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Reveal Math Guiding Principles

Academic research and the science of learning provide the foundation for this powerful
K—12 math program designed to help reveal the mathematician in every student.

Reveal Math Integrated I, Integrated Il, and
Integrated Ill (Reveal Math Integrated) used

Reveal Math is built

findings from research on teaching and learning

on a solid foundation mathematics to develop its instructional model.
Based on analyses of research findings, these areas
of RESEARCH form the foundational structure of the program:
« Rigor
that shaped the g

« Productive Struggle
PEDAGOGY of the « Formative Assessment
« Rich Tasks

prog ram. - Mathematical Discourse

« Collaborative Learning

Instructional Model

1 Launch

@ WARM UP @; LAUNCH THE LESSON Eﬂ EXPLORE

During the Warm Up, students In Launch the Lesson, students During the Explore activity,

complete exercises to activate prior view a real-world scenario and students work in partners or

knowledge and review prerequisite image to pique their interest in small groups to explore a rich

concepts and skills. the lesson content. They are mathematical problem related
introduced to questions that they to the lesson content.

will be able to answer at the end

of the lesson.
£ NowibuAL ACTIVITY

@ GROUP ACTIVITY

@ CLASS ACTIVITY

iv Reveal Math
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2 Explore and Develop
@. LEARN

In the Learn section,
students gain the
foundational knowledge
needed to actively
work through upcoming
Examples.

ALY EXAMPLES & CHECK

Students work through Examples
related to the key concepts and

engage in mathematical discourse.

Students complete a Check

after several Examples as a quick
formative assessment to help
teachers adjust instruction as
needed.

Reveal the full potential
in every student!

3 Reflect and Practice

T EXIT TICKET

The Exit Ticket

gives students an
opportunity to convey
their understanding of
the lesson concepts.

£ €3 pracrice

Students complete Practice
exercises individually or
collaboratively to solidify
their understanding of
lesson concepts and build
proficiency with lesson skills.

Reveal Math v
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Reveal Math Key Areas of Focus

Reveal Math Integrated I, II, Ill (Reveal Math Integrated) have a strong focus on
rigor—especially the development of conceptual understanding—an emphasis on
student mindset, and ongoing formative assessment feedback loops.

Rigor

Reveal Math Integrated has been thoughtfully designed to
incorporate a balance of the three elements of rigor: conceptual
understanding, procedural skills and fluency, and application.

Conceptual Understanding

Explore activities give all students an
opportunity to work collaboratively

and discuss their thinking as they build
conceptual understanding of new
concepts. In the Explore activity to the
left, students use Web Sketchpad® to
build understanding of the relationships
between corresponding sides and
angles in congruent triangles.

Procedural Skills and Fluency
Students use different strategies and
tools to build procedural fluency. In
the Example shown, students build
proficiency with writing equations in
point-slope form.

Application

Real-world examples and practice
problems are opportunities for students
to apply their learning to new situations.
In the real-world example shown,
students apply their understanding

by solving a multi-step problem with
translations.

vi Reveal Math
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Student Mindset

Mindset Matters tips located in each module provide specific examples of how
Reveal Math Integrated content can be used to promote a growth mindset in

all students. Another feature focused on promoting a growth mindset is Ignite!
Activities developed by Dr. Raj Shah to spark student curiosity about why the math
works. An Ignite! delivers problem sets that are flexible enough so that students
with varying background knowledge can engage with the content and motivates
them to ask questions, solve complex problems, and develop a can-do attitude
toward math.

Mindset Matters

Growth Mindset vs. Fixed Mindset | rasir
Everyone has a core belief or mindset about how they leam. People with i
a growth mindset believe that they can grow their intelligence through | B o i, 4~ o
hard work. Those ith a fixed mindset believe that while they can leam ’IE
new things, they cannot increase their intelligence, When a student
approaches school, life, and the future workplace with a grmhmrrﬂsﬂ
they are more likely to p through challenging p , leam t
from their mi and ult learn pts in a deeper, more | ————
meaningful way. s e S e
How Can | Apply It?
Assign students rich tasks, such as the Explore activities, that can help i s e et | e i, ol v it ||
them to develop their intelligence. Encourage them with the thought T
that each time they learn a new idea, neurons fire electric currents that
connect different parts of their brain! B e

Teacher Edition Mindset Tip Student Ignite! Activity

Formative Assessment

Learning
Target

The key to reaching all learners is to adjust instruction based

on each student’s understanding. Reveal Math Integrated offers
powerful formative assessment tools that help teachers to
efficiently and effectively differentiate instruction for all students.

Formative
Assessment

Math Probes

Each module includes a Cheryl Tobey Formative Assessment
Math Probe that is focused on addressing student misconceptions
about key math topics. Students can complete these probes at
the beginning, middle, or end of a module. The teacher support Quantitative Observations
includes a list of ded differentiated that Shecks and
includes a list of recommended differentiated resources tha Homework
teachers assign based on students’ responses.

and Probes

Example Checks
After multiple examples, a formative assessment Check that

students complete on their own allows teachers to gauge students’ :‘i"fiﬁ'-
understanding of the concept or skill presented. When students potential
complete the Check online, the teacher receives resource ';:::;{

recommendations which can be assigned to students.

Reveal Math vii
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A Powerful Blended Learning Experience

The Reveal Math Integrated |, Il, lll (Reveal Math Integrated) blended learning
experience was designed to include purposeful print and digital components focused
on sparking student curiosity and providing teachers with flexible implementation

options.

Reveal Math Integrated has been thoughtfully developed to provide a rich learning
experience no matter where a district, school, or classroom falls on the digital
spectrum. All of the instructional content can be projected or can be accessed via

desktop, laptop, or tablet.

Lesson
1 Launch
@ WARM UP @ LAUNCH THE LESSON @ EXPLORE
The Warm Up exercise can Launch the Lesson can be The Explore activity can be
be projected on an interactive projected or assigned to students projected while students record
whiteboard. to access on their own devices. their observations in the Interactive

Student Edition or can be assigned
for students to complete on
individual devices.

Launch the Lesson Explore

€3 NowibuAL ACTIVITY E INTERACTIVE

PRESENTATION

PRINT STUDENT
EDITION

@ GROUP ACTIVITY D

I@- CLASS ACTIVITY

viii Reveal Math
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2 Explore and Develop

5 LEARN
=0

As students are introduced
to the key lesson concepts,
they can progress through
the Learn by recording
notes in a notebook or on
their own devices.

26 ExAMPLES & CHECK

Either in a notebook or on an
individual device, students work
through one or more Examples
related to key lesson concepts.

A Check follows several
Examples in either the Student
Edition or on each student
device.

(DMcGraw-Hill Education, (r)Andrey_Kuzmin/iStock/Getty Images

Digital Lesson Presentation
is aligned to Interactive
Student Edition

3 Reflect and Practice

T8 EXIT TICKET

=

The Exit Ticket is
projected or accessed
via student devices to
provide students with
lesson closure and an
opportunity to revisit the
lesson concepts.

Exit Ticket

Covpais e paged rgarge

369 pracTicE
=0

Assign students
Practice problems
from their Student
Edition or create a
digital assignment for
them to work on their
device in class or at
home to solidify lesson
concepts.

Sy conumon

-

"
Exit Ticket

Practice

Reveal Math ix
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Supporting All Learners

The Reveal Math Integrated |, Il, lll (Reveal Math Integrated) programs were
designed so that all students have access to:
- rich tasks that promote productive struggle,
- opportunities to develop proficiency with the habits of mind and
thinking strategies of mathematicians, and
- prompts to promote mathematical discourse and build academic language.

Resources for Differentiating Instruction

When needed, resources are available to differentiate math instruction
for students who may need to see a concept in a different way, practice
prerequisite skills, or are ready to extend their learning.

. Approaching Level Resources L Beyond Level Resources
« Remediation Activities - Beyond Level
« Extra Examples Differentiated Activities

« Extension Activities

Resources for English Language Learners

Reveal Math Integrated also includes student and teacher resources to support
students who are simultaneously learning grade-level math and building their
English proficiency. Appropriate, research-based language scaffolds are also
provided to support students as they engage in rigorous mathematical tasks and
discussions.

English Language Learners
« Spanish Personal Tutors
» Math Language-Building Activities
- Language Scaffolds
« Think About It! and Talk About It/ Prompts
« Multilingual eGlossary
- Audio
« Graphic Organizers
« Web Sketchpad, Desmos, and eTools

X Reveal Math
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Developing Mathematical Thinking
and Strategic Questioning

Reveal Math Integrated |, Il, Ill (Reveal Math Integrated) are comprised of high-
quality math content designed to be accessible and relevant to each student.
Throughout the program, students are presented with a variety of thoughtfully
designed questioning strategies related to the content. Using these questions
provides you with an additional, built-in type of formative assessment that

can be used to modify instruction. They also strengthen students’ ownership
of mathematical content knowledge and daily use of the Standards for
Mathematical Practice.

Grewting Linsar Eyustions in Point-Stops Form

Y COMCENT, PO R M PO

Scott Dunlap/iStackvectors/Getty Images

Key Concept Introduction followed by a Talk About It question
to discuss with a classmate.

You will find these types of questioning strategies throughout Reveal Math Integrated. The related

Standard for Mathematical Practice for each is also indicated.

« Talk About It questions encourage students - State Your Assumptions requires that student
to engage in mathematical discourse with state the assumptions they made to solve a
classmates (SMP3) problem (SMP4)

. Alternate Method shows students another « Use a Source asks students to find information
way to solve a problem and asks them to using an external source, such as the Internet,
compare and contrast the methods and and use it to pose or solve a problem (SMP5)
solutions (SMP1) « Think About It questions help students make

« Avoid a Common Error shows students a sense of mathematical problems (SMP1)
problem similar to an example but with a flaw « Concept Checks prompt students to analyze
in reasoning, and students have to find and how the Key Concepts of the lesson apply to
explain the error (SMP3) various use cases (SMP3)

Reveal Math xi
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Reveal Student Readiness
with Individualized Learning Tools

Reveal Math Integrated |, Il, Ill (Reveal Math Integrated) incorporate innovative,
technology-based tools that are designed to extend the teacher’s reach in

the classroom to help address a wide range of knowledge gaps, set and align
academic goals, and meet student individualized learning needs.

LEARNSMART

Topic-Mastery
With embedded LearnSmart® students have a built-in study partner for topic
practice and review to prepare for multi-module, mid-year, or end-of-year testing.

LearnSmart’s revolutionary adaptive technology measures students’ awareness
of their own learning, time on topic, answer accuracy, and suggests alternative
resources to support student learning, confidence, and topic mastery.

=] 2

ALEKS’

Individualized Learning Pathways
Learners of all levels benefit from the use of

ALEKS’ adaptive, online math technology designed
to pinpoint what each student knows, does not
know, and most importantly, what each student is
ready to learn.

When paired with Reveal Math Integrated, ALEKS
is a powerful tool designed to provide integrated
instructionally actionable data enabling teachers

to utilize Reveal Math Integrated resources |

for individual students, groups, or the entire
classroom.

Activity Report

xii Reveal Math

Scott Dunlap/iStackvectors/Getty Images


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0014.xhtml

McGraw-Hill Education

Powerful Tools for
Modeling Mathematics

Reveal Math Integrated |, Il, Ill (Reveal Math Integrated) have been designed

with purposeful, embedded digital tools to increase student engagement

and provide unique modeling opportunities.

4
@. Web Sketchpad® Activities

-

The leading dynamic mathematics visualization software has now been
integrated with Web Sketchpad Activities at point of use within Reveal
Math Integrated. Student exploration (and practice) using Web Sketchpad
encourages problem solving and visualization of abstract math concepts.

A¥2 desmos

The powerful Desmos graphing
calculator is available in Reveal Math
Integrated for students to explore,
model, and apply math to the real-
world.

eTools

By using a wide variety of digital
eTools embedded within Reveal Math
Integrated, students gain additional
hands-on experience while they learn
and teachers have the option to create
problem-based learning opportunities.

Technology-Enhanced Items

Embedded within the digital
lesson, technology-enhanced
items—such as drag-and-drop,
flashcard flips, or diagram
completion—are strategically
placed to give students the
practice with common computer
functions needed to master
computer-based testing.

TYPE SWIPE
CI S
aj N
DRAG & DROP FLASHCARDS

I

eTOOLS MULTI-SELECT
WATCH EXPAND

Reveal Math xiii
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Standards for Méhemaica Content, Revead Math Integraed 111

This correlation shows the alignment of Reveal Math Integrated Ill to the Standards for Mathematical Content from the Common Core State
Standards for Mathematics.

S.D.4 Use the mean and standard deviation of a data set to fit it to a normal distribution and 8-4
to estimate population percentages. Recognize that there are data sets for which such a
procedure is not appropriate. Use calculators, spreadsheets, and tables to estimate areas
under the normal curve.

S.ICA Understand that statistics allows inferences to be made about population parameters based 81
on a random sample from that population.

S.C.2 Decide if a specified model is consistent with results from a given data-generating process, 82
e.g., using simulation. For example, a model says a spinning coin falls heads up with
probability 0.5. Would a result of 5 tails in a row cause you to question the model?

S.IC.3 Recognize the purposes of and differences among sample surveys, experiments, and 81
observational studies; explain how randomization relates to each.
S.IC.4 Use data from a sample survey to estimate a population mean or proportion; develop a margin 8-3, 8-5
of error through the use of simulation models for random sampling.
S.IC.5 Use data from a randomized experiment to compare two treatments; use simulations to 8-2
decide if differences between parameters are significant.
S.IC.6 Evaluate reports based on data. | 81,8-2,84,85
S.MD.6 (+) Use probabilities to make fair decisions (e.g., drawing by lots, using a random number 8-2
generator).
S.MD.7 (+) Analyze decisions and strategies using probability concepts (e.g., product testing, medical 8-2

testing, pulling a hockey goalie at the end of a game).

N.CN.8 (+) Extend polynomial identities to the complex numbers. For example, rewrite x >+ 4 as (x + fr]-3, 1-4,1-6

x—2i). |
N.CN.9 (+) Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials. | 35
A.SSE.1 Interpret expressions that represent a quantity in terms of its context. % 11,1-6, 21, 2-2,5-1,9-4

a. Interpret parts of an expression, such as terms, factors, and coefficients.
b. Interpret complicated expressions by viewing one or more of their parts as a single entity.
For example, interpret P(1+rY'as the product of P and a factor not depending on P.

ASSE.2 Use the structure of an expression to identify ways to rewrite it. For example, see x*— y 1-4,1-5, 4-3, 4-5, 5-2, 6-1, 6-3, 6-4, 6-5
as (x)?— (v P 2thus recognizing it as a difference of squares that can be factored as (x 2 y) 2

YR

A.SSE.4 Derive the formula for the sum of a geometric series (when the common ratio is not 1) , and 5.4

use the formula to solve problems. For example, calculate mortgage payments. %

A.APRA Understand that polynomials form a system analogous to the integers, namely, they are closed = 2-3
under the operations of addition, subtraction, and multiplication; add, subtract, and multiply
polynomials.

A.APR.2 Know and apply the Remainder Theorem: For a polynomial p(x) and a number @, the remainder 34
on division by x — ais p(a), so p(a) = 0 if and only if (x — @) is a factor of p(x).

A.APR.3 Identify zeros of polynomials when suitable factorizations are available and use the zeros to 35
construct a rough graph of the function defined by the polynomial.

"

for Math ical Content, Reveal Math Integrated llI * Matt ical Modeling Standard
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Professional Development Support
for Continuous Learning

McGraw-Hill Education supports lifelong learning and demonstrates
commitment to teachers with a built-in professional learning environment
designed for support during planning or extended learning opportunities.

What You Will Find
« Best-practice resources

« Implementation support

« Teaching Strategies

« Classroom Videos

- Math Misconception Videos

« Content and Pedagogy
Videos

« Content Progression
Information

Why Professional
Development Is so Important

« Research-based understanding of student learning
« Improved student performance

- Evidence-based instructional best practices

« Collaborative content strategy planning

« Extended knowledge of program how-to’s

Reveal Math xv
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Reveal Math Expert Advisors

Cathy Seeley, Ed.D.

Austin, Texas

Mathematics educator, speaker,

and writer, former Senior Fellow at
the Charles A. Dana Center at The
University of Texas at Austin, past
President of NCTM, former Director of

Areas of expertise:

Mathematics Teaching, Equity, Assessment,

STEM Learning, Informal Learning, Upside-Down
Teaching, Productive Struggling, Mathematical
Practices, Mathematical Habits of Mind, Family
and Community Outreach, Mathematics Education
Policy, Advocacy

“We want students to believe deeply that
mathematics makes sense—in generating
answers to problems, discussing their thinking
and other students’ thinking, and learning
new material.”

—Seeley, 2016, Making Sense of Math

Nevels Nevels,
Ph.D.

Saint Louis, Missouri

PK-12 Mathematics Curriculum
Coordinator for Hazelwood School
District

Areas of expertise:

Mathematics Teacher Education; Student Agency &

Identity; Socio-Cultural Perspective in Mathematics

Learning
“A school building is one setting for learning
mathematics. It is understood that all children
should be expected to learn meaningful
mathematics within its walls. Additionally,
teachers should be expected to learn within the
walls of this same building. More poignantly, |

posit that if teachers are not learning mathematics

in their school building, then it is not a schdol.
—Nevels, 2018

xvi Reveal Math

K-12 Mathematics for the State of Texas

Cheryl R. Tobey,
M.Ed.

Gardiner, Maine

Senior Mathematics Associate
at Education Development Center
(EDC)

Areas of expertise:

Formative assessment and professional development
for mathematics teachers; tools and strategies to
uncovering misconceptions

“Misunderstandings and partial understandings
develop as a normal part of learning
mathematics. Our job as educators is to
minimize the chances of students’ harboring
misconceptions by knowing the potential
difficulties students are likely to encounter,
using assessments to elicit misconceptions
and implementing instruction designed to build
new and accurate mathematical ideas.”

— Tobey, et al 2007, 2009, 2010, 2013, 2104,
Uncovering Student Thinking Series

Raj Shah,
Ph.D.

Columbus, Ohio

Founder of Math Plus Academy,
a STEM enrichment program and
founding member of The Global
Math Project

Areas of expertise:
Sparking student curiosity, promoting productive
struggle, and creating math experiences that kids love

“As teachers, it's imperative that we start
every lesson by getting students to ask more
questions because curiosity is the fuel that
drives engagement, deeper learning and
perseverance.”

—Shah, 2017

0 b) Photo by Damon Leo, Shannon Larsen, Matthew McClellan, Raj Shah
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0 b) Walter Secada, Elisabeth Reinkordt, Chris Dede, Sergio Rodriguez

Walter Secada,
Ph.D.

Coral Gables, Florida

Professor of Teaching and Learning
at the University of Miami

Areas of expertise:

Improving education for English language learners,

equity in education, mathematics education, bilingual
education, school restructuring, professional development
of teachers, student engagement, Hispanic dropout and
prevention, and reform

“The best lessons take place when teachers have

thought about how their individual English language

learners will respond not just to the mathematical
content of that lesson, but also to its language
demands and mathematical practices.”

—Secada, 2018

Chris Dede,
Ph.D.

Cambridge, Massachusetts

Timothy E. Wirth Professor in
Learning Technologies at Harvard
Graduate School of Education

Areas of expertise:
Provides leadership in educational innovation;
educational improvements using technology

“People are very diverse in how they prefer to
learn. Good instruction is like an ecosystem that
has many niches for alternative types of learning:

lectures, games, engaging video-based animations,

readings, etc. Learners then can navigate to the
niche that best fulfills their current needs.”
—Dede, 2017

Ryan Baker,
Ph.D.
Philadelphia, Pennsylvania

Associate Professor and Director
of Penn Center for Learning Analytics
at the University of Pennsylvania

Areas of expertise:

Interactions between students and educational
software; data mining and learning analytics to
understand student learning

“The ultimate goal of the field of Artificial
Intelligence in Education is not to promote
artificial intelligence, but to promote education...
systems that are designed intelligently, and that
leverage teachers’ intelligence. Modern online
learning systems used at scale are leveraging
human intelligence to improve their design, and
they’re bringing human beings into the decision-
making loop and trying to inform them.”

—Baker, 2016

Dinah Zike,
M.Ed.

Comfort, Texas

President of Dinah.com
in San Antonio, Texas and
Dinah Zike Academy

Areas of expertise:

Developing educational materials that include
three-dimensional graphic organizers; interactive
notebook activities for differentiation; and
kinesthetic, cross-curricular manipulatives

“It is education’s responsibility to meet the
unique needs of students, and not the
students’ responsibility to meet education’s
need for uniformity.”

—Zike, 2017, InRIGORating Math Notebooks
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Reveal Everything Needed
for Effective Instruction

Reveal Math Integrated |, Il, Ill (Reveal Math Integrated) both
print and innovative, technology-based tools designed to

address a wide range of classrooms. No matter whether
you're in a 1:1 district, or have a classroom projector, Reveal
Math Integrated provides you with the resources you need for
a rich learning experience.

Revedl

Blended Classrooms INTEGRATED Il

Focused on projection of the Interactive Presentation,
students follow along, taking notes and working through
problems in a notebook during class time. Also included
in the Interactive Student Edition is a glossary, selected
answers, and a reference sheet.

Digital Lesson Presentation is aligned —

to Interactive Student Edition

xviii Reveal Math
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McGraw-Hill Education

Digital Classrooms

Projection is a focal point for key areas of the course with students

interacting with the lesson using their own devices. Each student can access
teacher-assigned sections of the lessons for Explore activities, Learn sections,
and Examples. Point of use videos, animations, as well as interactive content
enable students to experience math in interesting and impactful ways.

o L4 et e ABCES

Web Sketchpad Desmos

Drag-and-Drop Video

eTools

In Reveal AGA,
R is for—

- Research

- Rigor

« Relevant Connections

Are you...
READY to start?

Reveal Math xix
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Standards for Méhemaica Content, Revead Math Integraed 111

This correlation shows the alignment of Reveal Math Integrated I/l to the Standards for Mathematical Content, from the Common Core State
Standards for Mathematics.

Number and Quantity
The Complex Number System N.CN

N.CN.8 (+) Extend polynomial identities to the complex numbers. For example, rewrite x*+ 4 as 1-3,1-4,1-6
(x + 2i)(x = 2i).

N.CN.9 (+) Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials. = 3-5
Algebra
Seeing Structures in Expressions A.SSE

A.SSE.1 Interpret expressions that represent a quantity in terms of its context.» 141, 1-6, 2-1, 2-2, 5-1,9-4
a. Interpret parts of an expression, such as terms, factors, and coefficients.

b. Interpret complex expressions by viewing one or more of their parts as a single entity. For
example, interpret P(1+r)' as the product of P and a factor not depending on P.

ASSE.2  Use the structure of an expression to identify ways to rewrite it. For example, see X'*— y * 1-4,1-5,4-3,4-5,5-2, 6-1,6-3, 6-4, 6-5
as (\?— (v P 2thus recognizing it as a difference of squares that can be factored as (x 2 y) 2
P+ y R

A.SSE.4 Derive the formula for the sum of a geometric series (when the common ratio is not 1), and use  5-4
the formula to solve problems. For example, calculate mortgage payments.

Arithmetic With Polynomials and Rational Expressions A.APR

A.APRA Understand that polynomials form a system analogous to the integers, namely, they are closed | 2-3
under the operations of addition, subtraction, and multiplication; add, subtract, and multiply
polynomials.

A.APR.2  Know and apply the Remainder Theorem: For a polynomial p(x) and a number @, the remainder = 3-4
on division by x — a'is p(a), so p(a) = 0 if and only if (x — a) is a factor of p(x).

A.APR.3  Identify zeros of polynomials when suitable factorizations are available, and use the zeros to 35

construct a rough graph of the function defined by the polynomial.

A.APR.4  Prove polynomial identities and use them to describe numerical relationships. For example, 14,33
the polynomial identity (x* + 52) =2(x 22 y ) +* (2xy) can be used to generate Pythagorean
triples.

A.APR.5  (+) Know and apply the Binomial Theorem for the expansion of (x + y)'in powers of xand y for = 2-5
a positive integer n, where x and y are any numbers, with coefficients determined for example
by Pascal’s Triangle.

A.APR.6  Rewite simple rational expressions in different forms; write% in the form g(x) +;%3), where | 2-4
a(x), b(x), g(x), and r(x) are polynomials with the degree of r(x) less than the degree of b(x), using
inspection, long division or, for the more complicated examples, a computer algebra system.

AAPR.7  (+) Understand that rational expressions form a system analogous to the rational numbers, 741,72
closed under addition, subtraction, multiplication, and division by a nonzero rational expression;
add, subtract, multiply, and divide rational expressions.
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Creating Equations A.CED
A.CED.1

A.CED.2

A.CED.3

A.CED.4

Create equations and inequalities in one variable and use them to solve problems. Include equations 1-2, 1-4, 1-5, 1-6, 1-7, 3-1, 3-2, 3-4, 3-5,

arising from linear and quadratic functions, and simple rational and exponential functions. 5-2,6-2,6-5,7-5,7-6

Create equations in two or more variables to represent relationships between quantities; graph 1-1, 1-2, 2-1, 2-2, 3-1, 4-4, 4-6, 5-1, 5-3, 5-5,
equations on coordinate axes with labels and scales. 6-1, 6-5, 7-3, 7-4, 7-5, 9-3, 9-4, 9-5, 9-6
Represent constraints by equations or inequalities, and by systems of equations and/or 1-7,6-5,7-6

inequalities, and interpret solutions as viable or non-viable options in a modeling context.
For example, represent inequalities describing nutritional and cost constraints on combinations
of different foods.

Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving 1-6,4-2,6-1,7-5
equations. For example, rearrange Ohm’s law V = IR to highlight resistance R.

Reasoning With Equations and Inequalities A.REI

A.REL.2 Solve simple rational and radical equations in one variable, and give examples showing how 4-6,7-6
extraneous solutions may arise.
ARRELT  Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and 18,31,5-2,6-3,7-6
¥ = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately,
e.g., using technology to graph the functions, make tables of values, or find successive
approximations. Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute
value, exponential, and logarithmic functions.%
FUNCTIONS
Interpreting Functions F.IF
F.IF.4 For a function that models a relationship between two quantities, interpret key features of graphs 1-1, 1-2, 2-1, 2-2, 3-5, 4-2, 4-4, 5-1, 6-1,
and tables in terms of the quantities, and sketch graphs showing key features given a verbal 6-4,6-5,7-3,7-4,9-4,9-5,9-6
description of the relationship. Key features include: intercepts; intervals where the function is
increasing, decreasing, positive, or negative; relative maxir and minii Y tries;
end behavior; and periodicity. %
F.IF.5 Relate the domain of a function to its graph and, where applicable, to the quantitative 11, 21, 4-2, 4-4, 51, 6-1,7-3,7-4, 9-4,
relationship it describes. For example, if the function h(n) gives the number of person-hours it 9-5,9-6
takes to assemble n engines in a factory, then the positive integers would be an appropriate
domain for the function. % |
F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a 1-1, 2-2, 5-3
table) over a specified interval. Estimate the rate of change from a graph.% |
F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple = 2-1, 2-2, 3-5, 4-4, 5-1, 6-1, 9-4, 9-5, 9-6
cases and using technology for more complicated cases.
b. Graph square root, cube root, and piecewise-defined functions, including step functions and
absolute value functions.
c. Graph polynomial functions, identifying zeros when suitable factorizations are available, and
showing end behavior.
e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and
trigonometric functions, showing period, midline, and amplitude.
F.IF.8 Write a function defined by an expression in different but equivalent forms to reveal and explain 1-4, 1-5, 5-1, 6-5
different properties of the function.
F.IF.9 Compare properties of two functions, each represented in a different way (algebraically, 11, 2-1,4-4,51,6-1,7-4

* Matt

graphically, numerically in tables, or by verbal descriptions). For example, given a graph of one
quadratic function and an algebraic expression for another, say which has the larger maximum.
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STANDARDS FOR MATHEMATICAL CONTENT REVEAL MATH INTEGRATED I, continued

Building Functions F.BF
F.BF.1 Write a function that describes a relationship between two quantities.x 41

b. Combine standard function types using arithmetic operations. For example, build a function
that models the temperature of a cooling body by adding a constant function to a decaying
exponential, and relate these functions to the model.
F.BF.3 Identify the effect on the graph of replacing f(x) by fix) + k, k f{x), fikx), and fix + k) for specific = 4-4, 5-1, 6-1,7-3,9-6
values of k (both positive and negative); find the value of k given the graphs. Experiment
with cases and illustrate an explanation of the effects on the graph using technology. Include
recognizing even and odd functions from their graphs and algebraic expressions for them.

F.BF.4 Find inverse functions. 4-2

a. Solve an equation of the form flx) = c for a simple function f that has an inverse and write an
expression for the inverse. For example, fix) = 2x¢ or fix) = (x-+1)/(x—1) for x # 1.

Linear, Quadratic, and Exponential Models F.LE

F.LE.4 For exponential models, express as a logarithm the solution to a b= d where @, ¢, and d are 6-3, 6-4, 6-5
numbers and the base b is 2, 10, or e; evaluate the logarithm using technology.

Trigonometric Functions F.TF

F.TF.1 Understand radian measure of an angle as the length of the arc on the unit circle subtended by 9-1
the angle.
F.TF.2 Explain how the unit circle in the coordinate plane enables the extension of trigonometric 9-3

functions to all real numbers, interpreted as radian measures of angles traversed
counterclockwise around the unit circle.

F.TF.5 Choose trigonometric functions to model periodic phenomena with specified amplitude, 9-3,9-4,9-5,9-6
frequency, and midline.
GEOMETRY
Similarity, Right Triangles, and Trigonometry G.SRT
G.SRT.9 (+) Derive the formula A = % ab sin(C) for the area of a triangle by drawing an auxiliary line Standard G.SRT.9 is taught in
from a vertex perpendicular to the opposite side. Integrated Math Course 2, 9-6 Solving

Systems of Inequalities

G.SRT.10  (+) Prove the Laws of Sines and Cosines and use them to solve problems. Standard G.SRT.10 is taught in
Integrated Math Course 2, 4-7 The Law
of Sines and 4-8 The Law of Cosines

G.SRT.11  (+) Understand and apply the Law of Sines and the Law of Cosines to find unknown Standard G.SRT.11is taught in
measurements in right and non-right triangles (e.g., surveying problems, resultant forces). Integrated Math Course 2, 4-7 The Law
of Sines and 4-8 The Law of Cosines

Geometric Measurement and Dimension G.GMD

G.GMD.4 Identify the shapes of two-dimensional cross-sections of three-dimensional objects, and identify Standard G.GMD.4 is taught in
three-dimensional objects generated by rotations of two-dimensional objects. Integrated Math Course 2, 6-5 Cross
Sections and Solids of Revolution
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Modeling With Geometry G.MG

G.MG.1 Use geometric shapes, their measures, and their properties to describe objects (e.g., modeling = 2-1
a tree trunk or a human torso as a cylinder). %

G.MG.2 Apply concepts of density based on area and volume in modeling situations (e.g., persons per 6-9
square mile, BTUs per cubic foot). %

G.MG.3 Apply geometric methods to solve design problems (e.g., designing an object or structure to Standard G.MG.3 is taught in Integrated
satisfy physical constraints or minimize cost; working with typographic grid systems based on Math Course 2, 6-4 Surface Area
ratios). %

STATISTICS
Interpreting Categorical and Quantitative Data S.ID

S.D.4 Use the mean and standard deviation of a data set to fit it to a normal distribution and 8-4
to estimate population percentages. Recognize that there are data sets for which such a
procedure is not appropriate. Use calculators, spreadsheets, and tables to estimate areas
under the normal curve.

Making Inferences and Justifying Conclusions S.IC

S.ICA Understand that statistics allow inferences to be made about population parameters based on a 8-1
random sample from that population.

S.IC.2 Decide if a specified model is consistent with results from a given data-generating process, 8-2
e.g., using simulation. For example, a model says a spinning coin falls heads up with probability
0.5. Would a result of 5 tails in a row cause you to question the model?

S.IC.3 Recognize the purposes of and differences among sample surveys, experiments, and . 81

observational studies; explain how randomization relates to each. |
S.IC.4 Use data from a sample survey to estimate a population mean or proportion; develop a margin = 8-3, 8-5
of error through the use of simulation models for random sampling.
S.IC.5 Use data from a randomized experiment to compare two treatments; use simulations to decide = 8-2
if differences between parameters are significant.
S.IC.6 Evaluate reports based on data. 8-1,8-2,84,85

Using Probability to Make Decisions S.MD

S.MD.6 (+) Use probabilities to make fair decisions (e.g., drawing by lots, using a random number 8-2
generator).

S.MD.7 (+) Analyze decisions and strategies using probability concepts (e.g., product testing, medical = 8-2
testing, pulling a hockey goalie at the end of a game).
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Standards for Mathematical Practice

This correlation shows the alignment of Reveal Math Integrated /I to the Standards for Mathematical Practice, from the Common Core State Standards.

1 Make sense of problems and persevere in solving them.

Reveal Math Integrated Il requires

Mathematically proficient students start by explaining to themselves the meaning of a problem and looking for entry ' students to make sense of
points to its solution. They analyze givens, constraints, relationships, and goals. They make conjectures about the fornproblems and persevere in solving

and meaning of the solution and plan a solution pathway rather than simply jumping into a solution attempt. They

them in Examples and Practice

consider analogous problems, and try special cases and simpler forms of the original problem in order to gain insight throughout the program. Some

into its solution. They monitor and evaluate their progress and change course if necessary. Older students might,
depending on the context of the problem, transform algebraic expressions or change the viewing window on their

specific lessons for review are:
Lessons 1-1,1-3, 1-4, 1-5, 1-6, 1-7,

graphing calculator to get the information they need. Mathematically proficient students can explain correspondencesl-8, 2-1, 3-2, 3-5, 4-1, 4-4, 5-1, 6-1,
between equations, verbal descriptions, tables, and graphs or draw diagrams of important features and relationships,7-2, 7-6, 8-1, 9-3, 9-4

graph data, and search for regularity or trends. Younger students might rely on using concrete objects or pictures to

help conceptualize and solve a problem. Mathematically proficient students check their answers to problems using a

different method, and they continually ask themselves, “Does this make sense?” They can understand the approaches

of others to solving complex problems and identify correspondences between different approaches.

2 Reason abstractly and quantitatively.

Mathematically proficient students make sense of quantities and their relationships in problem situations.

They bring two complementary abilities to bear on problems involving quantitative relationships: the ability to
decontextualize—to abstract a given situation and represent it symbolically and manipulate the representing
symbols as if they have a life of their own, without necessarily attending to their referents—and the ability to
contextualize, to pause as needed during the manipulation process in order to probe into the referents for the
symbols involved. Quantitative reasoning entails habits of creating a coherent representation of the problem at
hand; considering the units involved; attending to the meaning of quantities, not just how to compute them; and
knowing and flexibly using different properties of operations and objects.

3 Construct viable arguments and critique the reasoning of others.

Mathematically proficient students understand and use stated assumptions, definitions, and previously established
results in constructing arguments. They make conjectures and build a logical progression of statements to explore
the truth of their conjectures. They are able to analyze situations by breaking them into cases, and can recognize
and use counterexamples. They justify their conclusions, communicate them to others, and respond to the
arguments of others. They reason inductively about data, making plausible arguments that take into account the
context from which the data arose. Mathematically proficient students are also able to compare the effectiveness
of two plausible arguments, distinguish correct logic or reasoning from that which is flawed, and—if there is a flaw
in an argument—explain what it is. Elementary students can construct arguments using concrete referents such as
objects, drawings, diagrams, and actions. Such arguments can make sense and be correct, even though they are
not generalized or made formal until later grades. Later, students learn to determine domains to which an argument
applies. Students at all grades can listen or read the arguments of others, decide whether they make sense, and
ask useful questions to clarify or improve the arguments.

4 Model with mathematics.

Mathematically proficient students can apply the mathematics they know to solve problems arising in everyday
life, society, and the workplace. In early grades, this might be as simple as writing an addition equation to describe
a situation. In middle grades, a student might apply proportional reasoning to plan a school event or analyze

a problem in the community. By high school, a student might use geometry to solve a design problem or use a
function to describe how one quantity of interest depends on another. Mathematically proficient students who can
apply what they know are comfortable making assumptions and approximations to simplify a complicated situation,
realizing that these may need revision later. They are able to identify important quantities in a practical situation
and map their relationships using such tools as diagrams, two-way tables, graphs, flowcharts and formulas. They
can analyze those relationships mathematically to draw conclusions. They routinely interpret their mathematical
results in the context of the situation and reflect on whether the results make sense, possibly improving the model
if it has not served its purpose.

Xxxiv Standards for Mathematical Practice, Reveal Math Integrated I

' Reveal Math Integrated Il requires

students to reason abstractly and
quantitatively in Think About It
features and Higher Order Thinking
Skills throughout the program.
Some specific lessons for review
are: Lessons 11, 2-3, 3-1,4-2, 4-3,
5-3, 6-3, 6-5, 7-5, 7-6, 8-3, 8-5, 9-1,

9-4,9-5

Reveal Math Integrated Il
requires students to construct
viable arguments and critique the
reasoning of others in Talk About
It features and Practice throughout
the program. Some specific
lessons for review are: Lessons
2-4,3-4,4-4,4-6,5-4,6-2,7-1,7-3,
8-2,85,9-2,9-6

Reveal Math Integrated Il

requires students to model with
mathematics, collaborate, and
discuss mathematics in Examples
and Practice throughout the
program. Some specific lessons for
review are: Lessons 1-2, 1-3, 1-6,
1-7,1-8, 2-2, 2-5, 3-4, 41, 4-5, 5-5,
6-4,7-4,7-5, 8-3,9-3,9-7



5 Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a mathematical problem. These tools
might include pencil and paper, concrete models, a ruler, a protractor, a calculator, a spreadsheet, a computer
algebra system, a statistical package, or dynamic geometry software. Proficient students are sufficiently familiar
with tools appropriate for their grade or course to make sound decisions about when each of these tools might
be helpful, recognizing both the insight to be gained and their limitations. For example, mathematically proficient
high school students analyze graphs of functions and solutions generated using a graphing calculator. They detect
possible errors by strategically using estimation and other mathematical knowledge. When making mathematical
models, they know that technology can enable them to visualize the results of varying assumptions, explore
consequences, and compare predictions with data. Mathematically proficient students at various grade levels

are able to identify relevant external mathematical resources, such as digital content located on a website,

and use them to pose or solve problems. They are able to use technological tools to explore and deepen their

understanding of concepts.

6 Attend to precision.

Mathematically proficient students try to communicate precisely to others. They try to use clear definitions in
discussion with others and in their own reasoning. They state the meaning of the symbols they choose, including
using the equal sign consistently and appropriately. They are careful about specifying units of measure, and
labeling axes to clarify the correspondence with quantities in a problem. They calculate accurately and efficiently,
express numerical answers with a degree of precision appropriate for the problem context. In the elementary
grades, students give carefully formulated explanations to each other. By the time they reach high school they have
learned to examine claims and make explicit use of definitions.

7 Look for and make use of structure.

Mathematically proficient students look closely to discern a pattern or structure. Young students, for example, might
notice that three and seven more is the same amount as seven and three more, or they may sort a collection of
shapes according to how many sides the shapes have. Later, students will see 7 X 8 equals the well remembered
7 X 547 X 3, in preparation for learning about the distributive property. In the expression X2 + 9x + 14, older
students can see the 14 as 2 X 7 and the 9 as 2 + 7. They recognize the significance of an existing line in a
geometric figure and can use the strategy of drawing an auxiliary line for solving problems. They also can step
back for an overview and shift perspective. They can see complicated things, such as some algebraic expressions,
as single objects or as being composed of several objects. For example, they can see 5 —3(x —y)? as 5 minus a
positive number times a square and use that to realize that its value cannot be more than 5 for any real numbers x

andy.

8 Look for and express regularity in repeated reasoning.

Mathematically proficient students notice if calculations are repeated, and look both for general methods and

for shortcuts. Upper elementary students might notice when dividing 25 by 11 that they are repeating the same
calculations over and over again, and conclude they have a repeating decimal. By paying attention to the
calculation of slope as they repeatedly check whether points are on the line through (1, 2) with slope 3, middle
school students might abstract the equation (y — 2)/(x — 1) = 3. Noticing the regularity in the way terms cancel when
expanding (x—1)(x + 1), x—1)(x* + x + 1), and (x — )¢k + % + x + 1) might lead them to the general formula
for the sum of a geometric series. As they work to solve a problem, mathematically proficient students maintain
oversight of the process, while attending to the details. They continually evaluate the reasonableness of their

intermediate results.

Reveal Math Integrated Il requires
students to use appropriate tools
strategically in Explore activities
throughout the program. Some
specific lessons for review are:
Lessons 1-2, 2-2, 3-1, 4-4, 4-6, 5-1,
5-5, 6-1, 6-3, 6-4, 6-5, 7-4, 7-6, 8-4,
9-1,9-6

Reveal Math Integrated Il requires

students to attend to precision in
Examples and Practice throughout
the program. Some specific
lessons for review are: Lessons 2-1,
3-3,4-2,4-3,5-2, 6-5,7-3,7-5, 8-4,
9-2,9-3,9-7

Reveal Math Integrated Il requires

students to look for and make use
of structure in Explore activities
and Higher Order Thinking Skills
throughout the program. Some
specific lessons for review are:
Lessons 1-4,1-5, 2-5, 3-2, 3-5, 4-1,
4-3,4-5,5-2,5-3,6-3,6-4,7-2,7-3,
8-1,9-4,9-6

Reveal Math Integrated /Il requires

students to look for and express
regularity in repeated reasoning in
Concept Check and Think About It
features and Higher Order Thinking
Skills throughout the program.
Some specific lessons for review
are: Lessons 2-3, 2-4, 3-3, 4-6, 5-4,
6-2,7-1,8-2,9-5
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Module 5

Exponential Functions

Module Goals

« Students graph exponential growth and decay functions.

« Students solve exponential equations and inequalities algebraically and
by graphing.

« Students analyze expressions and functions involving the natural
base e.

« Students generate geometric series and find their sums.

« Students choose the best function type to model sets of data by using
technology.

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.CED1 Create equations and inequalities in one variable and use them
to solve problems.

F.IF.7e Graph exponential and logarithmic functions, showing intercepts
and end behavior, and trigonometric functions, showing period, midline,
and amplitude.

Also addresses A.SSE.4, A.CED.2, A.REI11, F.IF.4, and F.IF.6.
Standards for Mathematical Practice:

All Standards for Mathematical Practice will be addressed in this module.

0 Be Sure to Cover

To completely cover A.SSE.4, go online to assign the following activity:

« Sum of a Finite Geometric Series (Expand, Lesson 5-4)

Suggested Pacing

Coherence
Vertical Alignment

Previous
Students studied linear, exponential, and quadratic functions.
F.IF.7a, F.IF.7e (Course 1, Course 2)

Now

Students graph and analyze exponential functions and determine
whether a set of data is best modeled by a linear, quadratic, or
exponential function.

F.IF.4,F.IF.7e

Next

Students will graph and analyze logarithmic functions. Studentswill
translate between exponential and logarithmic forms of expressions
and solve exponential equations by using logarithms.

A.SSE.2, F.LE.4,F.IF.7e

The Three Pillars of Rigor

To help students meet standards, they need to illustrate their ability to
use the three pillars of rigor. Students gain conceptual understanding as
they move from the Explore to Learn sections within a lesson. Once they
understand the concept, they practice procedural skills and fluency and
apply their mathematical knowledge as they go through the Examples
and Practice.

1 CONCEPTUAL UNDERSTANDING 2|FLUENCY | 3 APPLICATION

EXPLORE m EXAMPLE & PRACTICE

Lessons ] Standards ]45—min classes

Module Pretest and Launch the Module Video 1 0.5
5-1Graphing Exponential Functions FIF.4,FIF.7e 2 1
5-2 Solving Exponential Equations and Inequalities A.CED.1, ARELTI 1 0.5
5-3 Special Exponential Functions A.CED.2, F.IF.6 1 0.5
5-4 Geometric Sequences and Series ASSE4 3 1.5
5-5 Modeling Data A.CED.2 1 0.5

Module Review 1 0.5

Module Assessment 1 0.5

Total Days n 55

Module 5 « Exponential Functions  215a



b Module Resource

'. ivl'm:&llgﬁ Formative Assessment Math Probe
/YISy Solving Exponential Equations

—3 Analyze the Probe

Review the probe prior to assigning it to your students.

In this probe, students will critique the work of others as they attempt to solve exponential
equations.

Targeted Concepts Understand when and how an exponential equation can be solved by
rewriting each side of the equation using the same base.

Targeted Misconceptions
« Students may not find a common base before attempting to solve the equation.

« Students may misidentify a common base.

Use the Probe after Lesson 5-2.
Correct Answers:

— Collect and Assess Student Answers Sadie: no Stefan: no Wen: yes

° the student selects @ the student likely...

these responses...

Sadie: yes does not recognize that the bases are not the same.

e e e T

Stefan: yes is using factors of the base that include the same number as the other base, but
does not write the 8 as a power with a common base.

Wen: no does not recognize the process of finding common bases to solve for a variable that
is in the exponent.

— Take Action

After the Probe Design a plan to address any possible misconceptions. You may wish to
assign the following resources.

- [2] ALEK'S® Exponential and Logarithmic Equations
« Lesson 5-2, Learn, Example 1

Revisit the Probe at the end of the module to be sure that your students no longer carry
these misconceptions.

215b Module 5 « Exponential Functions
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Mz,

L]
IGNITE!
The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and
engage and challenge students. Use these open-ended, collaborative
activities, located online in the module Launch section, to encourage
your students to develop a growth mindset towards mathematics and
problem solving. Use the teacher notes for implementation suggestions
and support for encouraging productive struggle.

@ Essential Question
At the end of this module, students should be able to answer the
Essential Question.

How are real-world situations involving quantities that grow or
decline rapidly modeled mathematically? Sample answer: Quantities
that grow rapidly are modeled by exponential growth functions, and
quantities that decline rapidly are modeled by exponential decay
functions.

What Will You Learn?

Prior to beginning this module, have your students rate their knowledge
of each item listed. Then, at the end of the module, you will be reminded
to have your students return to these pages to rate their knowledge
again. They should see that their knowledge and skills have increased.

DINAH ZIKE FOLBABLES

Focus As students work through the lessons in this module, they write
notes about exponential functions and relations.

Teach Have students make and label one page of their Foldable

for every two lessons in the module and use the appropriate pages
as they cover the material. Have students list the Key Concepts and
the vocabulary terms and their definitions in their Foldable. Point out
that the Foldable can also be used to record positive and negative
experiences during learning.

@When to Use It Encourage students to add to their Foldable as they
work through the module and to use them to review for the module test.

Launch the Module

For this module, the Launch the Module video uses human, insect,

and virus populations to show real-world applications of exponential
functions. Students learn about using exponential relationships to model
the global population over time and viral load over time.

Modile 5
Exponential Functions

‘What Will You Learn?
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What Vocabulary Will You Learn?

[ZM8 As you proceed through the module, introduce the key vocabulary
by using the following routine.

Define A function in form y = b *where b is the base and x is the
independent variable, is an exponential function.

Example y = 90 *

Ask Is y = x &h exponential function? Why or why not? No; the variable
must be an exponent in an exponential function.

Are You Ready?

Students may need to review the following prerequisite skills to succeed
in this module.

« simplifying exponential expressions

« solving equations by taking square roots
« solving exponential equations

« using arithmetic sequences

« using linear regression

[E ALEKS

ALEKS is an adaptive, personalized learning environment that identifies
precisely what each student knows and is ready to learn, ensuring
student success at all levels.

You may want to use the Exponential and Logarithmic Functions, and
Sequences and Probability sections to ensure student success in this
module.

@ Mindset Matters

Attitude Ownership

Part of developing a growth mindset involves acknowledging progress
in growth thinking and sharing it with others. It’s important for students
to own their mindset, be proud of their growth, and see themselves as
someone who has a growth mentality—not just in math, but with learning
in general.

How Can | Apply It?

Have students complete a math mindset project to share how they have
grown throughout the year. They might choose the delivery method,
such as a poster, blog post, video, or podcast. Students can share their
mindset journey with their classmates as part of a class discussion, or
they might post their projects for others to see.
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Lesson 5-1

F.IF.4,F.IF.7e

Graphing Exponential Functions

LESSON GOAL

Students graph exponential growth and decay functions.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

@. Explore: Using Technology to Analyze Graphs of Exponential
Functions

@ Develop:

Graphing Exponential Growth Functions

« Graph Exponential Growth Functions

« Graph Transformations of Exponential Growth Functions
« Analyze Graphs of Exponential Functions

« Use Exponential Growth Functions

phing ial Decay F
« Interpret Exponential Functions
- Graph Exponential Decay Functions
- Graph Transformations of Exponential Decay Functions
« Compare Exponential Functions

e You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

.@. Exit Ticket
QQ Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources Mo e
Remediation: Exponential Functions (X )] e
Extension: Families of Curves eoce

Language Development Handbook

Assign page 25 of the Language Development =
Handbook to help your students build .- l.
mathematical language related to graphing

exponential growth and decay functions. INTEGRATED Hi

=W You can use the tips and suggestions on
page T25 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min day

45 min 2 days

Focus

Domain: Functions

Standards for Mathematical Content:

F.IF.4 For a function that models a relationship between two quantities,
interpret key features of graphs and tables in terms of the quantities,
and sketch graphs showing key features given a verbal description of the
relationship.

F.IF.7e Graph exponential and logarithmic functions, showing intercepts
and end behavior, and trigonometric functions, showing period, midline,
and amplitude.

Standards for Mathematical Practice:

1 Make sense of problems and persevere in solving them.

5 Use appropriate tools strategically.

Coherence
Vertical Alignment

Previous
Students graphed linear, exponential, and quadratic functions.
F.IF.7a, F.IF.7e (Course 1, Course 2)

Now
Students graph exponential growth and decay functions.
F.IF.4,F.IF.7e

Next

Students will analyze expressions and functions involving natural base e.
A.CED.2,F.IF.6

Rigor
The Three Pillars of Rigor

1CONCEPTUAL UNDERSTANDING ! 2 FLUENCY 3 APPLICATION

& Conceptual Bridge In this lesson, students develop an
understanding of exponential functions and use it to build fluency by
graphing exponential functions. They apply their understanding of
exponential functions by solving real-world problems.

Lesson 5-1 - Graphing Exponential Functions 217a
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1LAUNCH

Interactive Presentation

Warm Up
Simpity sach axpression.
a0
x.i2st
237
wsz
825
Warm Up

Launch the Lesson

(O ]

hone i o o

T

Today’s Vocabulary

217b Module 5 « Exponential Functions

= F.IF.4,F.IF.7e

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skill for this
lesson:

« simplifying exponential expressions

Answers:
1.7
2.5
3.9
4.8
5. 64

Launch the Lesson

@ Teaching the Mathematical Practices
2 Attend Quantities Point out that it is important to note the
meaning of the quantities used in the function that represents
Moore’s Law. Ask students to evaluate the function and explain
what the value of the variable and the function represent in the
context of the situation.

Q Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wishto share the definitions. Then
discuss the questions below with the class.

Mathematical Background

The function f{x) = b*, where b is a positive real number and b # 1, is an
exponential function. When b > 1, the function has no x-intercepts and
one y-intercept. It is an increasing function with a horizontal asymptote
(the x-axis). When 0 < b < 1, the function has no x-intercepts and one
y-intercept. It is a decreasing function with a horizontal asymptote (the
X-axis).


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0044.xhtml

2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Interactive Presentation

Explore Using Technology to Analyze Graphs
of Exponential Functions

Objective
Students use a graphing calculator to explore transformations and key
features of graphs of exponential functions.

@ Teaching the Mathematical Practices

5 Analyze Graphs Throughout the Explore, students will analyze

the graphs they have generated using graphing calculators to

determine the effect of performing an operation on an exponential

function. THE4PusFamy Tk Fandy
Explore

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
Students will be presented with the parent exponential functionand
analyze the change in key features of transformations on the parent
function. Then, students will answer the Inquiry Question.

(continued on the next page)

Lesson 5-1. Graphing Exponential Functions 217¢
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Interactive Presentation Explore Using Technology to Analyze Graphs
of Exponential Functions (continued)

Questions
Have students complete the Explore activity.

Ask:
E « How does addition affect the graphs of other functions? Sample
answer: Addition can move a graph vertically or horizontally.

Explore - Does the transformation from y = b to y = —3b ** % change any

key features of the graph? Sample answer: Multiplying by a negative
number will change the range, y-intercept, end behavior and changes

Students respond to the Inquiry Question X X .
and can view a sample answer. the graph from increasing to decreasing.

@ Inquiry

How does performing an operation on an exponential function affect
its graph? Adding or subtracting a constant causes the graph to be
shifted horizontally or vertically. Multiplying by a constant stretches or
compresses the graph, making the graph steeper or less steep, and can
change the y-intercept. Multiplying by a negative constant causes the
graph to be reflected in the x- or y-axis.

c Go Online to find additional teaching notes and sample answers
for the guiding exercises.

217d Module 5 - Exponential Functions
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing Exponential
Growth Functions

Objective
Students graph exponential growth functions.

@ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain
the relationship between the value of b and an exponential
growth function.

DIFFERENTIATE

Language Development Activity "\ T8

Ask students where they have heard the term exponential before and
what they think it might mean. Students may have heard terms like
exponential growth on a television news program, and they might
think that exponential means “enormous.” Use students’ answers to
introduce the concept of exponential functions.

Example 1 Graph Exponential
Growth Functions
@ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the

relationships between the function, table, and graph used in this
example to identify key features of the function.

Questions for Mathematical Discourse

YW What is 5% 1

e Whyis0 <y <1forx<0?Forx<0,y= (217] which is always
less than 1.

[ZIE Why is y = 0 an asymptote of the function? As x approaches
negative infinity, the denominator ofﬁ becomes infinitely large,

making the fraction infinitely small; however, no value of x can

make the function equal zero.

@ Essential Question Follow-Up

Students have explored exponential functions.

Ask:
How can being financially literate help you to make good decisions?
Sample answer: If you are financially literate, you understand financial
terms and know how to analyze data and trends. Successfully applying
these skills can help you to make good decisions in real-world
situations such as opening a bank account, applying for college loans,
and buying a house.

D Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

F.IF.4,F.IF.7e
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Interactive Presentation

1 Students answer a question to show they
al | understand transformations on the parent
— exponential growth functions.
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Interactive Presentation

Example 2
TAP
Students move through steps to learn
C\k to graph an exponential function using
transformations.

CHECK

Students complete the Check online to
determine whether they are ready to
move on.

&
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F.IF.4, F.IF.7e
1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3APPLICATION

Example 2 Graph T ransformations of
Exponential Growth Functions

@ Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of an
exponential growth function to identify the transformations in the
function and to graph the function.

Questions for Mathematical Discourse

VY1 How does a transformation of an exponential function compare to
transformations of other types of functions? The transformations
follow the same pattern as for the other types of functions.

e What is the equation that translates y = 3'to the right 4 units
and down 5 units? y = 3 ¥4 — 5 What is the equation of the
asymptote for this function? y = —5

10 As x — —oo, how does the rate of increase of f{x) change? The
rate of increase decreases but does not reach zero.

Example 3 Analyze Graphs of
Exponential Functions
@ Teaching the Mathematical Practices

6 Communicate Precisely The Think About It! feature online

asks students to write and explain the solution process they used
in Example 3.

Questions for Mathematical Discourse

FT How can you tell the graph has been translated downtwo
units? The asymptote of the parent function is y = 0, and the
asymptote of the graphisy = —2.

Do the domain and range change based on the value of k in

gl) = fix) + k? The domain does not change, but the range

depends on the value of k.
[0 What is the equation for the asymptote of fix) = ab*# k? y = k

Example 4 Use Exponential Growth Functions

@ Teaching the Mathematical Practices
5 Use Mathematical Tools In Example 4, students will need to
use a graphing calculator to estimate the balance in the account.

Questions for Mathematical Discourse

XM How could you check the equation to verify the original investment
was 50 million? Find A(0) = 50.

[eTH What does it mean in this context for the function to be increasing?
The amount of money in the account is increasing as time goes by.

[=1% In the context of the example, why does the rate of increase
increase as t — 00? The interest earned previously contributes to
the interest earned subsequently.



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0048.xhtml

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing Exponential
Decay Functions
Objective
Students graph exponential decay functions.
@ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the

relationship between the value of b and an exponential decay
function.

Example 5 Interpret Exponential Functions

@ Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of functions to

determine whether they are exponential growth or decay functions.

Questions for Mathematical Discourse

JT® What must be true about f (x) = b*for the function to represent
exponential decay? 0 < b <1

T8 Does flx) = 5tepresent exponential growth or decay? Explain.
It represents exponential decay because 5= 5 = 55

=8 Howarey =5andy = (7) related? One is the reflection of the
other across the y-axis.

Example 6 Graph Exponential
Decay Functions

@ Teaching the Mathematical Practices
1 Explain Correspondences The Talk About It! asks students
to explain the relationship between the end behavior of an
exponential function and the type of exponential function.

Questions for Mathematical Discourse

Why does (%)73 = 8? A term with a negative exponent can be
written as the term with the positive version of the exponent
in th? deqominator of a fraction with 1as the numerator.
7) =gand 5y =38
&)
'8 What transformation is done to the graph of y = 2*to get the
graphofy = (1 ) ? reflection in the y-axis
[=I% Given the graph of y = (5> is a reflection of the graph of y = b*
across the y-axis, how does this relate to the form of reflections

across the y-axis for transformations of other function types? The
reflection of flx) across the y-axis is f{—x), and (3 “=p

F.IF.4,F.IF.7e
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v
Learn
TYPE [
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al | ions on the parent

- decay functions.
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Interactive Presentation

Example 7

TYPE

al|

CHECK

il

—

Students move through steps to learn
to graph an exponential function using
transformations.

Students complete the Check online to
determine whether they are ready to move
on.
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b4 F.IF.4,F.IF.7e
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 7 Graph T ransformations of
Exponential Decay Functions

@ Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of an
exponential decay function to identify the transformations in the
function and to graph the function.

Questions for Mathematical Discourse

Why does g(x) represent exponential decay? It is exponential
decay because b =z, which is less than 1.

Why is k not included in the range of an exponential function of
the form y = ab*# k? No value of x can make the exponential
term zero.

IZ18 Why does g(x) represent exponential decay even though the
function is increasing as x — o0? The rate at which the function is
increasing decreases as x — 0o, making it approach an asymptote.

Example 8 Compare Exponential Functions

@ Teaching the Mathematical Practices
1 Explain Correspondences Students will explain the relationships
between the key features of two functions represented in different
ways.

Questions for Mathematical Discourse

VYW What kind of function is f(x)? piecewise with exponential and
linear components

[eTH What is the difference between the exponential component of f{x)
and g(x)? f(x) represents exponential decay and g(x) represents
exponential growth.

[=1%) How many intersection points do g(x) and f(x) have? three Could
translating g(x) to the right ever result in a different number of
intersection points? No, because g(x) never reaches 2.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY

Practice and Homework

3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

| Exercises

DOK | Topic
1, 2 exercises that mirror the examples 1-34
‘. 2 | exercises that use a variety of skills from this 35-48 ‘
| lesson

3 | exercises that emphasize higher-order and 49-53 |
critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, m
THEN assign:

« Practice Exercises 1-47 odd, 49-53

« Extension: Families of Curves

- E1 ALEKS® Graphing Exponential and Logarithmic Functions

IF students score 66%-89% on the Checks, oLl
THEN assign:

« Practice Exercises 1-53 odd

« Remediation, Review Resources: Exponential Functions

« Personal Tutors

« Extra Examples 1-8

- [ ALEKS' Exponential Functions

IF students score 65% or less on the Checks, m
THEN assign:

« Practice Exercises 1-33 odd

- Remediation, Review Resources: Exponential Functions

« Quick Review Math Handbook: Graphing Exponential Functions

. [0 ALEKS® Exponential Functions

F.IF.4,F.IF.7e
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

41a. Sample answer: Choose a = 2, so y = 2(1) *All values for y are 2.
y = ais a constant function, not an exponential one, since the value of
y never changes.

41b. Sample answer: Choose @ = 2 and b = —2, so y = 2(—2) *The table
of values for y are 37 —1, 2, —4, 8, —16. Students should indicate
that this function is not exponential. Since values of y alternate signs,
the function does not continuously increase or decrease.

43a.
30.000 u

Dallars
g &

Years

43b. The car depreciates about 5 times as much in the first 5 years as
compared the the last 5 years.
44

=2

. To create g(x), fix) must be reflected in the x-axis, compressed vertically
by a factor of 2, and translated 3 units left and 1 unlt down. To create
h(x), fix) must be stretched vertically by a factor of , and translated
5 units right.
. To create h(x), g(x) must be reflected in the x-axis, stretched vertically by
a factor of 3, and translated 8 units right and 1 unit up.

44

o

There is an intercept at (0, 20,000) which
represents the initial population. There
are no zeros. As t — +00, P(f) — +0o
which means that the population will
grow without bound.

48

Ia)

. Because the population is considered from the time it is initially
measured and onward, the appropriate domain is t = 0.

. Always; sample answer: The domain of exponential functions is all real
numbers, so (0, y) always exists.

49,

@

49b. Sometimes; sample answer: The graph of an exponential function crosses
the x-axis when k < 0.

49c. Sometimes; Sample answer: The function is not exponential if b = 1or —1.

50. Vince; the graphs of the function would be the same.

53. Sample answer: The parent function, glx) = b *, is stretched if |a| is greater
than 1or compressed if |al is less than 1. The graph is reflected in the x-axis
when @ is negative. The parent function is translated up k units if k is
positive and down |k| units if k is negative. The parent function is translated
h units to the right if 1 is positive and || units to the left if  is negative.
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Lesson 5-2 A.CED.1, A.REL.T

Solving Exponential Equations and Inequalities

LESSON GOAL Suggested Pacing
Students solve exponential equations and inequalities algebraically and 90 min 0.5 da
5

by graphing. 45 min

4 LAUNCH
Focus

}gl Launch the lesson with a Warm Up and an introduction.

Domain: Algebra

Standards for Mathematical Content:
2 EXPLORE AND DEVELOP A.CED Create equations and inequalities in one variable and use them
to solve problems.

_‘D Explore: Solving Exponential Equations N . .
T A.REL11 Explain why the x-coordinates of the points where the graphs

@ Deveran of the equations y = f(x) and y = g(x) intersect are the solutions of the
equation f (x) = g(x); find the solutions approximately, e.g., using
Solving Exponential Equations technology to graph the functions, make tables of values, or find successive
- Solve Exponential Equations Algebraically approximations. Include cases where f (x) and/or g(x) are linear, polynomial,
« Solve an Exponential Equation by Graphing rational, absolute value, exponential, and logarithmic functions.
« Use the Compound Interest Formula Standards for Mathematical Practice:
Solving Exponential Inequalities 6 Attend to precision.
« Solve Exponential Inequalities Algebraically 7 Look for and make use of structure.
e You may want your students to complete the Checks online. Coherence
Vertical Alignment
3 REFLECT AND PRACTICE
Previous
@ Exit Ticket Students solved linear, quadratic, and exponential equations.

A.REL3, A.REL4 (Course 1, Course 2)

% Practice
Now

Students solve exponential equations and inequalities algebraically and by
E Formative Assessment Math Probe graphing. A.CED.1, A.REL.11

Next

Students will analyze expressions and functions involving the natural
DIFFERENTIATE base e. A.CED.2, F.IF.6

@ View reports of student progress on the Checks after each example.
_ Rigor
Resources |V The Three Pillars of Rigor

Remedigtion: Solving Quadratic Equations by paps ° | 1 CONCEPTUAL UNDERSTANDING j
Completing the Square | |

2 FLUENCY | 3 APPLICATION

Extension: Musical Relationships [ XX ] m Conceptual Bridge In this lesson, students expand on their

understanding of exponential functions and build fluency by solving
Language Development Handbook exponential equations. They apply their understanding of exponential

Assign page 26 of the Language Development i equations by solving real-world problems.
Handbook to help your students build -I l-
mathematical language related to solving exponential
equations and inequalities. NTEGH -
g neduat it Mathematical Background

T You can use the tips and suggestions on
page T26 of the handbook to support students
who are building English proficiency.

Simple exponential equations can be solved by rewriting 0ne or both
sides of the equation so that the bases are the same. Once that has been
achieved, the Property of Equality for Exponential Functions can be used
to solve for the variable.

Lesson 5-2 - Solving Exponential Equations and Inequalities 225a
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Interactive Presentation
Warm Up
Solve sach equation. Check your sohutlon.
197 =4
2257 +2=6
3
-1 =M =47
&4t 4 3= 67

ES-2" =50

Warm Up

Launch the Lesson

Today’s Vocabulary

225b Module 5 * Exponential Functions

= A.CED.1, A.REL.N1

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« solving equations by taking square roots
Answers:
2
1. ig
2
2. ig
3.-3
4. +2
5.2

Launch the Lesson

{m Teaching the Mathematical Practices
4 Make Assumptions In the Launch the Lesson, have students
explain why you must assume that the trend in streaming services
revenue continues.

B Go Online to find additional teaching notes and questions to promote
classroom discourse.

Today'’s Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

2FLUENCY |

1 CONCEPTUAL UNDERSTANDING 3 APPLICATION

Explore Solving Exponential Equations

Objective
Students explore solving exponential equations.

@ Teaching the Mathematical Practices
1 Seek Information Mathematically proficient students must
be able to transform algebraic expressions to reach solutions.
Throughout the Explore, students must rewrite exponential
expressions with the same base to solve exponential equations.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete four exercises that explore finding the value of a
variable that is an exponent in an equation. Then, students will answer
the Inquiry Question.

(continued on the next page)

Interactive Presentation

T e et s o = 4, 7 B i 4 3 S et i 12 e 5 v
byt P st b o e i 50 o

Explore

O Students tap to solve exponential equations.

Lesson 5-2 - Solving Exponential Equations and Inequalities 225¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

Students respond to the Inquiry Question and can view a
sample answer.

225d Module 5 - Exponential Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I' 3 APPLICATION
Explore Solving Exponential Equations
(continued)

Questions

Have students complete the Explore activity.

Ask:

« How can you write 16 in exponential form with a base of 2? Sample
answer: You can think of itas 4 + 4,0r 2« 2 « 2 « 2. So, in exponential
form 16 = 2°.

- Does it help to change 3 *' = 81to have the form 3> *' = 92 Why
or why not? Sample answer: While 9 % an exponential form of 81, the
base needs to be 3.

@ Inquiry

How can you rewrite expressions to solve exponential equations?
Rewrite the expressions on each side of an exponential equation to
have the same base. Then set the exponents equal to each other and
solve for x.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Solving Exponential Equations

Objective
Students solve exponential equations in one variable algebraically and
by graphing.

@‘M—:aching the Mathematical Practices
1 Understand Different Approaches Work with students to look
at how to solve exponential equations graphically and by using the
Property of Equality for Exponential Equations.

DIFFERENTIATE

Enrichment Activity BL |

Allow students to develop their sense of consumerism by providing
them with an initial deposit amount and having them shop around for
the best interest rates. Students should record relevant information,
including bank name, account type, interest rate, how often interest is
compounded, and restrictions on the account. Ask students to graph
the growth of their initial deposit over time.

Example 1 Solve Exponential Equations
Algebraically

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely
write or explain their solution methods. The Think About It! feature
online requires students to use clear definitions when they discuss
their solution method.

Questions for Mathematical Discourse

J® In part a, why must 64 be written as 4? Changing 64 to the
equivalent value £makes both sides of the equation have the
same base.

T8 What is a method to determine the common base? Sample answer:
Take the lesser number to increasing powers until the result is the
greater number.

[5I6 Why must the restriction of b # 1be put on the Property of
Equality for Exponential Equations? Because 1raised to any
power is 1, the property does not hold true for b = 1.

Things to Remember
Remind students to distribute to each term in the exponent when using
the Power of a Power Property.

A.CED.1, A.REL. T

Lesson 5-2
Solving Exponential
Equations and Inequalities

Today's Goals
= . Sk encunetal
Explore Solving Exponential Equations e o e
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Interactive Presentation

b Students answer a question to show they
al | solving i i

Lesson 5-2 - Solving Exponential Equations and Inequalities 225
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2 EXPLORE AND DEVELOP
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Interactive Presentation

P e,

Students complete the calculations
a to solve an exponential equation by
A i— graphing.
TAP

Students tap to choose a calculator to
(i graph an exponential equation.

226 Module 5 - Exponential Functions

m A.CED.1, A.REL11
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Example 2 Solve an Exponential Equation
by Graphing

@ Teaching the Mathematical Practices
5 Use a Source Guide students to find external information to
answer the questions posed in the Use a Source feature.

Questions for Mathematical Discourse

VAR why is $58,000 written as $0.058? The equation represents
money in millions of dollars.

[eTl Why is this equation only an approximation? Because it is modeling
real-world data.

=8 How can you use your calculator to estimate at which Super
Bowl the cost to advertise doubled? Graph y = 0.116 and
y = 0.058(1.099)and find the intersection.

D Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Example 3 Use the Compound Interest
Formula

@Teaching the Mathematical Practices
4 Analyze Matt ical Results In Example 3, point out that to
solve the problem, students should interpret their mathematical
results in the context of the problem.

Questions for Mathematical Discourse

M Why is n = 12? The interest is compounded monthly, which
means it will be compounded 12 times a year.

[5TH What is the y-intercept of the related function A(f), and what does
it mean in the context of the example? 1700; It means at ¢ = 0,
the amount in the account is the initial investment.

=TI How does the balance change as you increase the number
of times the interest is compounded per year? The balance
increases.

Common Error

Students may use the numbers as given in the problem without
considering the units. Remind students to convert all percentages to
decimal form.

A.CED.1, A.REL.T
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Interactive Presentation

Students complete the Check online to
determine whether they are ready to

move on.

Lesson 5-2 - Solving Exponential Equations and Inequalities 227


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0059.xhtml

2 EXPLORE AND DEVELOP A.CED.1, AREL1

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY | 3 APPLICATION

Learn Solving Exponential Inequalities

3 Example 3 U:
bty A e Objective
“'::':,', of Students solve exponential inequalities in one variable algebraically.
=mioofr+ 450 o0, o 0= i s
ws0ey " @ Teaching the Mathematical Practices
oot W i ik 7 Interpret Complicated Expressions Mathematically proficient
Chock students can see complicated expressions as being composed

B i e S e of several objects. Help student to see how they can use the
e Property of Inequality for Exponential Equations to more easily
e solve complicated exponential inequalities.

Attt o
e
A P S A DIFFERENTIATE

8 1, thert B° = 678 anckaniy . >, et

AT Reteaching Activity 7\

Exampled So IF you want students to check to see if their answer is correct,

Senrereaar=t, THEN remind students to choose any value in the solution interval and
isotrgl e | seeifit satisfies the original inequality.

Example 4 Solve Exponential Inequalities

eb x> -20
e S Algebraically
Preasmm sl =Tl @ Teaching the Mathematical Practices

Cheh 1 Seek Information Mathematically proficient students must

Soe 125" " 1.5 25% . . R
priat) 24 be able to transform algebraic expressions to reach solutions.

0 o Ot o e it et eyt el In Example 4, students must rewrite the base of exponential
LR — expressions to solve an exponential inequality.
Interactive Presentation Questions for Mathematical Discourse

T8 Why are the expressions written in terms of powers of 3 instead
of 97 Both expressions can be written as powers of 3 with integer
e IE Y, powers.

TR How can you use your calculator to check your solution? Graph
y = 27>*6 and y = 81;@nd the solution will be where the graph

Das =

] e n of y = 27%*%is above the graph of y = 81:7°
Wals i ™ .
Lom -5 i [ Write a rule similar to the Property of Inequality for Exponential
+2 =19 sl
= Equations for 0 < b <1.b*> bifand onlyif x < y,and b < bif”
Example 4 and only if x > y.
Students complete the Check online to = =
@ determine whether they are ready to Ex”t TICket
move on.

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY

Practice and Homework

3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

DOK| Topic | Exercises
| 1, 2 exercises that mirror the examples 1-20
‘. 2 | exercises that use a variety of skills from this 21-57 ‘
lesson

3 | exercises that emphasize higher-order and 58-65 |
critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, m
THEN assign:

« Practice, Exercises 1-57 odd, 58—65

« Extension: Musical Relationships

- [E ALEKS® Exponential and Logarithmic Equations

IF students score 66%-89% on the Checks, m

THEN assign:

« Practice, Exercises 1-65 odd

« Remediation, Review Resources: Solving Exponential Equations and
Inequalities

« Personal Tutors

« Extra Examples 1-4

. [0 ALEKS® Quadratic Equations

IF students score 65% or less on the Checks, m

THEN assign:

« Practice, Exercises 1-19 odd

« Remediation, Review Resources: Solving Exponential Equations and
Inequalities

« Quick Review Math Handbook: Solving Exponential Equations and
Inequalities

« [ ALEKS® Quadratic Equations

A.CED.1, A.REL.N1

Practice B e
ot each eation

LoeNa e g 2ogmaagmen g

T SR, U S

& oot gre-m g PR
Fasrsre 3

T, MTEREST Wiarica brepibgdd $5000 i g st thal pays U5 phevesd oot
B Wt 4 R Tn Thi rpeasasts (e walus in Biaeea's setount v et § podes. = SO0OYLOSY

B, Mt P ey sl ik i Bhasca's pcecnand b 538,000 Bound 4
e & ey, 330 poars

B FOmRATON b 3000, wat caleitated
Ths s pgmalstion intadnet ot i fide o 8ot | 7% Areasly
n e - years = GOTLETS 06L0TF

.y i e W e b b B0 D00 £00T Hesstnt 1 1t
Dtest ywar f socetiary. 1921
B BUBKESS Almeids comusting i Began with 33 eleres The tunbe of cienty
Aecrasnay i an arwaad ra o4 095
. W RArvoE0n Tt Dok Thet emiebete O st 0 AT COMLATRNG
Fomn et yenen. = TROISEP
B A v e O TS ASTAT'S EEnALATING e R 16 clisreT st
e bt b if receniaey S pvars
0 BATTESY LW Tras Bsthery e 6 8 cintiin £ phone flarts ot 8 ot The
ey e cocinven st s asust o of 4073

. Wi incson Thar 1Sy The Batiery Mo sst s vaars y = BITY

b v
e rmarrat Serih f ey, 39 peann

[
T At Sisihan depouth $TI00 o § upvings accomnt that pays $3% el
iy Tihat afhes 4 pr? Homd 1
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3 REFLECT AND PRACTICE = A.CED.1, A.REL1

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Answers
&Y. s ) 2040, b 53: & 1500 L I
2 emmpiorgras. o e JOTY it B 40 pritiormet. Al Begas with B 300
12 amloyees, an i J0T e b 310 gy, Soce 2010, aach compiny g
[Pt i =
& ey = 3 240 = RIS £ 1500 {
Inges 427, Mowrte: W g w0 T 1
i 5 3 500 | |
gl grrrth® Exclen o st I |
iy O 12346615

Years Since Investing

e 2, 195 A5 O -1 end f—) B0 T gt {2
o3 a7 re1(l) 54a. Jones Corporation: $10,000,000; $9,043,821; Davis Company:
R [ R A PN e $8,000,000; $8,836,977
-l = ! I|'
- I.'o .“::M ¥ - ; ..2:.«: & :Q :lm i 54b. Sample answer: Davis Company; Since annual profits have been
y= Jie pe pe-al}) increasing for the Davis Company, stock in this company would most
SR, e D i e wﬂwu‘-»w likely increase in value also. Jones Corporation's profit equation
G i oy = JO3) 1 DY 1oy e R Sod g represents exponential decay since b = 0.99 (it is less than 1), while the
e € Tre Jonen coudon ) . § . X .
vy o N9 oft 1 mostied by Davis Company's profit equation represents exponential growth since
e e b =1.01(itis greater than 1).
pisin ot oo sl ks i 55. No; A function to model the A
Lo S concentration is f{t) = 3(0.5)*. The 2
B8, o Afer dose ol medicine, . . . 8 =
duiream i 30 mainl. T concanmiatisn deceys epomsrsaly, md Brog to intersection with g(f) = 0.6 occurs at £ E
15 momi aher I o, The medicne i meflective ol CONcentiation leis T . .
2 vyl t = 4.6, meaning the concentration g E
3 ML it v et of mckiction g ek the sective R E=
coneeetriton? Use & GHah i sty Yo aruwes e i drops below the effective level -]
56, WIRUC TS Mnltﬂn Dt et o fetrurnen. Thee el Geeaits. before 3 P M o 1 .4
v nterests -M. o £
e 1 thes secsu afir 0 years? How muth

e v, $8036 Hours

57a. Sample answer: The average salary for a professor in 2017 was
$100,100. After 15 years, the professor’s annual salary would be

SRRk e s el 200 100,100(1.02)° = $134,721.42.

57b. Sample answer: It depends on how long the professor intends to work.

ar I

For years 1-16, the average salary with a 2% raise earns more. After year
87 Uil £ 30USCE Besnarch M imshisicer E0800e frofrinory eumid ustary . B .
L — - i 17, the lower starting salary with a 3% raise earns more. The professor
ha pr nrusl salery 1 T mone yran® Sew mangin . " . .
M A e should con5|de_r the cgml_Jlatlve salary over the time he or she intendsto
Expisin St margis work to determine which is better.
2::\'?:;':;’:‘:‘:::;mw.ﬂwm__wm““ — 58. He is not correct; Eventually g(x) > f(x) because the base of g(x) is a
e e o greater value. Tom should have enlarged the viewing window in order to
F-Soeminga. identify this result. To disprove that fix) < g(x) for x > 0, the equation
i ‘_‘.:““*"““;;M" FATE e onE fix) = g(x) or 5(1.25)* = 1.5*could be shown to have a real solution.
b the Do o3 pem, ¥ 1 ¥
— e I 111 ¥
b 8 40
Ut o)
g 6 30}
Fraay
P
= | 4 0
O0. FURSEVENE Saher W6 4 167 4 167 o WY o 08 - 40 2200 2 10 |
AL AMALY ST WAt ol be 0 Soyear -
” G s ] I
e
lm’;unq—umlmun—ssﬂ. @ o5 1 15 2 25% o
e Bt TS e 64.27%81=7  2+2kg Original equation
o ol a4 (B (3)=13 ez (e 3=9,3%27,and 3 £ 81
hWﬂvat-Mnm‘!Wr ixthrkecsamon o i oncromar
n""\'"‘.;‘o.""“" "'"""‘""”"’"':.,}.,« 3%3 =3 3 Power of a Power
k.ln_'&;w;h.nm’..,.ﬂm::@m i 3100 +4 — 30x+4 Product of Powers
Whar . sogater, e gragh s saaniag . —
b e 10x+4=10x+4 Property of Equality for
B, PRSIV Show e 7 - AF T e P gt gy
A Exponential Equations
e , armounty o+
. prpwinrd _ .
o i e ik o e Bk e A AL 10x = 10x Subtract 4 from each side.
T R C— X=X Divide each side by 10.

65. Sample answer: Divide the final amount by the initial amount. If nis the
number of time intervals that pass, take the nth root of the answer.
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Lesson 5-3

A.CED.2, F.IF.6

Special Exponential Functions

LESSON GOAL

Students analyze expressions and functions involving the natural base e.

41 LAUNCH

}g{ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

Q Explore: Finding the Value of e

@ Develop:

Exponential Functions with Base e

« Expressions with Base e

« Graph Functions with Base e

« Apply Functions with Base e

« Solve an Exponential Equation by Using Technology

e You may want your students to complete the Check online.

3 REFLECT AND PRACTICE

FTI Exit Ticket
G?n Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources ALK EM d el
Remediation: Writing Exponential Functions e ® L]
Extension: Logistic Growth [ XX )

Language Development Handbook

Assign page 27 of the Language Development .. ‘
Handbook to help your students build mathematical "
language related to analyzing expressions and Bl

functions involving the natural base e. INTEGRATED I}
—

FET You can use the tips and suggestions on
page T27 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min 0.5da

45 min

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.CED.2 Create equations in two or more variables to represent
relationships between quantities; graph equations on coordinate axes
with labels and scales.

F.IF.6 Calculate and interpret the average rate of change of a function
(presented symbolically or as a table) over a specified interval. Estimate
the rate of change from a graph.

Standards for Mathematical Practice:

2 Reason abstractly and quantitatively.

7 Look for and make use of structure.

Coherence

Vertical Alignment

Previous
Students graphed exponential growth and decay functions. F.IF.4, F.IF.7e

Now
Students analyze expressions and functions involving the natural base e.
A.CED.2,F.IF.6

Next

Students will simplify logarithmic expressions and solve exponential
equations by using natural logarithms.

A.SSE.2,F.LE.4

Rigor
The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3 APPLICATION

i Conceptual Bridge In this lesson, students extend their
understanding of exponential functions to functions with base e.
They build fluency by solving problems related to these types of
exponential functions, and they apply their understanding by solving
real-world problems.

Mathematical Background

The number e is an irrational number. It is an important number

in mathematics.

The first several digits are: 2.7182818284590452353602874713527.
Itis called Euler’s number, named after Leonhard Euler.

Lesson 5-3 - Special Exponential Functions 233a
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1LAUNCH

Interactive Presentation

Warm Up

Launch the Lesson

Today’s Vocabulary

233b  Module 5 - Exponential Functions

A.CED.2, F.IF.6

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« solving exponential equations

Answers:
13
2.-2
3.1
4.5
7

5.—7

Launch the Lesson

@Teaching the Mathematical Practices
6 State Meaning of Symbols As students watch the Launch the
Lesson video, encourage students to familiarize themselves with
the meaning of e and reiterate that it is a number, not a variable.

B Go Online to find additional teaching notes and questions to promote
classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can [ use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today'’s Vocabulary

Tell students that they will be using this vocabulary term in this lesson.
You can expand the row if you wish to share the definition. Then discuss
the questions below with the class.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Finding the Value of e

Objective
Students use algebraic expressions to explore the value of e.

@ Teaching the Mathematical Practices
6 Use Precision Throughout the Explore, students calculate
accurately and express numerical answers with an appropriate
degree of precision to approximate the value of e.
7 Look for a Pattern Help students to see the pattern in the
value of e as the value of n increases.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises to approximate the value of
e and make conjectures on how to get the best approximation. Then,
students will complete the Inquiry Question.

(continued on the next page)

Interactive Presentation

(SNIMOURY. 4 iy it e T s of £

w0
00
nxe
0000
160000
—
- ]
Explore

I al Students complete the calculations to find the value
of e.

Lesson 5-3 « Special Exponential Functions 233c¢
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2 EXPLORE AND DEVELOP

In tive Pr tion

@ o it s

Explore

Students respond to the Inquiry Question and can view a
al sample answer.

233d Module 5 - Exponential Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Finding the Value of e (continued)

Questions

Have students complete the Explore activity.

Ask:

« What happens to the expression 1+ 1,7 as nincreases? Sample
answer: The fractional part of the number is approaching 0, so the
value is getting closer to 1.

« Would it be better to approximate with n = 1000 or n = 10,0007
Sample answer: The greater value is a closer approximation, so it's
better to use n = 10,000.

@ Inquiry

How can you best approximate the value of e? By evaluating greater
values of n or more terms of the expression, the approximation
approaches the actual value of e.

0 Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING |

Learn Exponential Functions with Base e

2 FLUENCY 3 APPLICATION

Objective
Students analyze expressions and functions involving the natural base e.

@ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationship between the function and graph of an exponential
function with base e. Then, ask students how an exponential
function with base e relates to an exponential growth function.

Things to Remember
Most calculators have an e*key for evaluating natural base.

Important to Know
Stress that e is a constant, like 7t, and not a variable, like x or y.

DIFFERENTIATE

Reteaching Activity AL

IF some students mistakenly think that an equation like 4¢* — 5 =3
contains two variables,

THEN point out that the letter e represents a constant, just as 7 does.
Both e and 7 are irrational numbers, which cannot be expressed
exactly with numerals. To help students avoid this confusion, have
them highlight the variables in the equation with a marker.

Example 1 Expressions with Base e

@ Teaching the Mathematical Practices
5 Decide When to Use Tools Use the Watch Out! feature to help
students recognize the insight to be gained from and the limitations
of using a calculator to evaluate expressions with base e.

Questions for Mathematical Discourse

Can the value of e be written exactly? Explain. No, e is an irrational
number, so it is a non-terminating, non-repeating decimal. The
exact way to represent the value is e.

What are the domain and range of fix) = e ? D = (-0, %), R = (0, o0)

[5IE The average rate of change for & over the interval [a, a + b]
approaches the function value é as b approaches 0. What does this
suggest? The instantaneous rate of change of ¢ at x = ¢ is €.

Common Error

Most calculators have an e button. However, students should use the
properties of exponents to evaluate expressions so that their answers
are exact.

BGo Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

= A.CED.2,F.IF.6
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Interactive Presentation

Learn
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2 EXPLORE AND DEVELOP

Simplty sach expression.
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Interactive Presentation
Oregh Puncticns with Bass ¢
s
Example 2

TYPE

understand how to graph and analyze
functions with base e.

a function with base e.

234 Module 5 « Exponential Functions

Students answer a question to show they

Students move through the slides to graph

A.CED.2, F.IF.6
1 CONCEPTUAL UNDERSTANDING
Example 2 Graph Functions with Base e

@ Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the function
to identify the transformations in the function.

2 FLUENCY 3 APPLICATION

Questions for Mathematical Discourse

Y1 Does a function with base e represent exponential growth or
exponential decay? It is exponential growth because e > 1.

o7 How does the average rate of change over [x, x + 1] change as
x — ? |t decreases more rapidly.

[T What is the instantaneous rate of change at g(3)? —2

Important to Know

For Parts A and C, students may find it easier to make a table of values for
the function. They can use the values in the table to graph the function
and find the values of g(x) for the given intervals.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Example 3 Apply Functions with Base e

@ Teaching the Mathematical Practices
2 Make Sense of Quantities In Example 3, students must
make sense of the quantities and their relationships given in the
situation to apply the formula for continuous exponential growth.

Questions for Mathematical Discourse

[YH What is A for t = 02 1500

1M Will the formula work for a monthly interest rate? Y es, if the unit of
tis months.

=10 What is the relationship between the compound interest formula
and the continuous compounding formula? The continuous
formula is the compound interest formula for n — o,

Common Error

Students often introduce error by rounding during each step of a solution.

In order to avoid any errors due to rounding, do not round until the very
end of the calculations.

A.CED.2, F.IF.6
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Interactive Presentation

Example 3

TYPE

| | Students answer a question to show they

) interest.
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2 EXPLORE AND DEVELOP

Usa & graphing calculstor o sohe B = 2e* by using 3 syxtem of
aquations.

Step 1 Write a system,
S wacn ke of 5 20 00U 15 1 AR & TS of SusONE.
F=5
¥
Step 2 Graph the system,

$1op 3 Find the intersection.

Buady Tip
Eatimation. "

wsing the imecsoction o the poin . Prets.
- 3 ENTER 352

Ealtidnton mnadze the I ” o -
ot el ;h;‘:a.me Pk 3. cessestints of it Whiv e esn, Wit 1 About
vabon ol o

Imersection. T can S1ep 4 Use atable,

I yoks dovecy

potmsial siars whie
e L

Vi £ e the TABLE fetiture 30 vimify the s0bion. Firit entor the
ating vk and the nssrval i the 1atite. Siace The Graph shows e
Intorencon it x = 0016 ke 0315 03 the starting value oa 0.0OY af
e it e SEP08 theusgh 1 Table:

= 0%, Yiana Y2 y ircpsal. This
cunfime the sokusion x = 0996
Civeck

e i graphing caloator bo ot 6 = ~15¢' ™% by using @ Sysbem
of Bgeations. Rownd to Ihe nosiEst hundregtn, x = 1
4

Q00 Ctine i 2 ettt 10 Een Ereat cvdem

6 Mhosuas B - Eponartis Fucion

Interactive Presentation

T Smle by
Select & celcuator
TIBA Pius Faeniy ThNupice Family

Example 4

Students tap to select a calculator to solve
an exponential equation.

Students complete the Check online to
determine whether they are ready to
move on.

236 Module 5 - Exponential Functions

= A.CED.2,F.IF.6

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 4 Solve an Exponential Equation
by Using Technology

@ Teaching the Mathematical Practices

5 Decide When to Use Tools Mathematically proficient students
can make sound decisions about when to use mathematical tools
such as graphing calculators. In Example 4, help them see why
using a graphing calculator will help to solve the problem and the
limitations of the tool.

Questions for Mathematical Discourse

VYH When using the table to verify a solution, what is the effect of the
interval of the table? A smaller interval allows you to estimate
solutions to more decimal places.

e What is another way to solve the equation using a graphing
calculator? Identify the solution to 5 — 2e*= 0.

171 What approach would you take to develop a way to solve this
equation algebraically? Sample answer: You would need to define
the inverse function of y = e'and apply it to 5.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic
1, 2 exercises that mirror the examples 1-21 |
2 | exercises that use a variety of skills from this 22-34 ‘
| | lesson |
; 3 | exercises that emphasize higher-order and 35-39 |

critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Check, m
THEN assign:

« Practice Exercises 1-33 odd, 35-39

« Extension: Logistic Growth

- [ ALEKS' Graphing Exponential and Logarithmic Functions

IF students score 66%-89% on the Check, oL}
THEN assign:

« Practice Exercises 1-39 odd

« Remediation, Review Resources: Writing Exponential Functions

« Personal Tutors

« Extra Examples 1-4

« [3 ALEKS' Exponential Functions

IF students score 65% or less on the Check, ALl
THEN assign:

« Practice Exercises 1-21 odd

« Remediation, Review Resources: Writing Exponential Functions

. [ ALEKS" Exponential Functions

A.CED.2, F.IF.6

Practice Q0 G Dt 0 27 g it
Examain 1

Simplity ea<h exprossion,

totoed o et W Lotier? g

4 eV e B e e Ty
7 RPL 1 6B s g
Evanaie

0. Consides the funcon fid = 36 =+ 3.

&, Grag the function.  See méegin,

b Determine domain and range. See masgin

€ Findd the average rate of chings ovis The intervid |5, -2) = D.047
1. Consider e function fix = det® =1

& Griaghh the tuncticn. St sargin

b, Ditaiming domiin and iangs. S Mg
A = harze et [ =1 = 0266

A2, Consider the function i1 = 267 14 2.
a. Graphihe hnction, - See magin
b, Determing domain and range.  Se0 margn.
€. Fingd the mverage (4t of Changs oves fhe intervel [T, —4] = ~0.233

Example 3

- o that grovwes
enafincctaly at an annusl rite of 255

&, Wiite ihe function that represonts the shustion, whare 4 & the wsiw of
Fyan's mvestment after tysars, A = H0006% 5

b Wit il fyare's isvestment wil Da vwortn afoes Tyeens? 8558423

W, SANGS Janah ant
sl rate of 32755
& Weribe the funclion thal sepreents (b uluston, whans A & P vwasiue of
Jarias irmmaterant afier ¢ yoars 4 = B500¢15I
5. What it arlas's ieoatrmant wil b wrth after 18 yeary?. $TLEETAS

A5, SVESTMENTS Marcel invested STLTS0 in 5 company. Hat ivesimant has boan
rowing continusuly s sl rte of 55

2. Write the-tunction that tmpresants the situstion. where A & the vaite of
Mascelia's ivestment aftor [ years. 4 = 127500270
b What will Marcoiy's imvestiment il b woeth afled 3 yeses? S20,9%.9%

Lowaan B3 - Spwi Brpoversis Forchons 2F
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3 REFLECT AND PRACTICE A.CED.2, F.IF.6

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Answers
Sramcdo & 108 T T T a
Use 3 graphing calculstor - | ¥ . T
Bound ta the nearest hundredth if necessary, | = 1
Wm0 R =2 et 0T 4. 3 AT | - 1
Wosste 08 L R L] n-Jaferi-s gt 1) L | [
Mined Erorchies | { .} | |
mwu:lpmﬂhn 4 =
2w el .n [5] |IE]|
25| -3 - |
URE 1D00Y Sobve sach equation. Reund 10 th rearesl hunsdredih if necelsary. - ! 1 l - L1 | |
e - rimdetToE 30 et dodm feieg o o
055 ~159 .30 10b. The domain is all real numbers.  11b. The domain is all real numbers.
31 REASONMG Hasey put $500 L Lo . .
v 5 yoars? e 30 The range is all real numbers The range is all real numbers

i e greater than 3. greater than —1.

L CONSTRUET 'y of the fom ] =
e hiren domain. Ses pn.
e zame margin. 12,1

32, USH TOOLE Gragh the function gie) = Je* + B Idenity fis doman and ege,
Infercrgits, 2705, asympiole. id end benavior See Mmargn 1t
. USETOOLS = - g, e
Funcrodh Enecessaty. 13

(@ Higher Orader Thinking Suiils N\

38, ware ™ h

arinisles COroiEand 5 th verathin in B interral Ioemula”™ Wite & pamgraph 10
ol s reaSenIG. S P

B CAEATE Waitd & frobiern waing e Sevuls fe Compaund men41 that sohves lor u
invtial amount, Men schat your probiem S mangin.

IT. ARMYTE m ¥ O
Ry spion - e 12b. The domain is all real numbers. The range is all real numbers less
IB. FIND THE ERROR $2000 n an T ponusd
et than 2.
B2 24 atier 3 years. I AZa 0ot Explar yOuU! vessoniny Sea margin, . C . . . . .
L e 32. Sample answer: Since x is substituted into the exponent and e*is defined
your rensoning. See mangin % # for x equal to all real numbers, the domain is not affected by a; therefore,
i 367 | st | P ) the domain of any function of the form f (x) = aé is all real numbers.
33 I PR T T
I 55 I
IEB Maduse B - Daposenne Puscaon T T T 'I?5 I
= .N

24 52 | ==
=]

wn

Domain: all real numbers; Range: all real numbers greater than 8;
y-intercept: 15; no zeros; asymptote: y = 8; end behavior: as x — —,
fix) — 8,asx — @, fix) —

35. Final amount corresponds to final population, initial amount corresponds
to initial population, interest rate corresponds to growth rate, and time
of growth is the same for both equations.

36. Sample answer: Lee has $2142.87 in a savings account that pays0.8%
interest compounded continuously. If there have been no additional
deposits, what was the initial deposit 2 years ago?; $2108.86

37. Sample answer: Since e is irrational, evaluating any expression with e
will approximate its value, which introduces error. To minimize the error,
do as much work as possible with the exact value (e) before evaluating.

38. No; Aza forgot to change the percent to a decimal; he used 0.7 instead
of 0.007 in the calculation.

39. g(x) = 2e* + 9; It has a range of all real numbers greater than 9, and
the other two functions have a range of all real numbers greater than 0.
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Lesson 5-4

Geometric Sequences and Series

LESSON GOAL

Students generate geometric series and find their sums.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

Q_:l Explore: Explicit and Recursive Formulas

@ Develop: .

Sequences

« Identify Geometric Sequences

- Graph Geometric Sequences

« Find the nth Term

« Write an Equation for the nth Term
« Recursive and Explicit Formulas

« Find Geometric Means

Geometric Series

« Find the Sum of a Geometric Series
« Find the First Term in a Series

« Sum in Sigma Notation

9 You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

FEE Exit Ticket
% Practice
=

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources |FN T
Remediation: Arithmetic Sequences 00 | o
Extension: Half the Distance (XX ]

Language Development Handbook

Assign page 28 of the Language Development m l
Handbook to help your students build u l.
mathematical language related to geometric e

sequences and series. INTEGRATED Il
e

=T You can use the tips and suggestions on
page T28 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min 1.5 days

Focus

Domain: Algebra

Standards for Mathematical Content:

A.SSE.4 Derive the formula for the sum of a finite geometric series
(when the common ratio is not 1), and use the formula to solve
problems.

Standards for Mathematical Practice:

3 Construct viable arguments and critique the reasoning of others.
8 Look for and express regularity in repeated reasoning.

Coherence

Vertical Alignment

Previous
Students related geometric sequences to exponential functions.
F.BF.2,F.LE.1Ta

Now
Students generate geometric series and find their sums.
ASSE.4

Next

Students will choose the best function type to model sets of data by using
technology.

A.CED.2

Rigor
The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING j 2 FLUENCY | 3 APPLICATION

= Conceptual Bridge In this lesson, students expand on their
understanding of geometric sequences and build fluency by deriving
the formula for the sum of a geometric series. They apply their
understanding by solving real-world problems related to geometric
sequences and series.

Mathematical Background
The formula for the sum of a geometric series, s = u'1__u',r ,is used when

(1—r
the number of terms is not given. If n is known, the formula s = a,g — r@
can be used, as it is not necessary to calculate a .

n

Lesson 5-4 - Geometric Sequences and Series 239a
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Interactive Presentation

Warm Up

wriny the st s

LLRTLE

228, 46.07

BITMILE

el pegmats mguante.
Wy =T = Siaay

By = Ky e Loy

Warm Up

Launch the Lesson

Today’s Vocabulary

239b Module 5 - Exponential Functions

i

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« using arithmetic sequences

Answers:
1.5;23
2.11;6.8
3.-3;15
4.138
5.—4

Launch the Lesson

@ Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in the
length of each swing. Encourage them to explain how to generate
the length of the each swing given the length of the first swing.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Explore Explicit and Recursive Formulas

Objective
Students collect data to explore how to represent geometric sequences
using explicit and recursive formulas.

@ Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in the
number of pieces of paper after each cut. Students will generalize
the pattern they find to write explicit and recursive formulas to
represent the situation.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will explore a geometric pattern by stacking and cutting pieces
of paper, and create an exponential function to model the situation.
Students will then complete a series of exercises to write the exponential
function as a recursive function. Then, students will answer the Inquiry
Question.

(continued on the next page)

| Prep for A.SSE.4

Interactive Presentation

IEN Y i e w G st e T

Explore

o ot i M Rt gy ) L TS T M e e MG P ) 1 Rt 3801 S St e, £65
i i e Yous i Vg = - wapse
e sy seomn,

vurrites of precioh of papre sher 1 o,
a1 — 10 e 0 Py 0f e eisus T

Explore

Students complete the calculations to generate
explicit and recursive formulas.

TYPE
F — Students answer questions to show they understand
| a J the patterns in each type of formula.
N
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

[ L

Explore

TYPE

&l

Students respond to the Inquiry Question
and can view a sample answer.

239d Module 5 - Exponential Functions

Prep for A.SSE.4
1 CONCEPTUAL UNDERSTANDING 2FLUENCY |

Explore Explicit and Recursive Formulas
(continued)

3 APPLICATION

Questions
Have students complete the Explore activity.

Ask:

« Why is it useful to have an explicit formula for a geometric sequence?
Sample answer: With an explicit formula, you can find any termin a
sequence without having to find the previous terma .,

« If you are given the first three terms in a sequence, and asked to find
the next 4 terms, should you use the recursive formula or the explicit
formula? Why? Sample answer: The recursive formula would be better
if you have a starting term and just need to find successive terms.

@ Inquiry

How can a geometric sequence be defined? A geometric sequence can
be defined in terms of the number of the term n using an explicit formula
to find any term of a sequence or in terms of the previous term.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Learn Sequences

Objective
Students generate geometric sequences by using the common ratio.

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the terms in a sequence and the formulas
that can be used to represent the sequence. Help students to see
how the recursive and explicit formulas for a sequence are related
and when to use each type of formula.

About the Key Concept

Emphasize the importance of writing every step of calculations as an
equation so that each numeric value found during the process is clearly
identified.

Common Misconception

Tell students that although the graph of a geometric sequence is
exponential, its graph is discrete instead of continuous because the
domain of a geometric sequence is the set of natural numbers.

@Essential Question Follow-Up

Students have explored sequences.

Ask:
What type of patterns can be modeled mathematically?
Sample answer: numerical patterns involving real number operations,
such as addition and multiplication

Example 1 Identify Geometric Sequences

Teaching the Mathematical Practices
6 Use Definitions In this example, students will use the

definition of a geometric sequence to classify sequences.

Questions for Mathematical Discourse

AW What values can a common ratio be? any nonzero real number

How many terms do you need to divide to determine that the
sequence in the example is not geometric? just the first two pairs

I8 What will be true about the signs of a geometric sequence if the
common ratio is negative? They will alternate between positive and
negative.

Things to Remember
Remind students that if they find the ratio of a term to the previous term,
they should set up the remaining ratios the same way.

B Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

H-4 A.SSE.4

Lesson 5-4

Geometric Sequences and Series
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Interactive Presentation

Learn
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2 EXPLORE AND DEVELOP

Qoo Example 1 idenity Geometric Stquences
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Interactive Presentation

e K

Example 2
TYPE I
f Students answer a question to show they
al understand the graph of a geometric
sequence.
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HL13 A.SSE.4

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY r 3 APPLICATION
Example 2 Graph Geometric Sequences

@ Teaching the Mathematical Practices
8 Look for a Pattern Students identify the pattern in the geometric
sequence and use it to find and graph terms in the sequence.

Questions for Mathematical Discourse

VYU s the graph of a geometric sequence linear? no; unless r = 1
Is a geometric sequence a function? yes

[0 If you connected the points with a smooth curve, what would a
geometric sequence with r > 1resemble? an exponential growth
function

@ Apply Example 3 Find the nth Term

ﬂ? Teaching the Mathematical Practices
1Make Sense of Problems and Persevere in Solving Them,
4 Model with Mathematics Students will be presented with a
task. They will first seek to understand the task, and then determine
possible entry points to solving it. As students come up with their
own strategies, they may propose mathematical models to aid them
As they work to solve the problem, encourage them to evaluate thei
model and/or progress, and change direction, if necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present the
task, or havea volunteer read it aloud. Then allow students the time to make
sure they understand the task, think of possible strategies, and work to solve
the problem.
Encourage Productive Struggle
As students work, monitor their progress. Instead of instructing them on a
particular strategy, encourage them to use their own strategies to solve the
problem and to evaluate their progress along the way. They may or may not
find that they need to change direction or try out several strategies.
Signs of Non-Productive Struggle
If students show signs of non-productive struggle, such as feeling over-
whelmed, frustrated, or disengaged, intervene to encourage them to think of
alternate approaches to the problem. Some sample questions are shown.
« How does the amount of chocolate Javier eats on a day compare to
how much he ate the day before? How can this be represented with a
sequence?
« Could you draw a picture to represent the situation? How could that help you
write a formula?
@ write About It

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Example 4 Write an Equation for the nth
Term

@Teaching the Mathematical Practices
2 Create Representations Guide students to write equations
that represent the sequences in Example 4.

Questions for Mathematical Discourse

/X% In part a, could you use other terms to find r? Y es, you could as
long as the terms are consecutive.

ST In part b, why can’t you simplify @ to 320 ? The exponent
affects the 5 in parentheses, but it does not apply to 640.

In part a, what is the effect of the negative inside the
parentheses? The exponent can be even or odd so the negative
in the parentheses will make the terms alternate signs.

H:4 A.SSE.4
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3 o 14 i st
s

s your sirateTy b sabve the protiem

mia ets ot Wi seem
epresonts Fridng? How much chocolate wel drvier sat on Fridoy? o chacclate Jumier hay
Ryt on day = Difcoe b ety
ey, ihes tuan e
smoustof chetolaln
that A
day .

‘Sameée aserer: The amaun of chocoate oach day s half of the
amount the day betone. The sequoenceis 25, 12.5, .25, 1105,
LE6IS5. 50 on Friday, Savier aats obout 16 grams of chocoite

Example 4 Win

bogy=Gandre]

Step 1 Find o,

PR o o o8

.

s=ail]
s-af})
b=ofy) [y p—
o =640 Stk A

Step 3 Write the equation.

b B4+ Goorreir Secpoences sl Secws 240

Example 4
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Example § Recirgve and Explich F
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so=50,= s, hE2
Bocaisse n, b delned in teems of 10 previous 1, 0, = e, A

eocurshi Sommia ol the fom 8, « F e, . This, 1= . Maw, write The
s fomte.

T cupiscit Soemnda for 0y = 5.9, = 4o,z 2mo, =5(5)
b o, =P

Because a, e o, = e

o e form g, =y

Tk, 0, = § ae e = T b, weses the recusve formutn,
=18, e
=,

The recursive forrati dor 0, = 40T 'say= o, =0, 02

Wasch Chat! Example & Find Goormer

Signs Keen in mnd Fisd fout peansetric rarans between 243 nd 32.

that w4 i

an e pawar ¢y Step 1 Fine the total number of et

A iakle ot el are four ofms Detween a5t s theve are
4+ 2 00 6 dotal teems, b 1 6
Step 2 Find v,

B Tring Abcur i LR

o the geomatic " 3

means change fine sz A,

atumnce iarted # 33 =t

and eoded a1 2437 ok

Expan e (6asOnng. .

Flop 3 Use r to find four geometric means.
W sarmgle et 1 W W0 72
NS A

ks ol e Tk s T O M s 152, K072, anc45:

AT whsns B - Esposantis Puchon

Interactive Presentation

Rituirsbog ant Exisice Focrasas

Example 5
Students complete the Check online
to determine whether they are ready to

move on.

242 Module 5 -« Exponential Functions

2 ASSE.4
1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 5 Recursive and Explicit Formulas

@Teaching the Mathematical Practices
7 Use Structure Help students use the structure of geometric
sequences in Example 5 to translate between recursive and
explicit forms.

Questions for Mathematical Discourse

Y8 What does recursive form mean? Each term is determined by the
previous term.

[&TH How does explicit form differ from recursive form? Explicit form
allows you to find any term in the series given the first term and
the common ratio, while recursive form allows you to find any term
based on the previous term(s).

[578 When would each form be useful when working with geometric
series? Sample answer: Recursive form is useful for generating
multiple terms of the series over a range, while explicit form is
useful for finding specific terms without needing to find the terms
in between.

Example 6 Find Geometric Means

@Teaching the Mathematical Practices
3 Justify Conclusions The Think About It! feature asks students
to justify their conclusion about geometric means.

Questions for Mathematical Discourse

AL | Why does a.= 327 The series has six terms: 243, the four
geometric means, and 32; thus, 32 is the sixth term.

[sTH Would it be possible to find 4 geometric means between 243 and
—32?If so, find r. yes; r = —%

[=11 What would happen if you tried to find more than 4 geometric
means between 243 and 32? r would be irrational.
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1 CONCEPTUAL UNDERSTANDING | 2FLuENcy |

Learn Geometric Series

3 APPLICATION

Objective
Students find sums of geometric series.

@Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or as
being composed of several objects. The Think About It! feature
requires students to see the denominator of the formula for the
sum of a geometric series as a single object.

Things to Remember
Encourage students to begin a geometric sequence problem by writing
the known values for each of the variables, n, @, and r.

Example 7 Find the Sum of a Geometric
Series

@Teaching the Mathematical Practices
4 Interpret Mathematical Results Use the Study Tip to reiterate
the importance of interpreting results in the context of the
situation. Have students explain why S cannot be negative.

Questions for Mathematical Discourse

XM Why is n = 6? We are solving for the total number of dominos in
6 rows.

T8 How would you determine how many rows can be made with
d dominoes? Set S = d and solve for 7.

1% What happens to the sums if r is negative? They alternate
between negative and positive as 77 increments.

DIFFERENTIATE

Language Development Activity

Beginning Help students access text by using an interactive
whiteboard to work through finding the sum of a geometric series.
Point out each variable in the formula and each step of the solution,
using short phrases to explain.

Intermediate Provide students with a study guide to make the text
accessible to all students. Paraphrasing content helps students make
connections more easily.

Learn G

A sesbes 8 The 4um of the i 1n 8 becamion. The fuim &f g find
2 oarri ol & v 1 doncted 5, A Sarken s the yum o e
1t L GreRnE BoqUOnNGE

Ry Concaps  Pertiel Sumy of & Gesmetrc Seriss

Gheen The suss of 5, of the Sest A terms is
P Ao Thirss At 0
Wity dos £ 8 18005,
s,
Sample snsw
50 Onte Dot i i gpasin
s > donominator 14, 5,
Thes sum of a series Can be wrthen g =1

Otation, which LS i Grbek UNDeICnse e 550 indicati hat you
ahousd e a sum.

Ky Concegt « Sigma Hotation
Symbat

E4B4NG_+20
”
ot tanm -t nm oty asgp G
- B0+ 0144 DG
=4 4+ i0538
= 15,600
Srudy T
3 Example 7 Find iy
L, P
e inock
over ane, whi . b goometic soriet
‘w miowe, and 50 0n. f ise wants to make & tows of domines, how ks whishar
sy wedl st need in totalT saltion makes sense
e contimt ot e
The it row has one domming. $5, 8, = Lr = 2. sndn« 8. G G
5 45, v ngatie
the pestrern, that
Y v s Katart
e n negatie
namires o

Q)50 e 1 covrbets i o Epemgis rosbns

Lamnen B8 - Gocrmabsc Sacwncan s Sases 240

Interactive Presentation

Students answer a question to determine
whether they understand the formula for
the sum of a geometric series.

Lesson 5-4 - Geometric Sequences and Series 243
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2 EXPLORE AND DEVELOP b
1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 8 Find the First Term in a Series
Example 8 Fid th o St . . .
i 2, oot sl o which S, = 213425, .5, and @ Teaching the Mathematical Practices
O T LT e 1Seek Information Mathematically proficient students must
kgl o be able to transform algebraic expressions to reach solutions.
In Example 8, students must solve the sum formula for a given
PR L ol variable.
P
" ,5 Questions for Mathematical Discourse
2315 = o,
=N iy sy 2 VYH What is a step you could have shown in between simplify and
S tha frat e 1 subtract? Distributive Property: @ - 350,= a 1 317
[eTH Which values would we need to use this formula to solve for r?
I e
b et tonth. [ZI% How could you write a,as a function of r with the given S and n?
sarts whin & = 5 ety . . 1-r
0, = =2 e " Factor a,out and then multiply each side by —.
43, sather than I the st o, k = S and 0, & 32 Mokl
o= N Tord
Thee B OF this e ponentisl nction s 7, 307 » =2, . . .
Trapnare 2~ 54 Vor S1oums 0 = Example 9 Sum in Sigma Notation
o @‘?Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or as
being composed of several objects. In Example 9, guide students
Doceme il o to see what information they can gather about the geometric
:«":;m“:..::. 251 Bawind b the peswest henth il necessary series just from looking at the sum in sigma notation.
Exgand 54 ?
3052
R Questions for Mathematical Discourse
A4 Modute § - Dpocarn Fachon

X8 How can you check your answer? Write out each term for k from

Interactive Presentation 51012 and add them.

| For k from 1to oo, will any term in the series be irrational? no

[518 How would you write a sum in sigma notation that would have the
same sum but start at k = 1? The exponent would need to equal
4 for k =1, so it would be k + 3, and the sum would go from 1to 8.

s e Wi

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask

: students to respond using a separate piece of paper. Have students hand
i you their responses as they leave the room.

BEREE Alternate Use
At the end of class, go online to display the Exit Ticket prompt and ask
Students complete the Check online students to respond verbally or by using a mini-whiteboard. Have students
@ }sg[z‘i’r‘"“"e Whether they are ready to hold up their whiteboards so that you can see all student responses. Tap to

reveal the answer when most or all students have completed the Exit Ticket.

244 Module 5 - Exponential Functions
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK| Topic | Exercises
| 1,2 exercises that mirror the examples 1-37
‘. 2 | exercises that use a variety of skills from this 38-65 ‘
| lesson
[ 3 | exercises that emphasize higher-order and 66-73 |
critical-thinking skills |

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, m
THEN assign:

« Practice Exercises 1-65 odd, 66-73

« Extension: Half the Distance

- [ ALEKS" Sequences and Series

IF students score 66%—-89% on the Checks, oL}
THEN assign:

« Practice Exercises 1-73 odd

« Remediation, Review Resources: Arithmetic Sequences

« Personal Tutors

« Extra Examples 1-9

- E] ALEKS® Arithmetic Sequences

IF students score 65% or less on the Checks, m,
THEN assign:

« Practice Exercises 1-37 odd

« Remediation, Review Resources: Arithmetic Sequences

« Quick Review Math Handbook: Geometric Sequences and Series

. E ALEKS" Arithmetic Sequences

Practice B e
-
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3 REFLECT AND PRACTICE

T 5 eciuation for the oth barm.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

63. Sample answer: The second option; receiving 20 annual payments

4,000,000[1 —(1.02¢)
[1=(1.02)]

$97,189,479.20. By choosing the annual payments, the winner will

represents a geometric series, and S = ,or

receive approximately $17 million more than by choosing the single
payout.

64a. 20 indicates the athlete will run 20 miles in the first week, 1.1indicates
that the number of miles increases by 0.1or 10% each week.

64c. Yes; the total number of miles over 20 weeks is 20 + 20(1.1) + ... +

20(11)%= 20(1 + 11+ .. +11¥=20 (‘fj"jﬂ) =~ 145.5, 50 the

athlete will run over 1000 miles.
64d. about 31.5 miles; Sample answer: Let x = miles ran during the first week.
15
1000 < S X1y~

1000 < x + x(1.1) + (L1 + ... + x(1.1)*
1000 < 31.77x
3147 <x

a—ar"  a—arra —ar,

66'5/7: T—r — 1-r

.
68. Sample answer: k — 1 needs to change to k, and the 10 needs to change
to a 9. When this happens, the terms for both series will be identical (g,
in the first series will equal ajin the second series, and so on), and the

series will be equal to each other.
. Sample answer:
Let @, = the nth term of the sequence and r = the common ratio.

6

©

a=asr Definition of the second term of a geometric
sequence

a=asyr Definition of the third term of a geometric sequence

a=asrer Substitution

a=asr? Associative Property of Multiplication

a=a;r3! 3—-1=2

a=asr"! n=3

73. Sample answer: A series is arithmetic if every pair of consecutive terms
shares a common difference. A series is geometric if every pair of
consecutive terms shares a common ratio. If the series displays both
qualities, then it is both arithmetic and geometric. If the series displays
neither quality, then it is neither geometric nor arithmetic.
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Lesson 5-5

Modeling Data

LESSON GOAL Suggested Pacing
Students choose the best function type to model sets of data by using 90 min 0.5 day
technology. 45 min 1day
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Algebra

Standards for Mathematical Content:

2 EXPLORE AND DEVELOP A.CED.2 Create equations in two or more variables to represent
relationships between quantities; graph equations on coordinate axes
with labels and scales.

@ Explore: Modeling Exponential Decay

@ Develop: Standards for Mathematical Practice:
4 Model with mathematics.
Choosing the Best Model 5 Use appropriate tools strategically.
« Examine Scatter Plots
« Model Data by Using Technology Coherence
g You may want your students to complete the Check online. Vertical Alignment
Previous
3 REFLECT AND PRACTICE Students used linear and nonlinear functions to model real-world data and
elationships. F.BF.1 (Course 1, Course 2|
KR Exit Ticket R (e 2]
Now
QQ Practice Students choose the best function type to model sets of data by using
sl technology.
A.CED.2
DIFFERENTIATE
Next

Students will study logarithmic functions and how they can model real-world

@ View reports of student progress on the Checks after each example.
relationships. F.BF.1, F.BF.5

Resources |/
Remediation: Linear Regression Py ° RIgOI‘
Extension: Analyzing Residual Plots e0e The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING ! 2 FLUENCY | 3 APPLICATION

Language Development Handbook
) Conceptual Bridge In this lesson, students develop their

Assign page 29 of the Language Development = L] . N . . -
Handbook to help your students build " .. understanding of nonlinear associations. They build fluency in fitting
mathematical language related to modeling sets 3 functions to data, and they apply their understanding by solving real-
of data by using technology. INTEGRATED It world problems.

=T You can use the tips and suggestions on
page T29 of the handbook to support students

who are building English proficiency. Mathematical Background

Functions can be used to model data. Look at the shape formed by the
data to determine what type of function best models the data.

Lesson 5-5 « Modeling Data 249a
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Today’s Vocabulary

249b Module 5 - Exponential Functions

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding and using a linear regression

Answers:
1. See students’ graphs.
2. Sample answer: y = 4.2x + 123
3. positive
4. about 194 Ib

Launch the Lesson

@ Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students observe
a situation in which a regression equation can be used to predict
data. Ask students to use the graph shown to estimate the revenue
for a year within the data set. Once students have completed the
lesson, students can use the regression equation to estimate the
revenue for the same year and compare their estimates.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards coveredin this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

2FLUENCY |

1 CONCEPTUAL UNDERSTANDING 3 APPLICATION

Explore Modeling Exponential Decay

Objective
Students use a model to explore exponential decay.

@ Teaching the Mathematical Practices
2 Make Sense of Quantities Mathematically proficient
students need to be able to make sense of quantities and their
relationships. Throughout the Explore, students must explain the
relationship between the number of trials and the number of coins
remaining.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will perform an experiment by recording the number of coins
after each trial. They will use the results to answer guiding exercises

to explore how experimental data can be modeled and used to make
predictions. Each group of students will need 50-100 coins. Candy
coated chocolates can be substituted for coins, where students use the
imprinted logo on the candy to determine whether it should be set aside.

(continued on the next page)

Interactive Presentation

(BN OO, i s o s i it 2 i snatm |

B 1
_ " : : I . .

Explore
TYPE ]
al Students record the results of an experiment to model exponential
decay.

Lesson 5-5 « Modeling Data 249¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

{Eh oy

Explore

| ___vee |
Students respond to the Inquiry Question and can view a

al sample answer.
J

249d Module 5 - Exponential Functions

Eid A.CED.2

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION
Explore Modeling Exponential Decay
(continued)

Questions

Have students complete the Explore activity.

Ask:

« What is the probability that a coin will land on heads? On tails? Sample
answer: The coin has an even chance of landing on heads or tails, so
the probability is 50%.

« When gathering experimental data, why should you perform more than
1or 2 trials? Sample answer: Using only 2 trials wouldn’t give you very
accurate data. The more trials you use, the closer you get to theoretical
probabilities.

@ Inquiry

How can experimental data be used to predict outcomes? By first making
an equation that models the situation, the equation can be evaluated to
make predictions.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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2 FLUENCY
Learn Choosing the Best Model

Objective
Students choose the best function type to model sets of data by using
technology.

1 CONCEPTUAL UNDERSTANDING 3 APPLICATION

@Teaching the Mathematical Practices
4 Interpret Mathematical Results The Think About It! feature
asks students to reflect on whether the predictions made using
a regression function will always make sense in the context of a
real-world situation.

Things to Remember
Remind students to clear lists L1and L2 before starting any activity. They
should also enter appropriate settings for the graphing window.

Example 1 Examine Scatter Plots

@Teaching the Mathematical Practices
5 Analyze Graphs Help students analyze the graph they have
generated using a graphing calculator. Point out that to see the
entire graph, students may need to adjust the viewing window.

Questions for Mathematical Discourse

JY® Based on the values in the table, why is a linear function likely not
a good fit for the data? The y-values are increasing faster than the
x-values.

TR i you only had the data over the interval [—2, 0], what conclusion
might you make about the function that best models the data?

It would appear to be best modeled by a linear function.

What do you know about k, the vertical translation of the parent
function, for the exponential function that models this data set?

k < —3 because the asymptote is very close to but less than
k=-3.

= A.CED.2

Lesson 5-§

Modeling Data

5 T & ot the tewt
Explore Modeling Expanential Dacay nuon Ty b el
v ot cata
1D Online Actvity Use s concrol model 1o compient tha Explore.
Todany's Vocatudasy
regreasion Runction
2 INOLIRY How can xpbrimantal catn by usd A
1o priedict cutcomes?
Learn © har Bt Modal
Poca that inese. qusckese, snd expanuntisl -
Runcticns. grow cifisnently, Linear function t
furyn Eneee graphy. Cuacatic nd exponentinl o T At 17
fumcbony e e, wih prpreriol st the redabiity.
unchions growing fster than quadsatc of using o regeession
functions. funetion b mabie.
ous £ Use 8 graphing a . hon. wieh domain

5 & funciion genetatid by an sigorthm o S & e or clirs that fits o

set of data. Cakeutalons may sha compute & number . caled the

Vilkoers ruch gresser of
b B th e i
the cista st

This messre shaws.
madeied by tha regression encton. n valug dose 1o Va0
mitation of & s¥ang % to tha datn

Example 1 Examne Scatier Plots

scatber plot

table.
Uror, quadratic. of sapanential function.

Lasnem B8 Mosehsg Dab 349

D Go Online

- Find additional teaching notes.
- View performance reports of the Checks.
« Assign or present an Extra Example.

Cacatng the Seet Mosel

Students answer a question to show
they understand the limitations of using
regression functions.

Lesson 5-5 « Modeling Data 249
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2 EXPLORE AND DEVELOP = A.CED.2

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3APPLICATION
Example 2 Model Data by Using
e s et o v i = Technology
Sl and it nCeases ragidly os « — = The data are Wty best
B il A 31 S AR {@7 Teaching the Mathematical Practices
e | Ceck 4 Make Assumptions In the Think About It! feature, have
znw;%::e:‘ i e Berredodiea et pteomtin s students explain an approximation that was made to solve the
ity bk wsnraredumsons: problem.
S ol - ; 5 Compare Predictions with Data Point out that in Example 2,
oy | i students should use a graphing calculator to predict the number of
qoaasc o oo © Rinmpte 2 Moisel Data by Using Ye coffee shops in a given year.
ConrEE Forty speing
mizar S : Questions for Mathematical Discourse
FYE What characteristic of the data indicates an exponential function
would be a good model? Sample answer: As x increases,
y increases by larger intervals.
o7 Would you expect the trend to continue indefinitely? Explain.
T No; sample answer: The market will eventually reach a saturation
© sk abous 18 S e i, point for the coffee shop.
bidoni o Sep 3 Determine e function of best i
st B e I8 A quartic function has an rof 0.988 for the data set. Does this
bk e, o g P o mean itis a better model? Sample answer: Not necessarily. The
e poistovang rd sl iy quartic function may have multiple direction changes in between
o foe e data ¥ = 0,964, which s 0 song data points that would not make sense for the model. Graphing
it | ilnete supmmralten N the data set and the modeling function can show you whether the
Sapd B hmction model makes sense in the context.
m&,’" A0 pwars = X ghops 47 years = TON6 thops
et
280 Macute B - Dapocenne Foecions

Exit Ticket

Recommended Use

At the end of class, goonline to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Interactive Presentation

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.

Example 2

Students select a calculator to use to
determine the function that best models
the data and use it to make predictions.

Students complete the Check online to
determine whether they are ready
to move on.

250 Module 5 - Exponential Functions
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3 REFLECT AND PRACTICE

2FLUENCY |

Practice and Homework

1 CONCEPTUAL UNDERSTANDING

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic

3 APPLICATION

| 1, 2 exercises that mirror the examples
2 | exercises that use a variety of skills from this 7-13
| lesson
3 | exercises that emphasize higher-order and 14-17

critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide

resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks,
THEN assign:

« Practice Exercises 1-13 odd, 14-17

« Extension: Analyzing Residual Plots

IF students score 66%-89% on the Checks,

THEN assign:

« Practice Exercises 1-17 odd

« Remediation, Review Resources: Linear Regression
« Personal Tutors

« Extra Examples 1, 2

- [ ALEKS Scatter Plots and Lines of Best Fit

IF students score 65% or less on the Checks,

THEN assign:

« Practice Exercises 1-5 odd

- Remediation, Review Resources: Linear Regression
« [ ALEKS® Scatter Plots and Lines of Best Fit

Answer

[—6, 14] scl: 1by [—4,16] scl: 1

|

Prisctice [ S S ——

Erampte 1

Usa 3 geaphing calculator o makn a scatier picd of the daba in the tabe. Then
data e, quodiatic. or

exponential function.
L Sew migin lof scatie plol: Envar

Ll . 6 ik 3
2 | o
2. S0 maegin o seetier gt exponentinl
B | 1 4 | oa | es | o5l oa oz] 2 |
o4 | 2 B | o8 | t | ox | as |oos | 48 |
3. Foe margin o scaties plot; geadiatic

] [ z [T v TosTesT s Tas
L] 1 1 4 | 7 i5 15 &5 &

x..w« z

v oy e 000 o o e KPR

madde i uriar depdsits r withdniwals. The tble shaws
The account Batance for.a peciod of 1 years \osaso
15555
B Ui 2 gragiing cacutisce oty =
deta S mangn ez
=S 1 M0
b ® ] GRS

dongresins the et ook, Ao com ficients ind conmtint
e eabarpst tenggenn,  § == 2906 + 7673 + 100132

£, At i i wit B 4 the acociunt siter 15 yrars?- $2057.03
5. TESTGRADES A proftssonconductad o suvey 2y kg [ERRTEYRY FR g

12 students how Many Rowrs Thoy et Draparing for the

final e ® SRR

HERDOLES wiTlh thesr ‘ilnl enam Qlades.

sielslslele

. Gnph and arseyze he data st Stie if & is Sowor of
Wik an oguation for the best 4t madel
Sew matgin for scatter plot. lmear; y = 6.4x + 45.85
b Bainad n your grapiL sl i e misinium nimiter of
‘hours that you shoukd spend studying  you went 15 et 8
L Of bapther =2.2 hours.

Lasaen 8.8+ Mg ale 261
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
2;
& scisct for
(ikumais 1 (bt ha P e opid 8 Varicis B,
T Wi I the bt aciel? Wit s 950 resgrviasan hunction® - sxponetiak = 87 2408
e it aboud 4.4 minstes
Mere Guntisa
st o piot of the data. Then
78 e Mo, & s s bt
aponential function, 7.8 S Ao on nzather plats. o
TR {1 3L 10, &1, (2. 90, 7, 29, {9 ~354 (5, 7% Neewr Antwer [—1, 5] scl: 1by [—1, 9] scl: 1
Hppendi fee
.10, T 0. 640 G2 A1 (4, 6 (3. 8 (5 320 2 eupenensal graph.; The 3
scamen pletis i
Dwacribe the correlation for sach vatue of 7, L, vetth 4
B ¢ = 0965 sheng, postive 0.7 = <t parfect, dogithe poskibe
rrchion, and o
Tom032 ek, positine A= 035 weak, negaive strong
tomelatin.

3L PORLLATION The Waid Dlark an the Food and agicutiurs
Organization Back workd popustion trpnds. The tatsy shows
T frasbase of peopie por e Kiomiter for weveral yaan.

Use' griihving calcuaton 10 graph the scatter pint that rroers i

ke S caka. Then use the 1cosen tha et

Il DotweeT: the variaties Tt 200

B e Drder Trinking Skins 2002 424 | 2om
AL CREATH Mako 5 Wbt of viskars wheea The dalia i e table s | 2003 | 451 200 | 547
bet modiec) Sy n sponsential kction. See margin. 2004 w6 | J0w | sae
VS, Wit Explsin 2005 sor | zom | =e0
. WNTE Explain how o Uty o | 5e0 ]
ety 20061 509 | J0% | 567
Auihati, e exponentiol funetion 508 mangin il TR B
2008 522 | 2om | sao

6. AMALYZE Tho path of n 3iream of wate: in & fouoain i shewn - 4a
1t raph, SOk 0 SOR1 AN 4 RERIEG] RICHEON o GUANANC -
TGN 10 o v cesa? Exginin, S0 magi

Shawn i S table, WRaL is the Best madeiT What i
the tegression fanction quadratic; S4 = Jur?

7. PESSEVERE The sieface moas 54 of hemepneres with radis £ aro i

Time (se<ondu)
282 wdasuse § - Eaponanng fuschon
[0.16] scl: 1by [0, 2200] scl: 200
5a.
14. Sample answer:
X =0 = =il 0 1 2
1 1 1
y 27 9 3 1 e o =

1 L1 1
15. Enter the x-values in the table in L1in a calculator. Enter the y-values in € Nl sc: Ty [ 00) 10

the table in L2 in a calculator. Perform linear, quadratic, and exponential 6a.
regressions. Then compare the coefficients of determination, % The
function with a coefficient of determination closest to 1 will fit the data
best.
16. Sample answer: Since the data accounts for only the first 1.5 seconds,
it appears as if an exponential function should be selected, but that
height of the water in the fountain will start to decrease after reaching
its maximum height. Therefore, a quadratic function should be selected
to model the data.

[—1, 25] scl: 1[—1, 65] scl: 5
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Module 5 - Exponential Functions

Review

Rate Yourselfl & @ B

Have students return to the Module Opener to rate their understanding
of the concepts presented in this module. They should see that their
knowledge and skills have increased. After completing the chart, have
them respond to the prompts in their Student Edition and share their
responses with a partner.

@ Answering the Essential Question

Before answering the Essential Question, have students review their
answers to the Essential Question Follow-Up questions found throughout
the module.

« How can being financially literate help you to make good decisions?
« What type of patterns can be modeled mathematically?

Then have them write their answer to the Essential Question.

DINAH ZIKE FOLBABLES

IS0 A completed Foldable for this module should include the key
concepts related to exponential functions.

LearnSmart Use LearnSmart as part of your test preparation plan
to measure student topic retention. You can create a student assignment
in LearnSmart for additional practice on these topics for Polynomial,
Rational, and Radical Relationships and Modeling with Functions.

« Series Expressions
« Applications of Function Models

« Exponential and Logarithmic Functions

G Essental Gueston

Module 5 - E | Functions.
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Test Practice
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254 Module 5 « Exponential Functions

Review and Assessment Options

The following online review and assessment resources are available
for you to assign to your students. These resources include technology-
enhanced questions that are auto-scored, as well as essay questions.

Review Resources
Vocabulary Activity
Module Review

Assessment Resources
Vocabulary Test

Module Test Form B
Module Test Form A
Module Test Form C
Performance Task*

*The module-level performance task is available online as a printable document. A scoring
rubric is included.
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Test Practice

You can use these pages to help your students review module content
and prepare for online assessments. Exercises 1-20 mirror the types of
questions your students will see on online assessments.

Question Type Description

Exercise(s)

Multiple Choice  Students select one correct answer. 1,5, 8, 9, 10,
14,15,16,17 |
Multi-Select Multiple answers may be correct. 3
Students must select all correct
answers.
Open Response  Students construct their own 2,4,6,7,1,
response. 12,13,18

To ensure that students understand the standards, check students’
success on individual exercises.

Standard(s) | Lesson(s) Exercise(s)

ASSE.2 . 52 5,8
ASSE4 . 54 14,15
ACED.2 | 515355  4,12,16,17,18
ARELT 52 7

FIF4 L 51 2
FIFS 53 9101
FIF.7e 51 1
FIF.8b . s 3

FLES 52 6
FBF1a 54 3

*

y = sty (1) ave shown
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muE - © ez
I 0. 007
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e 3} o, e & 1
Samis andvenr: The £ Cotedisaty of the w3t
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B MULTEPLE CHOICE Sohe 50 5 1264
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Lesson 5-1

L

| Domain: all real numbers; Range: all positive
| real numbers; y-intercept: (0, 1); Asymptote:
| y = 0; End Behavior: as x — —o0, fix) = 0
! and as x — o0, flx) — o

2' t
| Domain: all real numbers; Range: all positive
[ | | 1 _f real numbers; y-intercept: (0, 1); Asymptote:
.| y=0;End Behavior: as x — —o0,
L | fix) — 0and as x — 00, flx) — o0
3.

| Domain: all real numbers; Range: all positive
I real numbers; y-intercept: (0, 1); Asymptote:
| y=0; End Behavior: as x — —o0, T
| fix) — 0 and as x — oo, fix) — 0 ] e ot o e e
O 246 8101216 18202224X
Time (years)

=
O
o
=
re
m
o)
>
Z
7]
=
m
P
>
o
T
m
Z
o
x

16b.
i Domain: all real numbers; Range: all positive E
: real numbers; y-intercept: (0, 1); Asymptote: t
i | .| y=0;EndBehavior: as x — —oo, 3
Ll L L L] f)— 0andasx— oo, fix) = 0o 5
wol— 1 L L1 11
R N S o
© 1234567890
Time (years)
23 T

X
' Domain: all real numbers; Range: all positive

|| real numbers; y-intercept: (0, 1); Asymptote:
| y=0; End Behavior: as x — —oo,
! fix) = oo and as x — o0, flx) — 0

| Domain: all real numbers; Range: all positive
| real numbers; y-intercept: (0, 1); Asymptote:
|1 y=0;EndBehavior: as x — —o0,

| 1A i Ll L | flx) = ocoand as x — oo, fix) — 0

Module 5 « Answer Appendix 256a
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27.

' Domain: all real numbers; Range: all positive
| real numbers; y-intercept: (0, 1); Asymptote:

.|| y=0;End Behavior: as x — —o,

~ L fix) — occandasx — o0, fix) — 0

Domain: all real numbers; Range: all positive
* real numbers; y-intercept: (0, 1); Asymptote:
|| y=0; End Behavior: as x — —o0,
fix) — oo and as x — o0, fix) = 0

Z
i
o
o
<
o
w
=
7
Z
<
10
1)
-
2
(@]
(©)
=

256b Module 5 - Answer Appendix

TAE0Y

R

33b. Both f{x) and g(x) have a domain of all real numbers. f(x) has a range of

y = 1and g(x) has a range of y > —1, so the range of f(x) is greater than
the range of g(x). f{x) has no x-intercept and g(x) has an x-intercept at

(0, 0). fix) has a y-intercept at (0, 1) and g(x) has a y-intercept at (0, 0), so
the y-intercept of f{x) is greater than the y-intercept of g(x). fix) is
increasing when x > 0 and g(x) is increasing for all values of x. f{x) is
decreasing when x < 0 and g(x) is never decreasing. f{x) is positive for all
values of x and g(x) is positive when x > 0. f(x) is never negative and g(x)
is negative when x < 0. f{x) has a minimum at (0, 1) and g(x) has a
minimum slightly greater than =1, so the minimum of f{x) is greater than the
minimum of g(x). Neither f(x) nor g(x) are symmetric. The end behavior of
fix) is: As x — —o0, fix) — oo and as x — o0, f{x) — oc. The end
behavior of g(x) is: As x — —o0, g(x) — —Tand as x — o0, g(x) — oo.

34

[

3. ]

3. ||

. Both f{x) and g(x) have a domain of all real numbers. f(x) has a range of

y < 1and g(x) has a range of y <1, so the range of f{x) is greater than the
range of g(x). f{x) has x-intercepts at about (—1.5, 0) and (3, 0) and g(x) has
an x-intercept at (0, 0). So, the x-intercept of g(x) is between the x-intercepts
of f[x). f(x) has a y-intercept at about (0, 0.75) and g() has a y-intercept at
(0, 0), so the y-intercept of f(x) is greater than the y-intercept of g(x). fix) is
increasing when x < —1and g(x) is never increasing. f{x) is decreasing
when x > —1and g(x) is decreasing for all values of x. f(x) is positive
when —1.5 < x < 3 and g(x) is positive when x < 0. f{x) is negative when
x < —15and when x > 3 and g(x) is negative when x > 0. f{x) has a
maximum at (—1, 1) and g(x) has a maximum slightly less than 1, so the
maximum of f(x) is greater than the maximum of g(x). Neither f(x) nor g(x)
are symmetric. The end behavior of f{x) is: As x — —o, fix) — —occ and
as x — 00, f(x) — —o0. The end behavior of g(x) is: As x — —o0, glx) — 1
and as x — 00, g(x) — —oc.

AT TR

E———

* D = {all real numbers}, R = {y | y > 0};
_exponential growth

* D = {all real numbers}, R ={y | y > 0}
- exponential decay
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37.

38.

45,

46.

D = {all real numbers}, R ={y | y < O},

D = {all real numbers}, R = {y | y > 0};

Reflect f (x) in the y-axis and translate the
result one unit up to obtain the graph of
g(x). The y-intercept of g(x) is (0, 2), which

d up 1unit from the
y-intercept of fix), (0, 1). g(x) is decreasing
on its entire domain, f{x) is increasing on its
entire domain. Both g(x) and f{x) are
positive on its entire domain. The
asymptote of g(x)is y = 1, which was
translated up one unit from the asymptote

¥
=G x
P
N
exponential growth
o
o
exponential decay
¥
|
was I
[ X

of fix), y = 0. For g(x) the end behavior is as x ——0o0, g(x)—00, and
as x —o0, g(x)—1. The end behavior of fix) is as x ——0o0, fix)—0, and

as x —oo, flx)—0o0.

LT )

x

g(x) = 2(0.5)= 1. The domain is the set
of real numbers. Because f (x) is translated
1unit down, the range is the set of real
numbers greater than —1. The y-intercept
is (0,1). The zero is —1.

Lesson 5-4
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Module 6

Logarithmic Functions

Module Goals

« Students write and evaluate logarithms and graph logarithmic
functions.

« Students simplify logarithmic expressions and solve logarithmic
equations.

« Students simplify logarithmic expressions and solve exponential
equations by using common logarithms.

« Students simplify logarithmic expressions and solve exponential
equations by using natural logarithms.

« Students write exponential growth and decay equations and solve
them by using logarithms.

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.SSE.2 Use the structure of an expression to identify ways to rewrite it.
F.LE.4 For exponential models, express as a logarithm the solution to
ab® = d, where @, ¢, and d are numbers and the base b is 2, 10, or e;
evaluate the logarithm using technology.

Also addresses A.CED.1, A.REL11, and F.IF.7e

Standards for Mathematical Practice:

All Standards for Mathematical Practice will be addressed in this module.

Suggested Pacing

Lessons ]

Coherence
Vertical Alignment

Previous

Students graphed and analyzed exponential functions and solved
exponential equations.

A.CED.2,F.IF.7e

Now

Students graph and analyze logarithmic functions. Students translate
between exponential and logarithmic forms of expressions and solve
exponential equations by using logarithms.

A.SSE.2, F.IF.7¢, F.LE.4

Next
Students will graph and analyze rational functions.
F.IF.4,F.IF.5

Rigor

The Three Pillars of Rigor

Students will use the three pillars of rigor to help them meet standards.
Students gain conceptual understanding as they move from the Explore
to Learn sections within a lesson. Once they understand the concept,
they practice procedural skills and fluency and apply their mathematical
knowledge as they go through the Examples and Practice.

1 CONCEPTUAL UNDERSTANDING iFLUENCY | 3 APPLICATION

EXPLORE m EXAMPLE & PRACTICE

Standards -min classes PO-min classes

Module Pretest and Launch the Module Video 1 0.5
6-1 Logarithms and Logarithmic Functions ASSE.2,F.IF.7e 2 | 1
6-2 Properties of Logarithms ACEDA 2 | 1

~6-3 Common Logarithms  ARELT, F.LEA 2 | 1
6-4 Natural Logarithms ASSE.2, F.LE4 2 | 1
6-5 Using Exponential and Logarithmic Functions A.CED.1, F.LE.4 1 | 0.5

Module Review 1 | 0.5

| Module Assessment 1 | 0.5

Total Days ) | 6

Module 6 - Logarithmic Functions  257a



b Module Resource

'. (lz\'}IEFK-TIQ ﬁv Formative Assessment Math Probe
/  [telsi=M Properties of Logarithms

Analyze the Probe

Review the probe prior to assigning it to your students.

In this probe, students will determine whether various expressions are equivalent to a
given expression.

Targeted Concepts Understand that logarithms have properties that allow them to be
rewritten in different forms.

Targeted Misconceptions

« Students may incorrectly treat log as a variable and:
- factor it out of an expression: log @ + log b # log (a + b),
- distribute it into an expression: log (a + b) # log a + log b, or
« cancel the logs when dividing.

« Students may not understand how to manipulate the logarithm of a power and may
square the log: log a # (log af.

Correct Answers: 1. B, D; 2. B, D;
3.A,C4.E

Use the Probe after Lesson 6-2.

—a Collect and Assess Student Answers

o the student selects @ the student likely...
these responses...
1.A,C incorrectly factored out the log in each expression.
2.A.C
4.C,D
4.A,B incorrectly canceled the log in the numerator with the log in the denominator.

b o e e e e e e e e e

3.B is confusing log 62 with (log 6)%

~a Take Action

After the Probe Design a plan to address any possible misconceptions. You may wish to
assign the following resources.

- [&] ALEKS' Properties of Logarithms

« Lesson 6-2, Learn, Examples 3-5

Revisit the Probe at the end of the module to be sure that your students no longer carry
these misconceptions.

257b Module 6  Logarithmic Functions
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\‘:'I
IGNITE!
The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and
engage and challenge students. Use these open-ended, collaborative
activities, located online in the module Launch section, to encourage
your students to develop a growth mindset towards mathematics and
problem solving. Use the teacher notes for implementation suggestions
and support for encouraging productive struggle.

& Essential Question

At the end of this module, students should be able to answer the
Essential Question.

How are logarithms defined and used to model situations in the real
world? Sample answer: A logarithm is the power to which a base must
be raised to equal the given number. Logarithmic functions model slow-
growing functions.

What Will You Learn?

Prior to beginning this module, have your students rate their knowledge
of each item listed. Then, at the end of the module, you will be reminded
to have your students return to these pages to rate their knowledge
again. They should see that their knowledge and skills have increased.

DINAH ZIKE FOLBABLES

Focus Students write notes about new terms and concepts as they are
presented in each lesson of this module.

Teach Have students construct their Foldable as illustrated. Have
students write an explanation of each term or concept on the appropriate
section of their Foldable while working through each lesson. Encourage
students to record examples of each term or concept on the back of
each flap.

@When to Use It Encourage students to add to their Foldable as they
work through the module and to use it to review for the module test.

Launch the Module

The Launch the Module video shows students that logarithmic functions
are the inverses of exponential functions. Students learn that the Richter
scale and mathematical representation of the musical scale are real-world
applications of logarithmic functions. Students also learn that logarithms
can help with calculations involving large numbers.

Module s
Logarithmic Functions

Whiast Will ¥ou LearnT
Hew maeh e you tope g s module?

HEY,
Potothion  @o-twrssan  df-riomn

I

[ ot e et vy et
| umirvy oparmhm

| pechnosngy.

(D0 Fatdutien Beginwith twg: shests.of gricd paper foldid slong th width
L O T Arkd shiad cut § & alung the ol al the s

2,00 90 SeCend UL, £ in B compt 1csging 5 cm licm the eedi.
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Interactive Presentation
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What Vocabulary Will You Learn?

[ZM8 As you proceed through the module, introduce the key vocabulary
by using the following routine.

Define A logarithmic function is a function of the form flx) = log X,
where b > 0 and b # 1.

Example g(x) = log x

Ask Is the function a logarithmic function? Expkinthd base of the
logarithm is 7, which is greater than 1.

Are You Ready?

Students may need to review the following prerequisite skills to succeed
in this module.

- finding inverses of functions

« using properties of exponents

« using powers of 10

« using the Change of Base formula
« solving exponential equations

[E ALEKS

ALEKS is an adaptive, personalized learning environment that identifies
precisely what each student knows and is ready to learn, ensuring

student success at all levels.

You can use the ALEKS pie report to see which students know the topics
in the Logarithmic Functions module—who is ready to learn these topics
and who isn’t quite ready to learn them yet—in order to adjust your
instruction as appropriate.

@ Mindset Matters

Growth vs. Fixed Mindset

Everyone has a core belief or mindset about how they learn. People with
a growth mindset believe that hard work will make them smarter. Those
with a fixed mindset believe they can learn new things, but can’t become
smarter. When students change their mindset, they are more likely to
work through challenging problems, learn from their mistakes, and
ultimately learn more deeply.

How Can | Apply It?

Assign students tasks, celebrate mistakes, and provide opportunities for
critique, revision, and reflection. The Explore activities and discussion
prompts are a great tool to begin this journey!
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Lesson 6-1 A.SSE.2, F.IF.7e

Logarithms and Logarithmic Functions

LESSON GOAL Suggested Pacing
Students write and evaluate logarithms and graph logarithmic functions. 90 min 1 day
45 min 2 days
41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction. FOC'IJ.S

Domain: Algebra, Functions
2 EXPLORE AND DEVELOP Standards for Mathematical Content:

A.SSE.2 Use the structure of an expression to identify ways to rewrite it.

@ Deveions F.IF.7e Graph exponential and logarithmic functions, showing intercepts
Logarithmic Functions and end behavior, and trigonometric functions showing period, midline,
« Logarithmic to Exponential Form and amplitude.
« Exponential to Logarithmic Form Standards for Mathematical Practice:
« Evaluate Logarithmic Expressions 1 Make sense of problems and persevere in solving them.
- Find Inverses of Exponential Functions 5 Use appropriate tools strategically.
Q Explore: Transforming Logarithmic Functions coherence
@ Develop: Vertical Alignment
Graphing Logarithmic Functions
- Graph Logarithmic Functions Previous
« Graph Transformations of Logarithmic Functions Students understood the relationship between functions and their inverses.
« Compare Logarithmic Functions i
« Write Logarithmic Functions From Graphs
Now
. Students write and evaluate logarithms and graph logarithmic functions.
a You may want your students to complete the Checks online. ASSE2, F.IF.7e

3 REFLECT AND PRACTICE Next

Students will simplify logarithmic expressions and solve logarithmic equations.
@ Exit Ticket A.CED.1

p Practice

Rigor
DIFFERENTIATE The Three Pillars of Rigor
@ View reports of student progress on the Checks after each example. |_1CONCEPTUAL UNDERSTANDING | 2 FLUENCY l 3 APPLICATION

mConceptual Bridge In this lesson, students extend their
Resources mom . em understanding of exponential functions and inverses to logarithmic
functions. They build fluency by writing equations in exponential

Remediation: Inverses of Linear Functions o0 ° o ! " .
) ) . and logarithmic forms, and they apply their understanding by solving

Extension: Comparing Logarithmic Graphs | LL L real-world problems related to logarithmic functions.
Language Development I-Iandbool: Mathematical Background
Assign page 30 of the Language Development . _ . « y
Handbook to help your students build cal .. .' The equation y = logx is reaq 'y equals thg'loganthm to the base b
language related to writing and evaluating logarithms of the number x.” The base b is always positive and b # 1. Because the
and graphing logarithmic functions. INTEGRATED I equation y = log, x is equivalent to the exponential equation x = b, a

logarithm is an exponent. It is the exponent that the base b requires in

m You can use the tips and suggestions on
order to equal the number x.

page T30 of the handbook to support students
who are building English proficiency.

Lesson 6-1 - Logarithms and Logarithmic Functions 259a
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Interactive Presentation

Wattn Up

Lr=ledl
Ly=s
Bypmat 47
Ay 4

Warm Up

¢é LISTEN
\CAREFULLY

Launch the Lesson

Vocabminry

© 1t ra o e et s 3 = 77w
1 R, i 4 7o B T i

Today’s Vocabulary

259b Module 6 - Logarithmic Functions

ASSE.2, F.IF.7e

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding the inverse of functions

Answers:
1y= X?;yes
2.y==%vX;no
3.y=4x—2;yes

4Ay:i@;no

5.y=\5/§;yes

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students
will apply the concept of logarithms to a real-world situation.
Encourage students to explain how decibel measures are
calculated.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can I use these
practices?, and connect these to the standards.

See the Interactive Pr ion for | Can
standards covered in this lesson.

1ts that align with the

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Explore T ransforming Logarithmic Functions

Objective
Students use a sketch to explore how changing the parameters changes
the graphs of logarithmic functions.

@ Teaching the Mathematical Practices
3 Analyze Cases Work with students to analyze transformations
of logarithmic functions for various values of each parameter.
Encourage students to familiarize themselves with all of the cases.
5 Use Mathematical Tools Work with students to explore and
deepen their understanding of transformations of logarithmic
functions.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be presented with an Inquiry Question to answer at the end
of the activity. They will use a sketch to explore the transformations of the
graph of a logarithmic function. Students will work through three guiding
exercises, then answer the Inquiry Question.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.

(continued on the next page)

Interactive Presentation

@m R €1 D AT T BT D) o g T P S AT

Bl g 4 SR
i g — i+ b i 4 e

b gy = 0

i) = alogiclr -+ %

gia) = 1.0 logyelr=0.0) + 0.0
— iuon i
o—:—t he00 »

R e o Rosax

Explore

WEB SKETCHPAD

Students use the sketch to graph the transformations of a
logarithmic function.

2

|
1.

TYPE
[ Students move through the exercises and answer questions
| al pertaining to the transformations.

SELECT

Mo

Students select the correct word or phrase for each transformation
performed.
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

Students respond to the Inquiry Question and can view a sample
al answer.

259d Module 6 - Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore T ransforming Logarithmic Functions
(continued)

Questions
Have students complete the Explore activity.

Ask:

« Suppose your friend graphed the transformation f(x) = log (x — h) and
told you the graph crosses the x-axis at —3. What could be the value of
h? Explain your reasoning. —3; Sample answer: Since the graph of the
parent function crosses the x-axis at 1, if the new graph crosses at —2,
the parent graph has been shifted left 3 units.

« Why does the value of a in fix) = a log x not affect the x-intercept of
the graph? Sample answer: Because a stretches or compresses the
function values, it does not affect the x-intercept since the function
value is zero. Zero cannot be stretched or compressed.

@ Inquiry

How does performing an operation on a logarithmic function affect its
graph? Sample answer: Adding or subtracting a constant before or after
the function is evaluated causes the graph to be shifted horizontally or
vertically, respectively. Multiplying by a constant stretches or compresses
the graph vertically. Multiplying by a negative constant reflects the graph
in the x-axis, causing the end behavior to change.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Logarithmic Functions

Objective
Students write logarithmic expressions in exponential form and
exponential expressions in logarithmic form.

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain
the relationships between the tables, equations, and graphs of
exponential and logarithmic functions.

What Students Are Learning

A logarithmic function is the inverse of an exponential function. The base
of logarithmic and exponential functions must be a positive, real number
not equal to one. Logarithmic and exponential expressions can be
rewritten into the opposite form.

DIFFERENTIATE

Language Development Activity W8

Intermediate/Advanced The word logarithm derives from the Greek
logos, which means reason or proportion and arithmos which means
number. Have students discuss how this knowledge can help them
remember the definition of logarithm.

DIFFERENTIATE

Reteaching Activity ALkl |

IF students are struggling with converting forms of logarithmic and
exponential expressions,

THEN have students write log n = p and "= n. Students can highlight
corresponding variables with different colors to help when converting.

Example 1 Logarithmic to Exponential Form

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the
equations to rewrite them in exponential form.

Questions for Mathematical Discourse

How can you identify the base of a logarithmic equation? The
base is written as a subscript.

How does the value to which a logarithmic expression is equal relate to
an exponential expression? Sample answer: The logarithmic expression
is always equal to the exponent of the related exponential expression.

[=IE When a logarithmic equation contains only numerical values, how can
you check the equivalent exponential equation for accuracy? Sample
answer: Evaluate the exponential side of the equation and see if the
result is a true statement.

£ ASSE2, FIF.7e
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Interactive Presentation

TYPE
" 1 Students answer a question to determine
| al | whether they understand the value of an
| -/ exponential expression using a logarithmic

equation.
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2 EXPLORE AND DEVELOP = ASSE.2, FIF.7e

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Example 2 Exponential to Logarithmic Form

?,T«r:‘,:ﬁf @ Teaching the Mathematical Practices
E‘;Jf..':;:.':..‘ 6 Use Definitions Students will use the definition of a logarithm

T 17549 — log, M64G = &
kg, 1 ¥ =1 wEte gy

Al '

By < logy gy =3

to rewrite equations in logarithmic form.

Questions for Mathematical Discourse

Chock V8 In each example, where does the exponential base in the equation
Wl S gl . B 8 get placed in the logarithmic form? It is written as the subscript
Example 3 Evoluata Logar because it is the base of the logarithm.

{9 Think About It
ottt o In each example, where does the exponent in the equation get
sty fodrm b=y R N N . N N P

e e s om0 placed in the logarithmic form? The logarithmic expression is set

el o=y equal to the exponent.

Sampk avwerr: Fol an =g

b ¢ ks U= Why is the base restricted to positive numbers? Negative bases

e, for logarithms or exponential function yield functions ranges that

span the complex plane.

Sy Tig
and

e e Stk o b i iy Example 3 Evaluate Logarithmic Expressions
Ao Ehe &l predsure 8t sea level and A i

2;"’;_.. . b loprandoitampel il spones i @ Teaching the Mathematical Practices

el | Shum st { 1 Seek Information Students must transform the logarithmic

ol . expression using the definition of a logarithm and properties of

Pughod) i )
) exponents to reach the solution.
o o
G Onine: . . .
You car compiete a0 090G = Questions for Mathematical Discourse
Eatri Exameyle oo, B log 1y = b

Y Why is 6°= 216 used? This makes each side of the equation have
the same base.

200 Maduss 8- |y Purcon

e Without using a calculator, how can you determine that 216 = 6%
Sample answer: You can multiply 6 by6 to get 36, then multiply 36
by 6 to get 216. This means you multiplied 6 X 6 X 6, which is 6

[ZI8 When is log x negative? Sample answer: when 0 < x < 1.

Interactive Presentation

‘Write sach equation in legarithmic form.

w T = 107,649 B Go Online
T = 117640 = Jog, 117689 =6
« Find additional teaching notes.

« View performance reports of the Checks.

-3 « Assign or present an Extra Example.
Example 2
TYPE ;
[ Y Students write an exponential equation
| al J involving a variable in logarithmic form.

260 Module 6 - Logarithmic Functions
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ASSE.2, F.IF.7e

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY |  3APPLICATION
@ Example 4 Find Inverses of Exponential
. ik
Functions TORNAGS: T distrc e mies It ot et . = 1974
. . . ‘whete w repersents the speed of the wind in miles par hout
@Teachmg the Mathematical Practices —" =
4 Apply Mathematics Students will use what they have learned A it
about logarithms to solve a real-world problem. bttt
Part B Use the £qualion 10 ostimste the speed of the wind,
o I e, of 5O mies
Questions for Mathematical Discourse m ™
I8 Why does the inverse have a logarithm with base 10? Because P S ———
the original exponential equation has a base of 10, its inverse is a S
logarithm with base 10. ';'m’"”“m“.'m:m“
T8 Why would solving for another variable of a real-world exponential
equation be useful? It allows you to find values of the equation Y
given values for the other variable. A e A b
R Ay 1o, EreEtaserts e e

5T What are the domain and range for the original equation in the emootbeisasidipsleralh

context of the example? The domain is all real positive numbers, and My
the range is 0 < P < 14.7 SO B
Doman 10, 3k, {3 0}, N"‘::‘h";:"‘.’;"
. . . . PP — S
Learn Graphing Logarithmic Functions e v SR
o e o
Objective Aaymptste yanh
a-bkersept (-]
Students graph and analyze logarithmic functions. Symesatry e
Extrama oy
@Teaching the Mathematical Practices ———————— For e e sl winpi m L e
5 Decide When to Use Tools Use the Watch Out! feature to have bt ol e i 4
students point out the limitations of using the LOG button on a PR
graphing calculator to evaluate and graph logarithmic functions. 0000 e Y s i 4 e Enaensis odne

Lannon B4+ ogmtnam and Loguemens Puncior. 261

DIFFERENTIATE

Reteaching Activity ALTELL]

IF students are struggling with transforming logarithmic equations,

THEN remind students the rules are exactly the same as for other functions
they have studied. Coefficients of the function stretch or compress the
y-values, while numbers added or subtracted to the function shift the
up or down. Values being added to or subtracted from x shift the graph left

or right, but the effect on x is opposite of what the value implies.

Interactive Presentation

@ Essential Question Follow-Up
Students have begun learning about the graphs of logarithmic functions.

Ask:
How are the graphs of exponential functions and logarithmic functions
. . Students watch a video to learn how to
» .
related? Sample answer: .The key featgreslofan exponentlafl function @ e e s g s
are swapped when graphing the logarithmic inverse. Domain becomes function by using a graphing calculator.
range, range becomes domain, the y-intercept becomes the x-intercept,
and the asymptote switches from a horizontal to a vertical line.
Students complete the Check online to
determine whether they are ready to

move on.

Lesson 6-1 - Logarithms and Logarithmic Functions 261
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2 EXPLORE AND DEVELOP ASSE.2, F.IF.7e

1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION
Example 5 Graph Logarithmic Functions
The same Sechniques Used 10 iransform the graphs of other functions.
i b ol 1 the s of mtinic Hinclions. @ Teaching the Mathematical Practices
< S 7 2 1 Explain Correspondences Encourage students to explain the
Yo can walch » ke petighc gt relationships between the functions, the points used to graph the
55 308 Pt 10 grAph s i N X
ansformations of & PGB TARSITEN' 1, e g o ) it functions, and the graphs of the functions.
logarthemic funcon by wnits o
st B graphing B0 e O gt ol ) i st & .
caloutaion unt e
N e o ) el . . .
unni desin Questions for Mathematical Discourse
¥ <  the Grap et the s
s el e ::’.;t‘:.ﬁ:,‘mw‘:‘:‘ VY8 Why were the points in Step 2 selected? These are points that are
s easy to evaluate and graph because any value of b will yield the
Exampla 5 Giiph Logamhinic Functians same y-value for a logarithmic function in the form y = logx.
foee bt pucraii bt ot ioicol 511 What is the equation of the vertical asymptote for a logarithmic
o ) =gy function in the form y = log x? x = 0
Sent i Step 2
B i i o 1 1) L ki I8 What is the x-intercept of the graph y = logx? (1, 0)
(== (-1}
"-“" . Common Error
(L% Bl
Many students will struggle to calcula1te ordered pairs on a logarithmic
i e a graph. Encourage students to write (3, —1), (1,0), and (b, 1) in their
fasic ;_"“;;WWW Foldable as these are the best choices when determining ordered pairs.
Remind students that b is the base of the logarithm.
Saen 5 Find the imercepts, demain,
£ 6o Online range, and ond behavios.
Wow a0 walch & videa.
10 e Py 10 griafih BT & ND S
Inganthems comaler 5 posiie o nUMDRT.
ravages ol 0ol DUMDESS
and bohavior, As x — 0°, iy — —x, oo as = x, fi) —= o,
[ P -CRRR S Y S t————
202 et & - | g P,

Interactive Presentation

Example 5

Students move through the steps to see
c\k how to graph logarithmic functions.

262 Module 6 + Logarithmic Functions
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 6 Graph Transformations of
Logarithmic Functions

@Teaching the Mathematical Practices

7 Use Structure Help students to use the structure of the
function to identify the transformations and graph the function.

Questions for Mathematical Discourse

JYM What three points should you graph for the equation y = logx?
Sample answer: { 75, =11, 0) and (10, 1)

What are the coordinates for the new location of the x-intercept
of the parent function after being transformed to the new
function? (1,0) — (1—3,0 —1) — (=2, —1)

What is the equation of the vertical asymptote for the
transformation? x = —3

ASSE.2,F.IF.7e

s
Siep 1 ldentfy the bae.  Stop 3 enkity ordieed e
b=} U g points (1. 1), 41 O a3, 1)
[;.-vl-v{f.--l}uﬂ.ﬁ
8]
w—{z1)

Step 4 D & smoath cunve through the oints, F
Step 5 Find the intescepts, domain, range., and
‘end Dehavior

AANBCEOT T, Ny intercent

domisin: ol poaitie el umbars ¥}
1nnge: ol el rumbers
] ieiiar, A 6 s 0%, Ak %, and 48 5~ fig — —

Example 6 Ceapli T
F .

Gragh glx) = 2loglx 4 3=t
i) = Ao br + T) = T ropeatents & tranatoemation of S griash of
sk = ot =

ol =2 Becousolal > 1 thi gt

h= -3 Becouse h < 0, the gragh 5.
transiobed 3 wits ket

k= =1 Becmnek < (, the graph s
tranalnted | unk dowen L 1

Anpmative Method 4+

Sp by ) = 1oy 4.

(g =1 008 e 0, 7 — { g, —1). 1L 0% a0, 1

Step 2 Tramsfoom each poir from the panent fusction.

- Sanple st Tha

@ Thin Aot
Compare the Graphs in
ants @ b b

graphs of ety

WWM

{5 =t} oL o e
the end

trgtnding dn:
RS LT ES 2

{9 Tk Abawt e
Fo th doman snd

rang o e

e
R

o

o Thilnk Alvgut 1
Compare and contrast
methods.

00/ Ot v o vt an £ Ensn ke

A ) Both mathods reswitin
rhcmwew1 -2 3 siretchon the gragh ericaly, asch yvalow i muSiuied i s ot A,
- The first method
(i ~1) ook anci00, i — (- 2). nLodand 00 7 trasfortis The pacest
function as
2 ~Fandk = <134 ol ang s St
Subtrached oM £ p e e g st
3 20 = [ranaform ool thive
(55 ~2hmonangpo i~ (- . -3} (-2 -neamy ey poinky which can
! H

Lomsnn B4 + Logasthom sl Liguarwrac Functiors 263

Interactive Presentation

vty o i i graph g Ty 11 4 3 L

Example 6
TAP

Students move through the steps of
(& graphing and analyzing a transformation

of a logarithmic function.

TYPE

Students state the domain and range for
a | the function.
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2 EXPLORE AND DEVELOP = ASSE2,FIF.7e

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 7 Compare Logarithmic Functions

= - Example 7 Co L shmic Functions
A T aom ol = g b2y i ) (@7 Teaching the Mathematical Practices
iyl i) :,::: o 6 Communicate Precisely The Think About It! feature requires

M e students to use clear mathematical language and definitions to

state the domain and range of the functions.

Fr griagh of gir) = 09y, fr = 2
DR i ey Saomascn af A = gy
sample drwer: Lo hathe  Geaom the panent function s trasnior th

ame range, bt the g Fo gl = loga e = BLA = 2

Y SR Te oM B i i e Oy Questions for Mathematical Discourse

|| Ax =Tt VR Why does the graph of the parent function not shift up or down

e o B 0 e when graphing the transformation g(x)? There is no value being
0 15—l

added to the parent function, so there is no vertical shift in the graph.

IeT1 How does a horizontal translation affect the vertical asymptote of
, i H a logarithmic function? The vertical asymptote also shifts |Al units
e 10 A = baggi right or left.
The grigh has boon Iranssed 5 unity up, 0 T
K 5 00 the Wrction 4 014 = lagy r +-5 I=TH How could you further transform g(x) so that it has the same end
behavior as j{x) as x — oo? Reflect the function in the x-axis by
multiplying g(x) by a negative value.

Example 8 Write Logarithmic Functioris Fror

e | Whkemcuaniorwisgingh e 05 = o Example 8 Write Logarithmic Functions from
Bbouk wiitng B ot -5‘8¢|, Gra hs
from v o P

@Teaching the Mathematical Practices
1 Explain Correspondences In Example 8, encourage students
to explain the relationship between the graph of g(x) and the
graph of the parent function. Students will use this relationship to
writean equation for the transformed function.

00 O Y e it i e Ereat vl

04 Mheduss 8 - Lopirerns Puncnene

Questions for Mathematical Discourse

Interactive Presentation VYH What are the coordinates for the x-intercept of the parent graph

y = lgg x? (1, 0) What is the new y-coordinate for x = 1?2 y = 5
If a parent logarithmic function has been reflected in the x-axis,

what will the end behavior of the function be as x — 0? f{x) — o

I=11 How can you tell if the graph of a parent logarithmic function
has been translated horizontally? Sample answer: The vertical
asymptote will no longer be x = 0.

Example 7

Exit Ticket

Students answer questions to determine
d Recommended Use

| a| | whether they understand how to graph
— transformations of logarithmic functions. At the end of class, go online to display the Exit Ticket prompt and ask
[ creck B students to respond using a separate piece of paper. Have students hand
) you their responses as they leave the room.
Students complete the Check online to
determine whether they are ready to Alternate Use
move on.

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.

264 Module 6 + Logarithmic Functions
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

3 APPLICATION

DOK | Topic
1, 2 exercises that mirror the examples 1-36 |
2 | exercises that use a variety of skills from this 37-47 ‘
| | lesson
; 3 | exercises that emphasize higher-order and

critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide

resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks,
THEN assign:

« Practice Exercises 1-47 odd, 48-53

« Extension: Comparing Logarithmic Graphs

- [0 ALEKS' Logarithmic Functions

IF students score 66%-89% on the Checks,

THEN assign:

« Practice Exercises 1-53 odd

« Remediation, Review Resources: Inverses of Linear Functions
« Personal Tutors

« Extra Examples 1-8

- [E ALEKS' Composition and Inverse Functions

IF students score 65% or less on the Checks,

THEN assign:

« Practice Exercises 1-35 odd

« Remediation, Review Resources: Inverses of Linear Functions

« Quick Review Math Handbook: Logarithms and Logarithmic Functions

« [ ALEKS® Composition and Inverse Functions

Answers

24.

1]
2 22 | ASSE2FIFTe

Practice -

Wi

Writs ms<h squstioe i Exponential form.

L A T e | visg f e Tad

P T
Wit s squation i garinnc fosm
LT L T T R O MR T e

B Ml M eI ieg =y @ealewn sg e

w (3]

W 0000 o S

LR | o, D00 5

" g, 82 4 Mloat B g |

22, WTBUCTINE Thir pinciee: curend 0 g 8 parnue Greist can b

o o 3 {180 I ey A0 & VOO T80 D IR T T
8500500 = pLOBSY, Whete 019 Tt WLl CEAL 8 trat GuALar W B QuVtar Conty
200, wrte 8 Wi 8 it Wi s S e i o Qs 6 rmach
ot v B poag g ™

ran omiin. csoge, L I o g,
E T
EL R I G = bogys
[P ————
m—
Ginph wach benction

5

o b= A0 B Ceneioes i = 10 (1 + Hsname

tal vt the graph,

= G

. Cormpiare B v Batiscior 22 48]
ol 8.6 Sow margn

x-intercept: 1; no y-intercept

D: (0, 00) R: (—00, 0)

end behavior: As x — 0%, fix) —
00, and as x — 09, fix) — —oc.

x-intercept: 1; no y-intercept

D: (0, o0) R: (—00, o0)

end behavior: As x — 07, fix) — oo,
and as x — 00, fix) — —oo,
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o
a2 A.SSE.2, F.IF.7e

3 REFLECT AND PRACTICE

LT —
aaton in logarithmic fom.

7, g, T8 =3 Paih g P
Mooy, e ATl L T

AL T @ 6 g ]

a (L ==t

AL PARTHGUARES Thar srlematy of mn
i sn can 0 remeeT on T
Bicttan -

e ACaty mieattbeent e
warthpaka? T8

A4, WASTRS Marte arerin SH0D0 i 3 LA ACCOud IRt s AN i
ComRnsndod mrnielly, Tha vaksb 1d i seciliet A sher 4 s a0 Ut

el e b0

A8, COSTRUCT ARGUMENTS. Jusc: i Natshs e Stmiating i & misth
Compaton T n it

s wiin = Kilog, x. mi
L T
. Whan = sy

teaning

e w ) o S st g 11
B Whith st Tk & g v oo 4 = 17 Enpln yinss

Mther; g smiwer Betn (T e g s &

. oo 10t 1 o
an

amoetas aher 1= g, N d
ke 3or 8 Engin et s Ghace iy J4E enedas? 1 e

a4 g e g i 287

A%, RERGCTURE Gétsh ) = 3 i ) = 555, 4 00 e S CEOALE i
Dwline e doran, iange, Slercepts, wd mymeloed o each.
Campans T tac, Geaphn. Soe margin

[ = -

AR, WEITH Yt s iz conaidee whish Lsing sepananal and iogethere
modals I makis (odsicnsT Ser mage.

AR, SRR Lt Bad = g, (4 a0 i) . o gt e gl and sty ot
cnusion. g0l = vt Al = . 56 s o g o a0 = KO s
ot ot

50, P K- Bty sarys bl e (ragsts 01 ol bogat i furscikors cross e
B o ¥ 71D powet equsts | -
ecansse Pty o 01 undeined B sither of e demmedtT Explan e
iy Tyt S e Th g apht O Orgasihe s fid
ringh (1, not 0, %

B P W g # cauner, cospan 1, 51, 1og, B aniog, T
v Soe margin

B2 CREATE Yiiss o logeitiric et of e Horm = ko, ¥ dor fch o e
By ctmStions. a-a. S g
oy 28 B yis rege
& in betwesn 0 a0 | #oint
e

B PG T ERRGR s et Mttt iy evaksnting bog) 40, s ottt of B
ecnrecd? Eapinin vou reamoning. Ser s

tae
lagar =y

Smap
APy
orEaE

ym3

R

267-268 Module 6 - Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING

2FLUENCY | 3 APPLICATION

Answers

2

32a.

33a.

4

5

5

5

o

N

w

27.

x-intercept: 1; no y-intercept

D: (0, o0) R: (— 00, o0)

end behavior: As x — 0% fix) — —o0,
and as x — oo, flx) — o0,

x-intercept: 1, no y-intercept

D: (0, 00) R: (—00, )

end behavior: As x — 0% fix) —
—00, and as x — 00, f{x) — oo,
BT TTTTTTT] 32b.gix):Asx— 45 glx) — —oo, and as
I | X — 00, g(x) — o0. p(x): As x — 0%

,: 8] i | plx) = o0, and as x — oo,

1 plx) — —co.

A T 33b. fix): As x — =27 fix) — —o0, and
S as x — 00, fix) — 0. g(x): As

x — 0, gx) — —oo, and as
X — 09, glx) — oo.

fix): D: (—o0, o) R: (0, o0); y-int: (0, 1);
asymptote: y = 0; g(x): D: (0, c0) R:

(=00, 00); x-int: (1, 0); asymptote: x = 0.

The graphs have an inverse relationship

with one another. They are symmetric

about the line y = x.

. Sample answer: Exponential and logarithmic models can grow without

bound, which is usually not the case of the situation that is being modeled.
For instance, a population cannot grow without bound due to space and
food constraints. Therefore, when using a model to make decisions, the
situation that is being modeled should be carefully considered.

.log; 51; sample answer: log , 51is more than 2. log,61is less than 2. log

71equals a little less than 2. Therefore, log,51is the greatest.

. Sample answers:
a.log, 33,554,432 = 25 b.log, 5 = —3
c.log, V2 :% d.log =0

e. There is no possible solution; this is the empty set.
Noj; Elisa was closer. She should have written —y = 2 or y = —2 instead
of y = 2. Matthew used the definition of logarithms incorrectly.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0116.xhtml

Lesson 6-2

Properties of Logarithms

LESSON GOAL Suggested Pacing

Students simplify logarithmic expressions and solve logarithmic 90 min day
equations. 45 min

41 LAUNCH

Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Algebra
Standards for Mathematical Content:
2 EXPLORE AND DEVELOP A.CED Create equations and inequalities in one variable and use them

to solve problems.

Standards for Mathematical Practice:

@ Develop: 3 Construct viable arguments and critique the reasoning of others.
8 Look for and express regularity in repeated reasoning.

@ Explore: Logarithmic Expressions and Equations

Logarithmic Equations
« Solve a Logarithmic Equation by Using Definitions Coherence

« Solve a Logarithmic Equation by Using Properties of Equality . .
Vertical Alignment

Properties of Logarithms

« Product Property of Logarithms Previous
- Quotient Property of Logarithms Students wrote and evaluated logarithms and graphed logarithmic functions.

« Power Property of Logarithms A.SSE.2, F.IF.7e
« Solve a Logarithmic Equation by Using Properties Now
Students simplify logarithmic expressions and solve logarithmic equations.
9 You may want your students to complete the Checks online. A.CED.1
3 REFLECT AND PRACTICE Next
Students will simplify logarithmic expressions and solve logarithmic equations
@ Exit Ticket by using common logarithms.

A.REL1M,F.LE4

%] Practice

B Formative Assessment Math Probe

Rigor
DIFFERENTIATE The Three Pillars of Rigor
1 CONCEPTUAL UNDERSTANDING i 2FLUENCY | 3APPLICATION

@ View reports of student progress on the Checks after each example.

) Conceptual Bridge In this lesson, students build on their
knowledge of the rules for exponents to develop an understanding

Resources m ) Tlf = _m‘ of the properties of logarithms. They build fluency by using the
Remediation: Multiplication Properties of properties to approximate logarithmic values, and they apply their
[ X ) [ ] . .
Exponents ] | understanding by solving real-world problems.
Extension: Logarithmic Spirals [ XX )
Language Development Handbook Mathematical Background
Assign page 31 of the Language Development - L] In addition to the Product, Quotient, and Power Properties of Logarithms,
Handbook to help your students build mathematical ] l- there are other properties such as the four listed below that can be
language related to simplifying logarithmic flee helpful.
expressions and solving logarithmic equations. INTEGRATED i |°9b 1=0
ELL] You can use the tips and suggestions on logb b=1
page T31 of the handbook to support students |°gb = x
who are building English proficiency. ox —
plesx = x

Lesson 6-2 - Properties of Logarithms ~ 269a
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1LAUNCH

Interactive Presentation

Warm Up

L ()
2 ()

R (EE

Warm Up

Launch the Lesson

Today’s Vocabulary

269b Module 6 + Logarithmic Functions

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« using properties of exponents

Answers:
1ab
2.xy
3.48mh"
4.cd
5.27x¥y

Launch the Lesson

@ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to use the
properties of exponents and logarithms to determine the acidity
of shampoo.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using the vocabulary term in this lesson.
You can expand the row if you wish to share the definition. Then discuss
the question below with the class.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0118.xhtml

2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Logarithmic Expressions
and Equations

Objective
Students use a sketch to explore the logarithm of a product.

@ Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in the way
logarithms of products and quotients are calculated to write a
general method for determining log,; xy and Ioglof

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be presented with an Inquiry Question to answer at the
end of the activity. They will use a sketch to explore the properties of
logarithms. Students will work through guiding exercises, then answer
the Inquiry Question.

(continued on the next page)

Interactive Presentation

Logarithmic Expressions and Equations

Dt e i b 1 s, & ey s

[ L s e s 1 s s £ g b 1, o

Explore

logigx=2 xy=10%

ogigy=4 ;='ID“
logg (% ¥) = logyg (10° - 10Y) = logyg 10° = 8

lﬂnwi-hﬂw (':-g:) =logp 10 =2

9 x=10%
X
@ y=10*
¥
Explore
Students use the sketch to i igate the properties of

e

B .
[' a : ] Students move through the exercises and answer questions

pertaining to the properties of logarithms.
SELECT

PE
% Students select the correct property represented in the exercises.

Lesson 6-2 - Properties of Logarithms 269¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

[ mnmhm»mmmuu-ﬂhiwlﬂ.tmh)

Explore

Students respond to the Inquiry Question and can view a sample
answer.

269d Module 6 - Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Logarithmic Expressions and
Equations (continued)

Questions
Have students complete the Explore activity.

Ask:

- What will be the value of the expression log 9 + log 10? Explain.
l0g,90; Sample answer: The sum of the logarithms of x and y is
equivalent to the logarithm of the product of x and y, so log 9 + log 10
= log,90.

- What is the value of the expression log 18 — log 97 Explain. log 2;
Sample answer: The difference of the logarithms of x and y is
equivalent to the logarithm of the quotient of x and y, so log,18 — log,9
= log,(18 + 9).

@ Inquiry

How can you determine logxy and Iogb)}—(, given log,x and log y? Sample

answer: logxy = log x + log y and log D(f,) = log,x — log y

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1CONCEPTUAL UNDERSTANDING | 2FLUENCY

Learn Logarithmic Equations

3 APPLICATION

Objective
Students solve logarithmic equations using properties of equality.

@Tbaching the Mathematical Practices
3 Construct Arguments In the Think About It! feature, students
will use the definition of the Property of Equality for Logarithmic
Equations to construct an argument.

DIFFERENTIATE

Reteaching Activity ¥

IF students are having a hard time solving logarithmic equations,
THEN have students highlight the logarithmic bases given in the
equation. If the equation has a common logarithmic base on each side,
students can use the Property of Equality for Logarithmic Functions. If
the equation contains only one logarithmic function, they must rewrite
it as an exponential equation.

Example 1 Solve a Logarithmic Equation by
Using Definitions
@Teaching the Mathematical Practices

6 Use Definitions Students will use the definition of the Property
of Equality for Logarithmic Functions to solve an equation.

Questions for Mathematical Discourse

I Why is 4 = 22sed in the second step? This simplifies the
exponent because a{ower of a power is simplified by multiplying
the powers, and 2 +% = 5.

In the equation log,x = n, will x ever be a negative number?
Explain. No; sample answer: Because the base of the logarithm
must be a positive number other than 1, the argument of a
logarithm x can never be negative.

Without rewriting 4 as 2, how else could you evaluate 47 Sample
answer: | can use the definition of a rational exponent; 4 V45 = 2.

Example 2 Solve a Logarithmic Equation by
Using Properties of Equality

@Teaching the Mathematical Practices
1 Check Answers Students should check their answers to
identify extraneous solutions.

(continued on the next page)
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Interactive Presentation

Learn
TYPE :
.1} Students explain why the given example includes
al an “if, then” statement.
L% J
Students complete the Check online to
determine whether they are ready to
move on.
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Questions for Mathematical Discourse

What does the Property of Equality for Logarithmic Functions
say? Sample answer: If two logarithmic expressions are equal and
have the same base, then the arguments of the logarithms are equal.

How do we know there may be two solutions to the resulting
equation after the property of equality for logarithmic functions is
applied? Sample answer: The resulting equation is a quadratic,
which means there are two, one, or no solutions.

=18 Why can we not evaluate a logarithmic function for a negative
value? Sample answer: The base of a logarithm must be a positive
number other than 1and a positive number raised to a power is
always positive.

Learn Properties of Logarithms

Objective
Students simplify and evaluate expressions by using the properties of
logarithms.

@ Teaching the Mathematical Practices
3 Make Conjectures Help students to see how the properties
of logarithms can be derived from the properties of exponents.
Encourage students to make conjectures about how to derive
each property and build a logical progression of statements to
validate the conjectures.

About the Key Concepts

The properties of logarithms are derived from the propertiesof
exponents. The logarithm of a product is the sum of the logarithms of its
factors. The logarithm of a quotient is the difference of the logarithms of
the dividend and the divisor. The logarithm of a power is the product of
the logarithm and the exponent.

DIFFERENTIATE

Reteaching Activity

IF students are having a hard time applying the properties of
logarithms,

THEN have students write the exponential properties and logarithmic
properties together. Often, seeing the two sets of properties side by
side helps students with the similarities and differences.

Logarithms Exponentials
log,m + log,n = log nn b™bh=ph ™"
log,m —log p = log b% % =pm"
log,m*= plog (bN=b ™
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Example 3 Product Property of Logarithms
@Treaching the Mathematical Practices

7 Use Structure Students will use the structure of the expression
to rewrite and evaluate it.

Questions for Mathematical Discourse

/YW Why should we rewrite 405 using a power of 3? The base of
the logarithm is 3, so that portion of the logarithm will be able to
simplify to an integer.

[STH What method can you use to determine the power of 3 and the
remaining factor that multiply to 405? Sample answer: Divide 405
by 3 and continue dividing the result by 3 until you cannot divide
evenly anymore. The number of times 3 divides evenly is the power
of 3, and the last value that cannot be divided by 3 is the other factor.

=T If you know the approximate values for log 5 and log 7, how could
you find log,35? Y ou could add the values for log 5 and log 7
because log,35 = log,(5 + 7) = log,5 + log,7.

Example 4 Quotient Property of Logarithms

@Teaching the Mathematical Practices
6 Use Precision Students must calculate accurately and express the

numerical answer with a degree of precision appropriate to the problem.

Questions for Mathematical Discourse

/Y8 How can the logarithm of a quotient be written as two logarithms?
Subtract the logarithm of the divisor from the logarithm of the
dividend.

Does the order in which the two logarithms are subtracted matter? Explain,

Yes; sample answer: Subtraction and division are not commutative, so
the order of the difference must be the same as the quotient.

[51% Could log,5 = 1.465 be used to approximate Iog%Explaln Y es;
sample answer: Because the quotient can be rewritten a§ the
approximation can be found as lag 9 — log 5 = 2 — 1.465 or 0.535.

Example 5 Power Property of Logarithms

@ Teaching the Mathematical Practices
1 Seek Information In Example 5, students must transform the
logarithmic expression to reach a solution.

Questions for Mathematical Discourse

How can the coefficient of a logarithm be rewritten? as the
exponent of the argument of the logarithm

Would the approximation be the same for log,1296? Explain. No;
sample answer: Because the base of the logarithm is different
from the one given, we cannot approximate it using the same
value.

How else could the logarithm be approximated without using the

Power Property? Sample answer: The Product Property could be
used, which would be the sum of 4 logarithms.

Hxample 3 Pio Ty of Logas
Use fogy 5 = 1465 10 sppreximts the waiki of kg, 405.
i0gy 4057 log, 1%+ 5) "
= log, ¥ & log,
- A

4+ 1455 o 5465

Stcty T
Use fogy & = 0774010 RDprOmate i wadue of logy 120, Products and Bases.
Mgy 320 1 2700 r«nm:::ﬂ
¥ou dre given an
gramation ot
Iogg, 5. the st 3tep i
Example 4 Cu umpliing e
& 10 ko or b 1wt
Ui logy S = 1465 10 appronimants he valos of iog, 5. £ 05 proskict of 8-
» Pl 24 3 and 5
gy gy T
= fogy 4 —lofy
w1 g5
=7 - 1465 or D535

U gy, & 0 9 1o appronmato the wiroe of Jofly i

s09q iy = — 2 —2908

Example § Pover o s
Use log, &= 2.555 1o sppeoximate the value of log, 1296,
1033296 = fog; 01 280 o

= dlog; &

- & S o 103

U kg, 3 = 159950 10 apeveaimate the walue of oy, 243
g, 243m 1 78250

1000 o V1 i Bt Engs s

Lamion 8.3 - Froeien of Logasses. 2

Interactive Presentation

Use Iy 5 = 1465 ko approximate the value of log, 405.

log, 405= log, (¥ -5) 05 =35

Example 3

TAP
Students move through the steps.
o for applying the Product Property of
k Logarithms.
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Interactive Presentation
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Apply Example 6

TYPE i

3

a|

Students solve a logarithmic equation to
answer a real-world question.

Students complete the Check online to
determine whether they are ready to
move on.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Common Error

Many students will raise the given logarithmic value to the power found
instead of multiplying by the power. Remind students that exponents can
be rewritten as coefficients, and the approximated value should never be
raised to the power.

@ Apply Example 6 Solve a Logarithmic
Equation by Using Properties
@ Teaching the Mathematical Practices
1Make Sense of Problems and Persevere in Solving Them,
4 Model with Mathematics Students will be presented with a
task. They will first seek to understand the task, and then determine|
possible entry points to solving it. As students come up with their
own strategies, they may propose mathematical models to aid them|
As they work to solve the problem, encourage them to evaluate
their model and/or progress, and change direction, if necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present
the task, or have a volunteer read it aloud. Then allow students the time
to make sure they understand the task, think of possible strategies, and
work to solve the problem.

Encourage Productive Struggle

As students work, monitor their progress. Instead of instructing them

on aparticular strategy, encourage them to use their own strategies to
solve the problem and to evaluate their progress along the way. They

may or may not find that they need to change direction or try out several
strategies.

Signs of Non-Productive Struggle

If students show signs of non-productive struggle, such as feeling
overwhelmed, frustrated, or disengaged, intervene to encourage them to think
of alternate approaches to the problem. Some sample questions are shown.
« What is the relative intensity of two people singing compared to one?

« What is the loudness of one person singing?

@ write About It!

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2FLUENCY |

Practice and Homework

3 APPLICATION

Lt § ¥

Suggested Assignments :’”f:’f" Do
Use the table below to select appropriate exercises. S
[ Ligye=] @ ey a=] 308
DOK | Topic PO 1 M P o
| 1, 2 exercises that mirror the examples 1-26
‘ 2 | exercises that use a variety of skills from this 27-57 ‘ S euch st
I ¥ o, (e = 8 b, B B, g e = B logn 8 g, 07 - 8 =g, B
esson : 1 ‘
58-62 | Woiog, O — 1w B T dogy B 6 Reiog B T2 gy 1 — 2 o, T
. T 3

3 | exercises that emphasize higher-order and
critical-thinking skills

[ et

U b, 3 O b, 3 = L7935, i o, § = 15690 b appeinbnate the vt o4
s erprassion.

0 iog, 30 1453 oG, 30 3TN " g, | 0NN
ASSESS AND DIFFERENTIATE w0 dog, o2 2 log, 8 15850 g 15
@ Use the data from the Checks to determine whether to provide :.'.:L':,',. P o g
resources for extension, remediation, or intervention. e e T7 400 e dead
23,1, 638 0.2 20 et B 2., 243 1935
IF students score 90% or more on the Checks, m
THEN assign: TR e R BTN T

. . K0 iy, o i s T et ey, ¥t retsive oy of 8
« Practice Exercises 1-57 odd, 58-62 35002 DA B 10400 s 4 Tocs 620 et what ok

« Extension: Logarithmic Spirals
- [2 ALEKS' Properties of Logarithms R oo i b
S 0 bt i ol "t

feathg of

1 4500 the fechint seale 15
IF students score 66%-89% on the Checks, oL}
THEN assign:

« Practice Exercises 1-61odd

Laan 82 gy o Lo 3T

Bined Eneniives

-« Remediation, Review Resources: Multiplication Properties of
Exponents

« Personal Tutors

« Extra Examples 1-6

‘Sotes mach squition. Chack your tohuion.

T 120, 56 = gy = logy 70

. Boga ke 37 1

. oy o + b B g4 7

30, 1o, 0+ i 9470 = 00 100 4

- [ ALEKS' Product, Power, and Quotient Rules

ptlgle b M e E T B g, 07 e e log Mox Zeod

IF students score 65% or less on the Checks,

THEN assign:

« Practice Exercises 1-25 odd

- Remediation, Review Resources: Multiplication Properties of
Exponents

« Quick Review Math Handbook: Properties of Logarithms

. CI ALEKS® Product, Power, and Quotient Rules

I soay = legy 3 -0 L L |

3 ' : |
gy O - il =g ? 28] B kg, @9 - mion,d Tm—
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Answers

62. Since logarithms are exponents, the properties of logarithms are similar
to the properties of exponents. The Product Property states that to
multiply two powers that have the same base, add the exponents.
Similarly, the logarithm of a product is the sum of the logarithms of its
factors. The Quotient Property states that to divide two powers that
have the same base, subtract their exponents. Similarly the logarithm
of a quotient is the difference of the logarithms of the numerator and
the denominator. The Power Property states that to find the power of a
power, multiply the exponents. Similarly, the logarithm of a power is the
product of the logarithm and the exponent. Answers should include the

following.
« Quotient Property:
tog, (2) =10,(2) Replace 32 with 2%and 8 with 2 3
=log,2 73 Quotient of Powers
=5-3,0r2 Inverse Property of Exponents and
Logarithms
log,32 — log § = log 2,—log 2 Replace 32 with 2 and &with 2.. 3
=5-—3,0r2 Inverse Property of Exponents and
Logarithms

So, Iogz(%z) =log,32 —log 8.

« Power Property:
log9 =log (3) ** Replace 9 with 32
=log3 @  Power of a Power
=2.4,0r8| nverse Property of Exponents and Logarithms
4log9=log9-4 Commutative Property of Multiplication
=log3}- 4 Replace 9 with 3. 2
=2.+4,0r81 nverse Property of Exponents and Logarithms
So,log,9 & 4log 9

« The Product of Powers Property and Product Property of Logarithms both
involve the addition of exponents, since logarithms are exponents.
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Lesson 6-3

Common Logarithms

A.REL11, F.LE.4

LESSON GOAL

Students simplify logarithmic expressions and solve exponential equations
by using common logarithms.

41 LAUNCH

}gl Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

.‘g\ Develop:

Common Logarithms

« Find Common Logarithms by Using Technology

« Solve a Logarithmic Equation by Using Exponential Form
« Solve an Exponential Equation by Using Logarithms

« Solve an Exponential Inequality by Using Logarithms

Change of Base Formula
« Change of Base Formula
« Use the Change of Base Formula

9 You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

P it Ticket
% Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources

Remediation: Division Properties of Exponents  ® @ [ ]

Language Development Handbook

Assign page 32 of the Language Development ™ ]
Handbook to help your students build ] l.
mathematical language related to using common .

logarithms. INTEGRATED 11

ELL] You can use the tips and suggestions on
page T32 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min day
45 min

2 days

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.REL11 Explain why the x-coordinates of the points where the graphs
of the equation y = f(x) and y = g(x) intersect are the solutions of

the equation fix) = g(x); find the solutions approximately, e.g., using
technology to graph the functions, make tables of values, or find
successive approximations. Include cases were f(x) and/or g(x) are
linear, polynomial, rational, absolute value, exponential, and logarithmic
functions.

F.LE.4 For exponential models, express as a logarithm the solution to
ab“'= d where a, ¢, and d are numbers and the base b is 2, 10, or e;
evaluate the logarithm using technology.

Standards for Mathematical Practice:
2 Reason abstractly and quantitatively.
5 Use appropriate tools strategically.
7 Look for and make use of structure.

Coherence

Vertical Alignment

Previous
Students simplified logarithmic expressions and solved logarithmic equations.
A.CED.1

Now

Students simplify logarithmic expressions and solve exp
using common logarithms.

A.REI.11,F.LE.4

ial equations by

Next

Students will simplify logarithmic expressions and solve exponential
equations by using natural logarithms.

A.SSE.2,F.LE.4

Rigor
The Three Pillars of Rigor

|_ 1 CONCEPTUAL UNDERSTANDING ]

2 FLUENCY | 3 APPLICATION

oy Conceptual Bridge In this lesson, students extend their
understanding of logarithms to include common logarithms. They
build fluency and apply their understanding by solving real-world
problems related to common logarithms.

Lesson 6-3 « Common Logarithms  277a
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1LAUNCH

Interactive Presentation

Warm Up
Express in enponertiad form
Llogy, 1000 = 3

logiy V=0
(Express in logarnthmic form.
210 = 100

& [ = a0

Warm Up

Launch the Lesson

¥ comman ogem

Loguaettime of tase 10

Today’s Vocabulary

277b Module 6 - Logarithmic Functions

A.REL11, F.LE.4

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« using properties of exponents

Answers:
1.10%= 1000
2.10%=1
3.10g 00 =2
4.10g10,000 = 4

Launch the Lesson

@ Teaching the Mathematical Practices
2 Attend to Quantities Point out that it is important to note the
meaning for the quantities used in the formula for the magnitude of
a star without atmospheric effects. When there are several variables
in a formula, it is important to be aware of what each one represents
so that you can substitute and solve for the correct variables.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in thislesson.

Today's Vocabulary

Tell students that they will be using the vocabulary term in this lesson.
You can expand the row if you wish to share the definition. Then discuss
the questions below with the class.

Mathematical Background

Base 10 logarithms are called common logarithms. When the base of a
logarithm is not shown, the base is assumed to be 10. When you have

a logarithmic expression of any base, evaluate it using the Change of
Base Formula to translate the expression into one that involves common
logarithms.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Common Logarithms

Objective
Students solve exponential equations by using common logarithms.
@ Teaching the Mathematical Practices

7 Use Structure Students will use structure of logarithms and
how they relate to exponential expressions to complete the table.

DIFFERENTIATE

Enrichment Activity =1
Without a calculator, evaluate the following:
10g 100,000 5  log 0.001-3 log 0.0000001 -7

Example 1 Find Common Logarithms by
Using Technology
@ Teaching the Mathematical Practices

5 Use Mathematical Tools Point out that to solve the problem in
Example 1, students will need to use a calculator.

Questions for Mathematical Discourse

V¥R How do you know this is a common logarithm? Sample answer:
There is no base written on the log.

[T Which is closer to 8, 16%r 10 934" s closer to 8 than 10°

[5T0 The approximation of log 8 is three times the approximation
of what common logarithm? Explain. log 2; Sample answer:
Because 2°= 8, the approximation of log 8 will be three times the
approximation of log 2.

€ Example 2 Solve a Logarithmic Equation

by Using Exponential Form

@ Teaching the Mathematical Practices
4 Make Assumptions In the Talk About It! feature, have students
explain an assumption or approximation that was made to find the
amount the energy released.

Questions for Mathematical Discourse

VX Why is the answer approximated as 2 X 10%? Sample answer:
This form allows you to write approximations for very large or
small numbers. Writing this approximation in standard form would
result in writing 23 places.

What is the horizontal shift to the graph of the parent function for
the original equation?% ~ 7.867 to the left

=18 How would you solve the example if you wanted to find the energy

released for multiple earthquakes? Sample answer: Solve for £ as
a function of M before substituting values of M.

= A.REL1, F.LE4

Le: -3

Commeon Logarithms

Basa 10 ogarthms e coted i
marsy apphiataos. Con vt .
sutsciiol 10 « Evabiste Eparress:

o a, epreissann By 3k
gy = b0, X 30 . b
Wt scientibe coloutatoes have s Tog Jkey | Pesmmy
Hor evakisting common kogarthms. The EanEsma Todin's Vecaboksry:
s y 3l T e Wgue.
o shopem T

ot e

Vo e ity frlbted Romermie Tt 4 Kghethem fegresents o

wxponent, Fas gusempin, n 50 Sauation = ki) £, 3 5 1he pawer 15

which 10 1 1ty 1 bl the v of £

E ted Fin

‘“‘.‘pf ¥ & Think Abaut It

T Descrine the sosw
ofig 8 ~ 0903 i the

s ) 8 1) i) e o oo

lop & = 05031 o igarithm
Sampie snswer
tog 8 = 0 8031 mesm
that you moskd e
0138 powsr of
pprsimanely 0,901 10
o8

0 Ontie Wi i o B el sk

Lawmon 83 - Comrcn Logaistens 7T

Interactive Presentation

Students complete the table by evaluating certain common
al logarithms.

Lesson 6-3 - Common Logarithms 277
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2 EXPLORE AND DEVELOP
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Interactive Presentation

Salve 11" = 101, Round to the nearsst ben-thausandth,

1N =101 Origing! squasion
bog 11" w Jog 101 Property of Equality for Logarithmic Eguations
Example 3
TAP
Students move through the steps to solve the exponential
(" equation by using logarithms.

278 Module 6 - Logarithmic Functions

-3 A.RELN, F.LE.4

1CONCEPTUAL UNDERSTANDING 2 FLUENCY

Example 3 Solve an Exponential Equation
by Using Logarithms

3 APPLICATION

@ Teaching the Mathematical Practices
2 Different Properties Mathematically proficient students look
for different ways to solve problems. In Example 3, students check
their solution by solving the equation by graphing. Guide students
to work through both methods.

Questions for Mathematical Discourse

FXE Why is the Power Property of Logarithms applied? This property is
used to write x as the coefficient of the logarithm so that it can be
isolated in the next step.

[eT0 Why is the Property of Equality for Logarithms used? This allows
you to take the logarithm of each side of the equation so that
you can use the Power Property of Logarithms to rewrite x as the

coefficient.
log101 :
(BL § 5:3 71 equivalent to log %’! Explain. No; sample answer: The

logarithm of a quotient is the difference of the logarithms.

Things to Remember

Students may forget to apply the Power Property of Logarithms when
solving an exponential equation. Remind students that inverse operations
are used to solve equations and that logarithms and exponential
functions are inverses.

Example 4 Solve an Exponential Inequality
by Using Logarithms
@Teaching the Mathematical Practices

1 Check Answers Students need to check their answer and
should ask themselves whether their answer makes sense.

Questions for Mathematical Discourse

Why is the Distributive Property used on (2y — 5) log 6? The terms
are separated so that the one with y can be grouped with the
other y-term.

When dividing both sides by the logarithmic expression
3log5 — 2log6, how can we use the properties of logarithms to
determine of the related equation whether the value is negative
so that the inequality symbol should be reversed? Sample answer:
You can rewrite the coefficients as exponents in the logarithms
and rewrite the difference of logarithms as one logarithm of a
quotient. 5% is greater than 6% making the quotient greater than 1,
thus the logarithm is positive.

How do you know the solution will be a decimal before even
solving the inequality? Sample answer: Because the exponential
bases cannot be written as the same power, the exponents will
not be integers.
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A.REL1, F.LE.4

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Change of Base Formula

R . tlad Inequaity by Watch Outs
Objective Logarinem e
" " + " - r TG or dhvide
Students evaluate logarithmic expressions by using the Change of Base o i g s
B -% < B - ==y Tgatae vk, the
Formula. Yo 674 < log 3 gty 1
ovurias. In s s
TiogH - daglina
@ Teaching the Mathematical Practices ~——————— b ikl Van i o e
. R ylogh—Slogs < Iyiog s E Wi both 5ides of the
1Seek Information Guide students to see how the Change of —~51ag 6 < dylog &~y log & St 2y S bl
e [
Ba§e Formula can bg u§§d to transform Ioganthnjc expressions. R m‘”’:’
Pomt‘out that th|§ skill is important when evaluating and graphing e L LA ; Coneiicien
logarithms by using a calculator. ——— ity Lo afiiaret

Check 8 nveigd
DIFFERENTIATE i ama e

P,
Reteaching Activity /1% ST G5
IF students are struggling to apply the Change of Base Formula, o ekt T
THEN tell students that they can rewrite any base logarithm as the log - : :
> ' : Learn Change of Base Formuda Dcetiaiion
of the argument divided by the log of the base. Give students the hint T o i s e o i s i est ||t
that the base of the log goes in the denominator. LS N Y et D taisics
Ky Contept + Change of Base Formuls
Symbsls  For sl posiae nomben a. b, wed o whent o ¢ 1ana b 1,
Example 5 Change of Base Formula i
Exmpie  log, 17 = iy 1B 7ok Aot it
@Teaching the Mathematical Practices ————— o, 57 Erpi
E 8 Change of Bass Formu
7 Use Structure Help students use the structure of the Change of . s i S
Base Formula in Example 5 to evaluate the logarithmic expression. 12308 ant I e ar S Eht of
PR i R wm,,m::;.
=355 Py P
Questions for Mathematical Discourse A T g, 5= 22 w4060

Lamsen 8.3+ o Logwsm 279

JYW What is a way to remember which number goes in the denominator
when applying the Change of Base Formula? Sample answer: The
base is subscript and thus lower, so it goes in the denominator. Interactive Presentation

ST Why do we use a common log when using the Change of Base
Formula? Sample answer: Using a common logarithm makes it
possible to evaluate the expression by using a calculator.

[51% Given log,11 = 2.1827 and log 2 =~ 0.6309, how could the Change
of Base Formula be used to evaluate the expression without using

common logarithms? You can use the formula to write log,11

logf1  2.1827
S Tog7 ~ 0.6309 3.4594.

Common Error

Some students may not understand the difference between the quotient

of two logarithms, like the Change of Base formula, and the logarithm of a -
: i e

quotient. They may try to evaluate an expression like log11 as log, which

will always be incorrect. Remind students that the formula takes the @ :::drzg:yc“;’“n:’:sg:e i@l CEEmIme il iy

logarithm of both the argument and the base, not the quotient of them. ’

Learn

Lesson 6-3 - Common Logarithms 279
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2 EXPLORE AND DEVELOP

$3 A.RELN, F.LE.4
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Interactive Presentation
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o g ety ot g ety b1
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A 0 WAL gt e e
P 0% s

Example 6
TYPE
' ™ Students describe how to solve a given
a| | logarithmic equation algebraically.

CHECK
Students complete the Check online to
determine whether they are ready to
move on.

280 Module 6 - Logarithmic Functions

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

€ Example 6 Use the Change of
Base Formula

@ Teaching the Mathematical Practices
5 Analyze Graphs Guide students to analyze the graph they have
generated using a graphing calculator. Point out that to see the
entire graph and the point of intersection, students may need to
adjust the viewing window.

Questions for Mathematical Discourse

P Why must you use the Change of Base Formula to solve the
equation? You need logarithms with base 10 to be able to use a
calculator.

e When solving the equation, does the coefficient of 1200 have to
be divided out first? Explain. The Change of Base Formula can still
be applied; the y-scale of the graph will change, but the solution
will be the same.

=T How could you use the Power Property of Logarithms to solve the
example algebraically? Starting at the end of Step 1, multiply
each side by Iogbz %Iog 2 = log 2°. Both logarithms have the
same base, 50 2° = m4 Multiply both sides by 1661.22 to
solve for a.

OGO Online

- Find additional teaching notes.
- View performance reports of the Checks.
« Assign or present an Extra Example.

@ Essential Question Follow-Up

Students have begun learning about common logarithms.

Ask:
Why are common logarithms useful in the real world? Sample answer:
Because common logarithms allow the use of technology to evaluate
or solve, and they are prevalent in science such as chemistry.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE A.REL11, F.LE4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Practice and Homework

Suggested Assignments e R
Use the table below to select appropriate exercises.
L oge 11853 1 ogi9 L5SN Alegtad 10793
DOK | Topic | Exercises
| 1,2 exercises that mirror the examples 1-28 Mk e B O ot
‘ 2 | exercises that use a variety of skills from this 29-50 ‘
| lesson | T 0 Bl o o
3 1 1 doutirn nach hoar, TR mumSer of G I presend afiar { howrs 5 Given by

exercises that emphasize higher-order and 51-54 ‘ O O o Ll Wk ey o e

critical-thinking skills
| i i

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide (R w5 e nven
resources for extension, remediation, or intervention.

e S capaation Bor gy L o1 e 1 fews By L = 40109 R, w1
1 spiatove ety o e buiref COM{MERS 1 T marimasm Eusubols of

man Bodrieg. (e fy's srmergency westes en 5135 decitets lud Hoe

maryy B Gyt ke e isima, flvesthold of heating b the sea? sbast 6.1« 07

A2 5% T 20 LT ATl DI M 3400 e 30 —OMSD
IF students score 90% or more on the Checks, m
THEN assign: [e—p
« Practice Exercises 1-49 odd, 51-54 o s N KR0S, WLV AR, S
« Extension: The Slide Rule
- [ ALEKS' Logarithmic and Exponential Equations R L [ R AR I B T T S P
IF students score 66%-89% on the Checks, m RS R 1
THEN assign:

« Practice Exercises 1-53 odd
« Remediation, Review Resources: Division Properties of Exponents

Gamgta 3

bt 16 I AT Teh A SR

« Personal Tutors g THanm  :eea00 Wann moes w0 BEaun
« Extra Examples 1-6
~ 3
. C1 ALEKS' Product, Power, and Quotient Rules seqs TET NN a2 [ames 6 esak T hsen
IF students score 65% or less on the Checks, m

STRATION Tho Heveno of & Fesshurast i s = B0 » 35000, ¥, wewep 12

THEN assign: il v s Nyt o OGNS e 5. i it SO 1
oy iy of ol LI & oA eMEUEMOH 1 b St

« Practice Exercises 1-27 odd e pithiripien e i ! S0

- Remediation, Review Resources: Division Properties of Exponents

« Quick Review Math Handbook: Commgn Logarithms by S THE jokciio 9 2.3 0l 5 s St A

- [ ALEKS' Product, Power, and Quotient Rules iyl il e et
guinm. Toen, 8 (P4 AR 0 BRI 1 poar

13teg Sy, 2008

Mixrd Exertives

IOCTAT 2 WAt e LIRS LR T

Bt e S TSI M T e I S 0T

¥alse 50 g neaTeNt S8 thoumandtn.
oo, oo D2 E a6 wn ' I amn moeget S

- 1398

st e 9m e 06 SEL om0 4o, kg ost “E 3

ey 88 - T e
10, V0 YT AT el VID TRIGONSIS A iop, VS I Tee0

[T r——
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283-284 Module 6 + Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |
Answers
49a. 3 log,(2x) —log (3x) =1
[Iog (2)()] log 3x) _
log(2) | ~ log (4) —
3log (2x)log (3x)
log(2) 2log(2) —
6log (2x)—log (3x) _
21og (2) -
6 (log (2) + log (x)) —log (3) — log (x) = 2 log (2)
51log (x) = log (3) =4 log (2)
So, x = 0.715.
49b. log, () + log {x) =
log (x3 log (x) _
log (6) log (3) =3
log (3) log (x) + log (6) log (x)
log (3) log (6) =3
2 log (3) log (x) + log (6) log (x) = 3 log (3) log (6)
log (x) [2 log (3) + log (6)] = 3 log (3) log (6)
So, x =~ 4.39.
- 2log, (3x) = —8 log,(x)
[\og l3x)] o [Iog )
log(2) | = ®llog3)
2log (3) log (3x) = =8 log (2) log (x)
2log (3)[log (3) + log (x)] = =8 log (2) log (x)
log (x) [2 log (3) + 8 log (2)] = —2[log (3))*
So, x = 0.732.
50a. log, (2x) < 2 log {x)
log (2x) 2 log (x)

log (7) = log (6)
log (2x) 2 log (x)

49

Ial

og) ~loge) <0
log (6) log (2x) — 2 log (7) log (x)
1og (6)10g (7) <0

log (6) log (2x) = 2 log (7) log (x) < O
log (6) [log (2) + log (x)] — 2 log (7) log (x) < O
log (6) log (x) — 2 log (7) log (x) < —log (2) log (6)
log (x) [log (6) — 2 log (7)] < —log (2) log (6)
—log (2) log (6)
log (6) - 2 log (7)
109 (2)1og (6)
X > 10/09 (6)=2log (7)
So, x is approximately greater than 1.81.
50b. 3 log (4x) < log (8)

log (x) >

3log (4x)

Iogglz) < log (8%)
3log (4

logg(‘z)x) ~log (8X)< 0

3log (4x) —log (2) log (8x) < 0
3[log (4) + log (x)] - log (2) [log (8) + log (x)] < O
3log (x) —log (2) log (x) < log (2) log (8) — 3 log (4)

log (x)[3—log (2)] < log (2) log (8) — 3 log (4)
log (2) log (8) = 3 log (4
log (9 < og ( |;gllo)g(2) og (4)

log (2) log (8) — 3 log (4)
x <10 3-log (2)
So, x is approximately less than or equal to 0.27.

A.REIL.1, F.LE.4

3 APPLICATION
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Lesson 6-4

Natural Logarithms

A.SSE.2,F.LE.4

LESSON GOAL

Students simplify logarithmic expressions and solve exponential
equations by using natural logarithms.

41 LAUNCH

}gl Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

.‘g\ Develop:

Simplifying Expressions with Natural Logarithms
« Write Equivalent Logarithmic Equations

« Write Equivalent Exponential Equations

« Simplify Logarithmic Expressions

Solving Exponential Equations by Using Natural Logarithms
« Solve Exponential Equations with Base e

« Solve Natural Logarithmic Equations

« Apply Functions with Base e

@ Explore: Using a Scatter Plot to Analyze Data

@ Develop:

9 « Examine Logarithmic Data

You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE
I3 it Ticket

Q—'Q Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources Ll S
Remediation: Common Logarithms [ X ) L)
Extension: Approximations for 7rand e [ XX )

Language Development Handboollt

Assign page 33 of the Language Development l.
Handbook to help your students build .I
mathematical language related to using natural Renmt
logarithms. INTEGRATED Hi

m You can use the tips and suggestions on
page T33 of the handbook to support students
who are building English proficiency.

Suggested Pacing

1day
2 days

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.SSE.2 Use the structure of an expression to identify ways to
rewrite it.

F.LE.4 For exponential models, express as a logarithm the solution to
ab® = d where a, ¢, and d are numbers and the base b is 2, 10, or ¢;
evaluate the logarithm using technology.

Standards for Mathematical Practice:

4 Model with mathematics.

5 Use appropriate tools strategically.

7 Look for and make use of structure.

90 min
45 min

Coherence

Vertical Alignment

Previous

Students simplified logarithmic expressions and solved exponential
equations by using common logarithms.

A.REL.11, F.LE.4

Now

Students simplify logarithmic expressions and solve exponential equations by
using natural logarithms.

A.SSE.2,F.LE.4

Next

Students will write exponential growth and decay equations and solve them
by using logarithms.

A.CED.1, F.LE.4

Rigor
The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING ] 2 FLUENCY | 3 APPLICATION

=y Conceptual Bridge In this lesson, students extend their
understanding of logarithms to include natural logarithms. They build
fluency and apply their understanding by solving real-world problems
related to natural logarithms.

Mathematical Background

Logarithm with base e is called a natural logarithm, written as log x or In x.
The natural logarithmic function, y = In x, is the inverse of the natural base
exponential function y = €.

Lesson 6-4 « Natural Logarithms ~ 285a


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0135.xhtml

1 LAUNCH P A.SSE.2, F.LE.4

Interactive Presentation

[ Warm Up

Yy Prerequisite Skills
o " The Warm Up exercises address the following prerequisite skill for
Lhagds this lesson:
2 b, 266 « using the Change of Base Formula
o i Answers:
s 11,6532
24
3.3.9069
4.0.3869
Warm Up

[ Launch the Lesson

@ Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
read about a real-world problem that can be represented by a
natural logarithmic function. Once students have completed the
lesson, encourage them to use the formula to find the percentage
of common words that would exist between two languages given
some number of years since they split.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Launch the Lesson

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

[ $ | Today's Vocabulary

Tell students that they will be using these vocabulary terms in thislesson.
) You can expand each row if you wish to share the definitions. Then
D )| discuss the questions below with the class.
¥ rutursl base asporentet Action
A papmreeta functon with bawe o, e sy = v

¥ mabrsd logarishm

Today’s Vocabulary
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Using a Scatter Plot
to Analyze Data

Objective
Students collect and use data to explore logarithmic functions.

@ Teaching the Mathematical Practices
4 Use Tools Point out that to complete the Explore, students
will need to use a table and graph to represent the important
quantities and relationships in the situation.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore
is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be presented with an Inquiry Question to answer at the end
of the activity. They will watch a time-lapse video of cooling coffee and
record data. Students will work through different exercises, including
generating a scatter plot. Then students will answer the Inquiry Question.

Q Go Online to find additional teaching notes and sample answers
for the guiding exercises.

(continued on the next page)

Interactive Presentation

Using a Scatter Plot to Anatyse Data
N VLI im0 o s b 4 e i o

Explore

Students enter different time/temperature pairs from the
time-lapse video.

Students graph the data and use the function tool to determine the
function that best models the data.

| Students discuss which function they chose and why.
J
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

Students respond to the Inquiry Question and can view a sample
answer.

285d Module 6 - Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Explore Using a Scatter Plot to
Analyze Data (continued)

3 APPLICATION

Questions
Have students complete the Explore activity.

Ask:

« When collecting data, is it best to get all of the coordinates from
the beginning or end of the video or across the entire time interval?
Explain. across the entire time interval; Sample answer: To best see
what function models the data, the data should represent the entire
time interval, not just one part.

« Based on this situation, what real-world situation do you think would
follow an exponential model? Explain. heating coffee; Sample
answer: Heating coffee would be the inverse of cooling coffee and an
exponential function is the inverse of a logarithmic function.

@ Inquiry

How can you use a scatter plot to determine the type of function that
best models a set of data? Sample answer: By plotting the data, you can
determine which functions approximate the curve made by the points.
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A.SSE.2,F.LE.4

1CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION
Learn Simplifying Expressions with Natural
Logarithms
Objective
Students simplify expressions with natural logarithms.
Ex ol Logarithms
(@7 Teaching the Mathematical Practices ~—————— et s seponon s T et st [ Sty
R . . Wi an opgnaimate e of 2 TIAIETN. e 1
6 Communicate Precisely Encourage students to routinely R A et ikt sl e
write and explain their reasoning. Point out that they should use 2o b i oY kan oo
clear definitions when answering the question in the Think About e Ly i)
It! feature. ean et peal vuat
pme e /|
Bl kg foea—= v = o Thens Aot 1
Common Misconception et bt o gw:“wm;"mm:
Some students may think that “In” is just a regular logarithm and may use o =5 —logdbims ~inat= R
the common log button on the calculator. Remind students that a natural L opre o e
logarithm is base e, not base 10. ey
Example 1 Wi vl Logaimihimic Ihecaute o i & rest
hmbor. 88 Ul
Witk sach e L n{hq,-";":
A=W natoral iogatithny
DIFFERENTIATE WM Dt by Mgep s,
(TR i
o Think Abadit I
. s Wit -
Enrichment Activity - P : Hoxpa e
To check if students understand the inverse relationship of e and In, i [ RN
have them evaluate the following without a calculator: Pmpad ol gl sty
Ine = -5 e 2x 3lne3 [ i v
Check calcutator Then,
Wit mach exponential equstion i togsrthemic form iseelimiiions
PR ¥ beog™ =33 = A I Thar 2
shenid equal T
Example 1 Write Equivalent Logarithmic = ekl
Equations L 4 M g 308

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the
exponential equations to rewrite them in logarithmic form.

Interactive Presentation

Questions for Mathematical Discourse

JYW What is the difference between logx and In x? They are the same
logarithm, In x is the typical abbreviation for a logarithm of base e.

T8 What is In 1? Explain. In 1 = 0 because €= 1.

[51% What is another approach you could take to write the equation in
logarithmic form? Sample answer: Take the natural logarithm of
each side then simplify the natural logarithm of the exponential
term, which brings down the exponent.

Students explain why the properties that
al | apply to logarithms with a base of b also

D Go Online el

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

apply to natural logarithms.

Lesson 6-4 - Natural Logarithms 285
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2 EXPLORE AND DEVELOP

A Exponential
amasy
wa=i rk ocnshon
o Thirik Aticut 1 tog, D= gy
Egion waya that In e R A
qual 1 in be T o
oot Explain B L7240
am UMY g
P nasmple amwer By
o Pt Progesty af b e
Lwtnm % ad e
Trin e, Brcavie
Jele = Checkc
&@e—h-‘. e gt bl Rtvie Bouation in eepanerial lom.
L Andredet=dr B =3 e
o Thirik At It i o
vou | wiie } n
Appey i propertes of jing-khiemg

~ingi=W3s
nZ=in3+me

piiy the Poiwr =ing+ing

Progerty of Logaithms, =i

‘The, apply Ehe Prodect

ot Oupent Peopeitiesty | ek

he Eniting expeession i i cabdusoton Sor veriy the sdiution

Erom boft b righe Bcaurie Both oniries el i e Lime vk,

e R T

Webe In 7~ § 027 + 496 0 n sl lagerhen I B

Learn

Logand

ng Exponentiad Equotion by Using Matural

VT b £ 1% e
hey can be used & Bach pihe

- e e

loganthwos becaisa s e = o' =
G0/t o e i i R e

08 Mheens 8 - Lospirerm Punchon

Interactive Presentation

Y- log, %
Example 2
TYPE
f B Students enter the values necessary
| | | to rewrite a logarithmic equation as
— an exponential equation.
TYPE
TR Students determine if a student’s claim
al | is correct.
CHECK
Students complete the Check online to
determine whether they are ready to

move on.

286 Module 6 + Logarithmic Functions

m A.SSE.2, F.LE.4

1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION
Example 2 Write Equivalent Exponential
Equations

@ Teaching the Mathematical Practices
1 Understand the Approaches of Others The Think About It!
feature asks students to justify a student's reasoning.

Questions for Mathematical Discourse

V0 In part b, what happens if you substitute 7% for x in the original
equation? You get a true statement 1.7347 =~ 1.7347.

el What is €% x
[51% What is the base of the logarithm of x that is equivalent to Irf;? e?

Example 3 Simplify Logarithmic Expressions

@Teaching the Mathematical Practices
5 Use Mathematical Tools Point out that to check their solution
in Example 3, students will need to use a calculator.

Questions for Mathematical Discourse

What step could you show in between In %L In9andIn6?
in (2x9)

Why must the Power Property be used first when simplifying
logarithmic expressions? Sample answer: In the order of
operations, evaluating exponents comes before multiplying and
dividing. The Power Property deals with exponents.

518 Suppose a student first simplified the given expression as
In2 +In % + In9. What did the student do? Sample answer:
The student used the subtraction as a coefficient of —1and
rewrote —In3asin3"

Learn Solving Exponential Equations by
Using Natural Logarithms

Objective
Students solve exponential equations by using natural logarithms.

@Teaching the Mathematical Practices
2 Make Sense of Quantities Mathematically proficient students
need to be able to make sense of quantities and their relationships.
Guide students to see the relationship between the number e and a
natural logarithm.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

DIFFERENTIATE

Reteaching Activity 18

IF students are having difficulty solving exponential equations using
natural logarithms,

THEN work through several simple equations using inverse functions
like x* = 4,x = 3, and logx = —1. This will help students recognize
the use of the inverse function and they will be more successful when
solving equations involving e.

Example 4 Solve Exponential Equations
with Base e

@ Teaching the Mathematical Practices
5 Use Mathematical Tools T o solve the problem in Example,
students will need to use a calculator to evaluate a natural logarithm

Questions for Mathematical Discourse

What is the exact solution? In (11) — 3

[STR How can we check our solution using a calculator? Sample answer:
Substitute —0.6021 into the original equation for x and see if the
expression is approximately —14.

I8 How could you check the solution algebraically? Sample answer:

substitute In (11) — 3 for x in the original equation and simplify to
seeif you get —14 = —14.

Example 5 Solve Natural Logarithmic
Equations
@ Teaching the Mathematical Practices

7 Use Structure Help students use the structure of logarithms to
solve a natural logarithmic equation.

Questions for Mathematical Discourse

What is the inverse function of a natural logarithm? an exponential
function with base e

Could you have used the Power Property of Logarithms for thel6
coefficient and arrived at the correct answer? Y es, but the method
shown in the example is simpler.

I8 Why do we not need to check for extraneous solutions after solving
the natural logarithmic equation? Sample answer: An extraneous
solution occurs when the argument of a logarithm is negative.
Because x is positive, the argument will be positive and the solution
will not be extraneous.

Common Error

Students tend to forget In is the logarithm with base e. They may try
to use a different base with the Property of Equality for Exponential
Equations. No other base is ever the inverse of In, so reinforce to
students that when dealing with In they should always use e.

A.SSE.2,F.LE.4

Example 4 Soi
Solve 26"+ 14 B ~ 14, Reund i the Aarest oo Absusandth.
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Interactive Presentation

Sabm — 26" 4 m — )4, Hownd b5 ha nesrest fen-Shassandth,

. -4 Criginal wuation

Substrict il fom wach il

Example 4
TAP i
Students move through the steps to solve
(\\ an exponential equation with base e.
TYPE
T Students describe the error that was made
al when the equation was solved.
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2 EXPLORE AND DEVELOP
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Interactive Presentation

(AU ot i o s 5 ]
e gt s bt e o 1 s b 0

Example 6
Students move through the steps to
evaluate the function for different variables.

Students answer a question to determine
whether they can interpret an asymptote
e in context.

288 Module 6 - Logarithmic Functions

1 CONCEPTUAL UNDERSTANDING

A.SSE.2,F.LE.4

2FLUENCY | 3 APPLICATION

& Example 6 Apply Functions with Base e

@ Teaching the Mathematical Practices

4 Interpret Mathematical Results. In Example 6, students should
interpret their mathematical results in the context of the problem.
Point out that the solution to each part of the problem may have a
different unit and meaning.

Questions for Mathematical Discourse

m

In Part B, why do you subtract 72 from each side rather than add
the 72 to the coefficient 1282 Sample answer: Y ou cannot add the
72 t0 128 because the 128 has an exponential term, which means
72 is not a like term.

In Part C, how do you know you do not need to reverse the
inequality symbol when you divide by e%?%? e is a positive
number, and the exponent does not make the term negative.
What would happen if you tried to find a value of ¢ for a serving
temperature greater than the initial temperature? The result
would be a negative value for ¢, which does not make sense in the
context of the situation, just as a serving temperature greater than
the initial temperature does not make sense.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING |

2FLUENCY |
Example 7 Examine Logarithmic Data

3 APPLICATION

@ Teaching the Mathematical Practices
5 Compare Predictions with Data Point out that in Example 7
students should use a graphing calculator to enable them to
visualize the situation. Help students to use a graphing calculator
to compare their predictions about the percentage of the
population who play games on their phones in a given year with
the data.

Questions for Mathematical Discourse

Y8 Why do you need to evaluate the function for x = 15, not x = 25?
x represents the years since 2010.

What is the value of the function at x = 1, and how does it compare
to the dataset? f(1) = 23.3237, which is close to (1, 25.9).

I=T8 What point is the upper limit of the domain and range of the
function in the context of the example? (70.2, 100)

A.SSE.2,F.LE.4

Explore Lising a Scatter Plot bo Analyze Data

) Oniine Activity Uise the video to compite the Explore

{3 Example 7 £
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Interactive Presentation

Exareiow Logarittusic Data

I s e e g

Example 7

cion
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Students select a calculator to analyze
logarithmic data in a real-world context.
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2 EXPLORE AND DEVELOP ASSE.2,F.LE4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3APPLICATION
Exit Ticket
Sten 3 Determine the fundition of best it
o chesormine e hunition et bess Bts the data, periorm & natusal Recommended Use
Inganithmc pegreicn Chack thal thy <oeficiont of detormination i . . T
i 101, indicalieg o St7orwy Bt of the data At the end of class, go online to display the Exit Ticket prompt and ask
phromt -3 iyt oss gl i students to respond using a separate piece of paper. Have students hand
D a0 e you their responses as they leave the room.

The regresiion has & coricare
of dhatersrination of £ = BI04,
weich ba 1 wary streeg M ot thi
S, Botause the function s
o clat vk ks, 500
P e of the sEuation, the
8t can ba sepresonted by o
Lrganhme ot

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.

e FED2IT + TIATink

S0 & Evshusts wiiog the regees
i VU 80 5t T LAk GenOnIAd
e by th rahing caleulitor to
Barge. Teie hinction f5¢ Eredict the percestage of people
0 percentage of e play Gamies o it phones
ol who play i e yoae Pross [ el
et i [TRBLE] w5 e arrle Ry 1
e screii Sown 10 x = 15,40 predicr
“ocant of e veuton
Ok paritree wahues of vl plry e I 200,
i P bty thee 100 In 2005, Aboin 1A% of peopie
maee pente because America it mes on & phone,
B peecontage of ihe e
pipaaticn camit 5o S6n § Ansfyze the graph
e of grodte Pross fraph] You can use the functionasty of tho Calcutator 19 el
Tt ‘anyec The key Seatines i tha contest of the situstion
domaies jxls > 0
Usea Sioarce esnge: [vir > 0
Wi B clats i) etarcopt: 0 7687
ooected 11 ha Explom Frimtercept: nono
activey 10 vk mcrenien. x> )
skl sesiive: (x}s > 0.2687)
etk megative: 1) < . :265T]
Then, ute o inction o beavion: 45 1 s %, y
b0 precict she Th firsion = 233237 + Tt 1oy 0
+ Porsiunss ekt 1han O Howeves, i 1he cantest of She
Seii e % bk SRUAN, 18R b et of The pofition and AL Be oL
Sh4 shidenis” ok

200 mhaduts 8- Lixpiemen Purcions

CHECK

Students complete the Check online to
determine whether they are ready to

move on.
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3 REFLECT AND PRACTICE ASSE.2,F.LE4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Practice and Homework
Suggested Assignments :’f‘_"“ Do
Use the table below to select appropriate exercises. Wite sachh axponeiel agunion n logerthmic Sorm.
Laes pm B LoVl In = inds Lt x0) Sw=mi2
DOK | Topic | Exercises
e et kT F 3 Le=Jamind BeteSe dumin
1, 2 exercises that mirror the examples 1-45
2 | exercises that use a variety of skills from this lesson  46-56 | PGS, SEMERAR N
\ 3 | exercises that emphasize higher-order and 57-60 ‘ i
critical-thinking skills e N e e
i | 0 Moo o= MwMNes =l
Wmasg sme L 5. I8 00002 = & € = 00N
ASSESS AND DIFFERENTIATE WmawBIMS s g s e WM A
@ Use the data from the Checks to determine whether to provide e
P e -
resources for extension, remediation, or intervention. W, 3n1ome 30, 4wy 956 Py
w1 mISEwlniE it e T
IF students score 90% or more on the Checks, BL gy - g BESRR LN,
THEN aSSign: s anf-em] 20 7wl rams I Ams=-dns
« Practice Exercises 1-55 odd, 57-60 -t} Tl =
- Extension: Approximations for 7r and e i
- [ ALEKS' Logarithmic and Exponential Equations
2.3 -t L 20 5%+ 3-8 LONSE MM IR
IF students score 66%—89% on the Checks, oL} A T
THEN assign: R
« Practice Exercises 1-59 odd
« Remediation, Review Resources: Common Logarithms
« Personal Tutors o
« Extra Examples 1-7 Mbir-f=1 BT S mbeN -3 WOSS M np-3-% HSADD
- [ ALEKS’ Logarithmic and Exponential Equations BBl sy 0003, ks man? WHO 9 a3 ek
IF students score 65% or less on the Checks, m PrawL
THEN assign: B e s s
« Practice Exercises 1-45 odd ok s o R s I O
« Remediation, Review Resources: Common Logarithms p R
« Quick Review Math Handbook: Base e and Natural Logarithms i ety i oy

. B ALEKS' Logarithmic and Exponential Equations A,
S——

s
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el $10 0001y o csuaet ahioe B et
s
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3 REFLECT AND PRACTICE ASSE.2,F.LE4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY |  3APPLICATION
Answers
_ P o _ . h05
o . _— 55a. P = Pe 0.5P = P ¢ ;T = e In(@3) = 5730k (In e); k = s
o
A B PP 55¢. Sample answer: at least about 7500 years; Solve inequality:
= 904,30 - 5290 o2 wbout 614 gramn \nO.Sr Mi \nO.St 05
_4_]...1 .}._l P < 200e57307; 80 < 200e 5730°; 0.4 < €5730; In(0.4) <5735 ¢ - In(e);
no | o az | es

5730 -In0.4, __
PP i t=="05 =~ 7575 years
et & of m sapesiment, e 8 griphing calcuamor 93 find & kganthmc
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Lesson 6-5 A.CED.1, F.LE.4

Using Exponential and Logarithmic Functions

LESSON GOAL Suggested Pacing
Students write exponential growth and decay equations and solve them 90 min 0.5 day
by using logarithms. 45 min 1day
1 LAUNCH
Focus

}gl Launch the lesson with a Warm Up and an introduction. Domain: Algebra, Functions

Standards for Mathematical Content:

2 EXPLORE AND DEVELOP A.CED Create equations and inequalities in one variable and use them

@ pevelon: to solve problems.
F.LE.4 For exponential models, express as alogarithm the solution to
Using Logarithms to Solve Exponential Growth Problems ab = d where a, ¢, and d are numbers and the base b is 2, 10, or e;
« Continuous Exponential Growth evaluate the logarithm using technology.
Using Logarithms to Solve Exponential Decay Problems Standards for Mathematical I?raFtice:
+ Continuous Exponential Decay 2 Reason abstractly and quantltAatlverA
« Radiocarbon Dating 5 Use appropriate tools strategically.
6 Attend to precision.
g You may want your students to complete the Checks online.
Coherence
3 REFLECT AND PRACTICE Vertical Alignment
TR it Ticket —
Students simplified logarithmic expressions and solved exponential
% Practice equations by using natural logarithms.
A.SSE.2,F.LE.4
DIFFERENTIATE Now

Students write exponential growth and decay equations and solve them by
using logarithms.
A.CED.1,F.LE.4

@ View reports of student progress on the Checks after each example.

Resources | m m: ! (EL] _-

Remediation: Solving Exponential Equations oo ° Next ) . . .
and Inequalities Students will study rational functions and equations.

A.CED.1, F.IF.4, F.IF.7d
Extension: Effective Annual Yield | XX )

Language Development Handbook

Assign page 34 of the Language Development @ ] ngor

Handbook to help your students build mathematical [ ] ]. The Three Pillars of Rigor

language related to using exponential and . .

logarithmic functions. INTEG i | 1CONCEPTUAL UNDERSTANDING |  2FLUENCY | 3 APPLICATION
FETH vou can use the tips and suggestions on o

page T34 of the handbook to support students =l Conceptual Bridge In this lesson, students build fluency and
who are building English proficiency. apply their understanding by solving problems that involve exponential
and logarithmic functions.

Mathematical Background

The exponential decay formulas are of the formy = a(1 — ), or y = ae*
The exponential growth formulas are of the form y = a(1 + #) or y = et
Logarithms can be used to solve problems involving exponential growth

and decay.

Lesson 6-5 « Using Exponential and Logarithmic Functions 295a
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1 LAUNCH 28 A.CED.1, F.LE.4

Interactive Presentation

[ = Warm Up

Warm Up Prerequisite Skills
Solve each sqution: Chck your sation. The Warm Up exercises address the following prerequisite skill for
oS this lesson:
4 . . .
« solving exponential equations
A -
A Answers:
2 1
L 15
5
m 3.-2
a-2
Warm Up 1
5. 3

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics Encourage students to consider how
exponential functions and logarithms are used in dating artifacts.
Ask students to explain the mathematical relationship between
time and the amount of Carbon-14 in an object.

0 Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

Launch the Lesson

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

295b Module 6 - Logarithmic Functions
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Learn Using Logarithms to Solve
Exponential Growth Problems

Objective
Students write exponential growth equations and inequalities and solve
them by using logarithms.

@T%aching the Mathematical Practices
2 Attend to Quantities Point out that it is important to note the
meaning of the variables used in the formulas for Continuously
Compounded Interest and Continuous Exponential Growth.
6 Use Precision In this lesson, students learn how to calculate
accurately and to express numerical answers with a degree of
precision appropriate to the problem context.

About the Key Concept

Exponential growth can be modeled by the function f(x) = ae* where a
is the initial value, t is time in years, and k is a constant representing the
rate of continuous growth.

Common Misconception

Some students may think that they should use the rate of growth as is, without
converting to a decimal. Reinforce to students that a percent must be written
in decimal form before being used in a formula.

DIFFERENTIATE

Reteaching Activity ALl |

IF students are struggling to identify the parts of an exponential

growth formula,

THEN have them highlight each variable with a different color in

y = w@eThen they can use the same colors to highlight corresponding
pieces in any given problem.

& Example 1 Continuous Exponential Growth

@ Teaching the Mathematical Practices
2 Represent a Situation Symbolically Guide students to write
an equation that represents the exponential growth and then use
the equation to solve the problem.

Questions for Mathematical Discourse

FYE What is another way you can determine when Florida’s population
will surpass California’s population? Graph both equations and
find the intersection point of the functions.

If a state has a lesser population in 2016 compared to 2000, what
do you know about k? k is negative.

I8 In part b, what would happen if you tried to find the time when the
population would be 14 million? ExplainYou would get a negative
value for t because you would be taking the natural logarithm of a
number between 0 and 1.

A.CED.1, F.LE.4

Lesson 6-5

Using Exponential and Logarithmic Functions

Learn Using Logadthms to Sohve Exponential Today's Goats.
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Part A Write an sxponentinl growih suation,
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Interactive Presentation

1 Students answer a question to determine
whether they understand how to write an
— exponential growth equation in context.

Lesson 6-5 « Using Exponential and Logarithmic Functions 295
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2 EXPLORE AND DEVELOP

yot
2081 = T8 0B
Tl
Stady Tip Lo Rl
w.. nBY e
mans Bt ppuiations it
oot grow Ity i =
40 may b Wectes - T
o Ak S1Ach 35 By
Soabsta) tared s,
. -r ™
Awouecny, Cinsers. dony
4001 50 0n. Howeved Florida’s tetathey 1aie-of grimth
atarnog st ol 3
‘Dopulation wil — 15 geaia
Tomnue 17 giow at i ¥
i hir A Froeitta Eywats aflat 3 by the
Inpeosent the suation ecuation y = 15 Gla0 0w
[ p——
Powh aquation, L P
Lo your oguation rom Part A to ISRt he Sopulston.
peRt "
FLER L]
& Think About 4 L4 = g
Basecon the ghetn - i
o0 g 1G04 = i o
peimantice of Fort 11 1564 = 0000
anc Caidcmia, daan 1 [T
make vense hat L L
Fleieta's pogdation wil B o a3
mviniually wapay Flonda’s pepulaton wil fmach 75 milken feopie s tmimately 8129
AR L ey ahor 2000, oo n J038
our reatonng

PartC Compar

- Califorsia’s poputation in 2000 wes 33 9 millon, and s popidation
b Tt owthcan Do moied by s = 39601 Ditoming when Flotia's

mmm eopittion will supass Caldormnia's.

Wit highes Thai the 15,900 . gt .

‘grermah rste foe Califoinia, 115 B o 3 G 0Rl
Ty | P53 RS e
o 106+ DOMGE In 139 + Q00K
Calfiovrha’, K oakessense. 51598 + 00067 2 in 139

St ol verdally L

serpass Caloria’s ey
ohm“m .rblﬂﬁ .-... ..
o i TS Asmuing Tt NS Dend Continus, Fose's pupulition 1 on 1A to
Bt SR s CASFOMN i 21T

D6 Mhets 8 - Lgurerens Punchone

Interactive Presentation

Continuoas Eponantial Growsh
Qs v b i

Students move through three parts in
which the exponential growth function
is written, used to predict, or used to
compare.

Students determine whether it makes
a sense that Florida’s population will
Apmmrpef eventually surpass California’s.

Students complete the Check online to
determine whether they are ready to
move on.

296 Module 6 - Logarithmic Functions

A.CED.1, F.LE.4

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
0 Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0150.xhtml

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY |

Learn Using Logarithms to Solve
Exponential Decay Problems

3 APPLICATION

Objective
Students write exponential decay equations and solve them by using
logarithms.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
and explain their solution methods. Point out that they should use
clear mathematical language when answering the question in the
Think About It! feature.

About the Key Concept

Exponential decay can be modeled by the function fix) = ae~where
a is the initial value, t is time in years, and k is a positive constant
representing the rate of continuous growth.

@Essential Question Follow-Up

Students have begun learning about exponential growth and decay.

Ask:
Why are exponential growth and decay functions useful in the
real world? Sample answer: Many real-world situations follow an
exponential models such as investments, populations, bacteria growth
or decay, and temperature of heated or cooled liquids.

A.CED.1, F.LE.4
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Interactive Presentation

Learn
TYPE
Students explain how to find the value of t
a when given months and a rate per year.
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Interactive Presentation

Example 2

TYPE

Students enter values to complete the
exponential decay formula.

Students research the half-life of another
radioactive substance and then write the
equation of decay.

298 Module 6 - Logarithmic Functions

A.CED.1, F.LE.4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Example 2 Continuous Exponential Decay

@ Teaching the Mathematical Practices
5 Use a Source In Example 2, guide students to find external
information to answer the questions posed in the Use a Source
feature.

Questions for Mathematical Discourse

P8 What does half-life represent? the time it takes a substance to
decay to half its original mass

[eT I the half-life is decreased, what is the effect on k? k increases.
What does this mean in the context? A substance that takes less
time to decay to half the initial amount has a faster rate of decay.

=10 The exponential decay function approaches but never reaches
zero. In the context, how could you calculate when the mass
of a 2-gram sample of Thorium decays to as close to zero as
possible? Sample answer: Look up the approximate mass of one
thorium atom in grams and use that as y. Solve for t.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING

2FLUENCY | 3 APPLICATION

& Apply Example 3 Radiocarbon Dating

@ Teaching the Mathematical Practices
1Make Sense of Problems and Persevere in Solving Them, 4
Model with Mathematics Students will be presented with a task.
They will first seek to understand the task, and then determine
possible entry points to solving it. As students come up with their
own strategies, they may propose mathematical models to aid
them. As they work to solve the problem, encourage them to
evaluate their model and/or progress, and change direction, if
necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present
the task, or have a volunteer read it aloud. Then allow students the time
to make sure they understand the task, think of possible strategies, and
work to solve the problem.

Encourage Productive Struggle

As students work, monitor their progress. Instead of instructing them

on a particular strategy, encourage them to use their own strategies to
solve the problem and to evaluate their progress along the way. They
may or may not find that they need to change direction or try out several
strategies.

Signs of Non-Productive Struggle

If students show signs of non-productive struggle, such as feeling

overwhelmed, frustrated, or disengaged, intervene to encourage them to

think of alternate approaches to the problem. Some sample questions are

shown.

« | s the number 14 in Carbon-14 important for answering the questions?

« H ow many years would it take for charcoal flakes to contain one
quarter of the original amount of Carbon-14?

@ write About It!

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.

A.CED.1, F.LE.4
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Interactive Presentation

Tadlecarbon Dating

R 5 e 1 st i i s
b

Apply Example 3
TYPE
[ a Students answer a question to determine
al whether they understand continuous
o exponential decay.
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2 EXPLORE AND DEVELOP A.CED.1,F.LE4

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Exit Ticket
A How can you know that your solulion s reasonable?
1 Wirine ABout 1 Wi im argamant 51 can B wieed b defand Recommended Use
o scition . . -
Samphe arwor; Tho SoAB0n LAl Wit e Intal exsmiene of MLAB0 o At the end of class, go online to display the Exit Ticket prompt and ask
mﬂ?ﬁ&mmﬂm’mfﬁ:wm” students to respond using a separate piece of paper. Have students hand

Forje m 0w SO0, 01,0 = | and £ = W00 Theny = 1+ - POTIGMSMT

= G M5B you their responses as they leave the room.

an g Alternate Use
estimaties that & containg shout 2 34% a8 much Carbon-$4 is 2t would . . . .
Iave contmned when & was caknaed. How long g0 wes B paiming At the end of class, go online to display the Exit Ticket prompt and ask
Crestod? Rownd b e nparest yoar. . e .
P s a1 s o b students to respond verbally or by using a mini-whiteboard. Have students
S T hold up their whiteboards so that you can see all student responses. Tap to

reveal the answer when most or all students have completed the Exit Ticket.
Pause and Reflect

i b it v i 515 b
ol win 17

Seq thisenty’ haRnvaticen

300 Maduts 8- Loxpanerss Purciae

CHECK

Students complete the Check online to
determine whether they are ready to

move on.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

| Exercises

DOK | Topic
1, 2 exercises that mirror the examples 1-5

2 | exercises that use a variety of skills from this lesson 618 |

\ 3
ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

| exercises that emphasize higher-order and 19-21 ‘
| critical-thinking skills

IF students score 90% or more on the Checks, m
THEN assign:

« Practice Exercises 1-17 odd, 19-21

« Extension: Effective Annual Yield

- [ ALEKS' Logarithmic and Exponential Equations

IF students score 66%—89% on the Checks, oL}
THEN assign:
« Practice Exercises 1-21 odd
« Remediation, Review Resources: Solving Exponential Equations
and Inequalities
« Personal Tutors
« Extra Examples 1-3
« [ ALEKS' Logarithmic and Exponential Equations

IF students score 65% or less on the Checks, m,

THEN assign:

« Practice Exercises 1-5 odd

« Remediation, Review Resources: Solving Exponential Equations
and Inequalities

« Quick Review Math Handbook: Using Exponential and Logarithmic
Functions

- C1 ALEKS® Logarithmic and Exponential Equations

2 2 A.CED.1, F.LE.4
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2 A.CED.1, F.LE.4

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Answers

17a. Sample answer: An exponential model best describes the points
because the number of cells decreases by the same percentage every
minute.

100000

00,000

10} é.a1§:

17b. In the model f{t) = ae* f{t) represents the number of cells remaining
after t minutes, a represents the number of cells at the start of the
experiment, t represents the number of minutes since the experiment
began, k is the growth or decay constant. F(t) = 1,000,000e*

17c. k = 0.356675; It is exponential decay. Substitute known values into
the formula: 700,000 = 1,000,000e30.7 = e ; 0.7 = —k;
k = 0.356675; The exponential decay model for this experiment is
fit) = 1,000,000~ 0356675,

17d. It will take approximately 19.367 minutes to have less than 1000 cells.
Write the model and solve for t; 1000 = 1,000,000¢ 0356675,
0.001 = 703667 |n 0.001 = —0.356675¢; t =~ 19.367.

20. Sampleanswer: As t — 400, e =5 0. So, the denominator approaches
1+ 0, or 1. As the denominator approaches 1, f{t)— % or c. However,
since eever reaches 0, f{t) can never reach c.

21. Sample answer: Exponential functions can be used to model situations
that incorporate a percentage of growth or decay for a specific number
of times per year. Continuous exponential functions can be used to
model situations that incorporate a percentage of growth or decay
continuously.
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Module 6 - Logarithmic Functions

Review

Rate Yourselfl & @ B

Have students return to the Module Opener to rate their understanding
of the concepts presented in this module. They should see that their
knowledge and skills have increased. After completing the chart, have
students respond to the prompts in their Student Edition and share their
responses with a partner.

@ Answering the Essential Question
Before answering the Essential Question, have students review their
answers to the Essential Question Follow-Up questions found throughout
the module.
« How are the graphs of exponential functions and logarithmic functions
related?
« Why are common logarithms useful in the real world?
« Why are exponential growth and decay functions useful in the
real world?

Then have students write their answer to the Essential Question.

DINAH ZIKE FOLBABLES

[ELL Y completed Foldable for this module should include the key
concepts related to creating logarithmic functions.

LearnSmart Use LearnSmart as part of your test preparation plan
to measure student topic retention. You can create a student assignment
in LearnSmart for additional practice on these topics for Modeling with
Functions.

« Applications of Function Models

« Exponential and Logarithmic Functions

« Building Functions

() Essential Guestion

Modube &+ Logarithmic Funciions
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Review and Assessment Options

The following online review and assessment resources are available
for you to assign to your students. These resources include technology-
enhanced questions that are auto-scored, as well as essay questions.

Review Resources
Vocabulary Activity
Module Review

Assessment Resources
Vocabulary Test

Module Test Form B
Module Test Form A
Module Test Form C
Performance Task*

*The module-level performance task is available online as a printable document. A scoring
rubric is included.
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Test Practice

You can use these pages to help your students review module content
and prepare for online assessments. Exercises 1-19 mirror the types
of questions your students will see on online assessments.

Question Type Pescription Exercise(s)

Multiple Choice | Students select one correct answer. 4, 6, 7,11, 12,
| 15,17
Multi-Select Multiple answers may be correct. | 9,14
Students must select all correct
answers.
Graph Students create a graph on an 2,3
online coordinate plane.
Open Response | Students construct their own 1,5,8,10,
| response. | 13,16,18,19

To ensure that students understand the standards, check students’
success on individual exercises.

Standard(s) | Lesson(s) Exercise(s)
A.SSE.2 6-1,6-2, 6-4 4-7,14,16
ARELN 6-3 8
A.CED.2 | 6-5 | 17
A.CED.4 | 6-1 | 1
F.IF.7e | 6-1 | 2,3
F.BF.a | 6-3 | 1,12 |
FLE4 | 6-3, 6-4, 6-5 19,10,13,15,18,19
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Lesson 6-3

52.log ;3 = log x Original equation

log 3
log, V@

log 3 4
7 =logx va=oz

2
2log 3 = log x Multiply numerator and denominator by 2.

= log,x Change of Base Formula

log,3 = log x,Power Property of Logarithms
3=y Property of Equality for Logarithmic Functions

9=x Simplify.

53.log 27 =3 andlog 3= %; Conjecture: log p = $
S
Proof:

Ioggbé ﬁ Original statement

logb , 1
logg ~ Togg Change of Base Formula

1 _ 1 )
_IOg‘,a = _Iogna Inverse Property of Exponents and Logarithms

=
(®)
S
c
—
m
o
>
z
7
=
m
P
>
T
0
m
z
9
X
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Module 7

Rational Functions

Module Goals

« Students multiply and divide rational expressions.

« Students add and subtract rational expressions.

« Students graph and analyze reciprocal functions.

« Students graph and analyze rational functions.

« Students recognize and solve direct, joint, inverse, and combined
variation equations.

Focus

Domain: Algebra, Functions

Standards for Mathematical Content:

A.APR.7 Understand that rational expressions form a system

analogous to the rational numbers, closed under addition, subtraction,
multiplication, and division by a nonzero rational expression; add,
subtract, multiply, and divide rational expressions.

F.IF.5 Relate the domain of a function to its graph and, where applicable,
to the quantitative relationship it describes.

Also addresses A.CED.1, A.CED.2, A.REI.2, A.REI11, F.IF.4, and F.BF.3.
Standards for Mathematical Practice:

All Standards for Mathematical Practice will be addressed in this module.

Suggested Pacing

Coherence
Vertical Alignment

Previous
Students simplified expressions with rational exponents.
N.RN.1, N.RN.2 (Course 2)

Now

Students graph and analyze rational functions with vertical, horizontal,
and/or oblique asymptotes. Students write and solve rational equations.
A.CED.1, F.IF.4, A.REl.2

Next

Students will graph and analyze trigonometric functions, identifying key
features and aymptotes.

F.IF.4,F.IF.7e

The Three Pillars of Rigor

Students will use the three pillars of rigor to help them meet standards.
Students gain conceptual understanding as they move from the Explore
to Learn sections within a lesson. Once they understand the concept,
they practice procedural skills and fluency and apply their mathematical
knowledge as they go through the Examples and Practice.

1 CONCEPTUAL UNDERSTANDING ﬂFLUENCY J 3 APPLICATION

EXPLORE m EXAMPLE & PRACTICE

Lessons ] Standards ] 45-min classes

Module Pretest and Launch the Module Video 1 0.5
7-1Multiplying and Dividing Rational Expressions AAPR.7 1 0.5
7-2 Adding and Subtracting Rational Expressions AAPR.7 1 0.5

Put It All Together: Lessons 7-1 through 7-2 1 0.5
7-3 Graphing Reciprocal Functions FIF.5 F.BF.3 1 0.5
7-4 Graphing Rational Functions F.IF.4, F.IF.5 1 0.5
7-5 Variation A.CED.1,A.CED.2 1 0.5
7-6 Solving Rational Equations and Inequalities A.CED.1, A.REL.2, ARELN 2 1

Module Review 1 0.5

Module Assessment 1 0.5

Total Days n 5.5

Module 7 - Rational Functions 309a



b Module Resource

'. R}if&lﬁ ﬁv Formative Assessment Math Probe
/  [3:le)=]=3 Graphs of Rational Functions

2 Analyze the Probe

Review the probe prior to assigning it to your students.

In this probe, students will analyze algebraic representations of rational functions to
identify their graphical representations.
Targeted Concepts Understand how the algebraic representation of a function can be
analyzed to find intercepts and asymptotes of the graphical representation.
Targeted Misconceptions
« Students may determine the intercepts by incorrectly swapping the process (for example,
finding the x-intercept by substituting zero for x) or by making a computation error when solving.
« Students may not understand that the horizontal asymptotes are found by analyzing the
degrees of the numerator and the denominator.
« Students may not understand that vertical asymptotes are associated with values of x Correct Answers:1.B2.A3.A4.C
that are undefined (analyzing the denominator).

« Instead of dividing the entire numerator and denominator by common factors to simplify
or analyze a rational function, students may incorrectly “cancel” terms or parts of terms.

Use the Probe after Lesson 7-4.

S Collect and Assess Student Answers

o the student selects @ the student likely...
these responses...

1.A,C,D is making one or more of the following errors:
2.B,C,D « is not analyzing the power of the numerator and denominator and/or not correctly using the
3.B,C,D coefficients of the numerator and denominator to determine the horizontal asymptotes,
« does not understand how to evaluate the denominator (set it equal to 0 and solve for
X) to determine vertical asymptotes, or
« is not finding f(0) to find y-intercepts and/or is not setting the numerator equal to 0
and solving for x to find x-intercepts.

incorrectly “cancels” terms or parts of terms in the numerator and denominator instead of
dividing each by a common factofFor example, reducing the expression in item 4 to 6x )+ 7
E is reasoning incorrectly by:

« not recognizing that the equation is written in a form that gives important information
about what the graphical representation looks like, without a provided scale, or

- only using one identifying feature to determine what the graph looks like. For example, if
only using y-intercepts, the student may not be able to choose between Graph A or
Graph D.

—a Take Action
After the Probe Design a plan to address any possible misconceptions. You may wish to assign the following resources.

- [E] ALEKS' Graphing Rational Functions

« Lesson 7-3 and 7-4, Learn, Examples 1-2

Revisit the Probe at the end of the module to be sure that your students no longer carry these misconceptions.

309b Module 7 - Rational Functions
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MM,

L]
IGNITE!
The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and
engage and challenge students. Use these open-ended, collaborative
activities, located online in the module Launch section, to encourage
your students to develop a growth mindset towards mathematics and
problem solving. Use the teacher notes for implementation suggestions
and support for encouraging productive struggle.

() Essential Question
At the end of this module, students should be able to answer the
Essential Question.

How are the rules for op with rational bers applied to
operations with rational expressions and equations? Sample answer:
Similar to adding and subtracting rational numbers, you can add and
subtract rational expressions by using a common denominator. Sums,
differences, products, and quotients can be simplified by removing
common factors from the numerator and denominator of the rational
expression. Also, rational expressions can be set equal to one another to

solve for unknowns.

What Will You Learn?

Prior to beginning this module, have your students rate their knowledge
of each item listed. Then, at the end of the module, you will be reminded
to have your students return to these pages to rate their knowledge
again. They should see that their knowledge and skills have increased.

DINAH ZIKE FELBABLES

Focus Students write notes about rational functions in this module.

Teach Have students make and label their Foldable as illustrated.
Students should use the appropriate tab to record their notes and
examples for the concepts in each lesson of this module.

@ When to Use It Encourage students to add to their Foldable as they
work through the module and to use them to review for the module test.

Launch the Module

For this module, the Launch the Module video uses the Doppler effect,
scuba diving, and personal goals to show real-world applications of
rational equations. Students learn about using rational equations to
model the amount of time a scuba diver can safely spend at various
depths.

Module 7
Rational Functions

What Will You Learn?
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What Vocabulary Will You Learn?

[ZM8 As you proceed through the module, introduce the key vocabulary
by using the following routine.

Define An asymptote is a line that a graph approaches.
Example The graph shows asymptotes at x = —3 and f{x) = 2.
[EEEEE INE
flr = ﬁ'l- 21 1

= . -

Y |

Ask What does a vertical asymptote show? where a function is undefined

Are You Ready?

Students may need to review the following prerequisite skills to succeed
in this module.

- factoring

- multiplying polynomials

- evaluating expressions

« identifying domains of functions
« finding function values

« solving proportions

[£ ALEKS’

ALEKS is an adaptive, personalized learning environment that identifies
precisely what each student knows and is ready to learn, ensuring
student success at all levels.

You may want to use the Factoring Quadratic Trinomials section to
ensure student success in this module.

@ Mindset Matters

View Challenges as Opportunities

Part of cultivating a growth mindset in math involves viewing challenging
problems or tasks as an opportunity to learn and make new connections
in your brain.

How Can | Apply It?

Encourage students to embrace challenges by trying problems that are
thought-provoking, such as the Higher Order Thinking Problems in the
practice section of each lesson. Remember to regularly remind students
that each new challenge is an opportunity to grow!
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Lesson 7-1

A.APR.7

Multiplying and Dividing Rational Expressions

LESSON GOAL

Students multiply and divide rational expressions.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

@ Develop:

Simplifying Rational Expressions
« Simplify a Rational Expression
« Simplify by Using —1

@ Explore: Simplifying Complex Fractions

@ Develop:

Multiplying and Dividing Rational Expressions
« Multiply and Divide Rational Expressions

« Multiply and Divide Polynomial Expressions

« Simplify Complex Fractions

e You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

FTI Exit Ticket
QQ Practice

DIFFERENTIATE

Suggested Pacing

0.5d
1day

Focus

Domain: Algebra

Standards for Mathematical Content:

A.APR.7 Understand that rational expressions form a system
analogous to the rational numbers, closed under addition, subtraction,
multiplication, and division by a nonzero rational expression; add,
subtract, multiply, and divide rational expressions.

Standards for Mathematical Practice:

3 Construct viable arguments and critique the reasoning of others.

8 Look for and express regularity in repeated reasoning.

90 min
45 min

Coherence
Vertical Alignment

Previous
Students simplified expressions with rational exponents.
N.RN.1, N.RN.2 (Course 2)

Now
Students multiply and divide rational expressions.
A.APR.7

Next

Students will add and subtract rational expressions.
A.APR.7

Rigor
The Three Pillars of Rigor

@ View reports of student progress on the Checks after each

Resources aLibL o ) EL] _-
Remediation: Factoring Quadratic Trinomials ® ® )
Extension: Dimensional Analysis [ XX ]

Language Development Handbook

Assign page 35 of the Language Development '
Handbook to help your students build .I "
mathematical language related to multiplying and y

dividing rational expressions. INTEGRATED 11

=MW You can use the tips and suggestions on
page T35 of the handbook to support students
who are building English proficiency.

| 1 CONCEPTUAL UNDERSTANDING ! 2 FLUENCY | 3 APPLICATION

W Conceptual Bridge In this lesson, students develop an
understanding of rational expressions. They build fluency by
validating that rational expressions are closed under multiplication
and division, and they apply their understanding by solving real-world
problems related to multiplying and dividing rational expressions.

Mathematical Background

The primary skill needed to multiply and divide rational expressions is
simplifying. After division is changed to multiplication by the reciprocal of
the divisor, and numerators and denominators are multiplied. Complete
the problem by dividing by the common factors.

Lesson 7-1 - Multiplying and Dividing Rational Expressions 311a
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1LAUNCH

Interactive Presentation
Warm Up

Factos each expresalon.

a8 (30
2.9 =1

148 & 1240
A4 + 1= 16

o~ + 20y = 18

Warm Up

Launch the Lesson

= Upeep— o mociel
et 1 ectecaps. Cora meden » rectangis sn that i gt 8 4
s -

T 5 B A 0 LT B 50 AT ARADe 8 T Gt The
et mision Eu i e 1 et 5 Caded 8 reicny epeon, snd

e repesnanted by —
o L

Launch the Lesson

(€T E=T

¥ ratlonal sxpremion

A 12033 0 o ptyriaenial apesnion

a o s

Today’s Vocabulary

311b Module 7 « Rational Functions

s | anpr7

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for
this lesson:

« factoring

Answers:
1. 45y73y + 30)
2.B36+103b—-1)
3.(2x+3)?
4. 4(d —1)(d +4)
5. =32y —3)y—2)

Launch the Lesson

@ Teaching the Mathematical Practices
2 Create Representations Guide students to describe and write
other ratios using the given information, such as the ratio of the
area to the perimeter.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer read
aloud How can | meet this standard? and How can | use these practices?
and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish toshare the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Simplifying Complex Fractions

Objective
Students use a real-world model to simplify complex fractions.

@ Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions, like complex
fractions, as single objects or as being composed of several
objects. Throughout the Explore, guide students to see how
complex fractions containing polynomials may be composed of
a polynomial and its factors. This skill will help students simplify
complex fractions that contain polynomials.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have student volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
They will answer a series of questions about the relationship between
numerators and denominators in complex fractions. Then, students will
answer the Inquiry Question.

(continued on the next page)

Interactive Presentation

@m vy =

Explore

Explore

Students answer questions to determine how to simplify
a |_J complex fractions.

Lesson 7-1 - Multiplying and Dividing Rational Expressions 311c
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

Students respond to the Inquiry Question and can view a
sample answer.

311d Module 7 - Rational Functions

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION
Explore Simplifying Complex Fractions
(continued)

Questions

Have students complete the Explore activity.

Ask:

« How do you divide fractions? Sample answer: Y ou can multiply by the
reciprocal.

- What happens if both the numerator and denominator have the same
terms? Sample answer: The fraction will simplify to 1.

@ Inquiry

Can you simplify complex fractions that contain polynomials in the
numerator or denominator? Y es; sample answer: If the numerators
or denominators have common factors, then those factors can be
eliminated.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Simplifying Rational Expressions

Objective
Students simplify rational expressions.

@Teaching the Mathematical Practices
1 Explain Correspondences Guide students to see the
relationships between rational numbers and rational expressions
and how they can be simplified.

Things to Remember

Point out that rational expressions are usually used without specifically
excluding those values that make the expression undefined. It is
understood that only those values for which the expression has meaning
are included.

Example 1 Simplify a Rational Expression

@’Teaching the Mathematical Practices
7 Use the Distributive Property Point out that the Distributive
Property is one of the most-used properties in algebra. In Example
1, students must use the Distributive Property to identify common
factors and simplify the rational expression.

Questions for Mathematical Discourse

[YH What does it mean to simplify a rational expression? Eliminate any
common factors in the numerator and denominator.

T Why can you eliminate common factors and still have an
equivalent expression? Sample answer: The common factors form
an expression that is equal to 1, and anything multiplied by 1is
itself.

™ Why is the expression undefined when x = —4 even though the
denominator of the simplified expression is only equal to zero
when x = 0 and x = 2? Sample answer: Because you are finding
when the original expression is undefined, you must consider the
denominator of the original expression.

B Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

L 7
Multiplying and Dividing
Rational Expressions
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Interactive Presentation

Learn

WATCH

(o]

Students watch videos to see how to
simplify rational expressions.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
e, DIFFERENTIATE
Sty 752 anc state when thie Sl exprassiin . .
P Reteaching Activity {1
e A i IF students are having difficulty simplifying rational expressions,
THEN encourage them to first view the numerator and denominator
as two polynomial expressions that can be factored. Once they have
factored each polynomial, they can rewrite the rational expression.
Part B St whah the septeason i udeined
o . . .
R Example 2 Simplify by Using —1
L E 2 Sumplity by Using —1 . . .
E_’:v':::j“‘ "‘ “m‘:: s e @' Teaching the Mathematical Practices
b = M_ B 1 Understand Different Approaches Ask students to explain the
i) LR S R method described in the Think About It! feature and compare it to
il Sy the method shown in Example 2.
[r— R g i
Bactored ot —1in the
il - 30 Questions for Mathematical Discourse
o weegn | Sewamssmotted temal i 00 A ues
v PN How can you determine when you will be able to simplify a
" rational expression using —1? Y ou can simplify using —1when
the numerator contains a term in the form (@ — b) and the
denominator contains a term in the form (b — a).
. . oy —
(L )I:-or_viéhat values of x is this expression undefined? x yand
£} Go ontine Q) Oviine Activity Uise Ihe wieactv 100! 10 Compieti e Explore. 6y .
Tolcki it = - [Z18 What two properties would you use to prove that (@ — b) = —1(b — a)?
Mml;g:ﬂ"-u v pemersno of The Commutative Property and the Distributive Property
12 Mhosdube T - Bamacad Puscsons

Interactive Presentation

(8 — Bxy)ix +3r)
(¥ Sy = 6r)

Factor

6= Sy = —L(%y - 6n)

Example 2
TYPE
Students answer a question to determine

| al whether they understand how to simplify
rational expressions by using —1.

| check |
Students complete the Check online to
determine whether they are ready to

move on.

312 Module 7 - Rational Functions
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Multiplying and Dividing Rational
Expressions

Objective
Students simplify rational expressions by multiplying and dividing.

@Teaching the Mathematical Practices
3 Construct Arguments In the Think About It! feature, students
must use definitions and previously established results to
construct an argument about the restrictions that apply when
multiplying and dividing rational expressions.

DIFFERENTIATE

Enrichment Activity [/
To prepare students for the next lesson and to build a strong base

for future work with rational expressions, give them an expression

like % Ask them to explain in detail, citing fundamentals

from arithmetic, why five can be divided out but three cannot. Also
explain why the first x2 and x can be divided by x to simplify, but not
those within parentheses. Students’ explanations should mention

that common factors of both the numerator and denominator can be
divided out, but not terms that are parts of polynomials. Substitution of
a number, like 2, for x may help some students reach this realization.

Example 3 Multiply and Divide Rational
Expressions

@ Teaching the Mathematical Practices
8 Notice Regularity Help students see the regularity in the
way that the expressions in the numerator and denominator are
factored and in the way that common factors are eliminated.

Questions for Mathematical Discourse

X8 How do you know when you have completely factored a number?
Each factor is a prime number.

How could you simplify the expression in part a without
writing out the prime factorization of the numerator and
denominator? Sample answer: Multiply the numerators to get
36x% and the denominators to get 72xy* Then, eliminate the
greatest common factor of the two expressions, 36xy.

[51E Why is dividing the same as multiplying by the reciprocal? Sample
answer: Consider%j Casa complex fraction. Multiplying the

(-9

numerator and denominator both by% yields ————, which

el £ (¢).
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Interactive Presentation

L ol d Students move through slides to see how
to multiply and divide rational expressions.
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3 Example & 1l

Exprossions

@) Ttk Abeut It
GROMETHY & that ok

iy For the area for
LI, the area for the

erminaion, wi T " ¥
mgifed mpression

oiways, scmotmes. of

vt bo & raanal planter te Ehat of the serond

sl Becaune the question calls for 3 ratia of the oran of $he top of the first
pobriamisls? Exgisin rit

o easoning. pinerint 4o that of e pecond, fing P8

Lo ]
&

D 5 e Yo Lo imciton i e Eregse iriem

IM Mt T Rl Pt

Interactive Presentation
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Example 4
Students complete the Check online to
determine whether they are ready to
move on.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

& Example 4 Multiply and Divide
Polynomial Expressions

@ Teaching the Mathematical Practices
3 Make Conjectures In the Talk About It! feature, students
will make a conjecture about the truth of a given statement and
then build a logical progression of statements to validate the
conjecture. Once students have made their conjectures, guide
students to validate them.

Questions for Mathematical Discourse

VY1 What operation does ratio indicate? division

IET1 Why is it helpful to factor the numerator and denominator of each
expression before multiplying the numerators and denominators
together? Sample answer: Factoring the quadratic expressions
allows for a common factor to be eliminated before multiplying the
expressions, simplifying the process.

[0 For which values of x is the expression undefined? —2, —10,
—20 What values of x make sense in the context of the situation?
Explain. x > —2; Sample answer: For x < —2, the expression
would be undefined or result in a negative value, which is not valid
in the context of the situation.

Example 5 Simplify Complex Fractions

@ Teaching the Mathematical Practices
7 Use Structure Help students use the structure of the complex
fraction to rewrite it as a the product of two rational expressions.

Questions for Mathematical Discourse

XN How do you know when you have completely simplified a
complex fraction? The result is one fraction with no common
factors in the numerator and denominator.

[eIM What are the restrictionson xand y? x # — y,x # y,x # 0,y # 0

LI 9 what must be true? a = ¢

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

| Exercises

DOK | Topic
1, 2 exercises that mirror the examples 1-23
‘. 2 | exercises that use a variety of skills from 24-45 ‘
| this lesson

3 | exercises that emphasize higher-order and 46-53 |
critical-thinking skills

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, m
THEN assign:

« Practice, Exercises 1-45 odd, 46-53

« Extension: Dimensional Analysis

- [ ALEKS' Simplifying Expressions

IF students score 66%-89% on the Checks, oLl
THEN assign:

« Practice, Exercises 1-53 odd

- Remediation, Review Resources: Factoring Quadratic Trinomials

« Personal Tutors

« Extra Examples 1-5

- [ ALEKS' Factoring Quadratic Trinomials

IF students score 65% or less on the Checks, m

THEN assign:

« Practice, Exercises 1-23 odd

- Remediation, Review Resources: Factoring Quadratic Trinomials

« Quick Review Math Handbook: Multiplying and Dividing Rational
Expressions

« [ ALEKS' Factoring Quadratic Trinomials

Practice [
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A.APR.7

1CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION
Answers

41a. Sample answer: Divide the volume by the product of the length and
width of the box.
41c. Sample answer: Substitute a value for x in each of the given expressions
for the length, width, and volume, and the same value for x in the
expression found for h, and then check that V = éwh.
CHECK: Forx =5,
length = (5) + 10 =15 in.
width = 2(5) = 10 in.
volume = 2(5)® + 26(5)*+ 60(5)
=1200in*
height = (5) + 3 =8in.
Verify V = €wh: 1200 = (15)(10)(8)
42a. Downstream; sample answer: He is moving with the current and all
values for ¢ make his upstream time greater than his downstream time.
42b. Sample answer: Divide the faster (downstream) speed by the slower
(upstream) speed to find how many times faster the downstream speed
is than the upstream speed. %5—:_ Cgﬁ_? .2 5 g:g
Irfan travels downstream % times faster than he does upstream.
43. Sample answer: By dividing the second week’s speed by the first

week’s speed, you can determine how much faster she hopes to run

on average,%2 +67? =[GTOZ &Nt t i . She hopes to run#2

faster during her second week than during her first week.

44. No; sample answer: Because of the common factors, the function
simplifies to y = 5, which is a horizontal line. However, the domain of
y = 5is all real numbers, whereas the original function is undefined at
x = —1,—2,and —3. If Saquita were to use the Trace function, at these
values of x she would see that the function is undefined. The result is
almost a horizontal line.

(x+8)
x+5)
ratios to be equal, BB must equal 1. To equal 1, their product must
K+ x
x+5) " x+5)
and x>+ 8x = (x + 5) (x + 5). Solving for x results in

(x+5]

B:A=

45a. None; sample answer‘ C:B= ; For these two

have the numerator equal to the denominator. So, -
_ X+8
T x+5¢
x = —12.5. Since x cannot be a negative value, there are no values of x

that will make these ratios equal.
45b. Yes; sample answer: C: B —gig; B:A= u + 2 and ':(12; T 2);
(sz]f When x4 6x = (x + 2) (x + 2), x = 2. The length of a side
of square A would need to be 4 feet, and the fountain would need to be

2 feet in diameter.
46. Sample answer: The two expressions are equivalent except that the
rational expression is undefined at x = —3.
. Beverly; sample answer: Troy’s mistake was multiplying by the reciprocal of
the dividend instead of the divisor.

49. J% sample answer: The other three expressions are rational :

expressions. Since the denominator of \/_3 isnota polynomial,%is

4

=

not a rational expression.

50. Sometimes; sample answer: With a denominator like x % 2, in which the
denominator cannot equal 0, the rational expression can be defined for all
values of x.

52. Sample answer: When the original expression was simplified, a factor of x
was taken out of the denominator. If x were to equal 0, then this expression
would be undefined. So, the simplified expression is also undefined for x = 0.
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Lesson 7-2

Adding and Subtracting Rational Expressions

LESSON GOAL Suggested Pacing
Students add and subtract rational expressions. 90 min 0.5d
45 min 1day
@ Launch the lesson with a Warm Up and an introduction. FOC'IJ.S
Domain: Algebra
A.APR.7 Understand that rational expressions form a system
Eg Explore: Closure of Rational Expressions analogous to the rational numbers, closed under addition, subtraction,
multiplication, and division by a nonzero rational expression; add,
£ Develop: subtract, multiply, and divide rational expressions.
Adding and Sut ing Rational Expressi Standards for Mathematical Practice:
- Add and Subtract Rational Expressions with Monomial 1 Make sense of problems and persevere in solving them.
Denominators 7 Look for and make use of structure.
« Add and Subtract Rational Expressions with Polynomial
Denominators Coherence
« Use Addition and Subtraction of Rational Expressions Vertical Alignment
Simplifying Complex Fractions Previous
- Simplify Complex Fractions by Using Different LCDs Students added, subtracted, and multiplied polynomials.
« Simplify Complex Fractions by Using the Same LCD A.APR.1
9 You may want your students to complete the Checks online. Now
Students add and subtract rational expressions.

A.APR.7
3 REFLECT AND PRACTICE

ST it Ticket e
Students will solve rational equations and inequalities algebraically and by

) graphing.
%:{ Practice A.CED.1, A.REI.2. A.REL11
Rigor

DIFFERENTIATE

The Three Pillars of Rigor
@ View reports of student progress on the Checks after each example.

[ 1 CONCEPTUAL UNDERSTANDING T 2FLUENCY | 3APPLICATION |
Resources mmwmEaa 181 Conceptual Bridge In this lesson, students develop an
Remediation: Multplying Polynomials by ungerstandmg of ratlonal exprgssmns. They build ﬂuency t?y
Monomials oo L] validating that rational expressions are closed under addition and
Extension: Zeno’s Paradox Y subtraction, and they apply their underst.andmg by solving r(?al—world
problems related to adding and subtracting rational expressions.

Language Development Handbook

Assign page 36 of the Language Development |
Handbook to help your students build .I l-
mathematical language related to adding and )
subtracting rational expressions. INTEGRATED 1l

Mathematical Background

When rational expressions are given the same denominators in
preparation for addition or subtraction, they are equivalent to the original
expressiogs Multiplying a rational expression by a form of 1such as
%}Qr_3L does not change the value of the expression.

T You can use the tips and suggestions on
page T36 of the handbook to support students
who are building English proficiency.

Lesson 7-2 - Adding and Subtracting Rational Expressions 319a
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1LAUNCH

Interactive Presentation

Find the fa¢ ach pair

Warm Up

Launch the Lesson

319b Module 7 - Rational Functions

2 A.APR.7

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skill for
this lesson:

« multiplying polynomials

Answers:
1.ab®
2.2a%c
3. x—2)x—3)
4. 3x(x +1)
5.7(u+9)u—9)or7(u? — 81)

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students
will learn how performing operations with rational expressions
can be used to solve a real-world problem. Once students have
completed the lesson, encourage them to simplify the formula for
acidity.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer read
aloud How can | meet this standard? and How can [ use these practices?
and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Closure of Rational Expressions

Objective
Students use the rules of closure to determine if the set of rational
expressions is closed under all operations.

@ Teaching the Mathematical Practices
3 Construct Arguments Throughout the Explore, students will
use stated assumptions, definitions, and previously established
results to construct arguments about the closure of rational
expressions.
7 Use Structure Guide students to explore the structure of the
sums, differences, products, quotients of rational expressions.
Help them to see why rational expressions are closed under
addition, subtraction, multiplication, and division.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have student volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
They will answer a series of questions about adding, subtracting,
multiplying, and dividing rational expressions to identify patterns in

the results of these operations. Then students will answer the Inquiry
Question.

(continued on the next page)

Interactive Presentation

Explore

Explore

TYPE

! Students answer questions to determine

al | whether rational expressions are closed
under multiplication, division, addition,
and subtraction.

Lesson 7-2 - Adding and Subtracting Rational Expressions 319¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

o

Explore

Students respond to the Inquiry Question and can view a
a]_J sample answer.

319d Module 7 - Rational Functions

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Explore Closure of Rational Expressions
(continued)

Questions
Have students complete the Explore activity.

Ask:

« Consider the integers 4 and 8. For which operations is the result an
integer? a rational number? Sample answer: The results of addition,
subtraction and multiplication are integers, but for division, 4 + 8 :124
This is not an integer, but it is a rational number. All operations result in
a rational number.

« Is the result of xi—ﬁ"x 6+—4'i rational expression? Why or why not?
Yes; sample answer: Both terms are rational expressions and the set of

all rational expressions is closed under addition.

@ Inquiry

If you multiply, divide, add, or subtract two rational expressions, is the
result also a rational expression? Y es; sample answer: The set of rational
expressions is closed under all operations.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING |

Learn Adding and Subtracting Rational
Expressions

2 FLUENCY 3 APPLICATION

Objective
Students simplify rational expressions by adding and subtracting.

@Teaching the Mathematical Practices
7 Use Structure Help students to see how the structure of
rational expressions can be used to find the LCD and then add or
subtract the expressions.

About the Key Concept

Have students discuss the differences in procedure for adding and
multiplying fractions. It is important that they see why common
denominators are required for addition but not for multiplication.

Common Misconception

The same misconceptions that cause errors in adding and subtracting
rational numbers often cause errors when adding and subtracting rational
expressions. When adding and subtracting rational expressions, students
often add or subtract both the numerators and denominators, without finding
the common denominator. Review addition of rational numbers and fractions
in order to reinforce students’ understanding of the correct procedure.

DIFFERENTIATE

Reteaching Activity ALELL |

IF students have difficulty adding and subtracting rational expressions,
THEN have students work as partners, one in the role of coach and one
in the role of athlete. The athlete works a problem, following the correct
steps and explaining the thinking, while the coach listens and watches
for errors, correcting as necessary. Then the partners switch roles.

Example 1 Add and Subtract Rational
Expressions with Monomial Denominators
@ Teaching the Mathematical Practices

1 Seek Information Mathematically proficient students must be
able to transform algebraic expressions to reach solutions.

Questions for Mathematical Discourse

X8 In part a, how do you determine that 205 is the LCD? Sample
answer: Factor4bto 2 -2+ band10to 5 - 2. The greatest number
of times 2 appears as a factor is twice, and both b and 5 appear
once; thus, the LCDis2+ 2+ 5+ b = 20b.

What do you multiply each term by once you have determined the
LCD? Multiply each term by a fraction with the same numerator
and denominator that will make the denominator equal to the LCD.

If the LCD ofla and% is b, what must be true about a? a is a factor
of b.

44 A.APR.7

Lesson 7-2
Adding and Subtracting
Rational Expressions

Todny's Goals
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Interactive Presentation

Learn

TYPE T

Students answer a question to determine
whether they understand how to find
common denominators.
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2 EXPLORE AND DEVELOP 2% | AAPRT

1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 2 Add and Subtract Rational
Y —— sk Expressions with Polynomial Denominators
pesiel, | B ERE EE moww
By~ 6r = Sy, o3t Vs @Teaching the Mathematical Practices
radticlien. and B .
e S [ 7 Use the Distributive Property In Example 2, students
Shsiehmk it must use the DIStI’IF)UtIV? Property to factor the po?ynomlal
) denominators and identify the LCM of the expressions.
Ve sapie rvwer i |
identited the LC0 s
mnmbluzn
ol gy Y ¢ > Questions for Mathematical Discourse
iieado! et = -
L3 N
by immad ol . - - N
X8 How does multiplying by the missing factors relate to finding the
&y"::mm“ LCD? Sample answer: Multiplying by the missing factors is what
axpaswnnet makes the denominators equal the LCD.
e oy T g
[&TH For what values of x is the difference undefined? 3 and —5
Sample arpwr Becowna
17 esudratemin [578 What would happen if you used a common denominator that
S was not the least common denominator? Sample answer: After
m&mu subtracting the rational expressions, you would need to eliminate

common factors in the numerator and denominator.

@Example 3 Use Addition and Subtraction
of Rational Expressions

@Teaching the Mathematical Practices
4 Apply Mathematics In Example 3, students apply what they
have learned about adding and subtracting rational expressions to

D) 4 v o i i e B e solving a real-world problem.

B

Questions for Mathematical Discourse

Interactive Presentation Why do you not factor the denominators in the first step? The

denominators cannot be factored; each denominator is in the
simplest form.

[eTH Do the restrictions on x change when you add or subtract rational
expressions? Explain. No; sample answer: Because the LCD is
composed of each factor of the original denominators.

Fchon it oot

I8 What do you know about the denominator of the combined

Example 2 rational expression if a common factor can be eliminated from the
numerator and denominator? The common denominator used
SWIPE ; was not the least common denominator.
"6 Students move through the steps to
subtract rational expressions with
polynomial denominators. D Go Online
« F ind additional teaching notes.
Students complete the Check online to « View performance reports of the Checks.
determine whether they are ready to . Assign or present an Extra Example.
move on.

320 Module 7 - Rational Functions
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1CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Simplifying Complex Fractions

Objective
Students simplify complex fractions by using the least common
denominator.

@ Teaching the Mathematical Practices

1Explain Correspondences Encourage students to explain the
relationships between the equations used in these examples.
Have students identify how the algebraic expressions transform as
the complex fractions are simplified.

7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or

as being composed of several objects. Guide students to see

how complex fractions can be simplified by first simplifying the
numerator and denominator separately.

Example 4 Simplify Complex Fractions by
Using Different LCDs

@ Teaching the Mathematical Practices
1Seek Information Mathematically proficient students must be
able to transform algebraic expressions to reach a solution. Point
out that in Example 4, students need to transform the expressions
in the numerator and denominator to simplify the complex
fraction.

Questions for Mathematical Discourse

FY8 Why do you need to find two different LCDs in this
example? Sample answer: Both the numerator and denominator
involve addition or subtraction of rational expressions.

el At what point in the example can you tell that a factor of y will be
eliminated? Sample answer: when the LCD for the numerator
and the LCD for the denominator are found, and each contain
a factor of y

I8 What would happen if the numerator and denominator had the
same LCD? Sample answer: The denominators of the expressions
in the numerator and denominator would be eliminated when you
multiply by the reciprocal.

- A.APR.7

gC
Complen Irachions £an bbe simpiies] by simglilying the rumerstor and

Vi £ g gy i Snding ofthe
b

hen.
Mtigiyng By the LCO.

Step 1 Deturminne th LD s
LCD of B My
Tree numermior Iy § + L and ihe LCD iy,
LE0 of the Denomiator

Ty aisomunstor s § - L and the 100

D50 o Vs 1 il Rt Enpengly e

Hamsan 7.3 - hsciag i Subsacring Bsbrns Eeprvesorn. 321

Interactive Presentation

Learn
| Students answer questions to determine
a the LCDs of parts of a complex fraction.
o e |
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2 EXPLORE AND DEVELOP

Same LD

Step 1 Detorming the LCD.

Trwr chevicaminatcn of the Sms in the numersior sed
deominatar s 2,5, 00d ¥,

%o the LEM o all of e donominaton is Zxy.

D S oninn e o 1
Practon what you've. ey
Tearsad in Liseans 71 i

nd 72

D 5 e Yo Lo imciton i e Eregse iriem

BT Mheuns T - Bmerns Fisnctirn

mple 5 Sampiify Complax Fractiors by Using ine

Interactive Presentation

Example 5
""\F = '-| Students tap to see the steps of
— simplifying a complex fraction.

Students complete the Check online to
determine whether they are ready to
move on.

= |

322 Module 7 - Rational Functions

2% | AAPR7
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 5 Simplify Complex Fractions by
Using the Same LCD

@Teaching the Mathematical Practices
2 Different Properties Mathematically proficient students look
for different ways to solve problems. Encourage students to work
through the methods shown in Example 4 and Example 5 and
choose the method that works best for them.

Questions for Mathematical Discourse

J® Two of the denominators in the original expression are x; does
this mean the LCD should be 2x%? No; sample answer: Y ou
would only need x%o be part of the LCD if x was in one of the
denominators.

[sTH What would happen if you converted each term to a fraction with
the LCD first? Sample answer: The LCD would be eliminated,
and the remaining fraction would be the same as the result from

L . . &y
multiplying the entire expression bszy'

[Z]E What is the advantage of using the same LCD to simplify a complex
fraction? Sample answer: The LCD cancels all of the denominators
of the terms, yielding one fraction in one step.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Practice and Homework

3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic
1, 2 exercises that mirror the examples 1-19
‘. 2 | exercises that use a variety of skills from this 20-52
lesson
L | exercises that extend concepts learned in this 53-55
lesson to new contexts
exercises that emphasize higher-order and 56-60

I 3

| critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL
THEN assign:

« Practice, Exercises 1-55 odd, 56-60

« Extension: Zeno’s Paradox

- [E ALEKS Simplifying Expressions

IF students score 66%-89% on the Checks, oL |

THEN assign:

« Practice, Exercises 1-59 odd

- Remediation, Review Resources: Multiplying Polynomials by
Monomials

« Personal Tutors

« Extra Examples 1-5

- [E ALEKS Polynomial Expressions

IF students score 65% or less on the Checks, rm

THEN assign:

« Practice, Exercises 1-19 odd

« Remediation, Review Resources: Multiplying Polynomials by
Monomials

« Quick Review Math Handbook: Adding and Subtracting Rational
Expressions

. [ ALEKS Polynomial Expressions

Fractice

[r——

_wlilr"nnwu\wl .

W, geomrTay Tee - o
oI ALachint o8 o0 o of T s, T Jokal srsis o e
tria phction =2 s Uit Avsasrens e Sapermety har
st Nrigad, i 30 epriesaicn Ko e heght of e sk £
Nerm o 1 0yt s i s, 8 1k

Taigh 4 pastn By

=

5. TAALS Morgan, Conmet. Zack_ and Muses nun ha 400-meler rolay
expesan. Eisc oA e 155 400 gt Thest vt Spesicd it £

O - 05, e~ | s g SeConG, feStINTR

oy D, + )

. Wk el o o vl e o ol o i 0 I g

L et
o potyromips, MU
o

. VAR YR A A T

€0 The ek vt o e YO0 murbos gy 1 374 S00RON. Wi sl 1 ecrus
The B 13 g ek secord? 1097 iy

st Everchves

Sirmpidy sach suprelion

mgh-d &y gty - MEE
teractive P_rqsematiqn Qe
it T =R Tem

38, LML Tha doca sersgéh of  lenk £ ks 16 e

S

it frem P 1 T s g e

ttince o o mage o e simsor 3

by the foreusa agrest |+ § a8 winge

fractan, 244

e & poec z

iesech e of e iyl

Saci b Lolor Eufina Fataeich Ly Wpeci ok 0 Mk o

Same s mmw.(m e o s i
o=

Lesson 7-2 - Adding and Subtracting Rational Expressions 323-324


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0185.xhtml

3 REFLECT AND PRACTICE
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A.APR.7

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

3+x X (6+29(y—2)+2y,
48a. Perimeter: 2( )+ 2(y7 2)— -2 sample

answer: x and y must be positive rational numbers, y > 0, y # 2, and,
x = 0. When x = 0, the garden’s width would be 0 feet. When x or y is
a negative rational number, the ‘wwdt: would result in a negative value.
When y = 0 ory = 2, the length is undefined.

48b(3+X>+<3yL 27)) (725 )*’3(72(1,12))
<3+X) ( ) (2(}/)(2)) (6+2);)((;/_—22))+2xy;

sample answer: The expression is the same as the perimeter of the

original garden.

4

©

. Sample answer: The average is the sum of the given numbers

divided by the number ofgiven numbers. So, the average
1) =3) 12)(x) 1(x—=3)

1L
of%‘ﬁ'andi #-x(z)x 3 E=3) z)(x)zx(x—

20x—3) x—3 2(x—3)+2x+x—3
_2(x-3) 2x(x—3)2x(x— 3) _ 2x(x — 3) 2(x—=3)+ 2 +x—3
- 3 - 3 T o6x(x—3)
_6x(x—3 forx # 0 and x # 3.

RRR.

RR .
50a. RRTRR+RR, ; sample answer: Because there are no factors common

to both the numerator and the denominator that can be factored out, my
result is simplified.

50b. ¥%s; sampl GvenR= = ek 1

. ©es; sample answer: Given = Rip#?i 7R£+R4?3+RRBT,
_RRFRRYRR , _ RR, R3 R‘R R I I
RER RER R%R R@;R R R R

53. %; Sample answer: In 1 hour, Dell will plant§ of a flower bed, or% flower

beds in t hours. In 1 hour, Max will plantl ufaflower bed, or%flower

beds |nthours Adding the two expressions, 3 3 + 4 172r

54, % ) 3, and 12 X for x # 0; sample answer: If m is the m|dd|e number

between = and 2,thenm (62+ ) ZTZ' X f nis the middle

1 3
number between g and 5, thenn = {%gg 5) 27T X pr is the

f X X —(Xxy 1 ,ﬂ
middle number between 3 and % thenp = (3 5t ) ST
57. Sample answer: The set of rational expressions is closed under all of
these operations because the sum, difference, product, and quotient of
two rational expressions is a rational expression.

59. Sample answer: First, factor the denominators of all of the expressions.
Find the LCD of the denominators. Convert each expression so they all
have the LCD. Add or subtract the numerators. Then simplify. It is the
same as adding rational numbers.
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Lesson 7-3

Graphing Reciprocal Functions

F.IF.5, F.BF.3

LESSON GOAL

Students graph and analyze reciprocal functions.

LAUNCH

1

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

=

=]
m

(2]

Develop:

Graphing Reciprocal Functions

« Limitations on the Domains of Reciprocal Functions
« Graph a Reciprocal Function by Using a Table

« Analyze a Reciprocal Function

Explore: Transforming Reciprocal Functions

Develop:

Transformations of Reciprocal Functions
- Graph a Transformation of a Reciprocal Function
- Write a Reciprocal Function from a Graph

You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE
@ Exit Ticket
‘%9 Practice

DIFFERENTIATE

D

View reports of student progress on the Checks after each example.

Resources m .
Remediation: Algebraic Expressions o0 | e
Extension: Queue Lengths [ XX )

Language Development Handbook

Assign page 37 of the Language Development ™ L]
Handbook to help your students build L l.
mathematical language related to graphing and n N J

analyzing reciprocal functions. INTEGRATED 11}

o —

=T You can use the tips and suggestions on
page T37 of the handbook to support students
who are building English proficiency.

Suggested Pacing

0.5d
1day

Focus

Domain: Functions
Standards for Mathematical Content:

90 min
45 min

F.IF.5 Relate the domain of a function to its graphand, where applicable,

to the quantitative relationship it describes.

F.BF.3 Identify the effect on the graph of replacing f{x) by fix)+k, kf(x),
flkx), and fix+k) for specific values of k (both positive and negative);
find the value of k given the graphs. Experiment with cases and illustrate
an explanation of the effects on the graph using technology. Include
recognizing even and odd functions from their graphs and algebraic
expressions for them.

Standards for Mathematical Practice:

3 Construct viable arguments and critique the reasoning of others.
6 Attend to precision.

7 Look for and make use of structure.

Coherence
Vertical Alignment

Previous
Students solved linear equations and inequalities in one variable.
A.CED.1, A.CED.2

Now
Students graph and analyze reciprocal functions.
F.IF.5, F.BF.3

Next

Students will graph and analyze rational functions.
F.IF.4,F.IF.5

Rigor
The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3 APPLICATION

ﬁConceptual Bridge In this lesson, students develop an
understanding of reciprocal functions and build fluency by graphing
them. They apply their understanding of graphing reciprocal
functions by solving real-world problems.

Lesson 7-3 - Graphing Reciprocal Functions 327a
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Interactive Presentation

Warm Up
For which valus{s) of x will sach sxpression be equal to zerc?

=T
204
e ]
a5 -36

=5+ 15 o+ 140

Warm Up

|

Launch the Lesson

Today’s Vocabulary

327b Module 7 - Rational Functions

m FIE5, FBE3

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skills for this
lesson:
« finding function values
« factoring
Answers:
1.0
2.4
3.-1,6
4.-6,6
5.—-4,0,7
Launch the Lesson

@Teaching the Mathematical Practices
2 Make Sense of Quantities Mathematically proficient
students need to be able to make sense of quantities and their
relationships. In the Launch the Lesson, ask students to describe
the relationship between the density, mass, and volume of a
liquid. Have students explain how the volume affects the density
for liquids with the same mass.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.

Mathematical Background

A reciprocal function is a function of the form f{x) =W1X)’ where a(x) is a
linear function and a(x) # 0. Reciprocal functions may have breaks in
continuity for values that are excluded from the domain, and some may
have an asymptote, or a line that the graph approaches.
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING

2 FLUENCY | 3 APPLICATION

Explore T ransforming Reciprocal Functions

Objective
Students use a sketch to explore how changing the parameters changes
the graphs of reciprocal functions.

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain
the relationships between the graphs and equations used in this
Explore activity.
7 Use Structure Help students explore the structure of reciprocal
equations as their parameters are transformed.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have student volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.

They will adjust parameters on a sketch and explore the changes to a
graph of a reciprocal function. Then, students will answer the Inquiry
Question.

(continued on the next page)

Interactive Presentation

(N Wi s i o coeraticn 5 mmCroEA Ninchion affec s gragh

Explore

A o i it T g i et & 13 4 8 s i e 1 o Ty i
o= i‘-!’n“ K
L k=0
g h=00
Explore
WEB SKETCHPAD

- Students will use a sketch to explore transformations of reciprocal
functions.

Lesson 7-3 - Graphing Reciprocal Functions 327¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

TYPE

Students respond to the Inquiry Question and can view a

al sample answer.
= |

327d Module 7 - Rational Functions

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore T ransforming Reciprocal Functions
(continued)

Questions
Have students complete the Explore activity.

Ask:

« Why does changing the value of h change the vertical asymptote?
Sample answer: The vertical asymptote is based on which values make
the denominator equal to zero. If x — h # 0, then x # h. So, as you
change the value of h, you are changing the vertical asymptote.

« What transformations have been performed on g(x) = X_—i F 57
Sample answer: The graph is being shifted to the right 2, up 5, has
been reflected across the x-axis and stretched vertically.

@ Inquiry

How does performing an operation on a reciprocal function affect its
graph? Sample answer: Adding or subtracting a constant before or after
the function is evaluated causes the graph to be shifted horizontally or
vertically, respectively. Multiplying by a constant stretches or compresses
the graph vertically. Multiplying by a negative constant reflects the graph
in the x-axis, causing the end behavior to change.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing Reciprocal Functions

Objective
Students graph reciprocal functions by examining properties and making
tables of values.

@Teaching the Mathematical Practices
3 Construct Arguments In the Talk About It! feature, students
will use definitions and previously established results to construct
an argument about the number of vertical asymptotes of a
reciprocal function.

Example 1 Limitations on the Domains of
Reciprocal Functions

wTeaching the Mathematical Practices
6 Communicate Precisely Students should write and explain
their reasoning when answering the question in the Think About It!
feature. Encourage students to use clear mathematical language
when explaining why domains are restricted.
7 Use Structure Help students to use the structure of the
reciprocal functions to determine the values for which each
function is not defined.

Questions for Mathematical Discourse

JY® Why is a function undefined when the denominator is zero?
Sample answer: When the denominator is equal to 0, you are
dividing by 0, which is undefined.

oL i part ¢, what is the domain of g(x)?

—00, — -3

[511 Describe the end behavior of f(x) = % as x approaches zero. As x
approaches zero from the left, f{x) approaches negative infinity. As
x approaches zero from the right, fx) approaches infinity.

0 Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Lesson 7.3

Graphing Reciprocal Functions
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Interactive Presentation

Students watch a video to see how to
graph reciprocal functions on a graphing
calculator.
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Interactive Presentation

Graph a Rectprocst Function by Using a Tatie

'
G iy e

Example 2

TYPE

Students answer a question to explain the
relationship between asymptotes and
the domain and range of reciprocal

functions.

328 Module 7 - Rational Functions

1 CONCEPTUAL UNDERSTANDING

= FIF.5,F.

2 FLUENCY 3 APPLICATION

Example 2 Graph a Reciprocal Function by
Using a Table

Teaching the Mathematical Practices

1 Explain Correspondences Encourage students to explain the
relationships between the equations, tables, and graphs used in
this example.

Questions for Mathematical Discourse

What happens to the value of y as x approaches infinity or
negative infinity? It approaches 2. How does this relate to the
asymptotes? Sample answer: The function approaches the
horizontal asymptote, y = 2.

As x — —oo,y — 2 and as x — 00,y — 2.

Why do you need to include x-values that are less than and greater
than the excluded value? Sample answer: The reciprocal function
exists on each side of the excluded value.

If two points on g(x) are equidistant from the vertical asymptote,
what do you know about the distance of the points from the
horizontal asymptote? The points are equidistant from the
horizontal asymptote.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@ Example 3 Analyze a Reciprocal
Function

@Teaching the Mathematical Practices
5 Use a Source Guide students to find external information
about the standard voltage in another country to answer the
question posed in the Use a Source feature.

Questions for Mathematical Discourse

JY® For what value(s) of R is the function undefined? R = 0 What
does this mean in the context of the situation? It is not possible to
have a resistance of 0 ohms.

TH What is the valid domain of the function? Explain. R > 0; sample
answer: Resistance must be positive.

% Do the asymptotes make sense in the context of the
example? Y es; sample answer: As the resistance approaches
zero, the current approaches infinity, and as the resistance
approaches infinity, the current approaches zero.

Finc tha s-tirent ry sbminding  for i [P
S R e
[Pl raphing. weop in mind
H% 1t the phocers &8 o
-l atd 3 fram vt siin Graph ol the mcilocal
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ARt ez,
ra i — ¥ Oandy - 0wl
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Gundianty 8 and IV,
43
o= g+ 2
18

Thie x-intercept i 2,25 and the yneioest s 1B

et avyeptotec v = T beviromal svymotes g = 17
o

domain: (xja ¢ 2] sargec il | gt # 7Ty

[
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Interactive Presentation

Example 3

EXPAND

Students tap see the steps to analyze a
reciprocal function in a real-world context.

Students complete the Check online to
determine whether they are ready to

move on.
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Interactive Presentation

Students select the graph that represents the situation.

330 Module 7 - Rational Functions

F.IF.5, F.BF.3

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@ Essential Question Follow-Up

Students have begun graphing reciprocal functions.

Ask:
Why are graphs useful? Sample answer: Graphs are useful because
they can help you visualize relationships between real-world
quantities. They can also be used to estimate function values.

DIFFERENTIATE

Reteaching Activity

Visual/Spatial Learners Have students graph one of the functions from
the lesson on a large sheet of poster board to clearly show how the
graph approaches, but never reaches, an asymptote. Students should
plot several points near the asymptotes to help them see the end
behavior of the function. Encourage students to use different colors for
the asymptotes and function.
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Learn T ransformations of
Reciprocal Functions

Objective
Students graph and write reciprocal functions by using transformations.

@Teaching the Mathematical Practices
7 Use Structure Guide students to explore how the structure
of a transformed reciprocal function can be used to identify the
transformations in the function as it relates to the parent function.

Common Misconception

Students may believe that a horizontal translation affects the horizontal
asymptote and a vertical translation affects the vertical asymptote.
Encourage students to visualize what happens to the asymptotes as the
graph of a rational function is translated horizontally and vertically.

Example 4 Graph a T ransformation of a
Reciprocal Function

@Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or as
being composed of several objects. In Example 4, guide students
to see what information they can gather about the equation and
its related graph just by looking at the equation.

Questions for Mathematical Discourse

[YW What is the value of g(h)? undefined

TR Why is the vertical asymptote x = —1instead of x = 1? Sample
answer: —4; + 1is undefined for X = —1.

(=18 For a linear function, a vertical stretch and a horizontal
compression have the same result. Is this the case for the
reciprocal function? Explain. Yes; sample answer: For a reciprocal
function fix) = % the function g(x) = @ « fix) = % where @ > 1
is a vertical stretch by a factor of a. If you perform a horizontal
compression h(x) by a factor of g, then h(x) = fig « x) :% X or%".
The graphs of g(x) and h(x) are the same. a

=

| F.IF.5, F.BF.3

Explore Transforming Beciprochd Functians
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Interactive Presentation

I | :
Example 4
L ik ] Students move through slides to see how
to graph a transformation of a reciprocal
function.
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Interactive Presentation

Example 5

Students complete the Check online to
determine whether they are ready to
move on.

332 Module 7 - Rational Functions

1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 5 Write a Reciprocal Function
from a Graph
@Teaching the Mathematical Practices

1 Explain Correspondences Encourage students to explain the
relationship between the function and graph used in this example.

Questions for Mathematical Discourse

¥ How do you identify the asymptotes from the graph?

Look for the horizontal and vertical lines that the graph
approaches but does not reach.

How does the vertical asymptote relate to the reciprocal
function? The vertical asymptote is the value of x that makes the
denominator equal to 0.

[57% Can you find a reciprocal function given just the two asymptotes?
Explain. No; sample answer: Y ou also need to know one of
the points. The asymptotes tell you the value of h and k in the
equation, but to solve for the unknown value of @ you need to
substitute in given values of x and g(x).

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond Using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Practice and Homework

. " ) o e ¥4 s g et P e
Suggested Assignments "':‘I ".“ =
Use the table below to select appropriate exercises. Dotesrming the easiuced vabap o ¥ for sach functisn,
Lhg=t udn 2p= g ah= 2 ey apa
K | Topic
N : LS e L Saimghy op]  Saiegly et
| 1, 2 exercises that mirror the examples 1-22
| . . . . Hasogia 3
2 |exeruses that use a variety of skills from this lesson  23-48 | Voncty n
o | 1 TN A ity T3 inberorps. 7710 Saa mangn foe graphy
2 |exercises that extend concepts learned in this 49, 50 finascly afm =} 44
bl = 1, M) = 0. mygster: x = O, ) L
lesson to new contexts BeElATRSIINRGE  Dmlela b Oh 8 A
B . . . | R 3
| 3 |exerC|ses that emphasize higher-order and 51-56 | P prra it LT s T
| critical-thinking skills it st 2

. FLANES & e 1 Aol e bt Dk Lor g B0 rube Tt s i sl
EF ity e, Howees, Tha ety = iy Aor g B
B opienenta i IBedukd (Rpariar T wits & funcion T
i U DAY ioprial® ASed ¢ 1 e el il Auih 8 hurscton of
Wi v, L i

ASSESS AND DIFFERENTIATE 1854 Geisnaton. tvach e funcion. ¢ P20 She marpioorgragh.

. Aoy 4 iy S miops o Hr G e e At sALiatiin. S rasgi

@Use the data from the Checks to determine whether to provide 1. MG To manaciure 8 specitc modl of compute.  omeny oo
resources for extension, remediation, or intervention. S =i sz
My CompUINT 2 Bre Bong mide Graph B Aection. & m 0 . 1% See Mod. 7 Armswer
| b sty 1 ko Anhutes of 1h Graph Aypercn lor gragh
IF students score 90% or more on the Checks, BL ST
THEN assign: ;;::e»mmmwmw. ‘e Mo ) Amvars Spprrain
. . L A=y
« Practice, Exercises 1-49 odd, 51-56 et e
« Extension: Queue Lengths DR LS el o

« [ ALEKS Graphing Rational Functions

IF students score 66%-89% on the Checks, oL |
THEN assign:

« Practice, Exercises 1-55 odd

« Remediation, Review Resources: Algebraic Expressions

« Personal Tutors

« Extra Examples 1-5

. [ ALEKS Writing Expressions and Equations

IF students score 65% or less on the Checks, r
THEN assign:

« Practice, Exercises 1-21 odd

« Remediation, Review Resources: Algebraic Expressions

« Quick Review Math Handbook: Graphing Reciprocal Functions

. [ ALEKS' Writing Expressions and Equations
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335-336 Module 7 - Rational Functions

F.IF.5, F.BF.3

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers
7.

Ma. -+

11b. Sample answer: D = {t | t > 2}; R = {r(t) | r(t) > 0}; intercepts: none;
positive: when t > 2; negative: when t < 2; symmetry: symmetric
about (2, 0); end behavior: As t — —oo,r — 0,and as t — oo, r —
0. Because the plane’s speed and travel time cannot be negative, only
values in the domain {t | t > 2} makes sense in the context of this
situation.
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Lesson 7-4

F.IF.4,F.IF.5

Graphing Rational Functions

LESSON GOAL

Students graph and analyze rational functions.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

@. Explore: Analyzing Rational Functions

@ Develop: .

Graphing Rational Functions with Vertical and Horizontal
Asymptotes

- Graph with No Horizontal Asymptotes

- Use Graphs of Rational Functions

« Compare Rational Functions

Graphing Rational Functions with Oblique Asymptotes
« Graph with Oblique Asymptotes
« Graph with Point Discontinuity

9 You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

ITH Exit Ticket
% Practice
o

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources aLlb) HELR |
Remediation: Graphing Reciprocal Functions ¢ @ °
Extension: Sign Charts for Rational Functions 'YX )

Language Development Handbook

Assign page 38 of the Language Development n
Handbook to help your students build 'l -
mathematical language related to graphing and . |
analyzing rational functions. INTEGRATED il
e

T You can use the tips and suggestions on
page T38 of the handbook to support students
who are building English proficiency.

Suggested Pacing

d
1day

Focus

Domain: Functions

Standards for Mathematical Content:

F.IF.4 For a function that models a relationship between two quantities,
interpretkey features of graphs and tables in terms of the quantities,
and sketch graphs showing key features given a verbal description of the
relationship.

F.IF.5 Relate the domain of a function to its graph and, where applicable,
to the quantitative relationship it describes.

Standards for Mathematical Practice:

4 Model with mathematics.

5 Use appropriate tools strategically.

90 min
45 min

Coherence

Vertical Alignment

Previous
Students graphed and analyzed reciprocal functions.
F.IF.5, F.BF.3

Now
Students graph and analyze rational functions.
F.IF.4,F.IF.5

Next

Students will solve rational equations and inequalities algebraically and by
graphing.

A.CED.1, A.REI.2, A.REL.11

Rigor
The Three Pillars of Rigor

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY ___3APPLICATION

ﬁ Conceptual Bridge In this lesson, students extend their
understanding of reciprocal functions to rational functions and build
fluency by graphing them. They apply their understanding of graphing
rational functions by solving real-world problems.

Mathematical Background

A rational function has an equation of the form f{x) :%&—1), where a(x)
and b(x) are polynomial functions and b(x) # 0. Some graphs of rational
functions have breaks in continuity.

Lesson 7-4 - Graphing Rational Functions 337a
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1 LAUNCH FLH F.IF.4, F.IF.5

Interactive Presentation

I $Warm Up

Warm Up

Prerequisite Skills
Same the domain of sech fundtion.

The Warm Up exercises address the following prerequisite skill for

s ] .
R this lesson:
Sfp= T I ) )
i « identifying domains of functions
0= §x

Answers:
&fGh=d
1. all real numbers
2.x=-2

== 3. all real numbers

4.x+0
Warm Up 5.X#*1

Launch the Lesson

@ Teaching the Mathematical Practices
2 Attend to Quantities Point out that it is important to note the
meaning of the quantities used in the frequency function.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Launch the Lesson Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

N $  Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.

A e T e 1 D e 1 G

LT e —

Today’s Vocabulary

337b Module 7 - Rational Functions
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Analyzing Rational Functions

Objective
Students use a graphing calculator to explore graphing rational functions.

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain
the relationships between the equations and graphs used in this
Explore activity.

5 Analyze Graphs Help students analyze the graph they have
generated using a graphing calculator. Point out that to see the
entire graph, students may need to adjust the viewing window.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have students’ volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore
is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
They use graphing calculators to graph and analyze features of rational
functions. Then, students will answer the Inquiry Question.

(continued on the next page)

Interactive Presentation

Select & caleviring

THBA Pus Fardly  THhaoes Famly

Explore

it T I gcts of e Sitont

p—y

Explore

TYPE

al)

Students answer questions to describe rational functions.

Lesson 7-4 « Graphing Rational Functions 337¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

Explore

337d Module 7 - Rational Functions

Students respond to the Inquiry and can view a sample answer.

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Explore Analyzing Rational Functions
(continued)

Questions

Have students complete the Explore activity.

Ask:

« How is the graph of g(x) = ::; different than h(x) =ﬁ? Sample
answer: The function g(x) has x in the numerator and the denominator,
while h(x) only has x in the denominator. This changes the x-intercept
and the end behavior of the graph.

« What are the x- and y-intercepts of j(x) = i; g? Use your calculator as
necessary. The x-intercept is 4, the y-intercept is —.

@ Inquiry

How can you use a graphing calculator to analyze a rational function?
Sample answer: A graphing calculator can be used to analyze key
features such as the intercepts, end behavior, and asymptotes of rational
functions.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing Rational Functions with
Vertical and Horizontal Asymptotes

Objective
Students graph and analyze rational functions with vertical and horizontal
asymptotes.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
and explain their solution methods. Point out that they should use
clear definitions when answering the question in the Think About
It feature.

Example 1 Graph with No Horizontal
Asymptotes

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the function, table, and graph used in this
example.

Questions for Mathematical Discourse

JY® Does this function have a horizontal asymptote? Why or why
not? No; sample answer: The degree of the numerator is greater
than the degree of the denominator.

State the domain and range of the function. D: {x | x # —g}
R: all real numbers

Why does the end behavior of this function resemble the end
behavior of a quadratic function? As |x| increases, the constant 23
becomes increasingly insignificant. Therefore, the only terms that
have a significant impact on the function as |x| increases are
x*and x, which simplify to X%

0 Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Lesson 7-4

Graphing Rational Functions
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Interactive Presentation

Students watch a video to see how to
graph rational functions with vertical and

Lesson 7-4 - Graphing Rational Functions 337
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2 EXPLORE AND DEVELOP b3 F.IF.4, F.IF.5

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

& Example 2 Use Graphs of Rational
T ot o oo e =0 Functions

B Talk Abour T i -: ‘. D% )
kgt Theen I a verscal syrptote o x =~ @ Teaching the Mathematical Practices
pintintdciot preibdiscdptaliioniychiealldakabdid 1 Check Answers Mathematically proficient students continually
m“;« Stop 3 Draw thé giaph. ask themselves, “Does this make sense?” Point out that in this
S n T e example students need to check their answer. Point out that they

_,“ should ask themselves whether their answer makes sense and
Wateh Ot - E] whether they have answered the problem question.
Taronva. Vertical ] @
Aoymgioes T o i o 4 Analyze Relationships Matt ically Point out that to
i solve the problem in Example 2, students will need to analyze the
:.o‘?&”w:.:ﬂ',‘ Dok gy mathematical relationships in the problem to draw conclusions.

S
Part B Thcs s o yerticnl ssymiploe
a1,

Part & Trionn is 8 zor0 a8 1 =

Questions for Mathematical Discourse

PatC r.m:&e\.m-—. R R
2% What does the horizontal asymptote represent in the context of

the model? the adult dosage

YNNG, - e » [e]¥ Does the end behavior as x — oo make sense in the context of

macicine. Yolohg rule can b wrihen 08 = 2  whers A i the the situation? Explain. Yes; sample answer: It makes sense that as
a child gets older, and closer to adulthood, they should receive a

dosage closer and closer to the adult dosage.

Pt A Gragh the furetion.
Gragin the funcion for an S doss of
200mg

Troe funiction 'y = S
Th vestical suymetote i atx = ~12

Becaune the degres of oix) = e degree

=14 Why is the horizontal asymptote the ratio of the leading
coefficients? Sample answer: As |x| increases, the constant has
less of an effect on the function than the terms with x, so the

- "'"?'.'!‘.“.'f“""."‘"'.“-b -8
o function looks more like y = 222 or y = 200.

100 50 Otine i £ sttt i Eaen Ereat cvdem

BB Moduse T+ B bt

Interactive Presentation

W Gragdu of Kabonsl Functions

vl irimeterspmiane

Example 2

TYPE

Students answer a question about the
domain of the function in the context of
the situation.

338 Module 7 - Rational Functions
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1 CONCEPTUAL UNDERSTANDING

2 FLUENCY 3 APPLICATION

Example 3 Compare Rational Functions

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the key features of the function and graph
in Example 3.

Questions for Mathematical Discourse

I8 Why do you only set the numerator equal to zero to find the
x-intercept? When the numerator is zero, the entire expression
equals zero.

STHl Why is it necessary to determine the asymptotes of the function
before making a table of values and graphing? Sample answer: So
you know which values to include in the table. If you did not know
the asymptotes, you may only choose values of x that fall on one
side of the asymptote, giving you only one half of the graph.

:TH Compare the end behavior of the functions. g(x): As x — —o0,

y —5andasx— 00,y — 5 hix): As x — —oo, y — Tand as
X — 00,y — 1

Part B Find oy foatuns.

3 Thisk About
i U . A 3 TEDIRS AV £ EPUIH B8 1 U0

rimterenpt 0 the contet e the
whnten
Finteicept 0
ond benmoe: As v e,y = 200, and 483 — —%,y -+ 300,
Part Sarmgin anseres: Ooly
ke DT, wikows o £ > 0 migkn
Finis tha o450 fot i T3 ei-old chit) I I adull dosage o 300 mg beong in the cotert of
the: bacauie s
oaphl Butwhenxis 12y e 0o
50, Mg doage lor & L-yuar okl chisd is sperximatity 100 mg .
CHECK.
Creck your anwwer by SUOSTIUTIG I 1D Coiginal pouaton
2000
reH
o0
Ea T
]
Example 3

Thene.is & somm w3
Step 3 Find the ssympiotes.
Finc th vestical avyeptoto
rd=0
FIEE
K=t

Triess s & vaviical naymgdote st s = —
{contiec on t nevt pogel
10000 e Wi it i B s s

i 4+ S atons fomctom - 339

Interactive Presentation

Example 3

EXPAND

i Students tap to see how to graph, analyze,

and compare rational functions.

i

CHECK I

Students complete the Check online
to determine whether they are ready

to move on.

Lesson 7-4 - Graphing Rational Functions 339
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2 EXPLORE AND DEVELOP
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Interactive Presentation

Learn

WATCH

Students watch a video to see how to
graph rational functions with oblique

asymptotes.

340 Module 7 - Rational Functions

F.IF.4, F.IF.5
1CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing Rational Functions with
Oblique Asymptotes

Objective
Students graph and analyze rational functions with oblique asymptotes.

@Teaching the Mathematical Practices
1 Special Cases Work with students to look at the cases of
discontinuity for rational functions. Encourage students to
familiarize themselves with vertical, horizontal, and oblique
asymptotes as well as point discontinuities and to know when
each one applies.

About the Key Concepts

Students should be familiar with the concept of thinking about
asymptotes in terms of how the function approaches that value from
each side but never reaches it. Encourage students to consider point
discontinuities in the same way, as approaching the same value from
either side, but never quite reaching it.

DIFFERENTIATE

Language Development Activity

Have students write a list of tips to help someone draw the graphs of
rational functions.

@ Essential Question Follow-Up

Students have explored rational expressions and functions.

Ask:
How are the properties of a rational function reflected in its graph?
Sample answer: Vertical asymptotes occur at values that make the
denominator 0; horizontal asymptotes occur when the degree of the
numerator is less than or equal to the degree of the denominator;
oblique asymptotes occur when the degrees of the numerator
and denominator differ by 1; holes occur when the numerator and
denominator have a common factor that has a zero.
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1CONCEPTUAL UNDERSTANDING | 2 FLUENCY

3 APPLICATION

Example 4 Graph with Oblique Asymptotes

@Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or as
being composed of several objects. Use the Study Tip to guide
students to see how the numerator and denominator of a rational
function can be viewed as single objects to determine whether an
oblique asymptote exists.

Questions for Mathematical Discourse

JTW When finding the oblique asymptote, how can you tell there will be
a remainder before you divide the numerator by the denominator?
Sample answer: The numerator factors as (x + 1)%and the
denominator is x + 4, so there are no common factors.

sTH How does the end behavior of f{x) compare to the end behavior of
the asymptote? The end behavior is the same.

Why is the equation of the oblique asymptote% with no
remainder? Sample answer: No value of x can make the remainder
zero, but as |x| approaches infinity, the remainder approaches

zero, so the function approaches the quotient.

DIFFERENTIATE

Enrichment Activity [=11]

Challenge students to explain the rules for finding horizontal and
oblique asymptotes. While the module shows students how to find
them, encourage students to provide an explanation of why the rules
work. Scaffold the task by having students examine graphs of varying
degrees in the numerator and denominator and look for general
patterns in the asymptotes.

i wom Cane, Srapins ol rasional Rarictioni. mary vt poing
dincortinuity, which kioks i o hole in (P graph, The s becoust e Q) Go e
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Interactive Presentation

the effect of undefined values on graphs

[ | Students answer a question to determine
a of rational functions.

Lesson 7-4 - Graphing Rational Functions 341
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2 EXPLORE AND DEVELOP
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Interactive Presentation

Example 5
TYPE
Students answer a question to determine
a whether they understand
Students complete the Check online
to determine whether they are ready
to move on.

342 Module 7 - Rational Functions

F.IF.4,F.IF.5

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 5 Graph with Point Discontinuity

@ Teaching the Mathematical Practices
1 Explain Correspondences Guide students as they use the
information in the Think About It! feature to create a function
with the given feature.

Questions for Mathematical Discourse

P18 When does a point discontinuity occur? A point discontinuity
occurs when the numerator and denominator of a rational function
have a common factor.

How can you find the y-coordinate of a point discontinuity? Sample
answer: Substitute the x-coordinate of the hole into the simplified
form of the rational expression.

1:15 Why does a common factor in the numerator and the denominator
result in a point discontinuity? Sample answer: For any value of
x that makes the common factor not equal to zero, the common
factor can be eliminated, resulting in a continuous function for
those values of x. When an x-value makes the commonfactor
zero, % is undefined rather than 1, so the common factor cannot
cancel.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic
| 1, 2 exercises that mirror the examples 1-22
‘. 2 | exercises that use a variety of skills from this 23-53 ‘
| lesson
3 +

critical-thinking skills

exercises that emphasize higher-order and 54-59 ‘

ASSESS AND DIFFERENTIATE

@ Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, m
THEN assign:

« Practice, Exercises 1-53 odd, 54-59

« Extension: Sign Charts for Rational Functions

. [ ALEKS® Graphing Rational Functions

IF students score 66%-89% on the Checks, oL}
THEN assign:

« Practice, Exercises 1-59 odd

« Remediation, Review Resources: Graphing Reciprocal Functions

« Personal Tutors

« Extra Examples 1-5

- [ ALEKS® Graphing Rational Functions

IF students score 65% or less on the Checks, m
THEN assign:

« Practice, Exercises 1-21 odd

« Remediation, Review Resources: Graphing Reciprocal Functions

« Quick Review Math Handbook: Graphing Rational Functions

. [ ALEKS® Graphing Rational Functions

F.IF.4, F.IF.5
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3 REFLECT AND PRACTICE F.IF.4,F.IF.5

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION

Answers
1
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Lesson 7-5 A.CED.1, A.CED.2

Variation

LESSON GOAL Suggested Pacing
Students recognize and solve direct, joint, inverse, and combined 90 min 0.5 day
variation equations. 45 min 1 day
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Algebra
2 EXPLORE AND DEVELOP A.CED1 Create equations and inequalities in one variable and use them

to solve problems.

_‘D Explore: Variation L .
= A.CED.2 Create equations in two or more variables to represent

@ e relationships between quantities; graph equations on coordinate axes
with labels and scales.
Direct Variation and Joint Variation Standards for Mathematical Practice:
« Direct Variation 2 Reason abstractly and quantitatively.
« Joint Variation 4 Model with mathematics.
Inverse Variation and Combined Variation 6 Attend to precision.
« Inverse Variation
- Combined Variation Coherence

« Write and Solve a Combined Variation . .
Vertical Alignment

9 You may want your students to complete the Checks online.

Previous
Students solved equations involving proportions.
3 REFLECT AND PRACTICE ACEDA, A.SSE.3
FTE Exit Ticket
Now
) Students recognize and solve direct, joint, inverse, and combined variation
% Practice equations.
A.CED.1,A.CED.2
DIFFERENTIATE DU . ' — .
Students will solve rational equations and inequalities algebraically and by
@ View reports of student progress on the Checks after each example. graphing.
A.CED.1, A.REI.2, A.REL.11
Resources aibL ey
Remediation: Functions e | . ) Rig‘O!'
Extension: Geosynchronous Satellites (XX ) The Three Pillars of Rigor
Language Development Handbook 1CONCEPTUAL UNDERSTANDING ] 2 FLUENCY 3 APPLICATION
Assign page 39 of the Language Development ™ B . . .
Handbook to help your students build v -. s Conceptual Br|dge In this Iesson, students expand on theer
mathematical language related to direct, joint, inverse, . knowledge of proportional reasoning to develop an understanding
and combined variation equations. INTEGRATED i1 of the different types of variations. They build fluency and apply their
understanding by solving problems that reflect the different types of

=10 You can use the tips and suggestions on
page T39 of the handbook to support students
who are building English proficiency.

variations.

Lesson 7-5 - Variation 347a
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Interactive Presentation
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Today’s Vocabulary

347b Module 7 - Rational Functions

A.CED.1, A.CED.2

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding function values

Answers:
1.-15
-2
3.—8a—-3
4.-5
550 6. 7>
45¢c—2

Launch the Lesson

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationship between the verbal description of Boyle’s Law, the
diagram, and the graph in the Launch the Lesson.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.

Mathematical Background

The type of variation present can sometimes be identified from a table of
values for x and y. If the quotienlﬁ has a constant value, y varies directly
as x. If the product xy has a constant value, y varies inversely as x.
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Variation

Objective
Students use a sketch to explore variation functions.

@Teaching the Mathematical Practices

3 Reason Inductively Throughout the Explore, students must

use data they have collected and inductive reasoning to make
plausible arguments about the relationships between the length,
width, and area of a rectangle.

5 Compare Predictions with Data Point out that in the Explore,
students should use sketches to visualize the relationships
between the length, width, and area of a rectangle. Guide
students to compare their predictions about the relationships with
the data and graph.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have student volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore
is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
They will use a sketch to explore the relationship between the area and
the dimensions of a rectangle. Then, students will answer the Inquiry
Question.

(continued on the next page)

Interactive Presentation

Variation
(20 IMUELIY o can s utin s s of - restagis wah i arsal

Direct Variation

0'“““""' e shanch 53 saghore T rssEcERhg et G Wi w acd
e w4 o 3 rectane mER 8 v denah. Then conpiets e ExpTISe

e
-

= wk

Explore

The rectangie his 5 1eng of 3 units, width w, and area A Drag peint w19 changes Eh wicth ol the rectangh.

Record the ares of the ectangle for several values of w in the table.

3 3 E ] 3 3
4
7
Explore
WEB SKETCHPAD
@_ Students use a sketch to explore direct and inverse variation.

Lesson 7-5 « Variation 347¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

@

Explore

TYPE

Students respond to the Inquiry Question and can view a sample
answer.

347d Module 7 - Rational Functions

‘1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Explore Variation (continued)

3 APPLICATION

Questions
Have students complete the Explore activity.

Ask:

« Is y = 3x &n example of direct variation? Why or why not? No; sample
answer: The x-term is squared, which will make the value of y increase
at a faster rate as x increases instead of at a constant rate.

- What types of functions model direct and inverse variation? Sample
answer: Linear functions in the family of y = ax model direct variation
and rational functions in the family y = % model inverse variation.

@ Inquiry

How can you relate the dimensions of a rectangle with its area? Sample
answer: The area of a rectangle is directly related to the side lengths of
the rectangle. The side lengths of a rectangle are inversely related to the
area of the rectangle.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Direct Variation and Joint Variation

Objective
Students recognize and solve direct and joint variation equations.

@’Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely
write and explain their solution methods. Students must use clear
definitions and mathematical language when answering the
question in the Talk About It feature.
2 Make Sense of Quantities Mathematically proficient students
need to be able to make sense of quantities and their relationships.
In the Think About It features, students must make sense of the
relationships between the variables to answer the question.

Example 1 Direct Variation

@Teaching the Mathematical Practices
2 Make Sense of Quantities Mathematically proficient
students need to be able to make sense of quantities and
their relationships. In Example 1, students should notice the
relationships between the problem variables.

Questions for Mathematical Discourse

JT What type of function do you use to model direct variation? linear

T8 How do you determine the equation that models this relationship?
Sample answer: Direct variation is of the form y = kx. You can find
k from )7“ which is —. Thus, the equationis y = —g x.

[ZI Why can you use a proportion to solve for y,? You know y varies
directly as x, so y,= kx and y 3= kx . Solving for k shows that
each ratio ofé equals k, thus the ratios can be set as equal.

Q Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

A.CED.1, A.CED.2

Lésson T-5
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Interactive Presentation

Students answer a question about the
graph of direct variation functions.
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2 EXPLORE AND DEVELOP
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Interactive Presentation

Srmpass o et o ot . iad w1 = Bt = <03 = < Fiens = i = b

Example 2

CHECK

Students complete the Check online to
determine whether they are ready to

move on.

348 Module 7 - Rational Functions

m A.CED.1, A.CED.2

1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION
Example 2 Joint Variation

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of joint
variation to write and solve a proportion that represents the
relationships in the problem.

Questions for Mathematical Discourse

"% Explain why the denominators of the proportion contain the
product of x and z. Sample answer: Because y varies jointly as x
and z, by the definition of joint variation, y varies directly as the
product of x and z.

If x increases by a factor of a and z increases by a factor of b, by
what factor does y increase? ab

What is the value of k? Explain your reasoning. —5; Sample
answer: Substituting the given values into the equation for joint
variatiosn,y = kxz, gives —15 = k(—6)(1). Solving for k gives

k=—7.

Learn Inverse Variation and Combined
Variation

Objective
Students recognize and solve inverse and combined variation equations.

@Teaching the Mathematical Practices
2 Different Properties Students should look for different ways
to solve problems. In the Study Tip, have students describe how
different proportions could be used to represent the same inverse
variation problem.
7 Use Structure Help students to determine the structure of the
variation relationships throughout this lesson.

@ Essential Question Follow-Up

Students have explored variation functions.

Ask:
Why can analyzing a rational function algebraically and graphically
help you to see the “whole picture?” Sample answer: An algebraic
analysis can help you to determine points of discontinuity that may
not be clear or noticeable when viewing the graph of the function.
A graphical analysis can help you to see the asymptotes and end
behavior of the function.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY

Example 3 Inverse Variation

3 APPLICATION

@Teaching the Mathematical Practices
2 Create Representations Guide students to write an equation
that models the relationships from Example 3. Then use the
equation to solve the problem.

Questions for Mathematical Discourse

/Y% What is the result if you cross multiply before substituting for the
variables in the example? m,n = m f1,

M What is the value of k? Explain your reasoning. —24; sample
answer: The equation for inverse variation is xy = k,
5o (—4)6 = —24 and 2.4(—10) = —24.

T8 How could you use the value of k to determine m when n = —10?
Sample answer: Substitute —24 and —10 for k and n, respectively,
in the equation for inverse variation, nm = k and solve.

Common Error

Remind students that in an inverse variation relationship, the proportion
will include different subscripts on the same side of the equals sign.
Review the different proportions that can be used to solve an inverse
variation problem.

Example 4 Combined Variation

@Teaching the Mathematical Practices
6 State Meanings of Symbols In Example 4, ask students to
state the meanings of the variables used in the proportions. Point
out that it is important to clearly define and label the variables to
avoid making errors when substituting for values.

Questions for Mathematical Discourse

How does solving the example relate to solving systems of
equations? Sample answer: There are two unknown variables, k
and b,, and there are two equations. You are looking for b,, so you
need to substitute for k.

What is another way of calculating the unknown value of b?
Sample answer: Use the three known values to calculate the value
of k, then set the proportion with the unknown variable equal to k.

[=1% Write a general formula for finding any unknown b when given

values for the corresponding @ and ¢ and another set of a, b, and
¢ b= %

A.CED.1, A.CED.2

Example 3 imots
P Study Tip
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Interactive Presentation

e e By s 2 i = 3 e 0 a1, fird 1 e 1 = =110,
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w1

Example 3

EXPAND

Students tap to see a Study Tip about
using subscripts.
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Interactive Presentation

i
e ——————
Pl

Example 5

== Students move through the slides to
see how to solve a combined variation
equation.

CHECK
Students complete the Check online to
determine whethar they are ready to
move on.

350 Module 7 - Rational Functions

m A.CED.1, A.CED.2

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY r 3 APPLICATION
& Example 5 Write and Solve a Combined
Variation

@Teaching the Mathematical Practices
2 Represent a Situation Symbolically Guide students in
defining variables to solve the problem in Example 5. Help
students to identify the relationships among the various quantities
in the problem.
4 Make Assumptions The Think About It! feature asks students
to explain assumptions that were made to solve the problem.

Questions for Mathematical Discourse

IXH If the front and rear gear do not change, what type of variation
relates the rider’s speed and the revolutions per minute (RPM) of
the pedals? direct variation

[&TH If the rear gear switches into a gear with more teeth, what
happens to the speed of the bicycle? It decreases.

[=7H What changes in gears would result in an increase in speed
without changing the pedaling speed? changing the front gear to
a gear with more teeth or changing the rear gear to a gear with
fewer teeth

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

K | Topic | Exercises
| 1, 2 exercises that mirror the examples 1-25
‘. 2 | exercises that use a variety of skills from this 26-61
lesson
2 |exercises that extend concepts learned in this 62-63

lesson to new contexts

3 |exercises that emphasize higher-order and 64-68
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, |
THEN assign:

« Practice, Exercises 1-63 odd, 64-68

« Extension: Geosynchronous Satellites

. [ ALEKS Applications

IF students score 66%-89% on the Checks, oL |
THEN assign:

« Practice, Exercises 1-67 odd

« Remediation, Review Resources: Functions

« Personal Tutors

« Extra Examples 1-5

. [ ALEKS Sets, Relations, and Functions

IF students score 65% or less on the Checks, oLl
THEN assign:

« Practice, Exercises 1-25 odd

« Remediation, Review Resources: Functions

« Quick Review Math Handbook: Variation Functions

. [ ALEKS'Sets, Relations, and Functions

A.CED.1, A.CED.2
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

59a. 1 % 14: € =Yw; 12 x 16: £ =3w; 16 x 20: £ =3 w; 18 x 24: € =% w,;

20 X 24: €=8w; 24 3o~e=%w» 24 % 36‘l:%W‘ 30 x 40:
l 3w 36 X 48: £73w48><60 £—4w48><72 Z—zw

59b. 12 % 16,18 X 24,30 x 40, 36 X 48 all have the relatlonshlp l —3w
16 X 20, 24 x 30, and 48 x 60 have the relationship ¢ —4w 24 X 36
and 48 X 72 have the relationship £ = W.

59c¢. Sample answer: One canvas is an enlargement of the other.

60. Sample answer: C = kéw, where C is the cost and k is a constant. C
varies jointly with £ and w because one quantity (C) varies directly as the
product of two other quantities (¢ and w).

63b. Joint variation; sample answer: The amount deducted varies directly as
the product of two quantities: the hourly wage and the number of hours
worked.

63c. Sample answer: Substitute r = 19.50 and h = 36 in the formula from
parta.

The amount deducted was $70.20.

64. Jamil; sample answer: Savannah multiplied when she should have
divided and divided when she should have multiplied.

66. Sample answer: Every joint variation is a combined variation because
there are two combined direct variations. However, a combined
variation can have a combination of a direct and an inverse variation, so
it cannot be considered a joint variation.

67. Sample answer: The force of an object varies jointly as its mass and
acceleration.

68. Sample answer: Inverse and some types of combined variation functions
cannot have a value of 0 in the domain because division by zero is
undefined.
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Lesson 7-6

A.CED.1, A.REI.2, A.REL.T1

Solving Rational Equations and Inequalities

LESSON GOAL

Students solve rational equations and inequalities algebraically and
by graphing.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

@ Explore: Solving Rational Equations

@ Develop:

Solving Rational Equations

« Solve a Rational Equation

« Solve a Rational Equation with an Extraneous Solution
« Mixture Problem

« Distance Problem

« Work Problem

Solving Rational Inequalities
- Solve a Rational Inequality
- Write and Solve a Rational Inequality

9 You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

@ Exit Ticket
%3 Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources ALl e
Remediation: Solving Proportions o0 e
Extension: Asymptotes in Three Dimensions [ XX ]

Language Development Handbook

Assign page 40 of the Language Development ]
Handbook to help your students build .I .l
mathematical language related to solving rational

equations and inequalities. INTEGRATED It

m You can use the tips and suggestions on
page T40 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min day

45 min 2 days

Focus

Domain: Algebra

Standards for Mathematical Content:

A.CED:1 Create equations and inequalitiesin one variable and use them
to solve problems.

A.REIL.2 Solve simple rational and radical equations in one variable,

and give examples showing how extraneous solutions may arise.
A.REL11 Explain why the x-coordinates of the points where the graphs
of the equations y = f(x) and y = g(x) intersect are the solutions of

the equation f{x) = g(x); find the solutions approximately, e.g., using
technology to graph the functions, making tables of values, or finding
successive approximations. Include cases where f{x) and/or g(x) are
linear, polynomial, rational, absolute value, exponential, and logarithmic
functions.

Standards for Mathematical Practice:

1 Make sense of problems and persevere in solving them.

2 Reason abstractly and quantitatively.

5 Use appropriate tools strategically.

Coherence
Vertical Alignment

Previous
Students added and subtracted rational expressions.
A.APR.7

Now

Students solve rational equations and inequalities algebraically and by
graphing.

A.CED.1, A.REI.2, A.REL.11

Next

Students will determine populations and samples and run simulations to
determine the probabilities of outcomes. Students will analyze the
distributions of data sets.

S.IC.1,S.1C.6,S.1D.4

Rigor
The Three Pillars of Rigor

| 1CONCEPTUAL UNDERSTANDING ]_ 2 FLUENCY ] 3 APPLICATION

iy Conceptual Bridge In this lesson, students expand on their
understanding of rational functions to build fluency by solving rational
equations. They apply their understanding of rational equations by
solving real-world problems.

Lesson 7-6 - Solving Rational Equations and Inequalities 355a


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0221.xhtml

Interactive Presentation

Warm Up

Launch the Lesson

= it s,

Today’s Vocabulary

355b Module 7 « Rational Functions

228 | ACED.1, AREL2, ARELT

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for
this lesson:

« solving proportions

Answers:
1.15
2.21
3.6
4.37
5.35

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
read about a real-world problem that can be solved using a rational
equation. Once students have completed the lesson, encourage
them to answer the question posed in the Launch the Lesson.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discussthe questions below with the class.

Mathematical Background

During the solution process, a rational equation is usually transformed
into another type of equation. Solving a rational equation may require
solving a related linear, quadratic, or other type of equation.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Solving Rational Equations

Objective
Students use a graphing calculator to explore solving rational equations.

@Teaching the Mathematical Practices
2 Represent a Situation Symbolically Guide students to define
the variables to solve the problem in the Explore. Help students to
identify the relationships in the situation and represent them with
an equation.
4 Analyze Graphs In Exercises 3 and 4, students must analyze
the graph they have generated using graphing calculators. Point
out that to see the point of intersection, students may need to
adjust the viewing window.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete

the Explore activity on their devices. Pairs should discuss each of

the questions. Monitor students’ progress during the activity. Upon
completion of the Explore activity, have student volunteers share their
responses to the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will complete guiding exercises throughout the Explore activity.
They will use rational equations to create expressions representing a
problem situation, then use that equation to answer questions about the
situation. Then, students will answer the Inquiry Question.

(continued on the next page)

A.CED.1, A.REI.2, A.REL.1

Interactive Presentation

@m b i s e e peld s 1 ot

Explore

..
Explore
Students answer questions to determine how to solve rational
al equations by graphing.

Lesson 7-6 - Solving Rational Equations and Inequalities 355¢


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0223.xhtml

2 EXPLORE AND DEVELOP

Interactive Presentation

(BNt i s s s 3y

Explore

TYPE

Students respond to the Inquiry Question and can view a sample
answer.

355d Module 7 « Rational Functions

2 A.CED.1, A.REI.2, A.REL.1

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Explore Solving Rational Equations
(continued)

3 APPLICATION

Questions
Have students complete the Explore activity.

Ask:

« What type of graph is y = 7507 How does this help you solve the
rational equation? Sample answer: The graph is a horizontal line.

As long as this is not equal to the horizontal asymptote, you can find
where the graphs will intersect.

« How else could you use a graph to solve 750 = ? Sample
answer: You find the related equation by setting this equal to zero,
o= 40 +X17,750 750, Then graph y =40 +X17,750 — 750 and find the
zero of the graph. The solution is still 25 days for the cost to be $750
per day.

40x + 17,750
X

@ Inquiry

How can you solve rational equations by graphing? Sample answer: | can
graph the sides of the rational equation as a system of equations. Then |
can find the x-value of the intersection of the graph of the system, which
is the solution of the rational equation.

0 Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Solving Rational Equations

Objective
Students solve rational equations in one variable algebraically.

@Teaching the Mathematical Practices
2 Different Properties Mathematically proficient students
look for different ways to solve problems. Encourage students
to consider why it is easier to first eliminate the fractions when
solving a rational equation. Ask students what the alternate
solution method would be.

Things to Remember
Remind students that a possible solution must always be checked in the
original equation rather than in any of the steps of the solution.

DIFFERENTIATE

Enrichment Activity =11/

Logical Learners Have students think about the difference between
“pure” mathematics, such as solving an equation, and “applied”
mathematics, such as solving a real-world problem. Ask them to list
some ways in which these types of mathematics are alike and some
ways in which they are different.

Example 1 Solve a Rational Equation

@Teaching the Mathematical Practices
1 Seek Information Mathematically proficient students must
be able to transform algebraic expressions to reach solutions. In
Example 1, students must use the LCD to transform the rational
expressions and solve the problem.

Questions for Mathematical Discourse

JY® For what value(s) of x is the equation undefined? 4

Why is the LCD 48(x — 4)? Sample answer: 12 is a factor of 48,
so 48 is the least common multiple of the constant denominators.
48(x — 4) is a multiple of x — 4 and 48, so it is the simplest
expression that is a multiple of all of the denominators.

[=11 Explain how you could use a calculator to solve the equation.
Sample answer: Let Y, = %;—_% andY,= i—g. Graph and find
the intersection point.

) Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Z2% | A.CED.1, AREL2, ARELN

Lésson 76

Solving Rational
Equations and Inequalities

¥ ~ Today's Gask
Explore Solving Rational Equations O ——

e b
Q) Gmline Activay Fap [ rp—
Ereies 1 0
variabe.
G INOUIRY: Ho can you soive
Equations by graphing® Todm's Vocsbulary
ratcal equaten
rasical inpcualey
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. feastane & Vo s
it pquatons. 1 s often easied to frst oEminate the ConS. You
e inctigns v
he least common 1LEDY. Sehving .
Wiy €30 il PSS THAE M 10k SSONS O T OGN SN
oo cen idenly solutiens by s
g 10 g0 It maews i
Thert e 1hioa Ty of pEobRems Bhat iv0 Commonty sohved by wsing
witiceal it Drobioms. and
work problom.
Example 1 Sotve o Rasiona Equation

AT Y
Solve g+ T 5
Th LED Aor the bemms i 48~ 4]
erila~ U
ane— ) +aso -l 2 ) - an - 452
anie—ai{ )+ empe-a( ) < dmi ()
2 -T2 432 - By - 120
o' 30 - B - 300
540 = 20

20mi%
100 G o i a1 v Exseiy i

[ T r—— )

Interactive Presentation

Learn
TYPE
b Students answer a question to determine
al | how to simplify rational equations.
S
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Example 2

TYPE
Students answer a question to determine
a how to identify extraneous solutions.

356 Module 7 - Rational Functions

A.CED.1, A.REL.2, A.REL.1
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 2 Solve a Rational Equation with
an Extraneous Solution

@ Teaching the Mathematical Practices
1 Check Answers Mathematically proficient students continually
ask themselves, “Does this make sense?” Point out that in
Example 2, students need to check their answers to identify
possible extraneous solutions. The Talk About It! feature asks
students to describe how they could check their answer using a
different method than is used in the example.

Questions for Mathematical Discourse

How do you determine the LCD for the equation? The denominator
of the second rational expression factors as (m — 4)(3m — 6),
and each of these factors is a denominator of the other rational
expressions, so the LCD is (m — 4)(3m — 6).

[eT8 Why can you eliminate (m — 4) and (3m —6) in the numerator and
3m?*— 18m + 24 in the denominator of the second expression?
(m — 4)(3m —6) = m*— 18m + 24

[ The left side of the equation can be simplified to gg i 24 What
happens when you solve the equation by simplifying this way first?
What does this imply? Sample answer: You only get the solution
m = —1, indicating that the extraneous solution is introduced
during the process of multiplying the entire expression by the LCD.
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b4 A.CED.1, A.REI.2, A.REL.1

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

& Example 3 Mixture Problem

3 Example 3 Wistyee Problem

@’Teaching the Mathematical Practices =~ ——————— PRST AlD Fiubbing ashel,
1 Analyze Givens and Constraints In this example, guide issrappied i Ut o pdagi i
students through the steps to identify the meaning of the problem fraaitsihargion ik
and look for entry points to its solution. Sp 1 Extimats the sohution.
5 Use Estimation Point out that in Example 3, students need i sttt b kil bbbt i
to include an estimate of the amount of isopropy! alcohol liquid A
needed and check against the estimate at the end. swp2
Corrpiute the tkio. Lit x be tho smcont of BO% mopropy! skcofol ?:.:"""'m"’
Ui Bt b ackded Ml Tl
heee i moe than one
Questions for Mathematical Discourse e P d o Bl
+a%e 1 mary e el S0
igaTze e
How does % represent 70%? A percent is “Jaart 0f100,” s0 70% . 00 4 eiaredling
0 g Essioe an
e e Fehsmnn el e

is 70 out of 100 and can be represented as 745 -

Explain why 0.91(200) and 0.5x represent the amount of isopropyl
alcohol. Sample answer: Multiplying the percent of isopropyl
alcohol in each liquid by the number of milliliters of the liquid gives
can find the number of milliliters of isopropyl alcohol.

[ Suppose you wanted to create a liquid that has a higher
percentage of isopropyl alcohol. How would this affect your
solution? A smaller amount of a 50% isopropyl liquid would be

added 200 + 70 = 0082 4 0801
000 + 0w = B I00 + S0x

arncant of oprogy Sloahol diied by T botal amount of new Bouid

=
Sten & Chieck for e
S, 390 rliners of SOV ooy eid ackied 0 2he 0 miliens

o Y Bguid creates & 0% isoprom slceral lguid. The arswet s
reasonatie Deceuns X i chote o o wSmate,

Lombon T8 + Sk Retonil Eutbin snd beguities 387

Interactive Presentation

[T ——

Example 3

TYPE

Students answer a question about
| al | checking their solution.
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2 EXPLORE AND DEVELOP #8% | A.CED.1, AREL2, ARREL1

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

& Example 4 Distance Problem
o i3 Example 4 Cistance Problen
&3 Think About 14 R ) R
s . Pight sp @Teachmg the Mathematical Practices
8 . Suppote I tkes one of the bazs. § hours to iy
ol i DA DU Aatoeg Yo i L 4 Interpret Mathematical Results Point out that to solve the
BBy T o s 1215 e ound 1, o 08 e each - Uso o problem in Example 4 and to answer the question in the Think
Sl e £ b et bt o About It! feature, students should interpret their mathematical
S movte i i At results in the context of the problem and reflect on whether the
and and 54 mimdig
et o ity | 04 28w s (%) = 8w results makes sense.
Datse i aringee | 52w s s, ) = 5wz
mmmu 25 = w605 + (25 + w08 = (625 - w5 . . .
NPT Ol e o e Questions for Mathematical Discourse
Study Tip: 3045 = 325 So’ . . -
e e I8 Why is the rate against the wind 25 —w? Sample answer: The
Ll s S—— wind slows the bat down, so to find the bat’s average speed
i et | oo e st o s o 56 o s against the wind, take its average speed and subtract the speed of
e the wind, w.
R ST iR A Example § Wor Prosiem i . 00 .
ooyl sy e G i [6TH Why is —4 not a viable solution? Speed cannot be negative.
. o g S v o Yo [T What assumptions are being made about the wind? Sample
e answer: The speed of the wind is constant and in one direction
Ll ae G aligned with the direction the bat travels.
30(0) +300{1) = 300() syt
ool) +20p(}) =300(}) v e
2+ 30 =% pramry Common Error
302 Sttt 3 Sten woch s When solving rational equations, students often forget that all terms in
B Saiae the equation must be multiplied by the LCD. Remind them to do so in
It would taie the W-row pAanter T8 houors 1o plant the Teid Mone. order to obtain equivalent equationsA
10 B oo Veus s pomsione o Evir Edeois i
e AR & Example 5 Work Problem

@Teaching the Mathematical Practices
2 Consider Units Point out that it is important to note
the units involved in this problem. To solve the problem in
Example 5, students should clearly label their solution with the
L hpohui e s appropriate unit.

Interactive Presentation

g et ok e st e . Questions for Mathematical Discourse

VYN What is the unknown in this work problem? how long it would

Example 4 take the 16-row planter to plant the entire field by itself
I [T Before solving, what values of p would make sense as an answer?
KIS values that are greater than 10 hours
Students complete the Check online to T® H I N | f la for h | it tak
determine whether they are ready to B ow would you write a general formula for how long it takes
move on. two people to complete a job together? Sample answer: Define

variables for the time it takes each person to complete the job
alone, such as x and y, and define a variable for the time it takes
to do the job together, such as z. Then use the same form as in the
example, but with variables: y ; = = =
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION

Learn Solving Rational Inequalities

Objective
Students solve rational inequalities in one variable algebraically.

@Teaching the Mathematical Practices
1 Analyze Givens and Constraints When solving rational
inequalities, encourage students to use the solution pathway as
outlined by the steps in the Key Concept box.

Example 6 Solve a Rational Inequality

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the rational
inequality to find the excluded values and solve the inequality.

Questions for Mathematical Discourse

I8 How do you choose what values to test in each interval? Sample
answer: Look for values in each interval that are easy to plug into
the inequality.

'sTH How do you determine the solution after testing values in each
interval? The solution is the union of all the intervals that satisfy
the inequality.

=78 What would the solution be if the inequality was greater than or
equalto? =11 <x< —Torx=2

A.CED.1, A.REI.2, A.REL.1

1 st e o Vs £
a0 Hherse Atepa 50 o ritioral ineguaites.

oy Congize « Sebving Ratonal imusie

Snop ) State th wchase weuen Thso st B wiues & which thes
denominalor it 0

Shep T Save the reisten ecuatan

Fepd Tewa
vt than aatisty W inaquabty

@ Tk Aot It
Descritos how yos
veokdc grmgh the:
Aktion v om0
S ] s
204 2= G-
. £ e
L B At | wossid plot circles a1
WD E =0 —Ttang —1 and ssade
eE— the interval from ~11
101, Thon | wonded
Stepn Jand & 5 ir with
Do vorsicsl s nl e exchaded wakar arvd St he sohuion gt e S R
P F Mot heht:
PN WU RS W .
B e R
Tevtn = =10 Fiise, Test x = . Folyg
Tost = <4, Tiow Tost¢ = 3 Trio

Thi statemerd is tre for 3 = =4 s = 3. Thiretoer, the welution s

S PPN TS 3

C
§ . wsddse

Sove —§ —tpdadze

~G<rlon >l

0 Onte o e i 40 s s e

[ T r—— 17}

Interactive Presentation

Students tap to see the steps to solve a
rational inequality.

Lesson 7-6 - Solving Rational Equations and Inequalities 359
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2 EXPLORE AND DEVELOP

A.CED.1, A.REI.2, A.REL.1

& Apply Example 7 Write and Scve &

nequality

CHOTHING i She
sponds $378.0n an smbroldery maching, In addition, it casts Jamila
$18s il

Shat the avesage cort per hat b less than or equal bo $5T

1 Whiat is I task?
et Uha ik In yous owe weeds. Thin It ey uestons St you
iy v, o £ s T e 1 o Geations?

Sample aravere: | 10664 40 S0 the iimbse of Bats it Jamia e 1o
Mk 5 that 1he Sveinge ool 10 Foduce B6ch Mt i 1043 an 55 |
ki that the flxed cast.al buying the embroidery machine is 4378
0 T G 0 ke e it 5 SLBS. How can | repeesent the
AR W B Uy T

2 P will you ppmrosch the taakT Wiat b i learned that
Y04 G 125610 el you Compiets the task

Sampio answees. | Wil wiite s eguaity fnd ideniily the excluded

s, Then | wit schve e relaned equation, dhvide the mmbsr e

Inta intervals, requsiny

3 What is yeur schitkonT
vt your strabegy 10 beshve the problem.

WAL Inecpusity [epresnts the siusson?
LT

i thire: sy ascuced vakoes? B 50, Wontdy thom
o

1RAE A1 TV Sotutionn 15 e Inbepuley T WEL Sciufior &t vipEk) i
0 crent of the tation!

W Dor = 20 B0
3 How can you know that your sélution is reasonsble?

3 Wirie About It Wit an argument 1t £an B wued o delend
s scition

o B y Marchi 1t
W (00 3 KN (p® PO OF RAt 10 B Made Ior T wearage coo
b Becrante. At Jomaa makes mon NBTs, Be Bvatage cost per hat
s o, ThareAosr, Il makies $n5e that i wesic nauing TR hats o
e i G T irveragen Citst o 1o 85 0r less.

BB Mhaate T ¢ Hstirns Furctom

Interactive Presentation

Example 7
Students move through the steps to solve
a rational inequality problem.
DRAG & DROP

Students drag and drop the steps to solve
the problem in the correct order.

Students complete the Check online to
determine whether they are ready to
move on.

360 Module 7 - Rational Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@ Apply Example 7 Write and Solve a
Rational Inequality

@Teaching the Mathematical Practices
1Make Sense of Problems and Persevere in Solving Them, 4
Model with Mathematics Students will be presented with a task.
They will first seek to understand the task, and then determine
possible entry points to solving it. As students come up with their
own strategies, they may propose mathematical models to aid them,|
As they work to solve the problem, encourage them to evaluate thei
model and/or progress, and change direction, if necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present
the task, or have a volunteer read it aloud. Then allow students the time
to make sure they understand the task, think of possible strategies, and
work to solve the problem.

Encourage Productive Struggle

As students work, monitor their progress. Instead of instructing them on a
particular strategy, encourage them to use their own strategies to solve the
problem and to evaluate their progress along the way. They may or may not
find that they need to change direction or try out several strategies.

Signs of Non-Productive Struggle
If students show signs of non-productive struggle, such as feeling

overwhelmed, frustrated, or disengaged, intervene to encourage them to think

of alternate approaches to the problem. Some sample questions are shown.

- What expression represents that total cost of the hats?
« How do you choose the values to test?

@ Wwrite About It

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE A.CED.1, A.REL.2, A.REL1

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Practice and Homework

Practice B e

Suggested Assignments
Use the table below to select appropriate exercises.

) | Topic | Exercises
| 1, 2 exercises that mirror the examples 1-26
‘. 2 |exercises that use a variety of skills from this 27-43
lesson
2 | exercises that extend concepts learned in this 44

lesson to new contexts

3 | exercises that emphasize higher-order and 45-51
critical-thinking skills E insphontrrigig x'ud.x::.‘l‘fam\t_:uﬁdm

B st THR e suided 15 coeotes
50N acar? ML2ml

" T T t Jom ¥ b e
ASSESS AND DIFFERENTIATE e e ead s iy B B Ty
oy gt

: i
Bichee D The iTapes] B0 the winel Vg i1 1he 13 Sepcton ga the

o Ei i TV i Grson s o S s W 190 3

@Use the data from the Checks to determine whether to provide el ol S
resources for extension, remediation, or intervention. " R a5/ 2t 2 s and g o Y
o=l e
| o S e B s, 680
IF students score 90% or more on the Checks, BL . i i Wl i o
THEN assign: E
= s vy
« Practice, Exercises 1-43 odd, 45-51 5 CRSTRAGK A 0 B X e sy Bt 5 ek 49
« Extension: Asymptotes in Three Dimensions Tty ik et oo 43 Uk i T R R
- [J ALEKS Rational Equations and Inequalities R R A RO 3
IF students score 66%-89% on the Checks, oL}
. . DANEBALL A it ague Daiebad ieam (s 162 Qe o soason Hallmey
THEN assign: s Pt 36300, e 4 s o S0 of heer Gamers. Wit o ol hake
- Practice, Exercises 1-51 odd TN O
« Remediation, Review Resources: Solving Proportions PR/ X A R
« Personal Tutors hcisipoprtdmpei vk Nl
« Extra Examples 1-7 ¥ Gt ki !
. [ ALEKS Proportions I Wit s e £ ot 1l
IF students score 65% or less on the Checks, AL |
THEN assign:

« Practice, Exercises 1-25 odd

« Remediation, Review Resources: Solving Proportions

« Quick Review Math Handbook: Solving Rational Equations
. [3 ALEKS Proportions

A e a1 ety ) it s Al

05 e i f Seahe bbb o
L

0, PR el e D vk i b schosals jurses g, His clias hars wpent S50
o 425 e 11, s Toomy wil bt v Semrer
o U caricn, whick: covis 13 pur wtacderst 1 e marki i ke tha coit of promm
ot b i S0, sy Blishois il e 10 by ticketa] 4T vhetents
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Answers

39b. x > 1050; sample answer: The company must produce and sell at least
1050 audio players in order to ensure that the revenue from each one is
greater than the average cost of producing each one.

40b. —3<x<O0orx=1

& gl o3 e oy B F & B A E

40c. Sample answer: The values x = —3 and x = 1are included because
they satisfy fix) < g(x). The value x = 0 is excluded because it makes
g(x) undefined.

41. x = 2; sample answer: This method works because the x-coordinate of
the point of intersection will make both sides of the equation equal to
the same value, and no extraneous roots are shown.

45. No; sample answer: His solution of 3 must be excluded, as it will make
the denominator of f(x) equal to 0. Only —4 is a solution.

=Ix—14+10=

x=2"
—2x = —4 = x = 2; This value is extraneous because it will make the
denominators in the original equation equal to 0.

46b. Sample answer: | can graph each side of the equation to see that the
two graphs do not intersect and, therefore, | would know there is no
solution.

47. No; sample answer: Multiplying both sides of the inequality by x does
not result in an equivalent inequality if x is negative. The work is only
valid for positive x -values. The student could have graphed the two
equations fix) = and g(x) = 2 and looked at x-values for which the
graph of f(x) is below the graph of g(x).

50. Sample answer: The values 3 and —2 are undefined values. On the
graph of f(x) there would be vertical asymptotes at these values.

51. Sample answer: Multiplying each side of a rational equation or inequality
by the LCD can result in extraneous solutions. Therefore, you should
check all solutions to make sure that they satisfy the original equation or
inequality.
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Module 7 - Rational Functions

Review

Rate Yourselfl & @ B

Have students return to the Module Opener to rate their understanding
of the concepts presented in this module. They should see that their
knowledge and skills have increased. After completing the chart, have
students respond to the prompts in their Student Edition and share their
responses with a partner.

@ Answering the Essential Question

Before answering the Essential Question, have students review their
answers to the Essential Question Follow-Up questions found throughout
the module.

« Why are graphs useful?
« How are the properties of a rational function reflected in its graph?

« Why can analyzing a rational function algebraically and graphically help
you to see the “whole picture?”

Then have students write their answer to the Essential Question.

DINAH ZIKE FOLBABLES

IEM A completed Foldable for this module should include the key
concepts related to rational functions.

LearnSmart Use LearnSmart as part of your test preparation plan
to measure student topic retention. You can create a student assignment
in LearnSmart for additional practice on these topics for Polynomial,
Rational, and Radical Relationships.

« Rational Expressions
« Solving Rational and Radical Equations

- Graphing Rational, Radical, and Polynomial Functions

@) Essential Question
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366 Module 7 - Rational Functions

Review and Assessment Options

The following online review and assessment resources are available
for you to assign to your students. These resources include technology-
enhanced questions that are auto-scored, as well as essay questions.

Review Resources

Put It All Together: Lessons 7-1and 7-2
Vocabulary Activity

Module Review

Assessment Resources
Vocabulary Test

Module Test Form B
[5T8 Module Test Form A
[=18 Module Test Form C
Performance Task*

*The module-level performance task is available online as a printable document. A scoring
rubric is included.
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Test Practice

You can use these pages to help your students review module content
and prepare for online assessments. Exercises 1-18 mirror the types of
questions your students will see on online assessments.

Exercise(s)

Question Type Descripti

Multiple Choice  Students select one correct answer. 3, 6, 7, 13, 14,
17,18

Multi-Select Multiple answers may be correct. 16
Students must select all correct
answers.

Graph Students create a graph on an 9
online coordinate plane.

Open Response  Students construct their own 1,2,4,5,8,
response. 10, 11,12, 15

To ensure that students understand the standards, check students’
success on individual exercises.

Standard(s) | Lesson(s) Exercise(s)
AAPR7 L 772 17
A.CEDA 7-6 17,18
A.CED.2 | 7-4 10,13, 14
A.CED.4 | 7-5 | 13,14
F.IF.4 7-3,7-4 9,1,12
F.IF.5 7-3,7-4 8,12
F.BF.3 7-3 L 9,10

| AREL2 | 7-6 ) 16,18

b fou the Aunction ) w - ig?
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Lesson 7-3 16.D0 = {x|x# —4};R = {flx) | fix) # —2}

12b. Sample answer: D = {n | n # 0}; R = {C(n) | C(n) # 435}; intercepts: about
(—11.49, 0); positive: when —oo < n < —11.49 and when n > 0; negative:
when —11.49 < n < 0; symmetry: symmetric about (0, 435); end behavior:
As n — —oo, C — 435, and as n — oo, C — 435. Because the cost and
number of computers cannot be negative, only values in the domain
{n | n > 0} make sense in the context of this situation.

13.D = {x|x# —3};R={f(y) | fix) # —3}

¥ .

=<
(@)
g
Cc
=
m
~
>
P4
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15.D = {x|x# —1hR={fn) | fix) # 3}
T T T
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36. asymptotes: x = —.

M) =—=5;D={x|x# —2}; R = {flx) | fix) # =5}
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39. asymptotes: x = 8, fix) = —=9; D = {x | x # 8}, R = {f{x) | fix) # —9}
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. asymptotes: x =7, fix) = —8;D = {x | x £ 7}; R = {fix) | fix) # —8}
T _yf_;L‘ | |

S

19

47. The graph of g(x) is a reflection in the x-axis, a translation 2 units left, and
a translation 1 unit up of the graph of f(x).

368b Module 7 - Answer Appendix

48. The graph of h(x) is a translation 4 units right, and a translation 5 units
down of the graph of f{x). The graph is stretched vertically.

[ )

Tis—i—70| 7 K5 0%

4|

undefined

0 |[undefined | 0

1 1 1 1
1 1

2 7 2 7
1 1

3 3 3 3

52b. The positive portion of f(x) = %is similar to the graph of flx) = )17 Positive
values of x produce positive values of f{x). The negative portion of fix) is a
reflection of the positive portion in the line y = —x. The negative portion
of g(x) is a reflection of the positive portion reflected in the y-axis.

52c. Sample answer: When the exponent is even, one portion of the graph is a
reflection of the other portion over the vertical asymptote. When the
exponent is odd, one portion of the graph is a rotation of the other 180
degrees about (h, k).

54. (S—L

55.
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4
Lesson 7-4 16. zero: none; vertical asymptote: x = — 3 oblique asymptote: fix) = %x - %

11. zero: x = 4; vertical asymptote: x = —2; oblique asymptote: fix) = x — 10

14. zero: x = and x = —3.5; vertical asymptote: x = 2; oblique asymptote:
=2+

<
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20. point discontinuity atx = 8
1 Ly |
£ .
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22. point discontinuity atx = —5and x = =3

O 31c. Sample answer: The graph of fix) has a hole at x = —2, but no vertical
e e e asymptote. Its graph is a straight line with a hole in it at (—2, —5). The

graph of g(x) also has a hole at x = —2, but has a vertical asymptote at

x = 0and a horizontal asymptote at y = 1. Its graph is not a straight line,

but two curves having a hole in the graph at 62, 521)

s
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pd
11
o
o
<
o
11
=
(%2}
b4
<
~
1)
|
)
(a)]
o
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_ 20674183
4Ta.y= G +x

47b. vertical asymptote at x = —6767; horizontal asymptote aty = 0

47c. Sample answer: As the number of at bats increases, the ratio grows closer
and closer to zero, since the number of hits remains constant.

48. Sample answer: The graph shows a spike in demand in the first hours after
the release; the rate of downloads then begins to decrease, rapidly at first
and then at a slower rate.

Downloads per Hour
(thousands)

Hours after Release

49. Sample answer: The domain is {x | x # —2 and x # 2}. The graph has
zeros at x = 1and x = 4 and a y-intercept at (0, 1). The graph has vertical
asymptotes at x = —2 and x = 2 and a horizontal asymptote at flx) = —1

for 2 < x or x < —2. Afunction with these features is flx) = ik
x+2Kx—2)

__ X—5x+4

ke X+ =17

50. The graphs of y = 1 andy = =T are equivalent;
sample answer: Both are the liney = x + 1withaholeatx =1y =x +1
+ N — 12
is almost equivalent to those, but it lacks the hole. y :'XX'# is

different altogether because the difference in exponents is no longer 1.

=<
(@)
g
Cc
[
m
~
>
P4
(9]
=
m
Pe)
>
0
0
m
Z
9
X
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51. Sample answer:

53. Sample answer: If the degrees of the numerator and denominator are
equal, there is a horizontal asymptote determined by the coefficients of
the numerator and denominator. If the degree of the numerator is greater,
there is no horizontal asymptote. If the degree of the numerator is exactly
1 greater than the degree of the denominator, there is an oblique
asymptote. If the degree of the denominator is greater, the horizontal
asymptote is the line y = 0.

24 __2d

i ’u+ roor
speed and time for one direction and r,and t gre average speed and time
for the return trip. Simplifying and substituting 40 for r,and x for r gives
fiy) = 80x )
x+ 40

54b. When x = 60, f{x) = 48, so the average speed for the entire trip is less
than 50 miles per hour. This is because more time is spent driving at
40 miles per hour than at 60 miles per hour. The horizontal asymptote
is fix) = 80. It represents an overall average speed the family cannot
achieve; they would have to travel home at an infinite speed and
return in no elapsed time.

-2 where r,and t are average

54a. Average speed = =7.4- N

368f Module 7 - Answer Appendix

55. Sample answer:

56. Sample answer: Both have vertical asymptotes at x = 0. Both approach 0
as x approaches —oc and approach 0 as x approaches oc. f{x) has holes at
x ="1and x = —1, while g(x) has vertical asymptotes at x = V2 and
x = —1/2. fix) has no zeros, but g(x) has zeros at x = 1and x = —1

59. Sample answer: By factoring the denominator of the expression in a rational
function and determining the the values that cause each factor to equal
zero, you can find the asymptotes or discontinuity of the function. If the
denominator has a factor x — ¢ that does not appear in the numerator, then
there is a vertical asymptote at x = c. If the numerator and denominator
have a common factor of x — ¢, then there is point continuity at x = c.
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Module 8

Inferential Statistics

Module Goals

« Students classify and identify bias in surveys and studies.

« Students collect, analyze, and use data to compare theoretical and
experimental probabilities.

« Students use statistics to summarize, represent, and compare sets
of data.

« Students use statistics and normal distributions to analyze data.

Focus

Domain: Statistics and Probability

Standards for Mathematical Content:

S.IC.4 Use data from a sample survey to estimate a population

mean or proportion; develop a margin of error through

the use of simulation models for random sampling.

S.IC.6 Evaluate reports based on data.

Also addresses S.IC.1, S.IC.2, S.IC.3, S.IC.5, and S.ID.4

Standards for Mathematical Practice:

Al Standards for Mathematical Practice will be addressed in this module.

0 Be Sure to Cover
To completely cover S.ID.4, go online to assign the following spreadsheet
activity:

« Normal Distribution (Lesson 8-4)

Suggested Pacing

Coherence
Vertical Alignment

Previous

Students represented data using numerical statistics and graphical
methods, analyzed the shapes of distributions, and interpreted cate-
gorical data. S.ID.1, S.ID.2, S.ID.3

Now

Students ¢ ine populations and and run si ions to
determine the probabilities of outcomes. Students analyze the
distributions of data sets. S.IC.1, S.IC.6, S.ID.4

Next
Students will evaluate and graph trigonometric functions.
F.IF.7e,F.TF.5

Rigor

The Three Pillars of Rigor

To help students meet standards, they need to illustrate their ability to
use the three pillars of rigor. Students gain conceptual understanding as
they move from the Explore to Learn sections within a lesson. Once they
understand the concept, they practice procedural skills and fluency and
apply their mathematical knowledge as they go through the Examples
and Practice.

1CONCEPTUAL UNDERSTANDING dFLUENCY J 3 APPLICATION

EXPLORE m EXAMPLE & PRACTICE

Lessons | Standards l 45-min classes PO—min classes

Module Pretest and Launch the Module Video 1 0.5
8-1Random Sampling S.IC1,S.IC3 2 1
8-2 Using Statistical Experiments S.IC.2,S.IC.5 2 1

8-3 Analyzing Population Data S.IC4 1 0.5
8-4 Normal Distributions ' SID4,S.IC6 2 1

8-5 Estimating Population Parameters S.IC4,S.1C6 1 0.5

Module Review 1 0.5

Module Assessment | 1 0.5

Total Days | " 5.5

Module 8 - Inferential Statistics 369a



'. T\/IHET&-T'Q ﬁv Formative Assessment Math Probe
/ | Populations and Samples
PROBES

— Analyze the Probe
Review the probe prior to assigning it to your students.
In this probe, students will determine the differences between populations and samples.

Targeted Concepts Understand that inferences can be made about a population based
on a representative sample.

Targeted Misconceptions

« Students may not recognize the population and/or the sample if it is not explicit.

« Students may not recognize the difference between a biased and an unbiased sample.
« Students may confuse the different types of biased and unbiased samples.

Use the Probe after Lesson 8-1.

s Collect and Assess Student Answers

o the student selects @ the student likely...
these responses...

Al.a, b, c is confusing the topic of the study with the population.

is confusing the topic of the study with the sample.

is interchanging the sample with the population.

e e e e e T

types.

—8 Take Action

After the Probe Design a plan to address any possible misconceptions. You may wish to
assign the following resources.

« Lesson 8-1, Learn, Examples 1-3

Revisit the Probe at the end of the module to be sure that your students no longer carry
these misconceptions.

369b Module 8 - Inferential Statistics

b Module Resource

i

i
;ﬁ !Iif

|
i

E

|

Correct Answers:
A1.dA2.eA3.d
B1.eB2.cB3.b

Al e does not understand the differences between the various biased or unbiased

B o T L e i o e e s o o A e W

B2.a,b does not understand how to tell whether a sample is biased or unbiased and/or is
basing their answer on an incorrect choice of A2 and/or B2.



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0244.xhtml

M,

IGN|TE!

The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and
engage and challenge students. Use these open-ended, collaborative
activities, located online in the module Launch section, to encourage
your students to develop a growth mindset towards mathematics and
problem solving. Use the teacher notes for implementation suggestions
and support for encouraging productive struggle.

(& Essential Question

At the end of this module, students should be able to answer the
Essential Question.

How can data be collected and interpreted so that it is useful to a
specific audience? Sample answer: Data can be collected through
surveys, observations, or experiments. Often a simulation can be
conducted to generate experimental results. You can find measures of
center and measures of variation to interpret the data.

What Will You Learn?

Prior to beginning this module, have your students rate their knowledge
of each item listed. Then, at the end of the module, you will be reminded
to have your students return to these pages to rate their knowledge
again. They should see that their knowledge and skills have increased.

DINAH ZIKE FOLBABLES

Focus Students write notes about inferential statistics.

Teach Have students make and label their Foldables as illustrated. At the
end of each lesson, ask students to write about their experiences with the
statistics topics that were presented in the lesson. Encourage students to
explain what they found interesting or challenging.

@ When to Use It Encourage students to add to their Foldables as they
work through the module and to use it to review for the module test.

Launch the Module

For this module, the Launch the Module video uses business, research,
and politics to show real-world applications of statistics. Students learn
about choosing samples and using statistics to analyze voter populations
and predict election results.

Modlle 8
Inferential Statistics

Wiat Will You Learn?

: ki ocdt
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Interactive Presentation
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Whiat Vocabulary Will You Learn?
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370 Module 8 - Inferential Statistics

What Vocabulary Will You Learn?

[ZM8 As you proceed through the module, introduce the key vocabulary
by using the following routine.

Define A normal distribution is a continuous probability distribution of a
random variable, and occurs as a sample size increases due to the Law of
Large Numbers.

Example

Normal Distribution

Ask What do you notice about the normal distribution curve? It is shaped
like a bell and is symmetrical.

Are You Ready?

Students may need to review the following prerequisite skills to succeed
in this module.

« using frequency tables
« determining sample spaces
« finding the mean, median, mode, and range

& ALEKS'

ALEKS is an adaptive, personalized learning environment that identifies
precisely what each student knows and is ready to learn, ensuring
student success at all levels.

You may want to use the Sequences and Probability section to ensure
student success in this module.

@ Mindset Matters

Foster Grit

Grit is defined as a student’s perseverance and passion for achieving
long-term goals. A student’s ability to work hard, endure struggle, remain
committed to their goals, make mistakes, and try again are important
factors in learning.

How Can | Apply It?

Assign students the Put It All Together activity for each module and allow
them an opportunity to work through the problems, make mistakes, share
their strategies and receive feedback, and then work on the problems
again to try new strategies.
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Lesson 8-1 S.IC.1,S.IC.3

Random Sampling

LESSON GOAL Suggested Pacing

Students classify and identify bias in surveys and studies. 90 min 1da
45 min
@ Launch the lesson with a Warm Up and an introduction. I-'ocus
Domain: Statistics and Probability
S.IC1 Understand statistics as a process for making inferences about
@ Develop: population parameters based on a random sample from that population.
Randomness and Bias S.1C.3 Recognize the purposes of and differences among sample
« Classify a Random Sample surveys, experiments, and observational studies; explain how
« Identify Sample Bias randomization relates to each.
« Identify Bias Questions Standards for Mathematical Practice:
) 1 Make sense of problems and persevere in solving them.
Types f)fStudles 7 Look for and make use of structure.
« Classify Study Types
- Design a Survey Coherence

- Draw Conclusions from a Study

- Identify Bias in Studies Vertical Alignment

Previous
Students understood that random sampling tends to produce representative
samples and support valid inferences. 7.SP.1

9 You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

Now
@ Exit Ticket Students classify and identify bias in surveys and studies. S.IQ, S.IC.3
%a Practice Next

Students will collect, analyze, and use data to compare theoretical and

® experimental probabilities. S.IC.2, S.IC.5
L Formative Assessment Math Probe

DIFFERENTIATE Rigor

@ View reports of student progress on the Checks after each The Three Pillars of Rigor

example. 1 CONCEPTUAL UNDERSTANDING l 2 FLUENCY ] 3 APPLICATION |

T Emm mConceptual Bridge In this lesson, students develop an
T I | T understanding of inferential statistics, and they build fluency by
making inferences about populations based on random samples.
Extension: Stratified Surveys (XX They apply their understanding by solving real-world problems
related to surveys, experiments, and observational studies.

Resources

Remediation: Summarizing Categorical Data =~ ® @ | ®

Language Development Handbook Mathematical Background

Assign page 41 of the Language Development a u )

Handbook to help your students build mathematical 17 l. When a census is conducted, data are collected from every member of a
language related to classifying and identifying bias » y population. Therefore, the results are known to be correct. Since a survey
in surveys and studies. INTEGRATED I investigates only part of a population, the results always involve some
= vou can use the tips and suggestions on uncertainty.

page T41 of the handbook to support students
who are building English proficiency.

Lesson 8-1+ Random Sampling 371a
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Interactive Presentation

Warm Up
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Warm Up

Launch the Lesson

Today’s Vocabulary

371b Module 8 - Inferential Statistics

S.IC.1,S.IC.3

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skills for this
lesson:

« using frequency tables

« analyzing sampling methods

Answers:
1.172 males
2.142 females
3.23 more
4. Sample answer: Because the answers were given in percentages,
the results were not affected.

5. Sample answer: The question could have been asked at a
meeting of dieters.

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
learn about how surveys are used to create polls and predict
which candidate will win an election. Point out that the results of
surveys may be biased or misleading.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0248.xhtml

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY | 3 APPLICATION

Learn Randomness and Bias

Objective
Students classify sampling methods and identify bias in samples and
survey questions.

@Teaching the Mathematical Practices
1 Special Cases Work with students to examine the types of
samples shown. Encourage them to familiarize themselves with
the types, and to know when it is appropriate to use each one.

@Example 1 Classify a Random Sample

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the
situation in Example 1to identify the type of sample.

Questions for Mathematical Discourse

JYW Is the sample random? No

STH Are the survey results reliable only if every student answers the
online survey questions? Explain. No; sample answer: A sample of
the population can be enough for the survey be reliable.

"S1 What is a possible source of bias in this study? Sample answer:
Students who choose to answer the online survey are more likely
to have strong positive or negative feelings about the app.

-4 S.IC.1,S.1C.3

Lesson 81

Random Sampling

DIFFERENTIATE

Language Development Activity ELL

Verbal/Linguistic Learners Divide students into small groups. Have
each group design a survey question and practice asking it in such a
way that there is bias in the tone of voice and facial expression of the
questioner. Then have them ask other groups the questions and record
their answers. As a class, discuss whether the answers correspond to
the bias that the question was designed to elicit.

B Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.
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Interactive Presentation

Learn

WATCH

@ Students can watch an animation about

the different types of samples.

DRAG AND DROP

Students drag to sort sampling methods
into the correct bins.

Lesson 8-1. Random Sampling 371
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Example 3

TYPE
Students use online resources to find and
a analyze biased questions.
CHECK ¥

Students complete the Check online to
determine whether they are ready to

move on.

372 Module 8 - Inferential Statistics

S.ICA,S.IC.3
1CONCEPTUAL UNDERSTANDING |  2FLUENCY |  3APPLICATION

2 Example 2 Identify Sample Bias

@ Teaching the Mathematical Practices
3 Make Conjectures In Example 2, students will make a
conjecture about the sample size needed to eliminate bias in the
sample.

Questions for Mathematical Discourse

218 How are the distance and average commute related to each
other? The average commute is 26.3 minutes to travel 10.6 miles
along Route 15.

[¢]8 What additional information do you need to make a reasonable
decision about expanding the road based on the survey? Sample
answer: Knowing the average number of travelers during rush hour
each day would make it possible to determine a reasonable sample

size. Knowing the speed limit of the road is relevant when comparing

the distance and commute time.

=18 Does a source of bias exist only if someone is benefitting from
the bias? Explain. No; sample answer: The bias can come from
accidentally surveying a set of the population that does not
represent the full population, even if it is not intentional.

3 Example 3 Identify Biased
Questions

@Teaching the Mathematical Practices
5 Use a Source Guide students to find external information to
answer the question posed in the Use a Source feature.

Questions for Mathematical Discourse

Why do you want questions to be unbiased? Sample answer:
Biased questions could give inaccurate results.

(eJ8 How could you rewrite the question to avoid bias? Sample answer:
Do you prefer a salad or a steak?

[5T% How might a question that addresses more than one issue be

biased? Sample answer: When a person answers, they may be

answering only part of the question.

Learn T ypes of Studies

Objective
Students distinguish among sample surveys, experiments, and
observational studies.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
or explain their solution methods. Point out that they should use
clear definitions and mathematical language when they discuss
their solution to the Talk About It! feature.
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1 CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3 APPLICATION

@ Example 4 Classify Study Types

@’Teaching the Mathematical Practices
4 Apply Mathematics In Example 4, students will apply what
they have learned about types of studies to analyzing a real-world
situation.

Questions for Mathematical Discourse

JY® Does this study need a control group? No; it is an observational
study.

T8 How could you change the study to be a survey? Sample answer:
Ask the 100 young adults a series of multiple-choice questions
about their uniform preferences.

T8 Why might an observational study be used in some situations
rather than an experiment? Sample answer: It might not be
practical or moral to conduct an experiment.

eExample 5 Design a Survey

@Teaching the Mathematical Practices
3 Justify Conclusions Mathematically proficient students can
explain conclusions drawn when solving a problem. The Think
About It! feature asks students to support the conclusion they
have drawn from the results of the survey.

Questions for Mathematical Discourse

I What is the ideal sample size for this survey? All the employees of
the company. Why might a smaller sample size be used? Sample
answer: It may not be practical or cost effective to survey the
entire company.

STH Why is a survey best for this situation? The owner is trying to
gather opinions of employees.

[=IE What bias might be introduced if the owner conducts the survey by
asking only the supervisors in the building? Sample answer: The
supervisors might feel differently than the rest of the employees in
the building.

S.IC.1,S.C.3
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Interactive Presentation

Detign a Survey

L T ———
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i

Example 5
2 = Students tap to see the steps of writing an
i unbiased survey question.
L vee |
Students support a conclusion based on
al | results of a survey.
—t
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Example 7
EXPAND
b - . Students can tap to see the steps
[ } to identify flaws in the design of an
— experiment.
CHECK
Students complete the Check online to
determine whether they are ready to
move on.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

@ Example 6 Draw Conclusions from a Study

@Teaching the Mathematical Practices
4 Analyze Relationships Math ically Point out that
to complete Example 6, students will need to analyze the
mathematical relationships in the problem to draw a conclusion

about which goggles should be produced.

Questions for Mathematical Discourse

X8 How can you find the number of people who had positive
reactions for each type? Multiply the number of people by the
percent of positive reactions.

[&TH Why is it possible in this study for the values in the “Percent of
Positive Reactions” column to add up to more than 100%? Sample
answer: Percent of positive reactions is related to the group
for each type of goggles, not the entire group in the study.
Participants may have positive reactions to more than one type of
goggle. Within each group, the percent of positive reactions and
the percent of not-positive reactions would add to 100%.

[518 What is a potential flaw in this study? Sample answer: Each participant
is only providing a reaction to the goggles they selected, so the
variables that affect initial choice may influence the reaction to usage.

3 Example 7 Identify Bias in Studies

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the experimen|
in Example 7 to identify and correct flaws in the experiment.

Questions for Mathematical Discourse

X8 Other than the music, what is a possible reason the Geometry
test scores were higher than the Algebra 2 test scores? Sample
answer: The Geometry test was easier.

In an experimental design, how many differences should there be
between the control and experimental groups? Explain. One; the
groups should be identical except for the variable being tested by
the experiment.

[0 Instead of giving both groups different tests, would the flaw be
fixed if both groups are given an Algebra 2 test? Explain. No;
sample answer: The experimental group has been studying
Algebra 2, while the control group has been studying Geometry.
Their different performance on the Algebra 2 test would more
likely be due to this than the presence or absence of music.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic
1, 2 exercises that mirror the examples

‘ 2 | exercises that use a variety of skills from this 21-25
lesson
2 |exercises that extend concepts learned in this 26-29
lesson to new contexts
|
\ 3 |exercises that emphasize higher-order and 30-36
| | critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL |
THEN assign:

« Practice, Exercises 1-29 odd, 30-36

« Extension: Stratified Surveys

IF students score 66%-89% on the Checks, oL}
THEN assign:

« Practice, Exercises 1-35 odd

« Remediation, Review Resources: Summarizing Categorical Data

« Personal Tutors

« Extra Examples 1-7

IF students score 65% or less on the Checks, AL ]
THEN assign:

« Practice, Exercises 1-19 odd
« Remediation, Review Resources: Summarizing Categorical Data

Answers

15. objective: to determine the number of juniors and seniors planning to
attend prom; population: all juniors and seniors at the school; sample
survey questions: What grade are you in? Do you plan on attending prom?

16. objective: to determine a popular food item that can be added to
the menu; population: all patrons of the restaurant; sample survey
questions: What food item would you like to see added to the menu?
What item not on our current menu do you like to order at a restaurant?

18. observational study; Sample answer: the teacher can engage his or her
students early in the day, but his or her students tend to lose interest
later in the day.

19. control group: students who do not receive gift cards; experimental group:
students receiving gift cards; Sample answer: The students may not have
any interest in the gift cards they are receiving. The principal should

conduct a survey to find what gifts or activities might motivate the students.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Answers

20. control group: people attending the away games; experimental group:
people attending the home game; Sample answer: Because the sports
team likely has more fans in their home city, comparing tickets sales in
this way may not accurately reflect the impact of the new uniforms. The
owner should compare ticket sales of an entire season with the new
uniforms to a season with the old uniforms.

24a. Sample answer: The scientist can observe the grades of teens who play
video games versus the grades of teens who do not play video games.

24b. Sample answer: Have an experimental group play 8 hours of video
games and give them a test. Then give the same test to a control group
who do not play video games.

. Sample answer: A magazine survey asked respondents whether the lead
guitarist of a certain band was the best guitarist ever, and 46% agreed
that he was. The data is biased because the survey question is biased.
The survey leads the respondents to agree. The survey question would
be better as, “Who is the best lead guitarist?”

27. Sample answer: She should use an observational study to determine the
average miles per gallon that identical cars are able to go on each type
of fuel. She can then divide the current price of each fuel by the number
of miles to find the average cost per mile. The group with the lower cost
per mile would be the one that is more cost efficient. She might also
look for the results of a survey by a motor club or magazine stating the
average gas mileage for cars similar to her new car.

2

=

28. Sample answer: The owner should conduct a survey. He could have
all customers in a given month who order the new special rate their
satisfaction on a 1-5 scale.

29. No; sample answer: the difference between the means of the experimental
group and control group is onlyunce. Both groups had cats that gained
significant weight and others that gained little.dompare the groups,
l'assumed that the cats in each group were similar in age, starting weight,

and health. | also assumed that each cat was given the same amount of food.

30. Both are correct; Mia is correct that they should try to collect a large
sample, and Esteban is correct that the sample should be random.

31. Sample answer: This method of selecting a sample is valid. Each
student has an equally likely chance of being selected for the sample.
A weakness may be that this would not reflect that one grade may feel
more strongly about the dress code than another.

32. Sample answer: They need accurate surveys to make decisions about
how to market and sell products that will earn the company the most
profit. They also make decisions about marketing and advertising and
how to reach their target audience. Finally, they make decisions about
the types of products they will develop or continue to sell.

. False; sample answer: A sample statistic is used to estimate a
population parameter.

35. Sample answer: objective: Determine the
average amount of time that students spend
studying at the library.
population: All students that study at the library. 182017 §15

3

@

sample: 25 randomly selected students studying M28550915
at the library during a given week.

30112079 24

mean: =~ 31.3 min
78 24 263219

36. Sample answer: the sampling method used, the
type of sample that was selected, the type of study performed, the survey
question(s) that were asked or procedures that were used
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Lesson 8-2 S.IC.2,S.IC.5

Using Statistical Experiments

LESSON GOAL Suggested Pacing

Students collect, analyze, and use data to compare theoretical and 90 min day
experimental probabilities. 45 min 2 days
41 LAUNCH
Focus
@_ Launch the lesson with a Warm Up and an introduction. Domain: Statistics and Probability
Standards for Mathematical Content:
2 EXPLORE AND DEVELOP S.IC.2 Decide if a specified model is consistent with results from a given

data-generating process, e.g., using simulation.

@ Explore: Fair Decisions S.IC.5 Use data from a randomizedexperiment to compare two

@ Develop: treatments; use simulations to decide if differences between parameters
are significant.
Theoretical and Experimental Probability Standards for Mathematical Practice:
+ Find Probabilities 3 Construct viable arguments and critique the reasoning of others.

8 Look for and express regularity in repeated reasoning.
@ Explore: Simulations and Experiments

Coherence
.@. Develop:
. . Vertical Alignment
Simulations
- Design and Run a Simulation Previous
« Run and Evaluate a Simulation Students found experimental and theoretical probabilities and designed

simulations. 7.SP.7, 7.SP.8

g YYou may want your students to complete the Checks online.

Now

Students collect, analyze, and use data to compare theoretical and experimental
probabilities. S.IC.2, S.IC.5

3 REFLECT AND PRACTICE

FEE Exit Ticket

Next
% Practi Students will use statistics to summarize, represent, and compare sets of
( Practice data. S.IC.4
DIFFERENTIATE Rigor

The Three Pillars of Rigor

@ View reports of student progress on the Checks after each

example. 1CONCEPTUAL UNDERSTANDING | 2FLUENCY | 3 APPLICATION
] Conceptual Bridge In this lesson, students develop an
Resources LaLk L BILEL] .- understanding of theoretical and experimental probabilities. They
Remediation: Sample Spaces X ) e build fluency and apply their understanding by running and evaluating
Extension: Game Shows YY) simulations related to real-world situations.

Language Development Handbook

Assign page 42 of the Language Development .. ]
Handbook to help your students build mathematical '.

Mathematical Background
Theoretical probability describes what should occur given the number of

language related to comparing theoretical and i events or trials and the sample space. Experimental probability describes
experimental probabilities. INTEGRATED Il the actual results of repeated trials or events. As the number of trials
=0 You can use the tips and suggestions on increases, experimental probability more closely approximates theoretical
page T42 of the handbook to support students probability. A simulation provides a way to find experimental probability
who are building English proficiency. by “acting out” an event that might be difficult to perform.

Lesson 8-2 « Using Statistical Experiments 379a


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0255.xhtml

Interactive Presentation

Warm Up
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Warm Up

Launch the Lesson

Today’s Vocabulary

379b Module 8 « Inferential Statistics

i S.IC.2,S.IC.5

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skills for this
lesson:
« determining sample spaces
« determining probabilities
Answers:

1.2,3,5,7,1,13,17,19, 23, 29, 31, 37, 41, 43, 47

2.7,17,37,47

2
4.0
1

5. 5
Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
learn about how experiments are used by companies to gather
information about consumer preferences. This information can
then be used to make decisions.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms inthis lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Fair Decisions

Objective
Students explore probability and fair decision making by using tools.

@Teaching the Mathematical Practices
3 Compare Arguments Mathematically proficient students can
compare arguments, determine which one is flawed, and explain
the flaw. In Exercise 5, students have to identified the flawed
argument and choose the correct one.
4 Use Tools Point out that to complete the exercises in the
Explore, students will need to use a tree diagram to map the
outcomes of a decision-making method.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be provided with an Inquiry Question to answer at the end
of the activity. They will answer a series of guiding exercises about how
to use probability to make fair decisions. Then students will answer the
Inquiry Question.

(continued on the next page)

Interactive Presentation

(SNSRI iz e 0 A 1 s 4 s

Explore

Explore

SELECT

M

TYPE

Students complete the table to show the number of favorable
a outcomes.

Students select the correct answers to questions about the
probability of events.

Lesson 8-2 « Using Statistical Experiments 379¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

(@bt s s oo sty s s et

Explore

Students will respond to the Inquiry Question and can view a
sample answer.

379d Module 8 - Inferential Statistics

‘1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Explore Fair Decisions (continued)

3 APPLICATION

Questions
Have students complete the Explore activity.

Ask:

« How does the number of people affect the method of choosing a
winner? Sample answer: In order to be fair, you want to make sure that
each person has the same chance of winning. For three people, you
need to have at least three options.

« Describe another method that could to choose the movie. Sample
answers: A spinner with 3 even sections, a random number generator
choosing 1-3, placing the three names into a bag and selecting one.

@ Inquiry
How can you use probability to make a fair decision? Sample answer: |

can make a fair decision by using a tool that has at least n distinct options
when | need to represent a probability of 5.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Simulations and Experiments

Objective
Students explore experimental probabilities by using a sketch to simulate
experiments.

@Teaching the Mathematical Practices

3 Reason Inductively In the Explore, students will examine the
data and use inductive reasoning to make plausible arguments
about the experiment.

5 Use Mathematical Tools Point out that to analyze the

results of the experiment, students must use the sketch to run
simulations. Work with students to deepen their understanding of
simulations and experiments.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be provided with an Inquiry Question to answer at the end
of the activity. They will work with a simulation to analyze the outcome of
an experiment. Then students will answer the Inquiry Question.

(continued on the next page)

S.IC.2,S.ID.5

Interactive Presentation

Explore

o s i W et gron

Explore

WEB SKETCHPAD

Students will use a sketch to explore the results of an

[l experiment.

.

SELECT

Students select the correct answers to analyze the results of an
v experiment.

TYPE

[ a| Students record the results of trials in a table.
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2 EXPLORE AND DEVELOP

Interactive Presentation

N bt i bty iy ot
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Explore
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S.IC.2,S.ID.5
1 CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3 APPLICATION
Explore Simulations and Experiments
(continued)
Questions
Have students complete the Explore activity.
Ask:

« Is it reasonable to try to conduct 1000 trials of an experiment? Why
or why not? No; sample answer: It may take too much time, cost
too much, or there may not be enough participants for 1000 trials.
However, it is possible to run 1000 simulations.

« Do you think performing more than 1000 trials in the simulation could
prove the results happened purely by chance? Why or why not? No;
sample answer: the probability was already less than 1% to have a
mean score 4.6 points greater. Performing more trials in the simulation
would possibly lessen the probability even more.

@ Inquiry

How can simulations help you analyze the results of an

experiment? Sample answer: They can help determine the probability
that the results of the experiment could have happened purely by chance.

0 Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY

Learn Theoretical and Experimental
Probability

3 APPLICATION

Objective
Students compare theoretical and experimental probabilities.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
or explain their reasoning. Point out that they should use clear
definitions and mathematical language to answer the question in
the Talk About It! feature.

Common Misconception

Students often confuse the idea of the Law of Large Numbers with the idea
that the probability of independent events are not entirely independent.

If a coin flip results in five heads in a row, some students may think that a
tails is “due,” and so tails have a higher than 50% probability, even for a
fair coin. This way of thinking has a name: the gambler’s fallacy.

Example 1 Find Probabilities

@Teaching the Mathematical Practices
4 Analyze Relationships Matt ically Point out that to find
the probabilities in Example 1, students will need to analyze the
mathematical relationships in the problem to draw a conclusion.

Questions for Mathematical Discourse

JTH What is the sum of the numbers in the Frequency column? 200

SN If a third column contained the frequency numbers divided by 200
and converted to a percent, What would the column represent?
the relative frequencies

A student says that if the die is fair, then on the 201st roll, 8 is
the least likely number to occur. Is this true? Explain. No; sample
answer: The die has rolled mostly 8s, but that does not mean the
next die roll is less likely to be an 8. If the die is fair, then all sides
have the same probability of being rolled on each roll, regardless
of the previous results.

D Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

S.IC.2,S.I1C.5
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Interactive Presentation

sttt - -+ | |
psauslopuiieghuripredmbinio

BT 1AL o B Wi o i b B »
1 =
3 a
Example 1
TYPE ;
Students answer a question about what it
al | means for a die to be fair.
—

CHECK

il

Students complete the Check online to
determine whether they are ready to
move on.
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1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION

Learn Simulations
Check
K Shudarit 10¥500 8 Tl i THO Times A0 (80010 the (edits. Finds ha Objective
e | of roli 5 wte " . . .
em';': :m:'_; syt el it Students determine whether models are consistent with results from
i W simulations of real-life situations.
Skt arvwer: All B R w
et R an sl 3 ]
i, [ % @ Teaching the Mathematical Practices
z & 4
i 3 & 5 Use Mathematical Tools Mathematically proficient students
The thecretcal srobatitty of oang 1 5 1% consider the available tools when solving a problem. Point out
T4 ol protici or g S S X that to run simulations, students must use concrete models or a
random number generator.
e
O Orfinm Activity Use the inteesttive tool 1 complete the Explon.
WG o i R Y @ Essential Question Follow-Up
anayze tho 20 ssorimont X . . .
Students have studied how to gather information with surveys and use
@ Tk Abous 1 probabilities to create simulations.
Al s mace St I 1
S —— Ask:
gl con lanzing N N -
s ca How can you use information to make decisions? Sample answer:
05 Decaise i was A a tandom L.
fped 20 bemes 1 4 avent vox v ol wach You can look for trends and then make a decision based on what has
e, il 1 rever ACOme . . . . .
ol A W i happened in the past and/or is reflected in the information.
‘s sirmiedion 0 66 501t cars bt shucied. Coins, chos, bnd FandoM Humber geneTatons can
i S IMORACTEN 10, Do in ety
Sample anvwer: Samulate
i Bt oot o S
mo:;ukmmm oo DIFFERENTIATE
BN N i seotan sy soo st _ _——
; S Aol e Enrichment Activity '~
et BN Write the numbers 1,1,1, 2, 2, 3, 4, 4 on eight slips of paper, and put
s B e them in a paper bag. Have students construct a probability distribution
wpecied.
. AR for the number that results when one slip is drawn at random

from the bag. Then have them take turns drawing slips of paper,
i i with replacement, and compare the relative frequencies with the
Interactive Presentation theoretical probability distribution. Sample answer: The theoretical

probabilities are Pl1) = 3, P(2) =, P(3) = 5, and P{4) = 5.

Learn

Students answer a question to determine
a how to simulate and test a claim.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@Example 2 Design and Run a Simulation

@Teaching the Mathematical Practices
5 Compare Predictions with Data Point out that in Example 2,
students use the random number generator tool to run a
simulation. Students then analyze the results and compare the
theoretical and experimental probabilities.

S.IC.2,S.I1C.5

Questions for Mathematical Discourse

/& Given there are only two outcomes, winning and not winning,
why does the probability tool need to have eight possible
results? Sample answer: You need eight results to simulate the%
probability of winning by having one number represent winning
and the other seven represent losing.

Is it a certainty that 1 will occur once in every 8 trials of the
simulation? No; sample answer: over many simulations the
occurrence of 1should approach .

Assuming that a limited number of bottles were made for
the promotion, does buying a non-winning bottle change
the probability that the next bottle purchased is a winner?
Explain. No; sample answer: The probability of the second
purchase being a winning bottle given that the first was a non-
winning bottle is different from the probability of the first purchase
being a winning bottle. However, on a large scale, the difference
becomes less significant.
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Stap 1 Conduct the umudation
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Interactive Presentation

G e 1ons A sempamy s et o
S ——"
ek ettt e b o e

Example 2

EXPAND
vD
DRAG & DROP

==

Students tap to see the steps to design
and run a simulation.

Students define a trial for a situation by
selecting the appropriate tools for the
situation.

WEB SKETCHPAD

o

. v

Students use a sketch to run a simulation.
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Example 3

WEB SKETCHPAD

@ Students use a sketch to run a simulation.
o,
_9‘ -

TYPE
Students report the results of the
a simulations.
.
CHECK I

Students complete the Check online to
determine whether they are ready to
move on.

O
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23 S.IC.2,S.IC.5
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

3 Example 3 Run and Evaluate a Simulation

@ Teaching the Mathematical Practices
8 Attend to Details Mathematically proficient students
continually ask themselves, “Does this make sense?” Point out
that in Example 3, students will use a simulation to evaluate the
reasonableness of the customer’s complaint.

Questions for Mathematical Discourse

219 Is it likely that a customer will win buying a single ticket? Explain.
No; sample answer: because the theoretical probability is o%y s
according to the health club, it is unlikely that a customer would
win with 1 ticket.

What other tools could have been used for this simulation?
Sample answer: a random number generator with integers 1-10;
the number cards and ace from one suit of a deck of cards

[=10 Why does the size of the set matter when using the random
number generator simulation? Sample answer: The random
number simulation more closely approximates the situation when
the set is larger because a ticket being removed from the set has
less effect on the probability of the next trial.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

| Topic | Exercises
| 1, 2 exercises that mirror the examples 1-5
‘. 2 | exercises that use a variety of skills from this 9-17
lesson
2 |exercises that extend concepts learned in this 18,19

lesson to new contexts

3 |exercises that emphasize higher-order and 20-24
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, B
THEN assign:

« Practice, Exercises 1-19 odd, 20-24

- Extension: Game Shows

IF students score 66%—89% on the Checks, oL}
THEN assign:

« Practice, Exercises 1-23 odd

- Remediation, Review Resources: Sample Spaces

« Personal Tutors

- Extra Examples 1-3

. [3 ALEKS' Probability of Simple Events

IF students score 65% or less on the Checks, FYu |
THEN assign:

« Practice, Exercises 1-5 odd

- Remediation, Review Resources: Sample Spaces

« Quick Review Math Handbook: Designing a Study

. [ ALEKSProbability of Simple Events

S.IC.2,S.IC.5
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1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3APPLICATION
Answers
s s siseTon Sonbestvock ot on [ E—— 4. Sample answer: Use a spinner that is divided into 2 sectors, one at
it tone i e 1 60% area, or 216°, the other at 40%, or 144°. Perform 50 trials and
= :zm;::j:;&*:;;m Sover 7 record answers in a frequency table. Based on the simulation,
Pk . : s probability of selling inventory is 0.64, and the probability of not selling
s Fina e cxpiimemital proeoBty of a blue cor inventory is 0.36.
Pansng try Saeah's howte Wike iy S a8 4
Peteentage stutded 10 the seees] lonth. # secoinary. B% Sample data:
S e e o oy e
W, USE TOOLS Dekcrba am B Ml 040 be Semuliied Uaing eddh smibod. Sold 32
x R Not sold 18
8 e Total 50
T Uk AL prizes, Ffiean 12. Sample answer: Use a random number generator to generate integers
wrs
e ofher daie -5, Som marye 1-50. 1-31 will represent an earthquake occurring, and 32-50 will
A KRR U S T B e S P represent an earthquake not occurring. Use 50 trials.
B Bort @ amiaiion nret sedond youn pedulls in B inbke.
s e 15a. Sample answer: Use a random number generator to generate a set of
three numbers from 1to 42. Numbers 1-15 will represent players on the
8. 505 osacn of s s st sor o . [ — basketball team and numbers 16-42 will represent the other students.
bttty T v [ Discard any trial that repeats any of the same number. Run the trial fifty
Tk
et G i times.
- duttyt g any o
ot e 15b. Sample data is shown:
remwest oo, # necesary  11.5% Wk n
" » = Deage -
Gremn it YTl yia A i & ¥ e e Lo = 35, 13,36!5, 32,96/ 14,1216, 26, 27 4, 3420 16, 32, P4 12, 9,18 J0, 17, 26
o tha pedean] orth, f cocesiany WA
© ppbs 15,13,2318, 15, 4113, 9, 20 33,38, 30 34,40, 35 37, 14, 36 22, 16.f36 23, 5, 38

29,7,221 22,133, 1,22 30, 39,18 31,7, 17 35, 40, 3§ 35, 9, 29 2, 20, 20

bty 3 - g st g, U

21,3,23 19,36, 530§ 36, 1128,B5,10 5, 424 2111, 18, 4D 26, 10, 2 28, 35, 41

13,11,231,7,245,B,7 15, 39, 2 3, 21, 24 3225, 718, 9,{34 29, 20,2
T U A MDD & il (5t Samitt 1 e 47 o 1 i i 8 . - S B Ay Appeeic
A o 18,26, 6 3, 6,39 17) 3, 2131,1§, 27 24, 2943125, 37, §132, 23,19 21,15, 28

b B shention i afoie e rosits n & fadke.

v 3,34,1512,2,20

[ s
it i gesbiabity mossel?

15¢c. Sample answer: Only 2 of the 50 trials, or 4%, resulted in only team

VI COMSTRUCT ABGLSAINTE There an J Eamebtatr nsring fon s prskdantl

o S ) 1 199 HORAGI—CARON, £ B, e, 500, members winning the raffle. According to this simulation it is highly unlikely

00 5 ¥emusaton 35 Oabemsie e shockes B o ALY Yo CORCH AR that all the winners are members of the basketball team. There is not enough

A by data to determine if the raffle is unfair. If it happens again for another raffle,
R o N then the fairness should be examined more closely.
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Lesson 8-3

Analyzing Population Data

LESSON GOAL Suggested Pacing

Students use statistics to summarize, represent, and compare sets of data. 90 min 0 day
45 min da
41 LAUNCH Y
}g{ Launch the lesson with a Warm Up and an introduction. FOC'IJ.S
Domain: Statistics and Probability
2 EXPLORE AND DEVELOP Standards for Mathematical Content:
S.IC.4 Use data from a sample survey to estimate a population mean
@ e op or proportion; develop a margin of error through the use of simulation
Describing Distributions models for random sampling.
« Find a Standard Deviation Standards for Mathematical Practice:
« Calculate Statistics 2 Reason abstractly and quantitatively.
o 4 Model with mathematics.
Comparing Distributions
« Compare Distributions
: Coherence
9 You may want your students to complete the Checks online. Vertical Alignment
3 REFLECT AND PRACTICE i .
Students collected, analyzed, and used data to compare theoretical and
@ Exit Ticket experimental probabilities. S.IC.2, S.IC.5
Now
% Practice Students use statistics to summarize, represent, and compare sets of
data. S.IC.4
Next
Students will use statistics and normal distributions to analyze data.
S.ID.4,5.1C.6
Rigor
DIFFERENTIATE The Three Pillars of Rigor
| 1CONCEPTUAL UNDERSTANDIN 2 FLUENCY APPLICATION
@ View reports of student progress on the Checks after each CONCEFTUAL U S .S UENG = CATIO!
example. g Conceptual Bridge In this lesson, students build fluency
by calculating statistics and using those statistics to compare
Resources (ALl e BELL distributions. They apply their understanding by solving real-world
Remediation: Measures of Center X ) | I problems.

Extension: The Harmonic Mean [ XX )

Mathematical Background

Language Development Handbook
guag p A distribution of data shows the frequency of each possible data value.

Assi 43 of the L Devel L] T . X .
Hff,;ﬂ';f;ffo :e?p 'yoeur ;Zggigsuilsﬁ;ﬁ,:;gical & . % The shape of a distribution can be determined by looking at its histogram
language related to using statistics to summarize, — or box-and-whisker plot.

represent, and compare sets of data. INTEGRATED Il

T vou can use the tips and suggestions on
page T43 of the handbook to support students
who are building English proficiency.

Lesson 8-3 - Analyzing Population Data 387a
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Interactive Presentation

Warm Up

T sk o
{greme, 65 grams, B0 grams, 76 grams, and 50 grama,

amounts of fat: 7

1 v, modian, mede,

2. Wrich
Teasoning.

3. Sunpose Joseph consumes 57 grama of fat on e sevonth day. Witheut
emciteting. how wil the maan, medien, and mode of M fat intike b aflectedT

Warm Up

Launch the Lesson

lf_.;.m.- Y

> cuanar
¥ vaetance
¥ wismded deviation

Do ey 428 et Bave 30 eutier?

o Ty Py cakstatind o varsies, fim ok you e the shaadins deplsticn?

Today’s Vocabulary

387b Module 8 - Inferential Statistics

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skills for this
lesson:

« finding the mean, median, mode, and range
« analyzing measures of center in context

Answers:
1.68370.5; no mode; 34 g
2. Answers will vary.
3. The mean and median will decrease, and there will be a mode, 57.

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
learn how descriptive statistics can be used to predict a person’s
performance.

D Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer read
aloud How can | meet this standard? and How can | use these practices?
and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary
Tell students that they will be using these vocabulary terms in this lesson.

You can expand eachrow if you wish to share the definitions. Then
discuss the question below with the class.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Learn Describing Distributions

3 APPLICATION

Objective
Students describe distributions by finding their mean and standard
deviation.

@Teaching the Mathematical Practices
3 Analyze Cases Guide students to examine the cases of data
distributions. Encourage students to familiarize themselves with
the important features of each type of distribution.

About the Key Concept

The formula for calculating the standard deviation can seem
overwhelming to students. Students will become more familiar with it as
they apply it more frequently. Compare the concept of standard deviation
to concepts of spread that students have encountered earlier, such as
range, interquartile range, or mean absolute deviation.

DGO Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Lesson 8-3

Analyzing Population Data

Learn ©

heasures of Centar and melsatos of spr ofion
v stti h aeta, a
Thew disteiburtion, wiich @ Gaph of tabie that shows the B

tmauency of each possiiln cata value. W’W:
Bymasetric Megutively Skrwnd  Posthvely Skewed Suibision
Disaribuion Grtribation Distritsation. At dibretien
The mams mc madtan  Typscoly, the mecken | Typically, S masn cuter
W eate than T s
800 1 s
——
A bimods:
symmeiric, five mean ncouetely refiects the Centes ol Ehe data
Howeves Whien 8 GFSUIBULON IS St T masn i nok 55 ellati.
utiers, wihich Vgh of kret w
e pust of the vakies in 3 data 5t Rt a stiong fect oo the mean of
5 ciata wat Whon s o o has outhers,
Sveay 110am e iy ©f 1o ek 1oward the 183 Bl may not
Sucus ety Getcrbe of the dats
7 8 symmetric dstrbution, the datn sre cabrioused symmesricaly
2004t 5 contor The center i Mmemed with the moan, and the Walch Gutl
Iprea0 s medsired which
esceing Iow P AL Dovinto o e maoan. Eviry et o it has
man and ssandard
ey Cancept « Findng tm Stateturd Deviition servisticn, Bt ey Mt

Swp1  fnd the mamn i oney acoarat

Swp3  Find ihe buae o the ciflernnce bt Bch daly v £,
ant e b i, — i

Swed  Find ihe s of e s Siep 2.

Shep 4 Dmio The som Dy the mumbes of wikes o e sel of data 0
Toos vt s e varance,
ShepS  Teke e squae 1001 of the variance.
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Interactive Presentation

different kinds of distributions.

== Students move through slides to see
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2 INQUIRY AND DEVELOP

3 Example 1 Foa
TRACH A bnsch raconded the
st of pach track mesmber TR T
for 8 400-mater race. Find and oo B4
of the deta. S8 03
552 D
Saep 1 Find the mean, ji.
g HLEIRA T I3 4 S50 2 BOO 4 800 5 835
"
=551

g tima for the T i 551 scans
S 2 Find the squares of the differsnces.{n — 5.

SR SNTE = 400 SS1-9507 = 084
EEI-SAN = ME EEI-5497 = 004
PAI-BADY = 025 EAT- 803 - 2AGe
a1 - S53P = oo 51 - S5 = 258

510 3 Find the sum,
i the s of i vatses trom Sbep T
400 4 TI64 + 035 4 001 & D4+ OO+ 3304 = 256
4818
Ston 4 Divecie by the number of values.
vt e s dsm St 3 byt rasmber of runnive b,

e s

Y Tl Mt i | Hidsizats

Inwhint cgaas ol & Sep 5 Take he square oot of th vwisnce
sandara af i 1 b -
28 b 3 NEGES = 245 oty 1 L
langeT Provide o sopk o 8 dbout 245, Trés i

i

T B, vetich manns et $he mary f e b MemGars’ Bmes.
are e £ ¥he moan of S51 seconds. and alnos ol of the Times wil
Sample ameer WHEB IO | johy ) werin 2 of th mons. or

moan & under ¥, 0
A aeg|  n8a0 seconds.
ool be large. For Chack
example. the scares for oW 0 yOu IT0w AT your SGKI0N & Feasonatie? (Hine Th maory
" " sy

BommHn M NI COE 8| 50 o 1l o G il i}
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Large, pest thus, the data ot the mean, o 1502, 60

wll b ey e cat

fram the mean,

L

BBB  Mdoduts B - roerent Satenct

a3
-3

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@Example 1 Find a Standard Deviation

@Teaching the Mathematical Practices
2 Attend to Quantities Point out that it is important to note
the meaning of the standard deviation used in this problem.
Encourage students to explain what the standard deviation means
in the context of the problem.

Questions for Mathematical Discourse

JT8 How does the standard deviation indicate the spread of the data
values? The standard deviation tells you a range around the
mean in which most of the data occur. A larger standard deviation
indicates points deviate more from the mean than a data set with
a smaller standard deviation.

[éT® What does a small standard deviation mean in this situation? The
majority of the team members have times that are very close to
the mean.

[5T8 Why is the average difference from the mean not used as a
measure of spread? The result would be zero.

Interactive Presentation

1 HACK &k et e i e
mii kining s o 800-matar she. Fird anel ntmpont |
e

Example 1

TYPE

Students complete a table to organize
their calculations.

388 Module 8 « Inferential Statistics
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1CONCEPTUAL UNDERSTANDING 3 APPLICATION

2 FLUENCY |

Example 2 Calculate Statistics

@Teaching the Mathematical Practices
5 Use Mathematical Tools To solve the problem in Example 2,
students must use a graphing calculator to calculate the statistics
of the set of data. Work with students to explore and deepen their
understanding of calculating statistics.

Questions for Mathematical Discourse

IY® How do you use the standard deviation to find the interval in
which most of the values occur? Most of the data is in the interval
found by adding or subtracting the standard deviation from the
mean, or [u — o, i + a).

"STH How can you check that most of the data is within one standard
deviation of the mean? Sample answer: count how many points
are within the interval [u — o, ¢ + o] and divide the number by the
total number of the data points in the set. If the result is greater
than 0.5, most of the data is within one standard deviation.

T What would happen to the mean and standard deviation if the
26 was removed from the data set? The mean and standard
deviation would both decrease.

Checr

BREAKFAST Toe mansger of o coferecs [T

racknd thit rmber of waRins thet wixg 35 -
a0k dhainng ecinkfait ey day, Fiod 35 &

a8 0
e data, Rosind pour anseers b the 4 5
nescast 1o (7] ]

Part & The standard devistion it spaimatel 1'3: atfies.
Part B Tha majorty of (8 sakes wore Detween 7. and 7 waltkis.
“a

wr

15 Thiink Aot It
Example 2 o would an Graker

sftect the statasics you

colcuatedT Coneldies
of the et of daks. 1 ez whete the

Dther s extremuty
26.12.15, 20,17, 19, 18, 36, 14, 23, 13, 18, 9, 20. 212 it
On o Th4. onter o
s yesecting the Eit weremel lon
st 1 QLAY Then, press

Sample pncwer: 3 the
e, select Yiar SR wod peoss) o od
Thw mean ¥ “""_w
deaton i represenied by o, Lo o
The meean is about LY and the et 423 i

it iecrena, il
- Je T —
L e the it el
Usis i grishing caleulsden 10 Fndl the mean and slandasd devietion of Ueerve and e
e 401 o data, O] your BEwErs 10 T Pt et Stasedard deviation windel
&8, 55,52 43, 54, 47, 56,56, 54, 62 63, 52 inrtinie,
Ther mean s 0out T and the sasedard desanon i about . T. Aty Tip

512 57 Terminclogy O i

Pause and Reflect STATS o=

00 i g ek anything o-H in this leason? B s how did you
ol wan 47

See studenty’ observatiom.

000 O o i i rm Enaens i

Interactive Presentation

36,12, 95, 79, 7790, W, 16, 14, 23, 1, WA, 19, 30,33

Example 2
= Students move through the slides to see
how to use a graphing calculator to find
statistics.
Students complete the Check online to
determine whether they are ready to
move on.
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Interactive Presentation

Example 3

-

CHECK

U
il

Students move through the slides to see
how to use a graphing calculator to find
statistics.

Students complete the Check online to
determine whether they are ready to
move on.

390 Module 8 - Inferential Statistics

L4
2FLUENCY |
@ Example 3 Compare Distributions

@Teaching the Mathematical Practices
4 Interpret Mathematical Results In Example 3, point out that
to solve the problem, students should interpret their mathematical
results in the context of the problem.

1CONCEPTUAL UNDERSTANDING 3 APPLICATION

Questions for Mathematical Discourse

JY® Why does Ms. Hettrick’s class have a greater standard deviation
than Mr. Jackson’s class? The exam scores have a greater spread
in Ms. Hettrick’s class than in Mr. Jackson’s class.

[&TH What could explain the differences in the two distributions?
Sample answer: The students in Ms. Hettrick’s class had a wider
range of math ability than the students in Mr. Jackson’s class.

518 On another exam, Mr. Jackson’s class had an average test score of
80 out of 100 points, with a standard deviation of 1.2. What might
this indicate about the exam? Sample answer: Because most of
the students scored between 78 points and 82 points, the exam
may have questions that none of the students were able to answer
correctly.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic xercises
| 1, 2 exercises that mirror the examples 1-8
2 |exercises that use a variety of skills from this lesson 913 |

exercises that emphasize higher-order and 14-17 ‘
critical-thinking skills

\ 3

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL
THEN assign:

« Practice, Exercises 1-13 odd, 14-17

« Extension: The Harmonic Mean

IF students score 66%-89% on the Checks, oL |
THEN assign:

« Practice, Exercises 1-17 odd

- Remediation, Review Resources: Measures of Variation

« Personal Tutors

« Extra Examples 1-3

- [ ALEKS Measures of Variation

IF students score 65% or less on the Checks, ALl
THEN assign:

« Practice, Exercises 1-7 odd
« Remediation, Review Resources: Measures of Variation
+ B ALEKS Measures of Variation

Answers
7. Before the season, the mean time was 9.2 minutes and the standard
deviation was 1.0 minute. After the season, the mean time was 7.0
minutes and the standard deviation was 0.9 minutes. This means that
before the season, the mile times were higher on average, but that the
mile times were generally spread the same before and after the season.
. Geometry Class 1 had a mean score of 86.5 and a standard deviation
of 11.0. Geometry Class 2 had a mean score of 77.5 and a standard
deviation of 13.7. This means that the students in Geometry Class 1
scored higher on average, and their scores were less spread out.

<)
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3 REFLECT AND PRACTICE

Mired Exprcises
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

12. The guppies in the small tank have a mean length of 1.63 inches with
a standard deviation of 0.3 inches. The guppies in the large tank have
amean length of 2.03 inches with a standard deviation of 0.47 inches.
From the mean and standard deviation, Juan Carlos can conclude
that the guppies in the larger tank grew longer. Because the standard
deviation for the smaller tank was less, he can also conclude that the
guppies in the small tank are slightly closer in length to each other.

13. No; sample answer: adding $1to each employee’s hourly wage has no
effect on the standard deviation of the data. The standard deviation both
before and after the wage change is 0.67.

14. Sample answer: Since the distribution has two clusters that are each
symmetric, summarize the center and spread of each cluster individually,
using its mean and standard deviation.

15. Sample answer: Assume that each data value falls in the center of each
bar of the histogram. Using technology, the mean is 17, and the standard
deviation is about 7.4.

17. Find the mean of the set of data. Then, find the square of the difference
between each data value and the mean. Next, find the sum of all of the
squared differences. Then, divide the sum by the number of values in
the set of data, which is the variance. Finally, take the square root of the
quotient, or variance.
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Lesson 8-4 S.ID.4,S.IC.6

Normal Distributions

LESSON GOAL Suggested Pacing

Students use statistics and normal distributions to analyze data. 90 min day

45 min 2 days
.@, Launch the lesson with a Warm Up and an introduction. Focus
Domain: Statistics and Probability
S.ID.4 Use the mean and standard deviation of a data set to fit it to a
@. Explore: Probability Distributions normal distribution and to estimate population percentages. Recognize
: that there are data sets for which such a procedure is not appropriate.
@* Develop: Use calculators, spreadsheets, and tables to estimate areas under the
Probability Distributions normal curve.
« Classify Random Variables S.IC.6 Evaluate reports based on data.
« Analyze a Probability Distribution Standards for Mathematical Practice:
« Misleading Distributions 5 Use appropriate tools strategically.

6 Attend to precision.
Normal Distributions

- Approximate Data by Using a Normal Distribution
« Use the Empirical Rule to Analyze Data

Coherence

Vertical Alignment
The Standard Normal Distribution

« Use z-values to Locate Position Previous
« Find Area Under the Standard Normal Curve by Using a Table Students used statistics to summarize, represent, and compare sets of data.
« Find Area Under the Standard Normal Curve by Using a Calculator s.ic.4

e You may want your students to complete the Checks online. Now

Students use statistics and normal distributions to analyze data.

S.IC.6,S.1D.4
3 REFLECT AND PRACTICE

- Next
@ Exit Ticket Students will use sample data to make inferences about populations.

S.IC.4,S.1C.6
% Practice

Rigor
The Three Pillars of Rigor

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

| 1 CONCEPTUAL UNDERSTANDING | 2FLUENCY | 3 APPLICATION
Resources mmEErm [ Conceptual Bridge In this lesson, students expand on their

- | understanding of distributions by extending to normal distributions
Remediation: Measures of Spread [ X ] [ ] . S .

A - ) 1 and build fluency by estimating population percentages. They apply
Extension: Working Backward with Normal PYYS their understanding of normal distributions by solving real-world
Distributions

problems.
Language Development Handbook
Assign page 44 of the Language Development L] =
Handbook to help your students build mathematical .. l. Mathematical BaCkground
language related to using sample data to make S The graphs of all normally distributed variables have essentially the same
inferences about populations. INTEGRATED il shape. With appropriate labeling of the mean andthe points that are one
AW vou can use the tips and suggestions on standard deviation from the mean, the same normal curve can represent
page T44 of the handbook to support students any normal distribution.

who are building English proficiency.

Lesson 8-4 - Normal Distributions 393a
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Interactive Presentation

Warm Up

1B 21069
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WiR 8 et plat and o histogram

Warm Up

Normal
Distribution

Launch the Lesson

Today’s Vocabulary

393b Module 8 « Inferential Statistics

S.ID.4,S.IC.6

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skill for this lesson:

« finding the variance and standard deviation

Answers: 311
1.8;28 4. Exercise 3; Exercise 2
2.121.2;11.0 5. (See below.)
®
e @
L L] ® L]
L] L] L L] L]
! I |
R s = & R
% % e % %

559669 7.79 8-899.99

Launch the Lesson

@Teaching the Mathematical Practices
4 Analyze Math In the Launch the Lesson,
students will learn about how the gestation time for animal species
can be approximated by a normal distribution. Encourage students
to analyze the data in the table about the mean times and standard
deviations for some species. Ask students to draw conclusions
about the gestation time for 95% of the young for each species.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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Explore Probability Distributions

Objective
Students examine the mean of a probability distribution as the sample
size increases.

@Teaching the Mathematical Practices
5 Decide When to Use Tools Mathematically proficient students
can make sound decisions about when to use mathematical tools
such as a concrete model or sketch. Help them see why using a
sketch will help them solve problems and what the limitations are
of using a concrete model to complete the Explore.
7 Look for a Pattern Help students to see the pattern in the
probability distribution of the data as the sample size increases.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be provided with an Inquiry Question to answer at the end
of the activity. They will use a simulation and complete guiding exercises
to explore the relationship between expected value and sample size.
Then students will answer the Inquiry Question.

(continued on the next page)

Interactive Presentation
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Students use a sketch to simulate rolling two dice.
[
TYPE

(al]

Students record the results of their simulation in a table and
describe distributions.
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‘1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Probability Distributions (continued)

Questions
Have students complete the Explore activity.

Ask:

« Suppose a similar simulation is conducted that records the sum of two
integers x and y, where 1 < x, y < 10. What is the expected mean? 11
Describe the distribution as the number of trials is increased. Sample
answer: The distribution is discrete and is bell-shaped. The highest bar
will be at 11.

- What if the random number generator is used to find the sum of two
real numbers a and b, where 1 < a, b < 10. What is the expected
mean? 11 Describe the distribution as the number of trials is increased.
Sample answer: The distribution is continuous and is bell-shaped. The
curve of the distribution will be at the highest at 11.

@ Inquiry

What is the relationship between the expected value of a discrete random
variable and the mean of the distribution of that variable as the sample
size increases? Sample answer: The mean of the distribution is equal to
the expected value.

0 Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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Learn Probability Distributions

Objective
Students classify variables and analyze probability distributions to
determine expected outcomes.

@Teaching the Mathematical Practices
3 Construct Arguments Students will use stated assumptions
and definitions to construct an argument about the probability of
each value of a random variable.

@Essential Question Follow-Up

Students have explored probability.

Ask:
How can probability be used in decision making? Sample answer: You
can use probability to predict the most likely outcomes, and then make
a decision based on those findings.

DIFFERENTIATE

Language Development Activity ALBLELL |

Social Learners It is important to be aware that some students may
have cultural or familial prohibitions against cards, dice, or gambling
of any kind. Explain that, historically, the laws of probability were
developed in the context of gambling but are now applied in many
other contexts, including medicine and meteorology.

°Go Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.
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Interactive Presentation

Students tap on buttons to learn about
probability distributions.

Students answer a question about the
possible values for probabilities of random
variables.
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Example 1 Classify Random Variables

@Teaching the Mathematical Practices
2 Attend to Quantities Point out that it is important to note
the meaning of the quantities used in Example 1. Students must
consider the meaning of the quantities to determine whether they
are discrete or continuous.

Questions for Mathematical Discourse

Does a continuous variable have to have an infinite range?
Explain. No; sample answer: A variable can be continuous over an
interval.

[eTM Does a decimal value indicate a continuous variable? Explain. No;
sample answer: A variable does not need to be limited to integers
to be discrete. For example, a variable could be scaled, such as
2.3 million people.

[=1% In previous examples, continuous functions were used to model
discrete variables. Can discrete models be applied to continuous
variables? Yes; sample answer: You can define a discrete set
using ranges of the variable, and then graph with a histogram.

@Example 2 Analyze a Probability Distribution

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the table and graph used in Example 2.

Questions for Mathematical Discourse

X8 What should the sum of the relative frequencies of a probability
distribution be? Explain. 1; Sample answer: The sum of all prizes is
4000, and the relative frequencies are calculated by dividing each
frequency by 4000. Dividing the sum of 4000 by 4000 equals 1.

[eTM Does the sum of the relative frequencies, 1, indicate that buying
a candy bar guarantees winning a prize? Explain. No; sample
answer: The probabilities in the example are for the types of prizes
given a winning wrapper.

[518 If the company produces 400,000 candy bars during the promotion,
how do you find the probability of one candy bar purchase resulting
in a $2500 prize? Multiply the probability of getting a winning
candy bar,ﬁ, by the probability for the $2500 prizemﬁ. The
probability of winning the $2500 prize |W)

Common Error

Remind students that the relatively frequency is out of the 4000 wrappers that
show the word “Winner!” when they are opened, not out of all wrappers on
candy from the candy company. Encourage students to think about whether
the relative frequency reflects the probability of winning a prize when a candy
is purchased, depending on how many total candy bars are manufactured.
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G Example 3 Misleading Distributions

@Teaching the Mathematical Practices
6 Use Quantities Use the Think About It! question to guide

students to clarifying their use of quantities in Example 3. Ensure

that they specify the units of measure used in the problem and
label axes appropriately. Encourage students to explain why
labeling axes without the appropriate scale and label can be
misleading.

Questions for Mathematical Discourse

/YW What is the difference between a median and a mean? A median
is the value that splits the data in half, half of the data is greater
than the median, half is less than the median. A mean is the sum

of the data divided by the number of data.

T8 What is implied by saying “most of its employees,” and does the

data support the claim? Sample answer: The claim implies that
the median salary is at least $40,000, which is not accurate.

=T What would be a more accurate claim for the company to make?

Sample answer: The company could report the median salary,
which should fall between $30,000 and $40,000.
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Students move through slides to see
how the Law of Large Numbers affects a
histogram.

Students answer a question about the
area under the curve for a specific interval.
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3 APPLICATION

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Learn Normal Distributions

Objective
Students analyze normally distributed variables by using the Empirical Rule.

@ Teaching the Mathematical Practices
7 Use Structure Guide students to see how the structure of a
normal distribution and normal curve can be used to estimate the
area under the curve.

DIFFERENTIATE

Language Development Activity [55%

Intermediate Before students read the text, have them take a close
look at the distributions. Have them use the graph in the Key Concept
as they work in pairs to form questions about the normal distribution.
After students finish reading, have partners discuss how their ideas
changed or stayed the same.

Advanced Have student pairs take turns reading the text to one
another. Remind them that they are reading for an audience and that
they need to maintain the audience’s interest with their voices. Move
around the room, correcting pronunciation as necessary. Ask students
what information they learn from the title and howthe title affects their
approach to the text. What do they know about distributions, and what
do they expect to learn? Have them share with the class.

Advanced High Have students write a paragraph explaining and
evaluating each distribution used in relation to the content of the
lesson.
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@Example 4 Approximate Data by Using a
Normal Distribution

@Teaching the Mathematical Practices
4 Apply Mathematics In Example 4, students apply what they
have learned about the normal distribution to analyzing a
real-world problem.

3 APPLICATION

S.ID.4,S.1C.6

Questions for Mathematical Discourse

JYH What does it mean to say that the data is skewed? More of the
data are on one side of the range than the other.

T If a data set has a mean that is close to the minimum or maximum
value of the variable, what does this indicate? The distribution is
likely skewed.

T8 How would removing the outliers affect the mean and standard
deviation? Both the mean and standard deviation would
decrease.

Example 5 Use the Empirical Rule to
Analyze Data

@Teaching the Mathematical Practices
7 Use Structure Help students to use the structure of the Empirical
Rule to analyze a normal distribution.

Questions for Mathematical Discourse

JN® Why is o multiplied by 2 in part a? We want the range of values
that represent the middle 95% of the distribution. 68% of the
distribution is between ;1 — o and 11 + o, while 95% is between
u — 20 and p + 20

What range of values represents 100% of the data? (—oo, o0)

[E18 Could a skewed set of data have the same standard deviation and
mean as the normal distribution in the example? yes What is a
way you could show that skewed data is not well represented by
the normal distribution? Sample answer: find the percent of the
data that is within a standard deviation greater than and less than
the mean, and compare to the expected percent for that interval
for a normal distribution.
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Interactive Presentation

Example 5
Q-I'L‘\-. Students move through the slides to see
o how the Empirical Rule is applied.

WATCH
Students can watch videos to see how
to graph a normal distribution using a
graphing calculator.
Students complete the Check online to
determine whether they are ready to

move on.
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Learn The Standard Normal Distribution
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Students will answer a question to show
the relationship between the z-value and
standard deviation.
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Example 6 Use z-Values to Locate
Position

3 APPLICATION

@Teaching the Mathematical Practices
6 Use Precision In this Example, students will calculate accurately
and efficiently using the formula for calculating z-values.

Questions for Mathematical Discourse

/YW What is the z-value of the mean? Explain. 0; Sample answer: A
z-value is the number of standard deviations a data value is from
the mean.

STH What does it mean when a z-value is negative? The data value is
below the mean.

Il What is the z-value of X when the distribution is a standard normal
distribution? X

@Example 7 Find Area Under the Standard
Normal Curve by Using a Table

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the z-values in the table and the area under
the curve.

Questions for Mathematical Discourse
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Y% How would you use the z-table to find the probability for
z = —150? Move down the first column to —1.5, and then move
over to the value that is in the 0.00 column.

Without looking at the z-table, what do you expect the table to
show for the 0.0 row and 0.00 column? Explain. 0.5000; Sample
answer: The z-score for the mean is 0. Because 50% of the
distribution is to the left of the mean, the value is 0.5000.

[=I% How do you find the area under the standard normal curve to the
right of any z-value? Subtract the table value from 1.

Interactive Presentation
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Students use the formula for z-values to
al find a missing quantity.
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@ Example 8 Find Area Under the Standard
Normal Curve by Using a Calculator

@Teaching the Mathematical Practices

e i m.g..:aq.q;:rmm‘:‘-‘ . 5 Use Mathematical Tools Point out that to solve the problem
e, Visits Summary in Example 8, students will need to use a graphing calculator to
cormspancing srea determine the area under the standard normal curve.
-

Vi Sarreary - Lo 30 B Questions for Mathematical Discourse

Vi oy oty

il /XM Why do you need to find the corresponding z-value for X? Sample
answer: the given distribution is a normal distribution, but not
a standard normal distribution. The probabilities for a standard
normal distribution can be found with the table or a calculator,

and the probability for X will be the same as the probability for the
e associated z-value.

[5T® What are alternative ways to determine the probability of the

£ e Web site getting less than 100,000 hits on a given day? Sample
i atemets metod To ok inaar e cyms fion 2> &1 cegigis. | zprmel o058 408 answer: use the calculator to find the area fromz = —4 to
volicie for i S5 4 0 by 802 18 1 U bound e ]
examgle ki Vs 0 ek e MO Sakci z = 0.150; subtract 0.44 from 1; use the table to find the value for

g e area botween & = 00 ez - 4

Fross [Ena ] eSTR) ang sebict nomaledt Ervr z = 0.150

e e o] sl h oo

T 1ol 044, T e by of o Wt s et o [510 Why is z = 4 used as the other endpoint for finding the

Imast LS s i oo day i 44 0

L ; area? Sample answer: though the distribution continues to
090 e s T herigeh 6f ym p— approach zero as z approaches infinity, for the purpose of

s byt dhhopncibdad estimation, the curve is effectively zero when z = 4.

devistion of 38 secondu. Find the probalsity 1Bt & wist Tee wit e

Groane: than 30 seconds "‘ L8
B0 Mecets B - vt il et -

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use
At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have

Example 8 students hold up their whiteboards so that you can see all student
- responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
"! e Students move through the slides to see
how to find the area under a standard
normal curve by using a calculator.
Yo/ Students can tap to see an alternate
| | method.
Students complete the Check online to
determine whether they are ready to
move on.

400 Module 8 - Inferential Statistics
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

K | Topic
1, 2 exercises that mirror the examples 1-14 |
2 | exercises that use a variety of skills from this 15-18 ‘
| |lesson |
| 3 iexercises that emphasize higher-order and 19-21 |

critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL
THEN assign:

« Practice, Exercises 1-17 odd, 19-21

« Extension: Working Backward with Normal Distributions

- [@ ALEKS Standard Deviation and the Normal Distribution

IF students score 66%-89% on the Checks, oL |
THEN assign:

- Practice, Exercises 1-21 odd

« Remediation, Review Resources: Measures of Spread

« Personal Tutors

« Extra Examples 1-8

« [ ALEKS'Measures of Center and Spread

IF students score 65% or less on the Checks, ALl
THEN assign:

« Practice, Exercises 1-13 odd

- Remediation, Review Resources: Measures of Spread

« Quick Review Math Handbook: The Normal Distribution

- E ALEKS Measures of Center and Spread

S.ID.4,S.IC.6

Practice -

s t

dincrole or confinuous. Expisin your ressoning. 1-1. See margin
LT Purmes of WaTh HOCEOT PaY K
2 tha poemiser of "Hhata” for b Wi g

. e B 48 B i i BT dehcniet 4 Lt

B BATEETIALL A ATt G MO 8 prohaiy
PR O T SIS Of e s SRS DErOTS
00| DATTEABED 4 Pt T8 LU ] L T8 PRIy 0 Vo

gt e s Dt et T1 s O e Rkaraty
Sy 118 st abis o e Sty ettt
e margn

B b e BB 10 0
e ol e et 8 e, Dedeimiens ey

SIWRE o

W s 8 et e B rickske 0% ol M chemn? | TY o X 32D
WA Dscern of ik il e vt Wt 23607 K

e Whhat raniy s secrnem the e 2 % of the detsT 12842

N OSH0IN A r< -1SHO0MM T <239 << 20N

Lbrmam B4 s [ 401
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3 REFLECT AND PRACTICE

Enirpia 8
W

%00

& Weat percedt of the Woores e Bétween 70 snd SO7 £9%

B Wi e of T S00RES M o TIST TII

o e vty Sovent B T8 2
[ —
15, USE A MODEL

Mot 25% of can
(2

16, FERCIICN Uye the noimat datrdution of data

@, Wil i e kanclard cheviation of the dta vef? abost T3

B Wik g it of the lts il e roter Dhan 507 125 -
7, LateT ML The thres That 8 covten brand of St ‘

s A Lt el dlrsateed AEut 2 5% of

B B Lt Roeegen than GG hoors, and about ®i o wr

V6 s Borrer hay GO0 hoorn. e kot e

0 verage Dal s BI04 ot
0, STeETEE Each day. o

" " 1 !
G I ) T (N O B B T

D rgher Oeider Thiaking S
1, Fead Tk dR00a Bameter
. 890 M Maonica and
Olthe data s adher
o P COMACET EXpA yoiur 160508 508 margin.
e
Lo s o e I
| st ! v
20. ressEvERS 3 e
B L e sadary
ohanes ate e thpmest?  showt 1D
I wmn
Pt

Frshatsbty o the merval cecuning e misge.

02 Mgt 8 1 bt WLy
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S.ID.4,S.IC.6

Answers
1. texts; discrete; The number of texts can only be represented as a whole
number.
2. likes; discrete; The number of "likes" can only be represented as a
whole number.
3. height of plant; continuous; The height of a plant may be any positive

value.
o | revoo | seerns |
$5 150 0.75
$50 40 0.2
$100 9 0.045
$1000 1 0.005

Prizes Won

Probability

5 50 1001000
Prize Amount ($)

5. The scale of the y-axis misleadingly shows the differences in probabilities.
6.

o

14, 15} sct: 0,05 by (0, 5 scl: 1

The data set is skewed. Thus, the data cannot be approximated with the
normal distribution.

19. Hiroko; Sample answer: Monica’s solution would work with a uniform
distribution.

21. Sample answer: The z-value represents the position of a value X'in
anormal distribution. The area under a curve to the left of a z-value
represents the probability that a value from the distribution will be less
than the given value X.
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Lesson 8-5 S.IC.4,S.IC.6

Estimating Population Par

LESSON GOAL Suggested Pacing
Students use sample data to make inferences about populations. 90 min 0 day
45 min h da
41 LAUNCH Y
@ Launch the lesson with a Warm Up and an introduction. FOC'IJ.S
Domain: Statistics and Probability
2 EXPLORE AND DEVELOP Standards for Mathematical Content:
S.IC.4 Use data from a sample survey to estimate a population mean
@ R or proportion; develop a margin of error through theuse of simulation
Estimating the Population Mean models for random sampling.
« Find the Maximum Error of the Estimate S.IC.6 Evaluate reports based on data.
« Estimate a Population Mean Standards for Mathematical Practice:

2 Reason abstractly and quantitatively.

i erton 3 Construct viable arguments and critique the reasoning of others.

« Estimate a Population Proportion
- Misleading Population Estimates Coherence

9 You may want your students to complete the Checks online. Vertical Alignment

Previous
3 REFLECT AND PRACTICE Students used statistics and normal distributions to analyze data.
S.ID.4,S.IC.6
FT Exit Ticket
Now
%) Practice Students use sample data to make inferences about populations.
o S.IC.4,5.1C.6
DIFFERENTIATE e § . . . .
Students will perform calculations and graph with angles and trigonometric

expressions, equations, and functions.

@ View reports of student progress on the Checks after each example.
[, [farED

Resources aLlbL B ELE | ;
. — 11 Rigor
Remediation: Measures of Spread [ X ) [ ]
Extension: Hypothesis Testing [ XX ] The Three Pillars of Rigor
[ 1 CONCEPTUAL UNDERSTANDING T 2 FLUENCY ]— 3 APPLICATION

Language Development Handbook 181 Conceptual Bridge In this lesson, students develop an
Assign page 45 of the Language Development ] understanding of population mean and proportion. They build fluency
Handbook to help your students build mathematical " e and apply their understanding by solving real-world problems.
language related to using sample data to make " 1
inferences about populations. IHTEGRATED Il ;
FET You can use the tips and suggestions on Mathematical Background
page T45 of the handbook to support students A population parameter is a statistical measure that, for a given
who are building English proficiency. population, is fixed and is used as the value of a variable in a general

distribution to make it descriptive of that population. The mean and
variance of a population are population parameters. The confidence level
describes the likelihood that a particular sampling method will produce

a confidence interval that includes the true population parameter. The
confidence level describes the uncertainty of a sampling method.

Lesson 8-5 « Estimating Population Parameters 403a
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1LAUNCH

Interactive Presentation
Warm Up

Consider the set {8, 10, 14,15].

1. Wirite ol of the possible seiections of o sampée sire 3, and
find the mean of each samphe o the nearest hindredth.

2. For the et of means you found In Exerclse 1, firnd the mean
[HE—

3. Winat are the moan and stindard deviation of the originat
catn so

Warm Up

Launch the Lesson

Today’s Vocabulary

403b  Module 8 - Inferential Statistics

S.IC.4,S.IC.6

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding the sample mean and standard deviation

Answers:
1.{8,10, 14}, 10.67; {8, 10, 15}, 11; {8, 14, 15}, 12.33; {10, 14, 15}, 13
2. mean 11.75; standard deviation 0.95
3. mean 11.75; standard deviation 2.86

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students
will learn how sample data are used to estimate the Positive
Experience Index of a population.

D Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices? and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if youwish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Learn Estimating the Population Mean

Objective

Students use sample data to infer a population mean by using confidence
intervals.

@Teaching the Mathematical Practices
2 Attend to Quantities Point out that it is important to know the
meaning of quantities used in statistical formulas. Throughout this
lesson, encourage students to attend to the meaning of variables
and mathematical results.
3 Reason Inductively Throughout this lesson, students will use
inductive reasoning to make plausible arguments and inferences
about a population from a sample.

DIFFERENTIATE

Language Development Activity ALBLELL |

IF students are having difficulty keeping track of the various key
concepts and equations, many of which are similar to each other in
name and structure,

THEN have the students create a list of the key terms, like standard
deviation and maximum error of the estimate. Identify the variables
that represent these terms, as well as equations used to calculate
them.

BGO Online

« F ind additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

R S.IC.4,S.IC.6

Lesson 85

Estimating Population Parameters

Mean
M RIS . T
e is ial sbatistien
ey
Sampling etene i e varialian Etaen AErekes O e Ak
4 oue s e et L o i
SR AL ity BLEUS i dbiming e Gamizh, At The serchy size imid =
Increian, e Sine of 1 Samekng =10 wi BRIPaTY DOCAES e s iz et
Rample sty oLty the Lisget pofistion
Todday's Vocabulary
The standars sree of the mean o, eeust v T where s the [
o e g i Lanann oG ae
Thay Shrigh e Aetrdsnt e o8
. = i optirae of wning mea
B SRmple statist, stied &4 & range g
typcaty 7%, 954, o %, Tra contigeisce inlerval lor & sample masn e
RIS & F, vebutve £ i ot mavvtunt ace of s st Thay putils
it eatimans of the papulition eramsber snd it actual value, The PomEan propeetc
il #irge o B vty o Al Coled the mavgin of et
{9 Think About 16!
o Eder 3 nirnpie
Ewpe [ and o b aggrouimated by tha Semuta £ = = whose v affect B e cf
i confeience iservalt
« 218 8 spacifc vl st conpagnas bn B contence kel e
+ %45 1 Stanclaid deviation of the Samiie, and =
o i samps sipe p 2 30 w'ﬂ o
Incrvates, tha contidencs
The thies most e i covre ineryal v aiszincroase.
Fovnbas called critcolvalios, are Gveny T
= b cimainty of S0tk i adlun o TESS ihat 8 sample:
mean will Lol within o
= A coftaiety of D5% hat # £valus of 1960 U e e
& Aty oF 9 ey B rvalue o 2576 125 the sitw od the vl
incrednas. For example,
Wy Tt - Extimmting ha Papataton Mean j Mﬂmm
% the, o
1 Pt w0 o ef & thndorm asmedo 3
suen asmgio e s
it 3 Ditersiv 1 chosiond gyt oF eurtwnty ‘ot e e
$tep 3 P manimum oeror of the matemate £ ‘confident, sy T, Bl
e poisticn mean
Sn & stihe i Bncing the mipreed
F-EFs 8 within & geeater
"y betnapers 2 and 12.
bt B B gttt Poamstery 40K

Interactive Presentation

Learn
R (b d Students can swipe to see how the sample
size n relates to the distribution of all
possible sample means n.
TYPE

Students answer a question about the
relationship between confidence level and
confidence interval.

Lesson 8-5 « Estimating Population Parameters 403
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2 EXPLORE AND DEVELOP

@ Tt Aot 1 3 Example 1 Find the
Wy 0 you ik CHESS £
woek
9N, 5%, et G U2 90%
instead of 29, 50N M I P
01 T Bty s
- sl e e nporl playing chess.
Step 1 icentity the rvatas.
A D0 e Bt L
e e 1t e T rrcemal ture o [l
Samglo arwer & ok ra {1648, 16455 o9
onfidence sevel of 264 is
g Swp 2 Mm‘mmmﬂnm
3 sck of coniderce. The E=redy i B ok e S A
contitence - 1645 A ¥
iterval wll be very vl e
ot ot 2% confdence. it is =oa Sty
Stan 50, 4 the mean tiske
WOk 15 witlie 111 hoor of the Sampie e time.
aecher b shew high
contidonce For.
354 confidence of 7-1
mcivos of snowtall 3 Example 2 d
mors nformation thar 25% WER THAFFIC A survey of 5O students st Esst High Schoo! ssked
s,
inches af sngwdall, p 528
Usea
Problem-Sotving Tip sadind
s Step 1 Calculate £.

Dbt B 2-ivkon thal Caemiptn wih o 955 condasance
Ierusl, 1960, 3 cakulate £
Ewz Marera £

Test etwbckersce ntare 5 10 interv defined By 4 £
T E=BE 072780
T4 EBEI+ 072 =033

At 4 B5% conbiderco interval ha popustion maan i

7D < = S35 Theretore, we ane F% conhident that he
s o Wets siles Al visi o€ Ioas! Tioe bimes & day is.
betwren 769 a0 533

e Ontna o o coribin e e Limt e

BOA bt 8¢ et St

Interactive Presentation

Students determine why 90%, 95%, and

99% are usually chosen for confidence
intervals.

Students complete the Check online to
determine whether they are ready to
move on.

404 Module 8 - Inferential Statistics

S.IC.4,5.1C.6
3 APPLICATION

3 Example 1 Find the Maximum Error of
the Estimate

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY

@ Teaching the Mathematical Practices
3 Construct Arguments In the Talk About It! feature, students
will use stated assumptions and definitions to construct an
argument about confidence intervals.

Questions for Mathematical Discourse

VA8 What is the difference between o and s? o is the standard deviation

for the entire population, and s is the standard deviation for the sample.

[e]¥ What happens to the maximum error of the estimate as the sample
size increases? The maximum error of the estimate decreases as
the sample size increases.

1215 Without calculating it, estimate the maximum error of the estimate.
Explain your reasoning. 0.165; Sample answer: Because the
z-value for 99% certainty is approximately 1.5 times greater than
the z-value for 90% certainty, | multiplied the maximum error of
the estimate by 1.5.

3 Example 2 Estimate a Population Mean

@ Teaching the Mathematical Practices
4 Interpret Mathematical Results In Example 2, point out that
to solve the problem, students should interpret their mathematical
results in the context of the problem.

Questions for Mathematical Discourse

What is the relationship between X and p? Sample answer: X is
the sample mean, and f¢ is the population mean. You can use the
sample mean to estimate the population mean to varying levels of
confidence using the sample standard deviation, the sample size,
and the z-value of the desired confidence interval.

Why would you expect the z-value for 95% to be close to
2? Sample answer: The empirical rule tells you that about 95% of
the data is within 2 standard deviations of the mean.

Suppose you took multiple random samples of 50 students and
looked at the distribution of the sample means. What do you think
the distribution of the sample means would look like? The sample
means would be normally distributed.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0292.xhtml

2 EXPLORE AND DEVELOP S.IC.4,5.IC.6

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Estimating the Population Proportion

Thick

Objective CAPETHRIA A Bl of 210 randomly SeH-tat high 1hast sencr
. . . . showed that thay used the school Catebina an avesage of 1.6 teney
Students use sample data to infer a population proportion by using i e, with  sarbind Sevistion of 0, Live & 8% confcbemse bevel
. . 10 find the. . BN
confidence intervals. 06 gL A e 0 St Pl

Al 5% onftencn intérent The mrmem arede of The estimate b

: i oo - ETES
(@ Teaching the Mathematical Practices ~————— o i e
2 Make Sense of Quantities Mathematically proficient e i o
students need to be able to make sense of quantities and their RN .
relationships in the context of a problem. Notice the relationship e B Eor
between the variables when calculating sample proportions and ":‘:I“""’:‘
the maximum error of the estimate for a population proportion. e, RN T RAEIS ScEUAReT S aded el e NS 1o
atimate 5. The amiso poporion i the Bropormon of fucceis ina

snmaie. The proportion of Skt | sepiisentsd by &
+ The proporion of sicceiins B gvan by £= . whaee + it B
What Students Are Learning Pt 6 WACCIEES 108 2 16 the AnTke 06 (i number of Irat)

» The proportion of Bilere dh ghen iy 4 = 1 = A
Remind students that the sample proportion is a means of estimating
the population proportion. Encourage students to consider what it

Likt e S2mpies e [} s 87 ExImate 30 Wil By 1ot sl B
population peoportion, Thgselone, 3 confidence intenml sing A 20d 4
nandmum eeror of o eulimate £ 15 w5od 10 find e range of values

would take to determine the population proportion directly and to justify WAl o
. . N . I Thie mansimum e1v01 of the estimate £ for 8 popidation proporson &
why using the sample proportion as an estimate is often more realistic. B £ T Y i 3t o Y oo iy
Remind students to consider bias and sampling errors when calculating T ooy 04
a sample proportion. ik hat epactvely
Tt o a0 of the estimale E 101 2 populabion proporion can
D 3ol 10 £STATIE THE DOPUASLION D 0P
@Essential Question Follow-Up To Ghiiman o Fopulaon progartien
Students have explored probability distributions. « Find ther peoporions of swicess aed falkare
+ Find the samgle st
Ask:
T e . & Telantity the cermigsncting funiin
Can statistics lie? Sample answer: Statistics are valid only when the e i e oo 6 At
related biases of the sample populations are understood and taken % PEE
into account. When used to make claims that involve influences which 10000 i Vo s i s Enarngy i
were not part of the original sample, statistics can be misleading. N i P ety S0

Statistics can “lie” when they are manipulated and used to influence
the intended audience’s beliefs and behaviors.

Interactive Presentation

Learn

TAP

Students tap to see a Study Tip about
C‘k terminology.

Lesson 8-5 « Estimating Population Parameters 405
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2 EXPLORE AND DEVELOP

3 Apply Example 3 Eab
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Interactive Presentation

Apply Example 3

TYPE

b | Students answer questions about the
| J steps to solving the problem.

406 Module 8 - Inferential Statistics

= S.IC.4,S.IC.6

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
&3 Apply Example 3 Estimate a Population
Proportion

@ Teaching the Mathematical Practices
1 Make Sense of Problems and Persevere in Solving Them,
4 Model with Mathematics Students will be presented with
a task. They will first seek to understand the task, and then
determine possible entry points to solving it. As students come up
with their own strategies, they may propose mathematical models
to aid them. As they work to solve the problem, encourage them
to evaluate their model and/or progress, and change direction, if
necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present
the task, or have a volunteer read it aloud. Then allow students the time
to make sure they understand the task, think of possible strategies, and
work to solve the problem.

Encourage Productive Struggle

As students work, monitor their progress. Instead of instructing them

on a particular strategy, encourage them to use their own strategies to
solve the problem and to evaluate their progress along the way. They
may or may not find that they need to changedirection or try out several
strategies.

Signs of Non-Productive Struggle

If students show signs of non-productive struggle, such as feeling
overwhelmed, frustrated, or disengaged, intervene to encourage them to
think of alternate approaches to the problem. Some sample questions are
shown.

« What is the z-value that corresponds to a 90% confidence level?

« In order to find the confidence interval, what other value must be
determined and what formula can be used to determine that value?

@ write About It!

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@ Example 4 Misleading Population
Estimates

@Teaching the Mathematical Practices
3 Find the Error Example 4 requires students to read the claims
of others, decide whether they are misleading or flawed, and
explain the flaw.

Questions for Mathematical Discourse

JT® What does the margin of error represent in this example? the
maximum error of the estimate

[sT8 How do you know the sample proportion is 0.45? The low end of
the estimate is 40% and the margin of error is 5%.

[]i1 If the lobbying group used the same tactic with a 95% confidence
interval, what impression could they give? Sample answer: They
could use the larger interval to claim the proportion will be above
50%.
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Interactive Presentation
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Interactive Presentation

Students complete the Check online to
determine whether they are ready to
move on.
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-2 S.IC.4,S.1C.6
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY |

Practice and Homework

3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

| Topic | Exercises
| 1, 2 exercises that mirror the examples 1-1
‘. 2 | exercises that use a variety of skills from this 1214 ‘
lesson |
15-17 |

3 iexercises that emphasize higher-order and
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL |
THEN assign:

« Practice, Exercises 1-13 odd, 15-17

« Extension: Hypothesis Testing

IF students score 66%-89% on the Checks, oL |
THEN assign:

« Practice, Exercises 1-17 odd

- Remediation, Review Resources: Measures of Spread

« Personal Tutors

« Extra Examples 1-4

« [E ALEKS’Measures of Center and Spread

IF students score 65% or less on the Checks, ™

THEN assign:

« Practice, Exercises 1-11 odd

« Remediation, Review Resources: Measures of Spread

« Quick Review Math Handbook: Simulations and Margin of Error
« [ ALEKS Measures of Center and Spread

22

S.IC.4,S.1C.6
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22 S.IC.4,S.1C.6

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

4. At a 90% confidence interval, the population mean is 5.49 < p/ < 6.11.
Therefore, we are 90% confident that the weight of packages is
between 5.49 pounds and 6.11 pounds.

5. At a 99% confidence interval, the population mean is 5.35 < py < 5.65.
Therefore, we are 99% confident that the rating of the airline is between
5.35and 5.65.

6. At a 95% confidence interval, the population mean is 14.58 <y <
14.92. Therefore, we are 95% confident that the number of credit hours
taken by a college student is between 14.58 and 14.92.

7. At a 90% confidence interval, the population proportionis 0.712 < p <
0.838. Therefore, we are 90% confident that the proportion of students
who agree that high school students should have a part-time job is
between 71.2% and 83.8%.

8. At a 95% confidence interval, the population proportion is 0.159 < p <
0.269. Therefore, we are 95% confident that the proportion of students
who ride the bus to school is between 15.9% and 26.9%.

9. At a 99% confidence interval, the population proportionis 0.335 < p <
0.497. Therefore, we are 99% confident that the proportion of students
who agree with the principal’s plan is between 33.5% and 49.7%.

10. The sample size is too small to use a confidence interval, and the
confidence level is too low.

1. Instead of stating that the population proportion is estimated at% =
0.48 = 48% with a margin of error of 3%, the claim uses the highest
possible estimate for the population proportion to give the impression that
the proportion of people who want parks to be built is greater than 50%.

12a. 90%: E = 2.5, so the confidence interval is from 28.3 min to 33.3 min
95%: E = 3.0, so the confidence interval is from 27.8 min to 33.8 min
99%: E = 3.9, so the confidence interval is from 26.9 min to 34.7 min

12b. Sample answer: Enrique should use a 99% confidence level to provide

information he can really count on. £ = 2.58 « % =~ 3.7,50Cl =

311+ 3.7; Enrique can be 99% confident his mean journey time is no
longer than 34.8 min, and adding 15 min safety margin based on doubling
the S.D. of 6.4 min he obtained, 50 min should ensure he is on time.

0.156(1 — 0.156)
13,ﬁ—ﬁ~ 0.156 and ME = 1.9 (zT)zOAOSO,

50 C/ =15.6% =+ 5.0%; Sample answer: With 95% confidence, the mean
proportion of discards for the population of all pieces fired in her kiln is
between 10.6% and 20.6%, so Karen should probably buy a new kiln on
the basis that the discard rate is most likely higher than 10%.

14a. E = 0.42; Sample answer: You can be 99% confident that the mean
number of days of recovery for all patients taking this drug lies within
0.42 days of 5.3.

14c. Because 4 lies outside the 99% confidence interval, it is not reasonable.
Itis possible because 1% of cases will fall outside of the interval, but it is
not reasonable.

15. As the sample size increases, the maximum error decreases.

16. To estimate the population proportion, first find the proportions of
success and failure. Then find the sample size. Next, identify the
corresponding z-value. Then, find the maximum error of the estimate £.
The confidence interval for the population proportion is p + E.

17. Sample answer: sample mean: 18.8 hours; sample standard deviation: 8.8;
the mean number of hours with a 90% confidence level is 15.4 < p1 < 22.2.

Hours of Television Watched Each Week

12 8 19 27 20 18
0 33 25 14 9 19
23 6 20 26 30 29
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Module 8 . Inferential Statistics

Review

Rate Yourself & & (&

Have students return to the Module Opener to rate their understanding
of the concepts presented in this module. They should see that their
knowledge and skills have increased. After completing the chart, have
them respond to the prompts in their Student Edition and share their
responses with a partner.

@ Answering the Essential Question

Before answering the Essential Question, have students review their
answers to the Essential Question Follow-Up questions found throughout
the module.

« How can you use information to make decisions?
« How can probability be used in decision making?
« Can statistics lie?

Then have them write their answer to the Essential Question.

DINAH ZIKE FOLBABLES

(ELL Y completed Foldable for this module should include the key
concepts related to statistics and probability.

LearnSmart Use LearnSmart as part of your test preparation plan

to measure student topic retention. You can create a student assignment
in LearnSmart for additional practice on these topics for Inferences and
Conclusions from Data.

- Data Measurements
« Data Collection Methods

« Inferences and Conclusions
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Review and Assessment Options

The following online review and assessment resources are available
for you to assign to your students. These resources include technology-
enhanced questions that are auto-scored, as well as essay questions.

Review Resources
Vocabulary Activity
Module Review

Assessment Resources
Vocabulary Test

Module Test Form B
Module Test Form A
Module Test Form C
Performance Task*

*The module-level performance task is available online as a printable document. A scoring
rubric is included.
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Test Practice

You can use these pages to help your students review module content
and prepare for online assessments. Exercises 1-15 mirror the types of
questions your students will see on online assessments.

Question Type Pescrlptlon

Multiple Choice  Students select one correct answer. 1,3-5,
12,14

Multi-Select Multiple answers may be correct. 9
Students must select all correct
answers.

Table ltem Students complete a table by 2,7
entering the correct values.

Open Response  Students construct their own 6, 8,10,
response. 1,13

To ensure that students understand the standards, check students’
success on individual exercises.

Standard(s)
SICA
SIC.2
SIC3
SIC4
SIC5
SIC6
S.ID.4

Lesson(s)
8-1
82
81
8-3,8-5
82
8-5
84

Exercise(s)
1
4,5
2,3
7,8,9,12,13
6
14
10,11
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Lesson 8-2

17a. The theoretical probably that she serves an ace on her next serve is 66%,
and the theoretical probability that she doesn’t is 34%. Use a random
number generator to generate integers 1through 100. The integers 1-66
will represent an ace, and the integers 67-100 will represent any other
outcome of her serve. The simulation will consist of 30 trials.

17b. Sample data is shown:

14 16 8 94 9 87
/1 4 68 42 66 n
74 38 86 4 26 92
28 36 4 12 25 68
24 4 76 3 61 35

17c. Sample answer: 22 of the 30 trials, or 73.3%, resulted in an ace on the
next serve. According to this simulation, it is highly likely that her next
serve will be an ace. The data is not completely consistent with the model,
but if a larger trial were done, it might correlate more closely.

18. Coin toss; | recognized that there are only two choices of candidates, so the
pattern of a coin toss is closest to voting.

19. Sample answer: Jevon’s concern about the fairness of the coin should be
dependent on the number of times he tossed it. If he completed only 4, or

even 20, trials, then the sample size is not large enough to warrant concern.

However, if he completed 100 or more trials, then he should be concerned
since the experimental probability should be closer to the theoretical
probabilty of 3, or 50%.

20. Never; sample answer: The theoretical probability of getting heads from a
coin is one-half, or 7.5 times out of 15 tosses. However, when you toss a
coin 15 times, getting 7.5 heads is not possible.

21. True; sample answer: The event will always occur when the theoretical
probability is 1. Therefore, the experimental probability can never be 0. For
example, the theoretical probability of rolling a die and getting 1, 2, 3, 4, 5,
or 6 is 1since it will always show one of these six numbers. So, when a die
is rolled, the result will be one of these six numbers, making the
experimental probability always greater than 0.

22. Sample answer: You should consider the design of the simulation, how
many trials were used, and whether the theoretical and experimental
probabilities are reasonably close.

23. Yes; sample answer: If the spinner were going to be divided equally into
three outcomes, each sector would measure 120. Because you only want to
know the probability of outcome C, you can record spins that end in the red
area as a success, or the occurrence of outcome C, and spins that end in
the blue area as a failure, or an outcome of A or B.

24, Sometimes; sample answer: Flipping a coin can be used to simulate an
experiment with two possible outcomes when both outcomes are equally
likely. If the probabilities of the occurrence of the two outcomes are
different, flipping a coin is not an appropriate simulation.
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Module 9

Trigonometric Functions

Module Goals

« Students draw angles in standard position and convert between degree
and radian measures of angles.

« Students find the values of trigonometric functions by using general
angles and reference angles.

« Students find trigonometric values by using the unit circle and the
properties of periodic functions.

« Students graph and analyze sine and cosine functions.

« Students graph and analyze tangent and reciprocal trigonometric
functions.

Focus

Domain: Functions

Standards for Mathematical Content:

F.TF.2 Explain how the unit circle in the coordinate plane enables the
extension of trigonometric functions to all real numbers, interpreted

as radian measures of angles traversed counterclockwise around the
unit circle.

F.IF.7e Graph exponential and logarithmic functions, showing intercepts
and end behavior, and trigonometric functions, showing period, midline,
and amplitude.

Also addresses F.IF.4, F.TF.1, F.TF.3, F.TF.5, F.TF.7, and F.BF.3.
Standards for Mathematical Practice:

All Standards for Mathematical Practice will be addressed in this module.

Suggested Pacing

Coherence
Vertical Alignment

Previous

Students solved problems involving right triangles using the Pythagorean
Theorem and trigonometric ratios.

8.6.7, 8.6.8, G.SRT.8 (Course 2)

Now
Students evaluate and graph trigonometric functions.
F.TF.2, F.TF.5

Rigor

The Three Pillars of Rigor

To help students meet standards, they need to illustrate theirability to
use the three pillars of rigor. Students gain conceptual understanding as
they move from the Explore to Learn sections within a lesson. Once they
understand the concept, they practice procedural skills and fluency and
apply their mathematical knowledge as they go through the Examples
and Independent Practice.

1 CONCEPTUAL UNDERSTANDING Z’FLUENCY | 3 APPLICATION

EXPLORE m EXAMPLE & PRACTICE

Lessons ] Standards I45—min classes PO-min classes
Module Pretest and Launch the Module Video 1 0.5
9-1Angles and Angle Measure AL 2 1
9-2 Trigonometric Functions of General Angles FTF3 2 1
9-3 Circular and Periodic Functions FTF.2,F.TF5 1 0.5
9-4 Graphing Sine and Cosine Functions F.IF.4; F.IF.7e 2 1
9-5 Graphing Other Trigonometric Functions F.IF.4; F.IF.7e 1 0.5
9-6 Translations of Trigonometric Graphs F.IF.7¢; F.BF.3 1 0.5
9-7 Inverse Trigonometric Functions FTR7 1 0.5
Module Review 1 0.5
Module Assessment | 1 0.5
Total Days | 13 | 65

Module 9 « Trigonometric Functions 415a



b3 Module Resource

'. (lz\'}IEFK-TIQ ﬁv Formative Assessment Math Probe
/  [te=]=l Angle Measures

2 Analyze the Probe
Review the probe prior to assigning it to your students.
In this probe, students will determine whether statements accurately describe angles of rotation.

Targeted Concepts Understand the structure of the unit circle and angles of rotation

using degrees and radians.

Targeted Misconceptions

« Students may confuse clockwise rotation with positive angle measures and
counterclockwise rotation with negative angle measures.

« Students may confuse angles of rotation with reference angles.

« Students may have difficulty with radian measures that have different denominators than
the one used in a reference angle.

Correct Answers:

« Students may not know how to use degree measures when a radian measure is given. Set 1. No: A, C, D; Yes: B, E, F

« Students may not understand that angle of rotation can be greater than 360° (or less Set2.No: B, C, F; Yes: A, D, E
than —360°).

Use the Probe after Lesson 9-1.

i Collect and Assess Student Answers

o the student selects @ the student likely...
these responses...

1B. no 2A.no believes that a clockwise rotation is positive and a counterclockwise rotation is
1C. yes 2B. yes negative.

1D. yes 2C. yes

1E. no 2D. no

1A. yes confuses the reference angle with the angle of rotation/angle measure.

does not think that the angle of rotation can be greater than 360°.

2F. yes does not understand how to change a radian measure into a degree measure.

— Take Action

After the Probe Design a plan to address any possible misconceptions. You may wish to
assign the following resources.

- [ ALEKS' Angles

« Lesson 9-1, all Learns, all Examples

Revisit the Probe at the end of the module to be sure that your students no longer carry
these misconceptions.

415b Module 9 - Trigonometric Functions
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MM,

L]
IGNITE!
The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and
engage and challenge students. Use these open-ended, collaborative
activities, located online in the module Launch section, to encourage
your students to develop a growth mindset towards mathematics and
problem solving. Use the teacher notes for implementation suggestions
and support for encouraging productive struggle.

(& Essential Question

At the end of this module, students should be able to answer the
Essential Question.

What are the key features of the graph of a trigonometric function
and how do they represent real-world situations? Sample answer:
Trigonometric functions have amplitudes, periods, and frequencies.

This allows real-world cyclical situations to be modeled. The amplitude
identifies maximum or minimum values. The period often tells the time to
complete one cycle. The frequency tells the number of cycles the function
completes in a given interval.

What Will You Learn?

Prior to beginning this module, have your students rate their knowledge
of each item listed. Then, at the end of the module, you will be reminded
to have your students return to these pages to rate their knowledge
again. They should see that their knowledge and skills have increased.

DINAH ZIKE FOLBABLES

Focus Students write notes about new terms and concepts as they are
presented in each lesson of this module.

Teach Have students construct their Foldable as illustrated. Have
students write an explanation of each term or concept on the
appropriate section of their Foldable while working through each lesson.
Encourage students to record examples of each term or concept on the
back of each flap.

@When to Use It Encourage students to add to their Foldable as they
work through the module, and to use it to review for the module test.

Launch the Module

For this module, the Launch the Module video uses trigonometric
functions to model the rides at an amusement park. Students learn the
basic components of trigonometric functions in a real-world situation.

Maodule 9
Trigonometric Functions

‘What Will You Learn?
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Interactive Presentation
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416 Module 9 - Trigonometric Functions

What Vocabulary Will You Learn?

[ZMH As you proceed through the module, introduce the key vocabulary
by using the following routine.

Define The phase shift of a graph is the horizontal translation of the

graph of a trigonometric function; y = sin (x — h)
Example g(x) = sin (x — )
Ask What is the value of h? T

Are You Ready?

Students may need to review the following prerequisite skills to succeed
in this module.

- converting measurements

« solving trigonometric ratios
« using circle terms

« finding function values

« finding vertical asymptotes

« predicting transformations

« finding inverses of functions

B ALEKS

ALEKS is an adaptive, personalized learning environment that identifies

precisely what each student knows and is ready to learn, ensuring
student success at all levels.

You can use the ALEKS pie report to see which students know the topics
in the Trigonometry module—who is ready to learn these topics and who
isn’t quite ready to learn them yet—in order to adjust your instruction as
appropriate.

@ Mindset Matters

Collaborative Risk Taking

Some students may be averse to taking risks during math class, like
sharing an idea, strategy, or solution. They may worry about their grades or
scores on tests, or some might feel less confident solving math problems,
especially in front of their peers.

How Can | Apply It?

Assign the Practice problems of each lesson and encourage students
to take risks as they solve problems, try new paths, and discuss their
strategies with their partner or group.
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Lesson 9-1

Angles and Angle Measures

LESSON GOAL Suggested Pacing

Students draw angles in standard position and convert between degree 90 min day
and radian measures of angles. 45 min 2 days
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Functions

Standards for Mathematical Content:

2 EXPLORE AND DEVELOP F.TF1 Understand radian measure of an angle as the length of the arc on

@ Develop: the unit circle subtended by the angle.
Standards for Mathematical Practice:
Angles in Standard Position 2 Reason abstractly and quantitatively.
+ Draw an Angle in Standard Position 5 Use appropriate tools strategically.
« Draw an Angle with More Than One Rotation
« Identify Coterminal Angles Coherence
a Explore: Arc Length Vertical Alignment
Degrees and Radians Previous
« Convert Degrees to Radians Students know the circumference of a circle with radius 1 unit as 2.
- Convert Radians to Degrees 7.6.4
« Find Arc Length
‘3 You may want your students to complete the Checks online. Now
Students draw angles in standard position and convert between degree and
3 REFLECT AND PRACTICE radian measures of angles.
ENEN]
FEI Exit Ticket
Next
% Practice Students will find values of trigonometric functions by using general angles
X and reference angles.
® F.TF.3
L Formative Assessment Math Probe
| oreae [
DIFFERENTIATE
The Three Pillars of Rigor
@ View reports of student progress on the Checks after each example. 1 CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3 APPLICATION

= Conceptual Bridge In this lesson, students develop an

Resources | m .ﬂ-: ) = understanding of radian measure. They build fluency by converting
Remediation: Convert Customary PP ° between degree and radian measures of angles, and they apply their
Measurements | | — understanding by solving real-world problems.

Extension: Planetary Orbits L XN ]

ELL Support -
Mathematical Background

Language Development Handbook An angle on a coordinate plane is in standard position if one ray of

Assign page 46 of the Language Development LB | the angle (initial side) is placed on the positive x-axis and the other
Handbook to help your students build = ray (terminal side) rotates about the origin. The terminal side rotates
mathematical language related to converting i i Jockwi h e with - d
between degree and radian measures of angles. foedl counterclockwise to show an angle with a positive measure and rotates

. . clockwise to show an angle with a negative measure.
W You can use the tips and suggestions on

page T46 of the handbook to support students
who are building English proficiency.

Lesson 9-1+ Angles and Angle Measures 417a
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Interactive Presentation
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417b Module 9 - Trigonometric Functions

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:
- converting measurements
Answers:

1.67.2 km

2.26.3mi

3.340.2¢g

4.0.4 0z

5.40.7 b

6.8.4kg

Launch the Lesson

@Teaching the Mathematical Practices
4 Make Assumptions Have students explain an assumption or
approximation that must be made when calculating distance using
the geographic coordinate system.

D Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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2 EXPLORE AND DEVELOP

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Interactive Presentation

Explore Arc Length

Arc Length
Objective
Students use a sketch to explore radians and the relationship between e e
central angles and arc length. [

@Teaching the Mathematical Practices
3 Justify Conclusions Mathematically proficient students Explore
can explain the conclusions drawn when solving a problem.
Throughout the Explore, students justify their conclusions about
the relationships between a central angle, radius, and arc length. _
5 Use Mathematical Tools Encourage students to use the
sketch to explore the relationship between central angles and the —— [Croate Angia
lengths of intercepted arcs. [Complate Cecla

faddom

Ideas for Use
Recommended Use Present the Inquiry Question, or have a student A
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion

of the Explore activity, have student volunteers share their responses to [Foset
the Inquiry Question.

Explore
What if my students don’t have devices? Y ou may choose to project

the activity on a whiteboard. A printable worksheet for each Explore
is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Students use the sketch to explore the relationship between the
measure of a central angle and the length of the arc created.
TYPE

Students move through the exercises and answer questions
| ] pertaining to the generated angles and arcs.

Summary of Activity

Students will be presented with an Inquiry Question to answer at the end
of the activity. They will use a sketch to explore the relationship between
central angles and the lengths of the generated arcs. Students will work
through three different exercises. Then students will answer the Inquiry
Question.

—_—

'y

S

(continued on the next page)

Lesson 9-1« Angles and Angle Measures 417¢
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2 EXPLORE AND DEVELOP

Interactive Presentation

(B

Explore

TYPE
Students will respond to the Inquiry Question and can view a
al sample answer.

417d Module 9 - Trigonometric Functions

‘1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Arc Length (continued)

Questions
Have students complete the Explore activity.

Ask:

- What is the length of AC  in centimeters? 12.2 cm What is the length in
terms of r? 2r

« What is the length of the arc, in terms of r, generated by two radii that
form a diameter of the circle? 7r

@ Inquiry

How can you use a central angle to determine the length of an arc?
Sample answer: Multiply the measure of the central angle in radians
by the radius of the circle to find the length of the arc that the angle
intercepts.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0312.xhtml

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Learn Angles in Standard Position

Objective

Students draw angles in standard position and identify coterminal angles.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
and explain their reasoning. Students should use clear definitions
and mathematical language when they discuss their answer to the
question in the Talk About It! feature.

Common Misconception

A common misconception some students may have is that a negative
angle cannot have the same measure as a positive angle. A student may
not realize that —75° shares the same measure as a 75° angle, but with
a different rotation. Have students graph several pairs of positive and
negative angles with the same measure to help solidify the concept.

DGO Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Lesson 9-1

Angles and Angle Measure
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Interactive Presentation

il Students research the meaning of initial
al and terminal as they are related to angles.
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Interactive Presentation

Example 1

SELECT

Students select the correct rotation in
order to draw the given angle.

WEB SKETCHPAD

e* Students use a sketch to draw the
A 3 iven angle.
.?.‘\'P( 9! 9!

418 Module 9 - Trigonometric Functions

oy

L
1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 1 Draw an Angle in Standard
Position

@Teaching the Mathematical Practices
5 Use Mathematical Tools Point out that to draw the angle in
Example 1 students will need to use a protractor or the sketch online

Questions for Mathematical Discourse

Rotating a steering wheel or a screw are often described using
left and right. Why are clockwise and counterclockwise used to
describe the rotation of the terminal side of the angle? Using left,
right, up, or down does not make sense because the direction
changes as you rotate. When people use left and right to describe
rotation, it is a convention based on the direction from the top, or
positive y-axis.

[éT® How would drawing a 70° angle compare to drawing a —70°
angle? The amount of rotation from the positive x-axis is the same
for both angles, but the positive angle rotates counterclockwise
and the negative angle rotates clockwise.

[:18] For the 200° angle, how many degrees is the terminal side from
the negative y-axis? Explain two ways to find the answer. 70°;

You can take 90° — 20° for the quadrant, or 270° — 200° if you
measure from the initial side.

Example 2 Draw an Angle with More Than
One Rotation

@Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated things as single objects or as being
composed of several objects. In Example 2, guide students to see
the angle as a 360° rotation plus an additional rotation.

Questions for Mathematical Discourse

X8 How do you know when an angle involves more than one full
rotation? A full rotation is 360°, so an angle with measure greater
than 360° or less than —360° will be more than one full rotation.

[eTH Why is 475° broken into 360° + 115°? One full rotation is 360°, so
the remaining rotation past the positive x-axis is 115°.

=T Do angles measuring —475° and 475° share the same terminal
side when drawn? Explain. No; sample answer: Both angles
involve one full rotation plus 115° degrees, but they are in opposite
directions. The terminal side of the positive angle is in the second
quadrant, while the terminal side of the negative angle is in the
third quadrant.
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1 CONCEPTUAL UNDERSTANDING 3 APPLICATION

2FLUENCY |

Example 3 Identify Coterminal Angles

@Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in the way
coterminal angles are calculated to answer the question in the
Think About It! feature.

Questions for Mathematical Discourse

Y8 When the angle 395° is drawn, how does it compare to the
angle 35°? Sample answer: The terminal sides are in the same
position. 395 degrees is one full rotation plus 35 degrees.

T8 How would you find an angle with a negative measure that is
coterminal with a 405"angle? Subtract 360° more than once.

1% How would you test whether two angles are coterminal? Check
whether the difference between the angles is a multiple of 360°.

Learn Degrees and Radians

Objective
Students convert between degree measures and radian measures and
find arc lengths by using central angles.

@Teaching the Mathematical Practices
6 Use Precision In the Think About It! feature, students will
accurately calculate the degree measure of 1radian and express
the answer with an appropriate degree of precision.

Common Misconception

A common misconception some students may have is that the ratio %
is always used to convert angles, regardless of their unit of measure.
Remind students that the ratio must be set up to eliminate the given unit
of measure.

Example 4 Convert Degrees to Radians

@Teaching the Mathematical Practices
2 Make Sense of Quantities Mathematically proficient
students need to be able to make sense of quantities and their
relationships. Encourage students to note the relationship
between degree and radian measures.

Questions for Mathematical Discourse

W Why must 180° be in the denominator of the conversion factor? so
that the degree units can divide out

[eTH Why is 180° used in the conversion factor when a circle has

o : : T radians __ T radians
360°? A circle has 2 radians, and ~“3gae = ~4gge -

[ZI8 Why are radians expressed in terms of T rather than being
expressed as a numerical value? T is an irrational number, so the
exact way to express it is by leaving it as .

Explore. Arc Length
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Interactive Presentation

Dagreas and Radians

e o T L (% 8, b e, = 0 B 1A Mgl

Taz ovh ach

Learn

TAP [
Students tap each button to learn more
(& about radians.

TYPE

[ Students determine the degree equivalent
| of 1radian.

CHECK

Students complete the Check online to
determine whether they are ready to

move on.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
Example 5 Convert Radians to Degrees

@Teaching the Mathematical Practices
8 Attend to Details Mathematically proficient students
continually ask themselves, “Does this make sense?” In the Think
About It! feature, students will evaluate the reasonableness of
their answer.

Questions for Mathematical Discourse

What is different about the conversion factor in this example
compared to the previous example of converting degrees to
radians? The conversion factor is flipped because you are
converting radians to degrees, so the radian units must cancel.

Why are you able to multiply by a conversion factor without
changing the measure of the angle? Multiplying by a conversion
factor is effectively multiplying by 1; 180° = T radians, so
=1

[=18 Explain how to use the equivalent degree and radian measures

T radians

for special angles to rewrite %r in degrees. Sample answer:
%: 30°, %’r =7(30°) = 210°

&3 Example 6 Find Arc Length

@Teaching the Mathematical Practices
4 Interpret Mathematical Results In Example 6, point out that
to solve the problem, students should interpret their mathematical
results in the context of the problem.

Interactive Presentation

Canver Degroes o Radlans

Example 4

TYPE

\ Students explain how to draw an angle
a given in radians.

420 Module 9 - Trigonometric Functions

Questions for Mathematical Discourse

Why is 6 = 377" for rotating% of the circle? The angle of rotation

for a full circle is 2, SO%-ZW = 37“

How do the equations for arc length and circumference
relate? The arc length for the full circle of 27 radians is 27r,
which is equal to the circumference.

[ZI0 If risin feet and 6 is in radians, why is s in feet and not feet-
radians? A radian is a dimensionless quantity defined as the ratio
of the arc length and the radius.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING

Practice and Homework

2 FLUENCY 3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic | Exercises
| 1, 2 exercises that mirror the examples 1-53
‘. 2 | exercises that use a variety of skills from this 54-62
;Iesson

2 |exercises that extend concepts learned in this 63-77
lesson to new contexts

3 |exercises that emphasize higher-order and 78-83
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL |
THEN assign:

« Practice Exercises 1-77 odd, 78-83

« Extension: Degrees, Minutes, and Seconds

- [E ALEKS Angles and Their Measure

IF students score 66%-89% on the Checks, oL Ii
THEN assign:

« Practice Exercises 1-83 odd

« Remediation, Review Resources: Convert Customary Measurement Units
« Personal Tutors

« Extra Examples 1-6

- [ ALEKS'U.S. Customary Units of Measurement

IF students score 65% or less on the Checks, ALl
THEN assign:

« Practice Exercises 1-53 odd

- Remediation, Review Resources: Convert Customary Measurement Units
« Quick Review Math Handbook: Angles and Angle Measure

. [JALEKS'U.S. Customary Units of Measurement
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
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Lesson 9-2

Trigonometric Functions of General Angles

Suggested Pacing

Students find the values of trigonometric functions by using general 90 min da
angles and reference angles. 45 min
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Functions
Standards for Mathematical Content:
2 EXPLORE AND DEVELOP F.TF.3 Use special triangles to determine geometrically the values of
sine, cosine, tangent for <, T and T, and use the unit circle to express
.‘g\ Develop: . 34 6 .
the values of sine, cosine, and tangent for * — x, ™ + x, and 27T — xin
Tri ic Functions in Right Tri terms of their values for x, where x is any real number.
- Evaluate Trigonometric Functions Standards for Mathematical Practice:
« Find Trigonometric Ratios 3 Construct viable arguments and critique the reasoning of others.

Trigonometric Functions of General Angles 6 Attend to precision.

« Evaluate Trigonometric Functions Given a Point
« Evaluate Trigonometric Functions of Quadrantal Angles Coherence

Trigonometric Functions with Reference Angles Vertical Alignment

« Find Reference Angles

Previous
+ Use a Reference Angle to Find a Trigonometric Value Students drew angles in standard position and converted between degree
« Use Trigonometric Functions and radian measures of angles.
F.TF1
e You may want your students to complete the Checks online.
Now
3 REFLECT AND PRACTICE Students find the values of trigonometric functions by using general angles
and reference angles.
@- Exit Ticket [5S
Practice Rt
QQ_ Students will find trigonometric values by using the unit circle and the
properties of periodic functions.
F.TF.2, F.TF.5
DIFFERENTIATE
@ View reports of student progress on the Checks after each example. ngor
The Three Pillars of Rigor
Resources |/ m 1CONCEPTUAL UNDERSTANDING | 2FLUENCY | 3APPLICATION
Remediation: Trigonometry o0} o [ Conceptual Bridge In this lesson, students develop an
Extension: The Angle of Repose | [ XX N understanding of periodicity. They build fluency and apply their
ELL Support understanding by solving problems related to periodic phenomena.

Language Development Handbook
Assign page 47 of the Language Development " u Mathematical Background
HU"dbDD/{tO help your students bu‘”d‘ - When a point P (x, y) on the terminal side of the angle 6 is known, the
ma:them?tlgal 'anguagefre'at?d ‘°b""d"”9 the el value of the six trigonometric functions can be found. Draw a segment
values of trigonometric functions by using SEERARATS. B from the point perpendicular to the x-axis, forming a right triangle with
general angles and reference angles. . ) ) )

a leg measuring x units, a leg measuring y units, and a hypotenuse

T You can use the tips and suggestions on measuring r units, where r = X+ y2 . Thus, sin =% and cos 6 =¥.

page T47 of the handbook to support students
who are building English proficiency.

Lesson 9-2 - Trigonometric Functions of General Angles 425a
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Interactive Presentation

Warm Up
Rt 5, AL 30 wets tha vasums of ssch ratia.
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L
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S ek
Warm Up

Launch the Lesson

Today’s Vocabulary

425b Module 9 - Trigonometric Functions

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skill for this
lesson:

« writing ratios of side measures in a right triangle
Answers:

=
I

o U A w N
Blw oa Olw W Glw o

Launch the Lesson

@ Teaching the Mathematical Practices
4 Use Tool The diagram maps the relationships between the
important quantities in the situation. Encourage students to use the
diagram and what they know about trigonometry to determine whic
trigonometric function could be used to find the height of a cloud.

0 Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer read
aloud How can | meet this standard? and How can | use these practices?,
and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using thesevocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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1CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn T rigonometric Functions in
Right Triangles

Objective
Students find values of trigonometric functions for acute angles by
comparing side lengths of right triangles.

@’Teaching the Mathematical Practices
2 Different Properties Mathematically proficient students
look for different ways to solve problems. Encourage students to
consider how to write trigonometric functions by using ratios of
the sides of a triangle and in terms of sine and/or cosine and to
choose a method that works best for them.

Common Misconception

Students might think that opposite and adjacent sides are always the base
and height of a right triangle, neglecting to consider the location of the
reference angle. Reinforce to students that opposite and adjacent sides can
be identified based only on the position of theta.

Example 1 Evaluate T rigonometric
Functions

@Teaching the Mathematical Practices
6 Use Precision Students will calculate the values of
trigonometric functions accurately and efficiently.

Questions for Mathematical Discourse

FY® Why are the values of the trigonometric functions left as fractions
rather than decimals? The fractions are exact values. Decimal
values would have to be rounded.

M Did you need the figure to determine the cosecant, cosine, and
cotangent, given the values for the sine, secant, and tangent? No,
you can determine the missing trigonometric functions from their
reciprocals.

[ETE Wil the secant or cosecant ever be less than 1? Explain. No. The
secant and the cosecant have the measure of the hypotenuse as
the numerator, which will always be greater than the measure of
each leg of the triangle.

Common Error
Students often confuse the ratios for the secant and cosecant functions.
Encourage students to memorize the ratios of all six functions to avoid errors.

DIFFERENTIATE

Language Development Activity /-4

IF students are struggling to remember the trigonometric functions,
THEN have them memorize SOHCAHTOA (say it like so-cah-toe-ah).
This helps place the trig function with the sides needed for its ratio.
SOH means sine-opposite-hypotenuse. CAH means cosine-adjacent-
hypotenuse. TOA means tangent-opposite-adjacent.

T8
e

Lesson 9-2
Trigonometric Functions o
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Interactive Presentation

Learn

TYPE

(al

Students complete a table to examine the definitions of
trigonometric functions.

Lesson 9-2 « Trigonometric Functions of General Angles 425
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Interactive Presentation

Find Trigonometric Ratios.

HowA

¥
iW

(PSS —

O s A

Example 2

DRAG & DROP

Students drag and drop the names and measures of the angles
and sides to complete the right triangle.

TAP
c\ Students move through the steps to find all trigonometric functions
k for a given angle. They also examine an Alternate Method.
CHECK
Students complete the Check online to determine whether they
are ready to move on.

426 Module 9 - Trigonometric Functions

[T
o

1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 2 Find T rigonometric Ratios

@Teaching the Mathematical Practices
1 Explain Correspondences Guide students to use the
information in Example 2 to draw a diagram to represent the
problem.

Questions for Mathematical Discourse

How do you know where to place the 9 and the 13 on the triangle?
cos A is the leg adjacent to A over the hypotenuse.

[eTH What would change about tan A if you were initially given
sin A = 737 tan A would be the reciprocal of the original tan A.

I8 If each side of the triangle was scaled by a common factor, how
would the trigonometric ratios be affected? They would remain
the same.

Common Error

Students may add the squares of two given sides without considering
what the sides of the right triangle represent. Reinforce that two
measures are not automatically the legs of the right triangle; one may be
the hypotenuse.

@ Essential Question Follow-Up

Students have begun learning about trigonometric functions.

Ask:
Why are trigonometric functions in right triangles useful in the
real world? Sample answer: Many situations are modeled by
right triangles, and missing information can be solved for using
trigonometric functions. For example, if we were standing 10 feet from
a flagpole and knew the angle from our feet to the top of the flagpole,
we could determine its height.

B Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.
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1CONCEPTUAL UNDERSTANDING | 2FLUENCY

3 APPLICATION

Learn T rigonometric Functions of
General Angles

Objective
Students find values of trigonometric functions of general angles by using
a point on the terminal side of the angle.

@Teaching the Mathematical Practices
3 Construct Arguments In the Think About It! features,
students will use stated assumptions, definitions, and previously
established results to construct arguments about the value of r.

Common Misconception

A common misconception some students may have is that the
trigonometric functions must be positive since they describe the ratio

of sides in a right triangle. Remind students that the application of the
trigonometric functions extends beyond a right triangle to the coordinate
plane, which contains positive and negative values.

Example 3 Evaluate T rigonometric
Functions Given a Point

@Teaching the Mathematical Practices
6 Use Precision Students must calculate accurately and
precisely to determine the trigonometric ratios for an angle that
has a terminal side passing through a given point.

Questions for Mathematical Discourse

Y% How could you draw a triangle on the graph to illustrate finding r?
Starting at the origin, draw a line left 6 units, then draw a line up
4 units. ris the hypotenuse from (—6, 4) back to the origin.

What would change about the trigonometric ratios if you were
given a different point on the same line? The values would not
change.

[51% What would change about tan @ if the point was (6, —4)? It would
remain the same. What does tan (6 + ) equal? tan 6
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Interactive Presentation

Students explain why the Pythagorean Theorem
can be used to find r.

Lesson 9-2 « Trigonometric Functions of General Angles 427
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2 EXPLORE AND DEVELOP =

1CONCEPTUAL UNDERSTANDING | 2 FLUENCY 3 APPLICATION
Example 4 Evaluate T rigonometric
5900 it g s, Functions of Quadrantal Angles
Wstn g, et o 2YTE 20w i Mgt
il T
gl s b o o octe] ): «..
iy i ; @ Teaching the Mathematical Practices
(ou-.=\‘n<“-- Y " e
¥ : s E 3 2 Make Sense of Quantities Mathematically proficient
L T | ca@=faJlor—3 L .
I students need to be able to make sense of quantities and their
i s g0 2,81 relationships. In Example 4, notice the relationships between
Miath Histiry s TR e bt the x- and y-coordinates of point P, the value of r, and the
Minuse [Tl S e 7Y PR R "',' wage 1 | -4 : : :
ko mthetician i trigonometric functions.
Aryabhsis (476~ 550§ csclm T Ty weds_ T AT cote 7 1
e the Author of
vl Beates o
Maihemalics and i PR . .
hessbiimorsiint e r;.:.':w i Questions for Mathematical Discourse
:,unuwmw P50 of s o ‘8 A . 2 Nivici
ol e ity e ey 218 Why are csc 6 and cot 6 undefined for P(—5, 0)? Division by zero
“hattchond” Incha's uacrantsl angl § i 1807, is undefined.
st sateito. lunched - su
WA, W A e w - :.y»&mrusnomnwlmi:ml:m . . .
s R wndefefoo = § wdeteen How would the ratios change if the point was (5, 0)? cos 6 and
“‘"’f 2 f"‘ = sec @ would be 1, the others would remain the same.
& Think Abent 1Y fesiizilas s = " L . .
mmw"jﬂ = [1z10 Will the values of the six trigonometric functions be the same for
ARt any point on the negative x-axis? Explain. Y es; sample answer:
ittt | [ iy et sl s The coordinates ofany point on the negative x-axis are (g, 0)
———raon B S where a < 0. At this point, r = lal or —a. This will result in the
0= e sty e ol s s i same six ratios as the point (=5, 0).
T onen, Sisce e ratiide | & Ouedrart L then 8= &,
':_'Mw"*::'ri- * Quatirant &, B 7'~ 180" - Bor ' % — )
NGRSt B O | (o B e 7 W0 e 0
mﬁ"&f‘ & Custoant W then ' = 360" - or i = F2 - 0
B he i Ao for
sec @ and tan et & In arry anighe 8 The sign of th hection i dotenmined by thwe gquadiest in
RNt i e s ot s s B it
ATB  Mdatste § - Trpoecemine Fanctom

Interactive Presentation

Example 3
(-\ Students move through the steps to find all
k trigonometric functions for a given point.

Students identify the values of x, y, and r to find
the 6 trigonometric functions.

Students complete the Check online to
determine whether they are ready to
move on.

428 Module 9 - Trigonometric Functions
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn T rigonometric Functions with
Reference Angles

Objective

Students find values of trigonometric functions by using reference angles.

@Teaching the Mathematical Practices
3 Analyze Cases Students will learn how the determine the
reference angle when the terminal side of the angle is in Quadrant
1, 11, 111, or IV. Encourage students to familiarize themselves with all
of the cases.

Common Misconception

A common misconception some students may have is that the reference
angle is just a coterminal angle. Remind students that reference angles
are acute angles and coterminal angles can be greater than 90°.

Example 5 Find Reference Angles

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the given angle, the terminal side of the
angle, and the reference angle.

Questions for Mathematical Discourse

JY® How do you know the terminal side of the 155° angle is in
Quadrant 11?7 155° is between 90° and 180°.

TR For angles in the third quadrant, why do we subtract 180° or 7
from the measure to determine the reference angle? Sample
answer: The vertical distance from the x-axis is the measure of
the reference angle, and the measure of an angle in the third
quadrant is greater than 180 degrees.

[5I8 Why do you need to find a coterminal angle with a positive
measure? Y ou need a positive angle to use the given formulas
for reference angles. If you used a negative angle measure, you
could still find the reference angle if you correctly determined
which values to subtract.

ey Cisitiem - Evaiiiting Tyigomesmstifc Funations Gk o T
S 1 Find e sitabisd o thi Tl e 4 o
eterance sngle measuris for
Step 3 Evblati the Uigansestiic Torerbite Bife 877
Raricson for ¥,

Step 3 Deteemine g sign of e
Wigrmomtic function vakess. Use the P iy
gt i i e i f e S
s cute angle. 1o il
Ay vl be
between 0" and 50"
1 skt {0 maeeine the rgrseSmatic vy for thete
wpocial anghe
wn 3 | o 60 =)
E =
con dare 4 e 1 cos 607 =
wo 3= s 45 1 e 50 = ¥
8 30 w3 eac 45 = ¥ e 60w 2] Shudy Tip
e . SOt w2 Corarminal Anghen. It
e sec 45 = 41 B = 2 e s of S
Botweee O s 36T,
o 30r = 4 cordst a1 o e s cotprminal
= i Bitwoen O
r the

Example § oot

» 188 It
To tesminl s of 155 e s ruacesnt I
o setorar aeghe 855 Somed gy iho

Aol S 0 s FMAIVE Sinsh
om0 -

= 0 - o5

s-%§

Bocies — 5 s not betmeen 0 and 3, frad i

it cotersringl Bg WILh & BSIve s

[T a 1

comeminal angle: —&% + 2037 = 4 l

T speminal ixcte o 4 o b Gudckant | <=5

Thr efesence angle 8° i formed try The .l O 5 Ginn

el xice and the regatve - 3 AT ol S comobin an

Fup-u L Extre Examgia ankno

Naknan B2+ Bogrrommaire Punchens o Gosers Argias. 429

Interactive Presentation

Learn
TAP
Students tap each button to learn more about
(“k the rules for finding reference angles.
TYPE

Students give possible measures for a
al reference angle.
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2 EXPLORE AND DEVELOP
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1 CONCEPTUAL UNDERSTANDING 2FLUENCY |

Example 6 Use a Reference Angle to Find
a Trigonometric Value

3 APPLICATION

@ Teaching the Mathematical Practices
3 Construct Arguments Students must use stated definitions
and previously established results to complete the given example.

Questions for Mathematical Discourse

VXH Why is the tangent function negative in quadrant IV? tan 6 = f; X
is positive and y is negative in quadrant IV.

=

Without referring to the reference table of special angles, how
do you know that tan 45° = 1? A right triangle with an angle of
45° would be a 45°-45°-90° triangle. Thus, the lengths of the legs
would be equal, making the ratio of the legs equal to 1.

[ZI8 If nis a positive integer, what is a rule for the value of
tan %? Sample answer: Divide n by 4. If the remainder is 1, the
tangent is 1; if the remainder is 2, the tangent is undefined; if the
remainder is 3, the tangent is —1; if there is no remainder, the
tangentis 0.

& Example 7 Use T rigonometric Functions

@Teaching the Mathematical Practices
4 Analyze Relationships Math ically Point out that to

solve the problem in Example 7, students will need to analyze the
mathematical relationships in the problem to draw a conclusion.

Interactive Presentation

Usea Angle to Find a Value

P D s s 1

Patd
Fire tor rengniprereert v g orlir e smgie

LT

= et o 188w . it

Example 6

SELECT

g

TYPE

al]

Students select the quadrant in which
the terminal side lies and the sign of the
trigonometric function.

Students enter the correct measures of

the reference angle and then analyze a
common error.

430 Module 9 - Trigonometric Functions

Questions for Mathematical Discourse

XN What part of the triangle does the pitcher’s arm represent? the
hypotenuse

[T What other trigonometric function could you use to solve this? You
could use the cosecant because it is the reciprocal of the sine.

[518 Would you get the same result if you used 138°? Y es, sin 42° =
sin 138°. Using the reference angle makes it easier to use the
triangle to visualize and determine which trigonometric function
will yield the unknown variable.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic | Exercises

1, 2 exercises that mirror the examples 1-47
2 | exercises that use a variety of skills from this lesson ~ 48-62
2 | exercises that extend concepts learned in this 63-68

lesson to new contexts

3 |exercises that emphasize higher-order and 69-76
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL |
THEN assign:

« Practice Exercises 1-67 odd, 69-76

« Extension: The Angle of Repose

- [ ALEKS'Trigonometric Functions of Angles

IF students score 66%-89% on the Checks, oL}
THEN assign:

« Practice Exercises 1-75 odd

- Remediation, Review Resources: Trigonometry

« Personal Tutors

« Extra Examples 1-6

- [E ALEKS Right Triangle Trigonometry

IF students score 65% or less on the Checks, ALl
THEN assign:

« Practice, Exercises 1-47 odd

« Remediation, Review Resources: Trigonometry

. [J ALEKS'Right Triangle Trigonometry

Answers
1sinB:E,cos9713,tan9712,csc0: secefu,cote:%
25|n6—gc050—§tan9—3csc(-):§ sec0: cot(;':§
ing=2 n 15
3.sinf= 17,cos@—17 tan0—15,csc9—8,sec9—15,cot9—8
45|n0—17,c056—17,tan6— csc(i:fsece—g,cotG %
46 576 16
55|n9—”,c059— 7o tan 0= 24,csc6—5,sec0— 2
46
cot9=T B
6sinf)=1cos(9—£tan(9—‘/ﬁ3csca9—2sec«9=¥,cot()=w/3T
75|nA—17,cosA—%,cscA— secA—15,cotA:E
8.sinA = 1/1?)1,tanA—ﬁ csc A—%,secA—f cotA—‘wi
95|n3—£c058—@csc8—msec8 wl_cotB—g
10.cosB=£tanB—ﬂcscB— secB—% cotB—@

Practice [- TIPSR ———
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers
N.sinA= ?,tanA =43, cscA :%, secA=2,cotA :‘/T?
12.cos A :%,tanA 2%5, CcSCA= % secA :% cotA :%
13.sinf= % cos 02%, tan 92% csc 92% sec 9:% cot 92%
14.sin 6 = %, cos 6 :%, tan 6 :%, csc O 2%, sec 0 :%, cot 6 :3

15.s5in 0= — 17,cos(9—17,tan(9— s,csce— 15,sec(-)—g,

cotG:—15
a3 5 _ 4
16.5|n9—7cos(9— tan6— csc(-)— secs——4,cot9——3
17.sin = Mo,cose— M,tanG— cscezw,secez%,
cot(i—i
18Asm9*2f cost‘)—£ tan 6 = chce—g,sece 1/7c019:1
19.5in9:§,c059*itan9— ,csc = fsecG—WIZ,cote 2
20.5in9:?c059:%tan6:1csc9:1/7 sec =2, cot0=1
21A5|n9—ﬂ,cosO—i‘oﬁ,tane—a,csce rsec9—13ﬁ,c019=3
22,sin9:%,c056=—%,tanG:—ﬁ,cscG:%,secG:—ﬁ,
cot9:—§
23.sin 0= fam,cosé):%,tan9:—3,csc0:—@,sec0:m,
cotO:—%
24.sin 0= 7‘%@,@50: —%,tan 0:—;, CSCQZV?,SQCGZ i?
cot6=7§
25.sinf = 0, cos® = 1, tanf = 0, cscO = undefined, secd =1,

cotf = undefined
26.sinf = —1, cos@ = 0, tanf = undefined, cscd = —1,
sec = undefined, cotd = 0
27.sinf =1, cosf = 0, tan® = undefined, cscf = 1, secd = undefined,
cotd =0
69. True; sin 6 = and the values of the opposite side and the
hypotenuse of an acute triangle are positive, so the value of the sine
function is positive. .
70.sin A =sin C, so %S‘:dmﬁ—yi. Since the hypotenuse is the
same, the length of the sides opposite angles A and C must be equal.
Since the two sides have the same measure, the triangle is isosceles.
No; for sin 6 = g and tan 6 = —1, the reference angle is 45°. However,
for sin 6 to be positive and tan € to be negative, the reference angle
must be in the second quadrant. So, the value of & must be 135° or an
angle coterminal with 135°.
72. False; 3sin60° =3« ﬁ orﬂ and sin180° = OA
73. We know that cot 6 = y, sin 0 = 7, and cos 6 = %. Since sin 180° = 0, it
must be true that cot 180° = WhICh is undeflned

n.

N

7

ol

is the acute angle formed by the terminal side of 8 and the x-axis. Next,

find the value of the trigonometric function for 6. Finally, use the quadrant

location to determine the sign of the trigonometric function value of 6.

76. When the side lengths of the right triangle form a Pythagorean triple,
they are all integers. Then the trigonometric functions will all be ratios
of integers, which are rational.

. First, sketch the angle and determme in which quadrant it is located. Then
use the appropriate rule for finding its reference angle 6. A reference angle


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0328.xhtml

Lesson 9-3 F.TF.2, F.TE.5

Circular and Periodic Functions

LESSON GOAL Suggested Pacing
Students find trigonometric values by using the unit circle and the 90 min 0.5 day
properties of periodic functions. 45min 1 day
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Functions

Standards for Mathematical Content:

2 EXPLORE AND DEVELOP F.TF.2 Explain how the unit circle in the coordinate plane enables the
extension of trigonometric functions to all real numbers, interpreted as
radian measures of angles traversed counterclockwise around the unit

@ Develop: circle. A A ‘ A
F.TF.5 Choose trigonometric functions to model periodic phenomena

@ Explore: Trigonometric Functions of Special Angles

Circular Functions with specified amplitude, frequency, and midline.
« Find Sine and Cosine Given a Point on the Unit Circle Standards for Mathematical Practice:
« Find Trigonometric Values of Special Angles 1Make sense of problems and persevere in solving them.
Periodic Functions 4 Model with mathematics.
« Identify the Period of a Function 6 Attend to precision.
- Graph Periodic Functions
« Evaluate Trigonometric Expressions Coherence
§ Vertical Alignment
9 You may want your students to complete the Checks online.
Previous
3 REFLECT AND PRACTICE Students found the values of trigonometric functions by using general angles
and reference angles.
I3 xit Ticket FTF.3
X Now
% Practice Students find trigonometric values by using the unit circle and the properties of
Bt periodic functions.
F.TF.2,F.TF.5
DIFFERENTIATE e
@ View reports of student progress on the Checks after each example. itr::m: Iv;lgegraph ) G20 ST 1T G (RS
Resources m ( LE _ =rrm Rigor
Remediation: Measuring Angles and Arcs PYS ° The Three Pillars of Rigor
Extension: Polar Coordinates (XX ] | 1CONCEPTUAL UNDERSTANDING 1 2 FLUENCY | 3 APPLICATION
ELL Support 81 Conceptual Bridge In this lesson, students develop an
understanding of the unit circle and circular functions. They build
Language Development Handbook fluency and apply their understanding by solving real-world problems
Assign page 48 of the Language Development B that involve modeling periodic phenomena.
Handbook to help your students build .I I.
mathematical language related to finding the values . |
of trigonometric functions by using the unit circle INTEGRATED 11 R
and the properties of periodic functions. Mathematical Background
=T You can use the tips and suggestions on A unit circle — a circle centered at the origin with a radius of 1 unit — can
page T48 of the handbook to support students be used to generalize the sine and cosine functions. If the terminal side of
who are building English proficiency. an angle @ in standard position intersects the unit circle at a point P with

coordinates (x, y), then cos 6 = x and sin 6 = y.

Lesson 9-3 « Circular and Periodic Functions 435a
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1LAUNCH

Interactive Presentation

W Up
Malcs st term wth R fetrstine.
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Warm Up

Launch the Lesson

Today’s Vocabulary

435b Module 9 - Trigonometric Functions

|
| FETF.2,FTF5

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:
« defining terms related to circles
Answers:

1.d

2.b

3.f

4.¢e

5.¢c

6.a

Launch the Lesson

@Teaching the Mathematical Practices
4 Analyze Relationships Math ically Have students read
through the infographic. Encourage students to analyze the
mathematical relationship between time and body temperature.
Ask them to identify the pattern in the graph.

0 Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with theclass.
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Interactive Presentation

Explore T rigonometric Functions of Special
Angles

Objective
Students use a sketch to explore radians and the relationship between
central angles and arc length.

Explore

@Teaching the Mathematical Practices
3 Construct Arguments Throughout the Explore, students will
use stated assumptions, definitions, and previously established
results to construct arguments about the trigonometric values of
special angles.
7 Use Structure Help students to explore how the structure of

special right triangles and the unit circle can be used find the [F e |

trigonometric values of special angles. Bwlr

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the P
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that Explore
individuals or pairs of students can use it to record their observations.

Students use the sketch to find the trigonometric values of special

Summary of the Activity angles.
Students will be presented with an Inquiry Question to answer at the end

«
of the activity. They will use a sketch to explore the relationships among
al]

trigonometric values of special angles. Students will work through five
different exercises. Then students will answer the Inquiry Question.

Students move through the exercises and answer questions
pertaining to the special angles and trigonometric values.

(continued on the next page)
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2 EXPLORE AND DEVELOP

Interactive Presentation

“
(G

Explore

Students respond to the Inquiry Question and can view
a sample answer.

435d  Module 9 - Trigonometric Functions

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore T rigonometric Functions of Special
Angles (continued)

Questions
Have students complete the Explore activity.

Ask:

« Using reference angles, what angles will have the same trigonometric
ratios as 30°, ignoring the sign of the ratios? 150°, 210°, and 300°

« Using reference angles, what angles will have the same trigonometric
ratios as 45, ignoring the sign of the ratios? 135°, 225°, and 315°

@ Inquiry

How can you use special right triangles and the unit circle to find the
exact trigonometric values of special angles? Sample answer: When
drawn in the unit circle, each special angle forms a special right triangle
with a hypotenuse of length 1 unit. The side lengths of these triangles can
then be found by applying the relationships between the sides of special
right triangles. Once the side lengths are known, the trigonometric ratios
can be used to find the trigonometric values for each special angle.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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Learn Circular Functions

Objective
Students find values of trigonometric functions given a point on a unit
circle or the measure of a special angle.

@’Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between an angle, the point at which the terminal side
intersects the unit circle, and the values of sine and cosine.

What Students Are Learning

A unit circle is a circle with a radius of 1 unit centered at the origin on

the coordinate plane. On a unit circle, the radian measure of a central
angle 6 = s, so the radian measure of an angle is the length of the arc on
the unit circle subtended by the angle. Any point P (x, y) on a unit circle
represents (cos#, sin@).

BGO Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

DIFFERENTIATE

Reteaching Activity {8

IF students are struggling to remember the general coordinates (cos6,
sin6) of a unit circle,

THEN remind students that the coordinates are alphabetical, just like
(x, y) are written alphabetically.

Language Development Activity

Intermediate Instruct a small group of students to write a paragraph
describing what is happening in the figure illustrating the unit circle.
Their paragraphs should describe each part of the diagram in their
own words. Ask for volunteers to read their paragraphs. Have students
ask for clarification as needed.

F.TF.2, F.TF.5
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Interactive Presentation

Learn

Students tap each button to learn more
about the relationship between a point P
on the unit circle and the sine and cosine
functions.
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1CONCEPTUAL UNDERSTANDING | 2 FLUENCY

Example 1 Find Sine and Cosine Given a
Point on the Unit Circle

@Teaching the Mathematical Practices
6 Use Definitions In Example 1, students will use definitions of
trigonometric functions on a unit circle to identify the values of
sine and cosine for the angle that passes through the given point.

3 APPLICATION

Questions for Mathematical Discourse

Why is the x-coordinate of the point equal to cos 6? Cosine is the
adjacent, x, over hypotenuse. The hypotenuse is 1 because the
radius of the unit circle is 1.

[&TH For a given value of 6, would the value of cos 6 and sin 6
change if the circle was not a unit circle? No, the values of the
trigonometric functions would remain the same; the point on the
circle associated with 6 would change.

[578 What must be true about a point for it to be on the unit circle?
X+ y=1

Example 2 Find T rigonometric Values of
Special Angles

@Teaching the Mathematical Practices
7 Use Structure Students will use the structure of the unit circle
to identify the values of sine and cosine for a special angle. Then
they will calculate the other trigonometric values by using the
structure of the functions.

Interactive Presentation

Example 1

CHECK

D

Students complete the Check online to
determine whether they are ready to
move on.

436 Module 9 - Trigonometric Functions

Questions for Mathematical Discourse

Why are you able to find all the trigonometric values once you
identify cos 6 and sin 6? All the other trigonometric ratios can be
written in terms of cos 6 or sin 6.

2]

How can you verify that (—1/% —1/%) is the correct point for
57“ radians? 57“ is halfway between T and Lﬂ, so the distance
from the negative x-axis and the distance from the negative y-axis

are the same. x* + y?= 1, substituting y = x yields x % x = 1,
which means x| = 1/% and the negatives make sense for the
quadrant.

[0 A student claims that to evaluate tan 6 for the special angles, only
the numerators of the coordinates are necessary. Determine if the
st_u%ent’s claim is correct.Yes; sample answer: When calculating
sin

ospr the denominators of the fractions are always the same and

will thus divide out; therefore, only the numerators are necessary.

Common Error

Students may struggle to identify where a special angle is located on
the unit circle. Encourage students to identify the four “families” of
angles present to help them locate angles more quickly. There are the
quadrantal angles and then the angles that measure 30° or% radians,
45° or% radians, and 60° or% radians.
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Learn Periodic Functions
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@Teaching the Mathematical Practices
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Interactive Presentation

Learn

TAP

Students tap to see the relationship
Q between the unit circle and the graphs of

y = sin x and y = cos Xx.
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Interactive Presentation

Example 3
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY

Example 3 |dentify the Period of a Function

3 APPLICATION

@Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in the
graph to identify the period of the function.

Questions for Mathematical Discourse

JTH What does the period of a function represent? length of one cycle

If the graph of the function were stretched vertically, would the
period of the function change? Explain. No; sample answer: The
period represents the horizontal length of a cycle, and stretching
the graph vertically will not change the horizontal length.

If the graph was shifted right by%, how could you find the
period? Sample answer: Y ou could use the x-intercepts:
Im _m_ 37

4 4= 2


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0336.xhtml

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION
@ Apply Example 4 Graph Periodic
Functions

@Teaching the Mathematical Practices
1 Make Sense of Problems and Persevere in Solving Them,
4 Model with Mathematics Students will be presented with
a task. They will first seek to understand the task, and then
determine possible entry points to solving it. As students come up
with their own strategies, they may propose mathematical models
to aid them. As they work to solve the problem, encourage them
to evaluate their model and/or progress, and change direction, if
necessary.

Recommended Use

Have students work in pairs or small groups. You may wish to present
the task, or have a volunteer read it aloud. Then allow students the time
to make sure they understand the task, think of possible strategies, and
work to solve the problem.

Encourage Productive Struggle

As students work, monitor their progress. Instead of instructing them on a
particular strategy, encourage them to use their own strategies to solve the
problem and to evaluate their progress along the way. They may or may not
find that they need to change direction or try out several strategies.

Signs of Non-Productive Struggle

If students show signs of non-productive struggle, such as feeling
overwhelmed, frustrated, or disengaged, intervene to encourage them to think
of alternate approaches to the problem. Some sample questions are shown.

« | f the diameter of the carousel increased, would the number of
rotations per minute necessarily change? If yes, would the number
increase or decrease?

« W hat are the dependent and independent variables?

@ write About It!

Have students share their responses with another pair/group of students
or the entire class. Have them clearly state or describe the mathematical
reasoning they can use to defend their solution.

F.TF.2, F.TF.5
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Gmagh Perisdic Punctions

Interactive Presentation

P

Apply Example 4

TYPE

(al

Students explain how the given assumption
may affect the graph.

Lesson 9-3 « Circular and Periodic Functions 439


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0337.xhtml

2 EXPLORE AND DEVELOP

& Thiirk About 1
Tenana ciams at
-
e muSples of T
e )
= ooa , b v
oI Aty ot
—

Chack
POGD TICK 11 2095, Harvry C4beiss 561 5 /8¢ond e 150 beaits]
o ik f whan = w by
ETE . Cabeian's height o T of
pamping is & funcion of tme ¢ Suppose that o1 the igheat pot o

sech jamo. Cabeuss was & dtet o the graund. Ssiect ihe gragn ol ihe
fecion &

A
v
E,

HAL,  EAY

TR T
Timt 3

c.

BAASE 1 A 15 T3 ESA8
Tima i

Find ths saet v of asch gxprvusion.

Ba_s 0 " 8
whre 2 ¥ s ffa_¥_ =¥
L S e ]
3 i3
[0 L - (T T e

AAD Wosue 8 - Sgsesmn fueseo

A IANL

Interactive Presentation

e T

Example 5
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al]

Students evaluate a claim and explain their
reasoning.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 5 Evaluate T rigonometric
Expressions

@Teaching the Mathematical Practices
3 Find the Error The Think About It! feature requires students
read Tanisha's argument, decide whether it makes sense, and
explain the flaw in her reasoning.

Questions for Mathematical Discourse

VX8 Whyis 1OT1r split imo%1T + %‘"? This allows you to use an angle on
the unit circle because%ﬂ = 2, and cos (x + 27) = oS X, SO
cos (%ﬂ + 27r) = cos (53£>. i is a special angle on the unit
circle for which you know the value of the cosine function.

How do you use the unit circle to find trigonometric values for
angle measures greater than 27w? Subtract 27 or an integer
multiple of 27t from the angle to get a coterminal angle with
measure less than 2.

[Z1% Given n is an integer, what is cos (4 + 6n)37 — 12

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and
ask students to respond verbally or by using a mini-whiteboard. Have
students hold up their whiteboards so that you can see all student
responses. Tap to reveal the answer when most or all students have
completed the Exit Ticket.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments Trasicn Do

Use the table below to select appropriate exercises.

Find coa Fand win 8.

ve(— ) 3P xef-L )
K | Toplc el “J.\n\‘-; e O, =] o ; T ‘l
| 1, 2 exercises that mirror the examples 1-26 Wb . Hi - P
‘. 2 |exercises that use a variety of skills from this 27-36 moe fumoa ] s L G anta sl
lesson ooty i
2 exercises that extend concepts learned in this 37-40 2 Jrsome i - ® Jracam S
lesson to new contexts
3 |exercises that emphasize higher-order and 4-45 # Kot R B s
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL
THEN assign:

« Practice Exercises 1-39 odd, 41-45

« Extension: Polar Coordinates

. [E ALEKS Trigonometric Functions of Angles; The Unit Circle R 3 e o Pt Pt 1
IF students score 66%-89% on the Checks, oL |
THEN assign: et
W CHARS A gear g lserater of H imchas. et
« Practice Exercises 1-45 odd 2.?:"‘:&‘;;:‘.’:.‘.;:,:“L“L':’J:“,:‘.:::‘:f:‘;:”::x;:‘?x
« Remediation, Review Resources: Measuring Angles and Arcs o S, R 0 R e o T B gL s e s
« Personal Tutors . e
« Extra Examples 1-5 NG by s I o o S o o e A o
. [ ALEKS Chords and Arcs b o AR e e ke e

»cun.umw-... ity M e e e Turvetion. Thes graph The uncton
Ataieman st e et i ot She ko kit 13 Rt S T g

IF students score 65% or less on the Checks, AL} e et
THEN assign: Fin e pact vaiee of eech expretion
. . w0 <] a2 wneo nei-Fo
« Practice Exercises 1-25 odd g
anlf w1 3w () -

« Remediation, Review Resources: Measuring Angles and Arcs
« Quick Review Math Handbook: Circular and Periodic Functions S i
. [ ALEKS Chords and Arcs Fid the 4xact s f anch xpetnsion.

. oy o £

. i 3000 801 2

Answers T e 20, coal -] + famaw -}

7.sin0= 7, cosf = \/;,tan()— g csch =2, sech = L ,cotf =3 B oA LT
8.sin6 = 2£; cosf = _g’ tand = —1,csch = 2, sec9 =-12, BB, FEEL EELE A Pt wheod neth n dpevetor Sf 100 fout cmpistn
coth = —1 5 mvolkctions pae miciete, W bt ¥ gt o th hinciors Hhal sesc s 154

orgR ot e o P oyl g0 ol the Fyre whesl oA function ol tme® 348

9.sinf = 1; cos® = 0, tanf = undefined, cscd = 1, secd = undefined, ey arbtimort s reociiton R cusmihacel S o

coth =0 Kk o Bhar Myt ) previv et Eneth. The peviod i
B el by s 1 et oA A

2
Feliecied by the Mesn sach sy in fewn by s obberes & =)

10. sinf = — 1/73_; cos(-}:% tanf = -3, csch = —msew 2, htairrdaea e s s-
coth = —%3 }=

1.sin@ = 0; cosf = —1, tanf = 0, csch = undefined, secd = —
cotf = undefined

[T - ——

12.sin0 = — %; cosf = 7*3 ,tanf = ﬁ ,csch = —2,sech = 271/3

cotf =3
Lesson 9-3 - Circular and Periodic Functions 441-442


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0339.xhtml

3 REFLECT AND PRACTICE

36, CONTHUCT SHGUMINTE Crtertriess whwetver #5Ch SLstermsted is Bhadys
et 4 e A, ATy e gt

s pha . .
Sometienes: fur coving hurcTion Can enfy senull i vakies betwren — 1 asd £ induaive
B i 4 2] g e st s o pesiod of 27

€10 et i e nurrbes, e cen 0 = |

a re
s i #1, perstr

B0 BEABEHONG Prird 7 B o v A eche and o e B = B 018 0 oo

s 3 0 10 058 87 Exans
o o ’
B 2t e ot oo s et 585, B P o
Tt = 1. B . <ot ofthe peiet v egest
2130 A OIS Trw vt o 6 ot pOck P 4 150 of 1 et 4 e
wbet s, Tt et Bar ook wie, s shown, & pond Bon BTN,
; The tucion

il
W 34 i e TS IO AN anghe O raciam.
- -

" ”
'y = Expla F

B G Ku} = 340 1 00 e CODITaNS Dlar, oot T,

. What e

4

=
o ity -

tegeasent? Gamgle (} 0
10 uchuns, v, Gcrmromnes,

B, THIES & poim 1 the eoie of 1 2w e M masioedd wiih L. A Tt

ot i e
St =~ o8 14 B, e £ e e 1 B,

v e T aches
u - Oty
. Hiw miary Foladicens oty T tew sadlog pér sécznd? g

o Hommw »

Dknt vt .00 P - DO 200 Rt

b 1 bt s P Pz AN

» ' L o scey
50 e iy Epeemmated by e formuta T = 42 < 300 2
. Wit i 1 highat bty Semmgenaturs for st ! TEY
B it ot ihoes g gt Coeu? Misehy
. What 5 tha fowes monily Semgersan s tha cty? F
B 1o what st et s bowrpil gt sture cxcur? Sepbmantas

A0u. 13} = A w roheton of T, P 2 Sout o Bhe wll
20, FACTOMES A minchures ) Rachoy Pk & e e s 541 K5

Wit a0 Ean the: guae it 13 e conmarcos e, T
Aanciaan fx), = cov. 4 3 repRRIIL the cHELINGD of B 4m ter wal as
50 e Fokane ThURIGH e angle o Tadse.

R L p—

DL Grngh e} 00 8 oot fuane Seemarn

Nnegisa?’ s bt 1

e oltie.
2 The dhsances. oF 7

iy J; rsirnams 1, he Gase 10astes. P it by ot lwat 1 oot are o8
et 3 et o g et

(@ reanay e Thiskisg Shin.
4. IO THE GRROR Franck and flrta wie fieaing the taact ek ot con | ).
et

: Bar |-3) = el

< et ia

() =<l vnl=3) = oml=3) 437 |
-8 e
| aar

2. s A ol pas v

AL ASUALEES 15 e pATIOR O B N Crve SOOMTRL ST, O NPV 30 ;ﬂ, 4
e s of 37 Jusaty you srgunant ’
Somctine, the priad of

3§ mich vt e
a4 caname et a0 0
-3 Do See margn
. i peviod of & pormec
preite

B4 M . g P

443-444 Module 9 - Trigonometric Functions

F.TF.2, F.TF.5

1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3APPLICATION
Answers
19. ¥

Distance of
Notch {in.)
s 8 8

3

Time (s)
20.
4
<&
5.
g 2
a 1-
u*
Time (s}
37b. ¥

i, O, WD

=5

37c. The period is 27t because the values of the function repeat every
27 radians. This is shown in the graph when the shape of the curve
from 0 to 27t is repeated from 27t to 4. The heights of point P above
or below the surface of the water repeat once as the wheel makes a
complete rotation (27 radians).

40b. ¥

44. Sample answer:
¥

04
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Lesson 9-4

F.IF.4, F.IF.7e

Graphing Sine and Cosine Functions

LESSON GOAL

Students graph and analyze sine and cosine functions.

41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP

@ Develop:

Graphing Sine and Cosine Functions

« Identify the Amplitude and Period from a Graph

« Identify the Amplitude and Period from an Equation
« Graph a Sine Function

« Graph a Cosine Function

Modeling with Sine and Cosine Functions
« Characteristics of the Sine and Cosine Functions
« Model Periodic Situations

e You may want your students to complete the Checks online.

3 REFLECT AND PRACTICE

T Exit Ticket
% Practice

DIFFERENTIATE

@ View reports of student progress on the Checks after each example.

Resources (AL _ b 5 ) =rm
Remediation: Trigonometric Functions of

g oo °
General Angles
Extension: Blueprints (X X I

ELL Support

Language Development Handbook

Assign page 49 of the Language Development ™ .
Handbook to help your students build n %
mathematical language related to graphing and i :

analyzing sine and cosine functions. INTEGRATED 1l

T You can use the tips and suggestions on
page T49 of the handbook to support students
who are building English proficiency.

Suggested Pacing

90 min day
45 min 2 EVS
Focus

Domain: Functions
Standards for Mathematical Content:
F.IF.4 For a function that models a relationship between two quantities,

interpret key features of graphs and tables in terms of the quantities, and sketc

graphs showing key features given a verbal description of the relationship.
F.IF.7e Graph exponential and logarithmic functions, showing intercepts
and end behavior, and trigonometric functions, showing period, midline,
and amplitude.

Standards for Mathematical Practice:

1 Make sense of problems and persevere in solving them.

2 Reason abstractly and quantitatively.

7 Look for and make use of structure.

Coherence

Vertical Alignment

Previous

Students found trigonometric values by using the unit circle and the
properties of periodic functions.

F.TF.2, F.TF.5

Now
Students graph and analyze sine and cosine functions.
F.IF.4,F.IF.7e

Next
Students will graph and analyze tangent and reciprocal trigonometric functions.
F.IF.4,F.IF.7e

Rigor
The Three Pillars of Rigor

T T
1CONCEPTUAL UNDERSTANDING | 2 FLUENCY | 3APPLICATION

i Conceptual Bridge In this lesson, students expand on

their understanding of trigonometric ratios to include graphs of
trigonometric functions. They build fluency by graphing the functions,
and they apply their understanding by solving real-world problems
related to trigonometric functions.

Mathematical Background

The graphs of the sine and cosine functions have amplitude. The graphs
of the other trigonometric functions do not have amplitude because there
is no maximum or minimum value. The period is the distance along the
horizontal axis required for the graph to complete one cycle. The period
is easy to determine from the graph.

Lesson 9-4 - Graphing Sine and Cosine Functions 445a


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0341.xhtml

Interactive Presentation

Warm Up

= sdn . weiting hen
siwtirs 3 QRSN o e gl fuasian.

! o {300 | 5or | 0r 20 150e| w0 o e a0 w:nﬂ'xo1

Warm Up

Launch the Lesson

Today’s Vocabulary

445b Module 9 - Trigonometric Functions

F.IF.4,F.IF.7e

Warm Up

Prerequisite Skills

The Warm Up exercises address the following prerequisite skill for this
lesson:

« graphing a sine function

Answers:

| x 0d30F 607 907 120§ 1501 180°[210° p40° 270° 3000° 33k 360°] | |

[sinxpols0b1090550105 09109050 | [ | |

Launch the Lesson

@Teaching the Mathematical Practices
2 Reason abstractly and quantitatively Encourage students to
make sense of the quantities of frequency and wavelength and
their relationship to the graphs of the sine and cosine functions.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can [ use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Learn Graphing Sine and Cosine Functions

Objective
Students graph and analyze sine and cosine functions and identify the
periods, midlines, and amplitudes.

@Teaching the Mathematical Practices
1 Explain Correspondences The Think About It! feature asks
students to explain the relationships between the parameters of a
sine function and the key features of the graph of the function.

About the Key Concept

Trigonometric functions can be graphed on the coordinate plane. The
graphs of the sine and cosine functions oscillate about a midline and
have amplitude. They can also be transformed. The graphs of the parent
functions help graph y = a sin bx and y = a cos bx. For functions of the
formy = a'sin bx and y = a cos bx, lal is the amplitude and oS the
period.

D Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

F.IF.4,F.IF.7e

Learn Graghing S 0l Tocay's Goats
o Ciash wod apiyee e

Uik ol fanctioem o harve studéed, o1 b

graphed on Bine . -

‘mscilsting tunctions. The oacitl a

geaph betwres s e

SODIDAChes postivg of Ragative intndy. The midiing i the ne Koo iy

which 5 and

i, TFe ampitude of the groph of & sing or Coune funcion cacation

o mattae

ol e finction. P

My Cncapt « S o Conien Functizns

Pasort resny yocohn by

Gragh
G350 Ontine You
£30 watch 8 vides I
s P 0 A e

e Cen furstsns

Domain Al rewl it

Ty

nge  (y| tEysh l=tsyET & Thens Azt i
dmpttudn 1 1 Olrts
it p=d e vaoes 6 and B
Y=o e and e
oI ko s [ ———
Oscitation between <1 anid | atuven 1 | estason of the himction
Sing and cosne fUnCoons, Bk Ghar Rnctions, can be tamiormed. Sampe scqueet. Th
¥ioua 0o Ut the graphs of the pasent functhons fo graph ¥ =~ osinbw vilug of & 1epraLents
anl v cont, For Aanctons of the 10m.y = Gen and i = 0C050W, e
p e e verticsl dilation of
o} s the amoktide and 5 s the period. 158 siac TR sl
oua £ 060 284 A-ATROMCRERL 10 el Griph the functions, The

sintarcents for ore Cythe of the sios nnd <ound furktions
¥ <l i ha geaph,
a4 0) (B a) (4% o0). (42 0)
00 Onke o e i 4o s s e

Lot Bl + Gt Sina wad Cona Fercions - A48

Interactive Presentation

Students describe the relationship
between the values of aand b in
y=asinbxandy = a cos bx and the
amplitude, period, and dilation of the
function.

Lesson 9-4 - Graphing Sine and Cosine Functions 445
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2 EXPLORE AND DEVELOP F.IF.4, FIF.7e

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 1 Identify the Amplitude and
Period from a Graph

Example 1 ide

a Graph

e At

ki,

Teaching the Mathematical Practices
7 Look for a Pattern Help students to see the pattern in the
graph to identify the period of the function.

Tr maenin o &, Thi sminivmim i 4

4-i-a
Tharedore, the ampiltuda 5 3 or &
The miding ity = 0 Tho patiern i the
Griiph repeats every = raciam, Therelor, e
peced iy %

Cineck
Identity the ampicude, midiine, snd
peviod of fixl

The pmpitude a2 3

Questions for Mathematical Discourse

2% What does the amplitude of the graph of a sine function
represent? The amplitude is half of the distance between the
maximum and minimum values of the function.

The migine oty = L. B
Theperioah 7"

28 Assuming there is no horizontal translation, is the graphed function

2 THink Abot Il Example 2 ide 2 d P . . . . .
o e an Equatior a transformation of the sine or cosine function? Explain. Sine;
Binben fndegthe Iearmtify the ampiitue and period of fls} = 3 cos B, sample answer: The function intersects (0, 0).
it and penoa Trie funcrion i witton sy ) = o cos b
oy 3 et 1 i e e 5 by e 1o B S e 1215 What are the values of @ and b for this transformation of the parent
bt - (3 of M - ; — —
Lol s ampiaude: (o] = o] povioa MY o M sy function?a =4,b=2
canngt be negatve K

Bocinria they both o

¥ neriod ol ) = 7 i .
boneguiveinpsatabe Tt omoitudeis T thepeiodn 7% 48

5o s vt st Example 2 |dentify the Amplitude and
Mviosen | Bompled or Period from an Equation

Graph = 0.8 v 8,

Sten T Find the seepliude @ Teaching the Mathematical Practices
Ry 2 Attend to Quantities The Think About It! feature asks students
Ths & o vertics déation. Therefode. the graph & compressed . . ar . . ”
werticdy, Thie masimu vk 15 0.5, and the mrmum vife to consider the meaning of the quantities when finding amplitude
e and period.

1D 50 Oovtne Yo s et i B Enrntr o

A98  Meduss 8- Trgacemeins Fuschons

Questions for Mathematical Discourse

28 How doyou determine the minimum and maximum values of the
function? The minimum is —|a|, which is —3, and the maximum is
|al, which is 3.

How would you find the period in radians? Use the period of the
parent function in radians instead of degrees: 360° = 2 radians,
so the period is %4

=1 As b increases, what happens to the period? Explain. It decreases
because b is the denominator of the period.

Interactive Presentation

Example 2
Students select the correct vocabulary word
\/ for each value.
PR Students explain why absolute value
a J symbols are necessary when finding
e amplitude and period.

446 Module 9 - Trigonometric Functions
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F.IF.4,F.IF.7e

1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 3 Graph a Sine Function

Step I Fird e poriod,

@Teaching the Mathematical Practices ———— perca. B w B or ey E;";r;‘:',
7 Use Structure Students should use the key features of the sine ik bionlricatliiond pASS A
function to graph the function. e m'mmn ‘,.'.'.":.:':""_t.'.':.'...

o (3-%0)mnrn  (Fo)=poto 2;‘1.:'3.‘.""‘""
Tree sig <ot oo U from 10 OF o 8 maiern is bocated amplitude and pesicd o
Questions for Mathematical Discourse g i o e oyl

oo @
et hathaty Dotwen 45, O) prd
190 o o1 0675, - 0150

Stop & Graph the farnction.

JY® How do the period and amplitude of this function compare to

those of the parent function? Both the period and the amplitude Pt 0, 6,445, 0. 90, 0L 725, 05
are smaller compared to the parent function. Tf“m‘.’:m':‘.iﬁli';..m;
the pints.

STH How many periods of the function would occur in the interval

[0°,360°]? 4 Check
=T What is the average rate of change for a 90° interval of the MmO
function? Explain. It is zero for any 90° interval of the function

because the period is 90°.

100 O o i i e Ensemsiy g

Lo 34 - Gaghas S e G Pimchons 447

Interactive Presentation

Students move through the steps to see
% how to graph a sine function.

Students explain how to graph a sine
a I function.

Lesson 9-4 - Graphing Sine and Cosine Functions 447
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2 EXPLORE AND DEVELOP F.IF.4, FIF.7e

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 4 Graph a Cosine Function

Example# Giaph a Conine Finctio . . .

R @ Teaching the Mathematical Practices
Wiatch Dt St ¥ Fird the ampliude, 1 Explain Correspondences Encourage students to explain the
P R s b e relationships between the function, key features, and graph of a
sl T SR e O cosine function.
maaia a3 % 2
rieira By = —t ‘iep 2 Find the period,

I .
peron 3= B ori0
Ome cycle R A length of G*

Questions for Mathematical Discourse
Step 3 Fed wintorcepta.

Trare aiex-ssrcapts at N . . . .
(3 ®o) apoon (3-2E0)apro 1219 What are the similarities and differences in graphing a cosine
Al Dtween {30 at function compared to a sine function? The functions have the
:,";“mmmm,‘wywww 5 same periodic behavior and transform similarly. The y-intercept for
Stop 4 Graph the Rasction. the parent sine function occurs at y = 0, while the y-intercept for
stk the parent cosine function occurs at the maximum y-value.

[e]® How do you find the x-values where the minima occur? The minima
occur at odd integer multiples of half the period: 60°(2n + 1), or
(120°n + 60°).

[:18 What happens if you shift the function to the right 30°? Sample
answer: Itlooks like y = 2 sin 3x.

3 0o Oninn o o comibts s e L s

AR Mot B+ Tzt Funitoies

Interactive Presentation

Gz Cosina Fanction
oyt

Example 4

EXPAND

i Students move through the steps to learn
E how to graph a cosine function.
Students explain how to graph a cosine
a function.
| creck |

Students complete the Check online to
determine whether they are ready to
move on.

448 Module 9 - Trigonometric Functions
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2 FLUENCY | 3 APPLICATION

Learn Modeling with Sine and Cosine
Functions

1 CONCEPTUAL UNDERSTANDING I

Objective
Students model periodic real-world situations with sine and cosine
functions.

@Teaching the Mathematical Practices
6 Use Quantities Use the Think About It! question to guide
students to clarifying their use of quantities when modeling
periodic phenomena. Ensure that they specify the units of
measure used in a problem and label axes appropriately.

About the Key Concept

Asinusoidal function is a function that can be produced by translating,
reflecting, or dilating the sine function. The frequency is the number of
cycles in a given unit of time. The frequency of the graph of a function

is the reciprocal of the period of the function. So, if the period is 755 of a
second, then the frequency is 100 cycles per second.

@ Example 5 Characteristics of the Sine
and Cosine Functions

@’ Teaching the Mathematical Practices
4 Interpret Mathematical Results In Example 5, students must
interpret the characteristics of the function in the context of the
problem.

F.IF.4,F.IF.7e

@ Thin Aot 0
T shet B0 €55iNe TUNEIBNS M Sometinia ek
tuogtions: A o 15 e ey Bhenomena, shoud e
sransiaming, refiecting. of ciating the e fu s
sinupiiaal faction 1 e RUMEss o €YCHS i A ghven s of Bma This cacians; or
rscareicy 1 B recioracatol e paied of s funchion. 56, i e S bl
Deriod is gy 0F 8 second. fhin the Requendy s 100 cyce byl
e gmcond prmehing crscismert
Sample srvwer: The
1y, Gomcent - Madalisg wth = = i B anel e o i st sy
Slop 1 List thes armitude 10 find o regrenEnts bime, and
3 . . tha the fanction will
. ooy detestrine Ihe scoke
vquenty. i cam b eritsers o 350 o £ Wil e scabe wit
Stop:3 Wriee e fanction, olten e seconds, it
could be minutes,
e, ar yreorn. The
value of & the
A Example § Characteistics of he Sine and Cosne Faaction witl sho bra
Furetn, qood guide ta the scale.
111 farge i she
SPAMGE An obj e el - hursireds;, then the
¥ = 40 con £, whwere y It the distance in centimetsrs sbave ity cycles wil be very
‘equisBrium position at time f in weconds. short. 5o e scale
Pt & - e
‘sontet of the sustion o a taa window s
s an tet accosding to the
Tha period s 1. Sinee o = w, e parind s 3 or 2. omsat Aok
[ made ons
Th trequency s 3o or .m-wnmm
Thenetand, e object compleles 3 61 a cycle par eeand snd it Wtsh Ot
i roach he
ooy 3 wcondi. Aagaimieg that the
cortneni e
Pt B ety thy the tertent i
= d0cos mris . e st
CANNGL e negath. Ihe Televant SOMaN i the conte of te. e

Suon [0

i sege | 80 A0 Tres ederencics the MIth1 swasy Bt

Tha ibienct Can ot fieen iS5 pent oF pauiitium Wit

e S B 196 N e GIHLE £an b 8 Swch 24
B thas Coees I & o This

Lowaent B4+ Gt Sins wad Comna Fucions - 849

Questions for Mathematical Discourse

VYR Where is the object located at t = 0? y = 40

At what times in the first period does the object reach the
equilibrium point? Explain. The equilibrium occurs aty = 0, so it
occurs at the t-intercepts. The t-intercepts will bez and 2 of the
period: % sec and % sec.

[=I6 What must be true of b for the frequency to be a rational number?
b must have T as a factor.

Interactive Presentation

Common Error

Many students think frequency and period represent the same thing,
but remind students that frequency is the number of cycles in one unit
of time.

Students discuss identifying the

coordinate plane when modeling real-
world situations.

independent variable and setting up the

Lesson 9-4 - Graphing Sine and Cosine Functions 449
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2 EXPLORE AND DEVELOP

SLHCTROMCS Tha haverot 1o
nitied Sites % 190 voli. The huncion y = K0V sin 1207 taprisents
e effictivn Cinrent, whare ¢ is e e in sconds.
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= i = T i Woduency = 260
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3 Example 6 Mooe! Periods
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b = W00
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yoEnd
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e
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Interactive Presentation

Example 6
TAP
t ] Students move through the steps to write
and graph a function for the voltage as a
function of time.
Students describe the domain, end
a ] behavior, and intercepts of the function in
\ the context of the situation.
Students complete the Check online to
determine whether they are ready to move on.

450 Module 9 - Trigonometric Functions

=R F.IF.4,F.IF.7e
1 CONCEPTUAL UNDERSTANDING 2FLUENCY | 3 APPLICATION
€3 Example 6 Model Periodic Situations

@ Teaching the Mathematical Practices
2 Create Representations Guide students to write a function
that models the situation in Example 6.

Questions for Mathematical Discourse

14 Ifyou did not use a graphing calculator, what would you need to
do to graph a cycle of this function? Use the period to find the
t-intercepts and the t-values for the maximum and minimum.

§2§ What interval of t would you use to graph the first 15 cycles of the
function? Explain. 5 cycles occur for every 10th of a second, so
the interval would be [0, 0.3].

1:15 What happens to the value of b as the frequency increases?

b increases.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0348.xhtml

3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

| Topic | Exercises
| 1, 2 exercises that mirror the examples 1-20
‘. 2 | exercises that use a variety of skills from this 21-30
lesson
2 |exercises that extend concepts learned in this 31-34

lesson to new contexts

3 |exercises that emphasize higher-order and 35-39
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, Bl |
THEN assign:

« Practice Exercises 1-33 odd, 35-39

- Extension: Blueprints

. [ ALEKS Graphs of Sine and Cosine Functions

IF students score 66%—-89% on the Checks, oL}

THEN assign:

« Practice Exercises 1-39 odd

« Remediation, Review Resources: Trigonometric Functions of General
Angles

« Personal Tutors

« Extra Examples 1-6

« [ ALEKS Trigonometric Functions of Angles

IF students score 65% or less on the Checks, aLll

THEN assign:

« Practice Exercises 1-19 odd

- Remediation, Review Resources: Trigonometric Functions of General
Angles

« Quick Review Math Handbook: Graphing Trigonometric Functions

. [0 ALEKS Trigonometric Functions of Angles

F.IF.4,F.IF.7e

Practice B e
Errom |

i s amlitucn, ki, med period of sach function.

f\/\ ns
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Exaryie 3
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2 2 | F.IF.4, F.IF.7e

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

| g 14

Answers
13.

21

23. 27. Sample answer: The sine
function has the same shape
as an ocean wave. Additionally,
the sine function and ocean
waves share similar behaviors,
as they both repeat themselves
over a consistent interval of
time and distance.

58 B Bre S RS BRe ke
12345678 90

38. Sample answer: y = 3 sin 26

12345678 aM0%
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Lesson 9-5 F.IF.4, F.IF.7e

Graphing Other Trigonometric Functions

LESSON GOAL Suggested Pacing
Students graph and analyze tangent and reciprocal trigonometric functions. 90 min VRS day
45 min 1day
41 LAUNCH

@ Launch the lesson with a Warm Up and an introduction. FOC'IJ.S

Domain: Functions
2 EXPLORE AND DEVELOP Standards for Mathematical Content:

F.IF.4 For a function that models a relationshipbetween two quantities,

/3% Develop: interpret key features of graphs and tables in terms of the quantities,
and sketch graphs showing key features given a verbal description of the
Graphing Tangent Functions relationship.
« Graph a Tangent Function with a Dilation F.IF.7e Graph exponential and logarithmic functions, showing intercepts
- Graph a Tangent Function with a Dilation and a Reflection and end behavior, and trigonometric functions, showing period, midline,

and amplitude.

Standards for Mathematical Practice:

2 Reason abstractly and quantitatively.

8 Look for and express regularity in repeated reasoning.

Graphing Reciprocal Trigonometric Functions
« Graph a Cosecant Function

- Graph a Cotangent Function

« Apply a Reciprocal Trigonometric Function

9 You may want your students to complete the Checks online. Coherence
Vertical Alignment
3 REFLECT AND PRACTICE
Previous
@ Exit Ticket Students graphed and analyzed sine and cosine functions.
F.IF.4,F.IF.7e

Practice
% Now
3

Students graph and analyze tangent and other trigonometric functions.

F.IF.4,F.IF.7e
DIFFERENTIATE
Next
@ View reports of student progress on the Checks after each example. Students will graph translations of trigonometric functions.
F.IF.7e, F.BF.3
Resources mm mrm )
T i Rigor
Remediation: Graphing Reciprocal Functions o0 °
! The Three Pillars of Rigor
Extension: Hyperbolic Functions XX ) T T
T i i 1 | 1CONCEPTUAL UNDERSTANDING |  2FLUENCY | 3APPLICATION
ELL Support
i) Conceptual Bridge In this lesson, students expand their
Language Development Handbook understanding of the sine and cosine functions to include graphs of
Assign page 50 of the Language Development n u other trigonometric functions. They build fluency by graphing the
Handbook to help your students build B . functions, and they apply their understanding by solving real-world
mathematical language related to graphing and o problems related to trigonometric functions.
analyzing tangent and reciprocal trigonometric INTEGRATED Il
functions.

Mathematical Background

The cosecant is the reciprocal of the sine. When the sine is zero, the
cosecant will be undefined, so there will be a vertical asymptote. The

cotangent is the reciprocal of the tangent. When the tangent is zero, the
cotangent will have a vertical asymptote; when the tangent has a vertical
asymptote, the cotangent will have a zero.

T You can use the tips and suggestions on
page T50 of the handbook to support students
who are building English proficiency.

Lesson 9-5 - Graphing Other Trigonometric Functions 455a
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Interactive Presentation

Warm Up

A
2
L

i

5 Ferm 30y hotirinad e L sten of B vortesl syt

Warm Up

Launch the Lesson

The transit of Venus, when Venus
passes between the Earth and the Sun,
octurs twice every 121 years, The
transit last occurred on June 5, 2012, In
the 17th century, English astronomer
Edmond Halley realized that by
measuring the transit of Venus from
two observation painis, the distances to
Venus and the Sun could be calculated.
Data from the observations and the
tangent function were used to give
astronomers the first estimations of
planetary distances,

Launch the Lesson

Y il Wbk foraiars

Trpsrmrmemr hasciors sl arm fociomscais of anch etbus

Today’s Vocabulary

455b Module 9 - Trigonometric Functions

F.IF.4,F.IF.7e

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding vertical asymptotes of a rational function

Answers:
1.x=0
2.x=1
3.x=25
4.x=-6,6

5. Find where the denominator equals 0 and numerator is nonzero.

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students to
learn how tangent functions were used to estimate planetary
distances.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using this vocabulary term in this lesson.
You can expand the row if you wish to share thedefinition. Then, discuss
the question below with the class.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Graphing T angent Functions

Objective
Students graph and analyze tangent functions and identify the periods
and midlines.

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to routinely write
and explain their reasoning. The Talk About It! feature requires
students to use clear definitions and mathematical language to
explain why the tangent function does not have an amplitude.

About the Key Concept

Because tan x = %, the tangent function is undefined when cos x =
0, which occurs at x = (90 + 180n)°, where n is an integer. As a result,
the graph of the tangent function has asymptotes at x = (90 + 180n)°.
For the graph of y = a tan bx, the period is I and the asymptotes are
odd multiples of ;gl The value of a determines the vertical dilation; the
function is reflected in the x-axis when a < 0. The value of b determines
the horizontal dilation, where |b| > 1 results in a horizontal compression
and 0 < |b| < 1results in a horizontal stretch.

B Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

F.IF.4,F.IF.7e

Lesson 95

Graphing Other Trigonometric Functions

Learn Graph nt Functions + Geaph o sl
e et
Bacaie tan o = [T, the tangent function i undafined when s,
= 0, which ez at x = (90 80y where o keget Frresini
T 1 g whare
o 190 41804,
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Interactive Presentation

11 Students explain why the tangent function
| J does not have an amplitude.

\

WATCH

Students can watch a video to see how to
graph tangent functions.
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Interactive Presentation

Graph & Tangerd Nencrion with 4 Pilation

Example 1
TAP
Students move through the steps to graph
(\k the dilated graph of the tangent function.
F Students compare the period, asymptotes,
a] and x-intercepts for the graph and its
> reflection.

456 Module 9 - Trigonometric Functions

F.IF.4,F.IF.7e
1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Example 1 Graph a T angent Function with a
Dilation

@Teaching the Mathematical Practices
8 Look for a Pattern Help students to see the pattern in
where the asymptotes of the tangent function occur and use the
asymptotes to help graph the function.

Questions for Mathematical Discourse

Y8 What are the similarities and differences of the tangent function
compared to the sine and cosine functions? Sample answer: All
three functions are periodic. The period of the parent sine and
cosine functions is 360°, and the period for the parent tangent
function is 180°. Sine and cosine functions are continuous, and
the range is [—1, 1]. Tangent functions have discontinuities in the
domain in the form of asymptotes, and the range is (—oo, o0).

[sTH Why do x-intercepts occur at integer multiples of the period?
tan x = 0 when x is 180°n, where n is an integer. Thus, for
3x=180°n, x = 5 = 60°n.

[Z1% Why does the parent tangent function have a period of 180° rather
than 360°? Sample answer: The tangent function is the ratio
of the sine and cosine functions. Looking at the unit circle, the
absolute values of the cosine and sine functions repeat in a 180°
period, but the signs change. They are both positive from 0° to
90°, one is positive and one is negative from 90° to 180° and 270°
to 360°, and both are negative from 180° to 270°. This makes the
ratio the same for 0° to 180° and 180° to 360°, so the period of a
parent tangent function is 180°.

Common Error

Many students struggle to find the asymptotes of the graph of the tangent
function. Encourage students to write the formula each time and then
substitute n = 0, 1, 2 to find the pattern for asymptotes.

DIFFERENTIATE

Reteaching Activity 7"\ T8
IF students are having difficulty understanding how the graph of tan x
is generated,
THEN have students create a table of values using the unit circle. They
cans_lrj]se different angles from each quadrant and calculate the value

il

of =< g- Then they can graph the angles with the function values to

| see the general shape and key features of tangent.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 2 Graph a T angent Function with a
Dilation and a Reflection

@Teaching the Mathematical Practices
7 Use Structure Guide students to use the structure of the
function to identify the transformations in and key features of
the graph of the function.

Questions for Mathematical Discourse

J\E How does the sign of a affect the graph of a tangent function
compared to other function types? A negative value for a reflects
the function in the x-axis, which is the same effect as for other
types of functions.

T8 Would the asymptotes change if @ had been positive? Explain. No;
sample answer: The asymptotes are affected by b, not a, so the
value doesn’t change the asymptotes.

=T& What transformation would need to be performed to change the
midline from y = 0 to y = 4? The graph would have to be shifted
up 4 units by adding 4 as a constant term.

F.IF.4,F.IF.7e

Enmpha Geaph a Toi
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Interactive Presentation

rap » Tarsgend Panction with s Diston s  Befiashion

Students move through the steps to graph
the dilated and reflected graph of the
tangent function.

Students determine whether two tangent
functions are equivalent.

Students complete the Check online to
determine whether they are ready
to move on.
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Interactive Presentation

Gragios; Rvcipeocal Triganammirss Pervisns

Learn

TYPE

al)

Students compare the ranges of a cosine
function and a secant function.

458 Module 9 - Trigonometric Functions

b4 F.IF.4,F.IF.7e

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION

Learn Graphing Reciprocal T rigonometric
Functions

Objective
Students graph and analyze reciprocal trigonometric functions and
identify the periods and midlines.

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the reciprocal trigonometric functions and
their corresponding trigonometric functions. The Think About It!
feature ask students to consider the correspondence between the
range of a trigonometric function and the range of its reciprocal
function.

About the Key Concept

The reciprocal trigonometric functions, cosecant, secant, and cotangent,
can be expressed as ¢, ooy aNd gy respectively. As a result, the
graphs of the reciprocal trigonometric functions have asymptotes when
the corresponding sine, cosine, or tangent function equals 0 and the
reciprocal function is undefined. To graph a reciprocal trigonometric
function, find the period of the corresponding reciprocal function. Then
determine the vertical asymptotes by finding when the corresponding
reciprocal function equals 0, and find the relative maxima and minima for
secant and cosecant functions. Next, determine x-intercepts for
cotangent functions, and, finally, plot the corresponding reciprocal
function as a guide.

DIFFERENTIATE

Reteaching Activity "% 08l

IF students do not understand the asymptotes on the graphs of secant
and cosecant,

THEN show students how the x-intercepts of the graphs of sine

and cosine are related to the asymptotes of cosecant and secant,
respectively. Seeing the asymptote generated from the sine or cosine
function may help students visualize asymptotes in the future.
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 3 Graph a Cosecant Function

@Teaching the Mathematical Practices
3 Justify Conclusions Mathematically proficient students
can explain the conclusions drawn when solving a problem.
Example 3 requires student to justify their conclusions and explain
their reasoning as they work to solve the problem.

Questions for Mathematical Discourse

I8 For what y-values will the graphs of the cosecant and its
reciprocal sine function intersect? They will intersect at the
extrema; in this example, y =Tand y = —1.

T8 How would the asymptotes change if the value of b were 2 instead
of 0.5? Sample answer: The asymptotes would be half of the
x-intercepts of the graph of sine, so instead of 0, 7, 2, and so
on, the asymptotes would be at 0,%, 11,77‘, s

[=T8 Will the graph of a cosecant function ever have x-intercepts?
Explain. Y es; sample answer: if the graph of cosecant is shifted
up or down more than 1 unit, the graph will cross the x-axis.

Example 4 Graph a Cotangent Function

@Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the graphs and key features of the reciprocal
function to the graph of its related trigonometric function.

Questions for Mathematical Discourse

[ What is the relationship between the asymptotes and x-intercepts
of a cotangent function to the asymptotes and x-intercepts of
its reciprocal tangent function? The asymptotes of one are the
x-intercepts of the other.

[eTH Where will the graphs of y = —4 cot 2xand y = —4 tan 2x
intersect? 22.5° + 45°n or 22.5°(1 + 2n), where n is an integer.

[:TH Does reflecting a cotangent function in the x-axis make it a
tangent function? It can be written as a tangent function, but an
equivalent tangent function would also have to have a phase shift
in the x-axis equal to half the period. —cot x = tan (x — 90°) or
cotx =tan (90° — x)

F.IF.4,F.IF.7e

Example 3 Graph & Coses
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Interactive Presentation

[——

Example 3

T

Students move through the steps to graph

TYPE

L

(Q‘ a cosecant function.

r I J Students use reflections to write another

cosecant function that has a graph is
identical to the given function.

Lesson 9-5 - Graphing Other Trigonometric Functions 459
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Interactive Presentation

Example 5

TAP

Q

CHECK

@

Students move through the steps to apply
a reciprocal trigonometric function in a
real-world situation.

Students complete the Check online to
determine whether they are ready to
move on.

460 Module 9 - Trigonometric Functions

F.IF.4, F.IF.7e
1 CONCEPTUAL UNDERSTANDING 2FLUENCY |

@Example 5 Apply a Reciprocal
Trigonometric Function

3 APPLICATION

@Teaching the Mathematical Practices
2 Create Representations Guide students to write a function
that models the situation in Example 5. Then graph and analyze
the function to solve the problem.

Questions for Mathematical Discourse

What happens to d and x as the plane approaches the festival?
d decreases, x increases

Does it make sense that there is a relative minimum when x = 90°?
Explain. Yes; sample answer: When x = 90°, the plane is directly
overhead, which should be the closest it gets to the crowd.

[Z18 How do asymptotes at 0° and 180° make sense in the context of
the situation? If the plane maintains an elevation of 1200 feet, there
is no distance it can travel away from the festival that would make
x = 0°or 180°.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING

Practice and Homework

2 FLUENCY 3 APPLICATION

Suggested Assignments
Use the table below to select appropriate exercises.

oK | Topic
1, 2 exercises that mirror the examples 1-17
2 | exercises that use a variety of skills from this 18-23
IIesson
2 |exercises that extend concepts learned in this 24-25
i I 'Iesson to new contexts
3 |exercises that emphasize higher-order and 26-29
critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL |
THEN assign:

« Practice Exercises 1-25 odd, 26-29

« Extension: Hyperbolic Functions

. [ ALEKS Trigonometry

IF students score 66%-89% on the Checks, oL |
THEN assign:

- Practice Exercises 1-29 odd

- Remediation, Review Resources: Graphing Reciprocal Functions

« Personal Tutors

« Extra Examples 1-5

. [0 ALEKS Graphs of Rational Functions

IF students score 65% or less on the Checks, Ll
THEN assign:

« Practice Exercises 1-17 odd

« Remediation, Review Resources: Graphing Reciprocal Functions

« Quick Review Math Handbook: Graphing Trigonometric Functions

. [ ALEKS  Graphs of Rational Functions

F.IF.4,F.IF.7e
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Answers

1. period = 36°; asymptotes: (36n +
18)°, where n is an odd integer;
x-intercepts: 0°, 36°, 72°,108°, ...;
midline: y = 0; Because @ = 1, the
function is not vertically dilated in
relation to the parent function.
Because b = 5, the function is
compressed horizontally in relation
to the parent function.

2. period = 45°; asymptotes:
(45n + 22.5)°, where n is an
integer; x-intercepts: 0°, 45°, 90°,
135°, ...; midline: y = 0; Because
a =1, the function is not vertically
dilated in relation to the parent
function. Because b = 4, the
function is compressed horizontally
in relation to the parent function.

Lesson 9-5 « Graphing Other Trigonometric Functions 461
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3 REFLECT AND PRACTICE

23, See Ul § Ensvwes Apperstin foe
.
mymTnle W T g0 Wy M
st T pemiod 450° pericd: 0O

Wy Toain 22 = wec 30
periest; 30 g B

. ATTRASTIONS & e of the Eifiel Tower.akon
AT DA 18 B0 el BV ST T
Tty ) U Ko 5 0 O Brtnin
Surkanis st wtimg ) saatiors drrey S U bt of
o vt Wik I v v 0% 1 e, Lot
10 ther SLarce 1 mvters B Sk 15 B My
b g g U A, 4 el B e a1
i 10 urann hom Elva's pencecivm. Wase the
A i retates the Sistance i s & Aancon of
anangrs = B

6. FCOTRALL An par of Wi or-gare Clsteation a millary
Paeoptes Ml drvde the Crowe of Lang in 1ha s3sgum. The
Pecapies il sORTACh the sladesm J000 et stave fekd

tusy Sy Seoclly ovrr
a0 150 50-yare bevk, it D Th abEtance in e
PSorte s s e 520yt i, o o £t s e o
et 13 he belioghis e e, Wits 4 fancton thal
Friatey e dilance In the mge  § = 2000 0 &

() e ot Tk saing
S R ——
7 R, e . B e TG S04

29, oD THE CRROR Tyher s the arricnd o e fuscsion it {0 360° Lacrtin
oy €180 I o o v crmmes Evplain pinn RO, St ML

2, CHEATE Wik 8 UG R M1l s & Somsen o {8 -4 90 + W80 |
B ] e 8 v iy 2 =D 2 0] Samnphe vwvent = 34

T8 T b e e 0 o Teaere o 3 ot fnion 18 dkesch
. gragn?
e - Birtermins fhe g . thoem i

woph rph, eutrress,
Easborrn the Gragh 16 grash the Gren Runtton.

B8 Mt . Bt P

26. The domain of y = a cos s the set of all real numbers.
The domain of y = a sec @ is the set of all real numbers except for the
values for which cos 6 = 0.
Therange ofy = a cos fis —a <y <a.
Therange ofy = asec fisy < —aandy = a.

27. Tyler; The period of the tangent function is %, and bis % So the period
is @ or 360°.

2

462 Module 9 - Trigonometric Functions

> 2 F.IF.4, FIF.7e
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Answers

3. period = 90°; asymptotes: (90n + 45)°, where n is an odd integer;
x-intercepts: 0°, 90°, 180°, 270°, ...; midline: y = 0; Because a = 1,
the function is not vertically dilated in relation to the parent function.
Because b = 2, the function is compressed horizontally in relation to the
parent function.

A0 ¥

[+]

Y
T s -+ e
Dt | i

4. period = 180°; asymptotes: (180n + 90)°, where n is an odd integer;
x-intercepts: 0°, 180°, 360°, 540°, ...; midline: y = 0; Because @ 5
, the function is compressed vertically in relation to the parent function.
Because b = 1, the function is not dilated horizontally in relation to the
parent function.

i
1
i
1
i
¥

5. period = 360°; asymptotes: (360n + 180)°, where n is an odd integer;
x-intercepts: 0°, 360°, 720°, 10807, ...;
function is stretched vertically in relation to the parent function. Because
b =7, the function is stretched horizontally in relation to the parent
function.

+
i
1
1
i
i
1

+
1
!
i
i
1

1
i
1
i
i
+

6. period = 90°; asymptotes: (90n + 45)°, where n is an integer;
x-intercepts: 0°, 90°, 180°, 270°, ...; midline: y = 0; Because @ = >
the function is compressed vertically and reflected in the x-axis. Because
b = 2, the function is compressed horizontally in relation to the parent

function.

; midline: y = 0; Because a = 2, the
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Lesson 9-6 F.IF.7e, F.BF.3

Translations of Trigonometric Graphs

Suggested Pacing

Students graph translations of trigonometric functions. 90 min day
45 min
41 LAUNCH
Focus

.@, Launch the lesson with a Warm Up and an introduction.

2 EXPLORE AND DEVELOP Standards for Mathematical Content:
F.IF.7e Graph exponential andlogarithmic functions, showing intercepts

Domain: Functions

@. Explore: Analyzing Graphs of Trigonometric Functions by Using and end behavior, and trigonometric functions, showing period, midline,
Technology and amplitude.
F.BF.3 |dentify the effect on the graph of replacing fx) by f(x) + k, k fix),
@ DeseIcr: flkx), and fix + k) for specific values of k (both positive and negative); find
Horizontal Translations of Trigonometric Functions the value of k given the graphs. Experiment with cases and illustrate an
« Graph a Phase Shift explanation of the effects on the graph using technology.
- Graph a Transformation of a Trigonometric Function Standards for Mathematical Practice:

3 Construct viable arguments and critique the reasoning of others.
5 Use appropriate tools strategically.
7 Look for and make use of structure.

Vertical T ions of Tri ic Fi
« Graph a Vertical Shift
- Model Transformations of Trigonometric Functions

- Write a Trigonometric Function from a Graph Coherence
B You may want your students to complete the Checks online. Vertical Alignment
Previous
3 REFLECT AND PRACTICE Students transformed linear, exponential, and quadratic functions.
o F.BF.3 (Course 1, Course 2)
@ Exit Ticket
Now
QQ Practice Students graph translations of trigonometric functions.
=

F.IF.7e, F.BF.3

DIFFERENTIATE Next o
Students will find the values of angle measures by using inverse

@ View reports of student progress on the Checks after each example. trigonometric functions.

F.TF.7
Resources AL Al he ) Rigor
Remediation: Transformations of Functions PYS ° The Three Pillars of Rigor
Extension: Simple Harmonic Motion eoce | 1CONCEPTUAL UNDERSTANDING ] 2 FLUENCY | 3 APPLICATION
ELL Support ] Conceptual Bridge In this lesson, students expand their
Language Development Handbook underst‘andmg of the basic trlgonomgtrlc functlonsto.lnclude .

. translations of these graphs. They build fluency by using translations
Assign page 51 of the Language Development a L] X ) N .
Handbook to help your students build ] l. to graph the functions, and they apply their understanding by solving
mathematical language related to graphing N real-world problems related to trigonometric functions.
translations of trigonometric functions. INTEGRATED il
=T You can use the tips and suggestions on Mathematical BaCkgl‘Ollnd
page T51 of the handbook to support students The graphs of the functions y = a'sin b(§ — h) + k, y = a cos b(0 — h)

who are building English proficiency. + k and y = a tan b(@ — h) + k are affected by changing the

a, b, h, and k. A horizontal translation, or phase shift, is affected by h, and
a vertical shift of the horizontal midline is affected by k. The amplitude is
determined by the value of lal and the period is determined by Ibl.

Lesson 9-6 - Translations of Trigonometric Graphs 463a
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1LAUNCH F.IF.7e, F.BF.3

Interactive Presentation

I  Warm Up

Warm Up

et Prerequisite Skills

e i The Warm Up exercises address the following prerequisite skill for this
YRt lesson:

2 ymuiniy = hel

« describing transformations to a sine function

Ry=asing i~

P a—— Answers:
Bow sk, b 0 1. Moves k units up.
P 2. Moves h units to the left.

3. Reflects the graph in the x-axis.
4. Vertically stretches the graph.
5. Horizontally compresses the graph.

Warm Up

Launch the Lesson

@Teaching the Mathematical Practices
4 Apply Mathematics In the Launch the Lesson, students will
learn how the flow of water in a water wheel can be modeled by
the transformation of a trigonometric function.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Launch the Lesson

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer
read aloud How can | meet these standards? and How can | use these
practices?, and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.

=D D)

¥ phaanann
st it of P a3 T e
¥ vt

1 e 1 o 01 1 L A

Today’s Vocabulary

463b Module 9 - Trigonometric Functions
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2 EXPLORE AND DEVELOP

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Analyzing T rigonometric Functions
by Using Technology

Objective
Students use a graphing calculator to explore transformations and key
features of trigonometric functions.

@Teaching the Mathematical Practices
5 Analyze Graphs Throughout the Explore, students will analyze
the graphs they have generated using graphing calculators to
explore transformations of trigonometric functions. Point out that
to see the important features of the graphs, students may need to
adjust the viewing window.

Ideas for Use

Recommended Use Present the Inquiry Question, or have a student
volunteer read it aloud. Have students work in pairs to complete the
Explore activity on their devices. Pairs should discuss each of the
questions. Monitor student progress during the activity. Upon completion
of the Explore activity, have student volunteers share their responses to
the Inquiry Question.

What if my students don’t have devices? Y ou may choose to project
the activity on a whiteboard. A printable worksheet for each Explore

is available online. You may choose to print the worksheet so that
individuals or pairs of students can use it to record their observations.

Summary of the Activity

Students will be presented with an Inquiry Question to answer at

the end of the activity. They will use a graphing calculator to explore
transformations of trigonometric functions. Students will work through
four different exercises. Then students will answer the Inquiry Question.

(continued on the next page)

F.IF.7e, F.BF.3

Interactive Presentation

Anstyzing Uiing

2

P 131 st 3 gty RS ettt i g o s o s 43T 0 i s P 4 B B

Explore

Select a calculator.

TI-84 Plus Family Tl-Nspire Family

Explore
Students select the calculator they will use for the Explore activity
and then move through the slides.
TYPE
Students move through the exercises and answer questions
al pertaining to transformations of trigonometric functions.

—_—

Lesson 9-6 - Translations of Trigonometric Graphs 463c
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2 EXPLORE AND DEVELOP

Interactive Presentation

Gl

Explore

TYPE

Students will respond to the Inquiry Question and can view
a sample answer.

463d Module 9 - Trigonometric Functions

Fid | F.IF.7e, F.BF.3

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Explore Analyzing T rigonometric Functions
by Using Technology (continued)

Questions
Have students complete the Explore activity.

Ask:

« How will a vertical shift affect the midline of the graph of y = sin x + k?
Sample answer: The midline will shift from y = 0 to y = k, when k is
the value shifted vertically.

« Which values of y = a sin b(x — h) + k affect the range of the function?
a and k Which affect the domain? b and h

@ Inquiry

How does adding a constant to, subtracting a constant from, or
multiplying a constant by a function affect the graph of a trigonometric
function? Sample answer: Adding or subtracting a constant causes the
graph to be shifted horizontally or vertically. Multiplying by a constant
stretches or compresses the graph. Multiplying by a negative constant
causes the graph to be reflected in the x-axis.

B Go Online to find additional teaching notes and sample answers
for the guiding exercises.
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o F.IF.7¢,F

1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Horizontal T ranslations of
Trigonometric Functions

Lesson 96

Translations of Trigonometric Graphs

ObjeCtIVe Explore Analyzing Trigonomedric Funciions by s
Students graph horizontal translations of trigonometric functions. Using Technolegy, voniatons.
) Online Actvity . mm:
@Teaching the Mathematical Practices =~ ——— Eonoriatic i
N . Y INCHARY How does lowu_" 1o,
1 Explain Correspondences Encourage students to explain gl e i s '",_,,.f"‘-’m'"""“""
the relationship between the parameter h and the graph of a trigonmetsic funcaoa? verscal sn
trigonometric function. i Wt S8 ook R
h:w.m...sm E,va
f o
What Students Are Learning (ol o o S sk .~ W o=~ m:"’::;w'"
A horizontal translation of the graph of a trigonometric function is called a — i
phase shift. In the form y = sin (x — h), when h > 0, the parent
graph is translated h units right. If h < 0, the parent function is translated [ | a
Talk About 1t
|l units left. oy
he lof that wil
3 LIy ot gk that
v s rsicaio
0, S parent uncion #1 < 0. tha pacost Rinction in ¥ = g0k e — I00),
DIFFERENTIATE maiarod rght . s el 1 vt Explan e et
Example 1 G: Pase Shif -
Reteaching Activity IALELL | n o, pevicd, o 200 ol
IF students are having difficulty determining the phase shift, S1ep 1 Anaiyre the sction, e ‘gitgh, o pavied ks
THEN have students set the argument of the sine function equal to ok e o e d
Lo . Foty = o5 s ~ 2707 . v = “ .
zero and solve for x. This will give the phase shift. A ST e Sy M:': ?’“.“‘";:L““
funciion.
feontnued an the et Dogol
Example 1 Graph a Phase Shift 05 o o e B i
Lonnen 881 Tl o Sgemais Gropte 463
@Teaching the Mathematical Practices
3 Justify Conclusions Students will explain the conclusions Interactive Presentation
drawn when answering the question in the Talk About It! feature.
Questions for Mathematical Discourse e LY X Wi 1 o T
B Comimen Pasiy 3ul
o wwre vl oF e Aerlons 5 o wruvn Bia < K1 wrd o o e Bia o Rl s R st 0 0
[T How does a phase shift of a trigonometric function compare to E = i
horizontal translations of other function types? The form of the
translation is the same for trigonometric functions as for other
function types, fix — h).
What other phase shifts of the parent cosine function would result

in the same graph as cos (x — 270°)? The function could be

Learn
shifted by 270° plus any integer multiple of the period.
How can the graph of y = sin x be shifted horizontally to be the
same as the graph of y = cos x? Sample answer: If the graph of i Students drag functions to describe how their graphs have
y = sin x is shifted left 90°, it coincides with the graph of y = cos x. had been transformed.

So the graph of y = sin (x + 90°) is the same as the graph of
y = oS X.

B Go Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

Lesson 9-6 « Translations of Trigonometric Graphs 463
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Interactive Presentation

Gowph 3 Tranaformatisin of & Triganometric Penction

Example 2

P

Students move through the steps to graph
a transformation of the sine function.

TYPE

Students compare the graphs of two
transformed sine functions.

CHECK

Students complete the Check online to
determine whether they are ready to
move on.

el QI@I

464 Module 9 - Trigonometric Functions

= F.IF.7¢; F
1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 2 Graph a T ransformation of a
Trigonometric Function

@ Teaching the Mathematical Practices
7 Interpret Complicated Expressions Mathematically proficient
students can see complicated expressions as single objects or as
being composed of several objects. Guide students to see what
information they can gather about the function just by looking at it.

Questions for Mathematical Discourse

.19 Why is the phase shift to the left? The form of a horizontal
translation is fix — h),so h = 7% The negative indicates a shift
to the left.

How can the period of 27t be verified on the graph of the
transformed function? Sample answer: Find the distance between
the x-values of two consecutive maxima.

[ZI6 When does a phase shift to the left by a value have the same
result as a phase shift to the right by the same value? The effect
is the same when the phase shift is an integer multiple of half of
the period.

Common Error

Many students try to shift a graph before stretching or compressing.
Although in this example the graph would still be the same, when multiple
transformations are present, the graph must be stretched or compressed
before being shifted. Remind students that the order of operations is
always mandatory.
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1 CONCEPTUAL UNDERSTANDING |

Learn Vertical Translations of
Trigonometric Functions

2 FLUENCY 3 APPLICATION

Objective
Students graph vertical translations of trigonometric functions.

@Teaching the Mathematical Practices
3 Construct Arguments In the Think About It! feature, students
will use definitions and previously established results to construct
an argument about the midline of a tangent function.

About the Key Concept

A vertical translation of the graph of a trigonometric function is called a
vertical shift. In the form y = sin x + k, when k < 0, the parent graph is
translated k units down. If k > 0, the parent function is translated k units
up. The vertical shift affects the midline, so if the graph is shifted k units
up, the midline is aty = k.

DIFFERENTIATE

Reteaching Activity IALELL |

Identify the horizontal and vertical shift of y = 6 — 3 sin (2x + ).
Vertical shift: up 6

Horizontal shift: Ieft% units

Example 3 Graph a Vertical Shift

@’ Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the function, key features, and graph used
in Example 3.

Questions for Mathematical Discourse

How does a vertical translation of a trigonometric function
compare to vertical translations of other function types? Sample
answer: The vertical translation is determined by the constant,

k, for any f{x) + k. The translation can be applied by using key
features. For a trigonometric function, the midline is y = k. For an
exponential function, the asymptote is y = k. For a parabola, the
y-value of the vertex is k.

How does a vertical shift affect the range of the graph of
trigonometric functions? A vertical shift does not affect the range
of tangent or cotangent functions, but it does affect the range of
sine, cosine, cosecant, and secant functions by shifting the range
up or down by Ikl units.

[=]8 Where would the asymptotes for y = cot (%) — 1be? They

would occur at the x-values where y = tan (%) —-1=1

F.IF.7¢; F

By 9
5 DAY g OF e 10 Salation 10 The Bares fuserion
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Example 3 Graph o Ve Shif
State the ampliude, period, phase whoft. vertcal shift, and mdiine
equation of y = tea 1 — L Then graph thet hunction and state the
domain sl sange.

Step 1 Anatyze the function

Foup st ge—1os b= ands = —1 Soihe pedod s ¥ or 360
e vevtical M i e | Uit and the beine b = 1

Step T Graph the Ranetion,

a
k. tha griaph

o ThEn Aot fu
sk is e i for
¥ =y o How s
s et 0 B vt
S o i vakan of &7

Sarmpe amuwver; The middine s

(& Think About 11

For = tan-Jx. the vestical i
Byrptotes o o v = (3600 4+ 1805

e 115 a0 eeges Traeale the F
functian diown une. The gtagh of

¥ e = i aemiched —
norttontaty and shifed dawn funk L=

i refation i the parent funcion -
whee 1 an ndeger] and -

The domain s {x |« ¥ 100"

o range il eal pumbens

D0 Ot o it e B Exaengiy

rangeLy = an Jx  1has beee
‘it chonn 1t fram y = tan
The period oy o s Jo = 1

5 3, whde the v
y=tanh 180",

Lrssan 8.8 - liarisions o8 bagenamatic Grogr - 468

Interactive Presentation

Wertdoal Transtations of Triganoometric Functions

Learn
T
[ \ Students identify the midline for the graph of
al the tangent function and then discuss how it is
_J related to the vertical shift.
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2 EXPLORE AND DEVELOP

3 Example 4 M
Functions

FRERCHE & b

@ imchas and ks Ehe grownd twe Bmes per second. Wiite &

Thae
Freph B function.
$1e91 Chooss which Rinction 1o use.
Betaue e funtion iciales Beoween O and 18 ey
‘contimaoy, the Ristion cn b modeled ty 8 sne or cotine
Sanction, For this example, vee wil st Cosing
Froblém:Soiving
Tip St 2 Deetoimine the pacametens of Bie funttion.

Mg e gt 15 0 inches Ao e marisum height iy
8 whach of the graph Ol inchas. Tha miciiee Ky = 0 ' ooy « 54 50, T
vkl b i L yetvon VARt shift s b « 54
Kivestyiog e
pamotess of tha
Torietice, Bist e you. Bconne the ampitude s hall Ihe diference between the
o AT, a1 i walues, 5 = T O o i = 54

i v
several poires and completns sne ¢ytio. The e rpaches o minkmum twics.
S o vy Secon v o et 05 40 b o
Bateveon thew. The ey
et & i I valise o Bt i
ot iy PG Yo o s g
tich o5al 3
tenction o
bovisie ol the b e d &
amators of me b sn
= Use the positive wahse of b 1o repeesent the period
s oy fanction.
T P hicdon s a0

Beacauss Bho rona starts af i Sesght of - and the peviod of the
furiction i (1%, tha maximuen Faght ol e jums coe stews ot
» = 025 S0 the phase shif 1 s 029 ~ Oor 028

St 3 Weine the function
1Write ina functian tolating et - and s«
¥ = i K St

¥ 54 com Al — D) + B4

04 Oime Y 2 ettt 1 Een Errat codem

W68 Musote 8 - Trgoncmwing Fanctons

Interactive Presentation

Modul Tranatusions ol Trigassmrizis Funstions

el et
e
Example 4
TAP
Students move through the steps of writing
(\k a trigonometric function that models a real-
world situation.

466 Module 9 - Trigonometric Functions

F.IF.7¢, F.BF.3
1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

@Example 4 Model T ranslations of
Trigonometric Functions

@’Teaching the Mathematical Practices
1 Explain Correspondences Encourage students to explain the
relationships between the verbal description, function, and graph
used in this example.
4 Analyze Relationships Math ically Students will need
to analyze the mathematical relationships in the problem to write
and graph a function that models the situation in Example 4.

Questions for Mathematical Discourse

JX Why was cosine selected for this example? Either sine or cosine
could be selected because they both have periodic behavior
that matches the context. Both need a phase shift to model the
situation, so it is an arbitrary choice.

[T Why are a and k the same value? This results in the minimum of
the function being zero, which makes sense in the context.

[<1 What is the difference in the phase shift needed for using a cosine
versus a sine function for the model? The cosine function needed
a phase shift of half the period. The sine function would need to
be shifted right by 7 of the period.
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F.IF.7¢,F.BF.3

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

4
Sinp 4 Geaph and analyne the kection. I & Thisue About I
Une the ampituce, penod L thee function to fne
A mickis 10 graoh we- e gt of e s
¥ = B con dizfy - 0255 4 B4 24 0p m 2.2 secooct.
ot s b Ui MBS
e e
- Whinctien
Rotce Bhat the graph oscillates botweon & madmum of 108 inches
G e of O inchies. and & poRtve for o values 0 Bhe domain
e has a yirsercept of O and xintercepts of 0.0, whece a ls
it 0 6 onine
You Con Complits B
Broause rrepieents Sme and p repnidents fesght. Both vataed must Exti Experiply cobine.

e pondiver in the contest of the shustion.
The i b {x 1 = 0 it | 0 45 BB

ck
TIOES: The Sces at Floids's Cape Canavaral reached &

I o 3.4 feart o1 .00 A minimum height of 0.4 fest st 830 An
AN ANCHS MMM at 300 kA The rew .

e x hours saco mednight. Then graph the faiclion : N
A pe 1B e - 5+ 19
8 priScos{fic-B+10
€ puifooi -2+ 16
D 1o D18

Lo 94 Trrbisns of Bogrncemati Geagts Q87

Interactive Presentation

Aoy -1+ 1.9
SonilB-2+ 18

oy el cok () e+ 2= 1.5

Students use the function to evaluate at a
specific time.
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2 EXPLORE AND DEVELOP F.IF.7e, F

1CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 5 Write a T rigonometric Function
from a Graph

@ Teaching the Mathematical Practices
5 Analyze Graphs T o check their solutions, students should
analyze the graph by using graphing calculators. Point out that to seg
the entire graph, students may need to adjust the viewing window.

Frep 1 Find the verticel shift and
ampitude.

Tive mictin s halbwrry
twen shi featieg
wrema, = ~1and e 5
S sha acpiation of T

Vet o o T
oﬂ\lr\k Ay :.ﬂlnw Wy =y Zang
wertical shit i 3. 2 g H
:::u;:mm;m Tearomsennam ) Questions for Mathematical Discourse
ety - Datardan e EasimLen nd minkenim vHsH.
Bt ) . .
Ry 1215 How do you find the period of the graphed function? Y ou can use
e g W‘:"“;:"‘“""‘" - the difference between two consecutive maxima or minima.
T P [&1% What would be the phase shift from the parent function if this was
Ll L poriod. . . .
e T neante - a sine function? There would not be a phase shift.
Sty Tip urn sati of feppating points O the graph e . . .
Finding the Period T s A For any graph of an unspecified trigonometric function, how many

e e volse of the porkod, 4, 6 find & BL
s - 7 function types could it represent? Two. Cosine and sine can each

be represented as a phase shift of the other, likewise for secant

and cosecant. Tangent and cotangent can be interchanged with a

o ofb L
Stip 4 Write the funcaien. signflip plus phase shift.
e the Daramaters Som S graoh o wite the function -
PSRN Eeus et
Felen 0% - 42 Lk=0Ln =
Tew grach it cepretonted by p = 3 con 0 8(r - ) 4+
Uk graphing cakubsior Y
eheck the kion, You ean
i the Gxtierma or ace
slang the husctian 1 cnock
8t s e s fopture
4 the driginal uncton.

P Common Error

Encourage students to find the midline of the graph before any other
transformation because the midline is very helpful in identifying
reflections, amplitude, and even phase shift.

G} 5o Oniine.
¥ous v Complese an
Estrs Exsmple sebee.

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

ABB  Meduss 8- Trgaceeins Fuschons

Interactive Presentation

Wirite a Triganametric Function from a Graph.
e e Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to

reveal the answer when most or all students have completed the Exit Ticket.

Example 5
TAP
(-\ Students move through the steps to write the
k equation of a trigonometric function from a graph.
[ " Students write another function for the
| a transformed graph.
'
Students complete the Check online to determine
whether they are ready to move on.

468 Module 9 - Trigonometric Functions
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

| Topic | Exercises
1, 2 exercises that mirror the examples 1-22
‘. 2 | exercises that use a variety of skills from this 23-39
lesson
L exeruses that extend concepts learned in this 40-44
lesson to new contexts
l 3 |exercises that emphasize higher-order and 45-52
| critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BLY
THEN assign:

« Practice Exercises 1-43 odd, 45-52

« Extension: Simple Harmonic Motion

« [ ALEKS Graphs of Sine and Cosine Functions

IF students score 66%-89% on the Checks, oL |
THEN assign:

« Practice Exercises 1-51 odd

« Remediation, Review Resources: Transformations of Functions

« Personal Tutors

« Extra Examples 1-5

. [O ALEKS Transformations

IF students score 65% or less on the Checks, oLl
THEN assign:

« Practice Exercises 1-21 odd

« Remediation, Review Resources: Transformations of Functions

« Quick Review Math Handbook: Translations of Trigonometric Graphs

. [3 ALEKS Transformations

Answers

domain: —oo < 6 <oo; range: —1<fl) <1

F.IF.7¢, F.BF.3

Practice -
Thea grsgh
0 e ] 4180 o b A CAH, Ilhwmumm-ﬂm
i) 2oy =tanje=T} L y=ni
& 2 bt e o gt 7 e £ 360 50 eien
B el 8 y=an 0o oy oos W 4 0

OB 457 19 e gt o evphtedel ] Bt iel & B0 10t e et

Ernroie 5 T-11 See W00 s Appeoci 4 grash, fiermam. ang anges

Peictionand state the doman and rangs.
Topn desa A5y By s 60) opefumdpe-)

50§ 10 e gt

0 487 10 e gt 30 6 D

0,y b e -3 AT R ) 12 pm funm- 30
£ wmeng 200 07 i et 3007207 12 tha g

Eoseryme & 13- M. oot M. 1 Aerrame Adpmecin o grafe. Gmaind, 41t raages

Panction,
0oyl Wyt #=1 oy

13507 o phana o= aspione, 00 neighaia w0 oyt 10, s i

] W s = 1 A sl g = |
L T L] Tyt

;300 o e st 2.360° ha phane i

o Sanmy = —§ o d iy = —A

MBIV dvn 500 buiiiag b & tasgpe Shock o s ixberics. The ceisies of ihe

3 fet iy T iacions S0 s 2 Peigfo of s s o s miouse g bt

ot e i Sty i e afee 00 rion

& Wnatbs the
Tha scpihei 3 v e 1 T o i 60 et

. Vo B fusc s M) o etz Sometiont 800 = 304 {11+ 7

€ Gpn e SerMod § e Appendiy

2 O kit 1 = O (15, sy Heses et vction ot 1

et Nommapdil sttt oy SO

20 e s s e inn
Dy v e o 1w £ 15t 10 g OF 16 Fubar, 1L 1AKK 6.2 heas for
e o iy 5 83 ot Ao¢ i ke b0 70 ot A i sl starks

nthe =
sttt v e st o e w1 Sp By B2 sy By E aurh b v
St roueing -t

. At 2t 1 e e T o e vl 1 7o Byt
18 s and 15 metern

b Dietatrin o epituacs Ared fhe st of e fiscion, T8, = B

& Crodne < e et of
5 ke i 11 iy 1 g Lo 1t A e i 8 b
ik plats peciing The ot Aosidy yins: chosce. Then wite » hnéticn 10
reteriene th stustion Sieple sxsmer Usg 3 osiam funcion bceuse 815 31 s s a1

L= Ooy = USeok 4 8
% Gragh snd anidyiw 1 Rinctioh
o S0 D AP e ocom ot ine ke 8 his s i e, M

[
1 Weitw n et b 1 eiion Graph showA +
. P v o e s —_—t—t—t—
~3, 40 e reveical whi) s 3 arits domn, megitLde = | ti
n.xmuncwxu-nfm mone -

£ P the prrios.

o e e Aarcton, p = 0= 1

T2; Wk 2 FoncROn Jor The S g e I
. 130 e vorticad 451 and bt
2,36t evbeal shi b 2 sy o asspitade: = 1
b Fisd e i L 5000

& Fdthe peros. 3% .

o e e fncion = Jun i - 3 iy
Mised awscives -+
pirite an eeation for pheh faralston.

Wpmun sl & g i ine rgfv a1 ot s o s — &+ 3

28, - 6 o, Mavesbahed 5 AAVES 10 e b i 2 it et - g0 [ B
Ty = i et ¥ w130 o g e 23 ka2

$artt tha arpicle, ek, phicie S8, aee vl s hov oach hursction. Thes
28 Soe dhed Aoperdin b oot
Dhy=-Be2empp+f} A
Tw—-1

oAds AT +1 Tpm -l dimiBem
451 e 1

APD Mt B b i

Lesson 9-6 « Translations of Trigonometric Graphs 469-470


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0371.xhtml

3 REFLECT AND PRACTICE F.IF.7e, F.BF.3

1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers
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Lesson 9-7

Inverse Trigonometric Functions

Suggested Pacing

Students find the values of angle measures by using inverse trigonometric 90 min 0.5 day
functions. 45 min 1day
1 LAUNCH
Focus
}gl Launch the lesson with a Warm Up and an introduction. Domain: Functions
Standards for Mathematical Content:
2 EXPLORE AND DEVELOP F.TF.7 Use inverse functions to solve trigonometric equations that arise
@ pevelen: in modeling contexts; evaluate thesolutions using technology, and
: interpret them in terms of the context.
Inverse Trigonometric Functions Standards for Mathematical Practice:
« Evaluate Inverse Trigonometric Functions 4 Model with mathematics.
« Find a Trigonometric Value by Using a Calculator 6 Attend to precision.
« Find an Angle Measure by Using a Graphing Calculator
« Use Inverse Trigonometric Functions Coherence
9 You may want your students to complete the Check online. Vertical Alignment
Previous
3 REFLECT AND PRACTICE ?::(citeigrtlssfound the inverses of linear, quadratic, and exponential
@. Exit Ticket F.IF.5, F.IF.7¢, F.BF.4a
% Practice Now
™ Students find the values of angle measures by using inverse trigonometric
functions.
F.TF.7
DIFFERENTIATE
@ View reports of student progress on the Checks after each example. .
Rigor
Resources | (AL lb) B ! . _Eﬂ The Three Pillars of Rigor
Remediation: Inverse Relations and . ° 1 CONCEPTUAL UNDERSTANDING ] 2FLUENCY | 3APPLICATION
Functions ) . .
E on: Snell's L. I [ Conceptual Bridge In this lesson, students expand on their
xtension: Snell’s Law L L understanding of the basic trigonometric functions to include inverse
trigonometric functions. They build fluency by using inverses to solve
Language Development Handbook trigonometric equations, and they apply their understanding by solving
Assign page 52 of the Language Development - real-world problems related to trigonometric functions.
Handbook to help your students build m
mathematical language related to using inverse - ..
trigonometric functions to find the values of angle Mathematical Background
measures. INTEGRATED Il

Because the trigonometric functions are periodic, many angles
correspond to the same function value. Therefore, the inverse of any of
the trigonometric functions is not a function. However, if the domain is
restricted to an appropriate interval, the inverse is a function.

=W You can use the tips and suggestions on
page T52 of the handbook to support students
who are building English proficiency.
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Interactive Presentation
Warm Up

Find the inverse of sach function.
LTI T

Lfixh= 25

funetion o mais It one 1o ane.

L=t —1
Criging domaie: -0, o}
Restricted damair

LA PR
Diigingd clomaie: (- oo, o0}
Restricio domalr

Warm Up

Launch the Lesson

Arsae, Arocosne, end cciargen

¥ prinaigal vuiees.

Today’s Vocabulary

473b Module 9 - Trigonometric Functions

Warm Up

Prerequisite Skills
The Warm Up exercises address the following prerequisite skill for this
lesson:

« finding inverse functions and restricted domains

Answers:

1iw= %52
M+

2.fm— =1

3. 10, o) or (=00, 0]
4.[—4, 00) or (—o0, —4]

Launch the Lesson

@ Teaching the Mathematical Practices
4 Apply Mathematics Encourage students to model the
relationship between the distance of the feet of the ladder from
the wall and the angle created using an inverse trigonometric
function.

B Go Online to find additional teaching notes and questions to
promote classroom discourse.

Today's Standards

Tell students that they will be addressing these content and practice
standards in this lesson. You may wish to have a student volunteer read
aloud How can | meet this standard? and How can | use these practices?
and connect these to the standards.

See the Interactive Presentation for | Can statements that align with the
standards covered in this lesson.

Today's Vocabulary

Tell students that they will be using these vocabulary terms in this lesson.
You can expand each row if you wish to share the definitions. Then
discuss the questions below with the class.
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1 CONCEPTUAL UNDERSTANDING | 2FLUENCY 3 APPLICATION

Learn Inverse T rigonometric Functions

Objective
Students find values of angle measures by using inverse trigonometric
functions.

@Teaching the Mathematical Practices
4 Model with mathematics Students will model real-world
situations by using inverse trigonometric functions.
6 Attend to precision Students will communicate mathematical
reasoning precisely.

What Students Are Learning

When the value of a trigonometric function for an angle is known, the
inverse function can be used to find the angle measure. The domain of
inverse trigonometric functions must be restricted in order for the inverse
to be a function. The values in the restricted domain are called principal
values.

@Essential Question Follow-Up

Students have begun learning about the inverse trigonometric functions.

Ask:
Why are inverse functions important? Sample answer: Inverse
functions are important because they can be used to solve for
unknown angle measures.

Example 1 Evaluate Inverse T rigonometric
Functions

@Teaching the Mathematical Practices
6 Communicate Precisely Encourage students to write their
solution method using clear, logical steps.

Lesson 9-7

Inverse Trigonometric Functions

trar vk 6 & iigonGmetE unction Tor on angle, you ean i by e

s the Iverie Buncion 10 find the brgie Mmasiis, Becatse the ey b iraetri:
R S 1 RurClion SARADONEY e - And Pamka, o s of sty
¥ i iy, Tocktry's Wocatudary
The sutstion x = sy v not e :
o S wach vakuo o ¥, Thavedonn, e domain must be rasicied in S
ochar 1 Bhe invrne 10 B & Aanctcn, Domain for tha s of the s vakan
e il Eangrent RurcBons MUl 30 be resirkted, Th vakos 1
st thomin s et pricipal unbues. Trigoroeis
[r—
W 3 Caitad lotion. Imabrie trigoncenstric functians are inesr of
tunstioers
Ky Concess  varse Tigaometic Punctons 2 Think Abaut v
Descrive the
bvewren Punction | Syminots Darrain s i)
Aartion o Aresne Azas) Azpsfe the reasricied doman of
Sty Prapp ¥ = w0 4ot e ravge
oy =k
daceony yuhncoss | -1gag) Osysmo
o Con e o ays
. n The
o = Aot et Jursy mm‘
aetangerd = Ao g Juysie e ol
o Ton 002y Y0 ¥ = tinx and the
range of y = sin1x
are the'

Find Tan™1 ¥3, Weite mngle measures in degress and radians.

Facs e anghe 00 B0 5 65 90 Wh B Sangeot vl of 3
Becaupe tnf = S0 s he uit orie 10 8 5 Bt where the rat
OF i 15 cosine i 3 10'] Every sl angle on the L crcle can
e it 2 ol Over 2. A FOHOE 00 The e licke at which

sin it = % ol eond o | has o st veiue of T e

i
When = 607 tan = vF S0 Tan VT = 00 o §

). Wit 1ne svgge mestaso i degre
o

L]
[ L T o) T -

Lanon 8.7+ e Trgrnomitos Sencion 4T3

Interactive Presentation

Questions for Mathematical Discourse

X4 How can you convert 60° to radians? Multiply by %A

Why are we only solving for values of 6 between —90° and 90°?
Sample answer: Because Tan™' V3 is capitalized, only the principal
values should be included in the solution.

[51% Find Tan(— +/3).-60°

Common Error

Remind students that when they are finding evaluating inverse
trigonometric functions using the unit circle, they only need to consider
the quadrants of the principal values. For example, when evaluating
Arccosine, only values in Quadrant | and Quadrant Il are relevant.

DGO Online

« Find additional teaching notes.
« View performance reports of the Checks.
« Assign or present an Extra Example.

TYPE

Students describe the relationship
al between the domain of a trigonometric

function and the range of its inverse.
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Interactive Presentation

[Fend a Trigonometric Vaue by Using a Catculatar

Sefuet s emcideion
THIA P Famity Trbacios Famiy
Example 2
Students select their preferred calculator
% and then move through the steps to

evaluate an inverse trigonometric function.

Students explain why the mode of the
calculator was irrelevant in this example.
Students complete the Check online

to determine whether they are ready to
move on.
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1CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Example 2 Find a T rigonometric Value by
Using a Calculator

Questions for Mathematical Discourse

[21% Using a calculator, what is the value of cos (Sin"0.75 ), rounded
to the nearest thousandth? 0.661

218 Why does sin (Cos1.5) result in an error on the graphing
calculator? Sample answer: 1.5 is not in the domain of the inverse
cosine function.

114 When will sin (sirk) = x? when x is in the restricted domain of sine

Example 3 Find an Angle Measure by Using
a Graphing Calculator

Questions for Mathematical Discourse

218 What does the inverse of a trigonometric function represent? the
angle measure that corresponds to the given ratio

[e1% How can you check your answer? Sample answer: Evaluate
sin (—9.79°) and check that it is approximately —0.17.

[=18 Would the value of Cos{—0.99) be positive or negative? Explain.
Positive. Sample answer: The restricted domain of Cos 6 is
0 < 6<180°, so the value of CosWill be positive.

eExample 4 Use Inverse T rigonometric
Functions

Questions for Mathematical Discourse

[0 What is the ratio for tan 6 in terms of the sides of a right triangle in
the context of this situation? altitude of the plane over its distance
from the airport

Why must we convert miles to feet? Sample answer: The units in
the ratio must be the same.

[5TH What would be the angle of descent for the same plane if the pilot
has 45 miles to land from an elevation of 15,000 feet? 3.6

Exit Ticket

Recommended Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond using a separate piece of paper. Have students hand
you their responses as they leave the room.

Alternate Use

At the end of class, go online to display the Exit Ticket prompt and ask
students to respond verbally or by using a mini-whiteboard. Have students
hold up their whiteboards so that you can see all student responses. Tap to
reveal the answer when most or all students have completed the Exit Ticket.
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3 REFLECT AND PRACTICE

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY I 3 APPLICATION
Practice and Homework

Suggested Assignments
Use the table below to select appropriate exercises.

DOK | Topic
| 1, 2 exercises that mirror the examples 1-32
I 2 |exercises that use a variety of skills from this 39-38
IIesson
|exercnses that extend concepts learned in this 39
| lesson to new contexts

| 3 | exercises that emphasize higher-order and 40-45 |

| critical-thinking skills

ASSESS AND DIFFERENTIATE

@Use the data from the Checks to determine whether to provide
resources for extension, remediation, or intervention.

IF students score 90% or more on the Checks, BL
THEN assign:

« Practice Exercises 1-39 odd, 40-45

« Extension: Snell’s Law

IF students score 66%—-89% on the Checks, oL}
THEN assign:

« Practice Exercises 1-45 odd

- Remediation, Review Resources: Inverse Relations and Functions

« Personal Tutors

« Extra Examples 1-4

- [E ALEKS Function Operations, Inverse Functions

IF students score 65% or less on the Checks, AL}
THEN assign:

« Practice Exercises 1-31 odd

« Remediation, Review Resources: Inverse Relations and Functions

« [ ALEKS'Function Operations, Inverse Functions

Practice Q0 G0 D s 37 o it ey e
Esarngie t
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY | 3 APPLICATION

Answers

41. Sample answer: Neither; cosine is not positive in the second quadrant.

130

=Sin 30°

43. Sample answer: y =tan~'x is a relation that has a domain of all real
numbers and a range of all real numbers except odd multiples of%. The

relation is not a function. y = Tan is a function that has a domain of
all real numbers and a range of —% <y <%.

42. Sample answer: Arcsin 5
1
2

44. Sample answer: The range of y = Sinxand y = Cos xis —1<x < 1.
The range of y = TanXis all real numbers.

45. Sample answer: y = Cos"% 6 + 1; this function is a horizontal stretch
by a factor 2 of the parent function y = Cos®, so the domain is
{=2 < 6 < 2} Itis also a vertical translation 1 unit up, so the range is
Isysw+1.
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Module 9 - Figonometric Functions

Review

Rate Yourselfl & @ B

Have students return to the Module Opener to rate their understanding
of the concepts presented in this module. They should see that their
knowledge and skills have increased. After completing the chart, have
them respond to the prompts in their Student Edition and share their
responses with a partner.

@ Answering the Essential Question

Before they answer the Essential Question, have students review their
answers to the Essential Question Follow-Up questions found throughout
the module.

« Why are trigonometric functions in right triangles useful in the real world?
« Why are the graphs of sine and cosine useful in a real world setting?

Then have them write their answer to the Essential Question.

DINAH ZIKE FOLBABLES

IS A completed Foldable for this module should include the key
concepts related to trigonometric functions.

LearnSmart Use LearnSmart as part of your test preparation plan
to measure student topic retention. You can create a student assignment
in LearnSmart for additional practice on these topics for Trigonometric
Functions and Modeling with Functions.

« Trigonometric Functions and the Unit Circle
« Periodic Phenomena
« Creating Function Models

@) Essental Question
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478 Module 9 - Trigonometric Functions

Review and Assessment Options

The following online review and assessment resources are available
for you to assign to your students. These resources include technology-
enhanced questions that are auto-scored, as well as essay questions.

Review Resources
Vocabulary Activity
Module Review

Assessment Resources
Vocabulary Test

Module Test Form B
Module Test Form A
Module Test Form C
Performance Task*

*The module-level performance task is available online as a printable document. A scoring
rubric is included.
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Test Practice

You can use these pages to help your students review module content
and prepare for online assessments. Exercises 1-18 mirror the types of
questions your students will see on online assessments.

Question Type Description | Exercise(s)

Multiple Choice

Multi-Select

Table ltem

Open Response

Students select one correct answer.

Multiple answers may be correct.

Students must select all correct

answers.

Students complete a table by

entering in the correct values.

Students construct their own
response.

2,6,11,13,
17

12,14,15

4,8

1,3,5,7,9,
10, 16, 18

To ensure that students understand the Standards, check students’
success on individual exercises.

LS

™ 10,
at{x, 025) Find the spprovimase volues of TAF .
wach of the ric functions of # given 1
LUTER P - I
wn o= 0.2%, cou 0 = 097, tan i = 026, im "
2 ) & 30 e 10, ot # = TP T
) wemsRtinde
3
L
EEL]

115GV I SO0 L .41
@y =15unim

0 = S ain

& pudundn

Dy 3sinmr

12, MULTHSELECT For which of thast vilues of

Madte O et - Tiposoics Funcians - AT8

Standard(s) | Lesson(s) | Exercise(s)
F.BF.3 9-6 14,15,16
F.TF1 9-1 1,2,3
F.TF.2 93 7,8
F.TF.3 9-2 4,5,6
F.TF.5 9-3,9-4 9,10, M
F.TF.7 17 17,18
F.IF.4 9-5,9-6 12,13
F.IF.7e 9-5 13,14
ACED.2 9-4 n
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Lesson 9-1 30. ¥

70b. Sample answer: As you move around the circle in 45°-increments, the

radian measures increase by increments of %, resulting in the pattern i 5
4 #= 205
0T 2n_m3mdn _ 5nbn_3nTn . 80_ o
'y T 44 0 T 44 =723 1 = 4T
75. Melinda is correct. The area of the complete circle is 7tr = 7(15) 2 o A &l x

225 ft2 Because the area that gets watered by the sprinkler is 757 ft2 this
areais ﬁ = % of the circle. Therefore, the measure of the central angle

1 _2n
is3(2m) = 3-

7

~

. Because s = r@and r = 5, the function may be written as fix) = 5x. This means|

the graph is a straight line with a slope of 5 that passes through the origin. 3 ¥

78. Tarshia; a coterminal can be found by adding a multiple of 360° or by
subtracting a multiple of 360°. Alan incorrectly subtracted the original angle

am
=
measure from 360°. / \
8

. Sample answer: 440° and —280° -
¥
o
80"

=

82 measure of central angle _length of arc /’
* measure of an entire circle ~ circumference =
x
Use a proportion. \ 8
6 _ s .
I T Substitute. :55
276 = 27s Multiply.
=s Divide each side by 2.

83. One degree represents an angle measure that equals 32—0 rotation around a 3. H
circle. One radian represents the measure of an angle in standard position
that intercepts an arc of length r. To convert from degrees to radians,
multiply the number of degrees by = ;;%'f"s To cgnvert from radians to

degrees, multiply the number of radians by %

Im
2
x
Lesson 9-2 \ ¢
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Lesson 9-4

20.

. iodis 2T _2m _ 1 JR N S B
36. 900 rpm; the period is B = 30m =15 second, or 75 * 50 — 900 Minute;
the frequency is the reciprocal of the period, so the blade makes
900 complete rotations per minute.

17a. period: 2; frequency: %; The object completes-;- of a cycle per second,
and it will reach maximum distance from the equilibrium point every 2
seconds.

17b. Domain: all real numbers; sample answer: Because time cannot be
negative, the relevant domain in the context of the situation is [0, o).
The range is [—25, 25].
19 [P

480b Module 9 - Answer Appendix

Lesson 9-5
7. period = ST”; asymptotes: x =4T“+ 43£n, where n is an integer; relative
minima atx = ZT“ xX= 10—“, orx =23—“ + SWn, where n is an integer; relative

maxima at x = 27, x =%ﬂ, orx = 27 +3'n, where n is an integer.

w g
o _T.m o o
8. period = 37 asymptotes: x = 33+ “n, where nis an integer; relative

minima atx = %, x= %", orx= % + %"‘n, where nis an integer; relative
maxima at x = %,x = %", orx= % + %“n, where nis an integer.

¥

4-

2.4

t t
° = x i 5w %
T % [ r
y
"
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9. period = 27t; asymptotes: x = 27 + 27n, where n is an integer; relative
minima atx = % xX= 7“ orx= % + 2mn, where n is an integer; relative
maxima at 37"# orx= 37" + 27n, where n is an integer.

i Y 4
4

24

e

Rk

10. period = 90°; asymptotes: x = 90n°, where n is an integer; x-intercepts:
45°,135°, 225° ...; (odd multiples of 45°).

Yy

4

)

90r \m0- \a7or \aeor \sor

~34

o

11. period = 360°; asymptotes: x = 360n°, where n is an integer; x-intercepts:

180°, 540°, ...; (odd multiples of 180°).

¥
4

90 1BOTNYO 340"

12. period = 180°; asymptotes: x = 180n°, where n is an integer; x-intercepts:

90°, 270°, . (odd multiples of 90°).

13. period = 360°; asymptotes: x = (90 + 180n)°, relative maxima at
X = (180 + 360n)°, where n is an integer, relative minima at x = 360n°
where n is an integer

¥

60" ¥

14. period = 1080°; asymptotes: x = (270 + 540)°, relative maxima at
x = (540 +1080n)°, where n is an integer, relative minima at x = 1080n°
where n is an integer

i L] I
“ I \
T 1
= ] 1
2 [l ]
I I
1] ]

| a0 s i 180" *
=T 1 i
-3 I 1
—4] ' :

15. period = 5; asymptotes: x = g + 1, relative maxima at x = 7 + 3 where
nis an integer, relative minima at x = (%)n where nis an integer
Y,

|
]
A

-
]
o

Looor | 1800, 270° | 360°] 4507] ¥

Distance to tightrope
walker {ft)

Angle of elevation (*)
16¢. Sample answer: In the context of the situation, only x-values between 0°
and 180° are relevant, so focus on analyzing that portion of the graph.
domain: {x | 0 < x < 180} relative minimum: (90, 200)
range: {d | d = 200} relative maximum: none
x-intercept: none increasing: {x | 90 < x < 180}
y-intercept: none decreasing: {x | 0 < x < 90}

<
(®)
s
c
-
m
(o]
>
Z
0
=
m
A
>
o
Y
m
z
5]
X
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¥ 20. § ¥
17b. g 500 ]
H
E 4 y=5csc 38|
£ 1
s 3004
£ 1 T T
o . "'(_}_I 300 & 90" 140
LI ol
——t et
30° 607 907 1207
Angle of Sun P
17c. Sample answer: In the context of the situation, only x-values between 0°
and 90° are relevant, so focus on analyzing that portion of the graph. 21 “Y
domain: {x | 0 < x < 90} i
range: {y | 0 <y < o0}
x-intercept: 90 |
y-intercept: none 1
relative minimum: none
relative maximum: none O 1
The period of y = 300 cot x is 180°. T
18. ¥ =2
a4
4 1 <kt
w 1
o 1 y=2tan Tﬂ
o - L . -
< 5 t a t ¥ i
o 180" 3p0° SA0AUE0T S00°
11
= i
7 4
Z -
< 1 -
o 180 270° 1360
1)
|
2
- 4
g 1 r r
y=2 sec%ﬂ
yil 23. ¥
. . . L f 4
o a0l 10- 270 boo- aso © \.
-7
-4
5 - +
| %07 1B0T {0t 360"
=3}
=
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Lesson 9-6

i t
s 219/ 3600 aso-N°

domain: —o0 < 6 < oo; range: —2 < f{f) < 2
9. ¥
104

WS S
=0.5- 3 2 3

-1.0+4

domain: —oo < 6 < oo; range: —0.5 < f(f) < 0.5

10. ¥
104
0.5 /\ /
%\y_ E 2 ‘_.'_“ ML
—0.5 3 Z 3
=104

domain: —oo < 6 < oo; range: —0.5 < f(f) < 0.5

1.
-
¢ asor
domain: —oo < 6 < oo; range: —2 < f{f) < 2
y
12. il
T Y
- —ta:o\{o;/ » uowo g
SULE

domain: —o0 < @ < oo; range: —0.25 < f{f) < 0.25

.
o s o 270 30

domain: —o0 < § < oo;range: 2 < fi) <4

-.-.----E---.-.-.-

domain: 90 + 180n < 6 < 270 + 180n, where n is an integer;
range: —oo < f{f) < oo

15. v A

=T 1
y=tan#+ 3

/80 2of 360°

domain: 90 + 180n < 6 < 270 + 180n, where n is an integer;
range: —oo < f(f) < oo

16. ¥

i ) g:o- %o 210 360
B ¥ i
i

domain: —oo < 6§ < oo;range: —7 < fif) < =3

]

domain: —o0 < 0 < oo; range: —6 < fif) < —2

=
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s
c
—
m
©
>
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=
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18.

90 180 270" 360" "

domain: —oo < f < oo; range: ? <flo) < 2372
19c.

—_—
o "2 s e 80 0!

20,

a

Notice that the graph oscillates between a maximum of 18 meters and a
minimum of 15 meters and is positive for all values in the domain. The
graph has a y-intercept of 18 and no x-intercepts. Because ¢ represents
time and y represents depth, both values must be positive in the context of
the situation. The domain is {t | t > 0}, and the range is y | {15 <y < 18}.
y

20-

26.

480f Module 9 - Answer Appendix

2. gy
44
24
°'.\ fo uan- 36\}50- sé\ﬁ
=4
—44
2.

rifd
|

29. Sample answer: sine; As a Ferris wheel turns, the rider’s distance above the
ground varies sinusoidally with time. Note: any phenomenon that can be
modeled with a sine function can also be modeled with a cosine function using
the appropriate horizontal shift and/or reflection about the horizontal axis.

32. Sample answer: Secant; even though cosine and secant can both be used
to write a trigonometric ratio involving 6, the function can best be modeled
by a secant graph. Secant has no x-intercepts, which makes sense because
the length of the beam of light is never 0. The asymptotes of the secant
graph occur at values of x that represent times when the beam of light is
parallel to the hospital wall.

46. Sometimes; if the function is shifted vertically, then you also need to know
the value of the midline. The maximum value is the value of the midline plus
the amplitude. The minimum value is the midline value minus the amplitude.

47. The graph of y = 3sin 26 + 1has an amplitude of 3 rather than an
amplitude of 1. It is shifted up 1 unit from the parent graph and is
compressed so that it has a period of 180°.

48. Sample answer: a phase shift 90° left, y = sin (6 + 90°); a phase shift 270°
right, y = sin (6 — 270°)

49. Sample answer: ¥

ot 2700 360"

50. Sample answer: Infinitely many; any change in amplitude will create a
different graph that has the same 6-intercepts.

51. Sample answer: y = sin 6(+ %) — 3is equivalentto y = cos 6 — 3.

52. Sample answer: The 4 cannot be distributed to eliminate the % because thejl-
is part of the angle and needs to be evaluated by the sine function before
the result can be multiplied by 4. This is similar to 4 « 4 zx # fix). Thez
represents a horizontal dilation, which shrinks the period of the graph. The 4
represents a vertical dilation, which expands the amplitude of the graph.


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0387.xhtml

the farction A = 10 tan QEIRL where A0 i
the possion beft o4 right of S cemering in

meters How aithe L
graph of AN relaiad 10 the graph of s paremt
‘unction? Select al then ngly L 54 -
M °
@ T grapt Rak been stredchied vericaty,

]

€ Th gt s b comprensed
EernLatly,

A T grncis has boen siretched hortontally
E. The geagh has boen streschec vemncally

T MULTESELECT Seloch thi by Matiares of she

B P
P Tre ampbtude is 1

B The i is 395"

€. T phase it 457 ight.

W e comain s 8 rosl pumbens.
B Tre g s [-1L1)

ABO Madse 8 Tiondmetic funciiin

) :::::.l_‘m et daccas (),
At

L |

ey

o

S8, DPER RESPOMSE Faia i B4 inches tall Mot
sE0W measures 40 Inchees kang, What i
the ange of aleation of the Sun i the
oAt Beghed? fasess 1

L

480 Module 9 « Trigonometric Functions



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0388.xhtml

(2]
~
()
S
(7]
q
<
o)
Q
o
(@)
Q
—
[
(9p]

Selected Answers

LS siemsuy paidsles

A 1] ez

m = X319 JO BJRUIPIO0D-X
18 = X Anowiis jo sixe 10 = U4 "e6Z

-

Sl = X3UBN JO 21eUIPI00dX

1G'1 = X ANOWWAS JO Sixe ‘6 = WA eLZ

1894 Jad aidoad uoliiw 974z Aq paseasouy

Allenuue sdiy ojetod Jo sBeq || pue g UsaMISq

PpawNsuod oym 's'n aus ul aidoad o sequinu

2U1 '910Z—1L0Z Wol4 amsue ajdwes ‘qgz
N s 6710 S~ -

OLY'T = 57y —greg 9 ¢ 10 5g = BST

0'€C €72 T'6b 0%l E-'SL OL—'El

{oooor A4S0 M=yloesx>0[x=a"2u

SISMSUY Pa109198

wwsad 2d 00LS ALk

“(x9L — 08t)(xy + 08) = A ‘anudnal = A

pue saseaioul 2aud 40 JaquInu By} = X 104 ‘el}
(01— ‘g) st y21uMm (x)6 Jo xauan

BU} MOJ2q SHUN 0L ST YIYM (02— °G) 18 1uod

1 919N )| 1amsue Sjdwes {(x)) ‘6
= 1) st UM (X Jo

X812/ 3y} 2A0GE SHUN B S1 URIYM (g ‘L) 1e Juiod
wnwixew © S| XaUaA S| Lamsue ajdwes (x)5 L

0=A=y% =as

ATl

I
L = A4 = 4 {s;equnu jeas e} = "€

R

==

FH
1L

st a5l

{l— A =y {s;equnu [ea1 I} = L

T-T wossaT
G-HEe+xL
(L=X(€-x's 1t-€ TT1
399YD HOMO

T aInpon

Selected Answers SA1


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0389.xhtml

EYS siomsuy parojes siomsuy pa1elRs  ZYS

K |
am 1 z R
jw X ! “suopdwinsse 113y}
= Jr T Juem Aew gnjo Y “a|qeuoseaIUn aq Aew siy)
i fi | 05 ‘811d JUB1IN3 U} B2 UL} B10W SI 578 AQ
| T s . 20ud o Buiseaiou| Lamsue Bidwes ‘SZ0Z$
£— pUB p— UBIMIAQ {0 W | b1 10 101d wWnwixew e axew 0} Gz Aq aoud auyy
g 2sealdul pinoys anp ayL (520 'Se) ‘A6€
b
— g UONN|OS |B3I OU | OO5T 0s
SzoL Sv
2-T Uossa 008l [
Sz6l SE
7 pue | USMIBG ‘T~ PUR E— UBDMIZ] 'SE 000¢ | _OE
e s e S20z | st
SPUOD3S I'Z 'EE  YTI—= 'PTENIE
000z |0z
SYEx ‘SYl-='& |- 1T S1 Wia} oespenb ay) 4o JUBIIS0 BU Y
Sz6l S
€ PUB Z USEMGQ ! PUE O LEOMISG ‘G2 wnwiuiw e sey pue aaneBaU S| wia) dnelpenb
341 40 JUBI00 BUY J WNWXEW @ Sey 008l o
UOIdUNY B "WIS) UBISUOD PUE ‘WId) Jeau Sz9l 5
‘Wwis} dneIpenb e ey} swial 1Y10 ou sey 3t 0001 )

J1 oneIpenb s uopouny v iemsue ajdwes Ly

110 Wnwixew e sey (x)6 'z — Jo wnwixew X+ 02— 0L =A
© sey (x) amsue ajdwes UOSIPeIN 'Sy Uy "Wl B} uasaIdal A 197 ‘SasEaIN
B0z €Y 20ud |§ J0 JaqINU BU) uBsaIdaI X 197 "BEE
“ewaup auy o SO Ang 0} palewse W=~ Xew L €yl Xew GE
uonn|os (291 oU €7 5100 ou pue 00} 1 et 8o1d € S21eoIPUI £z xewge

1dossawurx B “a5ea103p
s L D I S TE
‘00°0821$ = (bl St anuBAS) WnWiIXeW Jl gt

UL 00°8$ 10 (050$)y + 00'9% Jo 22ud 134N g
© 0} SPUOTSALI03 YDIYM ' = X 1 SIN290 BNjen

_: 1
Fil

m BNUSASI WNWIXBW 3U 1oL smoys ydelb ayL quy
g L
wn < el = £
@ g — PUE G- U9aM}aG 0 PUE |- UBIMD
s = Z=
11] 3 fam!
= g T
&
S— 9-
(2] i
Z | =
A i 1= oL—
WE {0z 5 xS 0| x} st utewop oy} ‘aAneBau . m
[a) 1 29 10U [|Im anuaAR1 BUY pue sebueyd aoud auyy i ae
w - 2sne2ag ‘00ZL + X0t + XG— = (X} S aNUBABI 9— = XSH3A JO BIRUIPIOOT X
= 9'9- 61 a1 'seseaiu 22d J0 JBqUINU = X J| Bl 9— = X ANSWWAS J0 Sixe ty = WA "eLg.
L
-l
L

SA2-SA3 Selected Answers



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0390.xhtml

Selected Answers

§
H
£
<
3
]
g
2
]
&

SYS siemsuy pejsies

1001 [euofRLI IO [eUONEI (031 7
<90y —qLE
51001 X/dWO Z £~ “GE

51001 x2|dWod Z ‘961 EE
51001 [RUONHRLI T 11T 'LE
S3001 [RUOHRIII Z '/ "6T
51004 [eUONEI 7 ‘68T LT

S1001 jeuone z '52Z ‘ST
€ P b
e € 1ZFLIT
v . v
Ereh ST UL e s

Oy €. .
e few st
sezL

urFr—s £Ze g-e-
9-T uossa]

‘Auadoid 100y aienbg

au1 Buisn Aq panjos 9 ue uonenba au ‘Wioy
iU Ul 92UQ "asenbs 1apad © 0 W0} BY) U
uopenba oneipenb e jo apis auo bunumas s
asenbs ay) bunajdwo) :lemsue ajdwes LL

‘G 51 uonn|os Ajuo ay ‘ssysoddo

way) savjew G- ‘|enbs wau saew anjen

oN "sausoddo 1o |enba aq Jayne Isnwi (9 + X)
PUE (i + X) SUOISSaIdXS B {[eUORE) & JGL

‘0 01 [enba uoissaldxe By} saEW Z— AJUo pue o
0} |enba aq 1SN UoISsaIdXa BU) ‘|RUOHE. |, 3G,
/BUONR1 10U INq |21 B I SUONN|OS
au) “a1enbs 1Pa45d € J0u INq 3AMSOd S1 1
‘0z lenba 1snw a1enbs au) {eal 7 “PSL

x9|dWI05 | J9qUINU AGEBaU © J0 1001

ienbs oy “angeBau S| aienbs ay) ‘ansod
s1a1enbs e Jo aysoddo auy i xe|dwWwod 7 3GL
“leuones ase x pue

2 — X 05 a1enbs 1ayad € 5| 9| ‘JeUONEI 1T "ASL
‘|leuones aie x pue

7 + X 05 ‘a1enbs Pajad e S| 9l feuonel ' ‘egy

“3pIs Y3 3} 03 Ajuo ) pappe ays

13pIS U283 0} 9| PPE 10U PIP BXIY ‘0SUOSIY “EL
urz9 Aq £0Z AL

MZE — MY = M

13UNJOA BUY = (M)A “UIPIM = M “BYL

01969 U0 + U 869
(700 + 0L —X) = A2

(€'9)'€ ++(5 —X) = £'59

%S €9 SET'EST+6V— = ()U19

1607 F €165 160 F 911LS
¥Z0'bYl—'SS 90— LLT- €S

“anp Iy SUIBaG BY J3ye PUOdBS £ZH'0
A1ewpoidde sivloW 16E'8 N0Ge o WBIaY
winwixew e saydeal MW (6€'8 £Z50) =
XauaA "aAIp sIy Buunp 1yBIaY awes ayy 1e ad [
NP 3U} USM SBWI U} UBS3Id31 ABBWWAS JO
Sixe oy} woy eIsipInba SIod (£z4'0 = 1 °ALG
1668 + L2v'0 — N6y = ()4 Blg

wnwuw
= 1) =01 )= =Xy — 0+ Xg =A6¥
wnwixew
Wr=) =0 ir— =X+ y + X =41y
wnwuw

(g—'e—) =0 U)'E— = X8 — e+ X =A'sp
e 1 v
EMFLEY ZMFLW e 6E
5 .

e S_S.ge Ti-
fue i-Jee {uee

“uroL Aq uroL Aq Ui oL Le

z . Yz 6
it ApFCLT 6vST
(AR -
[(E-%)ger da+nwme

ds+X'szel 19Fv— b
OLFL—'SL I8F8EL

s . S . s .
M TFE w E,mﬂN\m Q&«Th
% foe azy

§-T U0sSaT

(b —X)(d — x) 10 (b — X)(*409 + 409)

196 0} Aiduwiis (b — X429 +

(b — X459 saw03q UolssaIdX® BU) ‘0§ "SR
OM} PUO3S U} WO 439 3} J01R PUE SWIS)
OMJ IS1l DU WIOY 9 B 0O} UBUL D + XY +
XB -+ ;XD MOU S| U0ISS3IdX® BUL XYY + XB UM
“xq ‘wia) 3|ppiw ay) Bunmusans ‘uoissaldxa
Jneipenb sy a3um sy ‘g [enba 0} ppe pue
20 enba o} Aidynu jeuy ‘y pue 6 ‘siaBaul

40 J1ed € puy UBUL 3 pue D AN > + Xq

+ XD S| Wi} piepuels 1omsue Sidwes Ly

‘uBls sabuey wia} Jeau
BUL'0 =8l +X6 + X 9= PUCE—0 =8l
4 X6 — X 9 pUE £ amSUE B|dWeS "Gy

‘g dois

Ul ¥jeIsiW @ Spew SJUSPMS U10g JBUNSN ‘b
92 'vZ W

S3UoUI 9L Aq S3UDUI £1 '6E

$-S1e 16 16°sE

T gg 22 .
Le—ge 2-RE 1571576

o S_ - v
5-US1T §-'ST §'eT
Zuz ee-eL LU-w 88— Sk
T_ g 5. .
S-ee -2 U -6
wekause e-U-'s -0 07

p-T uossa

‘s1aqunu [eas
a1 Ajuo Buisn panjos aq JouUed pue SUoAN|oS
xo/dwwod aney suogenba dnespenb swos ‘g
“Ig + 0 Aq peyuasaidas aq ued

Jg 40 @njen 3 pue Y0 + § Aq pejuasaidal aq
ued § Jo anjen By} samsue ajduwes 'sKemly ‘6t
110U Y= = 41907 Lty

Swyofz —8'sy  SHOA/OL+ OL 'EY
L+18=X1+T-)+ XU+ €)W

6 6. _Eoye E-2-
2w g6 fmgm e f-se

01—"€E I+L1E IS—O0L'6T I+TLT

r—0l'ST £-'v'ET £-'f-'1T '€

ISFUL TS ETEL - ZMS—6
ZMET-L VTS TMI9E EMIL

€-T uossaT

‘uogenba aniespenb aul Jo suopn(os e siuiod
350U} JO SBIBUIPIO0D-X BU| SIXE-X BU} SP3SIAUI
ydel aup 210ym aulwIRIPQ AnBWLAS JO Sixe
a3 Buisn Uowouny auy ydei Jemsue ajdwes ‘€9
“AnowiiAs Jo Sixe 8L} woy ueIsIpINba

ale sjdaniaqul 8y Jamsue a|dwes ‘G 'L

siamsuy pooRs  pYS

subys sabueyd (x)
219UM Pajed0] B18 S1001 UL “BIRINDIL 10U S|
OSB3l SI INQ ‘SJ001 BU JO BUO JO UONEIO| AU}
1n0qe 1Bl 5! WodXeH amsue ajdwes ‘ON ‘65
Spu02ss G 1§

~Jo

L1 1 | I

wy9'es
6l—PUBLL'ES [l PUe S—Inoqe g

G PUE § U99MIa] ‘T~ PUE E— UDaMIST ‘6t
Z—'Ly uonN|os [e31 0U "G

i

Irep il

EEEET
£1 PUE 7| USDMIBG £ — PUE §— USIMISA El

T

0z~ pue g— usamiaq Iy

TS T DT
6 PUE 8 USBMIA] Y PUE £ UBIMIA] 6

Selected Answers SA4-SAS


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0391.xhtml

w0
24
i}
=
(2]
Z
<
[a]
i}
-
(9]
T}
—
i}
(2]

§
-
z
<
3
g
g
3
]

LYS siemsuy papeles

N[0S ou "6l
‘way sad 6£0GL$

noge s1 #oud Buyas aur uaym oid 000°05$
B LIRS UBD SSAUISNG B} Jey) SUBSW SIYL
“UONENYIS B} JO IX3)UOD BY} Ul UOHN|OS BGRIA
Ajuo ayy s (000°0§ ‘6£°0G1) ‘@Anebau aq Jouued
2211d Buijjas oy} asnedag Lomsue ajdwes a2}
6L0G1$ ~ X '6L591— = X ‘ALl

000'0 = d PUE XOF + X7 = d "BLL

Y b N b vy,
(& =) (&7 = 5r)
e (1) e-as
Ev's)C1-)E (- 1-)1-"2

6

8-T UossaT

[
+7

CE TR 1

0> 9 + Xp — ,x Jamsue a|dwes ‘qey

0= |+ XZ + X uamsue ajdwes ‘egy

‘spuIod SWeS Bu je SIXe-x Sy}

1asiaul safjenbaul ay) Jo sydelb au) 0N Ly
T+Xp— XGTO— <A'BE 9—Xy— X<ALE
[e-sxse-1xse [E-#xIxee
{e-sxse-Ix1e

{9£0- =x10 76~ = x| x} 6T
{siaquinu eas e} 1z

{erz <x10190 > x|x} sz
{1=x1057- 5 x|x} gz

{902 <x10901->x[x}1z 40901 H 0€ 61

T

e} 2y

o
@
2
E
5
g
©
2

K i

i
I Bl s@NL
{r <xi05->x|x} g

siomsuy paaI9S VS

L-T uOSSaT

SL0— 1S

“asenbs

19941 @ 10U S| 9D — .q Ji [eUOHEL] 3 AlUO
M 51001 B} 'SAWAWIOS H1amsue Siduies ‘dgS
Areuibew;

5q JoASU UBD SUOAN|OS BUI puE aAeBaU aq
J2ABU UBD JUBLILILIDSIP BY} ‘9DUSH "3AeBau
5Q J9ABU [[IM U4DIYM ‘SaNeA dASOd OM)

Jo uonippe 3y} sasaidal DY — .G uaLL
‘anisod aq sAemie os|e ||Im .G asnedag
“anisod aq SAem[E [I1M 2Dy — pue SAReBau
2q shemie [ 90 uaLy ‘subs aysoddo ase

5 pue b UBYM iskemy amsue BldwWweS egs

*s1004 [euones
Z aney yoea suonenba € JaUI0 BU) d1BUM
‘51001 x2|dWOD Z Sey 31 asNe2aq suonenbs g
13410 U} WO UBISYIP SI 0 = T + X + XL 'EG
“uroLAq

UG AQ UG HIES + |+ XEX = (7 + XE)(T + X)
‘8seq 2y} JO 9PIS © Jo YIbud| Ayl = X 'L
SPU023S 6°Z INOGE ‘6t

z . .

£ 5g= 51001 [eUONEUI Z Ly

m,< 151001 [RUONEI Z G
8 51001 [eUONE! Z "EY
m.o 151001 [EUONE! Z Lty

z ;
5y 1001 (s ¢ '6E

SA6-SA7 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0392.xhtml

Selected Answers

§
s
z
<
3
g
H]
3
3

6VS siemsuy pajsies

uamsue ajduwes ‘6
't 40 92169p © pue S019Z 031 P 104 [RuUBIOd
sey (x)5 210w 10 G Jo 23169p € pue 50137
|eal 210w 10 G 103 [enualod sey (x) ‘(x)} LE

) g ua 9B

e

i &

“sizewnued 8 Aq
S19}2WNUBD  AQ SIBIBLUNUSD 8 B [|IM SWNOA
15912316 BU) UM XOQ S JO SUOISUBWIP SU}
‘08 21§ = (Z)A PUE Z = X J& WnwiXew aAe[a:
© aney o) sieadde ydeid auL “(xZ + belx — Ol)
= (X} uoROUNy 3} AQ P3ISPOW S| XOq MU
230 BWN|OA Y 1omSUE SidWeS ‘GE

A
i

“Joieyaq pus aysoddo auy
ey 11 05 “sixe-A aU) Uy uond3|s @ Bupussaidal
quapILR0D Buipea) aysoddo auy sey (x — L)
uonauny 3UL (L + g — 0) + Xt — G + Og-)

+ X(G — DE) + p0— = (X — 1)

08 (X — 1) + (¢ — g — X — O = (x — L 'EE
oAeBau

S11Ua1200 Bulpes| au) ‘g = 93169 ioo — A
‘o0 e X S€ PUE ‘o £ '00 X SY IE

£ = WBI1E00 Buipes| 'z = 20169p ‘0 —

() ‘o0 — X 5B PUE 00 — (X)y ‘oo— X SV '6Z
“usuodxe aAleBau

© 5| 2191 35ne23q [IWoUAlod € 10U S| SIUL LT
§ = UBP1YE0d Buipes) g = 32163p ‘o — (X)5
00 ¢ X SB PUB 00— — (X)5 ‘o0— — X SV 'GZ
G— = JUaIPIY0d Bulpea] iy = 23163p ‘co— «— (Xl
‘00 = X 5B PUB 00— — (X)) ‘oo — X SV €T

‘00— (X)B'00 X SB

PUE ‘co— (X)5 ‘co— — X S :(x)5 ‘00 — (X} ‘0 —
X S pUE ‘oo (X)) ‘0— — X S i(x}) 10IARYRq
pua | :(x)6 ‘| :(x)y adadsui—A §Z°0 ‘50—
‘SLT— (B STE 'ST0 'Sl XY sidedsaul—x

‘SLT— (X6 'STE ‘STO ‘Gl )
Wyelz €6b €L L'SL

HHH
HE

“agL
GG eEL

1 pue n ‘sajqeuea

oM 31 313U} 3SN1EJ BIRLIEA BUO U 10U 4
G— = Wae0d Bupes| ‘g = 23169p ‘6.

| = 1UapY03 Buipes) ‘, = 23165p L.

)
WS 37 W
(00'0] =¥ (oo ‘'0—) = Q"8
(00 “00—) = ¥ ‘(o0 “00—) = @ o0— —

(X)) PUE 00 « X S PUE 00« (X)) ‘0— «— X SV °E
(00°0] = ¥ (00 "o0—) = @ foo —
(X)) PUE 00« X S© PUE 00 «— (X)) ‘o0 «— X SV L

-2 uossag

Erw-1 oz-or-s
(duw—) + S g (g1-) +5— 1
Ao9YD yOMO

2z sImpon

[CRANRaRTY

199} G puUe 0 UBAMIEG 'GL

o€l AV d'e

S=X'€-=X1L D'G LZPULOL'E V'

Ma1ADY T AMPOW

“poLBW U nsqns ayy Buisn a10j0q
wajsAs ayy Jo uonenba puodas ayy ui A 1o}
POAI0S AID31I0U [01eD 13105 51 Aulieq 'SL
X = A pue x = A uamsue siduies ‘gL
“spuey Jay 4o yred ay) 1851911

0} 11eq 243 30 yied ay} 1o} uoRisod 198110 BUYY
151112 343 >001q 0} Bundiwane 1aferd auj el
pawnsse os|e | “} Y LUPINOM SYS Jeu} 1au au}
woy Aeme yBnous e} sem [leq L Buidwing
JUBPMS BU} Jeu) pawwNsse | :1amsue ajdwes 4L
‘POl

2q Aew |1eq ay} 19U 8y} Jo WBIBY 3} aA0qE S|
1eu) asnedsg 1934 6 1N0de 4o 1BIRY € 1e Ileq
U1 1S PINO? spuey s1akeld aUy isa “alL
19U B} UBU} JAUBIY S1 DIUM 139} 9/ 2L 1noge
S1118G 841 40 1BIY WNWIXeW 3L S “elL
60z ~2

12U) SMOYS ‘966 = 1 PUR 0 = A UBUM D + 119y
+ 67— = A BUIAJOS 'SPU0DBS 96'6 INOGE JaLe
SpUE| 195201 J33se} AU ‘W §'0Z INOGE ‘469
SL0°€69 £-'9- 19

ef-"s9 £-'g9

=19 1'e-es Lo

(1M Pue (1)) "8G uonnIos ou 'gg
uonnios ou kg (0°0) c—'2) 6%

€11 Pe (e 'g1-) Lo

(v puezy1-) sy

(2 1) pue (z5€0 ‘27'0) 'er (52 (2 1-) 1
(8°0) (o~ "2-)'6€ z~ L€

SiomMsUY POIRS  BYS

M
zE-e
(€2 'p) pue (- '1-) ‘6T
(z—z)pue (z7) Lz uonnios ou gz
EEEEE
T

¥ 11
(€Y pue(z o)1z

Selected Answers SA8-SA9


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0393.xhtml

0
2
i
=
7
pa
<
[a]
L
T
O
IT]
-l
i
7

o
§
H
Z
<
3
3
g
b
]
&

WYS siemsuy papees

2Ab + :GDSL — :G:08 + G:0TL VE

9+ X9l + X8 46T

€+ X8 + Xb 'B6Z Gl + Sl + oS LT

T X = Xp — XS + XL~ XT ST

b~ €T oA — T~ AX+ XTIE

f — X — X+ X6

ST+D00L— DLl PG+ 01— "Sh

2dg — dUE'EL E+XE— W §— XU+ XE'E
2+6eL z-D—07'G Ou'E 7S

£-2 UossaT

(=) # (1) Inq *22169p
UBA3 e SI X + X = (X)) ‘ON uamsue ajdwes ‘EE

o
11 ._
uamsue ajduwes 1g

“(x)4 4O @njeA ay} BuiulwIBIEP

U1 JUBUILIOP 210U PUE SI0W S3WI029q 32169p
159618 3U) YA WIS) UL ‘SISqUIN SAeBaU

10 anmisod abie ydeoidde sanjenx au) sy ‘62
“o0— = (X} ‘o0 — X S pUB ca— — (X))

‘50— X B pUE SIXe-x U} U pa1oayal st ydelb
BU} 18U} J0B) S} UO PISE SI SIYL WSIDYB0D
Bulpeal aARRBaU © LM 32165p UBAS UE Yl
uonouny e st ydes6 au) [9pow o} pasn aq
pInous 1eu uopoun; felwouAjod Jo 2041 BUL Lz

“annebau
S11UB1YE03 BUIpea) AU} oo— — X SB 0 — (X))
PUE 00— X 5@ 00— «— (X)) UBMSUE Jdwes ‘Gz

Ul 91 OU ') ~ X Xew 'EZ

££0 ~ X 1UIW o1 ££7— =~ X XeW 191 1T
{e— = (X | (X} = § ‘s;equunu jeas e = @
1 = X pUe |— = X8 "UjW ‘0 = X 18 Xew ‘ja)

1z =xpue | = x usamaq

PUE ‘| — = X PUB Z— = X UB9M}IQ SOIOZ
o | ¢
9 [4
.. 1 £ 1
o = | o
T = | -

I AW 1 . 9 [
W A0 ) 19 | e
siaquinu [eal [le = y ‘sJaquinu [eal e = q
f|— = X8 UIW |91 ‘Z— = X 18 Xew ‘|31
0 = X pue |— = X UaM}aq 0137

“eak 12d 0OGYS J0 SseaIUl Ue Sem Alefes up
aBURYD Jo B8l SBRIGAR S,UBLISBIS BU ZI0Z OF
210z Woi4 1005 :2Bueyd Jo Sle) aBeIaAe ‘Gl

b 10qIAIASS 10} SINOY J3IUNIOA

aBesane ienuer 8duls syIUOW 4o JaquINu
U SI X 2IBUM ‘SZVEE + XZE 0T + XGTED —
XG9G] + XZZV0— = A 1590 Jo BAIND 'EL

L:psfoL ol a1 :psfol ‘o]

W 1666
*£10T Ul S3IES 18D 'ZGGL + X98YL + XOULL —
131594 JO 9AIND L1

‘AnawuwAs sAey 10U s30p.
ydeib sy} “UIBIOP 1UBASIRI BU) UJ ANSWIWAS
(0 'g)Inoge je st

‘0197 Jo “ydadsaiul-u ay) (0 ‘0) 18 si idadiaur-a
aU ‘UleWIOp JUBASIaI BU) U] S1da2Ia1U]

eyag pu3
WOp 1UeASJ21 3L Ul
7 = 3R wnwiuw anefa! € S| 218y ] FBWaNX3
“siaquinu

|ea1 |je 51 aBUB. JUBABIS) BU pUe (0 = U | U) S|
UIBLIOP JUBABI21 B} ‘SIB3K S|apOUW LOROUN 3U}
2sNedag "SIAGUINU (B3 [[B 318 LONIUN) 3L JO
abues pue uiewop ay | :aBuey pue ueWod ‘6

00 = A *00 — X S 1

€97 14
98 €
6L [4

z 1
|- 0
L

13

YL £—
1344 -

winwixew
OAIRIDI OU | — = X JeaU WNWIUIW SANe[ L,

siamsuY PAIRRS  OLVS

PSl— L
8h— 9
0L S
[43 14
0€ €
9 4
14 3

0 0

b =X Jeau w aAnefa)
L =X pue O = X USIMID] WNWIUIW DANLIDI °G

€5 €

6L z

S 3

S 0
€l

€

62 €=
S v
S S—
£ 9—

G— = X pUB 9— = X UBaMID] 0IZ BE.

6 z
€ L

| = xpue 0 = x usaMmaq
PUB ‘g~ = X PUB p— = X USBBMIA] SOIOZ '}

2-2 uossa

SA10-SA11 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0394.xhtml

Selected Answers

§
-
z
H
3
g
g
3
]

ELYS siomsuy paivspes

8'6k E—XL+XS'EL O'W
XT+ X8+ X9 — XL+ X6
oL -+ ((Xb's g€ 81

Matady g amponw

(£ + x) womsue sdues 6z
S1eUIBNE [IM A — X) 10} SUBIS 3L BJIUM
‘anisod 34 1@ I WA + X) 0} SUBIS au} ‘swid}
swies au ey A3ul SIIUM HaMSUR Bldwes 1z
“ZYYE0000'0 Aq Joje|nojed

© Aq UBIB anjen aus wouy ssepp uoewixoidde
U1 TYB6BIT L + a(CO') '968ITL ‘ST
suopeuiquios

952 = °0° + %0° + 0" +°0° + 2° aue 2soy
“0G 'S210A 6 10 ‘g £ ‘9 ‘G 8q p|nod Aofew oy
UN0D swaidng a1 Uo SeBPNI 6 218 2I3UL EZ
310D

10 10 g BUMBB J0 BDULBLD %S € NOGE 10
Nm: © sey mauel Zinb au ul suonsanb au}
19MSUR PINOD U SAeM UBIBYIP HZO) S8 BI3U)
10U pUNO} | ‘BIBUEL S [2358d JO MOJ SIL
sanjen au) Jo [je Buippe Ag 131100 310U 10 8
196 01 SAem gg a1e 1oL 05 1B1I0D 2 136 0F
Aem | pue 193110 suosaNb 6 16 0} sAem ]
931105 suosanb g 196 o} skem Gy a1e 1aUY
‘alBueL s jedsed Buisn “uonenys wasaidal o
Pasn aq ued (M + ) Jo UoIsURdXS SJUBIB0D

a3 uay) 1amsue Buoim e sjuasaidas m

PUE JaMSUE 1981109 E Sjuasaldal 3 | 'Lz
“Angeqoid

991 Inoge 1o 82 mﬁ 11091102 18 / JO G 1oy}
Auceqoid su s ‘ssnuiaissod 821 4o 100
p1E0q 115 1991103 € 3onpo1d 0} 0G0 AU 104
Skem |z S1e 18U} ‘WaI0BY [eIwouIg Bu) Buisn
N + D) J0 UOISUETX® BU UI oD JO JUBIDB0D
51 Aq USNIB 51 AlB1RINDDE IR0 NI £ 10 G
25npoid 011001 U} 10} SAem Jo JBqUINU BUY
B} ‘PIBOG NI 1931100U] UE SUBSBIdaI N
pue p1eoq NDIID 1981100 © SluasaIdal D Ji 6l
%ET LY

Y20 1+ g8 + .02 + .5 +,90¢ + <2 "Sb
R e R

A8 + Juy98 — LYISYE + LUppl — U960V I
AvZOL + /x0r8E

+ AXOILG + AXOLEY + AXOZIL + XEVT 6
%8E L

£vE —ALbl + AT — /'S

W+ eliBy — B9 + UeBy — b€

A = AXE + AXE — XL

§-Z U0ssaT

+ 89y
| +:8 "eEy

LG8
T

T4x

T o Hemsue sldues Ly

jeiwouAiod au) Jo Jowey @

eluioUIq Y1 '6E

WP o

23165p au) snujw (XY J0 23169p 31 s (¥ Jo
CERX L o £

oaiBop U (X 1 xz = EE uparduwexa

104 (X)p J0 23163p Uy Snu () Jo 23163p UL

st ﬁw 10 92160p aU) pue ‘()b Jo 22160p au)
sienba num 10 22163p aU sueaw sy “(x)b Jo
2a160p 2y} Sjenba mww + (x)b Jo 2a160p 2y} 05
“(Xp Jo 3153p a1 UeY) 53] 51 (X)1 J0 3B168P
we g
+ ()b = WP, 40 asnessq mmﬁ_whm

auy PP 1 (b jo 00160p oy jenba 1snu K2

s
sa160p sy ‘WP 3n

m + 8196 01 x Aq papinp

e,
2q Aew | + xg ua xm = ‘ajdwexe 104
(dwis aq Aew .um uoissaidxa

2y} uauy ‘(¥ J0 8a160p Bu} 0} [enba Jo uey)
1010316 51 (x)1 JO 92163p U1 J1 ‘SO "ALE

K e X .
5+ € = gfxg dlduiexs so3 enba
2q Aew (x}p pue (x) J0 s92159p U ‘ON "eLE
0L = XT — X8 — X8 = (=) + (9 — Xb)L + X +
£X7) 4BpUleWaI B} PaPPE pue Juanonb auy pue
101

20 1SNW PUBPIAIP B} JO SLLIBY P!
BYL ‘L + XE 3q 1SN O

S| I0SIAIP B3 SOLUL XE 9SNE29g ‘SOA "EE

(91 + X8 =X)L 'LE LLSID X9 SI G X SI V6T
L6+ -2t +ez- 20T

L—u- sz

—POTET ¥ HXT—XIT

L+xe—ozer Ygtie-wu
E+Q+m+«qm.m_,

Ly ahe-Sm

| |m‘ 9+1
woe e m+_+«Nh
z+u's AE—lzE L+AT+ A5

-2 uossa

(gz +€lgz —€) 18

SIIMSUY PIIRS  ZLYS

‘anbiun a1e SwWia) 1se| pue 1s1y Y1 INg 10

4o wns @ Uy nsal Aew swis) 33| BuPpe 1z ‘A6l
“3LUI} BUO JBLIO BU 4O WIS} yoea saydinu
JeIWOUA|Od U0 JO WIB) U283 U+ W *B6Y

M 9LG + S8V AUy

ary

199} 7240 2L + 0L = Z4 + 4 51 3o
1aB1e| BU} JO SNIPEI Y} PUB 198} OL S1 AP
J3]BWS BU) JO SNIPeI BU} ‘0L = 4 'LOYT = JLbT
Uyl + IUYT = U — Pyl + T + L = 0
— 2(z1L + 1 = wpgE 05 *B|UI IB|[EWS JO BAIe —
812112 13B1e] JO B3R = H[EMIPIS JO RAIY "BLY

066Gl + X2T0'0— 'SP

uopsenans

‘€
s3168p Uiy

L+ X9 = X6 = ol — XE) = [ Ay

22169p Ul X + XE

— X XE— = (L= XE)X — oX—) = (XY ALy
2a169p pIg 'z — X

— X9 + X = (7 + X — X€) = (X)BX) ey
Az — xL"6€

G2 — UOOE + :UOVT — U9 LE

8T — U + Ul — UZ 'SE

1dhU9 + deug — UT 'EE

Selected Answers SA12-SA13


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0395.xhtml

0
2
i
=
0
pa
<
[a]
L
T
O
IT]
-l
i
)

§
H
£
<
3
]
g
2
]
&

GLYS siamsuy pedeles
“ApInb 0s e} 01 Aj23ilun S1 anjeA abeIeAR
a3 ‘ON LamSUe djdwes “sieak Gz Joye
uonenys ay) sjussaidal (S [BPOW 341 GGG
(52's1—‘s202)
‘(021 '1202) (61 ‘Z102) (129 '€007) ‘eSS

'L PUB ‘Z'0 ‘G'l— 18 S0J9Z pUe U
Buipea| aAnsod e ey 21gnd aUL (g + Xz)

(1= X5) —X) = (¥ (€ + X2t — Xg) se s101e
YIUM ‘g — XgL + X0l S1uanonb ay) ‘g = ¥ 0S
‘0= €~ 1018} © 39 0} (L — X) 104 '€ —
JOPUIBWBI B | = X LM UOISIAIP aUIUAS BSM)
01904 € 51 (| — X) ‘Wa103UL IO AU} AG EG
€15 86y

oo,
iy

—

w

YOLU'SY T—XE'Y —X'EY

THXU =X L= XL+ XT6E

Y- XU+XLE 9—X'E+X'GE
THXT-XEE THXUL-XIE

€+ XT+ XL+ X6T L+XT'9+XLT
L+ Xy —x'82 A —X€C

uolla 9LyiS ALz uoliNd ¥'0Z$ el
0z'zz—"6b 9-'SLLL

L='v="SL E€E L'T-W 016
TI06LELL 0'86—'G Z9'LOLL'E L6S— 'L

p-g uossa

LIS By UBLM [20UED J0U PIP 11 0S aAReBaU
Wia} 8y} SpeW AJUSXEISIW By SUI| PUOSS

au3 Ul D pue g paydninu 961099 UBUM ‘ST
L=A7=XG= A+ Xy =MCE=A— X"ET
*3pIs Jau1o 2y} 1| 400 o} payduls 13 [un
uonenba au Jo apis 1ey) wiosues; o} saiuadoid
e1qable asn pue Lonenba au} Jo 9pIS PaleoYdWoD
210W BU} UM UIBSG NOK ARUSPI UE S| uoenba
JeiwouAjod e 1es aroid of -sajqersen s 10}
DPaINISANS 218 1eU) SaNjeA AUe 10} PaIISIES S| 18U}
uonenba |eiwouAjod e s Anuap! lelwouAjod v 4z

pa

(Aydwis) m —on =

(Auadoud aannauisiq)

M — MM — Ml + M1+ MN + McN

M = Mg — M — M — M+ g =
(Auadoid aAnnquisia)

(&M o+ mn — )M — M — M + 1) =

(N0H) (M + MmN — )M + MN + )M + on) =
(uonenba euibLO)

(M + M0 — DM + M0 + D)W — D)W + 1) =
M =16l

(Ridwis) oy + o6 =

(Kuadoad aAnnquisiq)

U 3B = B + D + YyB + 5B =
(uonenba [eUIBUO) (Y + Uzb — b)Y + -6) =
ol +BLL

Amuapy

uelou gl ANuspl uelou ‘gL AWUSPI L
Hom sAeme [iim 31enbs e o ease

a3 Buipuy 10 552001 19K 1981100 S| oy
1y} sanoud siyy ‘ana s Ajpuspl ay) snedeg
(BniL) A +Ax9 + X6 = A + AX9 + X6
(apis ya|

B3 218NbS) A + AXG + X6 = oA + AXQ + X6
(uonenba

1RUIBUIO) A + AX9 + X6 = A + XE) "6
(Apdwis) b —,d =

(Kuadoid aAnnqusiq) ;b — (b,d — :bd +,d =
(Adwis) (b + d)(b — .d) =

(kuadoig

annqusiq) (b + A — bd — bd + ,d) =
(uonenba

1eutbuo) (b — )b + d)b — d) =,b —,d L.
(Auidwis) . — 0 =

(Kuadoid aAINqUISIA) .0 — gD + qD — ;0 =
(uonenba jeuibuo) (g — 0)(q + 0) = . — PG
(Auadoid smanqnsiq)

961 +X9G — X = 961 + X9G — Xt

(Aedoig annn Q)

961 + X95 — Xp = (6 + XpL — X

(uonenba [eUIBUO) 96L + X9G — X = ol — Xy '€
(Kuadoad

2MINQUSIQ) A + AXZ — X = A + AXT — X
(Uonenba [UIBLIO) A + AXZ — X = (A — X)L

£-§ UossaT

¥+ (X8 + X9 + lX)T)
— b+ X8 + X0 + oXTL JoMSUE BJdWeS ‘G2

X 10§ ;X B
oneipenb au) Joj SUOAN|OS BU} S3e} ‘SIUBIIA00
swes au) aney suonenba Lioq asnesaq

‘UM pUR WAT = X 318 SUON|OS BUL "L
Uyze9 L+ Wl - wi + WL

(€ -%:x61'89 o6 +4°'€9 9 —P)19
swud-6g (€~ +0z)Lg dwud-gg
52918 €8
0=GlL+Ng—Nix=ndeg
)z = L uamsue aidues egs
FIFET VS guirs gues L S 6
EMFVgrEm T g F iRy
@H Lrey %.:\r Lxw

EME T €'9-"6€

1ZF UMFLE OLMTF '€-'€'SE

b+ A+ Al — A g

(A6 + Ax9 + XYIAE + XT)AxX "LE

(7 + X2 + X2 = Xy + X — ANz + X) ‘6T
%\ﬁ %ﬁ 1 %ﬂ ,m\mﬁﬂ ‘sz

TMT SMFET 9+ (XD + XD 1T
alaissod 10U°6L ¥ — (X8l + (XI5l L4
RUEIRCE

- ex

14210U 33 4O UIBU| BU) BsaIdal A pue B3| au)
10 9IS € Jo YIBU3| B JudsIdal X 197 "egl.
8's—'0'E

ZL0W o8 =X+ a0+ .0/ - D)6

(g =B +49lA — X +X) 2 owud g

(9 + G0 — )@ + )G + G0 + ()(q — D)0 °E
(:P6 + P29 + AH)(PE —92) 'L

2-§ uossaT

*SUONN|OS (B3] OU

Sey Jeu) 9o AJUO BUY S| 1L — XZ— = XG 'L
“a|qeuoseaiun

30 Aew 3Uo0 Pue suonn|os asod om} ale

SiomSUY PORIS  PLYS

21U sawiBWOS ‘0s]y “swajqoid uopisod

10 2Inesadwa) 10} S YINS ‘9]qeuosea: s|
UonN|os aAneBaU e S3WIBLOS YaAMOY ‘BLlY
10 3OUBISIP 10§ SB UONS ‘2SUSS BYBLU },US20P
anfe BANRBAU @ UM 1991100 UBYO S| UORNjoS
nsod a1 Jemsue ajdwes [SaWNaWOS ‘6l
“95U0 1583] 1€ SIXe-X 3y}

S5012 Jsnw Y ‘1043194 1 "Suonaup asoddo

Ul PUSIX® SPUS BU} OS ‘UONIBIIP 3SIBASI JOU
S20p 93168p PPO UE JIM LONIUN} Y 'SUORNIOS
|e31 OU B1@ 313U} ‘SXE-X DU} MOJSq S| XOHIA
U3 pUe UMOP SUBJO LOROUNS B J1 10 SIXe-X
U} ar0qe 1 xavan au) pue dn suado uopduny
U1 J1 18U} SUBSW JRU ] “UOND3IIP SWeS 3y}
PUBIXS SPUB 10q 05 ‘UONIAIP SISIBABI B3I6P
USAS UB LJIM UOOUN]  IaMSUE S1dWeS L

PR

d U3 Jo seNjRAX
SU puy PUE 000'0Z = (X PUE (X — X)000'0L
= (xy ydesb 1amsue sjdwes ‘88'0 ‘62°0$ ‘Sl
uonnios ou"glL  €9'E ‘GE'L 'SE'L— 'EE— U
“urg = bRy

S =xi829 = A'XuE + xu =£"q6

879 = XUE + XL 86

wd 0g A9 wd 07 Aq WH Gz "L

wo oL =x

1000'GL = 4X00Z — X0l + X9 = A "aL
000G} = X00Z — (X0l + ¢X9 "BL

LZ1-'S YEE VSO LYO—"E Tv—'L

= snipes 26

T-g uossa

LEy zv-'g

YT+ XTL+ X0V — XL E
YHXO+ X8+ VT L
A9YD yomMO

£ dmpoW

SA14-SA15 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0396.xhtml

Selected Answers

§
H
H
<
3
H
g
2
]
&

LLUS siomsuy parpaps

Li 9
51001 aU USBMIAG
suiod a10w Buipuy.
Aq paroidwi aq pjnod
. 3 uoneyp [edan Aue
ru..t. 13PISUOD Jou $30p g
|T 'S019Z 38U} JO Uoned0|
i

T ot se ey se areinae
siydeib syl ‘65
sanseaw angeou U
}NS21 X 0 Sanje alqIssod JayI0 SuL “Uoneys
U3 J0 @103 SU) U] UOANIOS A[dRUOSEa AlUo
BUISI £ = X W Z Snipel ‘W §'ly WbIaY "qLg
Sores gy L MVEL = 256 + X0 — X) oL
TTIECTT

0SL + XL

+ X6 — XE — X = () Iomsue 9dues ‘I

LT —x8L

+ X9 + XT + X = (Y uemsue sjdwes ‘6
09 — XEZ — XT + oX = (x}) omsue ajdwes 7y

[

e

omsuy oidwes ‘sy
8= X9+ XL+ 09— X =AgY
9 —x+X=Alp

L'Z—'9—'s€

1 1

TP LT +LEBT
9102171002100 1T

p1024:2100°5Z
$10°2°012100:2 100 €T

zunie
010Z:0%10€ 6k
0l0ziLI00ZLL

182162202~ "¢~ 'Sk
freubew ¢ eoi 7 11— T gy

S
eIz -
feupewrz i il 16
eaiz:Ez—L
191 2 ' E— g

e

siomsuy paees  OLYS
Aseuibew z ‘|eai € 1z~ 1200 ‘0 '€
|ea1 in b
§-€ uossa
7= xpue |- = xuaym 0 = (g

0 = (Il USUM 10128} © 51 (1 — X) ‘WBI0aY L
1016 2U) Ag omsUR jdWeS 1BUoIAL 29

1001 [euoe! @ aARY
M (XY pue ‘0 [enba skemje m (1 ‘pabueise

*2°q ‘D JO WINS BY] "8 PUB P '3 ‘q D ‘2B SIYY
UL (X)) Ul SIUBISUOD PUB SIUBIDIYE0D 31 JO 2 JO
wns au st (1) L = X USUM :Jemsue ajdwes ‘g9

“wa10aY 101984 By} sanoid
1L (X} JO JO1RY © 51 D — X 1eU} SURBW SILL

‘D — x AQ PAPIAI SI (X} UM O SI JBPUIRWIDI

SU} 1eU) SAIEIS WBL0BY | JSPUlRWRY AU} UL}

‘0= (04310 = (0} ey dwnsse moN 0 = (o)
‘051 (0 40 019} © 3DUIS "0 10 (0 — D) J0 IO}

© sey (o) uay ‘(x) o J01oe € 1 0 — X JI 'EQ

bt
AT
R YH

1 —xs

+X2)(9 + X) = OF — XEL + XSl + 01 M Ued
am ‘a10218y L “(L — X)(§ + XZ) 01 S10198) UIYM
'S — XE + X S1 [eIwouAlod passaidap auL 'z =
10°0 = ¥9LZ — ZEY OS ‘0197 3 I1SNW ISPUIRWAI
UL "9— = D YU UORNIISGNS JNBUIUAS 35N ‘6
'S~ 51 (z + x) Aq papinp

1 (Xl UBLM JBpUIRIDI B ‘G— = ‘(Z—)d BOUIS
“U)d St U — X) Kq papinp s! (x)d [e1wouAjod
UBUM JBpUIRWA] B} ‘WaI08Y ] JapUIRWSY dY}
03 BUIPI0DY “(G— ‘Z—) JuI0d BUF LIRIUOD OS|e
1xe-A 3L} 0) JUNBWIWAS S (X)d )l 'S— LS

Selected Answers SA16-SA17


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0397.xhtml

0
2
i
=
0
pa
<
[a]
L
T
O
IT]
-l
i
)

§
H
£
<
3
]
g
2
]
&

6LYS siemsuy paales

i
15

{lz'e=) 19 z-) (8= "N

2- uossa

{o=x|x=q ey

(s1aquinu [eas e} = @ “egp

G+ X = (56 — X = (x) uomsue djduwes "Ly
pauyapun = ()(%) s6€

0=2(4) 26

v=(e)(5) pee

5= )y -) 26€

8=(0)6 - u) a6

= ()6 +) e6E

W SpIZ aLe

uEf g4z + zk: = [0MA eLe
Ovp'SE 6°EE E—lE

|26 68LUZ T'ST L'ET SLIT

167G $ 40 1500 [euly

© Ul SINSa1 UoSOdL0D JBUYT ToNew 10U S0P

SJUNODSIP By} JO 1BPIO B | LIaMmsue djdWes ‘6l

6022213 (x380)590'L

= (9 X590, = (X XG80 = (d LY

{l— = A| A = ¥ (ssoqunu [eal jje) = 0 '8 —

X9 + X = (X 0 6] l— = A | A} = ¥ (s1oquinu

1Ba1 I} = 'z = X9 — X = (X6 o /]"5h

(s1qunu ppo [je) = ¥ ‘(siequinu [eal i) = g

‘S + xg = (Ml o 6] {s1oquuinu uana i} = y

‘(s;oquinu eai [le} = @ ‘0L + X2 = ()[6 o /] €L

@ =40 = q Pauyapun

SiJo 60 =40 =a pouyepunsi b ol

01-"v="s-1=d'0'9-)

=a{l-"9-) (- "2) ‘(r—"0) (0 "'8-)

=Jobpl=d{-)=alyv-)=60s6
1uno0y BuuadE 23UIS SUUOW

O_Wmmrwmva( o

DosE.

|
i

0541 + x58 = (¥)(q — o) {(X)(g — o) "eL.

S —XE+XT _ o
E-sou xS GETEE=9() t0e
= XBL+ XLL + XE — T = (B +N) U+ XE
—XE= =B - )L+ XE+ x=()O6+4)S
LaxL2E=0(8) w4 — Xz = W6 -))
S+ x—=(6-))6—xe=Mb+)E

xS = () x0L + xg— = (6 +4)
6 —x9 =6~ 4G +xz— =6 +1)1
- uossa

9—XG+ XL E+X5'G

Z PUE | UB3MISQ pUE ‘0 PUB |— UBBMIAQ °E
 PUe € UBBMID] pUE ‘| PUB O UBBMIDQ °}
329YD ¥IMO

¥ 2ampoW

v

o'g'st

g€ O 8%

9=x1

640 |- S x40 anjen

BU} 0S 0 97 JOUUED BBIE BBHNS PUB BLINJOA
‘0= (0)8 = ¢{0)g 51 1n6yy PUd3S BU) Jo LBIR
22e4ns pue 0 = 0 — 0 = (0)6 — £(0) st 2116y
15113 U1 JO BWNIOA U} ‘SUOISSIdXD [UIBLIO
U1 U1 X 10} 0 BURNINSANS USM BSNed] 0 34
10UUED X JO BNJEA B "G PUB ' ‘| — SUONN|OS
a1 SAAIB UOReNba BU) BUINOS X8 = X6 — X
uopenba L aAjos ‘21nbyy PUOSS UL JO LAl
22e41nS 3 10§ UOISSBIXS AU} O} [eNbd N6y
111} 3U} JO SWN|OA D] 10} UOISSBIAXS BUL 19S °G
a'a'veE vV

Ma1AdY € AMPOW

SIOMSUY P3RS BLYS

1001 aAneBaU | 3q Aew

21913 2104018y | "9BUBL BUO AlUO G PINOM
218U BL 0} Y] WO} BAOW | Se saBUBY UBIS
10 19QUINU U 1UNOD UeBe PINoM | UaY L ‘Sub
sbueyd pinom |qelien 3169p-ppo ue
SWIB} U JO I X— 10 [eIwouAod au) S1eniens
15115 PINOM | *S1001 231 DANEBAU JO JAGWINU
3U} BUILLISISP O] "S1004 [831 SAMSO | 10 € 9
Aew a101) ‘21052104 “UBIS Ul sabueyd € o8
2133 uondUNy SIL U] WL 03 Y3| WOl dA0W
noA se [ejwouAjod ayy ut abueyp subis auy awn
Auew moy aulwIz1ap ‘s1001 (831 SAMISOd Jo
12qUINU 3L} BUILLIIEP O] Jamsue djdwWes ‘g
'suopNjos eas aney

13410 311 JO [[e pue suonnjos AleuiBeuw sey
uonenba ay | uemsue (dWeS 10 = | + ,J €9

219

SA18-SA19 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0398.xhtml

Selected Answers

§
-
z
<
3
g
g
3
]

1ZYS sismsuy papsies

wun | ya| pajejsues

pue ‘A|jesran passaidwod ‘sixe-x ay) ul
papayRI 0 S A A=y ll-=x|=azL
o=Aln=u{Ezx|x}=as
(osA|M=yfo=x|x=ae
lo=AlA=yle=x|xI=a1

-t uossa

Mgz L9 1—>Xx1>x>0°S9

0= SI 3[qRL_A 1210 B} PUE O = £ 10 X USUM 'EQ
“Apiduis 0 swuauodxs Jo sauadoid au)

51 UBU pUe ‘SIUBUOCX@ [eUopE Ol S|EdIPE)
1IBAUO U M “ISABMOH "SedIPR1 Yl AId3IID
Buieap seadoid Auew se aney 10U Op S
Idde sjuauodxa o saradod au} |le asnesaq
SIBLOAXa [eUONE SE } USLM UOISSBIdXa Ue
Ayduwis 01 sa1sea 8q Aew )| emsue djdwes 19
X— = XA UBLY'O > XU 0 > X 6§

el = qellify UaY

‘PPOSI G PUE O > W el = i)\ UBU) PO
SIGPUR 0 < Wl "eli— = W)t UBL} UaND 51 G
PUR 0 > W J] "elll = ¢clll L UBL) ‘UBAB S  pUR

0 < W | 1BPISUOD 0} $3SED INOJ DI BIBUL LG
wozes SlpEs huots ey
W 88 LY

WD EAZE ALY

WD 0BG "eLy

£ay waer

DU G0E—6E Plolvl LE
oG +Ase (v +Xeee
DEIE 56T WX LT Y9°ST
Ygz g1z o6l s
Xposk sher [olu v —xee

lle =Xz L 920006~ XLFE eAxuF b

£-p uossa

G S11INS31 3} 'SNYL °G Uo uopesado ayy
S9SI9A31 UONDUN 1511} 3L} JO SSIBAUI UE S| Jeu
uooUNy PUODaS By} LAY °g U uonesado ue 1o
S31BD SUOIUN 3L} JO BUQ 1aMSUE SdWeS ‘EG
X— = (0,4 pue X— = ()

10 X = (x),_4 PUE X = (X} :1oMSUE BdwWeS LG
“uonauny e Bulaq 10U BSIAAUI UE

UM UONOUN] © 10U S| 1L UOReI3) € Jo Sjduexs
Ue S1 312112 v “UoRouNy e BUIaq BSIBAUY Ue LM
‘uoUN @ 30U S oL} UORE|D € 4O djdwexs ue
S| X/ = £ 'Sownawos emsue ajdwes ‘6t
“uonouny

©50 10U [|IM SSIBAUL I} OS 53] BUI| [BJUOZLIOY
By ssed JouU SB0P UOHDOUNY B} ‘UONDINSS

U1 YU UaAS amSUE B|dweS ON "aLY

T Eﬂ
i i

i

4
¥

‘0 Uey) s3] 39 J0uURd
(xz = z1) x0q 241 Jo apIs au Jo Yibua| ay1INg
‘anmisod a4 18N X Jo YIBUB| BL} 35Nevaq

9 pue O USBMIBQ 37 1SN X JO 3N[eA BYL
Hamsue ajduwies {(xz — 9Lz — Zux = KA ‘eLy
“91e1 BAY JIdY} UO Paseq Swalp

31 J0 9Be [eUONAUN; BU) SIAIB LOROUNJ BSIAAUL

ouy uomsue oidwes SE0_ 7z = gy

{o=x|x} {o-=x|x}6e
{s=xIx{osx|xpiofo=x|x}Le
sok'ge ou'ge Sok'lE

T XTN= = (), S st sIaAUl

U1 uaU} ‘(oo ‘0] 01 PaIILISAI I (X} JO Ulewiop
BULY T + XZ) = (X),4 S 9SI9AUL AU UBLY
‘[0 ‘00—) 01 pajoLsal si (X} Jo ulewop ayy |

XM F =) 6T

¥ =X"ST
sak'gz ou'lz seAeL ouzL

]
[+

£
i

spunod gg 1noay “qst

siomsuy paoRS  0ZVS

“S3U03S Ul YBIaM
U3 51 x 219U ‘spunod o} SBUOIS SHBAUOD
as1aAUl BU L HamSUR Bldwes Xpl = (),-d ‘el

EE

5 o
S NEEATET]
uat ‘(s ‘0] 03 patopisal
S = st osionu ou o
1[0 *00—) 03 PaIOLISaI 1 (X) JO UlewWOp B )

(XY 30 urewop auy Y

SxF=0LE

2
.
—-
) o d

[

-
-
e

o=

X =W

Selected Answers SA20-SA21


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0399.xhtml

£TVS siomsuy parales SiomsuY POYRS  ZZYS

Z/MAOYYL6L ZZMOTLLL pUM — XLMG USL
P . e . 9 .

SMEL LBW i 6 WL
yMaplz s Go9Ma0Z '€ T/ 909 L

§-t uossaT

i) asunsig

[ — X) = £'s1 as19AUl pue
b+ XAF = A1 jeubuo sy HemsUe ddwes ‘azy
“Z = X)F = A's| as10nU] pue
aUL uemsue ajdwes e/t
“uiewop a3 Jo uoneyw
51 01 anp palwy st 36URI BUL KieuiBew a1
Siaquinu oAb Jo S1001 21enbs asnesq
pauLWI| S| UleWOP BUL HamSUE BdWeS ‘G " 1
o4 b4 - A romsue s g5 SIXe-x BU) SS.0@ PaYIBYAI ‘UMOP SHUN § pue EEE _ _m

T+ x=Asipe

it

(00 ‘o0—) = ¥ oo 'o—) = 0 "€T

T N 00 = A 00 = X SV 10 < X 0} BAISOd ‘o0 — X
sebuiseanui {0 21| =y0=p|p)=qagl
(u) @dueisia

BL 1UN | pajeisues oA passaiduiod
G=x[¥=aqe

LT TT

) ey

£

-958310U1 A JO SaNRA
B} S 25eaIUI 1 JO SAN[RA AU L H1OIARYS]
‘00=) 40 (00 > (AU > 00— | (AM) =¥
{00 ‘o0—) 40 o0 > A > 00— [A}= QW

“awes au) s (x)6 1oy Bueyd

=]

Ll
prE=1eg

umop syun o
pue L syun g paejsuen Alledan payaiens
fo-=0y MM =nuils=x[¥=a6z

40 @181 2y} jey) sieadde 1) *(x)4 10} %l S| [ensBIU] L+ z=xp =0y Le
3} Jan0 36URYD JO 21l ABRIAR AL I6E E F
zo i = — (b = — (d \ﬂ\l
€= X1 (X)5 jo UIRWOP By L "[e31pe) 3L J3puN ‘o0 — X S@ ‘00— X S| A
" ‘anjen aneBau e 2onpoid € e ssa| sanjen I
g Aue @ouss ‘g— = xSI (x}y Jo uiewop ayL "a6g | . & Tﬂm > Tﬁm 6_>mumm - !
o — co— —

m N‘Xm 10 aNjEA WnWiXeWw s <xoi| B <xi0}| SHUN G UMOP paje|suel pue A|
wn 12Ul 9 uewsaieat si L ‘winwixew sy asnessq onmsod g > | onmsodig>x|  sanebon poyens fs— = A[Al=yfo=x|x=amu
[2 4 5 anjen wnwixewr 1210316 oy} sey (X e6E | x o) sanebal s0pomebau|  /eAmsod -
11] F T— v+ Xp— = (Y LE 00— X, ~ — x| bBuiseanaq
W se Bur se | sur -

€= auA
m 16 ux | z— aurA g aurx|  sidesssiug 111
< e~ A1/ siaqunu ea. Sbuey =
0 = x x| s:quinu e5: Urewoq T

m Ajleonan payojens
= ‘asz Ajleo1aA passaidwod ‘agy 0=zA|A=yf0=x|x=ae
IT]
-l
L

SA22-SA23 Selected Answers



https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0400.xhtml

Selected Answers

§
H
H
g
3
]
g
2
]
&

STVS siemsuy pasies

v'eL 81 grzsk @€
“sun € 10 ‘syun || umop

pajelsuen uopounj Juased Ly Jo ydess auy
()6 4o udesb au3 ‘0 > ¥ asnevaq Aljeurd ‘syun
S o 'syun |y| ya| perejsuen uonouny uased
a1 o ydes aul st (x)6 Jo ydesB sy ‘0 > ¢
asne2aq ‘osjy 'z 10 *|o| 40 Jo1oey e Aq Ajledmen
©-x 3} SSOI0R PAIdBYI
uny juased ayy o ydeib auy st ()6 jo
udesb oy ‘| < o] pue 0 > b asnessg ‘g— =

PUB ‘G = U 'Z— = D IBYM X + Y — XJD
= (4B pue_x = (x} S| uonouny Juaied ayL 1y
ae

LX)+ 2= = (X4 SIS

au} Uy ‘(oo ‘Z—] 01 Pa1LISaI S| (XY JO LleWOpP
BUMI " L+ XM — Z— = (X)4 SI 8SlbAul aU) UBLY
‘[z~ *oo—) 01 paoUIsal S| (x) O UlRWOP BUY Y| L
g+xa=0Wbeo)'s

o€

at

Ma1AdY p ANPOIN

-annebau aq
Ued puesipes sy Jemsue o|dwWes B3N ‘GG
oo
(X)) = ox
x=iZz
5

o
A
PEZEIR -1
‘op suonenba a.1u1 Ja10 Bu}
UM UONN|OS |23 B BARY JOU S0P UoNenba
siyL somsue ajdwes (0j— = £ — Z + Xp 1S
F.m 1 sE
LrId7A k-l
1
e
- =i
e t &
111 11 3
WD £Z'8E pue LWwd /Z'gl AP1ewixoidde.
a1e a13yds pue agnd au} Jo seale adepNS
BUL £z'8L = X 1e Pasial sydel ay) aqnd
L =
U1 jo ease 20epns S| x Bsoym ‘2L | = (96
pue w\( = (x suopduny ydeis ‘6t
V= 16101 <) = L9t
HY)a-0L X T') = o-0L X ELL'G UINIS "ALYy.

x=

zoz ey
[

7 sxs G agy
X E

oz T X[ eav

nzZLey
(uonnjos snosuexd) G— ‘9 'L
(uonnjos snosuexs) ¢ '€ ‘6
SYZ'LE T'SE

W>9E'6Z €TLLT T'ST VT'ET
€v'lz €29'GL°6L 19Ul €8°GL
“UONN|OS SNO3URLIXS UE S 9] ‘UOAN|OS [e31 OU *El

WOU'e WL Or'S 8°E m_N.—

9-t wossa

siemsuy o3RS YZYS

“Alessad3u Jou 2z
SaNjeA 2INjoSqe Su} 12U} PaULSP 34 0} 100 ALY
10} 19pI0 Ul 2AEBAULOU B 1SNW PUEDIPE) Y}
uaym s1 | ‘paulyap aq ||
PINOd U 1eY) B|qIssod s
25N 0} Alessadau Ajuo s1 ) uamsue Sidwes ‘6§
z=q9'g=0
w=Q'y=09l=q'7=0195Z=q'L =D 1S
L3 J0 9IS @ 10} anjeA d\qssod
1583| OUN SI GGl = b + ZAY = § WD LTL.
IN0GE 10 ‘PBE/ S11BUL OPIS © Sey (WD 8E JO
SWINIOA © Yy XOq @ IaMSUE Sjdwes 'ON ‘dSS
@z+zpe=s
f=11+zpo ess
z =
(m) =
FT AT D) =X XT X = (U + XP)
+ 7+ (Xpp s XM) + (- XM) PES
XOL= X + XE + XT + X
= (XU + X6 + X + X)) = (XU - XP)
+ (XB + XM) + (Xg M+ XM) + (XM - XM) XOL 9ES
X9 =XE+XT+X= (X6 + X+ X
= (X6 + XP) + (Xp/ - XP) + (XN - XP) X0 AES
XE=XT+X
= (XD + XM = (XPA + XM) + (X - XP) XE RES
z e
ottt -TAs
_ wo-__,
Ui 08 — G/ O 10 g5 00 = her
— Z00 . o
B W Z/H0Z — OF 10 555590 uyor “elg
756 UBZAOLLY DLMST'SY EMVCEV
L x L-x .
s oE O T W
Az 2Az "6E
v o 13 P P
S e LE Eizooz SE TMO+EMIEE
fs a .
AXOGI V& Gosj 6C
0921 4T ¥S — ZMOE — 9MTY + )9S ‘ST
AMOLS + 8L ET
AxpLMXSL 1T

‘2pe = pap= vz

Selected Answers SA24-SA25


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0401.xhtml

0
24
w
=
(2]
4
<
[a]
IT|
[
O
|
-
i
(2]

Selected Answers

LZUS siemsuy pawsps

y =S

VBLVYS = eaioo0er - MGs 00008

Gi—LL S135 BUIP 150] SNfeA [enUUR SBeIOAY
oo P ——

LL9L9T$ = fegtio00z - fesorooowz O

SieaA BULINP 150 aNjeA [enuue SBeISAY “GEY

simay,

=enmman )

o

“a5e2193p 10 95215U] AISNONUNUOD 10U
S20p UOROUN; BU} ‘SUBIS SleUIBYE A JO SANjeA

©_ 210 A 1oy Sonien Jo 91ge) oUL HZIE = A 0%
Z— = qpue z = D 3500UD EMSUE SdWES ALy
“saBuey 13A3U £ JO BNjeA B BoUIS

“3U0 [ENUBLOAXS UE 10U ‘UONDUN] JUBISUOD B

S1 (0 40 321042 112U} J0 SS3IPIEBRI) D = A Jeul
S1e0pUI PINOUS SIUAPNIS 'Z 318 A 10} SanfeA [y
")z = £ 05 ‘7 = D 3500 aMSue odweS BLy

- = (X6 6

N

MoI6 enusuodxe
¥ *{ssequinu jeas Jle} = q g
L

=

™

it

moIB enusuodke
o < A[ A} = y{s;equinu a1 jle} = 0 'SE
‘00— (X} 00« X 5@ pUe | — — (X)5

‘50— « x Sy 5| (X} O JOIneUS] PUB UL

00— () ‘00 = X SB PUB ‘00 «— (X} ‘oo — X
SV 351 () J0 JOIABYS] PUS BU L DUIGWWAS Sl
()6 10U (xY JLEN "(X)5 JO WL B UL

1918316 S| (X} JO WNWIUIW BU} OS ‘|- UeL) Jo1ealb

AnyByis wnwiuiw e sey ()5 pue (| ‘o) 1e wnwiuiw

e sey (x)) ‘0 > x usym agebau si ()6 pue
aneBaU 13AU S1 (X 0 < X UBUYM BASOd s (X)5
pue x o sanjen e 1o aAnsod si (x) ‘Buiseainap
188U | (X)5 pue 0 > x Uauym Buiseainap st (x)
X 40 senjen [le o} Buiseaiul S| (x)6 pue 0 < x
uaym BuiseaIoU; s1 (x) ()6 J0 1dadsauIA By
uey) 1218316 S| (X} 40 1d3012)u1-A 341 05 (0 '0)
1o 1dadsaluIA € SRy (X)5 pue (i ‘0) 12 1dadsalurA
e sey (xl (0 ‘0) 1@ 1de2133uL-x Ue sey (x)5 pue
1daasa1u1-x ou sey (x) ()6 Jo aBuel au) ueu
1910316 51 (X)) J0 9BUEI BU} 05 | — < £ Jo abue
© sey (x)5 pue | 24 Jo abues e sey (x) ‘siaquinu
231 |[e 4O UIRWIOP © SRRy (5 pue (x) Uiog "GEE
TR

0 ()

‘o0 — X € pUE 00 (X}
‘00— « X SE HolAeyag

' puzio = A0

T 4, ‘0) adeduaurA

‘siaquINU o3 aANsod
Jle :oBuey ‘Siquinu

1] leal [je :ulewoq ‘gz

0y

‘o0 X5 pUB 00 — (X}
‘00— X SE Holneyag

puzio =A

(1 0) addsurA

‘s1aquinu |ea aaysod

Jle abuey ‘siquinu

|eal e ujewoQ "€Z

Aeoap fer 1z
Aeoap fer 6l
umol6 fer o
{ssmad) suny
e i o
{HE Lo

1™

€£102$ n0ge ‘SL
(B-=wp1—=xa1
€—z=WbE— =1

| iR

s .
e

siemsuy pe1elRs  9ZVS

EEET Whp

1 fim

15
00 e (XY ‘00— x

Se pue 0 « (x) ‘oo—
« xse opeyag pu3
10 = A:101dwAsy

's1aquiny [ea) o
e :abuey 'siaquinu
[eai |le lulewoq g

o0 Oy

‘o0 = X'S€ pUR 0 (X
‘00— — X SE Loineyag
pu3 ‘0 = A :2101dwAsy
1 ‘0) addsmA
‘siaquinu [eas aamsod

T-§ Uossa

=L
L-xE=ss
ZAT

E
13uadQ § Mpow

S dMpPOoW

€ a0

SA26-SA27 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0402.xhtml

Selected Answers

g
H
Z
<
3
3
g
b
]
&

6ZVS siomsuy pasies

5
I

7l
S0-'2'8—'2Z€'8T—"US U

£

E 2

mF
zE'U'8YTIL
1BW0a6 Jou °g
2uawoab jou )

o096 '€

-G UOSSaT

-0 uey) sejealb

S19quInU (231 [[e JO SBURI © BARY SUOMIUN) oM}
18L10 BU) PuE 6 Uey) 31316 SiaqUIN (83l [
Jo aBue1 © Sy 1| 3518230 6 + .97 = ()6 ‘6E
“Bunienjens 210434 (5) aNfeA 19ex3 AU} LM
2]qISSOd SE 3I0M UINW SE Op ‘10113 3U} SZIWIUIL
L 110113 S3INPOIL YIM ‘BNfeA SIf ewixoidde
M & L UossaIdxa Aue Buneniens
leuoneu s & 2ulS amsue sjdwes Zg
*suonenba Ljog 10} awes au s MoIB Jo

Ui pue ‘1.1 LIMOIB 0} SPUOASBLI0 Blel Jsasau
‘uogeindod [enu o) Spuodsa1i03 UNowe fenius
‘uogeindod [euy 0} SpuOdSaLI0 UNOLE [eUld "§E

00 (X} ‘o0 — X & g «— (X} ‘0= = X
se uojeyaq pus g = A :aj01dwikse S0z
ou ‘gl 1dadIeIUIA ig Uey) JB1eaIB SIaquInu

jea1 |je :oBuey SIqUINY (231 [[e :uiewoq

i 3
S9'9568 ‘6002006 = (X 'LE

691- 62 @0 1T

28— gz 1oET

621- 12 68061

worn SE'916'07$ sk

1550090821 = /"G £2'9565$ "agl
1520090005 =V "B€L 9920 ~ 2

‘L— Uey) Jo1eaiB SIAqUINU (831 [fe 5!
SBURI BYL "SISQUINU (3] € S UIPWOP UYL ALl

TIT¥I
i1

|
iR ]

H

! Ll e

98- 6 9TL @2LT°S
€ Wb

£-§ uossa

“omsue

31 10 1001 U BU) B3fe) ‘ssed 1oy slendIUl
S} JO J2GUINU BUY S1 U J| UNOWe [eriul au Aq
Junowe jeuy s} apINQ JeMSue ajdwes ‘g9

'S Jomsue ajdwies ‘g9

%G9 3U} 10} BZBE'L

pue 122K~y BU} 10} 9GLE'L S!
1D1JaUSQ B10W Bq [IIM WIS} 3L} BUIPNPY ‘L9
somod e Jo 1omod L Bupfe)

uaym way} Buikidninw jo peaisu; siuauodxe

U1 PapPe 211 amsue ajdwes 1og ‘6§

4131129 S1 UDIUM SUILLISIZP O H1OM O} SPUBIUL
3Us 10 U 3L U1 9RO AIRES SARINLND SU}
19PISUO PINOUS 10S53401d BUL "DI0W SUIED BSIes
%€ © LM Aieles BURIIS 1amo] 3L 2L 183k 1oy
‘210w SUIE BS[R1 %Z © UM Alejes 96e1ane auy
‘911 51834 102 S1I0M 0} SpUBIUY 105S3J01d AU
6uo| MOy UO Spuadap 1 Liemsue Sdues ‘AL
‘TYIZLYENS = 4(20100L00L 2a

pInom Asejes [enuue s,iossajoid au) ‘sieak g
104V “00L00L$ Sem £10¢ Uy 105sajoid e 1o}
Auejes aBeiane aU) '510553J01d ASIBAIUN JO
210055y UBDLIBLLY BU) PUE NEaINg SNSUD
SN 8U 01 BuIPI02dY iemsue dduwes ‘g

‘Wd € 21043 [9A3] SAIP3Y3 SU} MO[3q sdoIp
UoReRUB2U Byl BulUBS ‘Y ~ J 18 SIN220
90=06 UONIISIAI AU “i50(S0)E = (Y S!
UONERUSIUOD B} [SPOW O} UORIUNY i/ ‘ON ‘GG

i L S S
! | oo
o
TR es
) =41 (Do-=4ev
Ao} =41y doh— =45y

“Ajenuyapul Aljenuauodxs moib
JouUeD SSaUISN € (0N aMSUe Siduies OgY
291 0M2qlY £Zb PUBU “AgY

Ae8ETE = A0u20Y HpT6TIT = A

zee
9-'sE
i

4
p—5D'gT
£L-<x6l T-zxu
L>x'g) 80'60£5$ ‘€L
6L9LV1$ "Lb sieak 58 °a6

SIMSUY POI9RS  BZYS

Ag660)eT =426 sieak 0'EE AL

+(50°)0005 =4 "eL ]
6l°E vl
2-§ uossa

“aneBau S| 4 41 43| a1 01 swun |y| pue aamsod
S14/ 41 WBL BU) 01 SHUN Y PajeIsuelL S| UONdUN)
Juased ayL "anneBau s 1 31 Syun || umop pue
SAnsod 1 Ji swun ¥ dn paleisuen S| uonouny

JuB1ed BUL | UBY) SS9 51 D Ji PassaIdLLod Jo

| Uy 1030016 51 D 41 PaUDIRIS S1 4 = (6
‘uonoun; ualed suL emsue alduwes ‘€5

6ui |5z 0ge 'Lg

‘|— 10| = q Ji [enuauodxa Jou si

uonouny 8y Hemsue ajdLes {SaLNBLIOS d6Y
‘0 > uaym

SIXe-X BU} S3SSOID UONOUN [ENUBLOAXD UE JO
ydeiB oL uamsue 3idues 'SLINALIOS ‘a6l
sisixa skemie (A ‘0)

0S ‘SI9qWINU (231 [[e S| SUORIUN} [eRUSUOdXD
J urewiop By 1amsue Siduies 'sAemly @6
‘sassed awi se AMOIs iow usu)

pue 151118 Appoinb saseaiap punoduiod auy
4o unowe auL 168EL— ~ [ ‘€] o} aBueLd Jo
9181 ‘GE65°Z— = [z ‘0] 103 9BUBYD JO 911 "qLY
(s0e1Z = Ol

BN S 7 ‘swelb Ul JUnowe U} S| v ‘eLy

H

‘sieak

00 = (¥} o0 = X 5B 'Q «— (X} ‘00— — X 5B
(XY 40 JoIReURq PUB BUL L — (X)6 ‘o0 — X
5@ ‘o0 — ()6 ‘oo— «— X S S| Joieuaq pud

aU1 (46 104 0 = A (X Jo S101dwASe BUY WO

31N 3UO dn pajelsuen Sem YRIUM | = A S| (X6

10 2101dwWASE U | “UIBWIOP 21UB S} UO aAlISOd
218 (x} pue (x)5 Y1og “URWOp S11U3 Y UO
Buiseanuy si (x} ‘UIRLIOP 213 SIf UO BuISERINBP.
51(46 (1 °0) ‘(<) J0 1d82139u1-A B woy un | dn
pajelsuel sem yaIum ‘(z ‘0) st (x)6 Jo 1dadiauIA
3U1 "(x)5 40 Yde1b 3 UIeIGO 0} dn uN BUO NS
U B1e[SURY PUB SIXe-A BU Ul (X) 19519y "G

Selected Answers SA28-SA29


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0403.xhtml

w0
24
i}
=
(2]
Z
<
[a]
i}
-
(9]
T}
—
i}
(2]

§
H
H
<
3
H
g
2
]
&

LEYS sismsuy papsies

v

R

AHo="ow

18w

26

‘uopenba au} Jo uonn|os aewxoidde
U3 oI (1M sUdeiB B Jo UoRIBSIBNI BUY
10 21eUIPI00D-X UL H1amsue Sjduwies L
a's

4'8've

vl

Ma1AdY § ANPON

LLE = 'S Dnespend 71

1590 E1eP BU3 I 1M

1 0115950[2 UONRUIWIRISP JO 1UBIDA0D © Yim
UoIdUN BYL “/ ‘UONRUILLIBISP JO SIUBIDIYR0D
Sy} 21edwWOD UBY "SUoIssaIBa1 [eRUBLOdXD
pue ‘aneIpenb ‘1eaul| Wioyiad Jole|nojed e uj
271 ur 21ge1 au) Uy senjer-A au) o1 Hole|Ndfed
© U117 Ul 2/} BU) U S3NJeAX U} JIUT "Gl

“uope[aLI00 BUOAS € puE ‘UoRdBIP
aAmisod e yum seau si j0id aleds auL

§:95[08 0% 4a | S (0702 '6661]

£ L
o mnnnn® b
.

anmsod Yeam Ly

samsod ‘Buoxis ‘6

Jeauy|

04:PS[05"05—]4q 4 :Ps [2) 21—

L
sinoy 7'z~ 'ag

S8'SY + xp'9 = A eauy
01395 [001 ‘0]q1 s 01 0]

..
1
nespenb
Lps (o 'z—14a1ps(s 5]
" -
- -
s
0
€
Jeau
LS 9L p—] 105 [p1'9—]
“
W
-
. 4
§-§ uossa

110q se(dsip Sa1I3S BU} J| “Ofe1 UoWWOD ©
Saleys SWIB) 2AINDBSUOD Jo Jied A1ana Ji
S118W036 5| S33S Y “BOUBIBYIP UOWILIOD
© SaJeys SWIB} aANDBSUOD J0 Jied K1aA3 J1
SneWILe S| Sa1IBS \f HIamsUe Sidues EL

siomMsuY PaIIIS  OEVS

AX UL

g=u , J-D="D

z=1-¢ .J:o="
uonesndniniy

10 Auadoid snneossy  +'p="D

uopmpsang  J+4+'p =D

2ouaNbas J1naWosk

7 _ g

10 Wia} pAIY} 33 J0 uonURQ o=
2ouanbas oEWoaB e Jo
w2} puo2as au) Jo uonuea Jp="p

f1e1 Uowwod By = /
pue 35uanbas au) Jo Wid) U au = ‘0197
2amsue adwes ‘69

b2
+i8
+ 80 + bbl + 76l + 95 omsue djdues 29
000902 "459
00VISLYES "e59
“InoAed aiBuis au) Buisooyd
Aq ueyy aiow uoljiw /1§ Alerewixoidde
SA12931 1M JaULIM U} ‘SiuswiAed enuue
) a1 BuIsooud Ag ‘0Z'6.b'681L6$ 10
%ooodoo,e = S pue 'saas 21aWoak
e suesaidas syuawAed jenuue 7 Buineas
‘uondo puoas sy emsue aiduwes ‘€9

v'8—l9

127 S es (H)oe="o1s
SL8L'SS  8Y Y- TL'9- '€ ES
681810L6 15 SLEB1E 6y

- dz=)5L— = (D DIRWOBG Ly

_ )5z = *p 1eW0s6 5y

zo-gy ozis— I

ey o€ oe

52 'SE z-ge

Eug 5201 X PE'9 26T

U 169918

In0ge S| saInu 09 Jae WBIRY BU) 'SA 46T
'90510'2619 Pue

‘L0S00'L0IS ‘L0Y'090% ‘OEOE '0L0Z ‘0001 218
SPUODB3S 9111 BU) JaYE 193} Ul SWBISY UL 86T

89€L 1T ZEF 9L '8F ‘ST
C(§)-="rez - o0)e =01
i-uledzL =06l ez ="o1y
1-olee =" gL zeer

SA30-SA31 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0404.xhtml

Selected Answers

g
H
Z
<
3
3
g
s
]
&

EEVYS siemsuy paales

swipeBon pue

sjuauodx3 Jo Auadoig asianu] 2 wu_ Il wg
einuiioy aseg jo sbueyy 27591 — 27601

' ol

swalers euiblo 2 wc_ =q°Bo|

‘jooid

0 “Boy
b
“m = ¢ “Boj pue ¢ = 7z °Bo| '€
“swipeBo
104 Ayjenb3 jo Auadoid aui payidde ay uaym
UBUOdXa 3} WO UMOP € dU} BuLq 01 10610}
Wes uemsUe (dWeS 1931100 S| BLIRWESOY LG
‘TELO = X0
A(e) Boilz— = [(z) 6oI 8 + (€) bo| Z](x) Bol ¢
(x) 6oy
(2) Bo g— = [(x) Bol + () Boll(e) Bol z
(x) B0 (¢) 6ol g— = (x¢) 6o (€) 6ol ¢

2l

(x) 6ol 8— = (xg) ‘601 Z 26t
‘6EY =~ X'05
(9) 6o (g) 601 € = [(9) 601 + (€) 601 7] (x) 6ol
(9) 6oy
(g) Bol £ = (x) Boj (9) Boy + (x) Boj () 6ol 7
(9)Boi (g)Bor
(5o (glbo) + ()50 (€)6ol
(6ol | (ool
(dBor " (x)Bol
€ = (x) ‘Bol + (x) °Bol ‘a6t
EVCERES
(2) 6ol ¥ — (g) 6ol = () 6ol
(2) Boy
Z = (x) Bol — (¢) Bo| — ((x) Bo| + (z) BoNg
L= ()b z
(xg)bo) — (xg)bol 9
@Boiz _ _(z)bol
(xelbol  (xz)bo €
(6ol _ [ (z)6or _
xeibor ~ [l |€
1 = (xg) "Bo| — (x) “Bol € "e6t
0910 =
| — 68690 +1LLYO ~
0L 60| — § 60 + £ 60| = g1 Bo|
uamsue adwes ‘aLy

= q °Bo| :aunpafuo)

£=

€=

L=

L=

18LL0 = I£LY'0 + OLOE0
=~ g 60| + 60 = (g - ) 60l = 9 60 ‘02090
=~ 0l0€0 + T = Z B0l ¢ = .z Bol = v Boj "eLy

]
1 ¥ 3

=]

LT eboiz .
oot E2Y ey vosze ST

T g 85
08801} 5 65g 66 EEEEE

T -
LESY'S "G Eo; 'SE
{tevez=d|d}bge 11601

S8LETF '6T 000'9l$ LZ 60€90 % ST

- 26Ol .,
[

-z 1 9601
1622T L VT

{11697~ < £| 4} ‘61

{s<xIx}u {evse0=x|x} sl
698E0—"EL LIGELW 60506
U9SINodR L E9Z9L'S T6LOT'E E€SSTLL

£-9 UOSSIT

)

p'6G SNNLG SSIe'SS ONN'ES oNA'lG
b =g pue zg = b uayL 'z = q “Boj pue

S = D “60| 196 0} UoneNba JO WaISAS BU} A0S
‘0L =g 60| - G — b °Boj + y pue 6| = g “6o|

+ 2+ D %60] - £ 5 suopenba au) AWM ‘6
jow 12d S3LI0[E2011 Y150 INOGE Ly

sjow 1ad S3110120/1 6£99'0 INOGE ‘ALY

W %Bo| y| = 3 ey

p 601 2 — “w boj + w b0l 1 60l = 4 6o Sy
LL'€y TSOEL'W 88LI0— '6€ 1Z6Z'T'LE
£ joz'se O-'EE Z'IE Z'6C BUT
W0L'ST SSLY'ET [S96'9°LZ BEVI'L 6L
05851 Ll SZ6T0— 'Sl SESY'T'EL

fofu ve zL 6's suee 81

2-9 UossaT

“Anv@1105u] SwipeBo]

1O UOIIUYBP B} PaSN MAUNEI T = A

10 pealsul z— = £10 z = A— aney pinous

BUs 1950]> Sem esi[3 Jamsue ajdwes ‘N EG

15210016 3 S1 1§ “Bo| ‘B104010U L

“Z ueys ssa| ap e sjenba | °6oj 'z ueyy

s3] 2| @ sjenba |9 °Boj 'z ueyy aiow s

e sienba |g “Boj uamsue ajdwes 1 ‘Bo| 'Lg

13110 4283 J0 3SI9AU 318 0}, = (X)6 pue

(9 B0y = (x} 0s *x = (Y5 pue x = ((BY ‘6t
“x = A aul| 8y} INOge dHIBIWAS aJe Aay |
1810UE 3UO Yy dIUSUONE[SI SSIAAUI UR

aney sydesb ay ) 1o1dwiAse (0

(oo ‘o) 2 (00 '0) 10 ()6 *0 = A :2101dwihse

{1 °0) AUA (o0 “0) Y (00 o0—) :@ (XY

1.1

Tl
0 enba ()6 pue (1)

uiog amsue aidwes UauueN ‘asy 71~ (6
pue 8z =~ (£)4 1ey1 suiwiap o ydeib ayy

550 U3 | iaMsUE SldUIES 'SOINT eGY 87 'EY
e="l6oi1y B, cee

oz =:91e (xBo)— = (61— = 'SE

o0 ()5 ‘o0e— X

Se pue ‘oo— e (9B +0 — X SY {5

o0 (X 00 = X

S8 pUE ‘00— «— (X)) '+~ — X S :(x) "GEE

SiamsuY oS ZEVS

6T

‘00 — (X)) "o0 «— X 5@ U ‘00— «— (x})
(00 '0) 26U
adassaurx

it 1
|[EEEE L1z

00 ¢ (X} ‘00 — X SE pU ‘00 — (X))

*.0 = X SV J0Ieyaq pus ‘(o ) 26Ul

(00 '0) :utewWOP 11d@21BWI-A OU | 3dB2BIUIX

al

mET AN
eloi’4 mauu—mQ >4

x=

iz cel Lo ovaL 9

6 =215 “Bol 1L

z- =506 1=8z17B0IL
Sz _

V9=’ T==cG€ STT=cSL1

1-9 uossa
=t

0z +4A8=x's v/91$°E 008Z$ 'L
1uadQ 9 MpoW

9 3MpoW

Selected Answers SA32-SA33


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0405.xhtml

0
24
W
=
(2]
4
<
[a]
w
[
(]
i}
o |
i
(2]

o
§
H
Z
<
3
g
H
kT
&

SEYS swemsuy paeles

sAep GOE'6l VL 8°Sh XZ=/LUI'9gl
L=xguiegl @ 306 AL

‘TULLB IO L+ TILLL 0GR

S1 60€'SL“BO| 40 anjen ajewixoidde ay os

£ = £%60] 1) mou | ,£°60] + £°Bo| se uiee

“Aisnonunuod Aesap 10 [moIB

uanuMal Bq ued au) ‘swiieBo
40 Aadoid 1PNpoid 3 Buisn ‘UayL “€ - £Bo|
e uanum aq ued pajewxoidde aq o} spasu
1o UOISSaIdX BU) OS LE 10 £8I'Z 1INl
2u1 "2 Ad 6OE'SL OPIAIP |41 1amsue ajdwes g

€

10 e Jeu suonenys
[9Pouw 0} pasn aq ues suonAUN fefuBLOdXS
snonupuo? ‘1eak 1ad saw J0 JaquINU JydRdS
© 10} Ae29p 10 UIMOJB Jo SBelUBdIed B
21e10d105U] 18U} SUONENYIS [9POU 0} PasN aq
e suopouny [epuBUOdx3 LaMSUR Bjdwes |z
SYEIL =161

L9E6L = 1 1GL99GE'0— = 1000 Ul Ssrsssco-2
=100°0 ‘izss5£0-2000'000'L = 00O} 1 104 DAI0S
puUE [3pOW 3L} B} 'SII2D 00O} UBU) SS3] ey
o1 seInuiw £9€'6L Alrewixoidde axey [11m 1] "PLL
“st3950-2000/000L = (Y

- = ¥9%0; 3}
2= /z"60"aL v = 9671’60l e}

Ma1A9Y 9 ANPOW

s1) Jo [apow Aedap [enuauodxa
BULI'GL99SE0— = ) = L0 Ul = L0
»2000'000's = 000'00 :eINULIO} 3} ol
SaNjeA UmMOU SINYISGNS Aeap [enuBUOdXa S|
1 ‘aAneBaU S| f 85NeY3Y SL9oGE 0 = ¥ LY

'42000'000'L = (Y

JueISUOD A229p 10 YIMOIE U 51 f pue
‘UeBaq JUBWIAAXS BU) BUIS SIINUIW JO
Joquinu o siuasaidal 1 uawLadXe aU) JO
IS BU} 1B S||9D 4O JaqUINU au} Suasaldal b
‘saInuiw  J3ye BuluRWSI §][33 J0 JaqWINU By}
sjuasaidai (1 ;20 = (Bl [9powW Uy u| "qLL

anuiw AiaAa
sBeusdiad awes au) Aq S85E13P 5193 JO
1oquInu a3 asnedaq sjujod o) saquISEP

(000°€b€ ‘€)J000°EVE = (000'06+)/0L0) €
(00006t '2)|000'06¥ = (000'000(0£0) T

QNAINS 000'00L
= (000'000)(0£'0)

(000002 1)

(000'000't'0)
(V5]

SAINUIN 3 Ja1Y [yl

S92 BuiaInIng

oLy

2SL666 = nainooo-2000L = (24

“KyIBA HZI0000— = f AE = BZIE660 Ul

149 Ul = 8Z9666'0 Ul 2 = 8Z9666°0 ‘50001
= 829'666 12D = (1 9pow [enusuodxe sy}
S Yezi0000-20001 = () WLISUOD UBAIB DU}
o1 [enba Ajjewixoidde S| UpUM ‘BZ1000'0—
1n0ge s JUelSUOd A2DSP U} ‘3[qR) AU} U

ejep ay) uo paseq amsue ajdwes ‘g

S1e9A ' 0GR 49,098 = d "Eb

$OEG INOGL "AbL  1501009LBELY = A "BLL
JA0'9IN0GR 6 LI S8'0E

I0Ge 3L UIW 09 IN0GR ‘AL  1L0'0 ~ ¥ "BL
PIo sieak 8l9°'zL N0ge °g 6 /G0 Inode ‘qg.
1206-90 = A

1%991'Z INOGe 10 991Z0'0 IN0ge “eg.

9L0Z Ak scrioodVTL9 = A€l

§-9 UOSSaT

SIDMSUY PIIIRS  PEVS

qui+ Do ul = (go)u]

(b + d) = (go)u;
0492 =00
9 X 43 =qD

‘q=s0puen =0
Jeul sueaw jeuL °q uj = b pue o uj = 19168
X = 43 UDIUM 10§ X JO SIN[EA OU BIE D13} OS
LORBSIBUI J0 10T OU BABL URIYM SUORIUN
SSIBAUL B8 X U] = A pUe , = A SuoouNj By L

X U] = @ S UBHYIM 9] UED LDIUM X U] = (2 uj)D

Se USHMa1 8] U X = .3 '9a1BesI] LG

sieah /g ~ =S __2x5) )

¥'0 Ul - 0ELS
<1258 S (4'0) Ul g9 S 10 11959002 S 08

4639002 = d ‘Aylenbaul njos
‘s109A 00GL IN0GE 15e3] 16 1aMmSUe DdWeS 266
sieap
| sossiocon oo 068 g

Ll T T 1T

(4200 = d "ass

QELS. — (e ui) %0€£S = (50) Ul

Soris® = G0 oeisd'd = °d50 12°d = d "eas
PBENL=BUI—GUI+GUI=(8+ G- GI'ES
S18A G/'$Z 0GR VG 006E ‘6t

Xulg Ly SIONSIA OP6'8ZZ 1NOGE X Ul GE'SL
+80%6L0Z = A'Sp  sweib pz9 noge
XUI06ZS — OEVO8 = A'EV ZLELSS MY
189K £9€ N0 Aly  BTEISS ey
0E9Y'T'6E E6VLIE LE

SS80'8L'SE 180LT'EE 6LSLLLE
9860162 L2uiLz Fuis-'sz

SUI'EZ XpUIZIO XOLUILE € UI'6L
SL=2% 20000=.2"Sk =X}

9E =W XOLU=G'6 y=(E—XuL
EUI=X'S ZOUI=XG—E SL=xu'l

-9 uossa

SA34-SA35 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0406.xhtml

Selected Answers

Selected Answers

LEYS siemsuy pawsps

=(bl0=4'G=y'T-=D"LL

-

it
—

1

{e—# 0|00} =u{e-#x[x}=ae
“UONBNYIS SIU} JO 1XBIUOD BU) Ul BSUSS SR
{z <113} uewop ay} us sanjea Ajuo ‘aanebau
2q J0uued dW [2ARL PUE PR3 S,2ue|d ALY
asnedag ‘Q 4 ‘00 «— I Se PUR ‘Q «— J ‘oo— ]
Sy J0IARLSq PUB (0 *Z) INoge dLeWLAS
ANOWWAS ‘7 > 7 Uaym :2AReBoU 17 < 7
uaym eAsod tauou sidedseiul o < ()

| 01} = ¥ {z <13} = @ uamsue ajdwes ‘qiy

Zz
Gog =em

‘Gzl st 1dedisquiA ayL

{0# 0y |y} =u{p—£x|x}=qa
10 = (XY ‘p— = x :sa101dwise '6

‘1= siadavseiurA auL {0 # o | 6} =
qH{L#x|x} =@i0 = (xy L = x:ser0dwAse £,
L#xa g#xE 0#X1

£-£ uossa

“aues au St 11 Aydwis uayL ‘siojesawnu
BU110BA1GNS 10 PPY "ADT 943 9ARY [|B A3y} 05
UOISS1AXS U 11AAUOD 'SIOjeUILIOUaP BU)

40 @1 33 PUIS "SUOISSaIAX® B JO [[@ 4O SI0}
-eUIWOUSP B} 01} ‘ISl LeMSUE JldWeS '6G
‘uoissaidxa [eUONeI @ S| SUOISSaIdXD

Jeuones omj Jo uanonb pue Pnpoid
‘aduaIaYIp ‘WNS U} 3SNed3q Suonesado

25341 J0 [[e J3PUN PASOPD S| SUOISSAIdXS
|euonel 0 39S By | Hamsue adwes 7§

“EL 5q pinous anjeA au By L ‘SIsquinu

8
1928UOG SAINDBSUOD OM} JO SONEI BIE SaN|eA

suLyes L
£txs
e
1—0# x4 ags 04 x L esg

'sinoy 7 uy umzma aq
M Spag s1emoly Auew moy sjussaidal w ‘o5
w m ‘suoissaldxe om} au} BuIppy 'sifioy }
i spog samoly ¥ 10 ‘paq samol e jo ¥ yuerd
i XA 300y | ur"sin0u 3t spaq somdl € jo
‘paq samol @ Jo £ ueid [1m 112Q N0y L U €S

oo tn g
0L+ X8 + 0T+ o
‘£ # x pue
(€ —xx9 (€ —xxg
x 10, . LN
0 # X103 T Tié.a\é

- € _

—E=T [ alymtm £
Exira e E=X €—ic
= €& . ___&
€, Wile 9, & Aox T EX X
.mwé+ War TeAer bbb

u:m, _wx,ﬂ 0 aBeIBAR U OS "SIBqUINU

UanI6 46 JaGLINU BU) AQ PAPIAIP SIBQLINU
UaAIB U Jo WNs au | aBeIBAR YL ‘Gl
(8= —x

S_yy XA
v s 6T — XT + X

k34

(o (e — X+ xeleL ., X8y
9€ — X6l 4821 — Ax6l — XSl

6E

—xujo
Uonewxoidde UONIEL PANURUGY B4} 10} UMOLDY
1534 S| J9¥pUNOIg PI0T LamsUE Bjdwes LE

(5450) (4 9z = e 1, (5 +32) (€ + 0z 1 .ge

siomsuy poeIes  OEVS
“|lenba sonel asau} Hfew [Im
181 X JO SaNjeA OU B8 213U} ‘N[eA SANRBAU
© 5 10UUEd X 32UIS '§'Z4— = X Ul SYNsas
X 10 BUINOS (5 +X) = xg + x pue 451
=695 g soreunousp au 0 enbo
JojesBWNU U} BARY 1SN 1onpoId 1BUY °L [enba
o] | lenba ym:E w . W ‘|lenba 8 0} sones omy

asayyiog -

“foom i1y 1Y BuLnp uewy

EXg e+ L #ooM PUO2S oy BuLNp Jeise) saun £ uns
(€ =009 4 X0 =30) 5 €= X0 + M= x0) g o1 sedoy aus £ RS
(L +xjoL— Ol— X01— N

sbeiane o uhi o) sadouSus 9%8e Yo
LRSS0 o eSS0 e S e nok posds ssom iy o
aoone Aq paads s)4e3m PU0SS U BUIPINP AQ ‘EY
P9Iz = n00L F a1 OF (8)0N(SH) = 00ZL ymy = A A
Axsl Axs) z ‘ug =g+ (g) =1wbiy
G109+ A0z " 30+ ok + Ax0 10021 = (6)09 + £5)9Z + (5)z = swnjon
ZAXG0L o uroL = ()z = wpim
xq6 — 2498 UGl = oL + (5) = yibuay
@46 =N.gp _P+ILGE .y S = X104 HDIHD
[ Pz —G9 — past ymy = A
St eTg, LTS jewnoeup usU puE Y 10f PUNOj UOIsSaIdKe Uy
. S gl — ol — i ; I X 10} BN|BA SLES BU} PUB ‘BWN|OA PUE ‘YIPIM
SMLEOL3SY g aioor 0S¢ ‘UiBu) oy} 10} SUOISSAIAKE UBAIB AU} JO DD
[ 1 X 10} BNjeA @ AIMNSANS aMmsUe S(duwes Ly
L= P
oor “oor “oor 001 oS+ (e +X) ay
gy £=Uq, Ut EEME—my x0q a1 Jo
e . " WP pue 1BUS| au) Jo 1onpoid oyt Aq awnjon
Tom S 5192 € Fgang 3y BUIPIAIP Aq puUNoy G ued yBIaY 3uL el
£ . H+2
2-L uossaT 78 gy ry L8
(o401 oXly e + g (&= gg
(L+0)s —p) 05 — 0 S_be um “uamsue ajdwes ‘€g (L0 + XEell — xv)

Grop P 200p o U=XE+N) \op (L=DIS =Dy .y
emsue ajdwes g At [ (=0l +0)
vossaide euoper 2508z “ux e 2oz Glle

eou s E25 ewousod e ou st £ jo zioe g I0E.g S

I0JRUILOUSP BY} 9DUIS "SUOISSaIdXe [euonel ?w \+ ex.m +0op) e xynm qze . m%

a1e suoissaidxe so1t souo au1 25T 6y T8 zax L VOSTEXTIONS

IOSIAIP BU) JO PealsUl e gy =xPEX

puSPIAIP aU1 JO [e20:d1Pa) 3U1 Aq BuiAdiinw - x:m +x CEEr

sem axelsiw A0 Jomsue ajdwes ‘Apansg Ly T-L uossa]
J21BWeIP Ul 199} Z 9 0} PasU PINOm
uI_IUNO} U} PUE ‘}193) 7 2 O} PaBU PINOM Y L B¢ E_mg Boxq
a1enbs Jo 3pIS € JO BUS| BYL T = X (T + X) G4 B S En

de+x _ A~+xv ]
Xg X 9+x

CyigeEn
a+x. <.m6+x_\m.o.mm>nm<

= X9 + X UBUM

pue

1uadQ £ 3mpow
L dMpoW

Selected Answers SA36-SA37


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0407.xhtml

0
24
w
=
(2]
4
<
[a]
IT|
[
O
|
-
i
(2]

§
H
H
<
3
]
g
2
]
&

GEVS simsuy paees

1]

151

¥ 4 xZ = (xy :;301dwiAse anbyqo

€
€=x Sioduwikse [eapan fouou osoz gl

X = (xY :2101dwhse anbyqo ‘7 = x pue
Z— = x :210}dWASE |eDLaA {|— = X :019Z "€}

s

0L — x = (x}) :2101dwiAse anbiigo
7~ = x:9101dWASE [EDUAA iy = X 1019Z "},
w = A L=£ :(x)y se10dwAse [ejuoziioH

T
x| = x:xy se101duwise [eosA 96
1= < - oous ‘) ‘a6

€

SWed L7~ 9L
]

‘00 «— X SB PUB € «— (X)) ‘50— «— X SY LoIARYDq
pua tauou 3dadseuIA umm”&mgs XL

.E.
057€$ 25

OF (Xl ‘oo—

X 58 pUE OF «— (X} ‘00— — X SY L0IAeL3q
pua ‘auou 1daniRluIA z— 1dadialurx ‘ag

R L ]

k

T

b

£ uossaT

i
0=£'z— = xso01dwhse ‘g5

I01RUILIOUSP U} Ul AIUO SuMOUNUN
aneY $9210UD JBLIO @ H(X)5 uamsue Bdwes ‘€S

9+ 1 = (xy uomsue siduwes 1§

T+ =z g+ XY=

05 1(xY 40 ydelb oy Jo dn syun  uopelsues
B PUB ‘3| SHUN Z UOIR|SURI} B 'SIXe-X 3U}

ur uopoapel e st (X Jo ydesb auL ‘6

“(x} Jo ydes auy Jo dn

U | UONe|SURJ} B PUB ‘Y3 SHUN Z UoNHe|suel) &
IXe-X U} Ul uonda|al e si (x)6 Jo ydesb ay) Ly
“sajIw 4o Jaquinu aneBaU

© 10 S3|IW 0107 (AR J0ULED A3UL “ASH

Ly 1
{e—# | =u{g#x|x}=qa
16— = (x)t ‘g = x :sa10dwAse ‘6€

siomsuy paRoles  BEVS

-
e

{z# &l =y
{14 x| X} = Q7 = (U} = x sj01dwAse LE
TTITRT TR

Y- = (x) £~ = x sel01dwAse ‘g€

-

)

{040y o) =y

Hz #x|x}=q'0 = (XY 'z = x :saj01dwikse g
{0 # O | ()} pue {1— # x | x} ‘62

s'e- LT

e1-'sz Sz
- I = b iz- =a'y-=y'9- =01z

9+ = b9 =x'e—=y6=0"6

SA38-SA39 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0408.xhtml

Selected Answers

s
H
Z
2
3
g
s
]
&

LyVS siemsuy paeps

BE'SL STT-'EL 06°'W
ZL'6 8y—L SS'S 9S—'E Sl

§-£ uossa

5 = X130 AUnuRUOD WI0d §1 2104} UBLY
3 — X JO 10}9B} UOLLLLOD © SARY JOJRUIWOUDP
pue J0jeIBLINU B J| > = X 1 S101dWASE [edILaA
© 5| 218U UaU) olesawnu au) U Jeadde Jou
530p 18U} 2 — X 10128} © Sey IORUILIOaP B Ji
“uonouny Ul Jo AUNURUEDSIP 10 sal0idwASe Bu)
puy ue> No ‘01z [enbd 0} J0}8 UDLD BSNEd
1eU) SaN[eA SU 3L BUIUILLIZISP PUe UoRdUNy
Jeuones e Uy uoissaidxa U} JO I0eUILOUSP.

U1 Bupiopey Ag amsUe d1dWeS 66

£— = X12 90y @ Sey (x)6 Jo ydesd auL g

i ..*.

|
fat
amsuy ajduwies ‘g
‘0 = £ aull a1 51 S101dWASE [EIUOZLIOY
BU) 1918216 S| 10}BUILIOUSP 3L} J0 92169P U J|
-3101dwAse anbiqo Ue S| 313U} Y0jRUILIOUSP 3L}
10 20163p aU) UeY) 01815 | Af9eX® S| JojeIaWnU
aU Jo 20160p au} 4| ‘S101dWASE [RIUOZIIOY OU S|
219y} 4e1ealb S JojRIaWNU BY) o 9a16ap Byl J|
10JUILIOLISP PUE JOJRIAWNU 3L} JO SIUBIDILE0D
aup Aq paulLIBIap S101dWASE [ejUOZLIOY € S|
2104 ‘|enba B1e J0JRUILIOUSP PUE J0jelaLINU
U} Jo s92169p U J) LBMSUE Sjdwes g

TR

HH

Jamsue sidueS 'L
_r=X (k= Aet+x)
FEAE X Ty gy

51 521Mjea) 953U} YUM UOHIUN Y T— S X
10X 710} 1 = (x) 1e joidwAse [euozLIOy

e pue Z = X pUE 7 = X 1o SSIOIUIASE eD1IOA

sey ydei ayL (1 ‘0) 18 1dedsUIA € pue = x
pue | = x 1e S010z Sey ydesB auL “{z # x pue
2 # x| X} s1 ulewop By amSUE BldWeS Gt
JUBISUOD SULRWBI SIIY JO JBqWNU

BU} 82UIS ‘0187 0] 1350|2 PUE J3SOPD SMOIB Ofjes
BU1 ‘sa5RAIOUI S1eq 18 JO JaqUINU B} SY LY

0 = A 1e aj01dwiAse [eyuozLIoYy

1£9£9- = X 1e 2i01dwASe [e1LeA ALY

X499 _ g
199+ 90T AreLy

TTRRTTT
il |

T
1
L4

'SE
0=x'g€

(Ee-)we

ydeb aup uj ojoy € Buiney saAIN3 oMy g ‘Bul
WBiens e jou si ydelb s 0 = X Je sjoiduwihse
[e9IBA € Sey INq ‘Z— = X1 D[0y € Sey os|e
()6 30 ydesb auL (- ‘z—) e ¥ Ul 3loU © LM
ul| yBless e st ydes )| I0IdWASe [ed1IaA ou
NG Z— = x3e 90y © sey (xy Jo ydeib auL *aLe
Oy ae
TR

S
it

elg

simsuy po9S  OPVS

nuodsip uiod ‘64

1T

¥ = x1e Aunuuodsip juiod 1

Selected Answers SA40-SA41


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0409.xhtml

%)
@
L
=
7}
b4
<
[a)]
w
T
O
w
-l
w
7}

§
-
z
H
3
g
g
3
]

EPYS swemsuy paeles

Ul g'lE~ ueaw

6 | ce [ oz [ vz | 8L
vz | 6. | oz | u | o
S| 6l [ ss |8z | w

(sawnuyw) awny Apms

“yaam uanib e Buunp Aleiqi aus je Buikpnis
Sjuspmys payalas Ajwopues Gz :ajdwes
P

au1 e Apms 1ey) spuspmis 1y suonejndod
‘Aieiqy au1 18 Buikpms puads sjuspnis 1eu; awn
10 Junowe abelaAe aU) BUIWISIRG PANDSIGO
uamsue a|dwes s

1e1eweled uoneindod e sjewnsa o} pasn

st ansnels ajdwes v amsue a|dwes ‘asjed ‘€g
“I3y1oue Uey) 9p0d SsaIp

au 1noqe AlBuos (93} Aew apeib auo jeu
1231421 10U PINOM SIU 1eU} 2] Aew ssaLieam v
“a|duwes au} Joj pajda|as BuUIaq Jo a3uRYD Aja
Ajlenba e sey Juapmis yoe3 “pijeA st ajdwes e
Bunoa|es Jo poyiaw siy) emsue ajdwes ‘Lg
*pooy JO Junowe swes

53U} UBAIB SEM 183 YB3 1L PAWNSSE OS[E |
“yieay pue JyBiam Burels aBe Ul Jejiwis S19m
dnoiB yoea uy sied au) ey pawnsse | ‘sdnoib
au1 21edW0D 0] “B[I| PaUIED 1eU) SIBLIO pUE
1B1oMm 1uEsIUBIS pauIeh 1eu) Sied pey sdnolb
yrog "25uno 0 Ajuo si dnoib [0:1u03 pue
dnoJb [eluawIadX® aU} JO SUBSW BU} USaMIS]
20UBIBYIP AU} HAMSUE B|dWes 1ON ‘6

183 M3U I3 0} JRIWIS SIed 10} a6ea|IL

se6 abesane au buneys suizebew 1o qnjd
1010w e Aq ASAINS © JO SYNSa1 AU} 10} %00] OS|e
BIW BYS JUBID13 IS0 2I0W S| JeY} BUO Y}
aq pinom 3jiw 12d 3502 Jamo| 3y yum dnoib
2y 'ajiw 1ad 1500 abeIaAR BU) pul 01 S3|IW JO
J8qunu au Aq [N 42ea Jo 891d BLINd Uy
apIAIP UBU) URD BYS '[N} Jo adA} 4ora o O
01 3/e aJe s1ed [e93UapI ey} Uojjeb Jad saliw
abeiane au} dUILLIRIP O} Apnys [RUONRAISSAO
ue asn pjnoys ays uamsue ajdwes £z
Apmis [euoneniasqo ‘gz

Juswadxe paynens '€z

Aauns 22UBIUBAUOD T

“SJUBPMIS U B1eAnowW WBIW

noe 10 sy 1eym puy o A2AIns e 1oNpuod

pinoys [edipund auy ‘Buiedas a1e Aay spied
Wi au) Uy 1521331 AU BARY 10U Aew SJUBPMS
U uamsue ajdwes spied i Buiaeos:
SuapNIs :dnoib [elUBLILIBAXS Sp1ed i
5A12931 10U OP OYM SIUSPNIS :dNOIB (01O G
Huup suods mau

© 1} 0} SUNPe ueL BuyiIM 10w aJe S1BeudaL
ssemsue sidues Apnis [eUONeAISSAO 2L
woud Buipusne uo ueld nok og ¢ut

n0A 212 apeib 1eu :suonsanb Aanins ajdwes
0L0S 3U) 16 SI0jUBS pue Siounf [je uogeindod
‘woud puape o} Buiuueld siopuas pue siopunf
10 JBGWINU DU} BUILLIBIEP O} BAND3IO "Gl
:uonejndod Apnjs aup ur Bupedpned
Sunpe 0g aul :aduwes uswadxs 'L
siawoisnd je :uoneindod Aenins sujuo

By ae} jey) s1awolsno :ajdwes Aanins
“sjuedoned 9oUBNYUI 10U S30p

uonsanb a1 Jamsue ajdwes ‘paseiqun ‘6
“UN0> [jecianbes MaU & SPasU ANjIoe) INONIOM
B3 JBUIBYM PUE [UPE3L] MAU © SPaU A
INOYIOM B JaLBUM 1SINSS| OM) INOGE Bupise
s uopsanb oy uamsue adwes paselq L
“a|dwes pajoa|as au Jo asuodsal

a1 @2uaNUl 10U S30p dwed pueq 1e pals|es
1 aiduwies au) e} 198} 3y L PaIaIRS Ajopues
21 SJUBPNIS BU) HIamsue a|dwes ‘paselqun '
“suonsabbns ywans

AILBIUN|OA SIBWOISND BU} :Pa}O3I2S-|9S
‘siaWwolsn? [je uoneindod ‘suonsaBbns

WWNS OUM SIBWOISND BU) BIdWeS '€

‘papajas i

sidwes sy} 21045q Wes} Aq SHIYS-1 SU} SIPIAP
uouag ;paunesns 'suiys-| sHods suouag Jo (e
:uonejndod ‘spajas uopag SuIYs-1 aU} B|dWes L

T-8 UOSSIT

v,
7L
.
1S
oL'8LL'E
3POW OU ‘SI3WOISND 88 ‘SIOW0ISND 68 °}
1auadQ g anpow
8 PO

QL udwog'qsk udwszest Q'el
7— = X ‘[edleA ‘7 = A ‘[eIuoziioy auy
| 1deDIeIUIA pauYEPUN 1deDIBIUIX "eLL.

T
S E ]
9

4 1Ll6
Mg yeg o

_foe
XSk — AT Az
M3IAIY £ ANPOW

at

“Aufenbauy o uonenba euiBlio aus Ajsnes Aaul
U} BINS BXBL O} SUOAN|OS [|B %23UD PINoYs
NOA ‘21042131 “SUOAN|OS SNOBULLIXS Ul }NS31
ue> a1 5y Aq Aenbaul 10 uonenba jeuones
© Jo 3pis Ypea BulidniNy 1emsue siduwes ‘g
0 ‘G- ‘G 1dedxa siaquinu [eal e "6t

(6 30 ydeib ayy mojaq st (x) Jo ydeis

B4} UDIYM 10} SBN|BAX 18 P3X00| pue Z = (X)6
pue ¥ = (x) suoenba omj au; paydeib

SAey PINO3 JuBPNIS BUL ‘sanjer-x aAmsod 1o
pileA AIUO S| 3ioMm UL “aAeBaU S| X i Aljenba
1uajeAINba Ue 1 NSa) Jou S30p X Aq Aljenba:
a1 o s3pIs Y10q BuridiINyy 19S uonnjos

By} yum 2a.6e Jou Op | Lamsue Sjdwes Ly
“uonnios e s y— AlUO 0 0} [enba

(x4 J0 JojRUIIOUBP BU} BBU [|IM }| SE ‘UORN|0S
© Se PapN|oXe 3 ISNW € LIaMSUR BIdWeS "Gy

S12pNIs Op 1583 1e gy

‘umoys

21 5}001 SNOBUBLXD OU PUE ‘3N[BA BWES U}
01 [enba uonenba ay} Jo SIPIS YI0q few

IiM UoRIBSIAIUI O 1UI0d BU JO B1eUIPI00D-X
S} 35ND3Q SHIOM POLIAW SILY 7 = X 'Ly

“2u0 83 BUIPNPOId JO 1500 SBeIEAE SUY

uey) 1912316 S| BUO YIS WOy SNUSABI Y} 1y}
2INSUS 0} JBPJO U SI3XEadS OG0}, 1Se3) 18 (25
pue 2onpoid 1SN AURdWOD B3 10501 < X “G6E

siomsUY PRIISS  ZHVS

05-x e
G001 + %05 < 08 °6E
T->W>5-1E 6°SE
£>x>0€e e>u>0i0e->ulE
uoNIOS U '6Z U 9S LT L9 °UST

N_ . € .
SIS ghese £>x>vi05- > XL
PL>X>Z10Z—>X1T SLL<X100>X'6L
ydw i oqzy €= 2F0_2=0.gyy

1 vl vl
sinou 1y ‘sl
o X48 e
T o eros — OV e

9 06 T'U-L L'S 6°€ €1
9-£ uossa

uoneIa[3% pue SSe Sif Se ARUIOf SaLIeA
131do ue jo 93104 3y emsue djduwes 79
‘poeles Aoaup a1e 6 pue 0 ‘59

'0Z'0£§ Sem pa1Npap Junowe 3y L

© Y1ed 10 BINWLIO} 3L Ul OE =  PUE 0G'6I$ =/
SMNISANS "9EQ  PRIOM SINOY J0 JaqWNU

a1 pue aBem Apnoy au) ‘sanuenb om o
1NpoId 2 Se ARIaUIP S3LRA PRIINPEP Junowe
U} {UOIeLeA JUIOF "GEY  JYOLO = P "eED
082$ 319 Aiesionuiale  sielop 4 ‘el9
49410 8} 40 WG IRIUD

ue 5| seAue BUQ aMsU Bldwes 96S

€ = ) dlusuonere: aw oneU 22 x gy pue

9E X YT M m = 7 dysuoneja auy aAeY 09 X 8
Pue ‘0€ X 52 07 x 91 1 £ = 7 dusuoneros

U aney Ife Y x 9€ ‘O X OE ‘¥Z X 8l
‘oLxzides ME=jiLx 8y

ME=7:00 x 8y ME =78y x 98
M E =700 X 0E M =798 X bT
L=j0exvzmE=7wzx 0z
ME=TWTxBLME=]:0T X 9L
MmE=g oL x T m il =)ml x U e6g

SSIBAUI LG SINBU £ XOE = A°SG

L'ES YSS  OZUO['6Y L 9SIoNUI LY
Z— 12U 'Sy IRUPEY Ol PAUIAWIO Ly
Z— '9SIOAUI'GE LT W0BIIP LE 8 '9SIOAUI 'GE
GZ—'SI9AUI'EE  08ZS RUIP 'LE

G| !9SIOAUI'6Z b 9SIBAUILZ  Wie OEE 'GZ
G €6£0000°€Z  £0W0GR1Z Ol—'6L b ZL

SA42-SA43 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0410.xhtml

Selected Answers

§
:
z
<
3
g
g
3
]

SPYS Siemsuy paweles

‘59’ PUR GE'S UsaMIa]

1 dUIIe By} JO Bunel U} 18U} JUBPYUOD %66
2le aM '210j218Y1 '59'G S 1 S GE'G SI UBBW
eindod au) ‘|eAsaIU] 92UBPYLOD %66 © Y °G
900=3€

90=31

§-8 UOSSaT

X an[eA USAIB B UeL) SS3| 3 [IIM UOANGLISIP
a3 woy anjea e jeur Aligeqoid au) siussaidas
aNjeA-Z @ 4O o] B 0} AN @ J3pUN B3Ie UL
“UOANGLASIP [BULIOU B Uy X 3NjeA @ Jo uomisod
s swasaidas anjen-z UL amsue SjdWes Lz
“UOHNGISID WIOJUN © LIM IOM PINoM
UORN|OS 5,2D1UOIA IBMSUE B]dWLES {ONOIIH ‘6L
SINOY00Z9 L %S'T 'Sk

19860 €L 18Z0°I 62— 6

TTBT < XL %9L'AL LEEE > X > L6E 'L
“samigeqoid

Uy sedUBIBYIP BU) SMoUS AlBuipeaisiw

Sixe-A a1 Jo ajeds By L amsue djdwes g

“anjen aamsod Aue aq Aew jueid
e 40 yb1ay ayL ‘snonunuod queld o biay ‘g

18qWNU BjoyM e se pajuasaidal oq
AIUO UBD SIX3}JO JOUINU Y (3131051 ‘SIX} L.

-8 uossa

“@dUelIeA 10 ‘Juanonb

53 30 3001 218nbS U X} ‘Aljeul “dueLeA S
Y21Um ‘@1ep 0 135 B} Ul S3NeA J0 Jaquinu
341 Aq WS BU} SPIAIP ‘UBY L "SIIUIBYIP B JO
|2 JO WNS U} pul ‘IXBN “UBSW U} PUB BNjBA
©1ep 4oea UBIMIA] JUBIBHIP 3U) JO d1enbs auy
Pul ‘UBY "BIEP JO 135 DU} JO UBSW U Puld LL
“b/ INOGE S| UONEINSP PIBPUBIS BU} PUR

L1451 ueaw ay) KBojouya) Buis “weiBolsIy
B} 4O JBq YIBa JO 183Ud B} Ul S|[B) NjeA
BJEp Yoea 18y} aWnssy Lamsue ajdwes 'y
£9'0 51 96uRYd>

aBem ay) a)e pue 310J3q Y10q UONRIASP
PiepUE)S 8L "B1ep AU} O UONEBINSP PIepuElS
a3 U0 1aYo ou sey abem Apnoy s,3akoldwe
oes 011§ BuIppe 1amsue ajdwes ‘o g}

‘soapuaNe £0L pue L.
UB3M}3Q AR [[IM SUOISSSS WEXS U} O 1SO

‘68 J0 UeaW aU} 0} pasedwod jlews S|
piepuels auL Hamsue adwes gl

€200 'SLE0 6

“uoseas s Jale pue 21049q

uwes ay) peaids AlleIauab 21om SaL Bl BU)
10U} INq ‘aBeIaAR U JayBIY 31aM SaLI BlIW Ay}
UoSeaS B 21040 18U} SUBAL SIUL “SAINUIW
60 SeM UONIRIASD PIEPUEIS BU) PUE SANUIW 07
Sem Bl UBBW AU} UOSES AU} JBLY “INUIW
'L Sem UONEIASP PIRPUEIS BU) PUE SaNNUILL

2'6 Sem awW UeaW AU} UOSERS BU) 210438 L
£1'69°S

€192z

“SE0LI$ PUB LY PES USSMISA 1503 SIBBUS B} JO
1SOW ‘UONINGP PIBPUEIS BU)} UO paseq ‘ueall
U WOy Jayue) peaids a.e elep auy th

40 uBaW BU} 0} Paseduwiod eaiB S| Loy
piepuE}s oy 9Ne23q LaMSUE BjdwWwes ‘" mm —

£-8 UOSSIT

‘g 10 I 4O BLUIODINO UE 10 ‘3INjiey & Se
eale an/q U} Ul PUB 1ey) suids pue ‘3 WodINo
O 92UB1INI0 B} IO ‘SSIIINS © SE BAIE Pal BUY
U1 puB 1ey) suids pi03a1 Ued NOA *3 BLWOdNO Jo
fangeqoid auy moux o} uem Auo Nok asnessg

‘01 INSEAW PINOM J0JIS LOBS ‘SBOdINO
enba papiap aq 0} BuIoB 219m
Jouulds aus j amsue ajdwes 'sop "€Z

‘0 uey) saealb skeme Ayliqeqoid [eluawLadxe
3U) Bupfew 'SISQUINU XIS 353U} J0 BUO 3 [l
1INsa1 U} ‘PaI01 I 1P B UBUM ‘O "SIBQUINU XIS
9581 1O BUO MOUS SKBMIE [II" 11 3DUIS | §1 9 10 °G
‘b g 'z 'L Bumab pue aip e Bulos Jo Aujigeqoid
122121001} 3L} ‘9|dWEXa 104 ‘0 3G JBABU UED
Auligeqoid [euawiadxe au) ‘@i0je1ay L °L I
Auiqeqoid (191094} BU) UBUM IN220 sAeme
1M 1UBAS BY 1 Hamsue ajdwes Bnil JZ

‘%05 10 .To Aungeqoid [eaneioat auy
014850} 39 pINoys Alieqoud |euswliadxe
aU} 8UIS PaUIRIUOD Bq PINOYS BY LY} ‘Slen
310W 10 00} PRIBIAWOD Y Jluanamo ‘LI2dU0d
jueLiem 0} yBnous ab.e| ou st 2215 adwes

BU) Uy} ‘sjeu) ‘0Z UaAS 0 ‘p Ajuo paja|dwod
3 41 1 PASSO) B SALWN JO JAGUINU BU} UO
Juspuadap ag PINoYs U103 aU) JO SsauIe) U
IN0GE LIBIUOD S,UoAR( JaMSUE 3|dLUES ‘6L

siomsuy PAIRS  HHYS

oz'z'zi|skvE'E

875l 'z el ez 'z |1z L€ ‘s

le'6z vz |Lz'BLE [1T'E L |6€°9 e[ 99z 8L

z'0z'6z |vE'6'8l [L'sTTE

vZ'lZ'0E |26E'SL |L'E'S  |vTL'TL [ETULEL

1v‘S€ ‘82 |2 '01L°9Z |O¥ ‘8Ll

1z'zv's |01 'SE ‘8T |11 '9€ ‘O€ | S '9€ ‘9L | €2 € T

0702 ‘Z€ |62 '6 'SE | 9€ ‘OF ‘SE

L'e |81ee ‘og |2z e ee |1 Te 1T |z L6

87°s '€z |9€ ‘9l Zz|9€ ‘8L LE

SE ‘Ov ‘vE | O€ '8€ €€/ 0Z 6 ‘€L |I¥ 'L '8L | €2 'EL'SL

oz'0L |86zl |vzzE 9L

0z've'y |Lz'9z a1z bl'9 |6 Ze 'SL|9€ L ‘SE

“A1950[0 210U 21e[21100 1BIW ) BUOP 1M

o1 1361e] © J1 NG ‘[9POLL AU LM UBISISUOD
Aj@19/dwiod Jou S| e1Ep BY 1 "898 UE 8 [|IM SAIDS
mau 12y 1eyy Al Al

BUIP102Y ‘9AISS 1XBU B} U0 338 UE Ul PRYNSa!
“%E'EL 10 'SIe OF U} JO ZZ Hamsue Sjdwes 3L
SE 19 € 9L 14 vZ
89 ST (43 \4 9€ 8Z
6 9z W 98 8E L
" 99 (44 89 34 34
8 6 6 8 9L 4

‘umouys si ejep ajdwes ‘qLL

“S[eL) 0 JO 1SISUOD (i Uone|nwIs

By "aAIS I JO BWOING Ja0 Aue Juasaidal
M 00L—£9 S13691U1 343 pue ‘39 Ue Juasaidal
1M 99| $19631U1 U1 001 UBNOI | S:9681u1
21213U36 0} 10}eIBUB JSGUINU WOPUE) © 35N
‘3 S11,US20p S eu) Aiqeqoid [eona10aL)
QU PUE ‘%99 SI SAIBS XBU JaY UO BI8 LR
sanias aus jey) Alqeqoid [ean2108U) 3y | "Bz)
‘A|250[o 210U PaUILIEXS 39 PINOUS

SsaLIR) BU) UBL) ‘B|jyel JaLjoue o) ujebe
suaddey 11 J| J1BJuN S| SJeI AU JI BUILISISP O}
e1ep 4BNOUS 10U 5| 213U "Wea) [leqlaxseq ay)
10 SIBqWBW 318 SIBUUIM U] |8 18U} Ajjun
AyB1y s1 3 uoneInWIs sy 0} BUIPI0IDY “Blel
aU) BUILUIM SIBQUBW Wea) AUO Ul paYNsal %y
10 ‘s|eu} 0G @U3 0 Z AjuQ :1emsue ajdwes ‘ag)

asi

“sawun Ay eI 3Ly uny JaquINU

swes ay 10 Aue seadal jey [e1 Aue pieasiq
“SIUBPMIS 13410 By} JUSSBIdaI 1M Zh—9L
SI9qLINU pUE Wea) [[eqiasseq au) Lo siake|d
Jusadal [IIM GL- SISQUINN “Z O} | WOl
S19qUINU 33141 JO 135 B 31e13Uab 0} JoRIaUSE.
JaqUINU WopUe) B 35 HaMsUE S|dWes “eg)
K@il Ajjlenba sem 1ojod Jed yoea jeyy pawnsse
Jomsue ajdwies gL, %8 "AEL %0T "BEL
Jopow s,awher 1}

ey pai suasaidal 6 pue
“ley spuojq uSsaIdaI 8 PUE £ ‘9 °G Yy UMoIq
JussaIdal § PUB € ‘Z *| ‘0 2I9UM J0JeIoUSD
18QUINU WOPUE1 © 35 LIaMSUR J|dWeS '6
.yl U0 pue
.91z BIBUE [e11UBD BUO ‘SUOIBBI Z LM JBULICS L
“BuiwesBoid au U 101 ue
S1 21043 10U Al S13 ‘%EL INOGR AJUO Sem alel
559001 5,2j08d BSNE2AT Yl S! 1206 © Buiew
10 Auigeqoid feuawadse au) 'siet 0ok uo
paseg ‘ssi e ussaidal 0z—g pue (06 e
Jesaidal /| 13| '0Z-| SISQUINU 104 “UoRRINWIS
£ 31831 0] 10}e12USB JAQWINU WOPUES © 35N

14
ues | 0 51 e0b o Buissiu Jo Auligeqoid
eon21001 a4t pue O 51 [206 & Bupew Jo
Aungedoid jednaioay) a1 Hemsue aiduwes 'g
%8L"AE
%L1 "eE
%8E "L
%S el

2-8 UOSSaT

Selected Answers SA44-SA45



0
24
W
=
(2]
4
<
[a]
w
[
(]
i}
o |
i
(2]

§
-
z
<
3
g
g
3
]

LYYS siemsuy paisles

*5|qeUOSES] S| IBMSUR BU}
0S ‘|£ 0} S0P S| YIIYM ‘G9°0L = (6 muo.% pue

W E'EZy = (SEWVLE = PyLE AlRjewixoidde
SIUDIUM ‘DAL S| 9IUBIBJWNDID BYL IEL

Wi @m.hm =g =505 ‘ybu3|
216 a4} 51 pojenes soBusssed oL BdouelsIp

UL W GO SI [99UM 3L JO 4 SNIPLI UL "GEL
m =uz-. w pue ‘uonejol a3a|dwod
ejo2i0 o%mzmmmam_ saINuUIW § ‘sAINUIW OE

s} uopejol ajodwo e asnesag £ egs

sayouy ug 'suepes £,06 1L

UYL6Y 69 S/SUBIPel BS 'S/,60EE 19
¥OTL'S9 UYB'ED SO 19
0sve6s -5 Ess

u 607 Aistewoidde Jo £ eSSt 1S
.SEL-"6¥ .0TLLP .09°SY .80l 'EV

T P 6 . 6 P
TW LYEE L€ gy SE
b b £ i E.c 9.9,
w15 T wo ug Ve 3 ug 6%

062~ 0LV LT .S6T— '.STY ‘ST
.00€—'.09 '€ .0SE— .01 1T
SIE— .50V ‘6L .SEV— '.S8T Lk

b

T-6 UOSSaT

gpra=An=x1
Zre=A6=x's SOZ'E LU}

13uadQ 6 ANpoW

%1608 PUE %G/ 0L USBMIQ S1 J31e]

Uado Aels JURINEISa1 BU 935 O} X1l PINOM 1eu)

suoned jo uoriodoid au) 1eu) USPIUOD We

5A0] 32UBPUO %56 € Ty Jomsue djdwes
nvzo~9E=p

8 -
- ~ 0% _
€85L0~ ¢ =d
80500~ 3
961 =3¢

B60L<XPURESS>X'LL 0’96 AVL
v's Ve 4t

ma1AdY 8 ANPOW

siamsuy paIRS  OPYS

“sasea1ap 10ud
wnwixew ay) ‘eseaidul azis sjdwes au) sy 'l
“%01 ueyy JayBiy A 1sow

S| 9)eJ pIeds|p du} ey} SISeq auj Uo U mau

© Anq Aigeqoid pInous usiey 0s ‘%90z pue
%9°01 UBSAISA S LI J3Y Ul pally S3231d [[e O
uoneindod auy 1oy SpIedSIP JO Uoodoid Ueaw
U} 92UBPHUOD %G6 UM omsue ajdwes.
%0'S F %9'SL =0 050500 ~

961 = IW pue 9GL0 ~ SE = d gl

%08 Ueu) Ja1ealb s1ung

0 0} stied Juem oym sidoad jo uoniodoid
au1 10U uossadwi ayy ani6 03 uoiodoid
uoneindod auy Joj ajewinss 8iqissod 1saubIy
541 35N WIeID U} %E J0 10415 J0 Uiew e M

%8p = 870 = %5 1e pajewsa s uopiodoid
uonejndod au Jeys Buness Jo peaisul ‘1.
“%9'0G PUE %9'ZE USIMIAG

st ued s,jediound au} yum 22168 oym spuBpNIS

I I A | J0 uoy 3U} 18U} JUBPIUOD %66 I8 am
FErrt=t== ‘21021841 '905°0 = d S 9z£'0 st uopiodord
8l | oz | 2z | 6 | 8 | e Suenit reeew e
“%E18 PUe

¥33M Y283 PAUIEM UOISIASJRL JO SINOH

‘zzzs s vst

[9R3] @2UBPUOD %06 © LM SINOY JO JBqUINU
ueaw ay} g'g :UONBIASP pIepuess djdwes
sinoy g'gl ueaw sjdwies 1amsue sjdwies ZL

@

%L°€L USOMISQ SI GOl BW-Led € ARy PINOUS.
SuBpNIs [00YDS YBIY Jey} da168 UM SHBPMS
Jo uomiodoid U oLl JUSPRUOD %06 B1e BM
‘a104012Y] '€18°0 = d = £££°0 S! uoodoud
oneindod sy} ‘|eAIRIUl 9IUSPLUO %06 € W L

SA46-SA47 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0412.xhtml

Selected Answers

§
-
z
<
3
g
g
3
]

6YS siomsuy panals

v s oe

pauEPUN = § 0 ‘|— = g 295 ‘PaUYBPUN = g 9SO
V=g uRl— =g S0 =gus

0 = 100 ‘PaUYBPUN = 23S | = § 250
‘PaUYBPUN = § UBY'0 = § SOD | = g UIS 6
er= m.ou.\»ulwuwm

=g & mgueg =g L=gust
%\lec_m =gsod'g
Egust=gsooe
EogusiZ-=gsoon

£-6 UOSSIT

9 4O 3N|EA UORIUN LIBLIOUOBLY
a1 40 UBIS DU SUILLIBIAP O} UOYEIO] JueIpenb
543 35N “Ajjeuld *4 104 UORIUN IUBWOUOELE S}
10 BNeA BU) PUIS BN “SIXE-X 3L} PUB § JO BPIS
JeuiIa) U1 Aq paLwIoy ajBue S1noe au1 S| ajbue
93UBI8J1 7 4 SIBUE 33UBIB}3I SY BUIPUI 10} 3jNI
aleudoidde oy asn ualy] ‘pajedo] i) Jueipenb
UDI4M Ul BUILISISP PUE SIBUE SU} YIS 1! "GL
‘pauapun st 1M = 081 103 Jeu aniy
291U 110 = 081 U 9512238 4=gs0d
pUe % = IS % = 102 12U} MOLX I "EL

“GEL UM

[eUILLIZI0D SBUE U 10 ,GEL 3Q 1SNW g JO NjeA
a1 ‘05 “JueIpeNb PUODDS AU Ul 9 JSNLW B[6UER
9UB18431 3} ‘3AREBAU 3G O} g Ue} pue dAKSOd
2Q 019 UIS 10} 19AOMOH *,Gb SI BIBUE 3UBIDJ
o L— =g uey pue % = IS 10} ‘ON “bL
-anisod s| uonouNy

BUIS 8Y} J0 anjeA ay} os ‘aalsod ase ajbuely
a1n2e ue Jo asnuslodAy auy pue apis aysoddo
ot 0 somen au pus T4 = g i o 69
“.0ZF = .09€ + .09
05,09 40 3[BUR 2DUBIBJRI © SARY I

09€ J0 3dninu Aue snid .09 *.0vZ = g 05

09 =08l — ¢ ‘lll WWe1peno u; djBue ue 10} 1,021
= 05,09 =g — 08} ‘ll ueIPEND Ul 3jBue

ue 104,02t 0¥ ',0TL Hamsue ajdwes 29
7'S9 SM'E9 SL9

(efr'1-)'6s pousspuN LS £ g5 0'gs

x

o

8660 =
=9lLuereLy

9L
© S5er

L

SOr0 =0 gZiels

60 4O INoGe ALy
. z .
sy ZhEr S
¥ ™
F
L
16e

0z 'se

Sne

.05 ‘62
0 =100 ‘pauUYAPUN = g 23S ‘| = § 25D
‘PRUYBPUN = g UBY ‘0 = § SO3 '} = § UIS LT
pauyapun = g 105
| = g 23S ‘pauyapun = g 35>
‘0=6Uue)'L=§S000 = us ST

€

£ =gwo uéumm =09
——guer O —psoo- —gus-
0 uerfo =g 500 "D~ =g uis ez
meoU,Humumm ‘O =6 950
.9 .o_

Lmlmmougwez_m—«
= msu}laumm\\( RS
|mm8Vnm:,mm_

E=gun

K,N St
1056~ = 295 W = 50

W gseolt_—guss

100 |euwmmuluaumu

S gueh Zgsoshl_gus-g
\\msu\lauwm
,WHauﬂ,m\a:m.,m.\amouéna:_m €l
100 285

g=vioT=y

£ —yos e |
gr=voR = foyusy

siemsuy pa1Iss  BYYS

E=gioo'op =goes
£ —gos B =gso O o—guse

o o OIrE
& =vo
SoyoesEoyossloysool = yusy
L:.wfou,kquwwumm,m\mumu
.%m |m:£.%¢n 0o % =gusg
M\Q.S.Muaumm
F=gwg= mmcu,b|®c €
=910 .N( =629

&
|m.§.m_|mm8é\m:_m b

T =095

2-6 UOoSsaT

A% Aq sueipel Jo Jaquinu

S AldINW ‘s33155p 0} SUBIPRI WL HOAUOD
E.%E s98168p Jo Jaquinu sy} Aidninw
‘sue|pes 0} 592169p WO LBAUOD 0L  YIBUB]
40 1@ ue S)dadIBYul JeY} UONISOd piepuess u|
iBue Ue Jo ainseaw oL Suasaldal uelpes
BUQ "3]IID B PUNOIE LOREIO) ﬁ sjenba jeu}
sinseaw ajBue ue suasaidal 92163p SUO ‘€8

08T~ Pue .0vY 18

z=x6L

‘uibLo ayy ybnoiyy

sassed Jeus G Jo odols & yum aul yblens e s
ydesb ays sueaw siy xg = (x) se uanum aq
Aews uopouny auy ‘g = 4 pue % = s asnedeg L
£ = wo)f sipbue

eUB3 B} J0 DINSEa Bl BI0JBIBL DI
a1 jo £ = 45CC 5y ease s 'y wg st soptupds
aulAq peisiem s106 1eus ease au) asnesog

W LGTT = (G = 1 S 3PP 219]dWoD

3} J0 e3IR UL 19310 S| RPUIDW 'SL

Selected Answers SA48-SA49


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0413.xhtml

0
24
W
=
(2]
4
<
[a]
w
[
(]
i}
o |
i
(2]

§
-
z
<
3
g
g
3
]

ISYS sismsuy papsies

,@_Wh_-_&

uonouny Juased auy o

uoneja i Alleluoziioy passaidwiod si uonauny
au) ‘g = g asneoag “uopouny uased ay) 0}
uone|a: ul paje|ip AJ[e2RI3A JOU SI UORUN) BY}
‘L = b asnedag {g = A :Bulpl
*,9€ *,0 :51da2181u1-x 113631 PPO UE S| U 313UM
(8l + u9g) :ser01dwAse :,9¢ = pouad |

§-6 UOSSIT

ydesb au1 yaiess 03 uopuny Jussed

Uy asn ‘saj01dwAse pue ‘ewaie ‘sdadiaNx
pue ydeib pue puy ‘uogouny aus 4o pouad pue
spniduwe aU) BUIWILISQ LEMSUR BIdWeS ‘6E

pouad e pue | o apnyjduwe ue sey mw
Jo udeB oy *,09€ Jo pouiad e pue & jo

apnydwe ue sey g wu Ao ydeib ayy g

‘1= g pue 0 = g UBBMIA] 53RO S1aIdWOD € B1e

sposE=2 = W powad sy z =|o| si
apnydwe aus 99 uls Z = A uamsue ajdwes ‘G

METIMYYELL D
|

n.}‘n.‘#n}uﬂ“

mll.|.__

S 412503 Gy~ = () "9EE

Spuoas z ;pouad 5y opnydiue “egE
pa10[0In g MOJIA “ALE

wu 0ZS ‘WU 00T "BLE  GLAINT 4,58 "96T

103k Jepualed e '7| 86z

“32URISIP PUE B JO [BAIBIU] UBISISUOD

© 1210 sanj@sWaL 1eadal Lioq Asu se ‘siomeyaq
JBIILUIS BIRUS SIARM UBSIO PUE LOAUN) BUIS

2y} ‘AjleuonIPPY "@ABM UBSDO U Se adeys awes
543 SeY UoRoUN aUIS 3y | lamsUe Bldues £z
fzus G =408l 'ST

BERE TT]

L
P i

H
EI

I
I
L

X700 61 = (u ‘6L

sz 'sz-]

s196uel 8y “(x ‘0] SI UOHENYS U} JO IXBI0D
SU) Ul UleWOP JURASIBI BU) ‘BAeBaU 5] Jouued
9snesaq 'siequinu e |8 :ulewoq ‘qLL

*spu02as 7 Aiana wujod
WLGIINDS BU) WO SXULISIP WNLIXRW U3l
1M 3 pue ‘puodas 1ad 81k e o £ se3aidwod
ouiad ‘ezl

T ANNE
209€ €I
<08l .W "6 0ZLLL .09E°T°S
0ZL0=A1E 090=4T1

-6 uossa

“01pkd 3U0 5| ydes b
1 J0 Led Bupeadaiuou yoe3 ‘Buneadaiuou sy
12U} ydes6 sy Jo 1ed sy} Jo URISIP [eYUOZLIOY
241 51 uopouny dipouad e Jo polad dyL ‘G
“1L Jo 2|dinwW e jou S| YdIuM m 24 pinoo
aAIN> auIs € 40 popad AU} SBWNAWOS "E

£ 3
€ 500— = (£-) 500
S101m Ao31100U] SPURLY elUaE LY
1aquaidas ‘PEE

siomsuy paeles  OGYS

4,21 "96E UDIBN 'A6E d4.2L 'B6E
"PIEMUMOP S3AOW ¢ ‘SUBIP.]

o3 sueipes € woy ajbue ue yBnoiy saeior
amsue adwes ‘aLg
IB18M BU JO 3IBLINS U} UO SI o UDIUM J0)
UoBE1ol 40 SaIBUE U} B18 353U "X JO SaIdAINW
19qUINU-3loUM 31 Sd2IRIX UL “PLE

(sueipes wz) uonelol 219(dwiod e saew
|92ym 3y} e 20uo jeadal Jajem au} Jo aoeUNS
541 MO[3q 10 3A0GE g 110d JO SIBIBY UL
“Ly 01 17 Wouy pajeadal si Lz O] 0 WO SAIND
a1 Jo adeys a1 usum ydelb au) uj umous

S1 SuL ‘sueipes 1z AIana 1eadal uopouny Ul
40 SeNje au} asNedsq Lz S| poLad SUL ILE

‘aLe
“aiBue au) Aq papuaians 3y

un 3} Uo 18 B J0 LBUB] BUY S BIBUE Ayt JO
BINSeaW UeIpel 3U) 3snedaq Sislew khn eLg

“aneBau

51812119 JuN 843 U0 JuI0d BUIPUOdSB110
BU} O 91eUIPI00I-A BU} LI9ASN "PSE

“PPO 1 U UBYM |— = § 50>

PUE UBAS S| U UBYM | = § 503 ‘SAWAUIOS IGE
vz g0

pouad e sey uopduny auis ay} 'skemly ‘qgg

1 ‘| PUB | — US3M}D] SBN|BA U NSl
AJUO LB UORIUNy BUISOD U} SIWNBWOS "BGE
SYZ'EE LIE io— 6T

B
. . P 2
jhﬂ 3 ST 0'€T |~IT

) ouny

RN

o

«

am»

o

Spu0das p = pouad '6 |

SA50-SA51 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0414.xhtml

Selected Answers

§
-
z
H
3
g
g
3
]

EGYS swmsuy paeles

75 (gl S z— 9buel ‘oo > § > co— UlRWOP

yelam oL Nz L

9-6 UOSSaT

“uonouny uanIB auy ydesb 0y ydels

SU Wioysues pUE LoRIUN; JUBIed AU YIS
so101dWASe pUE ‘BWBIX® ‘S1dadIaUIX AU
ydesb pue puy uay} ‘uonouny ayj Jo pouad pue
spnyduwe sy sulWIS)EQ 1amsue 3|dwes ‘6z
9 uer = A

ueus sauges °g uey £ = £ uonauny auy Jo pousd
au aneb ensioeT 1ey) sieadde 1) L91AL LT
X283 000C =P ST

' L

BS
$ b

B
- o | J——
&

-09€ pouiad '€z

=

po

.0g :pouad 1z

9 0L oW o5

0oz md

.05t ponad "6l

*,08L 5100 00E = 40 poyiad ayL
SUOU WNWIXeW BAeIal

{00 S A'S 00— |A]) :9BuURI
06 <x<0X

ydesb ayy

4o uoniod 1ey) BuizAjeue Uo SN0} OS ‘UEASIR)
218 ,06 PUE ,0 USBMIAC SaN[eA-X AJUO ‘Uonen)s
U1 JO 1Xa1U03 BU) U] samsue Sidwes L)

P
‘azy
X105 00€ = £ oL}

AT

106331 ve s U d1aym uE + & = x
z 8 _ e «
w2+ & = xsooidwhse i€ = pouad ‘g)

PP e

106311 Ue S| U 313UM ‘UOIE + 081 = X
‘UD9E + 0LT = x :saj01dwise :,09¢ = pouad "g}

4
(081 Jo sardnnw
PPO) 1,005 081 :Sidadsaiul-x Labajul ue S| u
a1aym ‘Unz = x :se10)dwAse {,09€ = pouad

e
106l Ue S| U 210UM ‘ULT

L=x0" e ewixew sAnela) abaIUI
+&= gm_gm« 8 o1 Lspey
ue'siu oM uLz + £ =xioug=xZ=
1 PWIUIW B[R] 8BaIUI Ue SI U B1aUM

‘ung + 1z = x :saj01dwise g = pouad 6

siemsuy papeles  ZGYS

49BaIUI e S| U B1aUM Ut + 1z =
B,m =x'ug =
:mm,cﬂm:s :ﬁ+h\x5~ £ \xAm —x

1g T g o
12 eUIUI ONIR[! S s Soum
‘Ut + 5 = x:sa0dwAse £ = pousd L

P | A

£l

“uonouny uased auy 0}
UoReIS1 Ul Al[RIUOZLIOY PRUDIBAS S| UORDLNY S}
,w = g asnesag ‘uoiouNy ualed au} 0} UoHe[RI

*.0 5109213}U-X 359Ul PPO UE | U 3I3UM
*(081 + u09g) :saro1dwAse :,09¢ = pouad ‘g

“uonouny juased ayp o}

Uone[a. ul Alleiuoziioy passaIdwiod s uoauny
aU1 ‘7 = g asnesag “uonouNy Jualed au o)
Uone|a1 I pateip Al[ea11aA 10U SI UoduNy 3L}
‘| = Dasnessg o = IpIW - *,0LZ .08l
£,06 *,0 :S1da2191UIX 19B31UI PPO UE SI U 213UM
“(Gy + U0B) :sa101dwAse {06 = pouad ‘g

Selected Answers SA52-SA53


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0415.xhtml

0
24
W
=
(2]
4
<
[a]
w
[
(]
i}
o |
i
(2]

Selected Answers

SSYS siemsuy parols

L + 1 S A S 1) s abuel ayy os ‘dn yuni
uopejsues [eopuaA e ose SIN (2 S0 S 2} 9
UleWOP U 05 g, 50D = A uopouny ased Bl
10 Z 10198} © AQ U2121IS [IUOZLIO © S| Uopoury
s + 6%, 503 = A uemsue sjduies ‘g
‘TsAsE-josbueiepe
SIaquINU |28l ||B JO UIBWIOP € SBy Jey} uonoun
©'SIx, UL = £ UONDUN) B J0U S| UONe|I BUL
- jo saidninw ppo 1dadxe s1aquinu [ea1 [je P
aBue  pue siaquNU 231 [[€ 0 UfeWOp © S&j
1eU) Uoefal © 51 X, Uel = A uamsue ajdwes ‘g
Juespenb pudas auy ul sAnised
10U I UISOD LBYNBN Hamsue ajdwes ‘i
.06 ".€5 .LE &

v, 0ge -
s hue vzose L
“aunseauw uf fenbe
24 pINom pauado aq PINoM S100p B} LILUM B
lBue B} 1y pawinsse | 1emsue (duwes ‘qlE
.8y elE
.ZS'SL°6T .6Y0Z LT .L98S 'K
WS- €T L0971 LELESEL SOB
S60°SL LLO'EL TO1-'W $.066
w_mqsqmmimhoﬁ.mm,cmw
k. 5. : g.

L-6 uossI]

“ydesb ouisod oy
0} 3uajeAInba si 3 o) ouj 03 sun £ payiys 9
ydelb auis ay auM (9) S0 = A 01 UBfRAINBD

sie — (£ + p) uts = A-omsue oiduwes ‘ig

€0 uis 7 = A uemsue sdwes ‘6y

*.08L Jo pouad e sey 11 1euy 0s passaidiiod

s1 pue ydes6 1uased ays wouy yun | dn payys
1171 Jo apmyduie ue ueyy JaLIel € Jo apNy
e sey | + gz uss € = £10 udesB auL Ly

7 — 97 500 g = )y emsue aiduies ‘G

| + 6 505 ¢ = A uamsue adwes |,09€ '€y

G — g uis = A uamsue ajdwes ,09€ "Ly
‘leonuap) a1e sydesb a1 ‘6

Sixe-x U} 9A0

1810 Uoe3 JO SuoNdBYBI B8 sudelb UL LE
SaN|RA WNWIXRW OU "SE AN .FNL B33

s109A £ U1ISZLQLE  SIRAK ST UIIOZL "BLE
“SIXe [eJUOZLI0Y BU) INOGE UONBISRI Jo/pUEe
s [eIuozyioy ajeydoidde auy Buisn uonouny
5U1S00 € 1M PaJEPOL 3G OS[e UeD ooy
UIs © YIM PajaPOLL 3q UEd ey uouawouayd
Aue 310N "awn UM A[2PIOSNUIS SaLIeA PUNoib
U1 2A0GE SI J3PI © SDURISIP B} ‘SUINY [23YM
Slua4 e Se 9SNedag 'aUls Lamsue ajdwes '6Z

LGP 408l '€ LT ST+ —Xuer=A"gz
€+ —Nus=,'€z €-0zs02=4"PIZ
w-apz euou-quz | = epnujdwe umop
SHUN € S1 YIS [eIIUBA B 05 'E— = "Bl
(0€1L PUB OE:Z} “9') 9 3U} UO S| pUBY BNUIW
OU3 UBLM SILWI BU) BIR BSAU) 'S 7 "PEL

g0 oE o0 W

R

6L+ (15) s00 € = ()y "aet

‘sanui 09 S| pouiad s}

6L = A st aulpiw ay) g st apnydwe ay] ‘eel

- =05 9-

UB13YM ‘U0BL + 08l > § > UOSL + 06 UleWOp

S ()4 S z:@buel i > g > 00—

a5

SieMSUY PAIASS  PGYS

G0 (9) = g0~ @buel oo > g > co— !

Bues oo > § > 0o

_bﬂé«buhrpt

wbu o o £ _.W ]

p— =Atp— =09 T LY £ = (gl = g— 9bULI ‘oo > g > co— UIRWOP

00 > (g)) > co— :9Buel 1abajul ue s

i fole o

B 8U} 0} .G 09 '€ L
00 > (9)) > co— :aBues abajul
e stuaiaym vy + £ > g > uw uiewop

;i_l._
I

¥
wu \n_wu 3,081 ‘opnjdwe ou "Gl

yal 2y 03 2 tx tapnyjdwe ou g
1S (9)4 S |- :@buRl 0 > § > co— UlRWOP

-

g agfoNe

A 5 %

LY

12l 243 0} .06 *.09€ ‘T "W 121 243 01 .06 *.09!

SA54-SA55 Selected Answers


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0416.xhtml

e
]
©
o
o
9
)

Glossary - Glosario

19 Kiessoln

“sefojesed saseq sop aua senoipuadiad
oewbas un  oweiBojayesed un ap e

jessonsue) e} ap soisando sope| ua uenuaNdU? as anb
Jopia1u1 3juadeApe ou ‘esiansuen onbug un iod sepetio
UOS SBALY| SOp OpUBN)  SOWIBIUI SOUa}e Sojnbug

“fesiansues) ¢ ap So1sando Sopel ua UenuaNL3 as anb
10UBIX? 21UaRADE OU ‘esiansues) onBug un 1od SepeLI0d
U0S Seau| SOp OpURN)  SOUIZIXA SouIal[e SOjBuUg

“sedleIqable sauolsaidxa opuesn ojunfuod un agLISAP
anb edpewajew ugeloN  edreigable ugpelou

2jqelien euN SOUAW [@ BUBNLOD
anb eongwalew ugisaidka eun  edjeiqaBle uoisaidxa

“unwod ua ojund ojos
un Gaua antb o[NI Un UB SOy SaIUAdRADE S0218

“1oua1u 2 U3 SauNWI03 sojund uaua ou 0sad ‘U0
ope| un A unuwo> 3313A un Laual A oueld owsi (9 U
uenuanaua as anb sojnBug soq  sajuadeApe sojnbup

0 3P BWNS BUN U0 SOIBWINU SO] SO

IPe pepIUA! €] 52 0 ‘D [enb 52 0 A b Oz
Jaynblen> ap ewns e[ anb e 0pIGAQ  ANIPE PEPAUIP!

“epIpau e| ap 01apepIan
Jo[eA e epIpaW BN 3p pepluxoId BT pnyexa

“x ap sal0[en s0] s0poy exed 0 = (xy apuop ‘x| = (¥}
QU259 35 N UPUNy eUN  OINIOSGR I0[eA [9p Lo

“edUpUINL eau| €] UD
0123 3P 53 jauunu un anb ePURISIP ] OYNIOSGE Jofen

.S uapiu anb sopne sojnbug sop
103 OjIBUEIY91 OINBUBLA UY ,06-.Gt-.S OInBUEL

09 A L0 Uapiu anb sopnBe sojnBug sop
103 o[nBugia; OB UN .06-,09-.0€ OINBueLs

saseq jajlesed om; Aue UsaMaq
uadiady  weiopijesed e jo apme

Jesiansuen aLp jo sapis aiisoddo
10 a1} ey} 5a]BUe Jop3Iul WwadelpeUOu ‘esiansues
2 £q 1N aJe SBUI| OMI UBUAY  SaBUE J0LBIUl SleUIaYe

Jesiansuen Ly jo sapis aiisoddo
10 31 ey} 53]6Ue Jo1a1¥a Wadelpeuou ‘esiansue
2 £q 30 21e SoUl| OM UBYMY  SBIBUE I0LaIB SleuIa e

“suoissaidva J1eigable Buisn Aq 19 © saqUISIP
ley) uonelou feonewaLeN  Uonelou d1eigable

“a]qeLieA 2U0 15e3] Je SuleIuo
1eu) uoissaidka ednewalew Y - uoissaidxa leigable

“uowwod ut uod
U0 A1exa aney 1oyt 3D @ U Sy 216 uadelpe

1100 JopIUl UOWILIOD OU aneY
1Q 3PS UOWILOD © PUE XLIAA LOWILIOD © BABY PUR
aueld auwes auy) uy 31 1ey) sajbue omy  sajue Juadelpe

04O WNS @ Y)IM SIBQUINY OM|  S3SIAAU] SALIPPE

“RinuspI BAIIPPE 34} §1 0 ‘0 0} [enba 51 0 pue
D 13quinu Aue J0 WNS 3y} 3SNe3ag  AYNUSPI SANIPPE

“ainseaw ot Jo anjen
111 24) 01 JBwBINSeaUW © J0 SSaUIeaU aYL  Koeinne

x40 sanjeA 12 10} 0 = (¢} Uatum Ui ‘x| = (xy
Se UBLM UOIDUN} Y UOIDUN] aNjeA 3INI0SGE

“au) Jaquinu ay}
U0 0137 WIOY S| JAQUINU @ BJUBISIP BYL  BNJEA BINj0SqR

b ainseau jeuy sajbue
aynoe omy upm dbuel ybuy - ajbuel ,06-.5b-.St

*,09 PUB LOF 3INSeaw jey) sajbue
anoe omy yym 3jBuen by - aibuets ,06-09-0€

|ouedsg

Aresso19

ysibug

siomsuy poneles  9GYS

O 3'dV'Sk V'EL VW 0Z'46

TEN

oees (f'g-)r s seewisie

£
1g

MIIADY 6 AINPOW

o Sa S

Selected Answers/Glossary SA56-G1



)
—
©
(2]
(2]
9
@)

2
&
2
°
[}
2
a
°
o

£9 Aiessoin

“OpIIOS [2p 813A [e ejsando
opiIos ap eIRI BT 0UOD 0 apIwRAd BN 3p aseq

‘owesBojafered
un ap opey sainblens  owesbojajered un ap aseq

2pijos eIny eun ua aseq eun
£ fesoe] e1e> eun ap UODBSIANI €] 3Seq Bl 3P BISLIE

“sajans0st ojnbugLs un ap
Sa1UaNIBU02 S0pe] S0] A 35eq ©] 10d Sopeuwioy SojBUg
SOpSOT  53[225051 0JNBURLA N 3p 35eq €| 3p O[NBUR

“opade un ap seled & saseq sej Jod sopetso)
sobug sop s07  oppade) un ap aseq ap sojbug

owspu
15 J0d eayninu 35 osawnu 2 sapod unu3  aseq

“seimyje sa1uasaYp 3P Selieq 0pUEsn Sojep ap seuoBae)
sel ereduio> anb eayei eifeiued eun  e1eq ap 0dyeib

“eauy| eun Ua ,09€ A ,0 213U3 UQIEI0! Bun Jod WS
15 21q05 epeuise s apand enbyy eun s eunaws afo

RMENTS
52 £214216 Un (2N B] 21q0S AU BUA  ELIALIS 3P 3fp.

“SeWa109) Jeatiap uapand as sajend
50 3p SeWOIXe 3p OJUN[UOd U 0JBWIONXE BIBISIS

“eqanid uis esapepion
owon eydase a5 anb uppeIRPEP RN EWONE

“ajualpuadapul a(qeLien e| ap
10[eA 2 U3 01quie3 [2 J0d OpIPIAP a1UaIPUBGaP AlqeLien
©/3p J0jeA |2 D OIqUED [3  OIGUE) 3P BIpaLL BSE}

“seaupwoab
sauope[a! se| fezifeue e lepnke eied einby eun
ua opelnqip enxa oJuawBas 0 B3y eun el eaU

021)e16 un e ewixoude s anb eauyieun - elojujse
“JOLI3UB OUILLI) [© ‘P UNLIO BIUI3JIP €] ‘SIUBISUOD BN
opuaipeye enuanaua as osatuiid [ap sandsap oulLsR}

2ped n) (2 U UG U EDRAUILE EUANDAS

“apyadns eun
1uqn> ered sepespend sapepiun ap oloWNU 3 ease

PO 3} J0 XaV2A 3} Bys0ddo
Pilos ay1 jo@3ejaul 203 1o pieid e Jo aseq

‘wesBojaijesed e Jo apis Auy  wesbojesed e Jo aseq

“a1nby pijos e ur aseq
© pue a2ef Iaje] @ Jo LoRIASIBI BYL  96pa aseq

“aibuein 52225051
Ue Jo s3pis 1WaNIBU0> aU) pue 35eq 3l Aq pauio}
salbue omjayL  a|Buey s9jedsOs| Ue Jo Sa[be aseq

“plozaden e jo sBaj pue saseq oy}
Aq pousio} sajbue omg auy  piozaden e Jo sajSue aseq

“Jasy
Aq paydninu Bujaq Jaquinu auy semod ey aseq

“SIBIaU Ua1ay1p 4O Sieq Buisn elep Jo saobale)
saseduwod eyl Aeidsip [edrdesBy  ydesd seq

“aull @ U] 09€ PUe .0 U3IMI3] UOeI! @ Aq
Js1 oo paddew aq ue> bl e}y Anauwiufs sixe

upwwAs
stydesb e yymInoge duly  Anawuwks Jo sixe

“panuap aq ued swai0ay)
U1y WOy Swope J019s Y wayshs dnewone

“Jooud
N0YUM 3N} Se paldadde S| jeL JUAWRIEIS Y wope

“aiqetien juapuadapui aus Jo anjen
U1 ui aBueyd auy Aq PapIP alqeuien 1Wapuadap aul
Joanjen auy i aBueyd ayy - abueyd Jo ajes abesane

“sdiysuoneie: 213036 azkjeve diay 0} ainby

2 Ul umeIp 1WawBas 10 dul enxa Uy auil Kieijxne
saypeosdde ydes e e auy - ajoiduise

i) snojnasd au 01 p I UOWILIOd

U ‘Jueisuo> e Buippe Aq puno} s 11 aLp saye

w91 oea Upiym Uy usaped y - 20UANDS Doy

“adepns
© 12403 0} papaal syun asenbs jo JaquInu Ay ease

“sa[eaul| SPepIUN U3 031e [3p 0BJe] O] © OPIP3LY 0218 N
D SOWaXa 0] 21U3 ePUBISIP ©T 0@ 3P SpyBuUOl

“sajeu
solund sop Jod auyap as anb 01D UN 3p Aed 021

“epewsa o epewxoide epipaLw eun A (231 epipa
eun a.ua eagisod epUBIaP e opewxoide J01R

“eau)| 3p 0JUaWGaS 5 ap pryBucl
210 ouofyjod ap ope un  Jeinba ouoBijod un o
ouad o a1us senaipuadiad oluaWBES U euwalode

“einby ewn
e fen> jop Sanex e 0INBUR 13 UOIDEI0! 3P OJnBUY

Jew0zu0y e3u & 2p ewpud Jod 0131q0
un @ JOPRAIIS]O UN 3P UOISIA 3P BaUI| B A [eJU0zII0Y
eauy eun Jod 0pewI0} ojnBUR 3 UOIEASID 3P OINBUS

ewozuioy eauy e} ap ofeqap 1od ofaa0
Un © JOPEAI3SA0 N 3P UGISIA 3P B3U) Bl A [eI0zZII0Y
au) eun sod opewsoj ojnbug |3 ugisaidap ap ojnbug

“saUNI6U0) So[nBU S0P Ua OjNBUE Un BPIAP
anb oawBas 0 kel un  ojnbug un ap zydASIA

unwo> owaie un
s 59paUII02 OU SOe1 SOp 3P UPIFSIBUL BT OlNBUE

“SepPRUaPI00 3P LWAISIS (3 eZIjNN
anb e)12Ww0ab e 3 OIPNISA [3  EIY[eUe eawob

“|o| so pyjduwe e ‘9q 500 = A
09q s b = £ ewio} e ap sauopUN el pnydue

“BPep UQIDBLLIOJUI B] OPUESN SOJUIS3P O SOPeald Jas
uapand sajualayp sojnbuety sop opuen)  onbiquie osed

“ope) asa e senipuadiad
K oisando ope j2 auanuoa anb eau e @ ojBueln
|ap 221194 un ap oawbas un  ojnbueLy ap pmie
“[euy ound o0

o 0w0d aseq | ap oueyd 2 U olund un K jeuy oyund
un 03 23124 [0 2a anb aseq e e senaipuadiod
owawBas un 010 0 apueid eun ap pme

aun anb saseq se| e
owawBas un  oipud o ewsyd un ap prig|®

Kiessolo  z9

Jun Jeaul ut 21e ay} buoje painseaus
21 Ue Jo Sjuiodpu aU) UBaMIAq DUBISIP AL YiBUS] 21e

“suiodpua o Aq PaULEP 1 jeL AP € Jo ueg 218

‘JBWaINSeaW pajewsd
10 3jewoidde ue pue uawRINSeaL [eN)oe U
usamyaq aduasayp anysod auy 0w ajewpoidde

“Juawbas aui| 1ey1 Jo yibua) ayy
10 uoBAjod 3y Jo 3p @ pue UoBAjod JejnBas e Jo Ja1uad
U1 u2amaq uawbs senaipuadiad y - watode

“sajejos
210y © Y1y uBnoI afBue UL Uonelol Jo albue

“aul [ewozyoy au)
an0qe 19810 U 0 3B Jo au S JBAIISqO U pue au
Jewiozuoy e Aq pawioj ajbue ayy  uoerdjo Jo albue

“au euoziioy au
10]2q 1931q0 Ue 03 JyBIS J0 BUI| S JBAIBSGO LB pUE Bul|
Jewiozuoy e Aq pawioy ajbue ayy  uoissaidap Jo ajfue

sa|Bue uanIBuo> oMy ojul
a|Bue ue sapinip Jey) Juawbas 1o kel Joasiq ajbue

“uiodpua uowiod
© Je sAel JeaujoaUoU oA JO UoBSIIUI AL dBUE

“walshs a1eupiood aul
sasn jeyy Ajowoab jo Apmis ayy  Anawoab onAjeue

“[o] st apnuidwe a4} 9q 503 0 = £
1099 ls D = A i} ay) Jo suopauny 104 apnyiduie

“Uopewioju SN U} BUISN PaqUDSap 0 Paleaid aq
PINOD Sa{BURL WIOIP OM} UBLA 35D SnonBiquie

apis 1eu) o} senipuadiod
pue apis aysoddo Ly BuiueI0> aul au) 0} 3iBueL
aU} Jo xapian e woy uawbas y  a|Buels e jo apnye

“quiodpua Jayio
au) se aseq au) o aueid auy ui wiod e pue Juiodpud
U0 52 X3LIA 3L Sey 1eLd aseq aul o} senaipuadsad

Wawbasy  auod 10 pueid e jo apmpye

"saseq au} Jo sauejd au) sujof 1ey) saseq auy 0}
Jeinopuadiad JuawBasy  1apuA> 10 wsiid e jo apnije

G2-G3 Glossary



Glossary - Glosario

=
&
o)
=
2
o

o Awessoin

s01ep ap 0}unfuo> un e ejsnle as uoipUNy eun anb.
U21 0] 3p JOPEDIPUL U UODBUILIAIAP AP BIUAIYA0)

“OUILLIZ] UN 3P 0IUPWNU JOPRY 3 BIUBIIYR0D

Uy €| 3p UOIEN|eRd e ap JeySa) Ueupod
b  Sa10[eA 50| S0PO} 3p OWNIUOI |3 JeUILLIOPO)

o ap eauy ef aknpu anb seauy

N ap uopN[os BT 0Pt -1

0Junfu0 3 U UBIQUR) S3 UODRIAO Bl 3P OPeNSal
o “01unfu0> [0 ua osewnu Jainbiens eied 1§ opena>

“0In242 e sajuabuel uos anb sope) A onoud 2p
esany 209N 10> OuOBjod U oISUNZA ouoBijod

“0jna11d un e sajuabuey
uos anb sope| uo3 oNBuR U 0JISUNYID OnBUR

“0jn2412 UN 9P J0P3PAIE BOUBISIP B EIUAIBUNID

‘ojnBugy un ap Sope] s0] ap saseIMIpUadiad SaXLASI
Se| 3P eDUBLINOL0> 3p OJund [3  0AUBINDID

“Blep J0 195 € Sif uouny e
1[9M MOY JO JOJRIIPUI LY  UONIBUIWIBIP JO U310

“WIB) € JO JOIIE) [eIUBINU YL 1UBIIR0D

“UOIDUNY 3 J0 UOIN]EAS 3U) 0L NS
fiqussod pino> lew sanjen-AaLp e J0 135 A4 IRWIOPO>

“aul| Aiepunog ayy sapnjpul jeuy
Aufenbauy seau| e jo uonnjos ay)  aueid-jjey pasojd

a5 3y} Ul 0s[e §1 Uofiesado
Ue 4o nsa1 8y} Jos © Ul Siaquaw Aue 10} | paso

“apn a1 0} 1abue) ale 1ey) SapIs pue 3ID Ay BpISIN
seoan yym uoBAody - woBKod paguastunai

3[4 © 0} Juabue}
aJe jey) sapis yum ajbue uy  ajbue paguaswnan

*3DID € PUNOIR BXUBISIP BYL  BJUBIRUUNOID

“afbueln e J0 SapIs au) Jo si01asIq seyndipuadiad
4140 foUaLNIU0 0 Ju0d UL JBURINIID

“sauelpes 1uy 9p uguNy Bl nain
un ud opund un aquosap anb LU IeINOID LoD

‘012 opewe||
0pep 0JuNd UN 3p DUEISIP WSILI B] @ URIS? N
oueid un ua sojund 0] S0P0} 8P OJUNIUOD [3 0[N

21459 0 0[N 9 U3 SOWAID
10D 0WBWBaS U ©12}52 0 0[N242 Un 2 ePIAN

“onbugiy un op
Seueipauw se| 3p upaSIAYUL 3p ound [3  oNuadLIEq

“ouofjod [9p SOAINIBSUOD SIIMPA 3P SIAE} € Uesed
anb sopeq A seyBa1 ouoByjod Un ap 01U [ U WA NS
w0 oug un  1einBa: ouoBjod un ap [enuad ojnbug

S0IPe uos anb S0pe| S0] A 0[N24 U 3p 0AUB) |3 U
220159 UN W03 OIBUZ UMY 0[N>11> UN P (AU OB

“ewsyu s 210 1e1f apand as
@By eun anb jo ua ound U eLnauws ] ap oNUED

ety eun
euf anb o 21qos ofyy ound |3 UODEI! 3p 0L

“SURIPEJ Ul PaUIap 3]BUE UE JO UOIILN) BY) Se 3|IID B
U0 10d @ SAQUOSAP Yoty LOIIN Y UORDUNY JeINoI

12122 3U) paije 1ui0d USAIG © W0 BdUeIsIp dwes
au ase jeyy auerd e uy siujod [le Joas ayL - @I

“a1yds 10 21 a1 U0
Sjuiodpua yum uawBas y - 2s0ds 10 AAD € JO pioUd

“alfuey
© J0 Sueipaw 3l Jo foUBLINOU03 JO1U0d YL PIONUE

“U0BA0d ) 0 SDIaA aAINIBSO> YBNOIY Ssed
1oy sapis pue uobAjod 1ejnBal e 4o 121Uad B} 18 XaLan
SuyumalBue uy  uoBAlod 1eInbas e Jo aibue [enud

“IIpeJ 318 104} S3PIS pUe 31D © J0 13U
a1 1e XaLon @ M d(bue Uy apid € Jo djbue [eNUDd

J/asH OW0 PaIeIo!
aq ue> 2By e yaiym upuiod Y AnawuwAs Jo 19jusd

Salejo1 ainbyy
© LIYM IN0ge 1u10d PaXiy BUL - Uoyejol Jo Jajuad

“se1ajowo Se| Uezijeal
5 (2N |2 0O} U3 Offy OJUNg  UOIDIRYP 3P 01U

“IeInba1 ouoByjod un 3p 10paP3I[E OYISUNI
ooy 9 0xwe |3 JejnBas ouoByjod un ap 05U

“epUBISIp ewsIW €] @ UgIsa Oj21) N 3p Sound
50| Sopol 2n 2 3psap ojund (3 0jn241> un ap 01U

“3]qeLIeA 110 U3 0IqLUIBY UN 3Inpoid
{qeLieA eun U 0jque> UN opueN)  pepijesnied

‘seliobajed sejuasapp
us asiezjuebio uapand anb sojeq  s03110621ed S01EP

Kiessolo  po

“patuioyiad ate suonelp
1M WOl 1u10d 1313 UL LONEIP J0 I3

“uoBAod sejnBa1 @ 1noge paquISINDID
apup 3y jo saad ayy  uobAjod senbo e jo e

“30UBISIP BUWES AU} B1e BRI
© U0 SIU10d e YDIUM oy uiod L3I € J0 I

ojqevien Jatpoue uj abuel>
©53anpoid 3jqetien U0 Uy BURLD LAY  UOesTIE)

“sa11062182 uBIBYP
ojur paziuebio aq ue> Jeuy eleq  elep [eaLiobaled

S012p 3 0JufU03 Un 8P SOJAWNU 03U P UaWINSA
9P e2RIB uppeIuasaIdal eun  efe ap weiberp

euobijod ug|6as eun sa sauodLa
3p ewaysis un ap eayelb ej opueny  epejode

“sau0{6a1 Ud SePeUaPI00) 3p oueld |2 eredas anb
peplenbisap eun ap eayeif el ap apioq [3  esailiol

Sa10/en 3p Sa1ed 3P URISUOD aND SOIRQ  B1RLIRAI] SOIP

“sajuanibuo? soluaLbas
Sop U3 eauy ap ojuawGas un asedas  1e3asiq

“SOIWOUOW SOP 3P BWINS B OIWOUIq

“osianu; ns A euopipuo>
un 3p UOPUN[UO €7 [BUOPIPLOJI] UOIEIP3D

ugpeiqod eun
p uppesianBia) eun Ua eynsa) anb Joa U 0Bsas

gy = 80 + oy A saleauo> uos 9 g v 1s ojos 15
ghyenuaeiseound3  solund ap uopelpawaIul

“ugissads|p ap ewesBelp un us sojep so| @
ewpxoide as spw anb eauy| e1 - owndo ajsnfe ap eauy|

‘opaden
un ua sojajesed sopey so1  opader) un ap saseq

“®pyos einfiy e| ap sepjered sajuaNIBUO>
Sesed sop se1  oipud o ewssiid un ap saseq

*}as elep e Jo Alewwns Jaquinu
~any a1 o Uoejuasaida eanydesb v 10id xoq

“uoifs jeuobAjod e
SISIUIeASU02 J0 WaSAs © Jo ydelB oy LB PapUNog

“suoifs 0 aueld 21eupio0d au saiesedas
1eus Agenbau; ue Jo ydel oy Jo Bpa auL  Aiepunog

“sanjen Jo siied J0 SIsISU0d Jey} Bleq  ejep dleLeng

“sjuawbas
1aniBu0 oM ojul WGBS aull @ Sjesedas of 1S

s[RI OMY JO WAS B [e1wouI]

*3513AU0 S} pUE |2UORIPUOD
©J0UOIDUN[UCI B JUBLIBJE}S [RUONIPUODIG

‘vogeindod
© Jo UoneluasaIdaIsIu © U SINS31 1oy} 03 Uy - Se1g

gy = g0 + Dy pue Jeauyo a1 ) pue °g ‘y Ji Ajuo pue
g Ppue yudMBG SIJIuI0d  Sulod Jo SsauaaMIA]

101d Joneds e uj ejep oy
satewxoidde 2s0]> 1S0W oL BU UL aUl 1j1Saq
‘prozades e u sopis ajered ayy  piozaden e o saseq

“PIj0S a3 o 5928} JuaNIBUO>
ollesed omy ayy  sapulA> 10 wspd e Jo saseq

Glossary G4-G5



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

L9 Aiessop

“esfe} 50 UISNPUOD s  e1apepIan

53 esiwald NS 0puEN 0[0S eS|y 53 aNb ‘LIS
eun A sisaiodiy o ‘esiwasd eun ua ajsisuod anb
e15andwo) UORIEAP BUA  [2LODIPLOD OPEUNUD

feuIBew e12BNY3Y @] A UODEINJILE ©] 3p LAY
©] 21)U3 UOIRIDI BT  [RUOIDIPUOD BAIJe[3) BIDUBNIAL)

“0pLAIN20 ey B OJUBAB 0110 3ND OPEP 1IN0 OYUBAS
unanb ap pepigeqoid e [euopipuod pepiiGeqosd

“unwo> ojund un ua uesSIA
5 anb Se3U)| SPWI 0 53 SAIUBLINIU0I Seal)|

1eUOPIPUOD UN Ud S2UOJU3 eiqeled e
anfis aluaweleIpawLl b UDRIRP3P &1 UOISNLOD

“onua owsyw 2
Uaua1} anb SOLEURI0D SOOI SO0 SO

.08 @ S31015201S SepIpaL Uo3 Sa10LBIU SOjnBUR
Seuw 0 oun U0 ouofijod un  OAE3UY) oUoBjod

‘00 A eiqejed e) sod sepiun
SaUORIEPAP SPW 050Q  01saNdLI0) OpenUNUD

“saloualve
sopopad ap opejnunIe Saiau1 2 21q0s A fedipuud
o 21q0s Sope[nafe) sasasalu] - olsanduwod sasaluy

‘0 A seiqejed sej Jod sepun ugisa anb
sapepienbisap sew 0s0q  eisanduwod peplenisap

Sa|duis SolUaNa Seuw 0500 015aNdI0D 01UBA

“uabeLu NS e UeWIOSURN B0
eade a5 ofan| A einby eun e eaijde as uopewojsURI)
eunopuen)  sauopewiojsuel} ap ugpIsoduiod

“uopuny epunas
eun senjens esed ugiUN eUN ap SOPE}NSaI SOf
ezyan anb uopeiado  sauopuny 3p uopIsodwo

“sa(duis sew seinBy ap auoduwod
a5 anb jeuoisuawipyt einby eun  e1sanduio opijos

“soinoud A ‘sapiozaden ‘soinbugipas ‘sojbuely
owo3 saje) ‘seaiseq seinby uos anb sauoiba ua
sesedas apand as anb einby eun  eisenduwod ey

a5[e} S UOISNUO
Si1 pue o) s asjuwald sy U3y AJUo asfe} S| LoIum
“VoISNPU03 @ pue ‘sisaulodAy Jo ‘asiwaid € Jo sisisuod
ley) JUBWBIEIS PUNOWIOI Y 1UBWIEIS [2UONIPUOD

“ouanbaiy jeulbiew ay) o} Aouanbayy
Ju0f 543 jo opesayy  Aouanbaiy aARE[D! [RUORIPUOD

“PoLIN30 Apeaife Sel JUaKG JaUIOUE 18} UBAIS N30 [
1ana e et AgeqoId By AyiGeqoId [euopuod

“Juiod uowwos e
12199519)U1 JeU) SaUI| BI0W 10 BR1Y]  SU| JUILINIUOD

“[eUONIPUO? B Ul U3} PIOM DY
SMOJ[o} AjaleIpatuL ey} JUBLIRJeIS 3L UOISn[IU0d.

“19juad awes
U} aney 1oy} SapID Jeueido  SaPI LU0

.08 Uey) 5a1ea1 Sainseauw i sajbue
Joua1ul 3101 10 30 Y LoBAjod y  UoBAjod aneauo

40 10 pup piom au) kg
PaUIO] SIUSWDEIS 210U 10 OML  JUBWBIeIS punoduod

*spouad snomaid
w014 J5313}ul PajeINWIN22e 3y} o pue fedipund
43 U0 paleInae? 13123 Isa:23ul punoduio

10 10 puD Sp1oM 3} Aq PaPBULO) e
Teu) samienbau; 210w Jo omy  Ajenbaus punoduiod

“S1uana 3jduis 210uw 10 0M|  1aa punoduod

abew) sy 0} payjdde s| uonewiojsue
JaUloue uau) pue ainBy e o} paiidde s| uopewIojSUe:
RUBUM  SUONeWIOJSUEIL JO LONISOTWO)

“UOIUN} PL033S © 31eN[eA O} UORIUN 3O JO SHNSaI
U 35 Jeu) uonesado uy  suopUny Jo uoisodwod

“spijos Jajdus Jo pasoduiod
St 1oyl a1Bly [eUOISURWIP-33141 Y PIIOS 311500103

591> pue ‘spiozader) ‘saibueias
“salBuews se Uans ‘saInby diseq ase Jeup Suojbas
ol pajesedas aq ued jeu ainblyy - 26y a1isoduiod

A [e12A 31UaU0WI03 A X eu0zLI0Y BjuaUodwod
1S 3P SOUILLIZ) U3 10131 |2 AQUISAP anb <A X>
010> OS2 JOPAA U BJuBLOALOD 3 EULIO)

eyseuiBeL; pepiun e 3 3 Sajeal
SOIBWINU UOS § K D 3PUOP G + D BULIOJ B] UB JIqUISD
apand as anb osawnu Jambjen)  ofeldwod osawnu

“Jeuones ugisaldxe
2un 53 UzIquIe} anb JopeulOUZp o / A Jopesatuny
un 40> [euopes ugisaidxa eun  efoidwod uopdely

1g — A1 + 0 ewioy
e] ap sofeiduwon sosawnu soq  sofajduwon sopeBnfuod

opapiad opeipeny
olWwouL} un U3 edeIPeNd LYISAIdXa eun Jadey
eied opesn 0sa201d U opeipen |2 sela|duiod

+,06 3p ewns eun uauay anb
Sepipau uod so[nbug Soq  SopejuaL|dwO) ojnbug

v owans
3P SOPRIINSB1 OO UaANPUI 35 0 3Nb [exjsaNL
dlsa [0 Ua SOPEINSal SO[ SOPOL 1 3p OjuaW[dL0

oueld owsiw 2 Ua 501N SOp @ Bluabue}
53 anb oawBas 0 AUy U UNLIO) AYuaBUE)

“©011308B eppUANS Bun
9D SOAGNIBSUO) SOUIUZ} 3P UOZe) 3 UNLOD UOZe:

01 250 9p souueBoT  SaUNLI0) SouneBo|

“21WILE BPUANIIS BUN P SONINIISUOD
SOUILIIZ} 2A1U3 BIDURIRP BT UNWOD BUBISP

“sapephued
SBW 0 SOp OWO? 3)UBWESIAAUL 0 / A BUBWEBIP
©JieA PepAURY BUN OPUBN)  BPRUIGUIO UOIIRHEA

“ajuepodul 52 0u U3pIo
o anb 50] ua S01aIqO 3P UOIdAAS BUN  UOIEUIWOD

‘23U BWSIL B} UD OPRISOIY (23103

*21Ue23503 A 3195 A ‘21U3BURI0>
£ ajuabue) ‘003 A 0UAS 1UB SAUOIE[DI SB|
uexsanw anb S3PePUBP]  LOIXUNJOD 3P SBPEPHUSP!

Kiessoro 99

A 1aUOGWO? [eD111aA pue X WauoduI0d
e1I0Z0 11 JO SWI2) Ul 1013A AU} SAAUSIP
UDIUM <A X> S UBIUM J0DAAY  Wioj uaUOdW0>

“yun KieuiBew, ayy st
1 PUB SI3QUINU (231 3IE § PUR D 3IBYM /G + D LLIOJ AU}
Uy UaNIM 3G UE) 1ey) Jaquinu Auy  Jaquinu xajdwod

“vopssaidxe

[BUONEI © 0S| SI 1L} OJRUILIOUSP JO/PUE I0jeIaWNU
© M vorssaidxa feuofier Y Uomey xalduiod

1q — 0 pue/q + 0 wioy

310 J0 ssaquin ¥a1dwo> oM. s1eBNfu0) xe[duiod
“fewouyy asenbs 1ap52d e oju; uorssaidxa Jnespenb
© aew o} pasn ssad0id y  asenbs au Bupiduwod
*,06 40 WNS © 3ABY Jey)

sainseau [ sajbue omy  sajbue Aieluawaiduod
 uana Jo SN0 Se PaPNPUL Tou a1 Jey) adeds
ajduies ay) Ul SN0 A JO I 0 Iuawalduwod

“aue(d awes ay) U SaPI> oMy
01 abue) s ey WalBas 10 aul Y 1uabue) uowo)

“aduanbas Juowoak
© JO SUWI3) SAINIASUOD J0 ORI AL Olje) UOWLIO

018500 Jo Swe6oT  swiLeBo| Uowwo)
“20Uanbas JEUILLE Ue U SLLI3) AINISUOD

UB3MIB] BUBIBYIP BYL  3DUBIAYIP LOWWOD

“sapuenb 13y1o 310U 0 ow se asianul Jojpue
Apoa11p souen Aiuenb auo uayM  UoleLeA paUIUIO)

‘Juepoduwi jou
S1.19P10 UDIYM U1 S193[G0 JO UOPBIAS Y UoneUIgWod

Ul aUes a1 uo Buiky  1eaujo>
183350 PUe U235 PUE ‘YU3BULI0D

pue uaBue) ‘auis0> pue auis UGaMIaq SAlysUORIR!
U3 MOUS 12y} SANLIP]  SNAUAP! UORDUNY0>

G6-G7 Glossary



Glossary - Glosario

=
2
[0
=
2
o

60 Awessoin

“opBug fe eisando ewsayd ef ap pbuoj el A
esnuajodiy e ap PBUO] e 24U UODRIEY  21UEI3S0D

S31UBIpUOGSa110> Sope|
£ sawaipuodsaniod soibuy  sauaipuodsaiiod sayed

seau sop se| ap
Ope| oussi |2 U3 A [eSIaASues} eun 3p Ope| oW 2 U3
UeAUaNOUB 35 anb SO|NBUE SO ‘SIUSLI[ESIASUES] URYI0d

a5 seauy| sop opuen)  saluaIpUodsaLod sonbug

ugisaibas
ap ugpuNy eun 1od SOPEJAPOW UOS SOIEP SO| OWYI
eJISaNW N ePIPaW UM UODEI21O 3P BNBDY30D

“BWB103] 0110 3P O1IBIIP OPEIINS3! U 00D
anbis anb eqanid eun U3 eWaI0a) U OLIE[0I0)

-oueid owsiuw [o ua opeisoy Jeueidod

50211191096 50143U0>
seqoud esed eigafie  sepeuapiood ap oueid (2 us
seinbyy uezijin anb seqanig  sepeuapiood ap seqanid

*.081 3P Souaw UapI b Sa0LBIU
SojnBug sof Sopo} U0 ouoBjjod U 0xaA03 ouoBjod

“[BUODIPUO UODEIE[3D
©| 3p ugIsnouo? ) A sisajodiy e ap olquiedsalul
o 100 epewsioj ugpeseap e 0201031

05390 129} 3p 0 Sa]qIUOdSIp BWUBIE) UPISa aNb
SOIQUIBIL SO UBUODIIIRS B AJUIIUAALOD EJlsaNW

jeuopIpuo>
9P 0SI2AUL [9P UDISNIDUOD B} OWo3 Sisalodiy
o] OjUe) 0pURB3U PRLLIO) UpDeWIe U  SIsaUE

‘10jen Jainbjen> e} 3pand anb 0joje3[e 0K Un
D 0L OPEINSaI [ eNUALO) eLiOleale alqeLien
“epILUNLIBIUU BAIN) U 0 ©3U) BUN L0 AIUAWEIRI
Jeluasaidai 3pand a5 anb QN U eNUIUO) LOPLNy

“UODIaU 3p SEWaILELIAY 3 OSN
0 Uis SeinByy 9p UOPERID 3P SOPOII  SAUOPINLISUO

sooejsies
Gap ugiaNjos eun anb UQDIPUC? eU  UOIDLSA

‘a|qeen
2Un UBuo> ou anb OUILIZ} U UEISU0 OUILL]

“afBue 3y} ays0ddo 6aj au Jo IBUS] AL
01 asnualodAy e Jo yiBua| 3y} Jo oI BY|  1ULIASOD

“suoBAjod oy Jo sapis BuipuodsaLIod
pue saj6ue buipuodsauoy - suied buipuodsasio

“S3U1| O 34} JO PIS ALIES AU UO PUe [BSINSURS
© 40 3pIs awes ay) uo 31| ey} sa(bue ‘jesiansuen
© AqIno ase sauy omyuayp  saj6ue Buipuodsaniod

omuny uoissaias @ Aq pajapoLs a1 elep fjam
MOU SMOLS 101} BINSEAW Y 1UAIL200 UONRIaLI0d

“Wa103y} JaU1oU. JO }Sa1 19aP
@ 58 SMojj0} 1ey) J0oud © Yim WaI0a Y Areljoi0

aue(d awes o) vl Buf]  seuedo

“sydaduod
213036 an01d 0} e1gaBle pue aued leurpi00d
U ur saunby asn 1euy sjoosd - sjo0ud ajeUIpI00D

.08 uey) ssa) Bupnseaw
saffue soatul je yim uoBAlod y  uoBAjod xanuos

WBWaNEIS [2UONIPUOI © JO UOISNLOD Pue SisaLodAY
U BuiBueyxo Aq pauio} Juawalels y - asonu0d

“paiafes ale Uoeal o} A5ea 10 diqeliene
Aipeai a1e jey) sioqUAN  9jduies 22ua1URALOD

“|RUONIPUOY
2 J0 a513AU03 24} O UOISNPUO B} Pue SisaLodAy oyl
110 BuneBau Aq pauio} UsWaleIS Y anjsodenuod

“3N[eA AU UO 3} Ue3 JeU 1U3A3 Wopues
Jqeuen

“3AIND UBHOIQUN U 1O BUI| B YYIM
paudesB aq Ued Jey) UOINS Y UOOUN] SNONUILOD

5100} Bupnseau Jo asn
U an0ulM SaINBY Buleas> Jo SPOUID  SUONIISLOD

“AJSIJES 1SNW UOKN]OS © JBU} UORIPUOD Y JUIBLISUOD

“3[GeLeA © UIeIUOD 10U SI0P 18U} WIBY  WIg} Uekuod

“uopeleA 3p
UGIDUN} BUN UB BURISUOD B UDIDBLIEA 3P BJUBJSUOD

“0sauNu Jainblen? 52 b apuop D = (x}f uopuny €]
1q = A euio} ©| 3p [e3L)| UDUN) BU  AYULISUOD LOILNY

“sauopensa
sequie a2ys1es anb peuapio Jed un oUW e BISIKS
en> o e1ed SaUODENY? 3P BWAISIS U BWBISISUOY

“[esiansues} e] 3p Ope] OWSIL [9 UD UenUaNI
a5 anb Joa1u ‘esiansuen ojnbug n 1od ueyiod
35 SeALY| SOp OpURN)  SOANNIASUOD SOWIdUI So|nbue

“Aeiqered
| 0pUBSN e}SANAWO UOIDRIBIIP BN LOPUNIUOY

501530 LS SoULI) SOPUNBBS SO anb B U3 ‘SouILIZ)
Sop U0 eun epe> ‘Sau0ISalde Soq  SopeBnuo

502120053 So|duafo A epia0U03 UIEWIOJUI
ua epeseq epeonpa ugpisodns eu  emaluod

“042913p JBIN2I 0UOD
N 3P SO[ESIGASURI) SAUOIAS  SBIIUOD SAUOIIAS

Jihap ejeoss
D 10128 UN A OYeUIE] BULIO} UISIL B UAWEIEXD
uauan anb sepyos seinbly  sa1UaNIBUO) SOPIIOS

“pnybuol ewsiw
e) uos anb sojuawbas eaur]  salUANIGU0) SOjUBLBAS

“0u0b1jod 0110 3p S3UBPIUIOD
Savied 0 sjUaIpUOGSa110> SLed Se 03 S3IUBNIBUO? U0S
ouofjod un ap saued se| sepoy  sapaniBu0d souobjod

“epIpaW eS| B] UBUaY 31 SAYUANIBUO
050> SOUSIW 0] U3 SODIY  SaIVANIBUD SOd1E

“epipaw
ewsiu e uauay anb sojnbug sog  SIUANIBUOD ojnbug

“euio} K oyewe) ows|w 3 J3Us]  21UaNIBUO>
ezal10 9p oayadsd
opeif un L3 0BuEs N 00 epU 35 UoDEIGod 3p

onawpsed [9p LORWS? BU  EZUBUOD 3P OfeNI3U!

"3ILA O[OS UN & BPRAIN) Bpd1padns eun Jod epeldauod
Je[n21> aseq eUN U0 ePIYS eINBlj U 0UD

Kessols 89

“uonouny
UONELIEA © Ul JUBISU0D UL UOELIEA J0 JUBISU0)

“raquinu Aue s1 0 a1aym ‘0 = (x) uoauny auL
g = AW} 34} JO UOOUN) JEAU Y UORIUN, JURISUOD

“suonenbs uloq saysiies 1ey) sed pasapio
2U0 }5B3] 18 YIM SuOenba Jo WajsAsy  JUBISISLOd

“fesiansues oy
10 3pis auies au) Uo 3] 1euy SajBue Joa1u ‘esiansUei e
Qa0 a2 Sauj oM UAYM  S3IBUR oyl AANNIDSUOD

‘pup
piom au Busn 1uawaleIs punodwody  Lomufuo>

‘says0ddo a1e Swa) PU0I3S AU} YIM
U "SwIa) oMy YIM Y23 ‘suojssaidxa om| - sarebnfuod

“sa[duwexa dyj2ads pue uofewojul
MOy uo paseq ssanb pajeanpa by amafuo
3U03 1R 1B © O SUO3S SSOI  SUOIAS U0
1440 1012} 3je3s e pue ‘azis ‘adeys auies

U1 AlI9exa aney Jey) SaINBly PIOS SIS 1UaNIBL0>

pbua) awes

oy ase ey suawBas Uy SUBWGRS JuanIBU0D

“uoBAod saytoue Jo sued
Buitew 10 sued BupuOdsa110) 3L 0} Wanibuo) ase
uoBAjod auo Jo sued auyjo Iy suoBAjod wanibuo

“ainseau auwes ay} aney 1ey)
S3D12 JUBNIBUO2 10 BUIES U} U SIY  S1e ANIBUO>

“ainsea
awes oy} aney Jey) sojbue oMy sajbue uaNIGU0>

“adeys pue azis awes ayy Bumey  JuaniBuo?
Rureyad
10 32163p 2199ds © LM aBUel e Se pajels ajaweed

uopeindod a Jo Bjewnisa uy  [enialuUl BIUAPYUOD

“¥alian alBuis e 0} 3ens panina &
£q paVauU0) 35eq IeINOID @ UM AINBY oSy 30>

Glossary G8-G9



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

o Aiessoin

“0u0Bj0d Un 3p 0AUAP SOAINIISLO) OU SIIPA
S0p Jainblen e19au0> anb ojuaWGaS U [eUoBRIp

“sojep 50|
ap uopeIISOWaP A UBWLINSI ‘UQIE|Id03a B] 53 anbojua
0fn> eaNSIpeISa B ap ewey  eANdLIS3P BINSIPRISD

“uesnes se| anb saiole}
50| A 231 OpUNLY [3P SUOIENYS SE| AUBIRIPWNeW
11qUS5p 3 L0} BUN  OANdLISAP OPEIAPOLL

eutbuo
opouyiod f5 anb SouaL oun 0peIG N U3 LOISIAP
2| 3p alueynsal owougod un  opiNpa ojuwoujod

X ap apuadap anb Sa1ojen 0] U0 A BlUaWIIAUAD
“Ugpe[o) eun 3p aiqeeA €] aluaipuadap alqetien

“sojuana
50110 50] 3p OPRIINSa! [2 19342 0JUaAS U 3P OPEIINSas
031 U3 SOIUAAD SPUI 0 SOQ  SeIUAIPUBGaP SOIBAD

*SBUON|OS 3P OJULUI OIAWINU UN U0
S8UOPENa 8P BJUBISISUOD BWAISIS BUR  BjUBIpUadap

“uawN|on o ease ‘pyBuo| ap pepiun Jod eaisy pepaidoid
eunfie ap pepiue) ©] 3p RPIP3LL BUN  PepISUaP

“oqwouyiod [9p ouwIZ)
Jainbjen> ap Jokew opeiB 3 owoujod un ap opes

Sa|qetien sns sepo}
9D S1WaU0GX? SO| 3P BWINS @] OIUWOOW N 3P PRI’

“opund un

ap J0papaJR BN UOEIO! 8] 3p *: epuajod

3p ugUny eun Ua AUALOdXa (@p I0jen  opeld
“oaewajew ojalqo un e

sapepaidoid euse anb ugpedxe eun - sauoDILAP

sedxa apand as
UQIYSP BUN BB aNb OULIZY U OPIUIAP OULLIZY

“0p10U03S3D Jofen un aluasaidas
anb ajqetien eun uBafo eied  alqeLie eun JuEP

“sapepaidoid o ‘sauopiuyep ‘selBas ‘salesauab
S0U23Y U3 BPESEq eayIadsa epieA UOISNPU0D
eun Jezuesje 8p 0532010 |3 ONINPAP OJUBIROZE!

“uoBA0d @ Ul S321BA AAINIASUODLOU
om) Aue s1aUU03 Jey) WawBas y  [euoBerp

‘ejep
Buifeidsip pue ‘Buzpiewwns ‘Buga0> Lo Sas0}
18y} SINSNEIS JO YoueIG AYL - Sdnshels aAndiosap

way) asned
18U} S10128) B} PUB SUOKEN)IS PLIOM-[B3] 3qLIISIP
Aileonewayiews o) Aemy  Bujopou anndiosap

“fewoukjod
eUIBLO 3u} Uey) $5a] U0 32169 © M LOISIAD
woy Buninsas jewouklod y  (eiwoukjod passaidap

X uo puadap 1ey) sanjen yum A
Ajlensn ‘uonefa e uj aiqetier ay]  ajqelien uapuadap

Sana
13410 3} J0 BWIOIINO AU} SIIBYE JUBN3 3UO JO BWIONMO
U} UDILM Ul SUBKD BI0WI 10 OML  S1U2AD JuBpUBdap

“SUON|OS 40 J3qUINU BYUIU
ue i suogenba Jo walshs WalsISUd Y Juapuadap

‘awunjon 1o ‘ease ‘yibua| o yun sad Auadoud
JeaisAyd auios Jo Aiguenb aul jo ainseaw y  Asuap

“fewouklod ay) uj wsay
fue Jo 23163 1sa1eaib UL [eiwioukjod e Jo aa16ap

sajqeuien sy e
10 SIU3UOGX® 3 O NS AL [eIWIOUOW © J0 93163p

“Jui0d @ 1n0ge UORE}O! BINID 3L JO ﬁ “uopuny
J1amod e ujJusuodxa ay} Jo anjea ay)  saibap
“elqo jeonewaurew e

o1 sapsodoid suBisse je} uoneueidk@ Uy SUORUIEP

‘poueide
20 D pUe UOUYRP © Sey 1eL WIALY  Wsd) PaUIED

“anjen umouyun
Ue JuBsa1da1 0} 3IGeLRA © 350042 O  D[GeLeA € BuYap

“saadosd 10 ‘suonuyap
“saif1 "spoey [esauab U paseq uoisNPLOD pijen Jyads
e 6u1yea1 J0 3010 31 Bujuoseas anINpap

“sesapepion
ueas sesiwaud sns anb a1duwals UDISNIPUO) €] ap PepIAA
e| eznuesed anb ojuawNBe U ONIINPaP OWAWINGIR

“eoa13p e epiainbzl 3p 3 &5 opueN) SAnUISIH
ugiuny eun ap edyeib ej apuog  alUEPEAP

“uede|os as ou anb sayed
Sew 050D a eINGy eun sesedas  UOPISOALIOISIP

4~ 10 [epusuodxe
upisaidxa eun ap 35eq €1 OIUBILIEIAP 3P J01E

Kiessolo QLD

“angase
sasiwaid ) 18U} PapIA0Id UOISNPUO? 3} JO YN} 3}
saa)ueseNb Jey) uawnbie uy  JuawnbIe anRNpep

6L 0} 43| WOL) PAMAIA UBUM
umop 5206 uofuny @ Jo ydelB au) a1um  Buiseanap

“sued Buiddepsanouou
210w 10 om} ojut anbyy e bunesedas  uoysodwodap

d-110
“UoIssa1dxa [eUBLOGKa Ue Jo aseq ayL  o1oe) Aexap

.E. =

“epeain
apiyiadns eun Jod sepe1pauo) sefajesed A sajuaniBuos
5918|1212 53584 SOP U0 EPIjOS BnbY BUN  0IPUIID

“e2ipouad ugpun; eun ap oja(dwod uosed up 0P

“vopuny
eun Jod opetuxoide 3 anb solep ap opnfuo un ered
UgISa1B1 3P UODENd euN JeNUOIT  SeAin) 3p Bisfe

“a|etieA uQISa10Xa eun ap eIqND Zie) B] AU
anb [e3ipes UoUN  0qN> [ap 21e1 ©] 3p UgIdUNy

“osownu
un ap saenby saiopey S22 50[ 3p O E1GN> Z1ex

oued
U U0 OpII9S UN 3P UOPDBSIAU]  (ESIaASURL} UOIIAS

“SaUNLWO? SpU eZ8113) 3P SOpRIs
50/ © 5JUBIPUOASBLI0 Z SRI0RA SO SOINYID S3I0feR

“epap 53 a1dwals ou einjafuod e| anb exsanu anb
eanjaluod e) aapesuod anb ojdwafo un  ojdwafoenuod

“feuiui2) ope| owsiw |2 uauan anb
Jepugisa uopISod U3 SoBLY  S3(eulLIal0) So[nbue

“onbug e
eisando exed e| ap pnubuo | A ojnbug un e aluadekpe
eled e| ap pmi6UO) e| U3 LRI €] 2YuaBURI0)

“esnuajodiy el ap pnyBuol ef & onbug un e ayuadefpe
ewsaid e) 3p PriBuo) e] a1ua UOE[RY  0UASO

“2ens panIna @ Aq pa1dauL0) Saseq Jeinid faljesed
pu Uan16U0> OM) UM BB PIOS Y 12pUIIAY

“uopuny dipowiad e Jo usaned ajaidwod aUQ 91>
“uonouny e Aq patewoidde i 1ey elep

40395 @ loj uofienba uojssai61 @ Bupury  Bunly AN
U01SS210¥a 3[qeLIen @ J0 1001 2G>

3U) SUIRIUO e} UOIUN) [eIIPRIY  UOIIUNJ 1001 AGND

JoquINU € Jo 10128} [eNb3 3BILR J0 BUQ 1001 AGND

aUe(d © PUE PIOS © JO UOIISIAIUI AL O3S SSO1)

“Auieys) Jo $30169p LoWILI0d
150w 3t 0} Buipuodsauod sanjenzayy  sanjen e

“ann sheme 1ou s1 21m9{u0> auh eyt Bumoys ainafuo>
U1 SIIPEAUOD Jey aidLeXe Uy SlduIExaIN0D

“apIs [BUILLIB) BWIES B} ARy

Jey) uonisod piepuels uy sajbuy  Sajbue feuuial0>
“aBue au) ais0ddo 63 U Jo IBUB] U 0} al6ue ue o)
wadelpe Ba| a4} 40 1Bu| a1 Jo ofles auy Juabue1od

“asnuatodhy aup jo BBl Ly 03 al6ue ue
o1 uaepe B3| 241 Jo 1BU3| 241 o ofles AL BuIS0)

G10-G11 Glossary



Glossary - Glosario

=
2
[0
=
2
o

€19 Awessop

UgIsaidxo eun ap Jojen [2 Jejofe)  Jenjens

“I0[eA oW\ [0 UejuasaIdal
anb sauoisaudxg  sajuafennba sauojsaidxa

“UppNjos ewsiu
©] 003 S3UODENI SO SaIUB[eAIND SaUOPEN>D

‘sajuanIbuod
Sope| 50| S0po) U0 ouoBljod U  0s33e[INba ouoBijod

“ewsiu e| 210wals
53 seau sop se| e Jejnpuadiad ouaWBas 0 eau|
eun ap ofise] 0] @ ePIPaLL ‘SeaLy| SOp Se BB PRSI
e/ Sajen> se| esed seau| soq  saweisipinba seau

*S0|j3 9P ePURISIP BWSIL B] € BISa IS Sojund
50110 3p aUeISIpINba 3 ound Uy alueIsIpINba

“saluanIBu0) sojnbup
S0l sopol uoa ouoBijod un  JejnBueinba ouobijod

= ‘fenB oubis un  sauoisasdxe
S0p aUaRUO2 aNb OJIPWBIeL 0PEDUNLS U UODEN%D

L anb Jofews
©[e53 9P 1018} UN U0 UOIEIR)IP U Uoeldwe

‘owop ns ud oAjeBaU A oAgisod SOWBIX S0] U 03yRIB
un 3p OwaIRYOdW0) [ OWAIX OWELOd WD

@ 0{} s0d opezioquis ‘sojuawale
290> 0u anb oWNu03 |3 0eA OjuUN[U0

“SaU0PENa 3p BWAISIS UN 3
11U3P SARPIAIPUI S3UOIDRNY3 Se| OPURLIGUIOD 3{qeLien
eun Jeulwo Ua BIsIsuo3 antb OPOIAI U UPEUILI

uezni as opaijod [ap sesed
52| 3pUOP €aLl| 3p OluawBas U 01paod U ap eistie

" BIBZBLLT @ e
aawepewxoide 5o anb [euopes oxownu Uy @

“0aWNU OWSIL 2 U0S anb
e31p4peN> UIUN] BUN 3P S3%4L1 SO SAIGOP Sl

“€DLI3UINU B3| BUN U3 SOep SO] ap ePUANBY
e exsanw anb ewesbeip eun  sojund ap eoyeib

“Uoissa1dk@ Ue o aNfen UL PUYOL  SIENjeRd

“anjen awes auy
wasaides jeuy suojssaidk  suoissaidya ajenba

“vonjos
auies 3y} yym suonenba om|  suorenba Juajeainba

WaniBuos
SapIs [le Y uoBAjod y  uoBAjod [esaelnbe

“aues ay) skeme s1‘saul om) au) 0} 1WaWIB3S o au
seimoipuadiad e Buoje painsea ‘Sauj om) auy) UBAMIAG
2DURISIP AU} LDIUM 10} SaUY OML 3Ll URISIPIb

“LUBY} WO} UESIP BLUES Y} SI 1
J1swu10d sau10 woy uelsipinba st uod Y ueisipinbe

uaniBuo>
saibue je yiw uoBAjod y  uoBAjod sejnBueinba

“— ‘uis [enba Ue pue suoIssaIdxe
oM} SUIeIUOD Ty} JUBWaIE}S [eaeWaYIeW Y Uofenba

‘Lueg
1210216 10128} BJe3S © YNM UONEIP Y JuaWabIelUa

“UlewWOp S} Ul SaWa1Xe aAneBaU pue
aanisod ay) 1e ydesb e Jo Joineyaq ayL  Joieyaq pua

10 () Aq pazyjoquis
‘SJUBWa@ OU SUIRIU0d Jeylias ayL  1es Aidwa

“suofenba jo wayshs
© UM suoRenba [enpInIpul U} BuiuIqwo> A ajgeren
© BueUILI|a SaAI0AU! 1oL} POLIaW Y UoeulLe

“pasialul uoipauiod aup Jo
5328} U a1aym awBas auly - uoipaykjod e jo abpa

BIBZBILT
sienba Ajziewioidde euy Jaquinu feuones uy

Joquinu awes a ase
Teu) uoienba d11eIpend e Jo 1001 OML  loos ajgnop

“au Jaquinu e uo
elep Jo Aouanbay) oyl smous tew weibeipy  10d 10p

“uopuny eun Jod sopenjend 1as esed x saiojen
2p 0uNuo3 13 {UIe[1 BUN UB SOpeUaPIO Saed
S0/ 3p S01aWNU S0JaWd S0] 3p OWNIU0d [3 OO

“a1q1s0d So1ep ap J0jen epe> ap 3110} YA
©] exisanuw anb ajqe) eun 0 0dyeIB U UOPAGUISIP.

sond
s0p a11ua eau)| ap ojuawbas [ap pnybuo] e epuelsp

‘0 eiqejed
©| OpuesN elsandwo) LRI BUN  UODUNASID

“eangipen) ugenda e| ap savjes se|
a1q0s uorewiojul euopiodoid anb fedipes ouBs 2 ofeq
UOISaIX €] ‘@dIIRIPRN> BINUWIOS @] U3 AIURUILISID

“opejuod
125 apand A ojuy sa anb oliojeale 0}uara un ap
03U2WNU OPEYNS3I 3 RIRIISIP BLIOIR3[R BlqeIeA

*S0pEIIaL0D UPIS? 0U 0RI
ap sojund sof anb e} ua LOIUNy eU  eJaISIp UOPUNy

enunuo
53 0uanb ugpUN BUN  eNURUO3SIP LoPUNy

“BAIN> BUN 3P 030 50| 2UBUOD 3N
eauy| | e Jeinoipuadiad oA eau| eUN  ZuAAP

“feuwsa) feuy ound un & epius feuy ound un
10> 23Uy ap OjuaWBaS U 0pIBLIP eaLl| 3p JuaWIBaS

“pepnues A0 lod epedydninu alueisuo)
2un e enf 3 pepiue eun opuen)  E1aIp UopELEA

“sapepiun o> sauopesado
Jezied1 3p 053201 |3 [euOISUBLI SISiipue

“uppuny eun ap ooyeIB [o auwIdWo? 0 exs>
anb uoiewojsue: eUN 313036 eINBY eun oNPaI
0 epuebe anb opiBl OU OWUANLIAOW U UOIEIEIP

“PepUE) L110 3P OPRIPENI |3 SOUBW Pephued
©UN 3P OPEIPENY |3 SOPEIPENd SOP 3P Bppuaiapp

sopayiad sopeipend uos owpyn A osawnid souwsgy
S0janb 2 U OO U SOPEIPEND 3p EPUBIP

©12}53 0 01242 U 3p 0 3 Jod
esed anb api0J U ©12JS9 0 0N UN 3P DAL

Kessoln  ZLD

“uompuny e kg
palen|ens aq 0} sanjea-x Jo 135 Y1 ‘uonejal e uj siied
Pa13PI0 3L J0 SIEQUINU IS} 34} J0195 YL UieLop

“anjen e1ep aqissod oes Jo Aouanbay) [ednai0aU
U swoys Jeu) 3iqel 1o ydesBy  uonnauisip

s

omg U2amMaq uawbas auy ay) Jo yibusj ayy  aduelsip

10 piom aus Bussn uawajels punodwo y - uogounisp

“uopenba 3eipenb aLp jo S1001 Ay
Inoge uoewioju; sapiAoid ey UBIS [ea1pe 3t Japun
UoISSa1IdXo 3y} BINULIOS NLIPEND U} U] UELILILISID.

“PaUN0D 8 UED PU BYUI 51 18U} 1U2A3 Wopue!
©10 2WOINO [E2BWNU BYL  DIGELIBA WOPUEI 3J21SIP

“papauu03 jou ase ydesb oyl
U0 SWUi0d 3L LDIYM U UORUN} Y U0 B1RI0SID

“snonujuod
10U S118LY UORDUNY Y UOIUNJ SMONUIUOSIP

“anind @ J0 1203 au) Bulureiuos
aulj o) 0} senaipuadiad auj J0UBHE LY X3P

‘Juiodpua [euiwsa) e pue juiodpua
Ul ue yym uawbas aul y  juaibas aull pajdalp

“finuenb Jayioue sawi ueisuod
20} enba s Auenb auo uayA  UoeweA AP

“sjun yym suonesado
Buiwsopiad jo ssad0id ayy  sishjeue feuoisuawip

“uoruny e 10 ydesb ayy sassaidwod
10 SaIBAS 1eU) UONeIOJSURA)  $BINBY 211aWw0aD
© 532n1pa. 10 59B1e1Ua Jeu) Uojow PIBLLOU Y LORElP

“Aiuenb Jauoue Jo azenbs au snuw
Anuenb auo jo asenbs ayy  sasenbs o Jo LD

“satenbs 19ajiad aJe Suia) 1se| pue
1511 343 UDIYM Ul [elwouIq y  Sa1enbs Jo aduaIap

*a1ayds 10 3D © J0 JaJUa 3y} ybnoayy
sassed jeyy pioyay  asayds 10 I © Jo JajaLelp

Glossary G12-G13



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

G109 hessoiy

SOpeI{NSa1 3P B{GEIL0D 0JLAY U BUBNUOI
anb exnsanu ap opedsa un  ojul ensanu ap opedsa

SBUOIIUISA P BWAISIS
un ua 031216 S0] ap UOPIASIANUI B 3]qIE) UOIBaI

“UNWo) eNSI1IRILI BUN SOUBW (@ UBUaN anb
SedypiB ap Sauopenda A seyesn  sedyeid ap ey

“souwouijod A sojuwouow p 0}p1poid [2 owod
onwoujod un sesaudxa ap 052201 [3  UODEZUOIE)

“SoupwI2) sew o onend uassod
anb sojwouyod sezuioe) ered eANNquIsIp pepaidos
ejopuezynn  oanednibe Jod uopezyope)

U sajenb) o saloliaju
SoAS0d S0121Ua S0] 9 01PNPOId [3 U 3P [eLI01E)

“epeuopefa!
ugipuny & ap e21PI6 ef 3p x SauOPARIB el

uos b Ad anb e ua ‘0 # 0 3puop ‘(b — Xid — X} = 0
“e2RIPEND UOIDENDD 3P BLLIO) BUN  BPBZLIO}IR) BULIO

“ospaijod un ap eueid apysadng  oipaijod un ap eied

“sojep ap onfuo)
UN U OWIXEL A OWILILY SBIORASOT  SOLUIBIG S3I0jen

“elfeq 0 elfe AUBWEAEIRI UODUN, 3P
Sa10/eA ap SEUOPEIGN S©] U0S ANb SOJUNG LRI

“feuibio uoena
e 22e)snes ou anb ugpeNa eun ap epeayduis
euwI0j euN 3p UGPNIOS BN eYRIXD UOPNI0S

“ombug un ap
sofes sop So| 3p e1any ea1p 3 0NBUE N 3p JoLiapa

*sepepasial
Seauy| Sop se] a:1Ua UoIBa! €] 3P LIany UEIUANIa 35
anb so[nBug oxjend o] ap esaInblen ‘esiansues) eun
10d SePELI0) UOS SeaL| SOp 0pUBNY  SOLIAD SOBUE

“aadepe
ope) un ap uoIsuaXa e A ojnbugLy [ap ope| un Jod
opeusioj o Uy o[nBugLA un ap Jouaa ojnug

“ajusuodxa un sa ajuaipuadapul ajqeLen ef
anb e ua peplenbisap eun  [epuaL0dXa peplenBisap

“S3W02IN0 JO JAGUINU J[GRIUN0D
© suleu0 jeu) adeds ajduwes y  aeds ajdues auy

“SUIRNSU0 Jo Wayshs
e ursydesb ay3 jo uopdasiaul 3y uoibas ajgiseay

“UOWILIOD U SUBIIRIRLD 3O 15E3) 1! dney
Teu) sydeib jo suonenbo pue sydesy  sydes Jo ey

“suwsa} 210w 10 1noy BuiAey sjetwoukjod awos ojey o}
fuadoig anpnquisiq auy Buisn  uidnosf Aq Buioie)

“sfewoukjod pue sfetwouow Jo ppoid auy
se fewwoukjod e Buissaidxa jo ssaooid oyl Bulope

U 0} fenba 1o uey)
ssa| ssabajul aasod oy} J0 19NpoId auL 1 5o [eLiope

“uopouny pateres aut o udesd aut o sidadsau-x auy) ase
b pue d yium vy 0 # 0 dsaum (b — X)(d — x}o = 0
‘vofienba Jneipenb Jo w0}y uwioj paiopde)

“uoipaydiod e jo adepns ey y  uoipayfjod e jo ade)

elep jo
195 © Uy SaNjeA 1531ealb pUR 1Sea| AL SaNjeA aWRNXD

*SIN|EA UOIUNy MO| 1O
U461y Ajannefa 0 SUOL30] BY) BJe T Sl eWAIIXS

“vonenba [euiBLio 3t Aisnes 1ou 580p Jeu) uonenba ue
10 WI0} PaydLLIS © 4O UONIOS Y UOKN|OS SNOBUELXS

-albue ue jo
Skes o 341 J0 3pISIN0 e3IR AL 2[BUE U J0 I0LAR

“SaUl| PaInasIIUI OM] AU} USIAD] LOIBI Bl
apISInG ey Sajbue 1noj a1 o Aue ‘fesiansuen,
2 Aq 10 aJe Saul Omluayy  salBue Jouane

opis
1ua2e[pe U Jo UOISUBIX? L pue 3(BueL) 3} JO 3PS
u0 Aq pawiioy aibue iy ajbueLy € Jo Jjbue Joape

“Juauodxa ue s| ajqeLien uapuadapul
U Pim i Aenbaur uy  Agenbau feusuodxe

‘L <qho < Ddpuop
‘ajuauodya [o 5o aaipuadapui ajqetien e anb e|
B UGNy BUN  [e1PLAUOAXS OJUBIWIAID 3P LD

“opep oduwan ap opoyiad un ayueinp
alejuadiod owsju 3 1od eluBLNE [ePUl PepRuL) eun
opuen> 1m0 anb olquIE)  [e12UBUOGXE ORI

“3lUaU0dxa [0 53 aWuaIpuadapul
alqepen e anb e| Ua UppUNy eU  [eUOGXD LN

‘X ewsoy
2] Ud §153 UQISa1dXa eUN OPUEN)  [12UBUOTXG euLIO)

3191003 Un 52 auaipuadapu Agelien
e anb e[ Ua uoeM3 €U [e1PUALOCKG UODEN>

“U/3p SOUIWIZ) D B1IIS3 BJNLIO) BUN OpUEST
e1UBN3S eUN 3p ‘0 OUIWIZ) JAIMbIeN> LAY
aywuad aj anb enuuoy eun  eydxe einwioy

1>q> 040 < Dapuop
“3juauodxa un s3 juaipuadapul 3jgenien e anb ef us
ugeN>? BUN  OJUBILIEIAP BP SA[LIIUOXD UOILN

“opep oduiay ap 0poyad un ajueinp afejuaziod
oS [2 U ANUIISIP (2111 PRPAUE) BN OPUEND
210 anb ojqwed  [epuaUOdxe uoPeIBAuISAP

owsju s Jod edydpnw
5. anb 394 3D OJBLUNU 3 ©IIPUL U X UDISBIAKD
21 U3 OAfIS0d 0121U3 UN 3 1 opUeN)  B1UBUOAX

€21 OJUaLSAGX? UN 3P SO1eP OPUEZIIIN
epe|nafeI PepIigeqold  [eluawiiady pepyigeqoid

“obsau ap

ugienys eu 'sodnib So| 21q0s Soajo SO esedo) as
UODENUUO 1010 3p 0dib 12 U 0iquIe Ael ou anb
SeiuBIY ‘0IqWED U eIUBIACK [EIUALIAK 0dIb
350016 S0p U GPIP S EASANWI BUY  OYUAWLIATKD.

“uppuny eun opuyep
ey 5 0u anb 50| e1ed SAI0RA  SOPINPX SaI0feA

‘2153w 3p 0pedsa 3p OUNLOANS UM Oluana

Aalo
0 U3 SeOUIBUIS UOS 3 SaUOPUN 30N OSPUL

Kessolo LD

1<q
pue 0 < D 313y ‘uauOdxa Ue 5| 3jqeyen Juapuadapu;
AU} YIIYM UJ UOROUNS Y LORIUN) YIMOIB [efuBLOdXS

aui Jo poyad uanb
© 1910 uan1ad awes auy Aq saseainu lunowe el
Ue UM $In220 1ey) BURY) Lm0 fenuauodke

JUaU0dxa Ue s alqewen uapuadapul
QU3 UDIYM Ut uOIUNy Y UoRRUN [eRUALOXS

Xwioy
a1 uy 51 uoissauda U UBYM W0} [enuaLOdKe

U003 Ue | lqeuen uapuadapul
U iy ui uogenba uy  uopienba fenuaLodye

“u 40 suisy
Ul uanM eI} @ Buisn Aq 32uanbas @ Jo ‘0 wia)
Aue puyy 0} noA smofle eup einwIoy Y einuo} 1K

1>4>0
pue < 0 2sauM ‘Wauodxa e S| 3iqeLien 1uapuadapu
U Poiym i uopauny - uoouny Aedap [efuauodxa

“aui jo poyad
UaNIG © 330 Jua21ad Bues au) AQ SaseR3P Junowe
[efiu ue uaym $1n>30 jey) abuey)  Aedap [enuauodxa

Jesi Aq pandninw
51X 31} J0 JBQUINU 3L} SABIIPU U *,X LOISSaIdXD
auy Uy JaBau ansod e s UBYM  JuBLOdXa

1awadxa [enoe ue woy) erep buisn
Aq pajenojed Aligeqold  Auiiqeqoud [ejuawiadxe

“a0uey> BuiAjonu uofenys v paseduiod vy aze

sdnoib 3y uo saye 3y “dnosB 041U0> au) 0} 3BueL) o
11003 31y ‘abueyd e s3061pun dnosb feluawRdKS
] "sdnoib omy ojur papip st ajdwesy  uaLLadxe

“pouyap
10U S| UOIIUNY B UDIYM IO} SANfEA  SaNfeA PapNDXD

“adeds aldiwes ay) 0 Jasqns Y Wwana

“sixe-A-
U} 1 J1aWWAS 210 e} SUOIIUNY  SUORIUNJ UaAS.

G14-G15 Glossary



Glossary - Glosario

=
2
[0
=
2
o

L9 Kessoin

“ojnbueL) un ap sioLalul
Sa2U12051q SB[ 3P UOIdBSIANUI 3P ojund [3 - 0xUAdI

4 ap [edipupd epespens zies e eyeusBew pepiun
“UopeWIOJSURI) BUN UD ©INBl eAGNU BT Uaewn

Sopepunua uos b A d apuop *b saauojua °d s ewsoy
©| 3p 0}5aNdWO OPRUNUT  SINIOJUB-IS OPEIUNUD

X = () upuNy e pepNUAP] UgUN

“a(qeLen e ap Jojen
epes esed pepian 5o anh UoENa eUn  PepUAP!

“[euopIpU03 U U s eiqeled e
© auaweleipawul anbs anb ugpesepap e1 - sisalodiy

“£20101701 upiouNy eUn ap YRGB E0GIRTY

“02ye16 un e ewixoide
a5 2nb [eyuoziioy eaW| eU  [e1UOZII0Y RlOJUSE

“safenf sojensaiul us
opeziueBio uey & anb SOdLBWNY S01ep SO QX eled
Seueq ezyan anb eayei6 UOPIGIXE eUN  eweIBISIY

“oppaden un ap saseq se|
a1ua seynoipuadsad epuelsip e opades) un ap eimje

“epigs einby
eun ap pyfe e ap pBo| ©1  opyos un ap ey

“owesBofaresed (ap
pmfe e ap pnybuoj e1  oweiBojajesed un ap eimje

3y un ap ope| un ua peplenbisap
eun ap eoyei6 el 3p uoibas eun  oueld-was

“affueu e o S1019951q
a16ue 3y} Jo Aouaunouod Jo uiod auy  se1uadL

‘L= 401001 asenbs edpuud ayy un Areuibew
“Uoewiojsue e uy by MU AL abewy

“SjuaweIs a1 b pue d aiaum b uay ‘d
/1 U110} 3L} J0 UBWaJe}S PUNOdWOD y  JUBLIBIR}S UBYL-Y!

“x = (X uomduny ayy uopouny Ainuap;

“a(qeLen
4340 anjen A1ana 10y ana st jeuy uogenba uy  Ainuap!

“[euonIpu? @ Ui/ piom 3Ly
SMOJjo} Aja1eIpawI 1oy} WWawalels ayL - SisaulodAy

‘uopauny edodas e jo ydesb ayy  ejogsadiy

sayoeoidde
udesB e Jey) au feuozuioy y - aloiduise [eyuozyioy

“sienajul fenba.
Ul paziueBi0 U33q aney 1eyl elep feauawnu Aeidsip
03 s1eq sasn Jew Aeidsip jeoydeiby - wesboysiy

“plozaden e Jo saseq au) UsaMIaq
adueisip seinoipuadiad auy - prozaden e jo yBlay

“ainby
PIIOS © JO 3pMIE 34} J0 YIBUBI UL PIOS € JO WBIRY

‘wesBopaiiesed au}
Joapmpje ue jo ybual ayy  wesbojaijeed e Jo 1By

-Aiepunog e Jo apis auo
uo Ayjenbauy ue jo ydesb ayi jo uoibasy  suejd-jjey

H]

44 1 0 ‘lepuauodk
ugisaidxa eun ap aseq €1 0JUSILINAI 3P J01e

“x @ enB 0 anb SouaLw 3pUe’ e 0IAWNU 12 53 (¢} 3
U2 0sed [9p ugUNy BUY  3pUEID Sew e11Ua LNy

“vope[ses) ap 10pan [e ejajesed
3UJ| 2UN U3 UOIXBIJ21 eUN 3P ePINBBS UYIdNPes
U 3p UOISOAWOD ©]  OJUBILIEZIISIP [3P LD

PR
‘uoissaidx [euauodxa Ue Jo aseq YL 101e) YMOIB

X 01 [enba 10 ey ssa| 1aBa1u1 1521316 oLy s1 (X}
UM UL UGuny dats y - uonouny saBajul 1salealh

Jopan uopelsuen
au) o} fajlesed aui e u ooy @ Aq pamoy0y
uoelsues} @ o Losodw03 Ay Uorpayal 3pIb

“B21pW0D ePUBNYZS BUN UD
SOUIWID) SO 3 BPRIIPUI BWNS B SEILIZWI036 SLIaS

*J eJnu 0U 3jue}su0? eun 1od Jousjue

OuILLIB) |9 OpURIdNINW RUINIUS 3S S3NAS3P OUIWIZ)
pe3 A 0133 3P OJUNSIP OUILLIZ} UN UOD BZUBIIO

anb sosawnu ap Ugaed U dLIIW0BB ePUANYZS

“©a1@ 0 PIBUO] L) ©2LI3W03G epIpaL eun
ey anb pepGeqold  ed13woab pepiigeqoid

“[eas epin e| 3p 0lalqo un euasaIdal
anb eoupwoab einbiy ey 03119036 0japow

‘SoJawNU S| ap 0INpoxd [ap ‘SosaLNU 3P OYuNfU0D Un
3P S0)UBW[D 3P 0JAWINU |3 53 U BPUOP ‘ZJel BWISIUD
©7 22119W03B B12UBN23S BUN 3P SOAIN2ISLOD OU
SOUILI) SOP 31D SOUIWZ) SOT  S0ILPWORB SOl

Kiessoio 919

“22uanbas Jjaw0ab
© U] SWIB} 3} JO WNS PIeJIPUI BU] S35 IL}WI03E.

“Juelsuod
osazu0u e Aq wiia) snomaid ayy Buikdninw Aq punoy
1 1914 ULI9) YIBD PUB W] 09ZUOU € )im suibag
Jey) s1aquinu Jo wianed y - 95u3nbas 21aW0a6

“ea1@ 10 16U Se 1ONS BINSeal JA03H
& Sanjonul 1eup AiGeqold  Auideqoid ounawoah

1alqo j-eas
@ syuasaidal Jeuy 2By SUAWOBB Y [2pow L1aW0a6

“Siaquinu au Jo 1p1poid ay1 Jo ‘siaquiny
10135 © Ul SJUBLWB[S JO 13GUINU U} SI U 3IBUM 001 Ui
5L 122uaNbas 21118036 © J0 SWI3) AANMISUOUOU
M} UB3MI3 SWBL BYL  SUEAL DLAAWI03D

(¢} = £anb eted ugpends
2Un 11QUOS3 3P BWIO BUA  [2LORIUN UOIERIOU

“0BUel [3p 0JUBW[B 091U Un 3puUOdSBLI0> 3P OIUILOp
9P 0juawaja eped e anb ua uoiE[RI BUA  LOIUNY

epep odway
9P PEPIUN BUN UB S0P 3P OBWA |3 eUBN3RY

“eau) ap owawBas un ap PBUO) €| ap ugIe) euNBle
ap opeipauIa oG U eueuoIdRY eRURISID

sapepue) seuap
21108 UgDe[a1 eun S310%3 3Nb UOIDEND BU B[N0y

“ej0qesed e ap ojund Jainbjen esed ajueisu0) ugiefes
eun uauay efy eauy| eun ek sojj e ejogered el 3p
ownd sainbjen> apsap sepuelsip sej anb ap pepaidoid
ey aua anb ejoggsed eun ap onuap ownd un - 030}

“ojuawnbue
un ap @160 ugisaiBoxd ef Jensow eied seudaly
fsefed esn anb eqansd euy ~ offy ap uoieASOWAD

“s01ep ap 0Junfuo> U 3p oW
A S3[1URN) O[3 SOJBWAU 03U 3P UALINSaI

*SOUIULIZ) 3P OPeYLLI| 01U
un 3UaRUOD aNb BPUBNIBS BUN  BIUI BIDUBNIAS

=

1eu) 0s uonenba ue Bugum Jo Aemy  uojelou uoouny

“abues ay} 0 Juawal U0 AR2exa U paed s ujewop
31 10 1WaIL3[3 423 DIM Ul UOR[a1 Y Uoouny

aun
Jo3un uaB e uy saPko Jo JaquNU aYL  Aouanbay

“JuawBas aull o U] 2y} o uoIRY
1105 1u10d AseIpaWIAIUY Uy BDUBISIP [eUOIel

sapquend ujelad usaMAq
diysuonefs e sasseidxa Jeyy uofienba uy  ejnuwso}

“ejogesed oy} uo sjuiod

Aue 1o) ofe: 1UeISU0> © anel auj Paxi) © 0} pue way)
0} ejogesed ay) uo Juiod Aue woj SAIULISIP Y 18y}
Auadosd au) Buiney ejoqesed e apisuiuod y - snoj

JuawnBie ue Jo volssaiboid [e160] U Mols
01 smouie pue saxoq sasn 1ey) Joosd y  Jooid mojy

195 BJP © JO WnWIXew
pue ‘sajiienb ‘wnwiuw Y] Aiewwns JaquInu-any

“swsa) Jo Jaquinu
pajw @ Suewi0d Jeu adusnbas Y aduanbas ayuy

Glossary G16-G17



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

6L Awessoin

jeuopipuo
UOIDeIRY3D ] 3P UQISNIDUO) ] OLo) SISBIodiy
©] 0lUe) 0pUEBaU BRI} UORIEAP BUN  OSIAAU]

“sa110d0s 0 sisajupsed
103 sajeuy solund opuezyn olunfuo un audSAP
anb eINEWa}eW UOEION  O[eAIaIUI 3P UOIIEIOU

“0aye16 un ap
£[2352 £ U3 SOJBLUNU SOP A3 EOULISIP BT OJeNIaIU

‘g 0WaKa [3p [ensanu opedsa 2 Ud UeAUANIA
35 U31UIR} aND 1 0JUBN3 9D [eAISaNL ORdSD 2 U
Sopeynsa1 50| Sopot ap onfuod 3 g A ap uodasialLl

A eigejed e aUanU0> anb e1saNdLo3 peplenBisap eun
apeoypibe]  upPIASIANL SedLAI03 Seinby sew o
S0p @ SauNWWO3 Sojund ap OWuNfuo3 U UoIdESIANU

“So1ep ap 0junfuo un ap Jopajul [en3 2 A louadns
18N (o 30U3 eDUBIAP €T  [IendIa1l oBues

‘onbug un
ap sofe1 sop soj a4ua ealg |3 ojnBug un ap JoLiay

“SepedasIalU) seau)|

S0 5e] 21Ua UoIB! €] 3P AP URUANIW3 35 N
Sojnbu ojen? s0| 3p eiayblen> ‘fesiansues eun Jod
SePRLI0) UOS SeaU)| SOp Opuen)  SaI0LAIUI SojNBUR

‘oinbugw) un 8p 3dMsgn
joua oBug un  onbuews un ap Joualur ojnbug

“Ueznid 85 anb SBAUY| SOP Se| AJUS BAUBNDUD
as anb ojn> un ap aued @1 0pedasial 031

*afd un ey0d uopuNy
eun ap eoyes6 ej anb [ ua ound un  Jeidadsaluy

oo o
U3 beAuRNOUS 35 0UOBijod [3p SN S0| S0P} aNb B
U3 0jm1> un ap 04uap ovoBjod U oS UOBjod

“0In242 [3p S3PI0D UaUANL0) 31 Sope K
01> Un B @D12A s LD OIBUE U OWSUI OjnBUR

xalo
o a efiy as anb ojnbug un ap ayed e [epiul ope

“e19pepIaA 5B epep Uopems eun esed einafuod
e/ anb sod eaydxd anb ojewedun  jewsoyur eqansd

uawaels
eUONIPUO © JO LOISNDU0) pue SisaLodAY
U1 1aog bupeBau Aq pawioj uawalels y - asianul

“Sipeiq o sesayuated yym siuodpua Buisn Aq 19s e
$8GIS3P Jey} uonejoU [eReWSLeY  uonelou [eAsRlul

“ydesb e o ajeds
U3 UO SIAqUINU OM UGANYAQ AUBISIP YL (RS

g 1ana Jo axeds
a1duies au) uy 0sje ale 1ey)  1uana Jo adeds a(dwes
QU] U1 SALIOOINO |2 JO J3S YL g PUE I JO UONDBSIIUI

“pup Buiuieiu0> Aifenbau; punoduwo
2o ydeiBau]  UOMBSIAIU ‘SN LEW03H
210LW JO OM] 0} UOWIWOD S}uIod JO J3S Y UOIIASIAI

105 ejep e Jo sajienb Jamo| pue
120dn 34} UBAMIAQ 2DUBIRYP AL ABUEI BlenbIBIuL

“aibue ue
10 Ske1 om) 3y} USOMID] BRIR AL IBUE UE JO Jopalu

“Sauy| paloassalUl oMl 3} USIA3] UOIBI
U3 apisu a1 ey sa]6ue oy L 40 Aue ‘fesiansues
e £qand a1e saulj oM B SaIBue JouaIl

“ajbuey
e jo ¥eUaA au e aibue Uy aiBueLy e Jo ajbue Jopalul

) Bundassajul saul om) auy
uaamyaq saljjeyt apid @ o ued auy o1 pardassoiun

“SIXe U S13SIaU
uopauny € Jo ydes6 oy yoiym 1 Juod y  1dadsatu
21211 31} U0 ] U0BK0d 3} 0 SN A J0 e
1w Ui apid e apisur uoBAlod v uoBAjod pagusul

32112 341 J0 SPIOY? UIRIOD 1Y sapiS pue
Q211> © U0 XapaA S} yum djbue Uy 3]BuR paquSLl

sixeax
243 o paxy st 1eys aj6ue ue Jo ied auL  3pis [eniu

“ans3 s| uopenyss uanib e 1oj a1njdafuod
a1 Ay sureidxa veyy ydesbered v jooxd [ewioju;

“uy us
enuRuo anb eUANDBS BUN  EYULU! EUBNIAS

S0peju0D 135 uapand ou anb Sopelnsal Lo
exisanw ap opedsa un  ojuyul exsanw ap opeds

“2lUa1pu0dsa1103 ugeIqod
©] 2105 SepUBIaJU 1220y eled UezIjin 35 exjsanu
BUN 3P SOIRP SO| OPUBND  [IDUBIBJUI SEINISIPRISD

‘#0'= 'S ‘<> apsewooun
U311U0> anb EdIPWIeL UODRIO BUR  PepIenBisap

“sojdwala ap uoed n Lo epeseq UOISNPUO
eun e 1e62]| 9p 0532010 |3 BAINPU] OJUBNWIRIOZES

“pepin 1as aqap eun epanb anb uoisnjIU0D e} anb
esUeL 3P eUN 0120 ‘SAOSNDUO3 $2]Q1S0d S| Sepo}

Kessoo  gLO

“pua Inoyum
Sanuguod jey) auanbasy  aouanbas Ul

“pa1UN0d 3q J0ULLd ey}
SaW021n0 Yy adeds ajduwes y - adeds ajdues ayuyul

uonejndod

BuIpuodsa110> 3y} 1N0GE S3IUBI3JUI XYW 0} Pasn
s131dWes e WO BJep Y} UBYA  SNSIIES [eNUAIBJUI
FA0ZIS <>

SuleU0D Jey) 23RBS [BRRWALRW Y Ayjenbau)
“sa|duwexs J0 WaNed e U0 Paseq UOISNILO

© Buipea) Jo s53201d 3| Bujuoseal aARNPUL

311} 9 1SN LoISN|pU0I
BululeW1 5UO AU} 18U} 05 BUO NG SUOISNPUO? B[qIssod

euyo anb oanpu

“solsandns so] ap oun 0 ewai0) ‘opelmsod
un a2ipenuo3 ugewye eun anb 1npap esed 03160|
owaiweuozes 2 ezyjan o6an) A esiey 3 epeqoid Jas e

uppewe el anb auodns 35 ePAIIPUL UODEASOUAP

“0jalqo un ipaw ered saselis
SauopIodosd A SeinBy opuesn  e1aupul UoIpaL

“pueaipes ej ofeq Jojen |2 eisa zjel
9nb e e21pu anb J0]eA [3 'S3Je) SEWISHUA U 201U

U0y @ e3alns anb 10je 2 U0D X BluBWIEIRUAD
“UOIR[1 RUN 3 BIqeLRA ] BlUIpuadapUl B[qeLie

*50JUa3 50110 50|
3P OpEYNSaI |2 B2} OU 0JUBAS UN 3P OPEYNSaI |3 3nb.
50| U3 S0JUBND SPW 0S0Q  SajURIPURAaPUI SOJURAD

“UOIN|OS BUN 3YUBWIEIIEXD U0
S3U0IeNa 3p BUalsISUO BWaISIS UN  BjuBIpuadapul

“epa1ap @ epI2INbz| 3p 31 35 OpURND
aqns upipuny eun ap eayeiB & apuoq A1

“sauopenss
sequie ebejsiies anb ounle opeuapio 1ed alsxe ou
1en o e1ed SAUOEN23 ap ewalss eU  aUBISISUOL]

“soinbug
S0p 31U 0[nBUELY UN 3p OPe| 3 OpINPU 0P|

“ojnbuewn un ap sajuadehpe sope|
50p Jod 0pewo} Joua1ul ONBug |3 OpINaU ojnbug

euwo jeu Buposeay  Bujuoseal 1a1pul

suopdwnsse 3 Jo AU 10 ‘Wai0ay)

‘2leImsod e S}I1Penu0) JuaWae)S © Jeu} 3npap

01 Bujuoseas [eaibo| sasn uay) pue asie} si uaroid aq
01 JuaWale}s ay} Jey} sawnsse aug  Jooid Palpul

Palqo e ainseau o) suojodosd
pue sainby Jeyuis Buisn  1uaWINSE3W 1a1pUI

“uaxe} 6U1aq | pUedIpe) 3U) J3pun anjeA a
1001 JeU 0} Sa1eIIPUI 104} AN[eA B ‘SO0 U U] XapUl

*30/0U2 03122[qns s ey} anjeA e ym x Ajjensn
‘uoe[al @ Ul d{eLeA ALY 3lqelien Juapuadapul

“Sjuana Jauo auy
10 2WO02IN0 31} 1942 10U SAOP JUBAB U0 JO AWIOINO
AU} UDILM UI SJUBKD BI0WIJO OML  S1U2A3 JuapUBdapU

“uopnjos auo Ajoex
U suofienba Jo walsAs alsIsu0d y - Juapuadapuy

U611 01 431 WO} PAMBIA UBUM

dn 5306 uoguny € 40 ydes6 ay) aiauM  Buiseanul
suonenba 41oq saysies 1ey) ied

Da1aPI0 OU M SUONEND? J0 WaISAS Y 1WaISISUOI

‘sabue
om UsaMaq alBUCL) © JO BPIS UL 3PIS PIPNUI

‘alBues; e o sapis uaselpe
oM Aq pauoy 3jBue Jou3lur auL  al6ue papnul

G18-G19 Glossary



Glossary - Glosario

129 Aessolp

eun 3 anb 02116 U U0 9 = Ag + Xy ewio} e 3p
asiquosa apand anb ugpeNda euf  [eaul| uENY

PRy e110 €] @ BIUBLIRIEXS BUBISE 5 0221 [9p PNl
pe anb opow ap ‘jeansaA AUy eun ua asiefolal apand
15 23U 3p eJIoWIS AUS 0YRIB U 3y 3 epBWIS

*so|ja a1jua sojund so
Sopol A ‘Sowasxe sopewe| solund sop ap eisuod anb
eau) eun ap jqipauw ayied eun  eauy ap ojuaLGRS

“sa1uanIBU0) S3lied S0p U3 eInby eun
exedos anb eyewGew eauy eun  eyjawis ap eauy|

“ugioun) eun p eayei e eaYon UOBRI
eun anb ] ua eauy| @] ‘abew eun £ uabeweid eun
211U OUILE) OJpaL @ BAU| QU UOIXBYDI 3P BaU|

“uoisiadsip ap eweiBelp un ua sojep S0 ap ePUIPUAL
o] 1qusap ered epesn eaujeun - aisnfe ap eaul

“Sauopap Sequie
U3 JUaWEPIUYPUI PUBIXD 35 A ‘eInLpue U J0sadsa
aua1} ou *sojund Jod epewio} pis eauy eun  eaul|

“3JUBUOCKa oW1 [o UaUaY
anb salua1puOdsa1I0) SaIqeLeA Sel U0 ‘S3[qeLien
SeWS|W SB[ U0 SOUILIR]  SIURIaWIAS SOULZL

“salenB| UoS pueipe1 9 0LI0d 3pul 3 01ue) anb
Soj Ua SajedIpeY  Saluefawwas SAjedIPel SAOISaITKD

53(2350s1 0[BURL UN 3P SAIUANIBUOY
Sope| SOp SO S2[a2s0s| ojnBuL un op sejed

“aplozaden
un ua sojajesed ou sope| S0 opadex un ap sejed

JepUIS? eUI0} U3 153 owoujod N opuUeN>
oUW} JowId (9P SWUAPYBOD [3 3P| SUIYA0D

Jpui un ap saseq se| aun anb
epenind apysadns 1 0ipud un ap [esage] apiIadns

D31 [3 U0 0O U 3 35eq ef 3un anb,
epenn) apyiadns e 0uod un ap fesate) apiadns

“oplgs
un 3p saseq Se] usuN anb Seied Se]  Sa[eale ek

=
2
[0
=
2
o

“59[e1a1e| SB1RI SOP 3P UOPIISIWI ] SI[eIaNe] Seise

“au WBLeAIS © 51 Uy des e yum ) = Ag + Xy wio}
B4} Ul UBNLIM 3Q Ued Jey) uonenba uy  uonenba seaul|

“Jley Jay10 auy 0} Apdexs sdews
ydesB au) Jo Jiey 22 12U} 0S Ul [E1AN @ U PAYRI
2q ued )yt AnawiAs auj sey ydesby  AnauwwAs auy

‘waly usaMIaq
Swiod a1 o (12 pue ‘suiodpua paijes ‘sjuiod omg jo
Sisisu0 e au e jo yied ajgeinseat y  JuawBs aul

“syed Juanibuod omy ojui ainby.
e sajesedas jeuy auy AreuBewr Uy Anwuwis Jo auy

“uomuny e jo ydesd
U3 sdliy Uomal1 @ U1y Ul aull 3y ‘abew ue pue
abewa:d e usaMaq Aempi aul Y UORIRI O 3U

“Joid jayeds e uy
©1eP 34} JO PUBL} 3L} AGUISIP O} PASN AU Y 11 JO aul

"SUONDAMIP 410G U AjB)UYaPUI SPUBIXD PUE ‘IPIM
10 ssawpIU ou sey ‘siwiod jo dn apew siauy - aul

Wauiodxa auies au) Buirey S3[GeLien BupuOdsa110)
U}IM ‘SB|GRLIBA BLUES BU} UYM SULIDL  SULIB) Y|

“auies 3y} 31e PUEdIEI L pue Xapul
U1 110g 1M i SieApey - Suossaidxa [eapel ax|

2By 52[22505| Ue Jo
SapIs JUaNIBU0> oM} aUL  a[Buew Sa[adS0S| Ue Jo SBa)

“plozades
2 Uy sapss alfeseduou ayy  piozaden e o s6a)

“WIo} pIRPURS U S| [eIWOUAjod @ UayM
wig} Isil U JO WADIYJI0D BYL  UBPIYA0D BuIpes]

19pulko @ Jo 535°q 34} Sulof
Jeu) adepns panin> ayy  1apul> € Jo 2ens fesoe]

XalIoA 3} 01 3U0 € J0 3%q oLy
Sulol Jou} 9304 PARIND UL 2U03 € J0 284S [esale]

PIIOS © J0 53504 3} Lo 1oy} Sade} ALY Sa0e} esNe]

5338} 4212] OM) JO UORIISIAI UL S36Pa [esale]

“eunby e op sajesare|
Seled se| 9p seale se| ap eNS €]  [eso3e Cole

Kessolo  0Z9

2By aup jo
5320, [e1210] U} JO SeDIR AU) JO WNS AU LAl [esale]

“sajuadeApE SalUaNIBUO) SOpE| ap SojunsIp saed sop
21U3WE1EX3 LOD OXBAUOD 0JIRRIUPEND U EI3LI0D

“sapis Juanibuod juadelpe jo sied
1UNSIP OM) ATI9EX LM [es21eIpend XBAUod Y a1y

“sapepiued
Sew 0 50p ap 0}pNPOId [ W0 BJuBWEIAIP
©10A PepyUe) BUN OPUBND  BJUN[UO3 UDIELIE

ejde1 e/ 3p
101121U1 [3 UD SBIDUBNJAIY SB| ‘[BUOIIIALIPI] BIDUBNIDLY.
3D ejqe) eun U3 'SejA S0P 3P SeUaNdR) p jgel

un ap 041N [0 U3 SEPRAUT  SAIRIMILIE SeUANIDL

“sauenb 1210 2101 10 OM) J0 1NpoId Aty
Se Anoaup salien Aijuenb auo Uaym  uoneLieA juiof

*3]qe} 34} 40 10Ul ) Ul SaANbY
U1 21qe) Aouanbay Kem-om) e uj 3ie) Aouanbayy
Aem-om €40 Apoq ay) ur Sauu3 - soruANbaL O]

“saluanibuo> sope|
S0P SOUB e U0 ONBUBLAL U 521295951 OINBUEL)

“sa1uaniu0) os seted se A sojajesed uos sope
50p anb [2 U3 0JaIPIPEN> LN $9[295951 Opades)

-y SluelsU0D eun e [enb 2 sapepyuEd
S0p 3p 01NPOId [5 OPURND  ESIBAUL UoDELIEA

‘uabueIy A iS00y

QUL SeSIoNU] SEdLRWIOUOBL SUODUN

“opnBug un e eisando eusaid
©| 3p pnbuol e U0 ojnbug un e 3juadeApe eusald
2] 3p prujbuo| @) 3p UgeIAY  AMuaBUE) [9P OSIAAUY

“onBug un e eysando eusaid ef ap pryBuo) ¢ 10>

1 ) 3p PNBUO) & 3p UoRIRY 1op

(0 *q) ewstoj e 3p sojund auanU0d
10 € anb senuaiu (g ‘D) ewio; e} ap soyund auanuo>
531N Se| 9P BUN ‘SAUOIIR[RI SOQ  SESIAAU| SAUOIDR[I

0q) ewioy e ap sojund avapuo>
©110 e anb senuaiy (q ‘o) ewiio} e ap solund ausluod
591N SB| 3P BUN ‘SAUOIUNY SO SESIAAUI SaUOIUNy

“onbug
un e awadeApe ewsaid ef ap pBuO) e) U3 esnusjodiy
©19p pnyuO| 2| 3p UOIRIRY  OWASOI [oP OSIAU

Wwanibuo>
S3pIs OM) 1522 12 M diBueI Y ajBueln Saja3s0s]

uanIBu0> ase s6a) au) pue [ajjesed ase
S3pIS OM) UoIUM Ul esaieupenby  piozaden saja3sos!

*) JUeISUO) e 0 [enba S|
sanuenb om) 4o 1>poid aU} UaUM  LoReleA BSIAAUL

abueloly pue
*3UIS0021Y “BUISIIY  SUONDUN) D111} BSIaAL!

albue auy
aysoddo Baj auy jo yibua) auy o} aj6ue ue 0} uadelpe
65] a1 Jo y16u3) 3y} Jo eI 3y juabue} asiaAUl

“aBue ue aysoddo Ba| a1 Jo ybu| 2y} of
5nU2100AY B J0 UIBUS) LD J0 eI UL aUIS BSIaAU

(o) wioy ayy o
S1010d SUIRII0> 13410 3l A1 (q ‘D) Wwio} a1 o Siulod
SUIBIUOD UDIYM JO BUO 'SUONIRI2I OM|  SUOIe|a) 3SIBAU]

(0/°g) wioy ayh o swuiod sueluo
1910 241 311y ( *0) o} o 1o SIulod sujeIod
UDIYM JO BUO 'SUONDUNS OM]  SUOIDUNY BSIBAU

“aibue
ue o} uaselpe Baj aut o ubu| a3 0F asnualodAy
31 J0 UIBUB] 3L J0 ORI AL BUIS0D BSIANUY

Glossary G20-G21



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

€29 Awessoln
uppuny eun 3p ed1esb e ua ofeq sew ound |3 owiuw

oInbug un ap seled se| ap soipa sojund soj e
anb ouawbas [3  ojnbugL un ap ojpau uaWBs

“oppaden un ap seled sel ap SoIpaw solund so] e1%aU0>
anb ouawbas 3 opaden un ap ojpau uawBas

“0JUBWIB3S [9p SOWBAX? SOf B1U3 OULED OIpa
e eauy| op ouawBos un ua ond ;3 oipaw ound

edipouad ugpuny eun
3p e214pI6 | RSO (oD €] 21qOS €LY @] eIpaL LAl

“afnquie o edspaieIed

eunbje e osownu un seubise esed 6 eun  0LARW
“a2119A [e ojsando ope| [9p oipaw

ownd 2 A onBugL [9p 3911134 U UOS 31 SOWBANE

103 eau| ap WaWBas un  ojnBUBLE N 3P eURIPALL

‘J011aJul 3 Jopadns SIPEN U3 S0jep SOf
eiedas anb en opunbas [op 0zuaW0d [3  eURIpAL

“UOS S0ep SO| UBPUANXD
a5 0wod ap sepipa  uoioeBedoid ap sepipaw

“opawoxd 3 anb 0] p SePIPA 043 [P SEPIPaL

asiipaw uapand

anb A sapepiun uauay anb soleq  soep 9p UOPIPaW
“feal Jojen

ns A uppeiqod ef ap eipatu e| 3p UoeWISa | 211Ud
RWIXEL RPUIGUP €T UOIBLIISS ©] 3P OLUIXEW 10153

“UopUNy eun 3p eyRI B} U Olfe Sew oYuNd [3  OWIXEL

[eUOPIBIIPI BPUBNIBY

p BIqe) euN Ua BLI06IEdANS PR 3P S3[e10) ST
euLLN|03 A Bl 3P Sa[eI0} SO| U SEIUANIY S| ‘SEIA SOp
ap seipuandalj 3p eIGe} eUN U3 SajeulBlew serpuaNal

obues jop oWwawafR
un 0> opefaseduwa £1Sa OIUILIOP (9P ORI
©pe> owgo exsanw anb ugpensn eun  eleiBoyes

081 © J0padns epipaLy eun U> 033 Uy Jokew 03se
“ous 15 2105 anbies

as anb esed Jeu apand as einy eun (end jap spAER
e oyanbad spw ojiBu |3 epIaLS Bl 9p pnijuBew

“vopouny @ Jo ydesB Ul o jujod 1Samol AL wnwu

“a|uern e Jo sBa| ayy Jo suiodpiu auy
§199UU03 Jeu JuaWBas YL S[BUEL © J0 JUBWBASPIL

“piozadei e Jo s5a] ) Jo siulodpiy 3L S12aUL0D
JeuiwawBos ayy  piozaden e Jo Juawbaspiw

uaWwBas oL J0 SiuodpUa Byl UdaMIZq
femyey uawbas au e uouiod auy  wiodpiw

saje|nso
uopaUNy @ 0 Ydeld oy Uy Noge duy aUL  SupIL

aIngune 10 dnsuapeseyd
505 0} Jaquinu @ BuBISSe 10} a1y AL

“Xalian o) a11s0ddo apis

U3 J0 1ui0dpiu Uy pue a]6UeY) 3U)JO X3liaA © 318 Jeul
Swiodpua Y WwawBas dul Y alBuew @ o uepal

sanjey samol pue 1addn ojul elep ay) salesedas
Jeu) aienb puodas au Jo BuuuiBaq ayy  ueipaw

ale elep
U110 peaids Moy Jo Sanseapy  peaids Jo sainsea

9BeIane S| JelM JO SaINSEAN  J1Ua2 JO SaInSeals

“painsesw
2q UED PUE S}UN aARY Jey} BIRQ  Jep JUBWAINSeall

“anjen [enioe sy pue eaw
uoneindod au Jo 3jeuIS? ) UMY I
WNWNeW BUY  91ewSa U J0 JOLID WnWXew
“uopuny e Jo ydes au) uo wuiod 1sauBly aUL  wnwixew
“aiqe) Aouanbayy Aem-om e uj KI0Baleqns Uoea jo

S[E10} AU “ULN03 PUE MoJ SIRI0) L Ul SAUANDaY AU}
“a1qe) fouanbay fem-om e uj - sapuaNbal [euliew

“abUR 3U) U 1UBW[a Ue Yt paiied | Ujewop au) Jo
JUBWBIA YIBD MOY SMOYS Jeuy uopensny Uy Buiddew
.08l Ue) Jajealb ainseau yym ol Uy i Jofews

“Jjosi1 01O sdew 12y} 05 Palelo: aq Ued ANy e YILM
uBnosy) aibue Jsaljews dyL  AnauuiAs o apmubew

[eulLLIB) ojund 3 BISey [eriul
ojund jo apsap J0paA un ap pmybuoj e prijubew

Kiessolo  zZo

Juiod euwsa) ay) 01 uiod
enus aU) woy 101234 © Jo BuB| AL apmuBew

W

“solep ap ojunuos
Un 3 10113} PeNL B 3P BUBIPAW B JoLBJUl 1R

“PepIan ap Jojen owsu
0 U03 SaUORIRAQ  SEIBIeAIDa B1UaWeDI0]

L #/£0 < qapuop 'x 3p g boj aseq
= (xy ewwioy e 9p ugpuN eUN  E21UEBO] UOPUNy

“sowuebo] sew o
oun aua)U0> anb UOIEN3B BUN  EDILIEBO] UOIEND

X 3p ‘g aseq
‘owniefol eujwouap 9 A, = xu3  ounebo]

“sa|qeyien
SELIBA UOD UQIDENJ3 O BINWOJ UM [R131)] UDIDRN>3

‘elep
0195 © JO JRY JOMO| U} JO LRIPAW Y] 3jiuenb Jamoj

“onjen
1Ny awes ay) yym suawalels  Juaeanba Alfesibo]

L# G PUR ) < g 212UM X} g 3seq
60 = (¥} Wwio} 3Ly Jo uoRAN} Y LoNy 1RGOl

“swipuieBol 310w 1o

2U0 SUIRIUO ey} uojenba uy  uonenba diwLeBo|
X1

g 35eq ‘wipeBo| a1 paed SIA G = XUl wieBo|

“sajqeyen
€19A3S Ui UOEND? 10 €INULIO}Y  Uopenba (el

{BaUI| UL} U OWO3 QLSS “vopuny seau|
uapand as anb sojep ap olunfuo3 un ua sepeziea © 5 uaLM 30 Ue) Jel elep 0 135 © Uo pauiojiad
sewoeun  [eaul] uor: Hesads j08uUQ  uol Jeaul|

“solep ap ojunfuod un eied aisnfe ap esaid eauy eun
Jenuooua ered 0peziin ounoBe un  [eaul ugisaiBas

“5apeplenbisap ap ewaisis un 1od epiuyap UoIBa:
eun eled UOUN) BUN 3P SOLIUIL 0 SOLIXEL SBIOfe
0] JeRUOdUB 3p 0sad0xd [3  [eauy] ugiewRIBOId

*sojsando soes uos anb saunwod
ou sope| uo> sajuaseApe sonbue ap sed uy  eauy sed

Solep ap obes [ap 01uaP Lelsa anb sai0jeA 103paId
esed [eaul uoiDed3 eun ap osn (3 [eaul uopelodialu;

“epas eauy| eun s
anb ayuw un uo> oueid oipaw Uy [eau| peplendisap

“eauy eun 53 21 0316 UN 10D Ugipuny eun 4 anb
Jokew epualod eun e eAdfo 35 ajuIpuadapUI dlqeLer
eunbutu anb e ua ugiUNy U [eau| UoLN

S01ep ap obes [9p e1an; Uisa anb siojen 10apasd
eied feaul| UgIeN23 BUN 3P OSN [3  [eaul| ugefodesXa

“e1ep 40125 @ 10} 1 Jo auy|
spaid e pul 0} pasn wiioBe Uy  UoissaiBas Jeau

“saiienbaul Jo waisks e Aq pauyap
U0iBa1 © 104 UOIPUN @ JO SANIEA INLUIUIL 1O WNWXeW
U Buipuy o ssedoid ayy  BuwwiesGosd seau

“she aysoddo ase Jey) sapis
Uowwo3uou i salBue uadelpe jo ied y  ied seau

“e1ep Jo abuel auy apisul ase Jeuy sanjen pIpaid
01 uonenba seau e Jo asn ayL  uonelodiaul seauy

“au btens e
st1eul Aiepunog e yum aueid-jiey y  Ajenbaul seau

“auij e sy vey) ydesd e gy
Uomuny v ¢ ue) 1o1eaih Jomod © of pastel si aiqepen
1uapUBAaPUI OU UDIM U UOROUNY Y ORI Jeau

“e1ep Jo abuel ay) apisINo ase 1ey) sanjea 1ipaid
01 uonenba seauy| @ Jo asn ayL  uopejodena Jeau

G22-G23 Glossary



Glossary - Glosario

=
2
[0
=
2
o

gz Awessoin

“0Bue f2 anb ouwsiw 2
53 UEWOPO3 2 [eN> ¢ e1ed UGN UOIDUNY €] 21G0S

“0juWop [3p OjuAWa Un
Saweexa U0 opefasedua p1sa oBUe [3p OB
epea fen ej esed ugUN3  e20NUNI] LU

“vablo o
U3 SeINZIS UOS AN SaUOPUN  SeyeIIXa SaUODUNy

“feuoisuawipLA
010dS? 9P SAUOISIN OUY0 SeJ P BU  AYUEDD

“opmisa jo 1od
SOPEID3Je 135 UIS SOPEAIaSGO O SOPIPaLY LS eAisanLy
2UN 3P SOIQUBILI SO UOIDRAIBSO 3P OPMISD

e
[BU0ZII0Y 1U 53 Ou BN BIOJISE BUR  BNJIIGO BjojuISe

10}

“seafieuwarew sauopesado A sosaunu 0jos edyduy
anb edngwalew asey euf  EURWNU UOISAIGKD

‘onIsod 012)ua 0JBWNU N s U 3puop ‘Pl — ) +'0 =D
10d opep auaIn p unwwo3 epuaIRP Bl A'D ouNLIZ) JwId
2 0D E3WALIE RUBNIAS BUN 3P OLILLI] OWIS3LD

[ EdNAWILL RUANIS BUN 3P OUILLZ) OWISAUD

“q 3P BWIS3UB ZJBJ BN BLURY| 3 D SIUOJD ‘U
annisod 0:ajua Jamblen esed = 0 1S ewisIa Zies

eliojeafe d[qeLien eun ap enujuo3 A edpaws ‘eueduie>
3D BUIO} UOD UQDNGUISI]  [LLIOU UODNGLISIP

“epep enby eun ap SavolsBLI Se] eIquIe)
anb uopeuiojsueN U epiBy ou oYuBIwIAOW

eau) ewsiw e ua Jeisa apand ou sojund ap
ounfuo> un anb e ua LNy U [e3UY OU LN

“sopeuopefe: ugisa
0uA 3 x a1 50 U3 SOPELENG SOJeq  UODB[aLIOD UIS

“®jqop a5 0pUeN [eUOISUBWIPL 0121GO Un 3p
sapyiadns sef ewsoy anb feuolsuawpIq enBly U pas

‘001216 [9p opiainba1 opel 3 ua Sojep souaw A
eipatu ef anb Jokew eueipau eun aual) ajuawedId) anb
uoPNGUISIP BUN  BpeBsas SjuaWeAeBaU UOPNGLISIP

-abues ay) se awes o
S/ UIBUIOPOD B4} LDIUM 10} UOUTY Y UORILIN) OO

uewop ay} jo
1B} 30 AI9eXa UM paited s1 36UeI AU J0 UBURYS
102 UDIYM 10} UONIUN} ¥ UOOUN 3U0-01-2U0.

‘ublo
U3 Ul SLIDWIIAS D18 Yoy} SUORIUNY - SUORIUN PO

“adeds
eUOISUBWUIP-331LA O SUOISIAP WBIR 3L 0 AU TUER0

“Apms.
U1 q patpaye BuIq 1NOLM PANI3SGO 10 painseaty
o1e ajdues € 0 SIOQWAN  APMIS [euONIeniasqo

[eJ[LI3A 10U [BIUOZUIOY
Jouau st tey) aloiduwAse uy  aj01duhse anbiigo

“suopesado [ediewauew pue siaquinu Ajuo Guinjonul
aseiyd [ednewayjewy  uoissaida eapawnu

a1l anisod
s uaiaym p(l — u) + ‘0 = ‘0 Aq uanib st p duBIRYIP
oW pue ‘D Wi} 1511 UM 35UBND3S BWILIE Ue
1O WIB} Y BYL  39U3NbAS JNSWILIE U JO W3} Ui

G 403004 Yw 3y
51 UaLy ‘w1960 aAYSOd © 10§ G = 03] 1001 U

“2(qeLieA WOpUR! © Jo LoNqUISIp padeys
190 JLIBWLIAS ‘SNonuRUOY Y UORNGUISIP [euiIou

21Ny UBNG € Jo SOISUBIP
a1 saBuey) jeys uoewiojsues} Y uonow pijuou

auy awes auy uo 3y [ ouued
SIU100 J0 335 © LDIUM Ul LOROU} . LoRaUN JeaUyuoU

paep:
10U 318 A PUE X UDIYM Ul ©18P BlRLIeAIg  LOIR[2LI0D 0L

“PapIo} UaM 199100 jeuoisuawp-3a1Ly € Jo
S3981S U SUI0} 1oL BN [PUOISUWIP-OMYY 10U

“ydesb a1 Jo apis 421 34} UO elep
55| pue Ueaw a ey} 1a1eald ueipau e sey AledidA)
Jeu UONNGUISIPY  UORNQUISIP pamaxs AjoneBau

“oanebau
osaLNU N 5B anb 2YUBLOGXA U OAEBAU AALOAKD

“eawne x e aAnuisip
£1en |2 Ua 31eLNIq SOIRQ  BANEBAU UOIRI1ID

“x 33 |ap olegap exuandua
35 UOIDUNY BUN 3p J1RI6 B 3pUOG  OAEBAU

“[eulBLI0 uoeIeA
eun ap ‘osando pepian ap Jojen |2 L3 Jse ‘olsando
opeayuBs o auan anb uppesepap eun  uopebou

“X U] OWO? BPRIABIGE OPNUBW © SPU ‘[RINjeU 3seq ap
Jeruau0dxa UOIUN] e} 3p ESIAU B [eniey ounLieBol

2 = A 0wo3 el11s3 *3 958 UOD [EDUBUOTKD
ugpuNyeUN  [einjeu aseq ap fepuaUOdKe UgPUN)

Kiessolo D

“aquinu
anjleBau e 51 ey} Juauodxa Uy 1uaLodxa anjeBaU

5353120 X SE SSEBAP
Ap1ym Ul elep aleueng  UoRe[aLI0) dneBa

Sex
U M0j3q Sa1] UMDY © Jo ydelB dy) B1AYM  SAneBaU

“Juswajels
euiBuio ue Jo ‘anje uins aysoddo au se jom se
“bujueaw aysoddo ayy sey e awalRIS Y uonebau

X U] S© PIeIN3IqqE L3O 150U “UOIUNJ [eAUBLOTK
aseq [eanleu 3y} 0 3sieAU UL wieBo] [eimeu

2 = S8 alILM ‘2 352q M UofUNy
jenuaUOGK Uy UoRUN) [efUAOdX seq [eimeu

.E. =

“oduwai} owsiu e 120
uapand ou anb SOJUBAZ  SOAISNIPXD BjuBWEMNL

“opep owouod un esed 0se
53 013w N anb 52934 3p 0JAWNU 3 PepIARINL

L& enby 5o opnposd
UN LoD SosAWINU SOQ  SOAEDYIANINL SOSIAU]

‘eAnedydninw
Pepiuap! @] sa | ‘D [en6y 52 | A 0 0JowNU saynblen>
ap opnpoid o anb opeq  eanedydnINL pepiuap:

“epianjosa1 ered ugpesado eun ap sew
ez)an anb uoienda eun  sosed solien ap sauoeN%

onnsod 013U
un's3 u A ojnu ou (e osaWINU UN $3 0 fend e] esed
‘X0 = (1) WIO} €] 3P UODUNY BUN  [PIUOOWI UL

“SalqelieA Sew 0 eun A osawnu un
3p 0}NpOId N © ‘3jqeueA eUN ‘OAWNL U OWOLOL
“a)Ue}NSaI B[2ZAW B] 3P PEPAUED BLIAI UN JeUILI}ep

oBan) A ses03 ap sodi 2w 0 S0P 3p eppzaW eun
181> ey anb Sewa|qold  eppza ap sewajqoid

*,081 © JOLI3Jul BIPAW BUN UOD 0258 U 10U 0218

“awi awes
4} 1€ 4N390 J0UUED TR} SIUAT  SNISTIX Afleminu

“feiwoufjod uan5 e 10}
osoz e 5| aquinu e saw o Jaquinu ayy Ay

‘Lo
1poId @ UM SIQUINU OM]  S3SIAAUL AR

“Rnuapy
anjedydinw 3y} st | 0 o} jenbd i | pue 0 JaquiNu
fue Jo onpoid ay) asnedag  Ayuapt anedldinw

3 anjos o} uonesado auo
uey} aJow sasn jey uonenba uy  uonenba days-pnw

byl
aisod © S| U pUB JaqUINU (831 033ZUOU © S| D LDIM 10
XD = (X} U0} DU JO UOKDUNJ Y UOSUNY [RILIOUOL

S3[qelien 310w 10 2UO pue oqINU
&0 ppoid e 1o “a[qetieA e SoqUINU Y [elluouow

“aumpqu Buinsa au Jo Apuenb auwos Buuiwsalp
By} pue SBUIL} J0 SPUIY| 10W 1O OM] JO BINIXIWI
2 BUIIea1 nOAUI 1eU) SWAIQOI  SWR(GoId i

*,081 UY) SS3] 1S3 YIM JJe U 18 JoujL

Glossary G24-G25



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

)

oauiep
CEEEE

uopepRy

“eU13WwoU0BLA UIUN) eun ap ed1EI
©| 3p [elu0zioY UgONPeN eU 5} 3p OjquIe)

1 53 sauaipuad se| ap 0pnpoxd [2 anb sej esed oueid
ows|u 2 UB SP[EdRA OU SeaUr]  Sasejnaipuadiad seaul|

‘ouawbs asa e
seinoipuadiad s3 A oWawiBas un ap ojpaus oyund (2 sod
esed anb o 0 olwawBos ‘eauy sambleny  zujepaw

‘0131 ojnbug ya UdBSIA]  Ieimaipuadiad

“auepodu; sa
uapio 2 anb 2 U3 S012[qo 3p 0jBaR U eI

“pepueIBa1 U0 UgpNadas
elfanbe sasojen-A u0> ugpuny eun  ed1popad uoUNy

‘01> un ap [e0zu0y prBuoj e1  opopiad

“ouofijod un
ap sope so| 3p SapMIBUO] Sel ap ewns 1 oawIIAd

“SolU0ug 50| 3p SOpeIpeny  opapiad opeipeN ojwou

1PUODRI 012U U 53 31 epespen
2161 un 0> [euopeI OJWNU U 0134ad opespen

feUOE! 0JaUNU N 3 3N
©21q0> 2122 un uo3 feuopel oRWNU U 013}13d OGN

“epeulua}ap uoemund
eun ap ofeqap 10d ueqeisa sajelol sauopenund se|
p alejuad1od gnb edipus anb epipaty eun  uadsed

“oduwan ap opoyiad iod
ojuawne ap afeluadiod [ 0quie ap ese ojua Jod

g + ) opipuedxa
OI0UIq UN 3 SAIUAD302 0] eluasaIdal ey eun anb
[0 U SJaWIU 3P OINBUBL U [eSed 2P OjnBUEL

“sauopuny ap eyjiwe}
uN 3p [BIUBWePUN) SBW UOIDUNy BT Bd]Seq UoIUN

“sauopun; ap eyjue)
eun 1onposd eed sevien apand as anb wojouny eun ap
ugeN3 B U3 J0jeA U UOEIGOd eun 3p eSyIBIRIE)
eun aquosap anb epipaw eun - onawesed

.__iowep
EERETE

onerayy,

uoruny UawoUoBL
@ Jo delb U Jo opielsuen [eOZOY Y s aseyd

1~ 51 sadols a4} Jo 1oNpoid au) Y1y oy
aue(d aues auy) uy auy [e1UAAUON  Saulsenojpuadiad

“quawbas jey) o} Jejnapuadiad
1 pue uawBas e Jo uodpiw 3L yBnoJY) sassed
10U A& 10 “JuawBas *auy Auy  101as1q sejnoipuadiad

“sajbue jubu e Buppasia  Jejnojpuadiad

“JueLodw 5 32pi0
Ui Ui 199140 Jo WawaBuRLe Uy UoneINUWIAd

“siensajul Jejnbas e
Jeadal jeu) sanjen-A yum uondUNy Y uoidUNy JIpotiad

“appk au0 Jo bual jewuozuoy auy  poad

‘voBfjod
2 Jo sapis 3} Jo sulbua) Ul jo wns ayy  salawLiad

“sjewiouiq jo sasenbs  siewwous) asenbs Pajiad

“1oquinu [euofies e s1 ey
1001 d1enbS @ LM JoqUINY [eUONRI Y dsenbs 19a410d

Joquinu euojes e 51
1e431001 203 € Gy JoquINU feuoRery - aqn) Popiad

21035 UBNIB © MOaq 313 531035 (210}
2 J0 waniad leym sl ley) ainseaury  ajguadiad

“potiad awn
1ad aseanu jo wadiad auy  abuew Jo aje uadsed

g + o) fewouq
papuedxa ue Jo SJUBYA0) Uy SjuasaIdal Mol
© YoM U siaquinu Jo dibueL Y olbuely s [edsed

e} @ Uy SuoouNy Jo IsalduwS AL oy Wased

“suonoun; Jo e} e piaik o) patien aq ued ey
uogoun; e 4o uoenba ay) ur anjen y ‘uogejndod e o
JNSLBIRIRY © S3AIISIP Jey) AINSeaW y  IajaLeled

“sojaesed sojsando sope|
ap saied soquie uod osajelupeny U oweibojpjered

uesasialul as ou anb soueld  sefalesed soueld

“safen sauaipuad uaual
‘anb oueld owsIui 2 U SAIROIVI2A OU SEUT UeISIAIU
55 0u anb saseueido seauy]  sefojesed seauy

“e19pepian 5o epep upemys eun eied einjafuod
ey anb od eajdxa anb ojewpd un  ojesied ap eqanid

“ed1ippen) UoIUN) eun ap ed1es6 e ‘aseq
e| e20s13ju anb oue(d un Jod o[nbug un ua opeLo) s
0U03 N opueN eYNSa1anb epenind ewio  ejogeied

“fsen> sawisd (o ofeqap
10d 0 e 2219} 3P eWILS Jod 0eN Bl 0Bue:
o.5920 §', 3p Sew 53 anb Jojen U epesie ayied

“ojuawpadxa un 3p OABSUB 0 OJUBIIPU 0]0S N 3
Ope}NSal |3 101USAS 0j0S UN 3P OPEYNSal |3 OPe}NSal

“ongeBau 0 oapisod
OLUUL 2 €31930 35 OPUEN3 SOWAAXG SDI0[EA SNS B1JUD
ejien UQIUY eUN 3P €345 B OUEN)  UOIDEIDSO

“0191q0 Un 3p 0LPaIAP A [e1U01) ‘OpsaIbzI “loadns Sope|
50| 9p SaleUOISUBWIPI] SeIsIA se  odelBoLio ofngip
‘oinbueL un ap

SapnIfe se| ap ePUBLINDU0> 3p ound |3 0A1UBIOLO

“opedsa [o ua sopund sezjeo] eied opesn oayadsd
U3DIO N U SOPEP SOIAWNU SB1L  0PeUaPIO 3(dy)

“ewssju s © eubise as by
eun anb 59394 9p 0JBWNU |3 BLIAWIS €] 3P U3PIO

*Sepep SBUOILISaI B 0}afNs uoUNy eun
ap owndo Jojen [a 1easng ap osadoid |3 uopezIwdo

“unuwod jeuy
ond un uod sajeauod sokes sog - soisando sofes

e ap eauy e anpu; ou anb seau
pepienbisap eunap uopnjos e1  ouaige oueld ojpa

Kiessol9  9z9

“folfesed sapis aysoddo
Jo sied iog yum jesajeupenby  wesBojayjesed

“Posiajul jou op jeyy saued  saueid jojesed

“adofs
aes 3} aney 1ey) aue(d BWES 3Ly} U] SaU [EIAAUON
“asialu Jou op Jey) sauy Jeueido)  sau ajjered

“ann s uogenys UaNG © Joj aimpafuo
aup Aym sureided Jeup udesbered y - jooud ydesbesed

“uopuny nespend e o ydess
o taseq aup spassaul jeus aueid e Aq ajbue ue je 1n>
513100 © UaUM SINSa1 eu) adeus panind Y ejogesed

“aiuenb 1su1y
a1 M0jaq 10 ajuend piILy 3y} aroqe abues ajnenbialul
34} Sa G, UB) 210U S| e anjen Yy 2(no

WK U J0 ey J0 3auewIopad aibus
© 40 NSa1 3y ‘JUaAd SIBUIS B JO yNSBI Y] BLIONNO

Ay aaeSou
10 ansod saydeoidde 1y Se SaNjen aWaxKa S} UBAMIAG
Salie UoUNy @ J0 Udel AL DN MK LONeIDSO

“palgo e Jo sapis 1B pue oy o) ‘doy
B} JO SMaIA [euoisuBWIP-oM 3yL  Buimesp diydeiboypo

“ajbueu e Jo
sapmje ay} Jo Auainduod jo uiod ay)  a1UI0YUO

“a0eds Uy sjuiod 21230 0} pasn 1apio
2pads © Uy UBA SIaqUINU 33141 2[dL Pa1apI0

oSy ojuo sdew
unfiy © sawi JoJaquinu ayy  Anawuiks o 1apio

S50 UANIS 0 1221gns UoRdUNy € J0 anjen
jewndo ay) Bupaas Jo ssadoid auy  uopeziwndo

uiodpus
uowwod e yyim skes jeaunjjod om|  skes aysoddo

“auly Aiepunog aus apnpul 1ou Saop Jeus
Auenbaus feaul e jo uoN[os UL aueid-jjey uado

G26-G27 Glossary



Glossary - Glosario

=
2
[0
=
2
o

629 Aessoin

“owesojojesed ap sesed od seperaU0d sejofesed
SaluaNIBU0) saseq sop uod ospajod un  ewsiid

210 €] 21005 BJuBWEEKD
@by eun ezei) anb SopIBL SOWUAIIAOL 3P 31135

un 0 0pIBy ojuaIwIAOW U ey 15 0]0s K s SajuaNIBuO>
uos seinfyy soq  uopisodsadns ap oidiuid

SeOUIWOLOBLY AU Se) ap SopIBuISal
Soluwop 50| ap sasojen  sjedpuyid saiojen

“olawnu un ap
eneu ou epespend zies @] [edpuud epespend zies

“osauu N 3p eAneba ou Zies e  fedipunid zies
*S013]U8 S3JUBIB0D

10> sojwouijod op ap 0NPoId 0wo> SIS
apand ou anb ojwougiod un  owsd opwouyiod

“UoPeUIOJSURIL U U3 [eulBLI0 einbly ©]  uaBewraid

“epipaw
eun ap ‘pepianpoida o ‘pepyianadas e uoispaid

S0INU OU 31631 SO1AWNU UOS U K D 3pUOP.
D = (X eULIO} €| 3p UL, euN eed L1BEPIA
53 anb fewounjod ugpen3a eu  epuajod ap ugdUNy

“eganid uss eapepian
owod eydaoe as anb ugpeseppap eun  opejmisod

“eueIpaLy e anb Jofew eipaLy eun aus) auaLRDId aNb
uppnquISIp eun  epeBsas auaweAsod UOPNGUISH

“anuiwsip x e eatune
£lend |2 ua ajeuenq Soleq  eAnISod UODRIBLIOd

Xalo 9p ewUa Jod
exuanou a5 uopuny eun ap eayei6 @ apuog  enisod

“uppelgod | ua soIqWL 3P (210} o1BWNY 2 10d
epipip sejnivied edfIsa1eIR) Bun U0 Ugpeidod ef ua
SoiquialL ap osawU 3 uoelqod ef 3p ugpiodoid

S0pe}idoda1 UgIas Solep SalPN) 2IG0S
Sa11u 3p 0dNIB U 3p SOIqUBIW SO SOPOL  UOEIGOd

“sojqeyien
Se Jod eAMESNS 3 anb Jojen Jamblen eied e1apepian
53 anb edlWouyjod ugirenda eun  [eiwourjod pepuSp!

‘sa3e wesbojaijesed Aq panauL0d saseq
wWani6uo3 faijesed o m uospaukjod y  wsyid

210 341 010 Aj19exa 2116l 3O Sdew Jey) Suonow
P 10 531135 10 Uojow B e St 219 1 A1U0 pue J1
JuaniBu03 ase sanbly oMy opsodiadns Jo ajdpupd

“SuouNy UaWOUOBLA Jo
SURWOp PAIDLIISaI AU Uy SANfeA AL sanjeA jedppupd

saquinu e
101001 asenbs anfieBauLOU BY 1001 asenbs [edppupd

15Uy 01001 anjeBaULOU UL 1001 [edpupid
“SluanYa0d

196911 yum sienwoukjod omy Jo posd e se

uaum 2 Jouued jey} [eiwoufjod v fewoufjod awyd
“uopewojsue e uy ainfy jeubo ayy  abeweid
Wwawainseaw

e jo funanpoidai 10 Kqereadai auy  uoisiaid
*SI9qUIN (231 0J32UOU 318 U PUR D BIAUM

‘XD = (¥)) Wwio} 3y} Jo uoAUN} Y uordUNy Jamod

Jooid notum
anu se pajdadde st ey uawalels y - ajejmsod

“UeIpaW 3} Ue 1218316 ueaw e sey
Aie10A 1oyt uopnquisipy - uopnauasp pamaxs Aignisod

“saseaIU X Se Saseau]
Aoy Uy e1ep letieng  UONe[aLI0) aAMISOd

“sixex
a1y an0qe sayj uouny e Jo ydei oy dsoup  aAmisod
uopeindod au uf S1qUIBL J0 JoGWINY [el} Y

£q papinip dnsaeIey JeinoRed Y uoneindod
U ui siequiaw Jo Jaquinu ayy. uopodosd uoneindod

“Pa}a||03 3q [|IM elep YIIYM Inoge

15191u1 o dnosb e o siaquiaw 3L Jo Iy uoneindod

“SoqeLIeA ALY 10 PAINISANS 218 ey} sanfe Aue 1o}
N1} s11eu Lonenba fewoukjod y - Ainuapi jeiwouAjod

“aiqetien
eun ua edwoujod UIEN33 BUN BUEIPAL BSIQUISP
apand anb enuuod ugipung  edjuouod ugpUny

“souwouow
5oL 0 S0P 3P ewNs ©] 0 OJWoUOW U ojwiouod

“seue(d sajeuofijod sauoia sod
epewwI0) epessa [euoisuaWIpL einby eu  soipaljod

So131 S0pe|
So1} Souaw [e U0 epessad eueld exnby eun  ouobijod

“alied 110 €] 2105 AYUBWEIIEKD eadew a5
K ojund un ap 10papaife 08}, ex as eibiy eun opuend
o152 aua1 eayei6 0 exbl eun  oNd ap ey

“vezni as anb 2 ua oyund 2 ‘ound un ua oL
un eznuo anb eauyj eun eseq  epUaBUE) 3p ound

“einby
eun e as anb o aiqos ound 3 euaus op opund

*S31UBLINIU0) SeaU)|
ap UopdasIaUIap oYU 3 eIPLALIN3U0Y 3 ojund

“001ps6 un s osaBe
un 1as a3a1ed anb easp U 0jund ap pepINUUOISIH

“uopIs0d ofos ‘oyewe) uis uppegn eun  ojund
“sale|nBa1 soipaijod 03U 3p ouy  0d1u0Ield 0pIIoS

“peyw eno
©| 9p epefajja1 uabew; e| $9 peyw eun ‘[euoisuAWIPL}
ey eun ezni> ouerd un opuen)  eueld ewjais

Sau0Ia1Ip s8] Sepo}
U3 2JUaWePIUAPU 3pUBIXR 35  pepipunjoid aual) o
anb sojund ap eisanduios eued apysadns eun - oueld

“oluwop 3p ofensalul

ap opuaIpuadap aluaIayp EsAUBL 3P BUYAP 35
S3jend Se| ap eun eped ‘|eaul] SUOPUNYANS SOp SoUA
e J0d epiuap ugiuny eun - sezaid Jod feaul ugpuny

1 561 3p eun epe? ‘sauor
e Jod epiuyep uguny eun  sezaid iod epiuyap uopuny

Kiessoio  8Z9

“ageuen auo uj uoenba jenuoukjod e Aq paquasap aq
Ue 1oy} UOIOUN SNONUUOD ¥ Lo} e1ouAjod

“sfelwouow
310U 10 OM} J0 WS 3} 10 [elwOUOW Y [eiwioukjod

“suoiBas [evoBAjod tey o dn
apew 2Bl [eUOISURWIP-3314) PasOp Y Uoipaujod

“sapis Wbiens
01131523 Je yym ainby aueid pasop y  uobkjod

“yied 1210 ay} oo
Apoexa sdew pue juiod e noge 08}, pa1etos st ainby
2 UayM siu sey ydesB 1o ainblyy - Anawwis juiod

Pasiaiul Aoup Yo 12 u10d oy uiod
U0 Uy 3pIn @ SpRSIa U U 104 ouabuel o juiod

‘pajeol
s1 2By e yiym noge Juiod ayy  AnawuwAs Jo yuiod

Sau 1UBLIN2U0)
Jouoasiautjouiod yy  Auaunuod jo juiod

“ydes e uy
aj0y & aq 0} sieadde jeu pare Uy Aynunuodsip juiod

‘uomisod Ajuo ‘azis ou M uonesoly  1uiod
“eipaufjod JenBal any 0 BUO  PIOS dILOIRL

ey 120 Uy
40 abew; pappayes au} S| jley dUO 05 aINby [euOISAIP
-sa1uy © spasiaw aueid e oy Anowks aueid

“suopa1p [fe Ut AlRUL3PUL SPUBIXa pue 11dap
ou ey jeut siulod Jo dn apew adepns ey aued

“UlewWop 3y Jo [eAsajul 34} o Buipuadap Apuaiayp
PaUYaP S1 LDIYM JO 42a ‘SUONIUNYANS Jeal| oM} 15ea|
10 Aq paUYAp LOIUN Y LooUNy Jeauj-asimaald

“Ulewop 3y} Jo [ens3)ul 3y} uo Buipuadap Apuaiayp
PaULAP SI UDIYM JO LIBD ‘SUOIDUNIGNS OM] ISea]
12 Aq pauyap uomunyy - uonaun paujap-asimadald

Glossary G28-G29



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

1ED AKiessoin

“seinbas ouoByjod un 3p 10papas[e oSN
o> [ap oper |3 sejnBas ouoBijod un ap ojpes

010}53 0 0[N21 N 4a oyuNd UN eISey 0RUE) |2 PSP
2aU| 3p OJUAIBAS U £33J53 0 0[N34 UN 3P OIpe1

“[e21pes ouBis [3p 0leqap ugisaidxa e opuedIpes

“pueaIpe 12 U Saleen
U03 sajeaipe auaRue3 anb LOPUN  [e3pe UopUNy

eaipe ojoquis
un 3UaNUO UgIsaIdXe eun opuEY  [ed1pe ewio)

“ePRIPEN? ZJBJ BUN OWOD |8} [BIIPEI 0jOqUS
un aUBU0> anb UQIsaIdKa BU  Sa[edIPEI LDSAICKD

“pueipes un
U8 B[qRLIBA BUN UOD UGIIBND3 BUN  [B2IPRI UDIDENDD.

“2967'LS 3p Jopapalje
&0 enB sejnbue epipat 3p pepiun U ugipes

“opesB ojuinb ap ugpuny eun  ednuinb uopuny

*S01eP S0| P %GZ |2 0 OLeN) un JuaLIepewXoide
U310 s3]en2 0] ap oun epe3 ‘sodnib ojena

Ud 3JUapUBISE UBPIO U3 SIaNdsIp SO1ep 3p 0juN[uod
un uapinp anb UgDISOd p SepIPa  Sajiend

“0pei6 0}ien ap UoIdUNy BUN  ES1HEN> UMY,

“uoBAjod seynBa e 1noge paguISINLID
5210 U Jo snipes au1  UoBAjod JejnBas @ Jo snipes

“212ds 10 31 @ U0 Wiod @ 0) 131D
o woy WwawBBs auly  21ayds 10 3D € Jo Snipes

UBys jeaipes @ sapun woissaidka Ay puepes

“puedIpe) 3Ly uf sajqeLeA
UM SIeI1Pe1 SUIEIUOI U} UORIUN} Y UONIUNY [ed1pe

“toquiks
[€DIPRI © SUIEUO) UOISSAIXE B LA LIoj [ealpes

001 212NbS @ S© 42N ‘|oqUIAS [e1pes
© SuEIu0> Jeys Uoissaidka Uy 0ISSaIdxe [ed1pes

“puedipes
2 Ul 3jgeueA @ UM LOeNba Uy woReNba [edipes

“9621G noge

10 %2 |enba Juawainseaw senbue joyuny  ueipes

uouny 30169p-y Y UoRONY dRUIND

“jep AU} JO %GZ 10 Y1NOJ 3U0 Inoge Bujurejuod
{pea 'sdnoib inoj ojul 13pio Buipuadse uj pabuesse
135 212D © PIAIP 12y} UONISOd Jo SaINSea  Saenb

“uopoun 33163p-4unojy - uoRduNy dnend

“sauopuny b p sajeIuozuOY S3fo

U0 Seogeed 3p SAUODE]  SEINEIPEN) SAUOR[)

“edngipen ugisaida eun
‘afnpur anb pepienBisap eun  edngspend pepiendisap

0% DBPUOP > + Xq + X0 = A ewioy ]
ap ugIDeNDa LU LY LRI BU - E3RRIPEN LD

U e21eIqaBe UOISaIH® eun $2 /1 3pUOp > + 1q + 1D
“feiuwoujod UQIRN23 3P U0} U ©DRIPEN eI}

*Z 3p opesb un uod
a1qelie eun UD UOISAIKE U BIEIPEN UDISaIdK

aiejey) Anouuks Jewozoy
U selogesed jo suogenby  suoneias despend

“voissaidka dnespend
e sapnpul teys Aenbauiuy  Ayjenbau onespenb

‘04 DAY + Xq + X0 = f1wio}
4340 uonenba ue yym uoRANy Y uoRAuNy dRespenb

“x Ul uoissaidxa 1eiqale e s\ 1 21auM 3 + ng
+ ¢ ‘Ujenba [ewouAjod Jo uLiojy w0y dnespenb

20 9a169p © G
21eeA 3U0 U UOISSaIdKa Uy Uoissaidxa dnespend

“eaneipend uolsaidKe
eun aAnou; anb upeNd U ENIPEN LGNS

safo s0] ap
oUN 10> 3pIDUI0? 3Nb [eUIULI3] O]} UN L0 JePUBISD
uopIsod ua ojnbug un  auepend ap ojnbug

“01opepIan eas se10beld
3p ew10a] 2 3 UadeY 31 012 3P SOUSIP SO
Sosownu sa1} ap ounfuod U 031106eq BtoId

SeougwouodL
SaUOUN] Se] 3P SOUILLSR) D SeI0BElid 3P PUIRI0SL
1o uesaidxa anb sapepnuap| - sesuigbeyd sapepruapl

“upwo>
D31 UN U3 UBHUBNIUB 35 31 SBIRINGURLY Se1ed Seu
05011 & leuoBijod aseq eun uo> oipaljod  apiwend

“eyieulBewu; pepiun e S3 3 (221 0JOLUNU UN $3 g IPUOP.
4q euiioy e| ap osawnu U oand opteusBew; osawu

“saluBlenInba Uos
sauopiodoid sop anb ap ugpeseap eun  ugiiodosd

“Sojsendns 5o ap oun 0 ewa103) ‘opeinisod

un 21penuo3 ugewie eun anb 1pNpap eed 0360]
owaweuoze1 2 ezijn oBan) A esie} sa epeqoid 1as &
uppewe e anbauodns a5 uoidIpexu0 Jod eqanid

“e1apepian owo>
epeidane epualuas eun Jod epepiedsai 1sa epualUES
epe anb [ ua 021Bg| ojuaWNBIE UY  eganId

2B 0 Uezuie| 35 anb S0}2[q0 UIIN|OAUT BN
sewa|qold  [NIakoid [ap ojuaiwIAOY 3P Sewa|qod

“opeynsas epe> ap pepiigeqoid | A fexsanu opedsa
10 U3 3IsiSu0) anb oLI0leae 0JUBAD UN 3 PWIeL
uopeluasaidal eun  pepiigeqosd ap ojapow

“senopied epojeale

alqeuen eun ered ensani ap oedsa (2 a SopeNSal
50/ 3p s3peplieqoid sel e exsanu ap opedsa o
eadew anb ugpUNy eUN  PePIIGROId 3p UOPNAUISI

“sofesua
ap (210} 0J3LINU [© OPE2YID3AS3 OUBA UN 3nPOId
35 anb 50 U3 SOPE}INS3I 3p OIBWA 3 PepIGeqoid

Kiessolo  0£D

uoissaidva deipent
© sapnpu;jey) uoenba uy  uofenba despend

“S3XR 3} JO 3O LM SAPIDUI0 1Y) BPIS [eUIWIAY
© yum uoisod piepuess u ajbue uy - ajbue [ejueipend

an wai0ay . ueaioBeUIq Ay} few ey iaquinu
5oy 01azu0U GBI J0 1S Y aldu uealoBeulfd

“suopouny
SU1BUOUOBLA U 10 SUL3) U} W10y . UeaIoBeUIkd
U1 ssa10xa U] SANUBP]  SAIUAP UeaIOBRUIAY

XU
UoWWI03 @ 18 190w Jeuy) $02e) JejnBue] 210w 10 991
pue aseq jeuobAjod e uum uoipaukiod y  pieshd

N AseuiBew au) st pue JaqUIN [8a1 5| g B19UM
g wio} 3 Jo saquinu Y saquinu ArewGeuw aind

uajennba 1e Sonel oy jeuy uawalersy - uopiodoid

“suofdunsse 3l Jo 30 J0 “WaloaLy ‘Aleinisod

© SPIPRUO? JUBWSIE]S B ey} 3npap 0} Buluoseas
e21Bo| S350 UaLA pue asie S| Uanoxd aq 0} uawBIes
a1 jey) sawnsse auQ  UoIPNUOd Aq jooid

“an se paydane si eu) Wwawalels e Aq pavioddns
S13UBWaelS 1B UpIyM Ul JuawnBle B0l Y j00id

paddosp 10 umoi) Busag s12a(go
AAJOAUI 1Ry} SWalqold  Swajqoid uonow ajdafoid

“awooino y2ea Jo Aigeqoid
au) pue adeds jduies 3y} o SISISU0? e 1Ua3 wopues
© Jo uoneluesaida [ednewaLew y  (apow Ajgeqosd

alqeuien wopues sejnojed e Jof adeds ajduwes aul
Uy Sa103310 3y} 0 Sangeqosd ay) 0} adeds ajduwes
U sdew jey) uoounyy - uonnauisip Aiaeqosd

“S[el} J0 JOUINU (210} 3U} 0} SINIIO0 JUIA3 PaYYdATS
2 UDIUM Ul SAWI02IN0 J0 JAqINU Y1 ANIGeqoid

G30-G31 Glossary



Glossary - Glosario

=
2
[0
=
2
o

g9 Kwessoln

“oInBug [2p epIpaL e A epuesip €|
ensasaid anb UQBUIOJSURI BUN  OPIBLI OUAIWIAOL

“sauanibuod
Sope ozen> soj uo> owelojejered Uy oquios

“Ugisa1B21 8p eauy| eun ua oyDIPaId £ 3p Jojen ns
£ 0peAI3Sq0 £ 3p Jojen un a:1Ua ePUBIYP €1  [eNpIsal

10818
opbug un e sajuadeApe ugisa ou anb ojnbugL un ap
saiopalul sobuy  sajuadeApe ou sousajul sojbug

tousw £
2peuapi0? eun 33l 0Ue12) ojund 0110 UnBUL 3pUOp
ugpUNy eun ap edyeib e U OUNd LN OATEIR O

“J0kew A @peuapio0)
eun auay 0ue213) 0jund 0130 URBU ApUOP LNy
eun ap edyjes6 e ua ol Un ORI OWIXEW

“SAUORAIISGO
p 210} 012WNU 2 £ ©}0BBIE) PUN B SAUOENIASAO
3P 0JBWINU [2 211U3 UODEIBI B ‘SAUOPEAIBSGO

ap [e10} 0sawNu 13 A e11063}e3 eun U S3UOIEAIBSGO
3P 0IAINU [3 339 SAUOIDEI! SB| ‘[RUOIIBIPIG
©UANBY 3P BIGRI BUN UT  BAEJD BIUBNIAL

‘Sopeuspio saied ap ojunfuo U Uoiejas

“1einBa1 ouoyjod ap odi
0(0s un Jod opewoy opejasaj upy  Jejnal opejasal

“zenBo: ouofyjod un
53 anb aseq eun o> apiuwexd eun  ejnBa1 apieid

“S31UaNIBU0 U0S 53pI0g
501 S0P} A sase[Ba sa1UBNIBU) SOUOB0d U0S Seed
sns sepoj anb o ua oipaijod uny  seinbas oipaijod

“einbueinba A osaaglinba
2an ¢/ 53 anb oxaAu0d ouoByjod upy  sein6a ouoBjod

soep ap ojunfuo> un e aysnfe
35 anb eAINd 0 eau| eun JeuodU3 eied ownpioBle
U Jod epesauab uppuny  uoisaibal ap ugpUNy

“@3UI| BUN 3D SIARI) © BIJOA BS BAINI O BaUI| ‘Rnbly
2un anb e U3 UOEULIOJSURI LU QXY 3P BaU) ]
ua efoyyos s UaBewRId ef anb o] U3 UOPUNS  UOXBLD!

“ainseauw ajbue pue
22Ue)SIp SaAIs31d 10y} UoRewIOjSURR Y uoRow pIL

Juanibuos
S3pIs inoj (e Y wesBojalfesed y - snquoys

U] Uoissa1631 © U0 anjer-A paipipaid sy pue
anjen PaNIaSGO U UBAMIGq BUBIAYIP UL [eNpISal

"ajbue 10112} ue 03 Juadelpe jou ale ey}
aBueL e 10 sa6UR Joia1u]  Sa]BU 101U Bj0Wa

2jeupI00> A
1as53] @ aney s1u10d AqIeau 1310 ou B1aUM
uonauny e Jo ydes6 o vouiody WUl aANE[R:

“01euIpI00> A
Ja1ealb e aney siuiod Aqieau 1alo ou 1AM
uonuny e Jo ydes ayy uo Juiod y  wnew anefas

“SUOIRAIBSO J0 JqUINU
€101 341 03 A10Ba1e3 @ Ul SUOREAIDSAO J0 JqUIN

U4} J0 011l BU] ‘SUONBAI3SO JO JBGUIN (210} B}

01 A10B21e) e Ul SUORRAIISA0 J0 JAGUINU 3} O SR
au) ‘alqe) Aouanbauy Aem-om @ uj  Aouanbay anejas

“sued pasapio Jolasy  uonelas

“uoBA0d seynBa1 Jo adky
u0 Ajuo Aq pauwioy uoelEssaly  uoneljassa) seinbas

“uoBAjod seynBos
e/ 1ey) aseq e Y piweifd v piueskd sejnbs

“Juenibuod ase sabpa
4140 [le pue SUOBAjod Juani6u03 JejnBay ase saey
S11J0 18 YD1y uj uospayklod y - uoipaujod seinbas

‘zenBueiba pue fesalelinba
uoq s1 ey uoBAjod xauod y  uoBAjod sejnbos

“©12p J0 195 € S 12} AN 10 Ul © puly O} WioBje
ue Aq pajesauab uoyaunyy  uonouny uosssaiBas

“au @ ssoe paddiy s aAIN> 10 ‘au 216y @ LI
Ul UORBULIOJSUBI} Y {UORD3ISBI JO BUI| BU3 Ui PajIslel
st aBewiaId au) U2IYM Ul UODUNS Y LONBID

Xafo o A sepueisa uopisod ua ojnBUL Un ap [eUIL3] ope|
12 10d Inbug 3 enusioy; Inb

Ao anua
©[2353 3P 10128} UN UOD UOIBIE|IP BUN  UOPINP3I

“10LI31UE OULIZ} [3 OPUBSN OUILIZ) BB
0 auyap 0Ban| A eUaN>aS e] U OuLIR) WD
19p JOeA [2 Bp anb BINWIO) BUR  BAISINISI B|NLLIO)

Sopa sojnBug oxlen Uod oweiBofaiesed U 0Bl
.3p 0pNPoId un uod SosAW SO 50301031

15 21U s01R201d1201 UOS ANb SEINPWOUOBL
sauopUNg  Se201d1>1 SEINZWOUOBL SaUOPUN

‘0.2 en 535 apand ou anb.
{eau uoisaidxa eun sa (g A [221 0JaLINU UN S U 3pUOP
M9 _ () eusoy ey ap ugrensa eun  esoidpai ugpuny

“OlUuL 2 €ISy PUBIXD 3
£ oyund un ua ezuaiuo> anb eawy| eun ap aued  okes

“puedipes eun ap sauopdey
0UQIE; EUN 3P JOPEUILIOUAP [9P SIEDIPEI JeUILLD
210 0DRZI|IN OOIGW  JOPEUILIOU3P |2 OpUEZI[eUOEI

JeUODEI UDISAIGXE eUN SouLY ¢
ua1U03 anb peplenbisap eun  [euopes pepienBisap

0
+# (g £ sajenounjod sauoisaidka uos (g A (X apuop
% = (x) ewo} e 3p UOPEMB BUN  [RUODEI UOPUN)

“sajewoujod
SaUOISa1dXe SOp 3P UQIRIDI BUN  [PUOIE UOISIKE

“ugId1) eUN 00D
esaidxe as anb aluauodka U [euopes aluauodx

“[euopes ugisaidxa eun souaw
e U102 aNb UOPEN33 BUN  [RUOIEI LD

“PEPIUEY ©210 U 0IGUID U @ 0}3adsa)
U0 PepUE) BUN BIQIEY OWO)  OqWE) 3P BSe}

UoDUN B 3p UOIEN]eAS €] 3P Uelnsa
awawjeas anb £ sa10jeA ap 0Yun[uod [3 ‘Ugde[a1 eun
2P SOPRUBPIO Saled S0 ap S0 SOPUNBBS 0] 3p
01Un[u0 3 'S01eP 3P BWAISIS UN D SOUALY 10 APUEI
SBLL S0JP 3P S3I0[RA SO| A|UB BIDUBIBYP BT 0BUEI

Kiessolp  zgo

“Spe-x 3y} pue BUE 2 J0 3PIS [eUWIa)
Uy Aq pawuio ajbue aynoe auL  olbue 2duaiajel

‘Lpue
0 U3aMIaq 10128} B[EIS © LM LONRIP Y UOINPaI

wia) Bupasaid ay) Bussn Aq wia)
140U 3U) SBUI3P UL PUR 2DUBNDBS AU} Ul WId) 1S Y
40 9NfeA U SN 10U} RIMWLIO} Y BIMILIO} BAISINDRI

“saiBue 1Bl noj M wesBojaiiesed y  albueisas
4 Jo Pnpoid ey SioquINU oM. S[e20IdD1

1810 Y283 J0 S{e20idiDaI Ie ey SuoIUN)
UBWoUOBL  SUOIUN] dLNaWOOBL [e201d1331

°0 [enba Jouued jey}
Uoissaudxa Jeau €51 (x)g pue JaquINU 631 © 51U oy
¥4 — () wioy auy o vonenba uy  wonouny [edoidipa

Ay
0] spuaie pue juiod e 1@ Spels 1yl aul e Jo bed el

“pueaIpel € Woy suoey
10 UOIIR) @ J0 JOJEUILIOUB L WO S[EIPEl JRLULID
01 pasn pougawy  Jojeuiwouap auy Burzieuope:

“Uoissa1dx feuonel auo
153] Je sulejuod jey) Aujenbaur uy - Ajenbaul jeuones

0#

(xlg pue suoissasdxa (ewoukiod aze (xg pue (o asaym
,% — (X} wioy L Jo uopenba Uy UoKIUN) [eUONEl
“suojssasdie

Je1woufjod omy jo opesy  uoissaicka feuones

“voppey
@ se passaidxa st ley) 1Uauodxa Uy uauodxa feuones

“vogssaidxa [euofies uo
1523] 12 SUIRII0 e Uojenba by Uojenba feuones

“Aiuen Jatioue ui aBueyd e o) dadsal
U Buibuey) s1 Aiguenb e MoK aBue jo ajes

“Uo1IUN) 3y} JO UONEN|BAR By} WOJ }jnsal Ajjenpe

14y sanjer-A 0 195 3 ‘Uoejas e u siied pasapio Uy
10 SI2QUINU PU033S 10 195 3 ‘1P JO 135 © Uj Sanjen
15e3] pUe 15318016 B UBINAG BIUBIAYP BY|  3BUEI

Glossary G32-G33



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

ggo Awessoin

“esnuatodiy e| ap pnubuol e A onbug un e eisando
ewiald ) 3p pmibuo| e 2.1U3 UDEIEI ] OUBS

“opeipnisa
125 epand anb exed ugpenys 0 0s3>01d un ey
eled pepligeqosd ap 0japow U ap oSN [3  UoPRINLS

“sisaiuzied 1 SaIUELaWaS SOUIWIZ) 1 AU O
anb ajualeanba ugisaida eun Jod syisns apand as
OpueN? ePPNPaJ BIS3 UQISIAN BUM  EPINPAI eWLIO

“exjsanu ef ap alied 0L 0PRUOIAIAS
1 ugpeigod
e ap o1qual epe)  ojduus BLIOje3le BASANW

S0pIBy1 SONBIwIAOW SPUI O
oun A ugpele}p eun o ugelep eun Jod ojsanduiod
UQIDBULIOJSURL} BUN  PMYIJILLIS 3P UO

“asnualodAy aup jo uBua| auy 0} ajfue
ue aysoddo B3| auy o 1BUA| Y1 O ones AYL  dus

“PaIPNIs 3Q UBD }1 0 LORRNYS IO S53201d
e ajeywi o} j9pow Aiigeqoid e jo asn ay]  uonejnuis

“sasaupuased 10 swis)
ot ou Buney uoissaidxa wafennba ue Aq pasedas si 1t
UBUM W0} 1S3ICUS U S| UOISSRICK Uy Lo} 1S3[d s

aiduses a1 jo wed

se pa1alas buiaq Jo adue [enba e sey uoneindod
U1 J0 JaquaL o3 ajdues wopues ajduis

“SuUOOL PIBLI 210U 10 U0 PUE UOREP € 10 UOREL €0

“sasequs souoyod
S0P 311U £[e353 3P 10DE} 3 PIILIS 3P UOIE[I

“sajeuopiodoid U0S S1UBIPUOUSBLI0) SOpe] Sof
50pO} A 531UaNIBUO? UOS S3IUBIPUOGS31103 SO[NBU S|
Sopo} sajen> sof ua sojnBuguy  Saselwis sonbueL

“OyBLIE] OWSIL [3 BJUBWRLIRSEIAL OU 01ad
©ULIO PWISIL ©] UOD SBPIOS SRINBLY  SBIB|IIS SOPIIOS

*S0PIBLI SOJUBILLIAOW SBLLI O OUN UOD UOIEIR|IP BN
0 upelelp eun 1od 010 [9p OPIUAIO 125 3pand oun
Sase|uuls SouoByjod uos seinbyysoq  sasepwls souoyjod

“uoisipaud ap opeidosde
opeib un uod epipatw eun Jesaidxa eied uezyn as
anb osawnu un ap SOUBP SO7  saluEDUBIS SoUBIp

“euwns eun
asieU02U3 2qap anb Jeaipu esed  e6AUB eidsAew
ea) e eziin anb UgpEIOU eu  ewBIS ap LoeIOU

“oInBug un Uewsoj anb sokes s07  ojnue un ap sope|
“1328}S11eS UBGRP SOIqUIBY sns anb sapepaidosd
Se| Jelepap (e 0juNfuod N 2153 anb ORI

UODEION  SOWNUO) 3P UOINASLO> 3P UODEIOU

“epuanIas
2UN UB SOUILLIR] SO| 3P BPRJIPUI RWNS ©] 3135

pasoduwod uor v uo A

“suobAjod
JB|ILUIS OM) USBMIIQ 01DR) B[RIS YL Onel Apejiuis

“feuonodosd ase sapis Buipuodsaiod
310 o le pue anibuo) ase sajbue Buipuodsaiod
U0 o 112 Upiym Uy sajBueLy  SibueL Jeiis

“o21s auwes ay) Ajuessarau ou
1nq adeus awes ay) U Sainby pIoS  Spijos Jeus

“SUONOW PIBY 310W 10 3UO YYIM Lonelp
© 10 uone|p e Aq JaY10 3y} Wl PauILIq 3 UL U0
11 suobAjod Jejuns a1e sainbiy omy  suoBAjod seus

foenae
1o 0a16ap ajeudoidde ue o} ainseal e Ssa1dx3 0 pasn
10 Jey) Joquinu @ J0 SUBIP UL SInBy JURdYIUBIS

“punoy
0 pInoys wns e Jey) 31e31pu; 01 § Ja13| asexsaddn
3319 3y} S3SN ey} UoNeIoU Y UoNeIoU ewhis
“aibue ue o} ley) sfes 3y albue ue Jo sapis
“fysies 1snu sioquiaw

si ey saadosd au) Bunels Aq 10s e saqudsap
18U} UOIEIOU [EJNRWSLIR  UONEIOU JOPIING-1aS

-220Nb3S © Ul SWIR) ) O NS PAIRIPUI AL SaLIBS

“ooypadse

UBPIO UN UD SOJBLINU 3P BIS]| BUR  BPUBNJBS

“saseInbas souoBjod seu
050p J0d OpewiI0} 0pe[asal un  Je[nBaxdS 0pejasal

.08l B1UBWIEIIEXD 3pIW AN 0ie U OIS

“eASaNW €] UB SOPINU 135 e1ed SOEIUN|on oW
UBY2140 35 SOIGUIBIL ST EPRUOIIRIRS-OYNE esaN

“o|paw ojund ns
U3 eauy| 3p ojuaWBBs un evassajul anb ojund o oueld
‘eauy| ‘oluaWBRs Jomblen)  0juaWBRs [3p ZKaSIq

“opexdansaiul oz ns A [enua ojnbug
un Jod epeywilap o> un 3p UgiBaI BUN 101935

“onbug

e ayuaneApe eusaid ef ap pmybuo) ) & esnuajodiy ef ap
pruiBuol e) a:1ua ugpejRy 'Solund Sop BjuaLIEYEX? U
01n1> un 251 anb 0ke 0 L3y JaMbleny 2123

15003
adsip 3p e3yeib

Ubewaid e Ua 31UaIPUOSa10)

pniBuoj eun uo> uaBew eun ua pnyBuol

2un 3 UGIDE[AY  UOIEIEIP EUN 3 ERDSD 3P J01oE
£ x'5310 50] U3 SeIeL SB[ B1UB RDURISIP @] ©eDSD

“Ugpe|qod ewsiu e 3p sepewo)
SelISaNLL 211UD UODBLIRA B 0BLISNL 3P JOLID

“sa(qisod
Sopeynsal Sof Sopoy ap oyunfuoa |3 [ensantu opedsa

“ugpeiqod eun ap ojunfuooqns Uy exsanu

“sajqinbunsipul ueas uabewaid
e) A uaBew e anb ered ojund un ap Jopapaie .09E
p souau e apand einby eun  [eUoDEI0) elALIS

“ofly ojund un ap Jopapasje sopeaypadsa
ugaaip eun A ojnbug un ap sanes e uabewiaid
2un ap ojund epe ananu anb uUNY  LOEI0S

“UPIENa BUN B UON|OS BUN  ZIRI

Kiessolo  pED

13p10 2yads © Uy SIqINY OISy @duaNbaS

‘suobAjod seinBas aiow 1o
M) Aq a0} UORRIRSSAT Y UOe(I2sS3) JejnBaiLes

*,081 APoeX3 SBINSEAW Jeul JIR LY BIDIWAS
“aiduses au) uy papnpuy

20 0} J93UN|OA SIAQUIB  B|dLLES Pa}Iajas-jjas
“uiodpiu Si1 12 JuawBas Bu @ SSIBIUI Teu)

1u10d J0 *aue(d ‘auy uawbas Auy  101as1q waWIBES
“21e pajdasaur iy pue

aBue enu) © A papunoq apin e o uoibary  101as

a16ue auy o} 1wadefpe Ba| auy o iU oL 0} asnualodhy
a4 o (Bua 3L 1o ofles 3y, ‘siuiod om) Ajexa
Ul apin e S1asIAIUL 1oy} Aes 1o auy Ay 1uesds

“aued a1euipi003 e uo sied paiapio

40 Sisisuod Jeuy elep alewenq Jo ydesby  10id senieds
“afewaid au} uo yibua) BupuodsaLi0 e o} abe;

Ue U0 Y16U3] B J0 MBI UL ORI © JO 1010} 3[eds

“saxe-A.
PUE -X 3 U0 SYIW DI} USAMIA] BJUISIP BYL  3[e)s

“uopeindod auwes ay) wosy
uae) sajdues uaamiaq uoeten ayy  o1sa Burduses

“sawo2n0 aiqissod [le jojas auy  aveds ajdes

‘uopeindod e jojasans y  ajduies

“3qeysnbunsipul ae
aewiasd ay) pue aBew auy) ey 0s wiod e 110ge ,09€
Uey) ssa| pa1eio) aq uea aunby y  Aniawwks [euoneios

“uiod paxy e
Inoge uoa1p pue alBue paypads e ybnoLy abeweid
© J0 1u10d K143 S3A0U JeL UORDUNY Y UOe10!

“uonenba e Jo uonjos Y 1001

G34-G35 Glossary



Glossary - Glosario

=
2
[0
=
2
o

)

~,08l 3p ewns eun uaua anb
SepipaL U0 SOINBUR S0Q  SOUEIURW(dNS SOnbug

2110 €] 3p SOUIWI} UB B[GeLeA eun
esed aAjaNsa1 35 UGIENIa BUN BN [3 U3 SBUOPEND? 3P
eWalsis UN ap UgIN|osa) ap 0sar0id U LOPNISNS

“0dni epe) 3p AUBLLBLIOIe3[e UBUODIRRS 35 SOIqWaIL
50| UQRNUALOD Y “UOI I I
o osowiid app as ugeIqod e epedyensa ensanw

081 3piw anb ojnBug U 011 ojnBug.

“feluoziioy eauy ap
sojuaWwBas ap apas eun sa anb 021yeI n wod sezald
Jod feauy uoipuny ap odi uy  epeuojedsa uoiauny

‘s01ep ap uopelIdIAlu!
3 Sisijpue ‘Uo22]0331 3p 05320id [ SEINSIPEISE

“exsanw eun ap ednSIADEIRD
eun aquasap anb epipaw eu  eapsipelsa

“sequie ou 0sad ‘esje)
0 esapepian eas anb ugpeso Jabien)  opepunua

‘onsod x afo o
U9 153 [e1ul 0peq 2 A UaBLO [0 UB BiSd @A [0 anb
elaueL 3D 0PR20[0D 0[BUR U JePURISS UODISO

| 3P JepUEISa UODBIASAP eun £ 0 3P LIpaLw eun
103 [PULIOU UONGUISI  1EPUEISD [EULIOU OGS

5013103 U0S I K°G DK # DAPUOP ‘0 =2 + Xq
XD BULIO} €] U 3511qUIS 3pand EEIPEN> UODENYD
eun eIIPEND UDIEN>B BUN 3P JEPUEISD BULIO

“opesb souaw e apueis
Sl 0peI [9p U3PIO U3 SOUILLIZ) SO| 0D 3qUDS
a5 anb owouyjod U ojuwouiod un ap JePUEIS? eIy

*| 9P UNWO? 10198} J0KRW [3 UOD SOIBIUB UOS

2Ag v A0 s0que uos oug Ay 0 = v apuop ) = Ag
Xy "euwio} eisa 3p qUS3 3pand 35 [eau| UOIENSD
Jainbjen  [eaul] UOIEND eUN 3p JEPUEIS? eI}

“vopelgod eun
9p w0} a5 exSaNU 3P S0JpaL SO| 3P UOPNALISIP €|
3D JRPURISD UObeIASap ] eIpaLL B| 3P JepUeISa JoLIa

0840 wns e aney 1ey)
saunseauw ym sajbue omy  salbue Aeyuawalddns

U0 34} O SWIa) U BlqepeA
U0 10} PANOS S| UOEND 3UO YD1 Ut SUofenba
Jo waishs e Bupos Jo ssedoidy - uonmgisans

“dnoi yoea wosy pa>afas Awiopues ase
siaquiaw uayy “sdnoi Buiddepsanouou ‘ejwis ojur
papIAip 1511y st uonejndod ayy  adwes paynens

081 saunseaw eyt afbue Uy ajbue wbiens

“SWwawBas au [BIu0zLI0L Jo Sau3s e S1 1oy ydess e
U uoRoUN seaul-aspwadaId Jo adkyy  uomouny dais

“ejep bugaidiaqu pue ‘Buzfjeue ‘updajod
UM S[eap ley) SOeWaUIeW J0 eale Uy  SIISHeIS

“a)dutes
© J0 dlIsaIIRIRY) B SAQUISIP ey} AINSeAW Y JSHEIS

“ylog jou ing
“asie} 10 211 Jauya S| 1eUy aUBILES Aty UBWEIRS

“sixe-x anpisod
33 U0 1 3pIs [eRIU! U3 PuE UIBLO BU} 18 S1 XA
a1 1ey) os pauopisod ajbue uy  uonsod prepuels

L UONBIASP PIRPUEIS © PUR 0 O UeaL
© LM UOINGUISID [BWLOUY  UOINGUISIP [EWIOU PIRPUEIS

*51963)u1 318 5 pUe ' ‘D PUB 0 # D AIBYM
‘0 = + X + XD WIOJ 3U} Ul UBNUM 3 URD UoNenba
onespenby  uogenba opeipen e jo wioj piepuels

“aa1bap 15ea)
01 33169p 15810316 W01 13PI0 Ul SWIB) BU} YHM USHUM
S1ieyt feiwoufjod y - [eiwoukjod e Jo o) piepuels

140 1012} UOUWILOD 15318315 © LM SIB3NUI 1e
D PuB ‘g 'y PUE ‘0 Y10 J0U BIe g PUB I ‘) = I B1aUM.
9= g+ Xy “Wio} SI Ul UM 3 e Uopenba
Jeaul| AUy uoeNba JeaI © JO W0} IepUelS

“uoneindod
© WOl ave) sueaw aidues Jo uopnquisip ayl
10 UONBIAGD PIRPURIS B UB3LY 3L JO 0L PIRPUEIS

“e|pauw e ap UeIASAP 35 SOleP
S0/ 0Liga eA1saNL BN eppaWI U e UIRIASIP

“3]euien UoIsaidxa eun ap epeipen) zjel ef
ualuo anb pepienbisap eun  Ayjenbau 1001 asenbs

“a/qeuien ugisaidxa eun ap epeipen) zies
£] 3U3)u02 anb [ed1PeI UGUN  ePRIPend ZJel Ugiauny

“osawnu
un ap sajendy salope} S0p ap oU  epelpen3 zies

“sa1uanIBU03 Sojnbug oxen3 so|
£ sopej oxend soj uo> owesBojajesed un ~ opespen>

opedsa ap sojund soj S0po} ap ounuoI U e12jSd

“sopund so
S0pOl 3p Ope uOISURWIPL OYuNfu0> U opedsa

“oBugL un ap sajesane]
Sepipaw se| A 0p10U0353p OJnBUg [2 Jenuodud esed
SAUODIPaLL UeP 3] 35 OpUBNY  OJNBUELI UN JBAI0S3)

“uopen>e
©| R19PEPIAA UBIRY aNb B|GBLIEA B 9P SAIO[EA SO| SOPO}
Ueljey 35 anb U3 053301 |3 LUODENY3 BUN 12A[0SBI

“esapepien
eas upipenda eun anb axey anb JojeA Uy UONOS

o un ap Jopapae B0} eun OpuelD
2PIUBIO ePIIOS ©INBIY RUN  UOINIOADI 3P OPIIOS

“seau| se| ap saluaIpuad se| 3p Uoesedwo
eun ua opeseq seauy| a1 Ugel! ef 1eqoid
ered 0polaw Un aqusaq  aluaipuad ap souaId

eauyf eun ua sojund esed (esaued) x
Sepeuapioo se| Ua AUaIPUOdSaLI0) ojqued [e (epians)
A Sepeuapioon se| ua 0iqwed ap ese} e]  ajualpuad

“9213A [3 U3 0110 [3 A eINBIY £ 9P Bseq
3pi0g 12 U [euly 01uNd un U2 OYUALEBS UN 3p PG|
e1 oysasap 0u0> 0 apiwend eun ap epeuspu; eI

“uezns: seauy]  sepeaqele seau)|

“[epIOSNUIS UQUN @] OpUEIelp 0 OpUelala) ‘opuAPNPEs]
asupnpoid apand anb uopuN3 - [epiosnUIS ULy

Aiessolo  9€D
“UB3W AU WO AJeIN3P.
©1EP MOU SMOYS 12U} BINSEIW Y UOREINDP PIEpUE}S

“uoissadxa ajgeuen e 01001 asenbs
U1 sureiuod tey) Ayenbau uy  Aujenbau 1001 senbs

U01SSsa1d¥@ 2Iqelien @ J0 1001 21enbs au)
SUIEJUO JeU} LOKIUN [eIIPRIY  LORIUNY 1001 DienbS
I3qUINU © JO SI01%8} [enb3 O JO BUQ 1001 31eNbS

uaniBuo> saibue
10} Je pue sapis N0y e Uy wesbopaiiesed y  asenbs

a1aUds a1 0 1219 U} paed 1uiod uan
© w0y JueIsIpINba 2deds i siulod [l J01as Y 2iayds

‘spuiod
2 40135 [PUOISUBLUIP-3B1Y) SSBIpUNOG Y @deds

afbuens
2 J0 SainSeal 3pis pue 3{BUR UMOLHUN B pul 0}
SWwawainseaw Uanb ase nok uaus  alBuew e Buinos

JUaWaeIS 3N © U0eNba AU} Sew 12yl dIGelien Ul
Jo sanjen (e Buipuy Jo ssa201d ayy  uoenba ue aos

“anJ} uopenba ue saYew jey} anjeAy  UORN|OS

“sixe ue punose adeys e
Bunielos Aq pauieIqo 3By PIOS Y LONNIOA3! J0 PIfOS

“sauj ay1 Jo sadols au
40 uosuedwod e o paseq Sau| UaaNYA] diusuONL[al
U3 Bunoud 104 pouauw e SAUING  epaiyd ados

“aujj e uo spuiod
10} (un) S31eUIPI003-X 3}y aBueyd Bu "
03 (a51) Sa1euIpI00>-A 34 i abueyd Jo ajes auy  adojs

“Xaian a4} 1e U0 3} pue Binby
a3 40 a6pa aseq 3y} U0 JuI0dPUB BUO UM JuBLIBAS ©
Jowbuajayy  au0> WL 10 prweskd e jo bRy Juels

“Jposialul 10u 0p Jey) sauy eueidodoN  soul Maxs

“uopouny auss ays Buep Jo ‘Bupayel ‘Buneisuen Aq
paonposd aq e Jey) UOIUN Y LU [ePIOSNUS

Glossary G36-G37



>
a4
<
w0
7]
o
-
o

2
8
2
o
[}
2
2
b
S
[}

)

“uopensa g
U3 UoIsa1dxa epe) auyap 35 S3(end so] esed SaI0]eA SO|
50po} esed e1apepian 59 anb sedPWIOLOBL SAUOUNy

e2dw anb UOIeN33 U EIIFLIOUOLI PRPIUAPE

‘ojBues; [3p Sope| Sop Sof 3p esabjen>
3D SpNIIBUO] S| 3p SAUODeIa] Se| U0 O[NBUEIRI

opues) un ap 01231 ou o[nBuR Un 3p epIpaLL
ef euope[aI anb UGN ©3L1ZWOUOBL) UODUN)

“e211U0UOBLA UGIDUN; eun SOUBW
Jeaknpu; anb ugien>a eun - eaprpwou0BL UENS

So1ep 50] Ua [esauab upRd U eUAPUR)

sojajesed sope|
ap Jed un ajuaweeXe U0 OlaNgIUPeND U opaden

“sopund sajuaiayp ua oueld un ua
Seau| sew 0 Sop evasIaIUl anb L3U eU  [esIaASURA

“leunwa) oyund
1S e1sey feryu; oyund s 3psap J012aA [3p PNYBUO|
e| 5o pnyuBew e} 1s eaisodelp e] ap ugidAP

2] 0wo> puBew e| ojue} aqudsap anb opiLIp
eauy| ap OluawBas U UOPEISEN 9P 1019

sepeuapi00 ap oue(d |3 d 032I6 un ap
OJUBIWIAOW |3 ‘UOIIIAP BLSILI B] U3 UDABNLU 35 BINBY
eun ap sopund sof sopo} anb ef U ugpUN  UoeISEN

Sepeuspioo
ap oued 2 ua 021216 un ap OYURWIAOW

“sepijes owod solund so110 ep A sepesua owod oueid
o ua sojund ewo} anb uoPUNY  UoDEULIOJSURI

“epaons anb esadsa s
anb o] ua epeseq pepIGeqoId  €31I03} PepIIGRqod

“sopiuyapul sopejmsod
K Sauopuap ‘SouLIZ) OpURZIAN PepIaA teqoid
apand as anb eima{uo> 0 uoeLIYe RUY  ELRI03]

Sen 0 soisandiadns sopedsa uis oueld un aiqgn>
anb seunfiy sew o eun ap ongadas uoned  opejasay

“0u32 un 3p J0papalle
216 anb ojnbug un ap aued €7 eujuwia) ope|

“eppuanIas
BUN U 0JAWAU U UDIS3INS UN 3P OUIWIZ)

“pauyap s1 uoenba 3y} Uy UOISSIAKS Aiana DIUM
1oy Sanjen (12 10} a1 S| ey} SUORIUN, JLaWOLOBLY
BuinoAu; uofenba Uy AIuapI SLNaWOLOBY)

“aiBueu au) o Sapis oM Aue Jo suiBU| a1 o Sones
1101 16Uy 1461 @ o 3[BUe BLILOU BUO Jo Binseaw
BU} SOIERI JeU} UODUNY Y UOROUN; ILIBWOUOBLY

“Uopouny 21306 2U0 1sea|
1e sapnppur ey} uonenba Uy uojenba JawoUOBLL

“lep a1 i wianed jesouaby  puan

“sapis jollesed
10 1100 30 AI2exa UM [esdleiupenb Y plozaden

“sjuiod juasap je aueld e
U1 S3UI| 310 10 OM) SII3SIRNUI TRy BU Y [esiaAsUEn

“Juiod [eujwia) )i 0} Juiod [erul sit

wol} 101934 3Y) Jo YIBUB] B} 51 BpMUBEW B} J1 3PS
541 J0 U0 puR pNYBEL B U10g SIqLISP
leu) JuawBas auy paaIp Y  101aA Uoje|suen

pouIn Buiaq 1wy Jaoue o uogisod
U0 WOl PiS St 2INB1} © YDIYM Uy UORRUIOJSRA

/ “UOBIP BLIS BU} Ul BIULISIP BLIES AU} IAOW BNy
2 J0 Su10d 2} O (12 Uy U UORDUNy Y LoReIsuel

“aue(d 31euipi00> Uy o ydelb © Jo Juawanow
ayL "sindyno se syuiod sayjo sans pue synduy se aueid
By} Ul sjulod saxe) Jey) uoNdUN Y UoNewwIojsuel]

uaddey 01 papadke
s1leym uo paseq AliGeqold  Auigeqoid [e12103u)

“saje|nsod pue ‘SUOIULAP ‘SWia} paulapUN
BuIsn ani) Uanoid 5q Ue) Jey) JUAWRIRIS Y Wa103U)

“sadeds fdwo
10 Buidde;iaro ou m aueld @ 51010 1ey) SaBy
210w 10 30 Jo uiaed Bugeadaly  uone(assal

1310 3
anoge sajelo1 1ew lfise ue jo yied auy - apis [euiial

“20UaNbas @ Uy aquINU Y 2UaNbas @ Jo i)

“Sajqeen A soiaNU ap 9}Ua0I
0.01NPoId Un 0 ‘3]qeLieA euN ‘ORAWNU U OULIZ]

“ound un Us BJUBWIEIIEX? BiajSD
©| 2351311 anb RAW BUN L1252 BUN € BjuabUE)

“0IN42 [3p J0pBIU!
12 U 0jund unbulu auaNUO3 ou & ojund un BjuBWEEXS
s 0jny2 |5 ©35I33U1 b 024 U 3P oued

0 U3 0JUaWBaS 0 B3| BUR  OJN2113 UN € BjuaBUE}

obug o
awadeApe exed e ap prybuo) e K oinbug un e ersando
eled e 3 pnybuo] e a1ua uppefes 1 aluabue}

Aiessolo  geD

“sajqetien pue siaquiny
Jo1ua10nb 10 1Npoxd @ 10 ‘3iqeLeA @ HEqUINLY  Lsa)

Ju10d 3uo Aj19exa uy
a1ayds oy} sasIaIU e auy  2sauds e ol Jwabue)

“aPi 341 J0 Joua1ul 34} Ul SIU10d Aue UIEIU0> 10U S30p.
pue Juiod auo A1eXa Ul 311D 3y} SP3SIUI 1ey) I
© Jo aueld ayy Uy uaWBas 10 Uyl apId @ 0} Juabuel

~a3|Bue ayy 0} Juadelpe B3] ayp jo yibual ay) o} abue
ue aysoddo Ba| auy Jo LUB| Ly Jo onel aU)  Juabue)

“ouojeale epied ap
ojund un apsap opedadsa ojeAIaIUI LN U0D OpIANdE
3P UBUOPIDaS 35 SOIGUIBI SOT  BDIEWIRISS RSN

SaIqelien SeuIs| Se] U0 Sapeplendisap
Seuw 0'50p ap OWNfuo3 U SapEpleNBisap ap eWRISIS

SaIqeUeA SeLSIL 58| LD SAUOPEND
Sow 0 50p 3P OWNUOD U S3UOIEN33 3P EWRISIS

“fewoufjod
ugIDU BUN 3p 10jeA un JeAUODU ered IS
UOISINP B 102N 3P 052001 |3 ©INRIUIS UOPNSNS

5epeuspIon) ap osi |3 Uis
SeOLPW0a seinby ap OIpMISa [3 - ©DNAAUIS BL3UWO3D

L opesB ap ojwourq un jod opwouyiod un pip esed
OpRZ|IAN OARUIGIE OPOIAWI U ENAIUIS UOISIAID

“ewsiu s 210 @by ) eadew anb-epibu ojuaIweZSIP
3D UDIXaJj3 BN O UQIEIOI BUN ‘UOPINPEI} BUN “UOIX3Ij)
“UOIXaI2) BN A1SIX3 15 0153 BUAN eNBY eUN  elnaLS

“sa[end) ajuawiepewyoide Los euelpau €| A epaw
e anb e[ U3 UOPNQUISIP UN  ©DLABWIS UONQLISI

“sauouido n sojualweYOdW0) ‘SeaNSyIRNeIR) SNS
© 0padsas 0> odnib un ap Soxquiai Sof Jod sepep
sejsandsa se| ap Ua60331 5 S01P 0T BISANID

feuoisuawpL einBy eun ap sajesale sapyiadns A sesed
Se) 5ep0) ap Sealp se| ap ewns €7 apiiadns ap ease

uiod Buryie)s Wopues e wosj [eAajul paypads e o}
Buipiodde papajes ale siaqualy  adwes dnewalshs

“SajqeLIRA BWES AU} Y1iM saenbaul
210U 10 0M1J0 135 Y Sanenbaul Jo walsks

S3[qeLIeA aUIeS B} UM
Suoenba aiow 10 w013y suofenba Jo waishs

“uogouny [epoufjod e Jo anjea e pu 0} LOISIAD
nauAs Buisn o ssad0id a1 uoNMAISANS nAUIuAS

“Sajeupi003 40 asn au o
Sanbly 211aW036 Jo Apmis auL  Anawoab nayiuks

L 22153p Jo [enwouiq e Aq fewoukjod e
3DIAID 01 PasN poujaLY BlRWIBNR Uy  LOISIAIP JNAUAUAS

951 010 2By au) Sdew Jeyi—uonala:
SpIIf 10 “UOEIO. “UoNEISUE VO3~ UojoL
DI @ SISIXo 210y} i SIy) Sey anblyy - Anauiks

“[enba Ajatewoidde ase ueipaw pue ueaus
UL UDIM UL UORNGUISIP Y UONQUISIP JNaWILIAS

“suopuido 10 ‘siomeyag
“Salsua1eIRLD 12U} BulpIeBa1 dnoib © Jo SiqWaL
£q uanb sasuodsas woy pappaliod ke eleg  Aanins

21N} [eUOISUOIP-2314) © O S3%ENS 3PS
Pue 5320 [[2J0 SEAJR A JO WNS BYL  ©ale adepns

G38-G39 Glossary



Glossary - Glosario

=
2
[0
=
2
o

W9 Aessoin

“ofeqen) 0j0s un 1232100 3p opuelen
ugisa anb sowi SajuaIayp e opueleqe seuosiad sop
© Uesnjoau anb sewaiqold  ofeqes ap sewalqosd

jeuoIsUaWIpL N6y BUN J0d BpELIBIUS
opedsa ap pepiue e ap epipaw B UaLNjon

edU1WOuoBL} UoUNy BN 3p
©21J216 €] 3 (113N UQIDINPEI] BUN  [DI1A OqWE)

ooyeib un
2 ewxode 5 anb [eO111aA L3I RUN  [eD1VI3A EloJUISE

“UpIIISIANU 3P SeAU| SOp J0d SOPeLLIo)
sowadeApe ou sonbuR S0q  Sa(EANA SojBue

oInBug un uewio} anb sokes
S0P 501 3p UWI03 feur ojund (3 0[BUE N 3p DA

“oipaijod un ap
S3p10q 5211 9P UQdBSIAUL € OUOBjjod un 3p DR

A+ oy — X)o = (x)) ewioy e
p 3S11qLI2S9 EIRIPEND UOPUNJ BUY 31119 3P LU0}

“s2[22505
onBugy) un ap sejed se| uos anb sope soj a1ud
ojug 3 S3(3505| OJnBURLI N 3P 321L52A [3p OB

“ugpuny
eun ua ojje sew ound 12 0 ofeq sew ound 3 2

1epUglSD UODBIASIP B[ 9P OPEIEND [3  eZUCLeA
“2[qelien eUN B30 AN OULIZ U GELIE OUWIZ)

“epipaw 0 epejuod
125 @pand anb pepiue? 0 ‘olawNL ‘edNS}IRLIE)

Jomblen) ‘opeayppadsa ou J0jen 0 OsLINU
un seyuasaidas eied epezian 3| eu - dlqenien

“esfe) eas
UgISNI203 NS A S013epsan ueas ojuawnbie (9p okode
p sowawnie 0 sesjwaid se sepoj anb aiqisoduwy
5315 0pijen 52 OuaWNBIR UN  OpIjEA OJUBWNGIE

"solep ap ojunfuod un
ap Jowadns peyw | ap euBIpaL &7  o1adns [f11end

“qol afuss
2 212(dw0) 0] BUIKN 18 UM S3le JUBIYP 18 Buppiom
21d0ad oml anjoAU| e SWAIGOI  SWRIqOId %i0M

“aunby euoisuawp-aa1u € Aq pasopua
0eds J0 JUNoWe 3L} J0 BINSEAWI YL BLINIOA

“uonouny J18WouoBLy
2 J0 ydelB aU) Jo UONEISURN [EDIAAY IS (11O

‘sayeoidde
udesB @ jey) auy |2 Y aj01dufse [edian

“sauy Bunassalul oml
Aq pouioy sajBue uadefpeuou omy  sajbue [eoian

-albue ue wioj jey) sfes
oM} 341 0 3U10dpUB UoWILO> By BUE Ue JO X3

“uoipauflod e Jo sa6pa
9141 J0 uopGBSIAIUI UL UOIPaUAjod € Jo XaYaA

A+ oy —xp = (Y
W0} 3} Uy UBHLIM UOIDUNy dliEIPeNbY W0} 3L

-ajbuem
50103505 U2 J0 SB9] AU} 318 1oy SaPIS AL} UG
ajueayy  ojbuels Sa[23S0S! Ue JO 3]BUE XaLA

“voguny
© 4o juiod 1saybiy ay) 10 Juiod 15aMO] AU JBYNT  XBLAA

“UoeIap piepuis AL Jo drenbs ayy - adueLen
“2]GelEA @ SUIRIUD 1oy} Wi}y W) ajgeLe
“paInseaL 1o pajuno3 aq ue> Jeuy

Fynuenb o “aquinu *apsuapeeyd Auy ‘anjen 1o Jaquiny
payadsun ue juasaidal o) pesn JaNaly - ajaeiien

“35[e} LOISNLOI S) pUE 3N} 3q 0} JuaLnBIe
aup jo ‘swawalels Bupoddns 1o ‘sasiuwaid aui o e 10}
Sjaissodu 111 pilen S| wawnie uy  juawnbie pijen

A

“ejep Jo
195 2 J0 ey soddn au Jo ueipaw L ajenb saddn

*3]qelieA BUN U3 UDPIPALL 3 SOJeq  31elIeAN Solep

Sepeuapi003 ap oue(d 2 Ua UABLO [2 D OpEAUa)
PePIUN | 3P Ope UM U0 O U OLEYUN 0D

g 01UaA3 [3p [eA1saNU 0pedsa |3 U3 SOPeNSa1 Sof
SOPO} U0 OPRUIGLIOD 7 OIUBA3 [3P [2A1SaNW 02RUS3 [0
ua Sopeynsal So| SO0} ap oyunfuod [3 g Ay 3p uowun

‘0 eiqejed e auanuod
anb ejsanduios pepienBisap eun ap edyeib el uoun

‘3212 epe3 ua sonbug A sewio} ap uopIsodsip ewsiw
©] 3U31U0Y anb OPE[aSa} U BULIOJIUN OPE|3SAY

“oduwap 2 521 K peppojen
21591 "2UeISIp €] 52 P 3PUOP U = P L[} ©] UeZAN
anb sewa|qoig  auoyUN OYUBILIAOW 3P SewIGoId

5091584 Spuw S0jdadu0> A Seiqeied alueIpaL AjUBLIew0)
ueaydxa a5 ou anb seiqeed  SOPIUYAPU SOUL]

elIB1e 159 SUOPOLISAS
ap ewaisis un ap eayeif e opuen)  0peIore oU

Kiessolo  0vD

*3]qRlIA 3UO U BIEP JUBWAINSBA  E1EP djelieAN

“aue|d 31euIp100d au} o ulbLIo By}
18 PIBIUED UN | JO SNIPRI @ Y BPIDY 321 N

‘g 1ena Jo aneds aiduses au)
U1 SBLIODINO [[B LI PAUIGLIOD 7 JUA3 Jo deds ajdies
301 Ul SAWODINO (12 J0 135 AL g PU O Uojun

00
Buiuteyuos Ayenbau punodivos e jo ydes§ oy own

“xayian yoea je sajbue pue sadeys jo uawabueLe awes
3U) SUIRIUO) e UONE|3SSa} Y UONe||3ssa] wiojiun

"3 3y} st pue
“a1e1 3U 511 *9IUISIP AU} S1 P 3JBYM Y = p BINLIO)
a1 asn 1ey) swalgold  SWalqoid uoow wiojun

5122103 pue Spiom d1seq alow Jo sueatw Aq
Paureide@ Alewioy 1ou a1e Jey) SPIOM,  Swsa) pauyapUN

“uado s| sjulensuod
Jowaishs © Jo ydes6 ayy uayM  papunoqun

“SauoPeAIaSGO 3P (€10} 01w [3p afelu3210d un Ud
Sepeseq sojep ap seuaNIa) Se] iexsow esed epesn
e[qeleun  [eUOIRIPIQ eAIII3) BUANIAI) 3P jgel

2110 @] Uedipu) anb seutunjo sej A eyioBales eun
ueaipuy anb sely se| U3 ‘selI0Ba1e SOp U3 OPIAMIE 3P
SOPeJYISE|d SO1eP SO| 3P SePUBNIIY Se| Jensou eled
epeZIIN BIGR} BUN  [BUOIBIIPI] BIDUBNIAL 3P B|qe)
“seunjod sop

D olewIo un U SepezIUEBI0 SaUZes A SAUODRIRIIP
auanuo> anb eqanid eun  seuwnjo> sop ap eqanid

“ugpese[ap
2UN P PePas[e} B O PRPIAA ] PEPIGA 3P 0JeA

“SOIWOUOW $31} 3P BWINS BT OjLIoUL}

“soinBugL sof ap sojnbug soj A sope|
50| 211U SAUOIB[D1 SB[ 3P OIPNISA [3  ELAIBWOLOBY)

“ojnBugyda; ojnbugls} un ap sope| sop ap sapnybuo|
Se| 3P UOIR2IRUN  EOIPWOUOBLY UOPE[a!

“SUONEAIBSGO JO J3qUINU (210}
a3 Jo abejuadsad e uo paseq elep Jo sapuanbaly moys
o1 pasnalqely  aiqe) Aouanbal anejal Aem-omy
1110 U BUeIPUL SUIN|OD ALY

pue Ai0Ba1ed auo Buledipul Smo1 aus L SaLI0B3Ie)
oM 0} BuIpI0DE PayISsep elep Jo SaUaNbaY

MoUS 01 pasn aiqe1y - ajqey Aouanbauy fem-omy

“Je0} ULIN|03-0M) © U PaZiueBI0 suosea! pue
Swowajels suieiuod jeyy jooid y - 400id uwnjod-omy
“Juawayess e Jo Aysjej Jo I YL ANjeA yIns
“S{R/OLOW 331 JO WNS UL [eiuou)

“sal6uey Jo Sajbue pue Sapis Uy
uaamaq sdisuonelas ayy o Apnis ayy - Anawouoby

“ajbuew by e jo
53pis om0 SYI6US) L) Jo onery  Ojel a6

Glossary G40-G41



>
2 4
<
w0
7]
o)
-
o

Kiessols  zpD

0 = (¢} anb sof esed x oyund un 0= (d) U1y 10} x jo

“uppuny eun ap eaypib | ap x ugpdadsBulBUN 0190 aNjeA e uopauny e 4o ydelb ay Jo JdadsBuIX Uy 0197
“eipaw e ap opep Jojen un UeaL B} WOy S| aNjeA elep UaND

esedas anb JepUgIS3 SUOIRLIRA 3P 0IBINY 3 Z I0feA 2 Jeu) SUONeIA3P PIPUEIS J0 JoqUIN 31 anjenz
“Aap afo [e o103 edRIB “Spxe-A au) sass01

| apuop ojund un 3p A epeuapiood &1 A ugipdadsaul  ydeld e aiaym Juiod € Jo aeuIpIoo-A ay]  1dadsaluA
“xap oo [e 21102 eaRI6 “SIxe-x 3y} SaSS01)
] 3pUOP 0JUNd UN 3p X EPRUBPIO0D B X Uopdadalul  ydesb e a1aym Juiod e JO 3JeUIPI00I-X YL  1dadBIUIX

G42 Glossary



crcal values, 403

diflgcodics of ten, 23
swm ol two, 123

cyches, 237

proparties of, I3 Expand, 244
compound interest, 225 Epected values, 3593
continuously Compounded
jhedesigi i axpariments, 373
3 decay, 207
conjugates, 17 enntinuous growsh, 705

ALEKS
every Formative Assessment Math Probe
every What Will You Learn, second page

wquaticns, 235
foum, 75 every Practice, first page
fonctiony, 217
rowth, 217 b Assess and Differentiate, every Practice and
i Homework, first page
:‘“"N:"'“; Assessment, see Review and Assessment
Options, Formative Assessment Math Probe
Tactored foem, 37 E
factoring
by wing B Diatrintive
Progety. 27
atlecences of "
""“:""’““"‘ ha Cheryl Tobey, see Formative Assessment
winomists, 37 Math Probe
Zews Prodoct Property. 27
- el C 1 Misconception, 3, 33, 37, 60, 73, 84,
IS o 93, 101, 135, 146, 170, 239, 285, 295, 319, 330,
i 379, 417, 419, 425, 427, 429 =
hmum am : i B
ey Conceptual Bridge, see Rigor ]
recursive, 239
frequencies, 418 m
functions
adding, 159 u
Arceosing, 4T3
Arcsing, 473
Aictangare, 473 Differentiate
m;.fa %0 Resources Chart, every Lesson Teacher
o a page
cotangen 458 Activities, 7, 21, 27, 35, 36, 43, 45, 51, 52, 73,
s ron 86, 88, 95, 101, 132, 135, 138, 145, 146, 175,
Bpshdi 21 187,195, 196, 217, 225, 233, 243, 259, 261,
inverss rigonametric, 473 269, 270, 277, 279, 285, 295, 312, 313, 319,
geimic: 261 327, 330, 341, 347, 355, 371, 380, 393,
meiphng, 159 396, 403, 425, 435, 456, 458, 463, 465

Dinah Zike Foldables®, see Foldables®

ELL Support

every What Will You Learn, Teacher second
page

Language Development Support, every
Lesson Teacher a page

see Differentiate, Activities

Index IN1


https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0439.xhtml

INDEX

Essential Question, 1, 71, 117, 157, 215, 257,
309, 369, 415
Essential Question Follow-Up, 13, 45, 67, 73,
93,101,103, 113, 137, 143, 153, 167, 183, 211,
217, 239, 253, 261, 280, 297, 305, 340,
348, 365, 380, 393, 405, 411, 426, 437,
473, 477

Explore, Explore and Develop, pages c-h

Foldables®, 1, 67, 71, 113, 117, 153, 157, 211, 215,
253, 257, 305, 309, 365, 369, 411, 415, 477
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