidiferentiation (b)) anidiferentaion
43, x; coaverges o fforsll x>0
a |+i“”‘ﬂ*‘“ﬂ"“”"‘”f
3 i Hp
48 I+iz= 1)=xdiv forr <0
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21, ihe firsi threee serms of the Tavlor series fior fand g are idestical
2T = g - exguaks the product
= —.:'T.,'_EI'.I.IBID the Maclanrn series for sino divided by x

B orédeid=

59, & 6 Taylor & move efficient

Exercises 5.8

L OO09IIIALMI L OMIT5466553

% OAIETHTINT T -2 o -1 L |
15 18 BOm i B ow AL g2
M oldleedel+ ity Bty

B 6= fic s 120 = 207 4 T -

X1, fap SOPOONE (b 4.89E9R00

b T LT e D R e L v R L R

B I g0 4k b s o rE

Applications
L ib) s L lwwg if Vs WILC 2 134, 071, M3 miks
feb mal 4+ LV W s L i

Va 1|.'“—,,'—" s 125086, R21 3mik

3 b} =g o H00km
feh ma(l = Zx 4 2T rm B2 o 217 b
£ oo large L T

Exercises 5.9
- 2 = §

L -1 gk AL =¥ ————
G-I x Em-n’;

= =4
i gmﬁn[rl‘t—lul 7. 3sinlx

cosf{ 2k = 1 ix]

a= ]
5 Yi-irfsinker 1L -+E.:—u-fmm
ke 3T s

[ ~ =2
13 - —— -1 —I.|“'— by
4*§(EE—I o |n+§| %in
15 ¥ i v
i
A T
-5 -3 a0 § 3 §3
1 E
19 z
o-g 1f o o
L3 L3 L]
bgd -2g| Zad B3
L] o -l e

3. W femd g are even then ff is even. 3, sme 37. both

e

=3

A The amplibade varies shady becamse the frequency of 2 oos (L) is
small companed w0 the frequency of sin (8170, The varation of the
mmphitude explains why the ol varies, since ihe volume is pro-
partionz] i the smplande.

T I |
.r

; =
m s 4
ms;
ask
o |
e

The modified Foarier series is

| 3 U - 1)
e gt bsin ezt = 1341,
2 Sps-taf L oo |

Chapter 5 Review Exercises
I. comverges i L comvergestoll 5. cooverges o O

7. diverges % diverges 11 con'teedl 13.  diverges

1% comverges 7. converges 1% 8 2L 7

0 =041 28, fEverpes I7. comerpes M. diverpes
M. comverpes 3% converpes 35 converges

3. oomerges 3R diverges 4l converges 4%, omnverges

45, comverpes comditionally
8. p=1 L) I T 7

47. n:n'ergu.llmninﬂy
a3, E "'4“.- -4

g5, E-: uF,;-uﬁ L E:—n muﬂmﬁr-.t
5B =101 Bl = 1.1) B o, el

E = i

- T
& vy} & g‘ W e
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7. y=gy -1

6% fx=f=gir = ¥ 4 fix = 1) = 2ir = 1 .
o= E_E i
T 01E2666, 010 T Pi-lpii sew o 1T 3
e T 2520
- 4 or
77 Fi- 1t 22,
E F nHLI.I'I 21] s : L
™
=3

']

s ALA P 9. y=sim(singg, 3 £xLF

Bl y

-3 10 -0 L 1.3

1 y=s" x=d

=5 L]

L

&1
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A r=mMNyml+3bsr<l

I r=m=-2wfLysd=Ybgrs|

B rarymr+l 1cr<l

M. r=Xedeomrys=]+damsDgrs i Applications
3, johrs IX v 6= 16F L. (4} acircle with mdius r ot Gme §
b x = {12 oos 67K, = 16 4 {12 com 659 = 165 (b} 1= a0+ i = choos #, v B+ (= chsan @

IL qapx= 3y e D -49° i
(b x = (2 cox 8%, v = 10 = (2 cos B — 4.5

(2, 3 amd =3, Hi

{2, Lyamd (3, )

37 Imeper valoes for & lead o closed curves.
bui irratianal values for & do oot

»m k=2

R

(dh = T
¥ . -
v paib
P
I i
| i 1
|
) 4 ll'c .
T
‘\ 5
i =
T3] i

¥
i} if sind = 1, them tant = 1.:--#. {gh acomne
X a) r= (v san & y= D = (voos 8 (e} vy
Exercises 6.2
Lofail =1L (ki1 ) undefimed L ral—L_ by O ey O
b=d £ (@0 by =3 jc)-x T lotrsl;=1mr=-]

(B (L0 (=1, 0
. {a) ik =33 (b) (=110 I fmp d 0 (Bbj D, =3
1B fal o=y =) speedis Jup (b 1 = =2; v =0 speed s 2; lefi
17, ) 'l = M, i) = =%, speed = 2+ T, rightdown
b} 102 = M), v'(Y) = -6, speed = /3756, rightidoun
1% ) o0 =5, v = &, speed = 3T, righeup
b} r'{Z) = 0 vi(3) = 9. speed = 9. down




.

ér XM F MW 3 B F

Az (30, speed is i and scceleration is 17 = —f, v =i et {= 1.0,
spoad is 4 and accelermion is1” = =1 " =0
.r(rr-mi-.n:m{_frp}{n—r—rsi.u[faj;

min speed = 0 at hottom (v = 0}, max spead = 20 at top (v = 2r)

M. xith={a = bycose + b cos(i], wieh= {a = bysinr - b sm{$r)
Apnlicats

L. spesd = 4. (pzn Ar) [—om drp = =1

o513

5 r=Qcosd+ snd ys2siml o+ om G

3

3

X
e |
=
Minfman, spesils 1, 5

Exercises 6.3
L {a) 193 (b} 4z 3 ia) 2x (b} 3509
& o) T (4329 T ) @ = (hy 20802
% ja) 44859k (bi L.4859L ) ee; 189
1L o) 44560k (b)) 443685 (o) oo 4.07
1% o) 855 (b) K392 15 o) 858 (b 16260
17, (o) 40.M (b) 4306
Applications
L rede yad¥l=o";2e % fa)dx () b=a
Exercizes 6.4
L2t 3 2 & (=%
T (24F =54 ow) o (=2 E & 2em)
% (L i+ 2em). (=3, 3+ 2mm)
1L {5 tan~(3) + 2ae). (=5 007" 3) + e+ Lis)
L=+ 18 1T (RE0 1)
1% ¥

i

4= s

APPENMDIX B =+ Answers to Odd-Mumbered Exencses

3. Ly

bl
i-d

-1
Ceyay
35 ¥
4
1
4 4
-
=iy
n. ¥

rom o s ik odd) 0 €8 = 2x

9, ¥
1 [
|
2 2
1

raflafd=5 0022
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X
[
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rafaif= 4 dm G2zl

¥y

re(oBeil -l <o

2

¥

(2

relai= ¥y

).

mlsdcy

i
™

¥

\_/)
A

P i)

N

f= =74 1m

f={la+lm

r= £ o e B

r=4

ra 3 ool

circles of mdius 3| and center (L, 0)

For imieger o, ruse with s leaves (0 even ) or o beaves {m odd)
For lal > L. lerger kol gives larper inner loop.

n wide pverlapping perals ona flower when (b < @ < om. upwo s = 24;
graph repeats for larger domaims
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Exercises 6.6

L yam=iy?

3 rmgie?

B p+iptel

T iﬁﬁi-'i'—ﬁ’ihl

o B2 R

1. L—lﬁ*#.ﬂ

13 parabold, (=1 =13,0~1, =fl.y= -3

15, elfipse, (1, =11 and {1, 51,412 = »/5) and (1,2 + +'5)

L a3 :“ 1I"' "‘H"“‘d il B 17, Byperbola, (=2, O and 4, 00 (1 = +/13, Ok and (1 + v'13, 0
1 +
B e 19. hyperbala, {~3, =5} and {=2, 3}, (=2, =1 = /) and
2 2eosl = =Enld ~
(=% =1+ 3}

T (1) (- ) e
b} concave up ai §0, Oy and {0, = |k concove down of (= 0TS, 0U56)
8. fa) (3, =3T3 =3I 3T
(b} concae op ot (=098, —0UE3, (=122, =1 49) and (297, —4.T4)
concave down gt (122, 1.40%, (0.0%, 0.13) and (~2.07, 4.74) -
1% =
LRI
17, 03806
1 0147 om0 L aaam
L ¥+ V1 = 60680
28 T~ 2e 150

1. elfipse, (—1, 90 and (3, 00 (2 ~ &F, 05 amad {2 4 E, O
1. pamhola, (=1, =24 (=1, =0), y= =3
M oyslix=2"=1

v Ea
1

=% +1_| —1|"

mE-F B’ F-f 16 2
R0 L 0B, (OUE3EG, 0TS L6614, =0LT5) E
A3 o R DCATE. L2070, (=02071, —0XT L)
M 16
3. 66824
L (] T
40 {a) I (h) 3735E
43 o) &k w3 =T

(11 |III

(1R ]

ok 414 01 01 04 ah

-\-\_-\-\.\_\-\-\\\ 04
o 14
% -4 01 -2 -ll‘i (&
-
s Applications
i ] L. (300, 0 and {— v 300, 0)
1 A = 4 I hoomerang
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Exercises 6.7 T P
L3 : Jeoadl =1
k T ¥
| :*
.1 \
~12 hl
x
4 4 /
]
-3
=X
s
5 Ddzin# =1
L o2
i ¥

[

% D
y

3
12
L T EEames 15 r= =
un = |
¥ L
/1|\
- 3
X
E : \ l /
X
4 4
-4 -3
i 2 i7.  rotated hyperbala
C Tt Gna+ 1l
.L -L
]
/Jl\
x
-1/ ' \ v
-4 i
1 3
W, =08 18, nomsted ellipse
" bt s - 1

e C
3 W

-t

L
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2. resated pambola b P
v ¥
2
2
f““""—-—-__ X 4 i
N \n ) M
=7
-.u.ll|n i ¥
2% ym=l4iommry=l+2amrO0<r<in
23, x= =1+ 4 coshy v= Jsinh i for the nght helf
k= =] = Joosh ¢, v =3 sinh ¢ for the befi hall 3 H L
3. xmpy=—fr 4l M 2 tmes es fas
-3
Chapter & Review Exercises relgd=pn0sdsx
x e
L x+1T#{(y=2 =% 2, y
¥
1
5 x
-5 5
X
=5 5 -
=2 -
relad=sin' 3+ 2o g—sin {+ 2 0 < 82 2
P | - ¥
¥ z
5
x
/ =3 3
5 -2
=3 I | i
) raldd=siclsd sy
L ¥ o 8 by
I \\\ﬁ_:”/
VIV
ERVAVAVER i R
x
| 2
T ¥ L E A R )
7 1L
1 e 5
; M or=3 41 7'.[ 4% IFT 45 0543
-2 3 7. 2538 49 MEM 8L y=lx-=1F+I
=4 -3
-1 13, I 3 =1
EN. ellipse, (~1, =2) amed (=1, &), {=1, =1} ond {=1,7)
B C LB 1% r=2+2rys|+6<rs] 7. bota (1, 4), (1, By, y = mokh
18, 7 b} emdefined (o) endefined ot r= -0 yar = 24 28
Bl o~ o
I7. wilj==3,y(0) =L speed = VI3, lefup 19, fx T T Y Ty

2L 19467 3. 5585 . TR . 12E075 65 y=-=lédoost vad+SunrlLrsie
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Chapter 7

Exercises 7.1

L0 X -l 81 T oet——all
& W 2t

5 om™ rmalll 1L yes 3 yes

15 (=) one possible smower: {1, 2 3k (B {1, 2, =3}

17, iah ome possibile ssswer i = X (b} —5i + % = 3k

I ey M L HLED I —f -
15 GO . Ml

3. o) felse (bl ooe o) iroe (d) Else ) ke

3 pca-bb-oc

35 qm) i 5 ar {x, =350, for s o

1k L x5 o (. =Lx), for sy r <0

3. con i) e 6A4R, cos T (o) e TRAS,
oo~ [ 2] = 27 3F

4L japf bhocosT L} 54T (o) casT )

e EJ._I'EH.:

4% a= b 4. 15

&)

SL ch Py=lhoreachk
£ mpaslil b -2y

Bias{l, 2 b= =012 =1}

A pplications
L ooos™|y) = 0G5
X ap v-mosi, compy wos = sin B compy wes - ook i

T o) —B000 s 00F my = 1589 N, o = 10F = 0008
(b)) 2500=in 157 o 64Tlbe, mtio = wn 15% = 027

T. S1900E monthly revenue

Exercises 7.2
L | X 4 5 {4,-3-2} o=, -4 1%
1 |
8 (4 -1 E) L +=——i8 1, =2 1 +——{=1 =81}
¢ wiae ferrs

i R fel
15 ——(=1,=1 12} 1 —rs LHT 1% IHI_ =349
154 2 5

1143

| FiY T N 10 I

3. ap spinright, force up
b)) spim down right, fovoe up rigl
I3 o) spinup keft, force down lefi
ik} =pim ap righe, force up left

I3 Hm

7
5 fakee AT, fale M. wrue 41. ﬂn"ﬁaﬂ.ﬁl‘.

13
-1 :
4% sim »,"T'.'Tial"w 4T. 0 5. coplsmr
23 noio L. 7. =3 4. Figere A; 12
Bl {B)omd o)
Applications
L hall rmes X hall drogs; Figeee Ac12

L. noeffea T. hall nises

1 A0 1% @O 2% i

b

-Lll.ul=

-5

-3 25D15 5




Periadic, 2x

2%, {c) Dotermines the number and smoothness of cndpoints
(i) Drepicts a circle when exther of a o b = 0 1f o = 0, then the
cemter of the circle Bes onthe v-axis and if & = [, the cemier of
the circle lies an the y-axs
(i Depicis an eflipse, when a = b = &

{iti} Depicis either an w-paint siar of 2 e-leaves siructare whens
u 4+ b
n=——— fora, b
2, I¥)

2T ad 6 b3 (235 (dp 1 fev 2 i) 4
2 Irim+ 1) 3. B+4m3

LE LS A% 56 3. a5

3% ial Tm ibi Tm

vo= 2 sin

4L r=2cose

g& 20« e e length = 4n

S -

47, zsame except for domairs: —or <y <ae, =1 o opac 10 <
49, cox s oosT 1= sme
Exercises 7.4

L {=01 1.0 L {LL-=D) %, does ned exist

T o=l 1l <rcd fnl %
1L 1 =3 =3 o= sil
: L T
1% O=pacl fcr=y 15 4, —— = —
e Iiwl ¢

17 (cosr, 2roos f, —snr)

APPENDIXBE =«

149,
1.
15
I7.

51

n.
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Jre [+ 1) 2 sec 2ian Xr)

2N Smoath except § = ¥, modd

Sooth except r = |
Emooth for all ¢ 2= 0

g T

4% s=0

I exevcisme 42 iF there exisied & iy snd k different from O such ihat
w22 coE by Sl s = K fpec=2 gl 15 00k &, then we would hove

@ini l=e? el 41, alls

=N fg = koo by amd oos iy = —k sin g This would mean that sin

4= =k zin ro. and this cannos happen for real & anless sin 6= 0.
But, of sin i = U, then cos g 6 s differesd from (0, =0 this cannot acour
ic) For ald real ¢

fa) r=i Bl 2o such rexisis

4 4
fm) r=-—, mockl
4

fhf ¢ =m0 B o Inbeger

)

Period is 2n for sll mtional sumbers o and b excegt (1

1]
fchfa—
4

B i o D e i

zlse 58 fade
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17, Max alosude: 147.751 m; Honzongl ramge 3238 m:
speed 2t impact: 61.61 19 més
2. (uadnaples the horzontal mnge

e
M. dil=pgoosd + [l.q:.unﬂr- E_ﬂ"‘t.‘dh

&l

=

3 mds M6 ]—Hnr.-.-:-'
L

¥7. ihe sdditional rotation iscresses speed by a facsorof V3

s B o= b=-]c= [}
asl bsd =
' 45 I VN TR 8
k. ﬂ"‘ﬁ“?ﬂ“ o= T

LA b hiri] + By I w + g = B
(0« Igieh 3 hilri] + fir - [g hixy + g = W'iri] PR —

Applications
L Mo [y = gir) foc =l ]

Applications
L. 5657k A I2755m
. owm T 5 b 42, 165 km

1 7 Review Exerci
1

L (=2 1.4 L -4 = 8k L +—(=X 14

{ H +4j 1-..-“1': }

T L N L]

e

1. 13 x

Exercises 7.5
L {=10gn 2, Whoos 2, {=200c0s 21, =20 sin 2u)
A {25, =22 4 15), (D, =32}

® 1 I-F
£ (A =N, ———, = L
( 3 »..'_r,|_i|~rr|'>

15
] fud T
(:“5“"" ﬁﬁ)
T (lle+ 35 =160 +ar+ 8 B An= (5 167+ 16)
1L {urtn'ﬂ,% mlfh—z.—r’.runz}
. ;
13 {Er'fllr-r 5, —4r.—ﬁr+2> I8 =Lf0{ons 2r, sim 2 2. B WC A d F D if) E

1T. —9fHcos 40 s 4% 19, (=13 cos B, =200 xin 2e)
L {120,0
23, Max aliFinde: 357.5 m; Horizonesl rasge: 49043 mc
speed 2t impact: 98 mfs
15, Max aliFiude: 6125 m; Horigoeesd resge: 245 m;
spocd ot impact: 49 mis
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{Le’. =1}y M 4D XL

1 1
Ii-l."'l}hlJ-I'.—:I
f Vife 1 u
{—j:"',—a':.lr‘—r)+c M. (023
{=Bsin I¢, 8 cos 2, 4), (=16 cos 2r, =16 sin 2e @)
Frdi+ 2 =160 4 1) 3 {dr+ 2 =167 + 3 + &)

(0=128 i 2502 = 3} 2 109 m, 365 m. B0 mék

E Bk B BB

1 1 x
—_{=1,1 2 |
ﬂ.[: .U},m{ e, 1,109
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Loptipiong

Symbaols

i not equal to

= approximately equal to
is simiar to

= greater than, is greater than or equal to
i= less than, & less than or eqgual to
opposie or additive inverse of o
absolute value of o
peincipal square root of o
ratioofoto b

ondered pair

ordered triple

the magmary unit

nith root of b

rational numbers
imational numbers
mtegars

whole numbers

natural numbers

infinity

negative infinity
endpaoint included
endpoints not included
logarithm base b of x
commaon logarithm of x
natural logasithm of x
omega, angular speed
alpha, angle measure
beta, angle measure
gamma, angle measure
theta, angle measure
lambada, wavelength

phi, angle measure
wechor a

magnitude of vector a

= an element of
is @ subset of
intersection

union

~p
PAG
pvg
P—q

]

El:]r:-a-=== 5 585" .B}hE

B E

h..‘_

%E TR

empty sei
negation of p, not @

conjuniction of p and g

disjunction of p and g

conditional statement, if p then g
biconditionad statement, p if and only if g

angle

triangle

degree

pi

angles

degree measure of L4

line containing points 4 and B
segment with endpodnts & and B
ray with endpoint 4 containing 8
measure of AB, distance between
points A and &

is parallel to

is not parallel to

is perpendicuiar to

triangle

paralislogram

pobygon with n sides

vecior g

vector from 4 to B
magnitude of the vector from A to B
the imapge of preimage 4

is mapped oo

circle with center 4

minar arc with endpeints 4 and B
major arc with endpaoints 4 and C

degree measure of arc A5

sine of ¥
cosine of x
tangent of x
Arcsin x
Arcoos x
Arctan x




Functions ‘Probability and Statistics
fx) fof x, the value of f at x Pla) probability of o
fix) = piecewise-defined function P, rj or P, permiutation of n objects taken r at a time
fix) = | x| absolute value function Cim, for ,C; combination of » objects taken r at a time
fix) = [x] function of greatest integer not greater Pl probabiity of 4
than x Fia|B]} the probability of A given that B has
fix, ¥l fof x and y. a function with two vamables, already ocourred
xand y l factorial of {1 being a natural number)
[f = gl :l nlmy :ﬁ:;;r;ea:;n:mwnn v sigma WEL summation
4 irverse of 1) T mu, population mean
o sigma (lowercase), population
Calculus standard desiation
Jlim limit as x approaches ¢ at popuiation variance
T slope of a secant line 5 sampie standard deviation
Fix) derivative of fx) 3 sampie variance
A delta, change E summation fromn = 1to &
f indefinite imtegral .}:1 x-bar, sample mean
A Hy rull hypothesis
J|( definite integral Hy alternative hypothesis
o
Fix) antiderivative of fx)
e
Measures
Meiric Customary
Length
1 kilometer (km] = 1000 meters {m) 1 mile [mi) = 1760 yards (yd)
1 meter = 100 centmeters (om) 1 mile = 5280 fesat (fi]
1 centimeter = 10 millimeters (mm) T1yard = 3 feet
1 foot = 12 inches (in)
1yard = 36 imches
Violume and Capacity
1 Eer L) = 000 mill#ters (ml) 1 gallon (gal) = 4 quarts [gi)
1 kifoliter {kl} = 1000 liters 1 gallon = 128 flusd ounces (fl oz}
1quart = 2 pints (pd}
1 pint = 2 oups= ()
1 cup = 8 fluid ounces
Weight and Mass
1 kilogram {kgj = 1000 grames {g) 1ton {T) = 2000 pounds (ik)
1 gram = 1000 milligrams {ma) 1 pound = 16 cunces [ozj
\ 1 metric ton [t} = 1000 kilograms
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Arithmetic Operations and Relations
Identity Forany number g, o+ 0=0+o=cando-1=1-0=0o.
Substitution (=} If @ = b, then o may be replaced by b.
Reflexive [=) o=a
Symmetric |=) fo=hthenbh=a.
Transitive (=) Ko=handb=c thene=rc
| Commutative Forany mmbersgand b, o+ b=b+oando-b=b-0o
Associative For any numbers g, b,andc, (o + b)) +c=o+ (b+c)and (g« b} sc=a s (b= ).
| Distributive For any numbers @, b, and ¢, a(b + ¢} = ab + ocand a{b — ¢} = ab — oc.
Additive Inverse For any number o, there &= exactly one number —o such that o + (—a) = 0.
Multiplicative Inverse Fufarqrnnﬂﬂrer%,whema.b#&Hmeismcﬂyumnmber%su:hmat%-%=1.
Multiplicative () For any numberg. o0 =0-0=0
Bddition (=) For any numbers o. b, and c,ifo=b. theno +c=b + .
Subtraction |=) For any mumbers o, b, and ¢, fo=b. theno—c=b— ¢
Multiplication and i _ a_b
Division (=) Fnranyrlml:ﬂsa,b.md:,ﬁht#I]_rfn'wb,ﬂlenucmh:arld'__-E_
Addition [>}* For any numbers o. b, and ¢, fo > b, theng +c > b + .
Subtraction ()" For any numbers o, b, and ¢, f o > b theng—c> b —cC.
For any numbers o, b, and ¢,
Muitiplication and 1 Hﬂbbandr}ﬂ,ﬂmnm}kand%}%
Division [=)* e e
2 ifo>bandc <0 thenor < brand 7 < +.
Zero Product For any real numbers o and b, if ab = 0. then o= 0, b = 0, or both @ and b equal 0.
* These properiies are giso tue for <, 2. ond =,
.4 .
Algebraic Formulas and Key Concepts
Matrices
g bBl.fe fl_[o+e b+ | Multiplying by a [u tr]_[sm Kt
Adding El: d]*[g hl"[c+g d+ | seatar Me o]k w
: g b] |e fl_Ja—e b-— ] Abiol o b g f]_|oe+ by of + bh
Sebiadeg [f ﬂ‘] [F h]"[f—ﬂ' ﬂ'-'] - Multiplying [c d]'EQ fr]"Ece+dg r:f+dﬁ]
Polynomials
Quadratic . b? — doc 240  Square of a @ — B = [o = bjje — B}
Formula B 2a '  Difference =g — 2ab+ b
lo + B = | + bz + b ;F‘m-clm:t:fmm iz + bjlg — &) = (@ — bjig + &}
Square of a Sum r Sy  and Difference =gt —bf
Logarithms
Product '
p : log, ob = log, 0 + log, b Power Property  log, m® = plog, m
Quotient a ] g, o
P . log, = log, o — log, b. b # 0 -. Change of Base Iugﬂ":'ﬁa Y




Algebraic Formulas and Key Concepis

Exponential and Logarithmic Functions
Compound _ e Exponential _ ‘
a=pl1+4) s N'= Nt + 1}
Continuous Continuous
Compound A= Ppamt Expanential N = Nap®
Interest Growth or Decay
Product
P log, xy = log, x + log, ¥ Power Property log, x" = plog, x
Cuotient o _ g %
SR log, 3 =log,x — log, ¥ Change of Base  log, x = log, b
s g . 4
Logistic Growth  fif] = g
Sequences and Series
nth term, nth term, =
hreiig g, =a,+mh—1d E i a, =gy}
Sum of n
: _ fakm @ Sum of _ Gy—ay _ MmO
.lrﬁ_llneh: Sn-—n[ 3 }mfﬂ.—ilzﬂ'1+h—1ﬁ] ” - 5, = =71 oS = s TF
Series
Sum of Infinite o
Geometric S=1—_|,_|r|-r:1 Euler's Formula e¥=rcos@ +izind
Series
A - _ Exponential e ¥ ¥
Power Seriag JED Hpx" = Oy + O+ OyXT + gy + ... ; E‘n§E~—1+x+E+E+.-.
Binomial Theorem o + b)" = O 0"b™ + 00" "0 + 00" %% 4 oo + (00" B 4 oo 4 0, 0"
=, [—f T = gl 3 " .
Cosine and Sine  cos x = III'IF. =I—I?+"E—:—I+-u siny = 1T+"I'! =x—‘;—|+§—|—‘;—l+
Power Series a=q ) ' P ) )
Vectors
Addition in Plane a+b={m+b.a0,+bs) Addition in Space a+h={m+ b, o+ b oy + by}
S Lo a—b=a+|—h
Subtraction in Plane a—b={g,—b,.a0,—b Subtraction in Space
{ay w il = by = (o= by, 0y — by, 05 — by}
Scalar Multiplication _ Scalar Multiplication _
i Pl ka= (o, ko) inS ka = (km,, koy, ko)
Dot ProductinPlane a«b = aob, + a.b, Dot Product in Space asb=ah, + oyb; +ab,
Angle Between Two .. g — a-b G proju = iy
Wi Jaflb] Projection of u onto v Mk
i B ooy
Magnitude of a Vector |v] = /lx; — xJ* + v, =y Triple Scalar Product  t«(uxw =9 Yz U3
¥ ¥ vy

Equations of a Line on a Coordinate Plane

bkt

Slope-intercept form of aline y=mx+ b

Point-clope formofaline  p — ¥, = mix — x)

U WONE (B MEEOW
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| Algebraic Formulas and Key Concepts

— ——
Conic Sections
Parabola k=hPF=dply—korly—ki* =4dplx—th)  Cinde ==t +ly—kF=r?
[ O [t
P + rt =1or . LS =1or
Eni
e e—nf y-k el o wew
b? a? a? bt
Rotationof Conics  x" = xcos @+ ysin@andy' = yoos @ — xsin @
Parametric Equations
Vertical Position r=h-'ﬂsjnﬂ—%g!]+h,:, Di I:ﬂ X = vy cos @
Complex Numbers
_ - p AT ¢
P s Iyry = rggcns [y + 85) + i sin (8 + 84)] Quotient F 1 ;—;=éltﬂ5{ﬂ1—9ﬂ+f5iﬂiﬁ1_ R
Distinct Roots J_},[msﬂ+!.rﬂr+f5mﬂ+inrr} De Moivre's 7" = [r[cos @ + i=in §)]" or
| Formula 3 ] Thearem r'jcos n8 + isin nf)
L% '
Geometric Formulas and Key Concop
P —————————————— — —
Coordinate Geometry
e s e S
Slope m=ﬁ.xz#rx1_ .Dislanr.e:ualmbuile d=|g— b
Distance on a
" " d= \,ll{xl = x5 + (v = ) Arc length = » 27
Midpoint on a ;- [#1+xg n+n] . _o+b
i M= 3 T3 Midpoint on a number line M= 3
X+ x +¥; L+
Miduoint in H__r{lil‘rlzrll1zl} Pyl ot o S
Distance in space d='1||r|:11—x|}3+{y2—y|]1+{zi—z1}1
Perimeter and Circumference
Square P=4s Rectangle P=2¢+ 2w Circle C=2wrorC =wd
Lateral Surface Area
Prism L= Ph Pyramid L =3P
Cylinder L = 2mrh Caone L =wrk
Total Surface Area
Prism S=Ph+28 Cone § = 7t + 7r? Cylinder § = 27 + 2wt
Pyramid s=dpr+m Sphere 5= &4mrt Cube S=6s?
Volume
Prism V= Bh Cone v=%-::r=n Cylinder ¥= 1k
Pyramid ll':%.ﬂ'h Sphers F:%‘Iﬂ'a Cube =57
V= i
kﬂﬂdﬂw[pﬂﬂ'ﬂ w




Trigonometric Functions and ldentities
Trigonometric Functions
3 opp adj opp _ s B
f=— f=— mf=——=
Trigonometric o Iy myn af  cos@
Fimictions I .. .. TN _ M cmse
mﬂ"ﬂpp_ﬂn sec B = ad] ~ tos @ D:llH'-—mP- I
Law of Cosines o =b® +c? — 2bccos A b'=o0+c*—2occos B c'=o+b'— 2obeos C
sind _ sinf _ sinC -
Law of Sines T I e Heron's Formula Area = 'sis — ojs — bifs — o)
. 5 H
Linear Speed F= Angular Speed =3
Trigonometric Identities
1 1 1
sinf=—7 wsfi=—7 tanf=—7=
3 st # e B [
1 1
= sec = ot 8=
e sin cos B tan &
Pythagorean sin® 8+ oos® B =1 tan® &+ 1=sec 8 wot? @+ 1=csc #
5jn|9=ms{%—ﬂ'} mE-——cm[%—E} ﬂﬂ:m{%-ﬂ]
Cofunction
i LR e . i e,
cos#=sin (5 - 8) cot 8= tan (5 — 0 ese = sec (T - 6
sin [—#) = —=in & oot (—H) = cos & tan (—&] = —tan &
Odd-Ewven
oo (=) = —oso ser (—f) =sec & cot {(—t) = —cot &
cos fo + ) = cos orcos @ — sin e sin 3 s fo — ) = cosex cos @ + sin arsin 3
mﬁﬁ‘ " sin fex + ) = sin o cos 8 + cos o sin 3 sin o — &) = sin o oos F — cos o sin 3
_ lana+tan g _ lena—tang
nfe+ A =T Grammp e == T mammg
cos 28 = cos” 6 — sin” & cos 28 =2cos” 8- 1 cos2é=1-2sn’ @
Dwouble-Angle
sin 26 = 2 sin fcos @ tan 26 = 200
1—tam* &
: I D el ) 14 cos 28 34 1—cos 28
Power-Reducing sin” # = 7 s’ = T tan H"1+m&2|9'
5411%:_1:1!% ms%: 1+;us|'}
Half-Angle
e tan & = 4 [1CE5B an & = 1= €058 o B 58
2 14 cos f Fl sin & 2 14058
sin ax sin i = Z{ens jo — ) — cos fa + 6] sin oy cos 3 = 3sin fex + ) + sin fox — )]
Product-to-Sum
=1 ; AT R, e .
:mamsﬁnilms[n—,tﬂi-cus[ni-,dl] msnsmﬂ-—;[sm[u-i—,ﬁ]—ﬁmh—ﬁﬂ
4+ - + 4 -
ﬂna+5in.{i=15in[a1ﬁ]m{ﬂ1ﬂ] |':u|J\'51:|++:4:l5,|3=21:1:l5{ﬂ:2 }EDE[&E'G}
Sum-to-Product
. . a+ 8}  ja-3 e+ dy  [a-3
sin & — sin 3= 2 cos 3]s | —5 oos e — oos 3 = —2 sin 3 sin 3
.,
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Parent Functions and Function Operations
Parent Functions
Linear Functions Absolute Value Functions Quadratic Functions
Square Root Functions Reciprocal and
Rational Functions
=y s d
l:l.l:ll'
o x
Function Operations
Addition If + glix) = fix) + gix) Multiplication  |f - gi{x} = flx] - gix]
Subtraction  {f — glfx] = fix) — gix) Division (3 )00 =553 909 # 0
A, W
Calculus
Limits
Sum Jim [} + gixf] = lim fx} + lim gix] Difference Jim [fix) — glxj] = lim fix} — lim gix}
Scalar Multiple lim [k flx ]} = k lim f[x) Product im [fjx) » gix]] = Em flx) - lim gix}
Quotient "'1-": ﬂ-"f iff i #0 Poweer lim =11 ]E
o i 557 = g TAm gt Jim "1 = | tim
l 1:."""‘= I i 0 ; Average Instantansous
nth Root A Viie) = of Jm Ax). 1 1m g > Velocity i) — il g h - Ay
when o' s even g T Mt = ST
Derivatives
Power Rule B i = x°, Fln) = px" " ""'“n.“"' ¥ fix) = g % hix), then Fx) = gilx) + hx)
ProductRule  —cifirigll] = Fixlglx) + fcigT] Quatient Rule [:m r::w:q;;wm
Integrals
2 Fundamental b
Integral Jfx)dx=Fx)+ C Thearem of fﬂI]dI=F¢b}—F{n’p
\. Calculus a y,




Statistics Formulas and Key Concepts
X—u rValue of a E— i
rValues I=— g e M =g
Einomial _ S al PRl Maximum Error
thﬂh‘i‘l H‘x}_ .':IC.I'F' q "+ .I'r!.t’p ) of Estimats E Ieffg Or Z= '."'H
Confidence Confidence
Interval, Mormal CJ=x+ Eorktr. Interval, Cl=Ftte—
Distributi v +-Distributi ]
c lati t-Test for the
: n_.lz(a ;i r' Correlation =r1|||:_—1;.degmuffreedmr:—2
St Coefficient ~f
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