9-4 Polar Forms of Conic Sections

Determine the eccentricity, type of conic, and
equation of the directrix for each polar

equation.
20

i 4 4+4dsin 8

SOLUTION:

Write the equation in standard form,
ed

B= 14esinf’

Since e = 1, the conic is a parabola. For a polar
equation of this form (where sin 4 is included), the
equation of the directrix isy = d. From the
numerator, we know thated =5, sod = 5.
Therefore, the equation of the directrix isy = 5.

ANSWER:
e =1; parabola;y =5
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_— 18
2—bcosf
SOLUTION:
Write the equation in standard form, r = oL .
| —ecosd

Since e = 3, the conic is a hyperbola. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = —d. From the
numerator, we know thated =9,sod = 3.

Therefore, the equation of the directrix is x = — 3.

ANSWER:
e = 3; hyperbola; x = -3

21

3.r= 3cosff+1

SOLUTION:

. .. 2l
Write the equation in standard form, r = —_—
| +ecosd

Since e = 3, the conic is a hyperbola. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = d. From the
numerator, we know thated =21,s0d =21 +3 or
7. Therefore, the equation of the directrix isx = 7.

ANSWER:
e = 3; hyperbola; x =7
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9-4 Polar Forms of Conic Sections

. .
‘T= Asing+8

SOLUTION:

Write the equation in standard form, r =
ed

14+esin@ -

Since e = 0.5, the conic is an ellipse. For a polar
equation of this form (where sind is included), the
equation of the directrix isy = d. From the
numerator, we know thated = 3,sod = 6.
Therefore, the equation of the directrix isy = 6.

ANSWER:
e =0.5; ellipse;y = 6
_ —12
1= 6cos8—6
SOLUTION:
A A . L"J!.Ir
Write the equation in standard form, r =7————.
|-ecosd

Since e =1, the conic is a parabola. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = =d. From the
numerator, we know thated =2,so0d =2 + 1 or 2.
Therefore, the equation of the directrix is x = = 2.

ANSWER:
e = 1; parabola; x =2
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6.r=

w B,
T 4 —35n d
SOLUTION:
Write the equation in standard form, r = L .
| —esind

Since e = 0.75, the conic is an ellipse. For a polar
equation of this form (where siné is included), the

equation of the directrix isy = —d. From the
numerator, we know that ed = 2.25,sod = 3.

Therefore, the equation of the directrix isy = — 3.

ANSWER:
e =0.75; ellipse;y = -3
=8
T= 5in g —0.25
SOLUTION:
Write the equation in standard form, r = L .
| —esinét

Since e = 4, the conic is a hyperbola. For a polar
equation of this form (where siné is included), the

equation of the directrix isy = =d. From the
numerator, we know that ed =32, so d = 8.

Therefore, the equation of the directrix isy = 8.

ANSWER:
e = 4; hyperbola;y = -8
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9-4 Polar Forms of Conic Sections

8 = 10 equation of this form, the equation of the directrix is
T= 55425058 y = d. From the numerator, we know that ed = 3.5,
SOLUTION- so d = 3.5. Therefore, the equation of the directrix is
' y=35.
. . 244
Write the equation in standard form, r = —_—
| +ecosd b. Write the equation in standard form,
- ad
"~ l+ecos8’

Since e = 1, the conic is a parabola. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = d. From the
numerator, we know that ed =4, so d = 4. Therefore,
the equation of the directrix isy = 4.

Since e = 2.5, the conic is a hyperbola. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = d. From the
numerator, we know that ed = 5.6, so d = 2.24.
ANSWER: Therefore, the equation of the directrix is x = 2.24.

e = 1; parabola; x =4 ANSWER:

a. e = 1; parabola;y = 3.5

9. TELESCOPES The Cassegrain Telescope,
b. e = 2.5; hyperbola; x = 2.24

invented in 1692, produces an image by reflecting
light off of parabolic and hyperbolic mirrors.
Determine the eccentricity, type of conic, and the
equation of the directrix for each equation modeling
a mirror in the telescope.

Write and graph a polar equation and directrix
for the conic with the given characteristics.
10. e = 1; directrix:y = 6

SOLUTION:

Because e =1, the conic is a parabola. The directrix
y = 6 is above the pole, so the equation is of the form

el
r= L and d = 6. Use the values fore and d
| +esind
7 to write the equation.
ar= Zsmf+2
28
b.r= 12 5ces@+5
SOLUTION:
a. Write the equation in standard form,
o . .
= E—.. Evaluate the function for several 6-values in its
1+esin f

domain and use these points to graph the function
and its directrix.

Substitute 0 for 8 to determine the location of the
vertex of the parabola.

Since e = 1, the conic is a parabola. For a polar
eSolutions Manual - Powered by Cognero Page 3



9-4 Polar Forms of Conic Sections

Evaluate the function for several 8-values in its
domain and use these points to graph the function

The graph is a parabola with vertex at (6, 0). and its directrix

Substitute 0 and 7 for & to determine the location of
the vertices of the ellipse.

ANSWER:
s 8
r= 14sin#

The graph is an ellipse with vertices at (24, 0) and
(3.43, m).
11. e =0.75; directrix: x = -8
SOLUTION:

Because e = 0.75, the conic is an ellipse. The

directrix x = —8 is to the left of the pole, so the

d
equation is of the form " = — andd = 8.
1—ecosé

Use the values for e and d to write the equation.

ANSWER:

eSolutions Manual - Powered by Cognero Page 4



9-4 Polar Forms of Conic Sections

s M o
r=1—075cos#
The graph is a hyperbola with vertices at (— 2.5, m)
12. e = 5; directrix: x = 2 and (1.67, 0).
SOLUTION:

Because e =5, the conic is a hyperbola. The
directrix x = 2 is to the right of the pole, so the

. 2
equation is of the form r = — L andd=2.
| +ecosd)

Use the values for e and d to write the equation.

ANSWER:
10
r= 14+5coséd

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix.

Substitute 0 and = for 0 to determine the location of
the vertices of the hyperbola.

13. e =0.1; directrix:y = 8

SOLUTION:

Because e = 0.1, the conic is an ellipse. The directrix
y = 8 is above the pole, so the equation is of the form

el
r= L and d = 8. Use the values for e and d
| +esindd

to write the equation.

eSolutions Manual - Powered by Cognero Page 5



9-4 Polar Forms of Conic Sections

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix.

Substitute 0 and 7 for 6 to determine the location of 14. ¢ = 6; directrix:y = -7
the vertices of the ellipse.
SOLUTION:
Because e = 6, the conic is a hyperbola. The
directrix x = =7 is below the pole, so the equation is
2
of the form r = L and d = 7. Use the
I —esint
values for e and d to write the equation.

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix.

Substitute 0 for 6 to determine the location of the
The graph is an ellipse with vertices at (0.8, 0) and vertex of the hyperbola.

(0.8, ).

The graph is an hyperbola with a vertex at (42, 0).
ANSWER:
0.8
r= 140 kinéd

eSolutions Manual - Powered by Cognero Page 6



9-4 Polar Forms of Conic Sections

ANSWER:
_ 42
r= 1—ésin

15. e = 1; directrix: x =-1.5
SOLUTION:

Because e =1, the conic is a parabola. The directrix
X = = 1.5 is to the left of the pole, so the equation is

vl
of the formr = a and d = 1.5. Use the
| —ecosd
values for e and d to write the equation.

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix.

Substitute &t for 0 to determine the location of the
vertex of the parabola.
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The graph is a parabola with vertex at (0.75, ).

ANSWER:
15
r= 1—cosé

16. e = 0.8; vertices at (-36, 0) and (4, 0)

SOLUTION:
Because e = 0.8, the conic is an ellipse. The center
of the ellipse is at (—16.0). This point is to the left of

the pole. Therefore, the directirx will be to the right
the pole at x = d. The polar equation of a conic with

this directrix is » = . Use the value of e
| + ecos

and the polar form of a point on the conic to find the
value of d. The vertex point (4, 0) has polar

coordinates |[rﬂ}—| J42 407 tan”'| :} || or (4.0).

i N A
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9-4 Polar Forms of Conic Sections

Therefore, the equation for the ellipse is
1.2

T
| +0.8cosd
directrix isx = 9.

. Because d =9, the equation of the

Evaluate the function for several 8-values in its
domain and use these points to graph the function
and its directrix.

Substitute 0 and = for 9 to determine the location of
the vertices of the ellipse.

eSolutions Manual - Powered by Cognero

ANSWER:
7z
r= 14+0.8cos @

17. e = 1.5; vertices at (-3, 0) and (-15, 0)

SOLUTION:

Because e = 1.5, the conic is a hyperbola. The
center of the hyperbola is at (-9, 0), the midpoint of
the segment between the given vertices. This point is
to the left of the pole. Therefore, the directrix is to

the left of the pole at x = —d. The polar equation of a

L. L . ed
conic with this directrix is” = —T————~.
1—ecosf

Use the value of e and the polar form of a point on
the conic to find the value of d. The vertex point (-3,
0) has polar coordinates (r, 6) =
' 0
J(=3)" +0° tan”' —+m | or (3, m).

| 4

|
LS

Therefore, the equation for the hyperbola is
Fik

& 1—15cos# . Because d = 5, the equation of

the directrix is x = —5. Evaluate the function for
several 6-values in its domain and use these points to
graph the function and its directrix.

Substitute 0 and = for & to determine the location of
the vertices of the hyperbola.
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9-4 Polar Forms of Conic Sections

ANSWER:
_— 7.5
1—15cos8
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18.

19.

Write each polar equation in rectangular form.
48

r= 14+sind

SOLUTION:

The equation is in standard form.
4.8

| +siné
For this equation, e = 1 and d = 4.8. The eccentricity
and form of the equation determine that this is a
parabola that opens vertically with focus at the pole
and a directrixy = 4.8. The general equation of such
a parabola in rectangular form is

(x J"r]l: =-dply-k ).
The vertex lies between the focus F and the directrix

. i
of the parabola, occurring when & = ol

I

The vertex lies at polar coordinate | 2.4.— |, which
I‘. - /I
corresponds to rectangular coordinate ((.2.4). So

(k)= (0.2.4).

The distancep from the vertex at {0.2.4)to the
focus at {0.0)is 2.4.

Substitute the values for h, k, andp into the general
equation for rectangular form.

ANSWER:
X2 =06 (y — 2.4)

30
r= 44cosf
SOLUTION:
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9-4 Polar Forms of Conic Sections

Write the equation in standard form.

For this equation, e =0.25 and d = 30. The
eccentricity and form of the equation determine that
this is an ellipse with directrix x = 30.

Therefore, the major axis of the ellipse lies along the
polar or x-axis. The general equation of such an

(x —h)*
+

EIE

ellipse in rectangular form is

¢ =k’
o L
b
The vertices are the endpoints of the major axis and
occur when 8 =0 and .

The vertices have polar coordinates (6, 0) and (10,
©), which correspond to rectangular coordinates (6,
0) and (10, 0). The ellipse’s center is the midpoint
of the segment between the vertices, so (h, k) = (-2,
0).

The distance a between the center and each vertex

is 8. The distance ¢ from the center to the focus at
(0,0)is 2.

b=y —2" =60

Substitute the values for h, k, a, and b into the

eSolutions Manual - Powered by Cognero

20.

standard form of an equation for an ellipse.

ANSWER:
2 2
x+2" .y 4
64 60

I S
r=1—15cos#

SOLUTION:
Write the equation in standard form.

For this equation, e = 1.5 and d is about 3.3. The
eccentricity and form of the equation determine that
this is a hyperbola with directrix x = —3.3.
Therefore, the transverse axis of the hyperbola lies
along the polar or x-axis. The general equation of
such a hyperbola in rectangular form is

- -
cxz bz

=1.

The vertices lie on the transverse axis and occur
when 6 =0 and .
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9-4 Polar Forms of Conic Sections

21.

The vertices have polar coordinates (— 10, 0) and (2,
n), which correspond to rectangular coordinates (

- 10, 0) and (-2, 0). The hyperbola’s center is the
midpoint of the segment between the vertices, so (h,
k) = (-6, 0).

The distance a between the center and each vertex
is 4. The distance ¢ from the center to the focus at
(0,0)is 6.

b=y36-16 =20

Substitute the values for h, k, a, and b into the
standard form of an equation for an ellipse.

ANSWER:
x+6)° y'_,
16 20
azl

W, LR

SOLUTION:

The equation is in standard form.
5.1

| +0.7sind

For this equation, e =0.7 and d = 5.1 =+ 0.7 or about
7.3. The eccentricity and form of the equation
determine that this is an ellipse with directrixy = 7.3.
The general equation of such an ellipse in

(x=hY (y-k)

The vertices are the endpoints of the major axis and

rFr=

rectangular form is

eSolutions Manual - Powered by Cognero

s

Fis AT
occur when £ =— and — |
2 7

. i A { T X
The vertices lies at polar coordinates -"i. land

b L

-
o

i) .
[ 17.— |,Wh|ch correspond to rectangular
= J

5
coordinates (0, 3) and (0, —17).

The ellipse’s center is the midpoint of the segment
between the vertices, so (h, k) = (0, 7). The
distance a between the center and each vertex is 10.
The distance ¢ from the center to the focus at (0, 0)
is 7.

o e
= 10" =7 or v5l.

Substitute the values for h, k, a, and b into the
standard form of an equation for an ellipse.

ANSWER:

w3
ﬁ+ +7"
51 100
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9-4 Polar Forms of Conic Sections

22.

23.

o 12
1—cosd
SOLUTION:

The equation is in standard form.

| ¥

I

| = cosfd
For this equation, e = 1 and d = 12. The eccentricity
and form of the equation determine that this is a
parabola that opens horizontally with focus at the
pole and directrix x = —12.
The general equation of such a parabola in

rectangular form is { v k}: =4plx-h).

The vertex lies between the focus F and the directrix
of the parabola, occurring when & = .

The vertex lies at polar coordinate {6.x), which
correspond to rectangular coordinates (6.0} . So
(k)= (-6.0).

The distancep from the vertex at {—6.0) to the
focus at (0.0) is 6.

Substitute the values for h, k, andp into the general
equation for rectangular form.

ANSWER:
y2 = 24(x + 6)

o 6
"= 0.25—0.75sin 6

SOLUTION:
Write the equation in standard form.

eSolutions Manual - Powered by Cognero

For this equation, e =3 and d = 24 + 3 or 8. The
eccentricity and form of the equation determine that
this is a hyperbola with directrixy = —8. Therefore,
the transverse axis of the hyperbola lies along the

line # = T ory-axis.

2
The general equation of such a hyperbola in
G-m: x-k*
3 — 3 =1.
_ _ by, b
The vertices lie on the transverse axis and occur

when =T and 3T .
2 2

rectangular form is

and

| A

/
The vertices have polar coordinates | —12.
,
3n )
'_’ |, which correspond to rectangular
A

|I. 0.
coordinates (0, —12) and (0, 6). The hyperbola’s
center is the midpoint of the segment between the
vertices, so (h, k) = (0, -9).

The distance a between the center and each vertex

is 3. The distance ¢ from the center to the focus at
(0,0)is 9.

—

=49 =3 or ¥72.

Substitute the values for h, k, a, and b into the
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9-4 Polar Forms of Conic Sections

standard form of an equation for an ellipse. /
The vertices have polar coordinates | 2.

N,

[

H‘I

\and

|: ~18. 17” i,which correspond to rectangular
coordinates (0, 2) and (0, 18). The hyperbola’s
center is the midpoint of the segment between the
vertices, so (h, k) = (0, 10).

The distance a between the center and each vertex
is 8. The distance ¢ from the center to the focus at

ANSWERE: (0, 0) is 10.
+9 _ﬁzl b= 10" -8 oré.
2 72
Substitute the values for h, k, a, and b into the

r= e 43 standard form of an equation for an ellipse
24" ~ 14125sin 6 d pse.

SOLUTION:

The equation is in standard form.

) 4.5

"1 +1.25sin0

For this equation, e = 1.25 and d = 4.5 + 1.25 or 3.6.
The eccentricity and form of the equation determine
that this is a hyperbola with directrixy = 3.6.

Therefore, the transverse axis of the hyperbola lies ANS WER"E
along the line / = T ory-axis. (v —10)* 2 _ 1
2 T Ed ¢ mE
The general equation of such a hyperbola in 64 36
= (c—k)? e BE
rectangular form is 2 - 7 =1 25. 1—04cos@
a
SOLUTION:
The vertices lie on the transverse axis and occur The equation is in standard form.
when 0= T and 37 . 3.4
2 2 B R
|- 0.4cosd

For this equation,e =0.4and d = 8.4 ~ 0.4 or 21.
The eccentricity and form of the equation determine
that this is an ellipse with directrix x = -21.

The general equation of such an ellipse in

(x=h) [_\'—:‘.‘}:

| b

rectangular form is

The vertices are the endpoints of the major axis and
occur when & =0 and =,

eSolutions Manual - Powered by Cognero Page 13



9-4 Polar Forms of Conic Sections

The vertices have polar coordinates (14.0})and

(6.7), which correspond to rectangular coordinates
(14, 0) and (-6, 0). The ellipse’s center is the
midpoint of the segment between the vertices, so (h,
k) = (4, 0). The distance a between the center and
each vertex is 10. The distance ¢ from the center to
the focus at (0, 0) is 4.

= M'EF -4° or \,-".‘:";_-'-1 .

Substitute the values for h, k, a, and b into the
standard form of an equation for an ellipse.

ANSWER:
2 2
=4,y
100 84

eSolutions Manual - Powered by Cognero

GRAPHING CALCULATOR Determine the
type of conic for each polar equation. Then
graph each equation.

4

26. r = —~ ~
2+sin| &4 f '
SOLUTION:

Write the equation in standard form, r =
ed

14esin @ |

Since e = 0.5, the conic is an ellipse. Graph the polar
equation using a graphing calculator.

ANSWER:
ellipse
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9-4 Polar Forms of Conic Sections

3 i
27. r= — 28. r= —
IH:m'.!I{»'—Tr | —cos {}+Tr
\ 4 ) i, 6 K,
SOLUTION: SOLUTION:
3 3
The equation r = J—\ is in standard form, The equation r = ————— is in standard form,
I~'--:ms-'.|rt’)'—ﬂ| | =cos {}+H|
5 4 ’ ', 6 r
__ed « il
r= l4ecosé . r= l—ecosf.
Since e = 1, the conic is a parabola. Graph the polar Since e = 1, the conic is a parabola. Graph the polar
equation using a graphing calculator. equation using a graphing calculator.
ANSWER: ANSWER:
parabola
parabola

eSolutions Manual - Powered by Cognero Page 15



9-4 Polar Forms of Conic Sections

29 4 Match each polar equation with its graph.
. PE= .I;. 5 = _"
| + Z*sinI g+
L3 4 ;
SOLUTION:
The equation r = j' ~— is in standard
|+ 2sin| &+ 'T

ed
form,r= 14esiné
Since e = 2, the conic is a hyperbola. Graph the polar

equation using a graphing calculator.
10

30." T 14cosd
SOLUTION:

The equation + = is in standard form, r =

erd
1+ecosd
Since e =1, the conic is a parabola. For a polar
) equation of this form, the equation of the directrix is
ANSWER: x = d and the parabola will open to the left.
hyperbola Substituting 0 for @ yields a vertex of (5, 0).

Feosf

Therefore, the answer is d.

ANSWER:
d

r=—4
31. 1—szin @

SOLUTION:

The equation r = I is in standard form, r =

ed
1—esin g
Since e =1, the conic is a parabola. For a polar
equation of this form, the equation of the directrix is

y = —d and the parabola will open up.

sin

- , 3
Substituting % for 0 yields a vertex of (l ?).

Therefore, the answer is a.

ANSWER:
a
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9-4 Polar Forms of Conic Sections

3.

33.

34.r=

VS - B
2—cosf

SOLUTION:

Write the equation in standard form, r =
ed

1—ecozd .

Since e = 0.5, the conic is an ellipse. Therefore, the
answer is b.

ANSWER:
b

- 12
14 3sin 6

SOLUTION:
I"‘I‘

| +3sind

The equation r = is in standard form, r =

ed
14esin @ |
Since e = 3, the conic is a hyperbola. Therefore, the
answer is c.

ANSWER:
C

Determine the eccentricity, type of conic, and
equation of the directrix for each polar
equation. Then sketch the graph of the
equation, and label the directrix.

2—0T5cosf

SOLUTION:

Write the equation in standard form, r =
ed

1—erasf "

eSolutions Manual - Powered by Cognero

Since e = 0.375, the conic is an ellipse. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = —d. From the
numerator, we know thated = 6,sod = 16.
Therefore, the equation of the directrix is x = —16.

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix. The graph is an ellipse with vertices
at (9.6, 0) and (—4.36, 0).

Substitute 0 and = for 0 to determine the location of
the vertices of the ellipse.
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9-4 Polar Forms of Conic Sections

ANSWER:

-

e= !; ; ellipse; x =16

ANSWER:
e =1; parabola;y =-5

1
35-1="02 0 2in
SOLUTION:
Write the equation in standard form, r =
ed
1—esin &
36.r= :
T= 125in 64073
SOLUTION:
Write the equation in standard form, r =
ed
Since e = 1, the conic is a parabola. For a polar 14+esiné -

equation of this form (where siné is included), the
equation of the directrix isy = —d. From the
numerator, we know thated =5,sod = 5.
Therefore, the equation of the directrix isy = —5.

Evaluate the function for several 6-values in its
domain and use these points to graph the function

and its directrix. Since e = 4, the conic is a hyperbola. For a polar

equation of this form (where sind is included), the
equation of the directrix isy = d. From the
numerator, we know that ed =20, sod = 5.
Therefore, the equation of the directrix isy = 5.

Evaluate the function for several 6-values in its
domain and use these points to graph the function
and its directrix.
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9-4 Polar Forms of Conic Sections

Since e = 0.2, the conic is an ellipse. For a polar
equation of this form (where cosé is included), the
equation of the directrix is x = d. From the
numerator, we know that ed = 1.6, sod = 8.
Therefore, the equation of the directrix is x = 8.

Evaluate the function for several 8-values in its
domain and use these points to graph the function
and its directrix.

Substitute 0 and = for & to determine the location of
the vertices of the ellipse.

ANSWER:
e =4; hyperbola;y =5

ANSWER:
]
3 e= —;ellipse; x=8
3. r= =mn v -
‘T= cosB+5
SOLUTION:
Write the equation in standard form, r =
ed

14+ecosd
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9-4 Polar Forms of Conic Sections

38. ASTRONOMY The comet Borrelly travels in an

elliptical orbit around the Sun with eccentricity e =
0.624. The point in a comet's orbit nearest to the Sun
is defined as the perihelion, while the farthest point
from the Sun is defined as the aphelion. The
aphelion occurs at a distance of 5.83 AU
(astronomical units, based on the distance between
Earth and the Sun) from the Sun and the perihelion
occurs at a distance of 1.35 AU. The diameter of
the Sun is about 0.0093 AU.

a. Write a polar equation for the elliptical orbit of the
comet Borrelly, and graph the equation.

b. Determine the distance in miles between the
comet Borrelly and the Sun at the aphelion and
perihelion if 1 AU = 93 million miles.

SOLUTION:

a. Sample answer: Let the center of the Sun, located
at the origin, be a focus of the elliptical orbit. Since
the diameter of the sun is about 0.0093 AU, 0.0093 +
2 or 0.00465 AU must be added to each distance to
find the total distance that the comet is from the
center of the Sun. Diagram the situation.

Since the second focus is located to the right of the
origin, the equation will be of the form r =
ed
1 —ecos @ . The aphelion occurs at the point
(5.83465, 0), which has polar coordinates of
(5.83465, 0). Substitute this point and the value of e
into the equation to solve for d.
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Substitute the values for d and e into the polar
equation.

Evaluate the function for several 6-values in its
domain and use these points to graph the function.

b. The comet is 5.83 AU from the Sun at the
aphelion. To determine the distance in millions of
miles, multiply this distance by 93. So, the comet is
5.83 - 93 or 542.19 million miles from the Sun at the
aphelion. The comet is 1.35 - 93 or 125.55 million
miles from the Sun at the perihelion.

ANSWER:
2.194

a. Sample answer: r = ——
| - 0.624cosfd
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9-4 Polar Forms of Conic Sections

b. aphelion: 542.19 million miles; perihelion: 125.55
million miles

PROOF Prove each of the following.
39.b=ayl g for an ellipse

SOLUTION:
b2 =a%_c? a, b, c relationship
b®> =a’- (ae) Sincee = © ,C = ae.
o
b2 =a2-a%2  Simplify.

b2 =a’1-¢?

b =al,f1—e2

ANSWER:
b2 =a2_ 2
b2 =a’- (ae)2
b?> =a’-a%?
b? =a’(l—e?)
b =ay1 =
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Factor a2 from each
term.

Take the square root
of each side.

40.b = al“l'e2 — 1 for a hyperbola

41.

SOLUTION:
2 _ 2 2 a,b,c
b” =c -a relationship
"
Sincee= —, ¢
b2 = (ae)2 - a2 It
= ae.
b2 =a%?—g% Simplify.
2
2 _.2,2 Factor a” from
b =a’(e"~1) each term.
Take the square
b =3 gz —1 root of each
side.
ANSWER:
b2 =c®-a
b? = (ae)2 —a
b2 =a22_ 42
b? =a’(e’—1)

PROOF Use the definition for the eccentricity of a
conic, PF = ePQ, and the drawing of the hyperbola

. * —1
shown below, to verify that « = dle’ =1 for any

LJ

hyperbola.
SOLUTION:
a = the distance from a vertex to the center of the
hyperbola

¢ = the the distance from the focus to the center
d = the distance from the origin (in this case, the
focus) to the directrix

PF = the distance from the focus to the vertex = ¢ —
a
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9-4 Polar Forms of Conic Sections

¢ — d =the distance from the directrix to the center Write each rectangular equation in polar form.
PQ = the distance from the focus to the directrix = a 42.x%=4y +4
—(c—d)

SOLUTION:

The equation X2 = 4y + 4 is an equation for a

parabola. So, e = 1. The equation written in standard
form is x° = 4(y +1). The parabola opens up and its
vertex is located at (0, —1). Sincep =1, the equation
for the directrix isy = -1 — 1 ory = —2. So, the polar

ed )
E— Since the
— 2511

equation for the directrix isy = —2, d = 2. Substitute
the values for d and e into the polar equation.

equation is of the form r = ]

The polar form of the rectangular equation is r =

U B

1—sin@.

ANSWER:
ANSWER: S S
r=1—zind
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43.-10y + 25 = X

SOLUTION:

The equation —10y + 25 = x? is an equation for a
parabola. So, e = 1. The equation written in standard
formis —10(y — 2.5) = x2. The parabola opens down
and its vertex is located at (0, 2.5).p = —10+4 or
—2.5. The equation for the directrix isy = 2.5 —

(-2.5) ory =5. Therefore, d = 5.

d
The polar equation is of the form r = H_Zm.

Substitute the values for d and e into the polar
equation.

The polar form of the rectangular equation is r =
5

14+siné-

ANSWER:
s B
r= 14+szinéd
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2 2
44, =207 . y"

16 12
SOLUTION:

2 2
The equation M +JY _ =1isan equation
_ 16 12
for an ellipse. The center of the ellipse is located at
(2, 0). Since a® = 16 and b® = 12, ¢2 = 4. So, ¢ = 2.
Therefore, the foci are located at (4, 0) and (0, 0).

d
The polar equation is of the form r = m.

Since a2 =16, a = 4. Thus, the vertices are located

at (=2, 0) and (6, 0) and the eccentricity of the ellipse
ise=0.5.

The point (6, 0) can be represented by the polar
coordinate (6, 0). Substitute this point and the value
for e into the polar equation and solve for d.

Substitute the values for d and e into the polar
equation.

The polar form of the rectangular equation is r =

~
e |

1 -0.5cos8

ANSWER:

-

.

r= ———
| -0.5¢c0s8
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2 2
45. X +4" Ly
&4 43

SOLUTION:

2 2
The equation M +JY _ =1isan equation
) 64 48
for an ellipse. The center of the ellipse is located at
(-4, 0). Since a®=64and b’ = 48, c®=16andc=
4. Therefore, the foci are located at (0, 0) and (-8,
0).

ad
The polar equation is of the form r = 1+ecosf -

Since a2 =64, a = 8. Thus, the vertices are located
at (4, 0) and (12, 0) and the eccentricity of the
ellipseise =0.5.

The point (4, 0) can be represented by the polar
coordinate (4, 0). Substitute this point and the value
for e into the polar equation and solve for d.

Substitute the values for d and e into the polar
equation.

The polar form of the rectangular equation is r =
6

14+0.5cos 8-

ANSWER:
w 8 .
r= 1405058

46. ASTRONOMY The planets travel around the Sun i
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approximately elliptical orbits with the Sun at one foc
as shown below.

a. Show that the polar equation of the planets’ orbit ¢
a(l—e?)

be writtenas r = (1—ecosf) -

b. Prove that the perihelion distance of any planet is

— e) and the aphelion distance

isa(l+e).

C. Use the formulas from part a to find the perihelion

and aphelion distances for each of the planets.

d. For which planet is the distance between the
perihelion and aphelion the smallest? The greatest?
SOLUTION:

a. Diagram the situation.

Definition for the
eccentricity of a con

PF=a-cand PQ
c+d-a

PF =ePQ
a-c =e(c+d-—a)

. &
a—ae =e(@ae+d-a) Sincee= —,c=ae
ol

a—ae = aez +de — ae Distribute.

Subtract —ae from

2 _
+ =a .
ae” +de each side.
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2

de =g -gae? Subtra_ct ae” from
each side.
de =a(1-¢? Factor a.

Since the Sun is at one focus and the other focus is
located to the right of the origin, the equation is of th

d
formr = l—iﬁ' So, upon substituting de = a(1

2\ __ ae
e’)intor = 1—ccosd

a(l—e?)
1—ecosf

the equation becomes r =

b. Sample answer: The distance of the perihelion to t
center of the ellipse is a. The distance of the Sunto t
center of the ellipse is c. So, the perihelion distance i

—c. The eccentricity of the ellipse ise = = Thus, ¢
i

ea. Using substitution, the perihelion distance can be
written as a —ea or a(1 —e). The distance of the
aphelion to the center of the ellipse is also a. Since th
aphelion is located on the opposite side of the center
the ellipse than the Sun, the aphelion distance is a +
Using substitution, this can be written as a + ea or a(
+e).

C. To find the perihelion and aphelion distances for
Earth, substitute a = 1 and e = 0.017 into the express
found in part b.

perihelion aphelion
all=e)=11-0.017)y a(l+e)=1(1+0.017)
=0.983 =1.017

To find the perihelion and aphelion distances for Jupit
substitute a = 5.203 and e = 0.048 into the expressio
found in part b.

perihelion aphelion
afl =e)=35.203(1-0.048)  a(l +e)=5.203(1+0.04
= 4,953 = 3.433

To find the perihelion and aphelion distances for Mar
substitute a = 1.524 and e = 0.093 into the expressio
found in part b.

perihelion aphelion
afl —e)=1.524(1 - 0.093)  a(l +e)=1.524(1+0.09
=].382 = |.666

To find the perihelion and aphelion distances for
Mercury, substitute a = 0.387 and e = 0.206 into the
expression found in part
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b.
perihelion aphelion

a(l =e}=0387(1-0.206) afl+e)=0387(1+0.2(
=0.307 = 0,467

To find the perihelion and aphelion distances for
Neptune, substitute a = 30.06 and e = 0.009 into the
expression found in part b.

perihelion aphelion
afl =e)=30.06(1 -0.009)  a(l +e)=30.06(1+0.0C
= 29.789 =30.331

To find the perihelion and aphelion distances for Satu
substitute a = 9.539 and e = 0.056 into the expressio
found in part b.

perihelion aphelion
afl =e)=9339(1-0.056) a(l+e)=93391+0.03
= 0,005 = 0073

To find the perihelion and aphelion distances for
Uranus, substitute a = 19.18 and e = 0.047 into the
expression found in part b.

perihelion aphelion
a(l =e}=19.18(1 -0.047)  all +e)=19.18(1 + 0.04
=18.279 = 20.081

To find the perihelion and aphelion distances for
Uranus, substitute a = 0.723 and e = 0.007 into the
expression found in part b.

perihelion aphelion
afl =e)=0.723(1-0.007)  a(l +e)=0.723(1 + 0.00
=0.718 =0.728

d. Since the perihelion and aphelion are located on
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opposite sides of the Sun, to find the distance betwee
them, you must add the two distances together. Thus
the planet with the smallest distance between the
perihelion and aphelion is Mercury, 0.307 + 0.467 or
0.774. The planet with the largest distance between t
perihelion and aphelion is Neptune, 29.789 + 30.331
60.12.

ANSWER:
a.
PF =ePQ
a-c =e(c+d-—a)
a—ae =e(ae+d-—a)
a—ae =ae’+de—ae

ae’+de =a
de =a-ae’
de =a(l-é?
S0, upon substituting de = a(1 — e2) intor =
de a(l—¢)
1—ecos @ |, the equation becomes r = 1—ecos
b. Sample answer: The distance of the perihelion to t

center of the ellipse is a. The distance of the Sunto t
center of the ellipse is c. So, the perihelion distance i

—c. The eccentricity of the ellipse is e = = Thus, ¢
o

ea. The perihelion distance can be written as a —ea
a(l —e). The aphelion distance is a + ¢, which can b
writtenasa + eaora(l +e).

c.
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47.

d. Mercury; Neptune

Write each equation in polar form. (Hint:
Translate each conic so that a focus lies on the

pole.)

(= 2:‘2 - J”z =1
64 36
SOLUTION:
2 2
. ey
The equation 64 36 is a hyperbola

with center (2,0),a =8, b =6, and ¢ = 10. The foci
of this hyperbola are located at (-8, 0) and (12, 0).
To place the right focus at the origin, translate the
hyperbola left 12 units.

The hyperbola is horizontal, so the directrix is
vertical. The center of the translated hyperbola is
located at (—10, 0). Since ¢ = 10, the foci are located
at (-20, 0) and (0, 0) and the directrix is of the form
X =—d.

We now know the polar equation is of the form r =

ed
< . Since a = 8, the vertices are located at
1—ecosd

(-18, 0) and (-2, 0) and the eccentricity of the
hyperbola is e = 1.25.

The point (—2, 0) can be represented by the polar
Page 26
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48.

coordinate (2, ). Substitute this point and the value
for e into the polar equation and solve for d.

Substitute the values for d and e into the polar
equation.

The polar form of the translated rectangular equation
4.5

isrr=1—125%cos8& .

ANSWER:
4.5
r=1—125%ces &

3(x +5)% + dy% =192
SOLUTION:

This is the equation of an ellipse with center (-5, 0),

a=8,b=4+3,and c = 4. The foci of this ellipse
are located at (-9, 0) and (-1, 0). To place the right
focus at the origin, translate the hyperbola right 1
unit.
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49.

The center of the translated ellipse is located at (—4,
0). Since ¢ = 4, the foci are located at (-8, 0) and (0,
0). The ellipse is horizontal and the foci are left of
the pole, so the directrix is right of the pole and is of
the form x = d.

d
The polar equation is of the form r = m.

Since a = 8, the vertices are located at (-12, 0) and
(4, 0) and the eccentricity of the ellipse is e = 0.5.

The point (4, 0) can be represented by the polar
coordinate (4, 0). Substitute this point and the value
for e into the polar equation and solve for d.

Substitute the values for d and e into the polar
equation.

The polar form of the translated rectangular equation
6

Isr'= 1405058 -

ANSWER:
s B,
rr= 14050z

MULTIPLE REPRESENTATIONS In this
problem, you will investigate the effects of varying
the eccentricity and the directrix on graphs of conic
sections.

a. NUMERICAL Write an equation for a conic
section with focus (0, 0) and directrix x = 3 for e =
0.4,0.6, 1, 1.6, and 2. Then identify the type of conic
that each equation represents.

b. GRAPHICAL Graph and label the eccentricity f
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each of the equations that you found in part a on the
same coordinate plane.

c. VERBAL Describe the changes in the graphs fro
part b as e approaches 2.

d. NUMERICAL Write an equation for a conic
section with focus (0, 0) and eccentricity e = 0.5 for
d =0.25, 1, and 4.

e. GRAPHICAL Graph each of the equations on
the same coordinate plane.

f. VERBAL Describe the relationship between the
value of d and the distances between the vertices
and the foci of the graphs from part €.

SOLUTION:

a. Sample answer: Use the polar equation r =

8 . Substitute d = 3 and each value for e

l1+ecosd
into the equation.
e=04

) 12
Sincee=04,r= R is an equation for
an ellipse.
e=0.6

. 18 _ )
Sincee=0.6,r="7 + 0 6cos @ 1Sanequation for
an ellipse.
e=1

. 3
Slncee=1,r=—1+cosg
parabola.
e=16
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. _ _ 4.8 ) .
Sincee=16,r= —1 kD is an equation for a
hyperbola.
e=2

&

Sincee=2,r="7 SRR is an equation for a
hyperbola.

b. Evaluate each equation for several points in their
domains. Use these points to graph each equation.
Graph the directrix x = 3.

. Sample answer: The ellipse with the smaller
eccentricity is much more circular than the ellipse
with greater eccentricity. As e approaches 1, the
ellipses open farther to the left, approaching the
parabola with e = 1. For values where e > 1, the
hyperbola with the greater eccentricity approaches
its asymptotes much more rapidly than the hyperbola
with the smaller eccentricity. Also, as e approaches
1, one branch of the hyperbola moves farther and
farther away from its asymptotes, approaching the
parabola with e = 1.

d. Sample answer: Use the polar equation r =

Page 28



9-4 Polar Forms of Conic Sections

ed

m. Substitute e = 0.5 and each value for d

into the equation.

d=025
d=1
d=4

e. Evaluate each equation for several points in their
domains. Use these points to graph each equation.
Graph each directrix.

f. Sample answer: As the value of the directrix
increases from 0.25 to 4, the ellipses’ axes expand
and thus, larger ellipses are created. Therefore, the
distances between the vertices and the foci of the
ellipses increase.

ANSWER:
1.2
a. Sample answer: r= 1+ 0.4cos & | ellipse; r
1.8 3

=1+0.6cosE ,ellipse;r=1+cos & , parabola; r
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. r

4.8 &
=1+16cosE ,hyperbola;r=1+2cos & ,
hyperbola

b.

c. Sample answer: The ellipse with the smaller
eccentricity is much more circular than the ellipse
with greater eccentricity. As e approaches 1, the
ellipses open farther to the left, approaching the
parabola with e = 1. For values where e > 1, the
hyperbola with the greater eccentricity approaches
its asymptotes much more rapidly than the hyperbola
with the smaller eccentricity. Also, as e approaches
1, one branch of the hyperbola moves farther and
farther away from its asymptotes, approaching the
parabola with e = 1.

0.125

d. Sample answer: r= 1+ 0.5cos & ;r=
05 2

1+05cos8;r=1+05c0s8

f. Sample answer: As the value of the directrix
increases from 0.25 to 4, the distances between the
vertices and the foci of the ellipses increase.

Derive each of the following polar equations of
conics as shown on page 562 for the equation
ed
1+ecosf " Include a diagram with each
derivation.

r=

B ed
" 1—ecosf
SOLUTION:

Since there is a negative and a cosine in the
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denominator, draw the conic with a vertical directrix 4.r=e(d+rcos ) (r= 1,|'x2 _,_},3 andx=r

left of the pole. The conic opens to the right
p p g cos 0)

S.r=ed+ercosd (Distributive Property)
6.r—ercos # =ed (Isolate r-terms.)

7.r(1—ecos #)=ed (Factor.)
ed

8.r= 1—ecos  (Solveforr.)

Use the definition of a conic section to start the
proof. Then use the distance formula, the definition
of r and substitution to complete the proof.

Statements __ (Reasons)
1.PF=ePQ (Definition of a conic section)

2. x4yt =elx- ()] (PF=
x? 4 y? and PQ=x - (-d))

3. 1."x2_|_},2=e(d+x) (x—(-d)=x+dord+

X)
4. r=e(d+rcos ) (r= 1fx3 _|_y3 andx=r
cos 1)

S.red+ercoséd (Distributive Property)
6.r—ercos & =ed (Isolate r-terms.)

7.r(L-ecos #)=ed (Factor.)
ed

8.r= 1—ecosf  (Solveforr.)

ANSWER:

Statements __ (Reasons)
1. PF=ePQ (Definition of a conic section)

2. fxt 4yt =elx—(d)] (PF=
x? 4+ p?and PQ =x - (-d))
3.yfxt4yi=ed+x) (x-(d)=x+dord+

X)
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ed
5l.r= 14esin @
SOLUTION:

Statements __ (Reasons)
1. PF=ePQ (Definition of a conic section)

2. x4 y=ed-y) (PF=y/x?4+y?and

PQ=d-y)
3.r=e(d-rsin) (r= 1.';,;3 _|_};2 andy =r
sin &)

4.r=ed—ersin #  (Distributive Property)
5.r+ersin ! =ed (Isolate r-terms.)

6.r(1+esin #)=ed (Factor.)
=

7.r= l+esinf  (Solveforr.)
ANSWER:

Statements __(Reasons)
1. PF =ePQ (Definition of a conic section)

2. x4 yi=ed-y) (PF=yx?+y?and

PQ=d-y)
3.r=ed-rsinf) (r= ||"x2 _|_y3 andy =r
sin )

4.r=ed-ersin (Distributive Property)
5.r+ersin ! =ed (lIsolate r-terms.)

6.r(1+esin #)=ed (Factor.)
ed

7.r= 1+esinf  (Solveforr.)
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ed

52.r= 1—esin @

SOLUTION:

Statements __ (Reasons)
1. PF=ePQ (Definition of a conic section)

2. fx g pt=ely-(d] (PF=
x? 42 and PQ =y — (-d))

3.yfxt4yi=ed+y) (y-(d)=y+dord+

y)
4 r=ed+rsinf) (r= 1.'x2 _|_y2 andy =r
sin )

S.r=ed+ersing (Distributive Property)
6.r—ersin ! =ed (lsolate r-terms.)

7.r(1—esin #)=ed (Factor.)
ed

8.r= 1—esinf  (Solveforr.)

ANSWER:

Statements _ (Reasons)
1.PF=ePQ (Definition of a conic section)

2. fx? 4yt -ely - (d)] (PF=
x? 4 p?and PQ =y — (-d))

3.fxt4yi-ed+y) ¢-(d)=y+dord+

y)
4. r=e(d+rsinf) (r= ||"x2 _|_y3 andy =r
sin )

Page 31



9-4 Polar Forms of Conic Sections

53.

54.

S.r=ed+ersind (Distributive Property)
6.r—ersin # =ed (Isolate r-terms.)
7.r(1—esin #)=ed (Factor.)

ed
8.r= 1—esinf  (Solveforr.)
WRITING IN MATH Describe two definitions
that can be used to define a conic section.

SOLUTION:

Sample answer: A conic section can be defined as a
figure that is formed when a plane intersects a
double-napped right cone. Conic sections can also be
defined in terms of their eccentricity as the locus of
points such that the distance from a point to the
focus and the distance from the point to the directrix
is a constant ratio.

ANSWER:

Sample answer: A conic section can be defined as a
figure that is formed when a plane intersects a
double-napped right cone or as the locus of points
such that the distance from a point to the focus and
the distance from the point to the directrix is a
constant ratio.

ed

REASONING Explainwhy r = 1+esin & does
not produce a true circle for any value of e.

SOLUTION:

Sample answer: The eccentricity of a circle is 0.
Substitute e = 0 into the equation and simplify.

Since e = 0 for a circle, the equation would simplify
to r =0, which is a point.

ANSWER:

Sample answer: Since e = 0 for a circle, the equation
would simplify to r = 0, which is a point.

CHALLENGE Determine a polar equation for
the ellipse with the given vertices if one focus
is at the pole.
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55.

SOLUTION:

Since one focus is at the pole and the other focus

appears to be to the left of the pole, the equation is

of the formr = ed . Substitute the points
14ecosf

(2, 0) and (8, m) and solve for e in the resulting

system of equations.

Now use substitution.

Substitute e = : into 2(1 + e) = ed and solve for d.
ANSWER:
r= 16

54 3cos@
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56.

SOLUTION:

Since one focus is at the pole and the other focus
appears to be to above the pole, the equation is of
ed
the formr = 1—esin # . Substitute the points
{_m) (_ 3m) . .
9~ |and | 3.— | and solve for e in the resulting
| | J

LY ri ra

system of equations.

Now use substitution.

. 1
Substitute e = - into 9(1 — e) = ed and solve for d.

ANSWER:
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57.

s B
r=2—snf

WRITING IN MATH Explain how you can find
the distance from the focus at (0, 0) to any point on a
conic when the rectangular coordinates, polar
coordinates, or @ is provided.

SOLUTION:

Sample answer: When the point is given in
rectangular coordinates, you can use the distance
formula to find the distance between the point at P
(a, b) and the focus at (0, 0). When the point is given
in polar coordinates, it is of the form P(r, ) where r
is the given distance from the point to the pole at (0,
0). Therefore, the distance between the point at P(a,
b) and the focus at (0, 0) is r. When 8 is

provided, substitute this value into the polar equation
and solve for r. This will provide the distance
between the point at 4 and the focus.

ANSWER:

Sample answer: When the point is given in
rectangular coordinates, you can use the distance
formula to find the distance between the point at P
(a, b) and the focus at (0, 0). When the point is given
in polar coordinates, it is of the form P(r, ) where r
is the given distance from the point to the pole at (0,
0). Therefore, the distance between the point at P(a,
b) and the focus at (0, 0) is r. When @ is

provided, substitute this value into the polar equation
and solve for r. This will provide the distance
between the point at 4 and the focus.
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Find two pairs of polar coordinates for each 59. (-2 -5)
point with the given rectangular coordinates if 0
<60 <2z If necessary, round to the nearest SOLUTION:
hundredth. For (-2, -5),x =—2andy =-5.
58. (—/2.42) Since x <0, use tan ' Y +xtofind 6.
SOLUTION: )

For { Ji.ﬁ},x:_wﬁ andy = xE.

Since x < 0, use tan * ¥ + 1 tofind 6.
X

One set of polar coordinates is (5.39, 4.33). Another
representation that uses a negative r-value is (—5.39,
4.33 — ) or (-5.39, 1.19).

ANSWER:
(5.39, 4.33), (-5.39, 1.19)

F . 1
. . [ AT
One set of polar coordinates is | 2.~ |. Another
h )
representation that uses a negative r-value is
f Ta Y
i

-

! -4/'.

ANSWER:

P T p!
'l 1 [ 1
2""[5'—3 hl

L 4;”& i
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9-4 Polar Forms of Conic Sections

60. (8, —12)

61.

SOLUTION:
For (8, —12),x =8 andy = -12.

Since x > 0, use tan Y to find 6.
X

One set of polar coordinates is (14.42, —0.98). Since
this set is not in the required domain, two more sets
have to be found. A representation that uses a

positive r-value is (14.42, —0.98 + 2x) or (14.42,
5.30). A representation that uses a negative r-value

is (—14.42, —0.98 + ) or (~14.42, 2.16).

ANSWER:
(14.42, 5.30), (~14.42, 2.16)

Identify and graph each classic curve.
r=3+3cosé

SOLUTION:

The equation r =3 + 3 cos € is of the formr =a +

bcos # where a = b =3, so its graph is a cardioid.
Because this polar equation is a function of the
cosine function, it is symmetric with respect to the
polar axis. Sketch the graph of the rectangular

functiony = 3 + 3 cos x on the interval [0.x]. From
the graph, you can see thaty has a maximum value
of 6whenx=0andy =0when x = .
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Interpreting these results in terms of the polar
equation r = 3 + 3 cos € , we can say that |» has a
maximum value of 6 when # =0 and r = 0 when 0 =
T

Since the function is symmetric with respect to the
polar axis, make a table and calculate the values of r

on [0.x].

n
g

0 6

i

5 5.6

i

4 5.1

L

3 4.5

L3

o 3
2

3 15
3

4 0.9
Ehe

g 04

T 0

Use these and a few additional points to sketch the
graph of the function.

ANSWER:

cardioid
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62.r=-2sin36

SOLUTION:

The equation r = -2 sin 34 is of the form r = a sin
nd where n is 3 and odd. Because this polar equation
is a function of the sine function, it is symmetric with

respect to the line = g Sketch the graph of the

rectangular functiony = —2 sin 3x on the interval
n

>3 | From the graph, you can see that ly| has a
maximum value of 2 when x = —E, —%, % and %
andy =0whenx = —E, 0,and —.

| s |

Interpreting these results in terms of the polar

equationy = —2 sin 3x, we can say that r| has a

maximum value of 2when 8= —-Z, _ % T ang E,

. 7 66" 2

and r = 0when §=—-=,0,and —=.
2 2

Since the function is symmetric with respect to the

polar axis, make a table and calculate the values of r

T T
on|=-—.—|.
-3
_n
o -2
_n
3 0
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63.r=

_n
4 14
T
=2 )
0 0
i
& -2
EL
4 -14
I
3 0
i
o 2

Use these and a few additional points to sketch the
graph of the function.

ANSWER:
rose

0,0>0

=3 | Ln

SOLUTION:
The equation is of the form r = a@ + b, so its graph is
a spiral of Archimedes. Replacing (r, 8) with (-r,

—0) yields (-r) = : (-0)orr= : 6. Therefore, the

function has symmetry with respect to the line § =

7. However, 6> 0, the symmetry will not be seen in
2

the graph.

Spirals are unbounded. Therefore, the function has
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no maximum r-values and only one zero when 6 = 0. Determine an equation of an ellipse with each
Use points on the interval [0, 2x] to sketch the graph set of characteristics
of the function. 64. co-vertices (5,8), (5, 0);

foci (8, 4), (2, 4)

0 0 Because they coordinates of the vertices are the
T 20 same, the major axis is horizontal, and the standard
3 - B O S et 2
= 39 form of the equation is
2 2 b 2
T 7.9 1 =
T .
o 11.8 . N
o 15.7 The center is located at the midpoint of the co
vertices, or (5, 4). So, h =5 and k = 4. The distance
between the co vertices is equal to 2b units. So, 2b
=8,b =4, and b?=16. The length of the major axis
is equal to 2a units. So, 2a =10, a =5, and a’ = 25.
The distance between the foci is equal to 2c units.
So,2c=6andc = 3.
Use the values of a and c to find b.
ANSWER:

spiral of Archimedes

Using the values of h, k, a, and b, the equation for

2 2
the ellipse is X =50 4 & =4
25 16

o
25 16
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major axis ( 2, 4) to (8, 4);
minor axis (3, 1) to (3, 7)

Because they coordinates of the major axis are the
same, the major axis is vertical, and the standard

x-m?t -k’
2 b:!

form of the equation is

a
1.

The length of the major axis is equal to 2a units. So,
2a=10,a=5,and a’

axis is equal to 2b units. So, 2b =6, b = 3, and b%=
9. The center of the ellipse is at the midpoint of the
major axis, or (3, 4). So, h=3and k = 4.

Using the values of h, k, a, and b, the equation for

| 2
the ellipse is c=3", -9 _.
25 9

ANSWER:
353 2
=3, -9 _
25 o
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66. foci (1, -1), (9, -1);

length of minor axis equals 6

SOLUTION:

foci (1, —1), (9, -1);

length of minor axis equals 6

Because the y—coordinates of the foci are the same,

the major axis is horizontal, and the standard form of
o x=nt b

the equation is 2 + 2 =

a b

1.

The midpoint is the distance between the foci, or (5,
—1). So, h =5 and k =—1. The distance between the
foci is equal to 2c units. So,2c =8 and c = 4. The
length of the minor axis is equal to 2b units. So, 2b =
6,b=3,andb” = 9.

Use the values of b and c to find a.

Using the values of h, k, a, and b, the equation for
2 2
theellipseis X =3 4+ O +1D" _y

25 o
ANSWER:
-, ¢+t _,
25 9
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67.

68.

OLYMPICS In the Olympic Games, team standings
are determined according to each team’s total points.
Each type of Olympic medal earns a team a given
number of points. Use the information to determine
which Olympics the United States earned the most
points.

SOLUTION:

Let matrix X represent the total amount of each
medal earned during each Olympic games, and let
matrix Y represent the points awarded for each type
of medal. Then find the product XY .

During the 1996 Olympics, the United States earned
221 points.

ANSWER:
1996 Olympics

Find the values of sin 20, cos 20, and tan 26 for
the given value and interval.

5
sin & = = (0°,90°)
SOLUTION:

&,
sin & = = (0°,90°)

2
=

Since siné = — on the interval (0°, 90°), one point on

b

the terminal side of & hasy-coordinate 2 and a
distance of 3 units from the origin as shown. The x-

coordinate of this point is J5 .
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/5
Using this point, we find that LS 3 and

g 2
M7= 75 Now use the double-angle identities

for sine and cosine to find sin 2 and cos 2.

Use the definition of tangent to find tan 2 7.
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ANSWER:
'-l\n'lg_ e

P =44
9 9

24 |
69. tanf = -—. | X
T \2

SOLUTION:

: 24 : (1 ) :
Since tan 6 = ~ on the interval | L |,one point
Ve )
on the terminal side of & has x-coordinate —7 and y -
coordinate 24 as shown. The distance from the point

to the origin is 25.

Using this point, we find that sin# = % and

cosl = — ;—5 Now use the double-angle identities
for sine, cosine, and tangent to find sin 2¢/, cos 2/,
and tan 26.
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336

Then sin 260 = —;i cos 20 =
L

20= ::Sﬁ.

527
ANSWER:
336,527 336

625" 625 527
70. siné = 4 Ic.'h
5\ 2
SOLUTION:

527
———,and tan
625
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. : 4 : { 3n) _ 24 7 24
Since siné = —— on the interval | . , One point e e !
5 \ 2 25 25 1
i i 7 - i — .
gf‘ ;[he terr?gqal S.;d?c of ¢ thhaSY goordlrr:ate %rind a Locate the vertical asymptotes and sketch the
istance of 5 units from the origin as shown. The x- graph of each function.
coordinate of this point is —3. ¢ )
71. y=sec| x4 L
SOLUTION:

' b1

jf is the graph of'y = sec

The graph of y= ::u:v;| X+

i,

2 i
X shifted b units to the left. The period is “—T or

3 1

. L. . 3 2. Find the location of two vertical asymptotes.
Using this point, we find that cosf = —% and ymp

tanf = % Now use the double-angle identities for
sine and cosine to find sin 2¢ and cos 2. and

Create a table listing the coordinates of key points
For T osr T

for y= ::'.:1:| x+ — | for one period on = |’

L) 2 F i ] |

y=sec| x+—
L R
Asymptote ) i
Point ( 3’

= |
Asymptote ] ]
Intermediate (@ _2)
Point ’ &
Vertical : s HE
Use the definition of tangent to find tan 2. Asymptote ] il -

Sketch the curve through the indicated key points for
the function. Then repeat the pattern.

ANSWER:
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Vertical
ANSWER: Asymptote
asymptotes at x = T tnn Sketch the curve through the indicated key points for
6 the function. Then repeat the pattern.
. x ANSWER:
-y =4cot p) asymptotes at X = 2zn

SOLUTION:
The graph ofy =4 cot ; is the graph of'y = cot x

expanded horizontally. The period is ]i or2m.Find

=

the location of two consecutive vertical asymptotes.

br+e=0
Yili=0  and
2

x=0

Create a table listing the coordinates of key points

a2 x|
73. y=2cot| =| x- +0.75
a3\ 2 F)

fory =4 cot ; for one period on [0.2x].

SOLUTION:

eSolutions Manual - Powered by Cognero Page 42



9-4 Polar Forms of Conic Sections

x|+ 0.750s the

2 ra
graph of y = cot x expanded horizontally, shifted
Tt units to the right, and shifted 0.75 units up. The
3

-
The graph of y = Eum{j

3

= ?}T . Find the location of two

period is ;

2 l-\..'llh

.

consecutive vertical asymptotes.

and

ANSWER:
Create a table listing the coordinates of key points asymptotes at x = T + 3y
2 =] - . 7/ R
for y= Zuml -] x- : +0.75 for one period on
EA </

Sketch the curve through the indicated key points for
the function. Then repeat the pattern.
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74.

Find the exact values of the five remaining
trigonometric functions of .
sec # =2, where sin / >0 and cos & >0

SOLUTION:

To find the other function values, you must find the
coordinates of a point on the terminal side of . You
know that sin & is positive and cos £ is positive, so

' must lie in Quadrant I. This means that X is
positive andy is positive.

a 2
Because sec & = — or ? use the point (1,y) and
X

r=2tofindy.

Usex=1y= 3 ,and r = 2 to write the five
remaining trigonometric ratios.

ANSWER:

. 3 ] -

sin ¢ = 1{; , cos = ~ . tan ! =3 csc & =
. [r ) £ )

2 R ()

J -
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75.csc & = n.-";,where sin & >0and cos & >0

SOLUTION:

To find the other function values, you must find the
coordinates of a point on the terminal side of . You
know that sin £ is positive cos £ are positive, so

' must lie in Quadrant I. This means that X is
positive andy is positive.

e
| m

I k] .
Because csc ¢ = — or o use the point (x, 1)
7

and r = /5 to find x.

Usex=2,y=1andr= J5 to write the five
remaining trigonometric ratios.

ANSWER:
5 2.5 1

Y- cos =27 tan # = —  sec ¥
5 5 2

sin & =

,cot # =2

l""'| |
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-

76. SAT/ACT A pulley with a 9-inch diameter is belted 77. What type of conic is given by m 9

to a pulley with a 6-inch diameter, as shown in the
figure. If the larger pulley runs at 120 rpm

F circle

(revolutions per minute), how fast does the smaller G ellipse
pulley run? H parabola
J hyperbola
SOLUTION:
Write the equation in standard form, r =
B 120 rpm eces
C 160 rpm
D 180 rpm
E 200 rpm
SOLUTION:

The pulley with a 9-inch diameter has a
circumference of 9x. If it spins 120 rpm, then the
total amount of belt that will pass along the pulley in
one minute is 9z - 120 or 1080x. The pulley with a 6-
inch diameter has a circumference of 6x. If 1080n
of belt must pass along this pulley in one minute, then

Since e = 0.25, the conic is an ellipse.
The correct answer is G.

the pulley is moving at a speed of 1080n + 6z or 180 ANSWER:

rpm. G

The correct answer is D.

ANSWER: 78. REVIEW Which of the fol_lowing incl_ude.s the. '
D component form and magnitude of .4 with initial
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point A(3, 4, —2) and terminal point B(-5, 2, 1)?
A{—8 —23) J717

B8 —2.3) J77

ci{—8 —23) Y109

D (8 —2.3) J109

SOLUTION:

Find the component form of A/ .

Use the component form to find the magnitude of
AB .

AB|= \(-8) +(-2) +3°

-]
The correct answer is A.

ANSWER:
A
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79. REVIEW What is the eccentricity of the ellipse

described by ﬁ+ (x——lzjl;": 1?
47 34

F 0.38

G041

H 0.53

J 0.62

SOLUTION:

2 2
For the ellipse described by ¥+ ¢ =12)" —q
47 34

a2 =47 and b2 = 34. Use 02 = a2 - b2 to find c.

Since a’ = 47,a = \."rﬁ .Usee= - to find the
of

eccentricity of the ellipse.
&

o

J13

— .'_

Va7

=053
The correct answer is H.

&

ANSWER:
H
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