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Reveal Math Guiding Principles 

Academic research and the science of learning provide the foundation for this powerful 

K–12 math program designed to help reveal the mathematician in every student. 

Reveal Math is built 

on a solid foundation 

of RESEARCH 

that shaped the 

PEDAGOGY of the

program. 

Reveal Math Integrated I, Integrated II, and 

Integrated III (Reveal Math Integrated) used 

findings from research on teaching and learning 

mathematics to develop its instructional model. 

Based on analyses of research findings, these areas 

form the foundational structure of the program: 

• Rigor 

• Productive Struggle 

• Formative Assessment 

• Rich Tasks 

• Mathematical Discourse 

• Collaborative Learning 

Instructional Model 

Launch 1

WARM UP

During the Warm Up, students 

complete exercises to activate prior 

knowledge and review prerequisite 

concepts and skills. 

LAUNCH THE LESSON

In Launch the Lesson, students 

view a real-world scenario and 

image to pique their interest in 

the lesson content. They are 

introduced to questions that they 

will be able to answer at the end 

of the lesson. 

EXPLORE 

During the Explore activity, 

students work in partners or 

small groups to explore a rich 

mathematical problem related 

to the lesson content. 

INDIVIDUAL ACTIVITY 

GROUP ACTIVITY 

CLASS ACTIVITY 
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Reveal the full potential 

in every student! 

Explore and Develop2

LEARN

In the Learn section, 

students gain the 

foundational knowledge 

needed to actively 

work through upcoming 

Examples. 

EXAMPLES & CHECK

Students work through Examples 

related to the key concepts and 

engage in mathematical discourse. 

Students complete a Check 

after several Examples as a quick 

formative assessment to help 

teachers adjust instruction as 

needed. 

Reflect and Practice 3

EXIT TICKET

The Exit Ticket 

gives students an 

opportunity to convey 

their understanding of 

the lesson concepts. 

PRACTICE 

Students complete Practice 

exercises individually or 

collaboratively to solidify 

their understanding of 

lesson concepts and build 

proficiency with lesson skills. 
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Reveal Math Key Areas of Focus 

Reveal Math Integrated I, II, III (Reveal Math Integrated) have a strong focus on 

rigor—especially the development of conceptual understanding—an emphasis on 

student mindset, and ongoing formative assessment feedback loops. 

Rigor 

Reveal Math Integrated has been thoughtfully designed to 

incorporate a balance of the three elements of rigor: conceptual 

understanding, procedural skills and fluency, and application. 

Conceptual Understanding 

Explore activities give all students an 

opportunity to work collaboratively 

and discuss their thinking as they build 

conceptual understanding of new 

concepts. In the Explore activity to the 

left, students use Web Sketchpad® to 

build understanding of the relationships 

between corresponding sides and 

angles in congruent triangles. 

Procedural Skills and Fluency 

Students use different strategies and 

tools to build procedural fluency. In 

the Example shown, students build 

proficiency with writing equations in 

point-slope form. 

Application 

Real-world examples and practice 

problems are opportunities for students 

to apply their learning to new situations. 

In the real-world example shown, 

students apply their understanding 

by solving a multi-step problem with 

translations. 

vi Reveal Math
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Student Mindset 

Mindset Matters tips located in each module provide specific examples of how 

Reveal Math Integrated content can be used to promote a growth mindset in 

all students. Another feature focused on promoting a growth mindset is Ignite! 

Activities developed by Dr. Raj Shah to spark student curiosity about why the math 

works. An Ignite! delivers problem sets that are flexible enough so that students 

with varying background knowledge can engage with the content and motivates 

them to ask questions, solve complex problems, and develop a can-do attitude 

toward math. 

Teacher Edition Mindset Tip Student Ignite! Activity 

Formative Assessment 

The key to reaching all learners is to adjust instruction based 

on each student’s understanding. Reveal Math Integrated offers 

powerful formative assessment tools that help teachers to 

efficiently and effectively differentiate instruction for all students. 

Math Probes 

Each module includes a Cheryl Tobey Formative Assessment 

Math Probe that is focused on addressing student misconceptions 

about key math topics. Students can complete these probes at 

the beginning, middle, or end of a module. The teacher support 

includes a list of recommended differentiated resources that 

teachers assign based on students’ responses. 

Example Checks 

After multiple examples, a formative assessment Check that 

students complete on their own allows teachers to gauge students’ 

understanding of the concept or skill presented. When students 

complete the Check online, the teacher receives resource 

recommendations which can be assigned to students. 

Learning 

Target 

Formative 

Assessment 
CHERYL T OBEY 

MATH 
PROBES 

Quantitative 

Checks and 

Homework 

Observations 

and Probes 

Data REVEAL 

the full 

potential 

in every 

student. 
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A Powerful Blended Learning Experience 

The Reveal Math Integrated I, II, III (Reveal Math Integrated) blended learning 

experience was designed to include purposeful print and digital components focused 

on sparking student curiosity and providing teachers with flexible implementation 

options. 

Reveal Math Integrated has been thoughtfully developed to provide a rich learning 

experience no matter where a district, school, or classroom falls on the digital 

spectrum. All of the instructional content can be projected or can be accessed via 

desktop, laptop, or tablet. 

Lesson 

Launch 1

WARM UP

The Warm Up exercise can

be projected on an interactive

whiteboard.

LAUNCH THE LESSON

Launch the Lesson can be

projected or assigned to students

to access on their own devices.

EXPLORE 

The Explore activity can be 

projected while students record 

their observations in the Interactive 

Student Edition or can be assigned 

for students to complete on 

individual devices. 

Launch the Lesson Explore 

INDIVIDUAL ACTIVITY INTERACTIVE 

PRESENTATION 

GROUP ACTIVITY 
PRINT STUDENT 

EDITION CLASS ACTIVITY 
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Explore and Develop2

LEARN

As students are introduced 

to the key lesson concepts, 

they can progress through 

the Learn by recording 

notes in a notebook or on 

their own devices. 

EXAMPLES & CHECK

Either in a notebook or on an 

individual device, students work 

through one or more Examples 

related to key lesson concepts. 

A Check follows several 

Examples in either the Student 

Edition or on each student 

device. 

Digital Lesson Presentation 

is aligned to Interactive 

Student Edition 

Reflect and Practice 3 

EXIT TICKET

The Exit Ticket is 

projected or accessed 

via student devices to 

provide students with 

lesson closure and an 

opportunity to revisit the 

lesson concepts. 

PRACTICE 

Assign students 

Practice problems 

from their Student 

Edition or create a 

digital assignment for 

them to work on their 

device in class or at 

home to solidify lesson 

concepts. 

Exit Ticket 

Practice 
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Supporting All Learners 

The Reveal Math Integrated I, II, III (Reveal Math Integrated) programs were 

designed so that all students have access to: 

• rich tasks that promote productive struggle, 

• opportunities to develop proficiency with the habits of mind and 

thinking strategies of mathematicians, and 

• prompts to promote mathematical discourse and build academic language. 

Resources for Differentiating Instruction 

When needed, resources are available to differentiate math instruction 

for students who may need to see a concept in a different way, practice 

prerequisite skills, or are ready to extend their learning. 

AL 
Approaching Level Resources 

• Remediation Activities 

• Extra Examples 

BL 
Beyond Level Resources 

• Beyond Level 

Differentiated Activities 

• Extension Activities 

Resources for English Language Learners 

Reveal Math Integrated also includes student and teacher resources to support 

students who are simultaneously learning grade-level math and building their 

English proficiency. Appropriate, research-based language scaffolds are also 

provided to support students as they engage in rigorous mathematical tasks and 

discussions. 

ELL 
English Language Learners 

• Spanish Personal Tutors 

• Math Language-Building Activities 

• Language Scaffolds 

• Th nki  Abo tu  It! and Talk Abo tu  It! Prompts 

• Multilingual eGlossary 

• Audio 

• Graphic Organizers 

• Web Sketchpad, Desmos, and eTools 

x Reveal Math
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Developing Mathematical Thinking 

and Strategic Questioning 

Reveal Math Integrated I, II, III (Reveal Math Integrated) are comprised of high- 

quality math content designed to be accessible and relevant to each student. 

Throughout the program, students are presented with a variety of thoughtfully 

designed questioning strategies related to the content. Using these questions 

provides you with an additional, built-in type of formative assessment that 

can be used to modify instruction. They also strengthen students’ ownership 

of mathematical content knowledge and daily use of the Standards for 

Mathematical Practice. 

Key Concept Introduction followed by a Talk About It question 

to discuss with a classmate. 

You will find these types of questioning strategies throughout Reveal Math Integrated. The related 

Standard for Mathematical Practice for each is also indicated. 

• Talk About It questions encourage students 

to engage in mathematical discourse with

classmates (SMP3)

• Alternate Method shows students another

way to solve a problem and asks them to

compare and contrast the methods and

solutions (SMP1) 

• Avoid a Common Error shows students a 

problem similar to an example but with a flaw 

in reasoning, and students have to find and 

explain the error (SMP3) 

• State Your Assumptions requires that student 

state the assumptions they made to solve a 

problem (SMP4) 

• Use a Source asks students to find information 

using an external source, such as the Internet, 

and use it to pose or solve a problem (SMP5) 

• Think About It questions help students make 

sense of mathematical problems (SMP1) 

• Concept Checks prompt students to analyze 

how the Key Concepts of the lesson apply to 

various use cases (SMP3) S
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Reveal Student Readiness 

with Individualized Learning Tools 

Reveal Math Integrated I, II, III (Reveal Math Integrated) incorporate innovative, 

technology-based tools that are designed to extend the teacher’s reach in 

the classroom to help address a wide range of knowledge gaps, set and align 

academic goals, and meet student individualized learning needs. 

Topic-Mastery 

With embedded LearnSmart,® students have a built-in study partner for topic 

practice and review to prepare for multi-module, mid-year, or end-of-year testing. 

LearnSmart’s revolutionary adaptive technology measures students’ awareness 

of their own learning, time on topic, answer accuracy, and suggests alternative 

resources to support student learning, confidence, and topic mastery. 

Individualized Learning Pathways 

Learners of all levels benefit from the use of 

ALEKS’ adaptive, online math technology designed 

to pinpoint what each student knows, does not 

know, and most importantly, what each student is 

ready to learn. 

When paired with Reveal Math Integrated, ALEKS 

is a powerful tool designed to provide integrated 

instructionally actionable data enabling teachers 

to utilize Reveal Math Integrated resources 

for individual students, groups, or the entire 

classroom. 
Activity Report 
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Powerful Tools for 

Modeling Mathematics 

Reveal Math Integrated I, II, III (Reveal Math Integrated) have been designed 

with purposeful, embedded digital tools to increase student engagement 

and provide unique modeling opportunities. 

Web Sketchpad® Activities 

The leading dynamic mathematics visualization software has now been 

integrated with Web Sketchpad Activities at point of use within Reveal 

Math Integrated. Student exploration (and practice) using Web Sketchpad 

encourages problem solving and visualization of abstract math concepts. 

The powerful Desmos graphing

calculator is available in Reveal Math

Integrated for students to explore,

model, and apply math to the real-

world.

eTools 

By using a wide variety of digital 

eTools embedded within Reveal Math 

Integrated, students gain additional 

hands-on experience while they learn 

and teachers have the option to create 

problem-based learning opportunities. 

Technology-Enhanced Items 

Embedded within the digital 

lesson, technology-enhanced 

items—such as drag-and-drop, 

flashcard flips, or diagram 

completion—are strategically 

placed to give students the 

practice with common computer 

functions needed to master 

computer-based testing. 

TYPE SWIPE 

DRAG & DROP FLASHCARDS 

eTOOLS MULTI-SELECT 

WATCH EXPAND 
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Standards for Mathematical Content, Reveal Math Integrated III 

This correlation shows the alignment of Reveal Math Integrated III to the Standards for Mathematical Content from the Common Core State 

Standards for Mathematics. 

Standard Lesson(s) 

S.ID.4 Use the mean and standard deviation of a data set to fit it to a normal distribution and 

to estimate population percentages. Recognize that there are data sets for which such a 

procedure is not appropriate. Use calculators, spreadsheets, and tables to estimate areas 

under the normal curve. 

8-4 

S.IC.1 Understand that statistics allows inferences to be made about population parameters based

on a random sample from that population. 

8-1 

S.IC.2 Decide if a specified model is consistent with results from a given data-generating process, 

e.g., using simulation. For example, a model says a spinning coin falls heads up with 

probability 0.5. Would a result of 5 tails in a row cause you to question the model? 

8-2 

S.IC.3 Recognize the purposes of and differences among sample surveys, experiments, and

observational studies; explain how randomization relates to each. 

8-1 

S.IC.4 Use data from a sample survey to estimate a population mean or proportion; develop a margin 8-3, 8-5 

of error through the use of simulation models for random sampling. 

S.IC.5 Use data from a randomized experiment to compare two treatments; use simulations to

decide if differences between parameters are significant. 

8-2 

S.IC.6 Evaluate reports based on data. 8-1, 8-2, 8-4, 8-5 

S.MD.6 ( )+  Use probabilities to make fair decisions (e.g., drawing by lots, using a random number

generator). 

8-2 

S.MD.7 ( )+  Analyze decisions and strategies using probability concepts (e.g., product testing, medical

testing, pulling a hockey goalie at the end of a game). 

8-2 

N.CN.8 ( )+  Extend polynomial identities to the complex numbers. For example, rewrite x 2 + 4 as (x + 2 )i

(x – 2 )i . 

1-3, 1-4, 1-6 

N.CN.9 ( )+  Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials. 3-5 

A.SSE.1 Interpret expressions that represent a quantity in terms of its context.★

a. Interpret parts of an expression, such as terms, factors, and coefficients. 

b. Interpret complicated expressions by viewing one or more of their parts as a single entity. 
n For example, interpret P r(1+ ) as the product of P and a factor not depending on P. 

1-1, 1-6, 2-1, 2-2, 5-1, 9-4 

A.SSE.2 4 4 Use the structure of an expression to identify ways to rewrite it. For example, see x - y
2 2 2 2 2 2 as (x ) - (y ) , thus recognizing it as a difference of squares that can be factored as (x - y ) 

2 2 (x + y ). 

1-4, 1-5, 4-3, 4-5, 5-2, 6-1, 6-3, 6-4, 6-5 

A.SSE.4 Derive the formula for the sum of a geometric series (when the common ratio is not 1) , and

use the formula to solve problems. For example, calculate mortgage payments. ★ 

5-4 

A.APR.1 Understand that polynomials form a system analogous to the integers, namely, they are closed 

under the operations of addition, subtraction, and multiplication; add, subtract, and multiply 

polynomials. 

2-3 

A.APR.2 Know and apply the Remainder Theorem: For a polynomial p x( ) and a number a, the remainder 3-4 

on division by x - a is p a( ), so p a( ) = 0 if and only if (x - a) is a factor of p x( ). 

A.APR.3 Identify zeros of polynomials when suitable factorizations are available and use the zeros to

construct a rough graph of the function defined by the polynomial. 

3-5 

★ Mathematical Modeling Standardsxiv Standards for Mathematical Content, Reveal Math Integrated III



Professional Development Support 

for Continuous Learning 

McGraw-Hill Education supports lifelong learning and demonstrates 

commitment to teachers with a built-in professional learning environment 

designed for support during planning or extended learning opportunities. 

What You Will Find

• Best-practice resources 

• Implementation support 

• Teaching Strategies 

• Classroom Videos 

• Math Misconception Videos 

• Content and Pedagogy 

Videos 

• Content Progression 

Information 

Why Professional 
Development Is so Important 

• Research-based understanding of student learning 

• Improved student performance 

• Evidence-based instructional best practices 

• Collaborative content strategy planning 

• Extended knowledge of program how-to’s 
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Reveal Math Expert Advisors 

Cathy Seeley, Ed.D. 
Austin, Texas 

Mathematics educator, speaker, 

and writer, former Senior Fellow at 

the Charles A. Dana Center at The 

University of Texas at Austin, past 

President of NCTM, former Director of 

K-12 Mathematics for the State of Texas 

Areas of expertise:

Mathematics Teaching, Equity, Assessment,

STEM Learning, Informal Learning, Upside-Down

Teaching, Productive Struggling, Mathematical

Practices, Mathematical Habits of Mind, Family 

and Community Outreach, Mathematics Education 

Policy, Advocacy 

“We want students to believe deeply that 

mathematics makes sense–in generating 

answers to problems, discussing their thinking 

and other students’ thinking, and learning 

new material.” 

—Seeley, 2016, Making Sense of Math 

Cheryl R. Tobey, 
M.Ed. 
Gardiner, Maine 

Senior Mathematics Associate 

at Education Development Center 

(EDC) 

Areas of expertise: 

Formative assessment and professional development 

for mathematics teachers; tools and strategies to 

uncovering misconceptions 

“Misunderstandings and partial understandings 

develop as a normal part of learning 

mathematics. Our job as educators is to 

minimize the chances of students’ harboring 

misconceptions by knowing the potential 

difficulties students are likely to encounter, 

using assessments to elicit misconceptions 

and implementing instruction designed to build 

new and accurate mathematical ideas.” 

— Tobey, et al 2007, 2009, 2010, 2013, 2104, 

Uncovering Student Thinking Series 

Nevels Nevels,
Ph.D.
Saint Louis, Missouri 

PK–12 Mathematics Curriculum 

Coordinator for Hazelwood School 

District 

Areas of expertise:

Mathematics Teacher Education; Student Agency &

Identity; Socio-Cultural Perspective in Mathematics

Learning 

“A school building is one setting for learning 

mathematics. It is understood that all children 

should be expected to learn meaningful 

mathematics within its walls. Additionally, 

teachers should be expected to learn within the 

walls of this same building. More poignantly, I 

posit that if teachers are not learning mathematics 

in their school building, then it is not a school.” 

—Nevels, 2018 

Raj Shah, 
Ph.D. 
Columbus, Ohio 

Founder of Math Plus Academy, 

a STEM enrichment program and 

founding member of The Global 

Math Project 

Areas of expertise: 

Sparking student curiosity, promoting productive 

struggle, and creating math experiences that kids love 

“As teachers, it’s imperative that we start 

every lesson by getting students to ask more 

questions because curiosity is the fuel that 

drives engagement, deeper learning and 

perseverance.” 

—Shah, 2017 

( l
 t

 o
 r

 , 
t 

t o
 b

 ) 
P

 h
 o

 t o
 b

 y
 D

 a m
 o

 n
 L

 e 
o

 , 
S

 h
 a n

 n
 o

 n
 L

 a r
 s e

 n
 , 

M
 a t

 t h
 e 

w
 M

 c C
 l e

 l l a
 n

 , 
R

 a j
 S

 h
 a h

xvi Reveal Math

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0018.xhtml


Walter Secada,
Ph.D.
Coral Gables, Florida

Professor of Teaching and Learning

at the University of Miami

Areas of expertise:

Improving education for English language learners,

equity in education, mathematics education, bilingual

education, school restructuring, professional development

of teachers, student engagement, Hispanic dropout and 

prevention, and reform 

“The best lessons take place when teachers have 

thought about how their individual English language 

learners will respond not just to the mathematical 

content of that lesson, but also to its language 

demands and mathematical practices.” 

—Secada, 2018 

Ryan Baker, 
Ph.D. 
Philadelphia, Pennsylvania 

Associate Professor and Director 

of Penn Center for Learning Analytics 

at the University of Pennsylvania 

Areas of expertise: 

Interactions between students and educational 

software; data mining and learning analytics to 

understand student learning 

“The ultimate goal of the field of Artificial 

Intelligence in Education is not to promote 

artificial intelligence, but to promote education... 

systems that are designed intelligently, and that 

leverage teachers’ intelligence. Modern online 

learning systems used at scale are leveraging 

human intelligence to improve their design, and 

they’re bringing human beings into the decision- 

making loop and trying to inform them.” 

—Baker, 2016 

Chris Dede,
Ph.D.
Cambridge, Massachusetts

Timothy E. Wirth Professor in

Learning Technologies at Harvard

Graduate School of Education

Areas of expertise:

Provides leadership in educational innovation;

educational improvements using technology

“People are very diverse in how they prefer to 

learn. Good instruction is like an ecosystem that 

has many niches for alternative types of learning: 

lectures, games, engaging video-based animations, 

readings, etc. Learners then can navigate to the 

niche that best fulfills their current needs.” 

—Dede, 2017 

Dinah Zike, 
M.Ed. 
Comfort, Texas 

President of Dinah.com 

in San Antonio, Texas and 

Dinah Zike Academy 

Areas of expertise: 

Developing educational materials that include 

three-dimensional graphic organizers; interactive 

notebook activities for differentiation; and 

kinesthetic, cross-curricular manipulatives 

“It is education’s responsibility to meet the 

unique needs of students, and not the 

students’ responsibility to meet education’s 

need for uniformity.” 

—Zike, 2017, InRIGORating Math Notebooks 
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Reveal Everything Needed 

for Effective Instruction 

Reveal Math Integrated I, II, III (Reveal Math Integrated) both 

print and innovative, technology-based tools designed to 

address a wide range of classrooms. No matter whether 

you’re in a 1:1 district, or have a classroom projector, Reveal 

Math Integrated provides you with the resources you need for 

a rich learning experience. 

Blended Classrooms 

Focused on projection of the Interactive Presentation, 

students follow along, taking notes and working through 

problems in a notebook during class time. Also included 

in the Interactive Student Edition is a glossary, selected 

answers, and a reference sheet. 

Digital Lesson Presentation is aligned 

to Interactive Student Edition 
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Digital Classrooms 

Projection is a focal point for key areas of the course with students 

interacting with the lesson using their own devices. Each student can access 

teacher-assigned sections of the lessons for Explore activities, Learn sections, 

and Examples. Point of use videos, animations, as well as interactive content 

enable students to experience math in interesting and impactful ways. 
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Standards for Mathematical Content, Reveal Math Integrated III 

This correlation shows the alignment of Reveal Math Integrated III to the Standards for Mathematical Content, from the Common Core State 

Standards for Mathematics. 

Standard Lesson(s)

Number and Quantity 

The Complex Number System N.CN 

N.CN.8 2 ( )+  Extend polynomial identities to the complex numbers. For example, rewrite x + 4 as

(x + 2 )(i x – 2 )i . 

1-3, 1-4, 1-6 

N.CN.9 ( )+  Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials. 3-5 

Algebra 

Seeing Structures in Expressions A.SSE 

A.SSE.1 Interpret expressions that represent a quantity in terms of its context.★

a. Interpret parts of an expression, such as terms, factors, and coefficients. 

b. Interpret complex expressions by viewing one or more of their parts as a single entity. For 
n example, interpret P r(1+ ) as the product of P and a factor not depending on P. 

1-1, 1-6, 2-1, 2-2, 5-1, 9-4 

A.SSE.2 4 4 Use the structure of an expression to identify ways to rewrite it. For example, see x - y
2 2 2 2 2 2 as (x ) - (y ) , thus recognizing it as a difference of squares that can be factored as (x - y ) 

2 2 (x + y ). 

1-4, 1-5, 4-3, 4-5, 5-2, 6-1, 6-3, 6-4, 6-5 

A.SSE.4 Derive the formula for the sum of a geometric series (when the common ratio is not 1), and use

the formula to solve problems. For example, calculate mortgage payments.★ 

5-4 

Arithmetic With Polynomials and Rational Expressions A.APR 

A.APR.1 Understand that polynomials form a system analogous to the integers, namely, they are closed 

under the operations of addition, subtraction, and multiplication; add, subtract, and multiply 

polynomials. 

2-3 

A.APR.2 Know and apply the Remainder Theorem: For a polynomial p x( ) and a number a, the remainder

on division by x - a is p a( ), so p a( ) = 0 if and only if (x - a) is a factor of p x( ). 

3-4 

A.APR.3 Identify zeros of polynomials when suitable factorizations are available, and use the zeros to

construct a rough graph of the function defined by the polynomial. 

3-5 

A.APR.4 Prove polynomial identities and use them to describe numerical relationships. For example,
2 2 2 2 2 2 2 the polynomial identity (x + y ) = (x - y ) + (2 )xy  can be used to generate Pythagorean

triples. 

1-4, 3-3 

A.APR.5 n ( )+  Know and apply the Binomial Theorem for the expansion of (x + y) in powers of x and y for 

a positive integer n, where x and y are any numbers, with coefficients determined for example 

by Pascal’s Triangle. 

2-5 

A.APR.6 a x( ) r x( ) ___ ___ Rewrite simple rational expressions in different forms; write in the form q x( ) + , where 
b x( ) b x( ) 

a x( ), b x( ), q x( ), and r x( ) are polynomials with the degree of r x( ) less than the degree of b x( ), using 

inspection, long division or, for the more complicated examples, a computer algebra system. 

2-4 

A.APR.7 ( )+  Understand that rational expressions form a system analogous to the rational numbers, 

closed under addition, subtraction, multiplication, and division by a nonzero rational expression; 

add, subtract, multiply, and divide rational expressions. 

7-1, 7-2 
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Creating Equations A.CED 

A.CED.1 Create equations and inequalities in one variable and use them to solve problems. Include equations 1-2, 1-4, 1-5, 1-6, 1-7, 3-1, 3-2, 3-4, 3-5, 

arising from linear and quadratic functions, and simple rational and exponential functions. 5-2, 6-2, 6-5, 7-5, 7-6 

A.CED.2 Create equations in two or more variables to represent relationships between quantities; graph 1-1, 1-2, 2-1, 2-2, 3-1, 4-4, 4-6, 5-1, 5-3, 5-5, 

equations on coordinate axes with labels and scales. 6-1, 6-5, 7-3, 7-4, 7-5, 9-3, 9-4, 9-5, 9-6 

A.CED.3 Represent constraints by equations or inequalities, and by systems of equations and/or 

inequalities, and interpret solutions as viable or non-viable options in a modeling context. 

For example, represent inequalities describing nutritional and cost constraints on combinations 

of different foods. 

1-7, 6-5, 7-6 

A.CED.4 Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving

equations. For example, rearrange Ohm’s law V = IR to highlight resistance R. 

1-6, 4-2, 6-1, 7-5 

Reasoning With Equations and Inequalities A.REI 

A.REI.2 Solve simple rational and radical equations in one variable, and give examples showing how

extraneous solutions may arise. 

4-6, 7-6 

A.REI.11 Explain why the x-coordinates of the points where the graphs of the equations y = f x( ) and 

y = g x( ) intersect are the solutions of the equation f x( ) = g x( ); find the solutions approximately, 

e.g., using technology to graph the functions, make tables of values, or find successive 

approximations. Include cases where f x( ) and/or g x( ) are linear, polynomial, rational, absolute 

value, exponential, and logarithmic functions.★ 

1-8, 3-1, 5-2, 6-3, 7-6 

FUNCTIONS

Interpreting Functions F.IF 

F.IF.4 For a function that models a relationship between two quantities, interpret key features of graphs 

and tables in terms of the quantities, and sketch graphs showing key features given a verbal 

description of the relationship. Key features include: intercepts; intervals where the function is 

increasing, decreasing, positive, or negative; relative maximums and minimums; symmetries; 

end behavior; and periodicity.★ 

1-1, 1-2, 2-1, 2-2, 3-5, 4-2, 4-4, 5-1, 6-1, 

6-4, 6-5, 7-3, 7-4, 9-4, 9-5, 9-6 

F.IF.5 Relate the domain of a function to its graph and, where applicable, to the quantitative 

relationship it describes. For example, if the function h(n) gives the number of person-hours it 

takes to assemble n engines in a factory, then the positive integers would be an appropriate 

domain for the function.★ 

1-1, 2-1, 4-2, 4-4, 5-1, 6-1, 7-3, 7-4, 9-4, 

9-5, 9-6 

F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a 1-1, 2-2, 5-3 

table) over a specified interval. Estimate the rate of change from a graph.★ 

F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple

cases and using technology for more complicated cases.★ 

b. Graph square root, cube root, and piecewise-defined functions, including step functions and

absolute value functions. 

c. Graph polynomial functions, identifying zeros when suitable factorizations are available, and

showing end behavior. 

e. Graph exponential and logarithmic functions, showing intercepts and end behavior, and

trigonometric functions, showing period, midline, and amplitude. 

2-1, 2-2, 3-5, 4-4, 5-1, 6-1, 9-4, 9-5, 9-6 

F.IF.8 Write a function defined by an expression in different but equivalent forms to reveal and explain 1-4, 1-5, 5-1, 6-5 

different properties of the function. 

F.IF.9 Compare properties of two functions, each represented in a different way (algebraically, 

graphically, numerically in tables, or by verbal descriptions). For example, given a graph of one 

quadratic function and an algebraic expression for another, say which has the larger maximum. 

1-1, 2-1, 4-4, 5-1, 6-1, 7-4 
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STANDARDS FOR MATHEMATICAL CONTENT, REVEAL MATH INTEGRATED III, continued 

Building Functions F.BF 

F.BF.1 Write a function that describes a relationship between two quantities.★

b. Combine standard function types using arithmetic operations. For example, build a function

that models the temperature of a cooling body by adding a constant function to a decaying 

exponential, and relate these functions to the model. 

4-1 

F.BF.3 Identify the effect on the graph of replacing f x( ) by f x( ) + k, k f(x), f kx( ), and f x(  + k) for specific 

values of k (both positive and negative); find the value of k given the graphs. Experiment 

with cases and illustrate an explanation of the effects on the graph using technology. Include 

recognizing even and odd functions from their graphs and algebraic expressions for them. 

4-4, 5-1, 6-1, 7-3, 9-6 

F.BF.4 Find inverse functions.

a. Solve an equation of the form f x( ) = c for a simple function f that has an inverse and write an
3 expression for the inverse. For example, f x( ) = 2x or f x( ) = ( 1)/( 1)x+ x-  for x ≠ 1. 

4-2 

Linear, Quadratic, and Exponential Models F.LE 

F.LE.4 ct For exponential models, express as a logarithm the solution to a b = d where a, c, and d are

numbers and the base b is 2, 10, or e; evaluate the logarithm using technology. 

6-3, 6-4, 6-5 

Trigonometric Functions F.TF 

F.TF.1 Understand radian measure of an angle as the length of the arc on the unit circle subtended by 9-1 

the angle. 

F.TF.2 Explain how the unit circle in the coordinate plane enables the extension of trigonometric 

functions to all real numbers, interpreted as radian measures of angles traversed 

counterclockwise around the unit circle. 

9-3 

F.TF.5 Choose trigonometric functions to model periodic phenomena with specified amplitude,

frequency, and midline.★ 

9-3, 9-4, 9-5, 9-6 

GEOMETRY

Similarity, Right Triangles, and Trigonometry G.SRT 

G.SRT.9
_ 1 _ ( )+  Derive the formula A = ab sin( )C  for the area of a triangle by drawing an auxiliary line
2 

from a vertex perpendicular to the opposite side.

Standard G.SRT.9 is taught in 

Integrated Math Course 2, 9-6 Solving 

Systems of Inequalities 

G.SRT.10 ( )+  Prove the Laws of Sines and Cosines and use them to solve problems. Standard G.SRT.10 is taught in 

Integrated Math Course 2, 4-7 The Law 

of Sines and 4-8 The Law of Cosines 

G.SRT.11 ( )+  Understand and apply the Law of Sines and the Law of Cosines to find unknown

measurements in right and non-right triangles (e.g., surveying problems, resultant forces).

Standard G.SRT.11 is taught in 

Integrated Math Course 2, 4-7 The Law 

of Sines and 4-8 The Law of Cosines 

Geometric Measurement and Dimension G.GMD 

G.GMD.4 Identify the shapes of two-dimensional cross-sections of three-dimensional objects, and identify Standard G.GMD.4 is taught in 

three-dimensional objects generated by rotations of two-dimensional objects. Integrated Math Course 2, 6-5 Cross 

Sections and Solids of Revolution 
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Modeling With Geometry G.MG 

G.MG.1 Use geometric shapes, their measures, and their properties to describe objects (e.g., modeling

a tree trunk or a human torso as a cylinder).★ 

2-1 

G.MG.2 Apply concepts of density based on area and volume in modeling situations (e.g., persons per

square mile, BTUs per cubic foot).★ 

6-9 

G.MG.3 Apply geometric methods to solve design problems (e.g., designing an object or structure to 

satisfy physical constraints or minimize cost; working with typographic grid systems based on 

ratios).★ 

Standard G.MG.3 is taught in Integrated 

Math Course 2, 6-4 Surface Area 

STATISTICS

Interpreting Categorical and Quantitative Data S.ID 

S.ID.4 Use the mean and standard deviation of a data set to fit it to a normal distribution and 

to estimate population percentages. Recognize that there are data sets for which such a 

procedure is not appropriate. Use calculators, spreadsheets, and tables to estimate areas 

under the normal curve. 

8-4 

Making Inferences and Justifying Conclusions S.IC 

S.IC.1 Understand that statistics allow inferences to be made about population parameters based on a 8-1 

random sample from that population. 

S.IC.2 Decide if a specified model is consistent with results from a given data-generating process, 

e.g., using simulation. For example, a model says a spinning coin falls heads up with probability 

0.5. Would a result of 5 tails in a row cause you to question the model? 

8-2 

S.IC.3 Recognize the purposes of and differences among sample surveys, experiments, and

observational studies; explain how randomization relates to each. 

8-1 

S.IC.4 Use data from a sample survey to estimate a population mean or proportion; develop a margin

of error through the use of simulation models for random sampling. 

8-3, 8-5 

S.IC.5 Use data from a randomized experiment to compare two treatments; use simulations to decide

if differences between parameters are significant. 

8-2 

S.IC.6 Evaluate reports based on data. 8-1, 8-2, 8-4, 8-5 

Using Probability to Make Decisions S.MD 

S.MD.6 ( )+  Use probabilities to make fair decisions (e.g., drawing by lots, using a random number

generator). 

8-2 

S.MD.7 ( )+  Analyze decisions and strategies using probability concepts (e.g., product testing, medical

testing, pulling a hockey goalie at the end of a game). 

8-2 
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Standards for Mathematical Practice 

This correlation shows the alignment of Reveal Math Integrated III to the Standards for Mathematical Practice, from the Common Core State Standards. 

Standard Lesson(s)

1 Make sense of problems and persevere in solving them. 

Mathematically proficient students start by explaining to themselves the meaning of a problem and looking for entry 

points to its solution. They analyze givens, constraints, relationships, and goals. They make conjectures about the form 

and meaning of the solution and plan a solution pathway rather than simply jumping into a solution attempt. They 

consider analogous problems, and try special cases and simpler forms of the original problem in order to gain insight 

into its solution. They monitor and evaluate their progress and change course if necessary. Older students might, 

depending on the context of the problem, transform algebraic expressions or change the viewing window on their 

graphing calculator to get the information they need. Mathematically proficient students can explain correspondences 

between equations, verbal descriptions, tables, and graphs or draw diagrams of important features and relationships, 

graph data, and search for regularity or trends. Younger students might rely on using concrete objects or pictures to 

help conceptualize and solve a problem. Mathematically proficient students check their answers to problems using a 

different method, and they continually ask themselves, “Does this make sense?” They can understand the approaches 

of others to solving complex problems and identify correspondences between different approaches. 

Reveal Math Integrated III requires 

students to make sense of 

problems and persevere in solving 

them in Examples and Practice 

throughout the program. Some 

specific lessons for review are: 

Lessons 1-1, 1-3, 1-4, 1-5, 1-6, 1-7, 

1-8, 2-1, 3-2, 3-5, 4-1, 4-4, 5-1, 6-1, 

7-2, 7-6, 8-1, 9-3, 9-4 

2 Reason abstractly and quantitatively. 

Mathematically proficient students make sense of quantities and their relationships in problem situations. 

They bring two complementary abilities to bear on problems involving quantitative relationships: the ability to 

decontextualize—to abstract a given situation and represent it symbolically and manipulate the representing 

symbols as if they have a life of their own, without necessarily attending to their referents—and the ability to 

contextualize, to pause as needed during the manipulation process in order to probe into the referents for the 

symbols involved. Quantitative reasoning entails habits of creating a coherent representation of the problem at 

hand; considering the units involved; attending to the meaning of quantities, not just how to compute them; and 

knowing and flexibly using different properties of operations and objects. 

Reveal Math Integrated III requires 

students to reason abstractly and 

quantitatively in Think About It 

features and Higher Order Thinking 

Skills throughout the program. 

Some specific lessons for review 

are: Lessons 1-1, 2-3, 3-1, 4-2, 4-3, 

5-3, 6-3, 6-5, 7-5, 7-6, 8-3, 8-5, 9-1, 

9-4, 9-5 

3 Construct viable arguments and critique the reasoning of others. 

Mathematically proficient students understand and use stated assumptions, definitions, and previously established 

results in constructing arguments. They make conjectures and build a logical progression of statements to explore 

the truth of their conjectures. They are able to analyze situations by breaking them into cases, and can recognize 

and use counterexamples. They justify their conclusions, communicate them to others, and respond to the 

arguments of others. They reason inductively about data, making plausible arguments that take into account the 

context from which the data arose. Mathematically proficient students are also able to compare the effectiveness 

of two plausible arguments, distinguish correct logic or reasoning from that which is flawed, and—if there is a flaw 

in an argument—explain what it is. Elementary students can construct arguments using concrete referents such as 

objects, drawings, diagrams,  and actions. Such arguments can make sense and be correct, even though they are 

not generalized or made formal until later grades. Later, students learn to determine domains to which an argument 

applies. Students at all grades can listen or read the arguments of others, decide whether they make sense, and 

ask useful questions to clarify or improve the arguments. 

Reveal Math Integrated III 

requires students to construct 

viable arguments and critique the 

reasoning of others in Talk About 

It features and Practice throughout 

the program. Some specific 

lessons for review are: Lessons 

2-4, 3-4, 4-4, 4-6, 5-4, 6-2, 7-1, 7-3, 

8-2, 8-5, 9-2, 9-6 

4 Model with mathematics. 

Mathematically proficient students can apply the mathematics they know to solve problems arising in everyday 

life, society, and the workplace. In early grades, this might be as simple as writing an addition equation to describe 

a situation. In middle grades, a student might apply proportional reasoning to plan a school event or analyze 

a problem in the community. By high school, a student might use geometry to solve a design problem or use a 

function to describe how one quantity of interest depends on another. Mathematically proficient students who can 

apply what they know are comfortable making assumptions and approximations to simplify a complicated situation, 

realizing that these may need revision later. They are able to identify important quantities in a practical situation 

and map their relationships using such tools as diagrams, two-way tables, graphs, flowcharts and formulas. They 

can analyze those relationships mathematically to draw conclusions. They routinely interpret their mathematical 

results in the context of the situation and reflect on whether the results make sense, possibly improving the model 

if it has not served its purpose. 

Reveal Math Integrated III 

requires students to model with 

mathematics, collaborate, and 

discuss mathematics in Examples 

and Practice throughout the 

program. Some specific lessons for 

review are: Lessons 1-2, 1-3, 1-6, 

1-7, 1-8, 2-2, 2-5, 3-4, 4-1, 4-5, 5-5, 

6-4, 7-4, 7-5, 8-3, 9-3, 9-7 
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Standard Lesson(s)

5 Use appropriate tools strategically. 

Mathematically proficient students consider the available tools when solving a mathematical problem. These tools 

might include pencil and paper, concrete models, a ruler, a protractor, a calculator, a spreadsheet, a computer 

algebra system, a statistical package, or dynamic geometry software. Proficient students are sufficiently familiar 

with tools appropriate for their grade or course to make sound decisions about when each of these tools might 

be helpful, recognizing both the insight to be gained and their limitations. For example, mathematically proficient 

high school students analyze graphs of functions and solutions generated using a graphing calculator. They detect 

possible errors by strategically using estimation and other mathematical knowledge. When making mathematical 

models, they know that technology can enable them to visualize the results of varying assumptions, explore 

consequences, and compare predictions with data. Mathematically proficient students at various grade levels 

are able to identify relevant external mathematical resources, such as digital content located on a website, 

and use them to pose or solve problems. They are able to use technological tools to explore and deepen their 

understanding of concepts. 

Reveal Math Integrated III requires 

students to use appropriate tools 

strategically in Explore activities 

throughout the program. Some 

specific lessons for review are: 

Lessons 1-2, 2-2, 3-1, 4-4, 4-6, 5-1, 

5-5, 6-1, 6-3, 6-4, 6-5, 7-4, 7-6, 8-4, 

9-1, 9-6 

6 Attend to precision. 

Mathematically proficient students try to communicate precisely to others. They try to use clear definitions in 

discussion with others and in their own reasoning. They state the meaning of the symbols they choose, including 

using the equal sign consistently and appropriately. They are careful about specifying units of measure, and 

labeling axes to clarify the correspondence with quantities in a problem. They calculate accurately and efficiently, 

express numerical answers with a degree of precision appropriate for the problem context. In the elementary 

grades, students give carefully formulated explanations to each other. By the time they reach high school they have 

learned to examine claims and make explicit use of definitions. 

Reveal Math Integrated III requires 

students to attend to precision in 

Examples and Practice throughout 

the program. Some specific 

lessons for review are: Lessons 2-1, 

3-3, 4-2, 4-3, 5-2, 6-5, 7-3, 7-5, 8-4, 

9-2, 9-3, 9-7 

7 Look for and make use of structure. 

Mathematically proficient students look closely to discern a pattern or structure. Young students, for example, might 

notice that three  and seven more is the same amount as seven and three more, or they may sort a collection of 

shapes according to how many sides the shapes have. Later, students will see 7 × 8 equals the well remembered 
2 7 × 5 + 7 × 3, in preparation for learning about the distributive property. In the expression x + 9x + 14, older

students can see the 14 as 2 × 7 and the 9 as 2 + 7. They recognize the significance of an existing line in a 

geometric figure and can use the strategy of drawing an auxiliary line for solving problems. They also can step 

back for an overview and shift perspective. They can see complicated things, such as some algebraic expressions, 
2 as single objects or as being composed of several objects. For example, they can see 5 – 3(x – y) as 5 minus a 

positive number times a square and use that to realize that its value cannot be more than 5 for any real numbers x 

and y. 

Reveal Math Integrated III requires 

students to look for and make use 

of structure in Explore activities 

and Higher Order Thinking Skills 

throughout the program. Some 

specific lessons for review are: 

Lessons 1-4, 1-5, 2-5, 3-2, 3-5, 4-1, 

4-3, 4-5, 5-2, 5-3, 6-3, 6-4, 7-2, 7-3, 

8-1, 9-4, 9-6 

8 Look for and express regularity in repeated reasoning. 

Mathematically proficient students notice if calculations are repeated, and look both for general methods and 

for shortcuts. Upper elementary students might notice when dividing 25 by 11 that they are repeating the same 

calculations over and over again, and conclude they have a repeating decimal. By paying attention to the 

calculation of slope as they repeatedly check whether points are on the line through (1, 2) with slope 3, middle 

school students might abstract the equation (y – 2)/(x – 1) = 3. Noticing the regularity in the way terms cancel when 
2 3 2 expanding (x – 1)(x + 1), (x – 1)(x + x + 1), and (x – 1)(x + x + x + 1) might lead them to the general formula

for the sum of a geometric series. As they work to solve a problem, mathematically proficient students maintain 

oversight of the process, while attending to the details. They continually evaluate the reasonableness of their 

intermediate results. 

Reveal Math Integrated III requires 

students to look for and express 

regularity in repeated reasoning in 

Concept Check and Think About It 

features and Higher Order Thinking 

Skills throughout the program. 

Some specific lessons for review 

are: Lessons 2-3, 2-4, 3-3, 4-6, 5-4, 

6-2, 7-1, 8-2, 9-5 
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Module 5 

Exponential Functions 

Module Goals

• Students graph exponential growth and decay functions. 

• Students solve exponential equations and inequalities algebraically and 

by graphing. 

• Students analyze expressions and functions involving the natural 

base e. 

• Students generate geometric series and find their sums. 

• Students choose the best function type to model sets of data by using 

technology. 

Focus 

Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

Also addresses A.SSE.4, A.CED.2, A.REI.11, F.IF.4, and F.IF.6. 

Standards for Mathematical Practice:

All Standards for Mathematical Practice will be addressed in this module. 

Be Sure to Cover 

To completely cover A.SSE.4, go online to assign the following activity: 

• Sum of a Finite Geometric Series (Expand, Lesson 5-4) 

Coherence 

Vertical Alignment 

Previous 

Students studied linear, exponential, and quadratic functions. 

F.IF.7a, F.IF.7e (Course 1, Course 2) 

Now

Students graph and analyze exponential functions and determine 

whether a set of data is best modeled by a linear, quadratic, or 

exponential function. 

F.IF.4, F.IF.7e 

Next 

Students will graph and analyze logarithmic functions. Students will 

translate between exponential and logarithmic forms of expressions 

and solve exponential equations by using logarithms. 

A.SSE.2, F.LE.4, F.IF.7e 

The Three Pillars of Rigor 

To help students meet standards, they need to illustrate their ability to 

use the three pillars of rigor. Students gain conceptual understanding as 

they move from the Explore to Learn sections within a lesson. Once they 

understand the concept, they practice procedural skills and fluency and 

apply their mathematical knowledge as they go through the Examples 

and Practice. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

EXPLORE LEARN EXAMPLE & PRACTICE 

Suggested Pacing 

Lessons Standards 45-min classes 90-min classes 

Module Pretest and Launch the Module Video 1 0.5 

5-1 Graphing Exponential Functions F.IF.4, F.IF.7e 2 1 

5-2 Solving Exponential Equations and Inequalities A.CED.1, A.REI.11 1 0.5 

5-3 Special Exponential Functions A.CED.2, F.IF.6 1 0.5 

5-4 Geometric Sequences and Series A.SSE.4 3 1.5 

5-5 Modeling Data A.CED.2 1 0.5 

Module Review 1 0.5 

Module Assessment 1 0.5 

Total Days 11 5.5 
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CHERYL TOBEY 

MATH 
PROBES 

Formative Assessment Math Probe 

Solving Exponential Equations 

Module Resource 

Analyze the Probe 
Review the probe prior to assigning it to your students. 

In this probe, students will critique the work of others as they attempt to solve exponential 

equations. 

Targeted Concepts Understand when and how an exponential equation can be solved by 

rewriting each side of the equation using the same base. 

Targeted Misconceptions 

• Students may not find a common base before attempting to solve the equation. 

• Students may misidentify a common base. 

Use the Probe after Lesson 5-2. 

Correct Answers: 

Sadie: no Stefan: no Wen: yes Collect and Assess Student Answers 

If the student selects 

these responses… 

Then the student likely… 

Sadie: yes does not recognize that the bases are not the same. 

Stefan: yes is using factors of the base that include the same number as the other base, but 

does not write the 8 as a power with a common base. 

Wen: no does not recognize the process of finding common bases to solve for a variable that 

is in the exponent. 

Take Action 
After the Probe Design a plan to address any possible misconceptions. You may wish to 

assign the following resources. 

• Exponential and Logarithmic Equations 

• Lesson 5-2, Learn, Example 1 

Revisit the Probe at the end of the module to be sure that your students no longer carry 

these misconceptions. 
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The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and 

engage and challenge students. Use these open-ended, collaborative 

activities, located online in the module Launch section, to encourage 

your students to develop a growth mindset towards mathematics and 

problem solving. Use the teacher notes for implementation suggestions 

and support for encouraging productive struggle. 

Essential Question 

At the end of this module, students should be able to answer the 

Essential Question. 

How are real-world situations involving quantities that grow or 

decline rapidly modeled mathematically? Sample answer: Quantities 

that grow rapidly are modeled by exponential growth functions, and 

quantities that decline rapidly are modeled by exponential decay 

functions. 

What Will You Learn? 

Prior to beginning this module, have your students rate their knowledge 

of each item listed. Then, at the end of the module, you will be reminded 

to have your students return to these pages to rate their knowledge 

again. They should see that their knowledge and skills have increased. 

Focus As students work through the lessons in this module, they write 

notes about exponential functions and relations. 

Teach Have students make and label one page of their Foldable 

for every two lessons in the module and use the appropriate pages 

as they cover the material. Have students list the Key Concepts and 

the vocabulary terms and their definitions in their Foldable. Point out 

that the Foldable can also be used to record positive and negative 

experiences during learning. 

When to Use It Encourage students to add to their Foldable as they 

work through the module and to use them to review for the module test. 

Launch the Module 

For this module, the Launch the Module video uses human, insect, 

and virus populations to show real-world applications of exponential 

functions. Students learn about using exponential relationships to model 

the global population over time and viral load over time. 

Interactive Presentation 
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What Vocabulary Will You Learn? 
ELL As you proceed through the module, introduce the key vocabulary 

by using the following routine. 

x Define A function in form y = b , where b is the base and x is the 

independent variable, is an exponential function. 

x Example y = 90 

35 Ask Is y = x an exponential function? Why or why not? No; the variable 

must be an exponent in an exponential function. 

Are You Ready? 

Students may need to review the following prerequisite skills to succeed 

in this module. 

• simplifying exponential expressions 

• solving equations by taking square roots 

• solving exponential equations 

• using arithmetic sequences 

• using linear regression 

ALEKS is an adaptive, personalized learning environment that identifies 

precisely what each student knows and is ready to learn, ensuring 

student success at all levels. 

You may want to use the Exponential and Logarithmic Functions, and 

Sequences and Probability sections to ensure student success in this 

module. 

Mindset Matters 

Attitude Ownership 

Part of developing a growth mindset involves acknowledging progress 

in growth thinking and sharing it with others. It’s important for students 

to own their mindset, be proud of their growth, and see themselves as 

someone who has a growth mentality—not just in math, but with learning 

in general. 

How Can I Apply It? 

Have students complete a math mindset project to share how they have 

grown throughout the year. They might choose the delivery method, 

such as a poster, blog post, video, or podcast. Students can share their 

mindset journey with their classmates as part of a class discussion, or 

they might post their projects for others to see. 
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Lesson 5-1 

Graphing Exponential Functions 
F.IF.4, F.IF.7e 

LESSON GOAL 

Students graph exponential growth and decay functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Using Technology to Analyze Graphs of Exponential 

Functions 

Develop: 

Graphing Exponential Growth Functions 

• Graph Exponential Growth Functions 

• Graph Transformations of Exponential Growth Functions 

• Analyze Graphs of Exponential Functions 

• Use Exponential Growth Functions 

Graphing Exponential Decay Functions 

• Interpret Exponential Functions 

• Graph Exponential Decay Functions 

• Graph Transformations of Exponential Decay Functions 

• Compare Exponential Functions 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Exponential Functions ＀ ＀ ＀ 

Extension: Families of Curves ＀ ＀ ＀ 

Language Development Handbook 
Assign page 25 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing 

exponential growth and decay functions. 

ELL You can use the tips and suggestions on 

page T25 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.4 For a function that models a relationship between two quantities, 

interpret key features of graphs and tables in terms of the quantities, 

and sketch graphs showing key features given a verbal description of the 

relationship. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

5 Use appropriate tools strategically. 

Coherence 

Vertical Alignment 

Previous 

Students graphed linear, exponential, and quadratic functions. 

F.IF.7a, F.IF.7e (Course 1, Course 2) 

Now 

Students graph exponential growth and decay functions. 

F.IF.4, F.IF.7e 

Next 

Students will analyze expressions and functions involving natural base e. 

A.CED.2, F.IF.6 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of exponential functions and use it to build fluency by 

graphing exponential functions. They apply their understanding of 

exponential functions by solving real-world problems. 
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1 LAUNCH F.IF.4, F.IF.7e 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• simplifying exponential expressions 

Answers: 

1. 7 

2. 5 

3. 9 

4. 8 

5. 64 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Attend Quantities Point out that it is important to note the 

meaning of the quantities used in the function that represents 

Moore’s Law. Ask students to evaluate the function and explain 

what the value of the variable and the function represent in the 

context of the situation. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 

Mathematical Background 
x The function f x( ) = b , where b is a positive real number and b ≠ 1, is an 

exponential function. When b > 1, the function has no x-intercepts and 

one y-intercept. It is an increasing function with a horizontal asymptote 

(the x-axis). When 0 < b < 1, the function has no x-intercepts and one 

y-intercept. It is a decreasing function with a horizontal asymptote (the 

x-axis). 

217b Module 5 • Exponential Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0044.xhtml


2 EXPLORE AND DEVELOP F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Using Technology to Analyze Graphs 

of Exponential Functions 

Objective 

Students use a graphing calculator to explore transformations and key 

features of graphs of exponential functions. 

Teaching the Mathematical Practices 

5 Analyze Graphs Throughout the Explore, students will analyze 

the graphs they have generated using graphing calculators to 

determine the effect of performing an operation on an exponential 

function. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

Students will be presented with the parent exponential function and 

analyze the change in key features of transformations on the parent 

function. Then, students will answer the Inquiry Question. 

(continued on the next page) 

Interactive Presentation 

Explore 
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2 EXPLORE AND DEVELOP F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Using Technology to Analyze Graphs 

of Exponential Functions ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• How does addition affect the graphs of other functions? Sample 

answer: Addition can move a graph vertically or horizontally. 

x x + 2 • Does the transformation from y = b to y = -3b change any 

key features of the graph? Sample answer: Multiplying by a negative 

number will change the range, y-intercept, end behavior and changes 

the graph from increasing to decreasing. 

Inquiry 

How does performing an operation on an exponential function affect 

its graph? Adding or subtracting a constant causes the graph to be 

shifted horizontally or vertically. Multiplying by a constant stretches or 

compresses the graph, making the graph steeper or less steep, and can 

change the y-intercept. Multiplying by a negative constant causes the 

graph to be reflected in the x- or y-axis. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question 

and can view a sample answer. 
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Exponential 
Growth Functions 

Objective 

Students graph exponential growth functions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain 

the relationship between the value of b and an exponential 

growth function. 

DIFFERENTIATE 

Language Development Activity AL ELL 

Ask students where they have heard the term exponential before and 

what they think it might mean. Students may have heard terms like 

exponential growth on a television news program, and they might 

think that exponential means “enormous.” Use students’ answers to 

introduce the concept of exponential functions. 

Example 1 Graph Exponential 
Growth Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the function, table, and graph used in this 

example to identify key features of the function. 

Questions for Mathematical Discourse 

0 AL What is b ? 1 

__ 1 __ OL Why is 0 < y < 1 for x < 0? For x < 0, y = , which is always 
( | |x  2 ) 

less than 1. 

BL Why is y = 0 an asymptote of the function? As x approaches 
__ 1 __ negative infinity, the denominator of | x| becomes infinitely large, 
( 2 ) 

making the fraction infinitely small; however, no value of x can 

make the function equal zero. 

Essential Question Follow-Up 

Students have explored exponential functions. 

Ask: 

How can being financially literate help you to make good decisions? 

Sample answer: If you are financially literate, you understand financial 

terms and know how to analyze data and trends. Successfully applying 

these skills can help you to make good decisions in real-world 

situations such as opening a bank account, applying for college loans, 

and buying a house. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 

TYPE 

a 
Students answer a question to show they 

understand transformations on the parent 

exponential growth functions. 
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2 EXPLORE AND DEVELOP F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph T ransformations of 
Exponential Growth Functions 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of an 

exponential growth function to identify the transformations in the 

function and to graph the function. 

Questions for Mathematical Discourse 

AL How does a transformation of an exponential function compare to 

transformations of other types of functions? The transformations 

follow the same pattern as for the other types of functions. 

xOL What is the equation that translates y = 3 to the right 4 units 
( 4)x-  and down 5 units? y = 3 - 5 What is the equation of the 

asymptote for this function? y = -5 

BL As x → -∞, how does the rate of increase of f x( ) change? The 

rate of increase decreases but does not reach zero. 

Example 3 Analyze Graphs of 
Exponential Functions 

Teaching the Mathematical Practices 

6 Communicate Precisely The Think About It! feature online 

asks students to write and explain the solution process they used 

in Example 3. 

Questions for Mathematical Discourse 

AL How can you tell the graph has been translated down two 

units? The asymptote of the parent function is y = 0, and the 

asymptote of the graph is y = -2. 

OL Do the domain and range change based on the value of k in 

g x( ) = f x( ) + k? The domain does not change, but the range

depends on the value of k. 

x h-BL What is the equation for the asymptote of f x( ) = ab + k? y = k 

Example 4 Use Exponential Growth Functions 

Teaching the Mathematical Practices 

5 Use Mathematical Tools In Example 4, students will need to 

use a graphing calculator to estimate the balance in the account. 

Questions for Mathematical Discourse 

AL How could you check the equation to verify the original investment 

was 50 million? Find A(0) = 50. 

OL What does it mean in this context for the function to be increasing? 

The amount of money in the account is increasing as time goes by. 

BL In the context of the example, why does the rate of increase 

increase as t → ∞? The interest earned previously contributes to 

the interest earned subsequently. 

Interactive Presentation 

Example 2 

TAP 

Students move through steps to learn 

to graph an exponential function using 

transformations. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Exponential 
Decay Functions 

Objective 

Students graph exponential decay functions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationship between the value of b and an exponential decay 

function. 

Example 5 Interpret Exponential Functions 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of functions to 

determine whether they are exponential growth or decay functions. 

Questions for Mathematical Discourse 

x 
AL What must be true about f ( )x  = b for the function to represent 

exponential decay? 0 < b < 1 

-x 
OL Does f x( ) = 5 represent exponential growth or decay? Explain. 

x 
-x _ 1 _ _ 1 _ It represents exponential decay because 5 = x = 

5 (5 ) . 
x 

x _ 1 _ 
BL How are y = 5 and y = (5 ) related? One is the reflection of the 

other across the y-axis. 

Example 6 Graph Exponential 
Decay Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences The Talk About It! asks students 

to explain the relationship between the end behavior of an 

exponential function and the type of exponential function. 

Questions for Mathematical Discourse 

-3 _ 1 _ 
AL Why does ( = 8? A term with a negative exponent can be 

2 )
written as the term with the positive version of the exponent 

in the denominator of a fraction with 1 as the numerator. 
3 _ 1 _ _ 1 _ __ 1 __ ( = and = 8. 

2 ) 8 _ 1 _ (8 )
x 

OL What transformation is done to the graph of y = 2 to get the 
x _ 1 _ graph of y = (2 ) ? reflection in the y-axis 

1 x __ x 
BL Given the graph of y = ( is a re ph of y = b 

b ) flection of the gra 

across the y-axis, how does this relate to the form of reflections 

across the y-axis for transformations of other function types? The 
x _ 1 _ -x reflection of f x( ) across the y-axis is f x(- ), and ( = b . 

b )

Interactive Presentation 

Learn 

TYPE

a
Students are introduced to the effect of 

transformations on the parent exponential 

decay functions. 
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2 EXPLORE AND DEVELOP F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 7 Graph T ransformations of 

Exponential Decay Functions 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of an 

exponential decay function to identify the transformations in the 

function and to graph the function. 

Questions for Mathematical Discourse 

AL Why does g x( ) represent exponential decay? It is exponential 
_ 1 _ decay because b = , which is less than 1. 
4 

OL Why is k not included in the range of an exponential function of 
x h-the form y = ab + k? No value of x can make the exponential 

term zero. 

BL Why does g x( ) represent exponential decay even though the 

function is increasing as x → ∞? The rate at which the function is 

increasing decreases as x → ∞, making it approach an asymptote. 

Example 8 Compare Exponential Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences Students will explain the relationships 

between the key features of two functions represented in different 

ways. 

Questions for Mathematical Discourse 

AL What kind of function is f x( )? piecewise with exponential and 

linear components 

OL What is the difference between the exponential component of f x( ) 

and g x( )? f x( ) represents exponential decay and g x( ) represents 

exponential growth. 

BL How many intersection points do g x( ) and f x( ) have? three Could 

translating g x( ) to the right ever result in a different number of 

intersection points? No, because g x( ) never reaches 2. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

Interactive Presentation 

Example 7 

TYPE 

a 
Students move through steps to learn 

to graph an exponential function using 

transformations. 

CHECK 

Students complete the Check online to 

determine whether they are ready to move 

on. 
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3 REFLECT AND PRACTICE F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–34 

2 exercises that use a variety of skills from this

lesson 

35–48 

3 exercises that emphasize higher-order and

critical-thinking skills 

49–53 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–47 odd, 49–53 

• Extension: Families of Curves 

• Graphing Exponential and Logarithmic Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–53 odd 

• Remediation, Review Resources: Exponential Functions 

• Personal Tutors 

• Extra Examples 1–8 

• Exponential Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–33 odd 

• Remediation, Review Resources: Exponential Functions 

• Quick Review Math Handbook: Graphing Exponential Functions 

• Exponential Functions 

AL 
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3 REFLECT AND PRACTICE F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

x 41a. Sample answer: Choose a = 2, so y = 2(1) . All values for y are 2. 

y = a is a constant function, not an exponential one, since the value of 

y never changes. 
x 41b. Sample answer: Choose a = 2 and b = -2, so y = 2( 2)-  . The table 

_ 1 _ _ 1 _ of values for y are - , , -1, 2, -4, 8, -16. Students should indicate 
4 2 

that this function is not exponential. Since values of y alternate signs, 

the function does not continuously increase or decrease. 

43a. 

43b. The car depreciates about 5 times as much in the first 5 years as 

compared the the last 5 years. 

44b. To create g x( ), f x( ) must be reflected in the x-axis, compressed vertically 

by a factor of 2, and translated 3 units left and 1 unit down. To create 
3 __ h x( ), f x( ) must be stretched vertically by a factor of , and translated 
2 

5 units right. 

44c. To create h x( ), g x( ) must be reflected in the x-axis, stretched vertically by 

a factor of 3, and translated 8 units right and 1 unit up. 

48b. 

There is an intercept at (0, 20,000) which 

represents the initial population. There 

are no zeros. As t → +∞, P t( ) → +∞ 

which means that the population will 

grow without bound. 

48c. Because the population is considered from the time it is initially 

measured and onward, the appropriate domain is t ≥ 0. 

49a. Always; sample answer: The domain of exponential functions is all real 

numbers, so (0, y) always exists. 

49b. Sometimes; sample answer: The graph of an exponential function crosses 

the x-axis when k < 0. 

49c. Sometimes; Sample answer: The function is not exponential if b = 1 or -1. 

50. Vince; the graphs of the function would be the same. 
x 53. Sample answer: The parent function, g x( ) = b , is stretched if | |a  is greater 

than 1 or compressed if | |a  is less than 1. The graph is reflected in the x-axis 

when a is negative. The parent function is translated up k units if k is 

positive and down | |k  units if k is negative. The parent function is translated 

h units to the right if h is positive and | |h  units to the left if h is negative. 
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Lesson 5-2 A.CED.1, A.REI.11 

Solving Exponential Equations and Inequalities 

LESSON GOAL 

Students solve exponential equations and inequalities algebraically and 

by graphing. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Solving Exponential Equations 

Develop: 

Solving Exponential Equations 

• Solve Exponential Equations Algebraically 

• Solve an Exponential Equation by Graphing 

• Use the Compound Interest Formula 

Solving Exponential Inequalities 

• Solve Exponential Inequalities Algebraically 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

Formative Assessment Math Probe 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Solving Quadratic Equations by 
＀ ＀ ＀ 

Completing the Square 

Extension: Musical Relationships ＀ ＀ ＀ 

Language Development Handbook 
Assign page 26 of the Language Development 

Handbook to help your students build 

mathematical language related to solving exponential 

equations and inequalities. 

ELL You can use the tips and suggestions on 

page T26 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

A.REI.11 Explain why the x-coordinates of the points where the graphs 

of the equations y = f ( )x  and y = g x( ) intersect are the solutions of the 

equation f ( )x  = g x( ); find the solutions approximately, e.g., using 

technology to graph the functions, make tables of values, or find successive 

approximations. Include cases where f ( )x  and/or g x( ) are linear, polynomial, 

rational, absolute value, exponential, and logarithmic functions. 

Standards for Mathematical Practice: 

6 Attend to precision. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students solved linear, quadratic, and exponential equations. 

A.REI.3, A.REI.4 (Course 1, Course 2) 

Now 

Students solve exponential equations and inequalities algebraically and by 

graphing. A.CED.1, A.REI.11 

Next 

Students will analyze expressions and functions involving the natural 

base e. A.CED.2, F.IF.6 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

understanding of exponential functions and build fluency by solving 

exponential equations. They apply their understanding of exponential 

equations by solving real-world problems. 

Mathematical Background 
Simple exponential equations can be solved by rewriting one or both 

sides of the equation so that the bases are the same. Once that has been 

achieved, the Property of Equality for Exponential Functions can be used 

to solve for the variable. 
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1 LAUNCH A.CED.1, A.REI.11 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• solving equations by taking square roots 

Answers: 
_ 2 _ 1. ±
3 

_ 2 _ 2. ±
5 

3. -3 

4. ±2 

5. 2 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Make Assumptions In the Launch the Lesson, have students 

explain why you must assume that the trend in streaming services 

revenue continues. 

Go Online to find additional teaching notes and questions to promote 

classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Solving Exponential Equations 

Objective 

Students explore solving exponential equations. 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must 

be able to transform algebraic expressions to reach solutions. 

Throughout the Explore, students must rewrite exponential 

expressions with the same base to solve exponential equations. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete four exercises that explore finding the value of a 

variable that is an exponent in an equation. Then, students will answer 

the Inquiry Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

TAP

Students tap to solve exponential equations. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Solving Exponential Equations 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• How can you write 16 in exponential form with a base of 2? Sample 

answer: You can think of it as 4 · 4, or 2 · 2 · 2 · 2. So, in exponential 
4 form 16 = 2 . 

2x + 1 2x + 1 2 • Does it help to change 3 = 81 to have the form 3 = 9 ? Why 

2 or why not? Sample answer: While 9 is an exponential form of 81, the 

base needs to be 3. 

Inquiry 

How can you rewrite expressions to solve exponential equations? 

Rewrite the expressions on each side of an exponential equation to 

have the same base. Then set the exponents equal to each other and 

solve for x. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a 

sample answer. 
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A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Solving Exponential Equations 

Objective 

Students solve exponential equations in one variable algebraically and 

by graphing. 

Teaching the Mathematical Practices 

1 Understand Different Approaches Work with students to look 

at how to solve exponential equations graphically and by using the 

Property of Equality for Exponential Equations. 

DIFFERENTIATE 

Enrichment Activity BL 

Allow students to develop their sense of consumerism by providing 

them with an initial deposit amount and having them shop around for 

the best interest rates. Students should record relevant information, 

including bank name, account type, interest rate, how often interest is 

compounded, and restrictions on the account. Ask students to graph 

the growth of their initial deposit over time. 

Example 1 Solve Exponential Equations 
Algebraically 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely 

write or explain their solution methods. The Think About It! feature 

online requires students to use clear definitions when they discuss 

their solution method. 

Questions for Mathematical Discourse 

3 AL In part a, why must 64 be written as 4 ? Changing 64 to the 
3 equivalent value 4 makes both sides of the equation have the 

same base. 

OL What is a method  to determine the common base? Sample answer: 

Take the lesser number to increasing powers until the result is the 

greater number. 

BL Why must the restriction of b ≠ 1 be put on the Property of 

Equality for Exponential Equations? Because 1 raised to any 

power is 1, the property does not hold true for b = 1. 

Things to Remember 

Remind students to distribute to each term in the exponent when using 

the Power of a Power Property. 

Interactive Presentation 

Learn 

TYPE 

a 
Students answer a question to show they 

understand solving exponential equations. 
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2 EXPLORE AND DEVELOP A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Solve an Exponential Equation 
by Graphing 

Teaching the Mathematical Practices 

5 Use a Source Guide students to find external information to 

answer the questions posed in the Use a Source feature. 

Questions for Mathematical Discourse 

AL Why is $58,000 written as $0.058? The equation represents 

money in millions of dollars. 

OL Why is this equation only an approximation? Because it is modeling 

real-world data. 

BL How can you use your calculator to estimate at which Super 

Bowl the cost to advertise doubled? Graph y = 0.116 and 
x y = 0.058(1.099) and find the intersection. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Example 2 

TYPE 

Students complete the calculations 
to solve an exponential equation by 
graphing. 

TAP 

Students tap to choose a calculator to 
graph an exponential equation. 
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A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Use the Compound Interest 
Formula 

Teaching the Mathematical Practices 

4 Analyze Mathematical Results In Example 3, point out that to 

solve the problem, students should interpret their mathematical 

results in the context of the problem. 

Questions for Mathematical Discourse 

AL Why is n = 12? The interest is compounded monthly, which 

means it will be compounded 12 times a year. 

OL What is the y-intercept of the related function A t( ), and what does 

it mean in the context of the example? 1700; It means at t = 0, 

the amount in the account is the initial investment. 

BL How does the balance change as you increase the number 

of times the interest is compounded per year? The balance 

increases. 

Common Error 

Students may use the numbers as given in the problem without 

considering the units. Remind students to convert all percentages to 

decimal form. 

Interactive Presentation 

Example 3 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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2 EXPLORE AND DEVELOP A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Solving Exponential Inequalities 

Objective 

Students solve exponential inequalities in one variable algebraically. 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as being composed 

of several objects. Help student to see how they can use the 

Property of Inequality for Exponential Equations to more easily 

solve complicated exponential inequalities. 

DIFFERENTIATE

Reteaching Activity AL

IF you want students to check to see if their answer is correct, 

THEN remind students to choose any value in the solution interval and 

see if it satisfies the original inequality. 

Example 4 Solve Exponential Inequalities 
Algebraically 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must 

be able to transform algebraic expressions to reach solutions. 

In Example 4, students must rewrite the base of exponential 

expressions to solve an exponential inequality. 

Questions for Mathematical Discourse 

AL Why are the expressions written in terms of powers of 3 instead 

of 9? Both expressions can be written as powers of 3 with integer 

powers. 

OL How can you use your calculator to check your solution? Graph 
2 6x+ x−5 y = 27 and y = 81 , and the solution will be where the graph 

2 6x+ x−5 of y = 27 is above the graph of y = 81 . 

BL Write a rule similar to the Property of Inequality for Exponential 
x y x y Equations for 0 < b < 1. b > b if and only if x < y, and b < b if 

and only if x > y. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Example 4 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–20 

2 exercises that use a variety of skills from this

lesson 

21–57 

3 exercises that emphasize higher-order and

critical-thinking skills 

58–65 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–57 odd, 58–65 

• Extension: Musical Relationships 

• Exponential and Logarithmic Equations 

BL 

IF students score 66%−89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–65 odd 

• Remediation, Review Resources: Solving Exponential Equations and 

Inequalities 

• Personal Tutors 

• Extra Examples 1–4 

• Quadratic Equations 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–19 odd 

• Remediation, Review Resources: Solving Exponential Equations and 

Inequalities 

• Quick Review Math Handbook: Solving Exponential Equations and 

Inequalities 

• Quadratic Equations 

AL 
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3 REFLECT AND PRACTICE A.CED.1, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

53. 

54a. Jones Corporation: $10,000,000; $9,043,821; Davis Company: 

$8,000,000; $8,836,977 

54b. Sample answer: Davis Company; Since annual profits have been 

increasing for the Davis Company, stock in this company would most 

likely increase in value also. Jones Corporation's profit equation 

represents exponential decay since b = 0.99 (it is less than 1), while the 

Davis Company's profit equation represents exponential growth since 

b = 1.01 (it is greater than 1). 

55. No; A function to model the 
0.5t concentration is f t( ) = 3(0.5) . The 

intersection with g t( ) = 0.6 occurs at 

t ≈ 4.6, meaning the concentration 

drops below the effective level 

before 3 P.M. 

57a. Sample answer: The average salary for a professor in 2017 was 

$100,100. After 15 years, the professor’s annual salary would be 
15 100,100(1.02) = $134,721.42. 

57b. Sample answer: It depends on how long the professor intends to work. 

For years 1-16, the average salary with a 2% raise earns more. After year 

17, the lower starting salary with a 3% raise earns more. The professor 

should consider the cumulative salary over the time he or she intends to 

work to determine which is better. 

58. He is not correct; Eventually g x( ) > f x( ) because the base of g x( ) is a 

greater value. Tom should have enlarged the viewing window in order to 

identify this result. To disprove that f x( ) < g x( ) for x > 0, the equation 
x x f x( ) = g x( ) or 5(1.25) = 1.5 could be shown to have a real solution. 

2x x + 1 2x + 2 4x + 1 64. 27 ＀ 81 = 3 ＀ 9
3 2x 4 x + 1 2x + 2 2 4x + 1(3 ) ＀ (3 ) = 3 ＀ (3 )

6x 4x + 4 2x + 2 8x + 2 3 ＀ 3 = 3 ＀ 3
10x + 4 10x + 4 3 = 3

10x + 4 = 10x + 4

10x = 10x

x = x

Original equation 
2 3 4 3 = 9, 3 = 27, and 3 = 81 

Power of a Power 

Product of Powers 

Property of Equality for 

Exponential Equations 

Subtract 4 from each side. 

Divide each side by 10. 

65. Sample answer: Divide the final amount by the initial amount. If n is the 

number of time intervals that pass, take the nth root of the answer. 
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Lesson 5-3 

Special Exponential Functions 
A.CED.2, F.IF.6 

LESSON GOAL 

Students analyze expressions and functions involving the natural base e. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Finding the Value of e 

Develop: 

Exponential Functions with Base e 

• Expressions with Base e 

• Graph Functions with Base e 

• Apply Functions with Base e 

• Solve an Exponential Equation by Using Technology 

You may want your students to complete the Check online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Writing Exponential Functions ● ● ● 

Extension: Logistic Growth ● ● ● 

Language Development Handbook 
Assign page 27 of the Language Development 

Handbook to help your students build mathematical 

language related to analyzing expressions and 

functions involving the natural base e. 

ELL You can use the tips and suggestions on 

page T27 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.CED.2 Create equations in two or more variables to represent 

relationships between quantities; graph equations on coordinate axes 

with labels and scales. 

F.IF.6 Calculate and interpret the average rate of change of a function 

(presented symbolically or as a table) over a specified interval. Estimate 

the rate of change from a graph. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students graphed exponential growth and decay functions. F.IF.4, F.IF.7e 

Now

Students analyze expressions and functions involving the natural base e. 

A.CED.2, F.IF.6 

Next 

Students will simplify logarithmic expressions and solve exponential 

equations by using natural logarithms. 

A.SSE.2, F.LE.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students extend their 

understanding of exponential functions to functions with base e. 

They build fluency by solving problems related to these types of 

exponential functions, and they apply their understanding by solving 

real-world problems. 

Mathematical Background 
The number e is an irrational number. It is an important number 

in mathematics. 

The first several digits are: 2.7182818284590452353602874713527. 

It is called Euler’s number, named after Leonhard Euler. 
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1 LAUNCH A.CED.2, F.IF.6 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• solving exponential equations 

Answers: 
_ 1 _ 1.
2 

2. -2 

3. 1 

4. 5 
_ 7 _ 5. - 
4 

Launch the Lesson 

Teaching the Mathematical Practices 

6 State Meaning of Symbols As students watch the Launch the 

Lesson video, encourage students to familiarize themselves with 

the meaning of e and reiterate that it is a number, not a variable. 

Go Online to find additional teaching notes and questions to promote 

classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using this vocabulary term in this lesson. 

You can expand the row if you wish to share the definition. Then discuss 

the questions below with the class. 
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2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Finding the Value of e 

Objective 

Students use algebraic expressions to explore the value of e. 

Teaching the Mathematical Practices 

6 Use Precision Throughout the Explore, students calculate 

accurately and express numerical answers with an appropriate 

degree of precision to approximate the value of e. 

7 Look for a Pattern Help students to see the pattern in the 

value of e as the value of n increases. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises to approximate the value of 

e and make conjectures on how to get the best approximation. Then,

students will complete the Inquiry Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

TYPE

Students complete the calculations to find the value 

of e. 
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2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Finding the Value of e ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 
_ 1 _ • What happens to the expression 1 + as n increases? Sample 
n 

answer: The fractional part of the number is approaching 0, so the 

value is getting closer to 1. 

• Would it be better to approximate with n = 1000 or n = 10,000? 

Sample answer: The greater value is a closer approximation, so it’s 

better to use n = 10,000. 

Inquiry 

How can you best approximate the value of e? By evaluating greater 

values of n or more terms of the expression, the approximation 

approaches the actual value of e. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a 

sample answer. 
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A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Exponential Functions with Base e 

Objective 

Students analyze expressions and functions involving the natural base e. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationship between the function and graph of an exponential 

function with base e. Then, ask students how an exponential 

function with base e relates to an exponential growth function. 

Things to Remember 
x Most calculators have an e key for evaluating natural base. 

Important to Know 

Stress that e is a constant, like π, and not a variable, like x or y. 

DIFFERENTIATE 

Reteaching Activity AL 

−2x IF some students mistakenly think that an equation like 4e − 5 = 3 

contains two variables, 

THEN point out that the letter e represents a constant, just as π does. 

Both e and π are irrational numbers, which cannot be expressed 

exactly with numerals. To help students avoid this confusion, have 

them highlight the variables in the equation with a marker. 

Example 1 Expressions with Base e 

Teaching the Mathematical Practices 

5 Decide When to Use Tools Use the Watch Out! feature to help 

students recognize the insight to be gained  from and the limitations 

of using a calculator to evaluate expressions with base e. 

Questions for Mathematical Discourse 

AL Can the value of e be written exactly? Explain. No, e is an irrational 

number, so it is a non-terminating, non-repeating decimal. The 

exact way to represent the value is e. 

x OL What are the domain and range of f x( ) = e ? D = ( ,–∞  ∞), R = (0, ∞) 

x BL The average rate of change for e over the interval [ ,a  a + b] 
a approaches the function value e as b approaches 0. What does this 

x a suggest? The instantaneous rate of change of e at x = a is e . 

Common Error 

Most calculators have an e button. However, students should use the 

properties of exponents to evaluate expressions so that their answers 

are exact. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 
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2 EXPLORE AND DEVELOP A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph Functions with Base e 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the function 

to identify the transformations in the function. 

Questions for Mathematical Discourse 

AL Does a function with base e represent exponential growth or 

exponential decay? It is exponential growth because e > 1. 

OL How does the average rate of change over [ ,x  x + 1] change as 

x → ∞? It decreases more rapidly. 

BL What is the instantaneous rate of change at g(3)? -2 

Important to Know 

For Parts A and C, students may find it easier to make a table of values for 

the function. They can use the values in the table to graph the function 

and find the values of g x( ) for the given intervals. 

Interactive Presentation 

Example 2 

TYPE 

a 
Students answer a question to show they 

understand how to graph and analyze 

functions with base e. 

SWIPE 

Students move through the slides to graph 

a function with base e. 
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A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Apply Functions with Base e 

Teaching the Mathematical Practices 

2 Make Sense of Quantities In Example 3, students must 

make sense of the quantities and their relationships given in the 

situation to apply the formula for continuous exponential growth. 

Questions for Mathematical Discourse 

AL What is A for t = 0? 1500 

OL Will the formula work for a monthly interest rate? Y es, if the unit of 

t is months. 

BL What is the relationship between the compound interest formula 

and the continuous compounding formula? The continuous 

formula is the compound interest formula for n → ∞. 

Common Error 

Students often introduce error by rounding during each step of a solution. 

In order to avoid any errors due to rounding, do not round until the very 

end of the calculations. 

Interactive Presentation 

Example 3 

TYPE 

a 
Students answer a question to show they 

understand continuously compounded 

interest. 
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2 EXPLORE AND DEVELOP A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Solve an Exponential Equation 
by Using Technology 

Teaching the Mathematical Practices 

5 Decide When to Use Tools Mathematically proficient students 

can make sound decisions about when to use mathematical tools 

such as graphing calculators. In Example 4, help them see why 

using a graphing calculator will help to solve the problem and the 

limitations of the tool. 

Questions for Mathematical Discourse 

AL When using the table to verify a solution, what is the effect of the 

interval of the table? A smaller interval allows you to estimate 

solutions to more decimal places. 

OL What is another way to solve the equation using a graphing 
xcalculator? Identify the solution to 5 - 2e = 0. 

BL What approach would you take to develop a way to solve this 

equation algebraically? Sample answer: You would need to define 
x _ 5 _ the inverse function of y = e and apply it to . 

2 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

Interactive Presentation 

Example 4 

TAP

Students tap to select a calculator to solve 

an exponential equation. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–21 

2 exercises that use a variety of skills from this

lesson 

22–34 

3 exercises that emphasize higher-order and

critical-thinking skills 

35–39 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Check, 

THEN assign: 

• Practice Exercises 1–33 odd, 35–39 

• Extension: Logistic Growth 

• Graphing Exponential and Logarithmic Functions 

BL 

IF students score 66%–89% on the Check, 

THEN assign: 

• Practice Exercises 1–39 odd 

• Remediation, Review Resources: Writing Exponential Functions 

• Personal Tutors 

• Extra Examples 1–4 

• Exponential Functions 

OL 

IF students score 65% or less on the Check, 

THEN assign: 

• Practice Exercises 1–21 odd 

• Remediation, Review Resources: Writing Exponential Functions 

• Exponential Functions 

AL 
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3 REFLECT AND PRACTICE A.CED.2, F.IF.6 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

10a. 11a. 

10b. The domain is all real numbers. 
The range is all real numbers 
greater than 3. 

11b. The domain is all real numbers. 
The range is all real numbers 
greater than –1. 

12a. 

12b. The domain is all real numbers. The range is all real numbers less 

than 2. 
x 32. Sample answer: Since x is substituted into the exponent and e is defined 

for x equal to all real numbers, the domain is not affected by a; therefore, 
x the domain of any function of the form f ( )x  = ae is all real numbers. 

33. 

Domain: all real numbers; Range: all real numbers greater than 8; 

y-intercept: 15; no zeros; asymptote: y = 8; end behavior: as x → -∞, 

f x( ) → 8, as x → ∞, f x( ) → ∞ 

35. Final amount corresponds to final population, initial amount corresponds 

to initial population, interest rate corresponds to growth rate, and time 

of growth is the same for both equations. 

36. Sample answer: Lee has $2142.87 in a savings account that pays 0.8% 

interest compounded continuously. If there have been no additional 

deposits, what was the initial deposit 2 years ago?; $2108.86 

37. Sample answer: Since e is irrational, evaluating any expression with e 

will approximate its value, which introduces error. To minimize the error, 

do as much work as possible with the exact value ( )e  before evaluating. 

38. No; Aza forgot to change the percent to a decimal; he used 0.7 instead 

of 0.007 in the calculation. 
x 39. g x( ) = 2e + 9; It has a range of all real numbers greater than 9, and 

the other two functions have a range of all real numbers greater than 0. 
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Lesson 5-4 

Geometric Sequences and Series 
A.SSE.4 

LESSON GOAL 

Students generate geometric series and find their sums. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Explicit and Recursive Formulas 

Develop: 

Sequences 

• Identify Geometric Sequences 

• Graph Geometric Sequences 

• Find the nth Term 

• Write an Equation for the nth Term 

• Recursive and Explicit Formulas 

• Find Geometric Means 

Geometric Series 

• Find the Sum of a Geometric Series 

• Find the First Term in a Series 

• Sum in Sigma Notation 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Arithmetic Sequences ＀ ＀ ＀ 

Extension: Half the Distance ＀ ＀ ＀ 

Language Development Handbook 
Assign page 28 of the Language Development 

Handbook to help your students build 

mathematical language related to geometric 

sequences and series. 

ELL You can use the tips and suggestions on 

page T28 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1.5 days 

45 min 3 days 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.SSE.4 Derive the formula for the sum of a finite geometric series 

(when the common ratio is not 1 ), and use the formula to solve 

problems. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

8 Look for and express regularity in repeated reasoning. 

Coherence 

Vertical Alignment 

Previous 

Students related geometric sequences to exponential functions. 

F.BF.2, F.LE.1a 

Now 

Students generate geometric series and find their sums. 

A.SSE.4 

Next 

Students will choose the best function type to model sets of data by using 

technology. 

A.CED.2 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

understanding of geometric sequences and build fluency by deriving 

the formula for the sum of a geometric series. They apply their 

understanding by solving real-world problems related to geometric 

sequences and series. 

Mathematical Background 
n a - a r _ 1 ____ 1 _ The formula for the sum of a geometric series, s = , is used when 

n 1 - r n a (1 - r ) 
_ 1 ______ the number of terms is not given. If n is known, the formula s =

n 1 - r 
can be used, as it is not necessary to calculate a . 

n 
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1 LAUNCH A.SSE.4 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• using arithmetic sequences 

Answers: 

1. 5; 23 

2. 1.1; 6.8 

3. -3; 15 

4. 138 

5. -4 

Launch the Lesson 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in the 

length of each swing. Encourage them to explain how to generate 

the length of the each swing given the length of the first swing. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP Prep for A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Explicit and Recursive Formulas 

Objective 

Students collect data to explore how to represent geometric sequences 

using explicit and recursive formulas. 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in the 

number of pieces of paper after each cut. Students will generalize 

the pattern they find to write explicit and recursive formulas to 

represent the situation. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will explore a geometric pattern by stacking and cutting pieces 

of paper, and create an exponential function to model the situation. 

Students will then complete a series of exercises to write the exponential 

function as a recursive function. Then, students will answer the Inquiry 

Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

TYPE

Students complete the calculations to generate 

explicit and recursive formulas. 

TYPE

Students answer questions to show they understand 

the patterns in each type of formula. 
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2 EXPLORE AND DEVELOP Prep for A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Explicit and Recursive Formulas 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Why is it useful to have an explicit formula for a geometric sequence? 

Sample answer: With an explicit formula, you can find any term in a 

sequence without having to find the previous term a . 
n-1

• If you are given the first three terms in a sequence, and asked to find 

the next 4 terms, should you use the recursive formula or the explicit 

formula? Why? Sample answer: The recursive formula would be better 

if you have a starting term and just need to find successive terms. 

Inquiry 

How can a geometric sequence be defined? A geometric sequence can 

be defined in terms of the number of the term n using an explicit formula 

to find any term of a sequence or in terms of the previous term. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

Explore 

TYPE

a
Students respond to the Inquiry Question 

and can view a sample answer. 
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A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Sequences 

Objective 

Students generate geometric sequences by using the common ratio. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the terms in a sequence and the formulas 

that can be used to represent the sequence. Help students to see 

how the recursive and explicit formulas for a sequence are related 

and when to use each type of formula. 

About the Key Concept 

Emphasize the importance of writing every step of calculations as an 

equation so that each numeric value found during the process is clearly 

identified. 

Common Misconception 

Tell students that although the graph of a geometric sequence is 

exponential, its graph is discrete instead of continuous because the 

domain of a geometric sequence is the set of natural numbers. 

Essential Question Follow-Up 

Students have explored sequences. 

Ask: 

What type of patterns can be modeled mathematically? 

Sample answer: numerical patterns involving real number operations, 

such as addition and multiplication 

Example 1 Identify Geometric Sequences 

Teaching the Mathematical Practices 

6 Use Definitions In this example, students will use the 

definition of a geometric sequence to classify sequences. 

Questions for Mathematical Discourse 

AL What values can a common ratio be? any nonzero real number 

OL How many terms do you need to divide to determine that the 

sequence in the example is not geometric? just the first two pairs 

BL What will be true about the signs of a geometric sequence if the 

common ratio is negative? They will alternate between positive and 

negative. 

Things to Remember 

Remind students that if they find the ratio of a term to the previous term, 

they should set up the remaining ratios the same way. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 
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2 EXPLORE AND DEVELOP A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph Geometric Sequences 

Teaching the Mathematical Practices 

8 Look for a Pattern Students identify the pattern in the geometric 

sequence and use it to find and graph terms in the sequence. 

Questions for Mathematical Discourse 

AL Is the graph of a geometric sequence linear? no; unless r = 1 

OL Is a geometric sequence a function? yes 

BL If you connected the points with a smooth curve, what would a 

geometric sequence with r > 1 resemble? an exponential growth 

function 

Apply Example 3 Find the nth T erm 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 

4 Model with Mathematics Students will be presented with a 

task. They will first seek to understand the task, and then determine 

possible entry points to solving it. As students come up with their 

own strategies, they may propose mathematical models to aid them. 

As they work to solve the problem, encourage them to evaluate their 

model and/or progress, and change direction, if necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present the 

task, or have a volunteer read it aloud. Then allow students the time to make 

sure they understand the task, think of possible strategies, and work to solve 

the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them on a 

particular strategy, encourage them to use their own strategies to solve the 

problem and to evaluate their progress along the way. They may or may not 

find that they need to change direction or try out several strategies. 

Signs of Non-Productive Struggle 

If students show signs of non-productive struggle, such as feeling over- 

whelmed, frustrated, or disengaged, intervene to encourage them to think of 

alternate approaches to the problem. Some sample questions are shown. 

• How does the amount of chocolate Javier eats on a day compare to 

how much he ate the day before? How can this be represented with a 

sequence? 

• Could you draw a picture to represent the situation? How could that help you 

write a formula? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

Interactive Presentation 

Example 2  

TYPE 

a 
Students answer a question to show they 

understand the graph of a geometric 

sequence. 

240 Module 5 • Exponential Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0078.xhtml


A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Write an Equation for the nth 
Term 

Teaching the Mathematical Practices 

2 Create Representations Guide students to write equations 

that represent the sequences in Example 4. 

Questions for Mathematical Discourse 

AL In part a, could you use other terms to find r? Y es, you could as 

long as the terms are consecutive. 

n-1
OL In part b, why can’t you simplify a to 320 ? The exponent 

n

_ 1 _ affects the in parentheses, but it does not apply to 640. 
2 

BL In part a, what is the effect of the negative inside the 

parentheses? The exponent can be even or odd so the negative 

in the parentheses will make the terms alternate signs. 

Interactive Presentation 

Example 4 
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A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Recursive and Explicit Formulas 

Teaching the Mathematical Practices 

7 Use Structure Help students use the structure of geometric 

sequences in Example 5 to translate between recursive and 

explicit forms. 

Questions for Mathematical Discourse 

AL What does recursive form mean? Each term is determined by the 

previous term. 

OL How does explicit form differ from recursive form? Explicit form 

allows you to find any term in the series given the first term and 

the common ratio, while recursive form allows you to find any term 

based on the previous term(s). 

BL When would each form be useful when working with geometric 

series? Sample answer: Recursive form is useful for generating 

multiple terms of the series over a range, while explicit form is 

useful for finding specific terms without needing to find the terms 

in between. 

Example 6 Find Geometric Means 

Teaching the Mathematical Practices 

3 Justify Conclusions The Think About It! feature asks students 

to justify their conclusion about geometric means. 

Questions for Mathematical Discourse 

AL Why does a = 32? The series has six terms: 243, the four 
6 

geometric means, and 32; thus, 32 is the sixth term. 

OL Would it be possible to find 4 geometric means between 243 and 
2 __ 

-32? If so, find r. yes; r = −
3 

BL What would happen if you tried to find more than 4 geometric 

means between 243 and 32? r would be irrational. 

Interactive Presentation 

Example 5 

CHECK 

Students complete the Check online 

to determine whether they are ready to 

move on. 
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A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Geometric Series 

Objective 

Students find sums of geometric series. 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or as 

being composed of several objects. The Think About It! feature 

requires students to see the denominator of the formula for the 

sum of a geometric series as a single object. 

Things to Remember 

Encourage students to begin a geometric sequence problem by writing 

the known values for each of the variables, n, a, and r. 

Example 7 Find the Sum of a Geometric 
Series 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results Use the Study Tip to reiterate 

the importance of interpreting results in the context of the 

situation. Have students explain why S cannot be negative. 
n 

Questions for Mathematical Discourse 

AL Why is n = 6? We are solving for the total number of dominos in 

6 rows. 

OL How would you determine how many rows can be made with 

d dominoes? Set S = d and solve for n. 
n 

BL What happens to the sums if r is negative? They alternate 

between negative and positive as n increments. 

DIFFERENTIATE 

Language Development Activity ELL 

Beginning Help students access text by using an interactive 

whiteboard to work through finding the sum of a geometric series. 

Point out each variable in the formula and each step of the solution, 

using short phrases to explain. 

Intermediate Provide students with a study guide to make the text 

accessible to all students. Paraphrasing content helps students make 

connections more easily. 

Interactive Presentation 

Learn 

TYPE 

a 
Students answer a question to determine 

whether they understand the formula for 

the sum of a geometric series. 
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2 EXPLORE AND DEVELOP A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 8 Find the First T erm in a Series 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must 

be able to transform algebraic expressions to reach solutions. 

In Example 8, students must solve the sum formula for a given 

variable. 

Questions for Mathematical Discourse 

AL What is a step you could have shown in between simplify and 
_ 1 __ __ 1 _ subtract? Distributive Property: a - a = a -

1 32 1 1 (1 
32 )

OL Which values would we need to use this formula to solve for r? 

S , a , and n 
n 1 

BL How could you write a as a function of r with the given S and n? 
1 n 

_ 1 _ – _ r _ Factor a out and then multiply each side by 
1 n . 1 – r 

Example 9 Sum in Sigma Notation 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or as 

being composed of several objects. In Example 9, guide students 

to see what information they can gather about the geometric 

series just from looking at the sum in sigma notation. 

Questions for Mathematical Discourse 

AL How can you check your answer? Write out each term for k from 

5 to 12 and add them. 

OL For k from 1 to ∞, will any term in the series be irrational? no 

BL How would you write a sum in sigma notation that would have the 

same sum but start at k = 1? The exponent would need to equal 

4 for k = 1, so it would be k + 3, and the sum would go from 1 to 8. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Example 8 

CHECK 

Students  complete the Check online 

to determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–37 

2 exercises that use a variety of skills from this

lesson 

38–65 

3 exercises that emphasize higher-order and

critical-thinking skills 

66–73 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–65 odd, 66–73 

• Extension: Half the Distance 

• Sequences and Series 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–73 odd 

• Remediation, Review Resources: Arithmetic Sequences 

• Personal Tutors 

• Extra Examples 1–9 

• Arithmetic Sequences 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–37 odd 

• Remediation, Review Resources: Arithmetic Sequences 

• Quick Review Math Handbook: Geometric Sequences and Series 

• Arithmetic Sequences 

AL 
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3 REFLECT AND PRACTICE A.SSE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

63. Sample answer: The second option; receiving 20 annual payments 
20 4,000,000 1[  −(1.02) ] __________________ represents a geometric series, and S = , or 

[1 - (1.02)] 

$97,189,479.20. By choosing the annual payments, the winner will 

receive approximately $17 million more than by choosing the single 

payout. 

64a. 20 indicates the athlete will run 20 miles in the first week, 1.1 indicates 

that the number of miles increases by 0.1 or 10% each week. 

64c. Yes; the total number of miles over 20 weeks is 20 + 20 1.1( ) + … + 
20 

19 19 _ 1. _ 1 __ - __ _ 1 
20 1.1( ) = 20 1(  + 1.1 + … + 1.1 ) = 20 ( 1.1 - 1 ) ≈ 1145.5, so the 
athlete will run over 1000 miles. 

64d. about 31.5 miles; Sample answer: Let x = miles ran during the first week. 
15 

n 1-  1000 ≤ ∑ x(1.1) 
n = 1 

2 14 1000 ≤ x + x(1.1) + x(1.1) + … + x(1.1) 

1000 ≤ 31.77x 

31.47 ≤ x 
n n-1 a - a r a - a r r a - a r 

__ 1 ____ 1 _ __ 1 ____ 1 ___ __ 1 ____ n _ 66. S = = =
n 1 - r 1 - r 1 - r 

68. Sample answer: k − 1 needs to change to k, and the 10 needs to change 

to a 9. When this happens, the terms for both series will be identical (a 
1 

in the first series will equal a in the second series, and so on), and the 
0 

series will be equal to each other. 

69. Sample answer: 

Let a = the nth term of the sequence and r = the common ratio. 
n 

a = a · r Definition of the second term of a geometric 
2 1 

sequence 

a = a · r Definition of the third term of a geometric sequence 
3 2 

a = a · r · r Substitution 
3 1 

2 a = a · r Associative Property of Multiplication 
3 1 

3 − 1 a = a · r 3 − 1 = 2 
3 1 

n − 1 a = a · r n = 3 
n 1 

73. Sample answer: A series is arithmetic if every pair of consecutive terms 

shares a common difference. A series is geometric if every pair of 

consecutive terms shares a common ratio. If the series displays both 

qualities, then it is both arithmetic and geometric. If the series displays 

neither quality, then it is neither geometric nor arithmetic. 
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Lesson 5-5 

Modeling Data 
A.CED.2 

LESSON GOAL 

Students choose the best function type to model sets of data by using 

technology. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Modeling Exponential Decay 

Develop: 

Choosing the Best Model 

• Examine Scatter Plots 

• Model Data by Using Technology 

You may want your students to complete the Check online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Linear Regression ＀ ＀ ＀ 

Extension: Analyzing Residual Plots ＀ ＀ ＀ 

Language Development Handbook 
Assign page 29 of the Language Development 

Handbook to help your students build 

mathematical language related to modeling sets 

of data by using technology. 

ELL You can use the tips and suggestions on 

page T29 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.CED.2 Create equations in two or more variables to represent 

relationships between quantities; graph equations on coordinate axes 

with labels and scales. 

Standards for Mathematical Practice: 

4 Model with mathematics. 

5 Use appropriate tools strategically. 

Coherence 

Vertical Alignment 

Previous 

Students used linear and nonlinear functions to model real-world data and 

relationships. F.BF.1 (Course 1, Course 2) 

Now 

Students choose the best function type to model sets of data by using 

technology. 

A.CED.2 

Next 

Students will study logarithmic functions and how they can model real-world 

relationships. F.BF.1, F.BF.5 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop their 

understanding of nonlinear associations. They build fluency in fitting 

functions to data, and they apply their understanding by solving real- 

world problems. 

Mathematical Background 
Functions can be used to model data. Look at the shape formed by the 

data to determine what type of function best models the data. 
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1 LAUNCH A.CED.2 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding and using a linear regression 

Answers: 

1. See students’ graphs. 

2. Sample answer: y = 4.2x + 123 

3. positive 

4. about 194 lb 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students observe 

a situation in which a regression equation can be used to predict 

data. Ask students to use the graph shown to estimate the revenue 

for a year within the data set. Once students have completed the 

lesson, students can use the regression equation to estimate the 

revenue for the same year and compare their estimates. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Modeling Exponential Decay 

Objective 

Students use a model to explore exponential decay. 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and their 

relationships. Throughout the Explore, students must explain the 

relationship between the number of trials and the number of coins 

remaining. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will perform an experiment by recording the number of coins 

after each trial. They will use the results to answer guiding exercises 

to explore how experimental data can be modeled and used to make 

predictions. Each group of students will need 50–100 coins. Candy 

coated chocolates can be substituted for coins, where students use the 

imprinted logo on the candy to determine whether it should be set aside. 

(continued on the next page) 

Interactive Presentation 

Explore 

TYPE

Students record the results of an experiment to model exponential 

decay. 
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2 EXPLORE AND DEVELOP A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Modeling Exponential Decay 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• What is the probability that a coin will land on heads? On tails? Sample 

answer: The coin has an even chance of landing on heads or tails, so 

the probability is 50%. 

• When gathering experimental data, why should you perform more than 

1 or 2 trials? Sample answer: Using only 2 trials wouldn’t give you very 

accurate data. The more trials you use, the closer you get to theoretical 

probabilities. 

Inquiry 

How can experimental data be used to predict outcomes? By first making 

an equation that models the situation, the equation can be evaluated to 

make predictions. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a 

sample answer. 
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A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Choosing the Best Model 

Objective 

Students choose the best function type to model sets of data by using 

technology. 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results The Think About It! feature 

asks students to reflect on whether the predictions made using 

a regression function will always make sense in the context of a 

real-world situation. 

Things to Remember 

Remind students to clear lists L1 and L2 before starting any activity. They 

should also enter appropriate settings for the graphing window. 

Example 1 Examine Scatter Plots 

Teaching the Mathematical Practices 

5 Analyze Graphs Help students analyze the graph they have 

generated using a graphing calculator. Point out that to see the 

entire graph, students may need to adjust the viewing window. 

Questions for Mathematical Discourse 

AL Based on the values in the table, why is a linear function likely not 

a good fit for the data? The y-values are increasing faster than the 

x-values. 

OL If you only had the data over the interval [ 2,-  0], what conclusion 

might you make about the function that best models the data? 

It would appear  to be best modeled by a linear function. 

BL What do you know about k, the vertical translation of the parent 

function, for the exponential function that models this data set? 

k < -3 because the asymptote is very close to but less than 

k = -3. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 

TYPE 

a 
Students answer a question to show 

they understand the limitations of using 

regression functions. 
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2 EXPLORE AND DEVELOP A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Model Data by Using 
Technology 

Teaching the Mathematical Practices 

4 Make Assumptions In the Think About It! feature, have 

students explain an approximation that was made to solve the 

problem. 

5 Compare Predictions with Data Point out that in Example 2, 

students should use a graphing calculator to predict the number of 

coffee shops in a given year. 

Questions for Mathematical Discourse 

AL What characteristic of the data indicates an exponential function 

would be a good model? Sample answer: As x increases, 

y increases by larger intervals.

OL Would you expect the trend to continue indefinitely? Explain. 

No; sample answer: The market will eventually reach a saturation 

point for the coffee shop. 

2 BL A quartic function has an r of 0.988 for the data set. Does this 

mean it is a better model? Sample answer: Not necessarily. The 

quartic function may have multiple direction changes in between 

data points that would not make sense for the model. Graphing 

the data set and the modeling function can show you whether the 

model makes sense in the context. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

Interactive Presentation 

Example 2 

TAP 

Students select a calculator to use to 

determine the function that best models 

the data and use it to make predictions. 

CHECK 

Students complete the Check online to 

determine whether they are ready 

to move on. 
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3 REFLECT AND PRACTICE A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–6 

2 exercises that use a variety of skills from this

lesson 

7–13 

3 exercises that emphasize higher-order and

critical-thinking skills 

14–17 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–13 odd, 14–17 

• Extension: Analyzing Residual Plots 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–17 odd 

• Remediation, Review Resources: Linear Regression 

• Personal Tutors 

• Extra Examples 1, 2 

• Scatter Plots and Lines of Best Fit 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–5 odd 

• Remediation, Review Resources: Linear Regression 

• Scatter Plots and Lines of Best Fit 

AL 

Answer

1. 

[ 
-6, 14 ] scl: 1 by [ -4, 16 ] scl: 1 
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3 REFLECT AND PRACTICE A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

2. 

[ 
-1, 5 ] scl: 1 by [ -1, 9 ] scl: 1 

3. 

[ 
-5, 5 ] scl: 1 by [ -2, 10 ] scl: 1 

4a. 

[ 0, 16 ] scl: 1 by [ 0, 2200 ] scl: 200 

5a. 

[ 0 , 10 ] scl: 1 by [ 0, 100 ] scl: 10 

6a. 

[ 
-1, 25 ] scl: 1 [ -1, 65 ] scl: 5 

14. Sample answer: 

x -3 -2 -1 0 1 2 3 

_ 1 _ _ 1 _ _ 1 __ 
y 27 9 3 1

3 9 27 

15. Enter the x-values in the table in L1 in a calculator. Enter the y-values in 

the table in L2 in a calculator. Perform linear, quadratic, and exponential 
2 regressions. Then compare the coefficients of determination, r . The 

function with a coefficient of determination closest to 1 will fit the data 

best. 

16. Sample answer: Since the data accounts for only the first 1.5 seconds, 

it appears as if an exponential function should be selected, but that 

height of the water in the fountain will start to decrease after reaching 

its maximum height. Therefore, a quadratic function should be selected 

to model the data. 
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Module 5 • Exponential Functions 

Review

Rate Yourself!
Have students return to the Module Opener to rate their understanding 

of the concepts presented in this module. They should see that their 

knowledge and skills have increased. After completing the chart, have 

them respond to the prompts in their Student Edition and share their 

responses with a partner. 

Answering the Essential Question 
Before answering the Essential Question, have students review their 

answers to the Essential Question Follow-Up questions found throughout 

the module. 

• How can being financially literate help you to make good decisions? 

• What type of patterns can be modeled mathematically? 

Then have them write their answer to the Essential Question. 

ELL A completed Foldable for this module should include the key 

concepts related to exponential functions. 

LearnSmart Use LearnSmart as part of your test preparation plan 

to measure student topic retention. You can create a student assignment 

in LearnSmart for additional practice on these topics for Polynomial, 

Rational, and Radical Relationships and Modeling with Functions. 

• Series Expressions 

• Applications of Function Models 

• Exponential and Logarithmic Functions 
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Review and Assessment Options 
The following online review and assessment resources are available 

for you to assign to your students. These resources include technology- 

enhanced questions that are auto-scored, as well as essay questions. 

Review Resources 

Vocabulary Activity 

Module Review 

Assessment Resources 

Vocabulary Test 

AL Module Test Form B 

OL Module Test Form A 

BL Module Test Form C 

Performance Task* 

*The module-level performance task is available online as a printable document. A scoring 

rubric is included. 
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Test Practice 

You can use these pages to help your students review module content 

and prepare for online assessments. Exercises 1–20 mirror the types of 

questions your students will see on online assessments. 

Question Type Description Exercise(s) 

Multiple Choice Students select one correct answer. 1, 5, 8, 9, 10, 

14, 15, 16, 17 

Multi-Select Multiple answers may be correct. 

Students must select all correct 

answers. 

3 

Open Response Students construct their own

response.

2, 4, 6, 7, 11, 

12, 13, 18 

To ensure that students understand the standards, check students’ 

success on individual exercises. 

Standard(s) Lesson(s) Exercise(s) 

A.SSE.2 5-2 5, 8 

A.SSE.4 5-4 14, 15 

A.CED.2 5-1, 5-3, 5-5 4, 12, 16, 17, 18 

A.REI.11 5-2 7 

F.IF.4 5-1 2 

F.IF.6 5-3 9, 10, 11 

F.IF.7e 5-1 1 

F.IF.8b 5-1 3 

F.LE.5 5-2 6 

F.BF.1a 5-4 13 
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Lesson 5-1 

1.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, f x( ) → 0 

and as x → ∞, f x( ) → ∞ 

2.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → 0 and as x → ∞, f x( ) → ∞ 

3.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → 0 and as x → ∞, f x( ) → ∞ 

4.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → 0 and as x → ∞, f x( ) → ∞ 

5. 6. 

7. 8. 

9. 10. 

14. 

15. 

16b. 

23.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → ∞ and as x → ∞, f x( ) → 0 

24.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → ∞ and as x → ∞, f x( ) → 0 
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25.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → –∞, 

f x( ) → ∞ and as x → ∞, f x( ) → 0 

26.

Domain: all real numbers; Range: all positive 

real numbers; y-intercept: (0, 1); Asymptote: 

y = 0; End Behavior: as x → -∞, 

f x( ) → ∞ and as x → ∞, f x( ) → 0 

27. 28. 

29. 30. 

31. 32. 

33a.

33b. Both f x( ) and g x( ) have a domain of all real numbers. f x( ) has a range of 

y ≥ 1 and g x( ) has a range of y > -1, so the range of f x( ) is greater than 

the range of g x( ). f x( ) has no x-intercept and g x( ) has an x-intercept at 

(0, 0). f x( ) has a y-intercept at (0, 1) and g x( ) has a y-intercept at (0, 0), so 

the y-intercept of f x( ) is greater than the y-intercept of g x( ). f x( ) is 

increasing when x > 0 and g x( ) is increasing for all values of x. f x( ) is 

decreasing when x < 0 and g x( ) is never decreasing. f x( ) is positive for all 

values of x and g x( ) is positive when x > 0. f x( ) is never negative and g x( ) 

is negative when x < 0. f x( ) has a minimum at (0, 1) and g x( ) has a 

minimum slightly greater than –1, so the minimum of f x( ) is greater than the 

minimum of g x( ). Neither f x( ) nor g x( ) are symmetric. The end behavior of 

f x( ) is: As x → -∞, f x( ) → ∞ and as x → ∞, f x( ) → ∞. The end 

behavior of g x( ) is: As x → -∞, g x( ) → -1 and as x → ∞, g x( ) → ∞. 

34a. 

34b. Both f x( ) and g x( ) have a domain of all real numbers. f x( ) has a range of 

y ≤ 1 and g x( ) has a range of y < 1, so the range of f x( ) is greater than the 

range of g x( ). f x( ) has x-intercepts at about ( 1.5,-  0) and (3, 0) and g x( ) has 

an x-intercept at (0, 0). So, the x-intercept of g x( ) is between the x-intercepts 

of f x( ). f x( ) has a y-intercept at about (0, 0.75) and g x( ) has a y-intercept at 

(0, 0), so the y-intercept of f x( ) is greater than the y-intercept of g x( ). f x( ) is 

increasing when x < -1 and g x( ) is never increasing. f x( ) is decreasing 

when x > -1 and g x( ) is decreasing for all values of x. f x( ) is positive 

when -1.5 < x < 3 and g x( ) is positive when x < 0. f x( ) is negative when 

x < -1.5 and when x > 3 and g x( ) is negative when x > 0. f x( ) has a 

maximum at ( 1,-  1) and g x( ) has a maximum slightly less than 1, so the 

maximum of f x( ) is greater than the maximum of g x( ). Neither f x( ) nor g x( ) 

are symmetric. The end behavior of f x( ) is: As x → -∞, f x( ) → -∞ and 

as x → ∞, f x( ) → -∞. The end behavior of g x( ) is: As x → -∞, g x( ) → 1 

and as x → ∞, g x( ) → -∞. 

35.

D = {all real numbers}, R = {y | y > 0}; 

exponential growth 

36.

D = {all real numbers}, R = {y | y > 0}; 

exponential decay 
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37.

D = {all real numbers}, R = {y | y < 0}; 

exponential growth 

38.

D = {all real numbers}, R = {y | y > 0}; 

exponential decay 

45. Reflect f ( )x  in the y-axis and translate the 

result one unit up to obtain the graph of 

g x( ). The y-intercept of g x( ) is (0, 2), which 

was translated up 1 unit from the 

y-intercept of f x( ), (0, 1). g x( ) is decreasing 

on its entire domain, f x( ) is increasing on its 

entire domain. Both g x( ) and f x( ) are 

positive on its entire domain. The 

asymptote of g x( )is y = 1, which was 

translated up one unit from the asymptote 

of f x( ), y = 0. For g x( ) the end behavior is as x →-∞, g x( )→∞, and 

as x →∞, g x( )→1. The end behavior of f x( ) is as x →-∞, f x( )→0, and 

as x →∞, f x( )→∞. 

46.

-x g x( ) = 2(0.5) - 1. The domain is the set 

of real numbers. Because f ( )x  is translated 

1 unit down, the range is the set of real 

numbers greater than -1. The y-intercept 

is (0, 1). The zero is -1. 

Lesson 5-4 

7. 8. 

9. 10. 

11. 12.

Lesson 5-5 

7. 

[ 
-12, 12 ] scl: 1 by [ -50, 50 ] scl: 10 

8. 

[ 0, 8 ] scl: 1 by [ 0, 70 ] scl: 10 
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13. 

[ 1999, 2020 ] scl: 1 [ 40, 80 ] scl: 5 
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Module 6 

Logarithmic Functions 

Module Goals

• Students write and evaluate logarithms and graph logarithmic 

functions. 

• Students simplify logarithmic expressions and solve logarithmic 

equations. 

• Students simplify logarithmic expressions and solve exponential 

equations by using common logarithms. 

• Students simplify logarithmic expressions and solve exponential 

equations by using natural logarithms. 

• Students write exponential growth and decay equations and solve 

them by using logarithms. 

Focus 

Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.SSE.2 Use the structure of an expression to identify ways to rewrite it. 

F.LE.4 For exponential models, express as a logarithm the solution to 
ct ab = d, where a, c, and d are numbers and the base b is 2, 10, or e;

evaluate the logarithm using technology. 

Also addresses A.CED.1, A.REI.11, and F.IF.7e 

Standards for Mathematical Practice: 

All Standards for Mathematical Practice will be addressed in this module. 

Coherence 

Vertical Alignment 

Previous 

Students graphed and analyzed exponential functions and solved 

exponential equations. 

A.CED.2, F.IF.7e 

Now

Students graph and analyze logarithmic functions. Students translate 

between exponential and logarithmic forms of expressions and solve 

exponential equations by using logarithms. 

A.SSE.2, F.IF.7e, F.LE.4 

Next 

Students will graph and analyze rational functions. 

F.IF.4, F.IF.5 

Rigor 

The Three Pillars of Rigor 

Students will use the three pillars of rigor to help them meet standards. 

Students gain conceptual understanding as they move from the Explore 

to Learn sections within a lesson. Once they understand the concept, 

they practice procedural skills and fluency and apply their mathematical 

knowledge as they go through the Examples and Practice. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

EXPLORE LEARN EXAMPLE & PRACTICE 

Suggested Pacing 

Lessons Standards 45-min classes 90-min classes 

Module Pretest and Launch the Module Video 1 0.5 

6-1 Logarithms and Logarithmic Functions A.SSE.2, F.IF.7e 2 1 

6-2 Properties of Logarithms A.CED.1 2 1 

6-3 Common Logarithms A.REI.11, F.LE.4 2 1 

6-4 Natural Logarithms A.SSE.2, F.LE.4 2 1 

6-5 Using Exponential and Logarithmic Functions A.CED.1, F.LE.4 1 0.5 

Module Review 1 0.5 

Module Assessment 1 0.5 

Total Days 12 6 
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CHERYL TOBEY 

MATH 
PROBES 

Formative Assessment Math Probe 

Properties of Logarithms 

Module Resource 

Analyze the Probe 
Review the probe prior to assigning it to your students. 

In this probe, students will determine whether various expressions are equivalent to a 

given expression. 

Targeted Concepts Understand that logarithms have properties that allow them to be 

rewritten in different forms. 

Targeted Misconceptions 

• Students may incorrectly treat log as a variable and: 

• factor it out of an expression: log a + log b ≠ log (a + b), 

• distribute it into an expression: log (a + b) ≠ log a + log b, or 

• cancel the logs when dividing. 

• Students may not understand how to manipulate the logarithm of a power and may 
2 2 square the log: log a ≠ (log a) .

Use the Probe after Lesson 6-2. 

Correct Answers: 1. B, D; 2. B, D; 

3. A, C; 4. E 

Collect and Assess Student Answers 

If the student selects 

these responses… 

Then the student likely… 

1. A, C 

2. A, C 

4. C, D 

incorrectly factored out the log in each expression. 

4. A, B incorrectly canceled the log in the numerator with the log in the denominator. 

3. B 2 2 is confusing log 6 with (log 6) . 

Take Action 
After the Probe Design a plan to address any possible misconceptions. You may wish to 

assign the following resources. 

• Properties of Logarithms 

• Lesson 6-2, Learn, Examples 3–5 

Revisit the Probe at the end of the module to be sure that your students no longer carry 

these misconceptions. 
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The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and 

engage and challenge students. Use these open-ended, collaborative 

activities, located online in the module Launch section, to encourage 

your students to develop a growth mindset towards mathematics and 

problem solving. Use the teacher notes for implementation suggestions 

and support for encouraging productive struggle. 

Essential Question 

At the end of this module, students should be able to answer the 

Essential Question. 

How are logarithms defined and used to model situations in the real 

world? Sample answer: A logarithm is the power to which a base must 

be raised to equal the given number. Logarithmic functions model slow- 

growing functions. 

What Will You Learn? 

Prior to beginning this module, have your students rate their knowledge 

of each item listed. Then, at the end of the module, you will be reminded 

to have your students return to these pages to rate their knowledge 

again. They should see that their knowledge and skills have increased. 

Focus Students write notes about new terms and concepts as they are 

presented in each lesson of this module. 

Teach Have students construct their Foldable as illustrated. Have 

students write an explanation of each term or concept on the appropriate 

section of their Foldable while working through each lesson. Encourage 

students to record examples of each term or concept on the back of 

each flap. 

When to Use It Encourage students to add to their Foldable as they 

work through the module and to use it to review for the module test. 

Launch the Module 

The Launch the Module video shows students that logarithmic functions 

are the inverses of exponential functions. Students learn that the Richter 

scale and mathematical representation of the musical scale are real-world 

applications of logarithmic functions. Students also learn that logarithms 

can help with calculations involving large numbers. 

Interactive Presentation 
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What Vocabulary Will You Learn? 
ELL As you proceed through the module, introduce the key vocabulary 

by using the following routine. 

Define A logarithmic function is a function of the form f x( ) = log x,
b

where b > 0 and b ≠ 1. 

Example g x( ) = log x
7 

Ask Is the function a logarithmic function? Explain. Yes, the base of the 

logarithm is 7, which is greater than 1. 

Are You Ready? 

Students may need to review the following prerequisite skills to succeed 

in this module. 

• finding inverses of functions 

• using properties of exponents 

• using powers of 10 

• using the Change of Base formula 

• solving exponential equations 

ALEKS is an adaptive, personalized learning environment that identifies

precisely what each student knows and is ready to learn, ensuring 

student success at all levels. 

You can use the ALEKS pie report to see which students know the topics 

in the Logarithmic Functions module—who is ready to learn these topics 

and who isn’t quite ready to learn them yet—in order to adjust your 

instruction as appropriate. 

Mindset Matters 

Growth vs. Fixed Mindset 

Everyone has a core belief or mindset about how they learn. People with 

a growth mindset believe that hard work will make them smarter. Those 

with a fixed mindset believe they can learn new things, but can’t become 

smarter. When students change their mindset, they are more likely to 

work through challenging problems, learn from their mistakes, and 

ultimately learn more deeply. 

How Can I Apply It? 

Assign students tasks, celebrate mistakes, and provide opportunities for 

critique, revision, and reflection. The Explore activities and discussion 

prompts are a great tool to begin this journey! 
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Lesson 6-1 

Logarithms and Logarithmic Functions 
A.SSE.2, F.IF.7e 

LESSON GOAL 

Students write and evaluate logarithms and graph logarithmic functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Logarithmic Functions 

• Logarithmic to Exponential Form 

• Exponential to Logarithmic Form 

• Evaluate Logarithmic Expressions 

• Find Inverses of Exponential Functions 

Explore: Transforming Logarithmic Functions 

Develop: 

Graphing Logarithmic Functions 

• Graph Logarithmic Functions 

• Graph Transformations of Logarithmic Functions 

• Compare Logarithmic Functions 

• Write Logarithmic Functions From Graphs 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Inverses of Linear Functions ＀ ＀ ＀ 

Extension: Comparing Logarithmic Graphs ＀ ＀ ＀ 

Language Development Handbook 
Assign page 30 of the Language Development 

Handbook to help your students build mathematical 

language related to writing and evaluating logarithms 

and graphing logarithmic functions. 

ELL You can use the tips and suggestions on 

page T30 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.SSE.2 Use the structure of an expression to identify ways to rewrite it. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions showing period, midline, 

and amplitude. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

5 Use appropriate tools strategically. 

Coherence 

Vertical Alignment 

Previous 

Students understood the relationship between functions and their inverses. 

F.B.4 

Now 

Students write and evaluate logarithms and graph logarithmic functions. 

A.SSE.2, F.IF.7e 

Next 

Students will simplify logarithmic expressions and solve logarithmic equations. 

A.CED.1 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students extend their 

understanding of exponential functions and inverses to logarithmic 

functions. They build fluency by writing equations in exponential 

and logarithmic forms, and they apply their understanding by solving 

real-world problems related to logarithmic functions. 

Mathematical Background 
The equation y = log x is read “y equals the logarithm to the base b 

b 

of the number x.” The base b is always positive and b ≠ 1. Because the 
y equation y = log x is equivalent to the exponential equation x = b , a 

b 

logarithm is an exponent. It is the exponent that the base b requires in 

order to equal the number x. 
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1 LAUNCH

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding the inverse of functions 

Answers: 
x __ -__ 1 _ 1. y = ; yes 

3 
__ 

2. y = ± √ x ; no 
_____ 

3 
3. y = √ x - 2; yes 

_____ 
x _ _ -__ 3 _ 4. y = ± ; no √ -4

__ 
5 x __ 5. y = ; yes √ 3 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students 

will apply the concept of logarithms to a real-world situation. 

Encourage students to explain how decibel measures are 

calculated. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T ransforming Logarithmic Functions 

Objective 

Students use a sketch to explore how changing the parameters changes 

the graphs of logarithmic functions. 

Teaching the Mathematical Practices 

3 Analyze Cases Work with students to analyze transformations 

of logarithmic functions for various values of each parameter. 

Encourage students to familiarize themselves with all of the cases. 

5 Use Mathematical Tools Work with students to explore and 

deepen their understanding of transformations of logarithmic 

functions. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be presented with an Inquiry Question to answer at the end 

of the activity. They will use a sketch to explore the transformations of the 

graph of a logarithmic function. Students will work through three guiding 

exercises, then answer the Inquiry Question. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students use the sketch to graph the transformations of a 

logarithmic function. 

TYPE 

a 
Students move through the exercises and answer questions 

pertaining to the transformations. 

SELECT 

Students select the correct word or phrase for each transformation 

performed. 
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2 EXPLORE AND DEVELOP F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T ransforming Logarithmic Functions 

( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Suppose your friend graphed the transformation f x( ) = log (x - h) and 

told you the graph crosses the x-axis at -3. What could be the value of 

h? Explain your reasoning. -3; Sample answer: Since the graph of the

parent function crosses the x-axis at 1, if the new graph crosses at -2, 

the parent graph has been shifted left 3 units. 

• Why does the value of a in f x( ) = a log x not affect the x-intercept of 

the graph? Sample answer: Because a stretches or compresses the 

function values, it does not affect the x-intercept since the function 

value is zero. Zero cannot be stretched or compressed. 

Inquiry 

How does performing an operation on a logarithmic function affect its 

graph? Sample answer: Adding or subtracting a constant before or after 

the function is evaluated causes the graph to be shifted horizontally or 

vertically, respectively. Multiplying by a constant stretches or compresses 

the graph vertically. Multiplying by a negative constant reflects the graph 

in the x-axis, causing the end behavior to change. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a sample 

answer. 
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A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Logarithmic Functions 

Objective 

Students write logarithmic expressions in exponential form and 

exponential expressions in logarithmic form. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain 

the relationships between the tables, equations, and graphs of 

exponential and logarithmic functions. 

What Students Are Learning 

A logarithmic function is the inverse of an exponential function. The base 

of logarithmic and exponential functions must be a positive, real number 

not equal to one. Logarithmic and exponential expressions can be 

rewritten into the opposite form. 

DIFFERENTIATE 

Language Development Activity ELL 

Intermediate/Advanced The word logarithm derives from the Greek 

logos, which means reason or proportion and arithmos which means 

number. Have students discuss how this knowledge can help them 

remember the definition of logarithm. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students are struggling with converting forms of logarithmic and 

exponential expressions, 
p THEN have students write log n = p and b = n. Students can highlight 

b 

corresponding variables with different colors to help when converting. 

Example 1 Logarithmic to Exponential Form 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the 

equations to rewrite them in  exponential form. 

Questions for Mathematical Discourse 

AL How can you identify the base of a logarithmic equation? The 

base is written as a subscript. 

OL How does the value to which a logarithmic expression is equal relate to 

an exponential expression? Sample answer: The logarithmic expression 

is always equal to the exponent of the related exponential expression. 

BL When a logarithmic equation contains only numerical values, how can 

you check the equivalent exponential equation for accuracy? Sample 

answer: Evaluate the exponential side of the equation and see if the 

result is a true statement. 

Interactive Presentation 

Learn 

TYPE 

a 
Students answer a question to determine 

whether they understand the value of an 

exponential expression using a logarithmic 

equation. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Exponential to Logarithmic Form 

Teaching the Mathematical Practices 

6 Use Definitions Students will use the definition of a logarithm 

to rewrite equations in logarithmic form. 

Questions for Mathematical Discourse 

AL In each example, where does the exponential base in the equation 

get placed in the logarithmic form? It is written as the subscript 

because it is the base of the logarithm. 

OL In each example, where does the exponent in the equation get 

placed in the logarithmic form? The logarithmic expression is set 

equal to the exponent. 

BL Why is the base restricted to positive numbers? Negative bases 

for logarithms or exponential function yield functions ranges that 

span the complex plane. 

Example 3 Evaluate Logarithmic Expressions 

Teaching the Mathematical Practices 

1 Seek Information Students must transform the logarithmic 

expression using the definition of a logarithm and properties of 

exponents to reach the solution. 

Questions for Mathematical Discourse 

3 
AL Why is 6 = 216 used? This makes each side of the equation have 

the same base. 

3 
OL Without using a calculator, how can you determine that 216 = 6 ? 

Sample answer: You can multiply 6 by 6 to get 36, then multiply 36 
3 by 6 to get 216. This means you multiplied 6 × 6 × 6, which is 6 . 

BL When is log x negative? Sample answer: when 0 < x < 1. 
b

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Example 2 

TYPE

a
Students write an exponential equation 

involving a variable in logarithmic form. 
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A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Find Inverses of Exponential 
Functions 

Teaching the Mathematical Practices 

4 Apply Mathematics Students will use what they have learned 

about logarithms to solve a real-world problem. 

Questions for Mathematical Discourse 

AL Why does the inverse have a logarithm with base 10? Because 

the original exponential equation has a base of 10, its inverse is a 

logarithm with base 10. 

OL Why would solving for another variable of a real-world exponential 

equation be useful? It allows you to find values of the equation 

given values for the other variable. 

BL What are the domain and range for the original equation in the 

context of the example? The domain is all real positive numbers, and 

the range is 0 < P < 14.7. 

Learn Graphing Logarithmic Functions 

Objective 

Students graph and analyze logarithmic functions. 

Teaching the Mathematical Practices 

5 Decide When to Use Tools Use the Watch Out! feature to have 

students point out the limitations of using the LOG button on a 

graphing calculator to evaluate and graph logarithmic functions. 

DIFFERENTIATE

Reteaching Activity AL ELL
IF students are struggling with transforming logarithmic equations, 

THEN remind students the rules are exactly the same as for other functions 

they have studied. Coefficients of the function stretch or compress the 

y-values, while numbers added or subtracted to the function shift the graph

up or down. Values being added to or subtracted from x shift the graph left 

or right, but the effect on x is opposite of what the value implies. 

Essential Question Follow-Up 

Students have begun learning about the graphs of logarithmic functions. 

Ask: 

How are the graphs of exponential functions and logarithmic functions 

related? Sample answer: The key features of an exponential function 

are swapped when graphing the logarithmic inverse. Domain becomes 

range, range becomes domain, the y-intercept becomes the x-intercept, 

and the asymptote switches from a horizontal to a vertical line. 

Interactive Presentation 

Learn 

WATCH

Students watch a video to learn how to 

graph transformations of a logarithmic 

function by using a graphing calculator. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Graph Logarithmic Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the functions, the points used to graph the 

functions, and the graphs of the functions. 

Questions for Mathematical Discourse 

AL Why were the points in Step 2 selected? These are points that are 

easy to evaluate and graph because any value of b will yield the 

same y-value for a logarithmic function in the form y = log x. 
b 

OL What is the equation of the vertical asymptote for a logarithmic 

function in the form y = log x? x = 0 
b 

BL What is the x-intercept of the graph y = log x? (1, 0) 
b 

Common Error 

Many students will struggle to calculate ordered pairs on a logarithmic 
_ 1 _ graph. Encourage students to write ( , -1 1) in their 
b ), (1, 0), and ( ,b  

Foldable as these are the best choices when determining ordered pairs. 

Remind students that b is the base of the logarithm. 

Interactive Presentation 

Example 5 

TAP 

Students  move through the steps to see 

how to graph logarithmic functions. 
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A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Graph Transformations of 

Logarithmic Functions 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the 

function to identify the transformations and graph the function. 

Questions for Mathematical Discourse 

AL What three points should you graph for the equation y = log x? 
10 

_ 1 _ Sample answer: ( , -1 (1, 0) and (10, 1) 
10 )

OL What are the coordinates for the new location of the x-intercept 

of the parent function after being transformed to the new 

function? (1, 0) → (1 - 3, 0 - 1) → ( 2,-  -1) 

BL What is the equation of the vertical asymptote for the 

transformation? x = -3 

Interactive Presentation 

Example 6 

TAP 

Students move through the steps of 

graphing and analyzing a transformation 

of a logarithmic function. 

TYPE 

a 
Students state the domain and range for 

the function. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 7 Compare Logarithmic Functions 

Teaching the Mathematical Practices 

6 Communicate Precisely The Think About It! feature requires 

students to use clear mathematical language and definitions to 

state the domain and range of the functions. 

Questions for Mathematical Discourse 

AL Why does the graph of the parent function not shift up or down 

when graphing the transformation g x( )? There is no value being 

added to the parent function, so there is no vertical shift in the graph. 

OL How does a horizontal translation affect the vertical asymptote of 

a logarithmic function? The vertical asymptote also shifts | |h  units 

right or left. 

BL How could you further transform g x( ) so that it has the same end 

behavior as j x( ) as x → ∞? Reflect the function in the x-axis by 

multiplying g x( ) by a negative value. 

Example 8 Write Logarithmic Functions from 
Graphs 

Teaching the Mathematical Practices 

1 Explain Correspondences In Example 8, encourage students 

to explain the relationship between the graph of g x( ) and the 

graph of the parent function. Students will use this relationship to 

write an equation for the transformed function. 

Questions for Mathematical Discourse 

AL What are the coordinates for the x-intercept of the parent graph 

y = log x? (1, 0) What is the new y-coordinate for x = 1? y = 5
b

OL If a parent logarithmic function has been reflected in the x-axis, 

what will the end behavior of the function be as x → 0? f x( ) → ∞ 

BL How can you tell if the graph of a parent logarithmic function 

has been translated horizontally? Sample answer: The vertical 

asymptote will no longer be x = 0. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Example 7 

TYPE

a
Students answer questions to determine 

whether they understand how to graph 

transformations of logarithmic functions. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–36 

2 exercises that use a variety of skills from this

lesson 

37–47 

3 exercises that emphasize higher-order and

critical-thinking skills 

48–53 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–47 odd, 48–53 

• Extension: Comparing Logarithmic Graphs 

• Logarithmic Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–53 odd 

• Remediation, Review Resources: Inverses of Linear Functions 

• Personal Tutors 

• Extra Examples 1–8 

• Composition and Inverse Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

AL 

• Practice Exercises 1–35 odd 

• Remediation, Review Resources: Inverses of Linear Functions 

• Quick Review Math Handbook: Logarithms and Logarithmic Functions 

• Composition and Inverse Functions 

Answers 

24. 

x-intercept: 1; no y-intercept 

D: (0, ∞) R: ( ,-∞  ∞) 
+ end behavior: As x → 0 , f x( ) → 

∞, and as x → ∞, f x( ) → -∞. 

25. 

x-intercept: 1; no y-intercept 

D: (0, ∞) R: ( ,-∞  ∞) 
+ end behavior: As x → 0 , f x( ) → ∞, 

and as x → ∞, f x( ) → -∞. 
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3 REFLECT AND PRACTICE A.SSE.2, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

26.

x-intercept: 1; no y-intercept

D: (0, ∞) R: ( ,-∞  ∞) 
+ end behavior: As x → 0 , f x( ) → 

-∞, and as x → ∞, f x( ) → ∞. 

27.

x-intercept: 1; no y-intercept

D: (0, ∞) R: ( ,-∞  ∞) 
+ end behavior: As x → 0 , f x( ) → -∞, 

and as x → ∞, f x( ) → ∞. 

32a. + 32b. g x( ): As x→ 4 , g x( ) → -∞, and as 
+ x → ∞, g x( ) → ∞. p x( ): As x → 0 , 

p x( ) → ∞, and as x → ∞, 

p x( ) → -∞. 

33a. 
+ 33b. f x( ): As x → -2 , f x( ) → -∞, and 

as x → ∞, f x( ) → ∞. g x( ): As 
+ x → 0 , g x( ) → -∞, and as

x → ∞, g x( ) → ∞.

47. f x( ): D: ( ,-∞  ∞) R: (0, ∞); y-int: (0, 1);

asymptote: y = 0; g x( ): D: (0, ∞) R: 

( ,-∞  ∞); x-int: (1, 0); asymptote: x = 0. 

The graphs have an inverse relationship 

with one another. They are symmetric 

about the line y = x. 

48. Sample answer: Exponential and logarithmic models can grow without 

bound, which is usually not the case of the situation that is being modeled. 

For instance, a population cannot grow without bound due to space and 

food constraints. Therefore, when using a model to make decisions, the 

situation that is being modeled should be carefully considered. 

51. log₇ 51; sample answer: log 51 is more than 2. log 61 is less than 2. log 
7 8 9 

71 equals a little less than 2. Therefore, log 51 is the greatest. 
7 

52. Sample answers: 
_ 1 __ a. log 33,554,432 = 25 b. log = -3 

2 __ 4 64 
_ 1 __ c. log √ 2 = d. log 1 = 0 

2 2 7 

e. There is no possible solution; this is the empty set. 

53. No; Elisa was closer. She should have written -y = 2 or y = -2 instead 

of y = 2. Matthew used the definition of logarithms incorrectly. 
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Lesson 6-2 

Properties of Logarithms 
A.CED.1 

LESSON GOAL 

Students simplify logarithmic expressions and solve logarithmic 

equations. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Logarithmic Expressions and Equations 

Develop: 

Logarithmic Equations 

• Solve a Logarithmic Equation by Using Definitions 

• Solve a Logarithmic Equation by Using Properties of Equality 

Properties of Logarithms 

• Product Property of Logarithms 

• Quotient Property of Logarithms 

• Power Property of Logarithms 

• Solve a Logarithmic Equation by Using Properties 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

Formative Assessment Math Probe 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Multiplication Properties of 
＀ ＀ ＀ 

Exponents 

Extension: Logarithmic Spirals ＀ ＀ ＀ 

Language Development Handbook 
Assign page 31 of the Language Development 

Handbook to help your students build mathematical 

language related to simplifying logarithmic 

expressions and solving logarithmic equations. 

ELL You can use the tips and suggestions on 

page T31 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

8 Look for and express regularity in repeated reasoning. 

Coherence 

Vertical Alignment 

Previous 

Students wrote and evaluated logarithms and graphed logarithmic functions. 

A.SSE.2, F.IF.7e 

Now

Students simplify logarithmic expressions and solve logarithmic equations. 

A.CED.1 

Next 

Students will simplify logarithmic expressions and solve logarithmic equations 

by using common logarithms. 

A.REI.11, F.LE.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students build on their 

knowledge of the rules for exponents to develop an understanding 

of the properties of logarithms. They build fluency by using the 

properties to approximate logarithmic values, and they apply their 

understanding by solving real-world problems. 

Mathematical Background 
In addition to the Product, Quotient, and Power Properties of Logarithms, 

there are other properties such as the four listed below that can be 

helpful. 

log 1 = 0 
b 

log b = 1 
b 

x log b = x 
b 

log X b = x
b 
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1 LAUNCH A.CED.1 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• using properties of exponents 

Answers: 

7 5 1. a b 

8 6 2. x y 

16 11 3. 48m n 

3 4. c d 

3 6 5. 27x y 

Launch the Lesson 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to use the 

properties of exponents and logarithms to determine the acidity 

of shampoo. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using the vocabulary term in this lesson. 

You can expand the row if you wish to share the definition. Then discuss 

the question below with the class. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Logarithmic Expressions 
and Equations 

Objective 

Students use a sketch to explore the logarithm of a product. 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in the way 

logarithms of products and quotients are calculated to write a 
x__ general method for determining log xy and log

10 10 y
. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be presented with an Inquiry Question to answer at the 

end of the activity. They will use a sketch to explore the properties of 

logarithms. Students will work through guiding exercises, then answer 

the Inquiry Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

SKETCHPAD

Students use the sketch to investigate the properties of logarithms. 

TYPE

a
Students move through the exercises and answer questions 

pertaining to the properties of logarithms. 

SELECT

Students select the correct property represented in the exercises. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Logarithmic Expressions and 
Equations ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• What will be the value of the expression log 9 + log 10? Explain. 
5 5 

log 90; Sample answer: The sum of the logarithms of x and y is 
5 

equivalent to the logarithm of the product of x and y, so log 9 + log 10 
5 5 

= log 90.
5 

• What is the value of the expression log 18 - log 9? Explain. log 2; 
3 3 3 

Sample answer: The difference of the logarithms of x and y is 

equivalent to the logarithm of the quotient of x and y, so log 18 - log 9 
3 3 

= log (18 ÷ 9).
3 

Inquiry 
_ x _ How can you determine log xy and log given log x and log y? Sample 

b b y b b 

_ x _ answer: log xy = log x + log y and log = log x - log y
b b b b (y ) b b 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a sample 

answer. 
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A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Logarithmic Equations 

Objective 

Students solve logarithmic equations using properties of equality. 

Teaching the Mathematical Practices 

3 Construct Arguments In the Think About It! feature, students 

will use the definition of the Property of Equality for Logarithmic 

Equations to construct an argument. 

DIFFERENTIATE

Reteaching Activity AL ELL
IF students are having a hard time solving logarithmic equations, 

THEN have students highlight the logarithmic bases given in the 

equation. If the equation has a common logarithmic base on each side, 

students can use the Property of Equality for Logarithmic Functions. If 

the equation contains only one logarithmic function, they must rewrite 

it as an exponential equation. 

Example 1 Solve a Logarithmic Equation by 
Using Definitions 

Teaching the Mathematical Practices 

6 Use Definitions Students will use the definition of the Property 

of Equality for Logarithmic Functions to solve an equation. 

Questions for Mathematical Discourse 

2 
AL Why is 4 = 2 used in the second step? This simplifies the 

exponent because a power of a power is simplified by multiplying 
5 __ the powers, and 2 • = 5.
2 

OL In the equation log x = n, will x ever be a negative number? 
b 

Explain. No; sample answer: Because the base of the logarithm 

must be a positive number other than 1, the argument of a 

logarithm x can never be negative. 
5 

2 __ 

BL Without rewriting 4 as 2 , how else could you evaluate 4 2 ? Sample ___ 
_ 5 _ 5 5 answer: I can use the definition of a rational exponent; 4 2 = √ 4 = 2 .

Example 2 Solve a Logarithmic Equation by 
Using Properties of Equality 

Teaching the Mathematical Practices 

1 Check Answers Students should check their answers to 

identify extraneous solutions. 

(continued on the next page) 

Interactive Presentation 

Learn 

TYPE

Students explain why the given example includes 

an “if, then” statement. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Questions for Mathematical Discourse 

AL What does the Property of Equality for Logarithmic Functions 

say? Sample answer: If two logarithmic expressions are equal and 

have the same base, then the arguments of the logarithms are equal. 

OL How do we know there may be two solutions to the resulting 

equation after the property of equality for logarithmic functions is 

applied? Sample answer: The resulting equation is a quadratic, 

which means there are two, one, or no solutions. 

BL Why can we not evaluate a logarithmic function for a negative 

value? Sample answer: The base of a logarithm must be a positive 

number other than 1 and a positive number raised to a power is 

always positive. 

Learn Properties of Logarithms 

Objective 

Students simplify and evaluate expressions by using the properties of 

logarithms. 

Teaching the Mathematical Practices 

3 Make Conjectures Help students to see how the properties 

of logarithms can be derived from the properties of exponents. 

Encourage students to make conjectures about how to derive 

each property and build a logical progression of statements to 

validate the conjectures. 

About the Key Concepts 

The properties of logarithms are derived from the properties of 

exponents. The logarithm of a product is the sum of the logarithms of its 

factors. The logarithm of a quotient is the difference of the logarithms of 

the dividend and the divisor. The logarithm of a power is the product of 

the logarithm and the exponent. 

DIFFERENTIATE

Reteaching Activity AL ELL
IF students are having a hard time applying the properties of 

logarithms, 

THEN have students write the exponential properties and logarithmic 

properties together. Often, seeing the two sets of properties side by 

side helps students with the similarities and differences. 

Logarithms Exponentials 

m n m n+  log m + log n = log mn b · b = b 
b b b 

m _ m _ _ b _ m n-  log m − log n = log n b b b n = b 
b 

p m n mn log m = plog m (b ) = b 
b b 

Interactive Presentation 

Learn 
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A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Product Property of Logarithms 

Teaching the Mathematical Practices 

7 Use Structure Students will use the structure of the expression 

to rewrite and evaluate it. 

Questions for Mathematical Discourse 

AL Why should we rewrite 405 using a power of 3? The base of 

the logarithm is 3, so that portion of the logarithm will be able to 

simplify to an integer. 

OL What method can you use to determine the power of 3 and the 

remaining factor that multiply to 405? Sample answer: Divide 405 

by 3 and continue dividing the result by 3 until you cannot divide 

evenly anymore. The number of times 3 divides evenly is the power 

of 3, and the last value that cannot be divided by 3 is the other factor. 

BL If you know the approximate values for log 5 and log 7, how could 
3 3 

you find log 35? Y ou could add the values for log 5 and log 7 
3 3 3 

because log 35 = log (5 ＀ 7) = log 5 + log 7. 
3 3 3 3 

Example 4 Quotient Property of Logarithms 

Teaching the Mathematical Practices 

6 Use Precision Students  must calculate accurately and express the 

numerical answer with a degree of precision appropriate to the problem. 

Questions for Mathematical Discourse 

AL How can the logarithm of a quotient be written as two logarithms? 

Subtract the logarithm of the divisor from the logarithm of the 

dividend. 

OL Does the order in which the two logarithms are subtracted matter? Explain. 

Yes; sample answer: Subtraction and division are not commutative, so 

the order of the difference must be the same as the quotient. 
1 _ 8 _ BL Could log 5 ≈ 1.465 be used to approximate log ? Explain. Y es; 

3 3 10 
_ 9 _ sample answer: Because the quotient can be rewritten as , the 
5 

approximation can be found as log 9 - log 5 = 2 - 1.465 or 0.535. 
3 3 

Example 5 Power Property of Logarithms 

Teaching the Mathematical Practices 

1 Seek Information In Example 5, students must transform the 

logarithmic expression to reach a solution. 

Questions for Mathematical Discourse 

AL How can the coefficient of a logarithm be rewritten? as the 

exponent of the argument of the logarithm 

OL Would the approximation be the same for log 1296? Explain. No; 
3 

sample answer: Because the base of the logarithm is different 

from the one given, we cannot approximate it using the same 

value. 

BL How else could the logarithm be approximated without using the 

Power Property? Sample answer: The Product Property could be 

used, which would be the sum of 4 logarithms. 

Interactive Presentation 

Example 3 

TAP 

Students move through the steps 

for applying the Product Property of 

Logarithms. 
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2 EXPLORE AND DEVELOP A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Common Error 

Many students will raise the given logarithmic value to the power found 

instead of multiplying by the power. Remind students that exponents can 

be rewritten as coefficients, and the approximated value should never be 

raised to the power. 

Apply Example 6 Solve a Logarithmic 
Equation by Using Properties 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 

4 Model with Mathematics Students will be presented with a 

task. They will first seek to understand the task, and then determine 

possible entry points to solving it. As students come up with their 

own strategies, they may propose mathematical models to aid them. 

As they work to solve the problem, encourage them to evaluate 

their model and/or progress, and change direction, if necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present 

the task, or have a volunteer read it aloud. Then allow students the time 

to make sure they understand the task, think of possible strategies, and 

work to solve the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them 

on a particular strategy, encourage them to use their own strategies to 

solve the problem and to evaluate their progress along the way. They 

may or may not find that they need to change direction or try out several 

strategies. 

Signs of Non-Productive Struggle 

If students show signs of non-productive struggle, such as feeling 

overwhelmed, frustrated, or disengaged, intervene to encourage them to think 

of alternate approaches to the problem. Some sample questions are shown. 

• What is the relative intensity of two people singing compared to one? 

• What is the loudness of one person singing? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Apply Example 6 

TYPE 

a 
Students solve a logarithmic equation to 

answer a real-world question. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–26 

2 exercises that use a variety of skills from this

lesson 

27–57 

3 exercises that emphasize higher-order and

critical-thinking skills 

58–62 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–57 odd, 58–62 

• Extension: Logarithmic Spirals 

• Properties of Logarithms 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–61 odd 

• Remediation, Review Resources: Multiplication Properties of 

Exponents 

• Personal Tutors 

• Extra Examples 1–6 

• Product, Power, and Quotient Rules 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–25 odd 

• Remediation, Review Resources: Multiplication Properties of 

Exponents 

• Quick Review Math Handbook: Properties of Logarithms 

• Product, Power, and Quotient Rules 

AL 
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3 REFLECT AND PRACTICE A.CED.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

62. Since logarithms are exponents, the properties of logarithms are similar 

to the properties of exponents. The Product Property states that to 

multiply two powers that have the same base, add the exponents. 

Similarly, the logarithm of a product is the sum of the logarithms of its 

factors. The Quotient Property states that to divide two powers that 

have the same base, subtract their exponents. Similarly the logarithm 

of a quotient is the difference of the logarithms of the numerator and 

the denominator. The Power Property states that to find the power of a 

power, multiply the exponents. Similarly, the logarithm of a power is the 

product of the logarithm and the exponent. Answers should include the 

following. 

• Quotient Property: 
5 _ 32 _ 2 _ 5 3 log = log h 2 and 8 with 2 . 

2 ( 8 ) 2 ( 3 2 ) Replace 32 wit 
(5 - 3) 

= log 2 Quotient of Powers 
2 

= 5 - 3, or 2 Inverse Property of Exponents and 

Logarithms 
5 3 5 3 log 32 - log 8 = log 2 - log 2 Replace 32 with 2 and 8 with 2 . 

2 2 2 2 

= 5 - 3, or 2 Inverse Property of Exponents and 

Logarithms 
3 __ 2 _ So, log

2 ( 8 ) = log 32 - log 8. 
2 2 

• Power Property: 

4 2 4 2 log 9 = log (3 ) Replace 9 with 3 . 
3 3 

(2 • 4) 
= log 3 Power of a Power 

3 

= 2 • 4, or 8 I nverse Property of Exponents and Logarithms 

4 log 9 = log 9 • 4 Commutative Property of Multiplication 
3 3 

2 2 
= log (3 ) • 4 Replace 9 with 3 . 

3 

= 2 • 4, or 8 I nverse Property of Exponents and Logarithms 

4 So, log 9 = 4 log 9. 
3 3 

• The Product of Powers Property and Product Property of Logarithms both 

involve the addition of exponents, since logarithms are exponents. 
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Lesson 6-3 

Common Logarithms 
A.REI.11, F.LE.4 

LESSON GOAL 

Students simplify logarithmic expressions and solve exponential equations 

by using common logarithms. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Common Logarithms 

• Find Common Logarithms by Using Technology 

• Solve a Logarithmic Equation by Using Exponential Form 

• Solve an Exponential Equation by Using Logarithms 

• Solve an Exponential Inequality by Using Logarithms 

Change of Base Formula 

• Change of Base Formula 

• Use the Change of Base Formula 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Division Properties of Exponents ● ● ● 

Language Development Handbook 
Assign page 32 of the Language Development 

Handbook to help your students build 

mathematical language related to using common 

logarithms. 

ELL You can use the tips and suggestions on 

page T32 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.REI.11 Explain why the x-coordinates of the points where the graphs 

of the equation y = f x( ) and y = g x( ) intersect are the solutions of 

the equation f x( ) = g x( ); find the solutions approximately, e.g., using 

technology to graph the functions, make tables of values, or find 

successive approximations. Include cases were f x( ) and/or g x( ) are 

linear, polynomial, rational, absolute value, exponential, and logarithmic 

functions. 

F.LE.4 For exponential models, express as a logarithm the solution to 
c t ab = d where a, c, and d are numbers and the base b is 2, 10, or e;

evaluate the logarithm using technology. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

5 Use appropriate tools strategically. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students simplified logarithmic expressions and solved logarithmic equations. 

A.CED.1 

Now

Students simplify logarithmic expressions and solve exponential equations by 

using common logarithms. 

A.REI.11, F.LE.4 

Next 

Students will simplify logarithmic expressions and solve exponential 

equations by using natural logarithms. 

A.SSE.2, F.LE.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students extend their 

understanding of logarithms to include common logarithms. They 

build fluency and apply their understanding by solving real-world 

problems related to common logarithms. 
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1 LAUNCH A.REI.11, F.LE.4 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• using properties of exponents 

Answers: 

3 1. 10 = 1000 

0 2. 10 = 1 

3. log 100 = 2 
10 

4. log 10,000 = 4 
10 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to note the 

meaning for the quantities used in the formula for the magnitude of 

a star without atmospheric effects. When there are several variables 

in a formula, it is important to be aware of what each one represents 

so that you can substitute and solve for the correct variables. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using the vocabulary term in this lesson. 

You can expand the row if you wish to share the definition. Then discuss 

the questions below with the class. 

Mathematical Background 
Base 10 logarithms are called common logarithms. When the base of a 

logarithm is not shown, the base is assumed to be 10. When you have 

a logarithmic expression of any base, evaluate it using the Change of 

Base Formula to translate the expression into one that involves common 

logarithms. 
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2 EXPLORE AND DEVELOP A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Common Logarithms 

Objective 

Students solve exponential equations by using common logarithms. 

Teaching the Mathematical Practices 

7 Use Structure Students will use structure of logarithms and 

how they relate to exponential expressions to complete the table. 

DIFFERENTIATE 

Enrichment Activity BL 

Without a calculator, evaluate the following: 

log 100,000 5 log 0.001 –3 log 0.0000001 –7 

Example 1 Find Common Logarithms by 
Using Technology 

Teaching the Mathematical Practices 

5 Use Mathematical Tools Point out that to solve the problem in 

Example 1, students will need to use a calculator. 

Questions for Mathematical Discourse 

AL How do you know this is a common logarithm? Sample answer: 

There is no base written on the log. 

0.9 0.9031 0.9031 0.9 OL Which is closer to 8, 10 or 10 ? 10 is closer to 8 than 10 . 

BL The approximation of log 8 is three times the approximation 

of what common logarithm? Explain. log 2; Sample answer: 
3 Because 2 = 8, the approximation of log 8 will be three times the 

approximation of log 2. 

Example 2 Solve a Logarithmic Equation 
by Using Exponential Form 

Teaching the Mathematical Practices 

4 Make Assumptions In the Talk About It! feature, have students 

explain an assumption or approximation that was made to find the 

amount the energy released. 

Questions for Mathematical Discourse 

22 AL Why is the answer approximated as 2 × 10 ? Sample answer: 

This form allows you to write approximations for very large or 

small numbers. Writing this approximation in standard form would 

result in writing 23 places. 

OL What is the horizontal shift to the graph of the parent function for 
_ 11 _ .8 _ the original equation? ≈ 7.867 to the left
1.5 

BL How would you solve the example if you wanted to find the energy 

released for multiple earthquakes? Sample answer: Solve for E as 

a function of M before substituting values of M. 

Interactive Presentation 

Learn 

TYPE 

a 
Students complete the table by evaluating certain common 

logarithms. 
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2 EXPLORE AND DEVELOP A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Solve an Exponential Equation 
by Using Logarithms 

Teaching the Mathematical Practices 

2 Different Properties Mathematically proficient students look 

for different ways to solve problems. In Example 3, students check 

their solution by solving the equation by graphing. Guide students 

to work through both methods. 

Questions for Mathematical Discourse 

AL Why is the Power Property of Logarithms applied? This property is 

used to write x as the coefficient of the logarithm so that it can be 

isolated in the next step. 

OL Why is the Property of Equality for Logarithms used? This allows 

you to take the logarithm of each side of the equation so that 

you can use the Power Property of Logarithms to rewrite x as the 

coefficient. 
log 101 ______ _ 10 __ 1 

BL Is equivalent to log ? Explain. No; sample answer: The 
log 11 11 

logarithm of a quotient is the difference of the logarithms. 

Things to Remember 

Students may forget to apply the Power Property of Logarithms when 

solving an exponential equation. Remind students that inverse operations 

are used to solve equations and that logarithms and exponential 

functions are inverses. 

Example 4 Solve an Exponential Inequality 
by Using Logarithms 

Teaching the Mathematical Practices 

1 Check Answers Students need to check their answer and 

should ask themselves whether their answer makes sense. 

Questions for Mathematical Discourse 

AL Why is the Distributive Property used on (2y - 5) log 6? The terms 

are separated so that the one with y can be grouped with the 

other y-term. 

OL When dividing both sides by the logarithmic expression 

3log5 - 2log6, how can we use the properties of logarithms to 

determine of the related equation whether the value is negative 

so that the inequality symbol should be reversed? Sample answer: 

You can rewrite the coefficients as exponents in the logarithms 

and rewrite the difference of logarithms as one logarithm of a 
3 2 quotient. 5 is greater than 6 , making the quotient greater than 1, 

thus the logarithm is positive. 

BL How do you know the solution will be a decimal before even 

solving the inequality? Sample answer: Because the exponential 

bases cannot be written as the same power, the exponents will 

not be integers. 

Interactive Presentation 

Example 3 

TAP

Students move through the steps to solve the exponential 

equation by using logarithms. 
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A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Change of Base Formula 

Objective 

Students evaluate logarithmic expressions by using the Change of Base 

Formula. 

Teaching the Mathematical Practices 

1 Seek Information Guide students to see how the Change of 

Base Formula can be used to transform logarithmic expressions. 

Point out that this skill is important when evaluating and graphing 

logarithms by using a calculator. 

DIFFERENTIATE

Reteaching Activity AL ELL
IF students are struggling to apply the Change of Base Formula, 

THEN tell students that they can rewrite any base logarithm as the log 

of the argument divided by the log of the base. Give students the hint 

that the base of the log goes in the denominator. 

Example 5 Change of Base Formula 

Teaching the Mathematical Practices 

7 Use Structure Help students use the structure of the Change of 

Base Formula in Example 5 to evaluate the logarithmic expression. 

Questions for Mathematical Discourse 

AL What is a way to remember which number goes in the denominator 

when applying the Change of Base Formula? Sample answer: The 

base is subscript and thus lower, so it goes in the denominator. 

OL Why do we use a common log when using the Change of Base 

Formula? Sample answer: Using a common logarithm makes it 

possible to evaluate the expression by using a calculator. 

BL Given log 11 ≈ 2.1827 and log 2 ≈ 0.6309, how could the Change 
3 3 

of Base Formula be used to evaluate the expression without using 

common logarithms? You can use the formula to write log 11 
2 

log 11 
___ 3 __ _ 2 _ .1 _ 8 _ 2 _ 7 _ as ≈ ≈ 3.4594. 
log 2 0 6309.  

3 

Common Error 

Some students may not understand the difference between the quotient 

of two logarithms, like the Change of Base formula, and the logarithm of a 
_ 11 _ quotient. They may try to evaluate an expression like log 11 as log , which 

2 2 
will always be incorrect. Remind students that the formula takes the 

logarithm of both the argument and the base, not the quotient of them. 

Interactive Presentation 

Learn 

CHECK

Students complete the Check online to determine whether they 

are ready to move on. 
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2 EXPLORE AND DEVELOP A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Use the Change of 
Base Formula 

Teaching the Mathematical Practices 

5 Analyze Graphs Guide students to analyze the graph they have 

generated using a graphing calculator. Point out that to see the 

entire graph and the point of intersection, students may need to 

adjust the viewing window. 

Questions for Mathematical Discourse 

AL Why must you use the Change of Base Formula to solve the 

equation? You need logarithms with base 10 to be able to use a 

calculator. 

OL When solving the equation, does the coefficient of 1200 have to 

be divided out first? Explain. The Change of Base Formula can still 

be applied; the y-scale of the graph will change, but the solution 

will be the same. 

BL How could you use the Power Property of Logarithms to solve the 

example algebraically? Starting at the end of Step 1, multiply 
_ 4 _ 

_ 4 _ 3 each side by log 2. log 2 = log 2 . Both logarithms have the 
4 3 
__ 
3 ___ a ___ same base, so 2 = . Multiply both sides by 1661.22 to 

1661.22 
solve for a. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Essential Question Follow-Up 

Students have begun learning about common logarithms. 

Ask: 

Why are common logarithms useful in the real world? Sample answer: 

Because common logarithms allow the use of technology to evaluate 

or solve, and they are prevalent in science such as chemistry. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Example 6 

TYPE 

a 
Students describe how to solve a given 

logarithmic equation algebraically. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–28 

2 exercises that use a variety of skills from this

lesson 

29–50 

3 exercises that emphasize higher-order and

critical-thinking skills 

51–54 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–49 odd, 51–54 

• Extension: The Slide Rule 

• Logarithmic and Exponential Equations 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

OL 

• Practice Exercises 1–53 odd 

• Remediation, Review Resources: Division Properties of Exponents 

• Personal Tutors 

• Extra Examples 1–6 

• Product, Power, and Quotient Rules 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–27 odd 

• Remediation, Review Resources: Division Properties of Exponents 

• Quick Review Math Handbook: Common Logarithms 

• Product, Power, and Quotient Rules 

AL 
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3 REFLECT AND PRACTICE A.REI.11, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

49a. 3 log (2 )x  – log (3 )x  = 1 
2 4 

log (2 )x log (3 )x  ______ ______ 3 – = 1 [ log (2) ] log (4) 

3 log (2 )x  log (3 )x  ________ _______ 
– = 1 

log (2) 2 log (2) 

6 log (2 )x  – log (3 )x  _______________ 
= 1 

2 log (2) 

6 (log (2) + log ( ))x  – log (3) – log ( )x  = 2 log (2) 

5 log ( )x  = log (3) – 4 log (2) 

So, x ≈ 0.715. 
2 49b. log (x ) + log ( )x  = 3 

6 3 
2 log (x ) log ( )x  ______ _____ 

+ = 3 
log (6) log (3) 

2 log (3) log (x ) + log (6) log ( )x  _______________________ 
= 3 

log (3) log (6) 

2 log (3) log ( )x  + log (6) log ( )x  = 3 log (3) log (6) 

log ( )x  [2 log (3) + log (6)] = 3 log (3) log (6) 

So, x ≈ 4.39. 

49c. 2 log (3 )x  = –8 log ( )x  
2 3 

log (3 )x log ( )x  _______ _____ 2 = –8[ log (2) ] [log (3) ]
2 log (3) log (3 )x  = –8 log (2) log ( )x  

2 log (3) [log (3) + log ( )]x  = –8 log (2) log ( )x  
2 log ( )x  [2 log (3) + 8 log (2)] = –2[log (3)] 

So, x ≈ 0.732. 

50a. log (2 )x  < 2 log ( )x  
7 6 

log (2 )x  2 log ( )x  ______ _______ 
<

log (7) log (6) 
log (2 )x  2 log ( )x  ______ _______ 

– < 0 
log (7) log (6) 

log (6) log (2 )x  – 2 log (7) log ( )x  ________________________ 
< 0 

log (6) log (7) 

log (6) log (2 )x  – 2 log (7) log ( )x  < 0 

log (6) [log (2) + log ( )]x  – 2 log (7) log ( )x  < 0 

log (6) log ( )x  – 2 log (7) log ( )x  < –log (2) log (6) 

log ( )x  [log (6) – 2 log (7)] < –log (2) log (6) 

–log (2) log (6) _____________ log ( )x  > 
log (6) – 2 log (7) 

–log (2) log (6) _____________ 
log (6) – 2 log (7) 

x > 10
So, x is approximately greater than 1.81. 

50b. 3 log (4 )x  ≤ log (8 )x  
2 

3 log (4 )x  ________ 
≤ log (8 )x  

log (2) 
3 log (4 )x  ________ 

– log (8 )x ≤ 0 
log (2) 

3 log (4 )x  – log (2) log (8 )x  ≤ 0 

3 [log (4) + log ( )]x  – log (2) [log (8) + log ( )]x  ≤ 0 

3 log ( )x  – log (2) log ( )x  ≤ log (2) log (8) – 3 log (4) 

log ( )[3x  – log (2)] ≤ log (2) log (8) – 3 log (4) 
log (2) log (8) – 3 log (4) __________________ log ( )x  ≤ 

3 – log (2) 

log (2) log (8) – 3 log (4) __________________ 
3 – log (2) 

x ≤ 10
So, x is approximately less than or equal to 0.27. 
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Lesson 6-4 

Natural Logarithms 
A.SSE.2, F.LE.4 

LESSON GOAL 

Students simplify logarithmic expressions and solve exponential 

equations by using natural logarithms. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Simplifying Expressions with Natural Logarithms 

• Write Equivalent Logarithmic Equations 

• Write Equivalent Exponential Equations 

• Simplify Logarithmic Expressions 

Solving Exponential Equations by Using Natural Logarithms 

• Solve Exponential Equations with Base e 

• Solve Natural Logarithmic Equations 

• Apply Functions with Base e 

Explore: Using a Scatter Plot to Analyze Data 

Develop: 

• Examine Logarithmic Data 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Common Logarithms ● ● ● 

Extension: Approximations for π and e ● ● ● 

Language Development Handbook 
Assign page 33 of the Language Development 

Handbook to help your students build 

mathematical language related to using natural 

logarithms. 

ELL You can use the tips and suggestions on 

page T33 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.SSE.2 Use the structure of an expression to identify ways to 

rewrite it. 

F.LE.4 For exponential models, express as a logarithm the solution to 
ct ab = d where a, c, and d are numbers and the base b is 2, 10, or e;

evaluate the logarithm using technology. 

Standards for Mathematical Practice: 

4 Model with mathematics. 

5 Use appropriate tools strategically. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students simplified logarithmic expressions and solved exponential 

equations by using common logarithms. 

A.REI.11, F.LE.4 

Now

Students simplify logarithmic expressions and solve exponential equations by 

using natural logarithms. 

A.SSE.2, F.LE.4 

Next 

Students will write exponential growth and decay equations and solve them 

by using logarithms. 

A.CED.1, F.LE.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students extend their 

understanding of logarithms to include natural logarithms. They build 

fluency and apply their understanding by solving real-world problems 

related to natural logarithms. 

Mathematical Background 
Logarithm with base e is called a natural logarithm, written as log x or ln x. 

e 

The natural logarithmic function, y = ln x, is the inverse of the natural base 
x exponential function y = e . 
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1 LAUNCH A.SSE.2, F.LE.4 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• using the Change of Base Formula 

Answers: 

1. 1.6532 

2. 4 

3. 3.9069 

4. 0.3869 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

read about a real-world problem that can be represented by a 

natural logarithmic function. Once students have completed the 

lesson, encourage them to use the formula to find the percentage 

of common words that would exist between two languages given 

some number of years since they split. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Using a Scatter Plot 
to Analyze Data 

Objective 

Students collect and use data to explore logarithmic functions. 

Teaching the Mathematical Practices 

4 Use Tools Point out that to complete the Explore, students 

will need to use a table and graph to represent the important 

quantities and relationships in the situation. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be presented with an Inquiry Question to answer at the end 

of the activity. They will watch a time-lapse video of cooling coffee and 

record data. Students will work through different exercises, including 

generating a scatter plot. Then students will answer the Inquiry Question. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

TYPE

Students enter different time/temperature pairs from the 

time-lapse video. 

eTOOLS

Students graph the data and use the function tool to determine the 

function that best models the data. 

TYPE

Students discuss which function they chose and why. 
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2 EXPLORE AND DEVELOP F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Using a Scatter Plot to 
Analyze Data ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• When collecting data, is it best to get all of the coordinates from 

the beginning or end of the video or across the entire time interval? 

Explain. across the entire time interval; Sample answer: To best see 

what function models the data, the data should represent the entire 

time interval, not just one part. 

• Based on this situation, what real-world situation do you think would 

follow an exponential model? Explain. heating coffee; Sample 

answer: Heating coffee would be the inverse of cooling coffee and an 

exponential function is the inverse of a logarithmic function. 

Inquiry 

How can you use a scatter plot to determine the type of function that 

best models a set of data? Sample answer: By plotting the data, you can 

determine which functions approximate the curve made by the points. 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry Question and can view a sample 

answer. 
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A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Simplifying Expressions with Natural 
Logarithms 

Objective 

Students simplify expressions with natural logarithms. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely 

write and explain their reasoning. Point out that they should use 

clear definitions when answering the question in the Think About 

It! feature. 

Common Misconception 

Some students may think that “ln” is just a regular logarithm and may use 

the common log button on the calculator. Remind students that a natural 

logarithm is base e, not base 10. 

DIFFERENTIATE

Enrichment Activity BL

To check if students understand the inverse relationship of e and ln, 

have them evaluate the following without a calculator: 
-5 ln2x ln e -5 e 2x 3 ln e 3 

Example 1 Write Equivalent Logarithmic 
Equations 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the 

exponential equations to rewrite them in logarithmic form. 

Questions for Mathematical Discourse 

AL What is the difference between log x and ln x? They are the same 
e 

logarithm, ln x is the typical abbreviation for a logarithm of base e. 

0 
OL What is ln 1? Explain. ln 1 = 0 because e = 1. 

BL What is another approach you could take to write the equation in 

logarithmic form? Sample answer: Take the natural logarithm of 

each side then simplify the natural logarithm of the exponential 

term, which brings down the exponent. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 

TYPE

Students explain why the properties that 

apply to logarithms with a base of b also 

apply to natural logarithms. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Write Equivalent Exponential 
Equations 

Teaching the Mathematical Practices 

1 Understand the Approaches of Others The Think About It! 

feature asks students to justify a student's reasoning. 

Questions for Mathematical Discourse 

1.7346 
AL In part b, what happens if you substitute e for x in the original 

equation? You get a true statement 1.7347 ≈ 1.7347. 

ln x 
OL What is e ? x 

_ x_ 2 
BL What is the base of the logarithm of x that is equivalent to ln ? e 

2 

Example 3 Simplify Logarithmic Expressions 

Teaching the Mathematical Practices 

5 Use Mathematical Tools Point out that to check their solution 

in Example 3, students will need to use a calculator. 

Questions for Mathematical Discourse 

_ 2 _ 
AL What step could you show in between ln + ln 9 and ln 6? 

3 
_ 2 _ ln × 9 (3 )

OL Why must the Power Property be used first when simplifying 

logarithmic expressions? Sample answer: In the order of 

operations, evaluating exponents comes before multiplying and 

dividing. The Power Property deals with exponents. 

BL Suppose a student first simplified the given expression as 
_ 1 _ ln2 + ln + ln9. What did the student do? Sample answer: 
3 

The student used the subtraction as a coefficient of -1 and 
-1 rewrote -ln 3 as ln 3 . 

Learn Solving Exponential Equations by 
Using Natural Logarithms 

Objective 

Students solve exponential equations by using natural logarithms. 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient students 

need to be able to make sense of quantities and their relationships. 

Guide students to see the relationship between the number e and a 

natural logarithm. 

Interactive Presentation 

Example 2 

TYPE

Students enter the values necessary 

to rewrite a logarithmic equation as 

an exponential equation. 

TYPE

Students determine if a student’s claim 

is correct. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students are having difficulty solving exponential equations using 

natural logarithms, 

THEN work through several simple equations using inverse functions 
__ 

2 like x = 4, √ x = 3, and logx = -1. This will help students recognize

the use of the inverse function and they will be more successful when 

solving equations involving e. 

Example 4 Solve Exponential Equations 
with Base e 

Teaching the Mathematical Practices 

5 Use Mathematical Tools T o solve the problem in Example, 

students will need to use a calculator to evaluate a natural logarithm. 

Questions for Mathematical Discourse 

AL What is the exact solution? ln (11) - 3 

OL How can we check our solution using a calculator? Sample answer: 

Substitute -0.6021 into the original equation for x and see if the 

expression is approximately -14. 

BL How could you check the solution algebraically? Sample answer: 

substitute ln (11) - 3 for x in the original equation and simplify to 

see if you get -14 = -14. 

Example 5 Solve Natural Logarithmic 
Equations 

Teaching the Mathematical Practices 

7 Use Structure Help students use the structure of logarithms to 

solve a natural logarithmic equation. 

Questions for Mathematical Discourse 

AL What is the inverse function of a natural logarithm? an exponential 

function with base e 

_ 1 _ OL Could you have used the Power Property of Logarithms for the
6 

coefficient and arrived at the correct answer? Y es, but the method 

shown in the example is simpler. 

BL Why do we not need to check for extraneous solutions after solving 

the natural logarithmic equation? Sample answer: An extraneous 

solution occurs when the argument of a logarithm is negative. 

Because x is positive, the argument will be positive and the solution 

will not be extraneous. 

Common Error 

Students tend to forget ln is the logarithm with base e. They may try 

to use a different base with the Property of Equality for Exponential 

Equations. No other base is ever the inverse of ln, so reinforce to 

students that when dealing with ln they should always use e. 

Interactive Presentation 

Example 4 

TAP 

Students move through the steps to solve 

an exponential equation with base e. 

TYPE 

Students describe the error that was made 

when the equation was solved. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Apply Functions with Base e 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results. In Example 6, students should 

interpret their mathematical results in the context of the problem. 

Point out that the solution to each part of the problem may have a 

different unit and meaning. 

Questions for Mathematical Discourse 

AL In Part B, why do you subtract 72 from each side rather than add 

the 72 to the coefficient 128? Sample answer: Y ou cannot add the 

72 to 128 because the 128 has an exponential term, which means 

72 is not a like term. 

OL In Part C, how do you know you do not need to reverse the 
-0.224 inequality symbol when you divide by e ? e is a positive 

number, and the exponent does not make the term negative. 

BL What would happen if you tried to find a value of t for a serving 

temperature greater than the initial temperature? The result 

would be a negative value for t, which does not make sense in the 

context of the situation, just as a serving temperature greater than 

the initial temperature does not make sense. 

Interactive Presentation 

Example 6 

TAP 

Students move through the steps to 

evaluate the function for different variables. 

TYPE 

Students answer a question to determine 

whether they can interpret an asymptote 

in context. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 7 Examine Logarithmic Data 

Teaching the Mathematical Practices 

5 Compare Predictions with Data Point out that in Example 7, 

students should use a graphing calculator to enable them to 

visualize the situation. Help students to use a graphing calculator 

to compare their predictions about the percentage of the 

population who play games on their phones in a given year with 

the data. 

Questions for Mathematical Discourse 

AL Why do you need to evaluate the function for x = 15, not x = 25? 

x represents the years since 2010.

OL What is the value of the function at x = 1, and how does it compare 

to the dataset? f(1) = 23.3237, which is close to (1, 25.9). 

BL What point is the upper limit of the domain and range of the 

function in the context of the example? (70.2, 100) 

Interactive Presentation 

Example 7 

SELECT

Students select a calculator to analyze 

logarithmic data in a real-world context. 
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2 EXPLORE AND DEVELOP A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–45 

2 exercises that use a variety of skills from this lesson 46–56 

3 exercises that emphasize higher-order and

critical-thinking skills 

57–60 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–55 odd, 57–60 

• Extension: Approximations for π and e 

• Logarithmic and Exponential Equations 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–59 odd 

• Remediation, Review Resources: Common Logarithms 

• Personal Tutors 

• Extra Examples 1–7 

• Logarithmic and Exponential Equations 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–45 odd 

• Remediation, Review Resources: Common Logarithms 

• Quick Review Math Handbook: Base e and Natural Logarithms 

• Logarithmic and Exponential Equations 

AL 
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3 REFLECT AND PRACTICE A.SSE.2, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

kt 5730k 5730k l _ n _ 0 _ . _ 5 _ 55a. P = P e ; 0.5P = P e ; 0.5 = e ; ln(0.5) = 5730k (ln e); k =
0 0 0 5730 

55c. Sample answer: at least about 7500 years; Solve inequality: 

_ ln _ _ 0 _ .5 _ _ ln _ 0 __ .5 _ l _ n _ 0 __ .5 _ t t t _ ln _ _ 0 _ .5 _ P ≤ 200e 5730 ; 80 ≤ 200e 5730 ; 0.4 ≤ e 5730 ; ln(0.4) ≤ t · ln( );e  
5730 

_ 5 _ 7 _ 3 _ 0 _ ·_ l _ n _ 0 _ .4 _ t ≥ ;≈ 7575 years
ln0.5 

56. approximately 25.5 years; the accounts will contain the same amount at 
0.04t 

0.02t 0.04t 5 __ 0 _ 0 _ 0 _ e ____ the solution to 5000e = 3000e . Rewrite as = 0.02t , which 
3000 e 

5 __ (0.04 0.02t- t ) _ 5 _ means = e . This means ln
3 (3 )= 0.02 ,t  so t ≈ 25.5.

59. Let p = ln a and q = ln b. 
p q That means that e = a and e = b. 

p q ab = e × e 

p q+  ab = e 

ln( )ab  = (p + q) 

ln( )ab  = lna + lnb 
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Lesson 6-5 A.CED.1, F.LE.4 

Using Exponential and Logarithmic Functions 

LESSON GOAL 

Students write exponential growth and decay equations and solve them 

by using logarithms. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Using Logarithms to Solve Exponential Growth Problems 

• Continuous Exponential Growth 

Using Logarithms to Solve Exponential Decay Problems 

• Continuous Exponential Decay 

• Radiocarbon Dating 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Solving Exponential Equations 
＀ ＀ ＀ 

and Inequalities 

Extension: Effective Annual Yield ＀ ＀ ＀ 

Language Development Handbook 
Assign page 34 of the Language Development 

Handbook to help your students build mathematical 

language related to using exponential and 

logarithmic functions. 

ELL You can use the tips and suggestions on 

page T34 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

F.LE.4 For exponential models, express as a logarithm the solution to 
ct ab = d where a, c, and d are numbers and the base b is 2, 10, or e;

evaluate the logarithm using technology. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

5 Use appropriate tools strategically. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students simplified logarithmic expressions and solved exponential 

equations by using natural logarithms. 

A.SSE.2, F.LE.4 

Now 

Students write exponential growth and decay equations and solve them by 

using logarithms. 

A.CED.1, F.LE.4 

Next 

Students will study rational functions and equations. 

A.CED.1, F.IF.4, F.IF.7d 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students build fluency and 

apply their understanding by solving problems that involve exponential 

and logarithmic functions. 

Mathematical Background 
t −ktThe exponential decay formulas are of the form y = a(1 − r) , or y = ae . 

t kt The exponential growth formulas are of the form y = a(1 + r) , or y = ae . 

Logarithms can be used to solve problems involving exponential growth 

and decay. 
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1 LAUNCH A.CED.1, F.LE.4 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• solving exponential equations 

Answers: 

_ 1 _ 1.
2 

_ 5 _ 2. -
2 

3. -2 

_ 2 _ 4. - 
3 

_ 1 _ 5.
6 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics Encourage students to consider how 

exponential functions and logarithms are used in dating artifacts. 

Ask students to explain the mathematical relationship between 

time and the amount of Carbon-14 in an object. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 
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A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Using Logarithms to Solve 
Exponential Growth Problems 

Objective 

Students write exponential growth equations and inequalities and solve 

them by using logarithms. 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to note the 

meaning of the variables used in the formulas for Continuously 

Compounded Interest and Continuous Exponential Growth. 

6 Use Precision In this lesson, students learn how to calculate 

accurately and to express numerical answers with a degree of 

precision appropriate to the problem context. 

About the Key Concept 
ktExponential growth can be modeled by the function f x( ) = ae , where a 

is the initial value, t is time in years, and k is a constant representing the 

rate of continuous growth. 

Common Misconception 

Some students may think that they should use the rate of growth as is, without 

converting to a decimal. Reinforce to students that a percent must be written 

in decimal form before being used in a formula. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students are struggling to identify the parts of an exponential 

growth formula, 

THEN have them highlight each variable with a different color in 
kty = ae. Then they can use the same colors to highlight corresponding 

pieces in any given problem. 

Example 1 Continuous Exponential Growth 

Teaching the Mathematical Practices 

2 Represent a Situation Symbolically Guide students to write 

an equation that represents the exponential growth and then use 

the equation to solve the problem. 

Questions for Mathematical Discourse 

AL What is another way you can determine when Florida’s population 

will surpass California’s population? Graph both equations and 

find the intersection point of the functions. 

OL If a state has a lesser population in 2016 compared to 2000, what 

do you know about k? k is negative. 

BL In part b, what would happen if you tried to find the time when the 

population would be 14 million? Explain. You would get a negative 

value for t because you would be taking the natural logarithm of a 

number between 0 and 1. 

Interactive Presentation 

Learn 

TYPE 

Students answer a question to determine 

whether they understand how to write an 

exponential growth equation in context. 
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2 EXPLORE AND DEVELOP A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Example 1 

TAP 

Students move through three parts in 

which the exponential growth function 

is written, used to predict, or used to 

compare. 

TYPE 

Students determine whether it makes 

sense that Florida’s population will 

eventually surpass California’s. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Using Logarithms to Solve 
Exponential Decay Problems 

Objective 

Students write exponential decay equations and solve them by using 

logarithms. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

and explain their solution methods. Point out that they should use 

clear mathematical language when answering the question in the 

Think About It! feature. 

About the Key Concept 
–kt Exponential decay can be modeled by the function f x( ) = ae , where 

a is the initial value, t is time in years, and k is a positive constant

representing the rate of continuous growth. 

Essential Question Follow-Up 

Students have begun learning about exponential growth and decay. 

Ask: 

Why are exponential growth and decay functions useful in the 

real world? Sample answer: Many real-world situations follow an 

exponential models such as investments, populations, bacteria growth 

or decay, and temperature of heated or cooled liquids. 

Interactive Presentation 

Learn 

TYPE

Students explain how to find the value of t 

when given months and a rate per year. 
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2 EXPLORE AND DEVELOP A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Continuous Exponential Decay 

Teaching the Mathematical Practices 

5 Use a Source In Example 2, guide students to find external 

information to answer the questions posed in the Use a Source 

feature. 

Questions for Mathematical Discourse 

AL What does half-life represent? the time it takes a substance to 

decay to half its original mass 

OL If the half-life is decreased, what is the effect on k? k increases. 

What does this mean in the context? A substance that takes less 

time to decay to half the initial amount has a faster rate of decay. 

BL The exponential decay function approaches but never reaches 

zero. In the context, how could you calculate when the mass 

of a 2-gram sample of Thorium decays to as close to zero as 

possible? Sample answer: Look up the approximate mass of one 

thorium atom in grams and use that as y. Solve for t. 

Interactive Presentation 

Example 2 

TYPE

Students enter values to complete the 

exponential decay formula. 

TYPE

Students research the half-life of another 

radioactive substance and then write the 

equation of decay. 
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2 EXPLORE AND DEVELOP A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Apply Example 3 Radiocarbon Dating 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 4 

Model with Mathematics Students will be presented with a task. 

They will first seek to understand the task, and then determine 

possible entry points to solving it. As students come up with their 

own strategies, they may propose mathematical models to aid 

them. As they work to solve the problem, encourage them to 

evaluate their model and/or progress, and change direction, if 

necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present 

the task, or have a volunteer read it aloud. Then allow students the time 

to make sure they understand the task, think of possible strategies, and 

work to solve the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them 

on a particular strategy, encourage them to use their own strategies to 

solve the problem and to evaluate their progress along the way. They 

may or may not find that they need to change direction or try out several 

strategies. 

Signs of Non-Productive Struggle 

If students show signs of non-productive struggle, such as feeling 

overwhelmed, frustrated, or disengaged, intervene to encourage them to 

think of alternate approaches to the problem. Some sample questions are 

shown. 

• I s the number 14 in Carbon-14 important for answering the questions? 

• H ow many years would it take for charcoal flakes to contain one 

quarter of the original amount of Carbon-14? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

Interactive Presentation 

Apply Example 3 

TYPE 

Students answer a question to determine 

whether they understand continuous 

exponential decay. 
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2 EXPLORE AND DEVELOP A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–5 

2 exercises that use a variety of skills from this lesson 6–18 

3 exercises that emphasize higher-order and

critical-thinking skills 

19–21 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–17 odd, 19–21 

• Extension: Effective Annual Yield 

• Logarithmic and Exponential Equations 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–21 odd 

• Remediation, Review Resources: Solving Exponential Equations 

and Inequalities 

• Personal Tutors 

• Extra Examples 1–3 

• Logarithmic and Exponential Equations 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–5 odd 

• Remediation, Review Resources: Solving Exponential Equations 

and Inequalities 

• Quick Review Math Handbook: Using Exponential and Logarithmic 

Functions 

• Logarithmic and Exponential Equations 

AL 
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3 REFLECT AND PRACTICE A.CED.1, F.LE.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

17a. Sample answer: An exponential model best describes the points 

because the number of cells decreases by the same percentage every 

minute. 

kt 17b. In the model f t( ) = ae , f t( ) represents the number of cells remaining 

after t minutes, a represents the number of cells at the start of the 

experiment, t represents the number of minutes since the experiment 
kt began, k is the growth or decay constant. F t( ) = 1,000,000e 

17c. k ≈ 0.356675; It is exponential decay. Substitute known values into 
-k(1) -k the formula: 700,000 = 1,000,000e ; 0.7 = e ; ln 0.7 = -k; 

k ≈ 0.356675; The exponential decay model for this experiment is 

-0.356675t f t( ) = 1,000,000e . 

17d. It will take approximately 19.367 minutes to have less than 1000 cells. 
-0.356675t Write the model and solve for t; 1000 = 1,000,000e ; 

-0.356675t 0.001 = e ; ln 0.001 = -0.356675t; t ≈ 19.367. 

-t 20. Sample answer: As t → +∞, e → 0. So, the denominator approaches 
_ c _ , 1 + 0, or 1. As the denominator approaches 1, f t( )→ or c. However, 
1 

-t since e never reaches 0, f t( ) can never reach c. 

21. Sample answer: Exponential functions can be used to model situations 

that incorporate a percentage of growth or decay for a specific number 

of times per year. Continuous exponential functions can be used to 

model situations that incorporate a percentage of growth or decay 

continuously. 
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Module 6 • Logarithmic Functions 

Review

Rate Yourself!
Have students return to the Module Opener to rate their understanding 

of the concepts presented in this module. They should see that their 

knowledge and skills have increased. After completing the chart, have 

students respond to the prompts in their Student Edition and share their 

responses with a partner. 

Answering the Essential Question 
Before answering the Essential Question, have students review their 

answers to the Essential Question Follow-Up questions found throughout 

the module. 

• How are the graphs of exponential functions and logarithmic functions 

related? 

• Why are common logarithms useful in the real world? 

• Why are exponential growth and decay functions useful in the 

real world? 

Then have students write their answer to the Essential Question. 

ELL A completed Foldable for this module should include the key 

concepts related to creating logarithmic functions. 

LearnSmart Use LearnSmart as part of your test preparation plan 

to measure student topic retention. You can create a student assignment 

in LearnSmart for additional practice on these topics for Modeling with 

Functions. 

• Applications of Function Models 

• Exponential and Logarithmic Functions 

• Building Functions 
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Review and Assessment Options 
The following online review and assessment resources are available 

for you to assign to your students. These resources include technology- 

enhanced questions that are auto-scored, as well as essay questions. 

Review Resources 

Vocabulary Activity 

Module Review 

Assessment Resources 

Vocabulary Test 

AL Module Test Form B 

OL Module Test Form A 

BL Module Test Form C 

Performance Task* 

*The module-level performance task is available online as a printable document. A scoring 

rubric is included. 
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Test Practice 

You can use these pages to help your students review module content 

and prepare for online assessments. Exercises 1–19 mirror the types 

of questions your students will see on online assessments. 

Question Type Description Exercise(s) 

Multiple Choice Students select one correct answer. 4, 6, 7, 11, 12, 

15, 17 

Multi-Select Multiple answers may be correct. 

Students must select all correct 

answers. 

9, 14 

Graph Students create a graph on an

online coordinate plane. 

2, 3 

Open Response Students construct their own

response.

1, 5, 8, 10, 

13, 16, 18, 19 

To ensure that students understand the standards, check students’ 

success on individual exercises. 

Standard(s) Lesson(s) Exercise(s) 

A.SSE.2 6-1, 6-2, 6-4 4–7, 14, 16 

A.REI.11 6-3 8 

A.CED.2 6-5 17 

A.CED.4 6-1 1 

F.IF.7e 6-1 2, 3 

F.BF.a 6-3 11, 12 

F.LE.4 6-3, 6-4, 6-5 9, 10, 13, 15, 18, 19 
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Lesson 6-3 

52. log _ 3 = log x Original equation 
√ a a 

log 3 _ a 
_ _ = log x Change of Base Formula

log √ a a 
a 

log 3 __ _ a _ 1 

= log x √ a = a 2 

_ 1 a 

2 

2 log 3 = log x Multiply numerator and denominator by 2. 
a a 

2 log 3 = log x Power Property of Logarithms 
a a 

2 3 = x Property of Equality for Logarithmic Functions 

9 = x Simplify. 

_ 1 _ 1 
53. log 27 = 3 and log 3 = ; Conjecture: log b =

3 27 3 a log a 
b 

Proof: 

_ 1 
log b ＀ Original statement 

a log a 
b 

log b _ b _ 1 
＀ Change of Base Formula 

log a log a 
b b 

_ 1 _ 1 
= Inverse Property of Exponents and Logarithms 

log a log a 
b b M

 O
 D

 U
 L

 E
 6

 A
 N

 S
 W

 E
 R

 A
 P

 P
 E
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 D

 I X
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Module 7 

Rational Functions 

Module Goals

• Students multiply and divide rational expressions. 

• Students add and subtract rational expressions. 

• Students graph and analyze reciprocal functions. 

• Students graph and analyze rational functions. 

• Students recognize and solve direct, joint, inverse, and combined 

variation equations. 

Focus 

Domain: Algebra, Functions 

Standards for Mathematical Content: 

A.APR.7 Understand that rational expressions form a system 

analogous to the rational numbers, closed under addition, subtraction, 

multiplication, and division by a nonzero rational expression; add, 

subtract, multiply, and divide rational expressions. 

F.IF.5 Relate the domain of a function to its graph and, where applicable, 

to the quantitative relationship it describes. 

Also addresses A.CED.1, A.CED.2, A.REI.2, A.REI.11, F.IF.4, and F.BF.3. 

Standards for Mathematical Practice: 

All Standards for Mathematical Practice will be addressed in this module. 

Coherence 

Vertical Alignment 

Previous 

Students simplified expressions with rational exponents. 

N.RN.1, N.RN.2 (Course 2) 

Now

Students graph and analyze rational functions with vertical, horizontal, 

and/or oblique asymptotes. Students write and solve rational equations. 

A.CED.1, F.IF.4, A.REI.2 

Next 

Students will graph and analyze trigonometric functions, identifying key 

features and aymptotes. 

F.IF.4, F.IF.7e 

The Three Pillars of Rigor 

Students will use the three pillars of rigor to help them meet standards. 

Students gain conceptual understanding as they move from the Explore 

to Learn sections within a lesson. Once they understand the concept, 

they practice procedural skills and fluency and apply their mathematical 

knowledge as they go through the Examples and Practice. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

EXPLORE LEARN EXAMPLE & PRACTICE 

Suggested Pacing 

Lessons Standards 45-min classes 90-min classes 

Module Pretest and Launch the Module Video 1 0.5 

7-1 Multiplying and Dividing Rational Expressions A.APR.7 1 0.5 

7-2 Adding and Subtracting Rational Expressions A.APR.7 1 0.5 

Put It All Together: Lessons 7-1 through 7-2 1 0.5 

7-3 Graphing Reciprocal Functions F.IF.5, F.BF.3 1 0.5 

7-4 Graphing Rational Functions F.IF.4, F.IF.5 1 0.5 

7-5 Variation A.CED.1, A.CED.2 1 0.5 

7-6 Solving Rational Equations and Inequalities A.CED.1, A.REI.2, A.REI.11 2 1 

Module Review 1 0.5 

Module Assessment 1 0.5 

Total Days 11 5.5 
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CHERYL TOBEY 

MATH 
PROBES 

Formative Assessment Math Probe 

Graphs of Rational Functions 

Module Resource 

Analyze the Probe 
Review the probe prior to assigning it to your students. 

In this probe, students will analyze algebraic representations of rational functions to 

identify their graphical representations. 

Targeted Concepts Understand how the algebraic representation of a function can be 

analyzed to find intercepts and asymptotes of the graphical representation. 

Targeted Misconceptions 

• Students may determine the intercepts by incorrectly swapping the process (for example, 

finding the x-intercept by substituting zero for x) or by making a computation error when solving. 

• Students may not understand that the horizontal asymptotes are found by analyzing the 

degrees of the numerator and the denominator. 

• Students may not understand that vertical asymptotes are associated with values of x 

that are undefined (analyzing the denominator). 

• Instead of dividing the entire numerator and denominator by common factors to simplify 

or analyze a rational function, students may incorrectly “cancel” terms or parts of terms. 

Use the Probe after Lesson 7-4. 

Correct Answers: 1. B 2. A 3. A 4. C 

Collect and Assess Student Answers 

If the student selects 

these responses… 

Then the student likely... 

1. A, C, D 

2. B, C, D 

3. B, C, D 

4. A, B, D 

is making one or more of the following errors: 

• is not analyzing the power of the numerator and denominator and/or not correctly using the 

coefficients of the numerator and denominator to determine the horizontal asymptotes, 

• does not understand how to evaluate the denominator (set it equal to 0 and solve for 

x) to determine vertical asymptotes, or

• is not finding f(0) to find y-intercepts and/or is not setting the numerator equal to 0 

and solving for x to find x-intercepts. 

E incorrectly “cancels” terms or parts of terms in the numerator and denominator instead of 

dividing each by a common factor. (For example, reducing the expression in item 4 to 6x + 7.) 

F is reasoning incorrectly by: 

• not recognizing that the equation is written in a form that gives important information 

about what the graphical representation looks like, without a provided scale, or 

• only using one identifying feature to determine what the graph looks like. For example, if 

only using y-intercepts, the student may not be able to choose between Graph A or 

Graph D. 

Take Action 
After the Probe Design a plan to address any possible misconceptions. You may wish to assign the following resources. 

• Graphing Rational Functions 

• Lesson 7-3 and 7-4, Learn, Examples 1-2 

Revisit the Probe at the end of the module to be sure that your students no longer carry these misconceptions. 
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The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and 

engage and challenge students. Use these open-ended, collaborative 

activities, located online in the module Launch section, to encourage 

your students to develop a growth mindset towards mathematics and 

problem solving. Use the teacher notes for implementation suggestions 

and support for encouraging productive struggle. 

Essential Question 

At the end of this module, students should be able to answer the 

Essential Question. 

How are the rules for operations with rational numbers applied to 

operations with rational expressions and equations? Sample answer: 

Similar to adding and subtracting rational numbers, you can add and 

subtract rational expressions by using a common denominator. Sums, 

differences, products, and quotients can be simplified by removing 

common factors from the numerator and denominator of the rational 

expression. Also, rational expressions can be set equal to one another to 

solve for unknowns. 

What Will You Learn? 

Prior to beginning this module, have your students rate their knowledge 

of each item listed. Then, at the end of the module, you will be reminded 

to have your students return to these pages to rate their knowledge 

again. They should see that their knowledge and skills have increased. 

Focus Students write notes about rational functions in this module. 

Teach Have students make and label their Foldable as illustrated. 

Students should use the appropriate tab to record their notes and 

examples for the concepts in each lesson of this module. 

When to Use It Encourage students to add to their Foldable as they 

work through the module and to use them to review for the module test. 

Launch the Module 

For this module, the Launch the Module video uses the Doppler effect, 

scuba diving, and personal goals to show real-world applications of 

rational equations. Students learn about using rational equations to 

model the amount of time a scuba diver can safely spend at various 

depths. 

Interactive Presentation 
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What Vocabulary Will You Learn? 
ELL As you proceed through the module, introduce the key vocabulary 

by using the following routine. 

Define An asymptote is a line that a graph approaches. 

Example The graph shows asymptotes at x = -3 and f x( ) = 2. 

Ask What does a vertical asymptote show? where a function is undefined 

Are You Ready? 

Students may need to review the following prerequisite skills to succeed 

in this module. 

• factoring 

• multiplying polynomials 

• evaluating expressions 

• identifying domains of functions 

• finding function values 

• solving proportions 

ALEKS is an adaptive, personalized learning environment that identifies 

precisely what each student knows and is ready to learn, ensuring 

student success at all levels. 

You may want to use the Factoring Quadratic Trinomials section to 

ensure student success in this module. 

Mindset Matters 

View Challenges as Opportunities 

Part of cultivating a growth mindset in math involves viewing challenging 

problems or tasks as an opportunity to learn and make new connections 

in your brain. 

How Can I Apply It? 

Encourage students to embrace challenges by trying problems that are 

thought-provoking, such as the Higher Order Thinking Problems in the 

practice section of each lesson. Remember to regularly remind students 

that each new challenge is an opportunity to grow! 
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Lesson 7-1 A.APR.7 

Multiplying and Dividing Rational Expressions 

LESSON GOAL 

Students multiply and divide rational expressions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Simplifying Rational Expressions 

• Simplify a Rational Expression 

• Simplify by Using -1 

Explore: Simplifying Complex Fractions 

Develop: 

Multiplying and Dividing Rational Expressions 

• Multiply and Divide Rational Expressions 

• Multiply and Divide Polynomial Expressions 

• Simplify Complex Fractions 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Factoring Quadratic Trinomials ＀ ＀ ＀ 

Extension: Dimensional Analysis ＀ ＀ ＀ 

Language Development Handbook 
Assign page 35 of the Language Development 

Handbook to help your students build 

mathematical language related to multiplying and 

dividing rational expressions. 

ELL You can use the tips and suggestions on 

page T35 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.APR.7 Understand that rational expressions form a system 

analogous to the rational numbers, closed under addition, subtraction, 

multiplication, and division by a nonzero rational expression; add, 

subtract, multiply, and divide rational expressions. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

8 Look for and express regularity in repeated reasoning. 

Coherence 

Vertical Alignment 

Previous 

Students simplified expressions with rational exponents. 

N.RN.1, N.RN.2 (Course 2) 

Now 

Students multiply and divide rational expressions. 

A.APR.7 

Next 

Students will add and subtract rational expressions. 

A.APR.7 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of rational expressions. They build fluency by 

validating that rational expressions are closed under multiplication 

and division, and they apply their understanding by solving real-world 

problems related to multiplying and dividing rational expressions. 

Mathematical Background 
The primary skill needed to multiply and divide rational expressions is 

simplifying. After division is changed to multiplication by the reciprocal of 

the divisor, and numerators and denominators are multiplied. Complete 

the problem by dividing by the common factors. 
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1 LAUNCH 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• factoring 

Answers: 

5 3 1. 45y (3y + 30) 

2. (3b + 1)(3b − 1) 

2 3. (2x + 3) 

4. 4(d − 1)(d + 4) 

5. −3x(2y − 3)(y − 2) 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Create Representations Guide students to describe and write 

other ratios using the given information, such as the ratio of the 

area to the perimeter. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer read 

aloud How can I meet this standard? and How can I use these practices? 

and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Simplifying Complex Fractions 

Objective 

Students use a real-world model to simplify complex fractions. 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions, like complex 

fractions, as single objects or as being composed of several 

objects. Throughout the Explore, guide students to see how 

complex fractions containing polynomials may be composed of 

a polynomial and its factors. This skill will help students simplify 

complex fractions that contain polynomials. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor students’ progress during the activity. Upon 

completion of the Explore activity, have student volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

They will answer a series of questions about the relationship between 

numerators and denominators in complex fractions. Then, students will 

answer the Inquiry Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

TYPE

a
Students answer questions to determine how to simplify 

complex fractions. 
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2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Simplifying Complex Fractions 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• How do you divide fractions? Sample answer: Y ou can multiply by the 

reciprocal. 

• What happens if both the numerator and denominator have the same 

terms? Sample answer: The fraction will simplify to 1. 

Inquiry 

Can you simplify complex fractions that contain polynomials in the 

numerator or denominator? Y es; sample answer: If the numerators 

or denominators have common factors, then those factors can be 

eliminated. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a 

sample answer. 
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A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Simplifying Rational Expressions 

Objective 

Students simplify rational expressions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Guide students to see the 

relationships between rational numbers and rational expressions 

and how they can be simplified. 

Things to Remember 

Point out that rational expressions are usually used without specifically 

excluding those values that make the expression undefined. It is 

understood that only those values for which the expression has meaning 

are included. 

Example 1 Simplify a Rational Expression 

Teaching the Mathematical Practices 

7 Use the Distributive Property Point out that the Distributive 

Property is one of the most-used properties in algebra. In Example 

1, students must use the Distributive Property to identify common 

factors and simplify the rational expression. 

Questions for Mathematical Discourse 

AL What does it mean to simplify a rational expression? Eliminate any 

common factors in the numerator and denominator. 

OL Why can you eliminate common factors and still have an 

equivalent expression? Sample answer: The common factors form 

an expression that is equal to 1, and anything multiplied by 1 is 

itself. 

BL Why is the expression undefined when x = -4 even though the 

denominator of the simplified expression is only equal to zero 

when x = 0 and x = 2? Sample answer: Because you are finding 

when the original expression is undefined, you must consider the 

denominator of the original expression. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

Interactive Presentation 

Learn 

WATCH

Students watch videos to see how to 

simplify rational expressions. 
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2 EXPLORE AND DEVELOP A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

DIFFERENTIATE 

Reteaching Activity AL 

IF students are having difficulty simplifying rational expressions, 

THEN encourage them to first view the numerator and denominator 

as two polynomial expressions that can be factored. Once they have 

factored each polynomial, they can rewrite the rational expression. 

Example 2 Simplify by Using -1 

Teaching the Mathematical Practices 

1 Understand Different Approaches Ask students to explain the 

method described in the Think About It! feature and compare it to 

the method shown in Example 2. 

Questions for Mathematical Discourse 

AL How can you determine when you will be able to simplify a 

rational expression using -1? Y ou can simplify using -1 when 

the numerator contains a term in the form (a - b) and the 

denominator contains a term in the form (b - a). 

OL For what values of x is this expression undefined? x = -y and 
5 __ x = y
6 

BL What two properties would you use to prove that (a - b) = -1(b - a)? 

The Commutative Property and the Distributive Property 

Interactive Presentation 

Example 2 

TYPE 

Students answer a question to determine 

whether they understand how to simplify 

rational expressions by using -1. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Multiplying and Dividing Rational 
Expressions 

Objective 

Students simplify rational expressions by multiplying and dividing. 

Teaching the Mathematical Practices 

3 Construct Arguments In the Think About It! feature, students 

must use definitions and previously established results to 

construct an argument about the restrictions that apply when 

multiplying and dividing rational expressions. 

DIFFERENTIATE 

Enrichment Activity BL 

To prepare students for the next lesson and to build a strong base 

for future work with rational expressions, give them an expression 
2 2 5x (x + 3) _________ like . Ask them to explain in detail, citing fundamentals 

5x (x + 3) 

from arithmetic, why five can be divided out but three cannot. Also 

2 explain why the first x and x can be divided by x to simplify, but not 

those within parentheses. Students’ explanations should mention 

that common factors of both the numerator and denominator can be 

divided out, but not terms that are parts of polynomials. Substitution of 

a number, like 2, for x may help some students reach this realization. 

Example 3 Multiply and Divide Rational 
Expressions 

Teaching the Mathematical Practices 

8 Notice Regularity Help students see the regularity in the 

way that the expressions in the numerator and denominator are 

factored and in the way that common factors are eliminated. 

Questions for Mathematical Discourse 

AL How do you know when you have completely factored a number? 

Each factor is a prime number. 

OL How could you simplify the expression in part a without 

writing out the prime factorization of the numerator and 

denominator? Sample answer: Multiply the numerators to get 
3 4 36x y and the denominators to get 72xy . Then, eliminate the 

greatest common factor of the two expressions, 36 .xy  

BL Why is dividing the same as multiplying by the reciprocal? Sample 
a __ _ c _ answer: Consider ÷ as a complex fraction. Multiplying the 
b d 

_ a _ d __ 
d (__ b ) · (c )________ numerator and denominator both by yields , which c 1 

a __ equals · _ d _ ( . 
b ) (c )

Interactive Presentation 

Learn 

SWIPE 

Students move through slides to see how 

to multiply and divide rational expressions. 
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2 EXPLORE AND DEVELOP A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Multiply and Divide 
Polynomial Expressions 

Teaching the Mathematical Practices 

3 Make Conjectures In the Talk About It! feature, students 

will make a conjecture about the truth of a given statement and 

then build a logical progression of statements to validate the 

conjecture. Once students have made their conjectures, guide 

students to validate them. 

Questions for Mathematical Discourse 

AL What operation does ratio indicate? division 

OL Why is it helpful to factor the numerator and denominator of each 

expression before multiplying the numerators and denominators 

together? Sample answer: Factoring the quadratic expressions 

allows for a common factor to be eliminated before multiplying the 

expressions, simplifying the process. 

BL For which values of x is the expression undefined? -2, -10, 

-20 What values of x make sense in the context of the situation? 

Explain. x > -2; Sample answer: For x ≤ -2, the expression 

would be undefined or result in a negative value, which is not valid 

in the context of the situation. 

Example 5 Simplify Complex Fractions 

Teaching the Mathematical Practices 

7 Use Structure Help students use the structure of the complex 

fraction to rewrite it as a the product of two rational expressions. 

Questions for Mathematical Discourse 

AL How do you know when you have completely simplified a 

complex fraction? The result is one fraction with no common 

factors in the numerator and denominator. 

OL What are the restrictions on x and y? x ≠ - y, x ≠ y, x ≠ 0, y ≠ 0 

a __ _ c _ _ d _ 
BL If ÷ = , what must be true? a = c 

b d b 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

Interactive Presentation 

Example 4 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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3 REFLECT AND PRACTICE A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–23 

2 exercises that use a variety of skills from

this lesson 

24–45 

3 exercises that emphasize higher-order and

critical-thinking skills 

46–53 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–45 odd, 46–53 

• Extension: Dimensional Analysis 

• Simplifying Expressions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–53 odd 

• Remediation, Review Resources: Factoring Quadratic Trinomials 

• Personal Tutors 

• Extra Examples 1–5 

• Factoring Quadratic Trinomials 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–23 odd 

• Remediation, Review Resources: Factoring Quadratic Trinomials 

• Quick Review Math Handbook: Multiplying and Dividing Rational 

Expressions 

• Factoring Quadratic Trinomials 

AL 
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3 REFLECT AND PRACTICE A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

41a. Sample answer: Divide the volume by the product of the length and 

width of the box. 

41c. Sample answer: Substitute a value for x in each of the given expressions 

for the length, width, and volume, and the same value for x in the 

expression found for h, and then check that V = ＀wh. 

CHECK: For x = 5, 

length = (5) + 10 = 15 in. 

width = 2(5) = 10 in. 
3 2 volume = 2(5) + 26(5) + 60(5) 

3 = 1200 in 

height = (5) + 3 = 8 in. 

Verify V = ＀wh: 1200 = (15)(10)(8) 

42a. Downstream; sample answer: He is moving with the current and all 

values for c make his upstream time greater than his downstream time. 

42b. Sample answer: Divide the faster (downstream) speed by the slower 

(upstream) speed to find how many times faster the downstream speed 
__ 9 ___ __ 9 ___ __ 9 ___ 5 _ _ - __ c _ 5 __ - __ c _ is than the upstream speed. ÷ = · = , so 
5 + c 5 - c 5 + c 9 5 + c 

_ 5 _ - __ c _ Irfan travels downstream times faster than he does upstream. 
5 + c 

43. Sample answer: By dividing the second week’s speed by the first 

week’s speed, you can determine how much faster she hopes to run 

__ 6 _ 0 __ _ 6 _ 0 _ __ 6 _ 0 __ _ t __ __ t ___ ___ t __ on average. ÷ = · = . She hopes to run
t - 2 t t - 2 60 t - 2 t - 2 

faster during her second week than during her first week. 

44. No; sample answer: Because of the common factors, the function 

simplifies to y = 5, which is a horizontal line. However, the domain of 

y = 5 is all real numbers, whereas the original function is undefined at 

x = -1, -2, and -3. If Saquita were to use the Trace function, at these 

values of x she would see that the function is undefined. The result is 

almost a horizontal line. 
(x + 8) (x + 5) ______ ______ 45a. None; sample answer: C : B = , B : A = ; For these two 

(x + 5 ) x 

_ C _ _ A _ ratios to be equal, · must equal 1. To equal 1, their product must 
B B 

(x + 8) ______ ___ x ___ have the numerator equal to the denominator. So, ·
(x + 5) (x + 5) 

2 
_ x _ + __ 8 _ x _ 2 = 2 and x + 8x = (x + 5) (x + 5). Solving for x results in 
(x + 5) 

x = -12.5. Since x cannot be a negative value, there are no values of x 

that will make these ratios equal. 
(x + 6) (x + 2) (x + 6) ______ ______ ______ ___ x ___ 45b. Yes; sample answer: C : B = , B : A = and ·
(x + 2) x (x + 2) (x + 2) 

2 
_ x __ + __ 6 _ x _ 2 = 2 . When x + 6x = (x + 2) (x + 2), x = 2. The length of a side 
(x + 2) 

of square A would need to be 4 feet, and the fountain would need to be 

2 feet in diameter. 

46. Sample answer: The two expressions are equivalent except that the 

rational expression is undefined at x = -3. 

47. Beverly; sample answer: Troy’s mistake was multiplying by the reciprocal of 

the dividend instead of the divisor. 

_ x + 1 
49. _____ ; sample answer: The other three expressions are rational 

√ x + 3
_ x + 1 _ x + 1 

expressions. Since the denominator of _____ is not a polynomial, _____ is 
√ x + 3 √ x + 3

not a rational expression. 
2 50. Sometimes; sample answer: With a denominator like x + 2, in which the 

denominator cannot equal 0, the rational expression can be defined for all 

values of x. 

52. Sample answer: When the original expression was simplified, a factor of x 

was taken out of the denominator. If x were to equal 0, then this expression 

would be undefined. So, the simplified expression is also undefined for x = 0. 
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Lesson 7-2 

Adding and Subtracting Rational Expressions 
A.APR.7 

LESSON GOAL 

Students add and subtract rational expressions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Closure of Rational Expressions 

Develop: 

Adding and Subtracting Rational Expressions 

• Add and Subtract Rational Expressions with Monomial 

Denominators 

• Add and Subtract Rational Expressions with Polynomial 

Denominators 

• Use Addition and Subtraction of Rational Expressions 

Simplifying Complex Fractions 

• Simplify Complex Fractions by Using Different LCDs 

• Simplify Complex Fractions by Using the Same LCD 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Multiplying Polynomials by 
＀ ＀ ＀ 

Monomials 

Extension: Zeno’s Paradox ＀ ＀ ＀ 

Language Development Handbook 
Assign page 36 of the Language Development 

Handbook to help your students build 

mathematical language related to adding and 

subtracting rational expressions. 

ELL You can use the tips and suggestions on 

page T36 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.APR.7 Understand that rational expressions form a system 

analogous to the rational numbers, closed under addition, subtraction, 

multiplication, and division by a nonzero rational expression; add, 

subtract, multiply, and divide rational expressions. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students added, subtracted, and multiplied polynomials. 

A.APR.1 

Now

Students add and subtract rational expressions. 

A.APR.7 

Next 

Students will solve rational equations and inequalities algebraically and by 

graphing. 

A.CED.1, A.REI.2. A.REI.11 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of rational expressions. They build fluency by 

validating that rational expressions are closed under addition and 

subtraction, and they apply their understanding by solving real-world 

problems related to adding and subtracting rational expressions. 

Mathematical Background 
When rational expressions are given the same denominators in 

preparation for addition or subtraction, they are equivalent to the original 

expressions. Multiplying a rational expression by a form of 1 such as 
6 y - 3 __ x _ _____ or does not change the value of the expression. 
6x y - 3 
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1 LAUNCH A.APR.7 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• multiplying polynomials 

Answers: 

3 1. ab 

2 2. 2a bc 

3. (x − 2)(x − 3) 

4. 3 (x x + 1) 

2 5. 7(u + 9)(u − 9) or 7(u − 81)

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students 

will learn how performing operations with rational expressions 

can be used to solve a real-world problem. Once students have 

completed the lesson, encourage them to simplify the formula for 

acidity. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer read 

aloud How can I meet this standard? and How can I use these practices? 

and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

319b Module 7 • Rational Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0178.xhtml


2 EXPLORE AND DEVELOP A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Closure of Rational Expressions 

Objective 

Students use the rules of closure to determine if the set of rational 

expressions is closed under all operations. 

Teaching the Mathematical Practices 

3 Construct Arguments Throughout the Explore, students will 

use stated assumptions, definitions, and previously established 

results to construct arguments about the closure of rational 

expressions. 

7 Use Structure Guide students to explore the structure of the 

sums, differences, products, quotients of rational expressions. 

Help them to see why rational expressions are closed under 

addition, subtraction, multiplication, and division. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor students’ progress during the activity. Upon 

completion of the Explore activity, have student volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

They will answer a series of questions about adding, subtracting, 

multiplying, and dividing rational expressions to identify patterns in 

the results of these operations. Then students will answer the Inquiry 

Question. 

(continued on the next page) 

Interactive Presentation 

Explore 

Explore 

TYPE

a
Students answer questions to determine 

whether rational expressions are closed 

under multiplication, division, addition, 

and subtraction. 
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2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

a
Students respond to the Inquiry Question and can view a 

sample answer. 

A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Closure of Rational Expressions 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Consider the integers 4 and 8. For which operations is the result an 

integer? a rational number? Sample answer: The results of addition, 
_ 1 _ subtraction and multiplication are integers, but for division, 4 ÷ 8 = . 
2 

This is not an integer, but it is a rational number. All operations result in 

a rational number. 

__ 3 ___ __ 6 ___ • Is the result of + a rational expression? Why or why not? 
x - 4 x + 4

Yes; sample answer: Both terms are rational expressions and the set of 

all rational expressions is closed under addition. 

Inquiry 

If you multiply, divide, add, or subtract two rational expressions, is the 

result also a rational expression? Y es; sample answer: The set of rational 

expressions is closed under all operations. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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A.APR.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Adding and Subtracting Rational 
Expressions 

Objective 

Students simplify rational expressions by adding and subtracting. 

Teaching the Mathematical Practices 

7 Use Structure Help students to see how the structure of 

rational expressions can be used to find the LCD and then add or 

subtract the expressions. 

About the Key Concept 

Have students discuss the differences in procedure for adding and 

multiplying fractions. It is important that they see why common 

denominators are required for addition but not for multiplication. 

Common Misconception 

The same misconceptions that cause errors in adding and subtracting 

rational numbers often cause errors when adding and subtracting rational 

expressions. When adding and subtracting rational expressions, students 

often add or subtract both the numerators and denominators, without finding 

the common denominator. Review addition of rational numbers and fractions 

in order to reinforce studentsʼ understanding of the correct procedure. 

DIFFERENTIATE

Reteaching Activity AL ELL
IF students have difficulty adding and subtracting rational expressions, 

THEN have students work as partners, one in the role of coach and one 

in the role of athlete. The athlete works a problem, following the correct 

steps and explaining the thinking, while the coach listens and watches 

for errors,  correcting as necessary. Then the partners switch roles. 

Example 1 Add and Subtract Rational 
Expressions with Monomial Denominators 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must be 

able to transform algebraic expressions to reach solutions. 

Questions for Mathematical Discourse 

AL In part a, how do you determine that 20b is the LCD? Sample 

answer: Factor 4b to 2 ＀ 2 ＀ b and 10 to 5 ＀ 2. The greatest number 

of times 2 appears as a factor is twice, and both b and 5 appear 

once; thus, the LCD is 2 ＀ 2 ＀ 5 ＀ b = 20b. 

OL What do you multiply each term by once you have determined the 

LCD? Multiply each term by a fraction with the same numerator 

and denominator that will make the denominator equal to the LCD. 
_ 1 _ _ 1 _ 

BL If the LCD of and is b, what must be true about a? a is a factor a b

of b. 

Interactive Presentation 

Learn 

TYPE

a
Students answer a question to determine 

whether they understand how to find 

common denominators. 
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A.APR.7 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

SWIPE 

Students move through the steps to 

subtract rational expressions with 

polynomial denominators. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Add and Subtract Rational 
Expressions with Polynomial Denominators 

Teaching the Mathematical Practices 

7 Use the Distributive Property In Example 2, students 

must use the Distributive Property to factor the polynomial 

denominators and identify the LCM of the expressions. 

Questions for Mathematical Discourse 

AL How does multiplying by the missing factors relate to finding the 

LCD? Sample answer: Multiplying by the missing factors is what 

makes the denominators equal the LCD. 

OL For what values of x is the difference undefined? 3 and -5 

BL What would happen if you used a common denominator that 

was not the least common denominator? Sample answer: After 

subtracting the rational expressions, you would need to eliminate 

common factors in the numerator and denominator. 

Example 3 Use Addition and Subtraction 
of Rational Expressions 

Teaching the Mathematical Practices 

4 Apply Mathematics In Example 3, students apply what they 

have learned about adding and subtracting rational expressions to 

solving a real-world problem. 

Questions for Mathematical Discourse 

AL Why do you not factor the denominators in the first step? The 

denominators cannot be factored; each denominator is in the 

simplest form. 

OL Do the restrictions on x change when you add or subtract rational 

expressions? Explain. No; sample answer: Because the LCD is 

composed of each factor of the original denominators. 

BL What do you know about the denominator of the combined 

rational expression if a common factor can be eliminated from the 

numerator and denominator? The common denominator used 

was not the least common denominator. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP
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A.APR.7 

Interactive Presentation 

Learn 

TYPE

Students answer questions to determine 

the LCDs of parts of a complex fraction. a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Simplifying Complex Fractions 

Objective 

Students simplify complex fractions by using the least common 

denominator. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the equations used in these examples. 

Have students identify how the algebraic expressions transform as 

the complex fractions are simplified. 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or 

as being composed of several objects. Guide students to see 

how complex fractions can be simplified by first simplifying the 

numerator and denominator separately. 

Example 4 Simplify Complex Fractions by 
Using Different LCDs 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must be 

able to transform algebraic expressions to reach a solution. Point 

out that in Example 4, students need to transform the expressions 

in the numerator and denominator to simplify the complex 

fraction. 

Questions for Mathematical Discourse 

AL Why do you need to find two different LCDs in this 

example? Sample answer: Both the numerator and denominator 

involve addition or subtraction of rational expressions. 

OL At what point in the example can you tell that a factor of y will be 

eliminated? Sample answer: when the LCD for the numerator 

and the LCD for the denominator are found, and each contain 

a factor of y 

BL What would happen if the numerator and denominator had the 

same LCD? Sample answer: The denominators of the expressions 

in the numerator and denominator would be eliminated when you 

multiply by the reciprocal. 

MPMP

MPMP
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A.APR.7 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

EXPAND 

Students tap to see the steps of 

simplifying a complex fraction. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Simplify Complex Fractions by 
Using the Same LCD 

Teaching the Mathematical Practices 

2 Different Properties Mathematically proficient students look 

for different ways to solve problems. Encourage students to work 

through the methods shown in Example 4 and Example 5 and 

choose the method that works best for them. 

Questions for Mathematical Discourse 

AL Two of the denominators in the original expression are x; does 
2 this mean the LCD should be 2x y? No; sample answer: Y ou 

2 2 would only need x to be part of the LCD if x was in one of the 

denominators. 

OL What would happen if you converted each term to a fraction with 

the LCD first? Sample answer: The LCD would be eliminated, 

and the remaining fraction would be the same as the result from 
2xy ___ multiplying the entire expression by . 
2xy 

BL What is the advantage of using the same LCD to simplify a complex 

fraction? Sample answer: The LCD cancels all of the denominators 

of the terms, yielding one fraction in one step. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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A.APR.7 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–19 

2 exercises that use a variety of skills from this

lesson 

20–52 

2 exercises that extend concepts learned in this

lesson to new contexts 

53–55 

3 exercises that emphasize higher-order and

critical-thinking skills 

56–60 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–55 odd, 56–60 

• Extension: Zeno’s Paradox 

• Simplifying Expressions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–59 odd 

• Remediation, Review Resources: Multiplying Polynomials by 

Monomials 

• Personal Tutors 

• Extra Examples 1–5 

• Polynomial Expressions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–19 odd 

• Remediation, Review Resources: Multiplying Polynomials by 

Monomials 

• Quick Review Math Handbook: Adding and Subtracting Rational 

Expressions 

• Polynomial Expressions 

AL 
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A.APR.7 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

(6 + 2x)(y − 2) + 2xy _ 3 _ + __ x _ ___ x __ __________________ 48a. Perimeter: 2 ( + 2 = ; sample y ) (y − 2 ) y y(  − 2) 

answer: x and y must be positive rational numbers, y ≥ 0, y ≠ 2, and, 

x ≥ 0. When x = 0, the garden’s width would be 0 feet. When x or y is 
length _____ a negative rational number, the would result in a negative value. 
width 

When y = 0 or y = 2, the length is undefined. 

3 __ + __ x _ _ 3 _ + __ x _ ____ x ___ __ x ___ ____ x ____ 48b. ( y )+ - + + 3( y 2(y − 2) ) ( y − 2 ) (2(y - 2) )
(6 + 2x)(y - 2) + 2xy _ 3 _ + __ x _ __ x ___ ___ 2 _ x ____ ___________________ = 2 ( + + = ; y ) (y - 2 ) (2(y - 2) ) y y(  - 2) 

sample answer: The expression is the same as the perimeter of the 

original garden. 

49. Sample answer: The average is the sum of the given numbers 

divided by the number of given numbers. So, the average 

_ 1 _ __ 1 ___ _ 1 __ 
x + + _ 1( _ 2 _ ) _ ( _ x _ - __ 3 _ ) _ ___ 1 _ ( _ 2 _ ) _ ( _ x) ____ _ 1 _ ( _ x _ - __ 3 _ ) _ + +_ 1 _ __ 1 ___ _ 1 __ ____ x _ - __ 3 ____ 2 _ x x x(2)(  - 3) (x - 3) ( )( )2 x  2x(x - 3) of , , and is = ______________________________ x x - 3 2x 3 

3 

_ 2 _ ( _ x _ - __ 3 _ ) _ ___ 2 __ x ___ __ x _ _ - _ 3 ___ 2 __ (x _ _ - _ _ 3 _ ) _ + __ 2 _ x _ _ + _ _ x _ - __ 3 _ + +
2x(x - 3) 2x(x - 3) 2x(x - 3) 2x(x - 3) 2(x - 3) + 2x + x - 3 __________________________ __________________________________ = = =

3 3 6x(x - 3) 

__ 5 _ x _ - __ 9 __ = for x ≠ 0 and x ≠ 3. 
6x(x - 3) 

R R R 
_______ 1 _ 2 __ 3 _____ 50a. ; sample answer: Because there are no factors common 
R R + R R + R R 

2 3 1 3 1 2 

to both the numerator and the denominator that can be factored out, my 

result is simplified. 
R R R 

_____ 1 _____ _______ 1 _ 2 __ 3 _____ _ 1 _ 50b. Yes; sample answer: Given R = = ,
T _ 1 _ _ 1 __ _ 1 _ R R + R R + R R R + + 2 3 1 3 1 2 T 

R R R 
1 2 3 

1 1 R R + R R + R R R R R R R R 
__ 2 _ 3 ____ 1 __ 3 ____ 1 __ 2 __ 2 __ 3 _ ____ 3 _ ____ 2 _ _ 1 _ _ 1 _ _ 1 _ = = + + = + + . 

R R R R R R R R R R R R R R R 
1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 

7 _ t _ _ 1 _ _ t _ 53. ; Sample answer: In 1 hour, Dell will plant of a flower bed, or flower 
12 3 3 

_ 1 _ _ t _ beds in t hours. In 1 hour, Max will plant of a flower bed, or flower 
4 4 

_ t _ _ t _ _ 7 _ t 
beds in t hours. Adding the two expressions, + = . 

3 4 12 
x __ _ x _ 5 __ x _ 54. , , and for x ≠ 0; sample answer: If m is the middle number 
4 3 12 

_ x _ _ x _ _ x _ x __ _ 1 _ _ 4x _ _ x _ between and , then m = + · = = . If n is the middle 
6 2 (6 2 ) 2 12 3 

_ x _ x __ _ x _ _ x _ _ 1 _ _ 3x _ _ x _ number between and , then n = + · = = . If p is the 
6 3 (6 3 ) 2 12 4 

_ x _ _ x _ _ x _ _ x _ _ 1 _ _ 5 _ x _ middle number between and , then p = + · = . 
3 2 (3 2 ) 2 12 

57. Sample answer: The set of rational expressions is closed under all of 

these operations because the sum, difference, product, and quotient of 

two rational expressions is a rational expression. 

59. Sample answer: First, factor the denominators of all of the expressions. 

Find the LCD of the denominators. Convert each expression so they all 

have the LCD. Add or subtract the numerators. Then simplify. It is the 

same as adding rational numbers. 

325-326 Module 7 • Rational Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0186.xhtml


Lesson 7-3 F.IF.5, F.BF.3 

Graphing Reciprocal Functions 

LESSON GOAL 

Students graph and analyze reciprocal functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Graphing Reciprocal Functions 

• Limitations on the Domains of Reciprocal Functions 

• Graph a Reciprocal Function by Using a Table 

• Analyze a Reciprocal Function 

Explore: Transforming Reciprocal Functions 

Develop: 

Transformations of Reciprocal Functions 

• Graph a Transformation of a Reciprocal Function 

• Write a Reciprocal Function from a Graph 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Algebraic Expressions ＀ ＀ ＀ 

Extension: Queue Lengths ＀ ＀ ＀ 

Language Development Handbook 
Assign page 37 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing and 

analyzing reciprocal functions. 

ELL You can use the tips and suggestions on 

page T37 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.5 Relate the domain of a function to its graph and, where applicable, 

to the quantitative relationship it describes. 

F.BF.3 Identify the effect on the graph of replacing f(x) by f x k( )+ , kf x( ), 

f kx( ), and f x k( + ) for specific values of k (both positive and negative); 

find the value of k given the graphs. Experiment with cases and illustrate 

an explanation of the effects on the graph using technology. Include 

recognizing even and odd functions from their graphs and algebraic 

expressions for them. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

6 Attend to precision. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students solved linear equations and inequalities in one variable. 

A.CED.1, A.CED.2 

Now

Students graph and analyze reciprocal functions. 

F.IF.5, F.BF.3 

Next 

Students will graph and analyze rational functions. 

F.IF.4, F.IF.5 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of reciprocal functions and build fluency by graphing 

them. They apply their understanding of graphing reciprocal 

functions by solving real-world problems. 
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F.IF.5, F.BF.3 1 LAUNCH 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skills for this 

lesson: 

• finding function values 

• factoring 

Answers: 

1. 0 

2. 4 

3. −1, 6 

4. −6, 6 

5. −4, 0, 7 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and their 

relationships. In the Launch the Lesson, ask students to describe 

the relationship between the density, mass, and volume of a 

liquid. Have students explain how the volume affects the density 

for liquids with the same mass. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 

Mathematical Background 
__ 1 _ A reciprocal function is a function of the form f x( ) = , where a x( ) is a 
a x( ) 

linear function and a x( ) ≠ 0. Reciprocal functions may have breaks in 

continuity for values that are excluded from the domain, and some may 

have an asymptote, or a line that the graph approaches. 

MPMP
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F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students will use a sketch to explore transformations of reciprocal 

functions. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T ransforming Reciprocal Functions 

Objective 

Students use a sketch to explore how changing the parameters changes 

the graphs of reciprocal functions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain 

the relationships between the graphs and equations used in this 

Explore activity. 

7 Use Structure Help students explore the structure of reciprocal 

equations as their parameters are transformed. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor students’ progress during the activity. Upon 

completion of the Explore activity, have student volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

They will adjust parameters on a sketch and explore the changes to a 

graph of a reciprocal function. Then, students will answer the Inquiry 

Question. 

MPMP

(continued on the next page) 
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F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry Question and can view a 

sample answer. a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T ransforming Reciprocal Functions 

( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Why does changing the value of h change the vertical asymptote? 

Sample answer: The vertical asymptote is based on which values make 

the denominator equal to zero. If x - h ≠ 0, then x ≠ h. So, as you 

change the value of h, you are changing the vertical asymptote. 

_ -__ 3 __ • What transformations have been performed on g x( ) = + 5?
x - 2

Sample answer: The graph is being shifted to the right 2, up 5, has 

been reflected across the x-axis and stretched vertically. 

Inquiry 

How does performing an operation on a reciprocal function affect its 

graph? Sample answer: Adding or subtracting a constant before or after 

the function is evaluated causes the graph to be shifted horizontally or 

vertically, respectively. Multiplying by a constant stretches or compresses 

the graph vertically. Multiplying by a negative constant reflects the graph 

in the x-axis, causing the end behavior to change. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 

327d Module 7 • Rational Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0190.xhtml


F.IF.5, F.BF.3 

Interactive Presentation 

Learn 

WATCH 

Students watch a video to see how to 

graph reciprocal functions on a graphing 

calculator. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Reciprocal Functions 

Objective 

Students graph reciprocal functions by examining properties and making 

tables of values. 

Teaching the Mathematical Practices 

3 Construct Arguments In the Talk About It! feature, students 

will use definitions and previously established results to construct 

an argument about the number of vertical asymptotes of a 

reciprocal function. 

Example 1 Limitations on the Domains of 
Reciprocal Functions 

Teaching the Mathematical Practices 

6 Communicate Precisely Students should write and explain 

their reasoning when answering the question in the Think About It! 

feature. Encourage students to use clear mathematical language 

when explaining why domains are restricted. 

7 Use Structure Help students to use the structure of the 

reciprocal functions to determine the values for which each 

function is not defined. 

Questions for Mathematical Discourse 

AL Why is a function undefined when the denominator is zero? 

Sample answer: When the denominator is equal to 0, you are 

dividing by 0, which is undefined. 

OL In part c, what is the domain of g x( )? 
_ 4 _ _ 4 _ (-∞, - ∪ , ∞ 
3 ) (-

3 )
6 __ BL Describe the end behavior of f x( ) = x as x approaches zero. As x 

approaches zero from the left, f x( ) approaches negative infinity. As 

x approaches zero from the right, f x( ) approaches infinity. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP
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F.IF.5, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

TYPE 

Students answer a question to explain the 

relationship between asymptotes and a 
the domain and range of reciprocal 

functions. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph a Reciprocal Function by 
Using a Table 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the equations, tables, and graphs used in 

this example. 

Questions for Mathematical Discourse 

AL What happens to the value of y as x approaches infinity or 

negative infinity? It approaches 2. How does this relate to the 

asymptotes? Sample answer: The function approaches the 

horizontal asymptote, y = 2. 

As x → -∞, y → 2 and as x → ∞, y → 2. 

OL Why do you need to include x-values that are less than and greater 

than the excluded value? Sample answer: The reciprocal function 

exists on each side of the excluded value. 

BL If two points on g x( ) are equidistant from the vertical asymptote, 

what do you know about the distance of the points from the 

horizontal asymptote? The points are equidistant from the 

horizontal asymptote. 

MPMP
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F.IF.5, F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Analyze a Reciprocal 
Function 

Teaching the Mathematical Practices 

5 Use a Source Guide students to find external information 

about the standard voltage in another country to answer the 

question posed in the Use a Source feature. 

Questions for Mathematical Discourse 

AL For what value(s) of R is the function undefined? R = 0 What 

does this mean in the context of the situation? It is not possible to 

have a resistance of 0 ohms. 

OL What is the valid domain of the function? Explain. R > 0; sample 

answer: Resistance must be positive. 

BL Do the asymptotes make sense in the context of the 

example? Y es; sample answer: As the resistance approaches 

zero, the current approaches infinity, and as the resistance 

approaches infinity, the current approaches zero. 

MPMP

Interactive Presentation 

Example 3 

EXPAND 

Students tap see the steps to analyze a 

reciprocal function in a real-world context. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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F.IF.5, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Check 

SELECT 

Students select the graph that represents the situation. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Essential Question Follow-Up 

Students have begun graphing reciprocal functions. 

Ask:

Why are graphs useful? Sample answer: Graphs are useful because 

they can help you visualize relationships between real-world 

quantities. They can also be used to estimate function values. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

Visual/Spatial Learners Have students graph one of the functions from 

the lesson on a large sheet of poster board to clearly show how the 

graph approaches, but never reaches, an asymptote. Students should 

plot several points near the asymptotes to help them see the end 

behavior of the function. Encourage students to use different colors for 

the asymptotes and function. 

330 Module 7 • Rational Functions

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0194.xhtml


F.IF.5, F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn T ransformations of 

Reciprocal Functions 

Objective 

Students graph and write reciprocal functions by using transformations. 

Teaching the Mathematical Practices 

7 Use Structure Guide students to explore how the structure 

of a transformed reciprocal function can be used to identify the 

transformations in the function as it relates to the parent function. 

Common Misconception 

Students may believe that a horizontal translation affects the horizontal 

asymptote and a vertical translation affects the vertical asymptote. 

Encourage students to visualize what happens to the asymptotes as the 

graph of a rational function is translated horizontally and vertically. 

Example 4 Graph a T ransformation of a 

Reciprocal Function 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or as 

being composed of several objects. In Example 4, guide students 

to see what information they can gather about the equation and 

its related graph just by looking at the equation. 

Questions for Mathematical Discourse 

AL What is the value of g h( )? undefined 

OL Why is the vertical asymptote x = -1 instead of x = 1? Sample 
4 __ answer: - + 1 is undefined for X = -1. X 

BL For a linear function, a vertical stretch and a horizontal 

compression have the same result. Is this the case for the 

reciprocal function? Explain. Yes; sample answer: For a reciprocal 
n __ a __ n _ function f x( ) = x , the function g x( ) = a • f x( ) = x where a > 1 

is a vertical stretch by a factor of a. If you perform a horizontal 
_ 1 _ _ 1 _ n __ a __ n _ compression h x( ) by a factor of a , then h x( ) = f( a • x) = • x or 

_ 1 _ x . 
a The graphs of g x( ) and h x( ) are the same. 

MPMP

MPMP

Interactive Presentation 

Example 4 

SWIPE

Students move through slides to see how 

to graph a transformation of a reciprocal 

function. 

Lesson 7-3 • Graphing Reciprocal Functions 331 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0195.xhtml


F.IF.5, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Write a Reciprocal Function 
from a Graph 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationship between the function and graph used in this example. 

Questions for Mathematical Discourse 

AL How do you identify the asymptotes from the graph? 

Look for the horizontal and vertical lines that the graph 

approaches but does not reach. 

OL How does the vertical asymptote relate to the reciprocal 

function? The vertical asymptote is the value of x that makes the 

denominator equal to 0. 

BL Can you find a reciprocal function given just the two asymptotes? 

Explain. No; sample answer: Y ou also need to know one of 

the points. The asymptotes tell you the value of h and k in the 

equation, but to solve for the unknown value of a you need to 

substitute in given values of x and g x( ). 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP

332 Module 7 • Rational Functions 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0196.xhtml


F.IF.5, F.BF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–22 

2 exercises that use a variety of skills from this lesson 23–48 

2 exercises that extend concepts learned in this

lesson to new contexts 

49, 50 

3 exercises that emphasize higher-order and

critical-thinking skills 

51–56 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–49 odd, 51–56 

• Extension: Queue Lengths 

• Graphing Rational Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–55 odd 

• Remediation, Review Resources: Algebraic Expressions 

• Personal Tutors 

• Extra Examples 1–5 

• Writing Expressions and Equations 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–21 odd 

• Remediation, Review Resources: Algebraic Expressions 

• Quick Review Math Handbook: Graphing Reciprocal Functions 

• Writing Expressions and Equations 

AL 
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F.IF.5, F.BF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

7. 

8. 

9. 

10. 

11a. 

11b. Sample answer: D = {t | t > 2 ;}  R = {r(t) | r t( ) > 0 ;}  intercepts: none; 

positive: when t > 2; negative: when t < 2; symmetry: symmetric 

about (2, 0); end behavior: As t → -∞, r → 0, and as t → ∞, r → 

0. Because the plane’s speed and travel time cannot be negative, only 

values in the domain {t | t > 2} makes sense in the context of this 

situation. 
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Lesson 7-4 F.IF.4, F.IF.5 

Graphing Rational Functions 

LESSON GOAL 

Students graph and analyze rational functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Analyzing Rational Functions 

Develop: 

Graphing Rational Functions with Vertical and Horizontal 

Asymptotes 

• Graph with No Horizontal Asymptotes 

• Use Graphs of Rational Functions 

• Compare Rational Functions 

Graphing Rational Functions with Oblique Asymptotes 

• Graph with Oblique Asymptotes 

• Graph with Point Discontinuity 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Graphing Reciprocal Functions ＀ ＀ ＀ 

Extension: Sign Charts for Rational Functions ＀ ＀ ＀ 

Language Development Handbook 
Assign page 38 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing and 

analyzing rational functions. 

ELL You can use the tips and suggestions on 

page T38 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.4 For a function that models a relationship between two quantities, 

interpret key features of graphs and tables in terms of the quantities, 

and sketch graphs showing key features given a verbal description of the 

relationship. 

F.IF.5 Relate the domain of a function to its graph and, where applicable, 

to the quantitative relationship it describes. 

Standards for Mathematical Practice: 

4 Model with mathematics. 

5 Use appropriate tools strategically. 

Coherence 

Vertical Alignment 

Previous 

Students graphed and analyzed reciprocal functions. 

F.IF.5, F.BF.3 

Now

Students graph and analyze rational functions. 

F.IF.4, F.IF.5 

Next 

Students will solve rational equations and inequalities algebraically and by 

graphing. 

A.CED.1, A.REI.2, A.REI.11 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students extend their 

understanding of reciprocal functions to rational functions and build 

fluency by graphing them. They apply their understanding of graphing 

rational functions by solving real-world problems. 

Mathematical Background 
a x( ) ___ A rational function has an equation of the form f x( ) = , where a x( ) 
b x( ) 

and b x( ) are polynomial functions and b x( ) ≠ 0. Some graphs of rational 

functions have breaks in continuity. 
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1 LAUNCH F.IF.4, F.IF.5 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• identifying domains of functions 

Answers: 

1. all real numbers 

2. x ≥ −2 

3. all real numbers 

4. x ≠ 0 

5. x ≠ −1 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to note the 

meaning of the quantities used in the frequency function. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 

MPMP
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F.IF.4 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Analyzing Rational Functions 

Objective 

Students use a graphing calculator to explore graphing rational functions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain 

the relationships between the equations and graphs used in this 

Explore activity. 

5 Analyze Graphs Help students analyze the graph they have 

generated using a graphing calculator. Point out that to see the 

entire graph, students may need to adjust the viewing window. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor studentsʼ progress during the activity. Upon 

completion of the Explore activity, have studentsʼ volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity.  

They use graphing calculators to graph and analyze features of rational 

functions. Then, students will answer the Inquiry Question. 

(continued on the next page) 

MPMP

Interactive Presentation 

Explore 

Explore 

TYPE

Students answer questions to describe rational functions. 

a
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F.IF.4 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry and can view a sample answer. 

a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Analyzing Rational Functions 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 
_ x _ + __ 1 _ ___ 1 __ • How is the graph of g x( ) = different than h x( ) = ? Sample 
x + 2 x + 2 

answer: The function g x( ) has x in the numerator and the denominator, 

while h x( ) only has x in the denominator. This changes the x-intercept 

and the end behavior of the graph. 
x _ _ - __ 4 _ • What are the x- and y-intercepts of j x( ) = ? Use your calculator as 
x + 8 

_ 1 _ necessary. The x-intercept is 4, the y-intercept is - . 
2 

Inquiry 

How can you use a graphing calculator to analyze a rational function? 

Sample answer: A graphing calculator can be used to analyze key 

features such as the intercepts, end behavior, and asymptotes of rational 

functions. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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F.IF.4, F.IF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Rational Functions with 
Vertical and Horizontal Asymptotes 

Objective 

Students graph and analyze rational functions with vertical and horizontal 

asymptotes. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

and explain their solution methods. Point out that they should use 

clear definitions when answering the question in the Think About 

It feature. 

Example 1 Graph with No Horizontal 
Asymptotes 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the function, table, and graph used in this 

example. 

Questions for Mathematical Discourse 

AL Does this function have a horizontal asymptote? Why or why 

not? No; sample answer: The degree of the numerator is greater 

than the degree of the denominator. 
_ 2 _ OL State the domain and range of the function. D: {x | x ≠ -
3 }; 

R: all real numbers 

BL Why does the end behavior of this function resemble the end 
_ 2 _ behavior of a quadratic function? As | |x  increases, the constant
3 

becomes increasingly insignificant. Therefore, the only terms that 

have a significant impact on the function as | |x  increases are 
3 2 

x and x, which simplify to x . 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP

Interactive Presentation 

Learn 

WATCH 

Students watch a video to see how to 

graph rational functions with vertical and 

horizontal asymptotes. 
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F.IF.4, F.IF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

TYPE 

Students answer a question about the 

domain of the function in the context of a 
the situation. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Use Graphs of Rational 
Functions 

Teaching the Mathematical Practices 

1 Check Answers Mathematically proficient students continually 

ask themselves, “Does this make sense?” Point out that in this 

example students need to check their answer. Point out that they 

should ask themselves whether their answer makes sense and 

whether they have answered the problem question. 

4 Analyze Relationships Mathematically Point out that to 

solve the problem in Example 2, students will need to analyze the 

mathematical relationships in the problem to draw conclusions. 

Questions for Mathematical Discourse 

AL What does the horizontal asymptote represent in the context of 

the model? the adult dosage 

OL Does the end behavior as x → ∞ make sense in the context of 

the situation? Explain. Yes; sample answer: It makes sense that as 

a child gets older, and closer to adulthood, they should receive a 

dosage closer and closer to the adult dosage. 

BL Why is the horizontal asymptote the ratio of the leading 

coefficients? Sample answer: As | |x  increases, the constant has 

less of an effect on the function than the terms with x, so the 
_ 2 _ 0 _ 0 _ x _ function looks more like y = x or y = 200. 

MPMP
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F.IF.4, F.IF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Compare Rational Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the key features of the function and graph 

in Example 3. 

Questions for Mathematical Discourse 

AL Why do you only set the numerator equal to zero to find the 

x-intercept? When the numerator is zero, the entire expression

equals zero. 

OL Why is it necessary to determine the asymptotes of the function 

before making a table of values and graphing? Sample answer: So 

you know which values to include in the table. If you did not know 

the asymptotes, you may only choose values of x that fall on one 

side of the asymptote, giving you only one half of the graph. 

BL Compare the end behavior of the functions. g x( ): As x → -∞, 
_ 1 _ _ 1 _ y → and as x → ∞, y → ; h x( ): As x → -∞, y → 1 and as 
2 2 

x → ∞, y → 1

MPMP

Interactive Presentation 

Example 3 

EXPAND

Students tap to see how to graph, analyze, 

and compare rational functions. 

CHECK

Students complete the Check online 

to determine whether they are ready 

to move on. 
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F.IF.4, F.IF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Learn 

WATCH

Students watch a video to see how to 

graph rational functions with oblique 

asymptotes. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Rational Functions with 

Oblique Asymptotes 

Objective 

Students graph and analyze rational functions with oblique asymptotes. 

Teaching the Mathematical Practices 

1 Special Cases Work with students to look at the cases of 

discontinuity for rational functions. Encourage students to 

familiarize themselves with vertical, horizontal, and oblique 

asymptotes as well as point discontinuities and to know when 

each one applies. 

About the Key Concepts 

Students should be familiar with the concept of thinking about 

asymptotes in terms of how the function approaches that value from 

each side but never reaches it. Encourage students to consider point 

discontinuities in the same way, as approaching the same value from 

either side, but never quite reaching it. 

MPMP

DIFFERENTIATE

Language Development Activity ELL

Have students write a list of tips to help someone draw the graphs of 

rational functions. 

Essential Question Follow-Up 

Students have explored rational expressions and functions. 

Ask: 

How are the properties of a rational function reflected in its graph? 

Sample answer: Vertical asymptotes occur at values that make the 

denominator 0; horizontal asymptotes occur when the degree of the 

numerator is less than or equal to the degree of the denominator; 

oblique asymptotes occur when the degrees of the numerator 

and denominator differ by 1; holes occur when the numerator and 

denominator have a common factor that has a zero. 
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F.IF.4, F.IF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Graph with Oblique Asymptotes 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or as 

being composed of several objects. Use the Study Tip to guide 

students to see how the numerator and denominator of a rational 

function can be viewed as single objects to determine whether an 

oblique asymptote exists. 

Questions for Mathematical Discourse 

AL When finding the oblique asymptote, how can you tell there will be 

a remainder before you divide the numerator by the denominator? 
2 Sample answer: The numerator factors as (x + 1) and the 

denominator is x + 4, so there are no common factors. 

OL How does the end behavior of f x( ) compare to the end behavior of 

the asymptote? The end behavior is the same. 
a x( )___ 

BL Why is the equation of the oblique asymptote with no 
b x( )

remainder? Sample answer: No value of x can make the remainder 

zero, but as | |x  approaches infinity, the remainder approaches 

zero, so the function approaches the quotient. 

MPMP

DIFFERENTIATE

Enrichment Activity BL

Challenge students to explain the rules for finding horizontal and 

oblique asymptotes. While the module shows students how to find 

them, encourage students to provide an explanation of why the rules 

work. Scaffold the task by having students examine graphs of varying 

degrees in the numerator and denominator and look for general 

patterns in the asymptotes. 

Interactive Presentation 

Example 4 

TYPE

Students answer a question to determine 

the effect of undefined values on graphs a
of rational functions. 
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F.IF.4, F.IF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

TYPE 

Students answer a question to determine 

whether they understand a 

CHECK 

Students complete the Check online 

to determine whether they are ready 

to move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Graph with Point Discontinuity 

Teaching the Mathematical Practices 

1 Explain Correspondences Guide students as they use the 

information in the Think About It! feature to create a function 

with the given feature. 

Questions for Mathematical Discourse 

AL When does a point discontinuity occur? A point discontinuity 

occurs when the numerator and denominator of a rational function 

have a common factor. 

OL How can you find the y-coordinate of a point discontinuity? Sample 

answer: Substitute the x-coordinate of the hole into the simplified 

form of the rational expression. 

BL Why does a common factor in the numerator and the denominator 

result in a point discontinuity? Sample answer: For any value of 

x that makes the common factor not equal to zero, the common

factor can be eliminated, resulting in a continuous function for 

those values of x. When an x-value makes the common factor 
_ 0 _ zero, is undefined rather than 1, so the common factor cannot 
0 

cancel. 

MPMP

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 
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3 REFLECT AND PRACTICE F.IF.4, F.IF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–22 

2 exercises that use a variety of skills from this

lesson 

23–53 

3 exercises that emphasize higher-order and

critical-thinking skills 

54–59 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–53 odd, 54–59 

• Extension: Sign Charts for Rational Functions 

• Graphing Rational Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–59 odd 

• Remediation, Review Resources: Graphing Reciprocal Functions 

• Personal Tutors 

• Extra Examples 1–5 

• Graphing Rational Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–21 odd 

• Remediation, Review Resources: Graphing Reciprocal Functions 

• Quick Review Math Handbook: Graphing Rational Functions 

• Graphing Rational Functions 

AL 
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3 REFLECT AND PRACTICE F.IF.4, F.IF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

1. 2. 

3. 4. 

5a. 5b. x-intercept: -2; y-intercept: 

none; end behavior: As 

x → -∞, f x( ) → 30 and as 

x → ∞, f x( ) → 30. 

6a. 6b. x-intercept: 0; y-intercept: 0; end 

behavior: As x → -∞, f x( ) → 0 

and as x → ∞, f x( ) → 0. 

7a. _ 2 
7b. x-intercept: ; y-intercept: none; 

3 
end behavior: As x → -∞, 

f x( ) → 3 and as x → ∞, 

f x( ) → 3. 

8b. The intercepts are the same. 

_ 5 
8c. Vertical asymptotes f x( ): x = - g x( ): x = -2 

3 
_ 1 

Horizontal asymptotes f x( ): y = g x( ): y = 1 
3 

9b. h x( ) 9c. Vertical asymptotes h x( ): x = 1 j x( ): x = -3 
_ 1 _ 1 

Horizontal asymptotes h x( ): y = j x( ): y =
4 2 

_ 7 
10b. f x( ) 10c. Vertical asymptotes f x( ): x = - g x( ): x = -1 

2 _ 1 _ 1 
Horizontal asymptotes f x( ): y = g x( ): y =

2 3 
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Lesson 7-5 A.CED.1, A.CED.2 

Variation

LESSON GOAL 

Students recognize and solve direct, joint, inverse, and combined 

variation equations. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Variation 

Develop: 

Direct Variation and Joint Variation 

• Direct Variation 

• Joint Variation 

Inverse Variation and Combined Variation 

• Inverse Variation 

• Combined Variation 

• Write and Solve a Combined Variation 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Functions ＀ ＀ ＀ 

Extension: Geosynchronous Satellites ＀ ＀ ＀ 

Language Development Handbook 
Assign page 39 of the Language Development 

Handbook to help your students build 

mathematical language related to direct, joint, inverse, 

and combined variation equations. 

ELL You can use the tips and suggestions on 

page T39 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

A.CED.2 Create equations in two or more variables to represent 

relationships between quantities; graph equations on coordinate axes 

with labels and scales. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

4 Model with mathematics. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students solved equations involving proportions. 

A.CED.1, A.SSE.3 

Now

Students recognize and solve direct, joint, inverse, and combined variation 

equations. 

A.CED.1, A.CED.2 

Next 

Students will solve rational equations and inequalities algebraically and by 

graphing. 

A.CED.1, A.REI.2, A.REI.11 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

knowledge of proportional reasoning to develop an understanding 

of the different types of variations. They build fluency and apply their 

understanding by solving problems that reflect the different types of 

variations. 
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A.CED.1, A.CED.2 1 LAUNCH 

Interactive Presentation 

Warm Up 

Launch the Lesson 

Today’s Vocabulary 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding function values 

Answers: 

1. −15 

2. −2 

3. −8a − 3 

4. −5 
__ −__ 5 __ 5. 50 6. 
4.5 2c−  

Launch the Lesson 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationship between the verbal description of Boyle’s Law, the 

diagram, and the graph in the Launch the Lesson. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 

Mathematical Background 
The type of variation present can sometimes be identified from a table of 

_ x _ values for x and y. If the quotient has a constant value, y varies directly y 

as x. If the product xy has a constant value, y varies inversely as x. 

MPMP
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A.CED.1 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Variation 

Objective 

Students use a sketch to explore variation functions. 

Teaching the Mathematical Practices 

3 Reason Inductively Throughout the Explore, students must 

use data they have collected and inductive reasoning to make 

plausible arguments about the relationships between the length, 

width, and area of a rectangle. 

5 Compare Predictions with Data Point out that in the Explore, 

students should use sketches to visualize the relationships 

between the length, width, and area of a rectangle. Guide 

students to compare their predictions about the relationships with 

the data and graph. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor studentsʼ progress during the activity. Upon 

completion of the Explore activity, have student volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students  can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

They will use a sketch to explore the relationship between the area and 

the dimensions of a rectangle. Then, students will answer the Inquiry 

Question. 

(continued on the next page) 

MPMP

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students use a sketch to explore direct and inverse variation. 
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A.CED.1 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry Question and can view a sample 

answer. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Variation ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

2 • Is y = 3x an example of direct variation? Why or why not? No; sample 

answer: The x-term is squared, which will make the value of y increase 

at a faster rate as x increases instead of at a constant rate. 

• What types of functions model direct and inverse variation? Sample 

answer: Linear functions in the family of y = ax model direct variation 
_ a _ and rational functions in the family y = model inverse variation. x 

Inquiry 

How can you relate the dimensions of a rectangle with its area? Sample 

answer: The area of a rectangle is directly related to the side lengths of 

the rectangle. The side lengths of a rectangle are inversely related to the 

area of the rectangle. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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A.CED.1, A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Direct Variation and Joint Variation 

Objective 

Students recognize and solve direct and joint variation equations. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely 

write and explain their solution methods. Students must use clear 

definitions and mathematical language when answering the 

question in the Talk About It feature. 

2 Make Sense of Quantities Mathematically proficient students 

need to be able to make sense of quantities and their relationships. 

In the Think About It features, students must make sense of the 

relationships between the variables to answer the question. 

Example 1 Direct Variation 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and 

their relationships. In Example 1, students should notice the 

relationships between the problem variables. 

Questions for Mathematical Discourse 

AL What type of function do you use to model direct variation? linear 

OL How do you determine the equation that models this relationship? 

Sample answer: Direct variation is of the form y = kx. You can find 
y __ 1 _ 1 _ _ 1 _ k from , which is - . Thus, the equation is y = - x. x 

1 8 8 

BL Why can you use a proportion to solve for y ? You know y varies 
2 

directly as x, so y = kx and y = kx . Solving for k shows that 
1 1 2 2 y __ each ratio of equals k, thus the ratios can be set as equal. x 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP

Interactive Presentation 

Learn 

TYPE 

Students answer a question about the 

graph of direct variation functions. 
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A.CED.1, A.CED.2 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Joint Variation 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of joint 

variation to write and solve a proportion that represents the 

relationships in the problem. 

Questions for Mathematical Discourse 

AL Explain why the denominators of the proportion contain the 

product of x and z. Sample answer: Because y varies jointly as x 

and z, by the definition of joint variation, y varies directly as the 

product of x and z. 

OL If x increases by a factor of a and z increases by a factor of b, by 

what factor does y increase? ab 
_ 5 _ 

BL What is the value of k? Explain your reasoning. - ; Sample 
2 

answer: Substituting the given values into the equation for joint 

variation, y = kxz, gives -15 = k(-6)(1). Solving for k gives 
5 __ k = - . 
2 

Learn Inverse Variation and Combined 
Variation 

Objective 

Students recognize and solve inverse and combined variation equations. 

Teaching the Mathematical Practices 

2 Different Properties Students should look for different ways 

to solve problems. In the Study Tip, have students describe how 

different proportions could be used to represent the same inverse 

variation problem. 

7 Use Structure Help students to determine the structure of the 

variation relationships throughout this lesson. 

Essential Question Follow-Up 

Students have explored variation functions. 

Ask: 

Why can analyzing a rational function algebraically and graphically 

help you to see the “whole picture?” Sample answer: An algebraic 

analysis can help you to determine points of discontinuity that may 

not be clear or noticeable when viewing the graph of the function. 

A graphical analysis can help you to see the asymptotes and end 

behavior of the function. 

MPMP

MPMP
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A.CED.1, A.CED.2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Inverse Variation 

Teaching the Mathematical Practices 

2 Create Representations Guide students to write an equation 

that models the relationships from Example 3. Then use the 

equation to solve the problem. 

Questions for Mathematical Discourse 

AL What is the result if you cross multiply before substituting for the 

variables in the example? m n = m n 
1 1 2 2 

OL What is the value of k? Explain your reasoning. -24; sample 

answer: The equation for inverse variation is xy = k, 

so ( 4)6-  = -24 and 2.4( 10)-  = -24. 

BL How could you use the value of k to determine m when n = -10? 

Sample answer: Substitute -24 and -10 for k and n, respectively, 

in the equation for inverse variation, nm = k and solve. 

Common Error 

Remind students that in an inverse variation relationship, the proportion 

will include different subscripts on the same side of the equals sign. 

Review the different proportions that can be used to solve an inverse 

variation problem. 

Example 4 Combined Variation 

Teaching the Mathematical Practices 

6 State Meanings of Symbols In Example 4, ask students to 

state the meanings of the variables used in the proportions. Point 

out that it is important to clearly define and label the variables to 

avoid making errors when substituting for values. 

Questions for Mathematical Discourse 

AL How does solving the example relate to solving systems of 

equations? Sample answer: There are two unknown variables, k 

and b , and there are two equations. You are looking for b , so you 
1 1 

need to substitute for k. 

OL What is another way of calculating the unknown value of b? 

Sample answer: Use the three known values to calculate the value 

of k, then set the proportion with the unknown variable equal to k. 

BL Write a general formula for finding any unknown b when given 

values for the corresponding a and c and another set of a, b, and 
a c b__ 1 _ 1 __ 2 _ c. b =

1 a c
2 2 

MPMP

MPMP

Interactive Presentation 

Example 3 

EXPAND

Students tap to see a Study Tip about 

using subscripts. 

Lesson 7-5 • Variation 349 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0217.xhtml


A.CED.1, A.CED.2 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

SWIPE

Students move through the slides to 

see how to solve a combined variation 

equation. 

CHECK

Students complete the Check online to 

determine whethar they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Write and Solve a Combined 
Variation 

Teaching the Mathematical Practices 

2 Represent a Situation Symbolically Guide students in 

defining variables to solve the problem in Example 5. Help 

students to identify the relationships among the various quantities 

in the problem. 

4 Make Assumptions The Think About It! feature asks students 

to explain assumptions that were made to solve the problem. 

Questions for Mathematical Discourse 

AL If the front and rear gear do not change, what type of variation 

relates the rider’s speed and the revolutions per minute (RPM) of 

the pedals? direct variation 

OL If the rear gear switches into a gear with more teeth, what 

happens to the speed of the bicycle? It decreases. 

BL What changes in gears would result in an increase in speed 

without changing the pedaling speed? changing the front gear to 

a gear with more teeth or changing the rear gear to a gear with 

fewer teeth 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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A.CED.1, A.CED.2 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–25 

2 exercises that use a variety of skills from this

lesson 

26–61 

2 exercises that extend concepts learned in this

lesson to new contexts 

62–63 

3 exercises that emphasize higher-order and

critical-thinking skills 

64–68 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–63 odd, 64–68 

• Extension: Geosynchronous Satellites 

• Applications 

BL 

IF students score 66%−89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–67 odd 

• Remediation, Review Resources: Functions 

• Personal Tutors 

• Extra Examples 1–5 

• Sets, Relations, and Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–25 odd 

• Remediation, Review Resources: Functions 

• Quick Review Math Handbook: Variation Functions 

• Sets, Relations, and Functions 

AL 
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A.CED.1, A.CED.2 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

_ 14 _ _ 4 _ 5 __ 4 __ 59a. 11 × 14: ＀ = w; 12 × 16: ＀ = w; 16 × 20: ＀ = w; 18 × 24: ＀ = w; 11 3 4 3 
6 __ 5 __ 3 __ 20 × 24: ＀ = w; 24 × 30: ＀ = w; 24 × 36: ＀ = w; 30 × 40: 5 4 2 

_ 4 _ 4 __ 5 __ _ 3 _ ＀ = w; 36 × 48: ＀ = w; 48 × 60: ＀ = w; 48 × 72: ＀ = w 3 3 4 2 
4 __ 59b. 12 × 16, 18 × 24, 30 × 40, 36 × 48 all have the relationship ＀ = w. 3 

_ 5 _ 16 × 20, 24 × 30, and 48 × 60 have the relationship ＀ = w. 24 × 36 4 3 __ and 48 × 72 have the relationship ＀ = w. 2 

59c. Sample answer: One canvas is an enlargement of the other. 

60. Sample answer: C = k w＀ , where C is the cost and k is a constant. C 

varies jointly with ＀ and w because one quantity ( )C  varies directly as the 

product of two other quantities (＀ and w). 

63b. Joint variation; sample answer: The amount deducted varies directly as 

the product of two quantities: the hourly wage and the number of hours 

worked. 

63c. Sample answer: Substitute r = 19.50 and h = 36 in the formula from 

part a. 

The amount deducted was $70.20. 

64. Jamil; sample answer: Savannah multiplied when she should have 

divided and divided when she should have multiplied. 

66. Sample answer: Every joint variation is a combined variation because 

there are two combined direct variations. However, a combined 

variation can have a combination of a direct and an inverse variation, so 

it cannot be considered a joint variation. 

67. Sample answer: The force of an object varies jointly as its mass and 

acceleration. 

68. Sample answer: Inverse and some types of combined variation functions 

cannot have a value of 0 in the domain because division by zero is 

undefined. 
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Lesson 7-6 A.CED.1, A.REI.2, A.REI.11 

Solving Rational Equations and Inequalities 

LESSON GOAL 

Students solve rational equations and inequalities algebraically and 

by graphing. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Solving Rational Equations 

Develop: 

Solving Rational Equations 

• Solve a Rational Equation 

• Solve a Rational Equation with an Extraneous Solution 

• Mixture Problem 

• Distance Problem 

• Work Problem 

Solving Rational Inequalities 

• Solve a Rational Inequality 

• Write and Solve a Rational Inequality 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Solving Proportions ＀ ＀ ＀ 

Extension: Asymptotes in Three Dimensions ＀ ＀ ＀ 

Language Development Handbook 
Assign page 40 of the Language Development 

Handbook to help your students build 

mathematical language related to solving rational 

equations and inequalities. 

ELL You can use the tips and suggestions on 

page T40 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Algebra 

Standards for Mathematical Content: 

A.CED.1 Create equations and inequalities in one variable and use them 

to solve problems. 

A.REI.2 Solve simple rational and radical equations in one variable, 

and give examples showing how extraneous solutions may arise. 

A.REI.11 Explain why the x-coordinates of the points where the graphs 

of the equations y = f x( ) and y = g x( ) intersect are the solutions of 

the equation f x( ) = g x( ); find the solutions approximately, e.g., using 

technology to graph the functions, making tables of values, or finding 

successive approximations. Include cases where f x( ) and/or g x( ) are 

linear, polynomial, rational, absolute value, exponential, and logarithmic 

functions. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

2 Reason abstractly and quantitatively. 

5 Use appropriate tools strategically. 

Coherence 

Vertical Alignment 

Previous 

Students added and subtracted rational expressions. 

A.APR.7 

Now

Students solve rational equations and inequalities algebraically and by 

graphing. 

A.CED.1, A.REI.2, A.REI.11 

Next 

Students will determine populations and samples and run simulations to 

determine the probabilities of outcomes. Students will analyze the 

distributions of data sets. 

S.IC.1, S.IC.6, S.ID.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

understanding of rational functions to build fluency by solving rational 

equations. They apply their understanding of rational equations by 

solving real-world problems. 
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A.CED.1, A.REI.2, A.REI.11 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for 

this lesson: 

• solving proportions 

Answers: 

1. 15 

2. 2.1 

3. 6 

4. 37 

5. 35 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

read about a real-world problem that can be solved using a rational 

equation. Once students have completed the lesson, encourage 

them to answer the question posed in the Launch the Lesson. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 

Mathematical Background 
During the solution process, a rational equation is usually transformed 

into another type of equation. Solving a rational equation may require 

solving a related linear, quadratic, or other type of equation. 
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A.CED.1, A.REI.2, A.REI.11 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Solving Rational Equations 

Objective 

Students use a graphing calculator to explore solving rational equations. 

Teaching the Mathematical Practices 

2 Represent a Situation Symbolically Guide students to define 

the variables to solve the problem in the Explore. Help students to 

identify the relationships in the situation and represent them with 

an equation. 

4 Analyze Graphs In Exercises 3 and 4, students must analyze 

the graph they have generated using graphing calculators. Point 

out that to see the point of intersection, students may need to 

adjust the viewing window. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete 

the Explore activity on their devices. Pairs should discuss each of 

the questions. Monitor studentsʼ progress during the activity. Upon 

completion of the Explore activity, have student volunteers share their 

responses to the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of  students can use it to record their observations. 

Summary of the Activity 

Students will complete guiding exercises throughout the Explore activity. 

They will use rational equations to create expressions representing a 

problem situation, then use that equation to answer questions about the 

situation. Then, students will answer the Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

TYPE

Students answer questions to determine how to solve rational 

equations by graphing. a

(continued on the next page) 
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A.CED.1, A.REI.2, A.REI.11 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry Question and can view a sample 
answer. a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Solving Rational Equations 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• What type of graph is y = 750? How does this help you solve the 

rational equation? Sample answer: The graph is a horizontal line. 

As long as this is not equal to the horizontal asymptote, you can find 

where the graphs will intersect. 
_ 4 _ 0 _ x _ + __ 1 _ 7 _ ,7 _ 5 _ 0 _ • How else could you use a graph to solve 750 = ? Sample x 

answer: You find the related equation by setting this equal to zero, 
_ 4 _ 0 _ x _ + __ 1 _ 7 _ ,7 _ 5 _ 0 _ _ 4 _ 0 _ x _ + __ 1 _ 7 _ ,7 _ 5 _ 0 _ 0 = -750. Then graph y = - 750 and find the x x 

zero of the graph. The solution is still 25 days for the cost to be $750 

per day. 

Inquiry 

How can you solve rational equations by graphing? Sample answer: I can 

graph the sides of the rational equation as a system of equations. Then I 

can find the x-value of the intersection of the graph of the system, which 

is the solution of the rational equation. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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A.CED.1, A.REI.2, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Solving Rational Equations 

Objective 

Students solve rational equations in one variable algebraically. 

Teaching the Mathematical Practices 

2 Different Properties Mathematically proficient students 

look for different ways to solve problems. Encourage students 

to consider why it is easier to first eliminate the fractions when 

solving a rational equation. Ask students what the alternate 

solution method would be. 

Things to Remember 

Remind students that a possible solution must always be checked in the 

original equation rather than in any of the steps of the solution. 

DIFFERENTIATE

Enrichment Activity BL ELL
Logical Learners Have students think about the difference between 

“pure” mathematics, such as solving an equation, and “applied” 

mathematics, such as solving a real-world problem. Ask them to list 

some ways in which these types of mathematics are alike and some 

ways in which they are different. 

Example 1 Solve a Rational Equation 

Teaching the Mathematical Practices 

1 Seek Information Mathematically proficient students must 

be able to transform algebraic expressions to reach solutions. In 

Example 1, students must use the LCD to transform the rational 

expressions and solve the problem. 

Questions for Mathematical Discourse 

AL For what value(s) of x is the equation  undefined? 4 

OL Why is the LCD 48(x - 4)? Sample answer: 12 is a factor of 48, 

so 48 is the least common multiple of the constant denominators. 

48(x - 4) is a multiple of x - 4 and 48, so it is the simplest 

expression that is a multiple of all of the denominators. 

BL Explain how you could use a calculator to solve the equation. 

_ 7 _ __ 9 ___ _ 5 _ 5 _ Sample answer: Let Y = + and Y = . Graph and find 
1 12 x - 4 2 48 

the intersection point. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP
Interactive Presentation 

Learn 

TYPE

Students answer a question to determine 

how to simplify rational equations. a
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2 EXPLORE AND DEVELOP A.CED.1, A.REI.2, A.REI.11 

Interactive Presentation 

Example 2 

TYPE 

Students answer a question to determine 

how to identify extraneous solutions. a 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Solve a Rational Equation with 
an Extraneous Solution 

Teaching the Mathematical Practices 

1 Check Answers Mathematically proficient students continually 

ask themselves, “Does this make sense?” Point out that in 

Example 2, students need to check their answers to identify 

possible extraneous solutions. The Talk About It! feature asks 

students to describe how they could check their answer using a 

different method than is used in the example. 

Questions for Mathematical Discourse 

AL How do you determine the LCD for the equation? The denominator 

of the second rational expression factors as (m - 4)(3m - 6), 

and each of these factors is a denominator of the other rational 

expressions, so the LCD is (m - 4)(3m - 6). 

OL Why can you eliminate (m - 4) and (3m -6) in the numerator and 
2 3m - 18m + 24 in the denominator of the second expression? 

2 (m - 4)(3m -6) = m - 18m + 24 
(5m + 1) _______ 

BL The left side of the equation can be simplified to . What 
(3m - 6) 

happens when you solve the equation by simplifying this way first? 

What does this imply? Sample answer: You only get the solution 

m = -1, indicating that the extraneous solution is introduced 

during the process of multiplying the entire expression by the LCD. 

MPMP
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A.CED.1, A.REI.2, A.REI.11 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Mixture Problem 

Teaching the Mathematical Practices 

1 Analyze Givens and Constraints In this example, guide 

students through the steps to identify the meaning of the problem 

and look for entry points to its solution. 

5 Use Estimation Point out that in Example 3, students need 

to include an estimate of the amount of isopropyl alcohol liquid 

needed and check against the estimate at the end. 

Questions for Mathematical Discourse 

_ 7 _ 0 _ 
AL How does represent 70%? A percent is “part of 100,” so 70% 

100 
_ 7 _ 0 _ is 70 out of 100 and can be represented as . 
100 

OL Explain why 0.91(200) and 0.5x represent the amount of isopropyl 

alcohol. Sample answer: Multiplying the percent of isopropyl 

alcohol in each liquid by the number of milliliters of the liquid gives 

can find the number of milliliters of isopropyl alcohol. 

BL Suppose you wanted to create a liquid that has a higher 

percentage of isopropyl alcohol. How would this affect your 

solution? A smaller amount of a 50% isopropyl liquid would be 

added. 

MPMP

Interactive Presentation 

Example 3 

TYPE

Students answer a question about 

checking their solution. a
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A.CED.1, A.REI.2, A.REI.11 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 4 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Distance Problem 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results Point out that to solve the 

problem in Example 4 and to answer the question in the Think 

About It! feature, students should interpret their mathematical 

results in the context of the problem and reflect on whether the 

results makes sense. 

Questions for Mathematical Discourse 

AL Why is the rate against the wind 25 -w? Sample answer: The 

wind slows the bat down, so to find the bat’s average speed 

against the wind, take its average speed and subtract the speed of 

the wind, w. 

OL Why is -4 not a viable solution? Speed cannot be negative. 

BL What assumptions are being made about the wind? Sample 

answer: The speed of the wind is constant and in one direction 

aligned with the direction the bat travels. 

Common Error 

When solving rational equations, students often forget that all terms in 

the equation must be multiplied by the LCD. Remind them to do so in 

order to obtain equivalent equations. 

Example 5 Work Problem 

Teaching the Mathematical Practices 

2 Consider Units Point out that it is important to note 

the units involved in this problem. To solve the problem in 

Example 5, students should clearly label their solution with the 

appropriate unit. 

Questions for Mathematical Discourse 

AL What is the unknown in this work problem? how long it would 

take the 16-row planter to plant the entire field by itself 

OL Before solving, what values of p would make sense as an answer? 

values that are greater than 10 hours 

BL How would you write a general formula for how long it takes 

two people to complete a job together? Sample answer: Define 

variables for the time it takes each person to complete the job 

alone, such as x and y, and define a variable for the time it takes 

to do the job together, such as z. Then use the same form as in the 
_ 1 _ _ 1 _ _ 1 

example, but with variables: + =x y z 

MPMP

MPMP
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A.CED.1, A.REI.2, A.REI.11 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Solving Rational Inequalities 

Objective 

Students solve rational inequalities in one variable algebraically. 

Teaching the Mathematical Practices 

1 Analyze Givens and Constraints When solving rational 

inequalities, encourage students to use the solution pathway as 

outlined by the steps in the Key Concept box. 

Example 6 Solve a Rational Inequality 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the rational 

inequality to find the excluded values and solve the inequality. 

Questions for Mathematical Discourse 

AL How do you choose what values to test in each interval? Sample 

answer: Look for values in each interval that are easy to plug into 

the inequality. 

OL How do you determine the solution after testing values in each 

interval? The solution is the union of all the intervals that satisfy 

the inequality. 

BL What would the solution be if the inequality was greater than or 

equal to? -11 ≤ x < -1 or x ≥ 2 

MPMP

MPMP

Interactive Presentation 

Learn 

EXPAND

Students tap to see the steps to solve a 

rational inequality. 
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A.CED.1, A.REI.2, A.REI.11 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 7 

TAP 

Students move through the steps to solve 

a rational inequality problem. 

DRAG & DROP 

Students drag and drop the steps to solve 

the problem in the correct order. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Apply Example 7 Write and Solve a 
Rational Inequality 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 4 

Model with Mathematics Students will be presented with a task. 

They will first seek to understand the task, and then determine 

possible entry points to solving it. As students come up with their 

own strategies, they may propose mathematical models to aid them. 

As they work to solve the problem, encourage them to evaluate their 

model and/or progress, and change direction, if necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present 

the task, or have a volunteer read it aloud. Then allow students the time 

to make sure they understand the task, think of possible strategies, and 

work to solve the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them on a 

particular strategy, encourage them to use their own strategies to solve the 

problem and to evaluate their progress along the way. They may or may not 

find that they need to change direction or try out several strategies. 

Signs of Non-Productive Struggle 

If students show signs of non-productive struggle, such as feeling 

overwhelmed, frustrated, or disengaged, intervene to encourage them to think 

of alternate approaches to the problem. Some sample questions are shown. 

• What expression represents that total cost of the hats? 

• How do you choose the values to test? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP
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A.CED.1, A.REI.2, A.REI.11 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–26 

2 exercises that use a variety of skills from this

lesson 

27–43 

2 exercises that extend concepts learned in this

lesson to new contexts 

44 

3 exercises that emphasize higher-order and

critical-thinking skills 

45–51 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–43 odd, 45–51 

• Extension: Asymptotes in Three Dimensions 

• Rational Equations and Inequalities 

BL 

IF students score 66%−89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–51 odd 

• Remediation, Review Resources: Solving Proportions 

• Personal Tutors 

• Extra Examples 1–7 

• Proportions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–25 odd 

• Remediation, Review Resources: Solving Proportions 

• Quick Review Math Handbook: Solving Rational Equations 

• Proportions 

AL 
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A.CED.1, A.REI.2, A.REI.11 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Answers

39b. x > 1050; sample answer: The company must produce and sell at least 

1050 audio players in order to ensure that the revenue from each one is 

greater than the average cost of producing each one. 

40b. -3 ≤ x < 0 or x ≥ 1 

40c. Sample answer: The values x = -3 and x = 1 are included because 

they satisfy f x( ) ≤ g x( ). The value x = 0 is excluded because it makes 

g x( ) undefined. 

41. x = 2; sample answer: This method works because the x-coordinate of 

the point of intersection will make both sides of the equation equal to 

the same value, and no extraneous roots are shown. 

45. No; sample answer: His solution of 3 must be excluded, as it will make 

the denominator of f x( ) equal to 0. Only -4 is a solution. 
_ 5x _ x - 2 _ 10 _ x - 2 

46a. • = 7(x - 2) + • ⇒ 5x = 7x - 14 + 10 ⇒ 
x - 2 1 x - 2 1 

-2x = -4 ⇒ x = 2; This value is extraneous because it will make the 

denominators in the original equation equal to 0. 

46b. Sample answer: I can graph each side of the equation to see that the 

two graphs do not intersect and, therefore, I would know there is no 

solution. 

47. No; sample answer: Multiplying both sides of the inequality by x does 

not result in an equivalent inequality if x is negative. The work is only 

valid for positive x-values. The student could have graphed the two 
_ 1 

equations f x( ) = and g x( ) = 2 and looked at x-values for which the x 
graph of f x( ) is below the graph of g x( ). 

50. Sample answer: The values 3 and -2 are undefined values. On the 

graph of f x( ) there would be vertical asymptotes at these values. 

51. Sample answer: Multiplying each side of a rational equation or inequality 

by the LCD can result in extraneous solutions. Therefore, you should 

check all solutions to make sure that they satisfy the original equation or 

inequality. 
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Module 7 • Rational Functions 

Review

Rate Yourself!
Have students return to the Module Opener to rate their understanding 

of the concepts presented in this module. They should see that their 

knowledge and skills have increased. After completing the chart, have 

students respond to the prompts in their Student Edition and share their 

responses with a partner. 

Answering the Essential Question 
Before answering the Essential Question, have students review their 

answers to the Essential Question Follow-Up questions found throughout 

the module. 

• Why are graphs useful? 

• How are the properties of a rational function reflected in its graph? 

• Why can analyzing a rational function algebraically and graphically help 

you to see the “whole picture?” 

Then have students write their answer to the Essential Question. 

ELL A completed Foldable for this module should include the key 

concepts related to rational functions. 

LearnSmart Use LearnSmart as part of your test preparation plan 

to measure student topic retention. You can create a student assignment 

in LearnSmart for additional practice on these topics for Polynomial, 

Rational, and Radical Relationships. 

• Rational Expressions 

• Solving Rational and Radical Equations 

• Graphing Rational, Radical, and Polynomial Functions 
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Review and Assessment Options 
The following online review and assessment resources are available 

for you to assign to your students. These resources include technology- 

enhanced questions that are auto-scored, as well as essay questions. 

Review Resources 

Put It All Together: Lessons 7-1 and 7-2 

Vocabulary Activity 

Module Review 

Assessment Resources 

Vocabulary Test 

AL Module Test Form B 

OL Module Test Form A 

BL Module Test Form C 

Performance Task* 

*The module-level performance task is available online as a printable document. A scoring 

rubric is included. 
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Test Practice 

You can use these pages to help your students review module content 

and prepare for online assessments. Exercises 1–18 mirror the types of 

questions your students will see on online assessments. 

Question Type Description Exercise(s) 

Multiple Choice Students select one correct answer. 3, 6, 7, 13, 14, 

17, 18 

Multi-Select Multiple answers may be correct. 

Students must select all correct 

answers. 

16 

Graph Students create a graph on an

online coordinate plane. 

9 

Open Response Students construct their own

response.

1, 2, 4, 5, 8, 

10, 11, 12, 15 

To ensure that students understand the standards, check students’ 

success on individual exercises. 

Standard(s) Lesson(s) Exercise(s) 

A.APR.7 7-1, 7-2 1-7 

A.CED.1 7-6 17, 18 

A.CED.2 7-4 10, 13, 14 

A.CED.4 7-5 13, 14 

F.IF.4 7-3, 7-4 9, 11, 12 

F.IF.5 7-3, 7-4 8, 12 

F.BF.3 7-3 9, 10 

A.REI.2 7-6 16, 18 

Module 7 • Rational Functions 367

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0235.xhtml


Lesson 7-3 

12a. 

12b. Sample answer: D = {n | n ≠ 0 ;}  R = {C(n) | C n( ) ≠ 435 ;}  intercepts: about 

( 11.49,-  0); positive: when -∞ < n < -11.49 and when n > 0; negative: 

when -11.49 < n < 0; symmetry: symmetric about (0, 435); end behavior: 

As n → -∞, C → 435, and as n → ∞, C → 435. Because the cost and 

number of computers cannot be negative, only values in the domain 

{n | n > 0} make sense in the context of this situation. 

13. D = {x | x ≠ - }3 ; R = {f(x) | f x( ) ≠ - }3  

14. D = {x | x ≠ - }5 ; R = {f(x) | f x( ) ≠ - }6  

15. D = {x | x ≠ - }1 ; R = {f(x) | f x( ) ≠ 3} 

16. D = {x | x ≠ - }4 ; R = {f(x) | f x( ) ≠ - }2  

31. asymptotes: x = 2, f x( ) = 0; D = {x | x ≠ 2 ;}  R = {f(x) | f x( ) ≠ 0} 

32. asymptotes: x = 0, f x( ) = 0; D = {x | x ≠ 0 ;}  R = {f(x) | f x( ) ≠ 0} 

_ 1 _ 1 
33. asymptotes: x = - , f x( ) = 0; D = x | x ≠ - ; R = {f(x) | f x( ) ≠ 0} 

4 { 4 }

_ 3 _ 3 
34. asymptotes: x = - , f x( ) = 0; D = x | x ≠ - ; R = {f(x) | f x( ) ≠ 0} 

2 { 2 }

35. asymptotes: x = -7, f x( ) = -1; D = {x | x ≠ - }7 ; R = {f(x) | f x( ) ≠ - }1  
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36. asymptotes: x = -2, f x( ) = -5; D = {x | x ≠ - }2 ; R = {f(x) | f x( ) ≠ - }5

37. asymptotes: x = 1, f x( ) = 2; D = {x | x ≠ 1 ;}  R = {f(x) | f x( ) ≠ 2} 

38. asymptotes: x = 4, f x( ) = 3; D = {x | x ≠ 4 ;}  R = {f(x) | f x( ) ≠ 3} 

39. asymptotes: x = 8, f x( ) = -9; D = {x | x ≠ 8 ;}  R = {f(x) | f x( ) ≠ - }9  

40. asymptotes: x = 7, f x( ) = -8; D = {x | x ≠ 7 ;}  R = {f(x) | f x( ) ≠ - }8  

47. The graph of g x( ) is a reflection in the x-axis, a translation 2 units left, and 

a translation 1 unit up of the graph of f x( ). 

48. The graph of h x( ) is a translation 4 units right, and a translation 5 units 

down of the graph of f x( ). The graph is stretched vertically. 

50a. 

52a. _ 1 _ 1 _ f x( ) = x g x( ) = 2 x 

x f x( ) x g x( ) 

_ 1 _ _ 1 _ -3 - -3
3 9 

_ 1 _ 1 _ -2 - -2
2 4 

-1 -1 -1 1 

0 undefined 0 undefined 

1 1 1 1 

_ 1 _ _ 1 _ 2 2
2 4 

_ 1 _ _ 1 _ 3 3
3 9 

_ 1 _ _ 1 
52b. The positive portion of f x( ) = 2 is similar to the graph of f x( ) = . Positive 

x x 

values of x produce positive values of f x( ). The negative portion of f x( ) is a 

reflection of the positive portion in the line y = -x. The negative portion 

of g x( ) is a reflection of the positive portion reflected in the y-axis. 

52c. Sample answer: When the exponent is even, one portion of the graph is a 

reflection of the other portion over the vertical asymptote. When the 

exponent is odd, one portion of the graph is a rotation of the other 180 

degrees about (h, k). 

54. 

55. 
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Lesson 7-4 

11. zero: x = 4; vertical asymptote: x = -2; oblique asymptote: f x( ) = x - 10 

12. zero: x = -3; vertical asymptote: x = 5; oblique asymptote: f x( ) = x + 11 

13. zero: none; vertical asymptote: x = -2; oblique asymptote: f x( ) = 6x - 8 

14. zero: x = and x = -3.5; vertical asymptote: x = 2; oblique asymptote: 

f x( ) = 2x + 11 

_ 1 _ 3 _ 3 
15. zero: none; vertical asymptote: x = ; oblique asymptote: f x( ) = x +

2 2 4 

4 _ _ 2 _ 8 
16. zero: none; vertical asymptote: x = - ; oblique asymptote: f x( ) = x -

3 3 9 

17. point discontinuity at x = 4 

18. point discontinuity at x = 2 

19. point discontinuity at x = -5 

20. point discontinuity at x = 8 

21. point discontinuity at x = 2 and x = 4 
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22. point discontinuity at x = -5 and x = -3

23. 

24. 

25. 

26.

27. 

28. 

29. 

30. 

31a. 

31c. Sample answer: The graph of f x( ) has a hole at x = -2, but no vertical 

asymptote. Its graph is a straight line with a hole in it at ( 2,-  -5). The 

graph of g x( ) also has a hole at x = -2, but has a vertical asymptote at 

x = 0 and a horizontal asymptote at y = 1. Its graph is not a straight line, 
5 _ but two curves having a hole in the graph at -2, . ( 2 )

34. 

35. 
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36.

37.

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

2 _ 0 _ 6 _ 7 _ _ + _ _ 18 _ 3 _ 
47a. y =

6767 + x 

47b. vertical asymptote at x = -6767; horizontal asymptote at y = 0 

47c. Sample answer: As the number of at bats increases, the ratio grows closer 

and closer to zero, since the number of hits remains constant. 

48. Sample answer: The graph shows a spike in demand in the first hours after 

the release; the rate of downloads then begins to decrease, rapidly at first 

and then at a slower rate. 

49. Sample answer: The domain is {x | x ≠ -2 and x ≠ 2 .}  The graph has 

zeros at x = 1 and x = 4 and a y-intercept at (0, 1). The graph has vertical 

asymptotes at x = -2 and x = 2 and a horizontal asymptote at f x( ) = -1 
(x - 1)(x - 4) __ for 2 ≤ x or x ≤ -2. A function with these features is f x( ) = -
(x + 2)(x - 2) 

2 _ x - 5x + 4 
= - . 

2 x - 4 
2 (x + 1)(x - 1) (x + 1)(x - 1) __ __ 

50. The graphs of y = and y = are equivalent; 
x - 1 2 (x - 1) 

sample answer: Both are the line y = x + 1 with a hole at x = 1. y = x + 1 
2 (x + 1)(x - 1) __ is almost equivalent to those, but it lacks the hole. y = is 

x - 1 

different altogether because the difference in exponents is no longer 1. 
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51. Sample answer:

53. Sample answer: If the degrees of the numerator and denominator are 

equal, there is a horizontal asymptote determined by the coefficients of 

the numerator and denominator. If the degree of the numerator is greater, 

there is no horizontal asymptote. If the degree of the numerator is exactly 

1 greater than the degree of the denominator, there is an oblique 

asymptote. If the degree of the denominator is greater, the horizontal 

asymptote is the line y = 0. 

_ 2d _ 2d _ 2 
54a. Average speed = = = , where r and t are average 

t + t 1 
1 2 _ d _ d _ 1 _ 1 1 

r + +r r r 
1 2 1 2 

speed and time for one direction and r and t are average speed and time 
2 2 

for the return trip. Simplifying and substituting 40 for r and x for r gives 
1 2 

_ 80x 
f x( ) = . 

x + 40 

54b. When x = 60, f x( ) = 48, so the average speed for the entire trip is less 

than 50 miles per hour. This is because more time is spent driving at 

40 miles per hour than at 60 miles per hour. The horizontal asymptote 

is f x( ) = 80. It represents an overall average speed the family cannot 

achieve; they would have to travel home at an infinite speed and 

return in no elapsed time. 

55. Sample answer: 

56. Sample answer: Both have vertical asymptotes at x = 0. Both approach 0 

as x approaches -∞ and approach 0 as x approaches ∞. f x( ) has holes at 
__ 

x = 1 and x = -1, while g x( ) has vertical asymptotes at x = √ 2 and __ 
x = - √ 2. f x( ) has no zeros, but g x( ) has zeros at x = 1 and x = -1 

59. Sample answer: By factoring the denominator of the expression in a rational 

function and determining the the values that cause each factor to equal 

zero, you can find the asymptotes or discontinuity of the function. If the 

denominator has a factor x - c that does not appear in the numerator, then 

there is a vertical asymptote at x = c. If the numerator and denominator 

have a common factor of x - c, then there is point continuity at x = c. 
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Module 8 

Inferential Statistics 

Module Goals

• Students classify and identify bias in surveys and studies. 

• Students collect, analyze, and use data to compare theoretical and 

experimental probabilities. 

• Students use statistics to summarize, represent, and compare sets 

of data. 

• Students use statistics and normal distributions to analyze data. 

Focus 

Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.IC.4 Use data from a sample survey to estimate a population 

mean or proportion; develop a margin of error through 

the use of simulation models for random sampling. 

S.IC.6 Evaluate reports based on data. 

Also addresses S.IC.1, S.IC.2, S.IC.3, S.IC.5, and S.ID.4 

Standards for Mathematical Practice: 

All Standards for Mathematical Practice will be addressed in this module. 

Be Sure to Cover 

To completely cover S.ID.4, go online to assign the following spreadsheet 

activity: 

• Normal Distribution (Lesson 8-4) 

Coherence 

Vertical Alignment 

Previous 

Students represented data using numerical statistics and graphical 

methods, analyzed the shapes of distributions, and interpreted cate- 

gorical data. S.ID.1, S.ID.2, S.ID.3 

Now

Students determine populations and samples and run simulations to 

determine the probabilities of outcomes. Students analyze the 

distributions of data sets. S.IC.1, S.IC.6, S.ID.4 

Next 

Students will evaluate and graph trigonometric functions. 

F.IF.7e, F.TF.5 

Rigor 

The Three Pillars of Rigor 

To help students meet standards, they need to illustrate their ability to 

use the three pillars of rigor. Students gain conceptual understanding as 

they move from the Explore to Learn sections within a lesson. Once they 

understand the concept, they practice procedural skills and fluency and 

apply their mathematical knowledge as they go through the Examples 

and Practice. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

EXPLORE LEARN EXAMPLE & PRACTICE 

Suggested Pacing 

Lessons Standards 45-min classes 90-min classes 

Module Pretest and Launch the Module Video 1 0.5 

8-1 Random Sampling S.IC.1, S.IC.3 2 1 

8-2 Using Statistical Experiments S.IC.2, S.IC.5 2 1 

8-3 Analyzing Population Data S.IC.4 1 0.5 

8-4 Normal Distributions S.ID.4, S.IC.6 2 1 

8-5 Estimating Population Parameters S.IC.4, S.IC.6 1 0.5 

Module Review 1 0.5 

Module Assessment 1 0.5 

Total Days 11 5.5 
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CHERYL TOBEY 

MATH 
PROBES 

Formative Assessment Math Probe 

Populations and Samples 

Module Resource 

Analyze the Probe 
Review the probe prior to assigning it to your students. 

In this probe, students will determine the differences between populations and samples. 

Targeted Concepts Understand that inferences can be made about a population based 

on a representative sample. 

Targeted Misconceptions 

• Students may not recognize the population and/or the sample if it is not explicit. 

• Students may not recognize the difference between a biased and an unbiased sample. 

• Students may confuse the different types of biased and unbiased samples. 

Use the Probe after Lesson 8-1. 

Correct Answers: 

A1. d A2. e A3. d 

B1. e B2. c B3. b 
Collect and Assess Student Answers 

If the student selects Then the student likely... 

these responses... 

A1. a, b, c is confusing the topic of the study with the population. 

B1. a, b is confusing the topic of the study with the sample. 

A2. a, b, c is interchanging the sample with the population. 

B2. a, b does not understand how to tell whether a sample is biased or unbiased and/or is 

basing their answer on an incorrect choice of A2 and/or B2. 

A1. e does not understand the differences between the various biased or unbiased 

types. 

Take Action 
After the Probe Design a plan to address any possible misconceptions. You may wish to 

assign the following resources. 

• Lesson 8-1, Learn, Examples 1–3 

Revisit the Probe at the end of the module to be sure that your students no longer carry 

these misconceptions. 
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The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and 

engage and challenge students. Use these open-ended, collaborative 

activities, located online in the module Launch section, to encourage 

your students to develop a growth mindset towards mathematics and 

problem solving. Use the teacher notes for implementation suggestions 

and support for encouraging productive struggle. 

Essential Question 

At the end of this module, students should be able to answer the 

Essential Question. 

How can data be collected and interpreted so that it is useful to a 

specific audience? Sample answer: Data can be collected through 

surveys, observations, or experiments. Often a simulation can be 

conducted to generate experimental results. You can find measures of 

center and measures of variation to interpret the data. 

What Will You Learn? 

Prior to beginning this module, have your students rate their knowledge 

of each item listed. Then, at the end of the module, you will be reminded 

to have your students return to these pages to rate their knowledge 

again. They should see that their knowledge and skills have increased. 

Focus Students write notes about inferential statistics. 

Teach Have students make and label their Foldables as illustrated. At the 

end of each lesson, ask students to write about their experiences with the 

statistics topics that were presented in the lesson. Encourage students to 

explain what they found interesting or challenging. 

When to Use It Encourage students to add to their Foldables as they 

work through the module and to use it to review for the module test. 

Launch the Module 

For this module, the Launch the Module video uses business, research, 

and politics to show real-world applications of statistics. Students learn 

about choosing samples and using statistics to analyze voter populations 

and predict election results. 

Interactive Presentation 
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What Vocabulary Will You Learn? 
ELL As you proceed through the module, introduce the key vocabulary 

by using the following routine. 

Define A normal distribution is a continuous probability distribution of a 

random variable, and occurs as a sample size increases due to the Law of 

Large Numbers. 

Example 

Ask What do you notice about the normal distribution curve? It is shaped 

like a bell and is symmetrical. 

Are You Ready? 

Students may need to review the following prerequisite skills to succeed 

in this module. 

• using frequency tables 

• determining sample spaces 

• finding the mean, median, mode, and range 

ALEKS is an adaptive, personalized learning environment that identifies 

precisely what each student knows and is ready to learn, ensuring 

student success at all levels. 

You may want to use the Sequences and Probability section to ensure 

student success in this module. 

Mindset Matters 

Foster Grit 

Grit is defined as a student’s perseverance and passion for achieving 

long-term goals. A student’s ability to work hard, endure struggle, remain 

committed to their goals, make mistakes, and try again are important 

factors in learning. 

How Can I Apply It? 

Assign students the Put It All Together activity for each module and allow 

them an opportunity to work through the problems, make mistakes, share 

their strategies and receive feedback, and then work on the problems 

again to try new strategies. 
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Lesson 8-1 S.IC.1, S.IC.3 

Random Sampling 

LESSON GOAL 

Students classify and identify bias in surveys and studies. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Randomness and Bias 

• Classify a Random Sample 

• Identify Sample Bias 

• Identify Bias Questions 

Types of Studies 

• Classify Study Types 

• Design a Survey 

• Draw Conclusions from a Study 

• Identify Bias in Studies 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

Formative Assessment Math Probe 

DIFFERENTIATE 

View reports of student progress on the Checks after each 

example. 

Resources AL OL BL ELL 

Remediation: Summarizing Categorical Data ＀ ＀ ＀ 

Extension: Stratified Surveys ＀ ＀ ＀ 

Language Development Handbook 
Assign page 41 of the Language Development 

Handbook to help your students build mathematical 

language related to classifying and identifying bias 

in surveys and studies. 

ELL You can use the tips and suggestions on 

page T41 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.IC.1 Understand statistics as a process for making inferences about 

population parameters based on a random sample from that population. 

S.IC.3 Recognize the purposes of and differences among sample 

surveys, experiments, and observational studies; explain how 

randomization relates to each. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students understood that random sampling tends to produce representative 

samples and support valid inferences. 7.SP.1 

Now 

Students classify and identify bias in surveys and studies. S.IC.1, S.IC.3 

Next 

Students will collect, analyze, and use data to compare theoretical and 

experimental probabilities. S.IC.2, S.IC.5 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of inferential statistics, and they build fluency by 

making inferences about populations based on random samples. 

They apply their understanding by solving real-world problems 

related to surveys, experiments, and observational studies. 

Mathematical Background 
When a census is conducted, data are collected from every member of a 

population. Therefore, the results are known to be correct. Since a survey 

investigates only part of a population, the results always involve some 

uncertainty. 
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S.IC.1, S.IC.3 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skills for this 

lesson: 

• using frequency tables 

• analyzing sampling methods 

Answers: 

1. 172 males 

2. 142 females 

3. 23 more 

4. Sample answer: Because the answers were given in percentages, 

the results were not affected. 

5. Sample answer: The question could have been asked at a 

meeting of dieters. 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

learn about how surveys are used to create polls and predict 

which candidate will win an election. Point out that the results of 

surveys may be biased or misleading. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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S.IC.1, S.IC.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Randomness and Bias 

Objective 

Students classify sampling methods and identify bias in samples and 

survey questions. 

Teaching the Mathematical Practices 

1 Special Cases Work with students to examine the types of 

samples shown. Encourage them to familiarize themselves with 

the types, and to know when it is appropriate to use each one. 

Example 1 Classify a Random Sample 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the 

situation in Example 1 to identify the type of sample. 

Questions for Mathematical Discourse 

AL Is the sample random? No 

OL Are the survey results reliable only if every student answers the 

online survey questions? Explain. No; sample answer: A sample of 

the population can be enough for the survey be reliable. 

BL What is a possible source of bias in this study? Sample answer: 

Students who choose to answer the online survey are more likely 

to have strong positive or negative feelings about the app. 

DIFFERENTIATE 

Language Development Activity ELL 

Verbal/Linguistic Learners Divide students into small groups. Have 

each group design a survey question and practice asking it in such a 

way that there is bias in the tone of voice and facial expression of the 

questioner. Then have them ask other groups the questions and record 

their answers. As a class, discuss whether the answers correspond to 

the bias that the question was designed to elicit. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP

Interactive Presentation 

Learn 

WATCH 

Students can watch an animation about 

the different types of samples. 

DRAG AND DROP 

Students drag to sort sampling methods 

into the correct bins. 
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S.IC.1, S.IC.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 3 

TYPE 

Students use online resources to find and 

a analyze biased questions. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Identify Sample Bias 

Teaching the Mathematical Practices 

3 Make Conjectures In Example 2, students will make a 

conjecture about the sample size needed to eliminate bias in the 

sample. 

Questions for Mathematical Discourse 

AL How are the distance and average commute related to each 

other? The average commute is 26.3 minutes to travel 10.6 miles 

along Route 15. 

OL What additional information do you need to make a reasonable 

decision about expanding the road based on the survey? Sample 

answer: Knowing the average number of travelers during rush hour 

each day would make it possible to determine a reasonable sample 

size. Knowing the speed limit of the road is relevant when comparing 

the distance and commute time. 

BL Does a source of bias exist only if someone is benefitting from 

the bias? Explain. No; sample answer: The bias can come from 

accidentally surveying a set of the population that does not 

represent the full population, even if it is not intentional. 

Example 3 Identify Biased 
Questions 

Teaching the Mathematical Practices 

5 Use a Source Guide students to find external information to 

answer the question posed in the Use a Source feature. 

Questions for Mathematical Discourse 

AL Why do you want questions to be unbiased? Sample answer: 

Biased questions could give inaccurate results. 

OL How could you rewrite the question to avoid bias? Sample answer: 

Do you prefer a salad or a steak? 

BL How might a question that addresses more than one issue be 

biased? Sample answer: When a person answers, they may be 

answering only part of the question. 

Learn T ypes of Studies 

Objective 

Students distinguish among sample surveys, experiments, and 

observational studies. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

or explain their solution methods. Point out that they should use 

clear definitions and mathematical language when they discuss 

their solution to the Talk About It! feature. 

MPMP

MPMP

MPMP
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S.IC.1, S.IC.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Classify Study T ypes 

Teaching the Mathematical Practices 

4 Apply Mathematics In Example 4, students will apply what 

they have learned about types of studies to analyzing a real-world 

situation. 

Questions for Mathematical Discourse 

AL Does this study need a control group? No; it is an observational 

study. 

OL How could you change the study to be a survey? Sample answer: 

Ask the 100 young adults a series of multiple-choice questions 

about their uniform preferences. 

BL Why might an observational study be used in some situations 

rather than an experiment? Sample answer: It might not be 

practical or moral to conduct an experiment. 

Example 5 Design a Survey 

Teaching the Mathematical Practices 

3 Justify Conclusions Mathematically proficient students can 

explain conclusions drawn when solving a problem. The Think 

About It! feature asks students to support the conclusion they 

have drawn from the results of the survey. 

Questions for Mathematical Discourse 

AL What is the ideal sample size for this survey? All the employees of 

the company. Why might a smaller sample size be used? Sample 

answer: It may not be practical or cost effective to survey the 

entire company. 

OL  Why is a survey best for this situation? The owner is trying to 

gather opinions of employees. 

BL What bias might be introduced if the owner conducts the survey by 

asking only the supervisors in the building? Sample answer: The 

supervisors might feel differently than the rest of the employees in 

the building. 

MPMP

MPMP

Interactive Presentation 

Example 5 

EXPAND 

Students tap to see the steps of writing an 

unbiased survey question. 

TYPE 

Students support a conclusion based on 

results of a survey. a 
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S.IC.1, S.IC.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 7 

EXPAND

Students can tap to see the steps 

to identify flaws in the design of an 

experiment. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Draw Conclusions from a Study 

Teaching the Mathematical Practices 

4 Analyze Relationships Mathematically Point out that 

to complete Example 6, students will need to analyze the 

mathematical relationships in the problem to draw a conclusion 

about which goggles should be produced. 

Questions for Mathematical Discourse 

AL How can you find the number of people who had positive 

reactions for each type? Multiply the number of people by the 

percent of positive reactions. 

OL Why is it possible in this study for the values in the “Percent of 

Positive Reactions” column to add up to more than 100%? Sample 

answer: Percent of positive reactions is related to the group 

for each type of goggles, not the entire group in the study. 

Participants may have positive reactions to more than one type of 

goggle. Within each group, the percent of positive reactions and 

the percent of not-positive reactions would add to 100%. 

BL What is a potential flaw in this study? Sample answer: Each participant 

is only providing a reaction to the goggles they selected, so the 

variables that affect initial choice may influence the reaction to usage. 

Example 7 Identify Bias in Studies 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the experiment 

in Example 7 to identify and correct flaws in the experiment. 

Questions for Mathematical Discourse 

AL Other than the music, what is a possible reason the Geometry 

test scores were higher than the Algebra 2 test scores? Sample 

answer: The Geometry test was easier. 

OL In an experimental design, how many differences should there be 

between the control and experimental groups? Explain. One; the 

groups should be identical except for the variable being tested by 

the experiment. 

BL Instead of giving both groups different tests, would the flaw be 

fixed if both groups are given an Algebra 2 test? Explain. No; 

sample answer: The experimental group has been studying 

Algebra 2, while the control group has been studying Geometry. 

Their different performance on the Algebra 2 test would more 

likely be due to this than the presence or absence of music. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

MPMP

MPMP
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S.IC.1, S.IC.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–20 

2 exercises that use a variety of skills from this

lesson 

21–25 

2 exercises that extend concepts learned in this

lesson to new contexts 

26–29 

3 exercises that emphasize higher-order and

critical-thinking skills 

30–36 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–29 odd, 30–36 

• Extension: Stratified Surveys 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–35 odd 

• Remediation, Review Resources: Summarizing Categorical Data 

• Personal Tutors 

• Extra Examples 1–7 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–19 odd 

• Remediation, Review Resources: Summarizing Categorical Data 

AL 

Answers

15. objective: to determine the number of juniors and seniors planning to 

attend prom; population: all juniors and seniors at the school; sample 

survey questions: What grade are you in? Do you plan on attending prom? 

16. objective: to determine a popular food item that can be added to 

the menu; population: all patrons of the restaurant; sample survey 

questions: What food item would you like to see added to the menu? 

What item not on our current menu do you like to order at a restaurant? 

18. observational study; Sample answer: the teacher can engage his or her 

students early in the day, but his or her students tend to lose interest 

later in the day. 

19. control group: students who do not receive gift cards; experimental group: 

students receiving gift cards; Sample answer: The students may not have 

any interest in the gift cards they are receiving. The principal should 

conduct a survey to find what gifts or activities might motivate the students. 
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S.IC.1, S.IC.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

20. control group: people attending the away games; experimental group: 

people attending the home game; Sample answer: Because the sports 

team likely has more fans in their home city, comparing tickets sales in 

this way may not accurately reflect the impact of the new uniforms. The 

owner should compare ticket sales of an entire season with the new 

uniforms to a season with the old uniforms. 

24a. Sample answer: The scientist can observe the grades of teens who play 

video games versus the grades of teens who do not play video games. 

24b. Sample answer: Have an experimental group play 8 hours of video 

games and give them a test. Then give the same test to a control group 

who do not play video games. 

26. Sample answer: A magazine survey asked respondents whether the lead 

guitarist of a certain band was the best guitarist ever, and 46% agreed 

that he was. The data is biased because the survey question is biased. 

The survey leads the respondents to agree. The survey question would 

be better as, “Who is the best lead guitarist?” 

27. Sample answer: She should use an observational study to determine the 

average miles per gallon that identical cars are able to go on each type 

of fuel. She can then divide the current price of each fuel by the number 

of miles to find the average cost per mile. The group with the lower cost 

per mile would be the one that is more cost efficient. She might also 

look for the results of a survey by a motor club or magazine stating the 

average gas mileage for cars similar to her new car. 

28. Sample answer: The owner should conduct a survey. He could have 

all customers in a given month who order the new special rate their 

satisfaction on a 1 5–  scale. 

29. No; sample answer: the difference between the means of the experimental 

group and control group is only 0.1 ounce. Both groups had cats that gained 

significant weight and others that gained little. To compare the groups, 

I assumed that the cats in each group were similar in age, starting weight, 

and health. I also assumed that each cat was given the same amount of food. 

30. Both are correct; Mia is correct that they should try to collect a large 

sample, and Esteban is correct that the sample should be random. 

31. Sample answer: This method of selecting a sample is valid. Each 

student has an equally likely chance of being selected for the sample. 

A weakness may be that this would not reflect that one grade may feel 

more strongly about the dress code than another. 

32. Sample answer: They need accurate surveys to make decisions about 

how to market and sell products that will earn the company the most 

profit. They also make decisions about marketing and advertising and 

how to reach their target audience. Finally, they make decisions about 

the types of products they will develop or continue to sell. 

33. False; sample answer: A sample statistic is used to estimate a 

population parameter. 

35. Sample answer: objective: Determine the 
Study Time (minutes) 

average amount of time that students spend 

studying at the library. 38 16 45 41 63 

population: All students that study at the library. 18 20 17 8 15 

sample: 25 randomly selected students studying 41 28 55 19 15 

at the library during a given week. 
30 11 20 79 24 

mean: ≈ 31.3 min 
78 24 26 32 19 

36. Sample answer: the sampling method used, the 

type of sample that was selected, the type of study performed, the survey 

question(s) that were asked or procedures that were used 
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Lesson 8-2 S.IC.2, S.IC.5 

Using Statistical Experiments 

LESSON GOAL 

Students collect, analyze, and use data to compare theoretical and 

experimental probabilities. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Fair Decisions 

Develop: 

Theoretical and Experimental Probability 

• Find Probabilities 

Explore: Simulations and Experiments 

Develop: 

Simulations 

• Design and Run a Simulation 

• Run and Evaluate a Simulation 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each 

example. 

Resources AL OL BL ELL 

Remediation: Sample Spaces ＀ ＀ ＀ 

Extension: Game Shows ＀ ＀ ＀ 

Language Development Handbook 
Assign page 42 of the Language Development 

Handbook to help your students build mathematical 

language related to comparing theoretical and 

experimental probabilities. 

ELL You can use the tips and suggestions on 

page T42 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.IC.2 Decide if a specified model is consistent with results from a given 

data-generating process, e.g., using simulation. 

S.IC.5 Use data from a randomized experiment to compare two 

treatments; use simulations to decide if differences between parameters 

are significant. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

8 Look for and express regularity in repeated reasoning. 

Coherence 

Vertical Alignment 

Previous 

Students found experimental and theoretical probabilities and designed 

simulations. 7.SP.7, 7.SP.8 

Now 

Students collect, analyze, and use data to compare theoretical and experimental 

probabilities. S.IC.2, S.IC.5 

Next 

Students will use statistics to summarize, represent, and compare sets of 

data. S.IC.4 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of theoretical and experimental probabilities. They 

build fluency and apply their understanding by running and evaluating 

simulations related to real-world situations. 

Mathematical Background 
Theoretical probability describes what should occur given the number of 

events or trials and the sample space. Experimental probability describes 

the actual results of repeated trials or events. As the number of trials 

increases, experimental probability more closely approximates theoretical 

probability. A simulation provides a way to find experimental probability 

by “acting out” an event that might be difficult to perform. 
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S.IC.2, S.IC.5 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skills for this 

lesson: 

• determining sample spaces 

• determining probabilities 

Answers: 

1. 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47 

2. 7, 17, 37, 47 
2 __ 3. 
5 

4. 0 
_ 1 _ 5.
15 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

learn about how experiments are used by companies to gather 

information about consumer preferences. This information can 

then be used to make decisions. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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S.MD.6 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Fair Decisions 

Objective 

Students explore probability and fair decision making by using tools. 

Teaching the Mathematical Practices 

3 Compare Arguments Mathematically proficient students can 

compare arguments, determine which one is flawed, and explain 

the flaw. In Exercise 5, students have to identified the flawed 

argument and choose the correct one. 

4 Use Tools Point out that to complete the exercises in the 

Explore, students will need to use a tree diagram to map the 

outcomes of a decision-making method. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of  the Activity 

Students will be provided with an Inquiry Question to answer at the end 

of the activity. They will answer a series of guiding exercises about how 

to use probability to make fair decisions. Then students will answer the 

Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

SELECT

Students select the correct answers to questions about the 

probability of events. 

TYPE

Students complete the table to show the number of favorable 

outcomes. 

(continued on the next page) 
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S.MD.6 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students will respond to the Inquiry Question and can view a 

sample answer. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Fair Decisions ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• How does the number of people affect the method of choosing a 

winner? Sample answer: In order to be fair, you want to make sure that 

each person has the same chance of winning. For three people, you 

need to have at least three options. 

• Describe another method that could to choose the movie. Sample 

answers: A spinner with 3 even sections, a random number generator 

choosing 1-3, placing the three names into a bag and selecting one. 

Inquiry 

How can you use probability to make a fair decision? Sample answer: I 

can make a fair decision by using a tool that has at least n distinct options 
_ 1 _ when I need to represent a probability of . 
n 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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S.IC.2, S.ID.5 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Simulations and Experiments 

Objective 

Students explore experimental probabilities by using a sketch to simulate 

experiments. 

Teaching the Mathematical Practices 

3 Reason Inductively In the Explore, students will examine the 

data and use inductive reasoning to make plausible arguments 

about the experiment. 

5 Use Mathematical Tools Point out that to analyze the 

results of the experiment, students must use the sketch to run 

simulations. Work with students to deepen their understanding of 

simulations and experiments. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will  be provided with an Inquiry Question to answer at the end 

of the activity. They will work with a simulation to analyze the outcome of 

an experiment. Then students will answer the Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students will use a sketch to explore the results of an 

experiment. 

SELECT 

Students select the correct answers to analyze the results of an 

experiment. 

TYPE 

Students record the results of trials in a table. 

(continued on the next page) 

Lesson 8-2 • Using Statistical Experiments 379e 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0259.xhtml


S.IC.2, S.ID.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Simulations and Experiments 
( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Is it reasonable to try to conduct 1000 trials of an experiment? Why 

or why not? No; sample answer: It may take too much time, cost 

too much, or there may not be enough participants for 1000 trials. 

However, it is possible to run 1000 simulations. 

• Do you think performing more than 1000 trials in the simulation could 

prove the results happened purely by chance? Why or why not? No; 

sample answer: the probability was already less than 1% to have a 

mean score 4.6 points greater. Performing more trials in the simulation 

would possibly lessen the probability even more. 

Inquiry 

How can simulations help you analyze the results of an 

experiment? Sample answer: They can help determine the probability 

that the results of the experiment could have happened purely by chance. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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S.IC.2, S.IC.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Theoretical and Experimental 
Probability 

Objective 

Students compare theoretical and experimental probabilities. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

or explain their reasoning. Point out that they should use clear 

definitions and mathematical language to answer the question in 

the Talk About It! feature. 

Common Misconception 

Students often confuse the idea of the Law of Large Numbers with the idea 

that the probability of independent events are not entirely independent. 

If a coin flip results in five heads in a row, some students may think that a 

tails is “due,” and so tails have a higher than 50% probability, even for a 

fair coin. This way of thinking has a name: the gambler’s fallacy. 

Example 1 Find Probabilities 

Teaching the Mathematical Practices 

4 Analyze Relationships Mathematically Point out that to find 

the probabilities in Example 1, students will need to analyze the 

mathematical relationships in the problem to draw a conclusion. 

Questions for Mathematical Discourse 

AL What is the sum of the numbers in the Frequency column? 200 

OL If a third column contained the frequency numbers divided by 200 

and converted to a percent, what would the column represent? 

the relative frequencies 

BL A student says that if the die is fair, then on the 201st roll, 8 is 

the least likely number to occur. Is this true? Explain. No; sample 

answer: The die has rolled mostly 8s, but that does not mean the 

next die roll is less likely to be an 8. If the die is fair, then all sides 

have the same probability of being rolled on each roll, regardless 

of the previous results. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP

Interactive Presentation 

Example 1 

TYPE 

Students answer a question about what it 

means for a die to be fair. a 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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S.IC.2, S.IC.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Learn 

TYPE 

Students answer a question to determine 

how to simulate and test a claim. a 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Simulations 

Objective 

Students determine whether models are consistent with results from 

simulations of real-life situations. 

Teaching the Mathematical Practices 

5 Use Mathematical Tools Mathematically proficient students 

consider the available tools when solving a problem. Point out 

that to run simulations, students must use concrete models or a 

random number generator. 

Essential Question Follow-Up 

Students have studied how to gather information with surveys and use 

probabilities to create simulations. 

Ask: 

How can you use information to make decisions? Sample answer: 

You can look for trends and then make a decision based on what has 

happened in the past and/or is reflected in the information. 

DIFFERENTIATE 

Enrichment Activity BL 

Write the numbers 1, 1, 1, 2, 2, 3, 4, 4 on eight slips of paper, and put 

them in a paper bag. Have students construct a probability distribution 

for the number that results when one slip is drawn at random 

from the bag. Then have them take turns drawing slips of paper, 

with replacement, and compare the relative frequencies with the 

theoretical probability distribution. Sample answer: The theoretical 

3 __ _ 1 _ _ 1 _ _ 1 _ probabilities are P(1) = , P(2) = , P(3) = , and P(4) = . 
8 4 8 4 

MPMP
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S.IC.2, S.IC.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Design and Run a Simulation 

Teaching the Mathematical Practices 

5 Compare Predictions with Data Point out that in Example 2, 

students use the random number generator tool to run a 

simulation. Students then analyze the results and compare the 

theoretical and experimental probabilities. 

Questions for Mathematical Discourse 

AL Given there are only two outcomes, winning and not winning, 

why does the probability tool need to have eight possible 
_ 1 _ results? Sample answer: You need eight results to simulate the
8 

probability of winning by having one number represent winning 

and the other seven represent losing. 

OL Is it a certainty that 1 will occur once in every 8 trials of the 

simulation? No; sample answer: over many simulations the 
_ 1 _ occurrence of 1 should approach . 
8 

BL Assuming that a limited number of bottles were made for 

the promotion, does buying a non-winning bottle change 

the probability that the next bottle purchased is a winner? 

Explain. No; sample answer: The probability of the second 

purchase being a winning bottle given that the first was a non- 

winning bottle is different from the probability of the first purchase 

being a winning bottle. However, on a large scale, the difference 

becomes less significant. 

MPMP

Interactive Presentation 

Example 2 

EXPAND 

Students tap to see the steps to design 

and run a simulation. 

DRAG & DROP 

Students define a trial for a situation by 

selecting the appropriate tools for the 

situation. 

WEB SKETCHPAD 

Students use a sketch to run a simulation. 

Lesson 8-2 • Using Statistical Experiments 381 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0263.xhtml


S.IC.2, S.IC.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 3 

WEB SKETCHPAD 

Students use a sketch to run a simulation. 

TYPE 

Students report the results of the 

simulations. a 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Run and Evaluate a Simulation 

Teaching the Mathematical Practices 

8 Attend to Details Mathematically proficient students 

continually ask themselves, “Does this make sense?” Point out 

that in Example 3, students will use a simulation to evaluate the 

reasonableness of the customer’s complaint. 

Questions for Mathematical Discourse 

AL Is it likely that a customer will win buying a single ticket? Explain. 
_ 1 __ No; sample answer: because the theoretical probability is only , 
10 

according to the health club, it is unlikely that a customer would 

win with 1 ticket. 

OL What other tools could have been used for this simulation? 

Sample answer: a random number generator with integers 1–10; 

the number cards and ace from one suit of a deck of cards 

BL Why does the size of the set matter when using the random 

number generator simulation? Sample answer: The random 

number simulation more closely approximates the situation when 

the set is larger because a ticket being removed from the set has 

less effect on the probability of the next trial. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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S.IC.2, S.IC.5 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–5 

2 exercises that use a variety of skills from this

lesson 

9–17 

2 exercises that extend concepts learned in this

lesson to new contexts 

18, 19 

3 exercises that emphasize higher-order and

critical-thinking skills 

20–24 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–19 odd, 20–24 

• Extension: Game Shows 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–23 odd 

• Remediation, Review Resources: Sample Spaces 

• Personal Tutors 

• Extra Examples 1–3 

• Probability of Simple Events 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–5 odd 

• Remediation, Review Resources: Sample Spaces 

• Quick Review Math Handbook: Designing a Study 

• Probability of Simple Events 

AL 
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S.IC.2, S.IC.5 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

4. Sample answer: Use a spinner that is divided into 2 sectors, one at 

60% area, or 216 ,°  the other at 40%, or 144 .°  Perform 50 trials and 

record answers in a frequency table. Based on the simulation, 

probability of selling inventory is 0.64, and the probability of not selling 

inventory is 0.36. 

Sample data: 

Outcomes Frequency 

Sold 32 

Not sold 18 

Total 50 

12. Sample answer: Use a random number generator to generate integers 

1–50. 1–31 will represent an earthquake occurring, and 32–50 will 

represent an earthquake not occurring. Use 50 trials. 

15a. Sample answer: Use a random number generator to generate a set of 

three numbers from 1 to 42. Numbers 1–15 will represent players on the 

basketball team and numbers 16–42 will represent the other students. 

Discard any trial that repeats any of the same number. Run the trial fifty 

times. 

15b. Sample data is shown: 

35, 13, 36 15, 32, 9 6, 14, 12 16, 26, 27 4, 34, 20 16, 32, 24 12, 9, 18 10, 17, 26 

15, 13, 23 18, 15, 41 13, 9, 20 33, 38, 30 34, 40, 35 37, 18, 36 22, 16, 36 23, 5, 28 

29, 7, 2 21, 22, 1 33, 31, 22 30, 39, 18 31, 7, 17 35, 40, 36 35, 9, 29 32, 20, 20 

21, 3, 23 16, 36, 5 30, 36, 11 28, 35, 10 5, 42, 21 11, 18, 40 26, 10, 2 28, 35, 41 

13, 11, 23 12, 7, 24 5, 3, 7 15, 39, 2 30, 21, 24 32, 25, 7 18, 9, 34 29, 20, 2 

18, 26, 6 32, 6, 39 17, 3, 21 31, 18, 27 24, 29, 31 25, 37, 21 32, 23, 13 21, 15, 28 

3, 34, 15 12, 2, 20 

15c. Sample answer: Only 2 of the 50 trials, or 4%, resulted in only team 

members winning the raffle. According to this simulation it is highly unlikely 

that all the winners are members of the basketball team. There is not enough 

data to determine if the raffle is unfair. If it happens again for another raffle, 

then the fairness should be examined more closely. 
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Lesson 8-3 S.IC.4 

Analyzing Population Data 

LESSON GOAL 

Students use statistics to summarize, represent, and compare sets of data. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Describing Distributions 

• Find a Standard Deviation 

• Calculate Statistics 

Comparing Distributions 

• Compare Distributions 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each 

example. 

Resources AL OL BL ELL 

Remediation: Measures of Center ＀ ＀ ＀ 

Extension: The Harmonic Mean ＀ ＀ ＀ 

Language Development Handbook 
Assign page 43 of the Language Development 

Handbook to help your students build mathematical 

language related to using statistics to summarize, 

represent, and compare sets of data. 

ELL You can use the tips and suggestions on 

page T43 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.IC.4 Use data from a sample survey to estimate a population mean 

or proportion; develop a margin of error through the use of simulation 

models for random sampling. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

4 Model with mathematics. 

Coherence 

Vertical Alignment 

Previous 

Students collected, analyzed, and used data to compare theoretical and 

experimental probabilities. S.IC.2, S.IC.5 

Now

Students use statistics to summarize, represent, and compare sets of 

data. S.IC.4 

Next 

Students will use statistics and normal distributions to analyze data. 

S.ID.4, S.IC.6 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students build fluency 

by calculating statistics and using those statistics to compare 

distributions. They apply their understanding by solving real-world 

problems. 

Mathematical Background 
A distribution of data shows the frequency of each possible data value. 

The shape of a distribution can be determined by looking at its histogram 

or box-and-whisker plot. 
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S.IC.4 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skills for this 

lesson: 

• finding the mean, median, mode, and range 

• analyzing measures of center in context 

Answers: 
2 __ 1. 68 ; 70.5; no mode; 34 g 
3 

2. Answers will vary. 

3. The mean and median will decrease, and there will be a mode, 57. 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

learn how descriptive statistics can be used to predict a person’s 

performance. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer read 

aloud How can I meet this standard? and How can I use these practices? 

and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the question below with the class. 
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S.IC.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Describing Distributions 

Objective 

Students describe distributions by finding their mean and standard 

deviation. 

Teaching the Mathematical Practices 

3 Analyze Cases Guide students to examine the cases of data 

distributions. Encourage students to familiarize themselves with 

the important features of each type of distribution. 

About the Key Concept 

The formula for calculating the standard deviation can seem 

overwhelming to students. Students will become more familiar with it as 

they apply it more frequently. Compare the concept of standard deviation 

to concepts of spread that students have encountered earlier, such as 

range, interquartile range, or mean absolute deviation. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

SWIPE 

Students move through slides to see 

different kinds of distributions. 
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S.IC.4 2 INQUIRY AND DEVELOP 

Interactive Presentation 

Example 1 

TYPE

Students complete a table to organize 

their calculations. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Find a Standard Deviation 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to note 

the meaning of the standard deviation used in this problem. 

Encourage students to explain what the standard deviation means 

in the context of the problem. 

Questions for Mathematical Discourse 

AL How does the standard deviation indicate the spread of the data 

values? The standard deviation tells you a range around the 

mean in which most of the data occur. A larger standard deviation 

indicates points deviate more from the mean than a data set with 

a smaller standard deviation. 

OL What does a small standard deviation mean in this situation? The 

majority of the team members have times that are very close to 

the mean. 

BL Why is the average difference from the mean not used as a 

measure of spread? The result would be zero. 

MPMP
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S.IC.4 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Calculate Statistics 

Teaching the Mathematical Practices 

5 Use Mathematical Tools To solve the problem in Example 2, 

students must use a graphing calculator to calculate the statistics 

of the set of data. Work with students to explore and deepen their 

understanding of calculating statistics. 

Questions for Mathematical Discourse 

AL How do you use the standard deviation to find the interval in 

which most of the values occur? Most of the data is in the interval 

found by adding or subtracting the standard deviation from the 

mean, or [µ - σ, µ + σ]. 

OL How can you check that most of the data is within one standard 

deviation of the mean? Sample answer: count how many points 

are within the interval [µ - σ, µ + σ] and divide the number by the 

total number of the data points in the set. If the result is greater 

than 0.5, most of the data is within one standard deviation. 

BL What would happen to the mean and standard deviation if the 

26 was removed from the data set? The mean and standard 

deviation would both decrease. 

MPMP

Interactive Presentation 

Example 2 

SWIPE 

Students move through the slides to see 

how to use a graphing calculator to find 

statistics. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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S.IC.4 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 3 

SWIPE 

Students move through the slides to see 

how to use a graphing calculator to find 

statistics. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Compare Distributions 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results In Example 3, point out that 

to solve the problem, students should interpret their mathematical 

results in the context of the problem. 

Questions for Mathematical Discourse 

AL Why does Ms. Hettrick’s class have a greater standard deviation 

than Mr. Jackson’s class? The exam scores have a greater spread 

in Ms. Hettrick’s class than in Mr. Jackson’s class. 

OL What could explain the differences in the two distributions? 

Sample answer: The students in Ms. Hettrick’s class had a wider 

range of math ability than the students in Mr. Jackson’s class. 

BL On another exam, Mr. Jackson’s class had an average test score of 

80 out of 100 points, with a standard deviation of 1.2. What might 

this indicate about the exam? Sample answer: Because most of 

the students scored between 78 points and 82 points, the exam 

may have questions that none of the students were able to answer 

correctly. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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S.IC.4 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–8 

2 exercises that use a variety of skills from this lesson 9–13 

3 exercises that emphasize higher-order and

critical-thinking skills 

14–17 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–13 odd, 14–17 

• Extension: The Harmonic Mean 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–17 odd 

• Remediation, Review Resources: Measures of Variation 

• Personal Tutors 

• Extra Examples 1–3 

• Measures of Variation 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–7 odd 

• Remediation, Review Resources: Measures of Variation 

• Measures of Variation 

AL 

Answers 

7. Before the season, the mean time was 9.2 minutes and the standard 

deviation was 1.0 minute. After the season, the mean time was 7.0 

minutes and the standard deviation was 0.9 minutes. This means that 

before the season, the mile times were higher on average, but that the 

mile times were generally spread the same before and after the season. 

8. Geometry Class 1 had a mean score of 86.5 and a standard deviation 

of 11.0. Geometry Class 2 had a mean score of 77.5 and a standard 

deviation of 13.7. This means that the students in Geometry Class 1 

scored higher on average, and their scores were less spread out. 
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S.IC.4 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

12. The guppies in the small tank have a mean length of 1.63 inches with 

a standard deviation of 0.3 inches. The guppies in the large tank have 

a mean length of 2.03 inches with a standard deviation of 0.47 inches. 

From the mean and standard deviation, Juan Carlos can conclude 

that the guppies in the larger tank grew longer. Because the standard 

deviation for the smaller tank was less, he can also conclude that the 

guppies in the small tank are slightly closer in length to each other. 

13. No; sample answer: adding $1 to each employee’s hourly wage has no 

effect on the standard deviation of the data. The standard deviation both 

before and after the wage change is 0.67. 

14. Sample answer: Since the distribution has two clusters that are each 

symmetric, summarize the center and spread of each cluster individually, 

using its mean and standard deviation. 

15. Sample answer: Assume that each data value falls in the center of each 

bar of the histogram. Using technology, the mean is 17, and the standard 

deviation is about 7.4. 

17. Find the mean of the set of data. Then, find the square of the difference 

between each data value and the mean. Next, find the sum of all of the 

squared differences. Then, divide the sum by the number of values in 

the set of data, which is the variance. Finally, take the square root of the 

quotient, or variance. 
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Lesson 8-4 S.ID.4, S.IC.6 

Normal Distributions 

LESSON GOAL 

Students use statistics and normal distributions to analyze data. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Probability Distributions 

Develop: 

Probability Distributions 

• Classify Random Variables 

• Analyze a Probability Distribution 

• Misleading Distributions 

Normal Distributions 

• Approximate Data by Using a Normal Distribution 

• Use the Empirical Rule to Analyze Data 

The Standard Normal Distribution 

• Use z-values to Locate Position 

• Find Area Under the Standard Normal Curve by Using a Table 

• Find Area Under the Standard Normal Curve by Using a Calculator 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Measures of Spread ● ● ● 

Extension: Working Backward with Normal 
● ● ● 

Distributions 

Language Development Handbook 
Assign page 44 of the Language Development 

Handbook to help your students build mathematical 

language related to using sample data to make 

inferences about populations. 

ELL You can use the tips and suggestions on 

page T44 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.ID.4 Use the mean and standard deviation of a data set to fit it to a 

normal distribution and to estimate population percentages. Recognize 

that there are data sets for which such a procedure is not appropriate. 

Use calculators, spreadsheets, and tables to estimate areas under the 

normal curve. 

S.IC.6 Evaluate reports based on data. 

Standards for Mathematical Practice: 

5 Use appropriate tools strategically. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students used statistics to summarize, represent, and compare sets of data. 

S.IC.4 

Now

Students use statistics and normal distributions to analyze data. 

S.IC.6, S.ID.4 

Next 

Students will use sample data to make inferences about populations. 

S.IC.4, S.IC.6 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

understanding of distributions by extending to normal distributions 

and build fluency by estimating population percentages. They apply 

their understanding of normal distributions by solving real-world 

problems. 

Mathematical Background 
The graphs of all normally distributed variables have essentially the same 

shape. With appropriate labeling of the mean and the points that are one 

standard deviation from the mean, the same normal curve can represent 

any normal distribution. 
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S.ID.4, S.IC.6 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this lesson: 

• finding the variance and standard deviation 

Answers: 3. 1; 1 

1. 8; 2.8 4. Exercise 3; Exercise 2 

2. 121.2; 11.0 5. (See below.) 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Analyze Mathematical Relationships In the Launch the Lesson, 

students will learn about how the gestation time for animal species 

can be approximated by a normal distribution. Encourage students 

to analyze the data in the table about the mean times and standard 

deviations for some species. Ask students to draw conclusions 

about the gestation time for 95% of the young for each species. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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S.ID.4 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Probability Distributions 

Objective 

Students examine the mean of a probability distribution as the sample 

size increases. 

Teaching the Mathematical Practices 

5 Decide When to Use Tools Mathematically proficient students 

can make sound decisions about when to use mathematical tools 

such as a concrete model or sketch. Help them see why using a 

sketch will help them solve problems and what the limitations are 

of using a concrete model to complete the Explore. 

7 Look for a Pattern Help students to see the pattern in the 

probability distribution of the data as the sample size increases. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet  so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be provided with an Inquiry Question to answer at the end 

of the activity. They will use a simulation and complete guiding exercises 

to explore the relationship between expected value and sample size. 

Then students will answer the Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students use a sketch to simulate rolling two dice. 

TYPE 

Students record the results of their simulation in a table and 

describe distributions. a 

(continued on the next page) 
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S.ID.4 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Probability Distributions ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Suppose a similar simulation is conducted that records the sum of two 

integers x and y, where 1 ≤ x, y ≤ 10. What is the expected mean? 11 

Describe the distribution as the number of trials is increased. Sample 

answer: The distribution is discrete and is bell-shaped. The highest bar 

will be at 11. 

• What if the random number generator is used to find the sum of two 

real numbers a and b, where 1 ≤ a, b ≤ 10. What is the expected 

mean? 11 Describe the distribution as the number of trials is increased. 

Sample answer: The distribution is continuous and is bell-shaped. The 

curve of the distribution will be at the highest at 11. 

Inquiry 

What is the relationship between the expected value of a discrete random 

variable and the mean of the distribution of that variable as the sample 

size increases? Sample answer: The mean of the distribution is equal to 

the expected value. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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S.ID.4, S.IC.6 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Probability Distributions 

Objective 

Students classify variables and analyze probability distributions to 

determine expected outcomes. 

Teaching the Mathematical Practices 

3 Construct Arguments Students will use stated assumptions 

and definitions to construct an argument about the probability of 

each value of a random variable. 

Essential Question Follow-Up 

Students have explored probability. 

Ask: 

How can probability be used in decision making? Sample answer: You 

can use probability to predict the most likely outcomes, and then make 

a decision based on those findings. 

DIFFERENTIATE 

Language Development Activity AL BL ELL 

Social Learners It is important to be aware that some students may 

have cultural or familial prohibitions against cards, dice, or gambling 

of any kind. Explain that, historically, the laws of probability were 

developed in the context of gambling but are now applied in many 

other contexts, including medicine and meteorology. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

TAP 

Students tap on buttons to learn about 

probability distributions. 

TYPE 

Students answer a question about the 

possible values for probabilities of random a 
variables. 
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Interactive Presentation 

Example 2 

EXPAND

Students can tap to see how to construct 
the relative frequency table and 
probability distribution. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Classify Random Variables 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to note 

the meaning of the quantities used in Example 1. Students must 

consider the meaning of the quantities to determine whether they 

are discrete or continuous. 

Questions for Mathematical Discourse 

AL Does a continuous variable have to have an infinite range? 

Explain. No; sample answer: A variable can be continuous over an 

interval. 

OL Does a decimal value indicate a continuous variable? Explain. No; 

sample answer: A variable does not need to be limited to integers 

to be discrete. For example, a variable could be scaled, such as 

2.3 million people. 

BL In previous examples, continuous functions were used to model 

discrete variables. Can discrete models be applied to continuous 

variables? Yes; sample answer: You can define a discrete set 

using ranges of the variable, and then graph with a histogram. 

Example 2 Analyze a Probability Distribution 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the table and graph used in Example 2. 

Questions for Mathematical Discourse 

AL What should the sum of the relative frequencies of a probability 

distribution be? Explain. 1; Sample answer: The sum of all prizes is 

4000, and the relative frequencies are calculated by dividing each 

frequency by 4000. Dividing the sum of 4000 by 4000 equals 1. 

OL Does the sum of the relative frequencies, 1, indicate that buying 

a candy bar guarantees winning a prize? Explain. No; sample 

answer: The probabilities in the example are for the types of prizes 

given a winning wrapper. 

BL If the company produces 400,000 candy bars during the promotion, 

how do you find the probability of one candy bar purchase resulting 

in a $2500 prize? Multiply the probability of getting a winning 
__ 1 _ __ 1 __ candy bar, , by the probability for the $2500 prize, . The 100 1000 

____ 1 ___ probability of winning the $2500 prize is . 100,000 

Common Error 

Remind students that the relatively frequency is out of the 4000 wrappers that 

show the word “Winner!” when they are opened, not out of all wrappers on 

candy from the candy company. Encourage students to think about whether 

the relative frequency reflects the probability of winning a prize when a candy 

is purchased, depending on how many total candy bars are manufactured. 

MPMP

MPMP
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Misleading Distributions 

Teaching the Mathematical Practices 

6 Use Quantities Use the Think About It! question to guide 

students to clarifying their use of quantities in Example 3. Ensure 

that they specify the units of measure used in the problem and 

label axes appropriately. Encourage students to explain why 

labeling axes without the appropriate scale and label can be 

misleading. 

Questions for Mathematical Discourse 

AL What is the difference between a median and a mean? A median 

is the value that splits the data in half, half of the data is greater 

than the median, half is less than the median. A mean is the sum 

of the data divided by the number of data. 

OL What is implied by saying “most of its employees,” and does the 

data support the claim? Sample answer: The claim implies that 

the median salary is at least $40,000, which is not accurate. 

BL What would be a more accurate claim for the company to make? 

Sample answer: The company could report the median salary, 

which should fall between $30,000 and $40,000. 

MPMP

Interactive Presentation 

Check 

CHECK

Students complete the Check online to 
determine whether they are ready to 
move on. 
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Interactive Presentation 

Learn 

SWIPE 

Students move through slides to see 

how the Law of Large Numbers affects a 

histogram. 

TYPE 

Students answer a question about the 

a area under the curve for a specific interval. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Normal Distributions 

Objective 

Students analyze normally distributed variables by using the Empirical Rule. 

Teaching the Mathematical Practices 

7 Use Structure Guide students to see how the structure of a 

normal distribution and normal curve can be used to estimate the 

area under the curve. 

DIFFERENTIATE 

Language Development Activity ELL 

Intermediate Before students read the text, have them take a close 

look at the distributions. Have them use the graph in the Key Concept 

as they work in pairs to form questions about the normal distribution. 

After students finish reading, have partners discuss how their ideas 

changed or stayed the same. 

Advanced Have student pairs take turns reading the text to one 

another. Remind them that they are reading for an audience and that 

they need to maintain the audience’s interest with their voices. Move 

around the room, correcting pronunciation as necessary. Ask students 

what information they learn from the title and how the title affects their 

approach to the text. What do they know about distributions, and what 

do they expect to learn? Have them share with the class. 

Advanced High Have students write a paragraph explaining and 

evaluating each distribution used in relation to the content of the 

lesson. 

MPMP
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Example 4 Approximate Data by Using a 
Normal Distribution 

Teaching the Mathematical Practices 

4 Apply Mathematics In Example 4, students apply what they 

have learned about the normal distribution to analyzing a 

real-world problem. 

Questions for Mathematical Discourse 

AL What does it mean to say that the data is skewed? More of the 

data are on one side of the range than the other. 

OL If a data set has a mean that is close to the minimum or maximum 

value of the variable, what does this indicate? The distribution is 

likely skewed. 

BL How would removing the outliers affect the mean and standard 

deviation? Both the mean and standard deviation would 

decrease. 

Example 5 Use the Empirical Rule to 
Analyze Data 

Teaching the Mathematical Practices 

7 Use Structure Help students to use the structure of the Empirical 

Rule to analyze a normal distribution. 

Questions for Mathematical Discourse 

AL Why is σ multiplied by 2 in part a? We want the range of values 

that represent the middle 95% of the distribution. 68% of the 

distribution is between µ - σ and µ + σ, while 95% is between 

µ - 2σ and µ + 2 .σ

OL What range of values represents 100% of the data? ( ,-∞  ∞) 

BL Could a skewed set of data have the same standard deviation and 

mean as the normal distribution in the example? yes What is a 

way you could show that skewed data is not well represented by 

the normal distribution? Sample answer: find the percent of the 

data that is within a standard deviation greater than and less than 

the mean, and compare to the expected percent for that interval 

for a normal distribution. 

Interactive Presentation 

Example 5 

SWIPE

Students move through the slides to see 

how the Empirical Rule is applied. 

WATCH

Students can watch videos to see how 

to graph a normal distribution using a 

graphing calculator. 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 
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Interactive Presentation 

Learn 

TYPE

Students will answer a question to show 

the relationship between the z-value and a
standard deviation. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn The Standard Normal Distribution 

Objective 

Students analyze standardized data and distributions by using z-scores. 

Teaching the Mathematical Practices 

1 Explain Correspondences Guide students as they use the 

z-score tables to interpret the meaning of the values in relation to
the data. 

MPMP
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Use z-Values to Locate 
Position 

Teaching the Mathematical Practices 

6 Use Precision In this Example, students will calculate accurately 

and efficiently using the formula for calculating z-values. 

Questions for Mathematical Discourse 

AL What is the z-value of the mean? Explain. 0; Sample answer: A 

z-value is the number of standard deviations a data value is from

the mean. 

OL What does it mean when a z-value is negative? The data value is 

below the mean. 

BL What is the z-value of X when the distribution is a standard normal 

distribution? X 

Example 7 Find Area Under the Standard 
Normal Curve by Using a Table 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the z-values in the table and the area under 

the curve. 

Questions for Mathematical Discourse 

AL How would you use the z-table to find the probability for 

z = -1.50? Move down the first column to −1.5,  and then move

over to the value that is in the 0.00 column. 

OL Without looking at the z-table, what do you expect the table to 

show for the 0.0 row and 0.00 column? Explain. 0.5000; Sample 

answer: The z-score for the mean is 0. Because 50% of the 

distribution is to the left of the mean, the value is 0.5000. 

BL How do you find the area under the standard normal curve to the 

right of any z-value? Subtract the table value from 1. 

MPMP

MPMP

Interactive Presentation 

Example 6 

TYPE 

Students use the formula for z-values to 

find a missing quantity. a 

Lesson 8-4 • Normal Distributions 399 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0285.xhtml


S.ID.4, S.IC.6 2 EXPLORE AND DEVELOP 

Example 8 

SWIPE 

Students move through the slides to see 

how to find the area under a standard 

normal curve by using a calculator. 

EXPAND 

Students can tap to see an alternate 

method. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 8 Find Area Under the Standard 
Normal Curve by Using a Calculator 

Teaching the Mathematical Practices 

5 Use Mathematical Tools Point out that to solve the problem 

in Example 8, students will need to use a graphing calculator to 

determine the area under the standard normal curve. 

Questions for Mathematical Discourse 

AL Why do you need to find the corresponding z-value for X? Sample 

answer: the given distribution is a normal distribution, but not 

a standard normal distribution. The probabilities for a standard 

normal distribution can be found with the table or a calculator, 

and the probability for X will be the same as the probability for the 

associated z-value. 

OL What are alternative ways to determine the probability of the 

Web site getting less than 100,000 hits on a given day? Sample 

answer: use the calculator to find the area from z = -4 to 

z = 0.150; subtract 0.44 from 1; use the table to find the value for

z = 0.150

BL Why is z = 4 used as the other endpoint for finding the 

area? Sample answer: though the distribution continues to 

approach zero as z approaches infinity, for the purpose of 

estimation, the curve is effectively zero when z = 4. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–14 

2 exercises that use a variety of skills from this

lesson 

15–18 

3 exercises that emphasize higher-order and

critical-thinking skills 

19–21 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–17 odd, 19–21 

• Extension: Working Backward with Normal Distributions 

• Standard Deviation and the Normal Distribution 

BL 

IF students score 66%−89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–21 odd 

• Remediation, Review Resources: Measures of Spread 

• Personal Tutors 

• Extra Examples 1–8 

• Measures of Center and Spread 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–13 odd 

• Remediation, Review Resources: Measures of Spread 

• Quick Review Math Handbook: The Normal Distribution 

• Measures of Center and Spread 

AL 
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Answers 

1. texts; discrete; The number of texts can only be represented as a whole 

number. 

2. likes; discrete; The number of "likes" can only be represented as a 

whole number. 

3. height of plant; continuous; The height of a plant may be any positive 

value. 

4. 
Prize ( )X Frequency Relative Frequency 

$5 150 0.75 

$50 40 0.2 

$100 9 0.045 

$1000 1 0.005 

5. The scale of the y-axis misleadingly shows the differences in probabilities. 

6. 

The data set is skewed. Thus, the data cannot be approximated with the 

normal distribution. 

18. 
Score ( )x  15 16 17 18 19 20 

_ 1 _ 2 _ 3 _ 1 _ _ 0 _ 0 
P X(  = x)

10 5 10 5 10 10 

19. Hiroko; Sample answer: Monica’s solution would work with a uniform 
distribution. 

21. Sample answer: The z-value represents the position of a value X in 

a normal distribution. The area under a curve to the left of a z-value 

represents the probability that a value from the distribution will be less 

than the given value X. 
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Lesson 8-5 S.IC.4, S.IC.6 

Estimating Population Parameters 

LESSON GOAL 

Students use sample data to make inferences about populations. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Estimating the Population Mean 

• Find the Maximum Error of the Estimate 

• Estimate a Population Mean 

Estimating the Population Proportion 

• Estimate a Population Proportion 

• Misleading Population Estimates 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Measures of Spread ＀ ＀ ＀ 

Extension: Hypothesis Testing ＀ ＀ ＀ 

Language Development Handbook 
Assign page 45 of the Language Development 

Handbook to help your students build mathematical 

language related to using sample data to make 

inferences about populations. 

ELL You can use the tips and suggestions on 

page T45 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Statistics and Probability 

Standards for Mathematical Content: 

S.IC.4 Use data from a sample survey to estimate a population mean 

or proportion; develop a margin of error through the use of simulation 

models for random sampling. 

S.IC.6 Evaluate reports based on data. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

3 Construct viable arguments and critique the reasoning of others. 

Coherence 

Vertical Alignment 

Previous 

Students used statistics and normal distributions to analyze data. 

S.ID.4, S.IC.6 

Now

Students use sample data to make inferences about populations. 

S.IC.4, S.IC.6 

Next 

Students will perform calculations and graph with angles and trigonometric 

expressions, equations, and functions. 

F.TF.3, F.TF.5 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of population mean and proportion. They build fluency 

and apply their understanding by solving real-world problems. 

Mathematical Background 
A population parameter is a statistical measure that, for a given 

population, is fixed and is used as the value of a variable in a general 

distribution to make it descriptive of that population. The mean and 

variance of a population are population parameters. The confidence level 

describes the likelihood that a particular sampling method will produce 

a confidence interval that includes the true population parameter. The 

confidence level describes the uncertainty of a sampling method. 
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Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding the sample mean and standard deviation 

Answers: 

1. {8, 10, 14}, 10.67; {8, 10, 15}, 11; {8, 14, 15}, 12.33; {10, 14, 15}, 13 

2. mean 11.75; standard deviation 0.95 

3. mean 11.75; standard deviation 2.86 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students 

will learn how sample data are used to estimate the Positive 

Experience Index of a population. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices? and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Estimating the Population Mean 

Objective 

Students use sample data to infer a population mean by using confidence 

intervals. 

Teaching the Mathematical Practices 

2 Attend to Quantities Point out that it is important to know the 

meaning of quantities used in statistical formulas. Throughout this 

lesson, encourage students to attend to the meaning of variables 

and mathematical results. 

3 Reason Inductively Throughout this lesson, students will use 

inductive reasoning to make plausible arguments and inferences 

about a population from a sample. 

DIFFERENTIATE 

Language Development Activity AL BL ELL 

IF students are having difficulty keeping track of the various key 

concepts and equations, many of which are similar to each other in 

name and structure, 

THEN have the students create a list of the key terms, like standard 

deviation and maximum error of the estimate. Identify the variables 

that represent these terms, as well as equations used to calculate 

them. 

Go Online 

• F ind additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

SWIPE 

Students can swipe to see how the sample 

size n relates to the distribution of all 

possible sample means n. 

TYPE 

Students answer a question about the 

a relationship between confidence level and 

confidence interval. 
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Interactive Presentation 

Example 1 

TYPE 

Students determine why 90%, 95%, and 

99% are usually chosen for confidence a 
intervals. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Find the Maximum Error of 
the Estimate 

Teaching the Mathematical Practices 

3 Construct Arguments In the Talk About It! feature, students 

will use stated assumptions and definitions to construct an 

argument about confidence intervals. 

Questions for Mathematical Discourse 

AL What is the difference between σ and s? σ is the standard deviation 

for the entire population, and s is the standard deviation for the sample. 

OL What happens to the maximum error of the estimate as the sample 

size increases? The maximum error of the estimate decreases as 

the sample size increases. 

BL Without calculating it, estimate the maximum error of the estimate. 

Explain your reasoning. 0.165; Sample answer: Because the 

z-value for 99% certainty is approximately 1.5 times greater than 

the z-value for 90% certainty, I multiplied the maximum error of 

the estimate by 1.5. 

Example 2 Estimate a Population Mean 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results In Example 2, point out that 

to solve the problem, students should interpret their mathematical 

results in the context of the problem. 

Questions for Mathematical Discourse 

AL What is the relationship between x ̄ and µ? Sample answer: ¯ x is 

the sample mean, and µ is the population mean. You can use the 

sample mean to estimate the population mean to varying levels of 

confidence using the sample standard deviation, the sample size, 

and the z-value of the desired confidence interval. 

OL Why would you expect the z-value for 95% to be close to 

2? Sample answer: The empirical rule tells you that about 95% of 

the data is within 2 standard deviations of the mean. 

BL Suppose you took multiple random samples of 50 students and 

looked at the distribution of the sample means. What do you think 

the distribution of the sample means would look like? The sample 

means would be normally distributed. 

MPMP

MPMP
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Estimating the Population Proportion 

Objective 

Students use sample data to infer a population proportion by using 

confidence intervals. 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and their 

relationships in the context of a problem. Notice the relationship 

between the variables when calculating sample proportions and 

the maximum error of the estimate for a population proportion. 

What Students Are Learning 

Remind students that the sample proportion is a means of estimating 

the population proportion. Encourage students to consider what it 

would take to determine the population proportion directly and to justify 

why using the sample proportion as an estimate is often more realistic. 

Remind students to consider bias and sampling errors when calculating 

a sample proportion. 

Essential Question Follow-Up 

Students have explored probability distributions. 

Ask: 

Can statistics lie? Sample answer: Statistics are valid only when the 

related biases of the sample populations are understood and taken 

into account. When used to make claims that involve influences which 

were not part of the original sample, statistics can be misleading. 

Statistics can “lie” when they are  manipulated and used to influence 

the intended audience’s beliefs and behaviors. 

MPMP

Interactive Presentation 

Learn 

TAP

Students tap to see a Study Tip about 

terminology. 
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Interactive Presentation 

Apply Example 3 

TYPE

Students answer questions about the 

steps to solving the problem. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Apply Example 3 Estimate a Population 
Proportion 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 

4 Model with Mathematics Students will be presented with 

a task. They will first seek to understand the task, and then 

determine possible entry points to solving it. As students come up 

with their own strategies, they may propose mathematical models 

to aid them. As they work to solve the problem, encourage them 

to evaluate their model and/or progress, and change direction, if 

necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present 

the task, or have a volunteer read it aloud. Then allow students the time 

to make sure they understand the task, think of possible strategies, and 

work to solve the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them 

on a particular strategy, encourage them to use their own strategies to 

solve the problem and to evaluate their progress along the way. They 

may or may not find that they need to change direction or try out several 

strategies. 

Signs of Non-Productive Struggle 

If students show signs of non-productive struggle, such as feeling 

overwhelmed, frustrated, or disengaged, intervene to encourage them to 

think of alternate approaches to the problem. Some sample questions are 

shown. 

• What is the z-value that corresponds to a 90% confidence level? 

• In order to find the confidence interval, what other value must be 

determined and what formula can be used to determine that value? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

MPMP
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1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Misleading Population 
Estimates 

Teaching the Mathematical Practices 

3 Find the Error Example 4 requires students to read the claims 

of others, decide whether they are misleading or flawed, and 

explain the flaw. 

Questions for Mathematical Discourse 

AL What does the margin of error represent in this example? the 

maximum error of the estimate 

OL How do you know the sample proportion is 0.45? The low end of 

the estimate is 40% and the margin of error is 5%. 

BL If the lobbying group used the same tactic with a 95% confidence 

interval, what impression could they give? Sample answer: They 

could use the larger interval to claim the proportion will be above 

50%. 

MPMP

Interactive Presentation 

Example 4 
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S.IC.4, S.IC.6 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Check 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 
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S.IC.4, S.IC.6 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–11 

2 exercises that use a variety of skills from this

lesson 

12–14 

3 exercises that emphasize higher-order and

critical-thinking skills 

15–17 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice, Exercises 1–13 odd, 15–17 

• Extension: Hypothesis Testing 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice, Exercises 1–17 odd 

• Remediation, Review Resources: Measures of Spread 

• Personal Tutors 

• Extra Examples 1–4 

• Measures of Center and Spread 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–11 odd 

• Remediation, Review Resources: Measures of Spread 

• Quick Review Math Handbook: Simulations and Margin of Error 

• Measures of Center and Spread 

AL 
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S.IC.4, S.IC.6 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

4. At a 90% confidence interval, the population mean is 5.49 ≤ µ ≤ 6.11. 

Therefore, we are 90% confident that the weight of packages is 

between 5.49 pounds and 6.11 pounds. 

5. At a 99% confidence interval, the population mean is 5.35 ≤ µ ≤ 5.65. 

Therefore, we are 99% confident that the rating of the airline is between 

5.35 and 5.65. 

6. At a 95% confidence interval, the population mean is 14.58 ≤ µ ≤ 

14.92. Therefore, we are 95% confident that the number of credit hours 

taken by a college student is between 14.58 and 14.92. 

7. At a 90% confidence interval, the population proportion is 0.712 ≤ p ≤ 

0.838. Therefore, we are 90% confident that the proportion of students 

who agree that high school students should have a part-time job is 

between 71.2% and 83.8%. 

8. At a 95% confidence interval, the population proportion is 0.159 ≤ p ≤ 

0.269. Therefore, we are 95% confident that the proportion of students 

who ride the bus to school is between 15.9% and 26.9%. 

9. At a 99% confidence interval, the population proportion is 0.335 ≤ p ≤ 

0.497. Therefore, we are 99% confident that the proportion of students 

who agree with the principal’s plan is between 33.5% and 49.7%. 

10. The sample size is too small to use a confidence interval, and the 

confidence level is too low. 
_ 12 __ 0 _ 11. Instead of stating that the population proportion is estimated at =
250 

0.48 = 48% with a margin of error of 3%, the claim uses the highest 

possible estimate for the population proportion to give the impression that 

the proportion of people who want parks to be built is greater than 50%. 

12a. 90%: E = 2.5, so the confidence interval is from 28.3 min to 33.3 min 

95%: E = 3.0, so the confidence interval is from 27.8 min to 33.8 min 

99%: E = 3.9, so the confidence interval is from 26.9 min to 34.7 min 

12b. Sample answer: Enrique should use a 99% confidence level to provide 
_ 6 _ .40 

information he can really count on. E = 2.58 ＀ _ _ _ _ _ ≈ 3.7, so Cl =
√ 20

31.1 ± 3.7; Enrique can be 99% confident his mean journey time is no 

longer than 34.8 min, and adding 15 min safety margin based on doubling 

the S.D. of 6.4 min he obtained, 50 min should ensure he is on time. 
_____________ 
0.156(1 − 0.156) _ 3 _ 2 __ _____________ 13. ˆ p = ≈ 0.156 and ME = 1.96 ≈ 0.050,

205 √ 205 

so Cl = 15.6% ± 5.0%; Sample answer: With 95% confidence, the mean 

proportion of discards for the population of all pieces fired in her kiln is 

between 10.6% and 20.6%, so Karen should probably buy a new kiln on 

the basis that the discard rate is most likely higher than 10%. 

14a. E = 0.42; Sample answer: You can be 99% confident that the mean 

number of days of recovery for all patients taking this drug lies within 

0.42 days of 5.3. 

14c. Because 4 lies outside the 99% confidence interval, it is not reasonable. 

It is possible because 1% of cases will fall outside of the interval, but it is 

not reasonable. 

15. As the sample size increases, the maximum error decreases. 

16. To estimate the population proportion, first find the proportions of 

success and failure. Then find the sample size. Next, identify the 

corresponding z-value. Then, find the maximum error of the estimate E. 

The confidence interval for the population proportion is p ˆ ± E.

17. Sample answer: sample mean: 18.8 hours; sample standard deviation: 8.8; 

the mean number of hours with a 90% confidence level is 15.4 ≤ µ ≤ 22.2. 

Hours of Television Watched Each Week 

12 8 19 27 20 18 

0 33 25 14 9 19 
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Module 8 • Inferential Statistics 

Review

Rate Yourself
Have students return to the Module Opener to rate their understanding 

of the concepts presented in this module. They should see that their 

knowledge and skills have increased. After completing the chart, have 

them respond to the prompts in their Student Edition and share their 

responses with a partner. 

Answering the Essential Question 
Before answering the Essential Question, have students review their 

answers to the Essential Question Follow-Up questions found throughout 

the module. 

• How can you use information to make decisions? 

• How can probability be used in decision making? 

• Can statistics lie? 

Then have them write their answer to the Essential Question. 

ELL A completed Foldable for this module should include the key 

concepts related to statistics and probability. 

LearnSmart Use LearnSmart as part of your test preparation plan 

to measure student topic retention. You can create a student assignment 

in LearnSmart for additional practice on these topics for Inferences and 

Conclusions from Data. 

• Data Measurements 

• Data Collection Methods 

• Inferences and Conclusions 
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Review and Assessment Options 
The following online review and assessment resources are available 

for you to assign to your students. These resources include technology- 

enhanced questions that are auto-scored, as well as essay questions. 

Review Resources 

Vocabulary Activity 

Module Review 

Assessment Resources 

Vocabulary Test 

AL Module Test Form B 

OL Module Test Form A 

BL Module Test Form C 

Performance Task* 

*The module-level performance task is available online as a printable document. A scoring 

rubric is included. 
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Test Practice 

You can use these pages to help your students review module content 

and prepare for online assessments. Exercises 1–15 mirror the types of 

questions your students will see on online assessments. 

Question Type Description Exercise(s) 

Multiple Choice Students select one correct answer. 1, 3–5, 

12, 14 

Multi-Select Multiple answers may be correct. 

Students must select all correct 

answers. 

9 

Table Item Students complete a table by

entering the correct values. 

2, 7 

Open Response Students construct their own

response.

6, 8, 10, 

11, 13 

To ensure that students understand the standards, check students’ 

success on individual exercises. 

Standard(s) Lesson(s) Exercise(s) 

S.IC.1 8-1 1 

S.IC.2 8-2 4, 5 

S.IC.3 8-1 2, 3 

S.IC.4 8-3, 8-5 7, 8, 9, 12, 13 

S.IC.5 8-2 6 

S.IC.6 8-5 14 

S.ID.4 8-4 10, 11 
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Lesson 8-2 

17a. The theoretical probably that she serves an ace on her next serve is 66%, 

and the theoretical probability that she doesn’t is 34%. Use a random 

number generator to generate integers 1 through 100. The integers 1–66 

will represent an ace, and the integers 67–100 will represent any other 

outcome of her serve. The simulation will consist of 30 trials. 

17b. Sample data is shown: 

14 16 8 94 9 87 

41 41 68 42 66 11 

74 38 86 41 26 92 

28 36 4 12 25 68 

24 4 76 3 61 35 

17c. Sample answer: 22 of the 30 trials, or 73.3%, resulted in an ace on the 

next serve. According to this simulation, it is highly likely that her next 

serve will be an ace. The data is not completely consistent with the model, 

but if a larger trial were done, it might correlate more closely. 

18. Coin toss; I recognized that there are only two choices of candidates, so the 

pattern of a coin toss is closest to voting. 

19. Sample answer: Jevon’s concern about the fairness of the coin should be 

dependent on the number of times he tossed it. If he completed only 4, or 

even 20, trials, then the sample size is not large enough to warrant concern. 

However, if he completed 100 or more trials, then he should be concerned 

since the experimental probability should be closer to the theoretical 
_ 1 _ probability of , or 50%. 
2 

20. Never; sample answer: The theoretical probability of getting heads from a 

coin is one-half, or 7.5 times out of 15 tosses. However, when you toss a 

coin 15 times, getting 7.5 heads is not possible. 

21. True; sample answer: The event will always occur when the theoretical 

probability is 1. Therefore, the experimental probability can never be 0. For 

example, the theoretical probability of rolling a die and getting 1, 2, 3, 4, 5, 

or 6 is 1 since it will always show one of these six numbers. So, when a die 

is rolled, the result will be one of these six numbers, making the 

experimental probability always greater than 0. 

22. Sample answer: You should consider the design of the simulation, how 

many trials were used, and whether the theoretical and experimental 

probabilities are reasonably close. 

23. Yes; sample answer: If the spinner were going to be divided equally into 

three outcomes, each sector would measure 120. Because you only want to 

know the probability of outcome C, you can record spins that end in the red 

area as a success, or the occurrence of outcome C, and spins that end in 

the blue area as a failure, or an outcome of A or B. 

24. Sometimes; sample answer: Flipping a coin can be used to simulate an 

experiment with two possible outcomes when both outcomes are equally 

likely. If the probabilities of the occurrence of the two outcomes are 

different, flipping a coin is not an appropriate simulation. 
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Module 9 

Trigonometric Functions 

Module Goals

• Students draw angles in standard position and convert between degree 

and radian measures of angles. 

• Students find the values of trigonometric functions by using general 

angles and reference angles. 

• Students find trigonometric values by using the unit circle and the 

properties of periodic functions. 

• Students graph and analyze sine and cosine functions. 

• Students graph and analyze tangent and reciprocal trigonometric 

functions. 

Focus 

Domain: Functions 

Standards for Mathematical Content: 

F.TF.2 Explain how the unit circle in the coordinate plane enables the 

extension of trigonometric functions to all real numbers, interpreted 

as radian measures of angles traversed counterclockwise around the 

unit circle. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

Also addresses F.IF.4, F.TF.1, F.TF.3, F.TF.5, F.TF.7, and F.BF.3. 

Standards for Mathematical Practice: 

All Standards for Mathematical Practice will be addressed in this module. 

Coherence 

Vertical Alignment 

Previous 

Students solved problems involving right triangles using the Pythagorean 

Theorem and trigonometric ratios. 

8.G.7, 8.G.8, G.SRT.8 (Course 2) 

Now

Students evaluate and graph trigonometric functions. 

F.TF.2, F.TF.5 

Rigor 

The Three Pillars of Rigor 

To help students meet standards, they need to illustrate their ability to 

use the three pillars of rigor. Students gain conceptual understanding as 

they move from the Explore to Learn sections within a lesson. Once they 

understand the concept, they practice procedural skills and fluency and 

apply their mathematical knowledge as they go through the Examples 

and Independent Practice. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

EXPLORE LEARN EXAMPLE & PRACTICE 

Suggested Pacing 

Lessons Standards 45-min classes 90-min classes 

Module Pretest and Launch the Module Video 1 0.5 

9-1 Angles and Angle Measure F.TF.1 2 1 

9-2 Trigonometric Functions of General Angles F.TF.3 2 1 

9-3 Circular and Periodic Functions F.TF.2, F.TF.5 1 0.5 

9-4 Graphing Sine and Cosine Functions F.IF.4; F.IF.7e 2 1 

9-5 Graphing Other Trigonometric Functions F.IF.4; F.IF.7e 1 0.5 

9-6 Translations of Trigonometric Graphs F.IF.7e; F.BF.3 1 0.5 

9-7 Inverse Trigonometric Functions F.TF.7 1 0.5 

Module Review 1 0.5 

Module Assessment 1 0.5 

Total Days 13 6.5 
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CHERYL TOBEY 

MATH 
PROBES 

Formative Assessment Math Probe 

Angle Measures 

Module Resource 

Analyze the Probe 
Review the probe prior to assigning it to your students. 

In this probe, students will determine whether statements accurately describe angles of rotation. 

Targeted Concepts Understand the structure of the unit circle and angles of rotation 

using degrees and radians. 

Targeted Misconceptions 

• Students may confuse clockwise rotation with positive angle measures and 

counterclockwise rotation with negative angle measures. 

• Students may confuse angles of rotation with reference angles. 

• Students may have difficulty with radian measures that have different denominators than 

the one used in a reference angle. 

• Students may not know how to use degree measures when a radian measure is given. 

• Students may not understand that angle of rotation can be greater than 360° (or less 

than -360°). 

Use the Probe after Lesson 9-1. 

Correct Answers: 

Set 1. No: A, C, D; Yes: B, E, F 

Set 2. No: B, C, F; Yes: A, D, E 

Collect and Assess Student Answers 

If the student selects Then the student likely... 

these responses... 

1B. no 2A. no believes that a clockwise rotation is positive and a counterclockwise rotation is 

1C. yes 2B. yes negative. 

1D. yes 2C. yes 

1E. no 2D. no 

1A. yes confuses the reference angle with the angle of rotation/angle measure. 

1F. no is having difficulty with a denominator different from what is given in the reference angle. 

2E. no does not think that the angle of rotation can be greater than 360°. 

2F. yes does not understand how to change a radian measure into a degree measure. 

Take Action 
After the Probe Design a plan to address any possible misconceptions. You may wish to 

assign the following resources. 

• Angles 

• Lesson 9-1, all Learns, all Examples 

Revisit the Probe at the end of the module to be sure that your students no longer carry 

these misconceptions. 
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The Ignite! activities, created by Dr. Raj Shah, cultivate curiosity and 

engage and challenge students. Use these open-ended, collaborative 

activities, located online in the module Launch section, to encourage 

your students to develop a growth mindset towards mathematics and 

problem solving. Use the teacher notes for implementation suggestions 

and support for encouraging productive struggle. 

Essential Question 

At the end of this module, students should be able to answer the 

Essential Question. 

What are the key features of the graph of a trigonometric function 

and how do they represent real-world situations? Sample answer: 

Trigonometric functions have amplitudes, periods, and frequencies. 

This allows real-world cyclical situations to be modeled. The amplitude 

identifies maximum or minimum values. The period often tells the time to 

complete one cycle. The frequency tells the number of cycles the function 

completes in a given interval. 

What Will You Learn? 

Prior to beginning this module, have your students rate their knowledge 

of each item listed. Then, at the end of the module, you will be reminded 

to have your students return to these pages to rate their knowledge 

again. They should see that their knowledge and skills have increased. 

Focus Students write notes about new terms and concepts as they are 

presented in each lesson of this module. 

Teach Have students construct their Foldable as illustrated. Have 

students write an explanation of each term or concept on the 

appropriate section of their Foldable while working through each lesson. 

Encourage students to record examples of each term or concept on the 

back of each flap. 

When to Use It Encourage students to add to their Foldable as they 

work through the module, and to use it to review for the module test. 

Launch the Module 

For this module, the Launch the Module video uses trigonometric 

functions to model the rides at an amusement park. Students learn the 

basic components of trigonometric functions in a real-world situation. 

Interactive Presentation 
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What Vocabulary Will You Learn? 
ELL As you proceed through the module, introduce the key vocabulary 

by using the following routine. 

Define The phase shift of a graph is the horizontal translation of the

graph of a trigonometric function; y = sin (x - h) 

Example g x( ) = sin (x - π)

Ask What is the value of h? π

Are You Ready? 

Students may need to review the following prerequisite skills to succeed 

in this module. 

• converting measurements 

• solving trigonometric ratios 

• using circle terms 

• finding function values 

• finding vertical asymptotes 

• predicting transformations 

• finding inverses of functions 

ALEKS is an adaptive, personalized learning environment that identifies

precisely what each student knows and is ready to learn, ensuring 

student success at all levels. 

You can use the ALEKS pie report to see which students know the topics 

in the Trigonometry module—who is ready to learn these topics and who 

isn’t quite ready to learn them yet—in order to adjust your instruction as 

appropriate. 

Mindset Matters 

Collaborative Risk Taking

Some students may be averse to taking risks during math class, like 

sharing an idea, strategy, or solution. They may worry about their grades or 

scores on tests, or some might feel less confident solving math problems, 

especially in front of their peers. 

How Can I Apply It? 

Assign the Practice problems of each lesson and encourage students 

to take risks as they solve problems, try new paths, and discuss their 

strategies with their partner or group. 
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Lesson 9-1 F.TF.1 

Angles and Angle Measures 

LESSON GOAL 

Students draw angles in standard position and convert between degree 

and radian measures of angles. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Angles in Standard Position 

• Draw an Angle in Standard Position 

• Draw an Angle with More Than One Rotation 

• Identify Coterminal Angles 

Explore: Arc Length 

Degrees and Radians 

• Convert Degrees to Radians 

• Convert Radians to Degrees 

• Find Arc Length 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

Formative Assessment Math Probe 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Convert Customary 
＀ ＀ ＀ 

Measurements 

Extension: Planetary Orbits ＀ ＀ ＀ 

ELL Support 

Language Development Handbook 
Assign page 46 of the Language Development 

Handbook to help your students build 

mathematical language related to converting 

between degree and radian measures of angles. 

ELL You can use the tips and suggestions on 

page T46 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.TF.1 Understand radian measure of an angle as the length of the arc on 

the unit circle subtended by the angle. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

5 Use appropriate tools strategically. 

Coherence 
Vertical Alignment 

Previous 

Students know the circumference of a circle with radius 1 unit as 2 .π  

7.G.4 

Now 

Students draw angles in standard position and convert between degree and 

radian measures of angles. 

F.TF.1 

Next 

Students will find values of trigonometric functions by using general angles 

and reference angles. 

F.TF.3 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of radian measure. They build fluency by converting 

between degree and radian measures of angles, and they apply their 

understanding by solving real-world problems. 

Mathematical Background 
An angle on a coordinate plane is in standard position if one ray of 

the angle (initial side) is placed on the positive x-axis and the other 

ray (terminal side) rotates about the origin. The terminal side rotates 

counterclockwise to show an angle with a positive measure and rotates 

clockwise to show an angle with a negative measure. 
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F.TF.1 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• converting measurements 

Answers: 

1. 67.2 km 

2. 26.3 mi 

3. 340.2 g 

4. 0.4 oz 

5. 40.7 lb 

6. 8.4 kg 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Make Assumptions Have students explain an assumption or 

approximation that must be made when calculating distance using 

the geographic coordinate system. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.TF.1 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Arc Length 

Objective 

Students use a sketch to explore radians and the relationship between 

central angles and arc length. 

Teaching the Mathematical Practices 

3 Justify Conclusions Mathematically proficient students 

can explain the conclusions drawn when solving a problem. 

Throughout the Explore, students justify their conclusions about 

the relationships between a central angle, radius, and arc length. 

5 Use Mathematical Tools Encourage students to use the 

sketch to explore the relationship between central angles and the 

lengths of intercepted arcs. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of  Activity 

Students will be presented with an Inquiry Question to answer at the end 

of the activity. They will use a sketch to explore the relationship between 

central angles and the lengths of the generated arcs. Students will work 

through three different exercises. Then students will answer the Inquiry 

Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students use the sketch to explore the relationship between the 

measure of a central angle and the length of the arc created. 

TYPE 

Students move through the exercises and answer questions 

pertaining to the generated angles and arcs. 

(continued on the next page) 
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F.TF.1 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students will respond to the Inquiry Question and can view a 

sample answer. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Arc Length ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 
⏜ 

• What is the length of AC in centimeters? 12.2 cm What is the length in 

terms of r? 2r 

• What is the length of the arc, in terms of r, generated by two radii that 

form a diameter of the circle? πr 

Inquiry 

How can you use a central angle to determine the length of an arc? 

Sample answer: Multiply the measure of the central angle in radians 

by the radius of the circle to find the length of the arc that the angle 

intercepts. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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F.TF.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Angles in Standard Position 

Objective 

Students draw angles in standard position and identify coterminal angles. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

and explain their reasoning. Students should use clear definitions 

and mathematical language when they discuss their answer to the 

question in the Talk About It! feature. 

Common Misconception 

A common misconception some students may have is that a negative 

angle cannot have the same measure as a positive angle. A student may 

not realize that - °75  shares the same measure as a 75° angle, but with 

a different rotation. Have students graph several pairs of positive and 

negative angles with the same measure to help solidify the concept. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

TYPE

Students research the meaning of initial 

and terminal as they are related to angles. 
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F.TF.1 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 1 

SELECT 

Students select the correct rotation in 

order to draw the given angle. 

WEB SKETCHPAD 

Students use a sketch to draw the 

given angle. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Draw an Angle in Standard 
Position 

Teaching the Mathematical Practices 

5 Use Mathematical Tools Point out that to draw the angle in 

Example 1 students will need to use a protractor or the sketch online. 

Questions for Mathematical Discourse 

AL Rotating a steering wheel or a screw are often described using 

left and right. Why are clockwise and counterclockwise used to 

describe the rotation of the terminal side of the angle? Using left, 

right, up, or down does not make sense because the direction 

changes as you rotate. When people use left and right to describe 

rotation, it is a convention based on the direction from the top, or 

positive y-axis. 

OL How would drawing a 70° angle compare to drawing a -70° 

angle? The amount of rotation from the positive x-axis is the same 

for both angles, but the positive angle rotates counterclockwise 

and the negative angle rotates clockwise. 

BL For the 200° angle, how many degrees is the terminal side from 

the negative y-axis? Explain two ways to find the answer. 70°; 

You can take 90° - 20° for the quadrant, or 270° - 200° if you 

measure from the initial side. 

Example 2 Draw an Angle with More Than 
One Rotation 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated things as single objects or as being 

composed of several objects. In Example 2, guide students to see 

the angle as a 360° rotation plus an additional rotation. 

Questions for Mathematical Discourse 

AL How do you know when an angle involves more than one full 

rotation? A full rotation is 360°, so an angle with measure greater 

than 360° or less than -360° will be more than one full rotation. 

OL Why is 475° broken into 360° + 115°? One full rotation is 360°, so 

the remaining rotation past the positive x-axis is 115°. 

BL Do angles measuring - °475  and 475° share the same terminal 

side when drawn? Explain. No; sample answer: Both angles 

involve one full rotation plus 115° degrees, but they are in opposite 

directions. The terminal side of the positive angle is in the second 

quadrant, while the terminal side of the negative angle is in the 

third quadrant. 

MPMP

MPMP
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F.TF.1 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Identify Coterminal Angles 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in the way 

coterminal angles are calculated to answer the question in the 

Think About It! feature. 

Questions for Mathematical Discourse 

AL When the angle 395° is drawn, how does it compare to the 

angle 35 ?°  Sample answer: The terminal sides are in the same 

position. 395 degrees is one full rotation plus 35 degrees. 

OL How would you find an angle with a negative measure that is 

coterminal with a 405 angle?˚  Subtract 360° more than once. 

BL How would you test whether two angles are coterminal? Check 

whether the difference between the angles is a multiple of 360°. 

Learn Degrees and Radians 

Objective 

Students convert between degree measures and radian measures and 

find arc lengths by using central angles. 

Teaching the Mathematical Practices 

6 Use Precision In the Think About It! feature, students will 

accurately calculate the degree measure of 1 radian and express 

the answer with an appropriate degree of precision. 

Common Misconception 
__ π __ A common misconception some students may have is that the ratio
180° 

is always used to convert angles, regardless of their unit of measure. 

Remind students that the ratio must be set up to eliminate the given unit 

of measure. 

Example 4 Convert Degrees to Radians 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and their 

relationships. Encourage students to note the relationship 

between degree and radian measures. 

Questions for Mathematical Discourse 

AL Why must 180° be in the denominator of the conversion factor? so 

that the degree units can divide out 

OL Why is 180° used in the conversion factor when a circle has 
_ 2π __ r _ a _ d _ i _ an _ s _ _ π _ r _ a _ d _ ia _ n __ s 

360°? A circle has 2π radians, and = . 
360° 180° 

BL Why are radians expressed in terms of π rather than being 

expressed as a numerical value? π is an irrational number, so the 

exact way to express it is by leaving it as π. 

MPMP

MPMP

MPMP

Interactive Presentation 

Learn 

TAP 

Students tap each button to learn more 

about radians. 

TYPE 

Students determine the degree equivalent 

of 1 radian. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 
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F.TF.1 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 4 

TYPE 

Students explain how to draw an angle 

given in radians. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Convert Radians to Degrees 

Teaching the Mathematical Practices 

8 Attend to Details Mathematically proficient students 

continually ask themselves, “Does this make sense?” In the Think 

About It! feature, students will evaluate the reasonableness of 

their answer. 

Questions for Mathematical Discourse 

AL What is different about the conversion factor in this example 

compared to the previous example of converting degrees to 

radians? The conversion factor is flipped because you are 

converting radians to degrees, so the radian units must cancel. 

OL Why are you able to multiply by a conversion factor without 

changing the measure of the angle? Multiplying by a conversion 
___ 18 _ 0 __ ° __ factor is effectively multiplying by 1; 180° = π radians, so
π radians 

= 1 

BL Explain how to use the equivalent degree and radian measures 
_ 7 _ π _ for special angles to rewrite in degrees. Sample answer: 
6 

π __ _ 7 _ π _ 
= 30 ,° = 7(30 )°  = 210° 

6 6 

Example 6 Find Arc Length 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results In Example 6, point out that 

to solve the problem, students should interpret their mathematical 

results in the context of the problem. 

Questions for Mathematical Discourse 

3 __ π _ 3 __ AL Why is θ = for rotating of the circle? The angle of rotation 
2 4 

_ 3 _ 3 __ π _ for a full circle is 2 π, so •2π = . 
4 2 

OL How do the equations for arc length and circumference 

relate? The arc length for the full circle of 2π radians is 2 ,πr  

which is equal to the circumference. 

BL If r is in feet and θ is in radians, why is s in feet and not feet- 

radians? A radian is a dimensionless quantity defined as the ratio 

of the arc length and the radius. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP

MPMP
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F.TF.1 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–53 

2 exercises that use a variety of skills from this

lesson 

54–62 

2 exercises that extend concepts learned in this

lesson to new contexts 

63–77 

3 exercises that emphasize higher-order and

critical-thinking skills 

78–83 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–77 odd, 78–83 

• Extension: Degrees, Minutes, and Seconds 

• Angles and Their Measure 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–83 odd 

• Remediation, Review Resources: Convert Customary Measurement Units 

• Personal Tutors 

• Extra Examples 1–6 

• U.S. Customary Units of Measurement 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–53 odd 

• Remediation, Review Resources: Convert Customary Measurement Units 

• Quick Review Math Handbook: Angles and Angle Measure 

• U.S. Customary Units of Measurement 

AL 

Answers 

1. 2. 
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F.TF.1 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Answers

3. 4. 

5. 6. 

7. 8. 

9. 10. 

11. 12. 

13. 14. 

15. 
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Lesson 9-2 F.TF.3 

Trigonometric Functions of General Angles 

LESSON GOAL 

Students find the values of trigonometric functions by using general 

angles and reference angles. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Trigonometric Functions in Right Triangles 

• Evaluate Trigonometric Functions 

• Find Trigonometric Ratios 

Trigonometric Functions of General Angles 

• Evaluate Trigonometric Functions Given a Point 

• Evaluate Trigonometric Functions of Quadrantal Angles 

Trigonometric Functions with Reference Angles 

• Find Reference Angles 

• Use a Reference Angle to Find a Trigonometric Value 

• Use Trigonometric Functions 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Trigonometry ＀ ＀ ＀ 

Extension: The Angle of Repose ＀ ＀ ＀ 

ELL Support 

Language Development Handbook 
Assign page 47 of the Language Development 

Handbook to help your students build 

mathematical language related to finding the 

values of trigonometric functions by using 

general angles and reference angles. 

ELL You can use the tips and suggestions on 

page T47 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.TF.3 Use special triangles to determine geometrically the values of 
π __ π __ π __ sine, cosine, tangent for , , and , and use the unit circle to express 
3 4 6 

the values of sine, cosine, and tangent for π - x, π + x, and 2π - x in 

terms of their values for x, where x is any real number. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students drew angles in standard position and converted between degree 

and radian measures of angles. 

F.TF.1 

Now

Students find the values of trigonometric functions by using general angles 

and reference angles. 

F.TF.3 

Next 

Students will find trigonometric values by using the unit circle and the 

properties of periodic functions. 

F.TF.2, F.TF.5 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of periodicity. They build fluency and apply their 

understanding by solving problems related to periodic phenomena. 

Mathematical Background 
When a point P ( ,x  y) on the terminal side of the angle θ is known, the 

value of the six trigonometric functions can be found. Draw a segment 

from the point perpendicular to the x-axis, forming a right triangle with 

a leg measuring x units, a leg measuring y units, and a hypotenuse _______ y 
2 2 __ x __ measuring r units, where r = √ x + y . Thus, sin θ = r and cos θ = r . 

Lesson 9-2 • Trigonometric Functions of General Angles 425a

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0319.xhtml


F.TF.3 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• writing ratios of side measures in a right triangle 

Answers: 

4 __ 
1.

5 

3 __ 
2.

5 

4 __ 
3.

3 

_ 3 _ 
4.

5 

_ 4 _ 
5.

5 

3 __ 
6.

4 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Use Tool The diagram maps the relationships between the 

important quantities in the situation. Encourage students to use the 

diagram and what they know about trigonometry to determine which 

trigonometric function could be used to find the height of a cloud. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer read 

aloud How can I meet this standard? and How can I use these practices?, 

and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.TF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn T rigonometric Functions in 

Right Triangles 

Objective 

Students find values of trigonometric functions for acute angles by 

comparing side lengths of right triangles. 

Teaching the Mathematical Practices 

2 Different Properties Mathematically proficient students 

look for different ways to solve problems. Encourage students to 

consider how to write trigonometric functions by using ratios of 

the sides of a triangle and in terms of sine and/or cosine and to 

choose a method that works best for them. 

Common Misconception 

Students might think that opposite and adjacent sides are always the base 

and height of a right triangle, neglecting to consider the location of the 

reference angle. Reinforce to students that opposite and adjacent sides can 

be identified based only on the position of theta. 

Example 1 Evaluate T rigonometric 

Functions 

Teaching the Mathematical Practices 

6 Use Precision Students will calculate the values of 

trigonometric functions accurately and efficiently. 

Questions for Mathematical Discourse 

AL Why are the values of the trigonometric functions left as fractions 

rather than decimals? The fractions are exact values. Decimal 

values would have to be rounded. 

OL Did you need the figure to determine the cosecant, cosine, and 

cotangent, given the values  for the sine, secant, and tangent? No, 

you can determine the missing trigonometric functions from their 

reciprocals. 

BL Will the secant or cosecant ever be less than 1? Explain. No. The 

secant and the cosecant have the measure of the hypotenuse as 

the numerator, which will always be greater than the measure of 

each leg of the triangle. 

Common Error 

Students often confuse the ratios for the secant and cosecant functions. 

Encourage students to memorize the ratios of all six functions to avoid errors. 

DIFFERENTIATE

Language Development Activity AL ELL
IF students are struggling to remember the trigonometric functions, 

THEN have them memorize SOHCAHTOA (say it like so-cah-toe-ah). 

This helps place the trig function with the sides needed for its ratio. 

SOH means sine-opposite-hypotenuse. CAH means cosine-adjacent- 

hypotenuse. TOA means tangent-opposite-adjacent. 

MPMP

MPMP

Interactive Presentation 

Learn 

TYPE

Students complete a table to examine the definitions of 

trigonometric functions. a
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F.TF.3 2 INQUIRY AND DEVELOP 

Interactive Presentation 

Example 2 

DRAG & DROP 

Students drag and drop the names and measures of the angles 

and sides to complete the right triangle. 

TAP 

Students move through the steps to find all trigonometric functions 

for a given angle. They also examine an Alternate Method. 

CHECK 

Students complete the Check online to determine whether they 

are ready to move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Find T rigonometric Ratios 

Teaching the Mathematical Practices 

1 Explain Correspondences Guide students to use the 

information in Example 2 to draw a diagram to represent the 

problem. 

Questions for Mathematical Discourse 

AL How do you know where to place the 9 and the 13 on the triangle? 

cos A is the leg adjacent to A over the hypotenuse. 

OL What would change about tan A if you were initially given 
_ 9 _ sin A = ? tan A would be the reciprocal of the original tan A. 
13 

BL If each side of the triangle was scaled by a common factor, how 

would the trigonometric ratios be affected? They would remain 

the same. 

Common Error 

Students may add the squares of two given sides without considering 

what the sides of the right triangle represent. Reinforce that two 

measures are not automatically the legs of the right triangle; one may be 

the hypotenuse. 

Essential Question Follow-Up 

Students have begun learning about trigonometric functions. 

Ask: 

Why are trigonometric functions in right triangles useful in the 

real world? Sample answer: Many situations are modeled by 

right triangles, and missing information can be solved for using 

trigonometric functions. For example, if we were standing 10 feet from 

a flagpole and knew the angle from our feet to the top of the flagpole, 

we could determine its height. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP
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F.TF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn T rigonometric Functions of 

General Angles 

Objective 

Students find values of trigonometric functions of general angles by using 

a point on the terminal side of the angle. 

Teaching the Mathematical Practices 

3 Construct Arguments In the Think About It! features, 

students will use stated assumptions, definitions, and previously 

established results to construct arguments about the value of r. 

Common Misconception 

A common misconception some students may have is that the 

trigonometric functions must be positive since they describe the ratio 

of sides in a right triangle. Remind students that the application of the 

trigonometric functions extends beyond a right triangle to the coordinate 

plane, which contains positive and negative values. 

Example 3 Evaluate T rigonometric 

Functions Given a Point 

Teaching the Mathematical Practices 

6 Use Precision Students must calculate accurately and 

precisely to determine the trigonometric ratios for an angle that 

has a terminal side passing through a given point. 

Questions for Mathematical Discourse 

AL How could you draw a triangle on the graph to illustrate finding r? 

Starting at the origin, draw a line left 6 units, then draw a line up 

4 units. r is the hypotenuse from ( 6,-  4) back to the origin. 

OL What would change about the trigonometric ratios if you were 

given a different point on the same line? The values would not 

change. 

BL What would change about tan θ if the point was (6, -4)? It would 

remain the same. What does tan (θ + π) equal? tan θ 

MPMP

MPMP

Interactive Presentation 

Learn 

TYPE

Students explain why the Pythagorean Theorem 

can be used to find r. a
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F.TF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 3 

TAP

Students move through the steps to find all 

trigonometric functions for a given point. 

TYPE

Students identify the values of x, y, and r to find 

the 6 trigonometric functions. a

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Evaluate T rigonometric 

Functions of Quadrantal Angles 

Teaching the Mathematical Practices 

2 Make Sense of Quantities Mathematically proficient 

students need to be able to make sense of quantities and their 

relationships. In Example 4, notice the relationships between 

the x- and y-coordinates of point P, the value of r, and the 

trigonometric functions. 

Questions for Mathematical Discourse 

AL Why are csc θ and cot θ undefined for P(-5, 0)? Division by zero 

is undefined. 

OL How would the ratios change if the point was (5, 0)? cos θ and 

sec θ would be 1, the others would remain the same. 

BL Will the values of the six trigonometric functions be the same for 

any point on the negative x-axis? Explain. Y es; sample answer: 

The coordinates of any point on the negative x-axis are ( ,a  0) 

where a < 0. At this point, r = | |a  or −a. This will result in the 

same six ratios as the point ( 5,−  0). 

MPMP
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F.TF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn T rigonometric Functions with 

Reference Angles 

Objective 

Students find values of trigonometric functions by using reference angles. 

Teaching the Mathematical Practices 

3 Analyze Cases Students will learn how the determine the 

reference angle when the terminal side of the angle is in Quadrant 

I, II, III, or IV. Encourage students to familiarize themselves with all 

of the cases. 

Common Misconception 

A common misconception some students may have is that the reference 

angle is just a coterminal angle. Remind students that reference angles 

are acute angles and coterminal angles can be greater than 90 .˚  

Example 5 Find Reference Angles 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the given angle, the terminal side of the 

angle, and the reference angle. 

Questions for Mathematical Discourse 

AL How do you know the terminal side of the 155° angle is in 

Quadrant II? 155° is between 90° and 180°. 

OL For angles in the third quadrant, why do we subtract 180˚ or π 

from the measure to determine the reference angle? Sample 

answer: The vertical distance from the x-axis is the measure of 

the reference angle,  and the measure of an angle in the third 

quadrant is greater than 180 degrees. 

BL Why do you need to find a coterminal angle with a positive 

measure? Y ou need a positive angle to use the given formulas 

for reference angles. If you used a negative angle measure, you 

could still find the reference angle if you correctly determined 

which values to subtract. 

MPMP

MPMP

Interactive Presentation 

Learn 

TAP 

Students tap each button to learn more about 

the rules for finding reference angles. 

TYPE 

Students give possible measures for a 

reference angle. a 
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F.TF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 6 

SELECT

Students select the quadrant in which 

the terminal side lies and the sign of the 

trigonometric function. 

TYPE

Students enter the correct measures of 

the reference angle and then analyze a a
common error. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Use a Reference Angle to Find 
a Trigonometric Value 

Teaching the Mathematical Practices 

3 Construct Arguments Students must use stated definitions 

and previously established results to complete the given example. 

Questions for Mathematical Discourse 

x__ 
AL Why is the tangent function negative in quadrant IV? tan θ = ; x 

y

is positive and y is negative in quadrant IV. 

OL Without referring to the reference table of special angles, how 

do you know that tan 45° = 1? A right triangle with an angle of 

45° would be a 45°-45°-90° triangle. Thus, the lengths of the legs 

would be equal, making the ratio of the legs equal to 1. 

BL If n is a positive integer, what is a rule for the value of 
n__ π _ tan ? Sample answer: Divide n by 4. If the remainder is 1, the 
4 

tangent is 1; if the remainder is 2, the tangent is undefined; if the 

remainder is 3, the tangent is -1; if there is no remainder, the 

tangent is 0. 

Example 7 Use T rigonometric Functions 

Teaching the Mathematical Practices 

4 Analyze Relationships Mathematically Point out that to 

solve the problem in Example 7, students will need to analyze the 

mathematical relationships in the problem to draw a conclusion. 

Questions for Mathematical Discourse 

AL What part of the triangle does the pitcher’s arm represent? the 

hypotenuse 

OL What other trigonometric function could you use to solve this? You 

could use the cosecant because it is the reciprocal of the sine. 

BL Would you get the same result if you used 138°? Y es, sin 42° = 

sin 138°. Using the reference angle makes it easier to use the 

triangle to visualize and determine which trigonometric function 

will yield the unknown variable. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP

MPMP

430 Module 9 • Trigonometric Functions 

https://epub-factory-cdn.mheducation.com/publish/7ccf446d35094ab88b1f1eeafd9c7ed3/2/1080mp4/OPS/page0326.xhtml


F.TF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–47 

2 exercises that use a variety of skills from this lesson 48–62 

2 exercises that extend concepts learned in this

lesson to new contexts 

63–68 

3 exercises that emphasize higher-order and

critical-thinking skills 

69–76 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–67 odd, 69–76 

• Extension: The Angle of Repose 

• Trigonometric Functions of Angles 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–75 odd 

• Remediation, Review Resources: Trigonometry 

• Personal Tutors 

• Extra Examples 1–6 

• Right Triangle Trigonometry 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice, Exercises 1–47 odd 

• Remediation, Review Resources: Trigonometry 

• Right Triangle Trigonometry 

AL 

Answers
_ 5 _ 1 _ 2 _ _ 5 _ 1 _ 3 _ 1 _ 3 _ _ 12 _ 1. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
13 13 12 5 12 5 
_ 4 _ _ 3 _ _ 4 _ 5 __ 5 __ _ 3 _ 2. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
5 5 3 4 3 4 

_ 8 _ 1 _ 5 _ _ 8 _ 1 _ 7 _ 1 _ 7 _ _ 15 _ 3. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
17 17 15 8 15 8 
_ 15 _ _ 8 _ _ 15 _ 1 _ 7 _ _ 17 _ _ 8 _ 4. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
17 17 __ 8 __ 15 8 __ 15 
_ 5 _ 4 __ √ _ 6 _ 5 __ √ _ 6 _ _ 11 _ _ 11 _ √ _ 6 _ 5. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , 
11 __ 11 24 5 24 
_ 4 _ √ _ 6 _ cot θ = 

5 __ __ __ 
__ 

_ 1 _ _ √ _ 3 _ _ √ _ 3 _ 2 __ √ _ 3 _ 6. sin θ = , cos θ = , tan θ = , csc θ = 2, sec θ = , cot θ = √ 32 2 3 3 
_ 8 _ _ 15 _ _ 17 _ _ 17 _ _ 15 _ 7. sin A = , cos A = , csc A = , sec A = , cot A = 
17 17 ___ ___ 8 15 ___ 8 ___ 

_ √ _ 9 _ 1 _ √ __ 9 _ 1 _ 1 _ 0 _ √ _ 9 _ 1 _ 1 _ 0 _ _ 3 _ √ _ 9 _ 1 _ 8. sin A = , tan A = , csc A = , sec A = , cot A =
10 ___ 3 ___ 91 ___ 3 91 

___ 
_ 3 _ √ _ 1 _ 0 _ _ √ _ 1 _ 0 _ _ √ _ 1 _ 0 _ _ 1 _ 9. sin B = , cos B = , csc B = , sec B = √ 10, cot B =

10 10 3 3 
___ ___ ___ ___ 

_ √ _ 6 _ 5 _ 4 _ √ __ 6 _ 5 _ _ 9 _ _ 9 _ √ _ 6 _ 5 _ √ __ 6 _ 5 _ 10. cos B = , tan B = , csc B = , sec B = , cot B =
9 65 4 65 4 
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F.TF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Answers
__ __ __ 

__ 
_ √ _ 3 _ 2 __ √ _ 3 _ √ __ 3 _ 11. sin A = , tan A = √ 3, csc A = , sec A = 2, cot A =
2 3 3 

_ 8 _ 1 _ 5 _ _ 17 _ 1 _ 7 _ _ 8 _ 12. cos A = , tan A = , csc A = , sec A = , cot A =
17 8 15 8 15 

_ 12 _ _ 5 _ 1 _ 2 _ _ 13 _ 1 _ 3 _ _ 5 _ 13. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
13 13 5 12 5 12 

_ 4 _ _ 3 _ _ 4 _ 5 __ 5 __ _ 3 _ 14. sin θ = , cos θ = , tan θ = , csc θ = , sec θ = , cot θ =
5 5 3 4 3 4 

1 _ 5 _ _ 8 _ _ 15 _ _ 17 _ 1 _ 7 _ 15. sin θ = - , cos θ = , tan θ = - , csc θ = - , sec θ = , 
17 17 8 15 8 
_ 8 _ cot θ = -
15 

_ 3 _ 4 __ _ 3 _ _ 5 _ 5 __ 4 __ 16. sin θ = , cos θ = - , tan θ = - , csc θ = , sec θ = - , cot θ = -
5 5 4 3 4 3 

4 __ 0 _ _ 9 __ 4 __ 0 _ _ 4 _ 1 _ 4 __ 1 
17. sin θ = - , cos θ = - , tan θ = , csc θ = - , sec θ = - , 

41 41 9 40 9 
_ 9 __ cot θ =
40 __ __ __ 

__ 
_ 2 _ √ _ 5 _ √ __ 5 _ √ __ 5 _ _ 1 _ 18. sin θ = , cos θ = , tan θ = 2, csc θ = , sec θ = √ 5, cot θ =

5 5 2 2 __ __ __ 
__ 

_ √ _ 5 _ 2 __ √ _ 5 _ _ 1 _ _ √ _ 5 _ 19. sin θ = , cos θ = , tan θ = , csc θ = √ 5, sec θ = , cot θ = 2 5 5 2 2 
__ __ 

__ __ 
_ √ _ 2 _ _ √ _ 2 _ 20. sin θ = , cos θ = , tan θ = 1, csc θ = √ 2, sec θ = √ 2, cot θ = 1 
2 2 __ __ __ 

__ 
_ √ _ 1 0 _ _ 3 _ √ _ 1 0 _ _ 1 _ _ √ _ 1 0 _ 21. sin θ = , cos θ = , tan θ = , csc θ = √ 1 0, sec θ = , cot θ = 3 
10 10 3 3 __ __ __ 

__ __ 
_ √ _ 6 _ √ __ 3 _ √ __ 6 _ 22. sin θ = , cos θ = - , tan θ = - √ 2, csc θ = , sec θ = - √ 3 , 
3 __ 3 2 

√ __ 2 _ cot θ = -
2 __ __ __ 

___ 
_ - _ 3 √ _ 10 _ √ __ 10 _ _ √ 1 _ 0 _ 23. sin θ = , cos θ = , tan θ = -3, csc θ = - , sec θ = √ 10, 

10 10 3 
_ 1 _ cot θ = -
3 __ __ __ __ 

_ - _ 3 √ _ 1 _ 3 2 _ √ __ 1 3 _ 3 __ √ __ 13 _ _ √ _ 13 _ 24. sin θ = , cos θ = - , tan θ =- , csc θ = , sec θ = -
13 13 2 3 2 

, 

2 __ cot θ = -
3 

25. sinθ = 0, cosθ = 1, tanθ = 0, cscθ = undefined, secθ = 1, 

cotθ = undefined 

26. sinθ = -1, cosθ = 0, tanθ = undefined, cscθ = -1, 

secθ = undefined, cotθ = 0 

27. sinθ = 1, cosθ = 0, tanθ = undefined, cscθ = 1, secθ = undefined, 

cotθ = 0 
opp ___ 69. True; sin θ = , and the values of the opposite side and the hyp 

hypotenuse of an acute triangle are positive, so the value of the sine 

function is positive. 
side opp A side opp C ________ ________ 70. sin A = sin C, so = . Since the hypotenuse is the hyp hyp 

same, the length of the sides opposite angles A and C must be equal. 

Since the two sid _ e _ s have the same measure, the triangle is isosceles. 
√ __ 2_ 71. No; for sin θ = and tan θ = -1, the reference angle is 45 .°  However, 
2 

for sin θ to be positive and tan θ to be negative, the reference angle 

must be in the second quadrant. So, the value of θ must be 135° or an 

angle coterminal with 13 __ 5 .°  __ 

_ √ _ 3 _ _ 3 _ √ _ 3 _ 72. False; 3 sin 60° = 3 · or , and sin 180° = 0. 
2 2 

y _ x _ x _ 73. We know that cot θ = y , sin θ = r , and cos θ = r . Since sin 180° = 0, it 
_ x _ must be true that cot 180° = , which is undefined. 
0 

75. First, sketch the angle and determine in which quadrant it is located. Then 

use the appropriate rule for finding its reference angle θ ＀. A reference angle 

is the acute angle formed by the terminal side of θ and the x-axis. Next, 

find the value of the trigonometric function for θ ＀. Finally, use the quadrant 

location to determine the sign of the trigonometric function value of θ. 

76. When the side lengths of the right triangle form a Pythagorean triple, 

they are all integers. Then the trigonometric functions will all be ratios 

of integers, which are rational. 
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Lesson 9-3 F.TF.2, F.TF.5 

Circular and Periodic Functions 

LESSON GOAL 

Students find trigonometric values by using the unit circle and the 

properties of periodic functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Trigonometric Functions of Special Angles 

Develop: 

Circular Functions 

• Find Sine and Cosine Given a Point on the Unit Circle 

• Find Trigonometric Values of Special Angles 

Periodic Functions 

• Identify the Period of a Function 

• Graph Periodic Functions 

• Evaluate Trigonometric Expressions 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Measuring Angles and Arcs ● ● ● 

Extension: Polar Coordinates ● ● ● 

ELL Support 

Language Development Handbook 
Assign page 48 of the Language Development 

Handbook to help your students build 

mathematical language related to finding the values 

of trigonometric functions by using the unit circle 

and the properties of periodic functions. 

ELL You can use the tips and suggestions on 

page T48 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.TF.2 Explain how the unit circle in the coordinate plane enables the 

extension of trigonometric functions to all real numbers, interpreted as 

radian measures of angles traversed counterclockwise around the unit 

circle. 

F.TF.5 Choose trigonometric functions to model periodic phenomena 

with specified amplitude, frequency, and midline. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

4 Model with mathematics. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students found the values of trigonometric functions by using general angles 

and reference angles. 

F.TF.3 

Now

Students find trigonometric values by using the unit circle and the properties of 

periodic functions. 

F.TF.2, F.TF.5 

Next 

Students will graph and analyze sine and cosine functions. 

F.IF.4, F.IF.7e 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students develop an 

understanding of the unit circle and circular functions. They build 

fluency and apply their understanding by solving real-world problems 

that involve modeling periodic phenomena. 

Mathematical Background 
A unit circle – a circle centered at the origin with a radius of 1 unit – can 

be used to generalize the sine and cosine functions. If the terminal side of 

an angle θ in standard position intersects the unit circle at a point P with 

coordinates ( ,x  y), then cos θ = x and sin θ = y. 
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F.TF.2, F.TF.5 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• defining terms related to circles 

Answers: 

1. d 

2. b 

3. f 

4. e 

5. c 

6. a 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Analyze Relationships Mathematically Have students read 

through the infographic. Encourage students to analyze the 

mathematical relationship between time and body temperature. 

Ask them to identify the pattern in the graph. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.TF.2 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T rigonometric Functions of Special 

Angles 

Objective 

Students use a sketch to explore radians and the relationship between 

central angles and arc length. 

Teaching the Mathematical Practices 

3 Construct Arguments Throughout the Explore, students will 

use stated assumptions, definitions, and previously established 

results to construct arguments about the trigonometric values of 

special angles. 

7 Use Structure Help students to explore how the structure of 

special right triangles and the unit circle can be used find the 

trigonometric values of special angles. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be presented with an Inquiry Question to answer at the end 

of the activity. They will use a sketch to explore the relationships among 

trigonometric values of special angles. Students will work through five 

different exercises. Then students will answer the Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

WEB SKETCHPAD 

Students use the sketch to find the trigonometric values of special 

angles. 

TYPE 

Students move through the exercises and answer questions 

a pertaining to the special angles and trigonometric values. 

(continued on the next page) 
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F.TF.2 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students respond to the Inquiry Question and can view 

a sample answer. a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore T rigonometric Functions of Special 

Angles ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• Using reference angles, what angles will have the same trigonometric 

ratios as 30˚, ignoring the sign of the ratios? 150 ,°  210 ,°  and 300° 

• Using reference angles, what angles will have the same trigonometric 

ratios as 45˚, ignoring the sign of the ratios? 135 ,°  225 ,°  and 315° 

Inquiry 

How can you use special right triangles and the unit circle to find the 

exact trigonometric values of special angles? Sample answer: When 

drawn in the unit circle, each special angle forms a special right triangle 

with a hypotenuse of length 1 unit. The side lengths of these triangles can 

then be found by applying the relationships between the sides of special 

right triangles. Once the side lengths are known, the trigonometric ratios 

can be used to find the trigonometric values for each special angle. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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F.TF.2, F.TF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Circular Functions 

Objective 

Students find values of trigonometric functions given a point on a unit 

circle or the measure of a special angle. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between an angle, the point at which the terminal side 

intersects the unit circle, and the values of sine and cosine. 

What Students Are Learning 

A unit circle is a circle with a radius of 1 unit centered at the origin on 

the coordinate plane. On a unit circle, the radian measure of a central 

angle θ = s, so the radian measure of an angle is the length of the arc on 

the unit circle subtended by the angle. Any point P ( ,x  y) on a unit circle 

represents (cos ,θ  sinθ ). 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

DIFFERENTIATE 

Reteaching Activity AL 

IF students are struggling to remember the general coordinates (cos ,θ  

sin )θ  of a unit circle, 

THEN remind students that the coordinates are alphabetical, just like 

( ,x  y) are written alphabetically. 

Language Development Activity ELL 

Intermediate Instruct a small group of students to write a paragraph 

describing what is happening in the figure illustrating the unit circle. 

Their paragraphs should describe each part of the diagram in their 

own words. Ask for volunteers to read their paragraphs. Have students 

ask for clarification as needed. 

Interactive Presentation 

Learn 

TAP 

Students tap each button to learn more 

about the relationship between a point P 

on the unit circle and the sine and cosine 

functions. 
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F.TF.2, F.TF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 1 

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Find Sine and Cosine Given a 
Point on the Unit Circle 

Teaching the Mathematical Practices 

6 Use Definitions In Example 1, students will use definitions of 

trigonometric functions on a unit circle to identify the values of 

sine and cosine for the angle that passes through the given point. 

Questions for Mathematical Discourse 

AL Why is the x-coordinate of the point equal to cos θ? Cosine is the 

adjacent, x, over hypotenuse. The hypotenuse is 1 because the 

radius of the unit circle is 1. 

OL For a given value of θ, would the value of cos θ and sin θ 

change if the circle was not a unit circle? No, the values of the 

trigonometric functions would remain the same; the point on the 

circle associated with θ would change. 

BL What must be true about a point for it to be on the unit circle? 
2 2 x + y = 1

Example 2 Find T rigonometric Values of 

Special Angles 

Teaching the Mathematical Practices 

7 Use Structure Students will use the structure of the unit circle 

to identify the values of sine and cosine for a special angle. Then 

they will calculate the other trigonometric values by using the 

structure of the functions. 

Questions for Mathematical Discourse 

AL Why are you able to find all the trigonometric values once you 

identify cos θ and sin θ? All the other trigonometric ratios can be 

written in terms of cos θ or sin θ. __ __ 
2 __ _ 2 _ 

OL How can you verify that (- , - √ 2 √ 2 ) is the correct point for 
5 __ π _ 5 __ π _ 3 __ π _ radians? is halfway between π and , so the distance 
4 4 2 

from the negative x-axis and the distance from the negative y-axis 
2 2 2 2 are the same. x + y = 1, substituting y = x yields x + x = 1, 

__ 

_ 2 _ which means | |x  = , and the negatives make sense for the √ 2 

quadrant. 

BL A student claims that to evaluate tan θ for the special angles, only 

the numerators of the coordinates are necessary. Determine if the 

student’s claim is correct. Yes; sample answer: When calculating 
s _ i _ n _ θ_, the denominators of the fractions are always the same and 
cosθ 
will thus divide out; therefore, only the numerators are necessary. 

Common Error 

Students may struggle to identify where a special angle is located on 

the unit circle. Encourage students to identify the four “families” of 

angles present to help them locate angles more quickly. There are the 
π __ quadrantal angles and then the angles that measure 30° or radians, 
6 

_ π _ π __ 45° or radians, and 60° or radians. 
4 3 

MPMP

MPMP
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F.TF.2, F.TF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Periodic Functions 

Objective 

Students find values of tr gonometr ci i  funct onsi  that model per od ci i  

events. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to expla ni  the 

relat onsh psi i  between the values of s nei  and cos nei  on the un ti  

c rclei  and the graphs of the s nei  and cos nei  funct ons.i  

Important to Know 

A per od ci i  funct oni  has y-values that repeat at regular intervals. One 

complete pattern of a per od ci i  funct oni  is called a cycle, and the 

hor zontali  length of one cycle is called the per od.i  

Essential Question Follow-Up 

Students have begun learn ngi  about the graphs of s nei  and cos ne.i  

Ask: 

Why are the graphs of s nei  and cos nei  useful in a real-world sett ng?i  

Sample answer: Day-to-day events such as sunr sei  and sunset or 

ocean t desi  follow a per od ci i  model. S nei  and cos nei  allow us to use a 

mathemat cali  model to pred cti  values. 

MPMP

Interactive Presentation 

Learn 

TAP

Students tap to see the relat onsh pi i  

between the un ti  c rclei  and the graphs of 

y = s ni  x and y = cos x.
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F.TF.2, F.TF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Identify the Period of a Function 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in the 

graph to i ident fy the per odi  of the funct on.i  

Questions for Mathematical Discourse 

AL What does the per odi  of a funct oni  represent? length of one cycle 

OL If the graph of the funct oni  were stretched vert cally,i  would the 

per odi  of the funct oni  change? Expla n.i  No; sample answer: The 

per odi  represents the hor zontali  length of a cycle, and stretch ngi  

the graph vert callyi  w lli  not change the hor zontali  length. 
_ π _ BL If the graph was sh ftedi  r ghti  by , how could you find the 
4 

per od?i  Sample answer: Y ou could use the x-intercepts: 
7 __ π _ _ π _ 3 _ π __ 

- = . 
4 4 2 

MPMP
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F.TF.2, F.TF.5 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Apply Example 4 Graph Periodic 
Functions 

Teaching the Mathematical Practices 

1 Make Sense of Problems and Persevere in Solving Them, 

4 Model with Mathematics Students will be presented with 

a task. They will first seek to understand the task, and then 

determine possible entry points to solving it. As students come up 

with their own strategies, they may propose mathematical models 

to aid them. As they work to solve the problem, encourage them 

to evaluate their model and/or progress, and change direction, if 

necessary. 

Recommended Use 

Have students work in pairs or small groups. You may wish to present 

the task, or have a volunteer read it aloud. Then allow students the time 

to make sure they understand the task, think of possible strategies, and 

work to solve the problem. 

Encourage Productive Struggle 

As students work, monitor their progress. Instead of instructing them on a 

particular strategy, encourage them to use their own strategies to solve the 

problem and to evaluate their progress along the way. They may or may not 

find that they need to change direction or try out several strategies. 

Signs of Non-Productive Struggle 

If students show signs  of non-productive struggle, such as feeling 

overwhelmed, frustrated, or disengaged, intervene to encourage them to think 

of alternate approaches to the problem. Some sample questions are shown. 

• I f the diameter of the carousel increased, would the number of 

rotations per minute necessarily change? If yes, would the number 

increase or decrease? 

• W hat are the dependent and independent variables? 

Write About It! 

Have students share their responses with another pair/group of students 

or the entire class. Have them clearly state or describe the mathematical 

reasoning they can use to defend their solution. 

MPMP

Interactive Presentation 

Apply Example 4 

TYPE 

Students explain how the given assumption 

may affect the graph. a 
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F.TF.2, F.TF.5 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

TYPE

Students evaluate a claim and explain their 

reasoning. a

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Evaluate T rigonometric 

Expressions 

Teaching the Mathematical Practices 

3 F ndi  the Error The Think About It! feature requires students 

read Tanisha's argument, decide whether it makes sense, and 

explain the flaw in her reasoning. 

Questions for Mathematical Discourse 

1 _ 0 __ π _ 4 __ π _ _ 6 _ π _ 
AL Why is split into + ? This allows you to use an angle on 

3 3 3 
_ 6 _ π _ the unit circle because = 2 ,π  and cos (x + 2 )π  = cos x, so 

3 

_ 4 _ π _ _ 4 _ π _ _ 4 _ π _ cos ( + 2π is a special angle on the unit 
3 ) = cos ( 3 ). 

3 
circle for which you know the value of the cosine function. 

OL How do you use the unit circle to find trigonometric values for 

angle measures greater than 2 ?π  Subtract 2π or an integer 

multiple of 2π from the angle to get a coterminal angle with 

measure less than 2 .π  
π __ _ 1 _ 

BL Given n is an integer, what is cos (4 + 6 )n ? -
3 2 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and 

ask students to respond verbally or by using a mini-whiteboard. Have 

students hold up their whiteboards so that you can see all student 

responses. Tap to reveal the answer when most or all students have 

completed the Exit Ticket. 

MPMP
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F.TF.2, F.TF.5 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–26 

2 exercises that use a variety of skills from this

lesson 

27–36 

2 exercises that extend concepts learned in this

lesson to new contexts 

37–40 

3 exercises that emphasize higher-order and

critical-thinking skills 

41–45 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–39 odd, 41–45 

• Extension: Polar Coordinates 

• Trigonometric Functions of Angles; The Unit Circle 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–45 odd 

• Remediation, Review Resources: Measuring Angles and Arcs 

• Personal Tutors 

• Extra Examples 1–5 

• Chords and Arcs 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–25 odd 

• Remediation, Review Resources: Measuring Angles and Arcs 

• Quick Review Math Handbook: Circular and Periodic Functions 

• Chords and Arcs 

AL 

Answers __ __ __ 
__ 

_ 1 _ _ √ _ 3 _ √ __ 3 _ 2 __ √ _ 3 _ 7. sinθ = , cosθ = , tanθ = , cscθ = 2, secθ = , cotθ = √ 32 __ 2 __ 3 3 
__ __ 

_ √ _ 2 _ √ __ 2 _ 8. sinθ = ; cosθ = - , tanθ = -1, cscθ = √ 2, secθ = - √ 2, 
2 2 

cotθ = -1 

9. sinθ = 1; cosθ = 0, tanθ = undefined, cscθ = 1, secθ = undefined, 

cotθ = 0 
__ __ 

__ √ __ 3 _ _ 1 _ _ 2 _ √ _ 3 _ 10. sinθ = - ; cosθ = , tanθ = ‒ √ 3, cscθ = - secθ = 2, 
2 __ 2 3 
√ __ 3 _ cotθ = - 
3 

11. sinθ = 0; cosθ = -1, tanθ = 0, cscθ = undefined, secθ = -1, 

cotθ = undefined __ __ __ 

_ 1 _ _ √ _ 3 _ √ __ 3 _ - __ 2 _ √ 3 _ 12. sinθ = - ; cosθ = - , tanθ = , cscθ = -2, secθ = , 
2 2 3 3 __ 

cotθ = √ 3
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F.TF.2, F.TF.5 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers

19. 

20. 

37b. 

37c. The period is 2π because the values of the function repeat every 

2π radians. This is shown in the graph when the shape of the curve 

from 0 to 2π is repeated from 2π to 4 .π  The heights of point P above 

or below the surface of the water repeat once as the wheel makes a 

complete rotation (2π radians). 

40b. 

44. Sample answer: 
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Lesson 9-4 F.IF.4, F.IF.7e 

Graphing Sine and Cosine Functions 

LESSON GOAL 

Students graph and analyze sine and cosine functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Graphing Sine and Cosine Functions 

• Identify the Amplitude and Period from a Graph 

• Identify the Amplitude and Period from an Equation 

• Graph a Sine Function 

• Graph a Cosine Function 

Modeling with Sine and Cosine Functions 

• Characteristics of the Sine and Cosine Functions 

• Model Periodic Situations 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Trigonometric Functions of 
＀ ＀ ＀ 

General Angles 

Extension: Blueprints ＀ ＀ ＀ 

ELL Support 

Language Development Handbook 
Assign page 49 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing and 

analyzing sine and cosine functions. 

ELL You can use the tips and suggestions on 

page T49 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 1 day 

45 min 2 days 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.4 For a function that models a relationship between two quantities, 

interpret key features of graphs and tables in terms of the quantities, and sketch 

graphs showing key features given a verbal description of the relationship. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

Standards for Mathematical Practice: 

1 Make sense of problems and persevere in solving them. 

2 Reason abstractly and quantitatively. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students found trigonometric values by using the unit circle and the 

properties of periodic functions. 

F.TF.2, F.TF.5 

Now

Students graph and analyze sine and cosine functions. 

F.IF.4, F.IF.7e 

Next 

Students will graph and analyze tangent and reciprocal trigonometric functions. 

F.IF.4, F.IF.7e 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on 

their understanding of trigonometric ratios to include graphs of 

trigonometric functions. They build fluency by graphing the functions, 

and they apply their understanding by solving real-world problems 

related to trigonometric functions. 

Mathematical Background 
The graphs of the sine and cosine functions have amplitude. The graphs 

of the other trigonometric functions do not have amplitude because there 

is no maximum or minimum value. The period is the distance along the 

horizontal axis required for the graph to complete one cycle. The period 

is easy to determine from the graph. 
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F.IF.4, F.IF.7e 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• graphing a sine function 

Answers: 

x 0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330° 360°

sin x 0 0.5 0.9 1 0.9 0.5 0 -0.5 -0.9 -1 -0.9 -0.5 0 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

2 Reason abstractly and quantitatively Encourage students to 

make sense of the quantities of frequency and wavelength and 

their relationship to the graphs of the sine and cosine functions. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Sine and Cosine Functions 

Objective 

Students graph and analyze sine and cosine functions and identify the 

periods, midlines, and amplitudes. 

Teaching the Mathematical Practices 

1 Explain Correspondences The Think About It! feature asks 

students to explain the relationships between the parameters of a 

sine function and the key features of the graph of the function. 

About the Key Concept 

Trigonometric functions can be graphed on the coordinate plane. The 

graphs of the sine and cosine functions oscillate about a midline and 

have amplitude. They can also be transformed. The graphs of the parent 

functions help graph y = a sin bx and y = a cos bx. For functions of the 
_ 36 __ 0 _ ° 

form y = a sin bx and y = a cos bx, | |a  is the amplitude and is the 
| |b  

period. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

TYPE 

Students describe the relationship 

between the values of a and b in a 
y = a sin bx and y = a cos bx and the 

amplitude, period, and dilation of the 

function. 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

SELECT

Students select the correct vocabulary word 

for each value. 

TYPE

Students explain why absolute value 

symbols are necessary when finding a
amplitude and period. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Identify the Amplitude and 
Period from a Graph 

Teaching the Mathematical Practices 

7 Look for a Pattern Help students to see the pattern in the 

graph to identify the period of the function. 

Questions for Mathematical Discourse 

AL What does the amplitude of the graph of a sine function 

represent? The amplitude is half of the distance between the 

maximum and minimum values of the function. 

OL Assuming there is no horizontal translation, is the graphed function 

a transformation of the sine or cosine function? Explain. Sine; 

sample answer: The function intersects (0, 0). 

BL What are the values of a and b for this transformation of the parent 

function? a = 4, b = 2 

Example 2 Identify the Amplitude and 
Period from an Equation 

Teaching the Mathematical Practices 

2 Attend to Quantities The Think About It! feature asks students 

to consider the meaning of the quantities when finding amplitude 

and period. 

Questions for Mathematical Discourse 

AL How do you determine the minimum and maximum values of the 

function? The minimum is -| |a , which is -3, and the maximum is 

| |a , which is 3. 

OL How would you find the period in radians? Use the period of the 

parent function in radians instead of degrees: 360° = 2π radians, 
_ 2 _ π _ so the period is . 
| |b  

BL As b increases, what happens to the period? Explain. It decreases 

because b is the denominator of the period. 

MPMP

MPMP
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Graph a Sine Function 

Teaching the Mathematical Practices 

7 Use Structure Students should use the key features of the sine 

function to graph the function. 

Questions for Mathematical Discourse 

AL How do the period and amplitude of this function compare to 

those of the parent function? Both the period and the amplitude 

are smaller compared to the parent function. 

OL How many periods of the function would occur in the interval 

[0°, 360°]? 4 

BL What is the average rate of change for a 90° interval of the 

function? Explain. It is zero for any 90° interval of the function 

because the period is 90°. 

MPMP

Interactive Presentation 

Example 3 

TAP 

Students move through the steps to see 

how to graph a sine function. 

TYPE 

Students explain how to graph a sine 

function. a 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 4 

EXPAND

Students move through the steps to learn 

how to graph a cosine function. 

TYPE

Students explain how to graph a cosine 

function. a

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Graph a Cosine Function 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the function, key features, and graph of a 

cosine function. 

Questions for Mathematical Discourse 

AL What are the similarities and differences in graphing a cosine 

function compared to a sine function? The functions have the 

same periodic behavior and transform similarly. The y-intercept for 

the parent sine function occurs at y = 0, while the y-intercept for 

the parent cosine function occurs at the maximum y-value. 

OL How do you find the x-values where the minima occur? The minima 

occur at odd integer multiples of half the period: 60°(2n + 1), or 

(120°n + 60°). 

BL What happens if you shift the function to the right 30°? Sample 

answer: It looks like y = 2 sin 3 .x  

MPMP
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Modeling with Sine and Cosine 
Functions 

Objective 

Students model periodic real-world situations with sine and cosine 

functions. 

Teaching the Mathematical Practices 

6 Use Quantities Use the Think About It! question to guide 

students to clarifying their use of quantities when modeling 

periodic phenomena. Ensure that they specify the units of 

measure used in a problem and label axes appropriately. 

About the Key Concept 

A sinusoidal function is a function that can be produced by translating, 

reflecting, or dilating the sine function. The frequency is the number of 

cycles in a given unit of time. The frequency of the graph of a function 
__ 1 _ is the reciprocal of the period of the function. So, if the period is of a 
100 

second, then the frequency is 100 cycles per second. 

Example 5 Characteristics of the Sine 
and Cosine Functions 

Teaching the Mathematical Practices 

4 Interpret Mathematical Results In Example 5, students must 

interpret the characteristics of the function in the context of the 

problem. 

Questions for Mathematical Discourse 

AL Where is the object located at t = 0? y = 40 

OL At what times in the first period does the object reach the 

equilibrium point? Explain. The equilibrium occurs at y = 0, so it 
_ 1 _ _ 3 _ occurs at the t-intercepts. The t-intercepts will be and of the 
4 4 

_ 1 _ 3 __ period: sec and sec. 
2 2 

BL What must be true of b for the frequency to be a rational number? 

b must have π as a factor.

Common Error 

Many students think frequency and period represent the same thing, 

but remind students that frequency is the number of cycles in one unit 

of time. 

MPMP

MPMP

Interactive Presentation 

Learn 

TYPE 

Students discuss identifying the 

independent variable and setting up the a
coordinate plane when modeling real- 

world situations. 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 6 

TAP 

Students move through the steps to write 

and graph a function for the voltage as a 

function of time. 

TYPE 

Students describe the domain, end 

behavior, and intercepts of the function in a 
the context of the situation. 

CHECK 

Students complete the Check online to 

determine whether they are ready to move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 6 Model Periodic Situations 

Teaching the Mathematical Practices 

2 Create Representations Guide students to write a function 

that models the situation in Example 6. 

Questions for Mathematical Discourse 

AL If you did not use a graphing calculator, what would you need to 

do to graph a cycle of this function? Use the period to find the 

t-intercepts and the t-values for the maximum and minimum.

OL What interval of t would you use to graph the first 15 cycles of the 

function? Explain. 5 cycles occur for every 10th of a second, so 

the interval would be [0, 0.3]. 

BL What happens to the value of b as the frequency increases? 

b increases.

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP
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F.IF.4, F.IF.7e 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–20 

2 exercises that use a variety of skills from this

lesson 

21–30 

2 exercises that extend concepts learned in this

lesson to new contexts 

31–34 

3 exercises that emphasize higher-order and

critical-thinking skills 

35–39 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–33 odd, 35–39 

• Extension: Blueprints 

• Graphs of Sine and Cosine Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–39 odd 

• Remediation, Review Resources: Trigonometric Functions of General 

Angles 

• Personal Tutors 

• Extra Examples 1–6 

• Trigonometric Functions of Angles 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–19 odd 

• Remediation, Review Resources: Trigonometric Functions of General 

Angles 

• Quick Review Math Handbook: Graphing Trigonometric Functions 

• Trigonometric Functions of Angles 

AL 

Answers

11. 12. 
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F.IF.4, F.IF.7e 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION
Answers

13. 14. 

15. 16. 

21. 22. 

23. 27. Sample answer: The sine 

33b. 

34a. 38. Sample answer: y = 3 sin 2θ 

453-454 Module 9 • Trigonometric Functions

function has the same shape 

as an ocean wave. Additionally, 

the sine function and ocean 

waves share similar behaviors, 

as they both repeat themselves 

over a consistent interval of 

time and distance. 
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Lesson 9-5 F.IF.4, F.IF.7e 

Graphing Other Trigonometric Functions 

LESSON GOAL 

Students graph and analyze tangent and reciprocal trigonometric functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Graphing Tangent Functions 

• Graph a Tangent Function with a Dilation 

• Graph a Tangent Function with a Dilation and a Reflection 

Graphing Reciprocal Trigonometric Functions 

• Graph a Cosecant Function 

• Graph a Cotangent Function 

• Apply a Reciprocal Trigonometric Function 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Graphing Reciprocal Functions ＀ ＀ ＀ 

Extension: Hyperbolic Functions ＀ ＀ ＀ 

ELL Support 

Language Development Handbook 
Assign page 50 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing and 

analyzing tangent and reciprocal trigonometric 

functions. 

ELL You can use the tips and suggestions on 

page T50 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.4 For a function that models a relationship between two quantities, 

interpret key features of graphs and tables in terms of the quantities, 

and sketch graphs showing key features given a verbal description of the 

relationship. 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

Standards for Mathematical Practice: 

2 Reason abstractly and quantitatively. 

8 Look for and express regularity in repeated reasoning. 

Coherence 

Vertical Alignment 

Previous 

Students graphed and analyzed sine and cosine functions. 

F.IF.4, F.IF.7e 

Now

Students graph and analyze tangent and other trigonometric functions. 

F.IF.4, F.IF.7e 

Next 

Students will graph translations of trigonometric functions. 

F.IF.7e, F.BF.3 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand their 

understanding of the sine and cosine functions to include graphs of 

other trigonometric functions. They build fluency by graphing the 

functions, and they apply their understanding by solving real-world 

problems related to trigonometric functions. 

Mathematical Background 
The cosecant is the reciprocal of the sine. When the sine is zero, the 

cosecant will be undefined, so there will be a vertical asymptote. The 

cotangent is the reciprocal of the tangent. When the tangent is zero, the 

cotangent will have a vertical asymptote; when the tangent has a vertical 

asymptote, the cotangent will have a zero. 
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F.IF.4, F.IF.7e 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding vertical asymptotes of a rational function 

Answers: 

1. x = 0 

2. x = 11 

3. x = 2.5 

4. x = −6, 6 

5. Find where the denominator equals 0 and numerator is nonzero. 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students to 

learn how tangent functions were used to estimate planetary 

distances. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using this vocabulary term in this lesson. 

You can expand the row if you wish to share the definition. Then, discuss 

the question below with the class. 
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing T angent Functions 

Objective 

Students graph and analyze tangent functions and identify the periods 

and midlines. 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to routinely write 

and explain their reasoning. The Talk About It! feature requires 

students to use clear definitions and mathematical language to 

explain why the tangent function does not have an amplitude. 

About the Key Concept 
_ s _ in _ _ x _ Because tan x = , the tangent function is undefined when cos x = cos x 

0, which occurs at x = (90 + 180 ) ,n °  where n is an integer. As a result, 

the graph of the tangent function has asymptotes at x = (90 + 180 ) .n °  
1 _ 8 _ 0 __ ° 

For the graph of y = a tan bx, the period is , and the asymptotes are 
| |b  

_ 18 _ 0 _ ° _ odd multiples of . The value of a determines the vertical dilation; the 
2| |b  

function is reflected in the x-axis when a < 0. The value of b determines 

the horizontal dilation, where | |b  > 1 results in a horizontal compression 

and 0 < | |b  < 1 results in a horizontal stretch. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

Interactive Presentation 

Learn 

TYPE

Students explain why the tangent function 

does not have an amplitude. 

WATCH

Students can watch a video to see how to 

graph tangent functions. 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 1 

TAP 

Students move through the steps to graph 

the dilated graph of the tangent function. 

TYPE 

Students compare the period, asymptotes, 

and x-intercepts for the graph and its 

reflection. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 1 Graph a T angent Function with a 

Dilation 

Teaching the Mathematical Practices 

8 Look for a Pattern Help students to see the pattern in 

where the asymptotes of the tangent function occur and use the 

asymptotes to help graph the function. 

Questions for Mathematical Discourse 

AL What are the similarities and differences of the tangent function 

compared to the sine and cosine functions? Sample answer: All 

three functions are periodic. The period of the parent sine and 

cosine functions is 360°, and the period for the parent tangent 

function is 180°. Sine and cosine functions are continuous, and 

the range is [ 1,-  1]. Tangent functions have discontinuities in the 

domain in the form of asymptotes, and the range is ( ,-∞  ∞). 

OL Why do x-intercepts occur at integer multiples of the period? 

tan x = 0 when x is 180° ,n  where n is an integer. Thus, for 
_ 18 _ 0 __ °n _ 3x = 180° ,n  x = = 60° .n  

3 

BL Why does the parent tangent function have a period of 180° rather 

than 360°? Sample answer: The tangent function is the ratio 

of the sine and cosine functions. Looking at the unit circle, the 

absolute values of the cosine and sine functions repeat in a 180° 

period, but the signs change. They are both positive from 0° to 

90°, one is positive and one is negative from 90° to 180° and 270° 

to 360°, and both are negative from 180° to 270°. This makes the 

ratio the same for 0° to 180° and 180° to 360°, so the period of a 

parent tangent function is 180°. 

Common Error 

Many students struggle to find the asymptotes of the graph of the tangent 

function. Encourage students to write the formula each time and then 

substitute n = 0, 1, 2 to find the pattern for asymptotes. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students are having difficulty understanding how the graph of tan x 

is generated, 

THEN have students create a table of values using the unit circle. They 

can use different angles from each quadrant and calculate the value 
_ si _ n _ θ _ of . Then they can graph the angles with the function values to 
cos θ 

see the general shape and key features of tangent. 

MPMP
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph a T angent Function with a 

Dilation and a Reflection 

Teaching the Mathematical Practices 

7 Use Structure Guide students to use the structure of the 

function to identify the transformations in and key features of 

the graph of the function. 

Questions for Mathematical Discourse 

AL How does the sign of a affect the graph of a tangent function 

compared to other function types? A negative value for a reflects 

the function in the x-axis, which is the same effect as for other 

types of functions. 

OL Would the asymptotes change if a had been positive? Explain. No; 

sample answer: The asymptotes are affected by b, not a, so the 

value doesn’t change the asymptotes. 

BL What transformation would need to be performed to change the 

midline from y = 0 to y = 4? The graph would have to be shifted 

up 4 units by adding 4 as a constant term. 

MPMP

Interactive Presentation 

Example 2 

TAP

Students move through the steps to graph 

the dilated and reflected graph of the 

tangent function. 

TYPE

Students determine whether two tangent 

functions are equivalent. 

CHECK

Students complete the Check online to 

determine whether they are ready 

to move on. 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Learn 

TYPE 

Students compare the ranges of a cosine 

function and a secant function. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Graphing Reciprocal T rigonometric 

Functions 

Objective 

Students graph and analyze reciprocal trigonometric functions and 

identify the periods and midlines. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the reciprocal trigonometric functions and 

their corresponding trigonometric functions. The Think About It! 

feature ask students to consider the correspondence between the 

range of a trigonometric function and the range of its reciprocal 

function. 

About the Key Concept 

The reciprocal trigonometric functions, cosecant, secant, and cotangent, 
__ 1 __ __ 1 ___ __ 1 __ can be expressed as , , and , respectively. As a result, the 
sin x cos x tan x 

graphs of the reciprocal trigonometric functions have asymptotes when 

the corresponding sine, cosine, or tangent function equals 0 and the 

reciprocal function is undefined. To graph a reciprocal trigonometric 

function, find the period of the corresponding reciprocal function. Then 

determine the vertical asymptotes by finding when the corresponding 

reciprocal function equals 0, and find the relative maxima and minima for 

secant and cosecant functions. Next, determine x-intercepts for 

cotangent functions, and, finally, plot the corresponding reciprocal 

function as a guide. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students do not understand the asymptotes on the graphs of secant 

and cosecant, 

THEN show students how the x-intercepts of the graphs of sine 

and cosine are related to the asymptotes of cosecant and secant, 

respectively. Seeing the asymptote generated from the sine or cosine 

function may help students visualize asymptotes in the future. 

MPMP
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F.IF.4, F.IF.7e 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 3 Graph a Cosecant Function 

Teaching the Mathematical Practices 

3 Justify Conclusions Mathematically proficient students 

can explain the conclusions drawn when solving a problem. 

Example 3 requires student to justify their conclusions and explain 

their reasoning as they work to solve the problem. 

Questions for Mathematical Discourse 

AL For what y-values will the graphs of the cosecant and its 

reciprocal sine function intersect? They will intersect at the 

extrema; in this example, y = 1 and y = -1. 

OL How would the asymptotes change if the value of b were 2 instead 

of 0.5? Sample answer: The asymptotes would be half of the 

x-intercepts of the graph of sine, so instead of 0, π, 2 ,π  and so
_ π _ _ 3 _ π _ on, the asymptotes would be at 0, , π, , ... . 
2 2 

BL Will the graph of a cosecant function ever have x-intercepts? 

Explain. Y es; sample answer: if the graph of cosecant is shifted 

up or down more than 1 unit, the graph will cross the x-axis. 

Example 4 Graph a Cotangent Function 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the graphs and key features of the reciprocal 

function to the graph of its related trigonometric function. 

Questions for Mathematical Discourse 

AL What is the relationship between the asymptotes and x-intercepts 

of a cotangent function to the asymptotes and x-intercepts of 

its reciprocal tangent function? The asymptotes of one are the 

x-intercepts of the other.

OL Where will the graphs of y = -4 cot 2x and y = -4 tan 2x 

intersect? 22.5° + 45°n or 22.5°(1 + 2 ),n  where n is an integer. 

BL Does reflecting a cotangent function in the x-axis make it a 

tangent function? It can be written as a tangent function, but an 

equivalent tangent function would also have to have a phase shift 

in the x-axis equal to half the period. -cot x = tan (x - 90°) or 

cot x = tan (90° - x) 

MPMP

MPMP

Interactive Presentation 

Example 3 

TAP

Students move through the steps to graph 

a cosecant function. 

TYPE

Students use reflections to write another 

cosecant function that has a graph is 

identical to the given function. 
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F.IF.4, F.IF.7e 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

TAP 

Students move through the steps to apply 

a reciprocal trigonometric function in a 

real-world situation. 

CHECK 

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Apply a Reciprocal 
Trigonometric Function 

Teaching the Mathematical Practices 

2 Create Representations Guide students to write a function 

that models the situation in Example 5. Then graph and analyze 

the function to solve the problem. 

Questions for Mathematical Discourse 

AL What happens to d and x as the plane approaches the festival? 

d decreases, x increases

OL Does it make sense that there is a relative minimum when x = 90°? 

Explain. Yes; sample answer: When x = 90°, the plane is directly 

overhead, which should be the closest it gets to the crowd. 

BL How do asymptotes at 0° and 180° make sense in the context of 

the situation? If the plane maintains an elevation of 1200 feet, there 

is no distance it can travel away from the festival that would make 

x = 0° or 180°.

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP
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F.IF.4, F.IF.7e 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–17 

2 exercises that use a variety of skills from this

lesson 

18–23 

2 exercises that extend concepts learned in this

lesson to new contexts 

24–25 

3 exercises that emphasize higher-order and

critical-thinking skills 

26–29 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–25 odd, 26–29 

• Extension: Hyperbolic Functions 

• Trigonometry 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–29 odd 

• Remediation, Review Resources: Graphing Reciprocal Functions 

• Personal Tutors 

• Extra Examples 1–5 

• Graphs of Rational Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–17 odd 

• Remediation, Review Resources: Graphing Reciprocal Functions 

• Quick Review Math Handbook: Graphing Trigonometric Functions 

• Graphs of Rational Functions 

AL 

Answers 

1. period = 36 ;°  asymptotes: (36n + 2. period = 45 ;°  asymptotes: 

18) ,°  where n is an odd integer; (45n + 22.5) ,°  where n is an 

x-intercepts: 0 ,°  36 ,°  72 ,°  108 ,°  …; integer; x-intercepts: 0 ,°  45 ,°  90 ,°  

midline: y = 0; Because a = 1, the 135 ,°  …; midline: y = 0; Because 

function is not vertically dilated in a = 1, the function is not vertically 

relation to the parent function. dilated in relation to the parent 

Because b = 5, the function is function. Because b = 4, the 

compressed horizontally in relation function is compressed horizontally 

to the parent function. in relation to the parent function. 
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F.IF.4, F.IF.7e 3 REFLECT AND PRACTICE 

26. The domain of y = a cos θ is the set of all real numbers. 

The domain of y = a sec θ is the set of all real numbers except for the 

values for which cos θ = 0. 

The range of y = a cos θ is -a ≤ y ≤ a. 

The range of y = a sec θ is y ≤ -a and y ≥ a. 

1 _ 8 _ 0 _ ° _ _ 1 _ 27. Tyler; The period of the tangent function is , and b is . So the period 
| |b  2 

1 _ 8 _ 0 _ ° _ is , or 360°. 
_ 1 _ 
2 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

3. period = 90 ;°  asymptotes: (90n + 45) ,°  where n is an odd integer; 

x-intercepts: 0 ,°  90 ,°  180 ,°  270 ,°  …; midline: y = 0; Because a = 1,
the function is not vertically dilated in relation to the parent function. 

Because b = 2, the function is compressed horizontally in relation to the 

parent function. 

4. period = 180 ;°  asymptotes: (180n + 90) ,°  where n is an odd integer; 
_ 1 _ x-intercepts: 0 ,°  180 ,°  360 ,°  540 ,°  …; midline: y = 0; Because a =
2 

, the function is compressed vertically in relation to the parent function. 

Because b = 1, the function is not dilated horizontally in relation to the 

parent function. 

5. period = 360 ;°  asymptotes: (360n + 180) ,°  where n is an odd integer; 

x-intercepts: 0 ,°  360 ,°  720 ,°  1080 ,°  …; midline: y = 0; Because a = 2, the

function is stretched vertically in relation to the parent function. Because 
_ 1 _ b = , the function is stretched horizontally in relation to the parent 2 

function. 

6. period = 90 ;°  asymptotes: (90n + 45) ,°  where n is an integer; 
_ 1 _ x-intercepts: 0 ,°  90 ,°  180 ,°  270 ,°  …; midline: y = 0; Because a = -, 
2 

the function is compressed vertically and reflected in the x-axis. Because 

b = 2, the function is compressed horizontally in relation to the parent

function. 
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Lesson 9-6 F.IF.7e, F.BF.3 

Translations of Trigonometric Graphs 

LESSON GOAL 

Students graph translations of trigonometric functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Explore: Analyzing Graphs of Trigonometric Functions by Using 

Technology 

Develop: 

Horizontal Translations of Trigonometric Functions 

• Graph a Phase Shift 

• Graph a Transformation of a Trigonometric Function 

Vertical Translations of Trigonometric Functions 

• Graph a Vertical Shift 

• Model Transformations of Trigonometric Functions 

• Write a Trigonometric Function from a Graph 

You may want your students to complete the Checks online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Transformations of Functions ＀ ＀ ＀ 

Extension: Simple Harmonic Motion ＀ ＀ ＀ 

ELL Support 

Language Development Handbook 
Assign page 51 of the Language Development 

Handbook to help your students build 

mathematical language related to graphing 

translations of trigonometric functions. 

ELL You can use the tips and suggestions on 

page T51 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.IF.7e Graph exponential and logarithmic functions, showing intercepts 

and end behavior, and trigonometric functions, showing period, midline, 

and amplitude. 

F.BF.3 Identify the effect on the graph of replacing f x( ) by f x( ) + k, k f x( ), 

f kx( ), and f x(  + k) for specific values of k (both positive and negative); find 

the value of k given the graphs. Experiment with cases and illustrate an 

explanation of the effects on the graph using technology. 

Standards for Mathematical Practice: 

3 Construct viable arguments and critique the reasoning of others. 

5 Use appropriate tools strategically. 

7 Look for and make use of structure. 

Coherence 

Vertical Alignment 

Previous 

Students transformed linear, exponential, and quadratic functions. 

F.BF.3 (Course 1, Course 2) 

Now 

Students graph translations of trigonometric functions. 

F.IF.7e, F.BF.3 

Next 

Students will find the values of angle measures by using inverse 

trigonometric functions. 

F.TF.7 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand their 

understanding of the basic trigonometric functions to include 

translations of these graphs. They build fluency by using translations 

to graph the functions, and they apply their understanding by solving 

real-world problems related to trigonometric functions. 

Mathematical Background 
The graphs of the functions y = a sin b(θ - h) + k, y = a cos b(θ - h) 

+ k, and y = a tan b(θ - h) + k are affected by changing the values of

a, b, h, and k. A horizontal translation, or phase shift, is affected by h, and 

a vertical shift of the horizontal midline is affected by k. The amplitude is 

determined by the value of | |a  and the period is determined by | |.b  
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F.IF.7e, F.BF.3 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• describing transformations to a sine function 

Answers: 

1. Moves k units up. 

2. Moves h units to the left. 

3. Reflects the graph in the x-axis. 

4. Vertically stretches the graph. 

5. Horizontally compresses the graph. 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics In the Launch the Lesson, students will 

learn how the flow of water in a water wheel can be modeled by 

the transformation of a trigonometric function. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer 

read aloud How can I meet these standards? and How can I use these 

practices?, and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.IF.7e, F.BF.3 2 EXPLORE AND DEVELOP 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Analyzing T rigonometric Functions 

by Using Technology 

Objective 

Students use a graphing calculator to explore transformations and key 

features of trigonometric functions. 

Teaching the Mathematical Practices 

5 Analyze Graphs Throughout the Explore, students will analyze 

the graphs they have generated using graphing calculators to 

explore transformations of trigonometric functions. Point out that 

to see the important features of the graphs, students may need to 

adjust the viewing window. 

Ideas for Use 

Recommended Use Present the Inquiry Question, or have a student 

volunteer read it aloud. Have students work in pairs to complete the 

Explore activity on their devices. Pairs should discuss each of the 

questions. Monitor student progress during the activity. Upon completion 

of the Explore activity, have student volunteers share their responses to 

the Inquiry Question. 

What if my students don’t have devices? Y ou may choose to project 

the activity on a whiteboard. A printable worksheet for each Explore 

is available online. You may choose to print the worksheet so that 

individuals or pairs of students can use it to record their observations. 

Summary of the Activity 

Students will be presented with an Inquiry Question  to answer at 

the end of the activity. They will use a graphing calculator to explore 

transformations of trigonometric functions. Students will work through 

four different exercises. Then students will answer the Inquiry Question. 

MPMP

Interactive Presentation 

Explore 

Explore 

TAP

Students select the calculator they will use for the Explore activity 

and then move through the slides. 

TYPE

Students move through the exercises and answer questions 

pertaining to transformations of trigonometric functions. 

(continued on the next page) 
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F.IF.7e, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Explore 

TYPE

Students will respond to the Inquiry Question and can view 

a sample answer. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Explore Analyzing T rigonometric Functions 

by Using Technology ( )continued  

Questions 

Have students complete the Explore activity. 

Ask: 

• How will a vertical shift affect the midline of the graph of y = sin x + k? 

Sample answer: The midline will shift from y = 0 to y = k, when k is 

the value shifted vertically. 

• Which values of y = a sin b x(  - h) + k affect the range of the function? 

a and k Which affect the domain? b and h 

Inquiry 

How does adding a constant to, subtracting a constant from, or 

multiplying a constant by a function affect the graph of a trigonometric 

function? Sample answer: Adding or subtracting a constant causes the 

graph to be shifted horizontally or vertically. Multiplying by a constant 

stretches or compresses the graph. Multiplying by a negative constant 

causes the graph to be reflected in the x-axis. 

Go Online to find additional teaching notes and sample answers 

for the guiding exercises. 
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F.IF.7e, F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Horizontal T ranslations of 

Trigonometric Functions 

Objective 

Students graph horizontal translations of trigonometric functions. 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain 

the relationship between the parameter h and the graph of a 

trigonometric function. 

What Students Are Learning 

A horizontal translation of the graph of a trigonometric function is called a 

phase shift. In the form y = sin (x - h), when h > 0, the parent 

graph is translated h units right. If h < 0, the parent function is translated 

| |h  units left. 

DIFFERENTIATE 

Reteaching Activity AL ELL 

IF students are having difficulty determining the phase shift, 

THEN have students set the argument of the sine function equal to 

zero and solve for x. This will give the phase shift. 

Example 1 Graph a Phase Shift 

Teaching the Mathematical Practices 

3 Justify Conclusions Students will explain the conclusions 

drawn when answering the question in the Talk About It! feature. 

Questions for Mathematical Discourse 

AL How does a phase shift of a trigonometric function compare to 

horizontal translations of other function types? The form of the 

translation is the same for trigonometric functions as for other 

function types, f x(  - h). 

OL What other phase shifts of the parent cosine function would result 

in the same graph as cos (x - 270°)? The function could be 

shifted by 270° plus any integer multiple of the period. 

BL How can the graph of y = sin x be shifted horizontally to be the 

same as the graph of y = cos x? Sample answer: If the graph of 

y = sin x is shifted left 90 ,°  it coincides with the graph of y = cos x.

So the graph of y = sin (x + 90 )°  is the same as the graph of 

y = cos x.

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP

Interactive Presentation 

Learn 

DRAG & DROP 

Students drag functions to describe how their graphs have 

been transformed. 
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F.IF.7e; F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

TAP

Students move through the steps to graph 

a transformation of the sine function. 

TYPE

Students compare the graphs of two 

transformed sine functions. a

CHECK

Students complete the Check online to 

determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 2 Graph a T ransformation of a 

Trigonometric Function 

Teaching the Mathematical Practices 

7 Interpret Complicated Expressions Mathematically proficient 

students can see complicated expressions as single objects or as 

being composed of several objects. Guide students to see what 

information they can gather about the function just by looking at it. 

Questions for Mathematical Discourse 

AL Why is the phase shift to the left? The form of a horizontal 
π __ translation is f x(  - h), so h = - . The negative indicates a shift 
4 

to the left. 

OL How can the period of 2π be verified on the graph of the 

transformed function? Sample answer: Find the distance between 

the x-values of two consecutive maxima. 

BL When does a phase shift to the left by a value have the same 

result as a phase shift to the right by the same value? The effect 

is the same when the phase shift is an integer multiple of half of 

the period. 

Common Error 

Many students try to shift a graph before stretching or compressing. 

Although in this example the graph would still be the same, when multiple 

transformations are present, the graph must be stretched or compressed 

before being shifted. Remind students that the order of operations is 

always mandatory. 

MPMP
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F.IF.7e; F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Vertical Translations of 

Trigonometric Functions 

Objective 

Students graph vertical translations of trigonometric functions. 

Teaching the Mathematical Practices 

3 Construct Arguments In the Think About It! feature, students 

will use definitions and previously established results to construct 

an argument about the midline of a tangent function. 

About the Key Concept 

A vertical translation of the graph of a trigonometric function is called a 

vertical shift. In the form y = sin x + k, when k < 0, the parent graph is 

translated k units down. If k > 0, the parent function is translated k units 

up. The vertical shift affects the midline, so if the graph is shifted k units 

up, the midline is at y = k. 

DIFFERENTIATE

Reteaching Activity AL ELL
Identify the horizontal and vertical shift of y = 6 - 3 sin (2x + π). 

Vertical shift: up 6 
_ π _ Horizontal shift: left units 
2 

Example 3 Graph a Vertical Shift 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the function, key features, and graph used 

in Example 3. 

Questions for Mathematical Discourse 

AL How does a vertical translation of a trigonometric function 

compare to vertical translations of other function types? Sample 

answer: The vertical translation is determined by the constant, 

k, for any f x( ) + k. The translation can be applied by using key 

features. For a trigonometric function, the midline is y = k. For an 

exponential function, the asymptote is y = k. For a parabola, the 

y-value of the vertex is k. 

OL How does a vertical shift affect the range of the graph of 

trigonometric functions? A vertical shift does not affect the range 

of tangent or cotangent functions, but it does affect the range of 

sine, cosine, cosecant, and secant functions by shifting the range 

up or down by | |k  units. 
_ 1 __ 

BL Where would the asymptotes for y = cot - 1 be? They (2x )
_ 1 __ would occur at the x-values where y = tan - 1 = 1. (2x )

MPMP

MPMP Interactive Presentation 

Learn 

TYPE

Students identify the midline for the graph of 

the tangent function and then discuss how it is a
related to the vertical shift. 
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F.IF.7e, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 4 

TAP

Students move through the steps of writing 

a trigonometric function that models a real- 

world situation. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 4 Model T ranslations of 

Trigonometric Functions 

Teaching the Mathematical Practices 

1 Explain Correspondences Encourage students to explain the 

relationships between the verbal description, function, and graph 

used in this example. 

4 Analyze Relationships Mathematically Students will need 

to analyze the mathematical relationships in the problem to write 

and graph a function that models the situation in Example 4. 

Questions for Mathematical Discourse 

AL Why was cosine selected for this example? Either sine or cosine 

could be selected because they both have periodic behavior 

that matches the context. Both need a phase shift to model the 

situation, so it is an arbitrary choice. 

OL Why are a and k the same value? This results in the minimum of 

the function being zero, which makes sense in the context. 

BL What is the difference in the phase shift needed for using a cosine 

versus a sine function for the model? The cosine function needed 

a phase shift of half the period. The sine function would need to 
_ 1 _ be shifted right by of the period. 
4 

MPMP
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F.IF.7e, F.BF.3 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Interactive Presentation 

Learn 

TYPE

Students use the function to evaluate at a 

specific time. a
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F.IF.7e, F.BF.3 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 5 

TAP 

Students move through the steps to write the 

equation of a trigonometric function from a graph. 

TYPE 

Students write another function for the 

transformed graph. a 

CHECK 

Students complete the Check online to determine 

whether they are ready to move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Example 5 Write a T rigonometric Function 

from a Graph 

Teaching the Mathematical Practices 

5 Analyze Graphs T o check their solutions, students should 

analyze the graph by using graphing calculators. Point out that to see 

the entire graph, students may need to adjust the viewing window. 

Questions for Mathematical Discourse 

AL How do you find the period of the graphed function? Y ou can use 

the difference between two consecutive maxima or minima. 

OL What would be the phase shift from the parent function if this was 

a sine function? There would not be a phase shift. 

BL For any graph of an unspecified trigonometric function, how many 

function types could it represent? Two. Cosine and sine can each 

be represented as a phase shift of the other, likewise for secant 

and cosecant. Tangent and cotangent can be interchanged with a 

sign flip plus phase shift. 

Common Error 

Encourage students to find the midline of the graph before any other 

transformation because the midline is very helpful in identifying 

reflections, amplitude, and even phase shift. 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 

MPMP
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F.IF.7e, F.BF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–22 

2 exercises that use a variety of skills from this

lesson 

23–39 

2 exercises that extend concepts learned in this

lesson to new contexts 

40–44 

3 exercises that emphasize higher-order and

critical-thinking skills 

45–52 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–43 odd, 45–52 

• Extension: Simple Harmonic Motion 

• Graphs of Sine and Cosine Functions 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–51 odd 

• Remediation, Review Resources: Transformations of Functions 

• Personal Tutors 

• Extra Examples 1–5 

• Transformations 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–21 odd 

• Remediation, Review Resources: Transformations of Functions 

• Quick Review Math Handbook: Translations of Trigonometric Graphs 

• Transformations 

AL 

Answers

1. 

domain: -∞ < θ <∞; range: -1 ≤ f(θ) ≤ 1 
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F.IF.7e, F.BF.3 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Answers 

2. 

domain: πn < θ < π + πn, where n is an integer; range: 

-∞ < f(θ) < ∞ 

domain: -∞ < θ < ∞; range: -1 ≤ f(θ) ≤ 1 

4. 

3. 

domain: -∞ < θ < ∞; range: -1 ≤ f(θ) ≤ 1 

5. 

_ π _ _ π _ domain: + πn < θ < + π(n + 1), where n is an integer; range: 
3 3 

-∞ < f(θ) < ∞ 

6. 

domain: -∞ < θ < ∞; range: -1 ≤ f(θ) ≤ 1471-472 Module 9 • Trigonometric Functions 
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Lesson 9-7 F.TF.7 

Inverse Trigonometric Functions 

LESSON GOAL 

Students find the values of angle measures by using inverse trigonometric 

functions. 

1 LAUNCH 

Launch the lesson with a Warm Up and an introduction. 

2 EXPLORE AND DEVELOP 

Develop: 

Inverse Trigonometric Functions 

• Evaluate Inverse Trigonometric Functions 

• Find a Trigonometric Value by Using a Calculator 

• Find an Angle Measure by Using a Graphing Calculator 

• Use Inverse Trigonometric Functions 

You may want your students to complete the Check online. 

3 REFLECT AND PRACTICE 

Exit Ticket 

Practice 

DIFFERENTIATE 

View reports of student progress on the Checks after each example. 

Resources AL OL BL ELL 

Remediation: Inverse Relations and 
＀ ＀ ＀ 

Functions 

Extension: Snell’s Law ＀ ＀ ＀ 

Language Development Handbook 
Assign page 52 of the Language Development 

Handbook to help your students build 

mathematical language related to using inverse 

trigonometric functions to find the values of angle 

measures. 

ELL You can use the tips and suggestions on 

page T52 of the handbook to support students 

who are building English proficiency. 

Suggested Pacing 

90 min 0.5 day 

45 min 1 day 

Focus 
Domain: Functions 

Standards for Mathematical Content: 

F.TF.7 Use inverse functions to solve trigonometric equations that arise 

in modeling contexts; evaluate the solutions using technology, and 

interpret them in terms of the context. 

Standards for Mathematical Practice: 

4 Model with mathematics. 

6 Attend to precision. 

Coherence 

Vertical Alignment 

Previous 

Students found the inverses of linear, quadratic, and exponential 

functions. 

F.IF.5, F.IF.7e, F.BF.4a 

Now 

Students find the values of angle measures by using inverse trigonometric 

functions. 

F.TF.7 

Rigor 

The Three Pillars of Rigor 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Conceptual Bridge In this lesson, students expand on their 

understanding of the basic trigonometric functions to include inverse 

trigonometric functions. They build fluency by using inverses to solve 

trigonometric equations, and they apply their understanding by solving 

real-world problems related to trigonometric functions. 

Mathematical Background 
Because the trigonometric functions are periodic, many angles 

correspond to the same function value. Therefore, the inverse of any of 

the trigonometric functions is not a function. However, if the domain is 

restricted to an appropriate interval, the inverse is a function. 
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F.TF.7 1 LAUNCH 

Interactive Presentation 

Warm Up 

Warm Up 

Prerequisite Skills 

The Warm Up exercises address the following prerequisite skill for this 

lesson: 

• finding inverse functions and restricted domains 

Answers: 

−1 x _ _ +__ 5 _ 1. f ( )x  =
3 

−1 4 __ x _ +__ 7 _ 2. f ( )x  =
x − 1 

3. [0, ∞) or ( ,−∞  0] 

4. [ 4,−  ∞) or ( ,−∞  −4] 

Launch the Lesson 

Launch the Lesson 

Teaching the Mathematical Practices 

4 Apply Mathematics Encourage students to model the 

relationship between the distance of the feet of the ladder from 

the wall and the angle created using an inverse trigonometric 

function. 

Go Online to find additional teaching notes and questions to 

promote classroom discourse. 

Today’s Standards 

Tell students that they will be addressing these content and practice 

standards in this lesson. You may wish to have a student volunteer read 

aloud How can I meet this standard? and How can I use these practices? 

and connect these to the standards. 

See the Interactive Presentation for I Can statements that align with the 

standards covered in this lesson. 

MPMP

Today’s Vocabulary 

Today’s Vocabulary 

Tell students that they will be using these vocabulary terms in this lesson. 

You can expand each row if you wish to share the definitions. Then 

discuss the questions below with the class. 
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F.TF.7 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION 

Learn Inverse T rigonometric Functions 

Objective 

Students find values of angle measures by using inverse trigonometric 

functions. 

Teaching the Mathematical Practices 

4 Model with mathematics Students will model real-world 

situations by using inverse trigonometric functions. 

6 Attend to precision Students will communicate mathematical 

reasoning precisely. 

What Students Are Learning 

When the value of a trigonometric function for an angle is known, the 

inverse function can be used to find the angle measure. The domain of 

inverse trigonometric functions must be restricted in order for the inverse 

to be a function. The values in the restricted domain are called principal 

values. 

Essential Question Follow-Up 

Students have begun learning about the inverse trigonometric functions. 

Ask: 

Why are inverse functions important? Sample answer: Inverse 

functions are important because they can be used to solve for 

unknown angle measures. 

Example 1 Evaluate Inverse T rigonometric 

Functions 

Teaching the Mathematical Practices 

6 Communicate Precisely Encourage students to write their 

solution method using clear, logical steps. 

Questions for Mathematical Discourse 

__ π __ AL How can you convert 60° to radians? Multiply by . 
180° 

OL Why are we only solving for values of θ between -90° and 90°? 
__ 

−1 Sample answer: Because Tan √ 3 is capitalized, only the principal 

values should be included in the solution. 
__ 

-1 BL Find Tan (- √ 3). – ˚60  

Common Error 

Remind students that when they are finding evaluating inverse 

trigonometric functions using the unit circle, they only need to consider 

the quadrants of the principal values. For example, when evaluating 

Arccosine, only values in Quadrant I and Quadrant II are relevant. 

Go Online 

• Find additional teaching notes. 

• View performance reports of the Checks. 

• Assign or present an Extra Example. 

MPMP

MPMP
Interactive Presentation 

Learn 

TYPE 

Students describe the relationship 

a between the domain of a trigonometric 

function and the range of its inverse. 
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F.TF.7 2 EXPLORE AND DEVELOP 

Interactive Presentation 

Example 2 

TAP 

Students select their preferred calculator 

and then move through the steps to 

evaluate an inverse trigonometric function. 

TYPE 

Students explain why the mode of the 

calculator was irrelevant in this example. a 

CHECK 

Students complete the Check online 

to determine whether they are ready to 

move on. 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Example 2 Find a T rigonometric Value by 

Using a Calculator 

Questions for Mathematical Discourse 

−1AL Using a calculator, what is the value of cos (Sin 0.75 ), rounded 

to the nearest thousandth? 0.661 

−1OL Why does sin (Cos 1.5) result in an error on the graphing 

calculator? Sample answer: 1.5 is not in the domain of the inverse 

cosine function. 

-1BL When will sin (sin x) = x? when x is in the restricted domain of sine 

Example 3 Find an Angle Measure by Using 
a Graphing Calculator 

Questions for Mathematical Discourse 

AL What does the inverse of a trigonometric function represent? the 

angle measure that corresponds to the given ratio 

OL How can you check your answer? Sample answer: Evaluate 

sin ( 9.79°)-  and check that it is approximately -0.17. 

-1BL Would the value of Cos ( 0.99)-  be positive or negative? Explain. 

Positive. Sample answer: The restricted domain of Cos θ is 
–10 ≤ θ ≤ 180 ,˚  so the value of Cos will be positive. 

Example 4 Use Inverse T rigonometric 

Functions 

Questions for Mathematical Discourse 

AL What is the ratio for tan θ in terms of the sides of a right triangle in 

the context of this situation? altitude of the plane over its distance 

from the airport 

OL Why must we convert miles to feet? Sample answer: The units in 

the ratio must be the same. 

BL What would be the angle of descent for the same plane if the pilot 

has 45 miles to land from an elevation of 15,000 feet? 3.6˚ 

Exit Ticket 

Recommended Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond using a separate piece of paper. Have students hand 

you their responses as they leave the room. 

Alternate Use 

At the end of class, go online to display the Exit Ticket prompt and ask 

students to respond verbally or by using a mini-whiteboard. Have students 

hold up their whiteboards so that you can see all student responses. Tap to 

reveal the answer when most or all students have completed the Exit Ticket. 
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F.TF.7 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Practice and Homework 

Suggested Assignments 

Use the table below to select appropriate exercises. 

DOK Topic Exercises 

1, 2 exercises that mirror the examples 1–32 

2 exercises that use a variety of skills from this

lesson 

39–38 

2 exercises that extend concepts learned in this

lesson to new contexts 

39 

3 exercises that emphasize higher-order and

critical-thinking skills 

40–45 

ASSESS AND DIFFERENTIATE 

Use the data from the Checks to determine whether to provide 

resources for extension, remediation, or intervention. 

IF students score 90% or more on the Checks, 

THEN assign: 

• Practice Exercises 1–39 odd, 40–45 

• Extension: Snell’s Law 

BL 

IF students score 66%–89% on the Checks, 

THEN assign: 

• Practice Exercises 1–45 odd 

• Remediation, Review Resources: Inverse Relations and Functions 

• Personal Tutors 

• Extra Examples 1–4 

• Function Operations, Inverse Functions 

OL 

IF students score 65% or less on the Checks, 

THEN assign: 

• Practice Exercises 1–31 odd 

• Remediation, Review Resources: Inverse Relations and Functions 

• Function Operations, Inverse Functions 

AL 
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F.TF.7 3 REFLECT AND PRACTICE 

1 CONCEPTUAL UNDERSTANDING 2 FLUENCY 3 APPLICATION

Answers

41. Sample answer: Neither; cosine is not positive in the second quadrant. 

_ 1 _ 42. Sample answer: Arcsin = 30° 
2 
_ 1 _ = Sin 30° 
2 

-1 43. Sample answer: y = tan x is a relation that has a domain of all real
_ π _ numbers and a range of all real numbers except odd multiples of . The 
2 

-1 relation is not a function. y = Tan x is a function that has a domain of 
_ π _ _ π _ all real numbers and a range of - < y < . 
2 2 

44. Sample answer: The range of y = Sin x and y = Cos x is -1 ≤ x ≤ 1. 
-1 The range of y = Tan x is all real numbers. 

‒1 _ 1 _ 45. Sample answer: y = Cos θ + 1; this function is a horizontal stretch
2 

-1 by a factor 2 of the parent function y = Cos θ, so the domain is 

{ 2−  ≤ θ ≤ 2}. It is also a vertical translation 1 unit up, so the range is 

{1 ≤ y ≤ π + 1}. 
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Module 9 • Trigonometric Functions 

Review

Rate Yourself!
Have students return to the Module Opener to rate their understanding 

of the concepts presented in this module. They should see that their 

knowledge and skills have increased. After completing the chart, have 

them respond to the prompts in their Student Edition and share their 

responses with a partner. 

Answering the Essential Question 
Before they answer the Essential Question, have students review their 

answers to the Essential Question Follow-Up questions found throughout 

the module. 

• Why are trigonometric functions in right triangles useful in the real world? 

• Why are the graphs of sine and cosine useful in a real world setting? 

Then have them write their answer to the Essential Question. 

ELL A completed Foldable for this module should include the key 

concepts related to trigonometric functions. 

LearnSmart Use LearnSmart as part of your test preparation plan 

to measure student topic retention. You can create a student assignment 

in LearnSmart for additional practice on these topics for Trigonometric 

Functions and Modeling with Functions. 

• Trigonometric Functions and the Unit Circle 

• Periodic Phenomena 

• Creating Function Models 
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Review and Assessment Options 
The following online review and assessment resources are available 

for you to assign to your students. These resources include technology- 

enhanced questions that are auto-scored, as well as essay questions. 

Review Resources 

Vocabulary Activity 

Module Review 

Assessment Resources 

Vocabulary Test 

AL Module Test Form B 

OL Module Test Form A 

BL Module Test Form C 

Performance Task* 

*The module-level performance task is available online as a printable document. A scoring 

rubric is included. 
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Test Practice 

You can use these pages to help your students review module content 

and prepare for online assessments. Exercises 1-18 mirror the types of 

questions your students will see on online assessments. 

Question Type Description Exercise(s) 

Multiple Choice Students select one correct answer. 2, 6, 11, 13, 

17 

Multi-Select Multiple answers may be correct. 

Students must select all correct 

answers. 

12, 14, 15 

Table Item Students complete a table by

entering in the correct values. 

4, 8 

Open Response Students construct their own

response.

1, 3, 5, 7, 9, 

10, 16, 18 

To ensure that students understand the Standards, check students’ 

success on individual exercises. 

Standard(s) Lesson(s) Exercise(s) 

F.BF.3 9-6 14, 15, 16 

F.TF.1 9-1 1, 2, 3 

F.TF.2 9-3 7, 8 

F.TF.3 9-2 4, 5, 6 

F.TF.5 9-3, 9-4 9, 10, 11 

F.TF.7 11-7 17, 18 

F.IF.4 9-5, 9-6 12, 13 

F.IF.7e 9-5 13, 14 

A.CED.2 9-4 11 
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Lesson 9-1 

70b. Sample answer: As you move around the circle in 45 -increments,°  the 
π __ radian measures increase by increments of , resulting in the pattern 4 

π __ 2 __ π _ π __ 3 __ π _ 4 __ π _ 5 __ π _ 6 __ π _ _ 3 _ π _ _ 7 _ π _ 8 __ π _ 0, , = , , , = π, , = , , and = 2π. 4 4 2 4 4 4 4 2 4 4 

2 2 75. Melinda is correct. The area of the complete circle is πr = π(15) = 

2 2 225π ft . Because the area that gets watered by the sprinkler is 75π ft , this 
_ 7 _ 5 _ π __ _ 1 _ area is = of the circle. Therefore, the measure of the central angle 
225π 3 

_ 1 _ 2 __ π _ is (2 )π  = . 3 3 

77. Because s = rθ and r = 5, the function may be written as f x( ) = 5 .x  This means 

the graph is a straight line with a slope of 5 that passes through the origin. 

78. Tarshia; a coterminal can be found by adding a multiple of 360° or by 

subtracting a multiple of 360 .°  Alan incorrectly subtracted the original angle 

measure from 360 .°  

81. Sample answer: 440° and - °280  

measure of central angle length of arc ____________________ ___________ 
82. =

measure of an entire circle circumference 

Use a proportion. 
_ θ __ __ s _ 

= Substitute. 
2π 2πr 

2πrθ = 2πs Multiply. 

rθ = s Divide each side by 2 .π  
__ 1 __ 

83. One degree represents an angle measure that equals rotation around a 
360 

circle. One radian represents the measure of an angle in standard position 

that intercepts an arc of length r. To convert from degrees to radians, 
_ π _ _ ra _ d _ ia _ n _ s _ multiply the number of degrees by . To convert from radians to 

180° 
___ 18 _ 0 _ ° ___ degrees, multiply the number of radians by . 
π radians 

Lesson 9-2 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 
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36. 

37. 

38. 

39. 

Lesson 9-4 

_ 1 _ _ 1 _ 
17a. period: 2; frequency: ; The object completes of a cycle per second, 

2 2 
and it will reach maximum distance from the equilibrium point every 2 

seconds. 

17b. Domain: all real numbers; sample answer: Because time cannot be 

negative, the relevant domain in the context of the situation is [0, ∞). 

The range is [ 25,-  25]. 

19. 

20. 

_ 2 _ π _ _ 2 _ π __ _ 1 _ _ 1 _ _ 1 __ __ 1 __ 
36. 900 rpm; the period is = = second, or · = minute; 

|b| 30π 15 15 60 900 
the frequency is the reciprocal of the period, so the blade makes 

900 complete rotations per minute. 

Lesson 9-5 

8 __ π _ _ 4π __ _ 4 _ π _ 
7. period = ; asymptotes: x = + n, where n is an integer; relative 3 3 3 

_ 2 _ π _ _ 10 _ π __ _ 2 _ π _ _ 8 _ π _ minima at x = , x = , or x = + n, where n is an integer; relative 3 3 3 3 
_ 14 _ π _ _ 8 _ π _ maxima at x = 2 ,π  x = , or x = 2π + n, where n is an integer. 3 3 

_ 2 _ π _ π __ _ π _ 
8. period = ; asymptotes: x = + n, where n is an integer; relative 

3 3 3 
_ π _ 5 __ π _ _ π _ 2 __ π _ minima at x = , x = , or x = + n, where n is an integer; relative 
6 6 6 3 
π __ _ 7 _ π _ π __ 2 __ π _ maxima at x = , x = , or x = + n, where n is an integer. 
2 6 2 3 
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9. period = 2 ;π  asymptotes: x = 2π + 2 ,πn  where n is an integer; relative
π __ _ 5π _ _ π _ minima at x = , x = , or x = + 2 ,πn  where n is an integer; relative
2 2 2 

3 __ π _ _ 7 _ π _ 3 __ π _ maxima at , , or x = + 2 ,πn  where n is an integer. 
2 2 2 

10. period = 90 ;°  asymptotes: x = 90 ,n°  where n is an integer; x-intercepts: 

45 ,°  135 ,°  225° …; (odd multiples of 45 ).°  

11. period = 360 ;°  asymptotes: x = 360 ,n°  where n is an integer; x-intercepts: 

180 ,°  540 ,°  …; (odd multiples of 180 ).°  

12. period = 180 ;°  asymptotes: x = 180 ,n°  where n is an integer; x-intercepts: 

90 ,°  270 ,°  …; (odd multiples of 90 ).°  

13. period = 360 ;°  asymptotes: x = (90 + 180 ) ,n °  relative maxima at 

x = (180 + 360 ) ,n °  where n is an integer, relative minima at x = 360n° 

where n is an integer 

14. period = 1080 ;°  asymptotes: x = (270 + 540) ,°  relative maxima at 

x = (540 + 1080 ) ,n °  where n is an integer, relative minima at x = 1080n° 

where n is an integer 

_ π _ π ___ π __ _ π _ _ π _ 
15. period = ; asymptotes: x = + n, relative maxima at x = + n where 

2 8 4 4 2 
_ π _ n is an integer, relative minima at x = n where n is an integer ( 2 )

16b. 

16c. Sample answer: In the context of the situation, only x-values between 0° 

and 180° are relevant, so focus on analyzing that portion of the graph. 

domain: {x | 0 < x < 180} relative minimum: (90, 200) 

range: {d | d ≥ 200} relative maximum: none 

x-intercept: none increasing: {x | 90 < x < 180} 

y-intercept: none decreasing: {x | 0 < x < 90} 
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17b. 

17c. Sample answer: In the context of the situation, only x-values between 0° 
and 90° are relevant, so focus on analyzing that portion of the graph. 

domain: {x | 0 < x < 90} 

range: {y | 0 ≤ y ≤ ∞} 

x-intercept: 90 

y-intercept: none 

relative minimum: none 

relative maximum: none 

The period of y = 300 cot x is 180 .°  

18. 

19. 

20. 

21. 

22. 

23. 
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Lesson 9-6 

7. 

domain: -∞ < θ < ∞; range: -3 ≤ f(θ) ≤ 3 

8. 

domain: -∞ < θ < ∞; range: -2 ≤ f(θ) ≤ 2 

9. 

domain: -∞ < θ < ∞; range: -0.5 ≤ f(θ) ≤ 0.5 

10. 

domain: -∞ < θ < ∞; range: -0.5 ≤ f(θ) ≤ 0.5 

11. 

domain: -∞ < θ < ∞; range: -2 ≤ f(θ) ≤ 2 

12. 

domain: -∞ < θ < ∞; range: -0.25 ≤ f(θ) ≤ 0.25 

13. 

domain: -∞ < θ < ∞; range: 2 ≤ f(θ) ≤ 4 

14. 

domain: 90 + 180n < θ < 270 + 180 ,n  where n is an integer; 

range: -∞ < f(θ) < ∞ 

15. 

domain: 90 + 180n < θ < 270 + 180 ,n  where n is an integer; 

range: -∞ < f(θ) < ∞ 

16. 

domain: -∞ < θ < ∞; range: -7 ≤ f(θ) ≤ -3 

17. 

domain: -∞ < θ < ∞; range: -6 ≤ f(θ) ≤ -2 
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18.

2 __ 0 _ 2 __ 2 _ domain: -∞ < θ < ∞; range: ≤ f(θ) ≤
3 3 

19c. 

20d. Notice that the graph oscillates between a maximum of 18 meters and a 

minimum of 15 meters and is positive for all values in the domain. The 

graph has a y-intercept of 18 and no x-intercepts. Because t represents 

time and y represents depth, both values must be positive in the context of 

the situation. The domain is {t | t ≥ 0}, and the range is y | {15 ≤ y ≤ 18 .}  

26. 

27. 

28. 

29. Sample answer: sine; As a Ferris wheel turns, the rider’s distance above the 

ground varies sinusoidally with time. Note: any phenomenon that can be 

modeled with a sine function can also be modeled with a cosine function using 

the appropriate horizontal shift and/or reflection about the horizontal axis. 

32. Sample answer: Secant; even though cosine and secant can both be used 

to write a trigonometric ratio involving θ, the function can best be modeled 

by a secant graph. Secant has no x-intercepts, which makes sense because 

the length of the beam of light is never 0. The asymptotes of the secant 

graph occur at values of x that represent times when the beam of light is 

parallel to the hospital wall. 

46. Sometimes; if the function is shifted vertically, then you also need to know 

the value of the midline. The maximum value is the value of the midline plus 

the amplitude. The minimum value is the midline value minus the amplitude. 

47. The graph of y = 3 sin 2θ + 1 has an amplitude of 3 rather than an 

amplitude of 1. It is shifted up 1 unit from the parent graph and is 

compressed so that it has a period of 180°. 

48. Sample answer: a phase shift 90° left, y = sin (θ + 90°); a phase shift 270° 

right, y = sin (θ - 270°) 

49. Sample answer: 

50. Sample answer: Infinitely many; any change in amplitude will create a 

different graph that has the same θ-intercepts. 

π __ 
51. Sample answer: y = sin θ + - 3 is equivalent to y = cos θ - 3. ( 2 )

_ 1 _ _ 1 _ 
52. Sample answer: The 4 cannot be distributed to eliminate the because the

4 4 

is part of the angle and needs to be evaluated by the sine function before 
_ 1 _ _ 1 _ the result can be multiplied by 4. This is similar to 4 · f ( x ). The
4 )≠ f x(  

4 
represents a horizontal dilation, which shrinks the period of the graph. The 4 

represents a vertical dilation, which expands the amplitude of the graph. 
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 d
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 d
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 d
 d
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