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C@ Preliminaries to Calculus

B Cusbis Coliection I Alassy

Chapter Topics

5.1 Folynomdals and Fational
Funeisons

5.2 lnverse Funcrions

8.3 Trigonometric and Inverse
Trigonometric Functions

5.4 Exponeniial and Loganthm:
Funcisons

5.5 Tramslwmations of Funclions

In this chapier, we preseni a collection of familiar topics. primarily
those that we consider essernial for the stondy of calculus. While
we do pot intend this chapter o be a comprehensive review of
precaloulus mathematics, we have tried w hit the highlights and
prowvide you with some standard notation and language that we will
use throughout the text.

As it grows, a chambered nantilus creates a spiral shell. Behind
this beawtiful geometry 8 a surprising amount of mathematics.
The nantilus grows in such a way that the overall proportions of
its shell remeain constant. That is, if youo draw a rectangle o cir-
cumscribe the shell. the ratio of height o width of the rectangle
remains nearly constant.

There are several ways o represent this property mathematically. In polar
coordinates (which we present in a later chapter). we study logarithmic spi-
rals that have the property that the angle of growth is constant, correspond-
ing to the constant proportions of a nautifus shell. Using basic goometry, you
can divide the circumscribing rectangle inlo a seqoence of squares as in the
figure. The relative sizes of the squares form the famous Fibonacci sequence
L2 5. 58 ... where cach number in the sequence is the sum of the
preceding two numbsers.

The Fibonzcci sequence has an amazing list of interesting propertics. (Search
on the Internet to see what we mean!} Numbers in the sequence have a surprising
habit of showing up in nsture, swch as the number of petals on a lily (3), butter-
cup {3). marigold (13}, black-eyed Susan (21) and pyrethrum (34). Although we
have a very simple description of how 0 generate the Fibonacci sequence. think
about how you might describe it as a function. A plot of the first several numbers
in the sequence (shown in Figure 5.1 on the following page) should give yvou the
impression of a graph curving up. perhaps a parabola or an exponential curve.

Two aspects of this problem  are
imporiant themes throughout the siuvdy of
calculus. One of these is the importance
of lecking for patterns to help us better
describe the world. A second theme is
the interplay between graphs and fone-
tions. By connecting the technigues of
algebra with the visual images provided
by graphs, you will significantly improve
your ability to solve real-world problems
& Curbis Codllextion | Alaary mathematically.
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FIGURE 5.1
The Fibonacc: sequence

(@} 5.1 POLYNOMIALS AND RATIONAL FUNCTIONS

¥ b

FIGURE 5.3
A closed mierval

O The Real Number System and Inequalities

Our journey into calculus begins with the real number system. focusing on those properties
that are of particular interest for calculus.
The set of intepers consists of the whole nombers and their additive inverses: 0, +1,

+2 43 . A rational number is any nuni::rnflhtfﬂfmf,whtmpandq'mhttgm
and g # (. For example, ? —-; and % are all rafional numbers. Motice that every integer o
is also a rational number, since we can write it as the quotient of two integers: n = 7.

The irrational numbers are all those real numbers that cannaot be written in the l'nnnﬁ_
where p and g are integers. Recall ihat rational nombers have decimal expansions thai
either terminate or repeat. For instance, 3 = 0.5, § = 0.33333, § = 0.125 and § = 0.166666
are all rational numbers. By contrast, irrational mumbers have decimal expansions that do
not repeat of terminste. For instance, three familiar irrational oumbers and their decimal
CXpansions ane

vZ = 1.41421 35623 . _,
x= 314159 26535 ...
amnd e=2TI828 18284 _ . ..

We picture the real numbers arranged along the number line displayed in Figure 5.2
{the real line}. The set of real numbers is denoted by the symbol R.

o = =) =2 =

FIGURE 5.2
The real line

For real numbers a and b, where @ < b, we define the closed interval [a, &] o be the
set of numbers between o and b, incloding @ and b {the endpoints). That is,
[ b]l=[xER |agfxzh]
a5 illustrated in Figure 5.3, where the solid circles indicate that « and B are included in [2. b].
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—_——
a b

FIGURE 5.4
An open interval

Similarly, the open interval (a, b) is the se1 of numbers berween @ and b, bast mor
including the endpoints a and b, that is,

. bi=|rel |a=x<h],

a5 illustrated in Figure 5.4, where the open circles indicate that o and B are not included in
(e, B}, Similarly, we denote the set [x € B | x = a} by the interval notation (o, o) and {1 &
R | x < a} by (—ee, a). In both of these cases, it is important o recognize that o and —ee
are nod real numbers and we are using this notation as a convenience.

You should already be very familiar with the following properties of real nombers.

THEOREM 1.1
If @ and & are real mumbers and a < b, then

{i} For any real number o, a 4+ ¢ < 0+ ¢

{ii} For real nombers cand o, ifc < d thena + 0 < b+ 6
{iit) For any real number e >0, 0 -c < b e

{iv} Forany real numberc =0, @ -e > b -

REMARK 1.1

We need the properties given in Theorem 1.1 to solve inequalities. Notice that

(i} says that you can add the same guantity to both sides of an incquality. Part

(iii) says that you can mualiiply both sides of an inequality by a positive number.
Finally. {iv) says that if you multiply both sides of an inequality by a negative num-
ber, the inequality is reversed.

We illuserate the use of Theorem 1.1 by solving a simple inequalicy.

EXAMPLE 1.1 Solving a Linear Inequality
Solve the linear inequality 2y + 3 < 13,
Solution  We can use the properties in Theorem 1.1 1o solve for 1. Subtracting 5 from
both sides, we obtain
2y +5)—5<13-5
2r = §.
oF
Dividing both sides by 2. we obtain
<4
We often write the solution of an inequality in interval netaion. In this case, we get the
mnterval {(—eo, 4} m

You can deal with more complicated inequalities in the same way.

EXAMPLE 1.2 Soling a Two-Sided Inequality

Solve the two-sided inequality 6 < 1 — 3x < 10,

Solution  First, recognize that this problem requires that we find values of x such thae
<l —3x amd 1-3r<ID

It is meost efficient to work with both inequalities simuliancously. First, subtract | from
cach term. o get

fh—l<(l -3 —-1=10-1
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ar S5<-3xZQ

MNow. divide by —3, but be careful. Since —2 < (), the inogualities are reversed. We have

E
-3 -3 -3
ar ——>xx-3
e 3
We psually write thiz as —35:{—?
. 3
H‘ or in interval notation as [-3, —3). w
b You will often need 1o solve inequalities imvolving fractions. We present a iypical

cxample in the following.

EXAMPLE 1.2 5olving an Ineqguality Involving a Fraction

i—1
=0
r+2

Solve the inequality

Solution In Figure 5.5. we show a graph of the function. which appears o indicate
that the solution inclodes all ¥ < —2 and x = 1. Carefully read the inequality and
observe that there are only three ways o satisfy this: either both numerator and denom-
inator are positive, both are negative or the numerator is zero. To visualize this, we
i draw number lines for cach of the individual terms, indicating where each is positive,
1 negative of zern, and use these to draw a third nomber line indicating the value of the
guodient, as shown in the margin. In the third number line. we have placed an “[="
-1 above the —2 to indicate that the qooticnt is andefined at v = —2. From this last number
! E i r—1 lime, you can see that the quotient is non-negative whenever x < -2 or x = 1. We wrile
- [ et the solution in interval notation as {—ae, —2) U [1. o2} Nowe that this solation is con-
sistent with what we sce in Figure 5.5. &

e

For incqualities involving a polynomial of degree 2 or higher. factoring the polyno-
20 mial and determining where the individual factors are positive and negative, as in example
1.4, will lead 1o a solution.

10

EXAMPLE 1.4 Solving a Quadratic Inequality
& Bolve the quadratic inequality

X x—6=0 (1.1}
Solution In Figure 5.6, we show a graph of the polynomial on the lefi side of the ine-

FIGURE 5.6 quality. Since this polynomial factors, (1.1} is equivalent to
F=X+x—6 (x+3Hx—2)>0. (1.2}
. * _— This can happen in only two ways: when both factors are positive or when both factors
- are negative. As in example 1.3, we draw number lines for both of the individual factors,
il T indicating where each is positive, negative or zero, and uwse these 1o draw a number line
: representing the product. We show these in the margin. Motice that the third number
+ . 1 Py line indicates that the product is positive whenever © < —3 or x > 2. We write this in

= : imterval notation 85 {—es, =3V U (2. o). =
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For any tw real rurmbesa sd
Ju — M gives the distunce between
aand b, (See Figure 5.7.)

Bf T )

3

(=28 J

FIGURE 5.7
The distance between o and b

T

2=F= =] 2 I45=7

FIGURE 5.8
k-2 <5

T

ATl —4 - Ty

FIGURE 5.9
+d| =7
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Nio doubt, vou will recall the following standard definition.

DEFINITION 1.1

The absolute valwe of a real number xis x| = {I‘I ::ig

Make centain that vou read Definition 1.1 correctly. If x is negative, then —x is posi-
tive. This says that [x| = () for all real numbers ©. For instance. osing the definition,

[—4]=——4)=4.
Motice that for any real numbers a and b

fax - B} = Jal- |5,
although

la + B # Jal + bl

in general_ {To verify this. simply take a = 5 and b = —2 and compute both quantities._)

However, it is always true that

la + bl < la] + ).

This is refierred o as the triangle inequakity

The interpretation of o — b| as the distance between o and b (see the Notes box) is
particularly uscful for zolving inequalitics involving absolute values. Wherever possible,
we suggest thai you use this interpretation o resd what the inequality means, rather than
merely following a procedure to produce a solution.

EXAMPLE 1.5 Soling an Inequality Containing an Absolute Value
Solve the inequality

lx—2|= 5. {1.3)
Solution  First, take a few moments io read what this inequality savs. Since [x — 2|
gives the distance from x o 2, (13) says that the dizsrences from v o 2 must be fess fhan 3.
5o, find all numbers ¥ whose distance from 2 is less than 5. We indicate the set of all
numbers within a distance 5 of 2 in Figore 5.8 You can now read the solution directly
from the figure: —3 < x < T or in inferval notation: (=3, 7). =

Many inequalities involving absolwte values can be solved simply by reading the ine-
quality correctly. s in example 1.6

EXAMPLE 1.6 Solving an Ineguality with a Sum Inside an Absolute Value
Solve the inequality

k+4]<T. (1.4)

Solution To use our distance interpredation, we musit first rewrite (1.4) as

e — (8] 7.
Thiz now says that the distance from x 0 —4 is less than or equal o 7. We illusirate the
spdution in Figure 5.9, from which it follows that -1l € x < 3or[-10,3). m |

Recall that for any real number r > 0, [y < r is equivalent to the following inequality
ni imvolving absolute values:
—FL£X<F
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Transformed data
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In example 1.7, we nse this w revisit the inequality from example 1.5.

EXAMPLE 1.7 An Alternative Method for Solving Inequalities
Solve the inequality [ — 2] < 5.
Solution  This is equivalent to the two-sided inequality
e A
Adding 2 1o each wrm, we get the solution
—3=x=T,

or in interval notation (—3. 7)., as before. B

Recall that the distance between two poinis (x;. ¥, ) and {x;. ¥;} is a simple consequence
of the Pythagorean Theorem and is given by

dflxy, ¥k (X2 ¥} = \"rliz — ) # (v —
We illusiraie this in Figuere 5.10.

EXAMPLE 1.8 Using the Distance Formula
Find the distance beiween the poinis (1, 2) and (3, 4).
Solution The distance betwesn (1, 2) and (3, 4) is

dUL2L G, H=VE -1 +@d-2=vasa=vEi |

O Equations of Lines

The federal government conducts a nationwide census every 10 years to determine the
population. Population data for several recent decades are shown in the acconpanying
tahle.

One difficulty with analyzing these data is that the numbers are so large. This problem
is remedied by transforming the data. We can simplify the year daia by defining x o be
the number of years since 1960, so that 1960 corresponds o x = 0, 1970 comesponds. o
x = 1t and 5o on. The population data can be simplificd by rounding the numbers to the
nearest million. The ransformed data are shown in the accompanying table and a scatter
plot of these data poinis is shown in Figure 5.11.

The poinis in Figure 5.11 may appear io form a siraight line. (Use a ruler and see if
you agree. ) To determine whether the points are, in fact, on the same line (such points ane
called collinear). we might consider the population growth in cach of the indicated dec-
ades. From 1960 to 1970, the growth was 24 million. (That is, to move from the first point
i the second, you increase x by 10 and increase v by 24.) Likewise, from 1970 1o 1980,
the growih was 24 million. However, from 1980 to 1994, the growth was only 22 million.
Since the raie of growth is not constani. the data points do not fall on a line. This argument
imvolves the familiar concepi of slope.

DEFINITION 1.2

For x; # xx, the slope of the straight line through the points (1, vi) and (22, v2) is the
numher
m=-"—‘;-1"1_ ‘Ijj
Xy — X,
When x; = x; and v, # ¥y, the line throogh (x;. v, ) and (x;. ¥;) is vertical and the
slope i undefined.
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ﬂ 5
We often describe stope as “the change in v divided by the change in . written ﬂ._i

R
of more simply uﬁ.{ﬂm Figure 5.12a.)

Referring to Figure 5.12b (where the line has positive slope), notice that for any four
points A, B, [} and E on the line, the two right triangles AABC and ADEF are similar.
Becall that for sinvilar riangles. the ratios of corresponding sides must be the same. In this
case, this says thal

Ay

2y - Ay
Ar Ar

it

AGURE 5.12b
Sumilar iriangles and sbope

and so, the slope is the same no matter which two points on the line are selected. MNotice
that a4 line is horizoneal if and only if its slope is zero.

Find the slope of the line through the points (4, 3) and (2, 5).

Solution From (1.5}, we get
Ya—¥ F—=3 2

M=

Bn-xn 2-4 -2 =

EXAMPLE 1.10 Using Slope to Determine If Points Are Collinear
Use slope to determine whether the points (1, 2}, (3, 10§ and (4. 14) are collinear.
Solution  Firsi, notice that the slope of the line joining (1, 2) and (3, 10} is

Similarly, the slope through the line joining (3, 10) and (4, 14) is

¥r— ¥ _]4— ]ﬂ_4

X3 —xj 4 -3
Since the slopes are the same, the points must be collinear. m |
Recall that if you know the slope and a poini through which the line must pass, you have

enough information to graph the line. The casicst way to graph a line is o plot two points and
then draw the line through them. In this case, you need only to find a second point



FIGURE 5.13b
Using slope o find a sscond poim
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EXAMPLE 1.11 Graphing a Line

If & line passes through the point (2. 1) with skope % find a second point on the fine and
then graph the line.
' —

Solution Siumshptisgiv:ub}'m=};'_',m:lak:m:i,_'u.:Ian:l_n:_.'!,l_n
obiain =4

2 w1

E -2
You are free o choose the x-coordinate of the second point. For instance, o find the
point ai x> = 3, substituie this in and solve. From

2 wmi—1 w-—1

3-5-2 3
we get 2 = vz — | or v2 = 3. A second point is then (5, 3). The graph of the line is shown
in Figure 5.13a. An aliernative method for finding a second point is to use the slope

ay

2

The slope uff says that if we move three units w the right. we must move two units up
to stay on the line, as illustrated in Figure 5.13b. m

In example 1.11, the choice of x = 5 was entirely arbitrary: you can choose any x-value
you want to find a second point. Further, since x can be any real number, you can leave xas
a variable and write oul an equation satisfied by amy point (% v) on the line. In the general
case of the line through the point { xs. ve) with slope s, we have from (1.5) that

= ¥=¥ (LB
— Xy
Multiplving both sides of {1.6) by (x — x), we get
¥ — vo=mx — xp)
or
POINT-5LOPE FORM OF A LINE
¥ =mix — x5l + Ve (1.7}
EXAMPLE 1.12 Finding the Equation of a Line Given Two Points
Find an equation of the line through the points (3, 1) and (4, —1). and graph the line.
Solution From (1.5), the slope is m = _4'__31 = %T = —2 Using (1.7) with slope
mit = =2, y-coordinate 1o = 3 and y-coordinate ve = 1, we get the equation of the line:
y==Jix=3p+ 1. {1.8)

To graph the ine, plod the points (3, 1) and (4, —1), and vou can easily draw the line
seen in Figure 5.14. m

Although the point-slope form of the equation is often the most convenient to work
with, the slope-intercept form is someiimes more convenient. This has the form

o=y 4+ b
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where mt is the slope and b is the y-intercept (5. the place where the graph crosses the
v-axis). In example 1.12, you simply multiply ow (1 Bjwget yv=—-Ir + 64 | or

yv==2x +7.

As you can sec from Figure 5,14, the graph crosses the y-axis at v = 7.
Theorem 1.2 presenits a familiar result on parallel and perpeadicolar lines.

THEQOREM 1.2

Two (nonvertical) lines arc parallel if they have the same slope. Further, any two
vertical lines are parallel. Two (nonvertical j lines of slope s, and m, are perpen-
dicular whenever the product of their slopes is —1 {i.e., mry - mz = —1 ). Also, any
vertical line and any horizontal line are perpendicular.

Simce we can read the slope from the equation of a line, iU's a simple matter to deter-
mine when two lines are parallel or perpendicular. We illosirate this in examples 1.13
and 1.14.

FIGURE 5.15
Paralle] lmes

FIGURE 5.16
Perpemiticular lines

EXAMPLE 1.13 Finding the Equation of a Parallel Line
Find an equation of the line parallel to v = 3x — 2 and throogh the poine (—1, 3}

Solution It's easy to read the slope of the line from the equation: m = 3. The egua-
tion of the parallel line is then

v=3xr—(-11]1+3
of simply v = 3x + 6. We show a graph of both lines in Figure 515, m_

EXAMPLE 1.14 Finding the Equation of a Perpendicular Line
Find an equation of the line perpendicular o ¥ = —2r 4+ 4 and intersecting the line at
the paoint {1, 2).

Solution The slope of v = =1 + 4 is —2. The slope of the perpendicular line is then
—1{-2)= % Since the line must pass through the point (1. 2), the equation of the
perpendicular line is

V=

We show a graph of the two lines in Figure 5.16. &

(7]

1
—1y+12 or Y==K+
R

I'\-Ié—

[B¥]

We now return i this subsection’s intreductory example and use the equation of a line
to estimate the population in the year 2000,

EXAMPLE 1.15 Using a Line to Predict Population

From the population data for the censos years 1960, 1970, 1980 and 1990 given above
Deefinition 1.2, predict the population for the year 20060,

Solution  We began this subsection by showing that the points in the corresponding
table are not collincar. Nonetheless, they are neardy collinear. 5o, why mot use the
straight line connecting the kast two points (20, 227} and (30, 249} (corresponding to
the populations in the vears 1980 and 1990} to predict the population in 20007 (This is
a simple example of a more general procedure called extrapolation. ) The slope of the
ling joining the two data points is

249 - 227 22 1
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FIGURE 5.17
Population

REMARK 1.2

Functions can be defined
by simple formulas. such as
fixd=3x+ 2 buot in gen-
eral, any correspondence
mieeting the requirement of
matching exactly ane v in
each ¥ defines a function.

_—

FIGURE 5.19a
Curve fals vertical bine test

FIGURE 5.18b
Curve pasies verlcal ne e
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The equation of the line is then
11
_-.-=?:x—3ﬂ}+ 249,
Sec Figure 5.17 for a graph of the line. If we follow this ine to the point corresponding
by x = 40 {the year 20000, we have the predicied population

11
?{IU — 30+ 249 =271

That is. the predicted population iz 271 million people. The actual census figure for 2000
was 281 million, which indicates that the U.S. population grew ai a faster raic between
19940 and 200K} than in the previows decade. &

O Functions
For any two subsets A and B of the real line, we make the following familiar definition.

DEFINITION 1.3

A Fomction [is a rule that assigns exactly ome element v in a set B to cach element x
in a set AL In this case, we write v = fla)

We call the set A the domain of 2 The set of all valoes fix) in B is called the
range of f, writien [v | v = fix). for some x € A ). Unless explicitly stated otherwise,
whenever a function fis given by a panicular expression, the domain of fis the
largest set of real numbers for which the expression is defined. We refer to x as the
independent variable and 1o v as the dependent variahle.

By the graph of a function f we mean the graph of the equation v = fix). That is, the
graph consisis of all painis (x, ¥), whene x is in the domain of f and where v = fix}.

Motice that not every corve is the graph of a function, since for a function. only one
s-value can correspond o 4 given value of © You can graphically determine whether a
curve is the graph of a function by using the vertical ine test: if any vertical line intersects
the graph in maore than one point. the curve is not the graph of a function, since in this case,
there are two y-values for a given value of 1

EXAMPLE 1.16 Using the Vertical Line Test
Determine which of the curves in Figures 5.18a and 5.18b correspond o functions.

¥
£3

FIGURE 5.18a FIGURE 5.18b

Solution Notice that the circle m Figure 5.18a is not the graph of a function, since

a vertical line &1 ¢ = (L5 intersects the circle twice. (See Figure 5.19a) The graph in
Figure 5.18b is the graph of a function, even though it swings up and down repeaiedly.
Although horizontal lines intersect the graph repeatedly, vertical lines, such as the one
at ¥ = 12, intersect only once. (See Figure 5.19b.) =
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The functions with which you are probably most familiar are pofvaomials. These are
the simiplest functions w work with because they are defined entirely in terms of arithmetic.

DEFINITION 1.4
A polynomial is any function that can be written in the form
fvi=a ta_ '+ 4o x+a,

where ao. ai, az, .. -, diy arc real numbers (the coefTicients of the polynomial) with
a,# 0 and n = 0 is an integer (the degree of the polynomial).

MNote that every polynomial funciion can be defined for all x's on the entire real line. Far-
ther, recognize that the graph of the linear (degree 1) polynomial 7o) = ax + s a straight line.

EXAMPLE 1.17 Sample Polynomials
The following are all examples of polynomials:
Sixh =12 (polynomial of degree 0 or constant ),
fixy = 3x + 2 (polynomial of degree | or limear polynomial).
fixy= 5% — 2x + 23 (polynomial of degree 2 or quadratic polynomial),
fix)=x" — 2x + | (polynomial of degree 3 or cubic polynomial),
fixh=—fix* + 12" — 3x + 13 {polynomial of degree 4 or quartic polynomial),
and

fixd =2 4 '~ B 4 x — 3 {polynomial of degree 5 or quintic polynomial).

We show graphs of these six functions im Figures 52085 20f.

,

104
¥
T ™ BOr
o, ke s
3 4
_‘Iu 3
1+
I
X =t =4 =3 2 4 &
FIGURE 5.20a FIGURE 5.20b FIGURE 5.20c
finy=2 firy=3x+2 firi =57 —2x+ 213
¥ ¥
3
104 2+ v
5 10 o |
i L
(R T 3
= e g e s ey T
=104 =201 M
FIGURE 5.20d FGURE 5.20e FIGURE 5.20f
figi=r"—2r+1 Fixh=—6a + 1207 — 3c 4+ 13 firi=2r" 4+ —Bx' 41— 3
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=L 3

=1l

FIGURE 5.21

L4+ Tr—11
fixj="—o"———
=
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DEFIMITION 1.5
Ay function that can be written in the form

_p
fixp= e

where p and g are polynomidals. is called 2 rational function.

Motice that since pix) and g(x} are polynomials. they can both be defined for all x, and

50, the rational function fix) = :—3 can be defined for all x for which gix) # 0.

EXAMPLE 1.18 A Sample Rational Function
Find the domain of the function

4+ Tr—11
r—4

fix) =

Solution Here, fix) is a rational function. We show a graph in Figure 521. lis
domain consists of those valuwes of x for which the denominator is non-zero. Notice that

F-d={x-20x+2)
and =0, the denominator is zero if and only if ¥ = £2. This says that the domain of fis
[rER |x# £} =(-c0,-QU(-2 U2 00) m |
The square root function is defined in the usual way. When we write v = X, we

miean that v is that number for which v* = x and ¥ 2 0. In paricular, v = 2. Be carcful not
o WTile erroncous statements such as v4 = 2. In particular. be careful to write

Vi =|z].

Since Va© is asking for the aon-regarive number whose square is x°, we anc looking for | x|
amnd mot x. We can say

Vit =x, oerly for x = 00

Similarly, for any integern 2 2y = ﬁuﬂ::mr':x. whene fior m cven, x = 0and v = 0.

EXAMPLE 1.19 Finding the Domain of a Function Involving a Square
Root or a Cube Root

Find the domains of fix) = ¥ — 4 and gl = ¥ — 4.

Solution  Since even roots are defined only for non-negative values, fix) is defined
only for x* — 4 = 0. Motice that this is equivalent to having x° = 4, which occurs when
Xz 2orxy £ —2 The domain of fis then (—ea, —2] U [2, ea). On the other hand, odd
roois are defined for both positive and negative values. Consequently, ihe domain of g
is the entire real line, (—oo. o). B

We often find it useful o label imercepts and other significant points on a graph. Find-
ing these points typically involves solving eguations. A sodution of the equation fi{x) =0 is
called a zero of the function for a root of the equation fix) = (. Notice that a zero of the
function feomesponds to an x-intercept of the graph of v = fix).
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FIGURE5.22
v=1 —dr+3

REMARK 1.3

Polynomials may also
have complex zeros. For
instance. fixd =" + 1 has
only the complex zeros

X = =i, where i is the
imaginary number defined
by i = +'—1. We confine
our attention in this text to
real peros.

EXAMPLE 1.20 Finding Zeros by Factoring
Find all x- and w-intercepts of flx) =" — 4x + 3.
Solution  To find the v-intercept. set x = 0 o ohigin
yv=0-0+3=13.
To find the x-intercepis, sobve the equation fx) = 0. In this case. we can factor (o get
fixi=xr* —dx+3=(r— liir—3i=0.
You can now read off the zeros: x = | and x = 3, as indicated in Figure 522 m_________ |

Unformnately. factoring is not always so easy. OF course, for the quadratic equation
ax 4+ bhx+e=0
{for a = (). the solutioni ) are given by the familiar quadratic formola:

(o oha VB —dae
- = 3

EXAMPLE 1.21 Finding Zeros Using the Quadratic Formula
Find the zeros of f{x) = x* — 5xr — 12,

Solution You probably won't have much luck trying to factor this. However, from the
quadratic formula, we have

oI 41 (1Y) 52 VISHAE 52 T3

2.1 2 2
So, the two solutions are given by x =2 + ¥ = 6772 and x=§ — ¥2 = —1.772. (No
winder you couldn’t facior the polynomial!) =

Finding zeros of polynomials of degree higher than 2 and other functions is usually
trickier and is sometimes impossible. At the least, you can always find an approximation of
any zerods) by using a graph to zoom in closer o the point(s) where the graph crosses the
x-axis, as we'll illustrate shortly. A more basic question, though, is to determine fow may
Zeros a given functicn has. In general, there is no way 1o answer this question without the
use of calculus. For the case of palynomials, however, Theorem 1.3 {a consequence of
the Fundamental Theorem of Algebra) provides a cloe.

THEOREM 1.3
A polynomial of degree n has ar mest o distinet zeros.

Motice that Theorem 1.3 does not say how many zeros a given polynomial has, but
raiher, that the maximerm number of distinct (Le., different) zeros is the same as the degree.
A polynomial of degree n may have anywhere from @ to n distinet real zeros. However.
palynomials of odd degree must have ar feasr ome real zero. For instance, for the case of a
cubic polynomial, we have one of the three possibilities illuswrated in Figures 5.23a, 5.23h
and 5.23c. These are the graphs of the functions:

finy=x" =2+ 3=(x+ 1)ir* — 3r + 3),
gixi=x' -2 —x+ 1 =(x+ Lix— 1)’
s Bx)=x = 36— x+ 3= (x+ D= Dix—3),
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FIGURE 5.24b
Foamed i on peronear x=—1.4

FIGURE 5.24c
Loomeed 18 on zero pear = 1.4
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respectively. Motz that yvou can see from the factored form where the reros are (and how
many there ane).

FIGURE 5.23a FIGURE 5.23b FIGURE 5.23c
e zero Twe Three zesis

Theorem 1.4 provides an important connection between factors and zeros of
podynomials

THEOREM 1.4 (Factor Theorem)
For any polynomial function f fTa) = 00 and ondy if (x — a) is a factor of fix)

EXAMPLE 1.22 Finding the Zeros of a Cubic Polynomial
Find the zeros of flxj=2' — X — v + 2.

Solution By calculating {1}, vou can see that one zero of this funcion isy = 1.

but howr many other 2eros are there? A graph of the function (sec Figure 5 24a) shows
that there are two other zeros of f one near ¥ = —1.5 and one near x = 1.5 You can
find these zeros more precisely by using your graphing calculator or computer algebra
system i 2o0m in on the locations of these zeros (as shown in Figures 5.24b and
3.24c). From these zoomed graphs it is clear that the two remaining zeros of fane near
x= |41 and x = —1.4]. You can make these estimates more precise by zooming in
even mare closely. Most graphing calculators and computer algebra systems can also
find approximate zeros, using a buili-in “solve™ program. In a kater chapier. we present
a versatile method {called Mewton's method) for obtaining accurate approxinmations to
reros. The only way to find the exact solutions is to factor the expression (using either
long division or synthetic division). Here, we have

fi=x — ¥ — I+ 2={x— I¥x* = 2) =[x — L)z — v2)ix + V),
from which you can see that the #eros are x = Lx=+v2andx=—+17.m

Recall that to find the points. of intersection of two curves defined by v = fix) and
¥= gy, we set fix) = glx) o find the r-coordinates of any poings of intersection.

EXAMPLE 1.22 Finding the Intersections of a Line and a Parabola
Find the pnimsafim:rsmtimnflhrpam]:rula_'.'=,tl—j—5.m:llh.:]int_v=r+3_

Solution A skeich of the two curves (see Figure 5.25) shows that there are two inicr-
sechions. one near ¥ = —2 and the other near x = 4. To determine these precisely, we set
the two functions equal and solve for x:

F_r—S=—x+3
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y Subtracting {x 4+ 3 from both sides leaves us with

D=r'—2xr—B=(x—4Hx+ 2L

FIGURE 5.25
y=rx+dmdy=r'—-x-5§

EXERCISES 5.1 (@)

[~ WRITING EXERCISES

L I the slope of the line passing through points A and 8 equals
the slope of the line pesing throiggh points & asd O, explain
why the potnts A, B and © are collineas.

2 I a graph fxils the vertical lne west, it s nol the graph of a
function. Explaim this resull i terms of the definition of a
[anctsim.

3 You shoubd nol sstomatically wnte the eguation of a lme in
slope-imercepl form. Compare the folbowing forms of the
same e v = 2dix — LB} + 4 and v = 2dx — 392, Given
x = 18, which equatbon would you rather wse W conmpate 7
How ahowt il you are given x = 07 For x = 8, s there any
advantage 0 one equation over the other? Can you guickly
rewd ofT the slope from cither equation” Explain why neither
form of 1he equation is “berer.”

4. To understand Defmadon 1.1, you must believe that jq = —x
for piegative s Using ¥ = —3 0% an example, explain m wonds
why multiplying x by —1 produces the same resull as akmg
ithe absolute value of 1.

In exercioss 1=110, solve the inequality.

L 3x+2<H§ L3-2x=7

A 1=2-3x<h d —2=Ir—3<5
"+2:|-1,:| I+ 1 "
x—d4" x+2{

5
T. T +2—320 B o-Sx—-6<i
L

|, [r+ 5|2 ML 2o+ 1)<d
Im exercises 11-14. delermine if the poinis are collinear.
11, (2 1300, 2y, 04, O LE {3, 1), 44, 43,45, B)

13 (D03, 2000, 3) 4 (1,25, 2, 50, 44, B)

This says that the solutions are exactly ¥ = —2 and x = 4. We compute the correspond-
ing v-values from the equation of the line ¥ = x 4 3 (or the equation of the parabolay.
The points of intersection are then (=2, 1) and (4, 7). Notice thar these are consistent
with the intersections seen in Figure 525, m

Unformnately, you won't always be able to solve equations exactly, as we did in
examples 1.20-1.23. More difficult equations require the use of approximation technigues.
graphing calculators, or compuier algebra programs to find approximate solutions.

In exercizes 1518, Mind (a) the distance between the paints, by
the slope of the line through the given points, and (¢) an equa-

tion of the line through the points.
15. {1,23,{3.6) & (1. -2} (—1.-3)
170 03, —1.4% (=11, —0.4) 18 {12 210 (3.1.24)

In exercises 19-12 find a second point on the line with
slope m and poini P, graph ihe line and find an equation of
the line.

19 m=2 P=(13) W m=0,P={-1,1)
I m=12 P={23 L1) Lm=—L P=(-2L 1)

In exercises 23-28, delermine il the ines are parallel perpen-
dicular, or peither.

y=lHr—-+2ady=3Hx+41-1
y=2r—3+ lamd y=dir—3j+ 1
==+ l-land v=4x -2+ 3
y=Mr—landly=—2r+2

_'r=."|n.|:+l.a.rl'J:|.'=——;_.1:+3

B SR RER

r+2y=1land 2xr + dy =13

In exercises 29-32, find an equation of & line through the given
point and (a) parallel (o and (b} perpendicalar o the given
lime.

oy=Nr+ 1) —2a (1)
M y=Hr— 2+ lar{l3)
. y=2c+larid 1)

3L y=laif-—1j
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In exercises 33 and 34, find an equation of the line throwgh the kA
given poinis amd compuote the p-coordinate of the poinl on
the line corresponding Lo r = 4.

n oy

TS 7
ETIL
[ ]
20+
L]
- 1o4 I exercises 3042, identily the given funciion as polynomial,
rational, bath or neither.
k.8 = —dz+1 . 1=£
+ + : x fa)=x + S -1
o = r+li-1 =
41 fo)=——— 42 fin=vVri+1

In exercises 35-38, use the vertical line test o delermine

whether the curve is the graph of a Tunction n s il e Ao of e fomctiom.

4, fin=vrel M. firy=vr—1
s, ¥ E—— ——e
45, _Iru:,=r_—'t_ﬁ 6. firy= .1:'—1
£—3 W —
4 dr
47, fixi=— 4. firy=—
x =1 a4+ y—f

In exercises 4% and 50, find the indicaied function values.
. firp=x'—x— 1 FilL 20 A3, AT

3
0. fix) == FULFO0, f(100) f153)

36 ¥ In exereises 51 and 52, a hrief description s given of & siuaties.
o | For ithe indicated variable, date a ressonable domain.
Sl A new candy bar 15 to be sold x = number of candy bars sobd
1! im the Ferst month.
i s 52, A parking deck 5 10 be built on a 30 -by-2300" ka: x = widih
i 3 N
et ‘II e x of deck (in feer).
——|f z i
5
In exercises 53-56, discuss whether you think p would be a
e Tanclion of x.

53, y= grade you gl on an exam. 1 = amber of hoors you study
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Sd. v = probahlity of getung lung cancer, © = number of aga-
relles smokiad per day

55, v = a persom’s weight, x = number of mmnoles exerciing per

iy
Sh. v = spead ol which an object falls, © = weight of object

57. Frgwre A shows the speed of 2 bicyelis as o Tonctson of Hme.
For the portions of this graph that sre (Bar, whal s happenmg
icr the Wcychist's spead? What s happening 1o the bicyclists
apeed when ithe graph goes up? Goes down? Identufy the por-
rons af the graph that cormespond (o the beyelis going uphdll;
evndull.

Speed

4

FIGURE A
Biscyele speed

5K Figire B dhows the population of & small country as a function
of time, During the tme period shown, the country experi-
enced o influses of immigrants. 3 war and a plagee. ldentify
thisse imyportand evenls.

Populaiion

P
.

* Time

FIGURE B
Populaiion
I exercises 596, fnd all intercepis of the given graph.

5 y=r—2x-8 B v=1"+dr+4

6l. y=1r'—% 6L y=r' -3+ 31
ﬂ-‘_=x'—-i H.;-:lf_'

x+1 -
I exercises 65-T1, facior andlor use the gquadratic farmula io

find adl 2eros of e given Nanction.

65 firi=x —dx+3 B firi=x +1—12

67, firi=x —dz+2 68 Fixi=20 +dx—1

B9 firi=x" — 3" 4+ 2t T fici=1r — 2 —1 42
Tl flaj=st4 5" -2 TL fial=r+ S —dr—4
In exercises 73 and 74, find afl peints of inlersection.

T y=r'+2r43 ad v=1+5

M o vy=r"+4r—2 ad v=2"+1-6

{® appuicaTIONS

1. The boding point of water {in degrees Fahrenbeit) s ele-
vation k {in thowsamds of feel shove sea bevel) is given by
Bih) = —1.8h + 212, Find k such tha water boils @ 98.6"F.
Why swouald this aliiiude be dangerous 1o himans?

1 The spin rate of a golf ball hit with 2% iron has been messued
al G rpm for a 1 2compression ball aned ar 1000 rpm
for a Bl-compression ball. Most golfers use S0-compression
balls. If the spin rate 15 a lnesr fusction ol compression, find
the zpin rate for a W-compression ball. Professional polfers
wflen use 100-compression balls. Extimaie the spin rate of a
LE-oamperésssom ball.

3. The chirping rate of a cricket depends on the emperalune. A
spectes of ree cricket chirps. D60 tmaes per mimute at T9°F and
B0 immes per minule al 64°F. Find a linear functon relating
lemperaiure o chirping rale.

d. When describing how o measare lemperatone by counting
cricket chirps, most guides supgest hal you count the number
wf chirps in 4 15-smcond tme period, Uke exencise 3 w explain
why this is a convensent period of tme,

5. A person has played 3 conrputer game many Bmes. The salis-
thcs shew thot she has won 415 imes s lost IND tmes, and the
winaing percentage i lsted ax T8%. How many times in a mow
sl shee wim b mise the reporied winming percentage o 80% 7

@ EXPLORATORY EXERCISES

1. Suppoese you have a machine that will proportienally enlarge a

photograph. For example, it could enlarge a 4 % 6 photograph
0 8 3 12 by doubling the width and height. You could make

an B w1 preture by ¢ ng 1 inch ofl each side. Explain
T you would enlarge 2 37 % 5 picture woan 8 3 10, A fnend
returns from Scotland with a 34 % 5 pictre showing the Loch
Nzxmmrriuﬂnmmfinﬁhuulherighui}wmm
procediare o make an 8 % 10 enlargement, does Nesise make
the cut!

L Solve the equation v — 2+ pr — 3= 1. (Hint: I’ an umusual solu-
o, i that it°s moee thas just 3 couple of numbers.) Then, solve
the equation v+ 3 —4vT—1 +vi+8—a5— I =1
{Hint: If you make the correcl subsiElulion, you can use yoar
sobulion 1 the previoas eguaton.
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(@ 5.2 INVERSE FUNCTIONS

.
x ¥
Deaaia f} mge f)
h

FIGURE 5.26
="

FIGLURE 5.27

Fincling the x-value cormespomdng
wy==4

REMARK 2.1

Pay close attention io the
notation. Motice that f—{x)

|
dioes o mean —. We wriie
oy

the reciprocal of fix) as

1 — A=l
j-r{::I = [filxy]™ -

The number of common inverse problems s immense. For instance, in an electrocardio-
gram (EKG), measurernenis of electrical activity on the surface of the body are used o
infer something about the elecirical activity on the surface of the heart. This is referved
by as an imverse problem, since physicians arc attemipting o determine what inpuars
{ie.. the electrical activity on the surface of the heari) cause an observed owugpa (the meas-
ured elecirical activity on the surface of the chest).

In this section, we introduce the notion of an inverse function. The basic idea is sim-
ple enoagh. Given an output (that is, & value in the range of a given functon}, we wish
to find the input (the value in the domain) that produced that ouiput That is, given a
v € Rongel{f]. find the x € Domain|{f] for which v = fx). (Sce the illustration of the
imverse function ¢ shown in Figure 5 26.)

For instance, suppose that fix) = o' and y= 8. Can you find an x such that ©* = §7 That
is, can you find the x-value corresponding to v = B (See Figure 5.27.) OF course, the solu-
tion of this particular equation is x = +/8 = 2. In general, if ' = v, then x = v/y. In light of
this, we suy that the cube root function is the imverse of flx) ="

EXAMPLE 2.1 Two Functions That Reverse the Action of Each COther
If fix) = x* and pix) = "7, show that
figxy=x and gfxl)=x
for all x.
Solution For all real numbers. x, we have

figte =z =" =

HA =g =) =xn

Motice in example 2.1 thai the action of fundoes the action of g and vice versa. We
take this as the definition of an nverse function. (Again. think of Figure 5_26.)

DEFINITION 2.1

Assume that and g have domains A and B, respectively, and that f{gix)) is defined
for all ¥ £ B and g{fix}) is defined forall x = A If

fipxy=x, forallxc B,  amd
sfixp)=x, forallx €A,

wi say that g is the inverse of | wrim:ug:_f"_Equjvalmﬂy__fEs. the imverse of g,
f=g"

Observe that many familiar functions have no inverse.

EXAMPLE 2.2 A Function with Mo Inverse
Show that f{x) = 1 has mo inverse on the interval (—oo, s).

Solution  MNaotice that fid) = 16 and fi—4) = 16. That is. there are fwe c-valoes that
produce the same y-value. So, if we were to try (o define an inverse of 1 how would we
define f~'{16)? Look at the graph of v = 1* {see Figure 5.28) to see what the problem
is. For cach v > (i, there are neo x-vahees for which y = x". Because of this. the function
does not have an inverse. B
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FIGURE 5.29
fia) = fil), for @ £ b So, f does not
prass the horizontal lme test and is
ol - DO

v flxs

FIGURE 5.320
Every borizoatal e miersects the
curve i al most ooe poinl So. f
patsses the horizomtal lne lest and is
(- Ome.

FIGURE 5.31

¥y=1 —35
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For fix} = 1. it is IEMpLing Lo jumpg to the conclusion that gix) = 7 is the inverse
of filxh. Motice that although fig(xh) = { Ty =x for all x = 0{i.e., for all x in the domain of
Six)) itis mar generally e that g fixi) = Ve=xrIn fact. this last equality holds only for
& = [ However, fur_ﬁjj:.r' restricted to the domain x 2 0, we do have that F~"(x) = 7.

DEFINITION 2.2

A function [ is called one-to-ome when for every v € Range| [}, there is exacily
wie X € Domain| ] for which v = filx).

REMARK 2.2

(bserve that an equivalent definition of one-to-one is the following. A function )
is ome-to-one if and only if the equality fla) = f{d) implics @ = b. This version of the
definition is oficn useful for proofs invalving one-to-one functions.

It is helpful to think of the concept of one-to-one in graphical terms. Notice that a
function fis one-to-one if and only if every horizontal line imtersects the graph in at most
one paini. This is referred io as the horizental line test. We illosirate this in Figures 529
and 5.30. The following result showld now make sense.

THEOREM 2.1

A function f has an inverse if and only if it is one-to-one.

This theorem simply says that every one-to-one funcion has an inverse and every
function that has an inverse is one-to-one. However, it says nothing about how to find an
inverse. For very simple functions. we can find inverses by solving equations.

EXAMPLE 2.2 Finding an Inverse Function |
Find the inverse of fix) =x* — 5.

Solution Note that it is not entirely clear from the graph (see Figure 5.31) whether f
passes the horizontal fine test. To find the inverse function, write v = fi{x) and solbve
for x (ie., solve for the input x that produced the observed owtput v). We have

yv=x -5
Adding 5 to both sides and taking the cube root gives us
(¥+5" =" =x
So,x =7 {vi= (v + 5)'". Reversing the varizbles x and v gives us
Flid=x+3" n

EXAMPLE 2.4 A Function That Is Not One-to-One
Show that f{x) = 10 — x* does not have an inverse.

Solution You can see from a graph (sec Figure 5.32) that fis not one-to-one; for
instance. f{l} = fi—1) =9 Consequently, Fdoes not have an inverse. B
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Kim Rossmo {1955—Present]
A Canaiian criminologist
wises evebaped the Criminal
Geographic Targeting alge-
rithen that indicates the mast
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for serial murderers, rapists
and athér criminals. Ressma
sensed 21 years with the
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sites do determine where the
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based an Rossmo’s work.
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BIT
= # B * 1
-2 2
=TT
—40i4
504
=TT
=100+
FIGURE 5.32 AGURE 5.23

w=W—x*

Reflection through y=x

Even when we can't find an inverse function explicitly. we can say something graphi-
cally. Motice that if (« ) is a point on the graph of ¥ = f(x) and fhas an inverse, £, then
gince

= fla),
we have that

i =7""Uflah) = a.
That is, {#, a) is a point on the graph of ¥ = f~"(x]. This iclls us a great deal about the inverse
function. In particular. we can immediately obtain any number of points on the graph of
v=f""xh simply by inspection. Funther, notice that the point (B, 4) is the reflection of the
point (. b} through the line v = x. (See Figare 5.33.) It now follows that given the graph
of any one-io-one function, you can draw the graph of its inverse simply by reflecting the
entire graph through the line v = x.
In example 2.5, we illustrate the symmetry of a function and its inverse.

EXAMPLE 2.5 The Graph of a Function and its Inverse
Draw a graph of fix) =x" and its inverse.

Solution From example 2.1, the inverse of flx) =x isf~x) = " Notice the
symmetry of their graphs shown in Figure 534, m
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¥ Mlost often, we cannot find a formuola for an inverse function and must be satisfied

v o= i v

with simply knowing that the inverse function exists. Observe that we can use the symme-
try principle outlined above to draw the graph of an inverse function. even when we don’t
have a formuola for that function. (See Figure 5.35.)

FIGURE 5.36
v=fix)and y =f'ix) -

EXERCISES 5.2 (@)

[~ WRITING EXERCISES

1. Explain in wonds (and o pictune ) why the dlowing i troe: if
Sfix) is mereasing for all o [Le. if x2 < g, then fx:) < fin ).
then f has an mvirse.

L Suppose the graph of a function passes the horveontal line vt
Explain why you keow that the function hes an imerse
(defmed on the range of e fenction).

1 Radar works by bouncing a kgh-Trequency electromagnestc
pubse off af a moving object, then measuring the disturbance
in the pulse x5 it is bounced back. Explain why this is an
inverse problem by idenniying the input and output

4. Easch human disease has a set of symploms associated with
il. Physicians sttempl 1o solve an mverse problem: given the
symponms, they try 1o identify the disease causing the symp-
o, Explam why this 5 oo a well-deflined inverse problam
(e, logically it 5 md always possible o correctly identify
iseases Irom symploms alone )

In exercises 14, show that fijgix)) = x and gif ()} = x for all r:
L fir)=x" and gixy= ™"
2 fir) =dr' and gixi= “—.r]m

r—1

2

A fin=2rC+lorgixi=

1 -2z
4 fin= and glx) = —— (x 2 0,1 % -2)

a4+ 2

In exercises 5-11. determine whether the lunclion has an
imverse (is one-lo-onel I so, find the inverse and graph boih
the Tunetion and ils inverse.

5 fin=x—-2
T firi=x"—1

6 fini=x"+4
B flril=x"+4d

x EXAMPLE 2.6 Drawing the Graph of an Unknown Inverse Function
Diraw 5 graph of fix) = ¢ + B¢’ + x + 1 and its inverse.
Solution  Although we are unable to find a formula for the inverse function, we
cmdlmrngm{:i:lal’j_'whh:m_wﬂiimplytahdwgmphnfy = fix) and reflect it
across ihe line v = x, as shown in Figure 5.36. (When we infroduce parameiric equa-
tions. we will see a clever way to draw this graph with a graphing calculaor. )

9 fini=x'+2 . firj=x'—2c—1
1L fini=%1"+1 12 fich=¥x"+1

In exercises 13-18, assume thai the Tunction has an inverse.
Without salving for the inverse, lind the indicoted fusetion
values.

1% fivi=r'+dr—1, (a) =1 (bd F )
M fixi=x"+2r+1, CETI ) WO |-
15 fin=r"+%'+x (@) 51 by F'iS)
16, fini=x"+idr—2, fay F738),  Obh FN3)
17. fiii=v7 +2x +4, (P T VS| v
B fio=vE+dd+ 2+ 1, (&3 ®

In exercises 19-22, wee the given graph to graph the inverse
Tunction.

L8 ¥

i
-
i
[
b2
-
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SECTION 5.2
3. finp=x'+2—1
M. fixy=x'-2r—1
3. fig=x"-"-1

AL figj=x'+dr' -2
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In exercies 23-26, assume thal | has an inverse, and explain
why Lhe stalement is troe.

I3, I the range of i all v 5 O, then the domain of F i all x>0

Il the graph of finchudes the point (o, b), the graph of 7'
inchudes the pomt (b, o).

4.

25. I the graph of fdoes nol intersect the lise v = 3, then 1)
15 undefined ar r= 3.

el

1f the domain of f & all real numbers, then the range of " is
all neal numbers.

E In exerciies 27-36, use a graph to determine whether the Tone-
thon is one-to-one. 1T il is, graph the inverse function.

27 fini=x"—%
! fii=x -3

s =L
3-l._rm=111[
Bifn=—y
PRl 4 d

Exercises 37-46 involve inverse functions on restricied domains.

kT

3%,

41

Show Il1.a.l_il"l',.rh=I:l.|: = ) amd pix) = O {x == ) are nverss
lumctons. Ciraph bath functions.

Show that fixj=r—l iz = and glx) = vx + 1 (x> —1jare
inverse functions. Graph both functions.

Ciraph ({x) = «° for x = 0 and verify thal it is one-to-one. Find
its imverse. Uiraph both functions.

Giraph fixd = x° + 2 for x < 0 and verify that il is one-fo-one.
Fioud 15 mverse. Graph both Renctions.

Graph fix) = (xr — 2 and find an iterval on which # i
aoe-w-one. Find the inverse of the fusction restrictsd wo tha
imterval. Graph both functions.

Graph fix) = {x + 1" and find an tecval on whach 8 &
one-krone. Find the ioverse ol the fusction restracted o tha
imterval. Graph both functions.

Ciraph fix} = ¥x° — 2x and find an inlerval oa which it
one-kr-oone. Find the ioverse of the fusction restracied o tha
interval. Graph both functions.

ﬁmphﬂ:}:‘;ml Finel @n amterval on wheeh il s one-bi-
x—d

one. Find the trverse of the function restrcted 1o that interval.

Ciraph both fancbons,

Ciraph {fix) = sin x and find an interval on which it is one-ko-
ame. Fimd the imverse of the (enction restrcted 1o thal inlerval.
Ciraph both fancbons,

Ciriph fix) = cos xand find an mterval on which it is ope-to-
ame. Fimd the imverse of the function restrected 1o that inlerval.
Ciraph both functions.

{® appLicaTions

In applications 1-6, discuss whether the Tunction described has
an fverse.

L
2
i

The imcome of & company varses with Lime.
The berght of & person varies wilh lme.

Fae a dropped hall, its heighl varies with e,
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1]
(%]
Lt

d. For o ball threesn upwand, s berght varies with lime B Suppese tha! an employee 5 oollered a 6% mse phs a

55000 boaws. Fmnd the snverve of thas pay increase if (a) the 6%
5 The shadow made by an obpd depesds oo ils Choee-

ratse cimmes belore the banus: (b) the 5% rase comees aller The
dimensoaal shape.

L TTE
. The muember of cabmes burned depends on how st o person
TUTE

@ EXPLORATORY EXERCISES

Fa Suppdse thal your boss mdorms you that you have been awandied

a IFF radse. The next week, your boss announces thal due 1o L. Fnd all values of k such that fix) = o + ke 4 1 15 one
crrcummstances beyond her control, 21 employees wall bave ther To-Cine.
salarees cul by [0, Ame you a0 well ofl now a5 you wenz o . .
i - . . L Fimd all values of k soch thal fix) =0 + 20 4 ke — 115 ome
weeks apo? Show thal mereasing by 1067 and decreasing by 105 : i o
=L,

ane nol myerse processes. Fmd the inverse for adeding 1005 (HinL:
T ol LUK 10 2 quaridly you can muliaply the quantay by 110L)

O 5.2 TRIGONOMETRIC AND INVERSE
TRIGONOMETRIC FUNCTIONS

Many phenomena encouniered in vour daily life involve wiaves. For instance. music is
transmitted from radio stations in the form of electromagnetic waves. Your radio receiver
decodes these electromagnetic waves and causes a thin membrane inside the speakers o
vibrate, which, in tum, creates pressure waves in the air. When these waves reach your
cars, you hear the music from vour radie. (See Figure 5.37.) Each of these waves is
perindic, meaning that the hasic shape of the wave 5 repeated over and over again. The
mathematical description of such phepomena involves pericdic functions, the most familiar
of which are the rigonometric functions. First, we remind yvou of a basic definition.

Expenia GiondesvafShuansrock

FIGURE 5.37

Sound waves

NOTES
When we discuss the pervod of DEFINITION 3.1
2 function, we mosd ofien locus A function fis periodic of period T if

an the fundamental period.
fix+Th=fix)

fior all x such that x and x 4+ T are in the domain of /- The smallest such number T > O
i5 called the fundamental period.
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-r
loos i, zin &)
b i
sin &
o &
FIGLURE 5.38
Definition of sin & and cos 8-

oo ' = x and sl =¥
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There are several equivalent ways of defining the sine and cosine functions. We wam

to emphasize a simple definition from which vou can easily reproduce many of the basic

ies of these functions. Referring o Figore 538, begin by drawing the unit circle

¥ 43 = | Let @ be the angle measured (counterclockwisc) from the positive x-axis o

the line segment connecting the origin to the paint (v, vi on the circle. Here, we measure 8

in radians, given by the length of the arc indicated in the figore. Again referring o

Figure 538, we define sin @ o be the y-coordinate of the point on the circle and cos & o

be the x-coordinate of the point. From this definition, it follows that sin @ and cos & ane

defined for all values of 8. =0 that each has domain —eo < & < oo, while the range for each
of these funciions is the interval [—1, 1].

REMARK 3.1

Unbess otherwise noted, we always measure angles in radians.

Mote that since the circumference of a circle (C = 2er) of radius | is 2e, we have that
3607 corresponds to 2o radians. Similarly. 180° corresponds eo 2 radians, H° corresponds
to &2 radians, and so on. In the sccompanying table, we list some common angles s meas-
ured in degrees, wgether with the corresponding radian mieasares,

Angle in degrees | 0° | 300 | a5 | s0* | oo* | 135" | 1807
ir

4

4
e
" H

Angle in raians | 0

R
=m
sk |
(B

THEOREM 2.1
The functions fi{) = sin # and g = cos & are periodic. of period 2.

PROOF

Referring to Figure 5.38, since a complete circle is 2 radians. adding 2x to any angle takes
you all the way around the circle and back to the same point (x v). This says that

sim{? + 2a#) = sin &
and
cos{f! + 28} = cos &,
for all values of & Furthermore, 2 is the smallest positive angle for which this is tee. m
You are likely already familiar with the graphs of f{x) = sin x and gix} = cos x shown
in Figures 5.3%a and 3 3%h, respectively.

¥ ¥
b I

.
. ~1p -r
2

FIGURE 5.29b
y=o0sx
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EEs e Notice that you could slide the graph of ¥ = sin x slightly w the left or right and get an
- - - - exact copy of the graph of v = cos x. Specifically, we have the relationship
= 1 ki ]
5 ] ] - -4
= sin|x 4+ - | =cos r.
x ¥ |
1 : 2 The accompanying table lists some common values of sine and cosine. MNotice that
i 1 i many of these can be read directly from diagrams similar to Figure 538,
S [ S [
3 1 i
% || N8 _3!1 EXAMPLE 3.1 Soling Eguations Invohving Sines and Cosines
ir i _V3 Fmdﬂl:«ululi.mmuflh:cquﬂiunﬁ[aiisiﬂ:—l=ﬂmld{h}m5:.l—3m.t+2=ﬂ-.
f 1 r 3
Z 0 =3 Saolution Furl;aj,n:liu:tﬂ:alz:hx—I.=ﬂi¢'1:1|1x=]u'5iu.t=%_ﬁummc-unit
circle, we find that siny = 1l'r_ann‘=; Since sim x has period 2z, additional sodutions
% -1 ] ane +_I_-—+1|' +413:dmmheu‘wﬂu:ntwaynfmjrmngﬂmm1'mt:gﬁ
| o 1 muh:lplcu[l:canh:aiﬂndm::lh:rmlmmulnmx=;+1u.lmr=—+1n.r fior
any imeger i Part (b) may look rather difficult at first. However, notice that it looks like
a quadratic equation using cos x instead of x. With this chee, you can factor the kefi-hand
side to et
REMARK 3.2 D=ocmx—3cosx+2 ={cosxr— licos 1 — 2),
Instead of writing {sin 8y o from which it follows that either cos x = | orcos x = 2. Since —1 = cosx £ | for all x,
{ﬁ]sﬂ'ﬁ\u:uslﬂ]hr[ﬁ:ﬂ‘t the equation cos x = 2 has no solution. However, we get cos x = 1 if x = [, 21 ar any
notation sin® @ and cos” 8 integer multiple of 2a. We can summarize all the solutions by writing x = 2n, for any
respeciively. Further, we inicger . &
often suppress parentheses
and write, for example, sin 2x . . o 2 ’ :
instead of sin (2. We now give definitions of the remaining four trigonometric fanctions.
DEFINITION 3.2
The tangent function jsdcﬁmdhymu:j:ﬁi.
REMARK 3.3 The cotangent function is defined by coty = %.
Muost caleulators have keys 1
for the functions sin x, cos The secant function is defined by secy = ——.
and tan x, bt mot for the e
ather three mgonometric
The cosecant functi defined
functions. This reflects the e s sin ¥

central role that sin ¥, cos x
and tan x play in applica-
tions. To calculaie function We show graphs of these funciions in Figures 3.40a. 5. 40b, 5.40c and 5.40d. Notice in cach

values for the other three graph the locations of the vertical asymptotes. For the “co™ functions cot x and esc x, the
irigonometric funclions, division by sin x causes vertical asymptotes at (. +2. +2r and so on (where sin x = 0). For
you can simply use the tan x and sec x, the division by cos ¥ produces vertical asymptotes at £272, +3a/2, 4507
identitics and 50 on (where cos x = 0). Once you have determined the vertical asympiodes, the graphs
1 1 are relatively easy o draw.
DOEE= g WCr = P Motice that tan x and cot v ane periodic. of period & while sec x and cse x are periodic.
1 of period 2a.
and csex = ey It is important to learn the effect of slight modifications of these functions. We present

a few ideas here and in the exercises.
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FIGURE 5.40a
v=lanx FIGURE 5.40b
- ¥ =calx
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FIGURE 5.40c FIGURE 5.40d
¥R T ¥EORE
EXAMPLE 3.2 Altering Amplitude and Period
Graph v = 2 sin.x and v = sin 2r. and describe how each differs from the graph of
v =usin x. {See Figure 5.41a)
¥ i ¥
14 T 14
4 i
o 1 iy hl s
W T i, S 3 :
* ¥ * * L + # 4 * E
1+ -1
=14 £ =% 74
FIGURE 5.41a FGURE 5.41b FIGURE 5.41c
y=&nx yv=1lanx ¥=4n (2x)

Solution The graph of ¥ = 2 sin x is given in Figure 5.4 1h. Notice that this graph is
similar e the graph of v = sin ¥, except that the y-values oscillate between —2 and 2
instead of —1 and 1. Nexe. the graph of v = sin 2x is given in Figare 5.4 lc. In this case,
the graph is similar to the graph of v = sin ¥ except that the period is & instead of 2a {so
that the escillations occur twice as fast). =
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The resubts in example 3.2 can be generalized. For A > 0. the graph of ¥ = A sin x
oscillates betasen ¥ = —A and v = A. In this case, we call A the amplitude of the sine
curve. Notice that for any positive constant ¢, the period of ¥ = sin v is 2efe. Similarly, for
the function A cos cx, the amplitude is A and the period is Zedc.

The sine and cosine functions can be ssed © model sound waves. A pure tone (think
of & tuning fork now) is a pressure wave described by the sinosoidal function A sin o
{Here, we are using the variable 1, since the air pressure is a function of fime. ) The ampli-
tude A determines bow loud the tone is perceived to be and the period determines the pitch
of the moie. In this seifing, it is convenient o alk about the frequency = of2e, The higher
the frequency is, the higher the pitch of the note will be. (Frequency is measured in heriz,
where | hertz equals 1 cycle per second.) Noie that the frequency is simiply the reciprocal
of the period.

EXAMPLE 2.3 Finding Ampiitude, Peried and Frequency
Find the amplinade, period and frequency of {(a) flx) = 4 cos 3x and (b} gix) = 2 sinl.o3).

Solution  (a) For fix), the amplitude is 4, the period is 203 and the frequency is
3{Zx). {See Figure 5.42a.) (b) For gix), the amplitude is 2. the period is 2013} = 6x
and the frequency is 1{6x). {See Figure 5.42h.)

(]

]
-4 -
H
_—
[ )
""lq b
c:::;
9
b
+
=]
FI
i
T=d e
l1

FIGURE 5.42a FIGURE 5.42b
v=d cos 3z ¥=2sin (a3

There are numerous formulas or identities that are helplul in manipulating the omg-
caomeiric functions. You should observe that, from the definition of sin @ and cos & (sec
Figure 5.38), the Pyihagorean Theorem gives us the familiar identity

sin® @ + cos” = |
since the hypotenuse of the indicated triangle is 1. This is tree for any angle @ In addition.
simd —ff) = —sin & aind cos{ —{#) = cos 7
We list several impontant idendifies in Theorem 3.2,

THEQREM 3.2
For any real numbers o and @ the following identities hold:

sin (o + 1) = sim o cos § + sin f§ cos a {31}
cos (o + ) = cos o cos § — sin oo sin § {3.2)
sin® @ = 3(1 —cos 2a) (3.3)

O = %I: I + cos 2o (34)
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|
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FIGURE 5.43
¥ =xin x om |—E.§-I
REMARK 3.4

Mathematicians ofien use
the notation arcsin x in
place of sin~"x, People read
sin~'r interchangeably as
“inverse sine of 17 or “anc-
sine of 3.7

FIGURE 5.44

= &in
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From the basic identitics summarized in Theorem 3.2, numerous other useful identi-
ties can be derived. We derive two of these in exarmple 3.4,

EXAMPLE 3.4 Deriving New Trigonometric Identities
Dirive the identitics sin 28 = 2 sin # cos @ and cos 28 = cos™ @ — sin° 6.

Solution These can be obtained from formulas (3.1) and (3.3), respectively, by
substiiuting o = & and § = 8. Altcrnatively. the identity for cos 26 can be obtained by
subtracting equation (3.3) from squation {3.4). =

O The Inverse Trigonometric Functions

We now expand the set of functions available o you by defining inverses o the rigo-
nomeiric functions. To get stared. look ai a graph of ¥ = sin x. (See Figure 5.41a.)
MNofice that we cannot define an inverse function, since sin x is not one-to-one. Although the
sing function does not have an inverse function, we can define one by modifying the domain
of the sine. We do this by choosing a portion of the sine curve that passes the horizontal
fine test. I we restrict the domain to the interval [-5, §], then y = sin x is one-to-one there
(see Figure 5.43) and. henoe, has an inverse. We thus define the inverse sine function by

y=sin"x ifond onlyif sny=xand -FLy<3 {3.5)

Think of this definition as follows: if y = sin™"x, then y is the angle (beiween —F and ) for
which sin v = x. Mote that we could have selected any interval on which sin x is ope-to-one,
but [—§ ﬂ is the most convenient. To verify that these are inverse functions. ohserve that

sin{sin""x}=x forallx e [—1, 1]
amd
sn'siny=x foallie [-5. 5] (3.6)
A 4
Read equation (3.6) very carefully. It does mor say that sin~'{zin x} = x for &l x. bot rather,
only for those in the resiricied domain, |-3, g] For instance. sin™'(sin ) # & since

sin~'{sin x) = sin~ {0 = 0.

EXAMPLE 3.5 Evaluating the Inverse Sine Function

Evaluate () sin~'( 22 ) and (b) sin~'(-1).

Solution  For (a), we look for the angle @ in the interval [—Z, £] for which sing = .
Mote thai since sin({) = "T'" and § € |3, 5]. we have that siu"{%ﬁ} = 1. For {b), note
vhat sin—) = —jand ~§ € 4. 5] Thes,

() =% u

Judging by cxample 3.5, you might think that {3.5) is a roundabout way of defining
a function. If so. you've goi the idea exactly. In fact, we wani o emphasize that what
we know about the inverse sine function is principally through reference io the sine
fumction.

Recall from our discussion in section 5.2 that we can draw a graph of ¥ = sin™'x sim-
ply by reflecting the graph of ¥ = sin x on the interval [, 5] (from Figure 5.43) through
the lineg ¥ = x. (See Figure 5.44.)

Turning 1o y = cos x, observe that restricting the domain to the imerval [-3. 7], as
we did for the inverse sine function, will not work here. (Why not”) The simplest way to
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FIGURE 5.45
v = ook x on [0, =)

ko

make cos @ onc-10-00e i 10 resrict its domain to the ingerval [, 7). (See Figure 5.45.)
Consequently, we define the inverse cosine function by

v=cos 'y ifandonlyif cosv=randD=y=x

Mote that here we hawve
cos feos”xl=x forallxe [-1, 1]
and cos{cos xp=x,  forall x [0, 2]

Az with the definition of arcsine. it is helpful to think of cos~' v as that angle # in [0, ] for
which cos 8 = x. As with sin~'x, it is common to use cos™'x and arccos x interchangeabdy.

EXAMPLE 3.6 Evaluating the Inverse Cosine Function
Evaluate {a) cos™' (0} and (b} ms"{—‘f}_

Solution For (a), you will need o find that angle & in [0, 2] for which cos @ =10, It's
noi hard to see that cos ™0 = 3 {If you caleulate this on your calenlator and get 910,
your calculator is in degree mode. In this event, you should immediately Elmngc it
radian mode. ) For (b), look for the angle & £ [{. x] for which cos 8 = —‘f; Notice that
:'uﬁ{%} = —"'T! and % € [0, x]. Consequently,

e e

Once again, we obtain the graph of this inverse function by reflecting the graph
of ¥ = cos x on the imtcrval [0, x] (scen in Figure 5.45) through the line v = x. (See
Figure 5.46.)

‘We can define inverses for each of the four remaining irigonomeiric funciions in simi-
lar ways. For v = tan x, we restrict the domain to the interval (-4, 3. Think about why the
endpoints of this interval are not included. (See Figure 5.47.) Having done this, you should
readily see that we define the inverse tangent function by

y=tan"'x ifandonlyif tmy=xand-f<y<i

The graph of y = tan~' x is then as seen in Figure 5.48, found by reflecting the graph in
Figure 5.47 through the line y = x.

iz

o
L L L RS L L

e —

e o o [ o o
=
1-

FIGURE 5.47 FIGURE 5.48

r=unxos (3 3) y=tn
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FIGURE 5.49
¥ =5 x om [k x]

REMARK 3.5

We can likewise define
inverses o oot x and csc @
As these Tunctions ane osed
only infrequently. we will
omtit them here and exam-
ine them in the exercises.

s x [-1.1) |
cos'x | |-1.1] 1. x)
tan 'z [—me. =] | {—5.5)

FIGURE 5.51
Height of a wower
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EXAMPLE 3.7 Evaluating an Inverse Tangent
Evaluate tan~ {1 ).

Solution  You must ook for the angle & on the interval (-3, 3) for which tan 8 = 1.
This is easy enough. Since tan (7} =1 and § € [—3.3). we hawllmlan"{]]:f. a |

We now iwrn o defining an inverse for sec x. First, we musi 1ms5ue a disclasmer. There
are several reasonable ways i which to suitably restrict the domain and different awthors
restrict it differently. We have (somewhat arbitrarily) chosen to resirict the domain io
be [0, £) u (5. x|. Why not use all of [0, £]? You need only think about the definition
of sec x 1o see why we needed 1o exclode the value x = 5. See Figure 5.49 for a graph of
gec o on this domain. {Note the vertical asymptote at © = 7). Consequently, we define the
inverse secant function by )

|_1.'=5:-|:".r ifand onlyif secy=xand y [0.5) U (5 1]

A graph of sec™'x is shown in Figure 5.50.

EXAMPLE 3.8 Evaluating an Inverse Secant
Evaluate sec~{—v'2).

Solution  You must look for the angle & with @ € [0, 5) U (3. 2], for which
sec § = —+/2. Notice that if sec @ = —+/Z, then cos # = ——- = —*=. Since

cméf = —% and the angle 1_1—' is in the interval (3. 2], we have sec™!(—v2) = % m |

Mast caleulators do ot have built-in functions for sec « or sec~'x. In this case, you
must convert the desined secant value o a cosme value and vse the inverse cosing function,
as wi did in example 3.8,

We summarize the domains and ranges of the three main inverse mgonomeiric fume-
tions in the margin.

In many applications. we need to calculaie the length of one side of a right iriangle
using the length of another side and an acote angle (ie., an angle b:mwccnﬂ-audirnd'mmj.
We can do this rather easily, as in example 3.9.

EXAMPLE 3.9 Finding the Height of a Tower

A person 100 feet from the base of a wewer measures an angle of 607 from the ground
tor the: top of the wwer. (See Figure 5.51.) (a) Find the height of the tower. (b) What
angle is measured if the person is 200 feet from the base?

Solution  For (a), we first convert 607 to radians:
6 = mL = ! radians.

We are given that the base of the triangle in Figure 551 is 100 fee. We muost now
compuie the height & of the tower. Using the similar iriangles indicated in Figure 3.51.

wi have
s h

cos @ 1007
g0 that the height of the tower is
sin @ =
k=100 —— = 100 tan &= 100 tan~ = 100 /3 = 173 fect.
cos @ 3

For part (b). the similar triangles in Figure 551 give us
b _100v3 V3
T M0 - 2

tan & =
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Since 0 < @ < 5. we have
3
= tm"(i) 2 0.7137 radians (or about 41 ).
= ]
In example 310, we simplify expressions involving both rigonometric and inverse
trigonometric functions.
EXAMPLE 3.10 Simplifying Expressions Invalving Inverse
Trigonometric Functions
Simplify (a) sin (cos™"x} and (b) tan (cos™ 'k}
Solution Do not look for some arcane formula to help you out. Think first: cos™'x is
an angle (call it & for which x = cos & First, consider the case where x > 0. Looking
ai Figure 552, we have drawn a right inangle, with hypoicouse 1 and adjacent angle &
From the definition of the zine and cosine, then, we have that the base of the riangle is
cos = x and the aliide is sin & which by the Pythagorean Thoorem is
sin {cos~'x) =sin #= V1 — x°.
simd= 41 =17 Wait! We have not yet finished pan (a). Figure 3.52 shows 0 < 8 < i but by definition,

A= cos™ x could range from 0 o £ Does our answer change if § < & < a7 To sec that
it doesn't change. note that if 0 < & = &, then sin @ > 0. From the Pythagorean identity
sin’d + cos’@ = 1. we get

sin @ = 1"|.I"I —cosd =1_1.||r1 B

Since sin & = 0, we must have

sin@=%1-—-x",
FIGURE 5.52 for &l values of x.
e |
= For part {b), you can read from Figure 5.52 that
£ sinfd  VI-x
tan (oo~ x)=tap = — =——,
cos & x
Note thai this last identity is valid regardiess of whether x = cos @ is positive or
negative. m
EXERCISES 5.3 (@

resdricted range we had o use o define imverses of the Ing-

Many smdents are comforable uwsing degrees 1o measane
angles and don’t understand why they must learn radian
mizasures. A discussed mothe exn radians directly measure
distance abong the unit crcle. Distanoe s an impuortant aspect
ol many spplicatons. In addidon, we will see later that many
cabeulus formulas ane simpler in rudians form than i degrees.
Aupde from (omilisrny, discoss amy amd all advaniages af
degrees over radians. On balance, whach is beter?

A simbent graphs (i) = obs xom a graphing calculstor anmd
gets whal appears b be a straight lime 31 betght v = 1 instead of
the wsual cosine curve. Lipon imvestigation, you disoover that
ihe calculator has graphing window — 10 < x < 10, =10 < v < 10
and 15 m degree mode. Explain what wensl srong and how 1o
correcd il

onomelric functions also restricts ther usefulness m aguation
solving. Explain how 1o use s~ o 1o fiod all solitions of the
edpualion S\ 8 = X

Dt Do Lo comgpue sec™ ' x oo™ rand col 'r on a caloulstor
that has built-in fusctons ooly for se"y, cos™ ¢ and tan™'x

In emample 33 fix) = 4 cos v has penod 223 and
i) = 2 gin (03] has period G Explan why the sum
Mixd =4 cos 3x + 2 an (o) hes peniod b

Chive a delferent mange for sec ' than thal given m the exl
For which x's woubd the value of sec™'r change® Using
the calculator discussion in exercise 4, give one resson why
we might have chosen the range thal we did.
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In exercises 1 and 2, convert the given radians measure 1o
diegrees.

1 ia) by § e )y 5

i
LowF F

[ I L]

ich {dh 3

In exercises 3 and 4, converl the given degrees measure Lo
radians.

A fa) IR0 by 27O fep 130¢ dy 30"

& (ay 4P (b} =K (eh 430¢ (d) 39
In exercises 5-14. lind all solutions of the given equaiion
5

7. viemsx—1=0

2omr—1l=0 B 2amax+ 1 =0
B 2 amnr—v3=0
M sin®x —2sax—-3=0

12 sm 2x

9 sinfr—dinx+3=0

L sm"r4oosz—1=0 —cnsx =10

13 cw’r+oma=0 14, sin’ x —sinx =10
In exercises 15-24, sketch a graph af the function.

15, fixh =sam 2x Db fixh=cios 3z
17. fix) =tan2x 18, fix)=sec ix
19 Ffixh =3 eos jx — 2/2) . fix) =4 cosix+ =)
Il Fix) =sin 2r — Jeps v I3 fix) = oos 3r —sin Ax
3. fix) = sin xsin 12x

M. fix)=sm reos 12x

In exercioes 25-32, identily
Trequency.

the amplinde, period and

25 fiop=3sia 2
7. Fiah =35 cos 3x
M. fixy=3eos (2x—='2)
3L fix)=—4zinx

6. fix)=2 008 3r

28, fixh=23san Sx

M. fix)=4dsin(3x + )
AL fix)=—1cos ix

In exercises 33-36, prove thal the given irigonomeiric dentiiy
i rue.

33, zmje — @ = sina oo F— sin § ook a

M. cos fa — @)= cos i oos f + s sin

35, a) oos (20 =2 cost@—1 (b} cos {2 =1 — 2 an’d

36, {a) sec” #=uan'l+ | (b} o B=vcot’®+ 1

In exercises 37-46, evaluabe the inverse lunclion by skeich-

g a umil ﬁuhmntmuﬂewemﬂml&
ordered pair on the circle.

3. com™'0 3 'O

SECTIOMS3 =-
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39 sm -1} 0. cos 0
4L sec 1 42 wn -1
A3, sec—'2 w12
d5. et 6. tn "3

47, Prove that. for some constant f,
deokx —Idnx=5cos (x+ L
Then, estmate the value of g
48, Prove that, for some constand §,
2 sinx + cosx = 3 sinir + g,

Then, estmate the value of

In exercises 49-52, determine whether the function is periodic.
1T it is periodic, find the smallest (fondamenialj perisd.

49 Fixy=rcos Ix 4 dsin e
S0, f{x)=sinx—cos VWi
SL fix) =smn 2y — o0k Sx
52 fixj=cos Ir— sin Tx

In exercises 53-56, use the range for @ 1o determine the indi-
cabed Munction value.

B3 smP=10<P<s; findcosd
Moosf=30<8<3; i sind
85 smi=1fcf<x findcosd
56 smf=37<f<x  findiand.

In eservises 57-—6d, use a triangle o simplily cach expression.
Where applicable, siate ihe range of ©'s for which the simplifi-
calion holds.

BT cos ixin'x) S8 cos ftanx)

B9, wam (sec'x) Bl cot (cos~'x)

Bl :"llicu-:.'1i [0 :u:lf:in"‘-i

[N luuln:uu"é:l il L'K-L'h.i:l'l-l%]

In ewercises 65-68, wse a graphing calenlator or compuler
o abetermine the mumber of solutions of each equation. and
numerically ectinate the seluiions (x i in radians).

65,

lowx=21-x

Gfh. Iamr=x
67, csr=xr—12
68 sr=1
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(X appuicaTIONS

L

Et

mi

T

A person sllting 2 miles from a rocket Launch site measmres 207 up
1oy e current bocation of e rocket. How hegh up is the rocket?
A pevsom who is b feet 1all sands 4 leet from the base of a g
poke and casts a 2-foot-loag shadow, How il is the Dbt pole?
A surveyor stands Bl feet from the base of a building and
mesures an angle of 507w the wp of the seeple on wp of the
building. The survevor figunes that the center of the seeple hes
203 feed ansmbe the fromt of the strocture. Fund the distance (rom
thee growand s the iop of 1he steeple.

Suppose thal the surveyor of exenciee 3 edimates that
the center of the stesple lies between 20° and 21" inside the
fromt of the aruciune. Determmne bow much the extra fom
wiould change the caboulation af the herght of the buibding.

A panting 3 the Lowvre, Abus Dhabi, has a frame 60 centim-
elers high, and the botiom of the frame is 1.5 mebers above
the foar. A person whise eyes are 1.8 meters above the floar
stamds v meters from the wall. Let A be the angle Tormed by
the ray from the person’s eye 10 the botlom af the frame and
the ray Inom the perwon’s eve (o the op of the frame Write A
as a function of x and graph v = Aix)L

_

0 ommi

I & m

T J

T -

Iea goold, thee goval e 1o bt & ball imiea hole of diameter 4.5 inches.
Suppose a polfer stands x feel from the hole rying o pull the
Tl ke the: habe. A (irs1 approsimation of the masgm of error
in a putl i 1o measure the angle A formed by the ray from the
ball 1o the right edge of the bole and the ray from the ball o
the lefi edge of the hale. Foned A 25 a function of ©

In an AC crcurl, the voltage 15 given by W) = v, s (2aff),
where v, is the peak vollage amd s the frequency in He, A
vollmeter aclually measures an averaee (Called the rool-mean-
sqpare) voltage, equal 1o v VT T the voltape hos amplstude
170 and period m3, fmd the fraquency and meter voliage.
A obid-style LP revord player soates recoeds a1 337 rpm (nev-
olultiong per minale). What % the period {in minmes) of the
rtation? What is the period for a 45-rpm record?
Suppose thal the tckel sales of an aidine (in thowsasds ol
dhelllzrs) ame iven by s = 1100+ 2r + 15 in[i.ﬂ_ whene
15 measured in months. What  real-world  phenonienon
mght camse the uectaation in teket sales modebad by the sine
term? Based on your answer, what month corresponds tor =07
Msreganbing seasonal Mocaations. by what amount ane the
arrline’s sales increasing annoally?

E {13
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Prano uners sometimes sar by anking a wmng fock and then
the comesponding piano key. I the ning fork and piaso pote
each have equency B, then the resulimg soumd 15 sin B¢ + sin Be
Ciraph this. If the plaso is slighily out-of-moe at frequency B.1,
the resulting sound i sn 8 + sin 8.1 Graph tis and explain
vy the pransr tumer can hear the sl @ffeence in freguency.

45 EXPLORATORY EXERCISES

L

It his book and video series The Ring of Truh, physicia Philip
Morrmon” performed an experiment 1o estimate he crcamber
ence af the carth. In Nebraska he mesared the angle 10 8 bright
star mm The xkg,l:l'u:ndrmtfl-‘i‘l:l mnles dise woulh mibo Kanses and
mezasured the mew angle o the ar. Some geometry shows that
the difference in angles, aboutl S02°, equals the angle from the
wenter of the sarth 1o the bwo localions m Mebridks and Kansac
I ke earth & perfecily spherical (0 not) and the crcumierence
of the porthon of the cirele measured oul by SO0 s 370 miles,
estimate the circumderence of the eanh. This experiment was
based on a simibsr experiment by the ancient Greek scientist
Erstosthenes. The ancient Greeks and the Spaniands of Colum-
bus’ doy knew that the carth was round. they jud disagreed
about the circomierence. Columbus argued for a figure about
halfl of the sl valie, since 3 ship couldn’l survive oo the
waber bong enowgh (o navigate the rue dslance.

Am ail laak wath circular cross secions Bes on il ade. A sbick
i mseried i a hole & the top and wsed o messare the depth o
of ool im the 1ank. Based on this measorerment, the gosl s o
compute the percentage of ol lefi in the ank.

'

To amplify caloulations, suppose the circle is a undt circle with
cender & (0, 0, Skewch rdil extending [rom the origin w the
wop of the oil. The area of ol an the bolbom eguals the area of
the poron of the circle bounded by the radid minus the anea
o the riangle formed above the oil in the Tigure.

e

Szt with the trangle. which has srea one-hall base lmes
height. Explain why the height s 1 — o Find o rght iriangle in

! hlorrson. Bl Morrssa, PO19ET3 The Ring of Truth: An Dequiry iete How
Wi Kruver Whnt Wi K {Mew Yionlke Bsndbom Homir ). Yidler series: Moo, F.
(NRETR The Ring off Truth [ Pablic Brosdessting Savicel
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thie Nigure (Chere are two of them ) with bypotenuse 1 (the radius
of the carcle) and one vertical side of leagih | — & The hon-
somtal side has bength equal to one-half the base of the larger
triangle. Show that this squals /T — {1 —d)”. The area-of the
portion of the cincle equals st 2x = 82 where @ 1 the angle
al the top of the treangle. Fand thes angle as a function of o4
{Himl: Go back o the nght riangle used above with upper
anghe 72.) Then find the area Gilled with oil and divide by =10
et the pontion of the tank fbled with ail.

Cimmputer graphics can be mpdeading. This exercise works
best wmmg a “discoanected” graph (individual dots, nol
consected). Craph v = sin x” wsing a graphing window for
which each pixel nepresents a step of 0.1 in the x- or p-di-
recton. You shoubd get the impression of a sine wave

SECTIOM 54 =+ Exponentinl and Logarithmic Functicns 31

that oscillates more and more opedly a8 yoo move o
the lefl amd right. Mext, change the graphing window so
that the muddle of the onginal soreen (probably x = )
15 al the far left of the new screen. You will hkely see wha
appears o be a random jumble of dots. Continue o change the
graphing window by mereasing the r-valoes. Describe the pat-
termsor lack of parterns that you see. You shoubd find ene patiem
that books like two rows of dots across the lop and battom of the
sereen; another patternlooks liketheonginal sne wave. Foreach
palieri that you find, pick adjacen points with s-coondinabes
a and b Then change the graphing window so that o < x < b
and finc the portion of the graph thal is missimg. Remember
that, whether the points ane connected or nol, compuler graphs
always leave out pant of the graph; o & part of your job o
koow whether or nid the mmssing part is importanl.

@) 5.4 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Somie bacicria reproduce very quickly, as you may have discovered if you have ever had an
infected cut or strep throat. Under the right circumstances. the pumber of bacteria in cer-
tain culiures will double in as little as an hour. In this section, we discuss some fonctions
that can be used to model such rapid growth.

Suppose that nitially there are 100 bacteria at a given site and the population doubles
every hour. Call the population function P{r), where 1 represents tine (in hours) and stan
the clock running ai time ¢ = 0. Since the mitial population is 100, we have P{0) = 100
After | hour, the population has doubled to 200, so that Prl1)= 200. After another hour, the
populaiion will have doubled again to 400, making {2} = 400 and so on.

To compauie the bacterial population afier 10 hours, vou could calculate the population at
4 howrs, 5 hours and so on, or vou could use the following shorteui. To find F(1 ), double the
initial population, so that (1) =2 - 100. To find {2}, double the popalation af ime 1= 1, so
that P{2) =2 -2+ 100 =2 10D. Similarly, P{3) = 2* - 100, This pattern leads us to

P10 =2". 100 = 102.400.
Obscrve that the population can be modeled by the function
Piry="2'- 100.

We call P(r) an exponential function because the variable r is in the exponent. There is a
subtle question bere: whai is the domain of this function? We have so far used only integer
vilues of 1, but for what ather values of § does P(r) make sense? Cenainly. rational powers
make sense asin P12} =2"2 . 100, where 2'% = /7 This says that the mumber of bacte-
ria in the cultre afier a half hour is approximately

Filrz =2" 100 = +2 - 100 = 141.

It's a simgple maner to interpree fractional powers as roos. For instance,

_[u"_ = /T,
rl.'!i - _&';‘
2 =7 = (V7).
21— A @;&T

and so on. Bui, what about irrational powers? They are harder o define, bat they work
cxactly the way yoo would want them o, For instance, since & is between 3.14 and 315, 2=
is between 2*'% and 2%, In this way, we define 2* for ¢ irrational 1o fill in the gaps in the
graph of ¥ = 27 for x rational. That i, if x is irrational and a < ¥ < b, for ratonal nombsers
aand b, then 27 < 2° < 2°.
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If for some reason you wanted to find the bacterial population after # hours, you can
use your calculator or computer o obtain the approximate population:
Pap=2"- 100 = E32.

For your convenience. we now summarize the usual rules of exponenis.

RULES OF EXPONENTS (FOR x, y > 0)
» For any integers pe and a1 (n = 2}

= = (V)
= For any real number p,

| kR xr
F=— (yf=xF-y" and (f) =T—.
X

= For any real mumbers p and q.
(2P =xP9,
» For any real numbers g and o,

. x¥=x"" and =z

I

Throughout vour calcalus course, vou will need to be able to quickly convert back and
forth between exponential form and fractional or root form.

EXAMPLE 4.1 Converting Expressions to Exponential Form

5 Ixr
o) 5
Wy IvE

Solution  For (a). simply leave the 3 alone and convert the power:
3V =32

Far {b). usc a negative eXponent o wrile ¥ in the numerator:

and (dj (2* - 227y

Convert cach o exponential form: {aj!‘u"?. (b

= =53

Vx
For i}, first separate the constanis from the variables and then simplify:

ol o
—_— = —— = - - '=—_[‘.'&_
% 28 7T 3

For {d). first work inside the parentheses and then square:

{E: = E.’H—r:l_‘ o tz.n-li—lr.l e ‘211'\1-!-'.."‘= e g

In general, we have the following definition.

DEFINITION 4.1

For any constants a # 0 and & > 0, the function fix) = a - b" is called an exponential
fomection. Here, bis called the base and x is the exponent.
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Be careful 1o distinguish berween algebraic functions such s fix) = and givy =
and exponential functions. For exponential functions such as Wx) = 2°, the variable is in
the exponent (hence the name). instcad of in the base. Also. notice that the domain of an
expanential function is the entire real line, (—eo, o). while the range is the open interval
(0, aa), since B = 0 for all x

While any positive real number can be used a5 3 base for an exponential function,
three bases are the most commonly used in practice. Base 2 arises naturally when analyz-
ing processcs that double at regular intervals (such as the baceeria at the beginning of this
section). Owr standard counting sysiem s base 0L so this base i commonly used. How-
cver, far and away the most useful base is the irrational number e Like &, the number & has
a surprising tendency to occur in imporiant calculations. We define & by

a=}ﬂ(l+£)"_ 4.1y

It suffices for the moment o say that equation {4.1) means that ¢ can be approximated
by calculating valoes of {1 4 L/m)" for large values of # and that the larger the valoe of m
the closer the approximation will be o the actual value of & In particular. if you look at
the sequence of numbers (1 + U275 (1 + 137 (1 + 1/4)* and 50 on, they will get progres-
sively closer and closer o {ie.. bome in on) the rrational number .

To get an idea of the value of & compute several of these numbers:

p
(I +ﬁ) = 25937,

I 19K}
(I+ﬁ) =1?]ﬁg..-.‘

1 LT
(I+ II],D(I]) =2 TI8l...

and so on. You should compote enough of these values to convinee yourself that the first
few digitx of the decimal represemtation of e (e = 2. TI8IRIRIR459. | ) are cormect.

EXAMPLE 4.2 Computing Values of Exponentials
Approximate ¢, e and .
Solution From a calculator, we find that

& =pp.e e e 54598,
From the usual rukes of exponents.

= LR1ETA.

{Dn a calculator, it is convenicnt 1o replace —1/5 with —0.2) Finally, &"=1. m |
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The graphs of exponemtial functions summarize many of their important propentics.

EXAMPLE 4.3 Sketching Graphs of Exponentials

Sketch the graphs of the exponential functions y=2", y=¢", ¥y = oy =",y = (112
and y=e™".

Solution  Using a calculator or computer, you should get graphs similar to those that
follow.

FIGURE 5.53a FIGURE 5.53b
y=2 v=¢

> 1 L ek

FIGURE 5.54a
=

i
i
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-4 =2 2 4

FIGURE 5.55a FIGURE 5.55b

_"'=|-|Er _'|1=|!'_I

Notice that each of the graphs in Figures 5.53a, 3.353b. 5.54a and 5.54b stanis very near
the x-axis (reading left to right). passes through the poini (0. 1) and then rises steeply.
This is true for all exponeniials with base greater than 1 and with a positive cocfficient
in the exponent. Note that the larger the base (¢ > 2) or the larger the coefficient in the
exponent (2 > | > 1/2). the more guickly the graph rises o the right {and drops o

the lefi). Mote that the graphs in Figures 5.55a and 5.55b are the mirror images in the
y-axis of Figures 5.53a and 5.53b. respectively. The graphs rise as you move to ihe lefi
and drop toward the r-axis a5 you move o the right. 1°s worth noting that by the rules
of exponents, (172 = 27" and (1/eF =¢™". m
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In Figures 5.53-535, cach exponential function is one-to-one and, hence. has an inverse
function. 'We define the logarithmic functions w be inverses of the exponential functions.

DEFINITION 4.2

For any positive nomber & = 1. the logarithm function with hase b, wniten logs. x, is
defined by

v =log v if and only if v = b".

That is. the logarithm log. x gives the exponemt o which you must raise ithe base b io
get the given number x. For example,
log,l0=1 (since 10' = 10,
logis 100 =2  {since 10° = 100},
logi 1000 =3 (since 107 = 1000)
and so on. The value of logss 45 is less clear than the preceding three values, bui the idea
i the same: you need o find the number v such that 10 = 45, The answer lies beftween
I and 2, but o be more precise, you will need o employ trial and errar. You should get
Iu-gmﬁ'-‘;-].ﬁlill.
Observe from Definition 4.2 that for any base b = 0 (fF & 1), if v = loge x then
x =8> (. That is, the domain of f{x) = log, x is the interval (), ao). Likewise, the range
of fis the entire real line, {—aa, s8]
As with exponential functions, the most useful bases turn oot o be 2. 10 and e, We
usually abbreviate logw ¢ by log x. Similarly, log, ris usually abbreviated In x (shon for
nafural logarithmm).

EXAMPLE 4.4 Ewaluating Logarithms

Without using your calculator, determine log ( /100, log (0.001). In ¢ and In £

Solution  Since 110 = 107", log (17100 = —1. Similardy, since 0.001 = 107, we have
that log (0001} = —3. Since In ¢ = log. &', lne = L. Similarly. Ine'=3. 0|

We want to emphasize the inverse relationship defined by Definition 4.2, That is, &
and log, x are inverse functions for amy b > 0 (& £ 1)
In particular, for the base e, we have

e =y foranyx>0 and In{ey=x forany {4.2)

We demonstrate this as follows. Ler
y=Inx=log.x
By Definition 4.2 we have that
==
We can use this relationship between natural logarithms and exponentials (o solve equa-
tions involving logarithms and exponentials, as in examiples 4.5 and 4.6,

EXAMFPLE 4.5 Solving a Logarithmic Equation
Solve the equation In (x + 5) =3 for x.
Solution  Taking the exponential of both sides of the aquation and writing things
backward {for convenience). we have
e e
from {4.2). Subtracting 5 from both sides gives us
HA_5=x @



296 CHAPTERS =-

(]
L

2R
24

T

st

Preliminasies to Calculus

5-39

EXAMPLE 4.6 Soling an Exponential Equation
Solve the equation «*** =7 for &

Solution Taking the natoral logarithm of both sides and writing things backward ( for
simiplicity). we have from (4.2) that

InT=lniF* ) =x+4.
Subtracting 4 from both sides vields

In7T—-4=x m

As always, graphs provide excellent visual summaries of the important properiics of
a function.

EXAMPLE 4.7 Sketching Graphs of Logarithms
Skeich graphs of y = log x and ¥ = In x. and bricfly discuss the properties of cach.

Solution  From a calculzior or computer, you should obiain graphs resembling
these in Figures 5.56a and 5.56b. Notice that both graphs appear to have a vertical
asympiote at x = 0 {why would that be?), cross the x-axis at x = | and very gradually
increase as x increases. Neither graph has any points to the left of the y-axis, since
log x and In x are defined only for x > 0. The two graphs are very similar, although
not identical. =

The propertics just described graphically are summarized in Theorem 4.1.

THEOREM 4.1
For any positive base I # 1,

(i) logs x is defined only fior x > 0.
{ii) log, 1 =0 and
(iii) iffr> N thenlogex <Dfor0 <x < | andlogs x> 0forx=> L.

PROOF

(i} Mode that since &> 0, 5 > 0 for any v. So, f logs x =y, then x = 5 > 0L

(i} 5in|:|:b°=Ifo:mynmbcrb:ﬁﬂ.]ngbl=ﬂti.:.,ﬂmcxpuu:utlnwhiehymrsis:
the kase & to get the mumber 1 is (.

(1) We leave this as an exercise. m

All bogarithms share a set of defining properties, as stated in Theorem 4.2

THEOREM 4.2
For any positive base # # 1 and positive numbers x and v, we have

(i) log, (xvh=log, r + log, ¥,
(i) logs (x'v) = loge x — logs v and
(iiii) log, (x')= ylog, x

As with most algebraic rules, each one of these properties can dramatically simplify
calculations when it applics.
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EXAMPLE 4.8 Simplifying Logarithmic Expressions
Write cach as a single logarithm: {a) kog: 27° — log: 3" and (b In & — 3 In {172}
Solution  First. mote that there is mone than one order in which to work each problem.
For part (2}, we have 27 = 3" and s0, 27° = (3%)" = 3%*. This gives us
hglz?:_hgzj.1=1ugz3i:_hg}3:
= rloga3 — xlog:3 = 2xlog:3 = loga 3™
For part (b), note that 8 = 2" and 1/2 = 2-". Then.
In® —3In{lf2} =3 In2 — 3{—In2}
=32+ 3In?=6In2=In2*"=Intd. =

In some circumstances, it is beneficial to use the niles of loganihms io expand a given
EXpression, a5 in example 4.9,

EXAMPLE 4.9 Expanding a Logarithmic Expression
Use the rules of logarithms to expand the expression In{ - ).
Solution From Theorem 4.2, we have that

3.4
In (%) = In (' v*) —In (z%) = In (") +Hn (v*) —In ()
4

=3lnx 4+ 4 h_'l.'—j Inz m

Using the rules of exponents and logarithms, we can rewrite any exponeniial as an
cxponential with base e, as follows. For any base o > 0, we have

(4.3

[E:=!h|-"r=t,rhr

This follows from Theorem 4.2 (iii) and the fact that ¢ = v. for all v > 0.

EXAMPLE 4.10 Rewriting Exponentlals as Exponentials with Base e
Rewrite the exponentials 2°, 57 and (2/3)" as exponentials with base e

Solution From (4.3}, we have
== IE,hvlt'l i H,.d.l"_‘
= I:,hI_E"I i fﬂBE

[3 }, = IO _ i)

5 u

Just as we can rewrite an exponential with any positive base in terms of an exponential
with hase « we can rewrite any logarithm in terms of natural logarithms, as follows. We
will next show that

|
bgﬁ.t=ﬁ.il'b:-llbq£[andx:vﬂ. (4.4)

Let v =1logs ¥. Then by Definition 4.2, we have that x = &, Taking the natural logarithm of
both sides of this equation, we gei by Theorem 4.2 (iii) that

Inr=mhi{tl=vnk
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Dhividing both sides by In b {gince b 1 In b £ ) gives us

1
In

=
=

V=

&
4

establishing (4.4}

Equation (4.4) is useful for computing logarithms with bases other than ¢ or 10. This
is important since, more than likely, your calculaior has keys only for In x and log ©. We
illustrate this idea in example $.11.

EXAMPLE 4.11 'hppmxirrmhng the Value nf'Lnganmms
Approximaie the value of logy [ 2.
Solution From (4.4}, we have

In 12
log712 = ':n—? = 1.2769894.

O Hyperbolic Functions

There are two special combinations of exponential functions, called the hyperbolic sine and
hyperbolic cosine functions, that have important applications. For instance, the Gateway
Arch in Saint Louis was built in the shape of a byperbolic cosine graph. (See the photograph
in the margin.} The hyperbaolic sine function [denoted by sinh ()] and the hyperbolic cosine
function [denoted by cosh (1)) are defined by

- r

; & —e e e
sinhx = —F amd coshx= —5
Giraphs of these functions are shown in Figures 5.57a and 5.57b. The hyperbolic functions
{including the hyperisolic tangent, tanh x, defined in the expecied way) are ofien conven-
ient i use when solving equations. For now, we verify several basic properties thai the
hyperbolic funciions satisfy in parallel with their ingonometric counterparts.

4
[IE S LLIE 3
59 5
-
i + + —
-4 =2 2 4 -4 =2 2 4
i -5
=T 10T
FIGURE 5.57a FIGURE 5.57b
¥ = sinh x v=coshx

EXAMPLE 4.12 Computing Values of Hyperbalic Functions

Comparte f{0), fi{ 1) and fi—1}, and determine how ({(x) and f{—r) compare for cach
function: (a) fi{x} = sinh x and (b) fix} = cosh x.

-8 1-1
Solution  For part {a), we have sinh 0 = % =-—05—= (. Moge that this
- | e |

& —_
¥

-1 I 3

sinh{—1) = '—-Ei = —1.18. Notice that sinh (—1) = —sinh 1. In fact, for any x,

means that sinh () = sin 0 = . Also, we have sinhl = = 11K, while
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Year | Egwpt Population
1960 27072397
1970 34,500 599
1980 43,368 552
19590 56,3727
20 6% 334905
2000 B2 040 5990
¥
w:. -
i 2
Bl 1 &
a4
a4 *
T -
My
e S
1 r] :..'- 4 1 1]
FIGURE 5.58

Egvpt Population 1960-2000
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sinh(—x) = £ = i = v S——
[The same rule holds for the sine function: sin {—x) = —sin x| For par {b), we have
mu:%:%:l.ﬂmmnﬁsmmmm0=cmﬂ= 1. Also,
we have cosh 1 =”If"’_l = 1.54, while cmh{—ll:#ﬁ 1.54. Notice that
cosh (—1 = cosh I.ll:f:lﬂl.fﬂfaﬂ}'.i.
mshi—x‘r:rlgrx = e -:I'-: =posh x.

[The same rule holds for the cosine function: cos (—1j=cos 1] m

O Fitting a Curve to Data

You are familiar with the idea that two points determine a straight line, As we so¢ in exam-
ple 413, two points will also determine an exponential function.

EXAMPLE 4.13 Matching Data to an Exponential Curve

Find the exponential function of the form f{x) = e that passes through the points
(0, 5) and (3. 9).

Solution We must solve for o and b, using the properties of logarithms and exponen-
tials. First, for the graph to pass through the point (0, 5. this means that

S=fill=a"=a,
so thata = 5. Next. for the graph o pass through the poine (3, 9), we most have
9 = fi3) = ae™ = 5.

To solve for &, we divide both sides of the equation by 5 and take the nsural logarithm
of both sides, which yields

from (5.2). Finally, dividing by 3 gives us the value for b

1 /9
b_iln{E).

Thus, fix) = 5= g

Consider the population of Egypt from 1960 i 2010, found in the itable
at the lefi. A plot of these data points can be seen in Figure 358, where the
vertical scale represents the population in millions and the horizomal scale repre-
senis the number of decades since 1930 This shows that the population was increas-
ing. with larger and larger increases cach decade. If you skeich an imaginary curve
through these points. you will probably get the impression of a parabola or perhaps
the right half of a cubic or exponential. And that’s the guestion: are these data best mod-
eled by a quadratic function, a cubic function, an exponential function or whait?

We can use the properties of logarithms from Theorem 4.2 1o help determine whether
a given set of data is modeled better by 2 polynomial or an exponential function, as fol-
bows. Supposc that the data actually come from an exponential, say, ¥ = ae™ (i.c.. the data
points lie on the graph of this exponential). Then,

Iny=Iniee™=Ing + Ine™ = Ina+ b

If you draw a new graph, where the horizomal axis shows values of x and the venical
axis corresponds 1o values of In v, then the graph will be the line In v = br + ¢ (where the
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constant ¢ = In aj. On the other hand. suppose the data acmally came from a polynomial.
If v = bx" (for any ). then observe that

ny=hik"j=Inb+nx"=Ink+nlnx

In this case, a graph with horizontal and vertical axes corresponding o x and In v, respectively.
will lnok like the graph of a logarithm, In v = & In x + ¢. Such semi-log graphs (i.c., graphs of
In ¥ versus x) let us distinguish the graph of an exponential from that of a polynomial: graphs
of exponemtials become straight fines, while graphs of polynomials (of degree = 1) bocome
logarithmic curves. Scientists and engineers frequently use semi-log graphs to help them gain
an understanding of physical phenomena represented by some collection of data.

EXAMPLE 4.14 Using a Semi-Log Graph to |dentify a Type of
Function

Determine whether the population of the Arab Republic of Egyvpt from 1960 w0 2010
was increasing exponentially or 2 a polynomial.

Solution  As already indicated. the trick is to draw a semi-log graph. That is, instead
of ploiting (1, 27) as the first data point, plot (1, In 27) and s0 on. A semi-log plot of
this data set is seen in Figure 53,39, Although the points are not exactly collinear (how
wiould you prove this?), the plot is very close to a straight line with In y-intercept of 3.1
and slope (.22, You should conclude that the population is well modeled by an expo-
nential function. The exponential model would be v = Pir = ae”™ where I represents the
number of decades since 1930. Here, b is the slope and In @ is the In y-intercepd of the
line in the semi-log graph. That is_ b = 0.22 and In a = 3.1, so that a = 22 2. The popu-

lation is then modeled by
Plr) =222 - &** million.
¥
T4
ﬁ =
5
:-
14
J L
+ | ¥ | .'- | b + [ I
1 2 3 4 5 [ 7 £E 9
FIGURE 5.59
Semi-log plot of Egypt population
s |
EXERCISES 5.4 (@)
[) WRITING EXERCISES 2. Explain why hegraphs f i) =2 nd st = (1 e thesame.
k. {:mpmejhh=famlmxj=ffw:=:l.:= lL,x=2x=3,
1. Starting from a single cell. a buman being & formed by aml x=4. In general, which function is bigger for large values
50} generations of cell division. Explain why after n divisions ol x? For small values of <7
there ane 2* cells. Guess how many cells will be present afber d. Compane fix)= 2‘&':13&]:3'&31:—1.1:—%,::_%@
S0 divisions, then compute 2. Briefly discuss bow rapadly =2 In general which fonctson s bigger for negative values

exponential functions incresse. af 1 Por positrve valises of 17
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In exercises 1—f, convert each exponential expression inio frac-
thonal ar rosl form.

x4
5 57

kW Lo
[

L2

‘. ﬁ!ﬂ

In exercises T=-11, converl each expression inlo exponential
Foerimi

T B

A | i

| .
2T

Tik 1.

Myl Bl =

3
2T

In exercises 13-16, find the integer value of the given expres-
sion withoul wsing a caleulalor.

el

it 3
(143"

i 15 —

50

 E A

In exercises 17-20, use a calculalor or compuater Lo estimate
ench value

17, 27 18 e
12 14

19 — . —
] s

In exercises 21-26, skeich graphs of the given Tunctions and
cammpare the graphs.

2L Fix) =& and gix) =™

X Fix) = 2™ and gix) = 4=

A fin=3r  and glx) = 267"

. fin =" and gixh =™

25, fird=In2xand gixi=Ins

26, Fix) = and gir} ="
In exercises 27-36, salve the given eguation for x.
2T =2 M =i

M SR — =0 o2 T =)

AL dlax=-8 2 - Ylna=0
n Ahr—y M. (™ =6
35 =146 A6 Inr+hir—1i=In2

In exercises 37 and 38, use the delinition of logariihm to deter-
mine the valme.

37, da) log, ¥ {bh log, b4 {eh ]ug-,_.%,

W oa h.15+% by logs2 leh logs 3
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Blﬂuﬂtﬁnﬂ 30 and 40, wse equathon (5.4) to approximate the
value,

B

&

i) bogss;
(el hege B

3. a2) logs T b} Bogy 6O

40, (@) logags (bl bogs 3
I exercises 41=46. rewrile the expression as a sngle lagarithm.
41. 42 2lhnd—-In 3
44. iln2-In
d6. m%9—2Ind

Ini—-Ind
43 fhd—In2
45, Ing+4in2

L exercies 47-50. find a funciion of he Form fic) = ae™ wilh
the given Tunction valwes.

41, il =2 fi2y=6 48 filj=3 fidi=4
49, Ffith =4 f2p=2 5'}.._”“1:5-.,]'['1:1
Exercises 51-54 refer to the hyperbalic functions.

S1. Show that the range of the hyperbohc cosine 15 cosh x> 1 and
the range af the hyperbolie sine is fhee enlire real lione.

52, Show that cosh™ r — sinh™ x = I forall =
53, Find all solutions of sinh (° — 1) =1L
54, Fiod all solutions of cosh {(3x + 2j =

{® arpuicaTiONS

L A fasi-food restagrasl gives every cuoslomer a game Goket
With each ke, the cudomer has a l-in-10 chance of win-
ning a free meal. I you go L0 mes, estimate your chances
of winning al leasl one free meal The exact probabality e

"
I - I:%:I . Compute this sumber amd compare il o your
Bless
In evercese 1, il you had 20 okeds with a 1-in-240 chance of
winming, would you expect your probability of winmng al
least o increase or decrease” Compute the probalubiny
1
(%

1— {5} b fend out

In general if you have m chances of winning with a l-in-n
chance om sach try. the probability of winming o least once is
1= {1 —2%) . As n gews larger, what number does this prob-
ahaliry approach™ (Hint: Thene 15 & very good reason that this
gueEstion 1% in this section?)

Hy=ag-1" showthaimy=ma+minr Hv=lnrvu=Inx
and b = b e, show that v = mu + b Explan why the graph
of v a5 & lunction of i woubd be o aright lne. This graph s
called the bog=log plot of v and x.

For the given data {on the next page). comgpule v = ln y and
u=ln x, and plot points (e vl Find consiants moand b sech
thal v = ma + b and use the results of exercise 4 1o find 2 con-
stand o swch thal y = a - 5~
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x| 23 24 el 3 2R 30 e
y| 1452 | 1728 | 2028 | 2352 | 170 | 3092
Repeal exercise 5 foe the given data,
x| 1% in 32 34 16 ik
| 93T | M3 | 10145 | 1254 | 13k | 1481

Construct a bog-beg plot (see exercise 4) of the Egypr popa-
latbon dsta in example 4.14. Compared o the semi-log plo
of the data in Figune 5.59. does the log-log phot look linear?
Based on thes, are the population dsts misdeled bemer by an
exponetial lunction or a polysonial (power ) fanctbon

Construct 4 semd-bog plol of the dats i exercise 5. Compared
1y thes lovg-log phot adready construcied, does thes plot beok lin-
ear”? Based on this. are these daia beter modeled by 2n expo-
nential or power luncison

The concentration | H™ ] of free hydrogen jons 18 2 chenical solu-
tion determines the solution’s pH, a5 defined by p = —log [H'].
Finad [H™] a8 the pH equads {a) 7, {b) B and (¢} 9. For each increase
in pH of 1, by what factor does [H*] change?

Ciastric juice is considered an aced. with a pH of abowt 25
Biboond i conswdered alkatine, with a pH of abeut 7_5. Cormpane
the concentrations of bydrogen wns in the v sobstances (see
exercise Y

The Richier magninsde M of an earthquake is defined in terms
of the energy £ in joubes peleassd by the earthguake, wih
log E = 4.4 + 1.5M. Fmnd the energy for earthguakes with
magnitudes (30 4, (b 5 amd (¢} 6. For each increaso: m M of 1,
by whiat Factor does E change?

The decibel level of a noise & defined in tarms of 1he mien-
sty | of the nose, with & = 10 Jog (W), Here, Jy = 1075

&

14.

15.

16.

5-45

To madel the outbine of the Gateway Arch with a parbala,
you can darl with v = —olx + 315)ix — 315) lior some con-
anl o Explain why this gives the cormect r-imercepts. Deter-
mine the constant ¢ that gives a p-ilercepl of 630, Graph this
parabola and the hyperbolic cosine in exercise 13 an the same
anes. Are the graphs neardy identical or very diffenem”

O a wandand peana, the A bebow middle © produces a sound
wave with frequency 2200 He (cycles per second). The fnequency
of the A e octave higher i 440 Hz. In general. doubling
the frequency prodisces the same note an octave higher. Fand
an expomential formada for the frequency fas a lunction of the
rmber of octives T above the A below midddle

There are 12 nofes m an oclave on a damdand pranc. Middle
Cis 3 modes above A e exercise 151 If the noes are used
eigually, this means that muddle C is a quanier-octave shove A
Use x = § in your formuls from exercise 15 @ estimate the
frequency of middle C.

&5 EXPLORATORY EXERCISES

Wim® is the intensity of a barely ambible sound. Compate the E I

inbensity levels of sounds with (a) dB = B, (b)) dB = 90 and
{ch dB = 1k For each increase of 10 decibels, by aehat factor
does | change?

The Sami Lous Gaeway Arnch s both 630 feer wide and
630 feet tall (Most people think that it looks taller than
it 15 wide ) One model for the cutline of the arch i« ¥ =
T51.7 — 127.7 cosh (gy) for = 0. Use s graphing calculsor
o approximate the v- and winlercepls and determine i the
model has the cormact honzomall and vertical messurements.

Craph v = x° and v = 2° and appeoximate the fwo positive
sobutions of the equation ©° = 2. Graph v = 2" and v = 3", and
approximate the two positive solubions of the equaton ©* = 3%
Explain why r = a will always be a solotion of v° = o', a2 = L
What is different about the rode of r =2 = o solution of ©= 2°
compared o the role of x = 3 as a solution of ©° = 3 To
idetermine the a-valoe i which tbe change occurs, graphecally
e =a" fwwa=21,22 . _ 29 and pote tha o= 2.7
and @ = 28 behave diffevently. Continue 10 narrow down the
tmterval of change by testing 0 = 271,272, .., 279 Then
puess the exact vabue of o

Ciraph ¥ = In x and describe the behavior ear @ = 0. Then
graph ¥ = x In x and deseribe the bebhavior near © = (L Bepeal
ths for v = " ln x, y=x"" In x and v = x° In ¢ for a vanety of
positive constants o Because the function “blows up’™ =t x =1,
we say that v = In 1 has a singubarity at x = 0. The order of
the singularity al r =0 of a funciion fix) & the amalless valwe
ol o such thal v = v fx) doesn'l have a singnbarty at @ =1L
Determine the onder of the singubarity af x =0 for (a) fixy ==,
b fix) =L and fc) fix} = £ The higher the arder of the sin-
pubarity, the “woarse™ the singulanry 15, Based on your work,
haeww bl 15 thee singularity of ¥ = Inxat v = 0F

(@) 5.5 TRANSFORMATIONS OF FUNCTIONS

You are now familiar with a long list of fonctions: polynomials, rational functions, rigo-
nomeiric functions, exponeniials and logarithms. Cme important goal of this course is o
more fully understand the propenties of these fonctions. To a large extent, you will build
your understanding by examining a few key properties of functions.

We expand on our list of functions by combining them. We begin in a straightforward
fashion with Definition 5.1.



545

Figian

ghxh

!

i) J

1f = gix) = fizlxl)

SECTION 55 -+« Transdormations of Functions 3

DEFINITION 5.1

Suppose that fand g are funciions with domains £ and [3:, respectively. The func-
mons f+ g (— g and - ¢ ane defined by

(F+ 2¥xh=f{x) + gix),
(F — ghxh = flx) — gla)
and (f - gixh = fixy - glxl,

for all x in Iy nDﬂi.c..xEﬂ,-mdeDﬂ.Th:fmtiunIis defined by
£

(I)‘ 9=T
g glx)

for all x in D, A D, such that gix) # 0.

In example 5.1, we examine various combinations of several simple functions.

EXAMPLE 5.1 Combinations of Funetions

If fix) = x— 3 and gix) = v x — |, determine the functions f+ g, 3-_,|"—gmtd£, stating
the domains of each. £

Solution First, note that the domain of /s the eotire real line and the domain of g is
the set of all x = 1. Now.

o= —3++x—1

(A—gMri=3x -3 —va—1=3x—-9—+x—|.
Motice that the domain of both (f + ¢) and (3f — g} i= [xjx = 1 ]. For
MYy fw _ x-3
(x)“"xm‘ =
the domain is (x| x = 1}, where we have added the resiriction x # | o avoid dividing
byl m

Definition 5.1 and example 5.1 show us how to do arithmetic with functions. An oper-
aticn on functions that does not directly correspond to arithmedtic is the composition of two
funciions.

DEFINITION 5.2
The compaosition of functions fand g, writen o g, is defined by
(f o ghx)=figlxih,
for all x such that x is in the domain of ¢ and gix) is in the domain of £

The composition of two functions is a iwe-siep process, as indicated in the margin
schematic. Be careful 1o notice what this definition is saying. In particular, for f{g(x}) 1o be
defined. you first need gix) o be defined, 20 x must be in the domain of g Mexi f must
be defined at the point g(x). so that the number g(x} will need o be in the domain of

EXAMPLE 5.2 Finding the Composition of Two Functions

For fir)=x + 1 and gix) = vx — 2, find the compositions fo g and g o fand identify
the domain of cach.
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Solution First, we have

if o g)x) = figin)) = fivx—2)
= (V- TP l=x-2+1=x- 1.

It's tempting 1o write that the domain of f o g is the entire real line, but look more

carefully. Mote that for x to be in the domain of g, we must have © = 2. The domain of f

is the whole real line, so this places no funher resirictions on the domain of fo g. Even

though the final expression v — 1 is defined for all x, the domain of (fo g)is {xr = 2.
For the second composition,

{8 o)) = gliflx= gix" + 1)
= (41 -2=v -1

The resulting squarne r-nmmquirnsf— I =0or |y = 1. Since the “inside” function § is
defined for all x, the domain of g o fis {xjx; = I},whi-r:hwcwrit: in interval notation
ag (—oa, —1JU [l o) = |

As you progress through the caleulus, vou will often need to recognize that a given
function is a composition of simpler functions.

EXAMPLE 5.3 Identifying Compositions of Functions

Identify functions fand g such that the given function can be writien as (o gi(x) for

each of {a) V' + 1. (b} { +F + 1)*. {c) sin x* and (d) cos® x. Note that more than one
answer is possible for each function.

¥

Solution (2) Notice that x* + 1 is fngide the square root. 50, one choice is o have
gl =x" + L and fix) = T

(b) Here, /X + 1 is inzide the square. 5o, one choice is gix) = +% + | and
flxy =1

ic) The function can be rewritien as sin (27}, with x° clearly inside the sine func-
tion. Then, gix} =5 and f{x) = sin x is one choice.

id}) The function as written is shorthand for (cos x)°. S0, one choice is glx} = cos x
and fixi =1 m

i

FIGURE 5.60a In general, it is guite difficult to take the graphs of fix) and gix) and produce the graph
¥=1 of figixy). If one of the functions fand g is lincar, however. there is a simple graphical
procedure for graphing the composition. Such linear transformations are explored in the
. remainder of this section
The first case is to take the graph of fix) and produce the graph of fix) + ¢ for some
consiant < You should be able to deduce the general result from example 5.4,

EXAMPLE 5.4 Verical Translation of a Graph
Graph v = 1" and v = ¥* + 3; compare and contrast the graphs.

Solution  You can probably skeich these by hand. You should get graphs like those in
) Figures 5.60a and 5.60b. Both figures show parabolas opening upward. The main obvi-
T " ous difference is that 1 has a y-intercept of 0 and ©* + 3 has a y-inercept of 3. In fact,
for any given value of x, the point on the graph of y=2x"+13 will be plotied exactly
3 units higher than the corresponding point on the graph of ¥ = . This is shown in
Figure 5.61a.
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Muowe graph o

2

FIGURE 5.563
Tramslation i the right
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FAGURE 5.61a FIGURE 5.61b
Translate graph up y=ramdyv=1r"4%+3

In Figure 5.61b, the two graphs are shown on ihe same set of axes. To many people,
it does not book like the top graph is the same as the bottom graph moved up 3 units.
This is an unforumate optical illusion, Homans usually menially judge disiance between
curves as the shoriest distance between the curves. For these parabolas. the shoriest
distance is verfical ai x = () bui becomes increasingly borizontal as you move away from
the y-axis. The distance of 3 between the parabolas is mezsured vernicailly. ®

REMARK 5.1

In general, the graph of v = fix) + ¢ is the same as the graph of v = fix) shifted op
{if ¢ = 0} or down (if ¢ < ) by || units. We uswally refer to fix) + ¢ as a vertical
translation (up or down, by |of wnits).

In example 5.5, we explore what happens if a constant is added o ©

EXAMPLE 5.5 A Horizontal Translation
Cmparcmﬂmuhaﬂﬂmgraﬁmnf}':fud}':h -1y
Solution The graphs are shown in Figures 5.62a and 5.62b. respectively.

.L .r

| — x —t LA b
- | ' - =2 1 4
FIGURE 5.62a FIGURE 5.62b
r=x y=ix—1F
Motice that the graph of ¥ = (x — 1}* appears to be the same as the graph of v = 17,

except that it is shified 1 unit o the right. This should make sense for the following
reason. Pick a value of x, say. 1 = 13. The value of {x — 1" at ¥ = 13 is 127, the same
as the value of x* at x = 12, 1 unit to the lefi. Observe that this same patiern holds
for any x you choose. A simuliancous plot of the two functions (see Figure 5.63)
shows this. =
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REMARK 5.2

In general, for © > 0, the graph of ¥ = f{x — ¢} is the same as the graph of v =f{x)
shifted « units to the right. Likewise (again, for ¢ > 0), you get the graph of v = fi{x +¢)
by moving the graph of v = fix) to the kefi © units. We usually refer o fiv — ) and
Slx+ e)as horizontal transkations (o the right and lefi. respectively, by © anits).

To avold confusion on which way o translate the graph of vy = fix), focus on what
makes the argument (the quantity inside the paremheses) zero. For fix). this is x =0, but
for fiix — b you must have ¥ = ¢ to get fi{0) [ie.. the same y-valoe as fi{x) when v = 0], This
says that the point on the graph of v = fix) at x = 0 corresponds o the point on the graph
ofv=fly—clatx=e

EXAMPLE 5.8 Comparing Vertical and Horizontal Translations

Given the graph of v = fix) shown in Figure 5 64a. sketch the graphs of v = fix) - 2
and v = fix — ).

Solution To graph v = f(x} — 2. simply translate the original graph down 2 units, as
shown in Figure 5_64b. To graph v = fiix — 2). simply translaie the original graph to
the right 2 units {50 that the v-intercept at ¥ = 0 in the original graph corresponds 1o an
x-intereept at x = 2 in the iranslated graph), as seen in Figure 5.64¢.

-
15 st i5
I 1wt b
] st 5
P - S GRS F e 4 i b
=1 =l 2 3 i (g —l'“‘h,,hh_!#/i H -1 I i T
-5 =54
-1 -
=15 =15 =15
FIGURE 5.64a FIGURE 5.64b AGURE 5.64c
y=fix) y=flr)-2 F=ie—8

Example 5.7 explores the effect of muliplying or dividing x or v by 3 constant.

EXAMPLE 5.7 Comparing Some Related Graphs
Compare and contrast the graphs of y = 2° — 1, y = #(x* — 1) and y = {dx¥ — 1.

Solution The first two graphs are shown in Figures 5.65a and 3.65b, respectively.
These graphs look identical until you compare the scales on the y-axes. The scale in
Figure 5.65b is four times as large, reflecting the multiplication of the original function
by 4. The effect looks different when the functions are plotted on the zame scale, as
in Figure 5.65c. Here, the pﬁmhu]a_‘r:ﬁ{.t;— I} looks thinner and has a different
y-intercepl. MNole that the y-infercepts remain the same. (Why would that be?)

The graphs of v = x* — | and y = (4x)" — | are shown in Figures 5.66a and 5.66b,
respeciively.

Can you spot the difference here? In this case. the r-scale has now changed, by the
same facior of 4 a5 in the function. To see this, note that substimting x = L4 into (407 — |
pmduet:fl]l— 1. exactly the same as substituting x = | into the onginal function. When
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_L'--I-(.'r!— 1y

FIGURE 5.65¢c

w0t i
't i
i L1}
RS 4
4 2
- po—n e
. T e R 075 —ui)\-‘rﬁs 075
T -,
FIGURE 5.66a FIGURE 5.66b FIGURE 5.66¢C
y=xr — 1| F=idsfF — 1 y=x"—1and y= {dxf — 1

FIGURE 5.67h
y=2-13

plotted on the same sct of axes (as in Figure 5.66c). the parabola v = (4 — 1 looks thin-
ner. Here, the x-intercepis are different, bui the y-intercepis arc thesame. @

We can generalize the observations made in example 5.7, Befove reading our explana-
tion, iry to staic a general rule for vowrself. How are the graphs of v = ofix) and v = ficx)
relaied to the graph of v = filx)?

Based on example 5.7, nolice that o obtain a graph of ¥ = of (x) for some constant
¢ > 0. you can take the graph of v = fix) and multiply the scale on the y-axis by c. To obiain
a graph of v = flex) for some constant © > 0. you can take the graph of v = fix) and muliply
the scale on the x-axis by Lie

These basic rules can be combined 1o understand more complicated graphs.

EXAMPLE 5.8 A Translation and a Stretching
Describe how to get the graph of v = 2" — 3 from the graph of y = .

Solution  You can get from 1 to 2x° — 3 by mubiplying by 2 and then subiracting 3.
In terms of the graph, this has the effect of multiplying the y-scale by 2 and then shift-
ing the graph down by 3 units. (See the graphs in Figures 5.6Ta and 5.67h.) m

EXAMPLE 5.9 A Transiation in Both x- and y-Directions
Describe how to get the graph of y = 4+ 4x + 3 from the graph of y = x°.

Solution 'We can again relate this (and the graph of every quadratic) o the graph of
v =" We must first complete the square. Recall that in this process, you take the
coefficient of x4}, divide by 2{4/2 = 2} and square the result {7 = 4). Add and sub-
tract this number and then rewrite the x-terms as a perfect sguane. We have

y=x +dr+3=( + A+ -4+ 3=+ — L
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FIGURE 5.68b
F=lx+2F—1

To graph this function, take the parabola v = i (soe Figure 5.68a) and translate the
graph 2 units o the left and 1 unit down. (See Figure 5.68b.) m

The following table summarizes our discoveries in this section.

Transformations of fi{xh
Trans formation Form Effect en Graph
Vertical rrnslation Jilxh+ o Fimmup|:}ﬂll.rdxunl:{ﬁ_l

Horizental ranstation | flx+ ) e umits Bt {c > ) or raght (o < 0
Vertical scabe izl e =0 | muluply vertical scale by ¢
Hirizontal scale filexhic =01 | divide borzontal seale by o

You will explore additional transformations in the exercises.

EXERCISES 5.5 @)

[~ WRITING EXERCISES

The restricted domaan of example 5.2 may be purding. Con-
sider the fdlowing anslogy. Suppose you have an sirplane
[Meght From Duibag 1o Rome with a siop in Doba 15 bed weather
hexs: elosed the airpont in Doha, explain why your (Eghi will be
cancebed (or an beast rerouted) even if the weather i greal in

Explsin why the graphs of y = 4{z" — 1} and v = (dx — 1 in
Frgures 565 and 5.66c appear “thinmer” than the graph ol
_'r=_|':— 1.

A dlosirsted 15 example 59, completng the square can be
wsee] oy rewrite amy guadratic function m the formoals — df + 2.
Uszing the wansformation rules in ths section, explain wihy
1his means that all parabolas (with a > 0) will look essernally
the same.

Explain why the graph of ¥ = fix + 4) is obtained by moving
1he graph ol v = filx) foar wnils 1o the lefl, instesd of wihe rghe

In exercises 1-h, find the compogitions o g and g o f, and iden-
tify their respective domains,

I fiti=x+ L gixi=~x—3
2 firl=r—2 gix)=vE+ 1
A firi=& pixi=lna

d fixi=+T—x, gir)=lnr
5 fixi=x"4 1, gixh=smz

[ fl.l:]=1—:.!l.l:]=.'l:=—3
x—1

In exercises 7-16, identify fusctions f/(x) and gir) such that ihe
given lunction equals (f o ghrk

7. vP+1l B ¥re3 9
41
10, J—,+| IL (dr+ 1F+3 14 dc+ 1P +3
xr
13 sn'x 14, sin x' 15, & 16 £
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In exercises 17-22, identily functions fix), gix) and kix) such

that ithe given Munetion equals [fo (g o Bk
vaEnx + 2
. v+ 1

19, cos'ldr — 2
fry TR P 22 e+

In exercises 23-30, use the graph of ¥ = (r] given in the figure

b graph the indicated Dusetion

I fini -3 . fir+ 2 35 fix—3)
6. fin+2 I fiEe) . 3
M. —3fix 42 3.3+

In exercises 31-38, use the graph of y = ir) given in the ligure

to graph the indicated Tunction.
L fix—d) I fix+ 3 33, fi2n)
M fx—d4) 3B i+ 1) 36 3in
3. i —4 38 3+ 3

¥

.

14
&

In exercises 30—, complete the square and explain how 1o irans-

form e graph of ¥ = r* indo the graph of ihe given function.

W fia=xr+2r+1 ML fir)=x"—dz+d
4L fiti=r' +2r+4 42 fixi=x" —dr 42
43, firi=2C +4r+ 4 M firi=3" —6+ 2

SECTION 55 -+« Transdormations of Functions £l ]

E In exercises 4548, graph the given function and compare o
the graph of y = r° = 1.

45,
4.
47
4.

fixi==2r" = 1)

fixh= -3 — 1)
fixp==3r - 1j+2
fixh=-2" — -1

E In exercises 49-52, graph ihe given function and compare Lo
the graph of fix) =({—x¥ — H—

4.
5.
5L
5k

S,

EH.

Eﬂ.

Eﬂ.

Eﬁﬂ.
Eﬁ[.

fixh = {—x) — 2A—1)
fixh=—i—aF + 2—x)
firi={—x+ 1¥ +2—x+ 1)
fixh={-3x)" — 2[-3x)— 3

Based om exercises 45-4%, state a rule for transforming the
graph of ¥ = fix) into the graph of v = ofix) forc < 0L

Buaosd] o exercises 49-52, gake a rule G tmnsformang the
graph af ¥ = fix) inko the graph of v = filex) fore < 00

. Sketch the graph of 5 = . Explain why the graph of v = |of’

is lentical to that of v = 1 to the right of the y-axis. For
¥ = . describe how the graph b the left of the v-axis com-
prares 1o Eloe graph 1o the rught of e y-anis. o general. describe
how 1o draw the graph of v = fijy} grven the graph ol ¥ = fix).

For v = x", describe how the graph to the ki of the v-axis
compares 10 the graph w the right of the y-axis. Show that for
fix) = 1, we have fi—x) = —fiz} In general, if you huve the
graph of ¥y =§f{x) 1o the aght of the y-axis and i —x} = —f{x) for
all 17, describe how w graph ¥ = f{x) o the left of the v-axis.

lerations of fupctions are imgportand n o3 variety  of
spphicatons. To dieraie i), start with an intal valoe o asd
commpuale xy = el xx =1 {x), x=fix:) and S0 on Fncc::np]r.
with f{x} = cvs xand xp = 1, the iferates are r, = cos 1 50054,
= ook 1y = ook 154 = 0086, 1 = cos 0BG = 065 and so
an. Keep compuling iterabes and shis thal they get closer and
closer 1w 0739085, Then pick your own xn (any aumber you
Iekirp amd show that the slertes wath this mew T, alo converge
1o 0. T I90RS.

Referring w exercise 57, show that the nersies of a function
can be wrilben as x; = flxgh, x2 = ffxol), x5 = FA Uk amd
5 nn.ﬁn&.pl‘l =i (0% xl, v = ook (cos (eos ) and v = ook
foos (oo (oo 1)) The graphs showld heok more and more
like a horronial Bine. Use the resull of exencise 57 o identify
the lmiting bme.

Comapute several iberates of fix) = sin x (see exercree 57) with
& variery of starting values. What happens wo the ilerbes in the
long rum™®

Repest exercase 59 foc fix) = I~

In casrs whem: Che ilerates ol a lunction (@ exercise 57)
repes & single number, that number 15 called 2 fxed poisi



310 CHAPTERS =+ Preliminanes to Calculus

Explain why any fined poant must be a solution of the equastion
fix) = x. Fond all lxed poimnis of fix) = cos 1 by solving the
equation cos 1 = x. Compare your results o that of exercee 57

E 6L Find all fived ponts of fix) = sm x (see exercise 61 Compane

your pesulls i Uhose of exencise 59,

@ EXPLORATORY EXERCISES

L You have explored bow completing the square cam transdorm
any quadstic function into e form v = mx — Jf° + 2. We con-
ludend that all parshalas with @ > 1 ok ahke. To see tha the
sarme statemenl s not brue of cubie polynomials, graph v = 1’
a.rul}'::’—ll'.l.rllﬁxmn:iae. o wall use comapletmg the
e b dotemane bow' many diflerent cabse praphs thise ane.
To see what “completng the cube™ would ook like, fira show
thl {x + aF =& + 3ax” + 3a'x + o’ Use this resaill 10 ransdiorm
the graph of v = 1’ intos the graphs of (a) v=x" — 3" + 3r— |
and (b y =" — 3 + A + 2 Show that you can'l gl a sample
Lr.J.mJl.rlh.u.L'ilm[n_'l.‘::’—3.1::+-I.I—2.l'lum.'w'r,ﬂu:wﬂ'd
F=r — 3 + dr — 2 can be ohined from v = x° + x by hasic
iransformations. Show that the foflowing siatement 15 broe: any
cubic (v = ar’ + br' + o3 + i can be oblaned wich basic rans-
foreasticns from v = ax” 4+ kx for sone constant k.

5-53

2. In many apphications, il &% unportaal o lake a socton ol a
praph (eg, wome data) and extend 1t for predictons or other
analysis. bor example, suppose voa have an electnome signal
wgual 1 fiix) = 2xfor 0 € x < 2 To predict the valoe of the
agnal al x = —1, you would wani 1o know whether the signal
wis periodic. I the signal s persodie, explain why fi-1)=2
would be a good prediction. In some applications. voo would
assume that the function 1% ever. That 1%, fix) = fi—x) for all x
In this case, you want firh = X—x) = —2x for =2 < x < QL

=X il -2l .

r ifllgx<2 ” rad

the even extension for (a) fid=1r + 2r+ 1.0 < x < 2 and

(bifiri=r" <y <2

Ciraph thee even exfenzion fir) =

3. Similar 1o the even extension discussed m explorstory exer-
cise 2. applicalions somelimes neguine o function 1o be odd;
Il'l.u[l:.,_f'l—_'r:l=—_f'[_ﬂ.Fut,F[_r:|=_1::,ﬂ£1£1,I'h:uklﬂ.[ﬂ1-
shon reguires that for —2 £ 1 £ ), fix)= —f{—g} = —{—xF =—x"

-t =2l P ;
nhiA {f <z e B
iheeuss bow o graphscally rotste the right hall of the graph
i gt the belt hall of the graph. Fmd the odd extension for
(@ fi=+ 2 0 2and (i fin=¢"—10gxc2

() WRITING EXERCISES

The following Lst includes terms that are defined and theorems
that are stabed m thas chapler. For each term o theores, (1) give
a precise delinibon or stalement, (2) dale 0 penecd Eems what
il means amd (3 descrdbe the ypes of problems wath which o s
assocnabed.
Slope of a line
Dwsriem
Liraphanyg window
leverse Tunction

Parallel lines
Intercepis

Local maxymiam

Perpenihculbar lines
Feres of a lanczon
Vertcal asympiode
Une-lo-ome lunchion  Peruodse Tunchon
Sine function Cosme funcion Arciine fuaction

3 Exponeniial functson  Logarithm
Compisition

Review Exe

A A cubic function has a graph with one sl maxinmuem and
ez local menamarnm.

4. If a function has no heal maximem or s then i s
o= Eo-gne

5. The graph al the mvere of fean be oblained by rellectng the
graph of § scross the diagomal v = 1.

6. Il fis a rngonometric function, then the solution of the egus-
thont i = L is L

7. Exponentzl and kygarithmie fosctions are imverses of each other.
All guadratie Tunctions have graphs that leok like the parshala

2
F=a.

() TRUE OR FALSE

State whether each stalement 18 Uribe or {alse and brefly explain
why. If the statement 15 falee iy iz i by modifying the given
Slatemmend 10 4 new stalement thal B troe.

1. For a graph, you can compute the slope using any Pao pmmls
and get the siume value,

L All graphs mnst pass the vertical line st

In exercises 1 and 2, fnd ive sbope of the line throwgh the given
poimls,

L (X 3),400,7)
o (L4943 1)

In exercises 3 and 4, determine whether ihe lines are parallel,
perpendicular or neither.

L v=x+landyv=Hz—-T3+4

4 y=-2x+1)-landy=3x+2



554
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5. Dretermine whether the points (1, 23 (2, 45 and ({0 &) Gorm the
vertioes of a rtghl mangle.
6. The dala represent populations al varsoos mes. Plol the

points, descuss any patlarns and predict the popalsism at
the oean tme: (0 21000, (1, 30500, (2, 4000 aned {3, 5050,

7. Find an equation of the lime through the poines indicaed in the
eraph thal fodlows and compute the y-ooordmabe correspond-

mmglox=4.
¥
]
A
- -
2+ .
£ ]
+ + + + — T
rl 4 fi

5. Forr f{x) =+ —3r—4d, ooampaibe (0, F{2) and fid).

In exercises 9 and 10, find an equatbon of the line with given
slope and painl

W m=1 0

)
®om= 1 N

{—1,—1)

In exercises 11 and 12, wse the vertical line test to determine
whether ihe curve is the graph of a funciion.

11. ¥

13

CHAFTERS ==

Review Exercses I

I exercises 13 and 14, find the domain of the given function.
T

13 fin=vi-i 14, fixy=——=

R

In exercises 15-28, skeich a graph of the function showing
extrema, intercepis and asymplobes,

15 fixp=c+2x—§ I fixh=x"—fr+1

17. firh=1" =27+ 1 I8 figh=1"—di' + 12— 1

-_—
dx 20, fix)= ‘.r 'y

x+2 r—x—2

. _f[_h"l =

2L fixh=sin3x 2E fix)=tmm dx
A fixh=sinz+ Joosx

35 finh =4~

24, fix)= sy
26 fir= 3"

27, fixh=lIn3x . fixy ="

3. Determine all intercepts of v =15 + 2r — B (see exerciae 15),

3. Determine all intercepts of ¥ =1 = 20" 4 1 (see enercize 17

dx
3. Find all vertseal asynpiodes of vy = —— .
z+12
x—2
32, Fied all vertical agymplotes ol v =

—xr—2

In exercises 33-36, find or eslimate all 2eros of the given
Munction.

3 fi=r - 10 A fi=x"+407+ &

3B fiy=r'-307+2 M firy=2'—32x-2

In exercises 37 and 38, determine the number of solutions.

37 smx=1"

M o Vrsl=x—1

3. A surveyor gands 50 feer from a telephone pale aml measenes
an angle of 34" 10 the togr. How tall is the pobe?
x 1
ELIN Hndunﬂpmn&ulﬂ-::#f;;mdrwﬂ:;.
4l. Convert o fractsonal or sool Torm: {a) 5727 (h) 377,

=
.

3
Convert 1o exponential form: (a} — (b} —.
WX X

Rewrite Inf — 2 2 s a cingle logarthom.

E &R

Solve the equation for - &= = &,

In exercises 45 and 46, salve the equalion for .

45 =5 46 2lndx=5
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I exercises 47 and 48, find fo g and g o § and dentily their
respective domains.
d7. fin=x", gixi=+v1—1

I

a8 fir=x°, pglal=——mo
-1

In exercises 49 and 50, identily functions [ (c) and gic) cods that
i o ghx) equals the given lunction,

. 50 vanx+ 2

In exervises 51 and 52, complete the sguare and explain how
o transform the graph of y = x° inle the graph of the given
Tumctinn.

51, fidi=x —dx+1 5L fini=x"+dc+ 6

In exercises 53-56. defermine whether the lunciion & omne-io-
one. I so, find s inverse,

53 -1
55 £

¥
56, ' —2r+ 1

I exercises 57-6ik, graph the inverse without salving for the
imverse

5B '+ 542
i, ‘_J:'-.-'J

5. r4+r'—1

20 4l

L exercises 61-64, evaluaie ihe quaniity using the wnit circle.
6l. sim"l 6l 1.'LH-"|:—%]

61 wni-1) &l cee”(—2)

In exercioes 65-08, simplily the expression.
A5, an (sec'2) B, Lan (cos {40500

67, sim “(sin (32l 6B, cosun (—=id))

I exercises 69 and T, find all solutions of the eguation.

&% unlr=1 T, cuslt:j'.

A5 EXPLORATORY EXERCISES

1. Skefch a graph of any fusctson v = fx) thal has an imveres. { Your
choice § Sketch the graph of the mverse funcion v = f~'{xh
Then sketch the gaph of v = gix) = fix + 2} Skeich the graph
of ¥ = g '{xh, and wse the graph o determene o formubs for
27tz im terms of . Repeat ths for bxd = fix) + 3 and
Hry=Ffir—4+ 5

2 According 1o the American Natkonal Standards nstitute,” boud-
ness 14 delmed as “that mitribute of awdilery sensation i e s
o wiiich senmnely cao B orddered on @ scale extendimg from gt
fer boeerd.” Thee loudness ol a soomd in decibels 15 given by

L=10 Iug(i:]
Ia

whieoe Iy is the intemsaly of a threshald sound and T is defined in
lerms of how mamry (imes naore miense if 16 then the threshold
soumd fp For example, a normal comverssion i appeosinotely
T decebils, the soumd ol a deese] trck s arousd 50 decabels, and
(e s off @ jel engane (28 15 meters) s around 140 decibels.

@l Use the properties ol exponents amd hxgarthms o express £
o lerms of fy and £

b) The threshald of pam hes an miensaty of apprsimately
10" G fo. What & its loodness reading?

€] Fioad the intensity of 3 jer engme relative 1 . What doyou
conclude i companed 1o the threshidd of pam reading?

3. The Burj Khalifs in Duban, United Arab Entirates stands as
the allest bualdeng in the world (a5 ol 020 a1 K298 melers.
AL 555 meters, the Burg Khalilfa $ky e the workd's ighest out-
ilowar observidory.
@) A st B walchang the Duban fountan show Trom the

observatory, which ix 200 meters sy from the ower. Com-
puitee the argle of depresson i the iourst 15 18 meters il

bl Suppose that o wwrtst measunes an angle of 707 from the
ground m the wop of the waver. How far 1= that towrist frnom
the tosver, grven that the center of the lower lies 15 meters
msede the front of the stroctiure?

4. What follows 15 a ward problem that you will examine o
grealer detml when you reach the sectwom on OplzmiEation.
However, i order i get a glimpse of what's coming your way,
we sugpest o brief exposure.

A sguane sheel of cardbosrd 3 Teel on a sle 15 made o
A box with an open lop by culling squares of equal size () oul
of each corper,

F1] I:'::pn'_'i: the viliome ol the box en lerms ol x

b) Fioad the volume of the box when x = % Wionlkd your be ahle
to find 2 grester value for the volume? Stck around with
s 1o lmd oul why 1o sechon 9.7,

* Aseciicin Naliodal Stamleeds sl {1973h “Amcrican Nabenal Pyichinacosli-
call T by ™. 53210 Admcricas Slendands Assocsalion.
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QUERCES
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6.6 Formal Deliniteon of the
Larmat

6.7  Lirmaes and

Loss-aal=-5igmilicance Ermors

When you enter a darkened room, your eyes adjust 1o the reduced
lewel of light by increasing the size of your pupils, allowing more
light to enter the eyes and making objects around you casier to see.
By contrast, when you enter a brightly lit room, your pupils con-
tract, reducing the amount of light entering the eyes, as too much
light would overload your visual system.

Researchers study such mechanisms by performing experi-
meenits and rying to find & mathematical desceription of the resulis.
In this case. you might wani o represent the size of the pupils as a
function of the amount of light present. Two basic characteristics
of such a mathemanival moded would be

I. As the amount of light (x) increases, the pupil size (V)
decreases down to 8 minimum valoe p; and

2. As the amount of light (1) decreases. the pupil size {v)
inCcreases wp to 8 maximum value P,

There are many functions with these two properties, but one
possible graph of such a function is shown in Figore 6.1, {See
cxample 5.11 on page 351 for more.) In this chapler, we develop
the concept of fimir, which can be psed o describe properties such
a5 those listed above. The limit is the fundamental notion of cabeo-
lns and serves as the thread that binds ogether virtually all of the
calculos vou are about to study. An investment in carefully smd-
ying limits now will have very significani payoffs throughout the
remainder of your calculus experience and beyond.

L
Pl e
i A
= L}
£ "-\h
[} PP S—
Imensay of Eght
FIGURE 6.1

Saze of pupils
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A BRIEF PREVIEW OF CALCULUS: TANGENT LINES
AND THE LENGTH OF A CURVE

In this section, we approach the boundary between precalculus mathematics and calculus
by investigating several important problems requiring the use of calculus.

Recall that the slope of a siraight line is the change in v divided by the change in &
This fraction is the same regardless of which two points you use to compute the slope. For
example, the points (0, 13, (1. 4) and (3, 10} all lic on the line ¥ = 3x 4+ 1. The slope of 3
can be obtained from any two of the poinis. For instance,

In calculus, we generalize this problem o find the skope n‘t’xu. cure af 3 point. For
instance. suppose we wanted 1o find the slope of the curve ¥ = 1 + | at the point (1. 2).
You might think of picking a second point on the parabola, say (2, 5. The slope of the line
through these two poines (called a secamt line: see Figure 6.2a) is casy enough to compute.
Wi have:

5-12
-—=—=13
-1
However, using the points (0, 1} and (1, 2), we get a different slope (see Figure 6.2b):
2-1
._==—=]
[ -0

+ #* I
=0.5 05 1 1572 15
a2t —1
FIGURE 6.2a FIGURE 6.2b
Secamt line, slope =3 Secant lme, shope =1

In general, the slopes of secant lines joining different points on a carve are o the same, as
seen in Figures 6.2a and 6.2b,

So. in gencral, what do we mean by the slope of a curve at a point? The answer can be
visualized by graphically zooming in on the specificd point. In the present case, Zooming
in tight on the point (1, 2}, you should gei a graph something like the one in Figure §.3,
which looks very muoch like a straight line. In fact, the more you zoom in, the straighter the
curve appears o be. So, here's the strategy: pick several points on the parabola, each closer
to the point (1, 2) than the previous one. Comipute the slopes of the lines through (|, 2} and
each of the poinis. The closer the second point gets to (1, 2), the closer the compuied slope
i to the answer you seek.

For example, the peint (1.5, 3.25) is on the parabola fairly close to {1, 2). The slope of
the line poining these poinis is

325-12
My = 151 =235
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The poine (1.1, 2.21) iz even closer wo (1, 2). The slope of the secant fine joining these rwo
points is

2 P
e L P

=21

Continning in this way, we obtain snocessively better estimates of the slope, as illustrated
in example 1.1.

EXAMPLE 1.1 Estmating the Slope of a Curve
Estimate the slope of y = + latx =1

Solution  We focus on the point whose coordinaies arex = 1 and ¥ = PF+1=2

To estimate the slope. choose a sequence of poinis near (1. 2 and compuie the slopes
of the secani lines joining those poimis with (1, 2). (We showed sample secant lines in
Figures 6.2a and 6.2h. ) Choosing poinis with x > | (r-valees of 2. 1.1 and 1.01) and
poinis with x < | {x-valoes of 0, 0.9 and 0.99), we compute the comesponding y-values
psing v =1 + 1 and pet the slopes shown in the following table.

Second Poim Ml Secomd Poimt Mlaer
512 ]
%3 31 0, 1) a=1 !
33113 LBl —2
= —1
(L1, 221} Y311 21 (09, 1.80) ne—1
2020 —2 1us0] — 2
A Bl (1
{101, 20201 ) L0l — 1 (099, 1 9801 099 — 1

Observe that in both columns, as the second point gets closer o (1, 2), the slope of the
secant line gets closer to 2. A reasonable estimate of the slope of the curve at the point
{1, 2)is then 2. m_

In the next chapier, we develop a powerful yei simple technique for computing such
shopes exactly. We'll see that {under certain circumstances) the secant lines approach a line
(the rangens line) with the same slope as the curve at that poini. Note what distinguishes
the calculus probdem from the corresponding algebra probleme The caleulus problem
invilves somcthing we call & limir. While we presently can only estimate the slope of a curve
using a sequence of approximations, the limit allows us o compuie the slope exactly.

EXAMPLE 1.2 Estimating the Slope of a Curve
Estimiate the slope of v = sin xat v =0,

Solution  This twms oul to be a very important problem. one that we will rewrn o
later. For now, choose a sequence of points near (0, () and compute the slopes-of
the secant lines joining those points with (0. 0). The following table shows one set
of choices.

Sevond Poini [ - Secowd Point M

{l.%am 1) (LE4147 (=1, am(—10) 054147
k], sam 0.1} LIRS R (=01, s (—LL)) [.949831
(RN, s (DT ) [IRE N {—(0] . sin (—L0ERL ) [0, 9a g

MNoie that as the second poini gets closer and closer to (1. (), the slope of the secant line
(M) appears to get closer and closer 1o 1. A good estimate of the skope of the curve

at the point (0, () would then appear o be 1. Alihough we presenily have no way of
computing the slope exactly. this i consistent with the graph of v = sin xin Figore 6.4
Motz that near (0. 0). the graph resembles that of v = 1. & straight line of slope 1. =
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No. af Segmenis

Distance

4.24264

571592

550000

603562

. (6906

AORTI3

b | frs e || =

609711
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i3, 45

L1 9 1]
e —
I k5 2 3 4 4
FIGURE 6.5b FIGURE 6.5c
Twa line segments Thre lime segmenls

A second problem requiring the power of calculus is that of compuiing distance along
a curved path. Whille this problem is of less significance than our first example (both his-
torically and in the development of the calculus), it provides a good indication of the need
for mathematics beyond simple algebra. You should pay special atiention to the similarities
between the development of this problem and ouwr carlier work with slope.

Recall that the (straight-line} distance between two poinis Cxi, vi ) and {x, v2his

dl(xs, ¥l Lz, ¥90) = 400 — 0P + (v — 0F

For instance, the distance between the points (0, 1) and {3, 4) is

a0, 11, (3, 9} = Vi3 —0F + (4 — 1) = 3IvZ = 4.24264.

However. this is not the only way we might want to compute the distance between these
vwi points. For example, suppose that you necded 1o drive a car from (0, 1o (3. 4) along a
road that follows the curve v = (x — . {See Figure .5a.) In this case, you don’t cane about
the straight-line distance connecting the two poins, but only aboat how far vou must drive
along the curve (the leagrk of the curve or are lengih).

Motice that the distance along the curve must be greater than 3+2 fthe straight-line
distance). Taking a cue from the slope problem, we can formulate a strategy for obtaining
a sequence of increasingly accurate approximations. Instead of using just one line seg-
ment o 2ot the approximation of 347, we could use two line segments, as in Figure 6.5h.
Notice that the sum of the lengths of the two line scgmenis appears o be a much better
approximation o the actoal length of the curve than the siraight-line distance of 3 v'2. This
disiance is

dy = d{{0, 1}, (1.5, 025)] + J{(15, 025}, (3. 4}}
= V(1.5 -0F + (025 — 1} + V{3 — 1.5/ + (4 — 0.25) = 5.71592.

You're probably way ahead of us by now. If approximating the length of the curve
with two line segments gives an improved approximation. why not use three or four or
more? Using the three line segments indicated in Figure 6.5¢, we get the further improved
approximation

dy = d[ (0, 1), (1, 0)} + (1, 0), (2, 1)} + o{(2, 1), (3, 4))
=0+ =1+ V22— 1P+ -0+ V3 -2 + (4 — 1)
= 2+/7 4+ /0 = 5.99070.

MNoie that the more line segments we use, the betier the approximation appears o be.
For now we will list a nomber of these successively beter approximations (prodoced using
points on the curve with evenly spaced x-coordinates) in the table found in the margin. The
tzble suggests that the length of the curve is approximately 6.1 (quite far from the straight-
line distance of 4.2)_ If we continued this process using maore and more line segments, the
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sum of their lengths would approach the actual length of the curve (about 6.126). As in the
problem of computing the slope of a curve, the exact arc length is obtained a5 a limit

+
T

2

= 9

FIGURE 6.6a
Approximatmg the curve wilh two
line segments

_
FeEDE
R T
4 z 2
FIGURE 6.6b
Approsimating the curve with lour
line sepments
Lime Regmemis Lenmguls
H 18175
1 EX L]
32 1R19T
[0 1H2M

EXAMPLE 1.3 Estimating the Arc Length of a Curve
Estimate the arc length of the curve v = sinx for 0 £ 1 < £ (See Figore 6.6a )

Solution The endpoints of the curve on this interval are (0, 0 and {2, 0). The dis-
tance between these points is 4y = & The point on the graph of ¥ = sin x corresponding
tor the midpoint of the interval [0, =] is (/2. 1) The distance from (0. 0) to (=2, 1) plus
the distance from (&2, 1) to {2 0} (illustrated in Figure 6.6a) is

e rresme

Using the five points (0, 0), (74, 1/+/T), (22, 1), (32/4, 1/+/Z) and (£, 0) (i.c., four line
segments. a5 indicated in Figure 606b). the sum of the lengths of these line segments is

a2 (=) -

Using nine points {i.c.. eight line segmenis). you need a good calculaior and some
patience o compute the distance of approximately 38125, A table showing further
approximations is given bebow. At this stage, it would be reasonable to estimate the
length of the sine curve on the interval [, 2] as slightly mone than 3.8, m

BEYOMND FORMULAS

In the process of estimating both the slope of a curve and the kength of a curve, we
make some reasonably obvious (straight-line) approximanions and then systematically
improve on those approximations. In cach case, the shorter the line segmenis are, the
closer the approximations are to the desired value. The essence of this is the concept
of firiy, which separates precalculus mathematics from the caloulus. At first glance,
this limit idea might seem of little practical imporiance. since in our examples we
never compaie the exact solution. In the chapters (o come, we will find remarkably
simple shoricuis to exact answers.

EXERCISES 6.1 @J

) WRITING EXERCISES

1. Toestmate the slope of fix) =" + | @l x= | you would com-
puile the sbopes of various secanl fines. Nobe that v = ©° + 1
curves up. Explamn why the secant line conpecting (1, 2 and
(11, 221 will have a slope grester than the slope of the

Ehmrﬂul-ﬁmmm:uhwﬂel.l;ﬂ

curve. Discuss how the shope of the wecanl e between (1, 2)

anl (009, 181} comapares o the slope of the curve,

1, Explun why escl approximaton of arc length in example 1.3
i% bess than the actual arc length.

y=firhalr=a.

I fixi=x"+1, (aja=1 ibla=2
I fi=x"+2, (aja=1 bla=12
A fixi=omr (aja=0 (bla=mf2
d fin=vx+1, faja=10 ibja=3
5 fini=& fala=10 ihja =1
6 firi=Inx aja=1 ihla=2
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In exercises T-12, estimate the lengih of the curve y = fix) on
the given interval using {a) n = 4 and (b) o = 8 line segmenis.

{e) If you can program a caloulator or compuler, use larger n's
and conjeciore the actual lengih of the corve.

7. fin=rsr <y <x?
B firi=siny 0<r <ol
% fi=vi+I 0=x<3
. fir)=1f4 12222

1. firi=x'+1,-22x52
L fid=r+2-1€r<1

Exercises 13-16 discuss the problem of lnding the area of a
region.

13

B s

Sketch the parabola v = 1 — 17 and shade in the region above
the r-axis berween r = —1 and x = 1. {a) Sketch in (be folbow-
ing reclanglies:

1. height f{—3) and width § extending fomr=—lwr=—1
L height | —3) and width 3 exiending fromr=—3 w =10
i hdﬂlf‘}]unﬂﬁdlhinl:u]mgfm::ﬂm::il.
dl I:ﬂghlj{%] and width § extending fromx =3 ox=1.
Comput the sum of the sreas of the rectangles. (b) Divide the
inperval [—1, 1] mdo B pleces and construct a rectanghe of
the appropriate heighl on each subinterval, Fiod the sum of the

areas of the rectanpbes, Compared 1o the approximation in parn
(), explan why you would expect this to be a befler approsi-
mation of the aciual area under the parabola

Use a compubér or caleulator i conapute an approxemssison of (he
area i exercise 13 using (2) 16 rectangles, (b) 32 recrangles,

15

16.

17

18

66

() fd rectangles. Use these calculations W conjecture the
enaed value of the area under the parabala

Use the technigue of exercise 13 w estrmate the anea below
w=%1n x and shove the r-axus belween x=lal r= &

Use the techmgoe ol exercise 13 o estimale [he ansa below
v =x" and above the r-axis between r =0 and x = 1.

Extimate the length of the curve v= W1l — 2" fe 0 < x < 1
with (a) o = 4 and (b} n = 8 line segments. Explan why the
exacd lemgth s o2, How sccurabe are your estimates”

Estimate the kength of the curve v = V0 — S w0 < x <3
with (a) m = & and (b} 0 = ¥ lise segments. Explam why the
exact length & 32 How would an estimate of o fom part
(bj of the exercise compare b tha obained in par (b} of
exercise 177

5 EXPLORATORY EXERCISE

L

In this exercise, you will keam how o directly compute the
slope ol a curve ol a poinl. Suppose you want the shope of
y=r @l r= 1. Youcould dart by compisting sbopes of secant
lenes connectimg the point (1, 1) with pearby podnis. Suppose
the nearby poanl has r-ooordinate | 4+ & where b is a small
[ pogitive or negalive ) number. Explain why the corresponding
yeoordinste is (1 4+ hF. Show that ihe slope of the secant line
i::[% amd show that thas smplifies w0 2 + b As b
pets closer and closer 1o (L, this dlope betier approxemates the
slope of the wangent line. Leming & spproach {L, show that
the lope of the langent line equals 2. In o somilar way, show
that the sbope of ¥ = 17 al x = 2 15 4 and fiedd the sltope of ¥ =1
al r = 3. Based on your apswers, comecture 3 formula for the
shope of ¥ = x” al x =a, Tor any anspecified value of a

(@) 6.2 THE CONCEPT OF LIMIT

—t
Ko D iy

In this section. we develop the noton of linit using some commeon anguage and illustrate the
idea with some simple examples. The notion fwms oul o0 be casy to think of muitively, but a
bit harder to pin down in precise orms. We present the precise definition of Emit in section 6.6
There, wie carefully define limits in considerable detail. The more informal notion of Tmit teat
we indroduce and work with here and in sections 6.3, 6.4 and 6.5 is sdoquate for most purposes.

Suppoze that a function [ is defined for all x in an open interval containing o, excepl
possibly at v = a. I we can make () arbitranily close to some number L (ie.. as close as
we'd like to make it) by making & sufficienily close to @ (bui not equal to a), then we say
that L is the limif of f{x), as x approachies a, wnrtmhmﬂﬂ = L. For instance, we have
Iu:ﬂ::‘2 -ls.un::a.-ug:u.chscrmldclmcrmlrgclsclus:rmdclmtlmi

Consider the functions

r—4 -5
= and = e—
fix) -2 &) r—2
FIGURE 6.7a Motice that both functions are undefined at x = 2. So, what does this mean, beyond
_r—4 saying that you cannot substitute 2 for x7 We often find important clues about the behavior
AR of a function from a graph. (See Figures 6.7a and 6.7b.
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Motice that the graphs of these two functions look guite different in the vicinity of

_,fm x=2_ Alhough we can’t say anything abowt the value of these functions a1 ¢ =2 (since this
is outside the domain of both functions), we can examine their behavior in the vicinity of
this point. This is what limits will do for os.

—._r 3
fi
_m i” EXAMPLE 2.1 Evaluating a Limit
o —4
FIGURE 6.7b R
il -5 3 a
Tox=2 Saolution Fﬂﬁl.fl::ﬂi‘b:i _T,utmmwl:sumtwhlﬁufﬂl: function for x close

tov 2, as in the following tahles.

x ﬁ::=f_: = _rm=f_;
1.9 39 21 4.1
199 3094 21m 4.
1996 394940 2.4l 4.0
1 990 39909 20001 4 x0T

Motice that as you move down the first column of the table, the r-values get closer
b 2, but are all less than 2. We use the notation x — 27 1o indicate that x approaches 2
Sfrewn the left side. Notice that the table and the graph both suggest that as x gets closer
and closer to 2 (with x = 2, fix) is getting closer and closer to 4. In view of this, we
say that the lmit of fix) as r approaches 2 from the left is 4. written

lim fix) =

Similarly, we use the notation x — 27 to indicate that x epproaches 2 from the right
side. 'We compuie some of these values in the second table.

Again, the table and graph both suggest that as 1 geis closer and closer o 2 (with
x > 2}, fix} is geiting closer and closer io 4. In view of this. we =ay that the limit of
Sfix) as x approaches 1 from the right is 4. writien

lim fix) =
We call lim f{x) and “1?. fixy one-sided limits. Since the two one-sided limits of
Sfixh are the same, we summarize owr resulis by saying that
]in;u fix)=4.

The notion of Emit as we have deseribed it here is intended o communicate the

behavior of a function sear some point of imterest, but not scmeslly o thae point. Wi
finally observe that we can also determine this limit algebraically, as follows. Notice

- — 4
H:na.lﬁiru:'clh:uprc-ss.immdtnMEafftx]=':—2farmmmmnﬁﬁi:

-4
1 =i
Jm_,l"ul'_t} lim p—rs
-2 2
P i . S
11 -1
=],.'E|H:_H'+ Zh=¢. i b ajpmmaties T (o & 2 agpneates 4

where we can cancel the factors of (x — 2) since in the imit as x — 2 x is close to 2.
butx#2 sothaty — 220 m
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=5
* phe)= x—2
1.9 1349
1.99 1399
.95 [ TERE T
1.5 T3, 999
-5
* xix)= x—12
21 -59
I —4% G0
2.001 =495 G
2. —AHS Gl
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EXAMPLE 2.2 A Limit That Does Mot Exist
r—35

=12

Evaluane !Err1| =

Solution  Asin example 2.1, we consider one-sided limits for gix) = ': -

3
2 — 2
5 85 X

Based on the graph in Figure 6.7b and the table of approximate function values shown
in the margin., observe thai as x geis closer and closer o 2 {with x < 2. g(x) increases
without bound. Since there is no number that gix) is approaching, we say that the lienr
of glxhas x approaches 2 from thee leff does nor exisr, writien

lim g(x) dres ot exis.
Similarly. the graph and the table of function values for x > 2 (shown in the

margin} suggest that glx) decreases without bound as 1 approaches 2 from the right.
Since there 15 no number that gix) is approaching, we say that

lim gix} dees nor exiss,

Finally, simce there 15 no common value for the ope-sided limits of gix) (in fact,
neither limit exists), we say tht

lim gix) does Ro? exisr. m
==l

Before moving on, we should summarize what we have said about limits.

A limnit exists if and only if both corresponding one-sided limits exist and are equal.
That is.

!j_;g fixy = L, for some mumber L. if and only :if‘li_ll'l: Fixy = lim fixi= L.

Innlh:rm'l.'.ts.&yﬂunEﬂxl:Lifutcanmatchﬂmclmcmw:nﬁghIikttuL.

by muking x sufficiently close o @ {on cither side of a), but not equal to .
MNoic that we can think aboot limits from a purcly graphical viewpoinl as in

ecxample 2.3,

EXAMPLE 2.3 Determining Limits Graphically
Use the graph in Figure 6.8 o determine ]Zi_.'l':'l_ fix), Ij::{ Sfixh, E_n[l_.l"{.t}and |i|:|_:ll Fixh

Solution Furmli_r!l_ fix), we consider the v-values as x gets closer to 1, with x < 1.
That is, we follow the graph toward v = 1 from the lefi (x < Ir.ﬂbﬁ:n'cllmﬂmgmph
dead-ends imo the open circle at the poind (1, 2). Therefore, we say that 1i.m fixi=2
For hm_,l’Lu,wcfn]]nwdt:gmplum*ard_t_ 1 fram the vighr (x> 1) 1nlhr:|:'3.s-: ithe
grﬂntad-cndnmmh:mhdmrckhcm:dﬂﬂrpmm:l —1). For this reason, we
say malllir:l fixi= —1. Because !.I_..I'EI. _ﬂ.‘l’]:.t‘illil:::l. Six), we say lh.a.lEi._nilﬂ.t}duc:ncﬁ
exist. Finally, we have HJMEPI fix)=1, since the graph approaches a y-value of | s
x approaches —1 both from the beft and from the right. =
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EXAMPLE 2.4 A Limit Where Two Factors Cancel

Evaluate Iiml:H-q.
-3 -0

3

Solution 'We examine a graph (see Figure 6.9} and compute some function values
for x mear —3. Based on this numerical and graphical evidence, it is reasonable w
conjpecture that

fix} W49 x40

lim = lim e
S e

L]
()

Furiher, note that

FIGURE 6.9 . 3x 49 : Jx+ 3)
149 1 lim :_= ill.'l!. TR v [FPES i I
lim - = == -9 -3 r430x—3)
-y 2 3 1
= [im =—
ir+9 -3y — 3 2
* -9
smce (X — 3) — —6as x — —3. Again, the cancellation of the factors of (x + 3 is
-1 —0.508475 valid since in the limit as v — =3, riscloseto—3 bt v £ -3, sothat x + 3 £ 0.
—24 —0. 535 Likewise,
— 21009 ]
x4+ 9 1
=109 — 0. SAN00E lim —; = —
—=—3" g _ G 2
2 i Finally. since the function approaches the samte value as x — —3 both from the
=9 right and from the lefi (i.e., the one-sided limits are oqual ), we write

—1.1 —0. 491503 140 i
—3411 —1. 499 168 l.un] — =-7
—3.001 —0.499917 o s L
—3001 | 0499w In example 2.4, the limit exists because both one-sided limits exist and are equal. In

example 2.5, neither one-sided limit exists.

KIS EXAMPLE 2.5 A Limit That Does Not Exist
I+ 9
Determine whether lim — CRIRIS.
o =3 -0
Solution  'We first draw a graph (sec Figure 6.10) and computc some function values
ok for x close to 3. Ir+9
Based on this numerical and graphical evidence, it appears that, as x — 37, y
is increasing withowt bound. Thus. ¥ —9
2 9 i
lim —; dioes not cxise
=3y
‘- Similarly. from the graph and the table of values for x < 3, we can say that
In+ 9
31 li.r;:_ - I;'.r_hn-ms|Jnl4::v;.i:il.
301 sl
1001 Since neither one-sided limit exists, we say
30001 x40
ki : :_‘ does not exist.
) =y
£ -9 Here, we considered both one-sided limits for the sake of completencss. Of course, you
14 30 should keep in mind that if either one-sided limit fails to exist, then the limit does not
20 300 exint, W
= =L Many limits cannot be resolved osing algebraic methods. In these cases, we can
29999 | —30.000 approximate the limit using graphical and numerical evidence, as we see in example 2.6.
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EXAMPLE 2.6 Approximating the Value of a Limit

Evaluate lim ——.

- ¥
Solution Unlike some of the limits considered previously, there is no algebra that
will simiplify this expression. However, we can still draw a graph (see Figure 6.11)
and compuie some funciion values.

¥ sin x sin x
£ s X T
i x x
(1 0.908 314 =01 O96HA 34
(rin 0,909 —0.01 0. 999K 3
"ﬂL 0,001 0.9%99%9E3 —0.0001 (L9905 3
(Lo [0, UG & — 0 LMK [ S Uaa R 3
(R EHHD] 0. 900U aiaag 3 — 0. (NN 0. U iR 1
1 x The graph and the tables of values lead us o the conjeciures:
im 22 and m 2o,
=" X v~
snx_ from which we conjecture that
=0 0l
lim === 1.
u-=l I

In Chapeer 7, we examine these limits with greater care {and prove that these
cORjeciures are correct). m

REMARK 2.1

Computer or calculator computation of limits is unreliable. We use graphs and iables

of values only as (strong) evidence pointing to what a plausible answer might be. To
2 be certain, we need o obtain careful verification of our conjectures. We explore this
4 im sections 6367,

EXAMPLE 2.7 A Case Where One-Sided Limits Disagree

— " Evaluate lim .
-1 4 +0 x|
iy Solution The companer-generated graph shown in Figure 6.12a is incomplete. Since
ﬁ is undefined at x =0, there is no point at x = (). The graph in Figure 6. 12b cormectly
BT shows open circles at the intersections of the two halves of the graph with the v-axis.
g We alzo have
s x x
!H'l'l_=1|.'|'|'l_ Srrcet gy - wh U
) TR
7 = lim 1
1 '
I g————-— =
ﬂTF -
iy
=3 and lim i = lim i Binos fif w —i, mligii s o
' 5 } P =it I_[[ 3= =X
~ o - = lim — 1
fixd T
_...L.ﬁ - =L
It now follows that lEnnichﬁ ok exist,
FIGURE 6.12b —

since the one-sided limits are not the same. You should also keep in mind that this

lim —— dioves ot exist. AN S ] : ,
=01 |uf observation is entirely consistent with what we see in the graph. =
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EXERCISES 6.2 (@)

[~ WRITING EXERCISES
1. Suppose your professor says, “The limil s a prediction
of what flal will be Critigoe this ststement. What does 11
mean” Does it provide important insight? 15 there anything
misleading about n? Replsce the phrase m italics with your
avwn st description of what the lomil is.
1. In example 16, nmjunmea:Ji_;mﬂE= 1. Discuss the
a X

strength of the evidence for ths comjecture, I i1 were true that
SIAx

= 099K for & = (U0, how mauch would our case be
weakened? Can numerical and graphical evidence ever be
complerely conclusive?
3 We have observed that Ilaﬂjmd.ﬂm:dupeulmr}:tmd
value of fla) or even on whether fio) exists. In principle.
© ilxr#? y
N B S B
Tumctions such ax gix) = . With this nomind, explam why it

Tunctions such as fix) =

i% important that the limsl concept i% independent of how [or
whether ) {a) is defined.

4. The most commaon limil encounlened o everyday lile 15 the
apeed limin, Describe bow this rype of mat is very dafferent
lrom tee Howdes discussed in this section.

Elﬂmr&u]-&lﬂnmﬁcﬂlﬂd;ﬂﬂiﬂluﬁuﬂhmﬂ-

Jecture values for each limil. 1T possible, nse factoring o verily

i g g e
a=t x—1 i—lr—x—2

1 limX=% & tp-=lF
=2 p¥ — =l ¥4 2r—3

TR 5 hmtt

—2 g 2y

7. Use the graph of fix) o answer the following guestions.

¥

& &
] T4
3 o
* t t 5 + + e
- =3 =1 =1 | -
i |

fa) fi-2)
by lim fi
el fi—-1)
idy  lm fix
s
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B Lse the graph of £ w mdicate whether the following state-
menls are e or Gilse. Jusuly vour snswer.
v

v

K‘::

=4 Zx 23 —'lj

@ -2 (b LE{“‘.-ﬂ“ (el Ll_l-'l'_tl fio qdd ].i:l_]_ftxh

In esercises 9 and 10, identily ecach lmit or state that it does
mol exist.

$. fa) lim fix) (b} lim fix) (e}l fixy
{d) Jim fix)  fe) Hm fix) (i .L""~ﬂ""
g} lm fix) th) lm fix)

0. fa) limfix) (b) lim fix) (e} limfiz)

{d)  lim fix) fe)  Hm fix) (I} limfix)
gl ﬁn:fhl ihi lim fix)
11. Giaven
x il <1
» 2 ir r=1
fen=14_=2 if 1<x<2

vx—2+1 if x>2
use the graph of i) 1o answer the following

¥

o 1o

¥ T3 &

X

{a) I ibi l|-i_l!|'l_.l'r-ﬂ (¢) limfen
ey Inii?_ﬂx] {2 fi2) (ry 1:'l_'ﬂ:f[-t'l'
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Sketch the graph of fix) = {h i X2 e identify each
s il r>2
(a) lim fix) ) lim fix) fe} lim fix)
idy lxm fix) (e} lom flxh

=1 il x<l
Skeich the graph of fixh= 5 0 if x={hand

v+l -2 if x>0
sdleutify sach limit > s
fap lm fix) b} limfici (e} limfix)
(dy lim fix) (&} Ili_:fx,ﬂ:]

Evaluste f{1.5), f{1.1). f{1.01) and f{1.001), and conjectare a
-1

value for ]i.ulm_ fix for fixy = :-E = Evaluate fi0.5). 0%,

S09 ) and SO0, and conjectune a value for !lr:1. fix) for

xr—1
ﬂﬂ_-"'i—l'

Evahuate f{—1 3}, fi—1.11 fi—1.00 ) and fi—1.001). and conjec-
1
ure & vakue b lm fix) for fix) = ;+ T Evaluate f—05),

Fiy fi—009) and f{—0000) and conjectire a value
for lmm

——1"

Dhes lim fi{x) exist?
3—=1

ﬂﬂmm;:",LEl_ha lim fix) exist?
i okt

Bhemﬁlﬂ 1625, use numerical and graphical evidence 1o
conjeciure whether the limit al r = o exbts. I nol, deserile

whal is happening ai x = a graphically.

[['8

£ B E F

Pt =1
lim — = 17. bim—
1~ SIE e et T |
' -1
e 19, Hm—
sy =t lax
-1
L
lim L Em——
el -8 x
1 VA —x=2
|:IITI=-‘II'I(—) :1 b - ==
=1 I ==l -‘,l{m___ 3
=12 w1
T ol

In exercises 26-29, shetch a graph of a fenclion with the given
properiis.

Zh
IT.
K
I

_ﬂ—']=1fl:|:|]=—]-._ﬂH=3Irl]1i.l'ﬂjl_ﬂ-ﬂllhﬂﬁﬂdﬂuiﬁ.
firil=1hw —2=x =1, hnl'll_ﬂ:]=3-.nnd bimi fix)= L.
filny= ]';h:un fixy=2 and il_u;;:l Axp=3.

lim fix) = 2. f10) = 1. f2) = 3 and lim fix} doss not
x+1

£+
amil srmular lmuls 1o iEvesis-

Compute b . I
|:I;:I;—I :;.1:_-;:_.:

gate the following. Suppoese that flx) and gl ane polymomials

with gla = 0 and f{o) 2 0. Whal can you compechane sho
Fixh,

lim—"

= ()

.

E_ﬂ.

Bﬁ

6-12

Compute lim . ]t, B 205 ot simiie Howies 10 ioventi-
= g 4] 7 x

pade the following. Suppose thal fiz) and gix) are lunctions

with fla) = 0 and glah # (L Whal can you congectune aboutl

)

=4 i)

Conmsider the following argumens conoerming I:_u:? sin

T
x I
mh:}u,wu,;mswmm;m
an | oscillales for moreasing ¢, the Bmin does mo exise. Sec-
onid: takimg x = 1, 0L, TUOVT amd S0 on, we compule sin g =
an lie = s Wile = . . . = (& therefore the rmit eguals O
Which argument sounds betber 1o you? Explain. Explore the
Il anel dietermane which answer B oorrecl.

R 13, (0O, el f0.EH0
Froomear e ELARAD, and/A0.000.

Based on these valoes, what i 3 restonable conjecore for
Pfull Fix)? Compute more function values amd mevise your
OonpeCiine.

{a) MNumerically estimate lim (1 + " andl L_.g {1+
MNote that the fupction values for x > 0 incresses as x
decreases, while for x < 0 the fusction values decreaos
4 x increses. Explain why this indicares thar, o
]I;': (1 4 x)™ exists, il is between function valees for pos-
ibve aml negative s Approxmule this limd comest 1o
eghi dignts.

Explain what is wrong with the following logic: as v — 0,
itis clear that {1 + ) — 1. Since | rased o any poower 15
L lim 1+ 0™ = lim (1" =1

(b

Mumerically estimate .h_T £, Try o numerically et
ke EI_T 20 your computer has difficully evaloating tee
function for negstive x5, explain why.
Ciive an example of a function § swch thet ',i:'; Sfix) exists but
Sy does not exist. Give an example of 2 function g such that
i) exnsts but lim gix) duses nol exisl

. Cive an example of a function f suwch tha h:l;ﬂ.ﬂ exiis and

{0} exists, bul lim fix) # filh.

™ appuicaTiONS

Asowie will e in Chapler 7, the shope of the L lme 1o

I1+h—1
TR
Estimate the slope m. Graph v = 7 and the hne with slope m
throwgh ehe pom (1. 1)

Ao wall sz in Chapler 7, the vebocity of an objeet that has
traveled - meters in x hours a the = | hour mark is given

by v =i ﬁ_[]_ﬁujmzu s Nimsit.

—1 r—

the curve ¥ = T al = 1 15 grven by me = Lim
=

A parking lol charges 52 for each bour or portion of an hour,
with 2 maximum charge of 12 for all day. I {1} equals the
il parking bill for ¢ howrs, skewch a graph of ¥y = fir for
u5r-_cEd_tumdmﬂrlimmﬂrﬂ_r{:undll'gﬂe],ifm
(ST
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4.

For the parking lol in exercise 3, determine ofl values of o
with 0 £ o £ 24 such that im fif) does not exist Briefly
discuss the effect this has mr;:un' parking stralegy (eg., ane
there imes whene you would be na hirry 1o move Your caror

mes where il doesn’'t maller whether you mewe your car'’).

&5 EXPLORATORY EXERCISES

EL

In a situstion stmilar 10 that of example 28, the lefvrght
prosition of 2 kuicklehall pitch in basehall can be modsled by

5
P=§{E — ik dend), whene § s lome medsiared in seconds

{0 = v 2 (UEK) amd a s the rotation rate of the ball measured
in radians per second In example 28 we chose a specific
s-value amd evabited the bmil as o — (0 While this gives us
some information abou which notation raes produce hand-
to-hal pikches, a clearer piciure emenges if we ook al P over
its entre domain. Set o = 10 and graph the resulting fane-
Mﬁtl—mlﬂkﬂmu < ¢ < (UGH. Imagine booking al 3
prlcher from above and try 1o visuabize 3 basehall starting ab
the pitcher's hand at ¢ = 0 amd fnally reaching the barer,
al r= (68, Bepeal ths with o = 5, o= [, & = (L] 2nd what-
ever Valies of e vour thank would be mteresting. Wiach values

SECTMOM 6.3 »+ Computstion of Limits 115

L In this exencise, the results vou get will depend on the accu-

racy of your compuber or calculabor. We will investigare
o omx — 1

lem
p==
lable {your resalis may vary o

. Brart with the calculatims pressnted in the

x Six)
(1 —0.49%581.
LIk —0 4909583, .
(LT —L ATURIISES. | .

Describe as precisely 2 posuble the patern shown here.
What would you predict for f0.0001)7 FO.00001) Does
your compuler or calculalor give you this answer? If you
continge trying powers of 001 (U000 L, 000001 e, )
you shoukl evenually be given a dasplaved result of —0.5.
Do you think this s exscily correct of has the antwer jusl
been roumded of (7 Why s rounding off inescagable? [0 urns
ol Uheat —0.5 is the exact value for the ot However, if you
keep evalusting the lunction al smialler and smaller valises
of x, you will eventually see a reporied function value of (L
We discuss ths error i section 6.7, For now, evaloale cos x
a1 the current value of 1 and iry woexplam where the 0 came

of ar produce hand-1o-hdr pinches? T,
(@) 6.3 COMPUTATION OF LIMITS
¥ MNow ithat you have an idea of what a limit is, we oeced o0 develop some basic rules for cal-

culating limits of simpls functions. We begin with two simple limits.

g p—

For any constant ¢ and any real number a,

‘; 0 |li_|'|-1.r_"-=;_'_ :3]]
FIGURE 6.13
limc=c
s In other words, the limit of 3 constant is that constani. This certainly comes as no

surprise, since the function fix) = ¢ docs not depend on x and so. stays the same as 3 — 4
{See Figure 6.13.) Another simple limit is the following.

For any real number a,
limy=a. (3.2)

Again, this is nod a surprise, since as x — o, x will approach . {See Figure 6.14.) Be
sure that you are comforiable enough with the limit notation to recognize how obvious the
limniis in (3.1 ) and (3.2} are. As simple as they are, we use them repeatedly in finding mone
complex limits. Wi also need the basic rules contained in Theorem 3.1.
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THEOREM 3.1
Suppose that lim fix) and lim g(x) both exist and lei ¢ be any constant. The following
then apply:
i) lim e - flx)] = ¢ - lim i),
(i) lim[ f(x) + (0] = lim fi(x) + lim g(x),
(i) lim [ £x) - g(x)] = [tim fio)] [im gx)] and

o iy Emfag
Iim——===—_J|if ki 0.
i b din ,ﬂﬂ,}{ lim ¢(x) # 0)

The proof of Theorem 3.1 is found in Appendix A and reguires the formal defini-
tion of limit discussed in section 6.6, Yoo should think of these riles as sensible resulis.
given your infuitive undersianding of what a limit is. Read them in plain English. For
instance. part (ii) says that the limit of 4 sum (or a difference) equals the sum (or differ-
ence of the limits, provided the limits exise. Think of this as follows. Il as x approaches a,
Jix) approaches L and glx) approaches M, then fix} + g(x) should approach L + M.

(Observe that by applying part (ilih of Theorem 3.1 with g{x) = f{x). we get that. when-
ever !iﬂf{r] CXisis,

lim{ fL]* = im [ fix) - fx)]
= [t o] [im 510 = [t ]
Likewise, for any positive integer », we can apply part (i) of Theorem 3.1 repeatedly.
o yield
lim[ fCol” = [tim fo)] (3.3)

(See exwercises 61 and 62)
Motice that taking fix) = x in (3.3) gives us that for any integer # > 0 and any real
numeher o,
].i_.l'l;l F=a" (3.4}

That is. o compute the limit of any positive power of ¥, you simply substitute in the value
of x being approached.

EXAMPLE 3.1 Finding the Limit of a Polynomial
Apply the rules of limits to evaluate lim (3. — 5x + 4).

Selution We have
lim(3x' — Sx+4) = lim (3x°) — lim(3x) + Imd ) mes o

a1l

=3|]i|'r1L::2—5 limx + 4 B Theustem 1.1 i
=3-{2F-3-2+4=0 Bylned, M |

EXAMPLE 2.2 Finding the Limit of a Rational Function

¥_Sr44
Apply the rules of limits to evaluate lim e g

a

'

Solution We get

= 1
_._-1-_51_1_,.‘_]:1_.“31{-17 —Sx 4+ 4

E
g
*

= By Thosizm 5.0 |

=1 7 11:3:11-2}
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lim ' — 5 lim x + lime 4
_ ==3 s x=sd

By Thovsiem 3§ aiml |}
lim o« — lim 2
a—=1 =3
F-5.3+4 16
= —p— = By 134
3F-2 7 L]

You may have noticed that in examples 3.1 and 3.2, we simply ended up substiiaiing
the value for x, after taking many intermediate steps. In example 3.3, iC°s nod quite so simple.

EXAMPLE 3.3 Finding a Limit by Factoring

=1

Evaluate lim .
a=l ] —x

Solution MNotice right away that

1 a=
T a0 =8
==l

since the limit in the denominator is zero. {Recall that the limit of a quotient is the
quodient of the limits onxly when both limits exist and the [imit in the denominator is mes
zero ) We can resolve this problem by observing that

lim 1; —1 5 {-T =) I“:I + I] Fagloimig B dunerilin’ ssid
=1 1 —x =Y wl _{x = 1" D tassinng — 1 Priiis e detimibivnisiicn
+1 aglilving d
< i ix b I Singl . ut
a—=1 —I abmliludenig ¢ = |

where the cancellation of the factors of (x — 1) is valid becanse in the limit as x— 1.
xiscloseio l.buix# | sothaix— 120

In Theorem 3.2, we show that the limit of a polynomial is simply the value of the
polynomial at that point; that iz, to find the limit of a polyeomial, we simply subsiitute in
the valoe that 1 is approaching.

THEOREM 3.2
For any polynomial p{v} and any real number a,
lim plx) = pla).

PROOF
Suppose that pix) is a polynomial of degree & = (0,
PN = k™ 4 Cp g™ oo 0K # O
Then. from Theorem 3.1 and (3.4),
lim p(x) = B, " 4 cot 0" 4 - -+ E1X + )
= culim & + coilim X" 4 - - 4 ) lim x4 lim ey
=t + a4 it eia 4 ca=pla). m

Evaluating the limit of a polynomial is now casy. Many other limits are evaluated just
as easily.
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REMARK 3.1

In general, in any case
where the limits of both
ihe numerator and the
denominator ane (L you
should try o algebraically
simplify the expression, to
get a cancellation, as we do
in examples 3.3 and 3.5,

THEOREM 3.3
Suppose lh.al]:i_.n;nﬂr} = L and r is any positive integer. Then,

liy ¢ = g 70 = O

whire for r even, we must assume that L > 00

The proof of Theorem 3.3 is given in the Appendix. Notice that this result says that we
may {under the conditions outlined in the hypotheses) bring limits “inside” sth roois. We
can then use our existing rules for compauting the limit inside.

EXAMPLE 3.4 Ewvaluating the Limit of an nth Root of a Polynomial
Evaluate lim VIr —Iu.

Solution By Theorems 3.2 and 3.3, we have

lim v3x — 2x = .;J'ﬁ:qm-‘—m =vE.

EXAMPLE 3.5 Finding a Limit by Haﬂmauzlng
VI+2 -2
—_—

Ewaluate lim
=il

Solution  Firsi, notice that both the numerator and the denominator approach 0 as
x approaches 0. Unlike example 3.3, we can’t factor the numerator. However, we can
rationalize the numerator, as follows:

VI+Z - VI (Wa+Z-vINVE+Z+vE) | x42-2
x - Hvx+2 +v2) T+ 24+ 2)
X 1

THVIF2+ V) VEIrl+vD

whene the last equality holbds if x £ O (which is the case in the limit as ¥ — 0). 5o, we
havie

_]_'I_I'l'l — —
i X =i T+ T4 VI VIENZI VT a |

]jmvllr-l- ¥z [ 1 1

So that we are not resiricied to discussing only the algebraic functions (iLe. those that
can be constructed by using addition, subtraction, multiplication. division. exponentiation
and by taking nih roots), we staie the following result now, without proof.

THEOREM 3.4
For any real number @ we have

(i} lim sin x =sina, iv) limsin" xr=sin"'a for-1 <a<l,
(i) limcos r=cos a, {vi) }i_l'l;lm‘".t’=ﬂn5_'ﬂ.fﬂ'—| <a<l,
(iii) lime* = ¢ and (vii) }i_letan".-::lau"u.l'm—m-:ut;mmd

(v limlnx=Ina fora>0 (i ifpisnpnlynmniﬂla.rdr_'h:nr,r{xj=1._
then lim fipix)= L.
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SECTMOM 6.3 =+ Computation of Limits I

Motice that Theorem 3.4 says that limits of the sine, cosine, exponential. natural log-
arithm. inverse sine, inverse cosine and inverse tangent functions are found simply by
substitution. A more thorough discussion of functions with this property (called comriny)
is found in section G.4.

EXAMPLE 3.6 Evaluating a Limit of an Inverse Trigonometric Function
Evaluate lim sin"{ﬂ}.
=it 1

Solution By Theorem 3.4 parts (v) and (viii). we have

lim ﬂn"[ﬂ) = ﬂn"{l} = f_
=0 2 1 ﬁ | -

S0 much for imits that we can compute using clementary rules. Many limits can
be found only by using more careful analysis. often requiring an indirect approach. For
instance. consider the problem in example 3.7

EXAMPLE 3.7 A Limitl of a Product That Is Mot the Product of the Limits
Evaluate lirln {x cot x).

Solution  Your first reaction might be io say that this is a limit of a product and so.
must be the prodwct of the limits:

limix cot x) = {EI}{E““ED' .'I')  Tp—
=0-T=0, 3.5}

where we've writien a 7" since you probably don't know what o do with !ig ool X
Since the first limit is 0, do we really need 1o worry about the second limit? The
problem here is that we are attempaing o apply the result of Theorem: 3.1 in a case
where the hypotheses are not satisfied. Specifically. Theorem 3.1 says that the limit of
a product is the product of the respective limits when all af te limirs exisr. The graph
in Figure 6.15 suggesis that [ﬂmu does not exist. You should compute some funciion
values. as well, to convince yourself that this is in fact the case. Since equation {3.3)
does not hold and since none of our rales seem o apply here, we draw a graph (sec
Figure 6.16} and compute some function values. Based on these, we conjecture that

limix cot xp = 1.
a—=ll

which is definitely not (1, as you might have initially suspected. You can also think
ahout this limit as follows:

Mgy = Bl e )= el )

SilL T Sim X
i X i

= | lim—— {lum:m:r'_l
3 S0 X/ va—=il
lim cos x 1

. EE————
Tipm 20 | ,
T

Riﬂttﬂl’.‘ﬂﬁj: | and where we have wsed the conjecture we made in cxample 2.6

that lim % = 1. (We verify this last conjecture in section 7.6, using the Squeeze
Theorem, which follows.) m
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REMARK 3.2

The Squecze Theorem also
applies to one-sided limits.

At this point, we introduce a tool that will help us determine a nember of imporiant Limits.

THECQREM 3.5 [Sgueesze Theorem)
Suppose that
Jix) < glx) < I(x)
for all x in some interval (¢, ). except possibly at the point a € (c, ) and that
lim f(x)=lim hix)=L,
fior some momber L Then, it follows that
lim gixh = L, also.

The proof of Theorem 3.5 is given in Appendix A, since it depends on the precise
definition of limit found in section 6.6, However, i you refer to Figare 617, you should
clearly sec that if gix) lies between fix) and fix), except possibly at o itself and both fix)
and /i x) have the same limit a5 ¥ — a, then gix) gets squeezed between fix) and fx) and
therefore should also have a limit of L The challenge in using the Squecze Theorem is in
finding appropriate fenctions  and i that bound a given function g from below and above.
respecitively, and that have the same limii as x — o

EXAMPLE 3.8 Using the Squeeze Theorem to Verify the Value of a Limit |
Determine the value of lim |+ cos {—L:]]
a—=li x

Solution  Your first reaction might be w observe that this is a limit of a product and
so miight be the product of the limits:

el L] ()

However, the graph of v = cos {H found in Figure 6.18 suggests that cos H]
oscillates back and forih between —1 and 1. Furniher, the closer x geis to (. the more
rapid the oscillations become. Yuu.\.hmﬂdmmpm:mm:fmcnuu valoes, as well, o
convince vourself that Iﬂnm!-. { | does not exist. Equation (3.6) then does not hold and
since none of our rules sctml:napply here, we draw a graph and compute some fune-
tion values. The graph of vy = x” cos Iz ] appears in Figure 6.19 and a tsble of function
values is shown in the margin

—={l

Iimﬂm{l}l. Thes b diwiewnset "3.6]’
X

y L

.03

={L03

FIGURE 6.18 FIGURE 6.1%

=en(l) =il
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The graph and the table of function values suggest the conjecrne

sfeten(()] e

which we prove using the Squeeze Theorem. First, we need to find foncions fand A such that

fin< fm(xl:]sm;,

for all x # 0 and where lim f{x) = lim /Wx) = (L Recall that
L 1—=I

1
-1 Ecm[—]ﬁ 1. (3.7}
X

for all x # 0. If we multiply {3.7) through by 2° (notice that since x° 2 f, this multiplica-
tion preserves the inequalities), we get

¥ ' ] 1 i
—rErom|—j=x.
x

for all x # 0. We illustrate this inequality in Figure 6.20. Further,

lim{ —x") = 0 = lim .
==l

re—sik

S0, from the Squeeze Theorem, it now follows that

lim x° cos {l} =ik
-] x

also, as we had conjectured. m

BEYOND FORMULAS

To resolve the limit in example 38, we could not apply the rules for limits contained
in Theorem 3.1, So. we psed an indirect method 1o find the limit. This tour de force
of graphics plus calculation followed by analysis is sometimes referred o as the Role
of Three. (This general strategy for attacking new problems suggests that one look at
protlems graphically, mumerically and analytically.) In the case of example 3.8, the
first two elements of this “rule” (the graphics in Figure 6.19 and the accompanying
table of function values) soggest a plausible conjecture. while the third element pro-
vides us with a careful mathematical verification of the conjecture. In what ways does
this sound like the scientific method?

Functions are often defined by different expeessions on different indervals. Such
piecewise-defined functions are important and we illusirate such a function i cxample 3.9,

EXAMPLE 3.9 A Limit for a Plecewise-Defined Function

Evaluaie ].1'.|_'|3f|fx}. where fis defined by

fin = 4 2eosa+ 1, fn:.t{ﬂ-_
e =4, forx =0

Solution  Since fis defined by different expressions for x < (fand for x = 0, we must
consider one-sided lmits, We have

i = [i t 2 =1 . =
ﬂﬂﬂ :Iilil]'l_:r:"+_cm.t+1;| Qopsl4+ 1=3,
by Theorem 3.4, Also, we have
lim flxj=lim (& —d)="—d=1 -4 =-3.
0 Py

Since the one-sided limiis are different. we have that !u_l;f{.rl does noi exist. |
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We end this section with an example of the use of limits in compating velocity. In
section 7.1, we see that for an object moving in a straight line, whose position at time r is
given by the function f{r), the instanianeous velocity of that object at time § = 1 {i.c., the
velocity at the instanr = 1, a5 opposed o the average velocity over some period of time)
is given by the limit
limﬁl-l-h:r_"r{“.

Al

EXAMPLE 2.10 Ewvaluating a Limit Describing Velocity

Suppose that the position function for an object w time ¢ (seconds) is given by
fin=r+2 (feet).

Find the nstantancous velocity of the object at time § = 1.

Solution  Given what we have just learned aboant limits, this i now an casy problem
to solve. We have

lmrﬁ:t+.lar]—_|I'l_|i=““_l[t] +m—+1|—3_
=l ] ] i

While we can't simply substitute & = 0 (why not?y, we can write

[l +RF+21-3  (1+2h+i—1
lim Iim

Expambing i sgpuaied i

kil h b=l k
 Zh4k . BZ+W)
kil ] et ]
24+ h
= ]il'l'l._ = 2_ Lansimy [eboms of i
IS |

S0, the instantaneous velocity of this object at time ¢ = | is 2 feet per second. u I

EXERCISES 6.3 @

[’ WRITING EXERCISES T s T o
; ) | =2 P =i 4 Ir—13
1. CGaven your knoaledge of the praphs of palynomdats, explain 1
why equations (3.1) and (3.2) and Theorem 3.2 are obvious. PR Ml b e 22X
| [HTi o - T
L In ome or two semences, exphan the Squeese Theorem. Use a e
reabworld amalogy (e.g., having the functions represent the 11. fm ‘T': 12, Hm Fesc’x
focations of three peaple 2 they walk ) o indscate why 0 5 ue. =t -
va+d -2
3 Precewise Tunctions most be carelally mberpreted. In example 13 I.ii"n% 14. Illﬂﬁ
3.9, explain why lim ftx)=e — 4 and lim_fir)=5+2 cos2, ‘: =k
T ] -1 — fd
but we need ane-sided | luate i 2
I -5 mmls 1o eva ﬂfLrL 15. E.E? =3 16. !:51 ok

4 Inexample 3.8 explam why it s et good enough bo say tha i 3 o
ﬁm]ﬂf:ﬂ.lljﬂfmum:u. 17. hkm ——:| 18. Em (:—:]

=l Lyp—1 -1 e x -|_r|
11— sim|xf
I exercises 1-40, evaluate the indicated limit, if itexists, Assume 19 m ——— e - A
I
that lim —— = 1. S
= 2. am;mm,rm={‘f e
’ 2 =~ fx=2
L limix' — 3z 4+ 1) 2 limVIr+1 2iie s o
- ._h.:—.'i- - IH_l:_:Ij'u].wbEI'Eﬂ.t]={;:+1 il’I‘.'\-—[
A lim eos ) 4 bHm — o
a1 =1 g~ 4

p+1 Hx=-—1
5 lmr—;—-& i ]im—I:+J_1 n. lim fix), where fix) =4 3 il —l=x=l
=1 =1 D e T T | e+l Mx=1
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3.

41

Ix4+1 dr=-—1
]lm_FLI}wJETE_fLr'r—{ i —lexal
41 ifx=1
2+ hF—d
s ke
4
I.-im[l+M_]
a—it h
. smla® — 41
i =
=2 g
Linx
T "
=i

<4

1'. P | PR
pre S TR

Use numerical and graphical evidence o conjeciure the value
ul‘!m& o sini Lixl. Ve the Sqoeeze Theorem 1o prove thal you
are correct: identily the fonctions §f and b, show graphecally
that fix) < = sin {Lixh £ flx) amd josily I:E;HI}— Iﬂ Hixh

Why can’l you use the Squeere Theonem as m ewerciie 41 10

prove that lim aee] Uix) = 07 Explore this lrmit graphically.

Eu
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43 Uzlh:&.p.mnmmmmntlhmlﬂ|ﬁnﬂ:ﬂ!.ﬂ]=il

Icdertify the fumctns § aoad b show  graphacally tha
fix) £ wTeas ()< i) for all x> 0, and justfy hulrﬁI'I—U
Ill]lmjl'l.l:l—

. Sappose that fix) & bounded: that is, there exias a constant
M such that izl < W for all x. Use the Squesre Theorem Lo
prove that I':::; Ffixi=

In exercises 45-48, woe the given position function fif o fnd
the velicily al lime ! = a.

d6. fin=r+2a=0
. fin=ra=1

45, fin=r+2a=2
47, fin=~Fra=0

1- ] I-
8. Given that lim ?I=;.q¢kl}'emmllqi
- I

1 —Luf.l:

Sl ﬁ1'r='nlha!.|.1m—=l qu.uJ:J}-e.u-a]uahlnn

[ &z .
£ :i:ppme_fm_{Hﬂ “x}dhrpdymmﬂi;i:laﬂhlh

Explazn why I.'im_ﬁ.rh = pla} and délermns Ijmrlflf.rl.

fx<a

52, Explan bow o delermine limfi{x) if g and b ane polynomdals

gix} iz
and fixj= 4 ¢ ifx=ua.
hixy fr>a

Evaluate each lims and justify each step by citing the appro-
priabe Cheorem or squalion
)

A . I—4
@) bmi’—3c+1) (b ygﬁ

Evaluate each limit and josify each step by citmg the appro-
priake theoren or egualion.

- ;s .
{a) bm [ix+ lsing] (B) Em prenrs

Inexercises 55-38, use limy(r)=2. lim plx)=—3,and lim hix)=0
o defermine the limil, i possible.

55, lmm [3f{x) — Igix] S&. b | 3f(cgix)]
. i T sa. i e
A =2 fix) + hix}
I exercises 59 and 60, compuie the Bmii for pic) = 2° — L
. lim plp{p(p(I)} il lik p(3 + 2ptx — plajl)

6l. Fnd all the aror: i the following incormect siring of
exjualilies:

hmi—hm——ilmthl—ﬂ =i
P

e J—ﬂr i
62, Fimd all the ernors in the following incormeci siring of
equilities:
L-im'“h=9=l.

—=F I (1]
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Ciave an exampbe of functions §and g such that lim [fixkrgix)]
exists bt lim fx) and fim gix) do not exist *

Ciave an example of lumctions fand g such that | fix)-g{x)]
L=
axixis but ;1 least one of e fix) l:.jﬂ plx) does nol exist

I !jﬂ_f';-'i exisls and |:.I£E gix) does pol exisd s o always true
that bim | flrd+gix) ] does notexist? Explain,

hl&]ﬁ:]hm-mgummﬁh:‘!’l!hﬂﬂﬂﬁmnduﬁm
¥

I;lmmlhuﬁ o exisk. Explan

Ehmﬂuﬁb?—?lm pumerical evidence o conjeciure the
vilue of ilve limii i it exisis, Check your ansver with your
compuier algebra system (CASL I you disagree, which ane af

yaul IS correct?
G7. lim (1 + 2" 68 lm £'®
5= 301
6. lim o T lim o=
z—lF p—i¥
M. lim e 7% lim n.lll
=¥ I —0 x
T3 Assume that lm fix) = L Use Theorem 3.1 o prove that

T

75

e fx)]" = L. Also, show that lim [fix) [ =L,

Lse marthematical mduetson 1o prove that lim [fix) [*=L£" for
amy posibive mileger

The greatest integer Tonction i demoted by fivy = |1
and equals the grestest integer thal i less than or equal o x
This, [23] =2, | — 1.2) =—2 and [3] = . In spite of this ks
fact, sl thiat lim o] dowes mod exasL

Imvestigate the existence of [a) I.in't|1:|, [17] I.irlhji:],
(e} lim | 2] and (d) Bim (s — [x]) s ki

1-22

@ appLicaTiONS

1. Suppese asiate’s income tan code sistes the ta Hability oo x

olllars of 1axable income is given by

Pt :I_{U.]-h i 0 =< x < 0000

=1 1500 4 020 i 10,000 <

> i ) e
Cimpute II_ug Tixy, why s thes good? Conapule I_Iﬂnmﬂ:}:
why 1= this bad”
Suppide 4 sise’s mcome 138 code stabes that tax Labalsty 1%
[jimﬂtﬁmsmﬂm:bkwlnd 165 o the
remainder. Fnd constants a and b for the tax fusction

a+0.02r il x =< 20,00

™= {b+ 0. 16 — 20000 i x = 20,000

such that Bim Tich = Oaml Hm  Tir) exisas, Why i il impor-
31" £— HARR
tant B Elbeses limas to exis?

'@ EXPLORATORY EXERCISES
L The valee x =0 s called a zere of mubtiplicity o (n = 1) for

i ]
the Function fil ]mﬂ—lﬂi:h.ﬁ.rﬂ L% BN~ EETD bulli.m'ri=ﬂ.
—8 g y—n A1

Show that x = 0 is 3 zero of multiplicity 2 for & r= O s s
pero ol multiphicity 3 for x° and v = 05 & pero of maudipliciry 4
for 1. For polynomials, what does multiplicity describe? The
reasom the delinition 1% nol as straghiforward as we might hike
is 50 thal 1 can apply W sonpalynomial fuscions, as well
Find the multiplicity of x = 0 for fix) = sn x: fix) = sin o
fixi=sn " If you know that x =0 2 zero of mullipleity m
for i) and mulupicity o for gix), what can you sy about the
musltiplicity of x = 0 for f{x) + glo¥? fix) - glo” flglch?

We have conjectured that lim ? = 1. Using graphical
in?
sinly

and aumerncal evidence, conjeciare the valve of lerm T:u'u.l

SHILCT

lim o e varsous values of . Givenihat lim =1 foramy
=il X =il (ol
cumstant ¢ 2 (), prove thal your conjectune 15 comecl. Then

SRMMCT lancT
and hm ——— lor nambers © and k£ 00

evaluse lkm el

i~ sinky

@) 6.4 CONTINUITY AND ITS CONSEQUENCES

When told that & machine has been in confineus operation for the past 60 hours, most
of us would interpret this to mean that the machine has been in operation @l of that time.
without any interruption at all, even for a moment. Likewise, we say that a fanction is con-
fineenes on an interval if its graph on that interval can be drawn without interruption, that
is, without lifting the pencil from the paper.

First. look at each of the graphs shown in Figures 6.21a—6.21d to determine what
keeps the function from being continuous af the point x = a.
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REMARK 4.1

For f to be continuous ai
x = &, the definition says that
(i) file) must be defined,
(i) the limit im fix) most
cxist and o
{idi) the limit and value of f
at the point musi be the same.
Furiher, this says that a
fumction is continuous &t a
point exactly when you can
compe its limit st that point
by simply substifuting in.

FIGURE 6.22
r+lr—3
B e

x—1
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.v £

| ¥
i
I

FIGURE 6.21b
FAGURE 6.21a Sler) a5 defined, but ling () does
Sl is not defined {ihe graph has a ol exist (the graph hos 3 jungp st
hole at x = al. r=al
¥
¥ b
1
|
i
I
I
|
i
: |
!
d! 1 1"-.,. ; ‘JI.I
| I
FAE
FIGURE 6.21c
lom fix) exists and fia) s defined, FIGURE 6.21d
buat lirm i) # fla) (1he graph has a lim fix} does nol exist {the
hole at x = a). function “hlows up” a8 x approaches al.

This suggests the following definition of continuity at a point

DEFINITION 4.1

For a function [ defined on an open interval containing x = a, we say that fis
continmouns af a when

lim fx)=fla).

therwise. fis said to be discontinuous at x = a.

For most purposes. it is best for you to think of the intuitive notion of continuity that
we've outlined above. Definition 4.1 should then simply follow from your intuitive under-
standing of the concept.

EXAMPLE 4.1 Finding Where a Rational Function ls Continuous

Detcrmine 1.||'I'.1|:n:_,I"Lvr]-='%1’;1_3 15 CoTinuoas.

Solution MNobe that

F+2—3  (r—IMx+3)
i—1 - -1

fix) =

=X+ j,ﬁ:ﬂl.'.'l' ?E 1. Corva=l ey cavivmimnnin L Lini

This says that the graph of fis a straight line, bui with a hole in it at x= |, = indicated in
Figure $.22. 8o, fis continoous forv = 1. =
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REMARK 4.2

You should be careful not
o confuse the continuity of
a funciion ai a point with
its simpdy being defined
there. A function can be
defined ata point without
heing continuwous there.

{ Look back at Figures
6.21h, 6.21c and 6.21d.)

v =08 | Lix)

EXAMPLE 4.2 Remowving a Hole in the Graph

Extend the function from example 4.1 to make it continuous everywhere by defining it
at a single poani.
Solution  In cxample 4. 1. we saw that the function is continuous for x # 1 and itis
undefined at x = 1. So. suppose we just go shead and define i, as follows. Let
42 -3
plxi= =1 7
3 ifx=1,

ifx#1

for some real number a.
MNotice that gix) is defined for all x and equals fix) for all x # 1. Here, we havwe

*+2x—3
sl T r—1
=lim{x+3)=4.

3=

Ohserve that if we choose a = 4, we now bave that
b gixh =4 =gl

1=l
and. 5o, g is continoows af x= 1.
Note that the graph of g 1= the same as the graph of { seen in Figare 622, except
that we now include the point (1. 4). (See Figure 6.23.) Also, note that there's & very
simple way (o write g{x). {Think about thiz.j =

Note that in example 4.2, for any choice of @ other than & = 4, g Is discontinuous
al ¥ = 1. When we can remove a discontinuity by simply redefining the function at that
point, we call the discontinuity remavable. Mot all discontinuitics are removable, however.
Carefully examine Figures 6. 21b and 6.21c and convince yourscli that the discontinuity
in Figure 6.21c is removable, while the one in Figures 6.2 1b and 6.21d are nonremovable.
Briefly, a function fhas a nonremovable discontinuity st x = o if [ﬂ fix) does not exist.

EXAMPLE 4.2 Functions That Cannot be Extended Continuously
1 1
Show that {a) fix) = — and (b} g{x} =:m{;) cannot be exiended to a function that is
r
continuous everywhere.
Solution  (a) Observe from Figure 6 24a (also, constmict a table of function values) that
limn ]—, dioes nok exist.
e

Hence, regardless of how we might define f{0), fwill not be continuous at x = 0.

(b) Simalarly, observe that Elil'.l'lb cos{1/x) does not exist, due to the endless oscillation
of cos { Lix) as x approaches 0. (See Figurne 6.24b.) Again, notice that since the limit does
niw exist, there i no way to redefine the function at ¥ = 0 to make it continsous there. = |

From your experience with the graphs of some common functions, the following
result should come as no surprise:

THEQREM 4.1

All polynomials are continwous everywhere. Additionally, sin x. cos x. tan™" x and &
are continpous everywhere, ¥x is continuous for all x, when # is odd and for x > 0,

when n is even. We also have that In x is continuous for x > 0 and sin™" x and cos™" x
are continuows for —1 < x< 1.
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PROOF

We have already established (in Theorem 3.2) that for any polynomial p{x) and any real
number a,

lim pix) = pla).

from which it follows that p is condineous at ¥ = a. The rest of the theorem follows From
Theorems 3.3 and 3.4 in a similar way.

From these very basic confinwous funciions, we can build a large collection of contin-
wous functions, using Theorem 4.2 m

THEOREM 4.2
Suppose that Fand g are continwous at x = 4. Then all of the following are true:

i. { f4 g)is confinuous at @ = @,
ii. {f - g) is contimuous at x = a amd
ii. | ffe) & continnous 8t x = a if gla) = 0

Simply put. Theorem 4.2 says that a sum., difference or product of cominuwous func-
tions is continoous, while the quoticnt of two continwous functions is continuous af any
point ai which the denominaior is non-zero.

PROOF
{i} If fand g are continnous ai x = &, then

!'Entu—t:"ﬂfm.t]‘:I‘lE].f[.[}ilxlﬂ X}  Prns Theorsm 3.1
=f!f1}:t ﬂﬂl‘ Sras faal e scoenlunane &a
= [+ ghla),

by the usual rules of limits. Thus, (f+ g) is also continuoos &t ¥ = a.
Pants (i) and {iiiy are proved in a similar way and are lefit as exencises. m

EXAMPLE 4.4 Continuity for a Rational Function

¥ -3¢ 42

r=3x—4’

Solution  Here, fis a quoticnt of two polysomial (hence continuous) functions. The
computer-generated graph of the function indicated in Figure 6.25 suggests a vertical
asympiote ai around x = 4, but doesnt indicate any discontinuity. From Theorem 4.2,
SFwill be continuwous at all ¥ where the denominator i not zero, that iz, where

Determine where {is continuwous, for fix) =

Fodr—d={x4 Dxr—4)£0

Thus, fis continuous for ©# —1, 4. (Think about why you didn't see anything peculiar
about the graph aix=—-1.) =

With the addition of the result in Theorem 4.3, we will have all the basic iools nocded
to establish the continuity of most elementary functions.
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Figure 6.26
feomBmmous on [a, b
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THEOREM 4.3
Suppose llJ.B.I.:L!I_.:I'I;I glx) =L and {is continuous at L Then,
lim fig(x)) = f{lim g00)) =fiL).

A proof of Theorem 4.3 is given in the Appendix.

Miotice that this says that if fis continuoos, then we can bring the mit “inside”
This shoold make sense. since as 1 — & gix) — L and so, figlx)) — fiL), since fis

contirous at L.

COROLLARY 4.1

Suppose that g is continuous ai @ and (s continuoas ai gla). Then, the composition
o g is continuous at

PROOF
From Theorem 4.3, we have

lim ({0 g)x) = lim fig(x)) = f{lim g(x)
=ﬂg{u‘|} = Uﬂ-g}{-ﬂ’ Simce ¢ ii Coniliiuboin il a. [l

EXAMPLE 4.5 Continuity for 2 Composite Function
Dictermine where filx) = cos (© — 5x + 2} is confinuous.
Solution Mote that

hlx) = Figixi),
where g{xj = — 5r+ 2 and fix) = cos x. Since both fand g are continwous for all x &
15 continwous for all x, by Corollary 4.1, m

DEFINITION 4.2

If fis continuous al every point on an open inferval {a, ). we say that fis
continuous on (@, By Following Figure 6.26, we say that fis continuous on the
closed interval o, #]. iIf fis continnous on the open interval (e, b) and

lim fix} = fTar} and .h_T filxh =fif).
Finally. if f is continuous on all of (—oo, e}, we simply say that fis continuous.
{That is. when we don't specify an interval, we mean continnous everywhere. )

For many functions, it°s a simple matier (o determine the imtervals on which the func-

tion is continuous. We illustrate this in cxample 4.6.

EXAMPLE 4.6 Continuity on a Closed Interval
Dietermine the interval(s ) where fis comtinuous, for fir)= v'4 — 1.
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Solution First, ohserve that [ is defined only for —2 £ v £ 2 Next, node that fis the
composition of iwo continuous functions and, hence, is continuows for all x for which
4 — 1 = 0. We show a graph of the function in Figure 6.27. Since

4-xr'=0
for -2 « x < 2_ we have that fis continuous for all x in the interval (-2, 2},
by Theorem 4.1 and Corollary 4. 1. Finally, we test the endpoints to see that

lim V4 — ' =0=f2)and lim V4 —x'=0=f{—2)so0 that fis continuous

e

on the closed interval [-2, 2] =

EXAMPLE 4.7 Imterval of Continuity for a Logarithm

Determine the intervalis) where fix) = In {x — 3) is continuoas.

Solution It folbows from Theorem 4.1 and Corollary 4.1 that fis continoous whenever
{x— 31> 0ie.. fior ¥ = 3). Thus, fis continuous on the interval (3, o). ]

The Internal Revenue Service presides over some of the most despised Rmctions i
existence. The first few lines of a recemt Tax Rate Schedule (for single taxpayers) looked like:

For taxable amount aver Bk el over your ter febility i iy
A0 Sl 10% 1]
Sl 527950 15% ELLH
527,950 SHT.T00 2% 53654

Where do the numbers 5300 and 33654 come from? If we write the tax lishility Tix) as a
function of the raxable amount ¥ (assuming that ¥ can be any real number and not just &
while dollar amount), we have

0. 10x if O = < GO
Tixh=« 0.153x—300 if G000 < x < 27,950
0.27x — 3654 if 27950 <x < 67700,

Be sure yvou understand our ranslation so far. Note that it is important thai this be a contin-
wous function: think of the fairness issues that would arise i it were not!

EXAMPLE 4.8 Continuity of Federal Tax Tables

Verify that the federal tax raie fonction T is continuous at the “joini™ x = 27, 950 Then,
find a to compleie the table. (You will find b and ¢ as exercises. )

For invable amound over | but pof over | your fex Saobility f5 | mings

S6T, Tl S141, 250 I a
S141,250 ST 050 3% ]
307,050 -_ 3E6% c

Solution For T to be continuoes at x= 27 950, we must have

l—]:Jﬂ:l:er. Tt.l} = I—IJE:I‘m- RIJ-

Since both functions (. 15x — 300 and 0.27x — 3654 are continuous, we can compute the
one-sided limits by substiuting x = 27,950, Thuos,

!t_;mm M) = 0150279500 — 300 = 3892.50
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and
lim Tix)=0.27(27.950) — 3654 = 3892.50.

PRRCET

Since the one-sided limits agree and equal the value of the function at that point, Tix)
is continuouns at x = 27,950, We leave it as an exercise to establish that Tix) is also
continuous ai x = G (Node that the function could be writien with equal signs on
all of the inequalities; this would be incorrect if the funciion were discontimious. ) To
complete the table, we choose @ o get the ope-sided limits at x = 67,700 to madch.
Wi have

g 2 i = s
:_]g_‘r_nm_ Tx) = 02T6T, T — 3654 = 14625,

while
fim Fixh=030{67,700) — a=20310 —a.
17,700

S0, we sel the one-sided limits equal. 1o obiain
14625 =20.310 —a

a =20310— 14625 =5685. m

Theorem 4.4 should seem an obviows consequence of our intuitive definition of
coniinuity.

THEOREM 4.4 (Intermediate Value Theorem)

Suppose that f is continuous on the closed imterval [a, b] and W is any number
between o) and fik). Then, there is 3 member ¢ € [ #] for which fic) = W

Theorem 4 4 says that if [ is continuous on [a, &, then f most take on every valoe berween
Sl and fib} at beast once. That is, a continoous function cannot skip over any numbers
between its values atthe two endpoimts. To do so, the graph would need w leap across the
horizontal line v = W, somcthing that continoous functions cannot do. (See Figure 6283 )
Of course, a function may take on a given value W more than once. (Sec Figure 6.28b.)
Although these graphs make this resolt seem reasonable, the proof is more complicated
than you might imagine and we muost refer yoo to an advanced calcualos text.

fibi4
W = fie)

_:'.'ri- W

=1
gross o e ) 'fldl H
.................. + i
FIGURE 6.28a
An thustration of the latermeduite FIGURE 6.28b

Wiadnia Tiherom Misre them ome value of ©
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FIGURE 6.30
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In Corollary 4.2, we sec an important application of the Intermediate Value Theorerm.

COROLLARY 4.2

Suppose that fis continwous on [a, &) and fa) and (b} have opposite signs
[ie., fla) - fib) = 0]. Then, there is at least one number ¢ € {a, b) for which fic) =0
{Recall that ¢ is then a zere of )

Motice that Corollary 4.2 is simply the special case of the Intermediate Value Theorem
where W = (. {5ee Figure 6.29) The Intermediate Valuwe Theorem and Corollary 4.2 ane
cxamples of exisfence theorems; they iell yoo that there exists a number ¢ safisfying some
condition, bat they do maor tell you what ¢ is.

O The Method of Bisections
In example 4.9, we see how Corollary 4.2 can help us locate the zeros of a function.

EXAMPLE 4.9 Finding Zeros by the Method of Bisections
Find the zeros of fixl=x° + 4 —9x + 3.

Solution  Since fiz a polynomial of degree 5, we don’t have any formulas for finding

its zeros. The only aliernative, then. is to approximaie the zeros. A good starting place

woitld e to draw a graph of ¥ = fix) like the one in Figure 6.30. There are three

zeros visible on the graph. Since fis a polynomial. it is continwous everywhere and

s0 Corellary 4.2 says that there must be a zevo on any interval on which the function

changes sign. From the graph, youo can see that there must be zeros between —3 and

=2 berween (0 and 1 and between | and 2. We could also conclude this by noting the

function’s change of sign between these v-values. For instance, il =3 and fi{lj=—1.
While a rootfinding program can provide an accurate approximation of the zeros,

the issue here is pot s0 much to get an answer as it is o understand how o find one.

Corollary 4.2 suggests a simple yet effective method., called the methed of bisections.
Taking the midpoint of the imerval [0.1]. since fi05) = —0.469 < 0 and /D) =3

> (I, there must be a zero between O and 0.5. Next, the midpoint of [, (.57 is (.25 and

ST 25y = 1001 = 0, so that the zero is in the interval (0025, 0.5). We continoe in this

way o narrow down the interval in which there’s a zero, as shown in the following able.

a b fim) | b Midpaint | fimiclpaint}
0 1 3 -1 L5 —{i4649
0 5 E] —0.46% | 025 1.0k
0.25 (.5 1Ml | —04e% | 0375 {195
0.375 0.5 OL1YS | —0D.469 | (L4375 =156
0.375 (L4375 195 | —0056 | 40625 {4ns
D625 | (L4375 DS | 0156 | (. 42IRTS —{{72
040625 | (421875 QS | —0072 | (4140625 —{29
040625 | (L4140629 eS| —002e | 041015625 —ANT
040625 | (41015625 | 0ANS | —0.007 | (40E203125 {00k

Continuing this process through 20 more steps leads to the approximate zero
x =0 40892288 which is accurate to ai least eight decimal places. The other zeros can
be found in a similar fashion. =

Although the method of bisections is a tedious process, it's a relishle. vet simple
method for finding approximate zeros.
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EXERCISES 6.4 (@:}

() WRITING EXERCISES

1. Think sbout the following “real-life” funcions. sach of which
i4 & function of te mdependent varisble tmwe: the height of
a falling object, the amount of money ina bank acooum. the
chodesterol level of a person. the amounl of a certain chemical
present i a besd lube and a machine's mosl recenl measure-
menl of the cholesterol bevel of a person. Which of these ane
continiaous funciions? Explain your answers.

1 Whether a process 5 continuois or 801 18 nol always clear-cut.
When you watch television or a movie, the action seems o be
continiots. This is an optical illusion, sisce both movies and
leleviapm consd of mdivebual “snapshots™ that ane played
back ® many frames per second. Where does 1he diusion of
continsos motion come mom? Civen that the average peramn
Ik several times per manute, 1% our perception of the warid
actually continuons?

3. When you sketch the graph of the parabols v = x° with penel o
pem, i your sketch (al the molecular level) actually the graph of
a comtimious funciion”? Is your cabeubstor o compaiter actuslly
the graph of a comtisuos Tenetion™ Do we ever bave problems
ommetly interpeeting 2 graph due to e Bmstanms?

4. For each of the graphs m Figures 6.21a-6. 21, deserbe (with
an exampbe) what the formula For o) maght look like w0 pro-
e the given sraph,

5 DMscussing coabinmty graphically.

Imuficate whether the Follving slatements are true or false.
Jusaify your answer.

{ak 4} is undefimed

b1 fi—-lp=1

(€} lim fixy=

(i Fxh iy contromous af x = —1
e JFlxh iv comtimmous af x =0
(0 fi{xh v continuous af x = 1

In exercises 1-14, determine where §is continss. I possible,
extend [ a5 in example 4.2 b0 a new funciion that i confinuons

an a larger domain.
r4+r-2 r—x—-6
1. R 1 = e
fx x+2 Chald x—3
A frg=2—1 L e

=1 r4x—-2

6-30

3x

dx
et o Tk

i M=
o+ d f

7. fini=xtanx B firi=xeolx

9. fixi=lnst 1 fix) =3ax’

Ir il
o "HI]={.|:: x>1

iy
1L fixi=4
1
ifr<—1I

ir—1
14 finj=4 £ 4% H—l<r<l
X ifrzl

ifx#0

ilx=0

2 r<i
14. ﬁli={ﬁi.|1.1: fll<x<nx
x—x fr>x

In exercises 15-20, explain why each lunction Fails (o be o
tinuowus al ihe given r-valoe by indicaiing which of the thres
conditions in Definition 4.1 are mod mel.

15 fini=

¥ #Mx=1
-1

o
16, fixi=

1
ax=1
1

17. H.l:]:m—[ atx=0
x

-1
18, ,Fl'.t'|='f_lalx=u
x ifx<2
19 fini=4 3 ifr=2alr=2
Ax—2 ilx>2
_ji lx<2 iy
B A= V-2 ixm2™*=?

In exervises 21-38, delermine the infervals on which [ i
contimmos.

Il. fixi=vx+3 I fir=vwr—-4

M fii=vr+ 2 3 fin=ic— 1™
25 firi=sn N+ 2) 26. fix) =ln{sin x}
14+ In{x™— 1)
. fin="— M fix =
=2 VE—2r

1. Suppose thal o sate’s moome tax code siaes that the s lia-
biligy mn x dodlars of axable income is given by
ifx<i
il 0= o< 10,000

i
Tixh= < (Lldx
c+ (20 f 10,000 < x

Determine the oonstant ¢ thal makes this fwnction conting-
o Tor all © Give a mtionale why such o fonction shoald be
COMLITIHAIS,
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A,

L
3k

Suppose a slae’s income Ly oo states that tax Babslity is

12% om the first SH0U000 of taxable earmimgs and 16% on the

remainder. Find constanis o and b for the 13 function
dx<0

]
T[J:h:{a+l:l.l*_l: i 0 < x = 00
b+ 0 by — 2000005 of x> 20000
such that Tx) e continmons for all ©
Lo example 4.8, fmd & and © 10 compleie the 1able.
In examyple 4.8, show that Tix is conbouoas for x = G000,

In exercises 33-36. wse the Infermediate Valoe Thesrem 1o
verily that fir) has a 2ero in the given interval. Then use the
methnd of bisections o fnd an inderval of lengih 1032 thai con-

lains the pero.
B oflg=~-T, a) (23 by [-3.-2)
M fid=a"—da-2, fa) L3 b [-1.0]

A5 fin=eosx—x L 1)

3 fini=e"+x[-1.0)

In exercises 37 and 38, use ihe given graph io identily all inter-
valks on which ihe lunciion is confinuous,

ErA

In exercises 3941, delermine values of o and b that make Uhe

given lunction confinuous,
Jsmx

ifx=0

=10

coixr Wx=0

SECTION 6.4 Contimuity and its. Consequences 343
a4 1 ilx=0
M i
4, fix)=4%n E <y <

‘x4 b ifx>2

s 2 Wx<0

dL firp=42:"+1 o<y 3
Inix— 2+ Hxr=3
42, Prowve Corodtary 4.1,

A funetion is contingons Crom tse right alc = a if lim flx) = fla).
In exercises 43 and 44, determine whether fix) 5 contimsous
froam the right ai r = L

2 il 2

4. ={r wr<
A=V 3 iand
1 fx<c2

dd. fixj=4 3 fx=2
ir—31 dxr>2

45

47.

5L

51

Diefime whal it mesns for a function o be contimbes from
ihe leli 31 x = o aned determine which of the functions m exer-
cises 43 and 44 are contimsous from the lefl gy =2
5u.ppﬂﬁelhﬂ_ﬂ'ﬂ=ﬁ:ﬂﬁtu]=ﬂ.lh:rum whether
x
each of the fullrwing siatements s slways roe. slways Glse,
or maybe truefmaybe falwe. Explam. {a) lim f{x) dies mot
exiaL, (b fx) 1% nol oonbimsous al x = a.
&wﬂlhﬂj.ﬂisn:rﬁmnmi::llﬁmllm{ﬂ afix) =1
The converse of exercie 47 15 ool roe. That . the fse
|Li.1'la.1;ﬂ.1:1=u does not pusramtes thatl fix) o contmuous al
x = 0. Find a counlerexample; that s, fmd a fosction (sech
I!l.u.l|l.'|.r_||} iy =0 amd fx) 15 nol cominuons 38 =0
11 fix) es contingous al x = a_ prove Lhat gixh = | fx)] is conn-
Bos ol r =
Dietermine whether the comerse of evercioee 49 s e, That
w5, if [fix}] 15 contingous af x = a, 1% il necessarily troe that fix)
must be commueus ol x=a’
Let fix) be a contingous fonciion for x > o and define
Ml}:_rnyﬂs.l.: ik Prove that fix) e continwous for o 2> a. Woald
this sl be troe without the asuamplion that fx) s contimous?
&, ifx#0
i = and
A0 4, dr=0
tim fgion 2 f{lim gix ).
Suppose thal fxp i a comtinosous function with conseculie
#eros al 1 = o and x = b; that ik, fa)= 5= 0 and fxj 2 0
for a < x < b Funther, suppose that fic) = 0 fir some num-

ber ¢ between o and b Use the Intermediate Value Theonem by
angue Chat fx) = 0 for all @ < x < b

gpixt=2x, show thal

400
For fix)= 2x — —, we have f{—1) = 0 and 2} < 0. Does the:
x

Intermediate Value Theorem guarantes & 2enooof {1) between
x=—1 and x = 37 What happens i you try the method of
bisections
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Prove that if Fis continmous on an mierval [ b fo) > o and
Sfilry < b, then fhas 3 fined pont |3 solution of fx) = ] in the
interval {a, b).

Prove the final two parts of Theoren 4.2

_lﬂ.l.l"—Bi.‘l."-[—lli
L L =3+

x lor which s not continaous.

angl determane all real numbers

Use the method of brsectons 1o esirmate e ofler Dao feros
in example 4.9,

@ APPLICATIONS

If yons push gentby on a beavy boa resting on the ground. a1 i
nofluing will happen becawe of the aatic fnction loree that
opposes. motion. I you pash hand enowgh, the box will stan
slubing , although thens is again a friction foece that opposes the
muotion. Suppose you are given the following descriptson of the
fraction force. Up o 100 pewions. Frction matches the foros you
apply o the bax. Over W0 pewtons. the box will move and the
frsction foece will equal 80 newtons. Sketch a graph of frictxm
a% a function of your applied force bosed on this descrip-
o Where s this graph discontinuous What is significant
physecally shout this poiat? Do vou thmk the friction fonce
acnually cazht 10 be contmuons” Modify e graph o make i
contineous while stll retammg most of the charscterisics
ibssrribed.

Suppose a worker's salary siaris at S40,000 with $2000 maises
every 3 months. Graph the salary fusction s(6; why is it dis-

20
contineous” How does the function ﬁrﬁ=m+Tl

(¢ in meoaths) compare” Why might it be easier 1o do calecula-
lons wath f{#) tan sir)?

On Monday mormnag, 2 salesswoman beaves on a business rip
ar 7T:13 am and arrives alher destnation at 2:03 s The fol-
lowwimg macrning, she leaves for home at 7:17 as and srrives
at 1:59 psa. The woman nolices that a1 a particolar stoplight
abong the way, anearby bank clisck changes from 10:32 4 o
133 s on both days. Therefore, she mius have been at the
same location al the same time on bath days. Her boss doesn’t
believe that such an unlikely coincubence could oocur. Use the
Intermediste Yalue Theorem o argwe that i must be rue tha
al same point on the trip, the saleswoman was at exsctly the
schrme place 3 the same e on both Monday amd Teescday.

Suppuose You ease your car ug ko & Sop sign al the Lop of a kil
Your car rolls back a hall meter and then you drive throesh
thee imersection. A police officer pulls you over for mol com-
ing Lo a complete stop. Use the Intermediate Value Theonem

6-32

i angwe that there was an mstand in thme when your car was
stopped {in (a1, there were a1 least two). What 15 the deffer-
ence bebween this soppmg and the stopping that the police
aflicer wanted bo oxe?

The zex of mewborn Mismsippi alligstors 5 determined
by the wemperature of the eges in the nest. The egps il 1o
ievelop unbess the empermbune s between 2670 and 3600 All
egps between 26°C and 30T develop mio females, and egps
between 34°C and 36°C develop oo males. The percentage of
females dereases from HFE 20 30°C po (6 a0 34°C. I AT 1%
the percentage of females developing from an ege at T'C. then

10 26 <7< 30
AN=4{ g H30=T<=34
L] i34 = T < 36,

o s Tumctsom g 7). Explais why il i reasonable that [ 77 be
comtimious. Determine a functon g{T) soch that 0 < g(T) =< 100
for 30 < T < 34 and the esubting function A7) & continsous.
[Hiina: It may help 1o drw a graph firt 3nd make g{T) Hnear |

@HPLMTBWME
B 1. I the eal we discissed the pee of the method of b

ing 1o find an spprogimate solutbon of equstions such as
fxi=x"+5x — | =1 We can start by noticing that /i) = —1
and [ 1)= 5. Serce fix) s continmois, the Intermediate Valie
Thewrem: tells us that there is 2 solution between x = 0 and
x= 1. For the method of bisections, we guess the midpoint,
=05 Ik there any reason 1o suspect that the soluton s acis-
ally closer wa x = 0 than 1o x = 17 Using the luncison valses
A= —1 and f1)y=3, devize your own method of gwessing
the location of the salution, Ceneralize your method 1o using
Mad amd fTb), wihere one Tunction vabue s posiive and one is
negative. Compare your method bo the method of bisections on
the problem o + 5x — 1 =ik for both methods, stop when you
are within 0001 of the solution. © = (L1984, Which methaod
performed bener? Before you gel owenconfident in your
method, compane the two methods again on ' + 5S¢ — 1 =L
Does vour method gt dlose on the first 1ry? See if you can
determine graphucally why your methisd works betier om the
first poobbem.

Dhetermine all values of x for which esch function is conbnuos.
_ 0 i xig irrational
= {: if T % rational
.!"IJ!!I={I:+3 il @ is irranonal
dx il x s ratiomad amd
Hrr:{mﬁd.r il T i% irrational
simdx  if 1w rakonal

(@) 6.5 LIMITS INVOLVING INFINITY; ASYMPTOTES

In this section, we revisit some old limit problems 1o give more informative answers and

examine some related questions.
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¥ EXAMPLE 5.1 A Simple Limit Revisited

1k 4 1
thn Examine lim —.
==l Y
Solution  OF course, we can draw a graph {see Figure 6.31 ) and compate a table of
. AR - ., unction values easily, by hand. (See the tables that follow. )
= . - gt 1 1
rﬂ x 3 While we say that the limits lim — and lim — do not exist, they do so for different
T} o 4
| 1 1
flep) reasons. Specifically, as @ — {I"I inereares without bound. while as ¥ — 07, = dee redases
™ without bound. To indicate this, we write
1
FIGURE 5.31 lim — = aa (5.1}
| " " X
|J_If!."l —= oo and I_llhn —-=—g0
s e and
1
- 1 lim — = —oa. {32)
T ="y
1
ol 10 Graphically. this says that the graph of v = — approaches the vertical line x = 0, as
001 100 x
008 1600 x — [}, as seen in Figure 6.31. When this ocours. we say that the line x = (M is a vertical
- . 0000 asymiptote. It is important to note that while the limits (5.1) and (5.2) de nov exisr, we

say thai they “equal” oo and —eeo, respectively. only o be specific as to why they do not

L RS exist. Finally, in view of the one-sided limits (5.1) and (5.2), we say (as before) that

1
lim — does not exist

5 1 == [
x
—0,1 — 1
.01 — 100 REMARK 5.1
—{1.0H0] — 1K)
—0oom | — o000

!
fi may ai first scem contradictory to say that lim ~ does not exist and then t
=0T | — DR DK I] o e :El.l;.' X S i

wriic lim — = oo, However, since oo 15 Rod a real nomber, there is no contradiction
1" X

here. We say that I'tm_%:m io indicate thai as x — (", ihe function valees are
a—{f
increasing withowt bound.

EXAMPLE 5.2 A Functlon Whose One-Sided Limits Are Both Infinite
¥ Evaluate lim l
3==ll r

Solution The graph {in Figure 6.32) seems to indicate a vertical asympiote at x = 0L
From this and the accompanying tables, we can see tha

1 1
x = * =
= s
0.1 ] —(1.1 100
L LB —0.01 1ChHHD
0.001 I = 1P —0.001 1 1e
= i
001 I % |u'_ — (100 I x m‘_
LLOG01 1 % 10" —0o000E | 1o 1™
FIGLURE 6.32
1 ] . |
fim — = oo m—=m and lim—=m.

Tlp g 0 N =i =
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REMARK 5.2

Mathematicians ry to con-
vey as much information
as passible with as few
symbols as possible. For
instance, we prefer to say
lim —I, = oo rather than
=0y

lim l, dioes not exist, simce
e

ihe first statement not only
says thai the Imit does mwot

1
exist, b also says that —
x

increases without bound as
x approaches 0, with.x = ()
ary <k

I Lt
i
;. |
1
I—s |
? = H}
-5 I
i
—10 sk b
Figure 6.33
I
7 = oo and
15" [x — 5]
b — ==
i = 5
¥
F 3
1+
) |
it |
I
I
- I
P PR i i e
-k -] : 4
I
=5 I
Fixi]
Figure 6.34
x+1

Jom, m dhis=s nol exiad.

Limits. and Continuty 6-34

Since both one-sided limits agree {i.e_, both tend o o2 ). we say that
|
b —=oa.
:|'\--vl:|'_’_'1

This ome concise statemend says that the limit does not exist, but also that there is a
vertical asymptote at x = (0, where f{x) — oo as xr — 0 from eitherside. m |

EXAMPLE 5.3 A Case Where Infinite One-Sided Limits Disagree

Evaluate lim -
=5 {x'— 5)

Solution  From the graph of the function in Figure 6.33, you should get a pretiy clear
idea that there’s a vertical asymptote ai x = 3. We can verify this behavior algebraically,
by noticing that as x — 3, the denominaior approaches 0, while the numerator
approaches 1. This says that the fraction grows large in absolute value, without bound
as x — 3. Specifically,

We indicate the sign of each facior by printing a small “4 or “—" sign above or
below each one. This enables you to sec the signs of the various terms ai a glance. In
this case, we have

+

lim j=-E|:l. L TTE T T i
n—i'fx-j]
(r—3F =0 and -5 <0

Likewise, as X— 5"

In this case, we have

lim T=—M. Simce in = 50" o K fiwr 0 3

a5 u_'__j}

does ot exist,

Finally. we say that limn
¥ Ly s ]

since the one-sided limits are different. =

Based on examples 5.1, 5.2 and 5.3, recognize that if the denominator tends 1o 0 and
the numerator does niet, then the limit in qguestion docs not exist. In this event, we determine
whether the limit tends to 00 or —eo by carcfully examining the signs of the various factors.

EXAMPLE 5.4 Another Case Where Infinite One-Sided Limits Disagree

i+ 1
Evaluate lim —————.
e N — 3+ 2)
Solution  First, notice from the graph of the funciion shown in Figure 6.34 that there
appears ie be a vertical asympiote at x = —2. Further, the function appears o end o oo
asx — —27 and o —eo a5 ¥ — =27, You can verify this behavior, by ohserving that
m AR = o
.--1-:1?3].1’_::4-2!_ o e

I;] e Ci & T} 1T
im —————=— "'_'II"', g I,,II .I -7 I
— e+ ) iul {ir 3 2 i o o =1
- 3

S0, there is indeed a vertical asympiote a1 x = —2 and

i+ 1

m ————— does not exist.
=2 {x — x4+ 2) u
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EXAMPLE 5.5 A Limit Involving a Trigonometric Function
Evaluate lim tan x.

Solution The graph of the function shown in Figure 6.35 suggests that there s a
vertical asympiote atx = % W verify this behavior by observing that

= LT R N T FRTTE e
L 5 RNnX

lim tan x = Lim = . =
S 1—r CORX ok

P Simr G Band oo i

. : S50 X i —

and lim tan x = lim =—a. 7
i - CO5 X

Tz

i
So, the line x = % 15 indeed a vertical asympinie and

lim tan x does mot exist.

r—3 |

O Limits at Infinity

We are also interested in examining the limiting behavior of functions as x increases with-
oul bound {writien ¥ — o) or 28 1 decreases withouot bound (wriiien x — —oao . Reiurning

1 1
m_ﬂx}:;,ﬁtcumﬂm:ax—-m.;—-D.[lnri:walﬂ:is,“'twﬁt-r:

fimn e .

B r

_ |
Similarly, :ll_ll;-: =1k

Nofice that in Figure 6.36. the graph appears o approach the horizontal line v = (), as
x — oo and as x — —oeo. In this case, we call v = 0 a horizontal asymptote.

EXAMPLE 5.6 Finding Horizontal Asymptotes
Find any horizontal asymptotes to the graph of o =2 — %

1
Solution We show a graph of v = fix) in Figure 6.37. Since as x — 1@,; — [, we
got that

o)
and _Eg;(l—%):l

Thus, the line v = 2 is a horizontal asympiote. =

1
As you can see in Theorem 3.1, the behavior nl'?_furany positive rational power L
1
a5 x — o0, is largely hh:mn:asw:nlmtdﬁurﬁx}:;.

THEOREM 5.1

For any rational nomber 1 = 0.
iyl
.Egln_r_u‘

where for the case where 1 — —oo, we a.-’.su:n:tha.‘lr:%, where g is odd.
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REMARK 5.3

All of the usual rules for lim-
its stated in Theorem 3.1 also
heald for limits a5 @ — 400,

-

EE

—4 &

Figure 6.38

5r—T 5

i ——=—
—=dr+3 4

T
a

£
+
s
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—

(L]

| o ks

LLELT]

1. 247315

LRI

1.249731

BUNLCHD

1.249973
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A proof of Theorem 5.1 is given in the Appendix. Be sure that the fim]nwingargumtut
makes sense io you: fory >0, as x —-m,ma]mluwf—-m,mllm; — .
In Thexorem: 5.2, we see thai the behavior of a polynomial st infinity is casy o determine.

THEOREM 5.2
For a polynomial of degree i > 0. p (x) = a,2" 4 g, _ X - - 4 iy, we have

i == ifig =0
I = . _
2 Pt {—m. ifa, <0
PROOF
e EEI’F,.{I] = :IEFE: (e x™ 4 da g ¥ 4 - - = da)
= lim [f(a,+E+___+ﬂ-'_:H
T—an X -
= a0,
W > 10, wmon ﬁlﬂ{d.+a"'L+---+ﬂ]=u_
B O .t -r.

and Ef:m.'ﬂmmult iz proved similarly for a, <0.m

Observe that you can make similar statements regarding the value |:|t"!'|_|:|1“l el xh, bt

be careful: the answer will change depending on whether & is even or odd. (We leave this
&% &0 CXerCise. )

In example 5.7, we again see the need for cantion when applving our basic rules for
limits {Theorem 3.1}, which alse apply to limits as x — oo orasx — —ee.

EXAMPLE 5.7 AlLimit of a Quotient That Is Mot the Quotient of the Limits

5r—7
Evaluaie lim -
s~y 4 3

Solution You might be tempied to write

Sy —T JJm{i.[—?] Thiss se st iowwwree ] se of Thestem 11
lim = l._n =Mt i D iy wor i the
T "'t + 3 !ﬂ{u + 3; Scysirruraie i i rasl
= E =1 Thits &= incmeecr! {5_3}

The graph in Figure 6.38 and the sccompanying table suggest thai the conjectuned value
of 1 is incorrect. Recall that the limit of a quotient is the guotient of the limits only
when badh limits exist (and the Bmii in the denominator is non-zero). Since both the
limit in the denominator and that in the numerator ane mfinite, these hmits do mor exvis

It turns out that. when a limit has the form =, the actual value of the Limit can be
anything at all. For this reason, we call = an indeterminate form, meaning that the
value of the limit cannot be determined solely by noticing that both numerator and
denominator tend to oo,

Rule of Thumb: When faced with the indeterminate form 2 in calculating the
limit of a rational function, divide numerator and denominator by the highest power of
x appearing in the denominaior.

Here, we have

. 5x -7 ’ Iif— 7 fl;]:l Alultigdy mencrabin med
lim 2 b :
== gy 4+ 3 e I_d'.l'+ 3 {“‘J':l deimitriiior by :
5—Tix i

Sbultiply though by —

= 3§+ 3x
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lim {5 — Thxh
eoy

By Therem 1.0 fivd

~ lim {4 + 3/x)
5
==—=1.725,
4

which is consistent with what we observed both graphically and numerically. =

In example 5.8, we apply our rule of thumb o a common limit problem.

EXAMPLE 5.8 Finding Slant Asymptotes

. 4x 4S5
Evaluate lim ﬁ and find amy slant asympeotes.
= b — T
Solution  As usual, we first examine a graph. (See Figure 6.3%.) Moie that here, the

graph appears to tend © —os a5 x — oo Forther, observe that cutside of the interval
[—2. 2], the graph looks very much like a straight line. If we look at the graph in a
somewhat larger window, this linearity is even more apparent. (See Figure 639, )

¥ ¥

4t
Figure 6.3%9a Figure 6.39b
23 A+ 5 o A+ 5

T —Ar—=Tr T —f"—Tx

Using our rule of thumb, we have
Ac+s L[ ar'+s :1;:1:]

m —————= il = - ~ | ¥ AP [ rme—p— T
b — T T |- —Tx (1fx) "
_ gy i #3IE " |
= & I Bafiardy tirough In .

- —I'.'l:'.,

since 85 ¥ — oo, the numerator tends o so and the denominator tends o —6.
To further explain the behavior seen in Figure 6.39%b, we perform a long division:

445 2 7 54490
+ -+

Er-Tx % 0 _ar—Tx

Since the third term in this expansion tends to () as x — oo, the function values
approach those of the linear function

..
3 9

as x — oo For this reason, we say that the graph has a slant (or oblique) asymiptote.
That is, insiead of approaching a vertical or horizonial line. as happens with veriical or
2 7
horizontal asympiotes, the graph is approaching the slanted siraight line ¥y = —3 T+ e
(This is the behavior we're secing in Figore 6.3%. ) = |
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Limits imvolving exponential functions are very imporeant in many applications.

EXAMPLE 59 Two Limits of an Exponential Function
Evaluate lim &' and lim &'

2=l =i
Solution A computer-gencrated graph is shown in Figure 6. 40a. Although it is an
unusual looking graph, it appears that the function values are approaching (0, as x
approaches () from the lefi and tend to infinity as x approaches 0 from the right. To
E ) 1 .
verify this, recall that .I";Tu“ = —a aul:l‘lj._m==" = [ (Sece Figure 6.40b for a graph of
v=¢") Combining these resulis, we get

lim " =0.
a—if

T

¥= el v= P
. - - J' = 1
Simmilarly. IH‘E — = oo and lim & = a0, 50 that
¥ =i ¥ T

- RLix
lim e =waa.
I L §

-2 2 H As we see in example 5_10. the graphs of some inverse trigonometric functions have
14 horizontal asymplotes.

Figure 6.41a EXAMPLE 5.10 Two Limits of an Inverse Trigonometric Function
Evaluate ‘Eijgtan" rand lim tan~" x

+ Solution The graphof ¥ = tan~" x {shown in Figure 6.41a) suggests a horizental
asymiptote of about ¥ = —1.5 as ¥ — —oo and about ¥ = 1.5 & x — ss. We can be more
ﬂ'ﬂ:LT‘“iﬂlllﬁS.ﬂS'ﬂ"m‘LFm'ﬁmtﬂn_'I we are koking for the angle that & muost

approach. with —{ﬂ{ _sud:lmaltanﬂhmdsl.nm R-l:fcnmgtnlh:gmmuf
J.l_lmrml-_gumﬁ_d]h, wcwlhatmnrmsmmasxappmm— Likewise,
a
1 t2n x tends 10 —oe as x approaches ——-, so that

and lim tan™' x =

lim tan™" x =
-]

I |
Hla.

.
!
I
I
1
!
I
1
1
I
i
K

T
i
1
i
1
i
1
i
I

i

In example 3.1 1. we consider a model of the size of an animal’s pupils. Recall that in
Figure 6.41b bright light, pupils shrink w0 reduce the amount of light entering the eye, while in dim lighe,
y=lanx pupils dilate to allow in more light. (See the chapter introduction. )
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Figure 6.42b
y=1n
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EXAMPLE 5.11 Finding the Size of an Animal's Pupils

Suppose thai the diameter in millimeters of an animal’s pupils is given by flx)., where
L6 + 90
x is the intensity of light on the pupils. If fix) = hT:ﬁ find the diameter of the

pupils with () minimum light and (b) maximom light

Solution Since fil)) is ondefined. we consider the limit of fx) as x — (7 (since

X canmot be negative). A computer-gencrated graph of v = i) with 0 £ x = 10 is shown
in Figure 6.42a. It appears that the y-values approach 20 as x approaches 0. We multiply
numerator and denominator by 1", w0 eliminate the negative exponents, so that

L 6™t 4on | 160 400
lim a4 = lim iy T
" gr 15 = 415 x
160 + 90" 160
= lim—————=—— =l mm.
=i 4 4 152 1

This limit does not seem o match our graph. However, in Figure 6.42b, we have
zoomicd in 5o that (0 < x = 0.1, making a limit of 40 look more reasonzble.

For part (b}, we consider the limit as x tends to oo, From Figure 6.42a, it appears
that the graph has a horizontal asymptote af a value somewhat below v = 10. We com-
pute the Bmit

- [ﬁllt'”"+90_9|]_ﬁm
= gy U4 g5 150 ’

So, the pupils have a miting size of & mm, as the mtensity of light icnds ©© oo, m

EXERCISES 6.5 (@)

['~) WRITING EXERCISES

1. lomay sewm odd that we ise oo 16 describing lmits but do mo
counl oo as a real number. [isciss the existence of oo 5 il a

number or 3 concepd T

5. Use the graph ol jix) to answer the following qoestions

L%

In example 5.7, we dealt with the “indeterminate form™ =, b
Thinking of a limit of oo &% meaning “gefling very Brge™ and oy

a fimit of ) a5 meaning “petting very close 1o (L explain why e EEC B Bl R T 3R TR R

Ihluﬂﬁwnqmmm%.u oo — oo, and

oo - O, Determine wheat the followng non-indeterminate lorms -y
represent: oo + oo, —oo — oo, oo 4 U and (Voo ‘—\JP

Chn your computer or calculstor, graph v = Wir — 2) amd fbok fa)  Evaluate 0L

lior the horizonial acympiote v = 0 and the vertical asymplote ) Evalmste Em fiss.

r=2 corpubers will draw a vertical lne al x = 2 and 1114

will d:iml graph compleialy Mansing out a1 ¥ = 0 e fe)  ls the fonetion comtinuwous fx) ol x = 0057 Jusily.
large x's [s this sccurate? Or misbeading? Most conmputers {d) s the Tuneton continuous fx) alx = 17 Jusaify.
will congpute the locations of potmts for adjacent x's and iry 1o {e) Evalume lim fix).

connect the poiats with a lne s pment. Why might thes resulp (N Bvaluste Hm .

im & vertical Hne st the location of a verteal asymplote? s

Many stndents kearn thot asympiote: ane lines that the graph Liexercises 14, determine (a) lim fir)(b) lim fic)and (cilim fic)

gete closer and closer W withoul ever reaching. This is rue {answer &5 appropriate. with a nsmber, oo, —oo or does nol exis).

liwr many asymapioles. bat ot all. Explain why vertical asymap- 1= e
loles are mever crossed. Explxin why horieontal or slant [‘-ﬂ'ﬂ=r"_]*"=l Lﬂ"!'=_[:_]"’=_]
asymplotes may, in (2L, be crossed any number of tmmaes; draw % | & L=z

= ee— =3 — - = -
i S ST T
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In exervises 5-22. determine each limit | aswer as appropriate,
wilh a nimlser, oo, —oo ar does pol exisl).

ATy —
B omitoe—t i bm (-2 -3
—=—2 g —d fr—
7. lim ool x B Hm xsec’
= -
9. lum :':!-L—I 18, hm ﬁ
= e pdr— | =gy — -1
- -1
1. lim 12, b ———
T P
13 lem kn (r ! } 14, lim lnix s x)
b= r— e
15 lLim e " 16 Lm0
= e K i
17. Qb cot s 18. lim ﬂr"r x
E—2a Al x4+ 1
19, lim sinfe™"" ) 20. lim sinitan~"x)
21, lim e 22, e tan'{ln x)
e a==

G-40

Eﬂ Ciraph the velociry lunction in exerciee 37 with & = (W16

(representing 4 headlms dive and esimsate bow long i 1akes for
the diver o reach 3 speed eqimd w 90% of the lmaiting veloeity.
Repest with & = (U001 {representmg a spresd-eagle position |

[ In esercises 3948, use graphical and numerical evidence 1o

conjecture a value for the indicated limil

} i
. ]|1::|—I::'|;Jr-1-z:I #. ]m:l—.“_-'-'==I
T nix” + Ax+ 3 == nil + ")
"_ L] b 4
4l i r‘ dr+7 & '+ Tr+1
eI ok x === P xkinx
¥
o e Tt d M. lime” — %)
d—u ‘..P-— -
Pl 46 fim 2L
1 x e
47. lim '™ 4R, lim x™
a—il g=il®

. mahﬂ-ﬂlﬂﬂﬁ!mﬂlﬂ]ﬂd numerical evidence o

In exercises 23-28, determine all horizontal and vertical
asymplotes. For each side of each verticsl axympdole, determine
whether f{z) — o or fix) — —oo.

s

I3 {a)y J=;, (b} | = —

e 4—1 e 4—1

M (5} fin=—— i) fx=——
Vi + 1o Via-ro

'+ 1 l—x
5 fo=—— & fir)=——
A =21 A r+x=-2

27. Avi=dun ' x—1 28, fx=lnll — cos x)

lin exercizes 29-32, deiermine all vertical and slani asympioles.

M y= I’, A, _1.'=I-+l
4-r x—2

1 +

A p=———— 2 y=—

O4r—4 r+12

A3, Suppose that the size of the pupil, in mitlineters, of a certain
animal is given by §xi. where x is the mmensity of the Bght on

Bl ™™ 4 &0

the pupil. I flx) =——————— find the size of the papil withno
puptl LA 3rais pup

light and the size of the pupil with an infmite amount of light.
BT 4 60

MR sz 33 wilh e
epeal ENErcise Ax} PR TIT

A5, Muodify the function in exercise 33 o find a function | such
that lim fix) =5 and lim fiz) =2,
= D Wx 4 16
36 Fmd a function of the form fxi= sisch that
fim fix) = 5 and fim firy=4. pix)

X7, Suppose that the vebocity of a oydiver r seconsds afler jump-
321 — ™
A
velocity with & = 000064 and & = (U128, By wha factor
does a skydiver hove 1o change the value of & 1o cut the hmit-
ing velocity in hall™

mg & mven by Wi=— Fengt the limitmg

comjecture the value al the limil. Then, verily your conjeciure
by finding the limil exactly.

49, lmmiv'de” — I 4 1 — Zr) iHin: Multiply and divide by the
conjugate expression: ¥ dr' — e+ | 4+ 2rand simplify.)
S0, lim(vSC+4r+ T —VEC 1+ 3) (See the hint for

exercise 49

51. Suppose thar fix) s a ratsonal quc:i:m_i{:}:%u-uhut

iegree of pix) greaer than the degree af gix). Deermine
whether v = fix) has a honzontal symplole.
52 EWmﬂ_ﬂ:hhamﬂmﬂ:m_ﬂIj:%‘ﬂhﬂt

degree (larges exponent ) of p{x) less than the degree of gix).
[eterming the horieontal asympiote of ¥ = fix).

53 Ewu:ﬂ::_ﬂ:]i:amﬁmnlfmrﬁmj:l:%.ﬂy:jn
leis a alaml asymaplole v = x + 2, how does the degree of pix)
oompare wo the degree of gix)?

1

5. Suppose that {x) hamﬁumlfmtlhmj:]:%.lfy:ﬂn
hews & horizonial asympiobe ¥ = 2. how does the degree of pix)
compare w the degree of gix)? -

55, Fuh!iquhﬂ.u;!uncﬁquﬂ:dM_ﬂﬂ:%humt

Terizontal n}mplulc}':—;mﬂumlym vertscal asymp-

wile x = 3, -

56 Find & guadearic funcBon q{x) sach thar ) ="—— >
ome horgeonial asymptobe v = 2 and Do vertscal &T:';IGEE
r=43

57. Find a function g(r) u.u.‘hlha:_ﬂ:]:% has no vertical
asymptobes and hes 3 slani asymplole s = .

58, I-‘m:mmm;]mduﬁ;::';;::hu:whmrm

asymptobes ¥ = £1 and no vertical symplotes.
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In exercises 59-64, Label the stalemeni as troe or fake (Dol
always true) for real numbers o and b,

5,

If lim fix) =a and lim p(x) = b. then
lim [fir) + pte)] =a+ b

An)] =

limm n =

T

Ir I!_ug_ﬂ:‘_‘l = o and lim pix) = b. then

[f!.i_q;ﬂ_ﬂ: oo and lim glr) = co. then

lim [fix) — gixi] =100

IF lim fix)= oo and Jim gir)= oo. then

tim (A=) + stal= oo

fix

xj

I

1 !EW;:awlqﬂm}=m,HuE =0

i }ﬂﬁ:h:mml@m glxh= m-,ﬂm]li::.

)

It is very difficult o find smple sisterments m cabeulus that
are always brue; thes i one rexson thal a carelul devebopment
of the theory s s important. Yoo may have beard the sim-

ple rule: 10 find the vertical asympiotes of fx) =ﬁ, sumply

sl the denominsior equal o U fie., solve ix) = 0. Gave an
exarmple where fna) =0 bul there 1t nof 2 vertieal asymplobe al
I=a

{a) Saape and prove a resill analogous 0 Theorem 5.2 fir
M prafxh, fowr o ol

iby  Stape and prove a result analogous o Theorem 5.2 for
Jim pofx), for m even.

@ APPLICATIONS

Suppose that the length of 2 small anmmaal ¢ days after barth s
= —————mniilki ‘What is the | [ the animal
hiry |+9{ﬂ-“fuum is emgth of

&l birth? What is the eventual length of ihe animal (ve., the
lemgth & t — oo)?

Suppose that the length of 2 small anemal ¢ days after birth 15
L1 ias
mp_mmmum Bengrih of the ammal

al birth? What is the eventuzl length of the animal (Le., the
length a5 ¢ — oo)?

Suppose an object with misal vebocity v = 0 mis and (con-
atand) mass m kg 8 acvelerated by a constant force of F new-
o Tor ¢ seconds. Accondmg o Newton's laws of moton the
object’s speed will be vy = Fifm. Acconding to Einstem’s theory
of relativity, the obgect's spead will be ve = Foif Vm'c™ + FF,
where ¢ 15 the speed of light Cm'pnl.n'JI:il‘: vy @nd Jem v

Aller an inpecoion, the concentration of a drug i a muscle
varies acoonding o a fusction of ume f1) Suppose tha ¢ is
measured in bours i f1) = e — 2™ Find the limit of
) both as r— Oand fF — oo, and mderpret both limals in lerms
of the concentration of the drug.

SECTION 65 ==
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Ignoring air resestance. the maximum height reached by a
rockel launched wath ingial velocny v & b= #

o "'-
where R s the radios of the eanth. [n this exencise, wzu:inlar
pret thes as a function of v Explam why the domatn of thes
Tunction miasd be nestrectad 1o vy > 0. There 15 an additional
restriction. Fisd the (positive) value v, such that b 6 ande-
limed. Skewch a possible graph of b with §F < v < v, and dis-
cuss the significance of the vertical asympiole 31 v,. Explain
why v, 15 calbed the escape veloeily.

4 EXPLORATORY EXERCISES

E:.

Suppase you ane shooling a baskethall from a § o poatal § dis-
tance of L feel, releasing the batl from a ocation & feet below
the baskel To geta perfect swish, it is mecessary that the ini-
teal velocity vy and initial release angle & satisfy ihe equation
va = /gLy 2 cos® gl 1an o — WIL).

Foc a free throw, take L = 15 0 & = 2 1, and g = 32 iU
and graph v as 8 fonction of G What s the significance of
the e vertical asympiobes? Explam in physacal terms wha
type of shod corresponds 10 esch vertical asympiobe. Estimate
the o value of vy (eall it ). Explain why i i easier
1o shoot a ball with 2 small imitial velocity. There s another
sclvantape o this matal vebocity. Assurme that the basker s
2 fewt in diameter and the ball s | fool i diameter. For a free
throa, L = 15 1 is perfecl. What is the maximumn borizontal
distance e ball coubd wravel and still go m the basier {withoat
bouncing ol the backboand §7 W hat 15 the nundmaum horeontal
destamee’? Call these numbers Lo, and £, Frnd the angle &,
cormespamnding o v, and I and the amgle &, corresponding
10 Vo 0l L. Thie difference b — &y 12 the angalar margin
of error. Brancaan has showns that the angular margin af ernos
Tor Ve £ larger tham for any other matiad velocary.

In applications, if & common W compute  bm fr o deter-
mibie the “stabiliry™ of the function fz). Consider the functicn
fixl =2 As 1 — oo, the frst Gctor i fx) goes o oo, bt the
second factor goes 10 1), 'What does the product do when one
term is pellmg smaller and the other term is gelting larger? b
depemds om which ome & changmg fter. Whal we wanl o
know ix which lerm “dominates.” Use graphical and numes-
ical evidence 1o comjecture the valie of Hen ™). Which
term dominstes? bn the limit .H_.T‘h‘:r":. whech term domi-
nates? Al ry il.i_rgi;:“e"j. Based om your iovestgsiion. i il
slways broe thal exponentzals dommste polysomizls? Try o
determine which type of fusction, polymomdals or oganthms,
dhinmmnadies.
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@) 6.6 FORMAL DEFINITION OF THE LIMIT

HISTORICAL
NOTES

Augustin-Louis Cauchy
{17B0-188T} A French
msthematician wha Braught
tigos 1o mathematics, ineluding
a madern defiition af limit
[The & frmidation show in
this gection is due to Weier-
atrazs ) Cauchy was one of the
mast prolifie mathematcians
in hittory, makineg important
eonbibations to number the-
ary, Enear algebra, diflerental
equations, astronomy, optics
and eomplex variables. A
diffeult man 1o get alang with,
& colleague wrate, "Caushy

i mad ard Bere & nothing
thal can be done abaut ki,
althaugh right new, he is the
only one whe knows how
mathematies should be dane”

p=ir+ 4
I
LI S
[ I .[
T
i
i
— .
244 2+
FIGURE 6.43

1 1
]—E-r.'.t{2+sguaﬂn[=ﬂ

that W3x + 4y — 101 < 1

Recall that we wriie
lim fix)=L.

if fix) ges closer and closer o L as ¥ gets closer and closer to . Although imuitive, this
description is imprecise, since we do not have a precise definition for what it means to be
“close” In this section, however, we will make this more precise and you will begin to see
hovw mathematical analysis (that branch of mathematics of which the caleulos is the most
clementary stody ) works.

Studying more advanced mathematics without an understanding of the precise defi-
nition of limit is somewhat akin to sedying brain surgery without bothering with all that
backgroand work in chemistry and biology. In medicine, it has only been through a careful
examination of the microscopic world that a deeper understanding of our own macroscopic
wiorld has developed. Likewise, in mathematical analysis, it is through an understanding of
the microscopic behavior of functions (such & the precise definition of limit) that a deeper
understanding of the mathematics will come abot.

We begin with the careful examination of an elementary example. You should cer-
tainly belicve that

!;'EE{BA' + 4= 10

If asked 1o explain the meaning of this particular limit 1o a fellow smudent, you would prob-
ably repeat the intuitive explanation we have wsed so far: that as v geis closer and closer
0 2, (3x + 4) geis arbitrarily close i 10, That is. we should be able to make {3x 4+ 4] as
close as we like to 10, just by making x sufficiently close to 2. But can we actually do this?
For instance, can we force (3x + 4) to be within distance | of 107 To see what values of
x will goaraniee this. we wriie an incquality that says thai (3x 4 4) is within | wnit of 10:

H3x 4+ 4)— 10] < L.
Eliminating the absolute values. we see that this is equivalent 1o
—l<{x+H-10<1
or —l=3x—6<l

Since we peed o determine how close x must be 1o 2. we wani to isolsie x — 2, instead of
x. 5o, dividing by 3, we get

1 1
= -2 o
1{1’ {3

1

— ) = =
or Jx -2 = ES
Heversing the steps that lead o inequality (6.0), we see that if x 15 within disurm:éaf, 2,
then (3x + 4) will be within the specified distance (1) of 10. {Sec Figure 6.43 for a graph-
ical interpretation of this.} So. does this conviece you that you can make {3x + 4) & close
as you want o 107 Probably not, but if you used a smaller distance, perhaps you'd be mone
convinced.

(6.1)

EXAMPLE 6.1 Exploring a Simple Limit
Find the valwes of x for which (3x + 4) is within distance ]% of 10,

Solution We want

1
T &) = N0 ¢ .
10x+8- 10 <155
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Figure 6.44
The range of r-values that keep
Ji3r+ &) — 10| <&
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Eliminating the ahsolue values, we get

| 1
— {3+ 4) - 10 <€ —

T 100 100
or : <ix—fha :
100 o
Daviding by 3 yields ! zxr—2= :
" o 300 T 3o
which is eguivalent to e —2] = 5L
o 300 =

While we showed in example 6.1 that we can make (3x + 4) reasonably close o
10, how cloze do we need to be able to make it? The answer is arbirrerily cloge, as
close as anvone would ever demand. We can accomplish this by repeating the argu-
mients in example 6.1, this time for an unspecified distance, call it £ (epsilon, where
£ > ).

EXAMPLE 6.2 \Verifying a Limit

Show that we can make (3x + 4) within any specified distance £ > 0 of 10 (no matter
how small e is}, just by making ¥ sufficiently close to 2.

Solution The objective is to determine the range of x-values that will guarantee
that {3x + 4) stays within & of 10. {See Figure 6.44 for a sketch of this range. ) We
hawve

[(G3x +4) — 10{ < &,

which is equivalent to -3+ 4 - 10=<g
or —e = dr—f=e
& 3
Daviding by 3, we gei —E{x—‘lt:.i
F
e B
or Jx |-r.'.3

MNotice that each of the preceding steps is reversible, so that by — 2« galsni-.mplh:imﬂ

[{3x + 4) — 10| = £ This says that a= long as x is within di:um:%nfz,[lr-l--l} will
be within the required distance £ of 10. That is,

[{3x +4) — 10] = £ whenever [r — 2] < -

] m

Take a moment or two i recognize what we've done in example 6.2, By using an
nnspecified distance, e, we have verified that we can indeed make (3x + 4} as close w 10
a5 might be demanded (i.e., arbitrarily close; just name whatever £ > 0 you would like),
simply by making x sofficiently chose to 2. Further, we have explicitly spelled out what
“sufficiently close to 27 means in the context of the present problem. Thus, no matier how
close we are asked w make (3x 4 4) to 10, we can accomplish this simply by taking o be
in the specified interval.

Mext, we cxamine this more precise notion of limit in the case of a function that is not
defined at the point in question.
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EXAMPLE 6.2 Proving That a Limit Is Comrect

z Iy —
mmﬁn..M:ﬁ
a—L =1
Solution It is casy to use the wsual rales of limits to establish this resuli. It is yet
another matter to verify that this is correct using our new and more precise notion of

limit. In this case, we want i know how close x must be o | 00 cosure that

3t Ty P
x—1

fr=

is within an unspecified distance & > 0 of 6.

First, notice that fis undefined af x = 1. S0, we seek a distance & [delia, § = 0L
such that if x is within distance & of 1, but v # 1 {i.c, 0< v — 11 < &), then this
guaraniees that | f{x) — 6] < &

Notice that we have specified thai (b < |x — 1| to ensure that x # 1. Further,
Lfixy — 6] < & is cquivalent to

I+ 2r—4

— 6= e
x—1

—&s

Finding a common denominaior and subtracting in the middle term, we gei

G T,
= £ —P{T{E‘.

T 42— 4 Ex—1)
=1

—& =

Since the numerator factors, this is sguivalent @

Hx—IF
R T
x—1

—£

Since x = 1, we can cancel two of the factors of (x — 1) to yield
—e<dx—lj=e

E £
or — KX I €= Devidiag I

which is equivalent o lv — 11 < &f2. So, taking § = #2 and working backward, we soe
that requiring x o satisfy

fzlp—1|=d=

b | ™

I 4 Ir—4
will guarantee that T—ﬁ < F.

We illustrate this graphically in Figure 6.43. m

What we have seen so far motivates us 1o make the following general definition. illas-

traicd in Figure G.446.

DEFIMNITION 6.1 (Precise Definition of Limit)

For a function [ defined in some open interval containing « (but nof necessanly ar a
itself), we say

lim flx)=L.

if given any number £ = 0, there is apother number & = 0, such thar 0 < v —a] < &
muaraniees that [fx) — L] < e
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Figure 6.47
0 < |x— 2] < & guarankees that
-4 <

PROOF

Let & = [ be arbitrary. Define
d=min{l g} W0=|x -2 <&
then Jx — 2| = 1. —1 < x < 3 anad
fr+2| <5 Also, [x—2| <&
Then | — 4| =[x - 2|

[t+ 2 =xlfi=em
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Motice that example 6.2 amounts to an illustration of Definition 6.1 for hm{3x+ 4].
There, we found that § = #/3 satisfies the definition.

REMARK &.1

W want (o emphasize ihat this formeal definition of limit is not 3 new idea. Rather.
it is a more precise mathematical statement of the intuitive noton of limit that we
infroduced in Section 6.2, Also, we should in all honesty point out that it is rather
difficale to explicitly find & as a function of £, for all but a few simple examples.

Diespite this, learning how 1o work through the definition, even for a small number

of problems, will shed considerable light on a deep concept.

Example 6.4, although only slightly more complex than the last several problems,
provides an uncxpected challenge.
EXAMPLE 6.4 Using the Precise Definition of Limit
Use Definition 6.1 to prove that lim +* = 4.

Solution  If this limit is correct, then given any & > (L there most be 3 & > 0 for which
0= lr— A < & guarantees that

P-4 <e.

Motice that

II.“ — dl = j.'l. + 2“.[ — :‘I.I. Fauemg e diflzence
R TR THTE [ﬁij

Since we're interesied only in what happens near x = 2, we assume that x lies in the
interval [ 1. 3]. In this case, we have

I_[+2IES‘ Sime = [L 37
and 5o, from (6.2,

b —d| =y + 2 -2
=5jx—7). (6.3)

Finally, if we requine that
Sk—-2<e. (6.4
then we will also have from (6.3) that
bt — 4 £ 5k — 2] <e.
Of course, (6.4) is cquivalent 1w

£
==
k-2 <2

In view of this, we now have two restrictbons: that [y — 2| < |.:.|.!I.|:I'H:Iat|.t—2|-:.'.§.Tﬂ-
ensure that both restrictions ane met, we chnmt&:miﬂ{l_g} {i_c.,mr_minimum
aflmﬂ%}.wmingbmkumd {soc the margin), we gei that for this choice of &,
D=lr—N<a
will guarantee that
b —H<e,
a5 desired. We illusirate this in Figure 6.47. =

The work presented in the text above shows how 1o determine a value for §. The for-
mizl proof for the limit should follow the steps shown in the margin.
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Figure 6.4%a

. -
F=gin—

O Exploring the Definition of Limit Graphically

As you can sce from example 6.4, finding a & for a given £ is not always easily accom-
plished. However, we can explore the definition graphically for any function. First, we
recxamine example 6.4 graphically.

Explore the precise definition of limit graphically. ﬂ:-rli:l;u: =4.
Solution  In example 6.4, we discovered that for & = min{ | %}

0 < lx — 21 < & implies that I’ — 4l < &

This says that {for £ < 5) ifwcd:‘m;agmphaf_v:.t!andlci.u'ictth:.t-Mu:smlic
in'm:imi:r\-'al{1—§,2+§],mmﬂu:_\walttindllﬁtimdt interval (4 — e, 4+ £).

Tal:c.e:;,fcrimtmtt. If we draw the graph in the window defined by

| i
E—EEJ 52+ﬁ31d].55}'ﬁ4i then the graph will oot run off the top or bot-

tom of the screen. (See Figure 6.48.) Of course, we can draw virually the same piciure
for any given value of £, since we have an explicit formula for finding & given £. For
most limit problems. we are oot so foriumate. =

EXAMPLE 6.6 Exploring the Definition of Limit for a
Trigonometric Function

|
Graphically ﬁn:laE}I}Imrmsmﬂhgm:a]s:iaN{h]r:U.] fior

B : 4
lim sin— =0
2 2

In
Solution This limit seems plausible enoogh. Afer all. 5i|1?= 0 and fix) = sin x is

a continuous function. However, the point is to verify this carcfully. Given anv £ > 0.
we want to find a & = 0, for which

0= Lt—1|<ﬁgummmﬂm|5iu%—0|{e_

Note that since we have no algebra for simplifying sin % we cannof accomplish this
symbolically. Instead. we'll try 1o graphically find 6°s C_EI!TES{H!ﬂdiDg 1o the specific £
1
given. First, for ¢ = 7 wie would like to find a & = O for which if 0 < |r — 2] = 4
then
1

| . ..
— &l — =~
2 2 2

=y £ = we gel

b || i
b | =

Drawing the graph of v = :in% with | € x = Jand —
Figure 6.4%. -

If you irace along a calculaior or computer graph, vou will notice that the graph
stays on the screen {1.c., the y-values stay in the mterval [—0.5. 0.5]) for x £ [ 1L66G66G6T,

1
2.333333]. Thus, we have determined experimentally that for e = 7

A=2333333 — 2 =2 — | HG666T =D0.333333
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will work. {OF course, any value of 5 smaller than 0.333333 will also work.) To

illusirate this, we redraw the last graph, bot restricet ¢ to lie in the interval [1.67, 2.33].
(5ee Figure 6.49b.) In this case, the graph stays in the window over the entire range of
displayed x-values. Taking & = (L1, we look for an interval of t-values that will guarantes
that ﬂn% stays between —0U1 and 0.1, We redraw the graph from Figure 6.4%a_ with the
y-range restricted to the interval [—0.1, 0.1 ]. (See Figare &.50a.) Again, tracing slong

the graph tells us that the v-values will stay in the desired range for x € [1.936508.
2.063492]. Thus, we have experimentally determined that

8=2063492 — 2 =2 — L936508 = (L0GI49Z

, EX
F=ERS will work here. We redraw the graph using the new range of x-values (see Figure 6.50b),
since the graph remains in the window for all values of x in the indicated interval.
¥ ¥
Ll \
A+ ¥ I x
L7 X 23
i1
Figure 6.50a
, X
¥=sn—
: 2
It is imporiant i recognize that we are nol proving that the above limit is correct.
To prove this requires us to symbolically find a & for every £ = (. The idea here is to use
these graphical illustrations o become more familiar with the definition and with what &
and ¢ represent. ®
P42 EXAMPLE 6.7 Exploring the Definition of Limit
¥ P F et Where the Limit Does Not Exist
0wl 1AY37 1 160R . e 4N l
Determine whi of nol lim —=——== L
L] L ANETaR1 wesll ""I.t] 44
[LEILE)] 1 NI T e
RN LN TS Solution  We first construct a table of function values. From the table alone, we

might be tempted (o conpecture that the limit is 1. However, we would be making

a luige error, as wie have not considered negative values of ¢ or drawn a graph.

Figure 6.514 shows the defaul graph drawn by our computer algebra system. In this
graph, the function values do not quite look like they are approaching | as x— 0

(at least as ¥ — 07 ). We now investigate the limit graphically for & = 3! Hezre, we need
oy find & 4 = 0 for which 0 < < § guaramees that

bt | =
o
+
=
M.
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[l TODAY IN
3% MATHEMATICS

Paul Halmes [1916-2006)
A Hungasan-bam
mathematician who earmed o
reputation as ane of the best
miathematical writers ever. For
Habmaos, calcubus did nat coms
ssarsily, wilk underatanding
eaming in 8 fash of inspirstion
onby alter & long period of
hard work. *l remember
standing al the blackboard in
Room 213 of ths mathematics
buding with Warren Ambroge
and suddenly | understosd
epsilons. | understand whst
Eerits, were, and all of that st
that people had been drilling
o me became cear . |
could prowe the theorems.
That aftermeon | became &

: i

Mo, 05 amd Alosandseson, G

i

n-r-&j : i--.u-v--.n'i

FIGURE 6.52
im i) = o0
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Figure 6.51a Figure 6.51b
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ol R T

We iry & = 0.1 1o see if this is sufficiently small. 5o, we sei the x-range o the interval
[—0.1, 0.1] and the y-range to the interval (0.5, 1.5] and redraw the graph in this window.
{See Figure 6.5 1b.) Notice that no points ane plotted in the window for any x = 0.
According to the definition, the y-values must lic in the interval (0.5, 1.5) for all x in the
inierval {—d, &) Furiher, you can see ihat & = 0.1 clearly does not work since x = —(00.05
lics in the interval {—&, 4}, but {—0.05} = —0928] iz not in the inierval (0.5, 1.5). Yoo
should convince yourself that no matter how small you make &, there is an x in the
inicrval {—a, &) such that f{x) &€ (L5, 1.5). {(In fact, motice that for all 175 in the interval
(—1. O, fix) < 0.) That is, there is no choice of § that makes the defining incquality
true for £ = 3. Thus, the conjectured limit of 1 is incormect.

You should note here that, while we've only shown that the limit is not 1, it's
somewhat more complicated to show that ihe limit does not exisi. =

O Limits Involving Infinity

Recall that we write
I:.i_g: fixi=oa,

whenever the function increases without bound as ¥ — o That 15, we can make f{x) as large
ay we like. simply by making v sufficiently close o 4. So. given any large positive number.
M, we most be ahle o make f{x) > M. for x sufficiently close to a. This leads us 1o the
following definition:

DEFINITION 6.2

For a funciion f defined in some open interval containing « (but nof necessarily at
itself), we say

I:jE fixj=oa,

if given any number M = 0, there is another nomber & = 0, such ihat 0 < v — al < &
guarantees that fix) > M. (See Figure 6.52 for a graphical imerpretation of this.)

Similarly, we had said that if fix) decreases without bound as x — @ ihen
li_g}ﬁx]:—m. Think of how you would make this more precise and then consider the
following definition:
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DEFINITION 6.3

For a function [ defined in some open inierval coniaining e (but not necessarily ai a
iself), we say

lim fix) = o,

if given any number N < 0, there is another nomber 5 = 0, suchthat 0 < v —al < &
guaraniees that fix) < N (See Figure $.53 for a graphical imerpretation of this.)

It's easy to keep these definitions seraight if you think of their meaning. Don't simgply
memorize them.

EXAMPLE 6.8 Using the Definition of Limit Where the Limit Is Infinite

me:llntlimé:m.
L I

Solution  Given any (large) number M > 0. we need o find a distance 4 > (0 such that
if x is within & of (} (but not equal 1o ) then

|
== M. (6.5}
x

Since both M and x° are positive, {6.5) is cquivalent to
el
M

Taking the square root of both sides and recalling that #?:lercg:l

led = l
‘||H

(1
Sao, for any M = 0, if we take § = | — and work backward, we have that 0 < by — 0 < &
suarantees that M

1
— = M,
2

1
as desired. Note that this says, for instance. that for M = 100, — = 100, whenever
o

|| 1 1 B . .
i ; ) =
0= Ld= o0 = 10 (Verify that this works. as an exercise. )

There are two remaining limits that we have yet to place on a careful footing. Before
reading on, iry o figure oul for yoursclf what appropriaie definitions would look like.

Huuﬁu!ﬂf{rﬁ:i., wie mean that as x increases without boond, fix) gets closer
and closer to L. That is. we can make f{x) as close to L as we like, by choosing x suffi-
ciently large. More precisely, we have the following definition.

DEFINITION 6.4
For a function fdefined on an interval (g, e, for some o > 0. we say

tim fx) =L,
if given any £ > 0, there is 2 number M > 0 such that x > M guaraniees that
Ifix) — Ll =,
(See Figure 654 for a graphical interpretation of this. )
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FIGURE 6.55
Jim ) =L

REMARK 6.2

You should take care to
note the commeaonality
among the definitions of
thee five limits we have
given. All five deal with a
precise description of what
it means o be “chose ™ It is
of considerable benefit to
work through these defini-
tions wntil you can provide
wour own words for each.
Don’t just memorize the
formal definitions as stated
here. Rather, work toward
understanding what they
mean and come Ly appoe-

ciate the exacting language
that mathematicians use.
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Similarly. we have said that lim f{x}=L means that as x decreases without bound,
Fix) gets closer and closer i L. So. we should be able to make f(x) as close to L as desired.

just by making x sufficiently large in absolute value and negative. We have the following
definition.

DEFINITION 6.5
For a function [ defined on an interval {—oo, 4), for some @ < [0, we say

lim fix) =1L,

Emie

if miven any & > (), there 15 a number & < 0 such that x < N guaramiees that

Lf(x) — L1 =< e,
(Sce Figure 6.55 for a graphical interpretation of this. )

We use Definitions 6.4 and 6.5 essentially the same as we do Definitions 6,163, as
wie see in example 6.9.

EXAMPLE 6.2 Using the Definition of Limit
Where x I= Becoming Infinite

Prowve that lTim E:ll

l—'—ﬂlr
1
Here, we must show that given any £ = 01, we can make — within £ of 0,

T
simply by making x sufficienily large in abseluie value and negative. So, we need o
determine those x's for which
=
—h=e
X

]—I < (6.6}
x

Since x = 0, il = —x, and so0 (6.6) becomes

Solution

or

1
—
—x

Daviding both sides by £ and multiplying by x {remember that x < D and £ > 0. s0
that this will change the direction of the inequality ), we get

1
——x i
£

1
So, if we 1ake ¥ = —;audmtbackwurd,uthmtmﬁsﬁndlh:dtﬁnilhnmdl}ﬂthy
proved that the fmit is comect. =

We don’i use the hmil definitons o prove each and every limit that comes along. Aciu-
ally, we use them o prove only a few basic limiis and to prove the limit theorems that we've
been using for some time without proof. Furither use of these theorems then provides solid
justification of new limiis. Az an illusiration, we now prove the rule for a limit of a sum.

THEOREM 6.1
Suppose that for a real number a, lim fix) = Ly and lim g(x)= L;. Then,

lim [£(x)+ ()] = lim () + lim g9 = Lo + Lz,
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PROOF

Since lﬂf[ﬂ:[,.ut know that given any number gy = {0, there is a number 4, > 0 for
which

0 < lr — al < & gusraniecs that | fi{x) — Ll < e, 6.7
Likewise, since IEn-r #x) = L, we know that given any number £, = (I, there is a number
iz = D fior which

0= v — al < & guarantees that lg{x) — L4 < g3, (6.8
Mow. in order 1o get

bm [fix}+ glx}] =1(Li + Lz
we must show that, given any number £ = (), there is 3 number & > 0 such that
0 < Iy — al < A guarantees that If fi{x) + glx)] — L + Lof < &0

Motice that

D) 4+ glad] — Ly + Ll = 1] fixd — Lo} + [wlxd — L2l
= iy — L0+ lgix) — L, {69}

by the triangle ineguality. Of course. both terms on the right-hand side of (6.9} can be made
arbitrarily small, from (6.7) and (6.8} In particolar, if we take &y = g3 = %, then as long as
0« e —al < & and 0 < by — gl = 42,

wie get from (6.7), (6.8) and (6.9) that
ILF(xh + giad] — (L + Lob | < [fx) — Lyl + lgixi — Lo
F

&
{2+2—£.

as desired. OF course. this will happen if we take

0<lr—al <&=min|d,. &).m

The cther rules for limits are proven similarly. We show these in the Appendix.

EXERCISES 6.6 @)

) WRITING EXERCISES

L

In his 1687 masierpiece Mathematical Principles of Neturerd
Philosophy, which miroduces many of the fundsmentals
of caleilus, Sir lsase Newton deweribed the portant Eoat
. fla+ by —Ffla)
fy
as “the lomt 1o which the ranos of quantitses decreasing with-
oul bmit do always comverge, and o which they approach
mearer than by any given difference. bul never go beyond, nor
ever reach until the quantities vanish ™ I vou ever get weary
of afl the mation that we use in calewlos, think of what it
would ok hke m wonks! Cratgoe Kewios's delmition of
lemin, addnessang the follwing questions in the process. What
resdnclons. do the phrase: “never go beyond™ amd “never
reach™ put oa the limal process” Cive an example of 2 sinmple

fla + K1 — fila)
R T
violabes these restrictions. Give your own ( English-language)
description of the Hoil, avoiding restrictions such as Newlon's,

[which we sy at bength in Chapler 7)

Iimul, not necessanly ol the form ‘lJ._I:I'Iu that

Why do mathematicians. conssder the £ — § definition simple

and elegant”

You have computed numensus Hmies before seeing the defi-

nutson of bmil. Explain how this delimbon changes andfor

improves your usderstanding of the lims process.

Each word in the r — & defmition is careflully chosen and pre-

cisely placed. Deserthe what is wrong with each of the follow-

ing slighily incomect “definiions” (use examples!

{@) There exists ¢ > 0 such that there exisis a8 = 0 such that o
< e —arl < &, then fix) — L] < r

i) Far all &= 0 and for 208 = 0, 0f O < le — al < 8 then §fix)
— Ll <

{€) Forall 5 = 0 there exists ¢ > O such that 0 < ks — el < Sand
IRx) — L < e

In onber for the bt 1o exist. given every £ > 0, we mus

be abile o fingd a & > 0 such that the iffthen inegqualites are

true. T prove that the Hmdl does mor exise, we most find a

particilar ¢ > O swch thet the iffthen inequalities are mol roe

for any chowce of & = (. To understand the hagee behind the
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swapping of the “Tor every™ amd “there exiss” moles, daw an
analogy with tee Following simation. Suppose the datement,
“Everyhody loves somebody™ s e I you wanted 1o venly
the statement, why woubd you have o alk e every person dn
carth? Bul, suppose that the stalement is ool roe. What would
wous bave 1o do 1o desprove it

ln exervises 1-3, wse fhe given o find a value for & = O that
works for e = 0.1

Elillib'\l"I—] =
Z Hm vidr+1=3
i |.1_nl: ViIT—r=4
I exercises 4=15, symbolically find & in terms of £
d bhm3r=0 5 limix=13
] 1—1
6 limi3c+2j=4 7. lm(dc+2) =
|3 |.I'Ilil{3—l1~ﬂ=— L8 I.'in1:13—-l.ﬂ-='|"
TR T i SO U O VINE et S
=1 -1 =i x4 1
1L hn;i{f—l]:ll' 13, |JrI;L‘|.'I:r—.I'+]I=[
4. limix — 1) =3 15, u_ng{:’+|]=1

I Determime a formula for & in temns of £ Eﬂllmtm-f-ﬂ.ll'hnl.
Use exercises 4-9.) Does the li:lmul.:llepul] o the value af
a? Try o explain tas answer graphically.

17. Based on exercises 12 and 14, does the value of Fdepend on the
vitlue of ri.lf!.ii"l;l.l': + B2 Try 1o explun this graphically,

Ehﬂnﬁaﬁm—h. mumerically and graphically determine
a i corresponding 1o (a) £ = L1 and (b) £ = 005, Graph the
function in the ¢ — & windew [r-range is @ — 8 o + &) and
yerange is (L — &, L + #)] to verily thai voor choice works.

18, bmir+11=1 19, fmcosc=1
a0 J.—DI+

.| B |.1|1;|1.-':+3=2 .1|..|Jr|;|. —=1
B = r

22 Modily the ¢ — § defimtion W define the ose-sided lm-
its lim fix) Mlh_..“?‘ﬂ'ﬂ'

23, Symbolically find the largest & corresponding 1o e = 0.1 m the
definition of Iun Iix = 1. Symbolically limd the Largest & cor-
msrp:’rml:nglur il mlhéqk!'.‘uhl.‘mﬂflml Lix = 1. Which &
could be used in the definivios of i 17— 1 "} Briefly explain.
Then prove that lim 1ix= L. o

Im exercises 24 and 25, find a § corresponding o M = 100 or
N =—100 iﬂqlpmprhtﬂ fiar each limil.

= b} Hm——=—m
srx—1 1" x—1

25, fa) lim coly = oo {b} hmcolr = — oo
i’ i~
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In exercises 26-29, lind an W or N corresponding o e = (L1 for

each linit at infinity.

P e e A 7. |Lm"+‘,=[
=y tr+l B

B, hm I-‘+3 =25 4, ]lmlt = =3
Ay -4 a4

In evercises 30-35, prove thal the limil is correcl wsing the
appropriate definition (sssume that k i an inleger .

I L
3. !l?:(——j] —3 31 fm ==

r+2 =g — ¥
-1 3
3 lm——=— A3 L — =00
x4 3 =1 (x—T]
1 I
E" N !!E'F=D..ﬁrt}ﬂ as, J]il;ﬂmF=|J‘.l'lJr*}u

In exercises 36-3%, identily a specilic & = 0 for which no & = 0
ﬂhﬂllnﬁﬂ)’lﬁedﬁl‘lﬁlﬁnﬂiﬂh

6. v ifx<1 i 3
= r+3 ifr=1 _"J"H’”#

7. it =1 |E'.l|:-:lPII
fix) {—:—* TS0 tim iy 2 -2

e i x<]
= Sy fr>1

3. ,ﬂ:]={:_._l

Mim fla) #2

:1':; .t fix) £ 1

Prowe Theorem 3.1 (1)
Prove Theorem 3.1 ().
Prove the Squeere Thearem, as stated in Theorem 3.5

ERkEE

Chiven  that lmfini=L and lim fixy=L. prove tha
limn flx) = -

dd. A metsl washer of (ouler) radins r om weighs 2r° ounces. A
ocompany manulacores 2-inch washers for diffenent costomers
who hove diflferent error lolerances. Il the cushomes denmands
4 wanher of weight 8 + & cunces, what is U ervor leratice
for the ralns? That is, fnd 5§ such test 2 radius of r within the
mbervad (2 — &, 2 + ) puaraniees 3 weight within (8 — £, 8 +#)L

45. A liberglass company ships s glass as sphencal marbles. 1f

the volume of each marhle must be within e of 26, Bbow close

5 EXPLORATORY EXERCISES

L In this sectwon, we have nod yel solved any problens we
coubd m already solve in previous sections. We dio so oow,
while mveshganng an umusel funchon. HRecall thal ratsonal
numbers can be writlen = Fractons ply, where p and g ane
megers. We will assume thal plg has been simplified by
dividing ol common Gactors (g 12 and nol 26} Define

0 il x s drrstsonal
ﬂ.l:]:{”q_ HJ_:E“'mum]_sziﬂlryhﬂmwlhal
q
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lim fix) exists, Without graphics, we need a good defini-
fiin o answer this question. We know thar fi2f5) = 113,
bat recall that the lmitl s mdependent of the actual fune-
ton valse. We need 1o think abowl 1°s close w 23, If such
an x s trratiomal, f{x)=10. A simple hypothesis would thea
be lm fiey= 0. We'll ry this o fore = 16, We would like
to guarantee that ix)l < 16 whenever § < lx — 203 < 4.
Well, how mamy s have a lunction value grester than 167
The only possible lunction valoes are 175, 104, 13, 172 amd
1. The x's with fupctioa value 15 are 1/8, 278, 375, 475 and
so o, The elosestof these 1510 273 s 35, Find the closes x

SECTION 6.7 ==

Linit= and Loss-of Significance Ermors 385
(mol counting x = 203) by 273 with [unction valoe 104, Repeal
I"uc_f[:: = 13, fixh= 172 amdd fix) = 1. Out al all these chos-
el s, how close 15 the sheslute closest? Choose § 1o be this
number, aml srgue that if 0 < lr — 23] < & we are guaran-
teed that If{xll < 186, Argue thal a similar process can find a
& for any £

State 3 defindtion for “fix) is conlinoous a1 x = o wsing
Defimiteon 6.1 Lse it b prove that the function in exploratory
exercre | s conlinsous 8 every irmalional number and dee-
coabinwous al every ralional namber.

@)

e

71

6.7 LIMITS AND LOSS-OF-SIGNIFICANCE ERRORS

“Pay o attention to that man behind the curtain . 7 (from The Wisand of O32)

Things are not always whai they appear to be. Even so, people tend to0 accept a computer’s
answer as a fact not subject io debate. However, when we use a compuier (or calculaior), we
must always keep in mind that these devices perform most computations only approximately.
Most of the time, this will cause us no difficuliy whatsoever. Occasionally, however, the
results of round-off ernors in a string of calculations are disastrows. In this section, we briefly
imvestigate these errors and learn how to recognize and avoid some of them,

W first consider a relatively tame-looking example.

M0 GOONE 100,000
FIGURE 6.56a

B s

EXAMPLE 7.1 A Limit with Unusual Graphical and Numerical Behavior
Evakuate lim M_
R -l-‘l
'—-—*M Solution At first glance, the numerator looks like 0o — oo, which is indcterminate,

while the denominator tends 1o co. Algebraically. the only reasonable step is to multply
out the first erm i the numerator. First, we draw a graph and compute some function
values. (Nod all compaters and software packages will produce these identical results, but
for large values of x, you should see resulis similar io those shown bere. j In Figure 656z,
the function appears nearly constant, until it begins oscillating around x = 40, (M.
Notice thal the accompanying table of function values is inconsisient with Figure 6.56a.
The last two values in the table may surprise you. Up until that point. the function
values seem to be settling down to 8.0 very nicely. So, what is happening here and what
is the correct value of the limit? To answer this, we look carefully at function values
in the interval between x = 1 107 and x= 1 % 10°. Have a Jook at the more detailed
tahle.

Incorrect calecnlated values
¥ (= dy — ot ¥ T
= e
[ TH] 016 2x W | 80
100 % O 16 w0 | Bo14E1s
1x 10 | &0 4w 10 | 78175
1x10¢ |80 Sxr |0
1x 10 |00
1x10* |00
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In Figure 6.56b. we have blown up the graph to enhance the oscillation observed
between x = 1| % 10° and x = 1 % 10°. The decper we look into this [imit, the more errati-
cally the funciion appears to behave. We use the word appears because all of the oscilla-
tory behavior we are seeing is an illusion, created by the finite precision of the compuier
used to perform the calculations and draw the graph. = |

O Computer Representation of Real Numbers

The reason for the wwusual behavior seen in example 7.1 boils down o the way in which
compuers represent real numbers. Without getting into all of the inricacies of com-
puter arithmetic, it suffices to think of computers and caloulators a5 storing real numbers
internally in scientific notation. For example. the number 1.234.567 would be stored as
1.234567 = 10". The mumber preceding the power of 10 is called the mantisss and the
power is called the exponent. Thus, the mantizsa here is 1.234567 and the exponent is 6.

All computing devices have finite memory and consequently have Emitations on the
size mantissa and exponcnt that they can store. (This is called fimite precision.) Many
calculators carry a l4-digit mantissa and a 3-digit exponeni. On a 14-digit compuier. this
would suggest that the computer retains only the first 14 digits in the decimal expansion of
any given number.

EXAMPLE 7.2 Computer Representation of a Rational Number
Dretermine how % 1% stoned internally on a 10-digit compuier and how ; 15 stored
inierrally on a 14-digit computer.

Solution Own a 10-digit compuier, % is stored intcrnally as 3333333333 = 10", On

2
a l4-digit compuier, 3 is stored internally as fAGGGHGGHOGGGT > 10~". =

For most purposes. such finite precision presents no problem. However, this occasion-
ally leads to a disastrous crror. In example 7.3, we subtract two relatively close numbers

and examine the resulting catastrophic error.

EXAMPLE 7.3 A Computer Subtraction of Two “Close” Numbers
Compare the exact value of

1. DOOOOOODN0OND 4 > 10 — 1. HHODO0CO0DNNG 1 x 10

with the result obtained from a calculator or computer with a 14-digit mantissa
Solution Notice that

1. 0000000000000 4 % 10 — | HO00G00000000 1 % 10 = 0. 0000000000000 3 3 10°4

[ 2= == o |

= 30,000, (1.1)

However. if this calculation is carried out on a computer or calculator with a 14-digit
{or smaller) mantissa, both numbers on the lefi-hand side of (7.1} are stored by the
compumer as 1 x 10" and hence, the difference is caleulated as 0. Try this calenlation
for yourself now. =
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REMARK 7.1

If at all possible, avoid
subtractions of nearly equal
values. Sometimes this can
be accomplished by some
algebraic rmanipulation of
the function.

SECTION &7 == Limits and Loss-of Significance Ermors 387

EXAMPLE 7.4 Another Subtraction of Twe “Close™ Numbers
Compare the exact valuce of

1. DOO000000000K6 > 107 — 1_0000000000000:4 > 107

with the result obaained from a caleulator or computer with a 14-digit mantissa.
Solution Motice thar

1.00000000000006, % 10°° — 1. 0000000000004 % 10°" = 0000000000000 x 10°
17 aerim 13 o % =

=2 (N300,
However, if this calculation is carmed oot on a calculator with a 14-digit mantissa,
the first number is represented as 1OOOONO0000T = 10", while the second number
is represenied by 1.0 x 107, due to the finite precision and rounding. The difference
between the two vabues is then computed as 0000000000001 = 10" or 10,000,000,
which is, again, a very scrious cImor. m

In examples 7.3 and 7.4, we winessed a gross error caused by the subiraction of two
pumbers whose significant digits are very close to one another. This type of error is called
a loss-of significant -digits error or simply a bess-of significance error. These are subtle,
often disastrous computational errors. Retwrning now io example 7.1, we will see that it
was this type of ermor that caused the unusual behavior noted.

EXAMPLE 7.5 A Loss-of-Significance Error

ot e 4 =0

T

Follow the calculation of {5 = 10Y) one step at & time, as 2 1 4-digie computer woubd do it.

In example 7.1, we considered the function fix) =

Solution We have

ﬂjxlu‘}=[[5xlu“p’+d]"’—ﬁx g

(5 = 10%

(1.25 x 10" 4+ &)° — 15625 x 107
e 1.25 x 10

(125 000,000 000,000 + 47 — 1.5625 = 10°
- 135 % 10
_ (125 % 10%) — 1.5625 x 107 _
- 1.25 % 10 -

o,

since 125 0060, 000, 000004 is roonded of f to 125 000,000, D00 000,

Mote that the real culprit here was not the rounding of 125 0000, 000,000,004 bt
the fact that this was followed by a subtraction of a nearly equal value. Further, note
that this is ot & problem unigue w0 the numerical computation of limits. =

In the case of the function from example 7.5, we can avoid the subtraction and hence.
the loss-of-significance crror by rewriting the function as folbows:

R [
_ﬂ:—t.r=_ .I.J'
"+ B+ 16) - 1"
= v
_ B+ 16
==
where we have eliminated the subtraction. Using this new (and equivalent) expression for
the function, we can compute a table of function values reliably. Notice, woo. that if we
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redraw the graph in Figure 6.36a using the new expression (see Figare 6.37), we no longer
see the oscillation present in Figures 6564 and 6.56b.
From the rewritien expression, we easily obiain

(' + 47 -1

lim =8,
= .1_.5

which is consisicnt with Figure 657 and the correcied table of funcion values.
In example 7.6, we examine a loss-of-significance error that occurs for v close to (1.

EXAMPLE 7.6 Loss-of-Significance Invalving a Trigonometric Function

P O s
= e

Solution  As usual, we look at a graph (see Figure 6.58) and some function values.

1 — eosx® 1 — eosx®
- - * o
il (4R L1 0 A%
[T .3 —{1 0.5
Dk (1] —{ik 0.5
ALK L0 —oio | oo
MM (HH] L E )] .

Az in example 7.1, note that the function valses seem o be approaching 0.5, but then
suddenly take a jump down to (L0 Once again, we ane seeing a loss-of-significance ermor.
In this particular case. this pccars because we are subtracting nearly cgual values (cos x°
and 1). We can again avoid the ermor by eliminating the subtraction. Note that

1—cosx®  1-—cosx 14008y M s
b R 1 4 oogy cnominso iy (|« uia’)
1 — cos’{x’)

(1 4 cosx’)
_sin'(x)
~ 21+ cosxy
Since this last (equivalent) expression has no subtraction indicated, we should be able to
use it to reliably generate values without the worry of loss-of-significance error. Using
this to compute function values, we get the accompanying table.
Using the graph and the new table. we conjecture that

Wi offer one final example where a loss-of-significance error occors, even thoogh no
subiraction is explicitly indicated.

EXAMPLE 7.7 A Loss-of-Significance Error Involving a Sum
Evaluate tim x{ix* + 41" + x].
Solution  Initally, vou might think that since there is no subtraction (explicitly] indi-

cated, there will be no loss-of-significance error. We first draw a graph (see Figure 6.59)
and compute a table of valoes.
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. x i + 412 + 1]
-1 :II.I“:F -G ::LI[F -2 .t_lu' - ot L1 1] — 1.9
] ' : gk -1 x 1P —1.0URGuY
-1 = 1r -2.0
- -1 ¢ 1 -2.0
-1 x 10 -0
—1 = 10 i
-1 -1 x 10" (A1)
=1
Figure 6.59 You should notice the sudden jump in valwes in the table and the wild oscillation
¥ =i + )2+ 1] visible in the graph. Although a subtraction is not explicitly indicated. there is indeed a

subtraction here, since we have x < 0 and (£ + 4)"% = 0. We can again remedy this with
some algehraic manipulation. as follows.

[ & 432 — x]

it + 42+ x] = 2l + 412 + 2=
| 1 [ I[l:1‘+¢!""'—1']

s [+ 43— x*]
[(2® + 4" — x]

B e

T i

W use this last expression o generste a graph in the same window as that used for Fig-
ure .59 and to generate the accompanying table of values. In Figure .60, we can see none of
the wild oscillation observed in Figure 660 and the graph appears to be a horizontal line.

=0 10* =t W7 =2 007
- 4 + * 1
T=1
dx
i [ + 4= —x]
: — 10 —1.900%
—1 = I — 1 GauR
| —1 % — 1 S
-1 10 — 1. UGG
-1 x 10® =20
Figure 6.60
Ak 1= | -20
-T=IL.L;+4]IE_II —1 ® ]l'J' 1.0

Further, the values displayed in the table no longer show the sudden jump indicative of a
loss-of-significance error. We can now confidently conjecture that

Jim x[0f + 4% +x)=-2. m_
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BEYOND FORMULAS

In examples 7.5-7.7, we demonstrated calculations that suffered from catastrophic
loss-of-significance crmors. In each case, we showed how we could rewrie ihe
expression o awvoid this crror. We have by no means exhibited a general procedure
for recognizing and repairing such errors. Rather, we hope that by seeing a few of
these subtle errors, and by secing how to fix even a imited number of them, vou will
become a more skeptical and mtelligent user of technology.

EXERCISES 6.7 @

[~ WRITING EXERCISES

Cantion is imporian in using technology. Egually mmportant is
redimdaney. This property is sometimes thought 1o be a nega-
tive {wastelul, unnecessary ), bul its poaive rile i one of the
lessoms of this section. By redundancy, we mean mvestigal-
mg 3 prohiem weng graphscal, nomencal amd syvmbaslee ools.
Why s i1 important o use multiphe metbods?

When should you do each of the fllowing: book a1 a graph:
compute function vilues; & symbolic wod: doane — 8 prood’;
pricritize the echnigees in this chaper?

The et Hﬂ‘w“ impartant in Chapter 7. For a
specilic function and specific o, we could compute a wble of
values of the fractioa for senaller values of b Why should we
b wary of hss-ol-agmilcance eroon?

W rationaslized the numerator in example 7.7 The old rube af
raticmalizing the denomenator 1% miended o mimmize com-
putational errors. To wee why you might want the square ro
i fhe numenstor, suppise tat you can gel oaly one decimal
place of accuracy, so that 3 = E.T.Emnp:h'rﬁmfrml
then conpare 2(1.7) 1 —y. Which of the approximations
could vou do in your head?

B

I exercises 1-12, {a) use graphics and numerics o conjeciure
a value of the limil. (b) Find a compuier or caleulator graph

showing a bss-of-signilicance ervor. (¢) Rewrile the lunciion ia
avoid the loss-ol-cignificance error.

kN

]lrl'l.J.']'L da.l"-i-F—l'l::l

L=—g0

- B :I_ir_nm.t{!.-"-lfﬂ- i+ 1:].

lim Vrlr+d —vr+2] d. :Ilﬂf‘{'h':‘+ﬂ—f}

maVE+4-VE+2) & hmaVi+8 -27)
| — i Zx ool —cosx

— T il R
I — cosx” r 1 —cosx’

T B o

1
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{27

L=

(VF+T - ¥7-T)

?ﬂ.‘[m [‘h:"m— ":"'IT;]

In exercises 13 amd 14, comgpeare ihe limits i show that small
errors can have disasirous effecis.

13

o
B]ﬁu

hm# sl Eisn

x==1 r— =1

4y — 20
=1
x=12

x=12
- and lm
r—d

~2 40

m
Bl

Compare f{r) = w0 xx and gix)=an 3 14x for x = 1 {radian),
x= Ik r= 1Fand x = 1NKL

I your hawe socess o a CAS, e an the B of examples 7.1,
76 and 7.7, Based on these resuliz, do you think thet your
CAS dinss procise calenilafions or nunserical estmmates?

In exercises 17 amd 18, compare the exaci amswer b ome
obtaimed by a computer with a siv-digit mantissa.

17
18

{ T ANMOHNES — 1 O ) 3 LT

{00006 — 1000001} = 107

4 EXPLORATORY EXERCISE

t.

Just as we are subject 1w round-off ernor 0 osing coloulations
from a compoter, 5o are we subject 1o errors in 2 comput-
er-generatid graph. Afier all, the compider has 1o compule
function values before it can diecide where 1o phisd paints.
On your computer or calculator, graph ¥ = sin 2 {a discon-
ecled graph—or poinl plot—is preferable). You should see
the oscillations you expect from the sine function, bat with
ihe oscillatins geting faster 3 x pes langer. Shifl vour graph-
mg window 1o the right several tmes, At some poaal, the plog
will become very messy and almost unresdable. Depending
on your technology, you may see pallerns m the plol Arne
thess paderns real or an illusion? To explain what is going o,



6-59

recall that o computer graph 15 a Dnge st of paxels, with each
piel represenlting one x and one v Suppose the compoler 1%
ploding potms ol s =10, =01, 1= 0.2 and so o The w-values
would then be sm OF, in 0.1°, sin 0LF and w0 on. Investizale
whal will happen between x = 15 amd x = 16, Compute all

CHAPTERE® =+ Review Exercses mn

the ponts {15, sin 1571, (15,1, sim 15.1%) and so oa. If you were
o graph these pomis, whal patbérn woubd emeree* To explam
this panern, srgse tha there 15 approcimately hall a persod of
the xime curve missing berween each point photied. Also, inves-
tigate wihot happens between t = 3] and x = 31

@ Review Exercises

['~) WRITING EXERCISES

The following st inchides terms that are defised and theorems that
are slabed i thes chapler. bor each levm or theoren, (1) grve a pre-
cie definition or aement, (2) stai in general ferms whal it means
amd {3} describe the types of problems with which it is associsted.

Sevaml line Lkt Imfunate ot
Une-smbex] limnt Coniim s Liss-of -signilicance
Eemaovahls Huorezinial asymptobe eroor

iasconEinmiy Sqpaeere Theocem Slanl asymgpliobe
Vertical asymptole  Length of line Imtermedeate Walue
Method of bisections  segement Theonem

Shope of curve

() TRUE OR FALSE

Stale whether each stalement is rue or fube and boefly explus
wihy. If the siatemend s false, iy o “Tix it by modifying the given
staterment ty make o new stalement that is e,

1. In caleulus, problems sre ofien solved by (st approcmating
the soluton amd thes improving fee approxinalxon.

lI!'_FI'l.I'I =2.1. fil.01) =201 and %o om, then IIiI|J:_H.1:'I =L
lim [ fix) - gle)] = [lim fexf lim gix)

-E e i xh

1 —
g gixl !Ilrn glx)

R

lt_ffil: 1 and fid) =2, then there exists an x between 2 and 4
such that fix) =10,

&

For any palynomaal pix). Jim pix) = eo.

7. Iffix) =% for palynomaals pand g with qla) = 0, then fhas
x

& vertical ssymplobe af x = a.

8 Small round-off errors rypecally hove only small effects ona
calenlation.

S lim fix) =L if and oaly if lim /o) = VL.

In exercioes 1 and 2, numerically estimate ihe ape of ¥ = [z}

#r =
I. fini=r-2ra=2

L flap=sndea=0

In exercises 3 and 4, numerically estimaie ihe lengih ol the
curve psing (aj m =4 and (b) 0 = 8 line sepments and evenly
spaced r-coordinates.

A firj=sinr €<

P

d fixp=x"—x0x1x2

In exereises 310, use numerical and graphical evidence 1o con-
Jecture the value of the limit.

tan~ "t -1

5 lm . 6 hlm 2

e =1 it

. x+ 2 L

7. Hm B hm {142

- | i

2"

9 lim {l - —) . lim ™

T I He 05

I exercises 11 and 12, idendily ihe limiis from the graph of [
11. (&) liJuL_fl.tI- {b) |iﬂrl_ﬂl_l

+ 1 I {dj h |

) ._n.‘L‘m {dh ,"'_EJ”‘

1 ja) Ii:r:: fix) (b IJr:'l. fix)
== a=1"

(3] Jm?_ﬁ.tj {dh Tim fix)

13, [dennfy the discontimuities m the fuscton graphed shove.

14, Sketch a graph of a lusction § wih f—1i=0, fi0i=0
II|.'|'_=:|_|‘I_.|.'r= [ml]lrll'!_.l‘l:x:l=—l..
a el
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In exercises 15-36, evaleate the limii. Answer with a number,
oo, —oo or does mid exisl.

r—x=—12 =1

18, s — 16 Hm —

=1 -4 =l g 4 y—12

r4+x

17, im— 18, Hme™™

e e e o ;

sinx”

19 limei2 4+ sbsen (1ix) M. Hm—

=0 -8

dr—1 ifx<2

21, lim fix). where fix) = { P41 a2

. x4+ 1 fx<l
1L '.‘_“u"ﬂ"'“*’“"-'“"{l—'+| e
e
vit+2r—1 0 x—1
sl - A i
25, lim cot () nJhm%TJ—ﬂ
1~k 11 r—ix+1
-4 2
T lim —— IR, Hm———
S o S | T d
. fimoem™T 3. lim e
P, | i
3. lem bn 2y 31 lim ln 32
E—=im a—ir
2 3
B lim—— M lim—
EL e Ar— 4 L i | 2 e
iy —
35, fim (1 — 0™ %l
—T 11 h’«'l_ 1‘
2
AT, Use le&pu:;:ThﬁmMpﬂmﬂuﬂllE : _I=H.

A8 Use the lmermediate Valse Thearem o venfy tha
fixi=x" — x — | has a zero in the imerval |1, 2] Use the
methad of bsections o find an mierval of length 1532 tha
Lo 3 deTo.

[ exercises 3942, find all discontinuities and determine which
are removahle.

— 1 x+1
M fli=——— M firi=——
# f 423 . = —4
STILT <l
dl. firl=4 2 fl=xr<
da—3 a2

dt. flr)=xcolx

&&0

Review Exercises [

In exercises 4346, find all intervals of continaity.

x4+ 2
43 fixl= —

¥ —x—=08
45, firi=smil + ')

. fix)=In{3x—4)

46 firi=vr—4

In exercises 47-54, delermine all vertical, horizontal and slani
asyiplsbes.

x+1 x4z
47. | = e 48, = e
e Moy

. 1
49, ‘H.I:_I=_|I— 50, _”I|=_:—
r-1 r—x—1

5L filx)=2e'

5L fixj=31an " 2x

5A fixi=

: 54 fixp=31nix—2)
[

In exercises 55 and 56, (a) wse graphical and numerical evi-
dence lo conjeciure a value lor the indicabed limil. (b) Find a
campuler or caleulator graph showing o less-of-significance
error. {c) Rewrile the lunciion to avoid ihe loss-of-signilicance
[T

55, hmﬂ Sh. Limrl{"-":l::+l—.r::|
w=={l 2x L
™ appLICATIONS

L. A tanker's inbernal reservorr 15 eaking a3 rate mein lisers per
mnile as modelad by

2w — B
" 1<r<d
" r—dr
il =
M T —2)
—_— il
r—d

A Wit 15 Vhe mate at ¢ = 37
b ls ibe Duigchon oy conmigous al § =47

2. The power dissipated in a resstor can be obtained throwgh the
ejqualion P = R, where P is the pivwer m wals, 1% the cur

rend i amperes, and K ix the resistance in ohmea. In what inter-
wall muasd § lve ol the povwer s 200 watls and 8 15 6+ 0.2 ohms?
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@ Review Exercises

3. Use the graph of fix)io answer the following guestions:

L
e
— -'—'_':"'_ﬂ S e — —————F
=6 =5 =4 =3 =} =l 2 L1 4 5 [ 7 A 0 ]
-]
=18
gl
4
5]
(ak IJ:r:_fl_.u (k) lim fin ch ]lmljl.u
[ Il_ugh.a'] {e) EIE:.I'H“ (f EBDJIII
{gh Il_wi_tl [h II_|]_11nll‘i_[| {1} Isfixh coatinuous g x =07
(70 Is fix) comiimeous at x =27 | (k) f(F) (1) 1= f{x comimmous &1 x = 57
A5 EXPLORATORY EXERCISES
A A of the graph of f corresponding 1o these values. (¢} Connect
B 1. Foejir)= "‘_;_d" thee following. () Find all vales the peeces of your graph as simply as possable. I available,
r—3ir+h compare your graph o a computer- generated graph.

of xal whech fes nol conbiniouns. (h) Determme wiich valoe 1
{a) 1% a removable decontinuy. For this value, Tond the Eoat
of fas x appricches thes value. Sketch a portion of the graph
of f miear thes r-value showng the behavior of the fusction.
(<) For the value m part (a) that s ned remevable, [nd the two
one-sided infide hmits and skewch the graph of f near this
xevaluoe. {d) Find }E][:i el JE’_E.,.-"'“ amd xketch the portion

2 L fir) represent the price of an sutograph of a famous person
o L ¢ (yedrs after 20000 Interpret each of the following
{independeatly i o linancial tenms (2) horcontal asymplole
¥ = THY, {b) vertical asympdole o f = Lk (ch H_f[t] = 5[H)
and EIE St =800 and {d) I:I_T fie) =930,
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@ Differentiation: Definition and CHAPTER

Fundamental Properties

The marathon is one of the most famous running evenis, cov-
ering 42,195 kilometers. The 2006 Olympic marathon in Rio
de Janeire was won by Elind Kipchoge of Kenya in a time
of 2:0M:44. Using the familizr formula “rate equals distance
divided by time,” we can compute Eliod’s average speed of

42.193

————

3 = 2z M3 km'h

T —
Gl 3600

This says that Eliud averaged less than 3 minutes per kilo-
meter for over 42 kilometers! However, the 100-meter and
200-mecter sprint were both won by the fabulous Usain Bolt
of Jamaica im 98] seconds and 1978 seconds. The average

B Aarin Bocth Photigraphy speeds for Boli were
0.l 0.2
= 36.Tkm/h  and = 364 km'h

Chapter Topics i nmn
71 Tangend Lines and Velociy =D 3000
7.2 The Denvative Since these speeds are much faster than that of the marathon runner, the win-
7.3 Compulation of Derivalives: ners of these evenis are often called the "Woeld's Fastest Homan.” An inderesting

The Power Rule connection can be made with a thought experiment. If Bolt ran 200 meters in
T4  The Prodict ol Cuotient Bules 19.78 seconds with the first 100 meters covered in 9.81 seconds, compare ihe
7.5 The Chain Rule average speeds for the first and second 100 meders. In the second 100 meters, the

distance mn is 200 — 1) = 10 meters and the time is 1978 — 981 =997 sec-
onds. The average speed is then

2060 — 1)
1978 — 981

e 1003 mus = 36,1 km/h

Motice that the speed calculation in mv's is the same calculation we would wse
for the slope between the points (9,81, 100} and (19.78, 200). The connection
between slope and speed (and other quantities of interest) i1s explored in this
chapier.

(@) 7.1  TANGENT LINES AND VELOCITY

A traditional slingshot is essentially a rock on the end of a string. which you
rodate around in a ciroular motion and then release. When you release the siring,
in which direction will the rock ravel? An overhead view of this is illustrated in

s
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FIGURE 7.1
Path of rock

CAUTION

Bee aware that the “anes”
imdicated in Frgare 7.3 do not
intersect a1 the ongin. We
provade them only as & gusde
as o the scabe weed 1o produce
the figure.

FGURE 7.4a
Secant line joining (1, ) and (3, 10)

Figure 7.1. Many people mistakenly believe tha the rock will follow a corved path, but
Newton's first law of motion tells us that the path as viewed from above is straight. In face.
the rock follows a path along the tangent line to the circle at the point of release. Our zim
in this section is o extend the notion of tangent line to more general curves.

To make our discussion more concreie, suppose that we want o find the tangent
line to the curve v = x* + 1 at the poing {1, 2} {Sce Figure 7.2.) The tangent line hugs the
curve near the point of tangency. In other words, like the tangent fine 1o a circle. this tangent
ling has the same direction & the curve at the point of angency. Observe that. if we zoom
in sufficiently far, the graph appears to approximate that of a straight line. In Figure 7.3, we
show the graphof v = 1+ 1 zoomed inon the small rectangular box indicated in Figure 7.2.
We now choose iwo poinis from the curve—for example. (1. 2) and (3, |0}—and compuaie
the slope of the line joining these two poinis. Such a line is called a secant line and
we denole its slope by me:

-2
M =— =4
-1
.L ."-
224
214
IR
144
&1
1 A e b i i ‘. = T

082 006 100 104 L0

FIGURE 7.2
_'|'=_l:+]

FIGURE 7.3
:|.-=_|':+]

An equation of the secant line is then determined by

v—2
i 5y
x—1

s thiat v=d4x—1)+2

As can be seen in Figore 7.4a, the secam line doesn’t look very much like a tangent line.

Refining this procedure, we fake the second point a litle closer 1o the point of tan-
gency, say (2. 5). This gives the slope of the secant line as

-1
-1

=3

B =

and an equation of this secant line as v = 3{x — 1) + 2. As seen in Figure 7.4b, this looks
much maore like a tangent line, but it°s still not quite there. Choosing our second point much
choser to the point of tangency, say (1.05, 2.1025). should give us an even better approxi-
mation. In this caze, we have
21025 -2
e = —— G
i
and an equation of this secant line is y = 2.05(x — 11+ L As can be secen in Figure 7.4c.
the secant line looks very much like a tangent line. even when zoomed in quite far, as in
Figure 7.4d. We continue this process by computing the slope of the secant line joining (1, 2)
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FIGURE 7.4b
Secant Hne joining (1. 2) and {2, 5)

v fix)

FIGURE 7.5
Tangent ine inlemseciing 3 curve
& more tham oae poinl

SECTION 7.1 == Tangent Lines and Vielooty n

and the unspecified point (1 + & (1 + &), for some value of & close w O (but & # 0). The
slope of this secant line is

fl+m -2 [Hl+hF+1]-2
M+ E—1 I
(+M+iF -1 4+
= [ ~T R
M2+ H)

-

Slubiipy sert ol el

2+h

Fartiw ot cosiviomen d sned caece]

I

" | " x
- 6 1 14

FIGURE 7.4c
Secant line joining (1. 2) and
(108, 21025)

FIGURE 7.4d
Close-up ol secanl Hme

Notice that as k approaches [, the slope of the secant line approaches 2. which we define to
be the slope of the tangent line.

REMARK 1.1

W should make one more observation before moving on to the general case of
tangent lines. Unlike the case for a circle, tangent lines may inlersect & curve at more
than one point. as seen in Figure 75,

O The General Case

To find the slope of the tangent line o v = fiix) st x = a, first pick two points on the curve.
One point is the point of tangency, (@, fla)). Call the s-coordinate of the second point
X =a + h, for some small pumber & (f # 0): the corresponding y-coordinate is then
¥ = fla + b Ivis natural w think of i a5 being positive, as shown in Figure 7.6a. although
hcan also be negative, as shown in Figure 7.6b.

X

T

FIGURE 7.6b
Secant hme th < 01

a+h

a

| a

FIGURE 7.6a
Secanl line (b = 0)
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FIGURE 7.7
Secant lmes approasching The
fangent lme al the powmt P

-4

FIGURE 7.8
¥ =& + 1 amd the tangent
lineastxr=1

The slope of the secant line through the points (a, fla)) and (@ + b fla + k) is
given by

- T@+ W =fla) _ fla+h)—fia) 0
a4+ l—a ke

MNotice that the expression in (1.1} {called a difference guetient) gives the slope of the
secant line for any second point we might choose {i.e., for any k 2 (). Recall that in order to
obtain an improved approximation to the tangent line, we take the second point closer to the
point of tangency, which in wrn makes & closer to 0. We illustrate this process in Figure 7.7,
where we have plotted a number of secant lines for i > 0. Notice that as the poing ()
approaches the point P (Le., a5 i — 0], the secant lines approach the tangent line at F.

We define the slope of the tangent line wo be the limit of the slopes of the secant lines
in (1.1) &8 fr iends to 0, whenever this [imit exists.

DEFINITION 1.1
The slope .. of the tangent line to v = fix) at ¥ = a is given by

Iy —
= iy 1O D)

provided the limit exists.

The tangeni line is then the line passing through the point (o, f{a)) with slope m...
¥ —Jfia)

with equation given by = Mg OF

i—ua

Eguamion of lungein lise ¥ = Mgl X — i) +_ﬂ.ﬂ'-

EXAMPLE 1.1 Finding the Equation of a Tangent Line [
Find an equation of the tangent linetoy = X+ latx= 1.
Solution  We compute the slope using {1.2):

_ fil+ R —f(1)
h
[+ =1+ 1)

i
1+2h+0+1-2

h

M+ . M2+

=1 Facton usd vimivirmni b gl s

[} [ ] ]
im (24 h=2

|
B
Ii

Mubltiph vt sl cancel

Il
IEIF 1§ IF [E

Notice that the point cormesponding to v = |is (1. 2) and the line with slope 2 through
the point {1, 2) has equation

y=Mr—114+2 or v=1Ix

Note hivw closely this corresponds o the secant lines computed carlier. We show a
graph of the function and this tangent line in Figure 7. m
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FIGURE 7.9
v=—and tanpen line # (2, 1)
x

4

—_— &

|
1 9

1
]
(B~
da

FIGURE 7.10b
Tangen! Hoe
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EXAMPLE 1.2 Tangent Line to the Graph of a Rational Function
Find an equation of the tangent line oy = %m:::.

Solution From (1.2}, we have

2
ey
i — :
Mgy = i 'ﬂ-l--'-h} _.I"[1]=1““1+h Giimse 13 4 b -
kit h h—i I Tk
[2—[2+MI IE—E—PII
I 2
= lim {2 + 4 = lim L &! Al Frsm fusns ool mmliiply in
b0 ] b0 i]
. = — 1
= lim = lim =—. Can:zl §
=i (2400 =0 24+ 0 2

The point comesponding tox =2 is (2, 1), since f{2) = . An equation of the langent
limz is then

1
f=——f(r—21+ 1.
¥ ECJ.

We show a graph of the function and this tangent line in Figure 7.9. m

In cases where we cannoi {or cannoi easily) evaluate the limit for the slope of the
tangend line, we can approximate the limit numenically. We illustrate this in example 1.3,

EXAMPLE 1.2 Graphical and Numerical Approximation
of Tangent Lines

—1
Graphically and numerically approximate the slope of the tangent line o v = i e at

x =L

Solution A graphofy= i+ i is shown in Figure 7.10a. We skeich the tangent line

at the point (0.—1) in Figure 7.10b. where we have zoomed in to provide betier detail.

To approximate the slope, we estimate the coordinates of one point on the tangent line

other than (0. — 1. In Figure 7.1, it appears that the tangent line passes through

1 —{-1I}
I-0

slope numcrically, we choose several points near ((, —1} and compute the slopes of

the secant lines. For example, rounding the y-values o four decimal places, we have

the poant (1, 1) An estimate of the slope is then fhe = = 1. To approximaie the

Second Foint - Second Point e
(1.0 %ﬂ (0.5, -3) H:m

i1, —DB182) %:um (—0u1. — 122Dy %:IJJI
(0L, —19%02) %__;_” =198 [ (—(01, — 10202 %: 202

In both columns, as the second point geis closer 1o (0, —1), the slope of the secant
line gets closer to 2. A reasonahle estimate of the slope of the tangent line at the point
(h, —1)isthen m
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O Velocity

We ofien describe veleciny as a quantity determining the speed and direction of an object.
Observe that if vour car did not have a speedometer. you could determine your speed using
the familiar formula

distance = raie » time. (1.3}

Usimg (1.3}, you can find the rate (specd) by simply dividing the distance by the time.
While the rate in (1.3) refers to average speed over a period of time, we are interested in the
speed at a specific instant. The following story should indicate the difference.

During traffic stops. police officers frequently ask drivers if they know how fast they
were going. Consider the following response from an overzealous siudent. who might
answer that during the past, say, 3 vears, 2 months. 7 days, 5 hours and 45 minuwtes, they ve
driven exactly 43,259.7 miles, so that their speed was

distance 452597 miles
e o — g ]
rafe = = 791775k z 162118 mph.

time

O course, most police officers would not be impressed with this analysis, but, wihy is
it wrong? While there's nothing wrong with formuola (1.3 or the anithmetic, it's reasonable
to argue that unless they were in their car during this entire 3-year period, the resuolts
are invalid.

Suppose that the driver substinnes the following argument instead: 1 lefi home at
6217 es. and by the time you pulled me over at 6:43 pas | had driven exactly 17 miles.
Therefore, my speed was

_ 17 miles &0 minuics
T Miminutezs | hour

well under the posted 45 mph speed limit.”

While this iz a much better estimate of the velocity than the 1.6 mph computed previ-
ously, it's still an average velocity using wo long of a time period.

More gencrally, suppose that the function sir) gives the position at time 1 of an object
moving along a swraight line. That is. s(r) gives the displacement (signed distance) from a
fixed reference point, 20 that s{r) < 0 means that the object is located [5(0)] away from the
reference point, but in the negative direction. Then, for iwo times, & and & (where a < b ).
stb) — sla) gives the signed distance between positions (g} and =(b). The average velocity
Vi 15 then given by

= 392 mph,

_ signod distance _ s(B) — sia)

= 1.4
™ time b—n (14

EXAMPLE 1.4 Finding Average Velocity
The position of a car after r minutes driving in a straight line is given by
I, 1
A== ——7, 0<i<4,
Z 12
where & is measured in miles and ¢ is measured in minutes. Approximate the velocity at
time f= 2.
Solution  Averaging over the 2 minoies from ¢ = 2 1o f = 4, we get from (1.4) that
4y — 52y 26667 — 13333
= =
i 472 2
& LG66HT milefminute
= 40 mph
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Of course, a 2-minute-long interval is rather long, given that cars can speed up and
show down a great deal in 2 minutes. We get an improved approximation by averaging
OVET just one minuie:
3 —o{2) T35 13333
my = b
i-2 1

= L9166 mile/minute

= 33 mph.
While this latesi estimaie 15 certainly betier than the first one, we can do betier. As
we make the ime imerval shoreer and shoner, the average velocity should be getting
closer and closer o the velocity at the instant r = 2. It stands to reason that, if we
compute the average velocity over the time interval [2, 2 + k] (where & > 0 and then

let & — 0, the resulting average velocitics should be geiting closer and closer to the
velocity at the instant r = 2.

s(2+ ) —a2) oI+ h)— (2]

e o e O Y 3

A sequence of these average velocities is displayed in the accompanying table, fior & = 0.
with similar results if we allow § w0 be negative. It appears that the average velocity is

approaching | mile/minate (60 mph), as b — 0. =

This leads ws to make the following definition:

DEFINITION 1.2

If si7) represents the position of an object relative to some fixed location at time ¢ as
the object moves along a straight line, then the instantaneous velocity at time 7 = a
is given by
S = S sla + f) — s{a) L sl + M) — ll:d]--
b0 (a4 lj—a bt ]

provided the limit exisis. The speed is the shsoluie value of the velocity.

(1.5}

EXAMPLE 1.5 Finding Average and Instantaneous Vielocity

Suppose that the height of a falling object ¢ seconds after being dropped from a height
of 6 fieet is siven by s(ry = 64 — 167 feet. Find the average velocity between times

t= I and r = 2 the average velocity berween tmes 1= 1.5 and ¢ = 2 the average veloc-
ity between times = 1.9 and ¢ = 2; and the instantaneous velocity at time r= 2.

Solution The average velocity between times f= 1 and f=2 is

s(2) —s(l) _ 64— 16(2)° — [64 — 16(1)]

g = 7 = N = —48 {ffz).
The average velocity between times r= 15 and r=2 is
#2)—5(1.5) 64— 16(2F — [64 — 16(1.5¥]
G S 0.5 ).
The average velocity between times 1= 1.9 and r =2 is
Tj—s19 64— 16020 — [ — 16(0.9)°
u,,,:‘{; j‘g e Ll IZE_I L o S Y
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The instantancous vebocity 15 the limit of such average velocities. From (1.5}, we have

o 82+ ) —xi2)
W= e -2
- [6d — 162 + K] — [64 — 16427
= i
== M — — 1602
_ g 184 = 1604 & d4h + W] — [64 — 162)]

= Arlulniphy vt wd canaedl
[y I '

—16hik + 4)

= lim Fachd ul cosiition b il cahes

I.—E.I'I e bl ]
im [ =16 + 41] = —64 fifs.
-0l

Recall that velocity indicates both specd and direction. In thiz problem. 3i5) measures
ihe height above the ground. So. the negative velocity indicaies that the object is mov-
ing in the negative {or downward) direction. The speed of the object at the 2-sccond
mark is then 64 fi's. ®

Observe that the formulas for instamtancous velocity (1.5 and for the slope of a tangent
line (1.2} arc identical. To make this connection stronger, we graph the position function
A =>64 — I6r forD <1 <3, from example 1.5. The average velocity between r = 1 and
i = 21 corresponds o the slope of the secant line between the points at i = | and 1 = 2. (See
Figure 7.11a.} Similarty. the average velocity between 1= 1.5 and r = 2 gives the slope of
the comresponding secant live. (See Figure 7.11b.) Finally, the instantaneous. velocity at
timie ¢ = 2 corresponds to the slope of the wngent line at r= 2. (See Figure 7.11c.)

=3
=41
=)

=~}
—df4

—&t

FIGURE 7.11a FIGURE 7.11b FIGURE 7.11c

Secant lne berween § = 1 and p=2 Secanl line between 1= 1.5 Tangent line a1 =2

andr=2

Welocity is a rore {more precisely. the instantaneous rae of change of position with
respect o time). In general, the average rate of change of & function fix) between ¥ = a
and x = b {a # b) is given by

5 —fia)
h—a

The instanianeous rate of change of f{x) a1 x = a is given by

“mJ"lfu+[|:I—_|f{.t;|Fr

[T I
provided the limit exisis. The units of the instantancous rate of change are the units of [
divided by (or “per”) the wnits of r. You should recognize this limit as the slope of the
tangent line to v = fix)al x = &
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y=ixi

Slope = ~1 Slope = 1

FIGURE 7.12

y=|d
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EXAMPLE 1.6 Inmterpreting Rates of Change

If the funciion fir) gives the population of a city in millions of people ¢ years afier
Januwary 1. 2000, interpret cach of the following quantities. assuming that they equal the

G a5 &;ﬂ=ﬂ_3£ (b) F(2) — f(1) =031 and
(e} ﬁmw=n_3_
il h
Solution Eiumwisﬂta\w&gﬁm of change of the function [ hetween o
—da

and ¥, expression (a) telis us that the average rate of change of fbetween @ = 0 and b= 2
is .34, That is, the city's population grew at an average rate of 034 million people per
year between 2000 and 2002, Similarly, expression (b} is the average rate of change
between @ = | and b= 2, so that the city’s population grew ot an average rate of

0.3 1 million people per year in 2001 Finally, expression (c) gives the instantancous
rate of change of the population at time f = 2. As of January 1, 2002, the city's popula-
tion was growing at a rate of 0.3 million people per year. =

You hopefully noticed thai we tacked the phrase “provided the limit exists” onio
the end of the definitions of the slope of a tangent line, the instantancous velocity and the
instantaneous rate of change. This was impartant, since these defining limits do not always
exist, as we see in example 1.7.

EXAMPLE 1.7 A Graph with No Tangent Line at a Point
Determine whether ihere is a tangent fine fo v = |rj st x = 0.

Solution  From the graph in Figure 7.12, notice that, no matter how far we 2oom in on
([, @), the graph continues to look like Figure 7.12. (This is one reason why we lefi ofT

the scale on Figure 7.12.) This indicates that the tangent line docs not exist. Further, if &
is any positive number, the slope of the secani line through (0, 0) and i#, |&]) is 1. How-

ever, the secant line through (0. 0 and (f, [&]) for any negative number & has slope —1.

Defining fx) = |x| and considering one-sided limits, if & > 0, then [h] = &, so that

0+ iy — fi0 fe| — 0 h
li.m"r{ ) ﬂj:limll = lim —= 1.

bl R e I =l ;
On the other hand, if & < 0, then B = —6 (remember that if k< 00 =& > 0}, 50 that
0+ i) — Al — —h
I'|1:|:-|‘|r‘L +8 A '=1im Wi = lim —=-1.
0" It MU || 0" R

Since the one-sided limits are different. we conclude that
g S0+ ) — iy
[ I

and hence, the tangent line does nob exist. m

does not exis

EXERCISES 7.1 (@}

(") WRITING EXERCISES
L. ‘Wha does the phrase “off on a tanper” mean” Relse the

2, In peneral, the instantanecos velocity of an object cannaol be
computed derectly: the hmi process is the only way o com-

comammon mening of the phrase Lo the imsge of 3 Lngent 12 pule velocity of an instend from its position functon. Given

circle. In what way does Frgire 7.4d promote a differenl vew

this. how does a car's speedometer compute speed’ (Hint:

of the relationship between o curve and its angent! Lusesk this g i 8 reliesence boak ior on e interme. )



384 CHAPTER 7 Differentatian

3. Look mthe news media and find relerences @ at leas five
diflerent rafes. W have defined 2 rate of change as the Bmil
ol the difference guotient of a lunction. For your five exam-
ples, stale & precisely a podsibie what the onginal Funclion
i5. ls the rate given as 3 percemizge or 3 oumber? In calculus,
we usually compaile rales as nambers; s this in hne wath the
standund wape”

4 Skewch the graph of a functioa that is discontinwous s x = 1.
Then sketch the graph of a Tunction theat is continuous 3 x = 1
bt has no tangent ne a1 5 = 1. In both cases, explain why
there & no langent line sl x= 1.

I exercises 1-8, use Definition 1.1 io lod an squation of ihe

tangent line oy = fir)aix =& Graph y = fir) and the tangent

line o verdly that vou have the correcl egisation.

L fin=r-2La=l L firy=r-2a=0

3 fir=r"-dra=-2 d fisrl=r'+ra=1
I

i;_f'[_r'l-—lt_l_u—l]

B firy=vrx+3a=1

2
5, jq:]:m.ar:I

T. firi=vx+3 a=-1

Ehmrﬂu!—llwﬂuﬂapeﬂlhﬂmllhehﬂmu

e painds ai (alx = landr =2, (bjr = 2andx =3 (clr =15
apdr =2 {dilr=2andxr =25 (¢elx=10apdx =L (N =2
and r = L1, amd {g) use parts (@)= and other coleulations as
needed o estimaie the slope of the tangent bne ol r = 2.

o

9 flzsh=x"—x I fixj=%r+1

r—1

1L fir= 1% i)=&

r+1
L exercises 13 and 14, s the points A, B, C and £ n order of

increasing slope of the tangent line.
11 ¥

[N P

14 ¥

710
In exercises 15-18, nse the position function 5 (in meters) 1o
find ithe velocity &1 time | = a secomnds.
15, sif=—49 + 5 {zla=1;(bja=2
16 srj=dr — 497, @@l a=0:{bla=1
17. A =~+T+16 faja=0 (hla=2
18 sn=dr jala=2(bla=4

I esercises 1922 the lunction reprisents the position in feet of an
olpesc al timee ¢ secomds. Find the average vebocity beiween (aji =0
amli =2 (Wr=1andi=2L{c)¢=19and =2 (dir =199
el 1 = 2, and je) estimate ihe instanianecus velociiy ai = L

19 s =16+ 10 . A =3"+1

L =P+ 13 xfy=3 sl —2)

Ehmﬁuﬂ-ﬁ&mﬂﬂmmtﬁhﬂhuﬂﬂ

wihy & tangent line bo tee graph of ¥ = f(r) al r = o does nol exast.
1 fii=|jx—lsa=1

. fixi= .. ala=1
x=1
25, ok =1 ifx=<0 =0
il {.‘[+[ :Fx!ﬂalu

Sy ]
2x  ilx=l —6

e = {r'—-h: T | bk

In exercised I7-3), sketch in a plausible tangent line af the
given poinl, or state thal there is no tangent line.

Il. y=snzalr=x

X

N y=|xuaa=0




#1 mi=l

In exercises 31 and 32, interprei (aj-{c), as in example L.

i

Suppese thal fif) represests the babmee m doflars of 2 hank

sccouml ¢ years after Ransary 1, 3000, {31@2 21434,

51 20fd) — 3 = 250 and () i - T =L
E T

Suppose thal fijm) represents the value of a car i dollars thar
has been driven m thousand naibes. ‘-“’M =—=21103,

FUB0 + k) — FL40) _

—_ - -1 K
b 1A — i3 204800 2l (<) luj £

M,

Soammetimes an moormecd method accodentally produces a cor-
rect answer. For quadrantie functions (but definitely nor most
other functions), the average velocity berween f = rand = 5
equals the average ol the velocities al = rand f = 5. To show
this. sssume that fin = af + b + c 15 the distnce fune-
trom. Show that the sverage selocily between r = rand r ==
eiuals oy + rh + b Show that the velociy st =ris 2ar+ b
and the velocity at ¢ = v is Zos + b Finally, show that
(2ar + b) + (ax + &)
)

Find & cubse function |1y () = £ + - - -] and numbers - and 5

s thal the average vebocity between ¢ = rand § = 35 5 difTer-

end lrom the average of the velocilies M ¢ = raosd 1= 5

{a) Find all poamts a1 which the shope of the tangent line
_'r=1:+11:+ 1 equads 5.

gix+ri+ b=

{b) Show that the shope of the Langent loe 1o v =" + 3+ 1
caned equal 1 al amy point.

{a) Show thal the graphs of v =1 + 1 and v = rdo ool iglersecl

b} Find the value of x such that the tangent lines oy =x° + 1
and v = x are parallel.

{a) Fand an equation of the Bngest lme 1oy =x" + 3r+ lalr= |

b 5hml1m1lhelangﬁ1iljnei1pﬂﬂt::inbhmty=f+h
+ 1 at mare than one point.

() Show thay for any number ¢ the tangent line v =+ 1
a!::tuﬂginl:n:ﬁﬁy:f+]almwi.n1.

Fla+ &) —fia) _ mﬂ.ﬂ—ﬂuﬁ

L] = r—d

Show tha im
h—il

h=x—u)

L iHine: Let
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{ appLicaTiONS
1. The wable shows the freezmg lemperature ol water in degrees

Celsmus 3 various pressures. Estimate the slope of the tanges
lme al p= 1 amd mberpeel the resall. Estimate the shope of the
tangent line 3t p = 3 and interpret the resull

plamy o | 1 | 2 E] 4
= Jof—7]-20]-16] -1

The tahle shows the ranee of a soccer kick launched a1 30°
ahove the horizontal al varioes mdtal speeds. Esimate the
sbope of the langent line ai v = 50 and titerpret the resuli

Distance ivd) | 19 | 2% | 37 [ 47 [ 50
Speed (maphy | 30 | 40 | 50 [ eo | 70

The graph shows the elevation of 2 person o a climb up a chil
w5 a lusction of wme. When did 1the climber reach the wp?
When was the hiker gomg the fastest on the way op? When
weas the hiker gpoing the astest on the way down? What do you
think oceurred ol places where the graph is bevel?

[Eke v o

# Time

i i t e

The graph shows the amount of water in acity water Lank as a
function of teme. When was the tank the fullest? the emptiest?
When was the tank lilling wp ol the Gstest me? When was
the tank empiying al flee Fstest rale? What iime of day do you

think the level porisom represmis?

L

_\j"\\_—/\___

Wier level

Time

24 hours

Suppose a bot cup ol collee 15 kel in a4 room for 2 howrs.
Skerch 2 reasomable graph of what the Emperabure would look
like 25 a Tunction of Ume. Then sketch a graph of what the s
of change ol the emperatune would hok bke.

Sketch a graph representing the height of a bungee-jimper.
Sketch the graph of the person'’s velocity (use + for upwand
vebocity amd — for doweward velbocity .

@mmmwexsms
1. A car moves oo 3 rood that (skes the shape of ¥ = 1°. The car

s Troem left o rght, and s headlights illemmate a deer
standing a1 the point (1. 7). Find the ocation of the car. If the
car moves from raght o belt, how does the answer change?
I there a bocation (x, ¥) such that the car's headlights wasubl
never illuminate (x, ¥)?
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Wit 12 the peak spesd for o buman being? I has been esti-
muted that Carl Lewis reached a peak speed of 28 mph wile

winning a gold medal in the 1992 Olympics. Suppose thal we
Taave the following dara for a sprinter.

Meters | Seconds
s 5. 16666 Meters | Secowds
56 5. Thbih 62 b 26hhbh
58 593333 el fdhthh:
il A1 70 T 6hEh

We wanl 1o extimate peak speed. We couald stz by comput-
digtance _ 100 m
ume | 10s
ovier the entire race. mol the peak spesd. Arpise fhesl we wani

= 10 ms, but this is the averape speed

712

o eomguabe average speeds only wsang adjacent measunements
{e.z.. 50 and 536 meters). Dy this for 21l 6 adjacent pairs and
find the largest speed (1 you wanl 1o comvert Lo mph, divade by
04473,

Midice thet all times are essentially mulbiiples of 1530,
mnbicating a video captwre rube of 30 rmes per second. CGiven
this, why is @l suspicious that all the distances are whole
numbers? To get an idea of how much thes maght affect your
cakeulations, change some of the distances. For insance. il you
change 60 (meters | o $9HE how much do your average veloc-
ity caleulations change”? One way w0 slentify where mistakes
hawve been made s 1o look ai the pattern of sverase velocities:
does 1l weem neasonable? In places where the patiern seems
suspicious, try sljustmg the disgtances and produce a mone
realistic pattern. Try Lo quantily your ermor amalysss: what is
the highest (amd kvwest) the peak speed could be?

(@) 7.2 THE DERIVATIVE

Ini section 7_1, we investigated two seemingly unrelasted concepes: slopes of tngent lines and
velocity., both of which are expressed in terms of the same limit. This is an indication of the
power of mathematics, that otherwise unrelated notions are described by the same mathemat-
ical expression. This particular limit tums out o be 5o usefil that we give it a special name.

DEFINITION 2.1

The derivative of the function £at the point x = a is defined as

provided the limit exists. If the limit exists, we say that fis differentiable at v = a.

fla+ R — fla)
e e

(2.1}

fta)=lim

An alternative form of (2.1) is

{See exercise IR in section 7.0}

= 2

A — e 2.2)

h—a

EXAMPLE 2.1 Finding the Derlvative at a Point
Compute the derivative of fix)=32" + Ix — latx =1

Solution From (2.1}, we have

1) =Tim =

U1 4 by —f1)

g BOHAP 4+ 2140 —1]—(342-1)

= 11w
Bl

h

=1

II
L

15 IF

” I+ 3+ E+ 2+ -1 -4

L+ 9% + 30
i

Mluluply it smad cameel]

h

Factus i cistrrrtnni b astd Casczl

=lim (1l + ¥+ 3 =11 &
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Suppose that in example 2.1 we had also needed to find (2) and F'(3). Rather than
repeat the same long limit caleulation w find each of £(2) and (3} in example 22, we
compute the derivative without specifying a value for x, leaving us with a function from
which we can calealate ((a) for any o, simply by substituting i for X

EXAMPLE 2.2 Finding the Derivative at an Unspecified Paint

Find the derivative of fiix) =3 + 2 — 1 at an unspecified valuwe of x. Then, evaluat:
the derivative sl x = 1, x =2 and x = 3.

Solution Replacing a with x in the definition of the derivative (2.1), we have

Fix+ k) — fix)
h
Bix+ b+ x4+ —1]—QF+ 22— 1)
h
O LICh 3 I (e ) — 1 — 3 — P Ml s

3 el s

Li
[

Fix

&

L3

&

o4 Sk 4 30+ 2R Factue s
= lim CrntEmtuiin &
A=t h

=H[9r+‘lu'l+3h‘+2:l

[T

=0 0+ 0+2=%"+2

Motice that in this case, we have derived a new fisnerion, (x) = 9¢ + 2. Simply
substituting in for x, we get S{1) =9+ 2 = 11 (the same as we got in example 2.11),
FI =N +2=38ond f{3)=9(9)+2=83 u

Example 2.2 leads us o the following definition:

DEFINITION 2.2
The derivative of the function fis the function f* given by

. filx 4+ Wy — fix)

Fy=Em et R —1E)
- I

The domain of {7 is the set of all x"s for which this limit exists. The process of com-

puting a derivative is called differentiation. Further, fis differentiable on an open

interval [ if it is differentiable ar every point in I

(2.3)

In examples 2.3 and 2.4, observe that finding a derivative involves writing down the
defining limit and then finding some way of cvaluating that limit {which initially has
the indetcrminate form ).

EXAMPLE 2.3 Finding the Derivative of a Simple Rational Function
I f{x) = 3{x # 0, find f"(x).
Solution  'We have

_ oo flx 4 ) — fix)
fiiny = lim ==—— ——=

(ler&_ﬂ ——
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[x— (x+ k)

xlx + &
= lim L fabed Troctiomm sl Laes]
=0

Canicel b

sothat f{(x¥i=-1r% m

EXAMPLE 2.4 The Derivative of the Square Root Function
If fix} = +% (for x = 0 ), find {x).
Solution 'We have

. Jlx 4 k) —fx)
fl{-"] — ﬂ%
—ia VE+h— %
—0 Fe
iy XA "-"T( v+ + VT) LR Ja——
=k VIt h+ JE) ecmesiTh L
= lim & Mgy vui asal caied
=0 h| x4 b + VF]
. S
h—i1 !ll ith+ -..-’Il
5 1
x =R TR
154 _r_ -I-r e
23 2

L
Maotice that {1} is defined only for x > 0, even thoogh f(x)is defined forx = 0. =

The benefits of having a derivative fircrion go well beyond simplifying the compata-
tion of a derivative at multiple points. As we'll see. the derivative function wells us a great
deal about the original function.

Keep in mind that the value of the derivative function at a point is the slope of the
tangent line st that poine. In Figures 7.13a-7.13¢, we have graphed a function along with
its tangent lines at three different points. The stope of the tangent line in Figure 7.13a

¥ ¥
i+ -
15 154
T
Iy (L 3
+ L
5 S -1 =1 1 2
-3
e 4 X
=} = 2 4 . —d
FIGURe 7.13b FiGURe 7.13c FIGURE 7.13d

M =10 TN | | v = (x) (three pomts)
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=l

Figure 7.14
¥=flx}

Figure 7.15
¥ =fix) and y = f(x)
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is negative; the stope of the tangent line in Figure 7.13c is positive and the slope of the
tangent line in Figure 7.13b is zero. These three tangent lines give us three points on
the graph of the derivative function {sce Figure 7.13d), by estimating the valoe of {x) at
the three points.

EXAMPLE 2.5 Sketching the Graph of /* Given the Graph of
Giiven the graph of fin Figure 7.14. skeich a plausible graph of 1.

Solution Rather than worrying abowi exact values of 7 (x). we only wish o fnd the
general shape of its graph. As in Figures 7.13a-7.13d, pick a few important poinis o
analyze carcfully. You should focus on any discontinuities and any places where the
graph of f turns around.

The graph of v = fix) levels out at approximately x = —2 and x = 1. At these poinis,
the derivative is (. As we move from kefi o right. the graph rises for x < —2. drops
for —2 < x < 2 and rises again for x > 2. This means that M) > 0 forx < -2,
Sk = 0 for =2 «< x < 2 and finafly {xh > 0 for x > 2. We can say even maore. Asx
approaches —2 from the lefi, observe thai the tangeni lines get less sieep. Thercfore.
Jixy becomes kess positive as x approaches —2 from the lefic Moving to the right from
x=—2 the graph gets steeper until about x = {). then geis less steep uniil it levels out at
x =21 Thus. {'(x) gets more negative until x =1, then less negative unil x = 2.
Fimally. the graph gets steceper as we move @0 the right from x = 2. Putting this all
together. we have the possible graph of 7 shown in red in Figure 7.15, superimposed on
the graphof /. m

Ii is even more imeresting io ask what the graph of ¥ = fix) looks like given the graph
of ¥ = f"(x). We explore this in example 2.6,

EXAMPLE 2.6 Sketching the Graph of f Given the Graph of F
Given the graph of /7 in Figure 7.16. sketch a plansible graph of £

Solution Again. do not worry abowt getting exact valoes of the function, but rather
only the general shape of the graph. Notice from the graph of v = (o) that ' (x) < 0
for x< —2, 5o that on this interval, the slopes of the tangent lines w ¥ = Fx) are nega-
tive and the graph is falling. On the interval (2. 1), F{x) = 0, indicating that the
tangent lines to the graph of v = fix) have positive slope and the graph is rising.
Further. this says that the graph turns around (ie., goes from falling to rising) at x = —2.
Furiher, f"{x) < 0 on the inicrval (1, 3), so thai the graph falls here. Finally, for x> 3,
we have that f(x) > (0, so that the graph is rising here. We show a graph exhibiting

all of these behaviors superimposed on the graph of v = fiix) in Figure 7.17. We have

-Ill F 5
a4
(LR
AN :
. 4
-4 a2/t 4
= [l
=4
Figure 7.17

Figure 7.16 v =f"{x) and a plapsible graph

v=j"ix} all ¥ =fixl
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HISTORICAL
NOTES

Gottfried Wilhelm Leibniz
(1646=1T16] A Gesman
methematician and philose-
phés whe mtroduced muth
of the notation and benminod-
ogy in cabtilus snd who =
eredited [together with Sir
isaac Mewton) with imventing
the calcubus Leaiboiz was a
prodigy who had siready
received hiz law degree and
published papErs an logac and
jutisprudence by age 20, A
true Renaissance man, Lesbnir
msde important contributions
1o politics, philosophy, theal-
ooy, enginsening, lirgustics,
gesiagy, architeciure and
physics, while saming & repu-
tation &5 the greatest Brarian
of his time. Mathematically,
e derved many fundamemal
rules for compuling deriva-
thves and helped promote
the devsopment of cabculus
through his extensive commu-
nications. The simple and lagi-
cal notaton he imented made
cabculus accessible to a wide
audience and has onky been
massginally mproved upan in
the intenvening 300 pears. He
wrobe,

“We obserwe in signs an
advantage in discovery thal &
greatest when they eapreds
and, ag it were, depict the
innermost nature of & thing
in & few signs, for then the
iabar of thought i wendarfully
diminished ™"

Diferentation 716

drawn the graph of fso that the small "valley™ on the right side of the v-axis is nof as
deep as the one on the left side of the v-axis for a reason. Look carefully at the graph
of {x) and notice thai | (x)| geis much farger on (-2, 1) than on {1, 3} This says ihat
the tangeni lines and hence. the graph will be much steeper on the interval (-2, 1) than
onil. 3. =

O Alternative Derivative Notations

Wi have denoted the derivative function by f. There are other commonly used nota-
tions for [, each with advaniages and dissdvantages. One of the coimveniors of calculus,

Gottfried Leibniz, used the notation g {Leibniz notation ) for the derivative. If we write

v = fix}, the following are all alternatives for denoting the derivative:

)
The expression e iz called a differential operator and tells yvou io take the denivative of

whatever expression follows.

In section 7.1, we ohserved that fix) = |x| does mot have 3 tangent line at v = 0
{i.e.. it is not differentiable st @ = 0), although it is continoos everyvwhere. Thos, there anc
continuoas functions that are not differentiable. Yoo might have already wondered whether
the reverse is true. That is, are there differentiahle functions that are not continuous? The
answer is “no,” a5 provided by Theorem 2.1,

THEOREM 2.1
If fis differentiable at x = a, then (s continwous at v = a.

PROOF
For fio be continuows al x = a, we need only show that E'I]'_.I;I_ﬂ]'] = fia). We consider

Blualtipehy mnad chioade By o

im 100 — ] = i [F =2 (o)

= lim Al —fa) lim (x — a)
=1 r—a =1
=Ilfﬂ Hu} = u'.- G ik JilBeciilabls o i = o

where we have used the aliemative definition of derivative (2.2) discussed carlier. By The-
orem 3.1 in zection 6.3, it now follows that

0 = lim [f(x) — fla)] =lim () — lim fta)
= lim fx) — flab,

which gives us the result. m

Mote that Theorem 2.1 says that if a function is mer continuous ai a point, then i can-
no have a derivative at that poini. It also wrns oot that funciions are not differentiable at
any point where their graph has a “sharp” corner. as is the case for fix) = |x| = (L (See
cxample 1.7 in the previous section. )

" Lemier e Latibusie o Elwenlried Waley' von Techicnh Rep d i Brivfarohoed v G W Ledbar; s Mo bl
rrn. Erster Borad, el T | Gehandt, vol. L p. 375 {Bebin: Maser & Miuller, 13990 Asaileble s hnpoguod Fbamich abhfe’
i sttt TTAD (001 D01 M owtos




¥ = fix)

Finp=1

&=

fiz =0

Figure 7.18
A sharp corer
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EXAMPLE 2.7 Showing That a Function is Mot Differentiable at a Point

M ]
‘L :i:iismmjfﬁnmsm:mxﬂ.

Shiovar that fix) =
Solution The graph (sce Figure 7.18) indicates a sharp corner ai x = 2, 5o you might
expect that the derivative does not exist. To verify this, we investigate the derivative by
cvaluating one-sided hmils. For i > 0, noie ihat (2 + &) > 2 and so, fi2 + 8= 202 + ki
This gives us

2+ hp—fi2 2+ h—4
]jm'ﬂ:—E= hmg
bt ki bl I
44+ —4
= mn ——— Lipdy nnll dnal el
- R
2h
= hm —=2 wee] cnssui
b :

Likewise, if fi < 0, (2 + h) <= 2 and 5o, fi2 4+ &) =4 Thus, we have

2 = L
Hm'ff_-l_&] J(2) 4-4

Py Kl = EEI& i =0,

Since the one-sided limits do not agree (0 £ 2), 7{2) does not exist (1e., s nod differ-
cntiable st x =2). m

Figures 7_1%a-7.19% show a vanety of functions for which (@) docs not cxist. In each
case, convince yourself that the derivative does not exist.

£

s

L/

FIGURE 7.158a FIGURE 7.19b
A jump discoatinuly A vertical aymplobe
¥
.‘I
+ 10
a
*
-
FIGURE 7.18c FIGURE 7.19d
A cusp A vertical tangenl ke
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O Mumerical Differentiation

There are many times in applications when it is not possible or practical o compute deriv-
atives symbolically. This is frequently the case where we have only some data (ic.. a table
of values) representing an otherwise wknown function.

EXAMPLE 2.8 Approximating a Derlvative Mumerically
Numerically estimate the derivative of fixl =22 v’ + 2atx=1.

Solution Although working through the limit definition of derivative for this
function is a challenge, the defmition tells ws that ihe derivative at x = 1 is the limit of
slopes of secant lines. We compute some of these below:

JO+ b —fil) Ju+& -y
k e e &
h k
0.1 4.7612 —0.1 39306
0.01 43715 —0.01 BT
0.001 43342 —0001 43260

Notice that the slopes seem to be comverging o approcimately 4.33 as I approaches 0.
Thus, we make the approximation (1) =433 =

EXAMPLE 2.9 Estimating Velocity Mumerically

Suppose that a sprinter reaches the following distances in the given times. Estimate the
velocity of the sprinter at the 6-second mark.

Fisec ) A1) 3.5 3.8 34 i) 6.1 f.2 [ %] 70
AHepifey | 1237 [ 140400 | 35141 | 15490 | 15840 | 16192 | 16542 | 17585 | 193.1

Solution The insiantaneous velocity is the limit of the average velocity as the time

Time Avernge interval shrinks. We first compute the average velocitics over the shortest intervals
fmterval Veelocity given, from 5.9 to 6.0 and from 6.0 to 6.1.
(5.9, 6 35.0 ms Simce these are the best individuoal estimates available from the dats, we could
6.0, 6.1} 357 mis just split the difference and estimate a velocity of 35.1 fifs. However, there is useful

information in the rest of the daty. Based on the accompanying table, we can conjeciune

thai the sprinier was reaching a peak speed ai about the &-second mark. Thus, we might
Tine Aberage accept the higher estimate of 352 fifs. We should emphasize that there is mot a single

Saterual Vilscirr cofmect answer to this question, since the data are incomplete (i.c.. we know the dis-

7 iance only at fixed times. rather than over a contimuum of mes). =

[ 34,78 mis

(5.5, &1} 3495 mis

(5.9, 6} 500 mis

(60.61) | 3520 ms BEYOND FORMULAS
{f0, B2} A5, 10 mis

(.0, 6.5) .00 mie In the next sections, we derive numenous formulas for congputing derivatives. As vou

lzarn these formiplas. keep in mind the reasons. that we are inerested in the derivative.
Carcful smudies of the slope of the tangent line 1o a curve and the velocity of a moving
object led us to the same limit, which we named the derivanve. In general, the deriva-
tive represents the rate of change of one quantity with respect to another quantity. The
study of change in a quantifiable way has led directly to countless advances in modern
scicnee and engineering.
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EXERCISES 7.2 (@

I WRITING EXERCISES

1. The derivative is imgoriant becawse of s many different uses
anl interpretations. Describe four sspects of the derivative:
graphical {think of langent Hees), symbobic, numerical and
applications.

1. Marthematicians ofien e the wond “smooth™ w describe
Tuncisons with cerlain properties. Craphecally, how are dilfier-
entiable functions smoother than fupctions that are conlimious
bt mod differentiable, or funcions that are nol conlinuoas?

3. Brefly descrbe what the derivative tells you about the ong-
imal fomction. In particular, i the derivative s positive ol 3
point, what do you know about the treed of the function at
thar point? What is different if the dermvative is negative al that
poiat’?

& The decdvative of fix) = 35 — 5 i3 () = 3. Bxplatn b teenns
of slope why rfhas s iroe.

In exercises 1-4, compute (o) uwsing the limils (2.1)
and (2.2}

L fisi=3xr+ La=1 L fivi=ir+ La=1

i fini=vix+l,a=1 d. firi=

- a=21
x+1

In exercises 5-12, compute e derivative function | using (2.1)

or (1.2).
5 flo="+1 & flxl=r"—25+1
7. fii=0"+2r—1 B firi=1x'—2" 41

z

'P-Jflxi=l+] lﬂ.ﬂxl:ll_l
1L fifi=+v3+1 1L fin=+v2+d

In exercises 13=16, wse the graph of § o sketch a graph of /.
13 qa)

/. A

14 fa) ¥ (b} ¥

SECTION 7.2 =+ The Denvative 3933

¥ ] 4
et
x
x
v (b} ¥
X
X

In exercises 17 and 18, wse the given graph of [ to sketch a
plansible gragh of a continwons fuseiion 2

15. {a)

16 (=)

17, {a) ¥

J A
e

In exercises 19-22, compute the righl-hand derivative.
D, f =&Mu the beft-hand derivative

18 {a)

D_fi0) = lim w. Dhoess (1Y) excist?

won={500 050
= o= {f, 256
L
2= (i s
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[ tn exervises 23-26, numerically estimate the derivative.

I )i fig= 24 i) boe fin) =

T

xr+1

25, ) for fix) = oos 3 26, 20 foe fix)=1n 3x

I exercises 27 and 28, use the distances fif} o estimate ihe
velocity atr = 2.

7.

i 1.7 1.8 19 20 21 22 23
AN 3l EX 4.8 5% |6R 17 B3

B3 17 |18 [12 [2z0 |21 Jz2 |23
Filky d.h %53 ful T0 Th i 93

B 20, Ciraph and sdennly 2l r-valves at which s not differentiable.

{a) ficd = x|+ |x—2]. {b)filx) =] — dx]

[ 30, Ciraph and idenify all x-values at which g is wot differemtiable.

e P

fwpgixi=e"™, ihigixi=¢
3. For fix) = o fund all real numbers p such teat (07 exists.
3% Fu:j{ﬂ:[":*l‘ T = U g all neal numbers a and b such
ar+b x>0
that {{1) exists.
33 Cave an example showing that the following s wol true for all
fumctsoms f: if fix) < x then f(x) < 1 for all x.

M Determune whether the followeng is true for all functoas §: if
A0 =0, F(x) exists for ol x amd f{x) < 5 then £ (x) < 1 for allx

A5, If fus differentishie a1 x = a # (L evaluste

i L = LA}
= X —a

36, Prove that if fis differentiable at © = o then
L"n_ﬂu + chy — fla)

lim : = of fal.
37, Use the graph to lisa the following in mcreasing onder: 1),
FTLE) =i

_ﬂ!i—_ﬂ]}.T.}'HI.

38, Use the graph wo s the following in mcreasing onder:

Sy —fi—0.5)

IO, 0y — fi—1), o0

7-20

A Skewch the graph of o function with the lollowing proper-
wess f0 = 1, f{1) =0, fi3y = 6 F(0) =4, (1) = —1 and
fl}l:d.

). Sketch the graph of a funcon with the [ollowing properties:
fi—Zy=4 filli= -1 fidj = 1 fi-2y= -1 iy = 2 and
,r"l:I] =1

41, Conmpute the decivative function for £, and +*. Based on

o resains, idemtily the panern and conjectare 3 peneral for-
mula for the derivative of x".

42, Test your compecture from exercrie 41 on the foncbong
% = and Il =5""

S appLicaTiONS

1. The iable shows the margm of error in degrees for lenis
serves hil from a lesight of @ meters. (Dot from Jake Bennert,
Roanoke College. ) Esimate the value of the derivative of the
imargin of ervor al © = 2.5 and inerpret it in terms off e bee-
fin of hatmg the ball from larger heghis

x melers 139 1215 21 185
Margin ol error | 111 | 129 | 162 BT

[y

2. Use the table in esercise | @0 estimate the derivative al
x=285 Compare your estimate b that of exercese |

3. Suppose that an eovironmental proteciion sgency uses The
mezturement of oa-MPG o evaluate the power-ram effi-
clency of vehicles, The won-MPG rating of a vehicle is given
by the weight of the vehicle (in wons) multiplied by a ating
ol the veldele’s fwel efficiency m miles per gallon. Several
years of data for new cars are given in the lable. Extimate
the e of change of wn-MPG i (a) 2000 and (b)) 2016, Do
your estimales imply thal cars are beoomimg more or less
efficient?

Yizir MRS 2010 iz 2014 | 2016
Tiom-MPG 449 45.7 46.5 47.3 47.7

d. The fuel efficiencies in miles per gallon of cars from M08
o 2016 are shown in the following able. Eximate the e of
chemge i MPG in (2) 2008 and (b) 2006, Do your estimates
ieply thal cars are becoming mone or less foel efficient” Conr-
paEring your andwers o exercise 3, whal must be happening 1o
the average werghl of cora™ If weight had remamed constant,
what do you expect would have happened o MPG?

Yiear a1 10 2012 34 Hilk
MPG 2R 2R.1 203 285 281

In exercises 5 and 6, give e nits Tor the derivative Tonction.
5. {a) fid) represents poslion, mweasined in ometers, sl lime
oo,

(bl Fix) mepresents the demamd, in number of ikems, of @ prod-
el when the price 1% x doflars.
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6

118

i1

{a) olr) represents the amount of a chemical present, m grams,
al lime f iminules.

(b} plx) represents the mass, in kilograms, of the first ometers
ol a pipe.

L firy represent the rading valoe of a sbock ol time ¢ days.
I i < O, what does thal mean shout the ock? I vou hekd
some shares of this siock, shoold you sell what you have or
by more?

Suppose thal there are two docks with rsding values §{ry and
gir, where fir} > ginand & < {0 < g'{rL Based on this
information, which stock should vou buy? Briefly explain.

Uhne model for the spread of a disease as<umes that a1 st
the disease spremts very slowly, gradually the miection rale
increases o 3 maxhmuam and then the infection rale decreases
hack o zero, marking the end of the epidemac. 1T {1} repre-
semts the number of people infected an ame r, sketch a graph of
both Kr) and F'ir), assuming that thise whio pet mfecied do no

T,

Ohne mode] for urban populaton growth acumes e, o ikl
the population is grewing very rapidly, then the growth rate
decreasss until the population starts decreasing. 10 P e the
population ai dme §, sketch a graph of bath P and P

A ploee company charges one dollar for the firs 200 manoses
o @ call, then 10 cents per mimite for the next 60 minuies and
8 cenis per manwte for each additional misme (or partial min-
ute). Letf(#) be the price in cents of o f-mingte phose call. ¢ (L
Dhetermine () as completely as possihle.

A state charges 105 income tax on the Tt 20,000 of meome

andl 16% om incame over S20,000. Let fir) be the siste tax on
5¢ of imeome. Deternine () a3 completely as poasible.

5 EXPLORATORY EXERCISES

1.

Suppose teere is a function fix) such thai F{lj = 1 and
Filiy = fia, where (0 < < LI > 1, show graphically that
the equation f{x) = x has a solution g wherne < g < 1. (Him:

SECTION 7.3 =-

Computation of Dernatives: The Power Rule 5

Ciraph v = x and a planable {ix) and look for intersections.)
Sketih a graph where £(1) < 1 and there are go solutions 1o
the eguation fix) = x with F < @ < 1. Solutions. have a con-
nection with the probability of the extinction of aninls o
Gumily names Suppose you and your descendanis have chil-
drem aceording o the Toflowing probabdlities: & = 0.2 is the
probabiliny of having no children,. f; = (03 15 the probability
of having exsctly one child, and §: = 0.5 15 the probabilay of
having two children. Define fix) = (02 + 03 + 057 and
show that (1) = 1. Fied the solution of fix) = 1 between
x=0ami r = 1; thas number 15 the probabahiny that your “Hime™
will go exinct some time mio the fuwre. Find noa-2eno val-
ues of £ f, and f. such that the corresponding fir) sansfes
Sy < 1 amd hence the probabitity of your line going extimctis 1.

The symmetric dilference guatient of a luncion fcentered
W.Hﬂn =2+ 1 amd
a =1, illustrate the symmetric dillerence quotient as a <ope
of @ secant line for b = | and b = 0.5, Based on your pictare,
conjeciure the Lot of the symmetrse difference gquotsent as
Ir approaches (b Then compuale the lmmi and compare o the
derivative (1) lound 18 example 1.1. For k=1, h = 0.5 and
h= (L1, comparne the actual values of the symmetric difference
yuotient and the usual difference quuu'm'w. In
peeeral which dilfference quitient provides a beller estimale
of the derivative? Nexi, compare the values of the difference
quidients with b = 015 and & = —0.5 to the dervative (1)
Explain graphically why one i smaller and one is larger.
Conmpare the average of these two dilference guotients o the
symmeirne dilference guotient with & = (L5 Use this sesall
1o explain why the symmetric difference quotient might pro-
vl o befler edimate of the derivative. MNext, conpule sev-
4 =2
r fxrx>2
centered af a = 2, Becall thal i example 2.7 we showed tha
the dertvative F(2) does nol exist Given this, discuss one
mapor problesm with using the symmetne difference guotien
1o approximade derivatives. Finally, show thai if ja) exists,
S+ bl — fla — k)
Zh

al x = o has the form

eval symmetrie dilference guotients of fix) = {

then EIE =f"{n).

@ 7.2 COMPUTATION OF DERIVATIVES: THE POWER RULE

You have now compuied numercus derivatives using the limit definition. In fact, you may
have computed enoagh that you have staried taking some shortcuis. We continue that pro-
cess i this section, by developing some basic rules.

O The Power Rule

We first revisii the limit definition of derivative (o compute two very simple derivatives.

For any constant ¢,

=M. (3.1
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¥ Niotice that (3.1) says that for any constant ¢, the horizomal line v = ¢ has a tangent
LT " line with 2ero slope. That is, the tangent line to a horizontal ling is the same horizontal line.
£ {Sec Figure 7 M)
i To prove equation (3.1, let fix) = ¢, for all & From the limit definition. we have
d : . flx+H)— fix)
= e e
FIGURE 7.20 —lim S =lmO0=0
A horizonial lne W0 B R0
Similarly, we have
¥
-
V=1 d
—r=L 32
e (32}
z MNotice that (3.2) says that the tangent ling to the ling v = x is a line of slope one (ie..
v = x; see Figure 7.21), which is not surprising.
a - To verify equation {32}, we let fix) = x From the limit definition, we have
FIGURE 7.21 i) X+ f) — filx)
Tamgent line oy = x E.‘:‘:f"fﬂ:liﬂf%
{(x+ M —x
= lim —mm—
it I
]
: =lim—-=liml=1.
10 | 1w RAN A
]fﬁ I:_r"—l The table shown in the margin presenis a short list of derivatives calculated previowsly
= 11_1_ either as examples or in the exercises using the limit definition. Note that the power of x in
& - the derivative is always one less than the power of x in the ariginal function. Further, the
5 s coefficient of x in the derivative is the same as the power of x in the original function. This
x Ax suggests the following result.

THEOREM 2.1 (Power Rule)

o
For any integer n > 0, Ef:m"'_

PROOF
From the limit definition of derivative given in equation (2.3}, if f{x) = 1", then

d o o flxdR =M o AT —aT
S TS o

To evaluate the limit, we will need to simplify the expression in the numerator. Fecall chat
x4+ P =2 + 2xh + b and {x + W° =2 + 3% + 3ch® + &' More gencrally, you may
recall from the binomial theorem that for any positive integer

’f-la?+---+ur&"-1+&". (3.4)

-1
{r+ﬁ]“=f+m"llr+ﬂﬂT
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REMARK 3.1

As we will see, the power
rule holds for any power
of x. We will not be ahle

i prove this fact for some
tme now, as the proof of
Theorem 3.1 does nov gen-
cralize. since the expansion
in eguation {3.4) holds
only for positive integer
cxponents. Even so, we will
use the rule freely for any
power of 1. We staie this in
Theorem 3.2,

EECTION 73 =+ Compuistion of Derrvatives: The Power Rule 97

Substinuting {3.4) into (3.3), we get

-1 .
I'+-'“""ﬁ+mz . T S
= li Canuzd
r{ﬂ E I.En# U] Tl
-1 5.
ﬂ'_lﬁ+Mf"ﬁ"+---+uh‘"+h’
-1 )
h[ﬂ.\""l:-l—#_f"l&'+...+uh--_+hn—l] s
o= - o
- i | emticrd
-1 P 5
=1|11-|.=l [ﬂ;f'—l+ﬂ'[ﬂ2 ]x"'h' 1T -+Jl.ﬂ:"'+.h"'] =m

since every term but the first has a factor of e m

The power male is very casy to apply, as we see in cxample 3.1.

EXAMPLE 3.1 Using the Power Rule
Find the derivative of (a) fix) = x* and (b} gir} = ',
Solution  (a) We have

rm=%f=h’-1=aﬂ.

(b) Similarly,

o i
gin= E‘M = 107" = 107/, m

Recall that in section 7.2, we showed thar
dafl 1
-+

Motice that we can rewriie (3.3) as
d %
—x ={—1w
{(—1

That i, the derivative of v~ follows the same pattern as the power ruale that we just stated
and proved for pesitive integer exponents.
Likewise, in section 7.2, we psed the limit definition to show that
o 1

— = 3 6
d 247 (36)

o
We can also rewrite equation (3.6) as Ej"” =y 2,

s0 that the derivative of this raiional power of x also follows the same pattern as the power
rule that we proved for positive inreger cxponents.

THEOREM 3.2 (General Power Rule)

For any real number r 2 0, ﬁf:ﬂ”'_ (3.7

The power rule is simple 10 use. as we see in example 3.2
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CAUTION

Be carelul hene o avoid a
COTMIHN errar:

d =18 =18
;J N L
The power rule says o
smbtracd 1 from the exponent
{even il the exponenl 13
negakive).

EXAMPLE 3.2 Using the General Power Rule

Find the derivative of {a) fio = % (b} gtx) = V' and (c) Aix) = ¥
X

Solution {a) From (3.7}, we have

e a4 I pri o -1 __ f-1 _ -
ﬁ”'E{F)'E" T P -]

) If we rewrite V0 as a fractional power of 1, we can use (3.7} to compute the
derivative, as follows.

I i z 2
'lt'l=—'\}"_1= — o
FR=EYTTE®" T3 3"

i) Finally, we have

d i
Fio=—x"=zx"". n
&

Mutice that there is the additional conceptual problem in example 3.2 of deciding what 1
means. Since the exponent isn’t rational, what exactly do we mean when we raise a number
to the irrstional power x?

O General Derivative Rules

The power rule gives us a large class of functions whose derivatives we can quickly com-
pute without using the limit definition. The following rules for combining derivatives far-
ther expand the number of derivatives we can compuie without resorting o the definition.
Keepin mind that s derivative is a limit; the differentiation rules in Theorem 3.3 then follow
immediately from the corresponding rules for limits (found in Theorem 3.8 in Chapter 6).

THEOREM 3.3
If fixh and gix} are differentiable at x and ¢ is any consiant, then

oo

(i} = [Fixs + goo] = Fax 4+ g'on.
ol .
iull;[,r'm—gm];fu:—g’mm

o
(i) — W =cfxh
i) — [efixy] = cf

PROOF

We prove only part (i). The proofs of pars (i) and (6) arc left as exercises. Let
kix) = fix) + gix). Then, from the limit definition of the derivative (2.3), we get

d v ki) — k()
LA + gal] = ko) = lim ==

—_— [fix + i) + gix + 4] — [Fix) + g
]

By el of &ia

h— L]
e Lftx + i) — fix)] + [gix + Ay — glxo)]
T el h
=1 A= By Théansii 3.0
= lim IEI 8 h:l _ﬂ,—t} - Iimm * &] HI:I = Chajicr &
fell h et h

= "ix) + g'{x).
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TIT

Figure 7.22
v = fixp and the tangent hine
my=1

EECTION 73 =+ Compuistion of Derrvatives: The Power Rule g ]

We illustrate Theorem 3.3 by working throagh the calculation of a derivative siep by
step, showing all of the details.

EXAMPLE 2.2 Finding the Derlvative of a Sum
Find the derivative of fix) = 25° + 3%
Solution We have

i i
f:jﬁ = EfEF + Fsﬁ] By Theseem 373 §i

o d
= EE[I&"" HE{IIﬂl By Thewom 33 fiiii

=Hﬁ.lj'+ 3(%-1'_“} By tee poanes rale

= 1215 + i Sasaplilying
2T

EXAMPLE 3.4 Rewriting a Function before Computing the Derivative

4’ —3x 4 2v%

X :
Solution  Since we don't yet have any rule for computing the derivative of a quotient,
we first rewrite fix) by dividing out the x in the denominator. We have

i)
mn:‘;—r-¥+‘f=u—3+2r'ﬂ.

Find the derivative of fix) =

From Theorem 3.3 and the power rule {3.7), we get

_ 4 d A { 1 m}_ -3m
_rm_d-a_m JELHZH{: j=4-0+2 1.-:' =4—x"

EXAMPLE 3.5 Finding an Equation of the Tangent Line
F].rdmcqmlimufﬂl:mngmﬁu:mth:ga;hufful:i—h+§m:= l.
Solution  First, notice that fix) = 4 — 4x + 2r". From Theorem 3.3 and the power
rule, we have

Fid=0—-4—-2xr*=_4_2¢%
Atx =L, the slope of the tangent line is then f'{1) = —4 — 2 = —6. The line with
slope —6 through the point (1, 2} has equation

yv—2=—hix— 1L

We show a graph of v = filx} and the tangent line at x = | in Figure 7.22. =

O Higher Order Derivatives

e consequence of having the derivative function is that we can compute the derivative
of a derivative. It turns out that such higher order derivatives have important applications.

Supposce we start with a function f and compuie its derivative 2 We can then compuie
the derivative of 7 called the second derivative of fand written 7 We can then compute the
derivative of T called the third derivative of £ written 77We can continee to take deriva-
tives indefinitely. Next. we show common notations for the first five derivatives of [ wherne
we assume that v = fix)]. Note that we wse primes only for the first three derivatives.
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Diferentation 7-26

For fourth and higher derivatives. we indicate the order of the derivative in parentheses.
Be careful wo distinguish these from exponents.

hrder Prime Nolation Leibniz Nototivm

df

1 ¥ =" e
o

1 F=f{x) d_;—i
o

3 ¥ =f"ix) d_:{

d'f

4 'l'H =_f"'. I} .

] |} ﬂ

5 F= i

Computing higher order derivatives is done by simply computing several first derivatives,
as we see in example 3.6

EXAMPLE 3.6 Computing Higher Order Derivatives

If fix) = 32" — 241, compate as many derivatives as possible.

Solution 'We have

fm=%=£:3f—1ﬁ+ Ih=12¢" — 4r.
Then, Frix =£{=%¢m~‘-m=3m—‘ -4,
ru==g=§t3ﬁf—4:=m
M= g=§¢7hu=u
M= §=%ﬂ]}=u
and so on. It follows that
fﬁxh:%:  form =5

O Acceleration
What information does the second derivative of a function give us? Graphically. we get a
property called concaviry, which we develop in Chapter 9. One important application of
the second derivative is acceleration, which we briefly discuss now.

You are probably familiar with the term acceleration. which is the instantaneows
rate of change of velocity. Consequently. if the velocity of an object at time 1 is given by
i), then the acceleration is

. i
alfi=u f”_E'

EXAMPLE 3.7 Computing the Acceleration of a Skydiver

Suppose that the height of a skydiver r seconds after jumping from an airplane is given
by fir) = 200 — 6 — 4.9 meters. Find the person’s acceleration at time £
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Solution  Since acceleration is the derivative of velocity, we first compute velocity:
vin=in=0—6 —98r=—6 — 98 mis.

Computing the derivative of this function gives us

aity = 1 = —9.8 mis®.

Since the distance here is measured in meters and time is measured in seconds. the units
of the velocity are meters per seoond, so thai the units of aceeleration are meters per
second per second, written mJs/s, or more commonly mis” {meters per second squaned).
This indicates that the velocity changes by —9.8 m/s every second and the speed in the
downwand (negative) direction increases by 9.8 mfs every second due to gravity. m

BEYOMND FORMULAS

The power rule gives us a much-needed shortcwt for computing many derivaives.
Mathematicians always seck the shortest, most efficient computations. By skipping
unnecessary fengthy steps and saving brain power, mathematicians free themselves o
tackle complex problems with creativity. It is imporiant (o remember. however, that
shoricuts such as the power rule require careful proof.

EXERCISES 7.3 (@)

[ WRITING EXERCISES

Explain o a pon-caleulus-speakimg friend bow o {mechani-
callyy use the power rule. Decade whether il 5 bemer 10 give
separate explanations b positive and negalive expoments;
imleger and nomnabeger exponents; other special cases.
In the 1700s, mabhematcal “prools”™ were. by modern
stamdends, a bir fueey and lacked rigor In 1734, the Inish
melaphysician Bisbhop Berkeley wrote The Analyst W an
“infulel mathermastician™ (thoughtl 1w be Edmond Hal-
ley af Halley's comet fame) The acoepled prool al rhe
teme of the power rule may be described a5 follows. If x is
increneented W ox + &, then 1 i Beremented o ( + B
(x+ h"—ax" i
(x4 ) —x 2
Mow, let the increment f vanish. and the derivative is m®
Bishop Berkeley objected o this srgument:
“Hut it should seem thal the reasoring is nol fir or conclu-
sive. For when il 15 sasdl “let the ipcremnents vamsh,” the for-
mer supposition thal the merements were something, or Lhal
there were increments, is destroyed, amd yel a consequence of
that supposation is retaned. Which _ . s a false way of res-
soning. Certainly, when we suppose the merements 1o vamish,
Wi musd suppodse | everything derived from the supposition
ol their existence s vansh with them ™
Do you think Berkeley's objection i fae? s o logieally
soceplable o ssume that somethng exisls o draw oBe con-
clusiom, and then assumee that the same thang does ool s o
avidd having o accept other consequences? Mathemstically
speaking, how does the limil avord Berkeley s objection of the
imeremend b both existing amd nol existing®

1t fallows that b 4 -

A The historical episode inexencise 2 5 jusl one par of an ongo-

ing conilict between people who bhmdly use mabematical
technigues without prool aml those who insist on a Tull proed
before permilting anyone L use the echnigue. To which side
are you sympathetic? Defend your position in an essay. Try o
anticipate aml rebil the other gde’s arguments.

Morw that you know the “exsy™ way o compuole the derva-
v of fir) = 1, you might wonder why we wanted you 1o
learn the “hand™ way. To provide one answer, dscuss how you
woubd find the derivative of a funcison for which you had not
learmed & shoreul

L fixp=x"=2c+1

3 fin=30 - 247

5.ﬂu'|=1—h'+[
=

13, fonp=ax(307 — 4

I exercises 1=14, differentiate each lunclion.

L fin=r—-3+dsr—da
d fin=5,7—dsr+3

g
B fii==-5y'412
¥

W _, oy AL
7. hixh 7 i+ m B hix=I12x—-x e
9 fis) =2 = A ik fin=3r-x""
it fm=ﬂ 12 fm=ﬂ
2y X

W fixi=ix+ 13" —4)

In exercises 15-20, compuie the indicated derivative.
15. Ffinforfin=r+37 -2
16 _r.m‘m;'m=¢r=—12+%
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d'f 3
17. — 1 =2y —
gt vE
o
18, —‘fm:_rm:;"- VI
4’
I ™y for fio=x + 305 — 2 7

W x o fin=x"— 3t + 20— |

I exercises 21-24, pse the given position funciion o find ihe
velocity and acceleration Mumetions.

I1. i =—167 + dik + 10
3 odn=—49 10—

I A= T+ 2F

1
2. = ]I:I—T

I exercises 25 and 26, the given funclion represents the heighi
al an abjecl Compute the velocity and scceleration at time
i = it 15 the objeci going up er down?

I8 Mi=—16C +dik + 5 (altn=1 (=2

26 hir) = 10F— 24r, (&) =21b)=1

In exercises 27-30, fnd an equeation of the tangent line (o
r=Jfixjalr=a

7. finl=x'—2a=2 8 fin=x—-2x+l.a=2

. fini=d+vT —2r,a=4 M fri=3T+da=2

In exercises 31 and 32, wse the graph of § to sketch a graph ol
F. (Hint: Skeich f* first.)

3. fay . by 1
iy
Ji-
-1 =2 =i P E:d
" e

AL (a) ’ (b

o

- -

7-28

In exercises 33 amd 34, (a) determine the value(sh of r for which
the langent line to y = fix) is horizontal. [ (b) Graph the
Funethon amd determine the graphical significance of each such
poini. (¢} Determine the valoe(s) of © for which the tangent line
o v = fix) inlersecis the r-axis al a 45° angle.

3 fixi=x"—3r+1 3 fin=r —dr+2

In exercioes 35 and 36, (a) determine the valwe(s) of @ for
which the slape of the tangent line to y = fix) dies not exist. [
ib) Graph the fusction and determine the graphical signifi-
canfe of ench such poinl

38 ja) fir=r" (b fiix) =z - 5|
e} fii=p" —3r—4
36 (a) flxi=2" B fixi=h+3

) fix) =] + Sc+4)

37, Fand all values of ¢ for which the tangent bne toy=2"— 3r + 1
i% {a) # an angle of 45" with the r-axis: (b) & an angle of
¥ with the y-axis, ssseming thal the sngled are messaned
ooarmlere lock wase.

3. Find all valses ol © for which the tangent Imes oy =x' + 2r + |
.mrly::"+J’+3min}mﬂ:l;51’b‘ppurpﬂlﬂi:uhr.
3. Find a second-degree polysomizl (of the form ar” + b + c)

such that {2) fi0) =—2. (=2 and il = 3. (b} filh=10,
£(0h= % and f(0) = 1
#. Find a general formals for the mib dervative % ) foer

-

{a) fixd= T iby fixi=

41 Find the area of e triangle bounded by x = 0, v =0 and the
tzmgent line to v =% a1 r= | Repeat with the triangle bounded
by x =100, v = () arud the tangent line vy =< al r =2 Show
that you get the same area using the angent e oy == al any
r=a>

42, Show that the result of exercise 41 does not bold for v = 5.
That is, the area of the rangle bounded by x = 0, v = 0 and
the tingent line i ¥ == at 5 =a > ( des depend on the value
ol

43, Assume that o is 2 real sumber, | i differentiable for 2l
x 2 o and gixl =:ﬁ i for x = o Find g'{x) i ihe cases
(4] f (x} = hamd (b} (x) < Ik

. Assume thal oois 2 real sumber, | is dafferentizble for all
Iaﬂmlglltl:ﬂ;iﬂju:t for x 2 a. Find g'iad in the cases
() 7 () = D and {b) f (x) < 0

In exercises 45-48, find a function with the given derivative.
45, fix) =40 46 f(0="5"

1
&1 fixl=+7T 48 ,I'"m=1—;
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45 EXPLORATORY EXERCISES
L. A plane is crmsing al an aliude of 2 miles a1 3 distance of

{ appLicaTIONS
1. For most land ammals, the relationship batween leg width w

and body length b follows an equation of e form w= cb™ for
some consant ¢ 3 (L Show that if b s large enough, w'ib) > 1.
Comelucde thar for targer animals, leg width (necessary for sup-
port) mcreases fster than body length. 'Why does, this pat 2
lemitation on the size of fand animals?

Suppose the [unction wd) represents the aversge speed in
m's of the workl mecond running dme for o melers. For
example, if the fassed 200-neter Hme ever s 1932 secomds,
then w2000 = 2041932 = 10,35, Explain what v'(d represents.

Lt (1) equal the gross domestie prodoct (GDP) in billions of
dollars for the Kingdom of Saodi Arsbia m year & Several val-
ues are miven in the lahle. Extmote and iderpoet § ' 2015) and
FU2015) [Hint: To estimate the secomd derivabive, estimale
F (2083 and “{2014) and hook for 2 wend |

i 2011 Nz | 2013 M4 | M5 | 2006
A | BEUSD | 73390 | T44.34 | TEIED | bI6.00 | 63779

Suppose that fir) equal the sverage weight of & midaze SUY
im year . Several values are given in the isble below. Estimate
and interpret £ (2017} and f *(2017).

I 2014 | MMS | Me | 2017
St 1974 1936 | 1900 | 1840

10 the posation x of an object at lime § is given by e, then £ (1)
represents velocity and (8 gives acceleration. By Mewton's
second |, acoeleralion 1% proporticnal 1o the net force on the
abject (causmg il w0 accelerste). Interpeer the third derivative
For) in terms of force. The term jerk is sometimes applied 10
70 Explain why this 1% an appropeiase femms.

A public alfficial solemnly proclams, “We have achieved a
reduction in the rde o which the national debt is moreasing ™
1F £} reprresents the mational debi 21 time ¢ years, which deriv-

10 maibies from an atrport. The alrport 15 @ the pomt (0, 00,
and the plane starts ils descent at the poimt (10, 2 W lued
= the airporl Skeich a graph of a ressonable fight path ¥
= fir}, where v represents alitde and r gives the ground
distamee from the arporl. (Think abour i as you draw!)
Explain what the dermvative f (1) represents. (Hint: 11's not
vebociny. ) Explain sdy il = importast asdfor pecessary o
have fi =0, {10} = 2§ (01 = 0 and § (100 = 0. The
szmplest polymomial thal can meel these requaremsends s
a cubic polysomisl fix) = o’ + br° 4 cr + o Find valees
of the oomstants a, b ¢ and J 1w G the flight psb. [Hmnt:
Saart by seming i) = b and then se 00 = 0. You may
wanl li use your CAS o sobve the equations. | Graph the
resuliing function; does it ook right? Suppose that sirline neg-
ulatiois prohibit a derivative of 3 or larger. Why might such a
regubstion exil” Show that the Night path you fourd is ibegal.
Argue that in fser =l Might pabs meeting the four reguire-
ments are illegal Therefone, the descent needs 1o star fanher
away than 10 males. Fowd a flight path with descent starting al
20 preiles away that meels all regurements,

In the enjoyable book Surely You're Jolbing Mr. Feypoamon,
plivsicisl Bichard Feynman tells the story of a comtest he had
peting hes brin agains the technology of the day (an aba-
cus).” The contest was 1o compale the cube ool ol 1720003,
Feynman came ap with 12,002 before the shacus expert gave
up. Feynman sdmabs o some ludk in the choce of the number
1703 be knew that 2 cubic Bol conlaine 1728 cubic inches.
Explamn why thes 1old Feynman that the answer i alightly
grester than 12 How did he ger three digns of accuwrscy
“I had learned in caleulus that for small frscmons, the cube
rools excess 15 one-Uhird of the number’s excess. The excess,
103, ix ondy cme part monearly 3000, So all | bad wo do is Ged
the fraction I/1728, divide by 3 and multiply by 12 To see
what he did, find an equation of the tangent line o y = x*°
o x = 1728 amd find the v-coondinate of ihe langent line @
o= 172903,

"Fcfamﬂ. P. s Sackem P DU (FRESL “Sunchy Yol ne Julsag M. Foyaman!™

ative of dif) is being reduced? What can you conclude about Adivconmecs of & Ciirdests Chaesetes Awerican Kowrnal of Phiaics, SH1Z),
the srze of o) isell? 14-1216 -

@) 7.4 THE PRODUCT AND QUOTIENT RULES

We have now developed rules for computing the derivatives of a variety of functions,
including general formulas for the derivative of 2 sum or difference of two functions. Given
this, you might wonder whether the denivative of a product of two functions is the same as
the product of the derivatives. We test this conjecture with a simple example.

O Product Rule

d . -
Consider El{r]{r‘}l. Combining the two terms, we have

d s a o
El_{r}[f]] it Tt
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However,

() ) -

d
=l 2T = E[{x‘m’ il

You can now plainly sce from (4.1) that the derivative of a product is mor generally the
product of the corresponding derivatives. The correct rule is given in Theorem 4.1,

THEOQREM 4.1 (Product Rule]
Suppose that { and g are differentizble. Then

d
ELﬂ-ﬂ.ﬂﬂl =Flxelx) + fladg'(x). 4.2)

PROOF
Since we are proving a general rule, we have only the limit definition of derivative o use.
For pix) = filx)gi{x), we have
d e P+ ) — pi)
deﬂr}lgl.‘xll =p'(x)=lim +

— Tim fix+ higlx + k) —_,I'Lt]-g{x}_

a—li h

(4.3)

Notice that the elemenis of the derivatives of fand g are present, but we need to get them
mmio the right form. Adding and subtracting fi{x) g{x + b} in the numerstor, we kave

Sl + ) gin + ) — flx)gle + B + Al gl + k) — gl

pin=tin :
_i “m.ﬂf +h)gin + ) — fix) gl + b} + Hmfﬂ-"-]iﬁ-" + ) — flxigix)
£ I el e Hresk mito Pne pisos.
- X4+ fih—fix) . _plx 4 h) — glx)
= e B Y
. flx+ k) — fix) . _ glx 4 B — glx)
= |tim T] + Eg{x+ m] +ftlim = —==

=_rl{-"]ﬁ'{x! +}T{-flg1-!:l- Etvoimuie Bic devrvalive Of Findd e dermiative il o

There is a subtle technical detail in the last stepe since g is differentiable at x, recall tha it
must also be confimpons at x so that gix+ kl— gixjas h— 0. g

In example 4.1, notice thai the prodoct rule saves us from multiplying oul 3 messy
product.

EXAMPLE 4.1 Using the Product Rule

Find f*{x) if fix) = (20" — 3x+5;(f— v’f+%}.
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Solution  ARthough we could first multiply out the expression, the product rule will
simiplify our work:

fixy= [ﬁb’—hﬁnﬁf— w‘c+%}+uﬁ —3.1:-1-5}%{11— -»..-":?+§]

i 2 1 T
=11H—3].(r—ﬁ+r)+{zr*—1x+5|(zx—1ﬁ+f)_ n

EXAMPLE 4.2 Finding the Equation of the Tangent Line
Find an equation of the tangent line o
=" — 3 4 2 — 2x 4+ 3)
at x =0
Solution  From the product rule, we have
=4 — x4+ I0C — x4+ 3+ — 30 4 20 - 2

Evaluating at x = 0, we have y'{() = (2} 3} + (0){—2) = 6. The line with slope 6 and
passing through the point (0, 0} [why (0, 0)7?] has equation y = 6. m

O Quotient Rule

Given our experience with the product mule. you probably have no expectation that the
derivative of a guotiem will turn out o be the guoticnt of the derivatives. Just 1o be sure,

let’s iry a simple experiment. Note that

dfcry d 2
E(F)=FH'=3""
d
—{x’)
while ':_=El=gfge3xl=£(f‘)_

Since these are obviously not the same, we know that the derivative of a quoticnt is generally
not the gquotient of the corresponding derivatives. The correct rule is given in Theorem 4.2,

THEOREM 4.2 ([Quotient Rule)
Suppose that fand g are differentiable. Then

i JEI _ gl — flx)g'tx) b
dr | g(x) [z’ '
provided g(x) £ 0.
PROOF
For (Kxj = % wie have from: the limit definition of derivative that
dlf] o Ox+h) - Q)
E_ﬂl_g‘ﬂ_!.@n i
filx + ) _E
- g+ R glx)

sl 1
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[Fix + h)eix) — fixhgix + h}]

= lim ,ﬁ"l:-[ * h]ﬂlj Al e | hicioms
(] I

_ i T B gtn) — FLxdglx + ) P
8 hglxt higtn

As in the proof of the product rule, we look for the right term o add and subtract in the
numeeraior, so ilai we can isolaie the limit definitions of (x}) and g'{x). Adding and sub-
tracting fixkp(xi. we get

. filx + h)gix) — flxhgixg + flxigix) — fxiglx + B)

germ hgix + Mglx)
_ﬂ]’ + .H&} —f{.tj#{r:l _ﬂxrg:: + h.: — R{I} :Iill::d::;;ulll-ll-lu-_-l;]i:! Lasld
= Eulﬂll ?z{x +h:'g{_[} IJ=|:_I'I:4.I.-| LTINEL.- . T
. [+ 8 — fix) [+ k) — g(x)
g [ g [t B
- lim g(x+ h) g(x)

F{JH{IJ —f{.\f}grtx} Hevusgnlse the

crihalive

[g{_ﬂ]: ey

where we have used the fact that g is differentiable to imply that g is continuous. so that
plr+hj—glapash—0.m

Notice that the nomerator in the quotient rule looks very much like the product rule.
but with a minus sign between the two terms. For this reason. you need o be very canciul
with the order.

EXAMPLE 4.2 Using the Quotient Rule
22

2+
Solution Using the quotient rule, we have

Compaie the dervative of fix) =

[dir{r‘—zj][x’w i}—{f—ZJ:—t{r"-i- 1)
iy = PR
_ i’ + 1) — i — (3
- C+17
-+ 60
w1y

In this case, we rewrote the numerator because it simplified significantly. This often
occurs with the quoticnt rule. =

MNoww that we have ihe quotient rule, we can justify the use of the power rule for negative
imicger exponenis. (Recall that we have been using this rule without proof since section 7.3.)

THEOREM 4.3 (Power Rule)

o
For any integer exponent m, Ef:m‘".
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PROOF

We have already proved this for pesinve integer exponents. So. suppose that » < 0 and let
M = —n > (1. Then, using the quotient rule. we get

4, d_, df1
i[f_dfl _ﬂ{r") S i =
o i)
| lE“’]‘x‘“'E*M’
- (M
0 — (M
A
—1
= % = M‘J‘_I_:H Bw e sl rofies off exguenetils
=[_Ml-ru_1 =.|'i.l:'_’- Simew=<k @

As we sor in example 4.4, it is sometimes preferable to rewrite 4 function, instead of
automatically using the prodwct or quoticot rale.

EXAMPLE 4.4 A Case Where the Product and Guotient Rules
Are Mot Needed
2

Compute the derivative of fix) = x+T + _-,;-2
Solution  Although it may be templing to use the product rule for the first crm
and the quotient rule for the second term, notice that it"s simpler to first rewrite the
function. We can combine the two powers of xin the first term. Since the second ferm
is & fraction with & consLant NUMETar, we can more simply write it using a negative
exponent. We have

2

f=avE+ =42t

x

Using the power rule, we have simply

|
Fivi==x"% —art
2 -

O APPLICATIONS

You will sec important uses of the product and guotient rules throughout your mathemati-
cal and scientific studies. We start you off with a couple of simple applications now.

EXAMPLE 4.5 Investigating the Rate of Change of Revenue

Suppose thai a product currenily sells for 325, with the price increasing at the raie of 32
per wear. At this current price, consumers will buy 130 thousand items, but the number
sold is decreasing at the rate of & thousand per year. Al what rate is the total revenue
changing? Is the total revenue mcreasing or decreasing 7

Solution  To answer these guestions, we need the basic relationship

TCVENUE = quantity X price

(e.g.. if vou sell 10 items at 34 each, vou carn 340). Since these quantitics are changing
in time, we write Rir) = (4r} P{r). where B{r} is revenoe., (41 is quantity sold and P is
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Figure 7.23
__ E3m
) =+ 005

EXERCISES 7.4

I WRITING EXERCISES

1. The product amd gqootient riles give you the shidity 1o sym-

the price. all s time r. We don't have formulas for any of these functions, bat from the
prodoct rule, we have

A1y = Q0P + Qu (.

We have information about each of these wrms: the initial price, M0}, is 25 (dollars);
the rate of change of the price is P00 = 2 (dollars per year); the initial quantity, (N0,
is 150 (thousand items) and the rate of change of quantity is (00 = —8 (thousand
items per year). Mote that the negative sign of (0'(0) denotes a decrease in (0 Thus,

R0y = (—BW25) + {15002y = 1N} thousand dollars per year.

Since the rate of change is positive, the revenue is increasing. =

EXAMPLE 4.6 LUsing the Derivative to Analyze a Golf Shot

A golf ball of mass (.03 kg siruck by a golf club of mass m kg with speed 50 ms will
have an initial speed of w(m) = % nus. Show that w'(m) > 0 and interpret this
result in golf terms. Compare &'(0.15) and &70.20).

Solution  From the quotient rule, we have

Blim+0.05 — 83m) 415
fm+ 0057 (m+ 0055

Both the nomerator and denominator ane positive, so a'(m) > 0. A positive slope fior all tan-
geni lines indicates that the graph of a(m) showuld rise from lefi o right. (See Figare 7.23.)
Said a different way, u(m} increases &= m increases. In golf terms, this says that (all other
things being equal) the greater the mass of the club, the greater the velocity of the ball will
be. Finally, we compuie 6'{0.15) = 103.75 and w'(0.20) = 66.4. This says that the raie of
increase in ball speed is much less for the heavier club than for the lighter one. Since heavier
clubs can be harder o control, the relatively small increase in ball speed obtained by making
the heavy club even heavier may not compensate for the decrease inconirol. =

w'imy =

for some number a, disc o whether 0 woubd be easier o sub-
aiuie x = g lirst and then simplily or mubiply oot 2l lerms
and then sobslilule v = &

babically caleulate the dervative of a wide range of functions.
However, many cabeubstors and almost every computer algebra
aystenm (CAS) cam do thes work Tor you. Decnss why voo should
iz these beaac rules amyway. {Keep example 4.5 in ouined.

Ciottlried Wilhelm Legbniz is recognized, along with Sir I
Mewton, 5 a col por of calculus. Many of the fundamen-
12l methods aml nolseon of caleulus are due b Leibmz The
prodiect rube was worked oul by Leibniz tn 1675, in the form
aHav) = (dvly + viady). His “proof.” as given in a leter wrillen
in 1699, Follows. “If we ane o diilerentiste oy we wrile:

i+ dujly + dv) — oy =xdy + yav + duady.

Bt bere dr dv is © be rejectad s incomparshly less than
rdv + var Thus, in any particular case the ermor 15 bess than
any Timile gquantity”™ Answer Leibniz” bener with one describ-
ing your own “discovery™ of the product mbe for dinz).

o may have noticed that i example 4.1, we did nol mulaply
oul the lerms of the derivanive, I you eant o compuate §(a)

Murmy siudents prefer the product rule 1o the guotient rule
Mamy computer algebra systems actuslly wse the product nake
i compute the derivative of fixipix]™" instexd of asing the
yusodient rule on ;l:—-t] (See enercise 34, ) Given the simplifics-
trions in problems ke example 4.3, explain why the guatient
rule can be preferable.

In exercises 1-16, find ihe derivative of exch Moo
L firh=i+ 30 — 3+ 1)
I fin=id -2+ 5t - 3C

i n;::{ﬁi-m{i#—;}

d. fixi=(xr" —dx) [;‘—1,+‘_f)
x
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p—2 F+X+5
5 pin= b gith=—
Et Se+1 .“ F+5+1
Ir— BT fr — 2x
T fey = oE & fin="
L -2 # 4T
s 1§ %
& fog=2r U2 MW flu)=———u+ 3
W —Su+l w41
S T -2
L fig="T—"_*= 1L fix)="—
e Vi =
2§
13 hin=Hvr+3) 14 Jqﬂ=§+F
O30 =1
15, = — 11— 16 firi=(r+3)—
Fixh=ix ]:'-1-1 Hii=ix '.r‘+.|:

In exercises 17-24), find an eguaiion of the tangend Eoe io e
graph afy = fir) alr=a.

17. i =i+ 20 + 5+ ILa=0

B A=l +x+ 10" +2c— 1), a=1

19 _J’+] 9
g Lo ey
r+ 3
A fixi=———a=1
JF xr+1

In exercises 21-24, assumee thai  and g are differentiable with

S

=Ly =—2, 0 = —L (1} =3, gl =3 g} = 1,

£ = —1and g'(1) = -2 Find an equation of ihe tangeni line
i the graph ol y = hixjalr =

I

fre

13,

hilx) = fixigpixl: (aja =10 (bla=1

='L't:'.la]a= I:ibja=0

hixh
hig=rfixkizla=1:bla=0

=2 _ faa=1(bja=0

hilxh e

Suppose that fr some oy, the guantity sold (N8 at mme ¢
years decreases al a rae of 4%; explas why this ranslases
I (Fit) = L Suppose also that the price increases
al o rate of 35: write oul @ similar equatkon for P'{1) in Erms
of Pie). The revense for the woy is Riry = (0. Sabsimi-
ing the expressions for (F(F) and P into the prodwct rule
R = @Oin + (HOF (nh, show that the revenue decreases
al o rte of 1% Explain why this 15 “obvious ™

As m exencise 25, suppose That the gquastily sold decreases al
a rate of 4%, By whal rale must the price be increased 10 keep
the revenue constan '

Suppose the price of an obgect 15 530 and 20000 units are
sold. If the price tcneases ol 3 rate of $1.2% per vear and the
quantily sold increases ot a rate of 2000 per vear, al what rale
will revenue increass?

Suppose the price of an object is S04 aml 12000 units ane
sold. The compeny wanls 1o increase e guantity sold by
1300 wmits per year, while mereasing the revenue by 530000
per vear. Al what rate woukd the price heve o be increased 1o
reach these goals?

.

SECTYOM 7.4 The Product and Quoticnt Rubes. 40
A oricket ball with mass 0015 kg and spead 45 oufs s struck by
a cricket bal of mass m kg and speed 40 md's {in the opposite
dheree tion of the ball's motion ). Aller the collisdon, the ball has
B2 Sar — 675
imitial 815w — 675
in speed wim) LT
and interpret this mocricket levms. Compare o' 1) and (1.2

mi's. Shaww thal w'im) > {0

In exercise 29, i che eracket ball has mass W kg at speed
A% s and the bat bas noss 106 ke and speed 400mits the ball’s
ﬁuﬂ:@nmm=%mﬁ-¢mfrmm
idlerpeel i sign | posilive o negalive) 1o crecket lenms.
In example 4.6, i 15 reasonable o asume that the speed of
the goll club al mipec] decreases as the mass of the club
increases. If, for example, the speed of a club of mass m s
v = B.5m m's s imgpact. then the initial speed of the goll ball
14.11
Wele) = + (K5
this in goll terms.
In example 4.6, if the golf clob hay mase 0L17 kg amd
srikes the ball with spesd v nw's, the ball has infial speed
1,
uivh = %m& Compute and interpret the derivative w'{vl.
Wirtle ot the prisdisct rule for the funetion fixgix)jbixl (Hmnt:
Ciroup the: Torst twan lerms together.) Diescribe the general prod-
wet rules for m funcisons, what s the derivative of the produect
Falx Jolxd fix) - - - fa (3 How many serms are there? What
dises each term look like?

mfs. Show that uo'{m) < O and isterprel

Use the quatient rube to show that the derivative of |g(x)]™
15 —gixHe(xi) 2 Then use the product mebe W compute the
derivative of flxfelx)[ ™",

In exercises 35 and 36, find the derivalive of each function
using ihe general produoct rule develsped in exercise 33,

as,
3a.

ETA

s 2.

g an
B =

. Fur fir) =

flx) =" - 2" — x4 1)
Ffixb=ir+ )’ — 20 + 13 — M)

Assune thal g i contimuous a1 @ = 0 and defime f{x) = gix)k
Show that fis differentiable @i x = 0. Iuserae the resull with
gixh =}

In exercise 37, if x = 0 15 replaced with x = a £ (L how
miust you modify the defintion of fix) o guarinies tha § e
dilferentzable?
Fmﬂ:]:%ﬂuwﬂullhe:hpemdlhzwmlnulu

I E

i
v=fix) :I.i.\ﬁﬂt?frni' 1. Giraph the fusction and identilly
points of maximem amd mEmmam shope.

x
W'+,
10 v = fix) satisfies (= m = | Graph the fmction amd identily
the ponl of maxemem slope,

Repest example 4.4 with yoiur CAS. I #% answer 12 nol in the
sanbe form as ours in the rex. explain bow the CAS computed
IES AnSAWET.

show Lhat the slope m of the lange=nt line

Use your CAS 1o sketch the denvative of sn x. What fusction
does thas kool like? Bepeal with sin 2r and sin 3z Generalize
o comjeciure the derivative of sin b for any comstant k.
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Fnd the derivative of f{z} = ﬂm}uﬂr CAS. Com-
X

E|

; 3 =
m:hm“rlnﬁ h:}ﬂﬂﬁ fior

x < (L Explam how 1o gel this answer and your CAS S answer,
if i1 differs.

-2 41
CAS, Compare ils answier o 2. Explain bo b get this anssaer
and your CAS s answer, if i differs.

3 in ;
Find the derivative of fix) =L(h—£} o0 yiar
I

Suppose that Fix) = f(rlgixh bor infmiely differentizble fune-
tions f and g (thak iz, f'(x), f*(x), eic. exist for all ). Show
that F~ = "{xiglx) + 2 F {xhg () + flxky o). Compute F~(x).
Compare F*(x) to the binomial formula for (o + &) and com-
pare F= {x) b the feenula loe (o + &)Y

With fix} defined as in exercice 45, compute F™'(r) wing the
fact that {0+ B)* = a* + 4a’b + 6c'h’ + dob® + 5.

Use the product rule o show that if gixy = [fix))® amd fix)
s dilfereatiable, then gl = Zflxl(x). This can ako be
obtamed using the cfrin rule, 1o be discussed in sechon 7.5,
Use the result from exercise 47 oml the product rule o
showw that if iz} = [fixd]” asd fir} is differentishle. then
'l =3 finFFic. Hypotbesize the darivative of | fx1]"

7-36

b} Think of & as the varisble and ¢ 35 o constant, and show
dr
I]':II.;}U.
(&) Show that il ¢ =k, e r= .

{dy Show that if © < & then o < r< b To do this, asume that
i & constanl and © < b Explam why the resulis of pars

(b and f¢) imply that r > . NnL:hrwﬂﬂ[%iD.-ii

Explam wwhy this nesull alomg with the result of par

{ch implees that r < b
Explain why the nesuohs of paris (aj-(d} must be roe i
the EPAs combined formuls 15 a ressonable way 1o average
the ratings « and ke To get some sense of how the formulks
works, lake = M) and graph ras a fuschon of kb Comment
om why the EPA might want 1o uwe a fusction whose graph
Mamens oul 3 this one does.

@ APPLICATIONS

The amount of an allesieric eneyme 15 alfected by the pres-
ence of an sctivatoes. I o i the amownt of sctivator and §is the
anoind of engynse, then one mide] of an allostens acivalon

2T

s fix) = 7 Find and imterpeet lim fix) and lim fis)

Compute and berpre

Enzyeme production can also be inhabited. In this siuation,
thie amunt of eneyme as a lusction of e smount of mhbib-

1or is modeled by filoy =
lim fix)and /*(x)

i o Find and imerpret lem fixh,

Mot cars are raled for (el elficiency by estimatmg nailes per

galbom i city driving (o) @nd miles per gallon in highway driv-

ing (). The Environmenial Protecton Agency uses the formula
1

% s overall rating of gas nsape.

"= 55 + 045k

{a} Thmnk of c as the varable and b a5 3 constant, and show
M%h—ﬂ.hb&qﬁﬂﬁxmﬂlmlﬂmsdgﬂmﬂuigm

@ EXPLORATORY EXERCISES
1. In many sports, the collision between a ball and a anking

ingdement is centrad w the game. Suppose the ball hes wenght
w and vebocity v befare the collision and the siriker (bt teamis

rackiet. golf chib, efe ) has weight Woamd velocity —V belose
the collision (1he megative mcdeates the sriker B moving in
the oppostie derection from the ball). The velocity of the hall

Wl+r]+|.1rli"—wh"m
W+w

ihe parameter ¢, called the coefTicient all restituiion, nepre-
sents the “bounciness” of the ball m the collision. Treating
W ax the independent variable (like x) amd the sther param-
elers as conslants, compule the denvative and verify tha
du W1 +clw + ow +
W W+ )
non-negative. Explain why this implees that of the athlete vses a
bigger striker (higger Whowith all other things equal. the speed
sl Thee ball incresses. Does this metch your mdaition? What is
abevabaiial abonat the asunapteon of all olher tangs berng equal?
Similarly compute amd inlerpre = v amd e {Hina: ¢
i between 0 and 1, with 0 representing a dead ball and 1 the
Irveleest ball possible. )

alter the colliaon wall be w =

> 0 simce all paranieters sme

Suppose thal a soccer player drikes ihe ball with encugh
energy thal o stationary ball would have inital spesd B0 mplhe
Show that the same energy kick on a ball moving directly 1o
the plaver al 40 mph will laosch the ball 31 approximaely
100 naph. (Use the general collizsion formula in explocgory
exercise | with ¢ = L5 and ssume that the ball’s masx 15
innch less than the socoer player’s mass. ) In general, what pro-
portin of the ball's incomine speed 1 converted by the kick
b eibra speed i the opposile drecton”
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C@) 7.5 THE CHAIN RULE

We currently have no way to compute the derivative of a function such as P{r) = +/ 100 + 81,
except by the limit definition. However, observe that P{r) is the composition of the two func-
tions 1) = T and g(r) = 100 + &1, so that Pir) = f{g(r)), where both (¢} and g'(r) are easily
computed. We now develop a general rule for the derivative of a composition of two funciions.

The folbowing simple examples will belp us 10 identify the form of the chain rule.
Notice that from the product rule

d . - o 3 =
— [+ Ir]l=—Jix + 1K+ 1)

= Zuir" + 1) 4+ 0 + 1)2x

=Mt 4 112x.
OF course, we can write this as 4x(c + 1), but the unsimplified form helps us to understand
the form of the chain rule. Using this result and the product role, notice that

i 3} i _i 3} .. :
d_rl[’r+ Ijr]—irlt.r+l}{r+ 1]

=Mt 4 1+ (0 + D2l + 1)2x
=3+ 1172
We leave it as a straighiforward exercise to extend this resoli to
d 4 I 3
-l +1 =40 + 1 2

You should observe that, in each case, we have broughi ihe exponent down. lowered the
power by one and then multiplied by 2, the derivative of 4+ 1. Notice that we can write
{x* 4 15 as the composite function figix)) = (1° 4+ 17*, where g{x) = 2 + 1 and fix) = 2.
Finally, observe that the derivative of the composite function is

d o 1
— gl = — [ + '] =407 + 17 20 = Flglag'ix).
dr dx

This is an example of the chain rule, which has the following general form.

THEOREM 5.1 (Chain Rule)
If g is differentiable arx and [is differentiable at gicy, then

%Lﬂ.ﬁﬂ!] = glxahg (x.

PROOF
At this point. we can prove only the special case where g°ix) 2 0. Let fix) = f{gl(x)}. Then.

d ey A+ R —Flx)
= Ufel)] = Fiix)=lim —————

o Flmlx 4+ W) — figix)

= lim

h—l1 h
_ g TR B0 — Flgt) gx + ) — 800 ——
" b= i) glx + i) — gix)
_ i RO+ B)) —flgta)) . e+ K) — glx) :

=il gix 4+ h)—glx)  E—0 b gix & b — el
= flgtx +8) — flete) . o0c+B) ) o
- ptairhi—spia) glr + b —gilx) o I

= f{g(xg (x).
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REMARK 5.1

The chain mule should
meake sense intuitively as

follows. We think of g a5

ithe (insianianecous ) rate of
change of ¥ with respect o
I, —'.ﬁﬂttimml

du
raie of change of v with
!
respect o a and I:Em:

{instantancous) rate of
change of u with respect

m.
wx So if-—=2{ie, vis
i gk
changing at iwice the raie
!
of u)and — = 5 (ie.. i is
adx
changing at five times the

rate of x}. it should make
sense that v is changing
at 2 x5 = 10 times the
rate d’x'lhati-s-d—}= 1,
el
which is precisely what
equation (3.1) says.

Diferentation 7-38

where the next o the last line is valid since as b — @, g{ix + hy— glix}, by the comtinuity
of g (Recall that since g is differentiable, it is also continuous. ) Yoo will be asked in exer-
cize 44 w fill in some of the gaps in this argument. In particalar, you should identify why
wie need g'(x) # 0 inthis proof. m

It is often helpiul w think of the chain rule in Leibniz notation. If v = fiu) and
u = gix), then v = figlx)) and the chain rule says that

= (5.1}

where it looks like we are canceling the di's, even though these ane not fractions.

EXAMPLE 5.1 Using the Chain Ruie
Differentiate ¥ = (r' +x— 1.
Solution Foru=x'+ x— 1. note that ¥ = o From (5.1}, we have

dy dvdu d . du
= == e Sifice v =

dx dudx du dx
= Su*it.r'+.r— 1y

=5+ 1FEC+ 1 m '

For the composition f{g(x)), fis ofien referred o as the owside funciion and g is
referred o as the inside function. The chain rule derivative (g (Vg (x) can then be viewed
ay the derivative of the outside function times the dernvative of the inside function. In
example 3.1, the inside function Er4r—1 {the expression inside the parcntheses) and
the outside function is u”.

EXAMPLE 5.2 Using the Chain Rule with a Square Root Function
Find ;‘i{v 1040 + 8r).

Solution Let w = 100 + % and note that +/ 100 + &7 = &**. Then, from (5.1},

d d 1 i
— (T + &= —(u") =—u " —
d‘rl: ‘ -ir{ ) 2 dt
| d 4
= |} 4 &) = ——
2J1m+mdr{ + 100 + 81

Notice that the derivative of the irside here is the derivative of the expression under the
SOUAre Moot Sign. |

You are now in a position o caloulate the derivative of a very large number of func-
tions. by using the chain rule in combination with other differentiation rules.

EXAMPLE 5.3 Derivatives Involving the Chain Rule and Other Rules

Rx
Compute the derivative of fix) =1 vidx + 1, glx) = ——— and hix) =

-
e+ 1 e+ 1
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Solution Notice the differences in these three functions. The first function fix) is
a product of two functions, gix) is a quotient of two functions and fx) is a constan
divided by a function. This tells us 1o use the product nule for fx), the quotient rule
for g(x) and simply the chain rule for M. For the frst function, we have

Fixy = %{f VI FT ) =30 v+ 1 +f%v’¢:+ | R CM e Y

3 1 o
=3rvdr+1 +Jj;{u+”-mﬂ“1+” By ik hosn rade
G S
derinmiee ol e biide
= 3.[1 vidr+1 4+ 1[’1’".[ -+ I‘r LL‘. Stighling

Mext, we have

o
Bl + 1F —Br—[ix + 17
¥ . (xr + 1y ﬂ_[fr+l]

de|od +17] T o+ 1)

=

By f= yuidiest iuls

B+ 1 - m[z::’+ ”:_:”3+ 1:}

= ileiivaiive il The sl i it i ke

a o+ 1

_ B+ 1P — 16’ + 1)30°
& ( + 17
_BY - 340w’
Dy

For bix), notice that instcad of using the quotient rule, it is simpler o rewrite the func-
tion as ffx) = i + 17 Then

Sampbilly i

iy = %mf + I =-16(+ t}"%x‘ + Iy =—16{x + 173y

deriiatre of fe maids

=487+ 17 m

In example 5.4, we apply the chain rule to a composition of a function with a compo-
sition of functions.

EXAMPLE 5.4 A Derivative Involving Multiple Chain Rules
Find the derivative of fix) = (Vi@ +4 — 3¢} "
Solution We have

f{II:%l?f-ﬁ-d—Ellﬂi{vf-l-d—ﬂll} By tle climsi dials
- %lv‘f +4— hl}'egqf + dr‘"’%{f-r 4)— ﬁ.\’] Pp—
=§{ff+q—EJE[%IEH}-'”{M—&:]

= % l L .'fl + 4 - 3-1_1]”![:{11"' 4J_m = EI[. Sukigala [ ving

We now use the chain rule to compane the derivative of an inverse function in terms of
the original function. Recall that we write g(r) = £ ~'(x) if g{f{x)) = x for all x in the domain
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of fand fig(x1) = x for all © in the domain of g From this last sguation, assuming that fand
2 are differentiable, it follows that

o o
EUIHIJ}I = EM-
From the chain rale, we now have
Figlg'ixh= 1.

Solving this for g'(x), we get 2} =f{;f-ﬂfl'

assuming we don’t divide by zero. We now staie this result as Theorem 5.2,

THEQREM 5.2

If fis differentiable everywhere on its domain and has an inverse function g = f~'
then
|

Pty
fior all x in the domain of g, provided § ' (gix)) = 0.

g'{x

As we soc in example 5.5, in order to use Theorem 5.2, we must be able o compate
values of the inverse function.

EXAMPLE 5.5 The Derlvative of an Inverse Function

Given that the function fix) = v* 4+ 3¢ 4 ¢+ 1 has an inverse function g,
compute g (7).

[

Ky & & w

=} =2 =l 1 123

5

FIGURE 7.24
F=Er4+ 30+ 2r4 1

Solution  First, notice from Figare 724 that f appears to be one-to-one and so. will
hawve an inverse. From Theorem 5.2, we have

} 1

§0= Py A
It's easy m:mpncj'{rh:ix4+ﬂf+lbmmur.: Theorem 5.2 we also nead
the value of g(7). If we write © = g{7), then x =7 ~"(7T). =0 that f{x) = 7. In gencral.
solving the equation f{x) = 7 may be beyond our algebraic abilities. (Try solving
£ 4 3% 4+ Iv + 1 =7 1o see what we mean_) By trial and error, however, it is not hard
to see that ({1} = 7. sothat g(7) = 1. [Keep in mind that for inverse functions, fix) =¥
and giv) = x are equivabent statements. | Returning to equation (5.2}, we now have



741 SECTRON 7.5 == The Chain Rule 415

Motice that our solution in example 5.5 is dependent on finding an x for which (il ="7.
THE BIG PICTURE This particular example was workable by trial and error, but finding most other values
When you dre siked 1o difleren- wiild have been quite difficuli or impossible to solve exactly.
tiate @ function wing the cham

Jﬂhlmlﬁmﬁm

dhﬂ;mthrmml BEYOND FORMULAS

mmm If you think that the method used in example 5.5 is roundabout, then you have the
dﬂtn'lﬂnlim right idea. The chain rule in particular and calenlus in general give us methods for
gmﬂsﬂuﬂ determining guantities that are not directly computable. In the case of example 5.5, we
computable. Maintain the “BIG uze the properties of one function to determine properties of another function. The key
PICTURE™ and be anemtive 1o i our ability to do this is understanding the theory behind the chain rule.

the smaller details.

O Concept Mapping

A concept map is an imporiant erganizational tool that we will develop in different sections
of the book. We consider this as an activity suitzble for students (o showcase their under-
standing of the differcnd topics presenied in this caleulus series. The connections between
the different concepes will strengthen your understanding of the bigger picture underlving
the approaches being studied. Your concept map may sian small. bui will develop as you
expand and deepen vour knowledge.

The concept map that you see below is far from being finished. and it is better classi-
fied as work in progress. We hope that you will be able to expand, modify or change it as
vou see fit throughout your progression in this course. To the right-hand side of the map,
we lefit vou some concepts that vou might incorporate when you progress through the dif-
ferent sections in this chapter.

EXERCISES 7.5 @

then g'{x) = fir — o). Explain this derivative graphacally: how
L. AF gear 1 rolstes ol 10 rpmoand gear 2 notales Pwice as Fasd as dioses. pi x) compane 1o fx) graphically and why do the slopes of
pear 1, how faa dises gear 2 rotate? The answer is obvious for the tangent hines relate as the formuls indicses”
st people. Formulate this smple problem a5 a chin rule 4. Another simphe implication of the chain rule is: i o = fi2c).
ko, does b x) compare o fx) graphically and why do the slopes of
2 The higpest I:hﬂlﬂlﬂ in computing the dervatives of the Lamgent lines relabe & the lormala imdecates?

Vic +diir — s+ i+ Ve —x 41 amd S+ 4
o+ | is knowing which s (prodect, chais de ) 1o In exercises 1-4, lind the derivative wiih amnd withowi osing the

use when Discuss how you know which rule o use when chain rule.

{Himk: Think of the onder in which you would perform aper- L fixi=iz"— IF L fi=ict+2r+ 17
ations Lo compale the value of esch function for a specific L , B
chinios of £ A fixh=ir+1) A firh={Zx+ 1}
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Im exercises 5- 16, dilferentiate cach function.

5 fa) flrp=ix" — o b} flri= Ve +4
6 (o) fick=iC+ 117 (b fir)= vl — 1ix
T. fa) fin=rve +2 b} fin=(r+ 2T
K fa) fin={f+2¥VF+1 ) fin= wHE + 3
’ iz _ﬁ b —_
! d.b_,l'hrl—‘ll__.'_Ii i "”’"’_:.u.;f
w1 w44
. =— L =———
() fioy=—— fb) i) ===

11, (a) gie)=—— b gix) = 1|I_;
O = +1

1L {ap gic = vx+1 b} gl =i + 1T+ 1)

13 (a) Mo= 2 ih) o) = Vo t4
oF +4
1 [
+ 4
1A (a) Map="2 12 b} o) =———
B (o + 4F

15 (a) fir)= (Ve +2+2) " ) flo= Ve + 24200
16 {3} fin) = VAL + B+ 27 ) fir = (VIS +8-2)

I exercises 17-21,  las an inverse g. Use Theorem 5.2 to find
glak

IT. fil=x'+dx—la=-1

I8 fiti=x"+dr—2 a=-2

I fit=r+3"+xa=5

M fici=r+2x 4l a=-2

. fid=vVr'+2r+d4,a=2

2 fi)=Vr +d:r + 3+ La=3

I exercises 23-26, nane Uve method (chain role, produect rule,
quodient rule) that you would wse first o fnd the derivative ol
the Nimction. Then Bist any other rule(s) that you would use, in
arder. Do mol compate the derivative.

-1
3 fin=4qjx Jl+ll"|;|
b x4+ 2

2y 40

M fli=—————
=2

- B+ 547

25 fin=vF+dP )
r—1
ey
Fi. f"!:(JF{-?)

In exercises 27 and 28, find an equation of the tangent line o

the graph ol y = firyalr = a.

T fin=vr+lh.a=3

a=-2

B fin=

T-42
In exercises 29 amd 30, wse the position fonction o fad e
velocily al time 1 = 2. (Assunme nnils of meters and seconds. )

= =113
. sN=+yr+8
Vel

M. si=

In exercises 31 and 32, use the relevant information Lo compuale
the derivative fur hix) = figiz)).

3. NN, where ({1 =3, g{1} =2 {1}=4, (2} =3 g1l =-2
and g (3 =5

32 w2k where fi2) =1L g2 =3,/ 2 =-1F3)=-3gl}=
Tand gi2i=4

33, A fusction fis an even Tunctisn i fi{—x} = {x) for all x and
is an odd fonctbon if f{—x) = —f{x) for 20 x Prove the the
derivative of an even lunction 15 odd asd the dertvative of an
ol fanetiom is even.

AL I the graph of a2 differesniable function s symmetrse about
ihe ling x = a, whal can you say aboul the symmelry of the
graph of {2

In exercises 35-38, find the derivative where [is an unspecilied
dilferentiable lunetien.

35 ja) fir) by [AaF° (ch ffix)h
36 (a) fivTH ib) 4/fix) b flx fixy)
37 (a) filix) (b L fix} Lup;(‘ﬁ)
3B (a) 1+ by |1 +nF (b A1+ flxh

In exercises 3% and 40, nse the graphs o find the derivative of
the compasite Tonetion @i the poind, if il exisiz.

VA
i

¥

=

U
=)
1
-
[
La
=
b
I|I\\.';_— [ R PO ™
.l

2/3 4

v =k

v= iy

B figixna(ar=0{byx=1andichx=13
. gpifixpaiaix=0{bjx=1andichz=3

In exercises 41 and 42, find the second derivative ol each
Tunciion

v

41 (4 fix)=¥1 +4 by fin =
£ +d
42w Moo=+ 37 (b gix =

5+ 17
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43, ) Determine all values of xsuch that fix) = Y -3+ 2
i il differentiable. Descmbe the graphacal propenty that
prevents the denvative Inom exisbing.

by Repeat part {3) for fir)= o' = 3"+ 38—

4. Which steps i owur outhine of the prool of the chain rule are
nol well-=docomented? Where do we e the assumplion that
gl =00

In exervises 4548, Ml a Tonction g such that g'ic) = fixk

45, firi = +3F (2x) 46, firj=xc" + 45"

47, fix)= 4K fq:l:m

X
E S |

@ EXPLORATORY EXERCISES

1. Mewton's second law of mobon & F = ma, where mos the
miass ol the obgect thatl undergoes. an scceleration o due © an
applied force F This law is accuraie a low speeds. AL high

CHAPTER 7 =+ Review Exercses 417

speeds, we use the cormespondmg formula om Ensemn's
wTy

V1 — et

v s the velocity function and c is the speed of Hgh. Com-

o
theory of relativity, F = m—(

T,

d ( wiT)

pule —| ———— |. What has 1 be “ignored™ w sdn-
dtl 1 — e

plify this expression 1o the scceleralion a = v'(f) in MNewlon's

second k'

1
Suppose thal s a lunction soch that /§ 1) = 0 and [~ (xj =— lor
I
all x> 0.

{a) I g ix) = fix® ) and glal = fix} for x = 0O, show that
gl:l,.'l."lI = gz'lf.rl. Smce S1“ b= gA1) =1, can you conclinde
that g (x) = g ix} for 2l x> 07

{b) For posabive differemiable Tunctboms &y and b define
goxd = ik} and gix) = fiix) + ). Show
that g, ix} = gxh Can you coaclude hat g,(x) = g ix} for
all xF

{e) I fhas an inverse g, T gx)

[ WRITING EXERCISES

The following list includes terms that are defined and theorems
that are staled ma thes chapter. For each lerm or theorent, (1) give
a precise defimiton or satement, (2) sate in general erms what
it means and (3] deswribe the types of problems with which i is
assockaled.

Tangent lme Velocity Average velocily
Denvative Puower mle Acceleralion
Product rude Juotient rule Charn rule

() TRUE OR FALSE

State whether each stalement i= wue or fale and briefly explain
why. IF the siatermend is false try wo “fix i by modifying the given
alaterneml By make & new stalement that s G,

L IFa funcion i contmsous al © =a, then il has a tangent bne at
L=

L The average velocity between ¢ = o and ¢ = b is the average of
the velocibes sl f=zaamd = h

3. The derivative of a lunction gives 15 slope.

4. Given the graph of f(r). you can constroct the graph of fix.

The power rube gives the rule for computing the dervarive of
any polynomeal.

I & finciwm 15 wrdiken 35 a quotient, ose lhe guolienl rule o
limd i derivative.

The chadn rude gives the dervative of the composition of o
fumcrions. The order does ool matier.

L

Estimate the value of (1) Irom the given data

X L] s | 1 15 | 2
Hxp |20 26 | 30 | 34 ] 40

Lyst the ponls A, & C aned ) im onder of imcreasmge slope of
the Langent hoe.

/*‘,f




4148 CHAPTER 7 Diferentation

I exercises 3-K, use the limii definition io lnd the ndicated
derivative,

1 2o fixy=1"—2x d. j'q1|[:rrj1:l=l+l
X

5 )i fix)= +T 6. {0 for fix) =1 — 2z

T fixforfid=x+x 8 _f':,rllur_fl.:r:i
X

In exercises 9-10, find an equation of the langent line.
B oy=r—Zr+laz=1

Tk _'\.'=\-'_|':+I al x =10

Im exercises 15-18, use the given position Tonction to find veloc-
ity and acceleration.

11, xir)=—16" + 4k + 10
12 sfj=—0R" -2 46
1 sn=+di+ 16—4

14 Inmexercise 11, s(¢) gives the height ol a ball ap vme . Fod the
ball’s velocity at r = 13 i the ball goimg up or down” Fmd
the ‘ball™s velocily al r = 2: 15 the ball gomg ap or down'?

In exercise 15, compute the slope of the secant line belween
j@alr=landr=L{bir=1andr =15 (cixr=1andx = L1,
and {d) estimaie the slape of the angent line ai r = 1.

15. firl=vx+1

I exercises 16—25, Mnd ihe derivative of ihe given Tunction.

6 firi=2"—3"+2r—1 17. fidh=x"—d* + 5

iy
I fi=——+ W
- vE X W

M. fiy=r1r+ 2y L fin=(r+ 1§ —3r+2)

-1
1 .1:J=_; 23, piny=
» -1 g
|:
M, fin=[2E 25 fx)=
e l[;—I} 1#) {xr— 17

Review Exercises

In exercises 26 and 27, use ihe graph of ¥ = fir) o sketch the
graph of ¥ = ["{x).

6. ¥

(]
M

4

I exercises 28-31, find the indicated derivative.
IR finiborfirp=x"— "+ 27 —x— 1
M. it fixi=vT+l

4
. mﬁ.:_ﬂ:mm

3. M forfla =it — W+ 20— Te + 1F

2. Revense equals price hmes quantity. Suppose thal the cur-
rend price & 52400 and 12000 ieems are sobd a1 that pesce. I
the price 1 mereasing 2 the rate of 1 cenls per year amd the
iuaniy sold decreases al the rabe ol 1500 bems per year, al
whal rate 15 Che revenue chanmng™?



7-45

@ Review Exercises

In exercises 3336, Mo all peinis ai which the tangeni line io
ihe curve is (a) horfeonial and (b) vertical.

LR S

y=r'—fhc +1

Prove that the eqistion 1 + Tx — 1 = 0 hos exactly one
solution.
Prove that the equation x° + 32’ — 2 = [ has exactly one
solubion.

In exercise 39, do both paris withoul solving for the inverse:
{a) find the derivative of the inverse ai x = 1, and (b) graph ihe
imverse.

.

4l

I fix) ox dillerenliable al x = a, show thal gl ) is continsous al

Fixh — fler}

I—0
b

. UxEa
x = a where pir) = C R

x#a

Il f is differentiable &l r = a and Txp = flod + Flaiic — a)
is Che tangenl ne o fixf o x = o prove Lhal
Fix) — Tixh = eixhix — a) lor some ermor luncbon e(x) will
]‘I_I'IJ elxi=11

A pelynomial fixh has 3 double ol stx =a il (r —afixa
factor of Fix) but (r — @) s ool The loe through the point
11, 2y with slope m has equation v = mix — 1)+ 2. Find m such
that firh= 1" + | — [mix— 13+ 2] ks a double rost at x = [
Shoow thatt v = wr{x — 1)+ 2 % the tangenl line oy =17 + 1 al
the paint (1, 2).

44,

4.

47,

419

CHAFTER 7 ==

Review Exercses

Repest exercise 42 for fix) = o' + 2r and the poant {2, 121

A guitar sining of length L, denaty pand ensioan Twill vibrale
LA z Compue the denvative i.
A" T
where we think of T as the independent vanable and real p
and L a5 constants. Interpret this derivative in lerms of 3 gai-
tarist lightening or loosening the arng w “ume” 0. Compuate

al the equency [ =
; df

the derrvative I and interprel 10 16 lerms of a gurlaresd play-

ing mides by pressing the sbring agaanst a el

In the aceompanying ligure, o consiant current of 4 A passes
throaigh the currenl diveder paraliel ressdors. The curmenl 7 5

ROWR ol
ven by f = ——— Find —.
. s S0R + 4 dR
ot
i% i T ax
=

The Colpits oseillator fregquency i determuned by the function
I
= and C; are capacitors and L is an

————

The sorfsce area of a rght circalar come can be expressed as
A=mrr+ Vi + ~ ) where ris the rading of the base and h
15 the heaght.

A
{2} Fimd > il the height & comsLant.

A
{b) Find Y if the radius & constant.
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Appendix A

ANSWERS TO ODD-NUMBERED EXERCISES

CHAPTER 5

Exercises 5.1

1. r<k i —%-'..1'5%

E rxdorxs =2 T oxelax=s-3
9 =Tar<=3

1l.ves 13 no

5ok V3 B2 Wy
17 [a} y'ﬁ B} == g} Ldy= —5—1éh

19, L3 y=2a-11+3

R R ER R R R AL REEERRER RN
F § B H

L ALY =T12y 2051

D L LR

-3 4 B

23 perpendacular 25, perpendicolar 27, paralle]
H, ) y=tr-B41 (b p=-tlr-2+1
ATV RTECE T | IR B RS T

M, ou=Hr-N+L7T
35.ws 3.no 3. both 41 rational

43, 1= -2 45 |- -NUEFuhm) 4% 12 £]

e o R

L 0 = r = namber made, ¥ an integer
E3. na: many &' for one x
BS. ni: many &'s for one x

E7. constand, increasing, decreasing; graph going down;
graph going up

59_ xanih pr-ll;_ inb 'l"'fﬂ."l‘

1. winteroepi: 2; wintercept: -8

63 weintercepts: £ veinbercept: —4

65. L3 6. I+422-47 8. 012

7L OL-42 7 -3

Applications
L a3.000 feet 3 w=d45-=150 5 0l
Exercises 5.2

5 M= x+2 R FUn= sl
O mot ooic-bo-ane
11, Pl e P rz0

30 BT i =1 M1 I R D

149, W

21. o

23K f~Nx) =y then flud = x> 1)
28 0F fix] ¢ 3, then T (3 ¢

Appendix A: Answers to Odd-Mumbered Exercises.  A-1



b # w ¥
e w=Fr)

-
B
-10 —/ i 2]
—
=5
]_

g, L)

L5 2

g =)

51. not one-lo-one

—4d
41. { is oneto-one for T2 2 f = -,‘.'T+2
3, ¥ H

L
3 e

44

_

L A R it

43, f s onedneone far £ 2 L fHn = sl + 14+
L]

o =W

& =41

-
—_—
=

=

A-2 Appendiz A Answers to Odd-Numbered Exercses
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H.fumlo—onuhr—iﬁlﬁi_.

6 =01
I ¥ =Jix)
iLh
16
7. ma; ml:dran:tm-:,;:
11
Exercises 5.3
1. {a} 45° EL=I ich 307 [di 2407
s r g a
3 fa} & b T ] T =R z

3. —%fl’!}r:%ﬂ-l‘!ﬂ' T —%+2ur:%+2|u’

9, % + s 11. % + tig: divE 13. 7+ Hux; % + A

15, i

19 y

Hig

I ¢

=

25 A = 3, perind = £, frequency =

1
]

o _ in 3
I?'..‘.—5,pr|':r||:.:1—T.,,I'-E

. A = 1 perind =n-,_.l’=|—
"

5, A = 4, period =E.|:.,I=T

LI

1
r

[T L]

39, —xf2 AL B AN % 15, %

47, 0 = D435

49, no B yes, 24

53

55,
5%
59,

.

B5.
63

] S
g
| =

Fore By 19 o B9E

Lr= —1d55 r = 1455

Applications

1

T

2ian 20° = 073 mile
it san SIF = 119 et
0%
= ==
A = ()

fum 29 LTﬂ:]Iﬂlvﬂ.l
T I.-j

5. 524,000 per vear

Exercises 5.4

L.
11.
1.

1 345 548 72 a2
i 13 B 18, 2 17. 1213 19. 4.415
Eath the graphs have same w-intercept.

[ T S

.-“IIIIIlIIIIlIIIII
-3 -2 -1 1 2 i
I3
_I.-

Appendix A: Arswers to Odd-Mumbered Exercives A3



Coraph of f (xk Diotted line. %

Craph of ghe: Solid line. ;
H.Fﬂ'rtheg;ﬁph!lﬂ.puﬂ:rmplhixuﬂhﬂh:ﬂnphﬂxh l""
ventercept is 2 'l'
] 1 [ o
ru,.npm:ﬂlii

T i 1 e '

S
6 & I [ TSR T LS (n LR 11 1R

13 ves
18, [ = 121 27
Exercises 5.5
- 1 (foght) = YE=—34 Lrs3
Garaph of fix): Dotted Ene. p
Coraph of pfxl: Sold Gre oMy =yr—-2xz2
2. The graph f {1}, is defined for positive values of © onby and the A Feghl=xx=0
graph g {z} is defined for all nonzero value of 1 (o (Y] = %, all reals
hbi—y

5. [fogr) = sin®x+ 1, all reaks
(o [Hl = sinle® + 71, all reals
7. passible answer: i) = /7 glr} = ot + 1
8. passible answer: f(3) = - ) =" +1
11. possible answer: flrl =y + 3 gl = dr+ 1
13, possible answer: 1) = x', glrl = sinx
18. passible answer- fix) = ¢, gzt =x° + 1
17 possible answer: (1) = %.glu = 4% hizh = simx+ 1
19. passible answer (1) = o, gir) = s iln) = 40 -2
. possible answes: {15} = 47 — 5, ¢lx] = e b} = 47

3. v 3, v
Caraph of { {x}: Dotted line.
Craph of giul: Sobid bine
27 2 M ors-lral
- [} L]
I, ¢ 33, 2 35 i J % ! N
3T a} 2 i 3 ey =3
EliL

3, qab L1771 (bh 2.953 ol =288 2T ¥ 29.

41, 01 43, mi=40 45 iz
47 hﬂﬂh'llr ‘*ﬂr +r|1l|'.'h|,':I||.
Bx=-1x=1 L

Applications

L st

31—t = 0632

O e e N
D& AT | 136 LE

w=21 b= 0%
ot -

A-4 Appendix & Answers to Odd-Mumbened Exercses
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- "

30y = {n = )2, shift left one
41 ¥ = (x + 1)2 + 3, shift left one, up three

A3,y = 2 + 12 + 1 shift left ane, up one. dowble vertical scale
48 reflect across weaxis, double vertical scale

47 reflect across veavis, !r'gleverlica] scale, shift up two

49 reflect acnoss s

E1. shift right one.

B35, reflect across wends, vertical scale times |df

BB, ]

' 2 4
5. gotod 1. 0.739085

Chapter 5 Review Exercises
. =2 3 panalld B oo

Toy=th-U4ly=3 0 y=-dirsli-i
Thoywes 13 —2xx<d

15, i
m*
=1 10
_|_|
1= 4
G\}
-0 pR 5

19 il

I ¥
a
Fhe
. U %
23 W
3
lva,
-3 ey
=8
25, #
E'IJ'/
o
.

29 Tamdymdye = 3.y =2

3. L5 3 LI+431-+43F 3 3
3%, S0tanM" = 33,7 foet

41 dnl e b
Ve

o

8. 2 45 pind
47 -:l"n-g]m--:r—1.r11
lgafiithe Vi —La = —lory 21

49, i) = & plxh = 30 4+ 2

Appendix A: Anseers fo Odd-Humbered Exercises



BL. (= 2)* - 3, shift two right and three dawn
B3 ves; vl = T 55, no
B3 w

R B R R B R

= #l -3t

LR R T B T B B ) A

1] o0

59, v
-
o
1.5+
14
5]
o T T T T
{} 1 2 1 i
X 5 - "..l".;-
6. 3 &3 5 [ 5
[ % 69, Z.4ne
CHAFPTER &
Exercises 6.1

L fay 2 M} 4 Lo 0 @ -~
5 [ay 1 {m 27

Foofa) 190626 (hh TRENA ) 190004

9. ja) 36T by 1A6TT1 iy 3ARTE4

Il (a) 915208  |b) ®IS3AF b 929357

15, fa) = I:qu—f 15.02) 205 (b2m
-] iz

17 Gad 153 (b} 1.5 guarier circle

Exercises 6.2
1 Tt T 1
-+ ¥ —| 7=l {X— I':|

=Ei1’:|'!|:_t+l'h=l

A-6 Appendiz A Answers to Odd-Numbered Exercses

1.

. ox=12 . =2
lim — = lim
r=2 gt =4 =2 (x—2)x+ 72}

= limn
o2 (x+ 2 4

-9 _ . Hx-3

lim— =
r—Ey® Sy +f 3 {x—3){x-2)
3
— ]im [ 3
3 x—2

@) f(=2)=3
(hh  lim f(x)=2

T ==L

) =) is undefined
(b lim fix)=2
x —+ll"

fal lim f{xy=-2
p—s

(hy  lim flx)=2
i’

el limy f{x) does ot exist.
-+

(dy  fim fix)=2

E—¥-2"

ie) lim fixi=2

o ot

1] lim fix)=2

K==

(g lim f(x)=0
E—+-

ih) lim fx)=1

=2

@ f(1)=2

() lim Fixy=1
r=

() lim F{x)=3

=+

(<) lim  {x bddoes not exist,
x =T

) f(2)=0

(fi lim f(x) does not exist.

Copynigint © Kt Graw-Hill Fdua@on
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17

(@) lm fix)= lim x5 —1=-1
£ gl

(b} lim f(x)= lim fx+1-2
x—lli" g—ill’

(ch limy fixh=-1

F—H
(d} lim fix)= |=ir|1I o e1==2
{3} Iill‘;_.f'{.r} = |irr|1-.|'.1.'+ -2=0

L

g B PN | L y

-8

wi B

fi—1.5)=—0.4
fi=1.11= 14762
fi=1.01)=—04975
fi=1.001) = —0.4598

The values of fx) seem to be
approaching -(1.5 as x approaches
=1 from the left.

fT=0.5) = —0.6667
f1-0.9) = —0.5263
J—0.99) = —0.5025
T~ 994 = —{.5003

The values of fir) seem to be approaching -0.5 as x
approaches -1 from the right. Since the limits from
the left and right exist and are the same, the limit
exisls.

The numerical evidence suggests that the function
the function blows up at x = 1. From the graph we
see that the funcltion has a vertical asymptote at
x=1.

19.

1.

27

29,

3.

x v =Hx)
0o D922
00,99 (994001
1.459 (RG]
101 | CEMIS
1.0 | OHIE00H
1.1 L0206

By inspecting the graph, and using a sequence of
values, we see that the limit is appreodmately 1.

The limit ex

ists and equals 1.

By inspecting the graph, and using a sequence of
values {as in exercises 11 and 12), we see that the
limit is approximately 3/2.

The function approaches 1/2 from the left, and -1/2
from the right. Since these are not equal, the limit

dioes mol exi

One possibi

al.

liky:

One possibikity:

fim x‘+l 5

e I s |

. Sinx
0 and fim s U 1f the numerator

§=bX

fia) = 0, and the denominator gla) = 0, then the limit

fi{x)

lim - =1

v—en grix)

Ii:ITII A=l

X b
m | ——— |=:r
L o OUOOR00

Appendix A: Answers to Odd-Mumbered Exercizes AT



31. Exercises 6.3

X g
o1 0.099 L lim(c -3+ 1) =07 3(0) +1=1
0.4 RINLH
0.001 0.001 3. Ili:rllI eos T =eos T 0= rE
(e
lim ¥ =0
Leall’
e
For megative ¥ the values of ¥ * are usually not real g lim X —x—f
numbers, 50 lim 2™ =0 does not exisy. s R |
sl
- liiii (x=3x+2)
37. There are many possibilities. Here i a simple one a3 =3
-x x=<i =1Iri_|:1tl.r#2;|=3+2=ﬁ
fix}=+3 x=0 Z
x xx=l 4
r—-x-2
7. Iim ——
2 xt =4
Lications
App (= 2x+1)
= i ——
=2 (x+ X -2}
1. By inspecting the graph, and using a sequence of oo+l 24l 3
values (as in exercises 11 and 12), we see that the = !‘T_, T3 = 743 7
limit is approximately 1,/2. o
9, lim sinx _ lim =N X

a—+UEEm X K-#li e

= lim cosx = cosli=1
1 il

-
k=]

1L lim—
-+ g 4§
- ~radl
= lim e e)
v+ p{x+1]
3. Forl=i{=4 f0=8s0 lim f{f1=8, et e
3.5 = lim = =
-+l x4 h+1

Also lim fi{n=4%#.
il

O the ather hand, for 4 <1< 5 0= 10, 13, lim

L=+

Jx+d -2
I

0 lim firy =10
[

Wr+d4 -2 ofr+4 +I-l\|

Henes !u_.:: FF) dosas nok exist " ]""1 % % \-m4 1)
R o M

: =yl 4 +2)
= lith —————

¢ vy fr+d£2)
= lim —=

U LRYE S

ST I e

w2t R M _u"-T+2_1+3_4

A-B Appendiz A: Answers to Odd-Numbered Exercses
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.

15,

lim x—1

s =
(TN

= |im ————
pa I

& |1'm|{u’.?+|:= JI41=2

].m[_l_L"l

L | _1'?—[.'

4 4
= lim ——+J
=il x=1 [x=10x+1)

[ x4 ] |
A=D1y (x=1p{x+1))
; [ x—| )
= lim —|
=l {x—Dp(x+1} )
s I
=| _— = —
~1-E}Lx+l] 2

e

¥
1—e

limn
0 | —
=" jil -+t
- |L|n¥
x—H1 =&

= lm(l +e") =2
g—l

lim f{x}=lim 2e=2(2)=4

r—b]

lim f{x}= lim x* =2% =4

T—+1 I’

lim f{x)=4
T

lim fixy= lim (2x+1)

] Nsp=]

=2=1)+1=-1
lim fix)= lim 3=3
T—p—|" L

Therefore lim Fx) does not exist,
K==

Tk —4
Je—all f
C (d+dh+h7)—d
L —
fr—sih
= i =hmd+h=4
Aot} ] Sl

17 Consider fix) = AT anda polynomial px) = x* —
5

4 such thay p(2) = (.

Sinx |

X

Also lim

L ]
Therefore by the thearem 3.4vn,
Iim fiplxn =L

= lim
T =

sin(x” —d) ,

Iy Y

29, Iimirl+ | J:limlﬂ
sl y  yt—x »"".r[.r—lj
=|m'||[

X 1"l 1 m'__
kr{.l'—!}JI_!IT[[.r—I'JJ_ :

1
P Gl
e

al.
X
[+ +2-:][{.: +2F +2{x +2)+ d]
='|I'l'l'll
lim g

=]|n:|-[_r +2) +2[x +2]+4-i-=11

o

3. lim

& ol

=t 41 14417 41 - 1={¢* +1)

= | = -
e L+t +1 '"J“J'?[]+1."i"+|]

=lim E L

e - - )
o | ERVARTY '“'ﬁq[h-.l'.l’ +1) 8

35 lim—
i -r g1 Ay
. X 4 1
= fim—— — =—

sk gy 4_ 4

e A

-+ i S

S0 5
= i COESX - hm'““—_
T8 53T -+ ops X 510 5y

=lim =1

T+ ng S

Appendix A: Anseers fo Odd-Humbered Exercises



'su1|=w."1._'—2'|
3% lim——
e I

:i.in[ JT—E:I i |

=i = lim =—

AT +2)(d —2) (¥ +2) 3

ETR
x s 14x)

=01 0.0054

=001 5 % 107+

.01 &= 107

i, =003

0.0l =5 = 107

0| B i0”

Conjecture; limx” sinil/ 2} =10,
Let fiz) = =1, hix) = 1*
Then f{x)=x” sinf L) < hix)

lim(—x") =0, Fm{x*y =0
i il il

Therefore, by the Squeecze Theorem,

lim =° sini=] = 1.

43, Letfxi=10, fixy= J¥ . We see that
Fix)y= \.'TE‘IJH!E] fx)E

tim 0w 0, lim X =0

£l L L
Therefore, by the Squeeze Theorem,

. i 1
lim Jxeos={1)=0
e o1

A-10 Appendix &: Answers to Odd-Numbened Exercmes

45.

47,

49,

51.

=0

Velocity is given by the limit

f2+/)={2)

i =

b0l I
. 2+ +2-(22 4+
[im
i h
b+ i

= lim
=l i
lim 4+ Jy = 4,

Velocity is given by the limit

S0 kY= f{)

lim
k-0l h
. {0+h) —(0)F
= lim ———
fi—ail Il
o
= lim —
h-sir b
= lim i* =10.
f—alb
oAl —ensx 'T w.E
lim ——— = |—=——
r 51 ¥ V2 2

lim fix)= lim gixh=pla) because gix) 5 a
polynomial. Similarly,

lim Fixh = lim #x) = eleh

Tt

Capyright © M Graw-Hill Fducadan
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3.

6l.

(al  lim(x® =3x+1)

y—+3

=2 =3(1)+1 {Theorem 3.2}

. -2
(b fim .r1
aell 7 4]

limi{x—2)

S A {Theorem 3.1{iv))
:Iin'l|][.\" +1}
N

Fimm x— Fm 2

=422 ¥ i Theorem 3.1{ii)
lim x* + lim |
=il r—all

{Equanions 3.1, 3.2, and 3.5)

lim [2 fix)—3g(x]]

=2 lim F{x)—3 lim gl x)
=2 K==

=D -H-=13

El_r:l.."{.r} =E= 4

Im gix) -5 3

m—U

TR FALY)
Kbl gu[,'r}

!ﬂm gL gl e 1)

= lim p(p{pis” = 1))

= lim p( p{tx* -1 -1})
- 1in'||JJr!If,|'J-[.1.'4 - 257

T 4 _moad

= ]r!mlp[E.t 1) IJII
=lim pix" —da™ =dx? -1

J—=+ll

= lim{x® 42" + 4 -1 -1

Tl

={=1¥—1=0

We can't split the limit of a product into a product
of limits unless we know that both limits exist; the
lirnit of the product of a term tending toward 0 and
a term with an unknown limit is not necessarily
but instead is unknowr.

One possibility is f(x)=1 g{x}=-1.

65,

BT

649,

Yes. If lim[ f{x)+ g x)] exists, then, it would also be
A =il

truse that

Im{ F{xi+ gix)] - lim f{x)

exists. But by Theorem 3.1 {ii)

Tien| Fix)+ gixh]— lim i)

Nk =7

= lim{[f (o) + i) =[xl

= lim gix)

kil
so lim g(x) would exist, but we are given that

¥kl

Iim g%} does not exist.
limil+ 5" == 271828
ot

lim = =1
=il

When x i small and positive, 1/x is large and
positive, =0 tan™(1/x) approaches m /2. But when
x is zmall and negative, 1/x is large and negative, so
tan~{1/x} approaches - /2. So the limil does not
eacisl.

B £

- [r._m _.ﬁ[.r]] [gi_rﬂ _.I"{.ﬂ] [ im fm]

= =]

tim{ )] =[1im f{x}] ili_m[_r{xnj]
=p- =1

1rlﬂ- [x]=2 jif;-lﬂ: 3

Therefore lim[x] does not exist.
=}

Application

1

lim Tz)= lim {0 1dx)=0=T(0),
y—pll’ T I

lim T} = 0.14(10,000) = 1400

N+ 1LOK
lim  Tix)=1500+021{10,000) = 3600
s—k L0

Therefore lim  Fix) does not exist.

a—sl L

A small change in income shoold result in a small
change in tax liability. This is true near x = 0 but is
not troe niear ¥ = 10,000, As your income grows past

10,000 vour tax liability jumps enormously.

Appendix A: Answers to Odd-Mumbered Exercizes  A-T1



Exercises 6.4
1 s -2:glxl=x5-1
1
3. 1, 9lx) = ——
¥l gy r+1
5. all real numbers Ixﬁ%fmuddmtegﬂﬁn
9, r#£0 11. »#1 13 x#1

15. {1} is not defined and I!ll'lilur[l'[ldnﬁﬁ nokb exist

17. [ {0) is nt defined and IIi_nEII”-TI does not exist
i el

19, L[!Er__}l"llﬂ # 112

2|3 o) 23, (e, o)

25 [<3-1]. 27 LV (WZes) 290 —700

31, e 312,747,530, ©o= 53550130

3. 6} 2228] o [-23 23

35. [—" = AT = =2 1) L) T
i

3 r=b=2 4 a=3p= j- Ind

43, mo 45, #43 is 51. Mo

5. y=-x==1x=10

= 1{H,
force that moves box

0 2040 G0 B0 x

5. One answer: wlTh = 100 = 25T =30)

Exercises 6.5
1, fal @ b - €l dpes not exist

3 (o) —ee bl —oo fch —e=
5. does not exist 7. does not exist 9. :
1.1 1o 150 170 1D

2. does not exist

23, {a) vertical asymyplotes al x = +2; horizontal
asymplote at y = 0
{b) vertical asymptotes at x = £2; horizontal
asymplole at y = —1

25, vertical asympiotes at x = —1 and x = 3; horizontal
asymiphte al y = 3

A-12 Appendix & &nswers to Odd-Mumbened Exercses

27, horizontal asymptotes at y = 27 -1
29, vertical asymiptotes at x = £2; slant asymptote at

§=—x
31. vertical asymptotes at ; - 1 o 1';; slant asympiote
al w=x=-1 -
33. with no light, 40 mm; with an infinite amount of
light, 12 !'nnn'l1
o BT 4 B
5 )= —————
o 13 4 30
AT, —XI3.64t5 1581 fris; 4
39, 2 4,7 430 451 4T 27183
i
8§, -3 51. no  53. one larger
55, —2(r— 3 5, 741
59. rue  61. false 63. true

65. pix) = sinx, fifx) =x
Applications
L 3 mm, MK mm

£ o 3.

pe = W 196R

Exercises 6.6

1. §=¢/3.

3 A=¢/3

O. d=r¢/4.
T.8==

8. & = minfl.z/3}.

11. § = min{l.=z/5}.

13. Let o)} = wmx + 4, Since () is confinuous, we
know that :]",'L fix) = ma 4+ & So, we want to find a
& which forces [mue + b — (1 + )| < €.

.IJEJE + b —(ma + b)| = |mr — wn|

= |m||T — a}.
50 as long as - — n| < & = £/|m/ we will have
fiz) — (ma + b)| = = This  clearly does not
depend on a. This is due to the fact that fix)
i5 a limear function, so the slope is constant,
which means that the ratio of the change in y
o the change in ¥ i constant.

Copyight © Rk Graw-Hill Bt on
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15. {a) From the graph, we determine that we can
take & = 0:316, as shown below.

MTTTTTTTTTTTT
-3.3 4.3 .1

(b} From the graph, we determine that we can
take § = 0:223, as shown balow.

1.0

!
5

T T T T T T T T T T
0.1 -] a. a2

17. {a} From the graph, we determine that we can
take & = (038, as shown below.

{b) From the graph, we determine that we can
take 4 = (2, as shown below.

19. For a function f{x) defined on some open in-

terval (& a) we say

lim flrij=1L

T3

if, given any number £ > 0, there is another
number & > 0 such that whenever ¥ = (c; a) and
& =8 < & < o, we have flx) - L| < &

For a function [{x} defined on some open interval (g; cj
we sy

fim -_fl:!] = 7,

B I
if, given any number s = (0, there is another

number & > swch that whenever ¥ £ (a0 &)
and @ = x < a + 4 we hawe fl5) — L] < &

2. @ Asr —+ 17, & —1 >0 s0 we compule

= 1l
r—

2 = 10x — 1)
L
i T
So take ¢ = 2100,
b} Asr — 17, 7 = 1 < [ 50 we compute

1

2> —10z—1)
2
— ]
T
a
m - —.l'+] = |.r—|

So take § = 2/100,

Appendix A: Answers to Odd-Mumbered Exercises.  A-13



23. We want M such that if x > M,

2
-2
_ 1 =l
¥4+l |{
We have
w2 —1
_
T+ r+1
B rr“—?—l:r.i+.r+1]|
B 4+l g
. —r—3
Tl r41
_| T4+ 3 |
LT
Now, as long as ¥ = 3, we have
r+3 | 2r
it +r+1] |2 +7
2]
il .r+1-L
We wand - < {1, 1. Since ¥ — =0, we cantake
41 2
x =0, 50 we sobve < Oltogetr=19 ie, M
= r+1
= 19.
]E.Wl!l'h.!'l'l!' .
x* + 3§ _L - e i el 11|
472 — 4 4 fr? -4
4
4r? — 4
1
r? —1

Since r — —oo, we may take r = —1 so that
2 = 1 >1>0. We now need —— < (.1 Solv-

ing for x gives x| > /11 =11 3:3166. S0 we can
take W = —4.

27. Let => 0 be given and assume =< 1/2.
Let N=—{(1-2)¥7 Then if <A\,
1 P

—_— A= =i = |—=—

242 [ ]I |r'-‘+2‘

1

(—(L—2)%7) ¢ 2 =

29. Let N <« 0 be given and let §= {/-2I/N.

Then for any x such that =+3| <4,

. ~ _—2‘=|F‘n‘|
{z+30 (v/—2/ )
31 Let => 0 be given and let M =g/
Then if r = M,
1 1

= £

A-14 Appendix A: Answers to Odd-Numbered Exercises

33. We observe that r]_i:‘I' flr}=2 and
= (1,2),
[Flzl =2 =t +3 -2 =+ 1] =2

S0 if £ = 2, there is no 4 = 0 bo satisfy the
denition of lirnit

l'll1]1__f[J'!:l = 4. For any

35. We observe that lim lim fir}=2 and

iiﬂj_ fiz) 4. For amy xe(l, T,
|f{z)—2| =[5 — 2% —2|

|8 = z?| = 3= (V2| =1,
S0 ¢ = 1, there is no > 0 o satisfy the
definition of limil.

37. Let L = lim fix}). Given any ¢ > 0, we
know there exists 4 = 0 such that whenever
{1 < |x=a| < 4, we have
E
Flzh— L] < —.
Je
Here, we can take £/ 0| instead of = ba:a_u_r.e
there is such a & for any ¢, including /|| But
now we have
e Fixy—e- L] = |r| ey = L)

< e + = =
[
Therefore, lim - f{r) = o+ [ as desired.
e 1]

39. Let £ > 0 be given. Since lim flr) = L there
exists 4 > 1 such that whenever
0 < | — a| = 4, we have
|f(z)} = L| <e.

In particular, we know that

Li—e= flr),

Similardy, simce lim fe{r) = L, there exists
#2 = 0 such that whenever 0 < r —a| < d, we
heanve

hle)—L| <z

In particular, we know that ijz) < L 4 =
Let & = min {l‘ﬂ.lﬁa}-

Then whenever I < & — | < d§, we have
L—e=fir)=gle) 2 hz) < L+e
Therefore

glre) — L) < &

and so I glx) = L as desired.

Copyrigint © R Graw-Hill Fducafan
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41. We wan! to find, for anw given = = [, a & > {I
such that whenever 0 < |r — 2| = 4, we have
2r% - 8|« £. We see that
2% — B =2 — 4 =2 — 2|+ 2
Since we want a radius close to 2, we may take
r = 2| = 1 which implies | -+ 2| < 5 and so0
2% — 8| < 10)r — 2
whenever » — 2| = 1. If we then take

& = mingl, z/10}, we see that whenever

0= |[r—=23< §, wa have
2r2—3|{]ﬂ-5£lﬂ-ﬁ=f.

o L = 1‘——L-!
3 G 3 2|
mods
i
Exercises 6.7
gl R o goge. R
R FIEJRp e Wrrdt o t?
I sin® 2x

5l——— 7 L
Vi d 4yt + 2

1253(1 + o 21
i, sl
T ——
2
Vi E + T S+ 41
13. 3, does not exist
15. jl;'r!I =k yix) = 00016 —0.0159, —0.7586, —1.9995

11.

el vr

17, 20,0

Chapter 6 Review Exercises

1. 2 3. {@) 105799 bl 105807 5.1

7. does not exist 9. 7.3% (exact: o)

I1. {a} 1 by =2 (chdoes not exizst (d) O
a3

Wox=-1x=1 15 7 37 does not exist

19. does not exist 25 »E B

7. 9.0 Mo 30 3P

M, r=-3x=1 (removable)

i1 r=2 43, (—oo, —2) (=2 3p L3 ao)

45, [—oa, ool 4. x=lx=2y=10

1 rem=lx=] y=1 5L, x= 0, y= 2

B3, =il _|.--—|.5.an|:| !,|=I.'|
o b aan’ v
CAT 201 4 e

CHAFPTER 7

Exercises 7.1

1 y=2r—1)-1 3 y= =7k 2410

5 oa=-Llx=1+1 7 y=lpsn+1

9 (@6 b 15 ) R3S A 1435 jg) 1041
o1 g1

1. (2) 053 b 07 ey 0.27 dy 1w el D23
Wiz monx

1. CRAD
15, (a) =98 mis bl =196 my's
19, (a) 32 s by AR s i) 624 fIfs

[dl 63584 ft's ol 4 Fti's

21 (a) 1236 dt's bl 1472 i {el 1351 W'
W) LIS (el 1ML

23, sharp comer
25, ump disconginuity
i ¥

14
1wl

N

u

29. No tangent lne

1. {a) from 2002 to 2004, the balance increased ab an average rate af

AED 21034 per year
5. o) (VI SVETT 1), (-VEF.-8y3F 1)
AT ) y=bix—1}+5 (bjy= -2 r=1
Applications
L -0 —45
3. abeait 1.75 hours; 1.5 hours; 4 hours; rest

Exercises 7.2

1.3 :.} § 6z T 342

13,

Appendix A: Anseers fo Odd-Humbered Exercises A-15



(b

19. O fidp =3, D Al = Lno

. DN = D_fiR) = [ yes

23, L35 A T 1o

29, (A T=l,x=2 [hf relr=d

M.opz1 3 find=-1-2
- flﬁl:‘llll' 7 Ir[]'?;lglrmfl‘f?i‘—.fillﬁlll

41 2 30, k-t

Apolicati
1. 1.64 degrees per meter

3. (a) 0.4 ton per vear (b} 0.2 ton per year
5. {a) meters per second (b} items per dollar
7. losing value; sell

0, OG<t<20
1. fifh= 410, 20 < <80
. f = Hi
Exercises 7.3
1L 32—z 3 -1 = _ij_,;;
i] i
. ‘—J'_“ﬁ-“—z 9, 3slft g 0
R L
15, 128 +6 17 MsP— ";-';--‘f! 19, 24

2L o] = =32f + 40, alf) = =32

23, off) = 177 +dtaih = -0 44

25, [a) oil} = B igoing upk; (1) = =32
{b) (2} = —24{guing down): 2(2) = =32

W ow=34r—H+I 29, y=-1+4

3. (a)

st B B
B

A-16 Appendix &: Answers to Odd-Numbened Exercmes

33, &= —1(peak}; r = 1 (trough}: » = {".',EI. ﬂ
x = [ vertical tanggent (k) » = 5 sharp corner
i) r=-1,x = 4;sharp corners

{by v =441 4+3H2
o) 2+ 2r—2 fb) ot 45
AL 2 dab M 0 45 b a7 %:r"-”-

2
=

I ) .r=:|;-|'|||'r.—£

Applications
L > % 3. 12000 = 1744, 7 (2000} = — 160
Exercises 7.4
1. 2olr® —3x+ 104+ (2 4 33t —3)

L 13 =
3. |:2r +3) (50 .Tj|+-:1,."§+mrmx+1w i

M+ U—(3—25 13

;m

{50+ 1) TG+ 1P
. B =3V = 2] = 3 =
= (5t — 22
& [P —THe® =B+ 11— (0% —u =292y = 5)

uf — 5u 4+ 1}

W 22 T ag 1083

15. it%ﬂxl—:rﬁr +Mf[x‘|;'ﬂ;£,x'+1ﬂﬂx]
17 y=2x 14, _|r={r+%

2, @) y=-&—3 b y=Tip—1)-2

B, fa) y=-lr-1-2 () y=0

25

P'if) =003 3 —4=~1 27, $55,000 per year

L . .
" m bigger bat gives greater speed

—14.11 < P
1 m heavier club gives less speed

33, loghadhixd + oy i)+ fixdgidir (n

35, %1‘_1-’3[13 I =y T — 1)+
A e -1

39, maximum slope at x = 0; minimum slope at » = =3

45, ™05 s P (rbelet + 3P et + 30 e + g™

3l

Applications
ol
[14+87)°
3. {a) if ¢ increases, r increases
{d) increase in ris less than increase in f

L O:1;
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Exercises 7.5
Loadiet =1 3. And 1)
5 fa) A2 =Wt -0t W

ks

Wl +4

7 da) 5#‘1.”'-+1+3;
Ty 42
1

i) 1_2;.' rrl
[0 + 4

i+ B —1
(u+4)%
1
al |:_-|-1 + 1p2

13, da) —pwin® + 4577 (b

B, fal

I ¢

15, fa) =2{y/s? +2+h:--3( :"’_+3)

i o e

a T

e g kol

Fn 4 Py 15

23 chain rule; product

15, product rule; chain, quotient

2 oy=Sh—3+h 29. L,_
5 V3

By 2F () [ (x)

1-::u"|[ﬁ

35, fa) 2xf ()
A7 fa)

.'-'|1I-_-"|| i) _:::E:.Il
39, fal 3 (b} does niot edst () 9
r . aan B—ar
11, () 407+ 4 o

43 ) r = 0w = 1 v = 3 vertical tangents
ik} x = i vertical tangent

45, fal 07+ 3 47 44

Chapter 7 Review Exercises

L8 3.2 5.1 7 oamig

9, y=Ix-2

IL i) = uJ%f & 4K alf) = =32

1, ) =—— =
o) A+ 16 alf} T T

15. fa) LI7E (b) 03339 () 0.3492 () 0.35

17 Sy

L}

19 Jaaaay @R

& =
L P -H4+ N+ P +1EE-3)
2.3 +.]-‘ 25, i‘x_‘“!
s (-1
7
%
=& d

3. —a

)

R e

b 30— 2?4 12

o

{c) M) i

Fid=s1"(x
l-r'l":'l"

33
35
3%

55,

4L

43,

3 —ar1
Sl

. 1LAS® — 302400 + 12,0%6x° + 15,1205 — 20,84 +

216057 + S04dx — B16
fah {0, 1) and (4, =31)
{a) {00 (b} rrae

iz} is contimaous and differentiable for all ©, and i) =

30 4 7 which is positive for all x. By Theor=m 9.2, if the
equation f{x} = 0 has two sobutions, then {5} = 0 would

(b} rusre

have at least one solubion, but it has none. We discussed at

length {Section 74 why every odd degree pohmomaal has

at least ane root, s0 in this case there is exactly one root.
{a) 1/11

ik}
We have
Ji=Tix)
= f(x)= fla)= fla)fxr-a)
- [“'r—“tﬁl - f{n}]t:—u]
=g

Letting :{:]=={:—'}—:-f{-—d—]'—f'{ul- We: bhkkin e

iredd firen. Sinee fx) is differentinble st £ = g, we
kenow that
i LS oy
a

A=l =i
hmdl’]' lh {F}"' “I:I'Irl[ﬁ'
Teta ] ¥—g

=0

We are asked o find m so that

Erlr— -0+ 12]=+ (2 -mk+ (2m—12)
has & double root. A cubic with a double root faotors as
(x—af(x—b)=x'- (20 + b)® + (2ab + ' - a'h.
Equating like coefficients gives a system of three

equations

2o+ b=10,
2ab+a’ =2~ m, and
—a'h =Im- 12,

The first equation gives b= —2a. Substituting this
info the second equation gives m = 2 + 3.
Substituting these results inio the third equation
gives a cubic polynomial in g with 2eros 8 =—1 and

a =2 This gives two solutions: m = 5 and m = 14.
fix) =3+ 2, 50 f(2) = 14, The tangent line ai (2, 12)
sy =14x—2)+12.

The second solution cormesponds to the angen! line to
Sy at x = -1, which kappens to pass through (2, 12),
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B iy - ML Bt o i

Lopdiniang

Symbals

Aigebra & empty sai
F is not equai to —~p negation of p, nat p
== &= approximately equal to pAg conjunction of p and q
—~ i= simdar to oW disjunction of p and g
== = greater than, is greater than or equal to p—+q conditional statement, if p then g
< = i= less than, & less than or equal to p+— biconditional statement, p if and only if g
-0 opposie or additive inverse of o Geometry
|| absalute value of @ £ angle
Vo principal square root of o ay triangle
a:b raticof o to b " degree
i ¥ ordered pair W pi
.y, 2) ordered triple i angles
i . the imagmary umit m£d degree measure of 24
b =45 nth root of b a8 line containing paints A and 8
Q rational numbers A5 segment with endpoints 4 and 8
1 irational numbars AB ray with endpoint A containing 8
Z integers AR measure of AR, distance between
w whole numbers points A and 8
N natural numbers [ is parallel to
a0 nfinity 4 is mot parallal to
- negatne infinity L is perpendicular to
11 endpaint included Fi triangle
{) endpoints not ncheded = paraleiogram
log, x logarithm base b of x n-gon polygon with o sides
log x commaon logarithm of x a vector @
Inx natural logarithm of x AR vector from 4 to B
w omega, angular speed |E‘| magnitude of the vector from 4 to B
i alpha, angle meazure x the image of preimage 4
a eta, angle measure — is mapped onto
- gamma, angle measure (= cirdle with center 4
] theta, angle measure A8 minor arc with endpoints A and B
A lambda, wavelength ABC major arc with endpoints A and C
fie) phi, angle measure mig degree measure of arc A
a vector a Trigonometry
[al magnitude of vector a sinx sine of x
Sets and Logic cosx cosine of x
= = an element of tan x tangent of x
= is a subset of sinx Arcsin x
i intersaction cos 'k Arcoos x
u union tan~ x Arctan x




Ay

s

Symbaols
fx) Fof x, the value of f at x Ploj probabdity of o
Ax) = piecewise-defined function Fln, 1y or P, pesmiustation of n objects taken r at a time
fix) = | x| absolute value function Cm, rj or ,C; combination of n objects taken r at a tima
fix) = [[x] function of greatest integer not greater Fia) probabiity of A
than x Pia|B} the probability of A given that 8 has
Ax. ¥} fof x and y. a function with two vaniables, already occurred
x and y Il Factorial of o (m being a natural number)
[F e gl fof g of x, the compasition X sigma (uppercase), summation
of function= { and g e mu, population mean
Y inverse of fxj a sigma {lowercase), population
Caloulus standard deviation
Jim limit as x approaches ¢ o poputation varance
Mege slope of a secant line 5 sample standard deviation
Fx) derivative of fx) 5-‘; sample variance
A delta, change E summation froma = 1to k
j indefinite integral ‘}_1 P —
b Hy null trypothesis
J{ definite integral H, altamnative hypathesis
Fix) antiderivative of flx]
L
Measures
Metric Customary
Length
1 kilometer (km) = 1000 meters jm) 1 mile [mi) = 1760 yards [yd)
1meter = W00 centimeters (cmi 1 mile = 5280 feet (i)
1 centimeter = 10 millimeters fmm} 1yard = 3 feat
1 foot = 12 inches. (in}
1yard = 36 inches
Violume and Capacity
1 ter (L) = 1000 milliiters [ml} 1 gallon (gal) = 4 guarts [gt)
1 kiloliter {kl} = 1000 liters 1 gallon = 128 fluid ounces (fi oz}
1 quart = 2 pints (pd)
1 pint = 2 cups (c)
1 cup = 8 fluid ounces
Wight and Mass
1 kilogram {kgj = 1000 grames {g) 1 ton (T) = 2000 pounds (ib)
1 gram = 1000 milligrams {mg) 1 pound = 16 cunces [oz)
1 metric ton {t) = 1000 kilograms

s

iR

i
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Arithmetic Operations and Relations

Identity
Substitution (=)
Reflexive (=)
Symmetric (=)
Transitive (=)
Commutative
Assodiative
Distributi
Additive Inverse
Multiplicative Inverse
Multiplicative {0}
Addition (=}
Subtraction {=]
Multiplication and
Division (=)
Addition [>=]*
Subftraction )"

Multiplication and
Division [>)*

Iero Product

Foranynumbero. o+ 0=0+oa=cando-1=1-0=0o

If @ = b, then o may be replaced by b.

a=a

o= b, thenb = a.

Fo=band b =c theng =c

Forany numbers gand b, o+ b=b+ocandg+«b=hb-ao

For any numbers . b, andc, (s + 8) +c=ao+ (b +c)amd (g« b} sc=a-(b-C).
For any numbers o, b, and ¢, o(b + €} = ab + ocand ofb — ¢} = ab — ac.

For any number o, there is exactly one number —o such that o + (—a) = 0.
Furanymlnbﬂ%,whereu_b - &Hmeismcﬂyumnmber%suchma‘t%-%=1.
Forany numberg. g -0=0-0=0

For any numbers o b, andc, foa= b theno +c=b + .

For amy numbers o, b, and ¢, fo = b theng —c=b — c.

Faor any numbers @, b, and ¢, withec # 0, ifo = &, IJ"IEI'IEI'E:JIEII‘Iﬂ% =%_

For any numbers . b, and ¢, ifo > b theno +c > b + C.
For any numbers o. b, and c, fa > b theng —c> b — C.

For any nuembers o, b, and ¢,

1 o ::-.bandr}ﬂ.ﬂrena:}bcand%}%

2 fo>bandc <0, thenor < brand 2 < 2.

For any real numbers o and b, if ab = 0. then o = 0. b = 0. or both @ and b equal 0.

CMWMMnMﬂﬂ = ond =

Algebraic Formulas and Key Concapts

b Fl_[o+e b+ | Multiplyin bl _[ka kb
b R K A e s ¢ ol=lk &
b f - b—- ] b i of + b
Tehbading [g dl_{g ,,]-"[ﬂ_; ﬂ'-ﬂ  Multiplying [E d]'[E ﬁ]=[$$§'§didﬁ
Polynomials
Guadratic o SEVE — dar e 40 ' Square of a {@ — b)* = (g — E)a — b)
Formula ] ' . Difference = a* — 2ob + b*
(@ + 57 = (g + bila + b)  ProductofSum |z + bjig — b) = [o — biig + &)
Square of a Sum = + Zab + b2 ' and Difference =pg°—p?
Logarithms
mp| log, ob = log 0 + log, b Power Property  log, m” = plog, m
I.\‘WFI Iug,f:lug,ﬂ—mgxb.b#'ﬂ ' Change of Base lugun%:




Algebraic Formulas and Key Concepts

Exponential and Logarithmic Functions
Compound _ Py Exponential _ i
a=rl1+%) Growth or Decay ¥ = Mol + 1)
Continuous Continuous:
Compound A= Fa" Exponential W= Ma™
Interest Growth or Decay
Product
P : log, xy = hog, x + log, ¥ Power Property log, " = plogg x
Quofient | = %
P t lﬂgo}_hg'n"_lngaf ChangeofBase.  log, x = o, b
Logistic Growth HIJTW
Sequences and Series
‘;'?‘I I" gy=op+in—1Td "Eﬁ i g, =oy" "]
Sum of a
i (a4 e, B Sum of _ Oy—ay —of
.lr'rl:_hmhc Sn-—r:[ 3 miﬁ—iﬂﬂ'1+|n—1hﬂ _ 5, = i=r L -7 =7 TFE
Series
Sum of Infinite
Geometric 5=1—_|:.|r|-=:1 [Eulers Formula e¥=ros @ +izind
Series
i = - . i = !d, 3
Power Series ngn Oux" = g + O+ 03X + 0yX” + - P E‘-EE-—I+.:+F+?+.-
Binomial Theorem fo + )" = Oy 06" + ,C,0" """ + (C50" 732 4 oo + 0, a™ "B + oo 4 0, a"B"
= iy 2 B S LR R 3 5 :
Cosine and Sine cnsr—E III'I'F- =1 %1—%—;—'1-... s 1T+'I||! =x_"3_l.|..‘5_l_’;_l+
; o ! ! = 1 : : !
Vectors
Addition in Plane a+hb={m+b.0,+ by} Addition in Space a+hb= (g + b, o+ by, 0y + b}
g Lo a—b=a+|—h
Subtraction in Plane a—b=|m—b,o0,—b Subtraction in Space
{ay = by a; = by) = {0y — by. 03 — by, 01— B3}
Scalar Multiplication _ Scalar Multiplication _
in Pl kia = {kay, koy) inS ka = (ka,, koy, ko)
Dot ProductinPlane  a-«b = o, + o;b, Dot Product in Space a-b=ah, + o,b; +aby
Angle Between Two _a-b e
H#I mg"wm Projection of u ontoy  PPOIWI = {M:}"
oI &
Magnitude of a Vector [v| = /[x; — x)° + [y — ¥))° Triple Scalar Product  t-juxwi=|2 Y2 U3

¥, ¥y ¥

FTalTEl =g

Equations of a Line on a Coordinate Plane

Slope-ntercept form of aline y=mx + b

Point-slope form ofa line  y — y, = mfx — x}}

R NET (B WBIDON
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Algebraic Formulas and Key Concepts
Conic Sections
Parabola [r—h): =dply — Korly — k) = dpjx — ) | Cirde 2P =rfork—-0PR +ly—kE=r*
- -k w—h -k
T+ e =Tor P P =T1or
ENi
e Lot N e A Hyperbala [t .
bl al o’ b?
Rotationof Conics ' = xcos @+ ysinfandy' = yoos B —xsin @
Parametric Equations
: : 1 Horizontal
Vertical Position = tv, sin @ — 59t % + hy Dist x = vy cos 8
Complex Numbers
- i AT
Product Formula Iy = rgZcos [y + 8] + §sin (8 + 8] Ouotient Eormsa ;_;=élm‘{ﬂ1_9}]+i5i"w1_91']
Distinct Roots plu[msﬂ+1.rrrr+f5inﬂ+1'mr] De Moivre's 2" = [r[cos 8 + i=in &))" or
Formula 3 [ Thearem r[cos pB + isin nM
L e
[ Geometric Formulas and Key Concepts
Coordinate Geometry
rrges TR i
Slope m:ﬁ.m‘,#‘r‘ .Dislaﬂ.emaumhaile d=|a—b
Distance on a _ o
coondinate plane 0= V(2 = X" + (2 = 1y’ e R E=50 2
Midpoint on a ) ?'|+.F1] ¥ a4+ b
: M= T e T Midpoint on a number line M= 3
X+ x +¥; L+
Midooint in H:['i 1‘l'|1f1. 12 1} Pyit Thisorsia i PR S
Distance in space 4:.|'='||||r|:.1cz—:,}|!+.[_||'2—jn',}!+{:;:—:1}:r
Perimeter and Circumference
Square F=ds Rectangle P=2+ 3w Circle C=2wolC=mnd
Lateral Surface Area
Prism L=Ph Pyramid l=%ﬂ
Cylnder L= 2mrh Cone L= wr
Total Surface Area
Prism S=Ph+28 Cone 5= wrf + mwr? Cylinder 5 =27k + 2wl
Pyramid 5=%FI+H Sphere 5= 4mrt Cube S=6st
Violume
Prism V= h Cone  V=ymrth Cylinder V= mrih
Pyamid ¥ =4 Sphere V= 3w’ Cube V=5
V= fwdr
\hm{m it




Trigonometric Functions and ldentities

Trigonometric Functions
: app ) Opp _ =in @
B=r i=— tanf=s——=—"
Trigonometric o Iy Hym atf  cosd
Famchomt ... .. TN _ M me
= Gop = e e = = tos B ot 8= Sop = an
lawofCosines ol=b8%+cl— Ibcoms A b® =a® + c* = 2oc cos B cf=a®+ b® = dobeos €
sind _ sinf _ sinC
Law of Sines e T e T e Heron's Formula Area = +/ sis — aiis — bjfs — o}
. 5 t
Linear Speed ¥=7 Anguiar Speed w= 7
Trigonometric Identities
: 1 1 1
sinf=—— msd=—7 tan f=——=
H Csc i s B -]
1 1
=—— sec 6= ml=—=s
4 sin & o B tan &
Pythagarean sin® B+ cos® B =1 tan‘ @+ 1=1sec® d ot? B+ 1=rosc? @
5mﬂ=msl:§—ﬂ'} mﬂ=cm{%—ﬂ'} ﬂﬂ:m{%-ﬂ]
Cofunction
cos 8 =sin (3 — ) cot @ =tan (3 — 8) esc = sec (3 - 8)
2 2 2
sin [—#) = —sin & oos (—H) = cos B tan [—#) = —tan &
Odd-Even
o= [—#) = —=sc sec [—H) = sec f oot |—8) = —cot &
cos o + #) = cos or cos @ — sin e sin 3 oos for — #) = cos arcos @ + sinersin F
Tumm & sin e + &) = sin arcos 3 + cos aesin 3 sinfae— A =sinacos d—cosasn g
Difference _ tana+tand _ tna-—tng
o+ B) = TG g anfa =M= Tramamp
cos 28 = cos? 8 — sin § cos 28 =2 cos? 8= 1 cos 28 =1—2=En’ @
Double-Angle
sin 26 = 2 sin fcos @ tan 20 = —= 2
1—tan* &
: 74 1—condf 14 cas 8 3 1—o0s 28
Power-Reducing sin® # 7 st i = 3 fan 'H'_1+m52|'.1
m%:i 1—;115& ms%= 1+Eus|'}
Half-Angle
h“g=i 1—oos & mg=1—m& aida sin &
2 1+ o f 2 sim & 2 14oos#
. SREPRRY | ; ; T [ .
ynaﬂnﬂwi[msh—ﬂ]—m{a+ﬂ}] ﬂnucﬂsﬁ-—;[sm[u+,ﬂ]+smh-ﬂ][
Product-to-5um
ms-:tmsﬂ=%|m5[n—,ﬂ}+ms{n+ﬁl] :ﬂsasinﬂ=%[5hl[u+,ﬂ]—sinh—m[
4 — + =
sjnn+5in.{i=15i1{ﬂ1ﬂ]:m{ﬂ1ﬂ] mu+cm,ﬂ=2cus{azﬂ):us[azﬁ]
Sum-to-Product
. . a+8) . fa-8 fa+fy | ja-8
sindx — sin 3 = 2 cos —3 sin|—3 cos i — oos { = —2 sin 7| sin|—3
b
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Parent Functions and Function Operations
Parent Functions
Linear Functions Absolute Valse Functions Guadratic Functions
Square Root Functions Reciprocal and
Rational Funciions
=y s d
i-ur
[7] T
Function Operations
Addition If + glix] = Fix] + gix) Multiplication  {f + gix) = flx] - gix)
Subtraction f — glf) = f{x] ~ gi] Division (o0 =g a # 0 |
N W,
Calculus
Limits
Sum Jirm [f} + gid] = lim Ax) + lim gix) Difference Jimn [fix) — gix)] = lim fle — lim gix}
Scalar Multiple  lim [k fix]] = k lim fix) Product Jim [flx) = gle)] = Bm fix) + lim gix}
Quotient Jim ;:::] i"!.ﬂ-": if im gix} ¥ O Power Jim [flx)"] = LIEP‘ ﬂx}]
oot ARV = . >0 Velnclly 1it) — fia) i+ M — fit)
when n is even Yoy =5 p“]:ETﬂT
Derivatives
Power Rule I fi) = x", Flx) = ne" ! mn.“w i flx) = gix) = b, then Fx) = g'lx) £ A
ProductRule  —=iflsdgisl] = Fixlglx) + fixlgTx] Quotient Rule - %] = mw{q;;‘” i
Integrals
g Fundamental b
egat. mmi@x=Fm+c Tt of f i) dx = Fit] — Flg)
\ Calcnkss g J




Statistics Formulas and Key Concepts

_k—p rValue of a _ K-y
7 Valves I=—g 5 e M I==5
Binomial _ S al kS Maximum Errar 3 &
thﬂh‘w Hx]'—.-:ﬂrpl;' '+I'l—|l'h!.t!pq of Estimate E'-'IICI'IEH'I' _",l'l'.]'
Confidence Confidence
Interval, Mormal O =7+ Eori+z. — Interval, Cl=Fdts—
Distributi Wi ¢ Distributi i
c lati t-Test for the
Coefficient n—1E(JI 3 h Correlaticn =r —:_zl.deg'mﬁfreedmn—z
" Coefficient —f
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