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Module 1
Quadratic Functions

Essential Question
What are important characteristics of a guadratic function, and what real-world
situations can be modeled by quadratic functions and equations?

What Will You Learn?
How much do you already know about each topic before starting this module?
KEY Before | After

: — | dom't know. [itr=— F've heard of it. o — | bervoan i L t: ."?5'::}_

~mH

find and interpret average rate of change of a quadratic function
estimate solutions of quadratic equations by graphing

perform operations with complax numbers

solve quadratic equations by factoring

solve quadralic equations by completing the square

use the discriminant to detarmine the number and type of roots
of a quadratic equation
solve quadratic inequaliies in two variables by graphing
solve systems of two quadratic equations
solve systems of nonlinear relations

ﬂl Foldables Make this Foldable to help you arganize your notes about quadratic
functions. Begin with one sheet of 11" by 17" paper.

1. Fold in half lengthwize.
2. Fold in fifths crosswise.
3. Cut along the middle fold from the edge to the last crease as shown.

4, Refold along the lengthwise fold and tape the uncut section at the top. Label
each section with a lesson number. Close to form a booklet.

T -|%€ L -

Module 1. Quadratic Functions 1




What Vocabulary Will You Learn?

» average rate of change = imaginary unit i » quadratic inequality

« axis of symmetry « Maximwm « guadratic relations

» completing the square » minimum » rate of change

» complex conjugates = perfect square trinomials + rationalizing the denominator
« complex number + prajectile motion problems + standard form of a quadratic
» difference of squares » pure imaginary number equation

v discriminant « guadratic equation + verlex

+ factored form + quadratic function + vertex form

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

Example 1

Given fix) = —2x* + 3x — 1 and g(x) = 3x* — 5, find
each value.

a. f2)
fix)= -2 + 3x — 1
n2) = ~2(2F + 3(2) — 1

Oirhginal functon

Subshitute 2 for X

=—8 +6—1or—3 Simpliy
b. gi—2}
gixlj=3x*-=5 Origanal funcson
gi=2=3[=2F =5 Substitute —2 for x.

=12—-5or7 Simplafy

Quick Check

Given fix) = 2x* + 4 and

glx) = —x* — 2x + 3, find each value.
1. fi3)

2. fio}

3. gid)

4.g9(—3)

Example 2
Factor 2x° — x — 3 completely. If the polynomial is
not factorable, write prime.

Ta find the coefficients of the x-terms, you must
find two numbers whose product is 2(—3) or —6,
and whose sum is —1. The two coefficients must
be 2 and —3 since 2{—3) = —6and 2 + [—3) = =1L
Rewrite the expression and factor by grouping.

257 == =3

=204+ 2x—3x—13 Subsiifute 2x —3x for —x.
= [2x" + 2x) + (=3x — 3}
=2xx+ N+ —3x+1)

= (2x — )= + 1)

Associative Propery
Factor out the GCF.

Destributive Property

Factor completely. If the palynomial
is not factorable, write prime.

5.2 —10x + 21

B.2x* +Tx— 4

722 —-7Ix—15

8x—MNx+15

How Did You Do?

Which exercises did you answer correctly in the Quick Check?

2 Module 1. Quadratic Functions



Lesson 1-1

Graphing Quadratic Functions

Today's Goals

= Graph guadratic
Explore Transforming Quadratic Functions functions.

) Online Activity Use graphing technology to complete the Explore. otk guct KerpirS the

average rate of change
x| of quadratic functions
| @ NQUIRY How can you use the values of a, b, given symbolically, in
and ¢ in the equation of a quadratic function tables, and in graphs.
¥ = ax® + bx + ¢ to visualize its graph? Today's Vocabulary
| quadratic function
Learn Graphing Quadratic Functions ks el shtinionny.
wertex
A quadratic function has an equation of the form y = ax® + bx + ¢, i
wherea+ 0 A quauraﬂc function has a graph that is a parabola. min

4 b+ cowhereao +0

- rate of change
average rate of change
‘m

Key Concept « Graph of a8 Guadratic Function

e . fg Think About It
= + bx + c, where JEt
¥ Wheve o f: ands of symemetry: x = —g- Why is it important to
The y-intercept s c. know whether the
The axis of symmetry is the line wETien 5 A mhaximum o
about which a parabola is ;':;I':g :qe:n e
symmetric. lts equation is x = ——. ; ki
¥ 9 2o function?
The axis of symmetry intersects
the parabola at its vertex. Its
x-coordinate s ~3g
fow will denve the equation for the oxis of symmetry in Lesson 1-5
Key Concept « Maximum or Minimum Values of Quadratic Graphs
The vertex of a quadratic function is either a maximum or minimum. The Watch Out!
graph of y = ax? + bx + ¢, where o # 0, opens up and has a minimum Maxima and Minima
wihen a > 0, and opens down and has a maamum when g << 0. Just because a verlex
d is positive. o i pegathve, is a maximum does nol
d ¥ mean it will be located
- N ve the x-axis, an
[ marmuis p, | i, e e R
just because a vertex is
a minimum doas not
o X al F | &
mean it will be located
betow the x-axis.
The y-conndinate & The p-coardinats i
the minimum valuwe. the maximam wafue.

Lessan 1-1 « Graphing Quadratic Functions 3



Example 1 Graph a Quadratic Function by Using a Table

Graph f{x) = x* + Zx — 3. State the domain and range.
Step 1 Analyze the function.

Forfix)=x+2x—3 a=1b=2 andc=-3.
C is the y-intercepl, so the y-intercept is —3.

{3 Go Online Find the axis of symmetry.

You can watch videos B )

to see how to graph X=—35 Equation of the axis of symmeatry
guadratic functions by . _11 o

wsing a table or its key 20

features. = —1 Simiplify.

The equation of the axis of symmetry is x = —1, =0 the x-coordinate
of the vertex is —1. Because o > 0, the vertex 15 a minimum.

Step 2 Graph the function.

4 Think About It! " T3
If you know that {—4) = BT R 15 I Il
5, find f2) without 3 =R +2-3)-3 |I-3.0) 1‘. |
substituting 2 for x in -2 |[(-2P+2(-2)—-3 (-2, -3 ]f
the function. Justify =1 - +20-1-3 |(-1.—4) 'Ehl -
ur argument
PR o [r+200-3 [0.—3
1 | +2m—3 (—3.0)
Step 3 Analyze the graph.
The parabola extends to positive and negative infinity, so the
domain is all real numbers. The range Is {y | ¥ = —4}.
Example 2 Compare Quadratic Functions
Q Think About It! Compare the graph of f{x) to a quadratic ¥ 3
Compare the end function g{x) with a y-intercept of —1 and a
behavior of fx]) and vertex at (1, 2). Which function has a greater \i
alx). maximum?
From the graph, Ax) appears to have a maximum ] H K\ E
of 5. Graph gix) using the given information. E .H.
The vertex ks at (1, 2). so the axis of symmetry
Ex=1
The y-intercept is —1, so (0, —1) is on the graph. ¥

Reflect (0, —1) in the axis of symmetny. So,
{1, —1) is also on the graph.

Connect the points with a smooth curve.

2 is the maximum, so f{x) has the greater
rmaximum.

ﬁ::l—-mq:_
=

L]

4  Module 1 Quadratic Functions



 Example 3 Use Quadratic Functions

SKIING A ski resort has extended hours on one holiday weekend per
year. Last year, the resort sold 680 ski passes at $120 per holiday
weekend pass. This year, the resort is considering a price increase.
They estimate that for each 5 increase, they will sell 20 fewer
holiday weekend passes.

Part A How much should they charge in order to maximize profit?
Step 1 Define the variables.

Let x represent the number of $5 price increases, and et Plx) represent
the total amount of money generated. Px) is equal to the price of each
pass (120 + bx) times the total number of passes sold (680 — 20x)

Step 2 Write an equation.

Study Ti
Plx) = (120 + 5680 — 20x) Original eguation y
Assumptions You
= B1,600 — 2400x + 3400x — 100x* Multiphy. as=umed that the ski
_ 1 - resort has the ability to
= —100x* + 1000x + 81,600 Simpdify. e
Step 2 Find the axis of symmetry. indefinitely and that

every price increase

Because @ is negathve, the vertex = a maxdmmum.
9 will be $5 and will

X = —;L Formula for the axis of symmetry cause the resort to lose
1000 sales from exactly 20
= — o =—=100. b = 000
(=100 holiday weekend
=5 Simplify. passes.

Step 4 Interpret the results.

————

The ski resort will make the most money with 5 price increases, so they , r
should charge 120 + 5(5) or $145 for each holiday weekend pass. Q Think About It!
Why is the maximum

Part B Find the domain and range in the context of the situation. amount of money

The domain is {x | 0 = x = 34} because the number of price increases, BB W SRSy
and the number of passes sold cannot be negative. The range is el passes FL Sy
{¥| 0 = v = 84,100} because the amount of money generated cannot |
be negative, and the maximum amount of money generated is
B{5) = —100(5)° + 1000(5) + 81600 or 84.100.

Check

COMCERTS Lasl year, a ticket provider sold 1350 lawn seats for 8 concert
at £70 per ticket, This year, the provider ks considering increasing the price.
They estimate that for each $2 increase, they will sell 30 fewer tickets.

Part A How much should the ticket provider charge in order to
maximize profit? $§_7

Part B Find the domain and range in the context of the situation.
0= 7 B = s

{3 Go Online You can complete an Extra Example online.

Lesson 41« Graphing Quadratic Functions S



% Think About It!

Find the average rate
of change of the
function aver the
interval [—3,1].
Compare il to your
results from the interval
[—4, 4].

& Talk About It!
Without graphing, how
can you tell that this
function is nonlinear?
Justify your argument.

6 Module 1. Cuadratic Functions

Learn Finding and Interpreting Average Rate of Change

A function's rate of change = how a guantity is changing with respect
to a change in another quantity. For nonlinear functions, the rate of
change is not the same over the entire function. You can calculate

the average rate of change of a nonlinear function owver an interval.

Key Concept « Average Rate of Change

The average rate of change of a function fix) is equal to the change in

the value of the dependant variable fib) — Ao divided by the change

in the value of the independent variable b — a over the interval [o, b).
Al) — o)

b—o

Example 4 Find Average Rate of Change from an
Equation

Determine the average rate of change of fix) = —x? + 2x — 1 over
the interval [—4, 4].

The average rate of change is egual to w.
First find f—4) and f4).
fl4) = — 4P + 2(4) —1or —9 f-4) = —(—4)* + 2(—4) —1or —25

Then use f—4) and f4) to find the average rate of change.

f4) - A—4) -9 - (-25)
A--4 - a-(-4 o2

The average rate of change of the function over the interval [—4, 4] is 2.

Check

Find the average rate of change of fix) = —2x% — 5x + 7 over the
interval [—5, 5].
average rate of change = _7

Example 5 Find Average Rate of Change from a Table
Determine the average rate of change of fix) over _m
—3 48

the interval [—3, 3]

The average rate of change i= equal to H —3 oy
First find A3) and §-3) from the table. = a
3 =—24 fi-3) =48 s
ﬁg]_‘!f;f' = -Bor-n . | e
The average rate of change of the function over 2 —27
the interval [—3, 3] Is —12. 3 —24

L) Go Online You can complete an Extra Example online.



Check
TESTING The table shows the number of students who took the ACT

between 201 and 2015
201 162312
2012 1,666,017
203 1799243
2014 1,845 787
2015 1924436

Part A

Find the average rate of change in the number of students taking the

ACT from 201 to 2015,

average rate of change = ?

Part B

Interpret vour results in the context of the situation.

From 2011 to __7__ the number of students taking the ACT

? by an average of ? __ students per Year,
& Example 6 Find Average Rate of Change from Use & Source
a Graph Research the sales of
another industry over a
FOOTWEAR The graph shows the Spending on Sports Footwear ten-year period. Then
amount of money the United Ny 0. 203511 find the average rate of
States has spent on sports - 20 ] change during that
footwear since 2005. B , time.
Part A g 13: '3
Use the graph to estimate the g
average rate of change of - 7
spending on sports footwear & 16 {0, 15.72
from 2005 to 2015. Then check HH r
your results algebraically. 2 4 & BB n
Years Since 2005

Estimate

From the graph, the change in the p-values s approximately 5.5, and
the change in the x-values ks 10.

So, the rate of change |s approximatehy iT'E' or 0.B5.

{continued on the next page)

Lesson 1 « Graphing Quadratic Functions T



Algebraically
fi10) = f0)

The average rate of change Is equal to —55—5

f10) - A0 -
L. _2 )_2099-1572 0697

Part B
Interpret your results in the context of the shuation.

From 2005 to 2015, the amount of money spent on sports footwear in
the United States increased by an average of $527 million per year.

Check

SUPER BOWL The graph shows the number of television viewers of the
Super Bowl since 2006.

Super Bowl TV Viewership

'g‘m: -
= m W S B
; ] 'y o, Mm%
100 [——4
1I_‘
015, 5075
E En-l" u

12345678 891MW
Years Since 2006

Part A

Use the graph to estimate the average rate of change in Super Bowl
viewers from 2006 to 2016 to the nearest hundredth of a million. Then
check your results algebraically.

estimate = _7__ million
average rate of change = 7 million per year
Part B

Interpret your results in the context of the situation.

From_2 to__ 7 the number of Super Bowl viewers 7

by an average of 7 million viewers per year.

L) Go Online You can complete an Extra Example online.

B Module 1. Cuadratic Functions



Practice m Go Online ¥ou can complete your homewornk onBne.

Example 1
Graph each function. Then state the domain and range.
L fx)=x"+6x+8 2. fix)= —x*— 2x+ 2 3 fix=2x" —4x+ 3
4. fix) = —2x* 5. fix)=x —4x+ 4 6. fix)=x'—6x+ B
Exampie 2
7. Compare the graph of fx) 1o 2 quadratic 8. Compare the graph of Ax) to a guadratic
function glx) with a y-intercept of 1 and a function gix) with a y-intercept of 0.5 and a
viertex at (1, 3). Which function has a greater vertex at (—1, —b). Which function haz a
maximum? Explain. lesser minimum? Explain.
¥ | | _ﬂ ¥
A
E] x X
9. Compare fix) = x2 — 10x + 5 to the 10. Compare flx} = —x? + 6x — 15 to the
quadratic function gix} shown in the table. quadratic function gx) shown in the table.
Which function has the lesser minimum? Which function has the greater maximum?
Explain. Explain.
—10 170 —B —26
=5 70 —3 -1
a 10 o -2
5 —10 3 1
10 10 & —
Example 3

1. FASHING A county park sells annual permits to its fishing lake. Last year, the
county sold 480 fishing permits for $80 each. This year, the park is considering
a price increase. They estimate that for each $4 increase, they will sell 16 fewer
annual fishing permits.

a. Define variables and write a function to represent the situation.

b. How much would the park have to charge for each permit in order to maximizre
its revenue from fishing permits?

€. Find the domain and range in the context of this situation.

Lesson 41« Graphing Quadratic Functions 9




12. SALES Last month, a retaller sold 120 jar candles at $30 per candle. This month
the retailer is considering putting the candles on sale. They estimate that for each
%2 decrease in price, they will sell 10 additional candles.

a. How much should the retailer charge for each candle in order to maximize its profit?

b. Find the domain and the range in the context of this situation.

Example 4
Determine the average rate of change of fix) over the specified interval.

13. fix) = x® — 10x + 5; interval [—4, 4] 4. fix) = 2x? + 4x — 6; interval [—3, 3]

15. fix) = 3x* — 3x + 1 interval [-5, 5] 16. fix) = 4x? + x + 3; interval [-2, 2]
17. fx) = 2x — 1 interval [-3, 3] 18. fix) = —2x% + Bx + 7. interval [—4, 4]
Example 5

Determine the average rate of change of f{x) over the specified interval.

19. interval [—3, 3] 20. interval [—4, 4; 21. interval [—2, 2]
—27

=3 | -6 —d4 =2 | =3
2| 3 =2 | =3 —1 | —3
-1 | —4 0 5 Q| =1
0 |-3 2 | —3 1 3
1] 0 4 | =27 2 q
215
12
22. interval [-5, 5| |l | Py 23. interval [-3, 3] 24. interval [—-2, 2] m
-5 |—39 -3 | 27 —2 | 12
—3 | —15 —2 | 12 —1
=1 1 =k 3 0 ]
] & i o 1| —3
1 2 1 3 2 —4
3 8 12
5 1 27
Potato Ehips
Example & Consumption
25. FOOD The graph shows the number of people in the LS. who = st —1-:4 5'5.3'53-—-
consumed between B and 11 bags of potato chips in a year since 2011 E :
a. Use the graph to estimate the average rate of change of % i:' ¥
L ]
consumption from 2011 to 2016. Then check your results E 45
algebraically. 44
€ wlp azan
b. Interpret your results in the context of the situation. d 404 i i i
@ 123456789

10 Module 1= Quadsatic FUNCHoNS



2B. EARNINGS The graph shows the amount of money Sheila earned Sheila’s Earnings
each year since 2008,

% ofF ]

a. Use the graph to estimate the average rate of change of Shellas 'ﬁ g |-|||:|, :.1'_3.
earnings from 2008 to 2018. Then check your results algebraically. E ;

E [
b. Interpret your results in the context of the situation. g i [ T

E i L J

Mixed Exercises E ; tﬂilil
O 1234567489

Complete parts a-c for each quadratic function.
¥ ears Since 2008
a. Find the y-intercept, the equation of the axis of symmaetry,

and the x-coordinate of the vertex.
b. Make a table of values that includes the vertex.
€. Use this information to graph the function.

27. fx)=2x —6x—9 28. fix)= —3x* — 9% + 2 29. fix) = —4x® + 5x
30. fx) = 2x2 + Mx 3. i)=025x2 +3x+ 4 32. = —-0752 + 4x + 6

Determine whether each function has a maximum or a minimum value. Then find
and use the x-coordinate of the vertex to determine the maximum or minimum.

33. flx) = —9x* —12x + 19 34. =T — 2+ 8
35 fx)=—5x¥+14x — 6 36. fix)=2x2 —13x — 9
37. fix) = 9x — 1 —18%2 38. fix) = —16 — 18x — 122

39. HEALTH CLUBS Last year, the Sports Time Athletic Club charged $20 per month
to participate in an aerobics class. Seventy people attended the classes. The club
wants to increase the class price. They expect to lose ane customer for each $1
increase in the price.

a. Define variables and write an equation for a function that represents the
sitwation. Make a table and graph the function.

b. Find the vertex of the function and Interpret it in the context of the situation. Does
it seem reasonable? Explain.

40. TICKETS The manager of a community symphony estimates that the symphaony
will earn —40P? + 1O0P dollars per concert if they charge P dollars for tickets.
What ticket price shoukd the symphony charge in order to maximize its profits?

41. REASONING On Friday nights. the Iocal cinema typically sells 200 tickets at
$6.00 each. The manager estimates that for each $0.50 increase in the ticket
price, 10 fewer peopie will come to the cinema.

a. Define the variables x and y. Then write and graph a function to represent the
expected revenue from ticket sales, and determine the domain of the function
for the situation.

b. What price should the manager set for a ticket in order o maximize the
revenue? Justify your reasoning.

€. Explain why the graph decreases from x = 4 to x = 20, and interpret the
meaning of the x-intercept of the graph.
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42, USE A MODEL From 4 feet above a swimming pool. Tomas throws a ball upward
with a velocity of 32 feet per second. The height h(t) of the ball t seconds after
Tomas throws it Is given by hit) = —1612 + 32t + 4. For t = 0, find the maximum
height reached by the ball and the time that this height is reached.

43. TRAIECTORIES At a special ceremonial reenactment, a cannonball is
launched from a cannon on the wall of Fort Chambly, Guebec. If the path
of the cannonball is traced on a graph so that the cannon s situated on
the y-axis, the equation that describes the path is y = —ﬁx‘z + %x + 20,

where x is the horizontal distance fram the cliff and y is the vertical

distance above the ground in feetl. How high above the ground is the

cannon?

44, CONSTRUCT ARGUMENTS Which function has a greater maximuim:
fix) = —2x* + 6x — 7 or the function shown in the graph at the right?

]
Explain your reasoning by copying the graph of gx) and graphing fix). _@T\ 4

:

45. FIND THE ERROR Lucas thinks that the functions fx) and g{x) have the same
maximum. Madison thinks that gix) has a greater maximum. Is either of them
correct? Explaln your reasoning.

=]

gix) is a quadratic function
with x-intercepts of 4 and
2 and a y-intercept of —8.

1o

T
/
I

)
\
456, PERSEVERE The table at the right represents some points on the graph of a
quadratic function. —=20 | =377
a. Find the values of o, b, ¢, and d. e 13
b. What is the x-coordinate of the vertex of the function? _g 5
c. Does the function have a maximum or a mirdmom? 1 >3
g —1
47. WRITE Describe how you determine whether a function is quadratic and if it =
has a maximum or minimum value. 5 |Jo—24
7 —b
48. CREATE Give an example of a guadratic function with each characteristic. 15 —202
a. maximum of 8 b. minimum of —4 c. vertex of (—2.6) |14 —e | —377
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Lesson 1-2

Solving Quadratic Equations by Graphing

Today’s Goals
; ; | = Soive quadratic
Explore Roots of Quadratic Equations equations by graphing.
.} Online Activity Use graphing technology to complete the Explore. Today's Vocabulary
quadratic equation
| @ INQUIRY How can you use the graph of a stamiard form of 8
quadratic function to find the solutions of its quadratic equation
related equation?
Learn Solving Quadratic Equations by Graphing
A quadratic equation ks an equation that includes a quadratic expression.
Key Concept » Standard Form of a Quadratic Equation Q'[hlnk About It!
The standard form of a quadratic equation is ax® + bx + c =0, How can you determine
where a # 0 and a, b, and ¢ are integers. the number of solutions

of a quadratic equation?

One method for finding the roots of a gquadratic equation is to find the
reros of a related quadratic function. You can identify the solutions or
roots of an eguation by finding the x-intercepts of the graph of a

related function. Often, exact roots cannot be found by graphing. You
can estimate the solutions by finding the imtegers between which the

zeros are located on the graph of the related function. Study Tip
Solutions of Quadratic
Equations A quadratic
Example 1 One Real Solution equation can have ane
real solution, two real
Solve 10 — x¥2 = 4x + 14 by graphing. solutions. or no real
Rearrange terms so that one side of the equation is 0. solutions.
O=x"+4x+4 '
Find the axis of symmetry. _il : .FF
x=—35= —zimm —2 4 *H f e Think About It!
Malke a table of values, plot i’ ! k- 'j How can you find the
the points, and connect —2 0 solution of ﬂ‘IEjEﬂuEl'ﬂﬂl‘l
them with a curve. —1 1 ~ from the table?
K
1] 4

The zero of the function is —2. Therefore, the solution of the equation
Is—2orx|x=—-2)

Check
Solve x2 + 7x = 3ix — 144 by graphing. x = _7_
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ia- Go Online You
can watch a video to
e how to solve
quadratic equations by
graphing on a graphing
calculator,

f# Think About It!
Explain why 9 and 15
cannot be solutions,

even though their sum
is 24

Example 2 Two Real Solutions

Use a quadratic equation to find two real numbers with a sum of 24
and a product of 143.

Let x represent one of the numbers. Then 24 — x will represent the
other number. S0 x(24 — x) = 143,

What do you need to find?

x and 24 — x

Step 1 Solve the equation for 0.

¥24 —x)=143 Crriginal equation
24x — x* =143 Distributive Property

0=x?—24x +143 Subtract 24x — x< from each side

Step 2 Find the axis of symmetry.

k= —% Equation of the axis of symmetry
=24 R T

X = 3 o=Lb 24

=12 Sirmpify

Step 3 Make a table of values and graph the function.

G T
14 3 B ]
13 0 -4|
-1
12 — =
_1|
n 0
Gl 24 & 8 W Tix
10 3 ‘E{l 1 111

Steps 4 and 5 Find the rerofs) and determine the salution.
The zeros of the function are 11 and 13.

¥x=MNorx=13, 30 24 — x =13 or 24 — x = 11. Thus, the two numbears
with & sum of 24 and a product of 143 are 11 and 13.

Check

Use a quadratic equaticn to find two real numbers with a sum of —43
and a product of 306, _? and_?

L) Go Online You can complete an Extra Example online.
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Example 3 Estimate Roots

Solve —x2 + 3x + 7 = 0 by graphing. If the exact roots cannot be
found, state the consecutive integers between which the roots

are located.
; 4 ; (&) Talk About It
Find the axis of symmetry. x = —5-= — =3 How can you estimate
the solutions of the
Make a table of values, plot | AF=N equation from the
the points, and connect them 2 ! L Y table? Explain your
with a curve. = —3 fr 1 3 reasoning.
The x-intercepts of the . = o : -
graph indicate that cne o 7 | p |
solution ks between —2 and 1 g { o 11 i
—1, and the other solution is 2 9 _5{ % l 4
between 4 and 5.
3 7
4 3
5 —3

Check
Use a graph to find all of the solutions of x2 + 9x — § = 0. Select all of
the pairs of consecutive integers between which the roots are located,

Example 4 Sclve by Using a Table
Use a table to solve —x* + Sx —1=0.

Steps 1and 2 Enter the function and view the table.

Enter —x® + 5x — 1in the Y= list. Use
the TABLE window to find where the
zign of Y changes. The sign changes
between x = 0 and x = 1.

Steps 3 and 4 Edit the table settings
and find a more accurate location.

LUse TBLSET to change AThI to 01 and
ook again for the sign change.

Repeat this for 0.01 and 0.001 to get
a more accurate lacation of one zero.

One zero is located at approximately
x = 0209

(continued on the next page)
{3) Go Online You can complete an Extra Example online.

Lessan 1-2 « Sobeing Quadiatic Equations by Graphing 15



t Think About It!

How can you check
your solutions?

Watch Out!

Graphing Calculator I

you cannot see the
graph of the function
on your graphing
caloulator, you may
need to adjust the
viewing window.
Having the proper
viewing window will
atso make it easier to
see the zeros.

t Think About It!

Why did you anly find
the positive zero?

Go Online 1o ses

how to use a TIH-Nspire

graphing calculator
with this example.

Steps 5 and & Find the other zero
determine the solutions of the equation.

Repeat the process to find the second
zero of the function.

The zeros of the function are at
approximately 0.209 and 4791, so
the solutions to the equation are
approximately 0209 and 4791,

Check
Use a table to find all of the selutions of —x — Ax+ 8= 0.
? _and__7

@ Example 5 Solve by Using a Calculator

FOOTBALL A kicker punts a football. The height of the ball after ¢
seconds is given by hif) = —16t2 + 50t + hy, where hy is the initial
height. if the ball is 1.5 feet above the ground when the punter’s
foot meets the ball, how long will it take the ball to hit the ground?

We know that hy, Is the initial height, so h, = 1.5. We need to find ¢
when hif] i= 0. Use a graphing calculator to graph the related function
hif) = —161* + 50t + 15.

Step 1 Enter the function in the Y= list,

and press graph. e~ R
Step 2 Use the zero feature in the
CALC menu to find the positive zera.

Step 3 Find the left bound by placing
the cursor to the left of the Intercept.

Step 4 Find the right bound.
Step 5 Find and interpret the solution,

LuftE dF
BIL GBE TGy Pro3 NE9I1ER

The zero is approximately 3.15. Thus, the ball hit the ground
approximately 315 seconds after it was punted.

Check

SOCCER A goalie punts a soccer ball. If the ball is 1 oot above the
ground when her foots meeats the ball, find how long it will take, to

the nearest hundredth of a second, for the ball to hit the ground. Use
the formula hif) = —1682 + 35t + hg, where t s the time in seconds and
h, i= the initial helght.

? _seconds

) GoOnline You can complete an Extra Example online.
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Practice E Go Online You can complete your homewornk onBne.

Example 1
Use the related graph of each equation to determine its solutions.
Lx¥+2x+3=0 2. 2 —3x—10=0 3. - —Bx—16=0

lq ¥ 3_dlr f_ nrl
'\. J —4-lo| 1 ¢ 7 x
4 / i

: \
m h\
L |

=] x )
i 7] | _:!'
Solve each equation by graphing.
4. 2 —1W0x+21=0 B. &2 +4x+1=0 6. +x—6=0
7. x24+2%x—3=0 8 —x2—6x—9=0 9 x2—6Bx+5=0
10. 2+ 2%+ 3=0 M x2—3x—10=0 2. -2 —8x—16=0

Example 2

13. Use a guadratic equation to find two real numbers with a sum of 2 and a product
of —24.

14. Use a guadratic equation to find two real numbers with a sum of —15 and a
product of —54.

Example 3

Solve each equation by graphing. If the exact roots cannot be found, state the
consecutive integers between which the roots are located.

15. 2 —4x+2=0 16. ¥+ 6x+6=0 7. 2 +4x+2=0
18. — x> —4x=10 19. —x*+36=0 20. x* —6x+4=0
M FE+Ex+3=0 2. 2-7=0 23. - —4Ax—6=0
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Example 4

Use the tables to determine the location of the reros of each quadratic function. State the
consecutive integers between which the roots are located.

. -7 -6 -5 —4 -3 -2 —1 0
—B = 4 4 = -8 — 22 —48

25.

x = -4 0 1 2 3 4 5
i) 32 14 2 = 2 2 14 a2

25; 5 | -3 | o 3 6 g 12 15

-6 -1 3 B 3 -1 -6 —14
Usze a table to solve sach equation. If the exact roots cannot be found, approximate
the roots to the nearest hundredth.

27. -3¢ +3=0 28 x2 —3x+2=0 20. 1+ x4+

P | LY

=0
30. 1 —2x—2=0 M. x4+ 2x+4=0 32. 22 —12%+17=0

Example 5

PHYSICS Use the formula Ai{t) = —16¢2 + vt + by, where hit) is the height of an
object in feet, v, is the object’s initial velocity in feet per second, t is the time in
seconds, and h,, is the initial height in feet from which the object is launched.
Round to the nearest tenth, if necessary.

33. Melah throws a baseball with an initial upward velocity of 32 feet per second. The
baseball s released from Melah's hand at a height of 4 feet. Use a graphing
calculator to determine how long it will take the ball to hit the ground.

34. A punter kicks a football with an initial upward velocity of 60 feet per second. The
ball is 2 feet above the ground when his foot meets the ball. Use a graphing
calculator to determine how long will it take the ball to hit the ground.

Mixed Exercizes

Solve each equation by graphing. If the exact roots cannot be found, state the
consecutive integers between which the roots are located.

35. 4% — 156 = —4x 36. —35 = —3x — 2x2 37 -3 +1Mx+9=1

38. —4x*=12x+8 39. 052 +18=—6x+33 40. 0.5x + 075 = 0.25x

4. 3’ +Bx=0 42. 2F + x =11 43, -0 + 05x+ 10 =0
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Use a graph or table to solve each equation. If exact roots cannot be found, state the consecutive
integers between which the roots are located.

44. 2 + 4x=10 45 —2x —4x—5=0 46. 05x2 —2x+2=0
47. —028xf —x—1=0 48. X —6x+ 1 =0 49. 052+ x+6=0

REGULARITY Use a quadratic equation to find two real numbers that satisfy each
situation, or show that no such numbers exist.

B50. Their sum Is 4. and their product is —117.
B1. Their sum is 12, and their product s —85.
§2. Their sum = —13, and their product is 42,
83. Their sum is —8, and their product i —209.

4. BRIDGES In 1895, a brick arch rallway bridge was built on Morth Avenue In
Baltimore, Maryland. The arch is described by the equation h = 9 — %}F, where
h s the helght in yards and ¥ is the distance in yards from the center of the
bridge. Graph this equation and describe, to the nearest yvard, where the bridge
touches the ground.

55. RADIO TELESCOPES The cross-section of a large radio telescope is a parabola.
The equation that describes the cross-section is y = % X2 — % X — % where
¥ = the depth of the dish in meters at a polnt ¥ metars from the center of the dish.
If the dish does not extend abowve the ground level, what approximately is the
diameter of the dish? Solve by graphing.

BB, VOLCANOES A volcanic eruption blasts a boulder upward with an initial velocity
of 240 feet per second. The height Ait) of the boulder in feet, | seconds after the
eruption can be maodeled by the function hif) = 1612 + ¥l How long will it take
the boulder to hit the ground if it lands at the same elevation from which it was
ejected?
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57. TRAJECTORIES Daniela hit a golf ball from ground level. The function ]

h = BOtf — 161 represents the height of the ball in feet, where ¢ is the
time in seconds after Daniela hit it Use the graph of the function to

determine how long it took for the ball to reach the ground.

Height (f1)
HETREER
|

=

=1

58. HIKING Antonia is hiking and reaches a steep part of the trail that
runs along the edge of a cliff In order to descend more safely, she drops her
heawvy backpack aver the edge of the cliff so that it will land on a lower part of the
trail, 3875 feet below. The helght /(Y of an object t seconds after it is dropped

stralght down can also be modeled by the function hif) = —161% + vt + hp where
v, s the initial velocity of the object, and h, is the initial height.

a. Write a quadratic function that can be used to determine the amount of time !
that it takes for the backpack to land on the trail below the cliff after Antonia
draps it

b. Use a graphing calculator to determine how long until the backpack hits the
ground. Round to the nearest tenth.

59. FIND THE ERROR Hakeem and Nandi were asked 1o find the location of the roots
of the guadratic function represented by the table. |s either of them correct?
Explain.

-4 g 0 2 4 & g 10
52 26 8 o —4 2 16 28

Hakeem Manedi
The roots are between 4 and & becalise The vacks sre bebween =1 sl 0
#in) stops decreasing and begins to becaute & chemaes fqus at
ncregse betuieen x - & and x - & thot bocation.

60. PERSEVERE Find the value of a positive integer k such that fix) = x2 — 2kx + 55
has roots at k + 3 and & — 3.

&1. ANALYZE If a quadratic function has a minimum at (—6&, —14) and a root at x = —17,
What is the other root? Explain your reasoning.

62. CREATE Write a quadratic function with a maximum at (3, 125) and roots at —2
and 8.

63. WRITE Explain how lo solve a quadratic equation by graphing its related
quadratic function.
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Lesson 1-3

Complex Numbers

Learn Pure Imaginary Numbers

In your math studies so far, you have worked with real numbers.,
However, some equations such as x2 + x + 1= 0 do not have real
solutions. This led mathematicians to define imaginary numbers,
The imaginary unit  is the principal square root of —1. Thus, | = ¥—1
and £ = —1.

NMumbers of the form 6/, —2/, and W3 are called pure imaginary
numbers. A pure imaginary number is a number of the form b,
where b is a real number and | = 4/—1. For any positive real number

v=b2 =V - v or bi.

The Commutative and Associative Properties of Multiplication hold

true for pure imaginary numbers. The first few powers of [ are shown.

fl=i 2= P =2iar—i

Example 1 Square Roots of Negative Numbers

Simplify v—294.
V—204 =v—1-72. 8 Factor the rmdicand.

=‘u"l—_1'1ll'?_'}"|"g Factor out the IME gy LUmH
=i+ 746 or THE Simplify

Check
Simplify ¥—75.
A. TS

B. 345

C. 543

D. —3+5

{0} Go Online You can compiete an Extra Exampie online.

Today’s Goals

= Perform operations
with pure imaginary
numbers.
= Perfom operations with
complex numbers.
Today’s Vocabulary
imaginary unit i
pure imaginary
number
complex number
complax conjugates
rationalizing the
denominator

&) Go Online

You may want ta
complete the Concept
Chack ta check your
understanding.

Study Tip

Square Factors When
factoring an exprassion
under a radical, look
for perfect square
factors.
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Example 2 Products of Pure Imaginary Numbers
Simplify ¥—10 - 4/—15.

=10 + +/—18 = {+10 - W15 i=+=
=P. m Mubtiphy.
& Talk About It = 1.5 .48 —
mﬂ;&;ﬁ;ﬁmn = —56 Mtutiply.
expressions, V=10 and Check
ﬂr'?h“" SBOGKCEIAL] o olly V06 - 35

Example 3 Equation with Pure Imaginary Solutions
Solve x2 + B1=0.

“+8=0 Original eguation
X =—B Subtract 81 from each side.
x=+—B1 Take the sguare root of each side.
x=19 Simplify.
Check

Solve 3x2 4+ 27 = 0.

Explore Factoring the Sum of Two Squares

Q Online Activity Use quiding exercises to complete the Explore.

& INQUIRY Can you factor a polynomial of the
form a® + b??

Learn Complex Mumbers

Key Concept + Complex Humbers

A complex number is any number that can be written in the form a + bi,
where o and b are real numbers and § is the imaginary unit. o is called
the real part, and & is called the imaginary part.

{5} Go Online You can complete an Extra Example online.
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The Venn diagram shows the set of complex numbers. Motice that all I

of the real numbers are part of the set of complex numbers. oy tie
ik These abbreviations
Complex Numbers (a + bi) represent the sets of
real numbers.
Real Numbers Imaginary Numbers
Bb=0 B * 0 Letter Set
o rationals
I irrationals
z integers
w wholes
FUITE M naturals
Imaginary
Numbers |
a=0
ke Think About It!
Compare and contrast
the subsets of the
Two complex numbers are equal if and onby if their real parts are equal and complex number
their imaginary parts are equal. The Commutative and Associative system using the
Properties of Multiplication and Addition and the Distributive Property hold Venn diagram.

true for complex numbers. To add or subtract complex numbers, combine
like terms. That is, combine the real pars, and combine the imaginary pars.

Two complex numbers of the form o + bf and o — bi are called complex
conjugates. The product of complex conjugates s always a real number.

A radical expression is in simplest form if no radicands contain fractions
and no radicals appear in the denominator of a fraction. Similarly, a

complex number is in simplest form if no imaginary numbers appear in
the denominator of a fraction. You can use complex conjugates to

simplify a fraction with a complex number in the denominator. This
process is called rationalizing the denominator.

Example 4 Equate Complex Numbers
Find the values of x and y that make Sx — 7 4+ (¥ + 4) = 13 + i true.

Use equations relating the real and imaginary pans 1o solve for x and y.

Bx—T7=13 Real parts
Bx =20 Add 7 to each side
x=4 Divide each side by 5.
y+4=" Imaginary parts
y=7 Subtract 4 from each side.
Check

Find the values of x and y that make Sx + 13 + [(2y — T = —2 + itrue.

{3} Go Online You can complete an Extra Example onfine.
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) Go Online

You can watch a video
to sea how to add or
subtract complex
Aumbers.

Study Tip
Imaginary Unit
Complex numbers are
often used with
electricity. In these
problems, j is usually
used in place of i,

Example 5 Add or Subtract Complex Numbers

Simplify (8 + 3/) — (4 — 10i).
B+3)—E4-10=(B—4+[3— (100

Commutative and
fA=sociative Properties

=4 + 13 Simplify.
Check
Simplify (—5 + 5 — (—3 + 8i).
Bty

@ Example 6 Multiply Complex Numbers

ELECTRICITY The voltage V of an AC circuit can be found using
the formula V = CI, where C is current and [ Is impedance. If
C =3+ 2Zfamps and [ = 7 — 5] ohms, determine the voltage.

V=0 Violtage Formula
=3+ 27— 5 C=3+3Zjand!=7 —5j
= 3(7) + 3{—5)) + 207) + 2050 FOIL Method
= 21— 15/ + 1) — 1072 Maultiply:
= 21— j— 10[—1) A=
=31— Add.

The voltage is 31 — jvolts.

Example 7 Divide Complex Numbers

Simplify 5.
Rationalize the denominator to simplify the fraction.

3? 5 = 32 5 - g — g 3 + 2i and 3 — 2i are complex conjugates.

= % Muitipty the numerator and denominator.
_ 15 =10{=1) P

= S=an ey

_ 15/ + 10 e e

= Simplify.

_kb,B :

o ¥ ﬁj a + bi form
Check

Simplify .

{5} Go Online You can complete an Extra Example online.
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Practice B Go Online ¥ou can complete your homewornk onBne.

Examples 1and 2

Simplify.

1. v —48 2. +/—63 3. 4-72

4. 424 5. +—84 6. v—99

7. V=23 «4/—-45 B. V-6 4-3 9. V=5 «4¥-10
10. (3)(—20(50 . M 12. 4i[—6)*
Exampie 3
Solve each equation.

13. 652+ 45=0 4. 42+ 24=0 15. -2 =19
16. 7x? +84 =0 17. 52 +126=0 18. 8x* + 96 =10
Example 4
Find the values of x and y that make each equation true.

19. 9 +12 = 3x + 4w 200 x+1+ 2i=3— 6
2L 2+ 7+ 3 —-¢Wi=—4+6 22, 5+y+(3x—TNi=9-3
23. 20 — 12/ = Bx + {4v)l 24, x — 16/ =3 — 2y}

Examples 5 and 6

Simplify.

25. (6 + /) + {4 — 5 26. (8 +3) — (6 — 20)

27. (5 ——(3—20) 28. (—4 + 20 + (6 — 30

29, (6 — 3) + (4 — 24) 30. (—1 + 4i) — (1 — 5i)
M.2+H3—D 32. (5 — 24 — ) 33. (4 — 2001 — 24)

34. ELECTRICITY Using the formula V¥ = Cl, find the voltage V in a circuit when the
current C = 3 — f amps and the impedance | = 3 + 2f ohms.

Example 7
Simplify.
5
35. 357 36. —; 31 5
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Mixed Exercises
STRUCTURE Simplify.

38. (1 + 02 + 34 — 3) 39, £ =43

4 =iz
243

]
41, Find the sum of i — (4 + 5ix + 7 and 3x2 + (2 + 6fjx — 8.

40

42, Simplify [[2 + ix2 —ix + 5+ 1] — [[—3 + 4ipe? + (5 — Blx — 6]

ELECTRICITY Use the formula V = CI, where V is the voltage, C is the current, and
I is the impedance.

43. The current in & circuit is 2 + 4 amps, and the iImpedance is 3 — | ohms. What is
the voltage?

44. The voltage in a circult is 24 — 8/ volts, and the impedance is 4 — 2 chms. What
is the current?

45. CIRCUITS The impedance in one part of a series circuit is 1 + 3 ohms and the
impedance in another part of the circuit i= 7 — 5 ohms. Add these complex
numbers to find the total impedance in the circuit.

46. ELECTRICAL ENGINEERING The standard electrical voitage in Europe is
220 volts.

a. Find the impedance in a standard European clrcuilt if the current i
22 — 1 ampes.

b. Find the current in a standard European circuit If the impedance is
10 — &i ohms.

c. Find the impedance in a standard Evropean circuit if the current is 20/ amps.

Q Higher-Order Thinking Skills

47. FIND THE ERROR Jose and Zoe are simplifying (20(30(4/). Is either of them
correct? Explain your reasoning.

Josag 2oe

24 = - 24 o T RS

48. PERSEVERE Simplify (1 + 2/

49, AMALYZE Determine whether the following statement is clways,
sometimes, or newver true. Explain yvour reasaning.

Every complex number has both a real part and an imaginary part.
50. CREATE Write two complex numbers with a product of 20.

51. WRITE Explain how complex numbers are related to quadratic equations.
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Lesson 1-4

Solve Quadratic Equations by Factoring

Explore Finding the Solutions of Quadratic

Equations by Factoring

{:} Online Activity Use graphing technology to complete the Explore.

x|
& INQUIRY How can you use factoring to solve |
a quadratic equation?

Learn Solving Quadratic Equations by Factoring

The factored form of a guadratic equation & 0 = alx — plix — gl
where a # 0. In this equation, p and g represent the x-intercepts of the
graph of the related function. For example, 0 = x° — 2x — 3 can be
written in the factored form O = (v — 3)ix + 1) and its related graph has
x-intercepts of —1 and 3.
Key Concepts - Factoring
Using the Distributive Property  ax + bx = x{a + b)

x* + bx + = (x + m)x + p)
whenm+p=bamndmp=c

Factoring Trinomials

Key Concept » Zero Product Property
Woards: For any real numbers a and b, if ab = 0. then either a = 0,
b=0,orbothoand b = 0.

Example: Ifjx — 2)ix + 4) =0, thenx — 2 =0 x+ 4= 0, or both
¥x—2=0andx+4=0.

To solve a quadratic equation by factoring, first make sure that one
side of the equation is 0, and factor the trinomial. Use the Zero Product
Property to write separate equations. Then use the properties of
equality to solate the varable.

Example 1 Facior by Using the Distributive Property
Solve 12x2 — 2x = x by factoring. Check your solution.

12x — 2x = x Original equation
122 —3x=0 Subtract x from each side,
2xfdx) — 3x(N) =0 Factor the GCF
Axfd4x — =0 Distributive Property
A=0ordx—1=0 Zera Product Property
x=0 x= % Solve

{0} Go Online You can compiete an Extra Example online.

Today’s Goals

= Solve quadratic
equations by factioring.

= Sphwe guadratic
equations by factoring
special products.

Today'’s Vocabulary
factored form

difference of sguares

perfect square
trinamials

t# Think About It
The equation x2 — 2x —
3 = 0 could be solved
by factoring, where
2—x—3=

[x — 3)x + 1). How are
the factors of the
equation related to the
roots, or zeros, of the
related function

fix) =22 — 2x — 3?7

L) Go Online You can
watch a video to see
how to use algebra tiles
to factor a polynomial
using the Distributive
Property.
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{ Think About It!

Choose two integers
and write an equation
in standard form with
these roots. How
would the equation
change if the signs of
the two roots were
switched?

% Think About It!

Why did you not use
45 mph to solve this
problem?

Example 2 Factor a Trinomial
Solve x2 — 6x — 9 = 18 by factoring. Check your solution.

¥ —6x—9=18 Original eguation
P —6x—27=0 Subtract 18 from each side
e+ -9 =0 Factor the trinomial
¥+3=00rx—9=0 Zero Product Praperty
¥x=—3 ¥»=19 Solve.

& Apply Example 3 Solve an Equation by Factoring

ACCELERATION The equation d= vt + %mi represents the
displacement d of a car traveling at an initial velocity v where the
acceleration o is constant over a given time £. Find how long it takes
a car to accelerate from 30 mph to 45 mph if the car moved 605 feet
and accelerated slowly at a rate of 2 feet per second squared.

1 What is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers to your questions?

Sample answer: Solve the equation to find the time for the car to
accelerate. The acceleration 5 given in feet per second squared and
the velocity is given in miles per hour. How do | address the difference
in unite?

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: Convert the velocity to feet per second. Then

substitute the distance, velocity, and acceleration into the formula
and sohlee for time.

3 What is your solution?

Use your strateqy to solve the problem.

What ks the velocity in feet per second? 44 fps

How long it takes the car to accelerate from 30 mph to 45 mph? 115

4 How can you know that your solution is reasonable?
Q Write About t! Write an argument that can be used to defend your
solution.

Sample answer: The solutions of the equation are —55 and 1.
Because time cannot be negative, { = 11 is the only viable solution
in the context of the situation.

L) Go Online You can complete an Extra Example online.
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Check

SALES A clothing store s analyzing their market to determine the
profitability of their new dress design. If P(x) = —16x% + 1712x — 44,640
represents the store’s profit when x is the price of each dress, find the
prices at which the store makes no profit on the design.

A. $11.25 and $15.50
B. $45 and $62

C. £50 and $54

D. $180 and $248

Example 4 Factor a Trinomial Where o is Not 1
Solve 3x2 + 5x + 15 = 17 by factoring. Check your solution.

I? + 5x +16 =17
Il +Bxk—2=0
(B —MNx+2)=0
Ax—1=0rx+2=0

Cniginal eguation

Subtract 17 from each side.

Factor the tnnomial.

Zero Product Property

X=g x=-2 Solve
Check
Salve 4x? + 12x — 27 = 13 by factoring. Check your solution.
? 7

F o et P

Learn Solving Quadratic Equations by Factoring
Special Products

Key Concept « Factonng Differences of Sguares
Words: To factor a2 — b2, find the square roots of 02 and b2, Then apply
the pattern.

Symbaols: o — b2 = {a + b)lg — b)

Key Concept - Factonng Perfect Square Trinomials

Wards: To factor 02 + 2ab + b2, find the square roots of o and b2, Then
apply the pattemn.

Symbols: o2 + 2ab + b2 = (o + b2

Mot all quadratic equations have solutions that are real numbers. In
some cases, the solutions are complex numbers of the form o + bi,
where b # 0. For example, you know that the solution of x2 = —4 must
be compiex because there is no real number for which its square is —4.
If you take the square root of each side, x = 2i ar —21.

&) Talk About It!

Explain how to
determine which values
should be chosen for m
and p when factoring a
polynomial of the form
ax? + b + ¢

Math History Minute

English mathematician
and astronomer Thomas
Hamict (1560-1621)
was one of the first, il
nat the first, to consider
the imaginary roots of
equations. Harriot
advanced the notation
system for algebra and
studied negative and
imaginary numbers.
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Example 8 Factor a Difference of Squares
Solve B1 = x? by factoring. Check your solution.
Bl =2 Original equation
Bl—x2=0 Subtract x? from each side.
Bﬁnmﬂm You gl _ v = Write in the form o = b2
can watch a video to s L
A B4+x9—x=0 Factar the difference of squares.
algebra tiles to factor a 94+x=0o0r3—x=0 Zero Product Property
difference of squares. X =-—9 x=19 Sohve.
Check
Solve x2 = 529 by factoring. Check your solution.
x=_77 ?
Example 6 Factor a Perfect Square Trinomial
Qmﬂbﬂutm Solve 16y2 — 22y + 23 = 26y — 13 by factoring. Check your
Why does this solution.
equation have one 1 — 23y + 23 = 26y — 13 Original equation
solution instead of ey y ¥ .
two? 16y2 — 48y + 23 = —13 Subtract 26y from each side.
162 — 48y + 36 = 0 Add 12 o each side,
A + 24—6) + (—BRF =0 Factor the perfect square trinomial.
4y —62 =0 Simpdify.
¥ = % Take the sguare root of each side
and sohe.
Check
Solve 16x2 — 22x + 15 = 10x — 1 by factoring. Check your solution.
4 Think About It! -
Explain why both ki
{(—12 and (12
wal —144, :
= Example 7 Complex Solutions
Solve x2 = —144 by factoring. Check your solution.
=144 Original eguation
¥¥+144 =0 Add 144 to each side.
¥ — (—144) =0 Write as a difference of squares.
Watch Out! K —(12F =0 VW4 =12
Complex Numbers x4+ 120 — 120 =0 Factor the difference of squares
Remember i€ equals ¥x+R2I=0o0rx—12=0  Zero Product Property
=00k x=—12 x=121 Soie
Dﬁc Online You can complete an Exira Example online.
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Practice {:} Go Online You can compiete your homewonk online.

Examples 1and 2
Solve each equation by factoring. Check your solution.

1 6x2—2x=0 2. x2=Tx 3. 20x? = —256x
4. x+x—30=0 5. x4+ Mx+33=0 6. x—3x=10
Example 3

7. GEOMETRY The length of a rectangle s 2 feet more than its width. Find the
dimensions of the rectangle if its area s 63 sguare feet.

B. PHOTOGRAPHY The length and width of a 6-inch by B-inch photograph are
reduced by the same amount to make a new photograph with area that is half that
of the original. By how many inches will the dimensions of the photograph hawe
o be reduced?

Example 4

Solve each equation by factoring. Check your solution.

9 2x2 —x—3=0 10. 6x2 —Bx —4=0 1M1. 52 +28x—12=0
12,122 —8Bx+1=0 3. 2% —1x—40=0 W, I+ 2k =21
Examples 5-T

Solve each equation by factoring. Check your solution.

16, x< = 64 16. X —100=0 17. 280 = 2

18. X + ¥ =50 9. X —169=0 20. 124 =x2 + 3

M. 42 —28x+49=0 22, 9x? 4+ Bx = —1 23, 16x —24x+13=4
24.81x2 + 36x = —4 28 25xf + B0x+64=10 26. 0x% + 60x + 95 = —5
27. 2+ 12 = —13 28. x4+ 100=0 29, xi=—225

0.2+ 4=0 3. 36! = —25 32. 64xf = —49
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Mixed Exercises

STRUCTURE Solve each equation by factoring. Check your solution.

33. 1007 + 25x =15 34. 27x* + 5 =48x 35. ~ +81=0
36. 45x% — 3x = 2x 37. BOx? = —16 38. 165 + By = —1

39. USE AMODEL The drawing Maoisons prés de o mer by Claude Monet i
approximately 10 inches by 13 inches. Jennifer wants to make an art plece
inspired by the drawing, and with an area 60% greater. If she chooses the size of
her artwork by increasing both the width and helight of Monet's work by same
amount, what will be the dimensions of Jennifer's artwork?

40, AMIMATION A computer graphics animator would like to make a realistic
simulation of a tossed ball. The animator wants the ball to follow the parabolic
trajectory represented by flx) = —0.2(x + 5){x — 5.

a. What are the solutions of fix) = 07

b. If the animator changes the equation to fix) = —0.2x? + 20, what are the
solutions of fix) = 07

41. Find two consecutive even positive integers that have a product of 624.

42, Find two consecutive odd positive integers that have a product of 323.

Q Higher-Order Thinking Skills

43. FIND THE ERROR Jade and Mateo are solving —12x2 + Gx + 2 = 0. Is either of
them correct? Explain your reasoning.

Jade Pdates
i+ s+ 2=0 —12 +sx+2=0
—z B — B+ 2= 0 — 2+ ¥~ + 21 =0
A—2k 4+ I — B+ =40 Af—3x+ N — B+ 2 =0
r—pER D=0 =+ I [(F=+2)=0
=l O

44, PERSEVERE The rule for factoring a difference of cubes is shown below. Use this
rule to factor 40x° — 135x%)".

o — b =g — blig? + ab + b9

45, CREATE Choose two integers. Then write an equation in standard form with those
roots. How would the equation change if the signs of the two roots were switched?

46, AMALYZE Determine whether the following statement is sometimes, always, or
mever true. Explain your reasoning.

in o guadratic equation in stondard form where a, b, ond ¢ are integers,
if b = odd, then the quadratic cannat be a perfect square trinomial,

47. WRITE Explain how 1o factor a trinomial in standard form with o > 1.
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Lesson 1-5

Solving Quadratic Equations
by Completing the Square

Today's Goal
Learn Solving Quadratic Equations by Using the Square = Solve quadratic
Root Property ey 1o the
Sguare Root Property.
You can use square roots to solve equations like x2 — 49 =0. = Complete the square in
Remember that 7 and —7 are both square roots of 49 because 72 = 49 quadratic expressions
and (—7)F = 49. Therefore, the solution setof x2 — 49 =01is (-7, 7. io schee quadratic
This can be written as [+ 7). equations.
= Complete the square in
Key Concept « Sguare Root Property a guadratic ﬁmsgiJuntu
Words: To solve a quadratic equation in the form x2 = n, take the interpret key features of
square root of each side. its graph.
Symbaols: Forany numbern 2 0, if x2 = n, then x = £47. Today's Vocabulary
Example: »2 = 121, x = £ V12 or £11 e el b o
wertex form
Not all quadratic equations have solutions that are whole numbers. projectile mation
Roots that are irrational numbers may be written as exact answers in problems

radical form or as approximate answers in decimal form when a

calculator ks used. Sometimes solutions of quadratic equations are nol
real numbers. Solutions that are complex numbers can be written in Q'I‘h.ink About It!
the form o + bi, where b 5+ 0.

How can you
Example 1 Solve a Quadratic Equation with determine whether an
Rational Roots equation of the form
x* = nwill have an
Solve x2 — 4x + 4 = 25 by using the Square Root Property. answer that is a whole
number?
X —4x+4=25 Ciriginal eguation
x— 212 =28 Factor.
x—2=24+258 Square Roat Property
x—2=x5 25 = 5[5} or —5{-5)
— a | | i o
x=2x5 wdd 2 to each side Study Tip
x=2+5mx=2—-58 Write as two equations. Square Roots When
_ L i using the Square Roaot
b= #==d =iy Property. remember to
The solution set is {:-c |x =-3,7 } include the + before
the radical.
Check
Solve x2 — 38x + 361 = 576 by using the Square Root Property. {3 Go Online An
e 2 alternate methad is
" o available for this
example.

{3 Go Online You can complete an Extra Example online.
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Example 2 Solve a Quadratic Equation with
Irrational Roots
Solve x® + 24x + 144 = 192 by using the Square Root Property.
Watch Qut! x4+ 24x + 144 =192 Original equation
Perfect Squares The o
i e x +12)° =192 Factor,
right side of the X +12 = 4192 Square Root Property
equation is not a - i
parfet e This x+12=18+3 V182 = 8+3
means that the roots x=—12 + B+3 Subtract 12 from each side.
will be irrational
Aumbers. x=—12+ 83 or Write as two eguations.
—12 - B3
X =186, —25B86 Use a calculator.
The exact solutions are —12 — 843 and —12 + 8v3. The approximate
solutions are —25.86 and 1.86.
Example 3 Solve a Quadratic Equation with
Complex Solutions
Solve 2x? — 92x + 1058 = —72 by using the Square Root Property.
2x% — 92x + W58 = —72 Original equation
x2 —46x + 529 = —36 Divide each side by 2.
[x— 237 = —36 Factor.
¥—23=++-36 Square Root Property
x—23 =18 =36 = 6i
¥x=23x & Add 23 to each side.
Xx=23+ 6 or
Q AML A I 23 — &l Write as two eguations
Can you solve a
quadratic equation by The solutions are 23 + & and 23 — 6L
completing the square
if the coefficient of the ! :
sterm is not 77 Justify Explore Using Algebra Tiles to Complete
your argument the Square

L} Online Activity Use algebra tiles to complete the Explore.

& INQUIRY How does forming a square to
create a perfect square trinomial help you
solve quadratic equations?

L) Go Online You can complete an Extra Example online.
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Learn Solving Quadratic Equations by
Completing the Square

All guadratic equations can be solved by using the properties of
equality to manipulate the equation until one side is a perfect square.
This process is called completing the square.

Key Concept - Completing the Sguare

Wards: To complete the square for any quadratic expression of the form
x? + hx, follow the steps below.

Step 1 Find ane half of b, the coefficient of x.
Step 2 Square the result in Step 1
Step 3 Add the result of Step 2 to x2 + b

Symbols: 32 + b + (3)* = (x +2)?
To sohve an equation of the form x2 + bx + ¢ = 0 by completing the

square, first subtract ¢ from each side of the equation. Then add (%}
to each side of the equation and solve for x.

Example 4 Complete the Square

Find the value of c that makes x2 — Tx + ¢ a perfect square. Then
wrrite the expression as a perfect square trinomial.

Step1 Find one half of —7. ' = —35

Step 2 Square the result from Step 1. (—3.58 = 1225

Step 3 Add the result from Step 2 to x® — Tx. x* — Tx +12.25
The expression x2 — 7x + 1225 can be written as {x — 3.5~

Example 5 Solve by Completing the Square
Solve x* + 18x — 4 = 0 by completing the square.

¥+1Bx—4=0 Orriginal equation
X+ 18x =4 Add 4 to each side.
X+ 1Bx+81=4+B Add ["E—_':I:tneach side.
(x + 9] = 85 Factar.
x+9=+vE5 Square Root Property
x=—9+1+85 Subtract @ from each side.
x=—9++85 or Wite as two equations.
x=—9— 485
x =022 or—18.22 Simplify.

The solution set is {x|x=—9—1"ﬁ. —'EI+*.."E}-

E Go Onlime to see Example &

O Talk About It

if o and b are real
numbers, can the value
of £ ever be negative?
Explain your reasoning.

{e# Think About It!

Why do we first add 4
to sach sida?

) Go Online You
can complete an Extra
Example online.
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L) Go Online
for Example B.

b Think About It!
Compare and conftrast
the solutions of this
equation and the cnes
in the previous
example. Explain.

Example 7 Solve When o Is Not 1
Salve 4x2 — 12x — 27 = 0 by completing the square.

42 —12x—27=0 Original equation
2 27 _ ] )
X —Ex—T— 0 Divide each side by 4.
¥ —3x= % Add 2] to each side.
J:ﬂ—?.x+%=¥+% ﬂnd{%fﬁr%mea:hmde
g2
{x o i] =9 Factor,
3
¥—5=13 Square Root Property
3 3 .
¥x=5%3 Add 3 to each side.
=3t30rx=3-3  witeastw -
¥=3 or x =15 rite as two equations.
= % X = —% Simplify.
The solution set s {.h: |.'u' = —%, %}
Check
Solve 6x2 — 21x + 9 = 0 by completing the square.
x=_2 _?

Example 8 Solve Equations with Imaginary Solutions
Solve 3x2 — 72x + 465 = 0 by completing the square.

3xt —T2x + 465 =0 Oiginal equation
X —24x+156=0 Divide each side by 3.
x* — 24x = —155 Subtract 155 from each side.
X2 — 24x + 144 = —155 + 144 Add (3 )" to each side
x—12¢ = -1 Factor
¥x—12=+4-N Square Root Property
x—12=+iM V=i
x=12+HM Add 12 to each side_
x=12+ A1
or Write as two eguations.
12 — M

The solution set ks {x]x =12 + 1. 12 —h"ﬁ}.

L) Go Online You can complete an Extra Example online.
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Learn Quadratic Functions in Vertex Form

When a function is given in standard form, ¥ = ax? + hx + ¢, you can
complete the square to write it in vertex form.

Key Concept « Vertex Form of a Quadratic Function

Words: The vertex form of a quadratic function is y = alx — b2 + k.

Wertex Form
y=ax—Hr+k
The vertex is [k, kL

Symbols: Standard Form
y=oax’+hbx+ec

Wertex Form
y=2x+3R -2
The vertex is [ —3, —2).

Example: Standard Form
y=2x2+12x+ 16

After completing the square and writing a quadratic function in vertex
form, you can analyze key features of the function. The vertex is [h, &)
and x = h s the equation of the axis of symmetry. The shape of the
parabola and the direction that it opens are determined by a. The
value of k k& a minimum value if @ > 0 or a maximum value if o < 0.

The path that an object travels when influenced by gravity is called
a trafectory, and trajectories can be modeled by quadratic functions.
The formula below relates the helght of the object hit) and time
where g is acceleration due o gravity, v is the initial velocity of the
object, and h,, is the initial height of the object

hif) = — %5?1‘2 +vt + hy
The acceleration due to gravity g is 9.8 meters per second squared or

32 feet per second squared. Problems that involve objects being
thrown or dropped are called projectile motion problems.

Example 9 Write Functions in Vertex Form
Write y = —x? — 12x — 9 in vertex form.
y=—x'—12x—19
y=(——124-9
y=—(¥+129 -9

Original function
Group @x* + bx.
Factor out —1.

¥= —I:.:l:2 + 12x + 36} — 9 — (—1)(38§)

Complete the square.

y=—{x+ 6+ 27 Simplify.

Check

Write each function in vertex form.

a y=x'+8x—3 b. y=—3x’ —6x—5
y=k_ 2 P_2 y=_2 p_ 2P 2

{3 Go Online You can complete an Extra Example online.

e Think About It!
What is the minimum
value of y = 2(x — 32 — 17
Howr dio you know that
this value i a minimum?

Watch Chut!

The coefficient of the
x2-term must be 1
belare you can
complete the square.

Lesson 45 « Sohving Quadratic Equations by Completing the Sqguare 37



{o Think About It

How would wour
equation for the axis of
symmetry change if the
wvertex form of the
equation was y =

3x + 2§ — 77 Justify

your argument

f Think About It!

If the firewark reaches
a haight of 241 feet
after 3 seconds, what
is the height of the
firework after

& seconds? Justify
YOUF answer.

Study Tip

Vertex When you
interpret the wertex of a
function, it is important
to also consider the
value of o when the
function is in wvertex or
standard form. The
value of g will tell you
whether the vertex is a
MAXITHIT or minimurm.

Example 10 Determine the Vertex and Axis

of Symmetry

Consider y = 3x* —12x + 5.

Part A Write the function in vertex form.
y=3x"—-12x+5
=[x —12%)+ 5
y=3x*—4x)+ 5 Factor.
y=3x—4x +4)+5— 34 Complete the square,
y=3x—-2P¢-7 Simplify.

Part B Find the axis of symmetry.

Original equation

Group ox + b

The axis of symmetry s x = horx =2,

Part C Find the vertex, and determine if it is a maximum or
minimum.

The vertex is (h, k) or (2, —7). Because g > 0, this is a minimum.

@ Example 11 Model with a Quadratic Function

FIREWORES I a firework is launched 1 foot off the ground at a
velocity of 128 feet per second, write a function for the situation.
Then find and interpret the axis of symmetry and vertex.

Step 1 Write the function.
hif) = —%g.t‘z + vt +h, Function for projectile motion
hlt) = —{32)2 + 128t +1 g=328 v=128% n =11
hit) = —161* + 128t + 1 Simypdify.
Step 2 Rewrite the function in vertex form.
hif) = [—161% + 1281 +1 Group ax® + hx
hit) = —16(t2 — 8 + 1 Factor
hit) = —16({t2 — 8t + 16) + 1 — 16{—16) Complete the sqguare.
hif) = —16(t — 4)* + 257 Sirmplify.
Step 3 Find and interpret the axis of symmetry.

Because the axis of symmetry divides the function into two
equal halves, the firewark will be at the same height after
2 seconds as it s after & seconds.

Step 4 Find and interpret the vertex.

The vertex i= the maximum of the function because a<1. 50
the firework reached a maximum height of 257 feat after
4 seronds.

L) Go Online You can complete an Extra Example online.
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Practice Eﬁ-ﬂﬂﬂﬁllﬂe You can complete yoar st O,
Examples 1-3

Solve each equation by using the Square Root Property.

1. x—18x+81=49 2. x* + 20x + 100 = 64 3.9 —-12x+4=4

4 42+ 4 +1=16 5. 4x? — 28x + 49 = 64 6. 6+ 24x +9 =81

7. 362 +12x+1=18 8. 25x° + 40x +16 =28 9 2657 +20x+4=75

10. 36x2 + 48x + 16 = 12 1. 25x% —30x + 9 =96 12. 4x* — 20x + 25 =32

13. 2x2 — 20x + 50 = —128 4. 252 — 24x + 72 = —162 15. 22 + 28« + 9B = —200

16. X — Bx+ 16 = —36 17. 32 + 24x + 48 = —108 18. 3x? — 24x + 48 = —363

Exampie 4

Find the value of c that makes each trinomial a perfect square. Then write the
trinomial as a perfect square trinomial.

19. 2 +10x + ¢ 20. ¥ —Mx+c 2. X2+ 24x + ¢

2.2 +5x+¢ 23, ¥ — 9%+ ¢ 24. ¥ —x+r¢

Examples 5 and 6
Solve each equation by completing the square.

25. X —13x+36=0 26. 2 +x—6=0 27. 2 —4x—13=0

28. x2+3x—6=0 29. x2—x—3=0 30. x2 —8x—865=0

3. When the dimensions of a cube are reduced by 4 inches on each side, the
surface area of the new cube is B&4 square inches. What were the dimensions of
the original cube?
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Examples Tand 8
Solve each equation by completing the square.

32. 2 —Bx—24=0 33. 22 —3x+1=0 34, 22 —13x—T7=0
35. 25x2 + 40x— 9 =0 36. 22 +Ix—4=0 37. 3+ 2x—1=0
3. —Ax+12=0 39. 2 —3x+5=0 40. 22+ Bk +7=10
M 2—2x+3=0 42, x1=-24 43. ' —2x+4=0

Examples 9 and 10

Write each function in vertex form. Find the axis of symmetry. Then find the vertex,
and determine i it is a maximum or minimunr.

44 y=x1 +2x—5 45 y=x* + 6x + 1 4. y= —x? + 4x + 2
dT.y=—x']—Bx—E lﬂ.y=1r3+4x+3 ﬂ.}r=3.k“?+ﬁ!f—l
Example 11

B0. FIREWORKS The height of a firework at an amusement park celebration can be
modeled by a quadratic function. Suppose the firewaork is launched from a
platform 2 feet off the ground at a velocity of 96 feet per second.

Use hit) = —3gt? + vt + hy, where g = 32 %

a. Write a function to represent this situation.
b. Rewrite the function in vertex form.

c. Find the axis of symmetry and the vertex and interpret thelr meaning In the
context of the situation.

B1. DIVING Mallk s participating In a diving championship. For each of his dives, his
height above the water can be modeled by a guadratic function. The diving board
is 7.5 meaters above the water and Malik jumps with a velocity of 418 meters per
secand. Use hif) = —J.lgf“ + vt + h,, where g = 9.8 5—”; :

a. Write a function In vertex form to represent this situation.

b. Find the axis of symmetry and the vertex and interpret thelr meaning In the
context of the situation.
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Mixed Exercises
PRECISION Seolve each equation. Round to the nearest hundredth, if necessary.
52.4x2 —28x+ 49 =75 53. 9x2 + 30x + 25 =11 54. x2 +x+1=3

BE. x¥ + 12x + 056 = 0.01 BE. x4+ 07x+ 41225=0 B7. xf —32x=—-346

58. x° — 18x + 1124 =243 59, —03° —078x— 554 =0 60. 1’ —88x+22=22

&1. FREE FALL A rock falls from the top of a cliff that is 25 8 meters high. Use the
farmula A = —%gtz + vt + h, where g =98 5 o write a guadratic function
that models the situation. Determine to the nearest tenth of a second the amount
of time it takes the rock to strike the ground. Explain your reasoning.

&2. REACTION TIME Tela was eating lunch when she saw her friend Jorl approach.
The room was crowded and Jor had to lift his tray to avold obstacles. Suddenly, a
glass on Jori's lunch tray tipped and fell off the tray. Tela lunged forward and
managed to catch the glass just before it hit the ground. The height b, in feet, of
the glass t seconds after it was dropped Is given by h = —1612 + 45_If Tela
caught the glass when it was six inches off the ground, how long was the glass in
the air before she caught it?

&3, INWESTMENTS The amount of money 4 in an account in which P dollars are
invested for 2 years is gliven by the formula A = A1 + 2, where r is the interest
rate compounded annually. If an investment of $800 in the account grows to
$882 in two years, at what interest rate was it invested, to the nearest percent?

64, INVESTMENTS Miyatl invested $1000 in a savings account with interest
compounded annually. After two years the balance in the account is $1210. Use
the compound interest formula 4 = P{1 + ) 1o find the annual interest rate, to the
nearesl percent.

Write each function in vertex form. Then find the vertesx.
65, y=uxf —10x+ 28 66. v = x* + 16x + 65

67 y=ux— 20x + 104 68, y=x2 —Bx + 17

689, AUDITORIUM SEATING The seats inan auditorium are arranged in a square grid
pattem. There are 45 rows and 45 columins of chailrs. For a special concert,
organizers decide to increase seating by adding n rows and n columns to make a
square pattern of seating 45 + n seats on a side.

a. How many seats are added in the expansion?
b. What is n If organizers wish to add 1000 seats?
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70. DECK DESIGN The Rayburns current deck is 12 feet by 12 feet. They decide they
would like to expand their deck and maintain its square shape. How much larger
will each side need to be for the deck to have an area of 200 square feet?

™. VOLUME A plece of sheet metal has a length that is three times ite

width. It is used to make a box with an open top by cutting out i
2-inch by 2-inch squares from each comer, then folding up the 53

sides. e e R

a. Define varables and write a guadratic function that represents
the volume of the box in cubic inches.

b. What are the dimensions of the metal sheet that results in a box with a volume
of 1125 cubic feat?

T2. CONSTRUCT ARGUMENTS Explain why the equation for the axis of symmetry for
a quadratic function y = ax? + bx + cisx = zﬂ'ﬂ-

73. FIND THE ERROR Alonso and Alka are solving x* + 8x — 20 = 0 by completing
the square. |z either of them correct? Explain your reasoning.

Alenso Aiea
egx-20=0 ErEx-T0=0
4+ Br=2h 2+ =1
FeBtl6=20+16 et 620
(n+d) = 36 =+ 4P =20
Atd=te x+4=2420
A=20r-10 x = 4 20

74. PERSEVERE Solve x2 + bx + ¢ = 0 by completing the sguare. Your answer will be
an expression for x in terms of b and ¢

T8, ANALYZE Without soblving, determine how many unique solutions there are for
each equation. Are they rational, real, or complex? Justify vour reasoning.

a (x+2P=16 b. x—212=16 c. —x -2 =16
d 36— |x—22=16 e Bx+2P¢=0 £x+4PF={x+6P

76. CREATE Write a perfect square trinomial equation in which the linear coefflcient
is negative and the constant term is a fraction. Then soalve the eguation.

T1. WRITE Explain what is means to complete the square. Describe each step.
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Lesson 1-6

Using the Quadratic Formula
and the Discriminant

Learn Using the Quadratic Formula
To solve any quadratic equation, you can use the Quadratic Formula.

Key Concept « Quadratic Formula

The solutions of a quadratic equation of the form ax? + bw + e =0,
where g # 0, are given by the following formula.

_ b+ 4p? — dar

= 2a

{0¥ Go Online You can see how the Quadratic Formula is derved.

@ Example 1 Real Roots, c Is Positive

CONTEST At the World Championship Punkin Chunkin contest in
Bridgeville, Delaware, pumpkins are launched hundreds of yards.
The path of a pumpkin can be modeled by h = —4.9¢2 + 11.7¢ + 42,
where b is the height and t is the number of seconds after launch.

Part A Use the Quadratic Formula to solve 0 = —4.9¢2 4 1.7t + 42.
_ =hb+ 1b% = doc

t= e TR Cuadratic Formula

-7 + N7 = 4(-4.5)42) g e
— 2|—ﬂg] o - "1E',I'_" 1-.-.: L ¥ S
_ =N7T+ +136.89 4+ B232 " )
= Sguare and multiphy:

=48

_ =17+ v960.08
T 1 P fdd

_nis+ ;-'gﬁu.ng . ;’gﬁﬂ.ﬂﬁ Multiply by =

The approximate solutions are 4.4 seconds and —2.0 seconds.

Part B Interpret the roots.

The negative root does not make sense In this context because the
pumpkin launches at 0 seconds. The pumpkin lands after 4.4 seconds.

Check

DIVING A diver jumps from a diving board that is 10 feet high, and she
wants ta figure out how far from the board she is before she enters the
water. Her arc can be modeled by vy = —4.9%2 + 2 5x + 10, where y iz
her height in meters and x s time in seconds.

Part A Solve 0 = —49x% + 2 5x + 10.

Part B Interpret the roots,

The diver enters the water after approximately ? _ seconds.

Today’s Goals

equations by using the
Cuadratic Formula.

= [etermine the number
and type of roots of a
guadratic equation.

Today's Vocabulary
discriminant

) Think About It

Why are the roots not
at 0 and 4.4 seconds,
when the pumpkin is
launched and when it
lands?

{3 Go Online

¥ou can complete an
Extra Example anline.
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Example 2 Real Roots, c Is Negative
Solve x2 + 4x — 17 = 0 by using the Quadratic Formula.

x——-—-hi .Iiu =% Quadratic Formuia
=4 + 4[4 = AT~

= = ﬂ;__n Ll oc=1b=4c=-=-17

P Simpliy.

__"—I:I::f-ﬁ Product Property of Sguare Roots .

_ —4+ 23

E—: =5 Va=2

=—2++4A Divide the numerator and denaminator by 2.
Check

Solve 3x? — Bx — 1 =0 by using the Quadratic Formula.

Example 3 Complex Roots
Solve 5x? + Bx + 11 =0 by using the Quadratic Formula.

x= bt Vb= doc Quadratic Formula
== 'zﬁ:m g=8b=8c=N
_ 8T i
=i“'£t“;M Product Property of Square Roots.
=:"%ﬁ Wrrite as a complex number.
.—_%ﬁ Divide the numerator and denominator by 2.

Check
Solve 9x — 3x + 18 = 0 by using the Quadratic Formula.

{2} Go Online You can complete an Extra Example online.
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Explore The Discriminant

{3 Online Activity Use graphing technology to complete the Explore.

=]
@ INQUIRY How does the discriminant of a ‘

guadratic equation relate to its roots?

Learn Using the Discriminant
In the Quadratic Formula, the discriminant is the expression under the

radical sign, b® — 4ac. The value of the discriminant can be used to & Talk About It
determine the number and type of roots of a guadratic equation. Why are the roots of a
quadratic equation
Key Concept - Discriminant camplex if the
Consider ax? + bx + ¢ = 0, where g, b, and ¢ are rational numbers discriminant is
and a # 0. negative?
Value of Type and Mumber  Example of Graph of
Discriminant of Roots Related Function
b? — dac > 0; 2 real, rational roots ir
b — docis a
perfect square.
b® — doc > 0; 2 real, irrational &N
b — 4acis nota roots x
perfact square.
b —4ac=0 1 real rational root ir
kg
b —dac <0 2 complex roots ir
i

13 Go Online You can complete an Extra Example online.
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{o Think About It

Is it possible for a

quadratic equation to
have zero real or

complex roots?

i:j Go Online

to practice what you've
learmed in Lassons 1-2
and 1-4 through 1-6.

Example 4 The Discriminant, Real Roots

Examine 2x2 —10x + 7 =0.
Part A Find the value of the discriminant for 2x2 — 10x + 7= 0.

o=2 b=-—10 c=7
b? — 4ac = (102 — 427
=100 — 56
=44

Part B Describe the number and type of roots for the eguation.

The discriminant k= nonzero, so there are two roots. The diserdminant s
positive and not a perfect square, so the roots are irrational.

Check
Examine 2x2 + Bx + E=0.

Part A Find the value of the discriminant for 2x2 + 8x + 8 =0.
b2—4doc=_2__
Part B Describe the number and type of roots for the equation.

?

There i=/are root{s).

Example 5 The Discriminant, Complex Roots

Examine —5x2 + 10x — 15 = 0.
Part A Find the value of the discriminant for —5x2 + 10x — 15 = 0.

b2 — dac = (10)2 — 4—5)—15)
= 100 — 300
= —200

Part B Describe the number and type of roots for the equation.

The discriminant = nonzero, so there are two roots. The discriminant is
negative, 2o the rools are complex.

Check
Examine 10x? — 4x + 7= 0.

Part A Find the value of the discriminant for 10x2 — 4x + 7= 0.
b2 —dgc=_2
Part B Describe the number and type of roots for the equation.

Thereisfare 7 root(s).

3 Go Online You can complete an Extra Example onfine.

48 Module 1 Quadratic Funcions



Practice E Go Onlne You can Compéate youl Noemiesnds onlne.

Example 1

Solve each equation by using the Quadratic Fermula.

1. 2 +8+15=0 2. x2—18x+72=0
3. 122 —22x+6=0 4 Ax? —Bx=-2
B. x> +8x+5=0 6. B +4x=-5

7. FOOTBALL A quarterback throws a foothall to a receiver. The path of a foothall
can be modeled by the quadratic function h = —1612 + 45¢f + 4, where h is the
height in feet and tis the number of seconds after the football is thrown. If the
ball is overthrown and the recelver does not touch the ball, how long will it take

the football to hit the ground?

Examples 2 and 3
Solve each equation by using the Quadratic Formula.

B. " +2x—35=0 9 4 +19x—5=0
0. 22 —x—15=0 H 32 +E5x=2

12. *+x—8=0 13. 82 +5x—1=0
4. x*—x—5=0 15. 16’ — 24x — 26 =0
16. x> —6Bx+21=0 7. 2 +25=0

18. 3° +36=0 19 87 —4x+1=0
20. 22 + 2x+3=0 M. x*—14x+53=0
22. 4 +2x+9=0 23. 32 —-6x+MN=0
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Examples 4 and 5

Find the value of the discriminant for each quadratic equation. Then describe the number
and type of roots for the equation.

24. x* —Bx+16=0 25 - Mx—26=0
26. 3" —2x=0 27. 202 +7x—3=0
28.5x2 —6=0 29. 2 —6=0

0. x*+8Bx+13=0 N5 —x—1=0
32.x2 - 2x—17=0 33. 22+ 49=0

38. 2 —x+1=0 35. 2% —3x =2

Mixed Exercises

REGULARITY Describe the discriminant of the related equation of each graph. Then determine the
type and number of roots.

36. % 37. g 38. i

Use the discriminant to describe the number and type of roots for each equation. Then solve sach
equation by using the Quadratic Formula.

39, 4x2 —4x +17=0 40. Bx — 1= 4x2 M T —Bx=0
42, 2+ 10x+24=0 43. x2 —Mx +24=0 44, 22 +9x+1=0
45. 3@ — 16x + 16 = 0 a6. 2 -E, 29 47. 23 +10x+ =0
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48. USE A MODEL The height h(f) in feet of an object t seconds after it is propelled up
from the ground with an initial velocity of 60 feet per second s modeled by the
equation hifj = —16t2 + 60t. When will the object be at a height of 56 feet?

49, SPORTS Natalya Lisovskaya set the women's shot put world record of 22 63
meters. Her throw can be madeled by A = —4.91% + 13.7t + 1.6, where I s time in
seconds and k is the height in meters. About how long was the shot in the air?

B0. STOPPING DISTANCE A car's stopping distance d Is the sum of the distance
traveled during the time it takes the driver to react and the distance traveled while

braking. This is represented as d = vt + %, where v is the initial velocity in feet

per second, fis the driver’s reaction time in seconds, i is the coefficient of friction,
and g is acceleration due to gravity. Use g = 32 fi/s?.

a. Assume g = 0.8 for rubber tires on dry pavement and the average reaction
time of 1.5 seconds. Copy and complete the table. Round to the nearest tenth.

Velocity, v (ft/'s) 15 55
Stopping Distance, d [ft) 91.25 2007 245
b. Make different assumptions. Copy and complete the table. Round to the
nearest tenth. coefficient of friction g = ?
reaction time t = 2
Velacity, v (ft/s) 15 55
Stopping Distance, d (ft) 91.25% 2007 245

€. How did your different assumptions affect the data you found? Interpret the
information in the context of the situation.

B1. GEOMETRY A rectangular box has a square base and a helght Vo = vm'ighal + 531in3
that k= one more than 3 times the length of a side of the base._ If
the sides of the base are each increazed by 2 inches and the
height is increased by 3 inches, the volume of the box increases
by 531 cubic inches. Define a variable and write an equation
to represent the situation. Then find the dimensions of the
original box.

B2. GAMES A carnival game has players hit a pad with a large rubber mallet. This fires
a ball up a 20-foot vertical chute toward a target at the top. A prize is awarded If the
ball hits the target. Explain how to find the initial velocity in feet per second for
which the ball will fail to hit the target. Assume the height of the ball can be
modeled by the function hif) = —16¢2 + vi, where v s the initial velocity.
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Q Higher-Order Thinking Skills

53. WHICH ONE DOESN'T BELONG? Use the discriminant to determing which of these
equations |s different from the others. Explain your reasoning.

[E—ax—4n=n 120 —x—6=0| 122 +2%x—4=0| |7 +6x+2=0

B4, FIND THE ERROR Tama and Jonathan are determining the number of solutions of
3x? — Bx = 7. Is either of them correct? Explain your reasoning.

Tama Jonathan
2yt — Ey =7 Tk —Sx =7
Tt —Ex—T =0

¥ — o = (—5F — 43X7
B — dae = (—5F — 4T

=—sp =101
Sance the dissrmanant 1s negative, Since the disorimivent i1 positive,
there ore mo red solions. theve are e veal vaokd

B5. ANALYZE Determine whether each statement is sometimes, olways, or never true.
Explain your reasoning.

a. In a guadratic equation written in standard form, if o and ¢ have different
signs, then the salutions will be real.

b. Ifthe discniminant of a quadratic equation s greater than 1, the two roots are
real irrational numbers.

BB. CREATE Sketch the correspanding graph and state the number and type of roots
for each of the following.

a. b —4doc=0

b. A quadratic function in which fix) never equals zero.

c. A quadratic function in which fia) = O and fib) = 0: a0 # b
d. The discriminant is less than zero.

e. o and b are both solutions and can be represented as fractions.

57. PERSEVERE Find the value{s) of m in the quadratic equation x2 +x+m+1=0
such that it has one solution.

58. WRITE Describe three different ways to solve x2 — 2x — 15 = 0. Which method
do you prefer, and wihy?
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Lesson 1-7

Quadratic Inequalities

Explore Graphing Quadratic Inequalities

.} Online Activity Use graphing technology to complete the Explore.

] Inequalities in two
@ INQUIRY How can you represent a quadratic ‘ variables by graphing.
__ T mequeiy prapricehy? | | Today's Vocabulary

Learn Graphing Quadratic Inequalities

You can graph quadratic inequalities in two varlables by using the
same technigues used to graph linear inequalities in two

variables. A quadratic inequality s an inequality of the form v = ax?
+hx+eoyzaxl+hx+eoy<ad+hx+cory<axd +bx+c

Key Concept « Graphing Quadratic Inequalities
Step 1 Graph the related function,

Step 2 Test a point not on the parabola.

Step 3 Shade accordingly.

Example 1 Graph a Quadratic Inequality (< or =) { Think About It!
How do you know

Graphy = x* —2x +8. whether to make the

Step 1 Graph the related function. parabola solid or
dashed?

Because the inequality is less than or equal to, the parabola
should be solid.

Step 2 Test a point not on the parabola.

yext—2x+8 Original ineguality
>

0= (0P —2(0) + 8 {x. ¥} = {0, O)

D=8 True

Shade the region that contains the point.

Step 3 Shade accordingly.

¥

Study Tip

(0, O) If (0, 0) is not a
point on the parabola,
then it is often the
£asiast point to test
when delermining
which part of the graph
to shade.

.} Go Online You can complete an Extra Example online.
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Example 2 Graph a Quadratic Inequality (> or =)

Graph ¥ > —5x2 + 10x.
Step 1 Graph the related function.

Because the inequality is greater than, the parabola should
be dashed.

Step 2 Test a point not on the parabola.

Because (0, 0] i= on the parabola, use (1, 0) as a test point.

¥ = —5x? + 10x Original inequality
3

0 = —5{12 +10(1) . = (1.0

0>5 False

S0, (1. 0) i=s not a solution of the inequality.
Step 3 Shade accordingly.

Because (1, 0) is not a solution of the
Inequality, shade the reqgion that does
not contain the point.

Learn Solving Quadratic Inequalities

Key Concept - Solving Quadratic Inequalities

ax + bx+c<0 a>0 a<0
Graph y=ox? + bx + ¢ k ]
and identify the x-values B‘ j'
for which the graph lies Y k
below the x-axis. | f :\f‘ WX,
5k ARE ) x
For =, include \ T
the xw-intercepts in the f !
solution. /
¥
{x | &y < x < K9} {x | ® <2y o1 % > x4}
ax’ +bx+c>0 a>0 a<0
Graph y = ax® + bx + ¢ [
and identify the x-values \ ]ﬂ
for which the graph lies ] |
above the x-axis. |39 ) x ]‘1 ]
X X, F S
For =, include EI
the x-intercepts in the 1
solution. \
1
fx|x < xjorx>x} {x | 2 < x < x5}

L) Go Online You can complete an Extra Example online.
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Example 3 Solve a Quadratic Inequality
(< or <) by Graphing
Solve x? 4+ x — 6 < 0 by graphing.

Because the quadratic expression is less than 0, the solution consists
of x-values for which the graph of the related function lies below the
x-axis. Begin by finding the zeros of the related function.

W+x—6=0 Related eguation
fx—2Yx+ 3)=0 Factor
x=2orx=-—3 Zero Product Property
Sketch the graph of a parabola that has 1 T B
x-intercepts at 2 and —3. The graph should = |
open up because a > 0. h F =

The graph lies below the x-axis between
—3 and 2. Thus, the solution set is

[x | —3 < x < 2] or In interval notation
(—3. 2). |

Example 4 Sclve a Quadratic Inequality (> or =)
by Graphing

Solve x* — 3x — 4 = 0 by graphing.

Because the guadratic expression is greater than or equal to 0, the
solution consists of x-values for which the graph of the related function
lies on and abowve the x-axis. Begin by finding the zeros of the related
function.

¥ —3x—4=0 Related equation
x—4jx+1)=0 Facior
¥x=4orx=-—1 Zero Product Propearty

Sketch the graph of a parabola that k] I_: 4
has x-intercepts at —1and 4. 'i LL_.
The graph should open up because o > 0. h Ia “ -
The graph lies abowe and on the x-axis when
x = —1orx = 4 Thus, the solution set s \I I"
[x|x=—lorx =4} or (—oc, —1 U[4, x|

Check
Solve —:xl + x + 1 = 0 by graphing and write the solution set.
| 2 _<xs__2 )

{3 Go Online You can complete an Extra Example online.

ey Think About It!

How could you check
yoaur solution?

&) Talk About It

For a quadratic
inequality of the
formax? + bx + ¢ >0
where a < 0, if tha
related equation has no
real roots, what is the
solution set? Explain
YOUr reasoning.
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@ Example 5 Solve a Quadratic Inequality
Algebraically

GARDEMING Marcus is planning a garden. He has enough soil to
cover 104 square feet, and wants the dimensions of the garden to
be at least 5 feet by 10 feet. If he wants to increase the length and
width by the same number of feet, by what value can he increase
the dimensions of the garden without needing to buy more soil?
Create a quadratic inequality and solve it algebraically.

Step 1 Determine the quadratic inequality.

A=Ffw Area formula
= (& + 10}x + 5) E=x+Mw+5
= x2 + 15x + 50 FOIL and simplify

The area must be less than or equal to 104 square feet,
so x2 + 15x + 50 = 104.

Step 2 Solve the related equation.

x? 4+ 15x + 50 = 104 Related equation
x*+15x —54=0 Subtract 104 from each side.
x+18}x —3)=0 Faclor.

x=—18 or x=3 ZeroProduct Property

Steps 3 and 4 Plot the solutions on a number line and test a value
from each interval.

Use dote because —18 and 3 are solutions of the orlginal inequality.

|
|
—— ——
—22=20 =18 =16 - =12 =10 —8 —& —i} — 2]

H-l—
P R

t
o

P =

Test a value from each interval to see if it satisfies the original ineguality.

Test x = 20, x = 0, and x = 5. The only value that satisfies the original
inequality is x = 0, o the solution set s [—18, 3]. So, Marcus can
increase the length and width up to 3 feet without needing to buy
more soil. The interval —18 < x < 0 is not relevamt because Marcus
does not want to decrease the length and width or leave it as is.

Check

MANUFACTURING An electronics manufacturer can model thelr profits
in dollars P when they sell ¥ video players by using the function

Pix) = —01x* + 75x — 1000. How many video players can they sell so
they make $7500 or less?

The company will make $7500 or less if they make _?__ video players
or fewer andfor _?__ video players or more.

) Go Online You can comgplete an Extra Example online.
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Practice E Go Online You can complete your homewornk onBne.

Examples 1and 2
Graph each inequality.

L. ysx+6x+4 2. y<—x+4x—6 3 y=xi—4

4. ysxl+4 B y<2xl—4x—2 6. —xl+12x—36>y
T y>x+6x+7 B.y>x?—Bx+17 9 y=x'+2x+ 2
10. ¥ = 2x2 + 4x Moy>—2x2—qu+2 12. = —4x+ 4

Examples 3 and 4
Solve each inequality by graphing.

13. 2 —6Bx49=<0 149 2 _4x+32=20 15. 32+ 3x-10>5
16. 32 —x—6<0 17. 2 + Bx + 16 = 0 48. ¥2 — Ix — 24 <0
Example 5

19. FENCING Vanessa has 180 feet of fencing that she intends to use to bulld a
rectangular play area for her dog. She wants the play area to enclose at least
1800 square feet. What are the possible widths of the play area?

20. BUSINESS A bicycle maker sold 300 bicycles last year at a price of $300 each.
The maker wants to increase the profit marain this year, but predicts that
each $20 Increase in price will reduce the number of bicycles sold by 10.
How many $20 price increases can the maker add and still expect to make
a total profit of at least $100,0007

Mixed Exercises

Solve each quadratic ineguality by using a graph, a table, or algebraically.

21. -2 +12x < —15 22 5 +x+3=0 23. < dx? + Ix

24. ¥ —Ax = -7 25 -3 +10x < 5§ 26. —1= —xf — Bx
27.  + 2x+1>0 28. " —3x+2<0 290 + M+ 720
30. x* — 5x > 14 3. —x? —15 < 8x 32, 9x = 12x°

33. 47 + 4x+1>0 34. 52 +10 = 27x 35. 92+ 3x+ 120

36. REASONING Consider the equation ax? + bx + ¢ = 0. Assume that the discriminant is zero
and that o is positive. What are the solutions of the inequality ax? + bx + ¢ = 0?
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Write a quadratic inequality for each graph.

FL[JTTEIr ¥T1 38. 39, [—8, 18
it B (5 U
EEK {12, 47
i H ] 4
- -5 - = [HETF; :
| LI i
| i [j
(0. =&} :
- L
l1l:I [—46, &
P11
A -

40. BASEBALL A baseball player hits a high pop-up with an initial velocity of
32 meters per secand, 1.3 meters above the ground. The height ) of the ball
in meters t seconds after being hit is modeled by hif) = —4.92 + 32t + 13.

a. During what time interval is the ball higher than the camera located in the
press box 43 4 meters above the ground?

b. When is the ball within 2 4 meters of the ground where the catcher can
attempt to catch it?

41. CONSTRUCT ARGUMENTS Are the boundaries of the solution setof x2 + 4x— 12 =0
twice the value of the boundaries of %xz + 2x — B = 07 Explain.

Q Higher-Order Thinking Skills

42. FIND THE ERROR Don and Diego used a graph to solve the quadratic inequality
x2 — 2x — B > 0. Is either of them comect? Explain your reasoning.

Con Tigge

AN, o1t
|

: |

1 ‘;L_

TT \

43. CREATE Write a quadratic inequality for each condition.
a. The solution set is all real numbers,
b. The solution set is the empty set

44, ANAIYZE Determine If the following statement is sometimes, always, or newver
true. Justify your reasoning.

The intersection of y = —ax® + ¢ and y = ax® — c is the emply setL

45. PERSEVERE Graph the intersection of the graphsof y < —x? + dand y = x* — 4.

46. WRITE How are the technigues used when solving guadratic inequalities and
linear inequalities similar? How are they different?
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Lesson 1-8

Solving Linear-Nonlinear Systems

Explore Linear-Quadratic Systems

.} Online Activity Use graphing technology to complete the Explore.

& INQUIRY How many solutions can a linear-
quadratic system of equations have?

Learn Solving Linear-Quadratic Systems

Like solving systems of linear equations, you can solve linear-quadratic
systems by using graphical or algebraic methods. You can also use a
system of eguations to solve a quadratic equation by writing each side
of the equation as a related function.

Example 1 Solve a Linear-Quadratic System by Using

Substitution

Solve the system of equations.
x=2y2+4 3y +1 1
—x+y=-—1 (2)

Step 1 Solve Equation (2) for x.

—x+ y=-1 Equation |2}
—x=—y—1 Subtract ¥ from each side
x=y+1 Divide each side by

Step 2 Subestitute for x in Equation (1. Then solve for y.

x=2 + 3y +1 Equatian {1}
y+1=207 + 3y +1 x=y+1

0=22+ 2y Simplify.

0=2uy+1) Factor out 2y

y=0ory=-—1 Zero Product Property
Step 3 Substitute the y-values and solve for x.
Case 1 Caze 2
¥x=y+1 Equation [2) x=y+1

=0+1ar Substitute for y and simplify. =—1+1ar

The two solutions of the system are (1, 0) and (0, —1).

{3 Go Online You can complete an Extra Example online.

Today’s Goals

= Sohse systems of linear
and quadratic
equations.

= Sohe systems of two
quadratic equations.

Today’s Viocabulary

quadratic relations

{o# Talk About It

A system of linear
equations can have
infinitely marmy
solutions. Can a linsar-
quadratic system have
infinitely many
sohutions? Explain.

Study Tip

Algebra and Graphing
Even when solving a
system algebraically, it
can be useful to graph
the equations ta
ensure that you have
the correct number of
solutions.
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Example 2 Solve a Linear-Quadratic System by Using
Elimination

Solve the system of equations.
=y+5 i)
—xXx+y=7 (2
Step 1 Solve so that the ys are on the same side of each equation.
—x+y=7 Equation [2)
—-x=—-y+7 Subtract y from each side.

Step 2 Add the equations.

w=y+5
(+)—x=—v+7
¥ —x=12
Step 3 Solve for the remaining variable.
Ww—y=12 Sum of Eguations (1) and (2}
¥—x—12=0 Subtract 12 from each side.
x—A}x+ 3 =0 Factor
x=4prx=—3 Zero Product Property

Step 4 Solve for the other variable.

-+ y=T Equation [2) —x+y=7
-4+ y=7 Substitute x. -3 +y=7
¥y=M Simplify y=4

The two solutions of the system are (4, 11) and (—3, 4).

Example 3 Use a System to Solve a Quadratic Equation
Use a system of equations to solve x® — 2x + 6 = d4x + 1.
Step 1 Create a system of equations.

y=x*—2x+6 1
y=4dx +1 2
Step 2 Graph the system. _EH— : f
—30
The functions appear to intersect at 18
(1, 5) and (5, 21), s0 the solutions of v\q—E ;‘i‘{
X —2x+6=4x+1arex=1and - i
x=5 bt o1 '/d
4
2

—4—3—2—1 F i & & Tx

11 1#} | 1

L) Go Online You can complete an Extra Example online.
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Check

Use a system of equations to solve 2x + 1=x2+ x — 1

@ Example 4 Soive a Linear-Quadratic System
by Graphing

PRODUCTION A software developer determines that her company
can model their revenue R from a given product in hundreds of
thousands of dollars given the unit price of the product x in dollars
with the function R = —0.1x? + 4x. Create a linear-quadratic system
and solve it graphically to determine the price for which the
company will earn $4.2 million.

Step 1 Create a linear-quadratic system.
The first equation is the given revenue model R = —01x® + 4x.
The line that represents revenue of $4.2 million is f = 42.
So, the linear-guadratic system is:
R=—-01x2+4x (1)
R=43 =)
Step 2 Graph the system.

K .
gﬁ AT
2w

/

hl__
|
A

5 10 15 20 25 30 35 40
Price (5]

Revenue [$1

o wEBnE N

Step 3 Determine the solutions.

The graphs of the functions do not intersect at any point, so
the system has O solutions.

Check

MOUNTAINS Engineers want to build a footbridge with steps across a
steep valley. They can model the valley with the eguation

¥ = 0.05x2 — 4x + B0, where y Is the height above the lowest point in
the valley in feet and x is the distance from where they plan to start the
bridge. If they start the bridge B0 feet above ground and want it to go
down an inch for every foot to the right, then at what points will the
bridge start and end?

{3 Go Online You can complete an Extra Example online.

Study Tip

R is measured in
hundreds of thousands
of dollars, so the value
of 42 on the y-axis
indicates revenue

£4.2 million.

fgy Think About It!

What does the solution
set of the system mean
in the context of the
situation?

) Go Online

You can walch videos
to see how lo solve
systems of linear and
nonlinear equations
using a graphing
caleulatar
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&g Think About It!

&
lsx=2y—6F +za
function? Explain your
reasoning.

{ Think About It!

How could you check
your solutions?

Learn Solving Quadratic-Quadratic Systems

Equations of parabolas with vertical axes of symmetry have the parent
function y = x* and can be written in the form y = alx — AP + k.
Equations of parabolas with horzontal axes of symmetry are of the
form x = oy — ki* + h and are not functions. These are often referred
o as quadratic relations. The graph of x = y? is the parent graph for
the guadratic relations that have a horizontal axis of symmmetry.

If a system contains two quadratic relations, it may have zero to four
solutions. Just as with linear-quadratic systems, you can solve guadratic-
guadratic systems by using graphical or algebraic methods.

Example 5 Sclve a Quadratic-Quadratic System
Graphically

Solve the system of equations by graphing.
y=x2 i1

... % 2,5 :
x=gly—6F+s (2

Step 1 Graph Equation (1).
Equation (1) has a vertex at (0, 0) and goes through the points
(—2, 4), (-1, 1.(1, 1) and (2, 4).

Step 2 Graph Equation (2).
You can use a table of values to graph Equation (2). Because
the expression on the right is set equal to x, find the value of x
for several values of y.

3 x=§ﬁ—ﬁ;2+§ 3
4 x=24—62+2 .
5 x=iE—62+E =
e | x-ie-er+3 |3
7 x=g0 -6 +3 £
8 x=2@B-6F+2 2
g x==(8-67+% 3

b |

Step 3 Graph and solve the system.

To solve the system, graph both relations on
the same coordinate plane and see where ".l |{ [
they intersect.

The relations intersect at (2. 4) and (3, 9),
=0 those are the solutions of the system.

60 Module 1 Quadratic Funcions



Check

Solve the system of equations.
y=—x"+5x—6
Iy=x"—x—86

— .2y 2., 2)

Example 6 Solve a Quadratic-Quadratic System
Algebraically

Solve the system of equations.
2 —y=4 1)
r=-%ﬂ+ﬁ 2
2 —y=4 Equation {1}
2 — (32 +6)=4 Substitution
EP-E-%:"—.E_——--I Distributive Property
2@ -10=0 Simpiify.
5x2—-20=0 Multiply each side by 2.
x2 —-4———;:: Divide each side by 5.
i+ 2)x—2)=0 Difference of Two Sguares
x=42 Zero Product Property

Substitute —2 and 2 into one of the eriginal equations and solve for y.

Case 1 Case 2
y=—3x2+6 Equation (2) y=-1+6
y=—2(2P+6 Substitute far . y=—2(-27+6

-4 Simplify. =4

The solutions are (2, 4) and (—2 4).

{3 Go Ondine You can complete an Extra Example online.
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Example 7 Use a System to Solve a Quadratic
Equation

Use a system of equations to solve 2x2 — 3x + 8 = 11 — 4x°.,

Step 1 Create a system of aquations.
The related equations of each side of 2x2 — 3x + 8 = 11 — 4x°

dare
y=2x2—3x+8 (1
y="1—4x2 2

Step 2 Graph and solve the system.

Graph the first equation.
E‘Hh'

Then graph the second equation on the same coordinate

plane.
o
2
|
4
SEE UL ERE

The functions appear to intersect at [—% 1{}} and (1, 7).

50 the solutions of 2x2 — 3x + B = 11 — 4x? are —%and'l.

Check
Use a system of equations to solve —x? + 3x + 14 = —%x‘? + 5.
System Solutions: (2, _2 (2 _? )

Equation Solutions: _? 7

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can complete your homeswosk onlineg.

Examples 1and 2
Solve each system of equations by using substitution or elimination.

Ly=x'—-5 2. y=x—2 3. y=x+3
¥y=x—73 y=x2—2 y = 2x2
4. y=3x B y=—2x+2 B y=2—x
=y = 2u y=x*—dx+2
Tx—y+1=0 B y=x—1 9 y=x
y2 = dx y=x2 y=—2x2+ 4
Example 3
Use a system of equations to solve each quadratic equation.
10. x2+3Ix+3=—2x—3 M2 +3x+5=2x+7 12, 2x2 + 4x — 3 =9
13. 4 —6x—3=-3x—2 M 7 —4dx+2=2-2x 15.  —dx +5=2n + 12
Exampie 4

16. CIVIL ENGINEERING For safety, roads are designed to ensure that raimwater runs
off to the sides. Many roads are highest in the center so that a cross section of
the road is a parabola. Suppose the surface of a road can be modeled by
y= _ﬁxz + %whem x i the distance in feet from the center of the road
and y Is the height in feet of the road above the shoulder.

a. How wide ks the road?

b. If the water level during a flash flood is 6 inches above the shoulder, about
how wide is the portion of the road that is not under water?

17. SMALL BUSINESS A small business owner determines that the profit P in dollars
from sales of a specific item can be modeled by P = 2x% + 30x, where x Is the
selling price of the item in dollars.

a. Create a linear-quadratic system to determine the price for which the business
will earn $50,000.

b. Solve the system in part a to determine the price for which the husiness will
eam $50,000. Round to the nearest hundredth, if necessany.

¢. What does the solution set of the system mean in the context of the situation
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Example 5

Solve each system of equations by graphing.

18, y =2 9 y=3 20. y = —2x°
X =y x=yp2 + 2y +1 y = Bx?

. x=(y— 2)? 22. x =22 +1 23. x =l — 12 +1
y=x?+2 y=3k—1° y=gk—1P+1

Example 6

Solve each system of equations algebralcally.

24. 2 —y=8 25 x1—y=4 26. x = -7

27. x =57 28. 2y =2 29. y=x2+3Ix—5
yi=—dx+12 y=x—8 Zy=x2+9x—6

Example 7

Use a system of equations to solve each quadratic equation.

30. 27 +5x+3=2-2x B I -—-x+2=x'+8 32 3 +3x+5=9—4x°

3. 22 +4x+10=x+6 34 4 +2x+7=3"+6 35, By — By —7=3x"—4

Mixed Exercises
Use the related graphs of each system of equations to determine the solutions.

36, y =+ 50— 2 37 y=x+4x—1 38, y=22 —dx+6
y=—d —2x+2 y=—2—8x— 13 y=—3x" —2n+1
v | §] 1) 'qf F__

1

J,_
{
"‘h-.9‘.=

.
o XT ) P
N
]

[ %
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Solve each system of equations by graphing, substitution, or elimination.

3. y=x+9x+ 8
y=Tr+8

dly*:l:

4x=E;}

45 2%t —y =12

y=—x+4
48. y=—x—13
y=x2—5

Bl x—2 =y —2)2
y=x2+5

Ed.x=;—ﬁ
pP=—-8x+6

a0, y=x2 + Tx +12 M y=x+3
y=x+7 y=2"—x—1
43. y = Ix? 44. y = —Bx?
x=)" — 2y +1 y=4a+1
46. x* —y=—4 47 y=x?
y=4x*-2 y=—3x+5
49, y= —x 80. y=3x—4

52. 3x— 1=
y=x"+5x—4

E5. dy + 3 =x?
y=x>—24

B3. x =y + 2)?
y={x+2)

56. y=x'+x+5
y=2x"+3x+2

Use a system of equations to solve each quadratic equation.

57. 2x + x— 1= —10x + 12

BO. 2 +3x+2=x+5

61 3 +dx+1=—x" —2x—1

B3 2xi+ By +E=x—-4

65. 5" —Sx —T7=3n"— 4

67. X +5x+12=—4x—6

6.

3k —Bx—2=—16 —Bx
:F—lx—3=—%x?+%x+%

2 —Bx+d4=—x'+3x—2

Ax? 4+ I +T=32+ 8

Xt Ax+4=x+4

2 —x—B=—-3x—2

89, ROCKETS Two model rockets are launched at the same time from different
heights. The height in meters for one rocket after [ seconds i modeled
by ¥ = —4.9t2 + 48_8t. The height for the other rocket is modeled by

y=—492 + 46 7t + 1.5.

a. After how many seconds are the rockets at the same helght? Round to the

nearest tenth.

b. From what height would the slower rocket have to be launched so that the
rockets land at the same time? Justify your reasoning.
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0. PACKAGING A manufacturer is making two different packages, measured in
inches, as shown in the figure. The manufacturer wants the surface area of the
packages to be the same.

x4+ 2

a. Create a quadratic equation that can be used to find the value of x, when the
surface area of the packages is the same.

b. Solve the quadratic eguation using any method.

e. Find and interpret the solution in the context of the situation.

74. VOLLEYBALL The function h{f) = —16t2 + vi + h, models the height in feet of a
volleyball, where v represents the initial velocity, hy represents the initial height,
and ! represents the time in seconds since the ball was hit. Suppose a player
bumps a volleyball when it is 3 feet from the ground with an initial velocity of
25 feot per second.

a. If the net is approximately 7 feet 4 inches, could the volleyball clear the net? Justify
YOUr reasoning.

b. The player on the other side of the net jumps 1 second after the ball is hit so that
the path of her hands can be described by hf) = — 16t — 12 + 12t — 1) + 7
If the ball clears the net, Is it possible that she blocks the ball? Justify your
reasoning.

c. What assumptions did you make?

72. PERSEVERE Describe three linear-quadratic systems of equations—aone with no
solution, one with 1 solution, and one with 2 solutions.

73. CREATE Write a system of two guadratic equations in which there is one solution.

7. WRITE Describe a real-life situation that can be modeled by a system with a
quadratic function and a linear function.

75. FIND THE ERROR Danny and Carol are solving the system y = x* + 3x — 9 and
—d4x 4 y= 3. Is elther of them correct? Explain your reasoning.

Danny carsl
RPN G Y EFIe— = —dx+3
r—r—g=3 E+Te—12=0
R—x—z=0 == —fAl v = | AL
x+3x—a=0
I=—S0rx=4
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Module 1« Quadratic Functions

Review

{ﬂ Essential Question

What characteristics of quadratic functions are important when analyzing real-world
situations that are modeled by quadratic functions?

Guadratic functions hawve aither a minimum or 8 maximum value. These values are
often solutions when the functions model the path of a projectile or the profit made

by a company.

Module Summary
Lessons 1-1 and 1-2

Graphs of Quadratic Functions

« When the coefficient on the x*-term is positive,
the parabola opens up. When it is negative, the
parabola opens down.

+ The average rate of change for a parabola over

the interval (o, blis — — Eﬂ}.

+ The solutions of an equation in one variable are
the x-intercepts of the graph of a related function.

Lesson 1-3

Complex Mumbers
» The imaginary unit / is the principal square root
of —L Thus.i=+—land F = —1.

» Two complex numbers of the form o + & and
o — bi are called complex conjugates,

Lesson 1-4 through 1-6

Solving Quadratic Equations

+ For any real numbers g and b, if ab = 0. then
either o = 0, b= 0, or both o and b= 0.

+ You can solve a quadratic equation by graphing,
by factoring, by completing the square, or by
using the Quadratic Formula.

+ To solve a guadratic equation of the form
» = n, take the square root of each side.

« The solutions of a quadratic equation of the farm
ax* + bx + ¢ = 0, where o # 0, are given by the

—h ++/BF — dar
formula x = — 3a -

Lesson 1-7

Quadratic Inequalities

= To graph a quadratic inequality, graph the related
function, test a paint not on the parabola and
shade accordingly.

« Forax* +bx+c< 0, graph y =ax* + b + ¢
and identify the x-values for which the graph lies
below the x-axis. For =, include the x-intercepts
in the solution.

«- Forax’+bx +c> 0, graphy =ax’ +bx + ¢
and identify the x-values for which the graph lies

above the x-axis. For =, nclude the x-intercepts
in the sodution.

Lesson 1-8

Systems Involving Quadratic Equations

« You can use the substitution method ar the
elimination mathod to solve a system that
includes a quadratic eqguation.

= If a system contains two quadratic relations, it
may have anywhere fram zero to four solutions.

Study Organizer
([ Foldables

Use your Foldable to review this module. Warking
with a partner can be helpful. Ask for clarification
of concepts as needed.

He w2 B Tl b B B
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Test Practice

A

2.

MULTIPLE CHODICE Which ks the graph of
fix) = —x — 2x + 3? (Lessen 1)

¥ B. L
I
[ | of ! ¥ _I‘FEI 5
BiEEEEL P
& '!jl > B :
! T / i 4 1

OPEM RESPOMSE At a concert, a T-shirt
cannon launches a T-shirt upward. The halght
of the T-shirt in feet a given numbser of
seconds after the launch is shown in the
tabbe.

Height (ft)
74

1

2 16
3 126
4

5

104
50

Find and interpret the average rate of change
in the helght between 1and 3 seconds after
launch. (Lesson 1-9)

. DPEM RESPOMSE Use a quadratic equation to

find two real numbers with a sum of 31 and a
product of 210. {Lesson 1-2)

6B Module 1 Review « Quadratic Functions

4. MULTI-SELECT Thearaph of fix] =x* —x — 6
is shown.

Find the solutions of ¥ — x — 6 = 0. Select
all that apply. (Lessan 1-2)

A —B
B. —3
c. —2
D 2
E 3
F 6

5. MULTIPLE CHOICE Simplify +—9 « +/—49.

fLesson 1-3)
A 2
B. 2u
C. =3
R |

6. OPEN RESPONSE Every complex number
can be written in the form a + bl For the
complex number 8 — 4, identify the values
of o and b. (Lesson 1-3)



7. OPEM RESPONSE Solve 4x* — 64 = Bx — 4 by

factoring. (Lesson -4

. MULTIPLE CHOICE A rectangular lawn has
a width of 30 feet and a length of 45 feel.
A diagram of the lawn Is shown.

A5 1t Xt

A landecape designer wants to increase the
length and width of the lawn by the same
amount so that the total area will be

2200 square feet. By how many feet
should the designer increase the length
and width of the lawn? (Lesson 1-4)

A 10 feet
B. 19feet
C. 28 feet
D. 29 feet

. MULTIPLE CHOICE Solve x* + 24x + 150 =0
by completing the square. (Lesson 1-5)

A12+46

B.12 + W6
C.—12+ 46
D.—12 + B

10. OPEN RESPONSE Use the square rool

property to solve x* — 16 = 0. |Lesson +5)

. MULTISELECT Use the Sguare Root Property

to find the solutions of x* + 10x + 25 = B1.
Select all that apply. (Lesson 1-5)

AL —14
B..—9
C. —4
D

E.

F. 14

OPEN RESPOMSE The height of a firework
shell, in meters, { seconds after launch can
be modeled by the function ) = —4.9F + B0t
To the nearest tenth of a second, how many
seconds does it take Lo first reach a height
of 300 meters? Explain your reasoning.
{Leszan 6]
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13.

14.

15.

70

MULTIPLE CHOICE Solve dx? —6x — 5 =0
by using the Quadratic Formula. [Lesson +58)
& 3 t;"ﬁ

-3 + /75
B. —%
3£

Fl
=3 + +ffi
q

2 0

MULTIPLE CHOICE The graph of
¥ =x"—d4x + 3 s shown. Select the values
for which 2® — 4x + 3 = 0. [Leason 1-7)

g
ui
SN TE

¥x=1x=3
¥x=1x>3

x>l x<3

O N P P

¥X=1ix>3

OPEN ENDED Caleb wants to add an
L-shaped deck along two sides of his
garden. The garden is a rectangle 15 feet
wide and 20 feet long. The deck width will
be the same on both sides and the total
area of the garden and deck cannot exceed
500 sqguare feet. How wide can the deck
be? [Lesson 1-7)

Module 1 Review - Quadratic Functons

16.

17

18.

MULTI-SELECT Solve the system of
equations. Which ordered pair is part of the
solution set? Select all that apply. [Lesson +-8)

F+3=x
=x'—5
A (-2,
B (—2,1)
C. (-1, -4)
0. (—-1,1)
E.(I.—4)
F. (1.4)
G (2,1
H.

2, —4)

OPEN RESPOMSE What are the solutions of
thie system of equations? (Lesson 1-8)
y={x—4y—3
=x—1

MULTI-SELECT What is the solution to the
system of equations? Select all that apply.
(Lesson 1-8)

M y=ox—2x—1
) y=x+3

B. (—-3,0)
C. [-1.2)
D. {1,0)
E (1.4)
F. (4,7)



Module 2
Polynomials and Polynomial Functions

€ Essential Question
How does an understanding of polynomi ind polynomial functions help us
understand and interpret real-world events?

What Will You Learn?
How much do yvou already know about each topic before starting this module?

KEY Before | After

Il

F —ldom'tknow. % — I've heard of it. & — I know it o = e J- LY | @ }_:

graph power functions |

graph polynomial functions

use the Iocation principle to find zeros of a function

identify extrema of graphs of functions |

add and subtract polynomiaks |

multiply polynomials i
divide polynomials using long division

divide paiynmmads. usmg synthetic division

expand powers of Binomials I |

1]I| Foldables Make this Foldable to help you erganize your notes about polynomials and
polynomial functions. Beqgin with one sheet of E%hby-id—m::h paper.

1. Fold a 2-inch tab along the bottom of a long side.

2. Fold along the width into thirds.

3. Staple the outer edges of the tab.

4, Label the tabs Polynomiols, Polynomial Functions, and Polynomial Graphs.

II|IIII||| > |||||| ||II|I|IIIIII
| ! e —— "
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What Vocabulary Will You Learn?

« binomial » monomial function « guintic function

+ chosed « Pascal's triangle « standard form of &
+ degree « polynomial in one variable palynomial

« degree of a polynamial « polynomial functicn » synithetic division
+ FOIL method » power function + trinamial

+ leading coefficient + guartic function

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

Example 1
Rewrite 2xy — 3 — 7 as a sum.

Original expresssan

2y —A=—x
=2xy +(=3) + (-2

Rewribe using additian

Rewrite each difference as a sum.
1 -6-13

2. 5—3y

3. 5mr— Tmp

4. 3y — 14°

Example 2
Uise the Distributive Property to rewrite —3[a + b — c). |

—3jo+ b —c) Original expression
= —3Ha) + (—3)b) + [—3)[—c) Distribiuthve Property
=—=3o0—3b+ 3Ic Sirmplify.

Use the Distributive Property to rewrite

each expression without parentheses.
5. —4{a + 5)

6. —¥36° + 2b —1)

7. —2{2m —5)

8. —3(3z + 5)

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 2-1

Polynomial Functions

Explore Power Functions

{:! Online Activity Use graphing technology to complete the Explore.

| @ INQUIRY How do the coefficient and degree
of a function of the form fix) = ax” affect its
end behavior?

Learn Graphing Power Functions

A power function is any function of the form Ax) = ax™ where o

and n are nonzero real numbers. For a power function, a is the leading
coefficient and n is the degree, which is the value of the exponent. &
power function with positive integer n is called a monomial function.

Key Concept - End Behavior of a Monomial Function

Degree: even
Leading Coefficient: positive
End Behavior:
Ag x — —o0 fix) — o0,
AL x — oo fix) — o0
Fi
y=qx!

Domain: all real numbers
Range: all real numbers = 0

Degree: even
Leading Coefficient: negative
End Bahavior:

As x — —a0, flx) — —a.

As x — o0, fix) — —o0,
¥

y=—=

Domain: all real numbers
Range: all real numbers =< 0

Degree: odd
Leading Coefficient positive
End Behavior:
A x — —o0 f{x) — —o0.
A x — oo flx) — 0o,
¥

Domain: all real numbers
Range: all real numbers

Degree: odd

Leading Coefficient: negative
End Behavior:

As x — —oo fix) — oo,

A x — o0, fx) — —o,

¥

Damain: all real numbers
Range: all real numbers

Today’s Goals
» Graph and analyze
power functions.

= Graph and analyze
polynomial funciions.

Today's Vocabulary
power function

leading coefficient
deqgree
monamial function

polynomial in ane
variable

standard form of a
pok/momial

dagree of a polynomial

polynamial function

quartic function

quintic function

3 Talk About Iti
I= fix) = % a power
function? a monomial
function? Explain your
reasoning.
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) Go Online
You can watch a video
to see how to graph

power funclions on a
Ti-84.

¢ Think About It!

Interpret the domain
and range given the

context of the situation.

Eey Concept « Zeros of Even and Odd Degree Monomial Functions

Odd-degree functions will always have at least one real zero. Even-degree
functions may have any number of real zeros or no real zeros at all.

Example 1 End Behavior and Degree of a
Monomial Function

Describe the end behavior of fix) = —2x> using the leading
coefficient and degree, and state the domain and range.
The leading coefficient of fix) is —2, which is negative.

The degree is 3, which is odd.

Because the leading coefficient i= negative and the degree is odd,
as x — —oo, fix}] — oo and as x — o0, fix) — —oo.

Because this is a monomial function, the domain is all real numbers.
Because the leading coefficient is negative and the degree is odd,
the range is all real numbers.

Check

Describe the end behavior, domain, and range of fx) = —10x®.

end behavior: As x — —o0, fix) — _2__andasx — oo, fix) — T
? ?

domain: : range:

@ Example 2 Graph a Power Function by Using a Table

PRESSURE For water to flow through a garden hoze at a certain rate
in gallons per minute (gpm), it needs to have a specific pressure in
pounds per square inch (psi). Through testing and measurement,

a company that produces garden hoses determines that the pressure
P given the flow rate F is defined by P{F) = -g—FE Graph the function
P(F), and state the domain and range.

Steps 1and 2 Find o and n. Then state the demain and range.
For P{F) = %FJ. 0= % and n= 2.

The domain is all real numbers. Because o is positive and n Is even,
the range is all real numbers = 0.

Steps 3-5 Create a table of values and graph the ordered pairs.

F 2P PLF) i ﬁt )
2 32 5 5 - 1
3 7 : L1 |
0 302 0 i )
1 %{131 1.5 et — =
5 %ﬁﬂf 8 Flow Rale [gpm)

L) Go Online You can complete an Extra Example online.
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Explore Polynomial Functions

{:; Online Activity Use graphing technology to complete the Explore.

& INQUIRY How is the degree of a function

related to the number of times its graph
intersects the x-axis?

Learn Graphing Polynomial Functions

A polynomial in one variable is an expression of the form a x" +
a,_x" -1+ o +ax+a,wherea, #0a,_, a,anda,are
real numbers, and n s a nonnegative integer. Because the terms
are written in order from greatest to least dearee, this polynomial is
written in standard form. The degree of a polynomial is n and the
leading coefficient is a,,.

A pohynmomial function 5 a continuous function that can be described
by a polynomial equation in one variable. You have learmed about
constant, linear, quadratic, and cubic functions. A quartic function iz a
fourth-degree function. A quintic function is a fifth-degree function.
The degree tells you the maximum number of times that the graph of a
polynomial function intersects the x-axis.

Example 3 Degrees and Leading Coefficients

State the degree and leading coefficient of each poalynomial in one
variable. If it is not a polynomial in one variable, explain why.

a. 2wt — 3x? — 4x? — By + Bo
b. 7x° — 2
€. df — 2y + By?

degree: 4 |eading coefficient: 2
degree: 3 leading coefficient: 7

This is not a palynomial in one
variable. There are two vanables,
xand y.

d. x® +12x* — 3 + 2% + B + 4 degree: 5 leading coefficient: 1

Check
Select the degree and leading coefficient of 11x® + 5x2 — 7x — 2,

A. degree: 3, leading coefficient: 11
B. degree: 11, leading coefficient: 3

C. This s not a polynomial in one variable. There are two variables, x
and y.

D. This i= not a polynomial in one variable. The term % has the variable
with an exponent less than 0.

13 Go Online You can complete an Extra Example online.
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{:} Go Online
You can leam how to

graph a polynomial
function by watching
the video online.

f Think About It

If a polynomial function

has a leading
coefficient of 4, can
you determine its end
behavior? Explain your
reasaning.

t# Think About It
Jamison says the
leading coefficient of
dx2 — 3+ B — xis 4
Do you agree or
disagree? Justify vour
reasoning.

Watch Out!
Leading Coefficients
If the term with the

greatest degree has na

coefficient shown, asin
part d, the leading
coefficient is 1.



{o# Think About It!

What values of x make
zense in the context of
the situation? Justify
YOUF réasoning.

Study Tip

Axes Labels Motice that
the x-axis is measuring
the percent of the
radius, not the actual
length of the radius.

Example 4 Evaluate and Graph a Polynomial Function

SUN The density of the Sun, in grams per centimeter cubed,
expressed as a percent of the distance from the core of the Sun to
its surface can be modeled by the function fix) = 519x* — 1630x" +
1844x2 — B889x + 155, where x represents the percent as a decimal.
At the core X = 0, and at the surface x = 1.

Part A Evaluate the function.

Find the core density of the Sun at a radius 80% of the way to the
surface.

Because we need to find the core density at a radius 60% of the way
to the surface, x = 0.6, S0, replace x with 0.6 and simplify.

flx) = 519x* — 1630x° + 1844x° — 8B9x + 155
= B190.6)* — 1630{0.8)° + 1844({0.6)% — 889(0.6) + 165
= 672624 — 352.08 + 66384 — 5334 + 155
= 06224 —
M
Part B Graph the function.
Sketch a graph of the function.

Substitute values of x to create a table of values. Then plot the points,
and connect them with a smooth curve.

01 82.9619 = a0
0.2 387504 :E .
0.3 144539 = ;
0.4 3 4064 g
[ LY
05 01875 Q # X
07 17819 B B3 :‘E 16 08 ¥
0.8 19824 Percentage of Radius
0.9 07859
Check

CARDIOLOGY To help predict heart attacks, doctors can inject a
concentration of dye in a vein near the heart to measure the cardiac
output in patients. In a normal heart, the change in the concentration
of dye can be modeled by fix) = —0.006x* + 0140 — 0.053x° +
1.79x, where x = the time in seconds.

Part A Find the concentration of dye after 5 secands.
A5 =_7

{5} Go Online You can complete an Extra Example online.
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Part B Select the graph of the concentration of dye over 10 seconds.

A. ¥ B. = (¥
§. . &,
- k-
§= 5
-
® a 5,
V
Em S é, 4
':'-:.z 4 & B =x ""2 4 & 8B X
Seconds Seconds

Seconds
E &8 B B
=
-t
™~
I"h.
Seconds

:
S
i

study Tip

feros The real zeros
ocour at values of x
where fix) = 0, ar

Example 5 Zeros of a Polynomial Function whans the pelyromis]
Use the graph to state the number of real KL BICENRILE Wig cAs.
zeros of the function. B Recall that odd-degree
palynomial functions
The real zeros occur at x = —2. 1, and 4. so0 I? have at least one real
there are three real zeros. EEE n”i s Ex zero and even-degree
_1i_ polynomial functions
B have any number of
H ai— real zeros. So, the
minimum number of
[ times that an odd-
Check e iy sl
Use the graph to state the number of real zeros of the function. intersects the x-axis is 1,
T y and the minimum
numbser of times that
s an even-degree
——[ &0 polynomial intersects
] ;';‘I“ 11 the x-axis is 0.
- AT
it ‘ia’*“-

The function has _? __ real zerols).

1.3 Go Online You can complete an Extra Example online.
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{ Think About It!
Find the domain and
range of fx). Does gix)
have the same domain
and range? Explain.

Study Tip

Zeros The zeros of a
polynomial function ara
the x-coordinates of
the points at which the
graph intersects tha
E-AXIS.

Example 6 Compare Polynomial Functions

Examine f{x) = x¥ + 2x2 — 3x and g(x) 1] ¥ [
shown in the graph. 1.-I
Part A Graph f{x). i

Substitute values for x to create a table of
values. Then plot the points, and connect them

with a smooth curve. p |
e | o | e
3 | o )
3 G 8 ¥l 4 |
| 4 'E M=)
o | o {
=f-I—-o ¥l 3
1 0 = ! =1| =
2 | 1 .
3 | 36 |

Part B Analyze the extrema.
Which function has the greater relative maximum?

fix) has a relative maximum at approaximately v = 6, and gix) has a
refative maximum between v = 2 and v = 3. So, f{x) has the greater
relative maximum.

Part C Analyze the key features.
Compare the reros, x- and p-intercepts, and end behavior of fx) and gix).
ZTeros:

fixy: —3, 0.1
gix): The graph appears to intersect the x-axis at —1, —05,1, 2

intercepts:

fix): x-intercepts: —3, O, 1; y-imercept: O

aixj: x-intercepts: —1, —0.5, 1, 2: yintercept: 2

end behavior:

flx): As x — —oo, fix) — —oo_ and as x — oo, fx) — oo,
olx): As x — —oo, gix) — o0, and as x — oo, g{x) — 0o

Pause and Reflect
Did you struggle with amything in this lesson? If so, how did you deal with i?

{5} Go Online You can complete an Extra Examgle online.
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E Go Online ¥ou can complete your homewornk onBne.

Practice

Example 1
Describe the end behavior of each function using the leading coefficient and degree, and state

the domain and range.

1. fix)=3x4 2. fix) = —2:°
3 — l 5 _3

. Mx) = —5x 4. fix) = 3x5
Example 2

5. USE A MODEL The shape of a parabolic reflector inside a flashlight can be modeled by the
function x) = %x:. Graph the function fx), and state the domain and range.

6. MACHINE EFFICIENCY A company uses the function fix) = x® + 3x2 — 18x — 40 to
model the change in efficiency of a machine based on its position x. Graph tha
function and state the domain and range.

Examipie 3
State the degree and leading coefficient of each polynomial in one variable. If it is not a
polynomial in one variable, explain why.

7.n+8 8. (2x — {42 + 3)

9 -5 +3x -8 10. 1B — 3y + 52 — 7 + 7P
M o+ a2+ P 12.."J~_r—.r2+rlJ

Exampie 4

13. TRIAMGLES Dwilan drew n dots on a piece of paper making sure
that no set of 3 points were collinear. The number of triangles that

can be made using the dots as vertices is equal 1o
fin) = g(n® — 3n2 + 2n), when n = 0.

a. If Dylan drew 15 dots, how many triangles can be made?

b. Sketch a graph of the function. .
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14. DRILLING The volume of a drill bit can be estimated by the formula for a cone, V = %ﬂhrz, where
h is the height of the bit and ris its radius. Substituting %r for b, the volume of the drill bit can
be estimated by V' = %@_

a. What Is the volume of a drill bit with a radius of 3 centimeters?

b. Sketch a graph of the function.

Example 5

Use the graph to state the number of real zeros of the function.

15. 16. 17

¥ ¥ ¥
al” x T / \ t / x
18. 19. 20.
¥
¥ ¥

UI\_}’ * U' n-\];

Example 6
21. Examine fix) = x® — 2x? — 4x + 1and g{x) shown in the graph. ] ¥

a. Which function has the greater relative maximum?

b. Compare the zeros, x- and y-intercepts, and end behavior of fix) -~
and gx). |

!l— i
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22. Examine the graph of fx) and g{x) shown in the table.

¥ -5 =3 0 15 3
‘ﬂ/ Y 75 0 -9 —15 0

Enh |
[ L !

a. Which function has the greater relative maximum?

b. Compare the zeros, x- and y-intercepts, and end behavior of fix) and gix).

Mixed Exercises

Describe the end behavior, state the degree and leading coefficient of each polynomial. If the
function is not a polynomial, explain why.

23. fix) = —5x* + 3x? 24. gix) = 2x5 + 6x?
25. g(x) = 8x? + 5x° 26. hix) = 9x® — 5’ + 3x?
27. fx) =—6a® — 4" + 13x 72 28. fix) = (5 — 2:){4 + 3x)
29. hix) = (x + 53« — 4) 30. ghd =37 — 4t + 3
3. REASONING Describe the end behavior, and the possible h‘ ¥
degree and sign of the leading coefficient of the graph
shown.
] T,
9
o A\

P
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J2. CONSTRUCT ARGUMENTS Explain why a polynomial function with an odd degree
must hawve at least one real zero.

33. STRUCTURE If fix) = ax® — hx? + x, determine i1 — x). Express the result in
standard form. How does the end behavior of 1 — x) compare to fix]?

34. COMPARING Compare the end behavior of the functions g{x) = —3x* + 15x7 —
12x2 + 3x + 20 and hix) = —3»* — 16x — 1. Explain your reasoning.

35. USE A MODEL A box has a square baze with sides of 10 centimeters and a height
of 4 centimeters. For a new box, the height is increased by twice a numbeer x and
the lengths of the sides of the base are decreased by x. Write and graph a
function to represent the volume of the new box. What new dimensions will
produce a box with the greatest volume? Describe your solution process.

Q Higher-Order Thinking Skills

36. FIND THE ERROR Shenequa and Virginia are determining the number of real
zeros of the graph. Is either of them correct? Explain your reasoning.

¥
Shenequa Virginia
There ore 7 resd 2eros becatise the Theve ave § real peves becauge
graph intersects the k-axis 7 fimes. Fhe graph interiecks Hhe x-axit )
T Hames, oo Hheve i a double
Lewg,
37. aNALYZE Compare the functions gi(x) and fix). Determine which function has the
potential for more 2eros and the degree of each function.
P — 24| —18 | 12| -6 i ] G 12 12 24
g =x*+— B +x+4 o 8| 1| 3|-2|]4)|7|1]|-=8]|S5

38. PERSEVERE If fix) has a degree of 5 and a positive leading coefficlent and gix)
has a degree of 3 and a positive leading coefficient, determine the end behavior

flx)
of F Explain your reazoning.

39. CREATE Sketch the graph of an even-degree polynomial with 7 real zeros,
ane of which iz a double zero, and the leading coefficient i& negative.
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Lesson 2-2

Analyzing Graphs of Polynomial Functions

Today’s Goals
Learn The Location Principle e ApgRLaTEE Scuis Iy
graphing potynomial
If the value of a polynomial function fx) changes signs from one value functicns.
of x to the next, then there is a zero between those two x-values. This + Find extrema of
is called the Location Principle. polynomial functhons.
Key Concept - Location Principle
Suppose ¥ = f[x) represents a polynomial izl
function, and o and b are two real
numbers such that fia) < 0 and flb) = O Il
Then the function has at least one real /_\ QThink Absout TH
zero between o and b. \i/ K x Kot all real 2eros can
be found by using the
Location Principle.
Provide an exampla
where fig) > 0 and
Example 1 Locate Zeros of a Function fb) > 0, but there is &
Determine the consecutive integer values of ¥ between which each :i'; bfh;*"'x =
real zero of fix) = x* — 2x® — x? + 1is located. Then draw the graph. i
Step 1 Make a table.
Because Rx) is a fourth-degree polynomial, it will have as many as 4
real zeros or none at all_
—2 —1 o 1 2 3 4
29 3 1 —1 = i) 13
Using the Location Principle, there are zeros AEE) { Think About It!
between x = 0 and x = 1 and between x = 2 How can you adjust the
and x = 3. tabile on your graphing
calculator to give a
Step 2 Sketch the graph. L more precise intenal for
]
Lise the table to sketch the graph and find the \J A Miplties b each Ben
locations of the zeros. I

Check

Uze technology to check the location of the zeros.

Input the function into a graphing calculator te confirm that the
function crosses the x-axis between x = 0 and ¥ = 1 and between
¥x=2andx=3

You can find more accurate values of the zeros by using the zero
feature in the CALC menu to find x = 07213 and x = 23486, which
confirms the estimates.

'm Ea Ondine You can 1:|:|1T1|:|||E'1.-E an Extra E:ample odaline.
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Study Tip

Turning Points Relative
maxima and relative
minima of a function
are sometimes called
turning points.

Study Tip

Extrema When
graphing with a
caloulator, keep in mind
that a polynomial of
degree n has at most

n — 1 extrema. This will
help you to determine
whether your viewing
window is allowing you
to see all of the
extrema of the graph.

Check

Determine the consecutive integer
values of x between which each real zero of
fix) = 2x* + x% — 3x? — 2 = located. Then

draw the graph.
x=_7 andx=_72
x=_7 andx=_2_

Learn Extrema of Polynomials

Extrema occur at relative maxima or minima of fixh
the function.

Point 4 k& a relative minimum, and point B k= a

extrema. The graph of a polynomial of degree n
has at most n — 1 extrema.

relative maximum. Boath points A and B are ol \.

Example 2 |dentify Extrema

Use a table to graph fix) = x® + x* — Sx — 2. Estimate the
x-coordinates at which the relative maxima and relative

minima occur.

Step 1 Make a table of values and graph the function.

-

0
- pr
2 0 ARERs
3 19

Step 2 Estimate the locations of the extrema.

The value of fix) at ¥ = —2 s greater than the surrounding points

indicating a maximum near x = —2.

The value of fx) at ¥ = 1 s less than the surrounding points indicating

a minimum nearx = 1.

You can use a graphing calculator to find the extrema of a function and

confirm your estimates,

L) Go Online You can complete an Extra Example online.
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Check

Copy and complete the table for fix) = —x* —x* + 5x2 + x — 3to
estimate the x-coordinates at which the relathve maxima and relative
inima ocour.

The relative maxima occurnearx = ¢ andx=_ 7

The relative minimum occurs nearx = _ ¢ __

@ Example 3 Analyze a Polynomial Function

PILOTS The total number of certified pllots in the United States is
approximated by f{x) = 0.0000903x* — 0.0166x" + 0.762x? +
6.317x + 7.708, where x is the number of years after 1930 and fix) is
the number of pilots in thousands. Graph the function and describe
its key features over the relevant domain.

Step 1 Graph the function.
Make a table of values. Plot the points and connect them with a
smooth curve.

1200
900
B BOO
o 7708 § e 9
10 131.381 600 X NLLA
20 320,496 iﬂ: /
30 507961 ﬁ b /l(
a0 648 356 & 200 [
50 717933 ol V
60 714616 0" yoz203040 5060708090
0 658,001 Years Since 1930
80 589356
90 571621

Step 2 Describe the key features.
Domain and Range

The domain and range of the function is all real numbers. Because
the function models years after 1930, the relevant domain and range
are [x | x = 0} and (fix) | flx) = 7T708).

[continuved on the next page)

{3 Go Online

You can learn how to
graph and analyze a
polynomial function on
a graphing calculator
by watching the video
online.

t# Think About It!
What trends in the
number of pilots does
the graph suggest?
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&) Talk About It!
It is reasonable that the
trend will continue

indefinitely? Explain.

Study Tip
Assumptions
Determining the end
behavior for the graph
of a polynomial that
models data assumes
that the trend
continues and thase
are no other relative
maxima or minima.

Extrema

There s a relative maximum betweean 1980 and 1990 and a relative
minimum betwean 2000 and 2020 in the relevant domaln.

End Behavior
As x — oo, flx) — oo,

Intercepts
In the relevant domain, the y-intercept is at (0, 7708L There is no

x-intercept, or zero, because the function begins at a value greater
than 0 and as x — oo, R} — oo,

Symmetry The graph of the function does not have symmetry.

Check

COINS The number of quarters produced by the United
States Mint can be approximated by the function

flx) = 16.4x3 — 149.5x2 — 148.9x + 32154, where x is
the number of years since 2005 and fx) is the total
number of quarters produced in millions. Use the graph
of the function to complete the table and describe its
key features.

Part A Copy and complete the table.

fix), Quarters {millions)

Part B Describe the key features.

] 2
The relevant domain is i "

The relevant range is _ i o 2

There is a relative minimum between ? and ’
The y-intercept is i

The graph of the function T have symmetry.

?

Itis to assume that the trend will continue indefinitely.

L) Go Online You can complete an Extra Example online.
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 Example 4 Use a Polynomial Function and
Technology to Model

BACKPACKS The table Sales

Sales

::IWEI '-'--‘;ht““::“ {million $) (million $)
es in millions
dollars, according to the 2000 M40 2008 1246
Travel Goods 20 1144 2009 1235
Association. Make a 20032 "3 2010 1419
scatter plot and a curve 2003 134 20m 1773
of best fit to show the 2004 164 2012 1930
trend over time. Then 2006 | ns0 2013 2285
determine the backpack 5006 1364 2014 3779
sales in 2015.
2007 1436

Step 1 Enter the data.

Let the year 2000 be represented by 0. Enter the years since 2000 in
List 1. Enter the backpack sales in List 2.

Step 2 Graph the scatter plot.

Choose the scatter plot feature in the STAT
PLOT menu. Use List 1 for the Xlist and List
2 for the Yiist. Change the viewing window
o that all the data are visible.

10, 20 =d: 2, 0, SD04] 53 403

Step 3 Determine the polynomial function

of best fit.
To determine the model that best fits the
data, perform linear, quadratic, cubic, and ':“'"a"t i .m E
quartic regressions, and compare the = _Eﬁgim
coeficients of determination, r2. The -:"3 Eni"rg_?%ggm
pohmnomial with a coefficient of determination 4.-:-—1 T 912195

closest to 1 will fit the data best,
A quartic function fits the data best.

The regression equation with coefficients rounded to the nearest
tenths is:

y=02¢"— 39 + 26.4x7 — 43.6x + N399.

Step 4 Graph and evaluate the regression
function. Vi AP N ) B

Assuming that the trend continues, the
graph of the function can be used to predict
backpack sales for a specific year. To

determine the total sales in 2015, find tha
value of the function for x = 15,

it YEIERIERLY

0, 30 et 2, [0, 4000] sd: 400
In 2015, there were about $3.523 billion in backpack sales.

Lesson 2-2 - Analyzing Graphs of Polynomial Functhons

Math History
Minute

By the age of 20,
Italian mathematician
Maria Gaetana Agnesi
(TA8-1799) had started
waorking on her book
Analtical Institutions,
which was published in
1748. Early chaplers
included problems an
meExima, minima, and
turning points. Also
described was a cubic
curve called the “wibch
of Agnesi” which was
transkated incomectly
from the ariginal alian.

\o# Think About It!
Explain the
approximation that is
made when using the
madeal to determine the
backpatk sales in a
specific year.




Study Tip

g-force One G is the
acceleration due to
gravity at the Earth's
surface. Defined

as 9.BDEES meters per
second squared, this is
the g-force you
experience when you
stand still on Earth. On
a roller coaster, you
experience 0 Gs and
feal weightless at the
top of the hills, and you
can experience a
g-larce of & Gs or more
as you are pushed into
your seat at the bottom
of the hills.

4y Think About It!

Does the average rate
of change from 0 to
200 seconds accurately
describe the
acceleration of the
launch? Justify your
reasaning.

Check

TREES To estimate the amount of lumber that can be harvested from a
tree, foresters maasure the diameter of sach tree. Determine the
polnomial function of best fit, where x represents the diameter of a
tree in inches and y ks the estimated volume measured in board feet.
Then estimate the volume of a tree with a diameter of 35 inches.

Diam {in.) 9 |20 |23 |25 | 28| 32 | 38 | 39 | N

Vol (100s
of board ft)

25 | 32 | 57 | A | M3 | 123 | 252 | 289 | 294

Polynomial function of best fit:
= ? A+ 7 A T Py P k7

The estimated volume of a 36-inch diameter tree 1o the nearest board
footls 7  of100s board f

& Example 5 Find Average Rate of Change

ROCEETS The Ares-V rocket was designed to carry as much as

75 tons of supplies and 4 astronauts to the Moon and possibly even
to Mars. The table shows the expected g-force on the rocket over
the course of its 200-second launch.

Time | Acceleration Acceleration
8| (Gs) | (Gs)
o 124 120 146
20 126 140 193
40 1152 160 247
B0 10 180 284
BO 1 200 22
100 115

Part A Find the average rate of change.

Sketch the graph, and estimate the
average rate of change of the acceleration.
Then check your results algebraically.

Estimate: From the graph, the change in
the p-wvalues is about 0.9, and the change
in the x-values is 200. So, the rate of
change is about % or L0045,

Check algebraically:

|

s

b

Acceleration (G)

074 By 120 180 X
Time |5}
The average rate of change Is
A200) = R0} _ 22 =134
se0—0 — soo—0 O 0.0043,
Part B Interpraet the results.

From 0 to 200 seconds, the average rate of change in acceleration was
an increase of 0.0043 Gs per second.
E Go Online You can complete an Extra Example online.
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Practice m Go Onlne You can Compéate youl hoamewods online.

Example 1

Determine the consecutive integer values of x between which each real zero of each function is
lacated by using a table. Then sketch the graph.

1 fx)=x+3x—1 2. fix)=—x"+2x2— 4
3. f=x+4x" —5x+5 4 fiy=—x'—x+4
Example 2

Use a table to graph each function. Then estimate the x-coordinates at which relative maxima and
relative minima occur.

5. fix) = —2x* + 12x* — Bx 6. fix) = 2% —dx? — 3x + 4
T Q=0+ 2x—1 B. fix) = x% + Bx2 —12
Exampie 3

9. BUSINESS A banker models the expected value v of a company in millions of dollars by using
the formula v = n? — 3n?, where n is the number of years in business. Graph the function and
describe its key features over the relevant domain.

10. HEIGHT A plant's height is modeled by the function fix) = 1.5x® — 20x? + 85x — 84, where x Is
the number of weeks since the seed was planted and fix) is the height of the plant. Graph the
function and describe its key features over its relevant domain.

Example 4

1. USE ESTIMATION The table shows LS. car sales in milllons of cars. Use a graphing calculator to
make a scatter plot and a curve of best fit to show the trend over time. Then use the equation to
estimate the car sales in 2017, Let 2008 be represented by year 0. Round the coefficients of the
regression equation to the thousandths place.

Cars Cars Cars
{millions]) imillions) {milliomns]
2008 1659 20M B.769 2004 6.089
2009 el 22 5.400 2005 7243
200 1662 23 5635 2016 FTE0
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12. POPULATION The table shows the population in Cincinnati, Ohio, since 1960. Make a scatter plot
and a curve of best fit to show the trend over the given time period. Then use the equation to
estimate the population of Cincinnatl in 2020,

Year Population Year | Population
1560 502,550 1930 364,553
1570 452 524 2000 331258
1980 386 457 2010 2586943

13. VOLUNTEERS The table shows average volunteer hours per month for a local non-profit. Make a
gscatter piot and a curve of best fit to show the trend over the given time perlod. Then use the
equation to estimate the volunteer hours for September. Let January be represented by month 1,

Month Volunteer Hours Volumteer Hours
Jan. 48 May 100
Feb. 60 June 10
Mar. T2 July 105
Api. 5 Aug. 93
Example 5

14. FARMS The table shows the number of farms in the U.S. at various years, according to the USDA
Census of Agriculture. Find the average rate of change from 1982 to 2012 Interpret the results in
the context of the situation.

Year Farms Year Farms
1982 2,480,000 2002 2130,000
1987 2,340,000 2007 2200000
1992 2180000 2012 210,000
1557 2,220,000

15. SALARY The table shows the annual salary of a salesperson over time. Find the average rate of
change over the given time interval. Interpret the results in context of thie situation.

Year Salary Year Salary

2002 $45 000 2015 55 500
2013 549,000 2015 £73.000
2014 $47500 207 $67.500

90 Module 2 - Polynomiats and Polynomial Functions



Mixed Exercises

Graph each function by using a table of values. Then, estimate the x-coordinates at
which each zero and relative extrema occur, and state the domain and range.

16. fx) =x"—3x +1 17. i =23 + 9x? +12x + 2
18. fix)=2x"— 32 + 2 19 fix)=x*—2x2 -2

x2 fx< —4
20, Determine the key features fory =45 IfF—4<x=0

3 ifx =0

USE TOOLS Use a graphing calculator to estimate the x-coordinates at which the maxima and
minima of each function oocur. Round to the nearest hundredth.

M. x)=x3+32—6x—6 22 fix)=—2x3 4+ 4x2 —Bx + 8
23. ) =—2"+57 -4 +3x—7 24. fixl=x"—4x*+3x' —Bx— 6

25. PRECISION Sketch the graph of a third-degree polynomial function that has a relative minimum
at x = —3, passes through the origin, and has a relative maximum at x = 2. Describe the end
behavior of the graph. Based on the sketch, determine whether the leading coefficient is
negative or positive.

26. USETOOLS A canister has the shape of a cylinder with spherical
caps on either end. The volume of the canister in cubic millimeters
is modeled by the function Wx) = mbx® + 3x%) + %m:?‘ where

x represents the radius in millimeters of a canister that is I x+3 |
x + 3 milimeters wide.

a. Use a graphing calculator to sketch the model that represents the valume of
the canister. Include axes labels.

b. What is the domain of the model? Explain any restrictions that apply.
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27

28. FORECASTING The table shows the number of deliveries a grocery store
has made since they began to offer the service. Use a scatter plot and a
curve of best fit to determine the number of deliveries the grocery store can
expect to deliver 10 years after they begin the service.

COMNSTRUCT ARGUMENTS What type of polynomial function best models
the data in the graph? Explain your reasoning.

i |

Ol 1 ro | e®l o |
L 3

- -

== == | =1 =T

Deliveries Deliveries
1 B0 5 175
2 193 6 156 :
3 235 7 195
4 210 a8 328

Q Higher-Order Thinking Skills

29.

31

32

33.

ANALYZE Explain why the leading coefficient and the degree are the only determining factors in
the end behavior of a polynomial function.

. AMALYZE The table below shows the values of a cubie function. Could there be a zero between

¥ = 2 and x = 3? Justify your argument.
-2 -1 0 1 2 3
| -2 —1 1 -2 -2

CREATE Sketch the graph of an aodd degree polynomial function with & extrema and
a relative extreme at y = 0.

AMALYZE Determine whether the following statement is sometimes, always, or never true.
Justify your argument.

For any continuous polynomial function, the y-coordinate of a point where a function changes
from increasing to decreasing or from decreasing lo increasing is either a relative maximum of
relative minimum.

PERSEVERE A function is even if for every x in the domain of £, fix) = fl—x). ls every even-degree
polynamial function also an even function? Explain.

34. PERSEVERE A function is odd if for every x in the domain, —f[x) = fl—x). Is every odd-degree

polynomial function also an odd function? Explain.
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Lesson 2-3

Operations with Polynomials

Learn Adding and Subtracting Polynomials

A polynomial s a monomial or the sum of two or more monomials. A
binomial & the sum of two monomilals, and a trinomifal is the sum of
three monomials. The degres of a polynomial is the greatest degree of
any term in the polynomial.

Polynomials can be added or subtracted by performing the operations
indicated and combining like terms. You can subtract a polynomial by
adding its additive inverse.

The sum or difference of polynomials will have the same variables and
exponents as the original polynomials, but possibly different coefficients.
Thus, the sum or difference of two polynomials s also a polynomial.

A set is closed if and only if an operation on any two elements of the set
produces another element of the same set. Because adding or
subtracting polynomials results in & polynomial, the set of polynomials is
closed under the operations of addition and subtraction.

Example 1 |dentify Polynomials

Determine whether each expression is a polynomial. If itis a
polynomial, state the degree of the polynomial.

a x®+3¥¥—4
This expression s not a polynomial because Y% is not a monomial.

b. Sa'b+ 3¢’ —9
This expression is a polynomial because each term Is a monomial
The degree of the first term s 4 4+ 1or 5, the degree of the second
term is 2 + 7 or 9, and the degree of the third term is 0. 50, the
degree of the polynomial is 9.

. 1

A s R
The expression s not a polynomial because x—% and x— are not
monomials.

Check

State the degree of each polynomial.
A x7 4+ 6x5 — 3 B. 3¢7c? + Sed — 9
C. pio D. 25

.} Go Online You can complete an Extra Example online.

Today’s Goals

= Add and subtract

= Multiply polynomials.
Today's Vocabulary
binomial
trinamial
closad
FOIL method

fy Think About It!
Identify the like terms
in 8x% + 3x< — 10 and
4 — 7 + 5

Study Tip

Degree 0 and 1
Remeamber that
constant terms have a
degree of 0 and
variable terms with no
exponent indicated
have a degree of 1.

{3 Go Online

You can learn how to
add and subtract
palynomials by
watching the video
online.
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O Talk About It!

Maotice that the terms
in the sum have the
same variables and
exponents as the
terms of the ariginal
expressions: x°, X2, x,
and a constant. Wil
this always be the
case? Explain.

Study Tip

Additive Inverse
Distributing —1to each
term in the polynomial
being subtracted is the
same as finding and
adding its additive
inverse.

b Think About It!
Why is it helpful to
insert placeholders for
the Ox” and O0x® terms?
Why were placeholders
not included for the
x24term in either

polynamial?

Example 2 Add Polynomials
Find (6x? + Tx2 —2x 4+ 5) + (x* — 4x2 — 8Bx + 1).
Method 1 Add horizontally.

Group and combine like terms.

(B + Tx® — 2x + 5) + (" — 4 — Bx + 1)
=B+ )+ (T2 — &)+ (—2x — 8x) + (5 + 1) Group like terms.

=7 + 3 — 10+ 6 Combine like terms.
Method 2 Add vertically.
Align like terms vertically and add.
B+ 7x—2x+5
(+) 2 — 4 —8Bx + 1 Align like terms.
734+ 32 — 10k + 6 Combine like terms.

Check
Find (2x3 + 9x2 + Bx — 3) + {4x% — Tx2 + 5x).

Example 3 Subtract Polynomials
Find (2x® + 1x* + Tx — 8) — (5a* + 9% — 3x + 4).

Method 1 Subtract horizontally.
Group and combine like terms.

[2x® + 1 + Tx — B) — (5x* + 9x° — 3x + 4) Original eguation
=2+t +Tx—8 -5t — o + Ix— 4 Distribute —1

=25 + (Mo — BxeY) + (—9xF) + (Fx + 3x) + (—B — 4) Group like terms.
= 2x5 + Bx® — O 4+ 10— 12 Combine fike terms.

Method 2 Subtract vertically.
Align like terms vertically and subtract.
2+ 1+ 0+ T —8
(—) 0x° + Bx* + 9 —3x + 4
2x® + Gt — 9 + 10x — 12

Check
Find {(8x* — 3x + 1) — (5x” + 2x% — 6x — 9).

Explore Multiplying Polynomials

E} Online Activity Use a table to complete the Explore.

. =
@ INGUIRY How is using a table to multiply -
polynomials related to the Distributive Property?
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Learn Multiplying Polynomials

Polynomials can be multiplied by using the Distributive Property 1o
multiply each term in one polynomial by each term in the other. When

polynomials are multiplied, the product i= also a polynomial. Therefore,

the set of palynomials is closed under the multiplication. This is similar
to the system of integers, which is also closed under multiplication. To
multiphy two binomials, you can use a shorteut called the FOIL method.

Key Concept - FOIL Method

Words: Find the sum of the products of F the First terms, O the Ouler
terms, [ the Inner terms, and L the Lost terms.

Symbols:

Produrt of Prooecial Prodeciof Prodscal
F L Firsi Ferms: Culer Termes Inoer Terms Last Teorm
o i } | |
{2x + 4)ix — 3) = (2x)x) + (2=)[—3) + (2 + (=3}
VA S s e ax—12
LR e P

Example 4 Simplify by Using the Distributive Property
Find 2x(4x® + 5x? — x — 7).
2uldx? + Bw? — x — T) = Zumldn?) + 2x5x2) + 2x—x) + Zx|—7)
= 8% + 1007 — 267 — 1x

Example 5 Muiltiply Binomials
Find (3o + S)ja — 7)(4a + 1).
Step 1 Multiply any two binomials.
(3o + Bilo — 7) = 3ao(o) + 3a{—7) + 5lo) + 5(—7) FOIL Method
=3a? — 210 + 50 — 35 Mltiply
= 30* — 16a — 35 Combine like terms,
Step 2 Multiply the result by the remaining binomial.
(3a® — 16a — 35)( 4a + 1)
= 30?(da + 1) + (—¥6a)da + 1) + (—35) 4a + 1)
=12a” + 30’ — 64a” — 160 — 1400 — 35
= 120° — 61 — 1560 — 35

Check
Find (—2r — 3){5¢ — 1)(r + 4).

1.3 Go Online You can complete an Extra Example online.

e Think About It!
Why are the exponents
added when you
multiply the monomials?

L) Go Online

for an example of how
to multiphy twa
trinomials.
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L) Go Online
to see Example 6.

{g Think About It

What does x represent
in the polynamial
expression for the
volume of the cake?

Problem-5Solving Tip
Solve a Simpler
Problem Some
complicated problems
can be more easily
solved by breaking
them into several
simpler problems. In this
case, finding the volume
of each tier individually
simpilifies the situation
and makes finding the
total volume easier.

@ Apply Example 7 Write and Simplify a Polynomial
Expression

BAKING Byron is baking a threa-
tier cake for a birthday party. Each
tier will have § the volume of the
previous tier. The dimensions of
the first tier are shown. Find the
total volume of the cake.

1 What is the task?

Describe the task in your own
words. Then list any questions that
you may have. How can you find
answers o your questions?

Sample answer: | need to find the total volume of the cake, which is

the sum of all 3 tiers. How can | represent the volume of each tier as a
polynomial? Which properties will | need to know? | can find the
answers 1o my questions by referencing other examples in the lesson.

2 How will you approach the task? What have you learned that
yvou can use to help you complete the task?

Sample answer: | will find and simplify the volume of each tier and then
add them together. | will use the Distributive Property and FOIL
method to complete the task.

3 What is your solution?
Use your strategy to solve the problem.

What = the volume of each tier?

Tier 1: 8x3 — 2x2 — 3x, Tier 2: 4x® — x? — 15x,
Tier 3: 2% — 05x? — 075x

What is the total volume of the cake?

14x" — 3557 — 5. 25x

4 How can you know that your solution is reasonable?

E Write About it Write an argument that can be used to defend
your solution.

Sample answer: Because all the expressions are based on the
expression for the volume of Tier 1, | can check that the expression for
Tier 1is comrect. | can factor the expression for volume of Tier 110
ensure that the factors are the same as the given dimensions.

Ba? — Zx? — Ax
= (Bx2 — 2x — 3
= (dx — 3)2x + Nk v

Expression for Ther 1
Factor x from each term.

Factor 8x2 — 2x — 3.

95 Module 2 - Polynomials and Polynomial Functicns



Practice

Example 1

m Go Online ¥ou can complete your homewornk onBne.

Determine whether each expression ks a polynomial. If it is a polynomial, state the

degree of the polynomial.
1. 2 —3x+5

i, LA

M h

3.

Examples 2 and 3
Add or subtract.

5. (6a2 + 50 + 10) — (4c? + 6o + 12)
7.lg+5 +{(2g+ 7

9. W —3Ix—N+ 22+ Tx—2)

. (2x — 3) — (5x — 6)

Examples 4, Sand &

Multiply.
13. 3pinp — 7)
15. —5(2c? — d?)
17. [0 — 5

19, (x — W2 + 2y + 93

21. (x — ¥l + Wi2x + )

23. (r— 20(r + 21

25 (e — 32 + W2d —x 4+ 2)

Example 7

2. 00 -1

4. “m—7

6. (762 +6b— 7 —(4b2 —2)
8. (5d+ 5} —(d+1)
10, (—2f2 —3f—56) + (-2~ —3F+ 8)

2.2 +2x -8 — (32 —4x+7)

14. 42 + )

16. x{2x + 9)

18. (2x — 3){3x — 5)

20. (o + b)jfo® — 3ob — b3
22. (o + B)2a + 3b)2x — )
24. (3y + 42y — 3)

26. (A +x3 — T + 2)(3x — 1)

27. CONSTRUCTION A rectangular deck is built around a square pool. The pool has
side length . The length of the deck = & units longer than twice the side length
of the poal. The width of the deck is 3 units longer than the side length of the

pool. What i the area of the deck in terms of 57

28. VOLUME The volume of a rectangular prism i given by
the product of its length, width, and helght. A rectangular
prism has a length of b units, a width of o units, and a
height of ab + ¢ units. What is the volume of the
rectangular prism? Express your answer in simplified
formi.
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29. SAIL BOATS Tamara i making a sall for her sailboat.

a. Refer to the diagram to find the area of the sall.

b. If Tamara wants fabric on each side of her saill, write a
polynomial to represent the total amount of fabric she will
need to make the sail

Mixed Exercizes

Simplify.

30. 5xyi2x — ) + 6y2x2 + 6) 31. 3ab(do — 5b) + 42202 + 1)
32. %g?[ﬂg + 12h — 6gh?) 33. ;—nﬂtﬁn — 8p + 18np%)

34. (g? — hilg? + h) 385. (12 — 7)2n3 + 4)

36. (2x — 2y 37. (4n — 57

38. (37 — 217 39. {16x — 12)) + {9x + 3y)

40. STRUCTURE Use the polynomials fix) = —6x® + 2x7 + 4 and gix) = x* — 6> — 2x

41,

to evaluate and simplify the given expression. Determine the degree of the
resulting polynomial. Show your work.

a. fix) + gix)
b. gilx) — fx)

STRUCTURE Use the polynomials fix) = 3x* — 1. gix) = x + 2, and h{x) = —x* — x
to evaluate and simplify the ghven expressions. Determine the degree of the

resulting palynamial.
a. fixjglx)

b. hix)fix)

c. [P

USE & MODEL Iner wants to increase the size of her rectangular garden. The
ariginal garden is B feet longer than it is wide. For the new garden, she will
increase the length by 25% and increase the width by 5 feel.

a. Draw and label a diagram that represents the original garden and the new
garden. Define a variable and label each dimension with appropriate
expressions.

b. Write and simplify an expression for the increase in area of the garden. If the
original width of the garden was 10 feet, find how many square feet the
garden’s area increased.
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43. CONSTRUCT ARGUMENTS Complete the table to show which sets are closed
under the operations. Write yes if the set i closed under the operation. Write no
and provide a counterexample if the set = not closed under the operation.
Assume that since division by zero is undefined, it does not affect closure.

Addition and Subtraction | Multiplication | Division

Integers
Rational Numbers
Polynomials

44. STRUCTURE The polynomial 2x? + 3x + 1can be represented by
the tiles shown in the figure at the right. These tiles can be
arranged to form the rectangle shown. Motice that the area of the

rectangle is 2% + 3x + 1 units.
a. Find the length and width of the rectangle.

b. Find the perimeter of the rectangle. Then explain your process for
finding the perimeter.

€. Select a value for x and substitute that value imto each of the expressions
above. For your value of x, state the length, width, perimeter, and area of the

rectangle. Discuss any restrictions on the value of x.

45, BANKING Terry invests $1500 in two mutual funds. In the first year, one fund
grows 3.8% and the other grows 6%_ Write a polynomial to represent the value
of Terryl's investment after the first year If he invested x dollars in the fund with
the lesser growth rate.

456, GEOMETRY Consider a trapezoid that has one base that measures five feet
greater than its height. The other baze = one foot less than twice its height.
Let x represent the height

a. Write an expression for the area of the trapezoid.

b. Write an expression for the area of the trapezoid if its height s increased by
4 feet.
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47. URBAN DEVELOPMENT The diagram represents an aerial view of
a memaorial in a town center. A sidewalk that is 12 feet wide with
an area of 3841 square feel surrounds a statue with a circular
base of radius r.

a. Find the radius of the smaller and larger circles. Show
YOUF work.

b. A nearby town wants to use the same design concept, but
use two squares rather than two circles. Draw and label a
diagram with two squares to represent a sidewalk with the
same uniform width and area as the circular sidewalk.

c. If = reprezents the side length of the smaller square, write a polynomial
expression for the area of the sidewalk that surrounds the smaller sguare.

48. aNALYZE Given fx) and gix) are polynomials, & the product always a
polynomial? Justify your argument.

49. PERSEVERE U=e your result from Exercise 48 to make conjectures about the
product of a polynomial with m terms and a polynomial with i terms. Justify your
conjecture.

a. How many times are two terms mubtiplied?

b. What iz the least number of terms in the simplified product?

50. FIND THE ERROR lsabella found the product of 3x? —4x +1and x* + Gx + 6
using vertical alignment. Is her answer correct? Explain your reasonindg.

Isabellas Work
B —da+1
(X1 +8sa+ 86
8 —24r + &
155" — 20 + Sx
zpt — a4+ 2
B — -+ &

B1. CREATE Write an expression where two blinomials are multiplied and have a
product of 9 — 4b%.
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Lesson 2-4

Dividing Polynomials

Explore Using Algebra Tiles to Divide Polynomials

L3 Online Activity Use algebra tiles to complete the Explore.

]
@ INQUIRY How can you use a model to divide |
polynomials?

Learn Dividing Polynomials by Using Long Division

To divide a polynomial by a monomial, find the quotient of each term
of the polynomial and the maonomial,

Bx? = 15x  Bx? 5

T Ay —ax w25
You can divide a polynomial by a polynomial with more than one term
by using a process similar to long division of real numbers. This

process is known as the Division Algorithm. The resulting quotient may
be a poelynomial ar a polynomial with a remainder.

Key Concept - Division Algorithm

Words: If flx) and gix) are two polynomiale in which glx) #+ 0 and the
degree of g(x) is less than the degree of x), then there
axisls a unigue guotient gx) and a unigue remainder flx)
such that fx) = glxlgix) + rix), where the remainder is zero
ar the degree of fx) i5 less than the degree of gix).

Symbols: 1 = g — ix) = aixigl)

m— E—F —
ok = 9+ oy — b = glxigle + )
Example %=h+1

2 —Sx—3={x—3)2x +1)
=2 — Gx — 3

4
¥4+1

=iy —1
x4+ 1

=x—5+
W —dx—1=(x+1jx—5) + 4
=x'—4x—5+4
=" — ax — 1

1.3 Go Online You can complete an Extra Example online.

Today’s Goals

= Divide polynomials by
using long division.

= Divide polynomials by
using synthetic division.

Today's Vocabulary
synthetic division

3 Talk About It!
I= the following

statement always,
somelimes, or never
true? Justify your
argument.

If a quadratic
polynomial is divided
by a binomial with a
remainder of O, the
binomial is a factor of
the polyniomial.

Study Tip

In algebra, unigue
means only one_ So,
there is only one
guotient and remainder
that will satisfy the
Division Algarithm for
each polynomial.
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t Think About It!

How can you check the
solution?

Waitch Out!

Signs Remember that
you are subtracting
throughout the process
of long division,
Carefully label the
signs of the coefficients
to avoid a sign error.

{35-_-. Online

You can learn how to
divide polynomials by
using kong division by
watching the video
online.

Example 1 Divide a Polynomial by a Monomial
Find (24a%b® + 18a2b2 — 30ab?)(6ab)—.
(24a"t? + 18a?b? — 30cb?)6ab)!

_ 240*? + 18070 — 30at®

Bob Write a fraction.
= 2?;;1:3 - % - 3%3 Sum of guotients
=Bty B orpr -1 I-1p3-1 pie
= 4a°b* + 30b — 5b? Simplify.

Check

Find (9x%° + 2% — 12237 + (3xH7)

Example 2 Divide a Polynomial by a Binomial
Find (x? — S5x — 36) = (x + 4).

x— 9
x+4)x2 — Bx— 36
(=)o + 4x
—Ox — 36
(—)—Sx— 36
L8] The guotient s ¥ — 9 and the remainder s 0.
Check
Find ¥ 4 Bx = 112_

¥=_8

Example 3 Find a Quotient with a Remainder
thﬁ-uﬂ-n+3_

z=05
3+ z-2
z—56|327 142 —7z+3
(—)323 — 1522
27z
(—)z* — 5z
—2z+43
(=) =2z +10
—7

{5} Go Online You can complete an Extra Example online.
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The quotient is 322 + z — 2 and the remainder is —7.

3P =142 =T+ 3 7
;_5 =322+2_2_2_5

Therefore,

Check
Find the quotient of {(—4x? + 5x? — 2x — 9)x — 2.

Learn Dividing Polynomials by Using Synthetic Division

Synthetic divislon k= an alternate method wced to dhvide a polmomial by
a binomial of degree 1. You may find this to be a quicker, simpler method.
Key Concept - Synthetic Division
Step 1 After writing a palynomial in standard form, write the coefficients
of the dividend. If the dividend is missing a term, use 0 as a

placeholder. Write the constant o of the divisor x — o in the boo.
Bring the first coefficiant down.

Step 2 Multiply the number just written in the bottom row by o, and
write the product under the next coefficient.

Step 3 Add the product and the coefficient abowve it
Step 4 Repeat Steps 2 and 3 until you reach a sum in the last column.

Step S5 Write the quatient. The numbers along the bottom row are the
coefficients of the guotient. The power of the first term is one less
than the degree of the dividend. The final number is the remainder.

Example 4 Use Synthetic Division

t Think About It!
Find (3x? — 2x2 — 53x — 60) + (x + 3). Describe a method you
: could use to check
Step 1 Write the coefficients of the dividend —3| -2 —-53 —&0 r_

and write the constant o in the box,
Becausex + 3=x — (—3), 0 = —3.
Then bring the first coefficient down.

L | i )

Step 2 Multiply by o and write the product. -3 3 -2 —-53 —6&0
The product of the coefficient and —9
o ie 3(—3) = —0. 3 |

Step 3 Add the product and the coefficlent. —3] 3 -2 -53 —-60

Step 4 Repeat Steps 2 and 3 untll you reach —3| 3 —-2 —53 —&0
a sum in the last column. —5 33 o0
3 -1 -20l o

[continued on the next poge)
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{o¢ Think About It!
Describe a method you

could use to chack
YOLIF SMSwWer.

Watch Out!

Missing terms Add
placeholders for terms
that are missing from
the polynomial In this
case, there are 0
F-terms.

Step 5 Write the quotient. Because the degree of the dividend is
3 and the degree of the divisor is 1, the degree of the gquotient
is 2. The final sum in the synthetic division I= 0, so the
remainder ks Q.

The quotient s 3x? — fix — 20.

Example 8§ Divisor with a Coefficient Other Than 1

thu‘-i::’_-:h-l-g.

To use synthetle division, the lead coefficient of the divisor must be 1.

[Ar® = T2 ol B+ 2

Davide the numerator and denominator by 2.

(2x =1+ 2
2% = %ﬂ + 25 + %
= 7 Simplify the numerator and denominator
ey |
F
2 1 =4
X—o=X 2,5&:‘]—2.

Complete the synthetic division.

1 37 2 |
: 2 0 - 2 2 |
i T
1 L —9 | -4
2 1 | —18 | ‘ -7 ‘ | 1 |
] 1 1
The resulting expression is 227 + x% — 18x — 7 + — 7-
Now simplify the fraction. S|
L = mf Multipty the numerator and denominator by 2.
Xx=7 [;r - E} .2
= ﬁ Simegpdify.
The solution is 223 + x2 — 18x — 7 + 52— .

You can check your answer by using long division.

Check
Find (4x* + 3% —12x2 — x + B)d4x + 3L

a Ga Online You can complete an Extra Example ondine.
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Practice m Go Onlne You can Compéate youl hoamewods online.

Example 1

Simplify each expression.
1. W 2. (415 — 6F + 127 — BA)AA
3. (62K — 9jk?) + (3fk) 4. (4a’h? — 8a h + 3a%) + (209

Examples 2 and 3
Simplify by using long division.

5. (M + 7n +10) = (n + 5) 6. (d®+4d+ I + 1!
7. 202 + 131+ 15) = {1+ 8) 8. (67 +y— 22y — 1)
9. (4g2 —9) =+ 20 + 3) 10. (2x2 — Bx — 4} + (x — 3)

Examples 4 and 5
Simplify using synthetic division.

M. 3 — v — 10)v — 4" 12, (36 + 4° — 3217 — 5r — 20)(t + 4
¥ +B 258 = 5T = 1By + 32

8. 5 14. s

15. (40 —p? + 20 = (30— 1) 16. (3 + 6 — 2c + e + 7
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Mixed Exercises

Simplify.
17. (M + m—6) + (m + 4) 18. (@ — 62’ +10a— 3+ {@—3)
19. (23 -T2+ -2+ (x—2) 20. (3 + 2x? — 34x + 9) + (x + T)
21. P + B -k +2) 22, (Bx? + 22 +x) + 2x + 1)

23. (28c%d? — 21cd?) + (M4cd) 24. (X — )+ x— W

g w3 B 26. (°B? — b + 2h)|—ab)~

a7, HEaSriizes N s

29. STRUCTURE Jada used long division to divide »* + x* + x* + x + 1 by x + 2. Her
work is shown below with three terms missing. What are 4, B, and C?
wW—x+3x—5
x+2t + 7 +x+x+1

(=) x* + 2
—x" + A
(=) —x® — 2x2
It + x
(—13x° + B
—5x + 1
—] —5x — 10

C
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30. AVERAGES Bena has a list of 7 + 1 numbers and she needs to find their average.
Two of the numbers are n® and 2. Each of the ather n — 1 numbers are all equal
to 1. Find the average of these numbers.

31. VOLUME The volume of a cylinder is w(x + 32x? — 304x + 640). If the height of
the cylinder is x 4+ 40 feet, find the area of its base in terms of x and =

"
32, REASONING Rewrite 20+ 2% zlﬁ’f;' b 32 s g + % using long division.

What does the remainder indicate in this problem?

33. CONSTRUCT ARGUMENTS Determine whether you have enough 3x —
infarmation to fill in the missing pleces of the long division exercise | ﬂ Qi +i |

shown. If so, copy and complete the long division. Justify yvour 92 + Ix
response. 345
3
34. REGULARITY Rewrite - - 'g‘; ++31"J + 3P E e qlx) + :Th:b using long
division.

a. Identify gix), fx). and gix).

b. How can you check your work using the expressions of gix), alx). and mx)?

35. STRUCTURE When a polynomial is divided by 4x — 6, the quotient = 2x2 + x + 1
and the remainder s —4. What is the dividend, fx)? Explain.

36. USE A MODEL Luciano has a square garden. A new
garden will have the same width and a length that is
3 feet more than twice the width of the original
garden.
a. Define a variable. Copy the diagrams. Label each

side of the diagrams with an expression for its
length.

b. Write a ratio to represent the percent increase in the area of the garden. Use
pohynomial division to simplify the expression.

€. Use your expression from part b to determine the percent of increase in area
if the orginal garden was a 12-foot square. Check your answer.
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37. REGULARITY Mariella makes the following claims about the degrees of the
polynomials in % = gix) + % Do you agree with each claim? Justify your
answers and provide examples.

a. The degree of dix) must be less than the deqgree of fix).
b. The degree of fx) must be at least 1 less than the degree of dix).

c. The degree of gix) must be the degree of fix) minus the degree of dfx).

9 Higher-Order Thinking Skills

38. FIND THE ERROR Tomo and Jamal are dividing 2x? — 4x? + 3x —1byx — 3.
Tomeo claims that the remalnder is —100. Jamal claims that the remainder (s 26_1s

either of them correct? Explaln your reasoning.

39. PERSEVERE If a pobynomial is divided by a binomial and the remainder is O, what
does this tell you about the relationship between the binomial and the polynomial?

40. ANALYZE What is the relationship between the deqgrees of the dividend, the
divisor, and the quotient in any polynomial division exercise?

41. CREATE Write a quotient of two polynomials for which the remainder ks 3.

42, WRITE Compare and contrast dividing polynomials using long division and using
synthetic division.

43. PERSEVERE Mr. Collins has his class working with bases and polynomials. He
wrote on the board that the number 1111 in base B has the value B* + B2 + B + 1.
The class was then given the following questions to answer.

a. The number 1 in base B has the value 8 4+ 1. What is 111 (in base 8) divided by
1 {in base B)?

b. The number 11in base B has the value B2 + B + 1. What is 1111 {in base B)
divided by 1 (in base 5)?
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Lesson 2-5

Powers of Binomaials

Explore Expanding Binomials

3 Online Activity Use interactive tool to complete the Explore.

P
& INQUIRY How can you use Pascal's triangle to
wirite expansions of binomials?

Learn Powers of Binomials
You can expand binomialks by following a set of rules and using patterns.

Key Concept - Binomial Expansion

in the binamial expansion of (o + b)°,

= there are n + 1terms.

= It is the exponent of g in the first term and & in the last term.

» in successive terms, the aexponent of o decreases by 1, and the
exponent of b increases by 1.

+ the sum of the exponents in each term is n.
+ the coefficients are symmetric.

Pascal’s triangle is a triangle of numbers in which a row represents
the coefficients of an expanded binomial (o + b)". Each row begins
and ends with 1. Each coefficient can be found by adding the two
coefficients above it in the previous row.

Instead of writing out the rows of Pascal's tiangle, you can use the
Binomial Theorem 1o expand a binomial. The Binomial Theorem uses
combinations to calculate the coefficients of the binomial expansion.
Key Concept - Binomial Thecrem
i n is a natural number, then (o + b)" =
Lot + Co™ b + G + G 4+ L+ Ca%
or

T

3,_{"_3]!&1‘3.::3+...+h‘:'b”

1760 + 1—Hn"'; ma b +

e
2 — 28
Example 1 Use Pascal’s Triangle
Use Pascal's triangle to expand (x + y)".

1 x4+

1 1 x4+ ¥
1 2 1 (s + ¥
1 3 3 1 e + ¥

1 4 & 4 1 {x + 3

1 5 10 0 5 1 fx + 3

1 & 15 20 15 B 1
1 7 21 35 35 21 7 1

[x+ ¥ =2 + 8y + 20652 + 35x% + 3534 + 28 + Tt + 7

Today's Goal

= Expand powers of
binomials by using
Pascal's Triangle and
the Binomial Theorem.

Today’s Vocabulary
Pascal's triangke

tey Think About It!
Both Cyand ,C,

equal 1. What does this
mean for the terms of a
binomial expansion?
How does this relate to
Pascal’s triangle?

Study Tip
Combinations Recall
that C, refers 1o the
number of ways to
choose robjects from
n distinct abjects. In
the Binomial Theorem,
n is the exponent of

(o + b)°, and r is the
exponent of b in each
term. To calculate the
coefficients, remember
that n! represents n
factorial: This is the
product of all counting
numbers beginning
with n and counting
backward to 1. For
example, 1 =321
The value of O iz
defined as 1.
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& Talk About It!

Describe a shortcut
you could use ta write
out rows of Pascal's
triangle instead of
adding to find every
ke ina row.
Explain your reasaning.

Study Tip
Assumptions To use
the Binomial Theorem,
we assumed that the
teams had an equal
chance of winning and
losing. Assuming that
allows us to reasonabhy
estimate the probability
of an outcome with
only the coafficient. To
find probabilities of
events that are not
equally likely,
substitute the
probability of each
event for o and b in the
expansion of (o + h)"

Study Tip
Coefficients When the
binomial to be expanded
has coefficients other
than 1, the coefficients
will na longer be
symmetric. In thessa
cases, it may be oasier
to use the Binomial
Theoram.

Check
Write the expansion of (¢ + a)®.

@ Example 2 Use the Binomial Theorem

BASEBALL In 2016, the Chicago Cubs won the World Series for the
first time in 108 years. During the regular season, the Cubs played
the Atlanta Braves & times, winning 3 games and losing 3 games. If
the Cubs were as likely to win as to lose, find the probability of this
outcome by expanding (w + £)5.

(w + 0°
= Cf + Cw il + Cowi? + Cowil + C w28 + Cowl® + C.I°

&t &t 6! &t &
=wh + 5w+ Wt + oW B+ e B 4 Sl 4+

= wh + GBS + 15922 + 20032 + 15028 + Bwl® + /@

By adding the coefficients, you can determine that there were 64
combinations of wins and losses that could hawe occurred.

20w £ represents the number of combinations of 3 wins and
3 losses. Therefore, there was a % or about a 3% chance of the Cubs

winning 3 games and losing 3 games against the Braves.

Check

GAME SHOW A group of B contestants are selected from the audience
of a television game show. If there are an equal number of men and
women in the audience, find the probability of the contestants being

5 women and 3 men by expanding (w + m)®. Round to the nearest
percent if necessary. _T %

Example 3 Coefficients Other Than 1

Expand (2c — 6d)*.
(2¢ — Ba)*

= ,Col2c)* + 4C2c/(—6d) + 4Col2c)(—Bd)? + ;Co(2c)—6d)* +
dcdt_ﬁm4

= 16¢* + HBA—6a) + 3x:4c2)(366) + T(2c)—216¢7) + 12960

=16t — 19234 + 864c2d? — 1728eca? + 129604

{5} Go Online You can complete an Extra Example online.
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Practice {:} Go Online You can compiete your homewonk online.

Example 1

Use Pascal's triangle to expand each binomial.
1 x—y 2. (o+ b)*
3. @—n* 4. (m+ 1
B. (y— z)f 6. (o + 2)#

Example 2

7. BAND A school band went to 4 competitions during the year and recelved a
superior rating 2 times. If the band i as likely to recaive a superior rating as to
not receive a superior rating, find the prabability of this outcome by expanding
(s + n)*. Round to the nearest percent if necessary.

8. BASKETBALL Oliver shot 8 free throws at practice, making & free throws and
missing 2 free throws. If Oliver s egually likely to make a free throw as he s to
miss a free throw, find the probability of this outcome by expanding [m + m)®.
Round to the nearest percent if necessary.

Example 3
Expand each binomial.

9. (3x + 45 10. (2c — 2d)7
1. (8h — 3¢ 12. (4o + 3b)°

Mixed Exercizes
Expand each binomial.
13. {x+%}5 14, {x—%}d

15. (26 +1)° 16. (3c+ 1a)’

1. STRUCTURE Out of 12 frames, Vince bowled & strikes. If Vince s as likely bowl a
strike as to not bowl a strike in ane frame, find the probability of this outcome.
Round to the nearest percent if necessary.

18. REGULARITY A group of 10 choir members are selacted at random to perform
solos. If there are an equal number of boys and girls in the choir, find the
probability of the choir members selected being 7 boys and 3 giris. Round to the
nearast percent if necessary.
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19. USE A MODEL A company s developing a robotic welder that produces circuilt
boards_ At this stage in its development, the robotic welder only produces 50% of
the circuit boards correctly. Use the Binomial Thearem to find the probability that
5 of 7 circuit boards chosen at random are correct.

20. USE A MODEL Diego flips a fair coin 12 times. What s the probability that the coin
lands on tails 2 times? 5 times? 9 times?

21. REASONING A test consists of 10 true-false guestions. Matthew forgets to study
and must guess on every question. What is the probability that he gets 8 or
more correct answaears on the test? Show your wark using Pascal's Trangle.

22, REGULARITY Use Pascalls Triangke to find the fourth term in the expansion of
(2Zx + 7)F. Why is it the same as the fourth term in the expansion of (7 + 2x)%7?

23. USE A SOURCE Research the number of judges on the Supreme Courl. For most
rulings, a majority & needed. How many combinations of votes are possible for a
majority to be reached?

24. STRUCTURE Find the term Iin (o + b)'? where the exponent of o Is 5.

25. PRECISION Use the first four terms of the binomial expansion of (1 + 0.02)'% to
appraximate (1.02)"°, Evaluate {1.02)" using a calculator and compare the value to
your approximation.

Q Higher-Order Thinking Skills
26. PERSEVERE Find the sixth term of the expansion of (v& + Vb=

27. ANALYZE Explain how the terms of (¥ 4+ v and [(x — )" are the same and how
they are different

28. REGULARITY Each row of Pascal's triangle is like a palindrome. That is, the numbers
read the same left to right as they do right to left. Explain why this is the case.

29. CREATE Write a power of a binomial for which the second term of the expansion
is Bty

30. WRITE Explain how to write out the terms of Pascal’s triangle.
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Module 2 - Polynomials and Polynomial Functions

Review

@, Essential Question

How does an understanding of polynomials and polynomial functions help us understand

and interpret real-world events?

Polynomials and polynomial functions can be used to model situations where
quantities increase or decrease in a nonlinear pattern.

Module Summary
Lessons 2-1and 2-2

Polynamial Functions and Graphs

« A power function is any function of the farm
fix] = ax”, where g and n are nonzero real
numbers. The leading coefficient is o and the

degrae is .

+ Ddd-degree functions will always have at least
one real zero.

» Even-degree functions may have any number of
real zeros or no real zeros at all.

« A polynomial function i a continuous function
that can be described by a polynomial equation
in one variable.

+ The degree of a polynomial function tells the
maximum number of times that the graph of a
polynamial function intersects the x-axis.

= If the value of fix) changes signs from one value
of x to the next, then there is a zero between
those two x-values.

= Extrema occur at relative maxima or minima of
the function.

Les=zons 2-3 and 2-4

Operations with Palynomials
» Palynomials can be added or subtracted

by performing the operations indicated and
combining like terms.

+ To subtract a palynamial, add its additive inverse.

+ Polynomials can ba multiplied by using the
Distributive Property to multiply each term in one
polynamial by each term in the other.

« The set of polynomials is closed under the
operations of addition, subtraction, and
multiplication.

« To multiply two binomials, you can use a shortcut
called the FOIL meathod.

» You can divide a polynomial by a polynomial with
more than one tarm by using a process similar to
long division of real numbers.

« Synthetic division is an alternate method used to
divide a polynomial by a binomial of degree 1.

Lesson 2-5

Powers of Binomials

« Pascal’s triangle is a triangle of numbers in which
a row represants the coafficients of an expanded
binomial (o + bY. Each row begins and ends with 1.
Each coefficient can be found by adding the two
coefficients above it in the previous row.

» You can also use the Binomial Theorem to
expand a binomial If i is a natural number, then
@+ br=_Caobt+ Ca-b+ Coib+
e oy s o SERES o i

Study Organizer

I:m Foldables

Use your Foldable to

review this module. i
worangwinacervr ({008
can be helpful. Ask for I _ L
clarification of concepts e Punctians P?n."'l
as needed. | :
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Test Practice
1. MULTIPLE CHOICE The weight of an ideal cut 3. MULTIPLE CHOICE The revenue of a certain

round diamond can be modeled by fd) = business can be modeled using
0.00Mcf — 0.0904° + 0.484d, where d is the ) = —0.0%x* — t® + 4x* — Gx + 7), where
diameter of the diamond. Find the domain of X Is the number of years since the business
the function in the context of the situation. was started and f{x) is the revenue in
fLesson 2-1) hundred-thousands of dollars. Which graph
A. The domain is all real numbers. represaents the function? (Lesson 2-1)
B. The domain is [dld = 0] A 4}' B. ﬁ"'
1 Py

C. The domain is [dld = O] ‘#
D. The domain is {dld = 0.48} EI )“

M

‘f':r‘ [—— (K

-
o
E

2. OPEN RESPONSE Use the function
flx) = 13 — 2% + 6x — 9x° to answer the

¥
following questions. (Lessan 2-1) & o :
K IF] it
foa L & LY
g - /

e X |8 Il
| j 4
g L
[ .i'.;

a} What is the degree?

4, MULTI-SELECT Select all int 1z 1 hbch
bl What is the leading coefficient? T

real zero is located for the function
c) Describe the end behavior using the fx) = x* — 2x* + 3x*® — B. (Lesson 2-3)
leading coefficient and degree. g

B x=—landx=0
. x=0andx =1

L

DL x=landx=2
E. x=2andx=3
F.

x=3andx=4

5. OPEN RESPONSE Dwescribe the end behavior
for gix) = —2%* — B 4+ My — 18 as x — ox.

fLesg o 2-F)
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6. OPEM RESPOMNSE Marshall claims that there is

only one real zero in the function
fix) = 4x* + T=* — Bx + 3. Based on the table

8. OPEM RESPOMNSE What is the difference?

(7' — 3 + 5 + By — 11) —
(' — O® — A + 12x + 4) (Lesson 2-3)

provided, determine whether you agree with
Marshall. Then name the interval(s) in which
the rerols) lsfare located. (Lesson 2-2)
9. OPEN RESPONSE What is the sum?

(Axf — Bx® + Bx® — 4] + (22 + T® —x° + Bx)

=3 =&f
= g fLesson 2-3)

1 n

0 3

1 g

2 53 10. MULTIPLE CHOICE Enrique k2 designing a flag

for & new school club. A smaller striped
square is placed as part of the design and the
rest of the flag will have chevrons. [Lesson 2-3)

T _an w g

7. MULTIPLE CHOICE Helen started a business
several years ago. The table shows her profits, Sy ok Bl Ak 3

in millions of dollars, for the first 7 years. Select ﬁ

the palynomial function of best fit that could

be used to model Helen's profits. (Lesson 2-2

EEETE NS TN

1 1425 3 +17
2 1.46 Which expression can be used to represent
3 15 the area of the flag that s not striped?
4 153 A 16x* + 57x + 46
5 1.56 )
E 158 B. Bx*+35x + 16
7 158 C. B2 +17x+ 4

A X = 0.001—3.27% + 53.51¢ + 137) D. 8x*+17x - 4

B. fix) = 0.0001(—6.944x° + 50.6x° +
250.4x + 13,957)

C. ¥ = 0.00001(9.47x" + B2.07% —
312.5x + 4203x + 138,500)

D. fix) = 0.0001—x* + 12¢ — 77 +
600x + 13,650}

Module 2 Review - Polynomials and Polynomial Functions 115



1.

12.

13.

MULTIPLE CHOICE Determine the guotient.
(Bt + 12%% — By — 95 +132) = (x— 3)

[Lesson 2-4)

A, B +2I+x— 3
B. 28 -2 —x+ 3
C. B+ 27 +17x— 44
D. 5x¥ — 27x* — 17x + 44

MULTIPLE CHOICE Determine the guotient.
[Liezsoa 2-4)

B = T 4 1309 4+ 130
3x 4+ 2

A 2% — 25x + 63 + 3
B
B. 2x* —25x + 63 + 5.5

.20 —25x+63+73

4
3x 4+ 2

c
D. 2x* — 25x + 63 +

OPEM RESPOMNSE The volume of the

rectangular prism shown s
45:¢° + B3 + x —12.

Ox + 4

What is the area of the base? (Lesson 2-4)

14.

15.

16.

TE Module 2 Review « Polynomiaks and Polynomial Functions

MULTIPLE CHOICE Which of the following is
the expansion of (2h + F)*? (Lesson 2-5)

A 2h + AR+ B + 4hFP + P

B. 16h* + 320°F + 24°F + 32hF + 16
C. 16h* + 321 + 32h°F + BhF + F

D. 164" + 320 + 24h°F + BhE + P

MULTIPLE CHOICE The first shelf on
Hannah's bookshelf holds an equal number
of fiction and nonfiction books. If Hannah
selocts B books randomly, what s the
probability that 4 of the books will be fiction

and 1 will be nonfiction?

Round your answer to the nearest tenth of
a percent. (Lesson 2-5)

Al 313%
B. 15.6%
C. 125%

D. 31%

MULTI-SELECT Select all of the following that
would be a coeffickent of a term in the
binomial expansion of {x + ¥). (Lesson 2-5)

|
. 3
=
14
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Module 3
Polynomial Equations

€ Essential Question
What methods are ful for sohving polynomial equations and finding zeros

of polynomial functions?

What Will You Learn?
How much do you already know about each topic before starting this module?

After

KEY Before

o

: 1: — | don't know. (i — 'we heard of it. B — 1 kreow i . 17 "-:,"L (i

||".—I ]
Il

solve polynomial equations by graphing
solve polynomial equations by factoring

solve polynomial equations in quadratic form

prove polynomial identities

apply the Remainder Theorem

usa the Factor Thearam to determine whether a
binomial is a factor a{a_pnrfmnial

use the Fundamental Thearem of Algebra

find zeros of polynomial functions |

ﬂl Foldable Make this Foldable to heip you organize your notes about polynomial
equations. Begin with three sheets of notebook paper.

1. Fold each sheet of paper in half from top to bottom.
2. Cut along the fold. Staple the six half-sheets together to form a booklet.
3. Cuttabs into the margin. The top tab is 2 lines deep, the next tab is B lines deep, and so on.

4. Label each tab except the first with a lesson number. Use the first tab as a cover
page decorating it with a graph from lesson 1.
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What Vocabulary Will You Learn?

» depressed polynomial » polynomial identity « synthetic substitution
= identity « prime polynomial
« multiplicity « quadratic form

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.
Then complete the Quick Check.

Quick Review

Example 1 Example 2
Use the Distributive Property to multiply Solhve 2+ Bx+1=0.
o — 2x — &)jx + 5). By
X= % Cuadratic Formula

—2x — 4)}ix + 5 - -
b Jox + 5) o O T TP T
=27 + 5) — 2ux + 5) Distributive Property _B+ +EE

= 4x + 5) e Simplify

_ +id I e

= x%x) + x7[E) + [—2xi(x) Distribulive Property ==2x5 VEE = 4l « W or 2414

+ (—2x)5) + (— X + (—

t (=90 A The exact solutions are —2 + % and =2 — %

= x4 Sa® — 2xT — Mx MAultiply

— i — 30 The approcimate solutions are =013 and —3.87.
=+ - 1Hx—20 Combing like terms
Use the Distributive Property to multiply Solve each equation.
each set of polynomials.
1 (B — x 4+ 2)dx + 2) B. ¥+ 2x—B=0
2. (P —2x+TTx—3) 6. 2+ Tx+3=0
3 (T — Bx—6)[2x — 4 7. B +EBx—4=0
4. (% + 6x — IY2x — &) B. 4 —2x—1=0
How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 3-1

Solving Polynomial Equations by Graphing

Explore Solutions of Polynomial Equations

3 Online Activity Use graphing technology to complete the Explore.

. ]

| & INQUIRY How can you solve a polynomial
equation by using the graph of a related
polynomial function?

Learn Solving Polynomial Equations by Graphing

A related function & found by rewriting the eguation with 0 on one
side, and then replacing O with Rx). The values of x for which fx) = 0
are the real zeros of the function and the x-intercepts of its graph.

|| glr )3+ 2 —Ax=x+86
ST & « —3, —1, and 2 are solutions.
] ]|

« —3, —1, and 2 are roots.
= '*-I ; 4x fix) =x3+2x2—Bx— 6
:.ﬂ - —}1 « —3, —1 and 2 are reros.
1 g « —3, —1, and 2 are x-intercepts.
¥l 1]

Example 1 Solve a Polynomial Equation by Graphing

Use a graphing calculator to solve ¥* + 3x? — § = —4x” by graphing.

Step 1 Find a related function. Write the equation with O on the right.
¥ Ak —h = —4y3

K+ B — 5+ 4 = —du® + A
4+ —-5=0 Simplify
A related function is fx) = x* + 4x® + 32 — 5.

Step 2 Graph the related function.
Enter the equation in the ¥ = list and
graph the function.

Step 3 Find the 2eros.
Use the rero feature from the CALC menu.
The real zeros are about —3.22 and 0.84.

Check

Use a graphing calculator to solve 4x* + x = %x" + 1 by graphing.
Round to the nearest hundredth, if necessary.

2

Original equation

Add 4x? to each side

¥ =

Today's Goals
= Sobhve pobynomial
eguations by graphing.

fg Think About It!

How can you use the
structure of the related
function to determine the
number of real solutions:
of the equation™

&) Talk About It!

Explain how you could
use the table feature to
mare accurately
estimate the reros of
the related function.
What are the limitations
of the table feature?
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{o# Think About It!

Is your solution
reasonable? lustify
your conclusion.

@ Example 2 Solve a Polynomial Equation by
Using a System

AMIMALS For an exhibit with six or
fewer Emperor penguins, the pool
must have a depth of at least 4 feet
and a volume of at least 1620 gallons,
or about 217 ft2, per bird. If a zo0
has five Emperor penguins, what
should the dimensions of the pool
shown at the right be to meet the
minimum requirements?

Part A Write a polynomial equation.

Use the formula for the volume of a rectangular prism, V' = fwh, 1o
write a polynomial equation that represents the volume of the pool.
Let h represent the depth of the pool.

Since the minimum required volume for the pool is 217 ft2 per penguin,
or 217 - 5 = 1085 ft?, the equation that represents the volume of the
pool is (2% + 3)(5x — 2)2x = 1085, Simplify the eguation.

(2 + 3)(bx — 212% = 1085 Volume of poal
[2x(5x) + 2x(—2) + 3{5x) + 3(—2)|2x = 1085 FOIL
(10x2 — 4x + 15x — 6)2x = 1085 Simplify.
[10x2 + 1l — B)2x = 1085 Combine fike terms
206 + 22x%% — 12x = 1085 Distributive Property

So, the volume of the pool s 20x% + 22x2 — 12x = 1085.
Part B Write and solve a system of equations.
Set each side equal to v to create a system of equations.
¥y =203 + 22x% — 12x First equation
¥ = 1085 Second eguation
Enter the equations in the Y = list and graph.

Usze the intersect feature on the CALC menu to
find the coordinates of the point of intersection. !

The real solution |s the x»-coordinate of the ——
intersection, which s 3.5.

Part C Find the dimensions.

Substitute 3.5 feet for x in the length, width, and depth of the pool.
Length: 2x + 3 =101t Width: Bx —2 = 1551t

Depth: 2x =T #t

.} Go Online You can complete an Extra Example online.
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Practice E Go Online ¥ou can complete your homewornk onBne.

Exampie 1
Use a graphing calculator to solve each equation by graphing. f necessary, round
to the nearest hundredth.

1. 2342 —Bx=—9 2. 3 —9x? + 27x =20 3 B+ 1=42
4. x5 — 15 = Bt — o2 5. x5 =1 — 2 6. x8=—+3
Example 2

7. SHIPPING A shipping company will ship a package for $7.50 when the volume is
no more than 15,000 cm®. Grace needs to ship a package that is 3x — 5 cm long,
2x cmwide, and x + 20 cm tall.

a. Write a polynomial equation to represent the situation.
b. Write and salve a system of equations.

c. What should the dimensions of the package be to have the maximum volume?

8. GARDEN A rectangular garden is 12 feet across and 16 feet long. It is
surrounded by a barder of mulch that is a uniform width, x. The
maximum area for the garden, plus border, is 285 ft2.

a. Write a polynomial equation 1o represent the situation.

b. Write and solve a system of equations.

c. What are the dimensions of the garden plus border?

9, PACKAGING A juice manufacturer is creating new cylindrical packaging. The
height of the cylinder Is to be 3 inches longer than the radius of the can. The
cylinder is to have a volume of 628 cubic inches. Use 3.14 for 7.

a. Write a polynomial equation to support the model.
b. Write and solve a system of equations.

c. What are the radius and height of the new packaging?

Mixed Exercises
Solve each equation. If necessary, round to the nearest hundredth.
10. "+ 2¢°=7 NMNx*-1Bxrr=-24 . —-6x"+4x=—-6 1 x'-157+x+65=0

14. BALLOON Treyvon is standing 9 yards from the base of a hill that has a slope of %.
He throws a water balloon from a height of 2 yards. It path is modeled by
hix) = —0.1x% + 0.8x + 2, where h Is the height of the balloon In yards and x is the
distance the balloon travels in yvards.

a. Write a polynomial equation 1o represent the situation.

b. How far from Treyvon will the balloon hit the hill?
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15. USE TOOLS A company models its revenue in dollars using the function

16. ROLLER COASTERS On a racing roller coaster, two trains start at the

17

18.

19.

Pi{x) = 70,000 {x — x* on the domain (0, 1) where x is the price at which they
sell their product in dollars. Use a graphing calculator to sketch a graph and
find the price at which their product should be sald to make revenue of
£20,000. Describe your solution process.

same time and race to see which returns to the station first. On one
coaster, the height of a train on the blue track can be modeled by

flx) = 2%{.&“3 — 60x? + 900x and the helght of a train on the green track can be g
modeled by gix) =11T{:j:x5 — 144" + 7384x” — 158 400x" + 1,210,000x)
where x ks time in seconds for the first 35 seconds of the ride.

a. What equation would determine the times when the blue and green trains
are at the same height?

b. Use a graphing calculator to sketch a graph of fx) and g{x) and solve the
equation from part a. Interpret the soluticn in the context of the situation.

¢. Write an equation to determine the times for which the blue train modeled by
fix) is at a height of 150 feet. Use a graphing calculator to solve the eguation.
Interpret the solution in the context of the situation.

WRITE LU=e a graph to explain why a function with an even degree can have zem real
salutions, but a function with an odd degree must have at keast one real solution.

CREATE Write a palynomial equation and solve it by graphing a related function
and finding its 2eros.

ANALYZE Determine whether the following statement is sometimes, always, or
mever true. Justify your argument.

I o system of equations has more than one solution, then the positive solution is
the only viable solution.

20. PERSEVERE During practice, a player kicks a ball from the ground with an initial

velocity of 32 feet per second. The polynomial fix) = —16x? + 32x madels the height
of the ball, whare ¥ represents time in seconds_ At the same time, another player
heads a ball at some distance ¢ feet off the ground with an initial velocity of 27 feet
per second. The polynomial gix) = —16x? + 27x + ¢ models the height of the ball

a. Ifthe balls are at the same height after 1.2 seconds, from what height did the second
player head the bali?

b. fe = 0, s it possible that the soccer balls are never at the same helght? Is it
reasonable in the context of the situation? Explain your reasoning.

. WHICH OME DOESN'T BELONG? Which polynomial doesn't belong? Justify your

conclusion.

¥x—17=184+37 || =4+ -8 | |8x?=—2x—1 | | 4=2"—x"
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Lesson 3-2

Solving Polynomial Equations Algebraically

Learn Solving Polynomial Equations by Factoring

Like quadratics, some polynomials of higher degrees can be factored.
A polynomial that cannot be written as a product of two polynomiaks
with integral coefficients is called a prime polynomial. Like a prime
real number, the only factors of & prime polynomial are 1and itself.

Similar to quadratics, some cubic polynomials can be factored by using

polynomial identities.

Key Concept - Sum and Difference of Cubes

Factoring Technigue
Sum of Two Cubes
Difference of Two Cubes

General Case

o+ 0¥ = (o + blile? —ob + b3
o —b* = (o — bjjg? + ab + b?)

Polynomials can be factored by using a variety of methods, the most
common of which are summarized in the table below. When factoring
a polynomial, always look for a common factor first to simplify the
expression. Then, determine whether the resulting polynomial factors
can be factored using one or more methods.

Concept Summary « Factoring Technigues

Mumber of . s
cto
: actoring Technigue
any Greatest Commaon
number Facior (GCF)
Difference of Two
Squares
two Sum of Two Cubes
Difference of Two
Cubes
Perfect Squara
Trinomials
three
General Trinomials
four ar
more

Grouping

General Case
20't? + 6ab = 2abla’b? + 6)

ad — b= o+ b)jjo— &)
a? + B = g+ b)jo? — ab + b
o — b = ja — bjle® + ab + B

a® + 2ab + b* = (o + b)*
ot —2ab + b2 = ja— bF
acx? + (od + bex + bd
= (ax + bjjcx + d

ax + bx + ay + by

= x{ag + b) + wvio + b)

= (@ + bijx + ¥

Today's Goals

= Solve polynomial
equations by factoring.

= Solve polynomial
equations by writing
them in guadratic form
and factoring.

Today’s Viocabulary
prime polynomial
quadratic form

o Think About It!

Mateo says that you
could use the sum of
two cubes to factor

x5 + 157 |5 he comect?
Why or why not?

to# Think About It!

How can you check
that an expression has
been factored
carmecty?
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Study Tip

Grouping When
grouping & or mara
terms, group the terms
that have the most
COmMmon values,

t Think About It!

When factoring by
grouping, what st
be true aboul the
expressions inside
parentheses after
factoring out a GCF
from each group?

Example 1 Factor Sums and Differences of Cubes

Factor each polynomial. If the polynomial cannot be factored,
write prime.
a. Bx® + 12512

The GCF of the terms is 1, but 8x® and 125y= are both perfect
cubes. Factor the sum of two cubes.

8x? + 1252 Original expression
= (2 + (5P (2xF = B (S = 1252
= (2x + 5yY[(24° — (25" + (ByY?]  Sum of two cubes
= (2% + 5yYdx? — 10x* + 25)5) Simplify.
b. 54x® — 128x%"
Bdx® — 128x2)4 Original expression
= 2x%27x* — 64y7) Factor out the GCF.
= 2x°[(3x) — (447 (3 = 27, ([4y)° = B4y°
= 2x4(3x — -II].-I",l[{.?..!t‘]2 + 3xidy) + [4_5’}2] Difference of two cubes
= 2x23x — 4y)(Se2 + 12xy + 16y7) Semplify.

Example 2 Factor by Grouping

Factor 14ax? — 16by + 20cy + 28bx” — 35cx? — Bay. if the
polynomial cannot be factored, write prime.

14ax? — 16by + 20cy + 28bx? — 35cx® — Bay Original expression
= (M + 28bx? — 350) + (—Bay — 16by + 20cy) Group to find a GCF
= 7x?(20 + 4b — 5c) — 4y{20 + 4b — 5¢c)
= (7% — 420 + 4b — 5c)

Factor out the GCF.

Distributive Property

Example 3 Combine Cubes and Squares
Factor 64x% — 5. If the polynomial cannot be factored, write prime.

This polynomial could be considerad the difference of two sguares or
the difference of two cubes. The difference of two sguares should
always be done before the difference of two cubes for easy factoring.

64" — yﬁ Ciriginal expression
= (B — 7P (8% = B4x®; ) = "
= (B + 7 )Bx — ) Difference of squares

= (2% + il - ¥ 23 = 8
= (2 + Yi® — 2oy +2)2x — ¥)

(42 + 2xy + )

Gﬁu Online You can complete an Extra Example onfine.

Sum and difference of cubes
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Example 4 Solve a Polynomial Equation by Factoring
Solve 4¢3 + 12x2 —9x — 27 = 0.

A +12x —O9x— 27 =0

4 +12%%) + (—9x — 2T =0

dx+ 3 —9x+3)=0

M2 —x+3N=0

(2% + 2% — 3)x + 3)=0

224+ 3=0o0r2x —3A=0orx+ 3=0

Original equation
Group to find a GCE
Factor out the GCFs.
Distributive Property
Difference of sguares

Zero Product Property
B =3 fagmes
X = & X = F x=—3

The solutions of the equation are —3, —% and %

Check
Solve x° + 42 — 25x — 100 = 0.
x=_2 ? . and_2

Example 5 Write and Solve a Polynomial Equation

by Factoring I Ay

GEOMETRY In the figure, the small cube is one
fourth the length of the larger cube. If the

volume of the figure is 1701 cubic centimeters, |
what are the dimensions of the cubes?

{4 —x® =1701 volume of figure  4x
64xF —x = 1701 (4xf = 64y
633 =1701 Subiract 4

¥ =27 Divide each side by 63.

X —27=0 Subiract 27 from each side.
x—3A + 3+ 9 =0 Difference of cubes
=3+ 3
¥y=3o0rx= #"ﬂ Sobve.

Since 3 is the only real solution, the lengths of the cubes are
3 om and 12 cm.

Learn Solving Polynomial Equations in Quadratic Form

Some polynamials in x can be rewritten In guadratic form.

Key Concept « Quadratic Form

An expression in quadratic form can be written as ou? + bu + ¢ for any
numbers a, b, and ¢, o # 0, where u is some axprassion in x. The expression
au® + bu + ¢ is called the quadratic form of the original expression.

E Go Onlime You can complete an Extra Exarnple online.

tgg Think About It!

The following
expressions can be
written in quadratic
form. What do you
notice about the terms
with variables in the

original expressions?
N0 L5459
12x8 — 200 + 6
15 4+ Gt — 1
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(&) Talk About It!

Describe how the
exponent of the
expression equal to u
retates to the
exponents of the terms
with variables.

Example 6 Write Expressions in Quadratic Form

Write each expression in quadratic form, if possible.

a. 4x? + 6x'% + 15

Examine the terms with variables to choose the expression equal to .
420 + Gyl + 15 = (201092 + (2410 + 15 (2T = gy 2T
b. 18x* + 180x% — 28

If the polynomial 1= not already In standard form, rewrite it. Then
examine the terms with variables to choose the expression equal to u.

18x? + 1807 — 28 = 180x® + 182 — 28 Standard form
of a polynomial
= B(6x*)Y + 3(6x) — 28 (B2 = 368
€. 9xf —ax?— 12

Because x5 # (x2)2, the expression cannot be written in quadratic form.

Check
What ks the quadratic form of 10x* + 100x8 — 97

Example 7 Solve Equations in Quadratic Form
Solve Bx* + 10x? — 12 = 0.

Bx'+ 10t —-12=0 Original equation
22 + 52 —12=0 2227 = B

20 + 5u—12=0 Letu = 2x’.
[2u—3)u+4)=0 Factor

u =% or gy = —4 Zero Product Property
25 = % 22 = —4 Replace u with 2.
= % =2 Divide each side by 2.
x i% x=1i2 Take the sguare root

of each side.

The solutions are 1"'—1,3 —%, W2, and —iy2.

Check
What are the solutions of 16x* + 242 — 40 = 07

¥=_2

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can compiete your homewonk online.

Examples 1-3

Factor completely. If the polynomial is not factorable, write prime.
1. 8c® — 27d° 2. 64* + xy”
3. of — a?bs 4. x5 + 9
5. 18x% + 5y° 6. W — 2)7

7. g? — 3 — 62 — gy? + Bix® + 3hy? 8. 12ax2 — 20cy® — 18hx? — 100y + 1657 + 240t

9. o3x2 — 16 a?x + Bda® — b3x2 + 160'x — 64h?

10. 8x® — 257 + BOx* — x4° + 200x7 — 101~

Example 4

Solve each equation.

Mo —9%2+10=0 12. x3 = 3x2

13. 4 -3F -40rF =0 4. -8 +16b=0
Example 5

15. FURMNITURE A modern table is constructed with four legs made
of concrete cubes with cube-shaped notches.

a. Define one or more variables and write an expression that
represents the volume of one table leg.

b. Marisol determined that she will use 12 636 cubic inches of
concrete to construct the four table legs. If the sides of the
notches are 40% of the sides of the legs, how long are the sides of the legs?
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Example &
Write each expression in quadratic form, if possible.

6. ¥+ 1252 —8 7. —15x% + 1852 — 4
18. 8x5 + B3+ 7 19. 5xF —2x2 4+ 8

20. 9x% —21x* + 12 21. 16x0 +2x5 + 6
Example 7

Solve each equation.

2. +6x2+5=0 23. -3 —-10=0
24. 4  — M2 +12=0 25 Ot —27x2 4+ 20=0
26. 4x* — 52 —6=0 27. 24x* + 14x2 —3=0

Mixed Exercises
Factor completely. If the polynomial is not factorable, write prime.

28. x* — 625 29. x5 — 64

30. x° — 16x M. B2 — 275

2. 65— A — B+ 322 + 1602 — 64 33, P —yE—2E + 23 + 7 —1

34. DECOR Each box In a set of decorative storage boxes is a cube.

a. The sides of the smallest box are 30% of the length of the sides of the largest
box. The volume of the largest box is 7784 cubic inches more than the volume
of the smallest box. Define one or more variables, and write an equation that
represents the situation.

b. What are the lengths of the sides of the largest and smallest boxes?

c. Two of the other boxes have a total volume of 2457 cubic inches. The length of
the sides of the smaller of these boxes is 75% of those of the larger box. Write
and solve an equation 1o find the lengths of the sides of the boxes.
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Solve each equation.

35. ' +x2—-90=0 36. P —16x2—T720=0
37. -T2 —44=0 38. A +62—=0
39.°+216=0 40. 64 +1=10

M. B+ 10 —3=0 42 6x* — B’ —4=0
43, 206* — 532 +18=0 44. 18" + 43 —5=10
45 B — 182 +4=10 46. 3t —22x2 - 45 =0
47. F+ TP —-B=0 48. x5 — 26" - 27 =0
49. Bx® + 9997 = 125 50. 4x* — 4 — 2 +1=10
Bl x° — 9 —x*+9=0 52. *+8x2+16=0

1 ]
B3. STRUCTURE Consider the equation x2 — Bx% + 16 = 0.

a. How are the exponents in the equation related?

b. How could you define v so that you could rewrite the equation as a guadratic
equation in terms of 47 Write the quadratic equation.

€. Solve the criginal equation.
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Factor completely. If the palynomial is not facterable, write prime.

54. 21x3 — 18y + 24x)2 B5. 87k — 4/k*— 7
56.0° + To— 18 57. 2ok — 6o+ k— 3
S8.5° +Bb+7 59. 7 — 8Bz — 10

60. 47 — B4 81 d® — 124 + 36
62. 9x2 + 25 63. 2 + 18y + 81
64. Tx? — 14x 65. 19x° — 38x7

66. n° — 125 67. m* —1

68. REASONING A rectangular box has dimensions of x inches,
[ + 5} inches, and (x — 2] Inches. The volume of the box is
30x cubic inches. Find the dimensions of the box. Explain
YOUIF reasoning.

x+5

69. GEOMETRY The combined volume of a cube and a cylinder is 1000 cubic inches.
If the height of the cylinder is twice the radius and the side of the cube i four times
the radius, find the radius of the cylinder to the nearest tenth of an inch.

Q Higher-Order Thinking Skills
70. ANALYZE Find the solutions of (o + 3)% — 2o + 312 — 8 = 0. Show your work.

1. WRITE If the equation ax? + bx + ¢ = 0 has solutions x = m and x = n, what are
the solutions to ax? + bx2 + ¢ = 07 Explain your reasoning.

72. PERSEVERE Factor 36x7" + 12x" + 1.
73. PERSEVERE Solve Gx — M4 3x + 12 =0.
74. ANALYZE Find a counterexample to the statement a2 + b2 = (o + b,

75. CREATE The cubic form of an equation is ax® + bx? + cx + d = 0. Write an
equation with degree 6 that can be written in cubic form.

76. WRITE Explain how the graph of a polynomial function can help you factor
the polynomial.
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Lesson 3-3

Proving Polynomial Identities

Today’s Goal
: = = Prove pobynomial
Explore Polynomial Identities identities and use them
to describe numerical
.} Online Activity Use graphing technology to complete the Explore. relationships.
I oday’s
& INQUIRY How can you prove that two Tmm‘hﬂmahulary
polynomial expressions form a polynomial
identity? polynomial identity
Learn Proving Polynomial ldentities
An ldentity s an equation that is satisfled by any numbers that replace Ry T“_}
the variables. Thus, a polynomial identity is a polynomial equation Transforming One Side
that is true for any values that are substituted for the variables. ﬂ_'s GHETN ENOIK W WOE,
with the more
Uinlike solving an equation, do not begin by assuming that an identity complicated side of an
is true. You cannot perform the same operation to both sides and equation. Look at each
assume that equality is maintained. side and determine
which requires more
Key Concept « Vernfying ldentities by Transforming One Side sleps to be simplified.
= Simplify one side of an equation until the two sides of the For example, it is often
equation are the same. It is often easier to transform the more easier o work on the
complicated expression into the form of the simpler side. side that invohlees the
¢ . ; or cube of an
« Factor or multiply expressions as necessary. Simplify by combining et ; A
like terms. POSEC Cplecan:
Example 1 Transform One Side =
_ . &) Talk About Itl
Prove that x® — y* = (x — y)[x® + xy + y7). if you multiplied each
i side of the equation by
x3— 3 £ e — e + 2y + 43) Criginal equathon a variable 2. would the

= x{x‘i] + x=xy) + M - m""} — yixy) — }d'_pJ:I Distribuiive Property mﬂl:a??ﬂ;th;

= + X — oy —x — Simplity. Explain your reasoning.
=% + R‘E_F = Jn'.'z_lpl' + xy} = ny‘] = _1.-"3 Commutstive Property
=x — _P‘Z True

Because the expression on the right can be simplified to
be the same as the expression on the left, this proves the
polynomial identity.

E o Online You can ED-.I'I"IPIHE an Extra EH.EI"I"IFI'E' odline.
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Math History Minute:
Former quarerback
Frank Ryan [1936-)
earned his Ph.D. in

mathamatics about six
maonths after he led the
Cleveland Browns ta
the NFL championship
game of 1964, where
they won 27-0. During
part of his academic
career, Ryan studied
prime numbers,
including Opperman's
Conjeclure that there

is a prime number
between n? and n? + n,
where n is an integer.
This work could
eventually lead to a
polynomial identity that
could ba used o
identify prime numbers.

Use a Source

Research an application
of prime numbers. How
could a polynomial
identity for identifying
prime numbers impact
the application?

Example 2 Use Polynomial Identities

TRIAMGLES Pedro claims that you can always create three lengths
that form a right triangle by using the following method: take two
positive integers x and y where x > y. Two legs of a right triangle are
defined as »? — y? and 2xy. The hypotenuse is defined as x* + y°. Is

Pedro commact? Explain your reasoning in the context of polynomial
identities.

To determine whether Pedro Is correct, we can
use information about right tiangles and the
expressions involving x and y to try to construct
a polynomial identity. if x* — y* and 2xy are the Ty ¥4y
legs of the triangle, and x2 + 2 is the
hypotenuse, then it should be true that

b2 — 2P + o = b2+ 22 .
If this is an identity, you can simplify the wd—

expressions for the sides to be the same
expression.

b2 = 2 + g 2 (2 4 7P

o — 2wy 4t 4 Aady? =t + 2y 4+ Souare each term.

Criginal equation

Wty =t 2+ True

Because the identity is true, this proves that Pedro is comect. His
process for creating the sides of a right triangle will always work.

Check

Write in the missing explanations to prove that

o — = e — plie + W + 7).

wt — £ — il + Wil + ¥ Original equation
o=t L — et + ) ?
Y Y v S

——

x4 — =t — A 2

L) Go Online You can complete an Extra Example online.
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Practice i0) Go Online You can compilete your homework online.

Example 1

Prove each polynomial identity.

L x—pi=x—2xy+y 2 (x+5°%=xT+10x+25

3. 4(x — 7)* = 4x* — 56x + 196 4. (2% + 7P = (22 — P + (20°
5. af— b =(o+ bjjo—h) 6. @ + 37 =[x + pll? — xp + VF)

7 ot —g'=(p— gl +ale® + g?) B. o° — b5 = (o — blle* + a%b + 0262 + ab? + bY)

Example 2

9. SQUARES Aponi claims that you can find the area of a square v ¥
using the following method: take two positive integers x and y.
The side length of the square is defined by the expression Ty
3x + . The area of the square is defined by the expression
9x? + Gxy + y*. Is Aponi correct? Explain your reasoningin =~ f-------
the context of palynomial identities. ¥

10. USE A MODEL Jullo claims that you can find the area of a
rectangle using the following method: take two positive
integers x and . where x > . The side lengths of the
rectangle are defined by the expressions 2x + yand
2% — y. The area of the rectangle is defined by the
expression 4x2 — v Is Julio correct? Explain your
reasoning in the context of polynomial identities.

Mixed Exercises
Determine whether each equation is an identity.
Mix+3P7 + 32 + 3+ 1) =2+ 6x + P+ 17

12 x+20x + 1P =[x+ 3Ix+ 2l + 1)
B.ix+Px—1P=p2—2%—3Px—1)
14, (x + 2P — 32 + 3 — 1) = [x2 + 4x + 4)ix — 1°

15. o + b = o — 2ab + b*
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16. USE TOOLS Consider the following equation.

-3 + B2 + 27+ 27 =02 — dx + 2lx + 3)

a. Evaluate the expressions for each value. Copy and complete the table.

x |-27c+ 92+ 2Tx+27) | 2 - Ax+ a)x + 3P

L | bd | = | D3

4

b. What conclusion can you make about the eguation, based on the results in
your table? Explain.

¢c. How can you prove your conclusion from part b7

USE TOOLS Use a computer algebra system (CAS) to prove sach identity.
17. g6 + 16 = (g2 + g — g + 1)

1B. o5 + b5 =g+ B)jjo* — b + @b —ob® + b9

19, v® — wh = U+ wilt — wilo? + uw + wilu? — vw + wl)

20. (x + 1Px — 47 = (x? — 3x — 4)x* — Tx? + Bx + 16

21. WRITE Explain the meaning of polynomial identity and summarize the method for
proving an equation is a polynomial identity.

22. CREATE Write and solve a system of equations using the identity (x? — ) +
Zx)2 = (x2 + ¥)* 1o find the values of x and y that make a 3, 4, 5 Pythagorean
triple.

23. ANALYZE Refer to Example 2. Notice that Pedro says x and ¥ must be positive
integers and x must be greater than . Explain why these restrictions are necessary.

24. PERSEVERE Rebecca has a square garden with side length o that she wants to
transform into a rectangle. Rebecca speculates that if she subtracts the same
length b from ane dimension of the garden and adds it to the other dimension the
new rectangle’s area will be smaller than the original garden in the amount of b2,
Draw a diagram and show algebraically that Rebecca is correct.

25. FIND THE ERROR George is proving the identity (L
a? + b? = (o + bjla? — ab + b?) by simplifying the (o + e’ — oo + %)
right side. His work is shown. Is George comect? If =a' — alh + ab? — afh — @bt + 00

not, identify and correct his error. . e L

e
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Lesson 3-4

The Remainder and Factor Theorems

Today's Goals
: = Evaluate funciions
Explore Remainders by using synthetic
substitution.
&) Online Activity Use the interactive tool to complete the Explore.  Lise the Factor Theorem
to determine factors of
@ INQUIRY How are the divisor and quotient of a pobymomials,
polynomial related to its factors when the
remainder is zero? Today’s Vocabulary
synthetic substitution
depressed polynomial

Learn The Remainder Theorem

Palynomial division can be used to find the value of a function. From
- L iz
the Divisien Algorithm, we know that o= qlx) + o and that

fix) = glx) « gix) + rx), where g and r are unigue and the degree of ris
less than the degree of g. Suppose we were to call the dividend pix)
and the divisor x — a. Then the Division Algorithm would be

ﬂjﬂﬂ = qglx) + xi 7 and pix} = gix) « (x — a) + £ where o is a constant

and r is the remainder. Since any polynamial can be written in this

form, evaluating plx) at o gives the following.

pll=gx)sx —a)+r Polymomial function pix)
ool = gla) = o —a) + 7 Substitute o for x.

pla) = qgla) = (0) + r a—o=0

play=r g(o) « (0) =0

This shows how the Remainder Theorem can be used to evaluate a
palynomial at pla).

Key Concept - Remainder Theaorem

Words: For a polynomial px) and a number g, the remainder upon
division by x — o is plo).

Example: Evaluate pix) = x% — 4x + 7 when x = 6.

Synthetc division Direct substitution
5 1-4 7 plxi=xf —4x+7
5§ 5 S =5— 45 +7
1 1[12 s =12
p(B) = 12
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atudy Tip

Missing terms
Remember to include
reros as placeholders
for-amy missing terms
in the polmomial.

% Think About It!

Heow could you use the
function and synthetic
substitution to estimate
the number of eggs
produced in 12907
What assumption would
you have to make o
solve this problem?

Applying the Remainder Theorem to evaluate a function ks called
synthetic substitution. You may find that synthetic substitution s a mone
convenient way to evaluate a palynomial function, especially when the
degree of the function i greater than 2.

Example 1 Synthetic Substitution

Use synthetic substitution to find fi—3) if fix) = —2x* + 3x® — 15x + 9.

=)

By the Remainder Theorem, {—3) is the remainder of e

—2 & —1& 20 —8
The remainder Is —81. Therefore, 1—3) = —81.

Use direct substitution to check.

fix) = —2x* +3x2 — 155 + 9
A-3) = —2(~3P* + A-32 - 15(-3) + 9
= 162+ 27+ 45+ 9 or —81 True

Original function

Substitute —3 for x

Check
Use synthetic substitution to evaluate fx) = —6x® + 52x2 — 27x — 31.

A8 =7 __

& Example 2 Apply the Remainder Theorem

EGG PRODUCTION The total production of eggs in billions in the
United States can be modeled by the function

fix) = 0.007x* — 0.149x2 + 1.534x + 84.755, where x is the number
of years since 2000. Predict the total production of eggs in 2025,

Since 2025 — 2000 = 25, use synthetic substitution to determine f25).
25 | 0007 —0149 1534 B4 755
0175 06&& 546

0007 0026 2184 | 1393556

In 2025, approximately 139,355 billion eggs will be produced in the
United States.

L) Go Online You can complete an Extra Example online.
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Check

KITTENS The ideal weight of a kitten in pounds is modeled by the
function fix} = 0.009x% + 0127x + 0,377, where x is the age of the
kitten in weeks, Determine the ideal weight of a S-week-ald Kitten.
Round to the nearest tenth.

?

pounds

Learn The Factor Theorem

When a binomial evenly divides a polynomial, the binomial is a factor
of the polynomial. The quotient of this division is called a depressed
polynomial. The depressed polynomial has a deqree that is one less
than the original polynomial.

A special case of the Remainder Theorem is callied the Factor Theoram.

Key Concept « Factor Theorem
Wiords: The binomial x — o s a factor of the polynomial pix) if and cnly if

plaj = 0.
Example:
dividend guotient divisor remainder
- ’ A e

W=l =30+ T2 =l =Tx+12)+x+6)+ 0

x+ Bisafactor of x> — x* —30x + 72.

Example 3 Use the Factor Theorem

Show that x + 8 is a factor of 2x® + 15x2 — 1ix — 24. Then find the
remaining factors of the polynomial.

—8 2 15 -1 —24

Because the remainder is 0, ¥ + 8 is a factor of the polynomial by
the Factor Theorem. So 2x? + 16x2 — 1ix — 24 can be factored as

(x + 8{2x2 — x — 3). The depressed polynomial ks 2x? — x — 3.
Check to see if this polynomial can be factored.

2%t —x—3=(2x—3x+1) Factor the frinomial

Therefore, 2x2 + 1552 — fix — 24 =[x + B{2x — 3)ix + 1).

) Go Online

You may want to
camplete the Concept
Check ta check your
understanding.

Study Tip

Factoring Some
depressed polynomials
may not be factorable.
In that case, the anly
factors are the divisor
and the depressed

polynomial.
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Check
Select all of the factors of 342 + 10x2 — 27x — 10.
A x—2
B.x+5
C.x+9
D.x-—10
E3x+1
F 3x —10

Pause and Reflect

Did you struggle with anything in this lesson? If so, how did you
deal with it?

Practice
Example 1
Use synthetic substitution te find {—5) and f{2) for each function.

1 M= +2x -3 +1 2.i)=x"—8x+6
3. M= 3t 4+ xF — e x4+ 12 4.fix)=2xF —8x2—2x+ 5
5. fix) =" —5x +2 6. fix) = x5 + 8% + 2x — 15

7. i =x"—dx* + 3% — 10 B.fix)=x"—6x—8

.} Go Online You can complete an Extra Example online.
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B Go Online ¥ou can complete your homewornk onBne.

Use synthetic substitution to find f{2) and f{—1) for each function.

9. fix)=x*+6x+5 10. i) =5 —x +1

M fix)=x2 —2x — 2 12 i) =2+ 22+ 5

13. )= —x® —2x+ 3 M. fix)=x>+6x2 +x— 4

15. fx)=x — 32 +x— 2 16. fix)=x> —Bx2—x+ 6

7. fx)=x*+2x" -9 18. ix) =" — 3 + 2 — 2%+ 6

19, fx) =5 — 7@ —4x + 10 20. fix) = x6— 265 + x4 + %3 — 9x2 — 20
Example 2

21. BUSINESS Advertizsing online generates billions of dollars for global businesses
each year. The revenue from online advertising in the United States from 2000 to
2015 can be modeled by y = 0.01x® + 0.02x2 + x + 6, where x Is the number of
yvears since 2000 and y is the revenue in bilions of U.S. dollars.

a. Estimate the revenue from online advertising in 2008,

b. Predict the revenue from online advertising in 2022,

22. PROFAT The profit, in thousands, of Clyde's Corporation can be modeled
by P{y) = ¥* — 42 + 292 + 10y — 200, where v is the number of years after
the business was started. Predict the profit of Clyde's Corporation after
10 years.

Example 3
Given a polynomial and one of its factors, find the remaining factors of the
polynomial.

23. -3+ 2 x+ 2 24 x*+ 27 —Be— 6 x+ 2
25 —x? —10x — B x + 2 26. " — ¥ —Sx—Ax—3

27 2¥ 1T+ 23— 42 x —1 28, 2%+ Tl —53x— 28 x— 4
29 xd + 23+ 2x2 — 2k — i x—1 30. ¥+ 22 —x—2:x+ 2
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M A2+ —x—2x+1 32, P+ —Bx+3x—1

33 A+ —Ax—12.x+ 3 34 -6 + 1M — B x—3

35 "+ 2x" — 33v— 90 x+ 5 36. " —6x" +32:x— 4

37— - — B x+ 2 38. x° —19x + 30, x— 2

39 27 + - 2x—Lx+1 40. 2% +x* —Bx + 2:x + 2

41, 37 + 4x2 — Sx— 2;3x +1 42. B +xi +x— 2. 3x— 2

43. 657 — 25x2 + 2% + B; 2x + 1 44, 16x5 — 32x* — Bix + 162; 2x — 3

Mixed Exercizes

45. REASONING Jessica evaluates the polynomial p{x) = x* — Sx® + 3x + S for a
factor using synthetic substitution. Some of her work Is shown below. Find the
values of o and b.

l:l|1—53 5

il 66 759
1 B B9 b

46. STATE YOUR ASSUMPTION The revenue from streaming music services in the United States from
2005 to 2016 can be modeled by ¥ = 0.26x5 — 748x% + 79.20x2 — 333.33x2 + 481.68x + 9913,

where x is the number of years since 2005 and y is the revenue in millions of US. dollars.
a. Estimate the revenue from streaming music services in 2010,

b. What might the revenue from streaming music services be in 20207 What assumption did
vou make to make your prediction?

47. NATURAL EXPOMENTIAL FUNCTION The natural exponential function y = e*
is a special function that is applied in many fields such as physics, biology,
and economics. It is not a polynomial function, however for small values of x,
the value of ¢ & very closely appraoximated by the polynomial function
fix) = %x:‘ - 51;-:'1 + x + 1. Use synthetic substitution to determine f0.1).
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Find values of k 5o that each remainder is 3.

48. (W —x+ k) - (x—1) 49, (P + ik — 17+ (x— 2)

BO. 2 +5x+7) = x+ k) BL P + 4 +x+ B+ (x+2)

52, If i—B) = 0 and fix) = x* — x* — B8x + 112, find all the zeros of fix) and use them
to graph the function.

53. REASONING If P(1) = 0 and P{x) = 10x> + kx® — 16x + 3, find all the factors of
Pix) and use them to graph the function. Explain your reasoning.

54. GEOMETRY The volume of a box with a square base is V{x) = 2x* + 15x% + 36x
+ 27 If the height of the box ie (2x + 3) units, what are the measures of the
zides of the base In terms of x7

B5. SPORTS The average value of a franchizse in the Mational Football League from
2000 to 2018 can be modeled by y = —0.037x° + 1658x* — 24 804x* +
14510052 — 207 594x + 482 008, where x Is the number of years since 2000
and y is the value in millions of ULS. doliars.

a. Copy and complete the table of estimated values, Round to the
nearest milllon.

Year 2003 | 2n2 | 201 2025

Estimated Average
Franchise Value (millions $)

b. What assumption did you make to make your predictions? Do you think tha
assumption s valid? Explain.

56. CONSTRUCT ARGUMENTS Divide the polynomial function fix) = 4x* — 10x + 8

by the factor (x + 5). Then state and confirm the Remainder Theorem for this
particular palynomial function and factor.

57. REGULARITY The polynomial function Px) & symmetric in the y-axis and contains
the point (2, —5). What is the remainder when Pix) is divided by (x + 2)? Explain
YO Foasoning.

B8. STRUCTURE Verify the Remainder Theorem for the polynomial x2 + 3x + 5 and
the factor {x — ¥/3) by first using synthetic division and then evaluating for x = V3.
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59, STRUCTURE If (x + 6) is a factor of kx? + 15x% + 13x — 30, determine the value
of k, factor the palynomial and confirm the result graphically.

&0. REGULARITY Polynomial fix) is divided by x — ¢. What can you conclude if:

a. the remainder is 07
b. the remainder is 1?
€. the guotient i= 1, and the remainder is 07

Q Higher-Order Thinking Skills

&1. CREATE Write a polynomial function that has a double zero of 1 and a double
zerp of —5. Graph the function.

62. PERSEVERE For a cuble function Plx), P{2) = —90. B—B) = 0, and PR} = 0.

a. Write two possible equations for Plx). Explain your answer,

b. Graph your equations from part a. What three points do these graphs have
In common?

c. If Pid} = 60, write the equation for PlxL

63. ANALYZE Review the definition for the Factor Thearem. Provide a proof of
the theorem.

&4, CREATE Write a cubic function that has a remainder of B for A2} and a remainder
of —5 for A3).

65. PERSEVERE Show that the quartic function fix) = ax® + bx? + ex? + dx + e will
always hawve a rational zero when the numbers 1, =2, 3, 4, and —6& are randomly
assigned to replace a through e, and all of the numbers are used.

65, WRITE Explain how the zeros of a function can be located by using the
Remainder Thearem and making a table of values for different input values
and then comparing the remainders.

&7. FIND THE ERROR The table shows x-values and their corresponding Px) values
for a polynomial function. Tyrone and Nia used the Factor Theorem to find factors
of Plx). I either of them correct? Explain your reasoning.

-1 ] 1 2 4

o & 2 0 122
‘ Nia
(= + |) ewmad (= = 2} iz - &]
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Lesson 3-5

Roots and Zeros

Today’s Goals
¥ : = Use the Fundamental
Explore Roots of Quadratic Polynomials Theorem of Algebra to
determine the numbers
i:! Online Activity Use graphing technology to complete the Explore. and types of roots of
T BETTIONS: Son
@ INQUIRY |5 the Fundamental Theorem of = Determine the numbers
Algebra true for quadratic polynomials? and types of roots of
podynomial equations,
find zeros, and use
zeras to graph
Learn Fundamental Theorem of Algebra pohynomial functions.
The zero of a function fx) is any value ¢ such that fc) = 0. Today’s Vocabulary
multiplicity
Key Concept - Zeras, Factors, Roots, and Intercepts
Words: Let Plx) = a.x " + ... + oy % + 0, be a palynomial function. Then
the following statements are equivalent.
« Cisa zero of Plxl
+ Cis aroot or solution of Plx) = 0.
= X—CiBa !atlnra-fanx"' Sy SHREL, o ok + ap,
« If ¢z a real number, then (¢, 0) is an x-intercept of the graph of P{x).
Example: Consider the polynomial function Pix) = x? + 3x — 18.
The zeras of Plx) = x2 + 3x — 18 are —6 and 3.
The roots of x* + 3x — 18 = 0 are —6 and 3.
The factors of x* + 3x — 18 are (x + 6) and (x — 3).
The x-intercepts of Plx) = x2 + 3x — 18 are (—6, 0) and (3, OL
Key Concept « Fundamental Theorem of Algebra
Every polynomial equation with degree greater than zero has at least
ane root in the set of complex numbers.
Key Concept « Corollary to the Fundamental Theorem of Algebra
Words: A polynomial equation of degree n has exactly n roots in the set fo# Think About It!
of complex numbers, including repeated rools. What is the multiplicity
Examples: ;::Jh: I;T;;: E=xp=|1 ::1
2 — Gx+ 2 —x* + 2 — 2x -+t —1 i raReeinG.
3 roots 4 roots 5 roots

Repeated roots can also be called roots of multiplicity m where m is an
integer greater than 1. Multiplicity ks the number of times a number is
a zero for a given polynomial. For example, i) = =x-x-xhas a
zero at x = 0 with multiplicity 3, because x is a factor three times.
However, the graph of the function still only intersects the x-axis once
at the ongin.
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Study Tip

Repeated Roots If you
factor a polynomial and
a factor is raised to a
power greater than 1,
then there is a
raepeated root. The
power to which the
factor is raised
indicates the
multiplicity of the root.
To be sure that you do
not miss a repeated
raot, it can help to write
out each factor. For
example, you would
write »% (x£ + 49)as
x-xfx+ 49 asa
reminder that x*
indicates a root of
multiplicity 2.

Eey Concept - Descartes’ Rule of Signs
Let Pix) = g, x" + . + oyx + 0y be a polynomial function with real
coefficients and a, # 0. Then the number of positive real zeros of Plx) is

the same as the number of changes in sign of the coefficients of the
terms, or is kess than this by an even number, and the number of negative

real zeros of Pix) is the same as the number of changes in sign of the
coefficients of the terms of P{—x), or is less than this by an even number.

Example 1 Determine the Number and Type of Roots

Solve ¥* + 49x2 = 0. State the number and type of roots.
¥r4avi=0

Original equation

2 +49)=0 Factor.
¥=0 or »¥4+49=0 Zero Product Property
x=10 ¥ =—49 Subtract 43 from each side.
¥ =44v—49 Square Root Property
=T Simpdify.

The polynomial has deqgree 4, so there are four roots in the set of
complex numbers. Because x° is a factor, x = 0 is a root with
multiplicity 2, also calied a double root. The equation has one real
repeated root, 0, and two imaginary roots, 7f and —7i.

Example 2 Find the Number of Positive and
MNegative Zeros

State the possible number of positive real zeros, negative real zeros,
and imaginary zeros of f{x) = x® — 2x* — x® + 6x% — Sx + 10.

Because fix) has degree 5, it has five reros, either real ar imaginary.
Use Descartes’ Rule of Signs to determine the possible number and
types of real zeros.

Part A Find the possible number of positive real zeros.

Count the number af
. R P -5
changes in sign for the A= "Juwxﬁﬂ

coefficients of fx). +5'in_ _r:uﬂ_ _'.-1-;54_ 4_!'?;_ _-.:154_

There are 4 sign changes, so
there are 4, 2, or 0 positive real zeros.

Part B Find the possible number of negative real zeros.
Count the number of changes in sign for the coefficients of f—x).

fi—x) = (= — 2{—Hf — (—xP + 6{—x)? — 5(—x] + 10

=—x3 — 2% + x¥ + 62 + B 410

T e T e o R S
i e i i 4] 1]

— 1o ~ -+ +lo+ +lo+ +iod

There is 1sign change, so there s 1 negative real zero.

L) Go Online You can complete an Extra Example online.
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Part C Find the possible number of imaginary 2eros.

Positive Real Megative Real :
Imaginary Zeros Total Zeros
Leros Zeros
4 1 o 4+1+0=5
2 1 2 2+1+2=5
0 1 4 0+1+4=5
Check

Copy and complete the table. State the possible number of positive
real zeros, negative real zeros, and imaginary zeros of fix) = 3x® — x°®
+ 2% + x¥ — 3 + 13x + 1. Write the rows In ascending order of
positive real 2erns.

MNumber of Positive Mumber of Megative Mumber of Imaginary

Q) Talk About Itl

If a polynomial has
degree n and no real
zeros, then how many
imaginary zeros does it
have? Explain yodr
reasoning.

Real Zeros Real Zeros Zeros

Learn Finding Zeros of Polynomial Functions

Key Concept « Complex Conjugates Theoram

Words: Let o and b be real numbers, and b #F 0. Ho + biis azeroofa
polynamial function with real coefficients, then o — B is aleo a zero of
the function.

Example: f 1+ 2iis azero of fx) = x® — x* + 3x + 5, then 1 — 2i is also
a zero of the function.

When you are given all of the zeros of a palynomial function and
asked to determine the function, use the zeros to write the factors and
mukltiply them together. The result will be the polynomial function.

Example 3 Use Synthetic Substitution to Find Zeros

Find all of the zeros of fix) = x® + x* — Tx — 15 and use them to
sketch a rough graph.

Part A Find all of the zeros.

Step 1 Determine the total number of 2eros.
Since fx) has degree 3, the function has 3 zerns.
[continued on the next page)
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Step 2 Determine the type of zeros.
Examine the number of sign changes for fix) and f—x).

fi)=x34+x2—=Txc—15 fl—a)=—x34+x24+Tc—15
nE  yes o yes om0 yes

Because there is 1 sian change for the coefficients of fx), the function
has 1 positive real zero. Because there are 2 sign chamnges for the
coefficients of f—x), fix) has 2 or 0 negative real zeros. Thus, fix) has
3 real zeros, or 1real 2zero and 2 imaginary zeros.

Step 3 Determine the real zeros.

List some possible values, and then use synthetic substitution to
evaluate fx) for real values of x.

3 Iz a zero of the function, and the depressed polynomial is
x4+ 4x + 5. Since it is quadratic, use the Quadratic Formula. The
zerosof fix) = x* + 4x + Sare —2 —jand —2 + i.

The function has zeros at 3, —2 — fand =2 + |

Part B Sketch a rough graph.

The function has one real zero at

x = 3 =0 the function goes through (3, 0)
and does not cross the x-axis at any other
place.

-

)

L

I

1

|
W!"'L gl-lﬂr

ol

Because the degree is odd and the I
leading coefficient is positive, the end - |
behavior is that as x — —oo, fix) — —oo

and as x — oo, fx) — =0

KEXEE-"

Use this information and points with
coordinates found in the table above
to sketch the graph.

L) Go Online You can complete an Extra Example online.
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Check

Determine all of the 2eros of

fix) = x? — x? — 16x? — 4x — BO, and
use them to sketch a rough graph.
Real Zeros: 7, T

Imaginary Zeros: i A i

Example 4 Use a Graph to Write a Polynomial Function

Write a polynomial function that could be y
represented by the graph. g
The graph crosses the x-axie 3 times, so the ‘l‘-f
function = at least of degree 3. It crosses tha —5—6—4—d 45 Bx
x-axisatx = —4, x=—2 and x =1, 50 its 4
factorsare x + 4, x + 2, andx — 1. =

To determine a polynomial, find the product of the factors.

y=x+4)x+ 2x—1 Set the product of the factors equal to y.
= {x? + Gx + B){x — 1) FOIL
= +5x +2x—8 Multiphy.

A polynomial that could be represented by the graph &
y=x"+5x"+2x— 8

Check
Write a polynomial that could be represented
by the graph.
A y=x3—6x2 —24x + 64 / o
B. y=x+4x— 32 = 5 =
€. y=23+6x2 — 24x — 64 :
I
D. y=x—6&4

{3 Go Online You can complete an Extra Example online.
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Problermn-Solving Tip
Logical Reasoning
When solving a
problem it is important
to use logical
reasoning skills to
analyze the problem.

) Go Online
You can complete an
Extra Example anline.

@ Apply Example 5 Use Zeros to Graph a
Polynomial Function

PROFIT MARGIMN A book publisher wants to release a special
hardcover version of several Charles Dickens books. They know that
if they charge $5 or $40, their profit will be $0. Graph a polynomial
function that could represent the company's profit in thousands of
dollars given the price they charge for the book.

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers to your questions?

Sample answer: Let x represent the price that the publisher charges
and let y represent the profit. | need to write and graph a polynomial
function that relates x and y.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | know 5 and 40 are zeros of the function. | can use
them to write factors to write an equation of the function.

3 What is your solution?

y=—x" + 45x — 200

Use your strategy to solve the problem. E“ ¥ ¥
What k= a function that represents the T :ﬁ ﬁ—
given information? ; -
y=x2 — 45x + 200 E_L ¥ 15 20 75 30 35 g A6
! -
Graph the function. g —E0
-2
—250
i
Price (dallars)
Does this function make sense in the - B0 T
context of the situation? If not, explain % -
wihy not and write and graph a more E :1‘;
reasonable function. wl gen
No; the graph passed through the 2eros, E "p!
but did not show reasonable book prices g e ],'? A
that would resull in profit. g —E
&

Price jdollars)
4 How can you know that your

solution is reasonable?
A write About It! Write an argument that can be used to defend
yvour solution.

Sample answer: With multiplying the function by —1, the new function
shows that the profit is negative when charging less than $5 per book.
This makes sense in the context of the situation.
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Practice

Example 1

B Go Online You can compéete your homework onBing.

Solve each equation. State the number and type of roots.

1. Gx+12=0

3.x°+4x =0

5 4x2—dx—1=0

7. 22 +x—6=0

9. x+1=0

M. —3x¥—-5xk+8=0

13. 16x' —625=0

15. ° — B + 165 =0

Example 2

2. x2—4x+40=0

4 x*—625=0

6. x*—Blx=0

8 42 +1=0

10. 2x* —6x+14=0

12. 8 —-27=0

B -6 +MTx=0

16. °+ 2 +x=0

State the possible number of positive real zeros, negative real zeros, and

imaginary zeros of each function.
17. gix) =3 — 4x* — 1Tx + 6

19. fx)=x3 — 822 + 2x — 4

2. gixl=x*+7* +3x—9

23. ) =x"—B + 2 + Gx + 7

25 fix)=—3x5 + Bad + 42 — 8

27. fx) = 4x5 — 5a* — x? + 24

18. hix) = 4x” —12x" —x + 3

20. pi} = —x2 +4x — 6

22. i) =x" —x* — B + Bx +1

24. fi) =2 — Tx? — 2x + 12

26. fix)=x'—2x2 —Bx + 19

28. fix) = —x® + 14 + 18x — 36
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Example 3

Find all of the zeros of each function and use them to sketch a rough graph.
29. h{x) =x* —5x¥ + Bx+ 3 30. gix) = —6x" + 13x — 10

M hd=x"+4"+x—6 32. glx)=x"+3x'—6x— 8
IB.g=x"—-3 -5 +3x+ 4 34. fix) = x* — 21¢* + BO

35 fx) =3 + Tx2 + 4x — 12 36. i) =x3+x2—1Ix+ 15

37 fx) =" — 3" — 3 —T5x — 700  38. flx) = x* + 67 + 737 + 384x + 576

39. fix) =x" — B + 20x? — 32x + 64 40, fix) = x° — Bx® — 9x

Example 4
Write a polynomial that could be represented by each graph.
a1 TR T 1§ a2, | I 4T 43. EBT:I'

|| / /i |
—H n - I?ﬁ\ ] §|

\
7 o L B ==

Example 5

44, FIsH Some fish jump out of the water. When a fish is out of the water, its
location is above sea level. When a fish dives back into the water, its location is
below sea level. A biologist can use polynomial functions to model the location
of fish compared to sea level. A biologist noticed that a fish is at sea level at
—3, =2, -1, 1. 2, and 3 minutes from noon. Graph a polynomial function that
could represent the location of the fish compared to sea level v, in centimeters,
¥ seconds from noon.

45, BUSINESS After introducing a new product, a company’s profit i modeled by a
polynomial function. In 2012 and 2017, the company's profit on the product was
£0. Graph a polynomial function that could represent the amount of profit p{x),
in thousands of dollars, x years since 2010,
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Mixed Exercises

Write a polynomial function of least degree with integral coefficients that has the
given zeros.

46. 5 -2 —1 &47. —4,—3,5
48, —1, -1 2i 49. —3.1, -3/
B80.0,—-5 3+ Bl —2, -3 4-3f

Sketch the graph of each function using its zeros.
52. fix)=x" — Bx? — 2x + 24 53. fixi=4x + 2x* — 4x — 2

B4 fx)=x*— 622+ T? + 6x— B 55. fix) = x* — 6x® + 9x2 + 4x — 12

BB. USE A SOURCE Linear algebra is the study of linear equations. In linear algebra,
the coefficients of linear equations are often arganized into rectangular arrays
called motrices. Research the elgenvalues of a matrix and how they relate to the
rools of a polynomial function. What fields use linear algebra, matrices, and
eigenvalues?

57. SPACE The technology for a rocket that will safely return to Earth fior refueling
and reuse is currently being developed. The three sections of the booster that
will power the flight of the payload are cylindrical with a total volume of about
2341 cublc meters. If the second stage section of the booster is x meters tall,
then the interstage section x 4+ 3 meters tall, and the first stage section is
Bx + 6.5 meters tall. The radius of the booster is x — 5 meters.

FIRST STAGE INTERSTAGE SECOND STAGE  PAYLOAD

| el Je= Qo J

a. Write and solve an equation to represent the total volume of the booster.

b. What are the dimensions of the first stage section of the booster? Explain
your reasoning.
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Q Higher-Order Thinking Skills
58. CREATE Consider two polynomial functions, flx) and gix).

a. Write a polynomial function flx) of least degree with integral coefficients and
zeros that include —1 — 4/ and % + %ﬂ Explain how you found the function.

b. Write another polynomial function gix) with integral coefficients that has the
same degree and zeros. How did you find this function?

c. Are you able to sketch the graphs of fix) and gix) based on the zeros?
Explain your reasoning. Then sketch the graphs of flx) and gix).

59. AMALYZE Use the zeros to draw the graph of P(x) = x® — 7x2 + 7x + 15 by hand.
Discuss the accuracy of your graph, and what could be done to improve the
accuracy.

&0. PERSEVERE Let the polynomial function f{x) have real coefficients, be of degree
5, and have reros 4 4+ 3/, 2 — T, and 6 + B, where b is a real numbser.

a. What can be determined about 5?7 Explain your reasoning.

b. Write a possible equation for fx).

&1. CREATE Sketch the graph of 8 polynomial function with:

a. 3 real, 2 imaginary zeros b. 4real zeros . 2 imaginary reros

62. PERSEVERE Write an equation in factored form of a palynomial function of degree
5 with 2 imaqinary 2eros, 1real nonintegral zero, and 2 irational zeros. Explain.

&3. WHICH ONE DOESN'T BELONGT Determine which equation is not ke the others.
Justify your conclusion.

rf+1=0 r+1=0 rP—1=0 P—8=0

B84, ANALYZE Provide a counterexample for each statement.

a. All polynomial functions of degree greater than 2 have at least 1 negative
real root.

b. All polynomial functions of degree greater than 2 have at least 1 positive
real rootl.

&5. WRITE Explain to a friend how you would use Descartes” Rule of
Signs to determine the number of possible positive real roots and the

number of possible negative real roots of the polynomial function

m=

fla) = x* — 2x% + 6 + B — 12,

66. FIND THE ERROR The graph shows a polynomial function. Brianne = g

says the function is a 4th degree polynomial. Amrita says the function

is a 2nd degree polynomial. Is either of them cormect? Explain your

reasoning.
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Module 3 - Polynomial Equations

Review

{ﬂ Essential Question

What methods are useful for solving polynomial equations and finding zeros of polynomial

functions?

You can use graphing or factoring to solve polynomial equations or find roots of
polynomial functions. The Remainder and Factor Theorems can also be useful.

Module Summary
Lessons 3-1and 3-2

Solving Polynomial Equations

+ Polynomial equations can be solved by graphing
or can be soled algebraically.

+ Use patterns such as the sum or difference of
two cubes to factor.
« ' + b* = (o + bllo* — ab + b
« o — b= (o — Bljlo* + ab + b

« When factoring a polynomial, look for a commaoen
factor o simplify the expression.

» An expression in quadratic form can be written
as gu” + bu + ¢ for any numbers a, b, and ¢,
a # 0, where u is some axprassion in x.

Lesson 3-3

Polynomial Identities

« An identity is an equation that is satisfied by any
numbers that replace the variablas.

« A polynomial identity is a polynomial equation
that is true for any values that are substituted for
the variables.

« To verify an identify, simplify one side of an
equation until the two sides of the equation are
the same.

Lesson 3-4

The Remainder and Factor Theorems

+ Remainder Thearem: For a polynomial pix) and a
number g, the remainder upon division by x — o
is pla).

= Factor Theorem: The binomial x — a is a factor of
the polynomial pix) if and only if pla) = 0.

Lesson 3-5

Roots and Zeros

» Let Ppx) = @ x"+..+ ax + a_ be a polynomial
function. Then the following statements are
equivalent.
+ £isa zero of Plx).
+ £isa root or solution of Plx) = 0.
» x—cisafactorofax+__+ax+a,

« If ¢ is a real number, then (¢, 0) is an x-intercept
of the graph of Plx).

« A polynomial equation of degree n has exactly
i roots in the set of complex numbers, including
repeated roots.

« The number of positive real zeros of Plx) is the
same as the number of changes in sign of the
coefficients of the terms, or s less than this by
an even number, and the number of negative
real zeras of Plx) is the same as the number of
changes in sign of the coefficients of the terms
of P{—x), or is less than this by an even numbser.

« If @ + bi s a zero of a polynomial funclion with
real coefficients, then o — b is also a zero of
the function.

Study Organizer
L'ﬂ] Foldables
Use your Foldable to review
this medule. Working with a
partner can be helpful. Ask
far clarification of concapts
as needed,
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Test Practice

1. MULTIPLE CHOICE Which function can be usad

ta solve x° — x = 2x* — 2 by graphing?

[Leszon 3-1)

A M)=x—2e—x+2
B fj=x—2

C MA)=x+2u"—x—2
D. f¥)= 255 — & + 2x

. DPEM RESPOMSE The graph of
flx) = x* — 4% + x + 105 shown.

n_ﬂr
L
2

_[I
I

z

How many real solutions does the function
have? |Lesson 3-1)

. MULTI-SELECT Use a graphing calculator to
solve x¥ — 10x + 4 = 4 — x. Select all of the
sutions. [Lesson 3-1)

A —3
0
1

mm o oW
Led
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4. MULTIPLE CHOICE A jewelry box is 3 inches by

4 inches by 2 inches. If increasing the length of
each edge by x inches doubles the valume of
the jewelry box, what i< the value of x7 Round
your answer to the nearest hundredth i

necessary. (Lesson 3-1)

A 040
B. 069
C. 073
D

124

. DPEM RESPOMSE The volume of a figure is

¥° — Oy The surface area of another figure is
Bx2. Disregarding the units, the volume of the
first figure equals the surface area of the
second figure. What are the possible values
of x? Explain your reasoning. (Lessen 3-)

MULTI-SELECT Find the solutions of
¥ —x— 2 = 0. Select all that apply.
[Lessoen 3-2)

A 42
+
+1

2

+iv2

m D N W



7. OPEN RESPONSE Evelyn is making two 10. MULTIPLE CHOICE Which of the following is

rectangular table tops. The dimensions of both an equivalent expression to 4xy? [Lesson 3-3)
are shown If both designs have the same area, 3
what is the value of x? (Lesson 3-2) A+ —ix+y

B. e+ —px—
C 2+ —(x+

x+4 —= =
D Do x4y — 20—

*—2 | . MULTIPLE CHOICE What is the remainder
" whenfi) =x*+* — 26 + Gx — 4 is
divided by x + 37 (Lesson 3-4)

A 25
B. MULTI-SELECT Select all of the chaices B. 17
that are steps in the proof that
X348 =[x 4+ Px? — xy + 7). iLesson 3-3) c 1
A+t = xlx) — x) + x) + 1) — % 23

) + vy’

B. ¥+ pP=x—dy+xr+x7—xy+y 12. MUATISELECT W x — 1is a factor of
X — Bx* + 1x — 6, find the remaining factors
C. ¥+y'=x"—(y+0°) +{y—n)+y of the polynomial. Select all that apply.
: (Lesson 3-4)
D. ¥+y=x"—wy+xp+xy—xpF+ )y !
A X —Bx+6
E. 4y =2 - + 07+
B. x—3
Foox+y=x+y
. x+2
9. MULTIPLE CHOICE Which of the following is an D. x—2

equivalent expression to {x + WP (Lesson 3-3)
A, ¥+ + 3 — ¥

B. ¥+ )y +3nx+y

C. ¥+ +uix+1

D. x4+ +xix— W
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13.

14.

15.

MULTIPLE CHOICE The average price of
gasoline, in dollars, from 2010 to 2016

can be modeled by the function

My = 003 — 0.4x® + 118x + 275, where
¥ represents the years since 2010, What is
the estimated price of gasoline in 201 in
dollars? |Lesaon 3-4)

A, 3470
B. $356
C. 8242
D. 3114

OPEN RESPOMNSE Use synthetic substitution
to find f—6) if fx) = —3x* — 200" + BOx + 12.

[Lesson 3-4)

MULTI-SELECT Which value of x is a real root
in the equation x* + 3x? — 4 = 07? Select all

that apply. (Lessan 35
A =2

-1

1

B
C
D
E. —X
F
G
H
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16. MULTI-SELECT What are the possible

17

A

numbers of positive real roots and negative
real roots of plx) = x5 — 26" + 3 — I +
1? Select all that apply. (Lesson 3-5§

A O
B. 1

2
3
4
B

MULTIPLE CHOICE A template for a shipping
box k= made by cutting a square with side
length x Inches from each comer of a
rectangular piece of cardboard that is

12 inches wide and 14 inches long. Which
graph could represent the relationship
between the walume of a shipping box y and

its helght? iLesson 3-5)
|
BNET
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i
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i
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18. MULTIPLE CHOICE Consider the function

plx) = x% — 3x* + 3 — x’. Which of the
following is a root of the function with
multiplicity 3% (Lezzon 3-5)

A 1
B. O
co1
D. 2



Module 4
Inverse and Radical Functions

€ Essential Question
How can the inverse of a function be used to help interpret a real-world event or

solve a problem?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After
E — I don't know. i — I've heard of it. i — | know it '-__ Wil E '__ Tl i

perform operations on functions !

combine functions using a composition of functions

verify mathematically two relations or functions are inverses |

wrile expressions with rational exponents

graph square root functions

graph cube root functions

perform operations with radical expressions

sohve radical equations by graphing |

solve radical equations algebraically |

ﬂI‘ Foldables Make this Foldable to help you organize your notes about inverse
and radical functions. Begin with three sheets of natebook paper.

1. Stack three sheets of notebook paper so that each is one inch higher than the previous,
2. Align the bottam of all the sheets.
3. Fold the papers and crease

well. Open the papers and ._; L L FE— L (| ey Rt Eteen
staple them. Label the E_T ] ﬁ:.r' o - , | ot i bt x|
pages with lesson tiles. = 1 = | Er#-:::un-w-
L = |

:: Il |_'I:I' I :-ﬂ'l 1 S o Ferctwrn

=g e |

H ==

%1 (A 1

Tk L 1 =
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What Vocabulary Will You Learn?
» composition of functions

« inverse relations .
like radical expressions .

radical function
radicand

« rational exponent
« sguare root function

« Cconjugates B

+ cube root function = nth root

s index + principal root

v inverse functions « radical equation

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Gulck Review

The roots are the x-coordinates where the graph
crosses the x-axis,

The graph crosses the x-axis between 0 and 1and at L

Usze the related graph of each equation to
determine its roots. If exact roots cannot be
found, state the consecutive integers between
which the roots are located.

1 ¥ —4x+1=0

22 +x—6=0

33 —-3x—1=0

4.2x: -9 +4=0

Example 1 Example 2

Use the related graph of ¥ i Simplify {3x* + 42" + 2" + 9x — 8) + (v + 2) by
0=3x—4x+ 1to using synthetic division.

determine its roots. h x—r=x+2 sor=-2

If exact roots cannot be

found, state the consecutive h’ _2| 3 4 1 8 -6
integers between which the H’ 4 -6 4 =10 2
roods are located. {u | X 3 -3 5 -1 —4

Gulck Check

Simplify each expression by using synthetic
division.

B.(5x*— 22x —15) = (x — 5)

6.3 + 1x —12) + (x + 4)

7. (2¢ — 7% — 36x + 36) = (x — 6)

8.3 — 13+ 17 —18Bx +15) = (x — 3)

How Did You Dot

Which exercises did you answer correctly in the Quick Check?
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Lesson 4-1

Operations on Functions

Explore Adding Functions

3 Online Activity Use graphing technology to complete the Explore.

-]
@ INQUIRY Do you think that the graph of |
flx) + gix) will be more or less steep than

the graphs of fix} and g{x)?

Learn Operations on Functions

Key Concept « Operations on Functions

Operation Definition Example:
Let fix) = 3x and gix) = 2x — 4.

Addition {f + glx) = fix) + gix) (F+ giix) = 3x + (2 — 4)

= Gx — 4
Subtraction (f—glx)=fx)—glx} (F—oglx) =3x—[2x—4)

=X+ 4
Multiplication {f=g) (x} = fix} » ol {f = g} (x} = 3x2x — 4)

= B’ — 12x
Dhvision

(Dm=gmod#0  (g)M=z2gx#2

To graph the sum or difference of functions, graph each function
separately. Then add or subtract the corresponding functional values.

Example 1 Add and Subtract Functions

Given flx) = —x* + 3x + 1and gix) = 2x* — 5, find each function.
a. (f+ g)ix)

if + ghix) = fix) + gix)

Eddition of functions

=(—x2+3x+1)+2x2-5) fxj=—x2 + 3 +1
and gx] = 2x =5

=—x+3+1+ 27 -5 Add

=x' +3x—4 Simplify:

[continued on the next page)
.} Go Online You can complete an Extra Example online.

Today's Goals

= Find sums, differences,
products, and guaotients
of functions.

= Find compositions of
functions.

Today's Vocabulary
composition of
functions

Study Tip

Degree If the degree
of fix) = m and the
degree of gix) is n,
then the degrees of
(f + glix) and (f — giix)
can be at most m or n,
whichever is greater.
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b. (f —gilx)

I — gl = fix) — glx) Subtraction of functions
=(—2 +3x+ 1) — (26" - 5) M) = —x" + 3x + tand
g{x}=2ﬂ-—5
=2+ +1-2¢+5 Subtract.
=32 +3x+6 Simpiify.

Example 2 Multiply and Divide Functions

Given fix) = 4x? — 2x + 3 and g(x) = —x + 5, find each function.
a. (f - g)ix)

(F = ge) = fx) = glx) Mudtiplication of
functions
= (4x? — 2x + 3)—x + 5) ) = & — 2x + 3

and gl = —x+5
=—43 + 2002 + 2% — 10w —3x+ 16 Distributive Property

=—43+222 13 +15 Simplify.

f
b- () ea i

(Fw =g Division af functions

_ h"_;il';'_ﬂ.'x# 5 fix) = 4x% — 2% + 3 and
giK=-x+5

Check
Given fix) = —x* + 1and g(x) = x + 1, find each function.

o= 2 ()

l.n:n Cumpnsihnrm ﬂf Fundmns

Etppumfﬂl:lgm E.un‘:ﬁunsm.l:h .

that the range of g is a subset of the Domain Range of Range
domain of #. Then the composition ofg  domainoff  off
function f ¢ g can be described

by [fo glix) = flogixj]

e

& Go Online @unmﬂ&mmwm
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Example 4 Compose Functions by Using Ordered Pairs

Given f and g, find [f = g](x) and [g « f)ix). 5tate the domain and
range for each.

F={{1, 12}, {10, 17, {0, 13}, (9. 7)) g = ({4, 1), (5, 0). (13, 9). (12, 100}
Part & Find [f o glix) and [g o fix).

To find F o g, evaluate gix) first To find g = F, evaluate fx) first
then use the range to then use the range to
evaluate fx). evaluate gix).

flg(4)] = fil) or 12 g4 =1 gif{1] = g(12) or 10 1 =12
flg(5)] = A0) or 13 g(5) =0 gif10)] = g1 f10) = 1
flg(13)] = A9) or 7 git3| = 9 g{fi0)] = af13) or 9 0y = 13
fMo(12)) = A0)er g(12) =10 glfi9] = ol7) 9 =7

Because 11 and 7 are not in the domain of g, g © fis undefined
forx=Nandx=7 50, g« f={[{1 10}, (0 9.

Part B State the domain and range.

[fe glix): The domain is the x-coordinates of the composed function, so
D ={4, 5,12, 13} The range is the y-coordinates of the composed
function, so R = [7. 11,12, 13

[gr = Aix)k The domain is the x-coordinates of the composed function, so
D = {0, 1). The range is the y-coordinates of the composed function,
so0 R =9, 10}

Example 5 Compose Functions

Given fix) = 2x — 5 and gix) = 3x. find [f » gl{x) and [g o fl{x). State
the domain and range for each.

Part A Find [f o g)(x) and [g o M{x).

[fe glix] = flaix] Composition [g = flix) = g[fix]]
of functions
= f{3x) Substitute = gi2x — 5)
=23 — 5 Substitute again. = 3{2x — 5)
=6y — 5 Simplify. = Gx — 15 Stady Tip

Domain and Range To

Part B 5tate the domain and range. ensure you have the

Because [f e glix) and [g @ Flix) are both linear functions with nonzero right domain and

slopes, I = [all real numbers) and B = [all real numbers] for both range, it can help ta

functions. graph [F = g] {x] and
[g o M=)

) Go Online You can complete an Extra Example online.
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Watch Out!

Order Remember that,

for two functions fx)
and gix], [f = glix) is

not always equal to

[g = fl{x). Glven that the
studios take thelr cut
after the tickets have
been sold, consider
how that affects the
order of ix) and kix).

B Go Online

You can complete an Extra
Examiple anline.

Check

Given fix) = —x + 1 and gix) = 2x* — x, find [f ¢ gl{x) and [g = fliix). State
the domain and range for each.

[fogl)=_ %
Domain of [f o giix): 2

[g o flix) = E
Domain of [g o Fix): 2 .

Rangeofgo fxk — 2

Rangeof[foglx) — %

@ Apply Example 6 Use Composition of Functions

BOX OFFICE A movie theater charges $8.50 for each of the x tickets
sold. The manager wants to determine how much the movie theater
gets to keep of the ticket sales if they have to give the studios 75% of
the money earmed on ticket sales #(x). if the amount they keep of each
ticket =ale is k(x), which composition represents the total amount of
money the theater gets to keep?

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers 1o your questions?

Sample answer: | need to write functions for i(x) and k(x) and use them
to create a composition that represents the maney that the theater
keeps. If the studios get 75%, what does the theater get to keep?
Should the composition be [k « fx) or [t » K}x)?

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: First, | will determine functions for §x) and kix). Then,
I will determine the arder of the composition and simplify it.
I will apply what | have leamed in previous examples to complete the task.

3 What is your solution?

Use your strateqy to solve the problem.

What function represents the money earned on ticket sales,
Hx)? fjx) = 8.50x

What function represents the amount of money the theater keeps from
each ticket sale, kix)? kix) = 0.25x

Because the theater uses the total earnings to determine the amount
they keep from the ticket sales, what compesition should be used to
represent the situation? [k o tl= 2.125x)

4 How can you know that your solution is reasonable?

g Write About It! Write an argument that can be used to defend
your solution.

Sample answer: If the theater sells 1000 tickets in a weekend, they will
earn 1000}, or $8500. The theater will keep 25% of $8500, which is
k(8500) = $2125. This is the same value as [k = 1000
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Practice m Go Online ¥ou can complete your homewornk onBne.

Examples 1 and 2
Find (f + g)x), (f — g)x), (f » g){x), and (§ ) for each #x) and gix).

1 fix) = 2x 2. fix)=x—1
gl =—4x + 5 gix) = by — 2

3. fx=x—2 4. fix) =2
glx) = 2x—7 gix)=x—5

B fix)=—x+6 6. fix) = 3x" — 4
gh)=2x*+ 3x—5 gix)=x*—8x + 4

Example 3

7. AINAMCE Trevon opens a checking account that he only uses to pay fixed bills,
which are expenses that are the same each month, such as car loans or rent. The
checking account has an initial balance of $1750 and Trevon deposits $925 each
month. The balance of the account can be modeled by olx) = 1750 + 925x,
where x is the number of months since the account was opened. The total of
Trevon's fixed bills is modeled by b{x) = B40x. Define and graph the function that
represents the account balance after he pays his bills.

a. ldentify and write a new function to represent the
account balance.

b. Graph the combined function.

B. BASEBALL A coach is ordering custom practice T-shirts and
game jerseys for each of the team members. The coach
orders T-shirts from a local shop that charges $7.50 for
each, plus a %35 initial printer fea. The cost of the T-shirts is
modeled by H{x) = 7.5x + 35, where x is the number of team
members. He aorders jerseys online, which cost $18 each
with £20 shipping. The cost of the jerseys is modeled by
fix) =18x + 20. Define and graph the function that
represents the total cost of the T-shirts and jerseys.

a. ldemtify and write a new function to represent total cost.

b. Graph the combined function.
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Example 4

For each pair of functions, find f o g and g = f, if they exist. State the domain and
range for each.

9. F={{—8. —4).(0.4),(2,6), (—6,—-2]] 10. f={(—7 0),{4,5), (8.12). (—3. 6)}
g ={{4.—4.(—2,—1.(—4.0), (6. —5)) g = [I6. 8), (—12, —5). (0, 5). (5. 1))

N I={518).-4-2.(-8.-M3.1 12 f={-4-14).(0 —6).(-6 —18), (2, -2}

g={—8.2).(—4.1.3.-3).(5.7) g = [|—6. 1), (18, 13), (—14, 9), (-2, —3))
Example 5
Find [f = gl{x) and [g = f}(x). State the domain and range for each.
13. fix) = 2x 14. fix) = —3x
gix) =x+5 gix)=—x+8
15 =2+ 6x—2 16. i) =2x —x +1
gkl =x—8& gix)=4x+ 3
Example &

17. USE A MODEL Mr. Rivera wants to purchase a riding lawn mower, which is on sale
for 16% off the original price. The sales tax in his area is 5.5%. Let x represent the
original cost of the lawn mower. Write two functions representing the price of
the lawn mower plx) after the discount and the price of the lawn mower ix) after
sales tax. Write a composition of functions that represents the price of the riding
lawn mower. How much will Mr. Rivera pay for a riding lawn mower that orlginally
cost $13507

18. REASONING A sporting goods store is offering a 20% discount on shoes. Mariana
afso has a %5 off coupon that can be applied to her purchase. She s planning to
buy a pair of shoes that originally costs $89. Will the final price be lower if the
discount i= applied before the coupon or if the coupon s applied before the
discount? Justify your response.

Mixed Exercises

19. REASONING A bookstore that offers a 12% membership discount is currently
offering 20% off each customer’s total purchase when they spend more than $50.
If Keshawn has $78 of books, should he request that the membership discount or
the 20% off discount be applied first? Justify your response.

20. CONSTRUCT ARGUMENTS Is [f e gl(x) always equal to [g o F(x) for two functions
flx) and gix)? Justify your conclusions. Provide a counterexample if needed.
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If fix) = 3x, g(x) = x + 4, and hix) = x* — 1, find each value.

21. fo(l)] 22. g{h0]] 23. glfi—1)

24. h{fi5]] 25. g{—3)] 26. h{f10]]

27. fhi8)] 28. [+ (h o glilY) 29, [fo (g o hi}—2)
30. hifi—8j] 31. fA{0)] 32. fa7)]

33. fh{—2)] 34. [g o (f o h)—1) 35. [h e (fo gll3)

36. AREA Valeria wants to know the area of a flgure made by joining an equilateral ;
triangle and square along an edge. The function fis) = ? s? glves the area of an 0000
equilateral triangle with side s. The function gis) = s2 gives the area of a square with

side 5. Write a function fs) that gives the area of the figure as a function of its side
length s.

37. USE A MODEL The volume V of a weather balloon with radius r is given by
Vir) = %m';*_ The balloon s being inflated so that the radius increases at a
constant rate ft) = %I' + 2, where r is in meters and ! is the number of seconds
since inflation began.

a. Determine the function that represents the volume of the weather balloon in
terms of time.

b. Find the volume of the balloon 12 seconds after inflation begins. Round your
answer to the nearest cubic meter.
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38. REASCONING The National Center for Education Statistics reports data showing
that since 2006, college enroliment for men in thousands can be modeled by
fix) = 389x + 7500, where x reprecents the number of years since 2006,
Similarly, enroliment for women can be modeled by gix) = 480x + 10,075 Write
a function for {f + g)(x) and interpret what it represents,

39. STRUCTURE The table shows various values of functions fix), glx), and hix).

—1 0 1 2 3 4
7 -2 o] 2 4 1
-3 —4 -5 0 i 1
0 4 1 1 5 5
Use the table to find the following values:
a. (f+ gi(—1) b. (h — gli0) c. {f+ hji4)
f g o
d. ()= e (2)2 £ (F)m

Q Higher-Order Thinking Skills
40. PERSEVERE If (f + g)i3) = 5 and [ = g}{{3) = &, find F{3) and g{3). Explain.

1. CREATE Write two functions fix) and gix) such that (f « g4} = 0.

42. FIND THE ERROR Chris and Toblas are finding (f e gj(x), where fix) = x2 + 2x — 8
and g(x) = x% + 8. Is either of them correct? Explain your reasoning.

Chris Tobias
if o gixn = flgn] if o gin =gl
=+er+ux—8 =F+art+act+a—8
=t wrt+teatw—a =ittt +ie—a
= 3% + 160° + 24 + 58 ="'+ 1B+ 12

43. PERSEVERE Given fix) = +x% and gix) = +fx5, determine each domain.
a. gl « gix) b. fix] - fix)

44, ANALYZE State whether the following statement is sometimes, aways, or never
true. Justify your argument.

The domain of two functions fix) and gix) that are composed g{fix]] is restricted by
the domain of gix).
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Lesson 4-2

Inverse Relations and Functions

Explore Inverse Functions

&) Online Activity Use graphing technology to complete the Explore.

| @ INQUIRY For what values of n will fix) = x"
I have an inverse that is also a function?

Learn |nverse Relations and Functions

Two relations are inverse relations if one relation contains elements of
the form (o, b) when the other relation contains the elements of the
form (b, a).

Two functions Fand g are inverse functions if and only if both of their
compositions are the identity function.

Key Concepis « lnverse Functions
Woards: If fand £~ are inverses, then fla) = b if and onby if b} = o.

Example: Let f{x) = x — 5 and represent its inverse as f )= x+ 5

Evaluata 7). Evaluate f~Y2).
fixy =x—5 Mx=x+5
fiNn=7—5%or2 FF2=2+5or7

Mot all functions have an inverse function. if a function faiis the
horizontal line test, you can restrict the domain of the function to make
the inverse a function. Choose a portion of the domain on which the
function is one-to-one. There may be maore than one possible domain.

Example 1 Find an Inverse Relation

GEOMETRY The vertices of AABC can be represented by the
relation ({2, 4), (—3, 2), (4, 1)). Find the inversze of the relation. Graph
both the ariginal relation and its inverse.

Step 1 Graph the relation. |r|

Graph the ordered palrs and

connect the points to form a b = g |
LA—3, -

triangle. O, 1)
d ]| x

g‘n:m'd}

(continued on the next poge)

Today’s Goals

= Find inverses of
relations.

= “erify that two relations
are inverses by using
CoMmpasitions.

Today’s Vocabulary
inverse relations

inverse functions

f# Think About It!

Write a function that
does nol pass the
honzaontal line test.

L} Go Online You
can complete an Extra
Example online.
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4 Think About It
Describe the graph of
the inverse relation.

Study Tip

Inverses If F—x) is the
imverse of fix), the
graph of f~[x} will be a
reflection of the graph
of f{x} in the line y = x.

Q Go Online

You can learn how to
graph a relation and its
imverse on a graphing
calculator by watching
the video online.

Step 2 Find the inverse., Step 3 Graph the inverse.

To find the Inverse, exchange the FlClA
coordinates of the ordered pairs. —
(4, 2), (2, —3), (1, 4)) BT -&‘:
= | e
v
¥

Example 2 Inverse Functions

Find the inverse of fix) = 3x + 2. Then graph the function and its
inverse.

Step 1 Rewrite the function.
Rewrite the function as an equation relating x and y.
fix) =3x+2—=y=3x+2

Step 2 Exchange x and y.
Exchange x and v in the equation.

¥=3y+2
Step 3 Solve for y.
X =3¢+ 2
x—2 =3y
x=23 _
3
Step 4 Replace y with F~(x). Step 5 Graph fix) and ().
Replace y with x| in ¥
the eqguation. =35+ 2
y=”§2—-fb1{x:|=151 -
=t r;
Eﬁmw:@glfm-?.x+2m = -I.I_..:=-'|';1
#
Check

Examine flx) = —x + 1.
Part A Find the inverse of fjx) = —x + 1.
FY=__2

Part B Graph flx) = —3x + 1 and its inverse.

L) Go Online You can complete an Extra Example online.
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Example 3 inverses with Restricted Domains

Examine fix) = x2 + 2x + 4.
Part A Find the inverse of fix).
fix) =x*+ 2x + 4

Origimal function

y=x2+2x+4 Replace fx) with y.
Xx=y"+2y+4 Exchange x and y.
¥—d =2+ Iy Subiract 4 from each side
x—4+1=p2+ Ip+1 Complete the square.
x—3=(y+1" Simplify.
+x—3 =y+1 Take the sguare roat of each side.
—1+4dx—3=y Subtract 1 from each side.
Flg=—1+4vx—3  Replace ywith F ).
Part B i necessary, restrict the domain of the inverse so thatitis a
function.
Because fix) fails the horizontal line test, FYx) k] Trfdl

i=s not a function. Find the restricted domain of
fix) so that F~{x} will be a function. Look for a
portion of the graph that is one-to-one. |f the
domain of fix) ks restricted to [—1, =<, then

the imverse ks F iz = —1+ vx — 3.

If the domain of f(x) is restricted to ::uc_,_i].

then the inverse s (k) = —1 — +/x — 3.

'@' Example 4 Interpret Inverse Functions

TEMPERATURE A formula for mmerllngﬁn temperature in degrees
Fahrenheit to degrees Celsius is T(x) =E{x —32).

Find the inverse of T(x), and describe its meaning.

Ty = gix — 32)
y=73x—32)
x=2ly —32)
Tey-n
T i32=y

T =5+ 32

Onginal fumciion
Replace Tix) with p.
Exchange x and .

i ; g
Muitipy each side by =.
#dd 32 to each side.

Replace y with T~ [x).

T {x) = can be used to convert a temperature in degrees Celsius to

degrees Fahrenheit.

{2} Go Online You can complete an Extra Example onling.

Watch Cut!

Inverse Functions f—'
is read finverse or the
inverse of {. Note that
—1i% not an exponent.

{3 Go Online to see
Part B of the example
on using the graph of
Tix) and T 'x).

\op Think About It

Find the domain of Tx)
and its inverse. Explain

YOUur reasoning.
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{o Think About It

If jpx) and kix) are
imverses, find [k o flix).

Watch Outl
Compaositions of
Functions Be sure to
check both [f o glix)
and [g = fi{x]) to verify
that functions are
imverses. By definition,
both compositions
must result in the
identity function.

Go Online tosee
another example on
verifying inverse
functions.

& Talk About It!

Find the domain of the
imverse, and describe
its meaning in the

context of the situation_

Learn Verifying Inverses

Key Concept « Verifying Inverse Functions
Words: Two functions fand g are inverse functions if and only if both of
their compositions are the identity function.

Symbols: fx) and gix) are inverses # and only if [f o glix) = x and
[g = fix) = x.

Example 5 Use Compositions to Verify Inverses

Determine whether h{x) = ¥x + 13 and k{x) = [x — 13)? are Inverse
functions.

Find [h © k]x).
[h & k]ix) = hikixj]
= hix — 13)7]
= f—BF+13
= ¥ — 26x + 169 + 13 Distribute.
= Vx2 — 26x + 182 Simplify.
Because [he K)x) s not the identity function, fx) and kix) are not inverses.

Composition of functions
Substitute,

Substitute again

Check
Determine whether fix) = % + % and gx) = 9x + 12 are inverses.
Explain your reasoning.

Example 6 Verify Inverse Functions

GEOMETRY The formula for the
valume of a cylinder with a height of

5 inches Is V = 5xrl. Determine

wheli'rnrr=+§"£: is the inverse of
the eriginal function.

Flnd Vo r.

Flnd ro

V=5xr

(T -
~sn(%) vz
=V =r

r =1II% is the inverse of V' = 572,
Dﬁu Cnline You can complete an Extra Example online.
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Practice {:} Go Online You can compiete your homewonk online.

Example 1
For each polygen, find the inverse of the relation. Then, graph both the ariginal
relation and its inverse.

1. AMNP with vertices at [(—8, 6). (6, —2), (4, —6)]

2. AXYZ with vertices at [{7. 7). (4. 99, (3, —7)

3. trapezoid GRST with vertices at {(B, —1), (—8, —1), (—2. —8), (2, —8}}
4. quadrilateral FGH with vertices at {4, 3), (—4, —4), (—3, —5). (5. 2}

Examples 2 and 3

Find the inverse of each function. Then graph the function and its inverse. If
necessary, restrict the domain of the inverse so that it is a function.

5. fx)=x+ 2 6. gix) = 5x
7. fp=—2x +1 8. hix) = %57
9. fix)= —2x—8 10. gl = x + 4
1. flx) = 4x 12. fix)= —Bx + 9
13. fix) = 5 14. hixi =x* + 4
Example 4

15. WEIGHT The formula to convert welaht in pounds to stones s pix) = %.
where x is the weight in pounds.

a. Find the inverse of plx}, and describe its meaning.

b. Graph p{x} and p~Y{x). Use the graph to find the welght in pounds
of a dog that weighs about 2.5 stones.
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16. CRYPTOGRAPHY DelAndre is designing a code 1o send secret messages. He
assigns each letter of the alphabet to a number, where A=1,B=2,C= 13, and
so on. Then he uses cfx) = 4x — 9 to create the secret code.

a. Find the inverse of clx), and describe its meaning.

b. Make tables of cfx) and ¢~ '{x). Use the table to decipher the
message: 15, 75, 47, 3, 71, 27,51, 47 67,

Example 5
Determine whether each pair of functions are inverse functions. Write yes or no.
7. Ax)=x—1 18. ix)=2x+ 3
gix) =1—x gix) = 5ix — 3)
19, ix)=5x—5 20. fix) = 2x
1
29, hix)=6x — 2 22. fix)=8x —10
1 1 5
gix) =zx+3 gi=gx+3
Example &

23. GEOMETRY The formula for the volume of a right circular cone with a helght of
2fectis V= %ﬂrl. Determine whether r = 1{% is the inverse of the original

functhon.

24. GEOMETRY The formula for the area of a trapezoid s A = %{a + b
Determine whether i = 24 — (o + b = the inverse of the original function.

Mixed Exercises

Find the inverse of each function. Then graph the function and its inverse. If
necessary, restrict the domain of the inverse so that it is a function.

25 y=4 26. flx) = 3x
27. i) =x+2 28. gix} = 2x — 1
29. fix) = 32 — 1 0. P =(x+12+3
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Determine whether each pair of functions are inverse functions. Write yes or na.

3. fix) = 4x2 32. fix) = 32 +1
gix) = 1% glx)= v3x—3
33 fix)=x"—9 34. fix) = 23
3
gix)=x+3 gt = 13«
35. fix) = (x + 6)° 36. i) =24x—5
glx) = % — 6 gl =32 — 5

Restrict the domain of fix]) so that its inverse is also a function. State the restricted
domain of fx) and the domain of £ 1{x).

37. fx)=x*+5 38. fix) = 3x2
39. fx)=+x+6 40. fix)=+x + 3

Copy each graph. Sketch a graph of the inverse of each function. Then state
whether the inverse is a function.

a, y 42, ¥ /

(o SR

45, FITNESS Alejandro s a personal trainer. For his clients to
gain the maximum benefit from thelr exercise, Alejandro
calculates their maximum target heart rate using the function
fix) = D.B5(220 — x), where x represents the age of the (]|
client. Find the inverse of this function and Interpret its
meaning in the context of the situation.

46. Copy the plecewise function shown. Graph the inverse of the
piecewise function shown.
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47. USE A MODEL The diagram shows a sheet of metal with squares of side

a. Write and graph the function VYx) which gives the volume of the open
bos. Explaln how the domain of this function must be restricted within
the context of this scenano.

b. Does restricting the domain in part a allow for the Inverse to also
be a function? Explain your reasoning.

48. STRUCTURE Use the table to find the relationship between
(f + g~ ') and £ + g 7'(x).

a. Suppose that functions fix), gix), and {f + g)(x) all have inverse
functions defined on the domain [0, 3]. Calculate the following

values.
L3+ L r'm+ g7

b. Use the value of {f + g){1) to find (f + g) (3] Use the value of [f + g){0) to find
(f+ @) (1.

c. Joyce claims that (f+ g) W =F P + g [ and (F+ g) ' () =
%) + g7 (). Determine whether she Is correct. Explain your reasoning.

d. Consider the functions fix) = 2x + 1and glx) = 2x — 1. Compare (f + g)~Yx) and
Fa + g7 ')

49. AMALYZE If a relation is not a function, then its inverse is sometimes, always, or
never a function. Justify your argument

50. CREATE Give an example of a function and its inverse. Verify that the two
functions are inverses.

51. PERSEVERE Give an example of a function that is its own inverse.

52. AMALYZE Can the graphs of a linear function with a slope # 0 and its inverse
ever be perpendicular? Justify your answer.

53. WRITE Suppose you have a composition of two functions that are inverses.
When you put in a value of 5 for x, why is the result always 5?2
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Lesson 4-3

nth Roots and Rational Exponents

Explore Inverses of Power Functions

.} Online Activity Use a calculator to complete the Explore.

| @ INGUIRY What conjectures can you make
about fix) = x" and gix) = 4% for all odd
positive values of n?

Learn nth Roots

Finding the square root of a number and squaring a number are inverse
operations. To find the square root of o, you must find a number with a
square of @. The inverse of raising a number to the nth power is finding
the nth root of a number. The symbaly indicates an nth rooL.

For any real numbers o and b and any positive integer n, if o™ = b,
then a is an nth root of b. For example, because (—2)1* =64, —2 s a
sixth root of 64 and 2 is a principal root.

An example of an nth root s V36, e B

which Is read as the nth root of 36. 4 3 6

In this example, n is the index and 4
36 is the radicand, or the expression i ot

under the radical symbol.

Some numbers have more than one real mth root. For example, 16 has
two sguare roots, 4 and —4, because 42 and (—4)2 both equal 16.
When there = more than one real root and n & even, the nonnegative
roat s called the principal root.

Key Concept - Real nth Roots

Suppose n ls an integer greater than 1, o is a real number, and o 1s an
mh root of b

a nis even. n is odd.

a>=id 1 unigue positive and 1unique 1 unigue positive and 0
negative real root: + 58 negative real root: JF

a<0 | Oreal roots 0 positive and 1 negative real

root-4a

o=0 1real root VD =0 1real rootV0 =0

A radical expression Is simplified when the radicand contains no
fractions and no radicals appear in the denaminator.

Today’s Goals

» Simplify expressions
imwobving radicals and
rational exponents.

= Simplify expressions
in exponential or
radical form.

Today's Vocabulary
nth root
index
radicand
principal root
rational exponent

ty Think About It!
Lorena says she can
tell thaty—64 will

have a real rool
without graphing. Do
you agree or disagree?
Explain your reasoning.
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Watch Cut!

Principal Roots
Bacause 52 = 25 25

has wo square roots, 5
and —5. Howewver, the
value of ¥25 is 5 only.
To indicate both square
roots and not just the
principal square roat,
the expression must be
written as +/25.

(&) Talk About It!

Compare the simplified
expressions in the
previous example with
the ones in this
example. Explain why
the simplified
expressions in this
example require
absolute value bars
when the simplified
expressions in the
previous example did
rol.

Example 1 Find Roots

Simplify.
a. +425x%
+v25% = 14537
= 15’
b. —Yiy* + 7™
—0P + 2 = -7 + 7P
= —(y2 + 78
c. Y3a34™°
43430"8p% = [7f0?7
=Ta%*
d. V—280:844

There are no real roots of Y—289. However, there are two imaginary
roots, 177 and —17i. Because we are only finding the principal square
root, use 171,

V—289c8g* = /=1 -+ V28950
= + 4 289cBa?
= Ficta?

Check
Write the simplified form of each expression.

a.tvioext 7 b.—v19e* 7 e v—196x 7

When you find an even root of an even power and the result is an odd
power, you must use the absolute value of the result to ensure that the
answer s nonnegative.

Example 2 Simplify Using Absolute Value

Simplify.
a. V81l
=3|x|

Because x could be negative, you must use the absolute value of x to
ensure that the principal square root is nonnegative.

b.4256( — 2)**
V25617 — 2/* =256 Vi — 2P
=2[(* - 27|

Because {yJ — 2)® could be negative, you must use the absolute value
of (¥* — 2 to ensure that the principal square root is nonnegative.
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Learn Rational Exponents

You can use the properties of exponents to translate expressions from
exponential form to radical form or from radical form to exponential
form. An expression s in exponential form if it is in the form x7, where
nis an exponent. An expression is n radical form if it contains a

radical symbol

1 m
For any real number b and a positive integer n, bn =+b, except
where b < 0 and r is even. When b < 0 and n = even, a complex

root may exist.
Examples: 1253 =4125 or 5 (—49)7 = v—49 or i

The expression h% has a rational exponent. The rules for exponents
also apply to rational exponents.

Key Concept « Rational Exponents

For any nonzero number b and any Integers x and y, with » > 1,

3 E
b¥ =15 = (JB )", except when b < 0 and y is even. When b < 0
and y is even, a complex rool may exist.

3
Examples: 1253 = (125 ) = 52 or 25
(—49)3 = (v—49 )3 = (74 or —343;

Key Concept « Simplest Form of Expressions with Rational Exponents

An expression with rational expanents is in simplest form when all of the
fallowing conditions are met.

+ It has no negative exponents.
= It has no exponents that are not positive integers in the denominator.
« It is not a complex fraction.

« The index of any remaining radical is the least number possibie.

Example 3 Radical and Exponential Forms

Simplify.
a. Write x5 in radical form.

x3=Yt
b. Write vx2 in exponential form.

s
i = x5

.} Go Online You can complete an Extra Example online.

Math History
Minute:

Christoff Rudolff
(1429-1543) wrote the
first German algebra
textbook. It is believed
that he introduced the
radical symboly™ in
1525 in his book Dve
Coss. Some feel that
this symbol was used
because it resembled
a small r, the first letter
in the Latin word radix
or raot.

{ Think About It
Write two equivalent
expressions, one in
radical form and one in
exponential form.
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{o Think About It
Why did you set # equal
to 37

% Think About It!
How can you tell if x;
will simplify to an
integer?

) Go Online

to see more axamples
of evaluating
expressions with

rational exponents.

Watch Out!

Exponents Recall that
when you multiply
powers, the exponents
are added, and when
Yol raise a power to a
power, the exponents
are multipiied.

% Think About It!
How would the
expression in part ¢
change il the exponents
m‘e%and—:?

@ Example 4 Use Rational Exponents

FINAMCIAL LITERACY The expression ofl + r® can be used to estimate
the future cost of an item due to inflation, where ¢ represents the
current cost of the item, r represents the annual rate of inflation, and ¢
represents the time in years. Write the expression in radical form for
the fulure cost of an item 3 months from now if the annual rate of
inflation is 4.7%.

et + 1 = e{1 + 0.047)2

r= 0047t =3
1
= £{1.047)2 Add.
= eV1.047 b7 =4B

Example 5 Evaluate Expressions with Rational Exponents

Evaluate 3275,

wi-y e
= E;JE 22'= 78
5
= 2;; Power of a Power
= % or ‘l Multiply the exponenis

Example 6 Simplify Expressions with Rational Exponents
Simplify each expression.

1
Lx!-xﬁ
a Lz
XilayS=x3 & Add powers.
4 1 -
— x5 TE ;-%
=
= xB& Add the exponents.
-2
b. ¥ =
2 1 R |
y3=-3 b= g
¥
1
e Dol L) Pz
=—3*"3 — =1
¥a ¥z ¥a
; 1
3 r 1 3 i
=""'—_1 orf % Fi-pi=yEte
y’l
1 3
C. Fz»2X
1 El 1.3
Z E.zi=7"3%3 Add powers.

-
iz

b |

1

B | Lad

Lal| ==

4.5 5
=z-uwte or Zo -
B Go Online You can complete an Extra Example online,

kd
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Practice E Go Online ¥ou can complete your homewornk onBne.

Examples 1and 2
Simplify.

1. 41204 2. +v2250%p% 3. +/a0,*

4. —y16c4a? 5. —V81a'8h20-12 6. —1/400x32y40

7.916(x — 3 )2 8. Vx5~ 9. y81x — 4)*
10. Vx™® M. o2 12. 4/o®2
Examples 3
Write each expression in radical form, or write each radical in exponential form.
13. 83 1. 47 15. ()3
16. 417 17. 5x° 18. 162552
Examples 4

19. ORBITING The distance in milllons of miles a planet is from the Sun in terms of £,
the number of Earth days it takes for the planet to orbit the Sun, can be modeled
by the e:-:pressi::-ni'ﬁtl- Write the expression in exponential form.

20. DEPRECIATION The depreciation rate is calculated by the expression

1
1— {%}ﬁ where n is the age of the item in years, T is the resale price in dollars,
and P is the orginal price in dollars. Write the expression In radical form for an
B year old car that was originally purchased for $52.425.

Example 5

Evaluate each expression.

21. 273 22. 2564 23. 162
1 3 5

24.8173 25, 1024z 26. 1672
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Example &

Simplify each expression.
27T .1:'5 - xé

29. b3 30. %
Mixed Exercises

Simplify.

31, V27052 32. —f2c + 1P

33. 4/Blx + 4)

34. 4/(4x -7
38, 4y + 5)'8

36. 4256(5x — 2)2
37. V196c54%

38. 4 —64y%2°

39, V—27a%8°

40. 4 —16x'6/~

41. a%-a% 42, x%-x%

1 =8

a3. (p3)’ aa. (y—2) °
45, 4= 46. wE
F. v

[3

edge lenaths.

GEOMETRY The volume V of a regular octahedron with edge length £ is glven
by V= e Write the wolume In simplest form for octahedron with the given
a. V15 cm

b. /24 cmi

c. 3VB em
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Simplify.

1 4
=3
e 49, 5
Afz-f 3 Ca
*
50. < 51. 4/ 36h%°
F+]
ab Xy
52. ¥ 53. E

54, SPORTS A volleyball has a volume of 864w cm?. A tennis ball has a volume of
327 em®. By how much does the radius of the volleyball exceed that of the
tennis ball? Write your answer using rational exponents.

B5. WATER TOWER One of the largest sphere water tower in the country ke located
in Edmond, Oklahoma. It is 218 feet tall and holds 500,000 gallons, or about
66,840 cubic feet of water. Another town ks planning to build a similar water
tower. However, the new water tower will hald Tas much water as the tower in
Edmond. Determine the radius of the new water tower to the nearest fool.

BB. CELLS The number of cells in a cell culture grows exponentially. The number of

I
cells in the culture as a function of time k& given by the expression N[%) . where

t = measured in hours and M is the initial size of the culture, Write following
expressions in radical form.

a. the number of cells after 20 minutes with M initlal cells

b. the number of cells after 44 minutes with N initial celis

c. the number of cells after 1 hour and 15 minutes with 4000 initial cells

Lesson 8-3 « nth Roots and Rational Exponents 184




57. REASONING Simplify vl m3®_ where b > 0. Explain your reasoning.

BB. REGULARITY There are no real nth roots of a number w. What can you conclude
aboul the index and the number w?

59, CONSTRUCT ARGUMENTS Determine the values of x for which vx2 # x. Explain
YOLT Srswer.

60. STRUCTURE Which of the following functions are equivalent? Justify your answer.
a. fix) =x® b. g{x) = V" €. rix) = ) d. s{x) = (%)

61. WRITE Explain how it might be easier to simplify an expression using rational
exponents rather than using radicals.

62. FIND THE ERROR Destiny and Kimi are simplifying iiﬁx“yﬂ. I= either of them
correct? Explain your reasoning.

Destiny Kimi
et = Janey Yo =qllangy
= 2lxy?] =

63. PERSEVERE Under what conditions is yx2 + y2 = x + y true?

64. ANALYZE Determine whether the statement 4 (—x|* = x is sometimes, always, or
mever true. Justify your argument.

65. PERSEVERE For what real values of x is 5’.!? = X7

66. WRITE Explain when and why absolute value symbols are needed when taking
an nth root.

&7. PERSEVERE Write an equivalent expression for 1'3 2x - %"By- Simplify the radical.

&8. CREATE Find two different expressions that equal 2 in the form x}?.
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Lesson 4-4

Graphing Radical Functions

Explore Using Technology to Analyze Square
Root Functions

) Online Activity Use graphing technology to complete
the Explore.

| @ INQUIRY How does adding, subtracting, or
muitiplying a constant to a function affect the
graph of the function?

Learn Graphing Square Root Functions

A radical function is a function that contains radicals with varables

in the radicand. One type of radical function is a square root function,
which s a function that contains the square root of a varlable
expression.

Key Concept « Parent Function of Sguare Root Functions
The parent function of the square root funclions is fx) = V.

Domain: [x|x=0] ¥ |
= x|

Range: {fix) | ) = O] yrAm

Intercepts: x=0f0=0

End behavior: As x— 0, fix) — 0, and 2 .

A% X —* 0K i'[_l:':l — O

Increasing/ increasing when x > 0

decreasing:

Positive/ pasitive forx > 0

negative:

Symmetry: no Symmetry

A square root function can be written in the form glx) = avx — h + k.
Each constant in the equation affects the parent graph.

= The value of lal stretches or compresses (dilates) the parent graph.
= When the value of o is negative, the graph is reflected in the x-axis.
= The value of h shifts (translates) the parent graph left or right.

= The value of k shifts (translates) the parent graph up or dowrn

Today's Goals

= Graph and analyze
square oot fenctions.

= Graph and analyze
cube root functions.

Today's Vocabulary
radical function
square root function
cube root function

fgg Think About It!
Why is the domain
limited to x = 0 for the

parent of the square
root function?

G Go Online
You may want o
camplete the Concept

Check to check your
understanding.
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) Go Online

You can learn how to
graph radical functions
by watching the video
online.

% Think About It!

How are the values of
frand k related to the
domain and range in
this example?

Example 1 Identify Domain and Range Algebraically
Identify the domain and range of fix) = v2x — 6 + 1.

The domain is restricted to values for which the radicand is nonnegative.

2x—6z=0 Wirite an inequality using the radicand
226 Add & to each side.
xz=3 Divide each side by 2

The domain is [x | x = 3).

Find f(3) to determine the lower limit of the range.

f3)=+2(3) — 6 +1er1

The range is [fx) | Ax) = 1L

Example £ Graph a Transformed Square Root Function

Graph gi{x) = —3+x + 1 + 2, and identify the domain and range.
Then describe how it is related to the graph of the parent function.

Step 1 Determine the minimum domain value.
x+1=20 Write an inequality using the radicand.
xz—1 Simplify.
Step 2 Make a table and graph.
Use x-values determined from Step 1 to make a table.

L x| e | :
— 2
) =1
1 =—22 ‘1,3 x]
2 =—32 P
3 —4

The domain & [x | x = —T}and the range Is [gix) | gix) = 2).
Step 3 Compare gx) to the parent function.
The maximum is (—1, 2).

Because Ax) = 4%, glx) = adx — h + kwhereag =—3, h=—1,
and k= 2.

o < 0 and lgl = 1, so the graph of fix) = v is reflected in the
x-axis and stretched vertically by a factor of ja|, or 3.

h < 0, =0 the graph is then translated left |h) units, or 1 unit
k > 0, =0 the graph is then translated up k units, or 2 units.

L) Go Online You can complete an Extra Example online.
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& Example 3 Analyze the Graph of a Square Root
Function

BLOOD DOMATION When blood is donated, medical professionals use
a centrifuge to separate it. The centrifuge spins the blood, causing it
to separate into three components, which are red cells, platelets, and
plasma. In order to efficiently separate the blood, the centrifuge must
spin at a specified rate, measured in rotations per minute (RPM), for
the required gravitation force, or g-force, exerted an the blood. For a
centrifuge with a radius of 78 centimeters, the RPM setting of the

centrifuge is determined by the product of 104.23 and the square
root of the g-force required.

Part A Write and graph the function.
Complete the table to write the function.

The RPM setting of | is | the product | and the square

the centrifuge of 104 23 root of the
g-force
required.

Let g represent the force and r represent the RPM

Vaoriables
setting.

Function r = 10423 - ]

¥ 1
4000 =
3000
400 2085 £ -
800 2948 * 2000
1200 3at 1000
1600 4169 f
0 400 BOO 1200 600 X
Force

Part B Describe key features of the function.
Domain: [glg = 0]

Range: [r|r = 0]

xdntercept: O

y-intercept: O

Increasing/Decreasing: increasing as g — oo
Positive/Megative: positive forg > 0

End Behavior: As g — o0, r — o0,

{2} Go Online You can complete an Extra Example onling.

{g Think About It!

What do the domain
and range maan in tha
context of the situation?
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Watch Out!

Test Point When
selecting a test point,
make sure the point is
within the domain of
the related function.

Talk About It!
Deascribe how the
domain and range
differ for a radical
function with an odd
index and a radical
function with an even
indeax.

&) Go Online

You can learn how to
graph radical functions
on a graphing
calculator by watching
the video onfine.

Example 4 Graph a Square Root Inequality

Graph y < ¥2x + 5. r _'j
Step 1 Graph the related function. o 2
i"'

Graph the boundary v = +/2x + 5, using a
dashed line because the inequality is <.

L

Step 2 Shade.
The domain is [x | x > —2.5]. Because the inequality is less than,
chade the region below the boundary and within the domain.
Select a test point in the shaded region to verify the solution.

Learn Graphing Cube Root Functions

A cube root function is a radical function that contains the cube root of
a variable expression.

KEey Concept « Parent Function of Cube Root Functions
The parent function of the cube root functions is fx) = I%.

Domain: all real numbers
Range: all real numbers I TT1
Intercepts: x=0H)=0 iy, b
|
End behavior: As x — —oo_ flx] — —oo and
as x — o0, fix) — o0, 7] Fy
_‘.--
Increasing/ increasing as x — oo
decreasing:
Positive/ pasitive for x > 0
negative: negative for x < 0
Symmetry: symmetric about the origin

A cube root function can be written in the form gix) = n“'.n'l x—h+k

Example 85 Graph Cube Root Functions
Graph each function. State the domain and range.
a. gix) =37%

Inglx) = avx —h + k,a= %.h = 0, and & = 0. 5o the function is
centered at the origin and vertically compressed.

x| g | !
-2 = —042
-1 —-033 ~
0 0 G o :
1 033
2 =042

The domain is all real numbers, and the range ks all real numbers.
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b. pix}=Vx + 5

In plx) = avx —h + k,a=1h=-=5 and k = 0. S0 the function &
translated 5 units left from the parent graph.
The domain ks all real numbers, and the range ls all real numbers.

-7 = —126

—6 -1

-5 0

—4 |

=3 =126
c. qix) =44 —x+1

¥

._?iI#
oz

The function can be written as gx) = --,,1'J —i{x¥ — 4) + 1. S0 the function is
reflected and translated 4 units right and 1 unit up from the parent graph.

=226
2
1
0

= —0.26

»

N RO T

¥

]

The domain ks all real numbers, and the range is all real numbers.

Example 6 Compare Radical Functions

Examine p(x) = —1-:': — & and g{x) shown

in the graph.

Part A Graph p{x).

Make a table of values for p(x).
Then, graph the function.

]
b

= 3.63

=317

=252
0

= —253

=—318

Bleolo|ls|n|o

(continued on the next poge)

Study Tip

Tables When making a
table of values for a
radical function, first
determing h. Then
make a table using
values that are greater
than and less than h.

{g Think About It

Describe the end
behavior of the
function in part ¢,
y=V—x+1

b Think About It!
Determine whether the
indexes of pix) and g(x)
are even or odd.
Justify your response.
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Study Tip

Index While one
reasonable quess is
that the index is 3, the
index could be any odd
positive integer.

f Think About It!

Write a cube root
function for a graph
that has been reflected
in the x-axis and
transiated 7 units right
and 4 units down from
the parent function.

Part BE Compare key features,

Domain and Range

Intercepts

Increasing/Decreasing

Positive/Negative

End Behawvior

p(x) qix)
D: all real numbers, D: x| x = B),
R: all real numbers R: (g0 | glx) < 0}
x-intercept: & x-intercept: &;

y-intercept: 3.63

y-intercept: nonea

decraasing as x — oo

decreasing as x — oo

positive for x < 6
negative for x > &

negative forx > &

AS x — —0o0, pix) — oo,
and as x — =,

plx) — —=.

AS ) — 00, gix} — —o0.

Example 7 Write a Radical Function

Write a radical function for the graph of g|x).

Step 1 ldentify the index.

Because the domain and range for gix) is all real

numbers, the index is odd. This function can
be represented by gix) = alx —h + k.

Step 2 Identify any transformations.

T

The function has been translated 3 units left and 4 units down.

Therefore, h = —3 and &k = —4. To find the value of o, use a point
as well as the values of h and k.

gix)=a¥x—h +k
~2=0{-Z- 3 +-4) k-
—2=g"1-4

a=2

Cube root function

3=

L

implify

(= |

T

LA

=

Step 3 Write the function.

4. Ix, gixlj = [—2. —=2]

Substitute the values of o, b, and k to write the function. The graph is
represented by gix) = Nx+3—4

Check

Write a radical function for the graph of gix).

T

{:} Go Online You can comgplete an Exira Example online.
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Practice D Go Dnline You can compdete your omewors online.
Example 1
Identify the domain and range of each function.
1 y=+vx—9 2. y=vx+7
3. y=—+6x 4. y=5x+2 -1
B. y=+3x—4 6. y=—x—2+2
Example 2

Graph each function. State the domain and range of each function. Then describe
how it is related to the graph of the parent function.

7 y=—aix 1 B.y=—Vx—2+3
8, y=20% 0. y=+x+3

H y=3x—-5 2.y="x+4-2
Example 3

13. REFLEXES Raquel and Ashley are testing one another’s reflexes. Raquel drops a
ruler from a given height so that it falls between Ashley's thumb and index finger.
Ashley tnes to catch the ruler before it falls through her
hand. The time, in seconds, required to catch the ruler is
given by the product r:rf% and the sguare root of the
distance the ruler falls in inches.

a. Write and graph a function, where d is the distance in
inches, and 1 s the time, in seconds.

b. Describe the key features of the function.

¢. Graph the parent function on the same coordinate grid.,
How does the function you wrote in part a compare to
the parent function?
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Example 4
Graph each inequality.

W y<vx—5 5. y>Vx+6
6. y = —4d4/x+ 3 7. y=—24xk—6

B y=24x+7—-5 ™\ yzdx—2—-12

Example 5

Graph each function. State the domain and range of each function.
1D.il'{x]=«?x+1 21. J'tx:|=3‘i'x—2

22. i) =4x + 7 —1 23. ix)=—vx—2+9
Example &

24. Examine p(x) = —3+/x + 2 and gx) shown in the graph.
a. Graph px).

b. Compare the key features of the functions.

25. Examine p(x), which i= 2 less than the cube root of x,
and g(x) shown in the graph.

a. Graph p(x).

b. Compare the key features of the functions.

26. Examine p(¥) = v¥'x — 2 + 5 and g{x) shown in the graph.
a. Graph p(x).

b. Compare the key features of the functions.
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Exampie 7
Write a radical function for each graph.

7. ¥ 28. ¥

Mixed Exarcizas

Graph each function and state the domain and range. Then describe how it is related
to the graph of the parent function.

29. i=24Yx—5—6 30. fix) = 3x +12 + 3
N A= —2Vx—1-4 32. )= —3VxF 7 +9
33. = —24x+2-3 34. fix) = —32x —1+3

Graph each inequality.
35. y< 6 — 34/x — 4 36. <+ —12 + B

Write a radical function for each graph.

37 ¥ 38. ¥
(= x a X
==T"
=11
| r-"-'l'a*
39. STRUCTURE Consider the function fix) = —+x + 3 + % and the ¥

function gix) shown in the graph.

a. Determine which function has the greater maximum value.
Explain your reasoning.

.

o gix}
_T"--E.

2 4 & B 101214 96 18%

b. Compare the domains of the two functions.

¢. Compare the average rates of change of the two functions over
the interval [&, 13].

o weme BSRERE
L
mEjun
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40. DISTAMNCE LaRez is standing at the side of a road watching a cyclist. The distance,
in feet, between LaRez and the cyclist as a function of time is given by the square
rool of the sum of 9 and the product of 36 and the time squared.

a. Write and graph a function, where ¢ is the time, in seconds, and d is the
distance, in feet.

b. Describe the key features of the function.

41. GEOMETRY The length of the radius of a hemisphere can be found using the

formula r = {J% given the volume V of the hemisphere. Graph the function.
State the key features of the graph.

42. STRUCTURE Graph flx) = +/—x + 2 — 3 and its inverse on the same coordinate
plane as well as y = x. Write the ineguality that defines the graph of the inverse.
Determine any restrictions that must be placed on the domain of the inverse.

Q Higher-Order Thinking Skills

43. PERSEVERE Write an eqguation for a square root function with a domain of (x | x = —4],
a range of {y | ¥ = 6], and that passes through (5, 3).

44, AMALYZE For what positive values of g are the domain and range of flx) =4% the
set of real numbers? Justify your argument.

45, WRITE Explain why there are limitations en the domain and range of square root
functions.

4B6. WRITE Explain why ¥ = 4% is not a function.

47. CREATE Write an equation of a relation that contains a radical and its inverse
such that:

a. the original relation is a function, and it inverse Is not a function.

b. the ariginal relation i not a function, and its inverse is a function.
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Lesson 4-5

Operations with Radical Expressions

Learn Properties of Radicals
The properties used ta simplify radical expressions imvolving square roots
can be extended to radical expressions involving nth roots.
Key Concept « Product Property of Radicals
Words: For any real numbers g and b and any integern > 1,
Yab =¥a - ¥b.ifnisevenand o, b = 0, or if n is odd.

Examples: V12 « ¥3 = Y36 or 6 and ¥4 « V16 = VB4 or 4

Key Concept « Quotient Property of Radicals
Words: For any real numbers o and b # 0 and any integer n > 1,

af@ _ Mo .
b= g if all raots are defined.

P [ | "FF_NTT _3
Examphs:ﬂlg=ﬁ=%mgfand1";=ﬁ=i

The properties of radicals and process of rationalizing the denominator
can be used to write radical expressions in simplest form.

Key Concept « Simplest Form of Radical Expressions

A radical expression is in simplast form when the fallowing conditions
are met.

= The index i is as small as possible.

» The radicand contains no factors (other than 1) that are ath powers of
an integer or palynomial

= The radicand containg no fractions.
= Mo radicals appear in the denominaton

Example 1 Simplify Expressions with the Product Property
Simplify each expression
a. Y—270%"
= (=3P - (0% - % - b2
= V-3¢ - Yo7 - Yo'F - Vb?
— _3a28%p? Simplify
b. 475x"37
=523 (5 - )y
= V52 . 43 . 52 . PP -
= 5x%3 3

Factor into cubes.

Product Property of Radicals

Factor into squares.
Product Property of Radicals

Simipdifiy.

Today's Goals

+ Simplify radical
ENpTessIons.

. Md, ﬂﬂlﬂ and
multiphy radicals.

= Divide and simplify
radical expressions by
rationalizing the
denominator.

Today's Viocabulary
like radical expressions
conjugates

fo# Think About It!

Why are absolute value
symbols not necessary
around @ in part b
even though itis an
odd power and the
result of finding the
even rool of an even
power?
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% Think About It!
Jon says that you
cannot combine V30
and 635 because they

do not have the samea
radicand. Is he correct?

Why or why not?

Check
Simplify each expression.

a. 4x520

b. VE0a b2

Example 2 Simplify Expressions with the Quotient

Property
Simplify each expression.

da. ?‘E’ms

’1||E_ V2405
25 T Vs

N
T ¥&
_%’Fq-ﬁn:ﬂ[ﬁ
- V==
203
= 5
o 8oy
b. -
(30 _ Y5~
2552"_425531
_‘24151-[];3".._5-:
= *ﬂ-'t+?'
a Var. VA
_ 25
4z
_ Al
R 2z
Check

Byt

Write the simplified form of 2.7 -

Guotient Property of Radicals

Factor into cubes.,

Product Property of Radicals

Smiplify.

CGuotient Property of Radicals

Factor into fourth powers

Product Property of Radicals

Simplify radicals.

SEmiplify.

Learn Adding and Subtracting Radical Expressions

Radicals can be added and subtracted in the same manner as monomials.
In order to add or subtract, the radicals must be like terms. Radicals ane
like radical expressions if both the index and the radicand are the same.

L) Go Online You can complete an Extra Example online.
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Although two radicals, such as 418 and +/32. may not appear to be
like radicals, if you simplify each radical, you can see that v18 = 342
and 432 = 44/2. These simplified expressions are like radical
expressions and can be combined.

Radicals with the same index can be multiplied by using the Product
Property of Radicals. If the radicals have coefficients before the radical
symbol, multiply the coefficients. Then, multiply the radicands of each
expression. To multiply radical expressions with more than one term,
you can use the Distributive Property or FOIL method.

(VE+INVZ-VT)=ViZ-Vaz + V2 - V7

Example 3 Add and Subtract Radicals
Simplity 6Va5x + V12 — 3v/20x.
=6Y32.5x + ¥22.3 — 3v22.5x
= 6(v37 . /Bx) + (422.43) —3(+/22.4/5x)
= 6(3+/5x)+ (243 ) — 3(2+/5x)

Froduct Property

Simphify radicals.

=18+5x + 243 — 6+/5x Multiply.
=1245x + 243 Simplify
Check

Write the simplified form of 418x — 5428 — 34/88x + 377x.

Factor using sgquares.

Example 4 Multiply Radicals
Simplify 44/ —10x%" - 31644,
= 4.3, {10635 - 1644
=12-4-1.2.5.x45.2%. 4/
=12-='|||||—1-25-5-35-x-y“ Group into powers of 5.
=12. ¥=1. ¥25. V5 . 35 « Y% « 30 Product Power of Radicals
=12 (—0+2+x-32+ VB o x- VX +y?  Simpiify
= —24x7° 3/5x Mudtiphy.

Product Properiy of Radicals

Factor the constanis.

Check
Write the simpiified form of 54— 9x3)% « 37/27x%~.

E Go Online You can complete an Extra Exarmple online.

fo# Think About It!
Complete the
statement o write a
general method for
multiplying radicals
with coefficients.

For any real numbears
a, b, ¢, and d and any
integer n > 1,

cfd ﬂ‘li"_ = ?—.

tg Think About It!
In Example 4, ¥—1
simplifies ta —1
because 5is an odd
roeol. What would
happen il the example
used an even root?

Stody Tip

Megative Radicands |
a radicand has a
negative constant, it
may be helpful to use
—1 as a factor. Then
you can simplify the
nth root of —1, which
will Be —1if n is add
and i if n ks even.
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Watch Cut!

Simplest Form Do not
forget to check that
your result is in
simplest form. Make
sure that none of the
individual radicals can
be further simplified ar
combined.

@ Example 5 Use the Distributive Property to Multiply
Radicals

SPORTS A sports pennant has the dimensions shown. Find the area,
in square inches.

SRR L
E

WE+4

SR WNE + 643

Area = %. base - height, so the area is % (3VE + 47VE + 6V3).

L. [3VE.-7VE +3VB.6VI + 4. 7VB + 4. 6V3]
«[218? + 1873 + 28VE + 2443

21VET + 18376 + 28437 2 + 2443
218 +18. V22 . VB + 28. V22 . vZ + 24v3]

. [168 + 366 + 562 + 24+3]

Il If Il

=B84 + 186 + 2842 + 1243

The area of the pennant |s B4 + 1846 + 2842 + 1243 in?, or about
1885 in®.

Check

POOLS A rectangular pool safety cover has a length of 7410 — 4 feet
and a width of 5410 + 84/5 feet. Which expression represents the
area of the poal cover in simphest form?

A. 420 + 2B0+Z + 24410 + 3245 fi2
B. 424100 + 28042 — 24410 — 3245 i?
C. 420 + 280VZ — 24410 — 3245 2
D. 420 + 56v50 — 24410 — 3245 #?

Learn Rationalizing the Denominator

If a radical expression contains a radical in the denominator, you can
rationalize the denominatar to simplify the expression. Recall that to
rationalize a denominator, you should multiply the numerator and
denominator by a guantity so that the radicand has an exact rool.
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if the Multiply the numerator

Examples
denominator is: and denominator by: i
A _ 4 AT 44T
Vb o A s ]
F
x 12 /6
VB - =S T oF —=—
oy 2

Binomials of the form avb + evd and avb — evd, where a, b, ¢, and
d are rational numbers, are called conjugates of each other.
Multiplying the numerator and denominator by the conjugate of the
denominator will eliminate the radical from the denominator of the

exXpression.

Example 6 Rationalize the Denominator

Simplify @

! 125005 "1"_:«:51:-4:5
To =

Y53 2. %

Check

Write the simplified form of %.

Quotient Property of Radicals

Factor into cubes.

Product Property of Radicals

Simplifiy.

Rationalize the denominator

Product Property of Radicals

Multiplye

Simplify.

13 Go Online You can complete an Extra Example online.

to# Think About It!
Why is the product of
¥b* and Y7 * an

exact root?

fo# Think About It

How does multiplying
conjugates relate to
the difference of
squares identity that
can be used when
multiplying binomials?

Watch Out!
Rationalizing the
Denominator When
determining the
gquantity to multiply by
when rationalizing the
denaminator, make
sure you raise the
entire term under the
radical to the power of
n—X.
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Example 7 Use Conjugates to Rationalize the
Denominator

Simpiity — =%

To rationalize the denominator, multiply the numerator and
denominator by the conjugate of 247 — 5.

de 4 2/T+E 247 + 5is the conjugate
2T -5 247-5 247+5 P :
B 427 + 4x(5)
SRR savn -sevh -sm el
s BT + 20x .
X =28+ 10v7 — N7 - 25 T
— BT+ 200 S
Check
Write the simplified fnrm.nfj—‘ﬁ.-_ =
Pause and Reflect

Did you struggle with anything in this lesson? If so, how did you deal
with it?

{3) Go Online You can complete an Exira Example onfine.
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Practice E Go Online ¥ou can complete your homewornk onBne.

Examples 1 and 2

Simplify.
1. ¥72a%p® 2. Yoa'Sp?

3. V24aSkEs 4. V18a0h7 5

5. V640%® 6. V—Bd?P

7. |5t 8. | 5&°

= l3072h 1l§32002

9. (J e 10. SAE

Exampie 3
Simplify.

" V2 ++/8 + 50 12. V12 — 243 + V108
13. 845 — +/45 — +/BO 14. 24/48 — /75 — 412
15. V2Bx — V1 + VB3x 16. V135 + 54/10d — 3760
Example 4

Simplify.

17. 3+/5y - 8+/10yz 18. 2vV32e°8° .- V8aTh?
19. 6+/3ab - 49/24ab3 20. 54/x8y2 « G4l 254

21. 5v2x « 3¢1d)A 22. 3va®h’ . 24/5a767
Example 5

23. TRAMPOLINE There are two trampaline rumways at a gymnastics practice facility.
Both runways are ¥ 3 meters wide. One is 673 meters long and the other is
542 meters long. What is the total area of the trampoline runways?

24. DISTAMCE Jayia walks § blocks north, then 8 blocks east to get to the library.
Each block is 5410 yards long. If Jayla could walk in a straight line to the library
instead, how far would the walk be, in yards?

Lesson 4-5 « Operations with Radical Expressions 199




Simplify.
25. (7¥2 — 343)[46 + 3V12) 26. (8+5 — 6v/3)[845 + 6+3)

27. (12410 — 6+/5)(12+410 + 6+45) 28. (643 + 542)(246 + 3438)

Examples & and 7

Simplify.
E
29, Y5 30, 2=
VISE 103
3
Ve 1 [73
= 32, 45
& _N3
BEm-a NE-i
a9=2v3 7 + 35
35 VI+6 B W5 + 4
37 Tx
37 g 38. =g
Mixed Exercises
Simplify.
39. 16y 40. -/ —54x51
x 41 Xo=2
41- '.".:T—j ﬂ l,‘liji__.
43. 3+/24x — 2+/54x + +/48 44. 5+18¢c + 3472¢c + 6476
45, 1041750 — 44M2a — 24630 46, ?-Jiﬂdy + 41}'4595«' — Eq.l'ﬂﬂj.-'

47. VOLUME McKenzie has a rectangular prism with dimensions 20 inches by
35 inches by 40 inches. She would like to replace it with a cube with the same
volume. What should the length of a side of the cube be? Express your answer as
a radical expression In simplest form.

48. MusiC Traditionally, musical instruments are tuned so that the note A has a
frequency of 440 Hartz. With each note higher on the instrument, the frequency
of the pitch s multiplied by a factor of “JZ. What is the ratio of the frequencies of two
notes that are & steps apart on the instrument? What s the ratio of the frequencles
of two notes that are 9 steps apart on the instrument? EXpross your answers in
simplest form.
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49. PHYSICS The speed of a wave traveling over a string is given by % where tis
the tension of the siring and u s the density. Simplify the expression.
50. LIGHT Suppose a light has a brightness intensity of I, when it is at a distance of d,

and a brightness intensity of {5 when it is at a distance of d,. These guantities are
o o
related by the equation gf = T; If 1, = 50 units and /; = 24 units, find d—il.

Express your answer In simplest form.

B1. RACING Jay likes to race his younger
brother while running. To make the race
fair, John and Jay start at different
locations, but finish at the same point.
The diagram shows thelr running paths.
Both of them finished the race in exacthy
4 minutes.

-
Finish 0.2 mile

a. If John and Jay continued at thelr average paces during the race, exactly how
many minutes would it take them each to run a mile? Express your answer as a
radical expression in simplest form.

b. Exactly how many times faster is Jay compared to John? Express your answer
as a radical expression in simplest form.

B2. STRUCTURE Write the ratio of the side lengths of the two cubes described in
simplest form,

a. The wvolumes of the two cubes are 270x cubic inches and 32x2 cubic inches.
b. The surface areas of the two cubes are 6x* square feet and 6(x + 1) square feet.

53. REGULARITY Rewrite each of the following expressions as a single expression in the form ax™
for appropriate chaolces of o and m. Show your work.

a. VF[vE + +4x)
b. v¥[vE + Vax + V9x)

c. (VX + vVdx + VO9x + Vi6x)

d. More generally, simplify vE{+vX + +ax + - + Yn2x) for any positive integer n.

+ 1
p="2010

Use the factthat1+ 2 + -+ 3
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B4, USE A MODEL If the area of the trapezold shown is 200 square feet, 14\,@&
what i= the height b of the trapezoid?

1042 1t

E5. CONSTRUCT ARGUMENTS A spherical paperweight with a volume of 727 cubic
centimeters is 1o be packaged in a gift box that is a cube. There must be at least
2 centimeters of packing material around the paperwelght 1o protect it during
shipping. The formula for the volume of a sphere Is V= %ﬂr:*-

a. Write an expression for the minimum length of a side of the gift box. Show your work.

b. The shipper wants to use a box with a velume of 384 cubic centimeters that
they already have in inventory. Is this box suitable? Justify yvour argument.

Q Higher-Order Thinking Skills

56. FIND THE ERROR Twyla and Brandon are simplifying 4432 + 6+18. Is either of
them correct? Explain your reasoning.

Twyla Brandon
E2 + &iE 4V + 5418
= a2+ 6F+ 2 =416+ 2 + 64T+ 2
= 18V3 + 183 = 6442 + 544/2
= BaiF = gz

57. PERSEVERE Find four combinations of whole numbers that satisfy Y256 = b.

58. PERSEVERE Show that =L =13

5 is a cube root of 1.

59. WRITE Explain why absolute values may be unnecessary when an nth root of an
even power results in an odd power.

&0. WHICH ONE DOESN'T BELONG? Determine which of the radical expressions
doesn’'t belong. Justify your conclusion.

W256g%h"e Y62 YBagtn?
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Lesson 4-6

Solving Radical Equations

Explore Solutions of Radical Equations

&) Online Activity Use graphing technology to complete the Explore.

. x
& NOUIRY When will a radical eguation have a

solution? When will it have no solution?

Learn Solving Radical Equations Algebraically

A radical equation has a variable in a radicand. When solving a radical
equation, the result may be an extraneous salution,

Key Concept - Solving Radical Equations
Step 1 Isolate the radical on one side of the equation.

Step 2 To eliminate the radical, raise each side of the eguation to a
power equal to the index of the radical.

Step 3 Soklve the resulting polynomial equation. Check your results,

Example 1 Solve a Square Root Equation
Solve+y3x—5+2=6.

Vixk—5+2=6 Original equaticn
V3x—5=4 Subtract 2 from each side.
3x—5=16 Square each side to eliminate the radical.
x=7 Simplify.

Check that the result satisfies the ariginal equation.

Example 2 Solve a Cube Root Equation
Solve 4{2x + 6)i — 9 = 3.

To remove the % power, or cube root, you must first isolate it and then
ralse each side of the equation to the third power.
42x+Bi—9=3

Crriginal equation

4% + 'I’S}iI =12 Add 9 to each side
{2:-:'+Ef: =3 Divide each side by 4.
25+ 6 =27 Cube each side
2x=2M Subtract & from each side.
x= % Divide each side by 2

[continued on the next page)

Today's Goals

= Sphve radical equaticns
im one variable and
identify extraneous
solutions.

= Sphee radical equations

by graphing systems of
equations.

Today’s Vocabulary

radical equation

fg Think About It!

How could you change
the equation o that
thera is no solution?

E Go Online

You can learn how to
solve radical equations
by watching the video
anline.,
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CHECK
A2x+ B —9=3

4(2-_E..+E);—'9é3

A )i—
42)-

Ihs

3
3
3

|"‘ rﬂ ﬂ
I

Original equation
Replace x with -

The cube root of 27 15 3.

True

Example 3 Identify Extraneous Solutions

Solve Yx + 21 =3 —Vx.

Ax+21=3-yx Original equation
¥4+ N=9—64X+x Square sach side.
12 = —64% isolate the radical,
—2 =% Divide each side by —6.
=X Square each side.
CHECK
Y+ 21 =3—% Original equation
TE2iia-42 Replace x with 4.
VIS £3-2 Simglify.
2 #F2 False

The result does not satisfy the original equation, soitisan 2
solution. Therefore, there s ?

Example 4 Solve a Radical Equation
Solve 3(1x + 14)¢ + 8 =10.

Sl +14) +8=10 Original equation
L+ 14i=2 Subtract & from each side.
[t + 14 = 3 Multiply each side by 3.
1ix + 14 =729 Raise each side to the sixth power.
1% =715 Subtract 14 from each side.
x=65 Divide sach side by 1L

The value of 65 does make the equation true.

{5} Go Online You can complete an Extra Example online.
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Learn Solving Radical Equations by Graphing

To solve a radical equation using the graph of a related function,
rewrite the equation with O on one side and then replace O with fx).

Equation: v2x + 65 +1=4
Related Function: fix) = v2x+ 5 —3ory=v2x+5— 3

The values of x for which fix) = 0 are the zeros of the function and
occur at the x-intercepts of its graph. The solutions or roots of an
equation are the zeros or x-intercepts of its related function.

You can also solve a radical equation by writing and solving a system
of equations based on the equation. Set the expressions on each side
of the equation equal to y to create the system of equations.

Equation: ¥2x + 5 +1=4
Svstem of Equations: y=+42x+ 5 +1 y=4

The x-coordinate of the intersection of the system of equations is the
value of x where the two equations are equal. Thus, the x-coordinate
of the point of intersection & the solution of the radical equation.

Example 5 Solve a Radical Equation by Graphing
Use a graphing calculator to solve 2¥y3x—4+10=9 by graphing.
Step 1 Find a related function. Rewrite equation with O on right side.

243x—4+10=9 Original equation
2".."j Ax—44+1=0 Subtract @ from each side.

Replacing O with fx) ghves the related function fx) = WIx—4 +1

il

Step 2 Graph the related function.
Use the ¥= list to graph.

Step 3 Use a table.

You can use the TABLE
feature to find the Interval
where the 2er0 les.

_4—'—'_’“-'_-#.

ek
b= b B

The function changes sign
betweenx =1and x = 2

which indicates that there is
a rero between 1 and 2.

Step 4 Find the zero.
Usze the zero feature from the CALC menu to find the zero of
the function.

The zero is about 1.29. This is betweean 1 and 2, which is
consistent with the interval we found using the table.

[—10. 90] scl: 1 by [—10, 10] sel: 1

13 Go Online You can complete an Extra Example online.

fo# Think About It

What would the graph
of the related functian
of a radical equation
with no solution look
like?

Watch Ourt!

Misleading Graphs
Although the T1-284 may
show what appears to
be a discontinuity in
the graphs of radical
functions with odd
roots, these functions
are in fact continuous
for all real numbers.
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f Think About It

How can you use the
table feature on your
caloulator to find the
intersection?

Use a Source

Research the time i
takes another planst
to arbit the Sun. Write
and solve a radical
equation to find that
planet’s mean distance
fram the Sun,

Example 6 Solve a Radical Equation by Using a System
Use a graphing calculator to solve Yx + & — 5 = —y/2x + 1 by using
a system of equations.

Step 1 Write a system. Set each side of vk + 6 — 5= —v2x + 1
equal to y to create a system of equations.

¥F=4x+6-5 First equation
¥=—vax +1 Second equation

Step 2 Graph the system. Enter the equations in the Y= list and graph
in the standard viewing window.

Step 3 Find the intersection.

Use the intersect feature
from the CALC menu to
find the coordinates of
the point of intersection.

~F

The salution s the

x-coordinate of the Trkeriection
intersection, which ESH01B1EE3 1e" 1. 63088
i= about 4.02. ; ;
=10, 10] set: 1 by [—10, 10 sei:1
I:-I-IE'CI{

Use a graphing calculator to solve —4f/x — 2) =% — 3 — 6 by using
a system of equations. Round to the nearest hundredth if necessany.

a2

& Example 7 Confirm Sclutions by Using Technology

SPACE The square of the time it takes a planet to orbit the Sun T is
proportional to the cube of the planet’s mean distance from the

Sun a. This relationship can also be writtenas T = 1’?, where Tis
measured in years and o is measured in astronomical units (AU).

If it takes Mars 1.B8 years to orbit the Sun, use a graphing calculator
to find the mean distance from Mars to the Sun.

188 = o® T =188

35344 = o Square each side
15233 =0 Take the cube /
root of each side. .

mu_ld—lﬂ;-uw

So, the mean distance from Mars to
the Sun is about 1.5233 ALl Use a
graphing calculator to confirm this
solution by graphing.

IWbEFoechion
s W a7

| =10, 90| scl: 1 by [—90,90] 5ct: 1

E- Go Online You can complete an Extra Example onfine.
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Practice i0) Go Online You can compilete your homework online.

Exampie 1
Solve each equation.
1 54 =1 2. VB—5=4
3 3n+1=5 4. 2++F3+7=6
E.Vk—4-1=5 6. 5=42—7
Example 2
Solve each equation.
7. V3 —6=3 8. (2d + 3)i = 2
L i
o (1—3=2 10. 4 — (1 —Tu)p =0
" AVIv—T=-2 12. 45n — 1 —1=0

Examples 3 and 4
Solve each equation. ldentify any extraneous solutions.

13. Yx—15=3—4% 1. 5g+1i+7=5
15, @x+7)i—3=1 6. (3y—25+5=6
17. dz—1r—1=2 18. Vx —10 =1— 4%
19. Jfy+2+9=14 20. 2x—1F—2=1

Example 5

Use a graphing calculator to solve each equation by graphing.

M Vx—7+2=8 22. 5+43m+9=10
23.V8b—4 =2 24. Vv +3=-2
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Example &

Use a graphing calculator to solve each equation by using a system of
equations.

25. 2(3¥2k—3) = (Vk+ @) 26. 3(3d=5) =({Ad+2)
27 V2x+ 7 =5—+3 28. \n+ B8 =+4n—98
Example 7

29. GEOMETRY Heron's Formula states that the area of a triangle whose sides
hawve lengths a, b, and ¢ is & = +fs{s — aj(s — b){s — c) where s = %:a + b+
If the area of the triangle s 270 cm2, s = 45 cm, o = 15 cm, and ¢ = 39 cm,
what is the length of side b?

30. TWINE The largest balf of twine was started in 1953 by Frank Stoeber. In 4 years,
the ball had a volume of approximately 268 ft®. What was the radius of the
ball of twine at that time? Round your answer to the nearest tenth.

Mixed Exercizes
Solve each equation. ldentify any extraneous solutions.

M E6+yAx+E=90 32 N Toa—2=+o+3

3. Vx-S —vwx=-2 34. vb—6+4Vb=3
1 1

35. 2(x —1W0)*+4=0 36. 3x+5F—6=0

37. 3 (M) =1 38. 4{32b): =1

39 Wy —3I=3—x 40, vk —2 =22 —x

M Vx+30=x A2, Wx+ 22 =x+2

43. GEOMETRY The lateral area of 8 cone with
base radius r and height /1 is given by the
formula L = wrvrZ + A2, A cone has a lateral
area of 651 square units and a base radius of
5 units. What is the height of the cone?
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44, TETHERS A tether of length v secures a telephone pole
at 25 feet off the ground. The distance from the tether
to the pole along the ground is represented by x. By the
Pythagorean Theorem, the length of the tether is given
by y = ¥x2 + 252, If x + y = 50 feet, what is the
measure of x?

45, SPACE MASA's Mear-Earth Asterold Tracking project tracked more than
300 asteroids. An asteroid is passing near Earth. If Earth is located at the
origin of a coardinate plane, the path that the asterokd will trace out is given by
= % ¥ > 0, where unit corresponds to one milllon miles. One asterold will be
visible by telescope when it is within % million miles of Earth.

a. Write an expression that gives the distance of the asteroid from Earth as a
function of x.

b. For what values of x will the asteroid be in range of a telescope?

48, DRIVING To determine the speed of a car when It begins to skid to a stop,
the formula 5 = +/30fd can be used, where 5 i the speed of the car, Fis the
coeffickent of friction, and d is the length of the skid marks in feet If the speed
limit is 25 mph and the coefficient of friction is 0.6, what is the length of the skid

marks if the driver is driving the speed limit?

47. CHEMISTRY The nuclear radius of an element can be approximated by
r={12 x 10~"%47 where r is the length of the radius in meters and A is the
molecular mass of the element.

a. The nuclear radius of neon is about 3.267 ® 10~ meter. Find its molecular
Mass.

b. Which element has a molecular radius of approximately 5.713 x 10~ meter?
Justify your conclusion.

Element | Maolecular Mass
capper (Cu) 63.5
gald {fw) 197.0
magnesium (Mg) 243
neon (Me) 7
silver [Ag) 1079
titanium (Ti) 479

48. USE A MODEL Explain how to find the solutions yi0x+ N —Vx+2=0
graphically and confirm your results algebraically. What are the solutions?
Construct the graph.
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49. USE TOOLS The surface area of a sphere is 20 cm? greater than the surface
area of a cube. Find functions 1o represent the radius of the sphere and the side

length of the cube, in terms of the surface area of the cube. If the radius of the

sphere equals the side length of cube, describe how to use a graphing
calculator to find the surface area of the cube and sphere. Sketch the graph.
Find the surface area of the cube and the sphere.

B0. CONSTRUCT ARGUMENTS Explain how we know that the equation
Wx — B + 1= 4/{2 — x) has no solutions without having to actually solve it
Confirm this by graphing the two sides of the equation.

B1. WHICH ONE DOESN'T BELONG? Which equation does not have a solution? Justify

your conclusion.

Yx—1+3=4

Vx+1+3=4

¥x—2+7=10

B2. PERSEVERE Haruko is working 1o solve (x + Eri = —4. He said that he could tell
there was no real solution without even working the problem. Is Haruko cormect?
Explain your reasoning.

V&

53. aNalYZE Determine whether —— = x Is sometimes, always, or never true
when x is a real number, Justify your argument

54. CREATE Write an equation that can be solved by raising each side of the
equation to the given power.

3
a. 5 power

b. %pnwer

7
€. g Power

ANALYZE Determine whether the following statements are sometimes, always, or

never true for x% = g. Explain your reasoning.

BE. I is odd, there will be extraneous solutions.

BB. If nis even, thera will be extraneous solutions.
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Module 4 -

Inverses and Radical Functions

Review

{ﬂ Essential Question

How can the imverse of a function be used to help interpret a real-world event or solve a problem?

Much like it is necessary o undo operations when solving equations in algebra, an
imverse of a function can be used to undo a function to solve a problem.

Module Summary
Lesson 4-1

Operations on Functions
+ (f+ glix) = fix) + gix)
+ (f — glix) = fix) — glx)

= (- glix) = ﬂ-ﬂ Glx)
- (g = HW*”
-{fusrlﬂ—ﬂgm]
Lesson 4-2

Inverse Relations and Functions

« If fand £ are inverses, then Aag) = b if and only if
F~4h) =

« fix) and glx) are inverses if and only if
[foglix)=xand[g o flix) = x

Lesson 4-3

nth Roots and Rational Exponants

+ For any real numbers a and b and any positive
integer n, if @@ = b, then g is an nth root of b.

« When there is more than one real root and n ke
ewven, the nonnegative raot is called the principal
root.

« An expression with rational exponents is
in simplest form when it has no negative
exponents, it has no exponents that are not
positive integers in the denominatar, it is not a
complex fraction, and the index of any remaining
radical is the least number possible.

Lesson 4-4

Graphing Radical Functions

« The parent function of the square root functions
is f{x) = +%. The parent function of the cube root
functions is fix) = Vx.

= A square root functicn can be written in the form

glx) = o ¥x — h + k. A cube rool function can be
written intheformglxl = a¥x —h + k.

Lessons 4-5 and 4-6

Radical Expressions and Equations

« For any real numbers o and b and any integer
n>1%¥ab="a-¥b.ifnisevenanda, b= 0
or if i is odd.

« Far any real num!:-em d and b # 0 and any

integern > 1, '1|i"_ 1“,— if all roots are defined.

« ovb + cd and oB —
sach other.

« To solve a radical equation, isolate the radical
an one side of the equation. Raise each side of
the equation to a power egual to the index of the
radical. Solve the resulling polynomial equation.
Check your results.

c+/d are conjugates of

Study Organizer
Iﬂanldanles | S Radie Equians
Use your Foldable | o | Opunations wn | mwu
to review this | gt e _|
module. Warking | o | o sty and Ruienal Eaperieers
with a partner can 'f._._] | e Eaisnans g FuniTans 1
be hElpfl.ll. Ask x e S0 R
for clarification
of concepts as f
neaded. = =
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Test Practice

1. MULTIPLE CHOICE Given fix) = 4x* — bx? + 8 5. OPEN RESPOMSE Given f(x) = 3x — 7 and
and gix) = 2x* — 9x* —Tx, find (f — g){x). alx) = 4x + 5, find (F o g)). Lesson 40
[Leszon 4-T)

A [f— o) = 2%% — 1432 + »

B. (f— giix) = 2x° + 4x® + 15x

C (f—gi=2x"—1x*—Tx+8
D if—giixl=2+ 4x* + Tx + B

6. MULTIPLE CHOICE The graph shows fx).
2. OPEN RESPONSE Given flx] = 2 + o’ — Which of the following represents f-Yx]?
7x — 30 and gix) = x — 2, find (3 )(x).

[Lesson 4-1)

[Lession 4-2)

r‘"

ALFx=2x+3

B. fp)=3x+2

3. MULTIPLE CHOICE Given f{x) = 4x® — 2x* and Crx=x+4
glx) = —x* + 3x — 2, find (f ). {Lesson 4-1) D. f'{x) = 4x
A (Frgin) =4 —x* — 3x + 2
B. (feghx)=4x —x"+3x—2

' . fix) = x* + 4x + 3. Restrict the domain,
D. (f+glix) = 4x° — M + 14x* — 4’ if necessary. [Lesson 4-2)

4. MULTIPLE CHOICE Given filx) = 14x* — x* +
¥+ 5 and gx) = T + 4% — 2% — 1, find
if — glfx}. iLesson 4-1

Af—gi)=T+D+x+4
B. (f—gii)=7—5¢ +3x+ 6
Cif—g=7+3"+3x+6
D (f—gid=7 -5+ x+4

212 Module & Revisw « Inverses and Radical Functions



B. MULTIPLE CHOICE Evaluate 256: + 12. OPEN RESPOMSE Determine the values of

00,0005 . (Lesson 4-3) a and b. [Lesson 4-3)
A 79 X3 X7 = x5

B. 799

C. 80

D. 81

9. MULTIPLE CHOICE Which of the following is
the simplified form of 3 729 — 7)°? (Lesson 43) | 43, MULTIPLE CHOICE Which of the following ks

A 27x— 7P the graph of g{x) = —+vx + 6 — 27 (Lessan 4-4)
B. 27x— T A L
C. 9 —7F 4
2
D, 9x — 7 0| 2 46 By
P
10. MULTIPLE CHOICE The lung vaolume fior [ i
mammals can be modeled using the '
expression 170x%, where x is the mass of the
mammal. How can this expression be B. s”
rewritten using radicals? (Lesson 4-3) i
A 1705 3
B. 170%" E ?" L5 BN
C. ViTor EETT
l
D. Y1705
. alr
11. OPEN RESPONSE Describe how the graph of
gl = —24/x + 5 — 3 Is related to the graph 4
of the parent function. (Lesson 4-4) 2
—4 -E-I:I 4
1,
™
8
D.
R
[
4
Fl ——
—H—Ge i) 4B By
P
B
8
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14.

15.

16.

MULTIPLE CHOICE Which function is shown
on the graph? (Lesson 4-4)

¥

|

1
¥ =

CEL]
A. glx) = (x + 4
B. glx) = (x — 4)2
C.glxl=x1—4

D.gxj=x1+4

OPEM RESPONSE Determine the sum.
712 + 2448 — 4478 [Leccon 4-5)

MULTIPLE CHOICE Heather drew a rectangle
and labeled the length as 3’-54'152::"}-"' and the
width as 2%4/40x"y°. Which ks the simplified

form of the area of the rectangle? |Leszon 4-5)
A 3636xTy=

B. 36x° Y5

C. 36x°3SxYy

D. 36457
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18.

19.

20.

MULTIFLE CHOICE Latasia wants to rationalize

7
the denominator uf% What should she

multiply the numerator and denominator by?
(Lessod 4-5)

Az
B. V7
c.z
D, 22

MULTIPLE CHDICE Solve for x,
3(B6x — E}* + 3 =9, (Lesson 4-5)

A x=2
B.x=4
C.x=6
D.x=8

MULTIPLE CHOICE Select the solution(s) of
the equation v3x + 7 = ¥ — 1_{Lesson 4-5)

A B
B. 3
C. 2and 3

D. & and —1

MULTIPLE CHOICE The distance in miles, d,
a pilot can see to the horizon is 123% of the
sauare root of the altitude in feet above sea
level, g, of the plane. How many miles to the
horizon can a pilot flying a plane at an
altitude of 30,000 feet see? Round your
answer 1o the nearest mile. (Lesson 4-6)

A 213 miles
B. 369 mies
C. 21,304 miles

D. 36900 miles



Module 5
Exponential Functions

€ Essential Question
How are real-world situations involving quantities that grow
mathematically?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After
F _ldontknow. [l — Fve heard of it = — | know it =8 =N I Rl o

m

graph exponential growth functions
graph exponential decay functions
sohve exponential equations

solve exponential inequalities

understand the natural base &, and use it to solve prablems

understand and use geometric sequences

derive formulas for geometric series

find sums of geometric series

1ID Foldables Make this Foldable to help you organize your notes about exponential
functions. Begln with two sheets of grid paper.

1. Fold in half along the width.
2. 0n the first sheet, cut 5 cm along the fold at the ends.
3. On the second sheet, cut in the center, stopping 5 cm from the ends.

4. Insert the first sheet through the second sheet, and align the folds. Label the front
Exponential Functions, and decorate. Label each of the inside pages with a lesson
number, using the final page for vocabulary.

Module § « Exponential Functions 215



What Vocabulary Will You Learn?

» asymplote « axponential function « recursive formula
« coefficient of determination « exponential arowth + regression function
» common ratio « axponential ineguality » SEqUence

« compound interest « finite sequence + BEries

« decay factor « geometric means + sigma notation

« explicit formula « geometric sequence « term of a sequence
» exponential decay » geometric series

» exponential equation « growth factor infinite sequence

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

Example 1

. io'be)
Slmpiﬂr—.,!,!“ :
equals zero.

by’
otabibetet

Assume that no variable

e
= Forboe

et
= e

Power of a Powear Rule
Procuct of Powers Rule

= % or b-ic* Guotient of Powers Ruls

Quick Check

Simplify. Assume that no variable
equals zero.

1. oo

2. (2°2°F

—2dxhy 7

- ieont 2

o ()

Example 2

Find the inverse of fix}) = 3x — 1.

Step 1 Replace fx] with y in the original equation:
fix]=3x—1—y=3x—1

Step 2 Interchange x and y-x = 3y — 1.

Step 3 Solve for y.

x=3—-1
x+1=3y Add 1 to esch side
HTH =y Divide each side by 3
%x + % =y Simpify

Step 4 Replace y with fYx).
y=derd—rin=erd

Find the inverse of each function.

5.fx)=2x +5
6.y =x—3
7. fix) = —Ax
B.fl) = 3% — 3

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 5-1

Graphing Exponential Functions

Explore Using Technology to Analyze Graphs of
Exponential Functions

E Online Activity Use graphing technology to ocmplete the Explore.

@ INQUIRY How does performing an operation
on an exponential function affect its graph?

Learn Graphing Exponential Growth Functions

In an exponential function, the independent varlable s an exponent
An exponential function has the form fx) = 5", where the base b ks a
constant and the independent variable x is the exponent. For an
exponential growth function, b > 1. Exponential growth occurs when
an initlal amount increases by the same percent over a given period
of time.

Graphe of exponential functions have asymptotes. An asymptote (s a
line that a graph approaches.

Example 1 Graph Exponential Growth Functions
Graph flx) = 2*. Find the domain, range, y-intercept, asymptote, and

end behavior.
Make a table of values. Then plot the points and sketch the graph.
x | fg=2 SR
-3 0125
-2 025
-1 0.5
o 1 ¥
] 5 5] x
2 4
3 8

domain: all real numbers range: all positive real numbsers

y-intercept: (0, 1) asymptote: y =0

end behavior: As x — —oo, fix) — 0 and as x — oo, fix) — oo,

13 Go Online You can complete an Extra Example online.

Today’s Goals
» Graph exponential
growth functions.

= Graph exponential
decay functions.

Today's Vocabulary

axponential function
exponential growth

asymptote
growth factor

exponential decay
decay factor

tg Think About It!
Why is the range of x)
all positive real numbers
instead of all real
rumbers?

Study Tip
Asymptotes You can
find the asymptate of
an exponential function
by using a graph or a
table. Both tools aliow
you to identify the line
that the function
approaches.
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an Online

o watch a video to
learn how to graph
transformations of an
exponential function
using a graphing
calculator.

L) Go Online

to see other examples
aboul analyzing graphs
of exponential
functions.

Watch Outl

Labeling Axas

The horizontal axis
represants the number
of years and the vertical
axis represents the
amount of maney in the
account. Be sure to keep
units in mind becausa
the amount of money in
the account is measured
in millions of dollars.

Example 2 Graph Transformations of Exponential
Growth Functions

Graph g[x]:—%-?"’" +1

Transform the graph of gix) = 3", % J&Lv !

o= —11,', Reflect in the x-axis and

compress vertically.

h = —4: Translate 4 units left.

]

k = 1; Translate 1 unit up.

Example 3 Analyze Graphs of Exponential Functions

Fi4
Identify the value of k and write a function ]
for the graph of j{x) = f{x) + k as it relates to If.qu,,,_
fix) = 3.5~ =

The graph has been translated 2 units
down, 50 k = —2 and the function is
fix) =35~ — 2.

-

Exponential growth can be modeled by Alt) = a{l + ', where Al
represents the amount after ¢ time periods, @ is the initial amount, and
r is the percent of increase per time period. The growth factor is 14 r.

@ Example 4 Use Exponential Growth Functions

LOTTERY Mr. Lopez recently won the lottery. Suppose he takes the
lump-sum payment, and he invests $50 million into an account that
yvields 5% interest annually. Graph a function that models the
amount in his account. Then estimate the amount in the account
after 20 years.

Use the function A(f) = of1 + A" to model the
amount of money in his account. Let a be the
amount of Investment in millions of dollars,
and let r be the annual interest rate written
as a decimal.

Al = 50{1.05¢
Use a graphing calculator to graph the function.

Use the table feature to estimate the amount
of money in the account after 20 years.

There will be approximately $132 664,885 26
in the account after 20 years.

{5} Go Online You can complete an Extra Example online.
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Check

FINAMCE On Mew Year's Day, Alma begins a savings plan. She saves
%1 the first day of January and Increases the amount she saves each
day by 1%. Find the growth factor. Then use a graphing calculator to
estimate the amount of money she should save on Day 180 of her
savings plan.

arowth factor: _ 2 amount saved 180 days later: $ _ 7 __

Learn Graphing Exponential Decay Functions

Exponential decay occurs when an Initlal amount decreases by the same
percent over a given period of time. So, for an exponential function of the
form fx) = b, exponential decay occurs when b is between 0 and 1.

Like exponential growth, exponential decay can be modeled by
Al = a1 — rf, where r is the percent of decrease per time period.
The decay factor s 1—r.

Example 5 Interpret Exponential Functions

Determine whether each function represents exponential growth or
exponential decay.

a. fix) =&~ Because & > 1, fix) is an exponential growth

function.
o (2 2

b. g{x‘,ﬁ-{?] Because 0 < % < 1, g{x) is an exponential

decay function.
Ed

c. hix)= {%} Eecause% > 1, h(x = an exponential growth
function.

d. fix) = 1.08" Because 1.05 = 1, jix} is an exponential growth
function.

e. kix) = 085" Because 0 < 0.85 < 1, k(x) is an exponential
decay function.

Example 6 Graph Exponential Decay Functions

x
Graph fix) = {:%] . Find the demain, range, y-intercept, asymptote,
and end behavior.

Make a table of values. Then plot the points and sketch the graph.

domain: all real numbers i

range: all positive real numbers

y-intercept: (0, 1) asymptote: y =0

end behavior: as x — —oo,
fix) = cand asx — o, fx)— 0 =

1.3 Go Online You can complete an Extra Example online.

\ey Think About It!
Use a graphing
calculator to graph
fx) = 107" and

1 .
)= (35) - Compare
M) and gix), and identify
whether each function

represents exponential
grawth or decay.

Q) Talk About It!

Explain how you can
use the end behavior
of the graph of an
expanential function to
determine whether it
represents exponential
growth or decay.
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Example 7 Graph Transformations of Exponential
Decay Functions

Graphgm=—il:}]l_‘+3. ¥

A
gl¥) is a transformation of fx) = {%} ;

o = —2: Reflect in the x-axis and ir]

stratch vertically.

h = 4; Translate 4 units right.

k = 3; Translate 3 units up.

Math History _
Minute Example 8 Compare Exponential Functions
Mathematical biokogist 0" i
Trachette Jackson Consider f{x) = (3) forx<—1 and gix) 2!
(1973—) uses many 2x + 4 forx = —1
including continuous | ]
and discrete Part 1y Graph Rx). -
mathematical models, First create a table of values to graph the
numerical simulations, exponential plece. Then graph the linear piece. 7]
and experiments, to
study tumor growth 7 . 7
and treatment. In 2003, =5 32 }5
Jackson became only —4 15 12
the second African- 3 2 -—-lki 1id
American woman to .,...: W
become a Sioan Fellow =2 4 =
in mathematics. — 2
—AI—J—104 | 2 3 4
Part B Which function has the lesser relative
minimum?
fix} has a relative minimum of 2. gix} has no relative minimum. It

Q Think About Itl appears to have an asymptote at y = 2 | so all of the function values
Erine tha Rk tnein are greater than 2.
Example &. Find the Part C Compare the y-intercepts and end behavior of f{x) and g(x).
domain and range of
fix). Does gix) have the yntercepts
same domain and flx): 4
range? Explain.

glx):- 3
end behavior
fx): As x — —o0 {x) — o0, and as x — o0, fx] — oo,

glx): As x — —oa, g{x) — 2, and as x — 20, gix) —* 0o

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can complete your homewornk onBne.

Example 1

Graph each function. Find the domain, range, y-intercept, asymptote, and end
behavior.

1. fx)=3~ 2. fix) =5
3. fix) = 15 4. flx = (%]'x

Example 2

Graph each function.

5. fix) = 2(3) 6. flx) = —2(4)" 7. fy=4*+1—-5
8. fix) =3 +1 9. fix=—043F*2+4 10. fix) =152+ 6
Examipie 3

Identify the value of k and write a function g(x) for each graph as it relates to fix).
N A =250 =M +k  RA=3g=Md+k  1B.M0)=(3) 00 =k-fx

-4 7. Hl ¥
“ g 1

f 1

Exampie 4

14. SUBSCRIPTIONS Subscriptions to an online arts and crafts club have been
Increasing by 20% overy year. The club began with 40 members. Make a graph
of the number of subscribers over the first 5 years of the club's existence. About
how many subscriptions are there after Year 47

15. SHOES The cost of a pair of athletic shoes Increases about 5.1% every year. In
2018 the average price for a pair of athletic shoes was $58.17. Graph a function
that models the cost of an average pair of athietic shoes. Then estimate the cost
of a an average pair of shoes in 25 years.

186. MONEY Sunil opened a savings account that compounds interest at a rate of
3% annually. Let P be the initial amount Sunil deposited. and let f be the numbser
of years the account has been open.

a. Write an equation to find A, the amount of money in the account after I years,
Assume that Sunil made no more deposits and no withdrawals.

b. If Sunil opened the account with $500 and made no deposits or withdrawals,
graph a function to represent the money in his savings account. Then estimate
the amount of monay in the account 10 years after opening the account.

c. Estimate the number of years it would take for such an account to double in value.
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Example 5

Determine whether each function represents exponential growth or exponential decay.

17. )= 7 18. gix} = 0.99" 19. hjx) = {%}x
20.j = (3) 21. kix) = D75 22. mix) = 1.02*
Example ©
Graph each function. Find the domain, range, y-intercept, asymptote, and end
behavior.
23. fix) = 0.25 24. fix) = 0.8
25. 9 = (3) 26. 9= (%)
Example 7
Graph each function.

x+ 4 x—13 x
27. =—-4(2) " " +3 28. g =3(2) -6 29. fx) =1(1)

x+4 u+ 2

so.m=33)" -2 mm=—(F) +e  mm=—(3)
Example &

I[%?]x for x =< 0

33. Consider fix) = and glx) shown in the graph.

Ax+iforx =0
a. Graph fx).

b. How do the key features, such as domain and range, intercepts,
increasing and decreasing, positive and negative, minimum and
maximum, symmetry, and end behavior of Ax) and g(x) compara?

—(2) + 3forx < —1
34. Consider fix)=14 ,

3 and g{x) shown in the graph.
A for x = —1

a. Graph fix).

b. How do the key features, such as domain and range, intercepts,
Increasing and decreasing, positive and negathve, minimum and
maximum, symmetry, and end behavior of Ax) and gx) compara?

Mixed Exercises

Graph each function. State the function's domain and range. Then use the graph
to determine whether the function represents an exponential growth or

exponential decay function.

35, y = 32 36. y=2(1)
___32 —=f1y"

37. y = —5{1.5) 38. y=3(3)
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fix) is the parent function and g(x) is a transformation of fix). Use the graph to
determine gix).

39. fix) = 4 40. fix) = [%T
¥ fr

SCmERE :
A

gix)

L]

_—

41. REASONING For y = ab*, where a > 0, if b > 1, the function represents exponential
growth. It represents exponential decay ifO < b < 1.

a. Choose a positive value for a, and let b = 1. Complete the table for these
values of o and b. Is ¥ = ab® an exponential function? Explain your reasoning.

X 3. =21 =1 0 1 2 3
¥ = ab®

b. Choose a positive value for o, and a negative value for b. Complete the table
for these values. Is y = ab” an exponential function? Explain your reasoning.

x -3 | -2 a 1 2 3
¥ = ab” ]

42, INVESTMEMNTS At age 28, Catalina makes a single $22 000 investment that earns 5%
interest each yoar.

a. If Catallna leaves the investment untouched untll she tums 65, how much will
the investment be worth at that time?

b. Catalina's twin brother, Rodrigo, waits 2 years and then makes the same
investment as Catalina. If the function that describes Catalina's investment is C{f),
what function describes Rodrigo's investment? What will his investment be waorth
when he turns 657

43. CARS The value of an automobile depreclates by approximately 15% each year after
purchase. Jayden paid $28,000 when he bought his car 16 years ago.

a. Write and graph a function that models how the value of the car depreciates.

b. How does the average decrease in value during the first flve years of
ownership compare to the last five yvears of ownership?

44. STRUCTURE Let fix) = 6%, glx] = —%{Er‘ *3 _ 1 and hix) = %:EF .
a. What is the asymptote of each function?

b. How could you transform the graph of fix) to create the graphs of gix) and h(x)?

¢. How could you directly transform gix) to create the graph of hix)?
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45, Let fix) = (@Y and glx) = (4)7" + 1. What transformations of fx) will result in the graph of g{x)?
Graph both functions. For gix), identify how the y-intercept, intervals where the function is
increasing, decreasing, positive, or negative, the asymptote, and the end behavior of fx)
are transformed?

486, If the graph of fix) = (0.5)" is reflected in the y-axis, stretched vertically by a factor of 2, and
translated 1 unit down to create gix), find the equation for gix). What are the domain, range,
y-intercept, and zeros of gix)? Graph g(x) and label any intercepts.

47. CHEMISTRY A compound undergoes exponential decay with initial amount 273 grams.

a. If the amount of the compound decreases by ten percent each year, define
variables and write a function modeling the amount of the compound
remaining at a glven time.

b. Find the average rate of change for the function over [0, 2] and [3, 5]. Explain
the rates of change in terms of the situation.

48. USE TOOLS A population of bacteria grows exponentially with initial population
20,000. After one day the bacteria population grows to 30,000,

a. Write a function P[f} to model the bacteria population after ¢ days.

b. Use a graphing calculator to graph P{f) and sketch the graph. ldentify the
intercepts, zeros, and the end behavior as t — o0 and explain these features in
the context of the problem.

c. What is an appropriate domain for Pf)? Explain your reasoning.

49. ANALYZE Determine whether each statement is sometimes, aways, of never true,
Explain your reasoning.

a. An exponential function of the form y = ab® ~ " + k has a y-intercept.
b. Anexponential function of the form y = ab® — " 4 k has an x-interceptl.

c. The function fix) = |bf" is an exponential growth function if b is an integer.

B0. FIND THE ERROR Vince and Grady were asked _“
to graph fx) and o(x) given the table for Rx) and exponential function
the description of g{x). Vince thinks they are the ] 2 glx) with rf'm of
same, but Grady disagrees. Who is correct? ] L decay of F and an
Explain your reasoning. 2 0.5 initial amount of 2

3 0.25

51. PERSEVERE A substance decays 35% each day. 4 0125
After 8 days, there are 8 milligrams of the 5 0.0625
substance remaining. How many milligrams B 0.03125

were there initially?

52. CREATE Give an example of a value of b for which fix) = {% }x
represents exponential decay.

BE3. WRITE Write the procedure for transforming the graph of glx) = &% to the graph of
fix) = ab* ~ " + k. Justify each step.
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Lesson 5-2

Solving Exponential
Equations and Inequalities

Today's Goals
% % 3 = Solve exponential
Explore Solving Exponential Equations equations in ane
’ £t i ; variable.
L3 Online Activity Use the interactive tool to complete the Explore. - R il
inequalities in one
@ INQUIRY How can you rewrite expressions to e i
solve exponential equations? Today's Vocabulary
exponential equation
compound interest

, exponential inequality
Learn Solving Exponential Equations

In an exponential equation, the independent variable is an exponent.

Key Concept - Property of Equality for Exponential Equations
Hb>=0andbF 1 then b =b&7if and anly if x = ¥

Exponential equations can be solved algebraically or by graphing a D e
u |
s.y:Lem of Equihuns based on the equa?iﬂn. ’ yamene e e
learn how to solve
Equations of exponential functions can be used to calculate exponential equations
compound interest. Compound interast is paid on the principal of by graphing using a
an investment and any previously earned interest. graphing calculator

Eey Concept « Compound Inferest

it
You can calculate compound interest using the formula A = P{1+ %) .

where 4 is the amount in the account after § years, P is the principal
amount invested, ris the annual interast rate_, and n s the number of
compounding periods each year.

Example 1 Solve Exponential Equations Algebraically

Solve each equation.
a. 45« +1= g47

437 +1 = ga? Original equation

A5+ — (4T Rewrite 64 as 4°

ARt 1 g Power of a Power

Bx+1=21 Property of Equality for Exponential Equations

Bx =20 Subtract 1 from each side
¥x=4 Divide each side by &

(continued on the next page)
2} Go Online You can complete an Extra Example online.
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Watch Out!

Power of a Power
When using the Power
of a Power Property. do
not forget to distribute
o each term in the

exponent

Use a Source

Research during which
Super Bowl the average
cost of a 30second ad
surpassed $1 million.
Does the equation
provide a reasonable
estimate of when this
occumad?

(215 — 16 = (24)2% — &
o—4x + 16 = 2Bx — 20

—dx + 16 =8x — 20

Original equation

Power of a Power Property

Property of Equality far

Exponential Eguations

=12x + 16 =—20 Subtract Bx from each side.
—12x = —36 Subtract 16 from each side.
x=3 Divide each side by —12.

@ Example 2 Solve an Exponential Equation by
Graphing

SUPER BOWL Since it began in 1966, the extremely high viewership
of the Super Bowl has led companies to pay millions of dollars to
advertise for just 30 seconds. The average cost of a 30-second
advertisement during the Super Bowl can be approximately

modeled by an exponential function where the initial cost is
458,000 and the average cost increases by 9.9% each Super Bowl.

Part A Write an exponential function to represent the situation.

Let C be the average cost of a 30-second ad and x be the number
of the Super Bowl. The initial cost is $58,000, or $0.058 million.
The rate of change k= 9.9%, or 0.099.

C=oll + "
= 0.058(1.099)"

Part B Estimate during which Super Bowl the average costof a
30-second ad first surpassed $1 million.

Exponential function

o= 0.58 and r = 0.059

Step 1 Write a sy=tem.

To find when the average cost of an ad was 31 million, let C = 1.
Then, set each side of 1 = 0.58(1.099F equal to ¥ to create a system
of equations.

¥y=1 First equation

¥ = 0.058(1.093)"

Sacond eguation

Step 2 Graph the system.

0L 58] ek 5 by [, Hack 025

{5} Go Online You can complete an Extra Example online.
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Step 3 Find the intersection.

_ _ _ Study Tip
T:E mgh:ﬂg" is the x-coordinate of the point of intersection, which is Asitiasitans
Moot - Assuming that the

average cost of a

S0-second ad during
Step 4 Interpret the salution. the Super Bowl is

modeled by the

According to our equation, the average cost of a 30-second ad was exponential function

%1 million when x = 3016. This means that the average cost was not yet allowe e to make
%1 million during Super Bowl 20. Therefore, it was during Super Bowl ectimations and
31 that the average cost of a 30-second ad first surpassed $1 million. predictions about the

situation. While the
actual cost may not

Step 5 Use a table. fallow this trend

exactly, it provides a
You can use the TABLE feature 10 reaconable moded.
verify the solution. Since the number
of the Super Bowl must be a whola
number, use 1 as the interval,

—
Pl

Motice that when x = 30, Y, was still
less than 1 and when x = 31, it was
more than 1. This confirms that the
average cost surpassed $1 million
during Super Bowl 31.

X
ﬁ-l
i
i

e e e R |
PR
A Y o B
W= O O
VT T
PREIE T

=0
il
[

Check

CARS The moment you drive a car off a dealer's lot, it begins to
depreciate, or lose its value. In 2017, the average price of a new pickup
truck was $41,000. You can use an exponential function to model the
value of a plckup truck over time.

Part A

If the value of a pickup truck depreciates by 9% per year, write a
function that represents the value of a new 2017 pickup truck v after
X years.

Part B

After how many years will a new 2017 pickup truck be worth only
$20,0007 Round to the nearest tenth if necessany.

F__ years

1.3 Go Online You can complete an Extra Example online.
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@ Example 3 Use the Compound Interest Formula

FINAMCE Luciana deposits $1700 into a savings account that pays
1.8% annual interest compounded monthly. What will be the balance

after 5 years?
ot
A= P('l + ﬁ] Compound Interest Formula
2.5
=1?ﬂﬂ{1+%} P=1T0r=001.n=12,andt=5
= 1859.97 Use a calculator.

After 5§ years, there will be about $1859.97 in Luciana’s savings accoumnl

Check

FINAMCE If Aisha deposits $500 in a checking account that pays
0.9% annual interest compounded twice a month, what will be her
account balance In 25 years? Round to the nearest cent.

. LY, S

Learn Solving Exponential Inequalities

An exponential ineguality Is an ineguality in which the independent
variable iz an exponent.

Eey Concept - Property of Inequality for Exponential Equations

if b > 1, then b > b¥ if and only if x > y, and
B < b¥if and only if x <y

Example 4 Solve Exponential Inequalities Algebraically
Solve 272x+6 o gix — 5,

TP g =5 Diriginal inequality
(33 = (39" ~° 27 = 3% 81 = 3¢
e Power of a Power
Bx + 18 = 4x — 20 Property of Inegquality for Exponential
Equations
2x +18 = =20 Subtract 4x from each side.
2x = —38 Subfract 18 from each side.
xz=-—19 Divide each side by 2.

The solution set s {x | x = —19}.

Check
Solve 1252 < 25— 7

fx|x_=2_}

L) Go Online You can complete an Extra Example online.
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Practice m Go Online ¥ou can complete your homewornk onBne.

Example 1

Solve each equation.

1. 2-51;+3=255x—9 2. g&'—4=E13‘.w+E
3 A-Sogpir—a 4 4%-3_gl—4
5 gatboggke—10 6. 125% 4 = o5 +2
Example 2

7. INTEREST Bianca invested $5000 in an account that pays 5% annual Interest.

a. Write a function that represents the value in Bianca's account y after x years.

b. After how many years will the value in Blanca's account be $25,0007 Round to
the nearest tenth if necessary.

B. POPULATION In 2000, the world population was calculated to be 6,071,675,206.
The world population increases at a rate of about 1.2% annually.

a. Write a function that represents the world population y after x years.

b. In what yvear will the world population be 8,000,000,0007 Round to the
nearest year if necessary.

9, BUSINESS Ahmed's consulting firm began with 23 clients. The number of clients
decreases at an annual rate of 0.5%.

a. Write a function that represents the numbser of clients at Ahmed's consulting
firm y after x years.

b. After how many years will Ahmed's consulting firm have 15 clients? Round to
the nearest year if necessary.

10. BATTERY LIFE The bhattery life of a certain cell phone starts at 8 hours. The
battery life decreases at an annual rate of 30%.

a. Write a function that represents the battery life y after x years.

b. After how many years will the battery life of a cell phone be 2 hours? Round to
the nearest tenth if necessary.

Example 3

11. BAMKING Siobhan deposits $1200 into a savings account that pays 5.2% annual
interest compounded monthly. What will be the balance after 4 years? Round to

the nearest cent.

12. INWESTING Mancy deposits $2500 into an investing account that pays 6.1% annual
interest compounded quarterly. What will be the balance after 10 years? Round to
the nearest cent.
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13. CHECKING Maya deposits 35000 into a checking account that pays 0.75% annual
interest compounded monthly. What will be the balance after B years? Round to

the nearest cent.

14. FINAMCE Mr. Fernandez deposits $60,000 into an account that pays 2.5% annual
interest compounded quarterly. What will be the balance after 20 years? Round to

the nearest cent.

Example 4

Solve each inequality.
Bx —3

5 (=) >0

Mixed Exercizes
Solve each equation or inequality.
M. 8% +2=p4

23. 625 = 57 +8
25, 9ic+1— p73c—1
1 du -+ 1
27. (1) =g+t

20, (&) <3z

B +1 x—d
a (3 =(F)
33.819+2 = 3% +1
ss.z6= ()"

2 +1 —3x +1
(%) -

39, 4 —pgr+4

41, 25%+1 > 1252
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16. 64498 - JER2x+E
Dx 4
18. (5} < 2700 - 12

20, 9% +1 ¢ (ﬁ]_hﬁ

42, 5"~ 5= 15

24, 255+ 21 =42 -2

26. (55)@ 2|+
28. (1) "= 25%+2
30. (1)
2 (3 sk
34. 1055 +2 > 1000

36. a4 =1+

w2 dwr
B ()  =(z8)

0. (1) =2m+2

42, 6 —1=35*



43. BUSINESS Ingrid and Alberto each opened a business in 2010. Ingrid started with
2 employees, and in 2013 she had 50 employees. Alberto began with
32 employees, and in 2017 he had 310 employees. Since 2010, each company
has experenced exponential growth.

a. Write an exponential equation representing the growth for each business.
b. Calculate the number of employees each company had in 2015.

€. Is it reasonable to expect that a business will continue to experience
exponential growth? Explain your answer.

Write an exponential function with a graph that passes through the given points.

44. (0, 3) and (3, 375) 45. (0, —1) and (6, —64) 46. (0,7) and (-2, 28)
47. (0,1) and (2, 405) 48. (0, 15) and {1, 12) 49. (0, —6) and (—4, —1536)
50. (0,1) and (3, 9) 51. (0, 1) and (6, 4096) 52. (0, —2) and (—1, —4)

53. USE & MODEL losiah invested $2000 in an account thatl pays at least 4% annual
interest. He wants to see how much money he will have over the next few years.
Graph the inequality y = 2000{1 + 0.04)" to show his potential earmings.

B4, ECONOMICS The Jones Corporation estimates that its annual profit could be
madeled by y = 10{0.99), while the Davis Company's annual profit is modeled by
¥ = B(1.07). For both equations, profit is glven in milllons of dollars, and [ is the
number of years since 2015,

a. Find each company's estimated annual prafit for the years 2015 and 2025 to
the nearest dollar.

b. In which company would yvou prefer to own stock? Explain your reasoning.

55. MEDICINE After a patient is glven a dose of medicine, the concentration in the
bloodstream = 3.0 mag/mL. The concentration decays exponentially, and drops to
1.5 ma/mL after 2 hours. The medicine s ineffective at concentrations less than
0.6 mag/mL. If the patient is given a dose at 10 a_m, could the next dose be given
at 3 pm. without the level of medication dropping below the effective
concentration? Use a graph to justify your answer.

BB. STRUCTURE Dale and Xavier both invest for retirement Their initlal deposits,
annual interest rates, and number of compounding periods are shown in the
table. Who will have more money in their account after 30 yvears? How much

more?

Annual Interest Rate | Compounding Periods

Initial Deposit

quarterly
$3250 475% manthly

Kavier
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57. USE A SOURCE Research the average college professor's current salary.

a. Suppose a professor making the average salary receives a 2% ralise each year.
What will be the professor's annual salary after working 15 more years?

b. Would it be better to start at $85,000 and recebve a 3% raise each year?

Explain.

B8. aNAlYZE Tom uses a graphing calculator to graph fix) = 5(1.25)* and gix) = 1.5 He
notices that the gap between the curves increases as x increases, and concludes
that fix) = gix) for x = 0. s he correct? Use a graph to support your reasoning. Could
you have written and sofved an equation to come to the same conclusion?

59. FIND THE ERROR Beth and Liz are solving 6~ 2 = 36—~ —1_[g gither correct?

Explain.

Beth Liz
E‘-! = H-J-I 5!'31 - E-J-I
5'.-5}[,52}-‘-' 5]'3}{52}1'1
E.I-! = s-ll-l 5]-3 = E_-.If'l
X-5>-2-1 - >-XK+1
e | in > 4
N X>2

60. PERSEVERE Solve 16" + 16™ + 16'8 + 16'® + 168'8 = 4~

61. AMNALYZE What would be a more beneficial change to a b-year loan at B% interest
compounded monthly: reducing the term to 4 years or reducing the interest rate
to 6.5%? Justify your reasoning.

82, ANALYZE Determine whether the following statements are sometimes, always, or
never true. Explain your reasoning.

a. 2* > —82™ for all values of x.

b. The graph of an exponential growth equation y = ab” is increasing.

€. The graph of an exponential decay equation y = ab~is increasing.

&3. CREATE Write an exponential inequality with a solution of x < 2.
&4. PERSEVERE Show that 272 g1 +1=32x+ 2, glv+1

&5. WRITE If you were given the initial and final amounts of a radioactive substance
and the amount of time that passes, how would you determine the rate at which
the amount was increasing or decreasing in order to write an equation?
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Lesson 5-3

Special Exponential Functions

Today’s Goals
. i = Analyze expressions
Explore Finding the Value of e and functions involving
the natural base e
{3 Online Activity Use a table to complete the Explare.
) nday Vacebuiaey
| @ INQUIRY How can you best approximate the | =
| value of e?
Learn Exponential Functions with Base e
The constant @ has certain mathematical properties that make it a
convenient base for exponential functions. e is the irrational number
that '[1 + %}n approaches as n approaches so. This value is
approximately equal to 2 182818
Graphs of exponential functions with base e ¥
display the same general characteristice as
other exponential functions. Hzj= ]|
« fix) approaches an asymptote of y = 0 - — -
as x approaches —oo,
« fx) approaches = ac x approaches oo,
« The p-intercept is 1.
You can calculate continuously compounding interest by using the
formula 4 = Pe”, where 4 is the amount in the account after t years,
P is the principal amount invested, and r is the annual interest rate.
Example 1 Expressions with Base e
Simplify each expression. Watch Out!
Calculators
a. e .o 2 I ~1
7 -2 __ T+ vt G PR Mot calculators have
[ I - = TOCWCE O OYYETS EI"I.E‘I:H.IHD!‘I_”f BT,
- 95 Simplify you should use the
properties of
b. (327" expanents to evaluate
(~3e27)* = (—3ptfez)* Power of a Product expressions so that
YOUF answers are exact
= B1e® Power of a Power
42a”
C 1465
T
42;!5 = 3’5 Cuotient of Powers
e

= 3o Simplify

{3 Go Online You can complete an Extra Example online.
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Problem-Solving Tip
Use a Table For Parts A
and C, you may find it
easier to make a table of
values for the function.
You can use the values in
the table to graph the
function and find the
values of gix) for the
given intervals.

b Think About It!
Does an exponential
function with base e
behave in the same way
as other exponential
functions? Explain.

Check

Simplify each expression.
E
gt.gl.p (6e2)" Etg::

Example 2 Graph Functions with Base e
Consider g(x) = —2e*—2 4+ 2.
Part A Graph the function.

The function gix) = —2e* ~ 2 + 2 represents [ 1 J_LL )

a transformation of the graph fx) = ",

g = —2: The graph Is reflected in the x-axis

and stretched vertically. = of x

h = 3; The graph k& tranclated 3 units right. ot = —2e" 4 27

k = 2 The graph Is translated 2 units up.
Part B Determine the domain and range.

The domain is all real numbers. The range & all real numbers less than 2.
Part C Find the average rate of change.

Determine the average rate of change of gix) over each interval.

a. [—4, 1]

Based on the graph, the graph from —4 to —1 appears approximately
horizontal. 50, the average rate of change should be close to 0.
gi=1) = gi-4) 1963 - 1998
=1 =(=d) 3
. =0.035
- 3

Bvaluate g-1) and g[—L

or —0.012 Simplify.

b. [0,3]

Based on the graph, the curve appears to pass through approximatety
(0,2) and {3,0). Sa, the average rate of change for the interval

[0, 3] should be about 3—= or —2.
o) - g0} o - 1900
3=0 - 3

=130 o 0633

Evaluate g3} and giO).

Simplhify.
c. [4,8]

The graph s wvery steep for values greater than 4. So, the average rate

of change from 4 to B should be a negative number with a large

absolute value.

o) - gid) —204.826 - (-3.437)
Ba-4 a

= 291389 o 72847

Evaluate o8] and gfdL

Simpkifiy.

{5} Go Online You can complete an Extra Example online.
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Check

Considerglx)= —e* + 14+ 2.
Part &

Graph the function.

Part B

Determine the domain and range of
glxy=—e"*1+2

Domain: Lo

Range: 7

Part C

Find the average rate of change of gix) = —e* +1+ 2 over each interval.
a. [-6, —3)=_73

b. [-11=_2

e [L4]=__2

& Example 3 Apply Functions with Base e

COMPOUND INTEREST LaShawndra deposited $1500 in a savings
account that pays 2.5% annual imterest compounded continuously.
After 4 years, what will be the balance of LaShawndra's account?

To find the balance of LaShawndra’s account after 4 years, use the
formula for continuous exponential growth.

A= Pe™ Continuous Compounding Farmula
= 1500 £0.0254) P =1500,r = 25% = 0025 andt = 4
= 165776 Simplify.

After 4 years, LaShawndra will have $165776 in her savings account.

Check

COMPOUND INTEREST Alejandro invested $4500 in a startup companny.
His investment has bean growing continuoushy at an annual rate of 12 5%,

Part &

Write the function that represents the situation, where A is the value of
his investment after [ years.

Part B
Evaluate the function.

After & years, If it continues to grow in this way Alejandro's investment
will be worth 7

After 12 years, it wil beworth $___ 7
i:i Go Ondine You can complete an Extra Example online.

Watch Out!
Rounding When using
a calculator to evaluate
an exponential function
with base e, use the e
or exp button on the
calculator. Using a
rourded value of e
may result in an
incarrect solufion.

\g# Think About It!

Suppose LaShawndra
i% also considering a
savings account that
offers 2.5% annual
interest compounded
monthly. Which savings
account should she
choose? Explain.
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atudy Tip
Estimation Before
using the intersection
feature on a graphing
calculator, analyze the
graph and estimate the
value of the
intarsection. This can
help you detact
potential errors while
using the calculator.

Example 4 Solve an Exponential Equation by Using
Technology

Use a graphing calculator to solve 5 = 2e” by using a system of
equations.

Step 1 Write a system.
Set sach side of 5 = 2e* equal to v o create a system of equations.
y=5 First equation

y=2e" Second eguation

1
|

| =03, W Y by [— 00 O 1
Step 3 Find the intersection.

Use the intersect feature from the CALC menu to find the coordinates
of the point of intersection. When prompted, select each graph. Pross
ENTER again to see the intersection.

Step 2 Graph the system.

The solution is the x-coordinate of the intersection, which is about
0.016.

Step 4 Use a table.

You can use the TABLE feature to verify the solution. First enter the
starting value and the interval for the table. Since the graph shows the
intersection at ¥ = 0.916, use 0.915 as the starting value and 0.001 as
the interval. Scroll through the table.

Notice that when x = 0.916, Y1 and Y2 are approximately equal. This
confirms the solution x = 0.916.

Check

Use a graphing calculator to solve —6 = —1.5¢* ~ ¥ by using a system
of equations. Round to the nearest hundredth. x = ?

L) Go Online You can complete an Extra Example online.
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Practice m Go Online ¥ou can complete your homewornk onBne.

Example 1
Simplify each expression.

1. e 2. et 3. e’
4. (2™ 5. (3e%)? 6. [—de™?
26t —38aT —1Bal
7 13= 8. 132 o 2e

Example 2

10. Consider the function fix) = 3e* ~ 14+ 3.

a. Graph the function.
b. Determine domain and range.
¢. Find the average rate of change over the interval [—5, —2L

11. Consider the function fix) = 4e3¥ — 1.

a. Graph the function.
b. Determine domain and range.
€. Find the average rate of change over the interval [-3, —1].

12. Consider the function fix) = —2e** ¥ + 2.

a. Graph the function.
b. Determine domain and range.
c. Find the average rate of change over the interval [—7, —4]

Exampie 3
13. COMPOUMND INTEREST Ryan invested $5000 in an account that grows
continuaushy at an annual rate of 2 5%
a. Write the function that represents the situation, where A is the value of
Ryan's imvestment after ¢ years.
b. What will Ryan's investment will be worth after 7 years?

14. SAVINGS Jariah invested $6500 in a savings acocount that grows continuously at an
annual rate of 3.25%.

a. Write the function that represents the situation, where A is the value of
Jariah's investment after | years.

b. What will Jariah's investment will be worth after 18 years?
15. INVESTMENTS Marcella imvested $12.750 in a company. Her investment has been
growing continuously at an annual rate of 5.5%.

a. Write the function that represents the situation, where 4 is the value of
Marcella's investment after [ years.

b. What will Marcella's investment will be worth after 9 years?
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Example 4

Use a graphing calculator to solve each equation by using a system of eguations.
Round to the nearest hundredth if necessary.

16. 1= 17. -2 =—¥
19. 5=1e*2_34 20. —3=—2¢* —1
Mixed Exercises
Simplify each expression.
22, e *E'E 23. e7 +0 4
143 C
25, (—%ei“) . ek

18. 3 =3¢

21, D241 _g

24. {E'el*]z
oy, =216 ()
(%)

USE TOOLS Solve each equation. Round to the nearest hundredth if necessary.

2B. o8 =—2c-14+ 3

29, —30"+1=4e"+2_5

20.

i
iﬂ*‘f

+2 3= Zale-44 2

31. REASONING Hailey put $900 in a savings account that eams 1.2% annual interest
compounded continuoushy. How much will her acocount be worth in & years? Write an

equation to represent the problem, then solve your equation.

32. CONSTRUCT ARGUMENTS Justify the conclusion that all functions of the form fx) =

e have the same domain.

33. USETOOLS Graph the function gix) = Te™ + 8. Identify its domain and range.

intercepts, zeros, asymptote, and end beha

WO,

34. USE TOOLS Find the zern of the function fx) = 0.8e2* — 9. Round to the nearest

hundredth if necessary.

Q Higher-Order Thinking Skills

35. WRITE The compound interest formula can also be used to show population growth,
using final and initial populations, growth rate, and time of growth. How do those
variables correspond 1o the variables in the interest formula? Write a paragraph to

explain your reasoning.

36. CREATE Write a problem using the formula for compound interest that sohlses for the

initial amount; then sohve your problem.

37. ANALYZE Make a conjecture about winy you should use the properties of exponents
o simplify exponential functions with base e before evaluating them on a calculator.

38. FIND THE ERROR Aza is investing $2000 in an account that grows at 0.7% annual
interest compounded continuously. He pradicts that he will have a balance of

16,332 .34 after 3 years. Is Aza comect? Explain your reasoning.

39. WHICH ONE DOESN'T BELONG? Which of the functions doesn't belonag? Explain

your reasoning.

glx) = 36

oix) = Sex—4
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Lesson 5-4

Geometric Sequences and Series

Explore Explicit and Recursive Formulas

L3 Online Activity Use a concrete model to complete the Explore.

@ INoUIRY How can a geometric sequence be ‘

defined?

Learn Seguences

A sequence s a set of numbers in a particular order or pattern. Each
number in a sequence is called a term. The first term of a sequence is
denoted o, the second term is a,, and so on. A finite sequence
contains a limited number of terms, while an infinite sequence
continues without end.

A sequence can be defined as a function.

Key Concept « Sequences as Functions

Waords A seguence s a flunction in which the domain consists of
natural numbers, and the range consists of real numbears.

Symbaols Domain:1 2 3 . n the position of a term

Range: oy oy Oy .. 0O,

the terms of the Sequenoe
In a geometric sequence, each term is determined by multiplying a
nonzero constant by the previous term. The constant value is called
the common ratio.

Key Concept « nth Term of a Geometric Sequence

The nth term o, of a geometric sequence in which the first term is o,
and the commeon ratio is r is given by the formula a_ = as"~ ', where n
s any nalural number.

An explicit formula like the one above allows you to find any term g_
of a sequence by using a formula written In terms of n. A recursive
formula allows you to find the nth term of a sequence by performing
operations to one or more of the preceding terms. The recursive
formula for a geometric sequence s a, =r+*a, _4, where a, _, is the
term in the sequence bafore the nth term.

Geometric means are the terms between two nonconsecuthve terms
of a geometric sequence.

Today's Goals
= Generate geametric
SEeqUEences.

= Find sums of geometric
SEfes

Today’s Viocabulary
sequence
term of a sequence
finite sequence
infinite sequence
geomelric sequence
COMMon ratho
explicit formula
recursive formula
geomelric means
series
geometric sares
sigma notation
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B Go Online Example 1 Identify Geometric Sequences

to see another example Determine whether the sequence 2, 6, 15, 30, ... is geometric.
about identifying

geometric sequences. 2 6 15 20

—? S

30

B 15
5 =3 5 = 2D ® =2

The ratios are not the same, =0 the sequence is not geometric.

%Talk About It! Example 2 Graph Geometric Sequences

The domain of the six Find and graph the first six terms of the geometric sequence —1,
terms you plotted i —2, 4, ...

1, 2,3, 4.5, 6] Is this -2
ke i B el B Step 1 Find the commeon ratio. Using the first two terms, = 2.
original sequence? Step 2 Find the next three terms.

Explain easoning.
b aiil ™ Multiply the previous term, —4, by the common ratio. Continue

multiplying by 2 to find the following terms.

B b s S wd o] 12145678
\\"\J \"“J \\"\J T T Y - x
4
- —8
Step 3 Graph the sequence. ::1:
Domain: [1, 2, 3, 4, 5, 6] -—iu:
Range:[—1, —2, —4, —8, —16, —32} o
L IF

@ Apply Example 3 Find the nth Term

Watch Dut!

First Term CHOCOLATE Javier wants to eat less chocolate each day. To achieve
Although Javier staris this, he decides to start with a 50-gram bar of chocolate and eat
with a S50-gram half of it the first day, then half of what is left of the bar the second
chocolate bar, the day, then half of that the third day, and so on. if Javier starts on a
amount he eats on the Monday, what is the mass of the piece that he will eat on Friday?

first day = 25 grams.
1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers to your questions?

Sample answer: | need find how much chocolate lavier eats on Friday.
What term of the sequence represents Friday?

{5} Go Online You can complete an Extra Example online.
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2 How will you approach the task? What have you leamed that you can use

i I
to help you complete the task? gThlﬂk About It!
i you let a, = 50, then
Sample answer: | know the formula for the ath term of a geometric HEE il a
sequence. | will evaluate it for the term that represents Friday. represent? &t

3 What is your solution?
Lse your strategy to solve the problem.

What formula represents the nth term of the sequence? Which term
represents Friday? How much chocolate will Javier eat on Friday?

- 1
a = 25:&} , Og; about 16 g
4 How can you know that your solution is reasonable?

gerte About ! Write an argument that can be used to defend
your solution.

Sample answer: The amount of chocolate each day is half of the
amount the day before. The sequence s 25 125, 625, 3125,
1.5625, ..., s0 on Friday, Javier eats about 1.6 grams of chocolate.

Example 4 Write an Equation for the nth Term

Write an equation for the rnth term of each geometric sequence.
a. —1,3,-9 27, ..

Step 1 Find r.
o3
r= T:rz" Divide two consecutive terms.
=5 = -
—3f_'rl'—3 o, =3 and oy = —9

Step 2 Write the equation.

0. = a.r” = nth term of a geometric sequence
=43 lor—(-3""'" o=-1andr=-2
s s |
b. ag=5andr=73
Step 1 Find ay.
a, = arn— 1 nih term of a geometric sequence
B-1 '
E=ﬂ1[:‘131.| n=8ogy=5andr=73
1 7
= ":"1(5) Simplify the exponent
E—E(L} Evaluate th t
= 4\ 28 vallate (e eXponent.
a, = 640 Solve for a,.

Step 2 Write the equation.

8, = f:.'lr" =1 nih term of a geometric sequence

= 540{%}ﬂ_1 o, = 640 and r = 2'

E Go Online You can complete an Extra Example online.
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Watch Out!
Signs Keep in mind
that when ris raised to

an even power, r may
be positive or negative.

(&) Think About It
Would the geometric
means change if the
sequence started at 32
and ended at 2437
Explain your reasoning.

Example 5 Recursive and Explicit Formulas

Given a formula for a geometric sequence in recursive or explicit
form, translate it to the other form.

1
a. u'I='.II-"‘ur:|= Eﬂn—f‘ﬂa 2
Because g, is defined in terms of the previous term, a, = %ﬂ'ﬂ _jisa

recursive formula of the forma_=r-a_ _, Thus,r= % MNow, write the
explicit formula.

a,= a,rt = Explicit formula for a geometric sequence
L |

f.'-'] o=5handr=g

1
a2 ¥ ]

LA

=1
The explicit formula fora, =5, a_ = %ﬂn _pnzdka = 5{ %] :

b. @, =371
Because a is defined interms of n, a, = %{'ﬂ” ~ iz an explicit formula

of the forma_ = ar" - 1,

Thus, a, = % and r=T. Now, write the recursive formula.

Recursive formula for a geomefric sequence
r=7T

— 2rnn— o5 i
The recursive formula fora_ = EW Tig ay=%50,= Ta,_,.n=2

Example 6 Find Geometric Means
Find four geometric means between 243 and 32.

Step 1 Find the total number of terms.

Because there are four terms betweaen the first and last term, there are
4 + 2 or 6 tolal terms, son = 6.

Step 2 Find r.
a. = n.lr” —1 nth term of a geometrnic sequence
32 = 24351 n==86,a, = 32, and o,= 243
% =P Divide each side by 243
rF= % Take the Sth root of each side.

Step 3 Use rto find four geometric means.
243 162 W8 72 48 32

LS S L TR SIS

2 2 . 2 2
e T .

The geometric means are 162, 108, 72, and 48.
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Learn Geometric Series

A series is the sum of the terms in a sequence. The sum of the first
n terms of a series is denoted 5. A geometric series is the sum of the
terms of a geometric sequence.

Key Concept - Partial Sums of a Geometric Senes

Given The sum nfs of the first n terms is:
a,, r, and n 5 = 1,-* rE
oy roand a, 5 = L r¥F1

-m Go Online Denve the formula for the sum of a finite geometnc series
in Expand 5-4.

The sum of a series can be written in shorthand by using sigma
notation, which uses the Greek uppercase letter 5 to indicate that you
should find a sum.

Key Concept - Sigma Motation
Symbals | last value of k —

E fikj == formuila for the terms of the senes

first value of
.. i‘ﬁHz] (30 + 2]+ [32) + 2] + [3@) +2) Arthmetic
+ +i3{5j+2] SEMes
=5+8+MN+..+20
=75

f S(@)*-1=50) -1+ 53?1+ + 5@ -1 | Geomeinc
i E{“ 4 Eﬁ: + o+ 5{213?] SeEneEs
=5+15+ .. +10935
= 16,400

@ Example 7 Find the Sum of a Geometric Series

DOMINGS Kateri wants to set up some dominos so she can knock

over one, which knocks over two more, each of which knocks over
two more, and so on. If she wants to make & rows of dominos, how
many will she need in total?

The first row has one domino. 5o, a, = .r=2 andn=5.

. I Sum formula

En=% o,=1Lr=2Zandn==56

Sn = H_if Simplify the numerator and the denominator
5 =63 Divide

D Go Onlirme You can complete an Extra Exarnple online.

fo¥ Think About It!
Why does r # 1for 5,7

Study Tip

Viability When
determining the sum of
a geometric serias,
consider whether the
solution makes sense
in the context of the
situation. For example,
if 5_were negative for
this problem, that
would mean Kateri
needs a negative
number of dominos,
wihich would not make
sense in this context.
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Watch Out!
Sigma Motation
Because the series
starts when k= 5,
ay,=3(—2F or
48 rather than
a,=3-2'""or3

{3 Go Online

to learn how to derive the
formula for the sum of a
finite geometric series in
Expand 5-4.

Example 8 Find the First Term in a Series

Find a, in a geometric series for which 5 = 21.3125, n = 5, and

r=%. Round to the nearest tenth if necessary.

oy = ay”
5. e Sum formula
E
oy =yl = ) i
213125 =——— S, =225, r=1andn=5
P
21,3125 =——2— Simplify.
2
21.3125 =2 Subtract.
7
213125 = g Divide
] reh ide.
a, =N MuHiply each side by 135.,

Sa, the first term is 11

Example 9 Sum in Sigma Notation

Find 2! 2—2) — 1. If necessary, round your answer to the
nearest tenth.

Find ay, r. and n.

In the first term, k = 5, and @, = 3(—2)° 'or 48

The base of the exponentlal function is r, sor= —2.

There are 12 — 5 + 1or Bterms, san = 8.

o, = g,

5= - Sum formuba
48 — 48[ -2
=3 o, =48, r=—2.andn=28
A8 = 48 (256
=2 % Simgpiify
= —4080 Subtract and divide.

So, S, is —4080.

Check
Find % 23{2.5/* — 1 Round to the nearest tenth If necessary.
§=h

g = Ty

n

L) Go Online You can complete an Extra Example online.
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Practice B Go Online ¥ou can complete your homewornk onBne.

Example 1

Determine whether each sequence is geometric.
1. 579 1,13, . 2. 3.6,12 24 48, .
3.2,—4 8 —16,32, 4. 400, 200, 100, 50, 25, _
B. 60, 48, 36, 24 12, . 6. BO0O, —2000, 500, —125, ..

Example 2

Find and graph the first six terms of each geometric sequence.
12,4 . B. 2.6, 18, ..
8. —1L =3, -9, - 10. 800, —400, 200, .

M. 512, —128,32, .. 12. 160, O, 40, ..

Example 3

13. FAMILY Amanda is researching her ancestry. She records names and birth dates
for her parents, their parents, and so on, in an online research tool. If she can
locate all of the infarmation, how many names will Amanda record in the
generation that is 5 generations before her?

14. MOORES LAW Gordon Moore, co-founder of Intel, suggested that the number of
transistors on a square inch of integrated circult In-a computer chip would double
every 18 months. Assuming Moore’s [aw is true, how many times as many
transistors would you expect on a sguare inch of integrated circult in year 67

Example 4

Write an equation for the nth term of each geometric sequence.
15. 3.9, 27, ... 6. —1.-3.-9 .

17. 2, 6,18, 18. 5,10, 20, ...

19. o, =324 and r = 3 20. g;=52andr=73
Example 5

Given a formula for a geometric sequence in recursive or explicit form, translate it to
the other form.

21. o,=3, 0, =06a__,nz2 22. a_ =082y '

23. 6,=—1lo,=38,_,n=2 24. o, = -3 !
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Example &6
Find the geometric means of each sequence.

o 4 T 3 ? &4 pr 30 O S ?
27. 38: 228 _ 7 - 8208:; 40248: 28. 51: 7 - 4131 _? -33461:
Example 7

29. SCIENTIFIC RESEARCH Scientific balloons carry eguipment to observe or conduct
experiments. The NASA Balloon Program generally tries to fly balloons abowve
B0,000 to 90000 feet. Suppose & balloon rises 1000 feet in the first minute after
it is launched. For the next hour, @ach minute it rises 1% more than it rose in the
previous minute.

a. Copy and complate the table to show the height of the balloon at varous times
after launch.

Time [s) 1 2 3 4 5 &

Height {fi)

b. After an hour will the balloon have reached its target helght of 80,000 - 90000

feet? Explain.

Example &
Find a, for each geometric series described.
30. 5, =1295,r=6,n=4 N5 =1640,r=3,n=8
32.5,=2182.a =13r=1 33. 5, =-342,0, = —512,r= —2
Example 9
Find the sum af sach geometric series.

7 8
34 —3F ! 35. —3)—2F !

éld{ g ;1 k-2
36. 3 (k! 27, § s

k=1 k=1

Mixed Exercises
Find a_ for each geometric sequence.

38.0,=5,r=2,n=6 39. g, =18, r=3,n=6
40. a,=—3,r=—-2,n=5 M. a=-20r=-2n=9
42. 0,= 65536, r =+ n=6 43. 0,= —78125.r=2.n=9
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Determine whether each sequence is geometric. If a sequence is geometric,
write an equation for the nth term.

44. 4 713 25, . 45. 25,175, 1225, B575, ..
46. —16,384; —8192, —4096, —2048; .. 47. —15, 320, —60, 120, —240, ...

Find the sum of each geometric series to the nearest ten-thousandth.
48.0,=36,r=4,n=8 49. g,=%,r=3,n=9

50.0,=240,r=3.n=7 51 o, = 360,r=3.n=8

52. Find the missing term in the geometric sequence 64, 96, 144, 216, _72__.

E3. Find the first five terms of the geometric sequence for which oy = 3 and r= —2.
54. Find the sum of a geometric series for which o, = 3125, 0 =1l and r = %
55. Find o, in a geometric series for which 5 = 3045, r = % and a_ = 120.

§6. Find a, in a geometric series for which 5 = —728,r=3 andn = 6.

57. Write an equation to find the ath term of the sequence shown in
the graph.

5B. 'lq"ul'rite I‘an equation to find the nth term of the geometric sequence

12
Jr g P

59. Find trﬁ;ﬂjsslng terms in the geometric sequence L N 2
?

E R e
5 -

o nERERENESE R

12345678 5x
&0. Find two geometric means between 3 and 375.

&1. Find two geometric means between 16 and —2.

&2, BIOLOGY Mitnsis is a process of cell division that results in two identical daughter
cells from a single parent cell. The table illustrates the number of cells produced
after each of the first 5 cell divisions.

Division Mumber O 1 2 3 4 5

Number of Cells 1 2 4 B 16 37

a. Do the entries In the “Mumber of Cells” row form a geometric sequence? If so, find
b. Write formulas in expiicit and recursive form 1o find the nth term of the sequence.
¢. Find the number of cells after 100 divisions,
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63. CONSTRUCT ARGUMENTS A grand prize winner has two cholces for receiving their
winnings. They can choose an $80 millon immediate payout, or 20 annual
payments that begin at $4 million and increase 2% each year. Which option would
you advise the winner to take? Explain yvour reasoning.

&4. STRUCTURE An athlete makes a running plan using the formula a_ = 20(1.1)" ~ 1 where a_lsthe
target number of miles for the nth week of trainindg.
a. Interpret the formula in terms of the situation.
b. How many total miles will the athlete have run after training for 10 waeks?

c. The athlete hopes to run a total of 1000 miles in preparation for a race at the
end of 20 weeks of training. Will she reach this goal? Explain your reasoning.

d. Another athlete increased running mileage by the same ratio each weelk but
reached 1000 miles in 15 weeks. Approximately how many miles did he run for
the first week of training? Expiain your reasoning.

65. USE AMODEL A geometric series can be combined with compound interest to
find a formula for payments on a loan or mortgage. For a mortgage with a
principal P, a monthly interest rate r, and consisting of n monthly payments, each
monthly payment is T:-"i'”

a. Fora 30wear 5300000 mortgage with a 6% annual interest rate, how much
interest i= collected over the life of the loan? Hint: Use r = annual interest rate = 12.

b. Suppose a family can afford to make monthly payments of up to $1250. If
annual interest rate Is 4%, what is the greatest 20-year mortgage they can
afford? Round your answer to the nearest $1000.

Q Higher-Order Thinking Skills

66. PROOF Derve the explicit formula for a geometric sequence using the recursive formula.
&67. CREATE Write a geometric series for which r = %anﬂl n==8.

10
68. ANALYTE Explain how 1'1 32/ ~ ' needs to be altered to refer to the same
K=

series if k = 1 changes to k = 0. Explain your reasaning.
89. PROOF Prove the formula for the nth term of a geometric sequence.

70. PERSEVERE The fifth term of a geometric sequence is %th of the
eighth term. If the ninth term is 702, what is the eighth term?

C
M. PERSEVERE Use the fact that b s the geometric mean between x
and v in the figure at the right to find A% in terms of x and y. h
72. CREATE Write a geometric series with & terms and a sum A |
of 252. L

73. WRITE How can you classify a sequence as arithmetic, geometric,
or neither? Explain your reasoning.

248 Module § - Exponential Functions



Lesson 5-5

Modeling Data

Today’s Goals
» Choose the best
Explore Modeling Exponential Decay function type to model
seis of data.

Today's Vocabulary
EeE—— regression function

| @ INQUIRY How can experimental data be used

.} Online Activity Use a concrete model to complete the Explore.

: coefficient of

to predict outcomes? S Sl

Learn Choosing the Best Model HELELEE.
=0

Recall that linear, quadratic, and exponential
functions grow differently. Linear functions 2 y=xH
have linear graphs. Guadratic and exponential L Q'['hlnk About It
functions are nonlinear, with exponential Describe the reliability
functions growing faster than quadratic ] of using a regression
functions. | function to make
You can use a graphing calculator to find a regression function, which predictions for domain
is a function generated by an algorithm to find a line or curve that fits a walues much greater or

less than the values in

set of data. Calculators may also compute a number 2, called the
the data set.

coefficient of determination. This measure shows how well data are
modeled by the regression function. An r-value close to 1is an
indication of a strong fit to the data.

Example 1 Examine Scatter Plots

Use a graphing calculator to make a scatter plot of the data in the
table. Then determine whether the data are best modeled by a
linear, quadratic, or exponential function.

x —R | %] =] =%] o 1 2 3 4
¥ —3 |-27]|-24] =2 | o 2B B |72 | 3

Step 1 Enter the data. Step 2 Make a scatter plot.

=4, B byl 8 s 5

jContmueda on e next poge)

13 Go Online You can complete an Extra Example online.
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(&) Talk About It!

Based on the scatter
plot, it is reasonable to
think that these data

may be modeled by
anather type of

function? Justify your
argument

% Think About It!

What approximations
were made when
determining the
number of shops at a
given year?

Step 3 Examine the scatter plot.
The scatter plot appears to have an asymptote at y = —3,
and It increases rapidly as x — o The data are likely best
modeled by an exponential function.

Check

Use a graphing calculator to make a scatter plot of the data. Then
determine whether the data are best modeled by a fnear, quodratic,
or exponentiol function.

—2. | —1 o] 1 2 3 4 5 B
38 | 41 | 40 | 52 | 88 (130 | 213 | 370 | 663

The data are likely best modeled by ain) ?

function.

& Example 2 Model Data by Using Technology

COFFEE Forty years after opening their first shop, a popular coffee
company grew to over 17,000 locations worldwide. The table shows the
number of shops in the years since the company began. Use the data
to determine a best-fit model. Then, use the model to make predictions.

Years Since Dpeningl Shops | Years Since Opening |

L] 1 28 2458
16 17 30 4709
18 55 32 7225
20 = 34 10.241
22 272 36 15.0M
24 677 38 16,635
26 1412 40 17,003

Steps 1and 2 Enter the data
and make a scatter plot.

Step 3 Determine the function of best fit.
To determine the model that best fits the
data, perform guadratic and exponential
regressions, and compare the coefficients of
determination, . The function with a
coefficient of determination closest to 1 will fit
the data best. The exponential regression has the coefficient of
determination closer to 1for this data. 2 = 0.964, which is a strong
fit for the data. The regression equation with coefficients rounded to
the nearest thousandth is y = (0L6551.317*.

[0, 50| sdl: 5l D, 20,000 st 2000

Step 4 Evaluate using the regression function.
10 years = 10 shops 42 years = 70116 shops
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Practice E Go Online ¥ou can complete your homewornk onBne.

Example 1
Use a graphing calculator to make a scatter plot of the data in the table. Then
determine whether the data are best modeled by a linear, guadratic, or

exponential function.
1.
x -14 3 —28 5 6.2 B.3 121 —4.5
¥ 2 09 5.5 —-0.4 75 B3 10.9 14.5 —2
2.
X ] 1 4 0.5 08 —0.5 0.4 0.2 2
¥ 04 17 B 0.9 1 03 0.6 0.05 4.5
a
X o] 2 =3 1 —05 25 —2 —1 05
¥ 2 —1 4 7 15 15 45 &
Example 2
4. SAVINGS Brittany deposited $1000 into an account. She
made no further deposits or withdrawals. The table shows o 1000
the account balance for a period of 10 years. > 106B.50
u hi lculator to d tterplot of th : i s
mdseagrap ng calculator to draw a scatterplot of the P T
ata.
B 1400.35
b. Use the regression feature of the graphing calculator to 10 1560.85

determine the best model. Round coefficients and constants
to the nearest hundracdth.

c. About how much will be in the account after 15 years?

B. TEST GRADES A professor conducted a survey by asking
12 students how many hours they spent preparing for the

final exam. The professor then matched the students' ac 8 1 25
responses with their final exam grades. 84 & 86 6.5
B9 55 77 5
a. Graph and analyze the data set. State if it is fnear or 55 15 &0 225
expanantial. Write an equation for the best-fit model. L) 125 77 5
B0 2 B3 6

b. Based on your graph, what is the minimum number of
hours that you should spend studying If you want to get a
passing grade of 80% or better on the final exam?
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6. SCIENCE EXPERIMENTS Shawnte devised an experiment for measuring the
average time before a soap bubble pops. She creates 64 (dentical bubbles and
documents the number that have not popped at various times.

Minutes |x) 0 4 B 12 1B 20
Population () B4 42 19 B 2 1

a. Graph the data.
b. What is the best model? What is the regression function?
c. When would you expect there to be 32 unpopped bubbles?

Mixed Exercises

USE TOOLS Use a graphing calculator to make a scatter plot of the data. Then
determine whether the data are best modeled by a linear, guadratic, or

exponential function.
700, T, (=1, =3), (10, 41, (2, 9), (7. 29), (-9, —35). (5, 27)

8. (0, 1. (6. 64), (2, 4), (4.16). (3. 8). (5.32).(1. 2)

Describe the correlation for each value of r.
9, r=0965 10. r = —1

N r=022 12. r=—-039

13. POPULATION The World Bank and the Food and Agriculture
Organization track world population trends. The table shows
the number of people per square kilometer for several years.
Usze a graphing calculator to graph the scatter plot that
models the data. Then use the scatter plot to describe the
relationship between the varnables.

World Population Density

People
Per km?

2000 | 478 | 2070 | 534

% Higher-Order Thinking Skills 2002 | 484 | 201 | 541
14. CREATE Make a table of values where the data in the table js | 2003 | 490 | 2012 | 547
best modeled by an exponential function. 2004 | 496 203 554

2005 | 50.2 2014 56.0
15. WRITE Explain how to use a graphing calculator to determine 2006 | 508 | 2018 567

whether data in a table are best modeled by a linear,
quadratic, or exponential function. 2007 ks 2006 Sh
2008 | 2.2 2017 580

16. AMALYZE The path of a stream of water in a fountain is shown
in the graph. Should yvou select an exponential function or quadratic
function to model this data? Explain.

17. PERSEVERE The surface areas 54 of hemispheres with radius r are
shown in the table. What is the best model? What is the equation of
the regression function?

Radius, r 1 2 3 4 5 o a5 1 15 2 =
Surface Area, 54 EE 127 27T 487w iy Time {seconds)

282 Module § - Exponential Functions




Module 5 - Exponential Functions

Review

{ﬂ Essential Question

How are real-world situations involving quantities that grow or decline rapidly modeled

mathematically?

Guantities that grow rapidly are modeled by exponential growth functions, and
gquantities that decline rapidly are modeled by exponential decay functions.

Module Summary
Lesson 5-1

Graphs of Exponential Functions

« An exponential function has the form
fix) = b, where the base b is a constant and
the independent variable x is the exponent

+ Exponential growth occurs when an initial
amount increases by the same percent over a
given perod of ime. For an exponential growth
function, b > 1.

+ Exponential decay occurs when an initial
amournt decreazes by the same percent over a
given period of time. For an exponential decay
function, 0 < b < 1.

« An asymptote is a line that a graph approaches.

Lesson 5-2

Exponential Equations and Inequalities
« fb>0and b +#1, then v = brif and only if x = .

« b > 1, then & > b7if and only if x > y. and
b = brif and only if x < y.

Lesson 5-3

Base e Exponential Functions
+ The constant e is an irrational number that

equals {'i + %] as n approaches oo This value is
approximately equal to 2182818,

= Continuously compounded interest 4 = Pe”, where
A is the amount in the account after  years, Pis
the principal amount invested, and r is the annual
interest rate.

Lesson 5-4

Geomeltric Sequences and Series

» The nth term a_of a geometric sequence in
which the first term s @, and the commoan ratio
is ris given by the formula a_ = a/-', where nis
any natural number.

« Partial sum of a geometric saries:
ﬂ -

s =2 r#1ors =5 4

L] 1- 1=r

Lesson 5-5

Madeling Data

« Calculators may also compute a number ~, called
the coefficient of determination. This measure
shows how well data are modeled by the
regression function.

« An Ayalue close to 1is an indication of a strong
fit to the data.

Study Organizer
IjIl Foldables

Use your Foldable to
review this module. S

Working with a partner
can be helpiul. Ask for
clarification of concepts
as needed.
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Test Practice

1. MULTIPLE CHOICE Select the graph of
Ax) = 4" |Leszan 5-1)

A. Iz} B. ¥

/

-r-'-

=¥

i
i

2. OPEN RESPONSE Find the domain, range,
wintercept, and asymptote of the function
fix) = 6" (Lesson 5-1)

3. MULTI-SELECT identify the functions that
represent exponential decay. Select all

that apply. (Lesson 59

A = (5)
B. fix) =05

C. fix) = 1.0%
D. i =(3)
E fix)=—2

F. fix) =10{0.5)

254 Module 5 Review « Exponential Functions

4. OPEN RESPONSE Eric is preparing for

a long-distance race. He currently runs
20 miles each week, and he plans to
increase the total distance he runs by
5% each week until race day.

Eric wants to write an exponential function to
predict the number of miles he should run each
weelk. What growth or decay factor should he
use? Explain your reasoning. Lesson 5-1

. MULTIPLE CHOICE Solve 4" =8""4

[Lesson 5-2)
A x=%
B. x=%
C. x=%
D. x=%

. OPEN RESPONSE The formula

h
A= Eﬂﬂﬂ{'l + %} represents the

amount in dollars A in Padma's college
savings account after ¢ years. What does
12 represent?

[Lesson 5-2)



7. OPEN RESPONSE The graphs of the functions

y=2"""andy = (%Tare shown.

[ ¥

Explain how to use the graph to find the

solution of the equation 2=+ ' = {%T

[Lesson 32}

E. MULTIPLE CHOICE Solve 5% < {254,
[Leszon 5-2)

A x5

2
E.IEE

7
o Kﬂg

Dxz=h

9. MULTIPLE CHOICE What is the average rate
of change of the function fix) = —e* " " ower
the interval [—1, 277 iLeszon 5-3)

AL —319

B. —453
C. —6.36
D. —1270

10. MULTIPLE CHOICE Consider the function

fix) = e* ¥+ 1. What is the average rate of
change over the interval [1, 4]7 (Lesson 5-3)

A 234
B. 147
C. 092

D. 0.07

. OPEN RESPOMNSE What is the average rate

of change of the function fix) = Ele‘ T+ 2
over the interval [2, 6]7 Round to the nearest
hundredth. Lesson 5-3)

OPEMN RESPOMNSE An initial investment of
$2500 grows continuously at an average
rate of B.5% per year. Write a function that
will give the value of the investment ff) after
tyears. (Lesson 5-3)

OPEN RESPOMSE Tal wants to watch

less television. To achieve this, he starts by
watching 10 hours of television during the
first weelk, then watches half the amount of
time as the first week during the second
weel, then watches television half the
amount of time as the second week during
the third week, and =0 on. Write a sequence
to find the number of hours Tai will watch
tefevision during the ath week. [Lesson 5-4)
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14.

15.

MULTIPLE CHOICE A coach shows two
athletes how to do a speed training
exercise. Each of these athletes shows two
more athletes how to do the exercise. Each
of these athletes shows two more athletes
how to do the exercise, and so on. How
many athietes will know how to do the
exercise after 7 generations? [Lesson S5-4)

A 14
B. 126
C. 254

D. 268

MULTIPLE CHOICE On the first day, three
friends show a video to two students. The
second day. each of those students shows
two more students. The third day, each of
these students shows two more students.
Each day, the students from the previous
day continue to show the video to two more
students. What ks the total number of
students who will have seen the video by
the end of the eighth day? (Lesson 5-4)

A9
B. 3B4
C. 765

D. B6B
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16.

17

18.

MULTIPLE CHOICE The table shows the deer
population in a certain park in thousands ¢

vears after 2010, Which function most
closely models the data? (Lesson 5-5)

i 0 1 2 3 4 5 &
gl 06 (D8 | 11 | 14 | 1.8 | 24 | 31

A fif) = 0.4t + 038
B. fit) = 0.611.31F

C. fit) = 0.5¢ + 011t + 0.63

D. fit) =0.006¢ + 0218t + 0.595

MULTIPLE CHOICE The table shows the
annual prafit in thousands of dollars v that a
marketing company earns x years after it
started. Which of these functions most
closely models the data? (Lesson 5-5)

1 2 3 4 5 7]
44 | 61 91 | 182 | 205 | 359

A y=277(153)

B. y =344y
C. y=117x" - 2.22x + 5.67
D. ¥y =599x — 528

OPEN RESPOMNSE The table shows the
number of employees, in hundreds, y, at an
amusement park x yvears after it opened.
Write an exponential function fix) to model
the data. About how many employvees were
there at the amusement park after 11 years?

Round your answer to the nearest whole
number. (Lesson 5-5)

2 4 =] 8 10 12
73 | 139 | 334 | 707 (1232 | 2478




Module &

Logarithmic Functions

€ Essential Question

How are logarithms defined and used to model situations in the real worla?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After
= —ldon'tknow. - — I've heard of it. = — L know it! = oy .l': €= il | g

write and evaluate logarithms

graph legarithmic functions

simplify legarithmic expressions

solve logarithmic equations

solve exponential equations by using commaon logarithms

solve exponential equations by using natural logarithms

write and solve exponential growth and decay equations
using logarithmes

model datasets with natural logarithmic functions using
technology : I

{ﬂ] Foldables Begin with two sheets of arid paper folded along the width.

1. On the first sheet, cut 5 centimeters along the fold at the ends.

2. On the second sheet, cut in the center, stopping 5 centimeters from the ends.
3. Insart the first sheet through the second sheet and align the folds.
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What Vocabulary Will You Learn?

» common logarithms
= logarthm
+ logarithmic equation

Are You Ready?

« logarithmic function
+ natural base exponential function
+ natural kegarithm

Complete the Quick Review to see if you are ready to start this module.

Then complete the Cuick Check.

Quick Review

Example 1

Find the simple interest on an investment of
$4000 at 4% for 3 years using the formula, I = Prit.

{ = 4000003 3) Substmte 4000 for principal,
00wl for interest, and 3 Tor Lime.
I = 5480 Mty

Use the simple interest formula,
I = Prt, to solve each problem.

1. Find the simple interast on an iInvestment
of $10,000 at 3.5% for 8 years.

2. A savings account of $3500 earned $875
interest in & years. Assuming it remained
constant, what interest rate did the
account earm?

3. Robin borrowed $1500 for 4 years at a
rate of 2.9 %. How much did Robin have
to pay back in total?

4. An investment of $2500 sarmed $2400 in
interest at an interest rate of 8%. For how
long was the money invested?

Example 2
Solve ¥y = 2x + 4 for x.

y=2x+4 Original equation
y—4=2x Subtract 4 from each side
F;—‘ =x Divide each side by 2

Solve each equation for x.
5.3=2v+5
E.y=%x—%
Ty=—4x+9
8.7=2x—y

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 6-1

Logarithms and Logarithmic Functions

Learn Logarithmic Functions Today’s Goals
Recall the exponential function fx) = 2% You can graph its inverse by in exponential form and write
interchanglng the x- and ywvalues and graphing the ordered pairs. exponential expressions in
lgarithmic form.
A h,":%“ BE. « Graph and analyze
] | ,h—' logarithmic functions.
1 1 2 =1
-3 | & g | 3 s Today’s Vocabulary
A 1 [ o logarithm
e 4 4 4 0, 1A .
il 1 =P logarithmic function
0 1 1 o ? '
] 5 > P As the value of p
- = 5 - decreases, the value {o# Think About It
of x approscies 0.
e 16 = y, find 2¥.
3 8 B 3 PR

The imverse of y = 2* can be defined as x = 2¥_ In general, the inverse of
y=>0ls x = b Inx = b¥, yis called the logarithm_ base b, of x. This is
usually written as y = log, x and is read as log base b of x.

Key Concept - Logarithms with Base b

Words Let b and x be positive numbers, b # 1. The logarithm of x
with base b is denoted log, x and is defined as the
exponent y thalt makes the equation BY = x true.

Symbols Suppose b > 0 and b # 1. For x > 0, there is a number
such that logy, x = ¥ if and only if & = x

Example Iflog, B =y, then 2¥ =8,

In the expression log,_ x,. x is called the argument.

Example 1 Logarithmic to Exponential Form

Math History Minute
Write each equation in exponential form. S T
a.log, 64 =3 John Napier {1550-1617)
i Known as the discowverar
log, 64 =3 — 64 = 4 of logarithms. His book,
b. log, 535 = —5 Mirifici Lagarithmerum
1 Cononis Descriptio, written
o053 = 5~ 5 =3 in 1614, contained a wealth
c. logy 3= % of material related to
1 1 natural logarithms. He also
logy 3=35—3=92 invented Napier's bones, a
nurmbering rod system that
Check was a mechanical method

far facilitating multiplication.

Write log,,. 5= %un exponential form.
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{o Think About It

How could you write

{2z + 57 = 8in
logarithmic form?

% Think About It!

Without evaluating the
expression, how can
you determine that the
value of logg,, 8B will be
less than 17

Study Tip
Exponential and
Logarithmic Functions
Recall that exponential
form is x = b" and
logarithmie form is

¥ = logyx In the equation

= Ly AR
¥ b e S

E,|~a

b=10,and y =

{3 Go Online

You can complete an
Extra Example anline.

Example 2 Exponential to Logarithmic Form
Write each equation in logarithmic form.
a. 7% = 117,649
7F = 17,649 — log, 17649 =6
b.8%= 'ﬁ"
82 =tk —log, 55 = —3
c.8i=4
Bi=4—loggd=12

Check
Write 2° = 512 in logarithmic form_

Example 3 Evaluate Logarithmic Expressions

Evaluate log,,; 6.
oG, 6 =¥ Let the logarithm equal ¥
6 = 2% Definiticn of logarithm
61 = (B 6 = 26
6! = 6% Power of a Power
1=3y Property of Equality for Exponential Functions
¥ =% Divide each side by 3.

Therefore, log,,; 6 = %

& Example 4 Find Inverses of Exponential Functions

AlR PRESSURE The air pressure outside
n'l'anafrcra'l‘t:aﬁ-n hgﬁlﬁhanninedhyﬂu
equation P = B\ 107%:a /, where B is

the air pressure at sea level and h is
the altitude in miles. If the air pressure
at sea level is 14.7 pounds per square
inch, write an equation to find the
height of an aircraft when the air
pressure is Known.

p = Blow=) Original equation
P =147 [10% LetE = M7
P -
wT = 10 Divide each side by .7
= i
log,, Y % Definition of logarithm

[ w00
% logy, w3 =~nh Multiply each side by —_:'3'.
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Check

TORNADOS The distance in miles that a tornado travels sy = 1073,
where w represents the speed of the wind in miles per hour

Part A Write an eqguation to find the wind speed when the distance
travelled is known.
W= ?

Part B Use the equation to estimate the speed of the wind,
to ﬂ?ﬁe nearest mile per hour, of a tarnado that travels 50 miles.
d mph

Explore Transforming Logarithmic Functions

E:} Online Activity LUse graphing technology to complete the
Explore.

&' INQUIRY How does performing an operation
on a logarithmic function affect its graph?

Learn Graphing Logarithmic Functions

A function of the form fix) = log, x, whereb > D andb # 1. 1s a
logarithmic function. The graph of flx} = log, x represents the parent

graph of the loegarithmic functions.
Watch Out!

Key Concept - Parent Function of Logarithmic Functions Graphing Calculator
Parent function  fix) = log, x The LOG button an a

Type of graph  continuous, one-to-one graphing calculator
allows you o only

Domain {0, oo}, {x|x = 0}, enter logarithmic
or all positive real numbers functions of base 10.
Range (—o0, 5,

[fx)) — < g < =),

or all real numbers
Asymptaote y-anis

x-intercept 1.a
Symmetry none
Extrema none

For a function fix) that is undefined at a vertical asymptote x = ¢, the
end behavior of fx) is described as x approaches ¢ from the right {c¥)
or as ¥ approaches ¢ from the left (¢7). For the parent function fix) =
log, x where b > 1, the end behavior is: As x — 07, fix) — =, and as
x —+ o fly) — o

1.3 Go Online You can complete an Extra Example online.
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The same technigues used to transform the graphs of other functions
can be applied to the graphs of logarithmic functions.

Eey Concept - Transformations of Logarithmic Functions

{3 Go Online
You can watch a video

to see how to graph h — horizental translation
transformations of a

logarithmic function by
using a graphing

gix)=aology (x— h) + k

If b > 0, the graph of fix) is ranslated &
units right.

If b <2 O, the graph of fix) is translated |h|
units left.

If k = O, the graph of f{x) is translated &

calculator. umits up.
Kk — wertical translation
If k <2 O, the graph of f{x) is translated |k}
units dowwn.
Iif @ = 0, the graph iz reflacted in the x-axis.
< rehesctia arwl-cllathon If |g| = 1. the graph is stretched vertically.
If O = || < 1, the graph is compressed
varticalby.
Example 5 Graph Logarithmic Functions
Graph each function. Then find the intercepts, domain, range, and
end behavior.
a. fix) = loggx
Step 1 Identify the base. Step 2 ldentify ordered pairs.
b=6 Use the points (1, 1), (1, 0), and (b, 1)
1 1
(z.-1) = (E—)
(1. 0)
6.9=61
Step 3 Graph the ordered pairs. ¥
Step 4 Draw a smooth curve through =
the points. Cramn r
Step &5 Find the intercepts, domain,
I} Go Online range, and end behavior. 1

You can watch a video
to see how to graph

x-intercept: 1. no p-intercept

logarithmic functions. domain: all positive real numbers

range: all real numbers

end behavior: As x — 0%, flx) — —oo, and as x — oo, fx) — oo

E-E-n Online You can complete an Extra Example onfine.
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b. gix) = logix
4
Step 1 Identify the base. Step 2 ldentify ordered pairs.

b=1 Use the paints (1, —1), (1, 0}, and (b, 1)
(1.-1) — (i —1) or (4, —1)
.0)
B —(3.1)

Step 3 Graph the ordered pairs. i

Step 4 Draw a smooth curve through the points.

Step 5 Find the intercepts, domain, range, and "\\
end behavior o |

x-intercept: 1; no y-intercept

domain: all positive real numbers

range: all real numbers
end behavior: As x — 0%, flx) — o0, and as x — oo, flx) — —oo,

Example 6 Graph Transformations of Logarithmic
Functions

Graph g(x) = 2 log,,(x + 3) — 1.

gix) = 2 leg,, (x + 3) — 1 represents a transformation of the graph of

fix) = log,, x.

|| =2 Because |a| > 1, the graph is ¥
stretched vertically.

h=—3 Becauseh < 0, the graph is
translated 3 units left.

k=-—1 Because k < 0, the graph is
translated 1 unit down.

Alternative Method .
Step 1 ldentify ordered pairs of the parent function, fix) = leg,, x.
(3.—1). 01, 0), and (6, ) — (55, —1). (1. 0), and (10, 1

Step 2 Transform each point from the parent function.

Because o = 2 stretches the graph vertically, each y-value is multiplied
by 2.

(5. =1). (1. 0), and (10, ) — (55, —2), (1, 0) and (10, 2

il L1, W), an |: :|_’ TW L -[11 ) an {1 v :|

Because i = —3 and k = —1, 3 Is subtracted from each »-value and 1 is
subtracted from each yvalue.

(.-2).01.0),and 10, 2) — (= 22, -3), (-2, —1. and (7.9

Step 3 Plot the points of g{x) and draw a smooth curve through the
points.

I} Go Online You can complete an Extra Example online.

o Think About It!

Compare the graphs in
parts a and b.

fgp Think About It!

Find the domain and
range of gx)

\o# Think About It!

Compare and contrast
the methods,
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{o Think About It
Find the domain and
range of gix). Does j{x)
have the same domain
and range? Explain.

) Go Oniine

An alternate method i
available for this
example.

3 Go Online

to see more examples
about writing
logarithmic functions
from graphs.

Example 7 Compare Logarithmic Functions

Consider gix) = log,, (x — 2) and j{x) shown
in the graph.

Part A Graph g{x).

The graph of gix) = log,, (x — 2] = a
transformation of fx) = log,, x-

Graph the parent function and transform the
graph. For gix} = log,; (x —2), h=2.

Because h is positive, the parent graph Is translated 2 units right.

Part B Compare the end behavior of gx)
and f(x).

gix): As x — 27 glx) — —oo,
and as x — oo, gix) — oo,

Hx): As x — 0%, fix) — ox,
and as x — oo, flx) — —oo,

ol

I

_.I’

o

al ¥

__il

Lot

Example 8 Write Logarithmic Functions From Graphs

Identify the value of k, and write a function for the graph as it

relates to fix) = log, x.

The graph has been translated 5 units up, so
k =5 and the function is g{x) = log, x + 5.

Check
Write a function for each graph as it relates to fix) = log, x.
mg{x’l=i‘[x}+f h-g{x‘n=k-l"[x}?
o= 2 gl =
¥ [Y
-:"'"--“
]
RemEN
2¢ :

L) Go Online You can complete an Extra Example online.
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Practice
Example 1
Write each equation in exponential form.
1. log, 225 =2 2. log, 35 = —3
4, log; 243 =5 5. logy, 64 =3
Exampie 2
Write each equation in logarithmic form.
7. 27=128 8 3=g

LB S oz
(3 =55 1. 2° =512
Examipie 3
Evaluate each expression.
13. log, 64 14. log,,, 100,000
16. log,, 81 17. log, 55
19. log, 512 20. log, 1
Example 4

i0) Go Online You can compilete your homework online.

3. log, 35 =2

6. log,32 =3

__g_l
9.7 T 48

12.645=16

15. log, 625
18. log,,, 0.00001

M. log, 4

22. STRUCTURE The electric current / in amperes in a particular circuit can be
represented by log,/ = —1, where [ is given in seconds. Write an equation to find

the current when time = known.

23. STRUCTURE The value of a guitar in dollars after x years can be modeled by the
equation y = g(LO0B5), where g i the [nitial cost of the guitar. If a guitar costs
$400, write an equation to find the number of years it takes for a guitar to reach

a certain value.

Example 5

Graph each function. Then find the intercepts, domain, range, and end behavior.
24, fix) = Ingéx 25, fix) = Iug!r;x

26. flx) = log, x 27. fix) = logg x
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Example &

Graph each function.
28. fix)=2log, (x+ 3) -2 29. fix) = —3 logy, x — 2) +1
30. ixd=logy(x+ 1) — 4 3. fix) = —loggx+ 2.5
Example 7
32. Consider g(x) = log.y (x — 4) and 33. Consider f{x) = log,, (x + 2) and the

plx) shown in the graph. logarithmic function glx) shown

a. Graph g in the table.

b. Compare the end behavior of gix) A Sraph fix)and ol

and plx). b. Compare the end behavior of fx)
and gix).
¥
0
-1 O 1 3
[ 1
=
Example &
Identify the value of k. Write a function for each graph as it relates to fix) = logg x.
34. gix)=fMx) + k 35, hix) = k- fix) 36. fix)=fx)+ k
¥ }r ¥
=
[=] x =] bl ] i) ol K
L 3§ F
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Mixed Exercises

Write each logarithmic equation in exponential form and each exponential

equation in logarithmic form.
37. logg 216 =3

39. log, 3: = —4

o (-

43. EARTHQUAKES The intensity of an
earthquake can be measured on the

Richter scale using the formula y = 107 1,

where ¥ is the absolute intensity of the
earthquake and R s its Richter scaie
measurement. In 1906, an earthquake
in San Francisco had an absolute
intensity of 6,000,000 What is the
Richter scale measurement of the
earthquake?

38. log, 64 =6

o PR O
40. 3 =543

42. 77765 =6

Richier Scale Number l Absolute Intensity

1 1

2 10

3 100

4 1000

L 10,000

44, INVESTIMG Maria invests $1000 in a savings account that pays 4% interest
compounded annually. The value of the account A after x years can be

determined from the equation A = 1000{1.04"). Sohqe the equation for x.

45, CONSTRUCT ARGUMENTS Jullo and Natalia are competing in a math
competition. They each select a logarithmic function and compare their
functions to see which has a greater value. Julio selected fix) = 10 log, x, and

Matalia selected gix) = 2 log,, x.

a. Which function has a greater value when x = 77 Explain your

reasoning.

b. Which function has a greater value when x = 17 Explain your

reasoning.

46, BIOLOGY Anamoeba divides into two amoebas every hour. The number N of
amoebas after t hours can be represented by t = log, N. How many hours will it
take for a single amoeba 1o divide into 2048 amoebas?
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47. STRUCTURE Graph fix} = 3" and gix) = log, x on the same coordinate plane.
Define the domain, range, intercepts, and asymptates of each,
Compare the two graphs.

48. WRITE What should yvou consider when using exponential and logarithmic
models to make decisions?

49. ANALYZE Let fix] = log,, (x) and gix) = 107 Find flgix)) and g{fix)) and justify your
conciusion.

50. FIND THE ERROR Betsy says that the graphs of all logarithmic functions cross the
y-axis at (0, 1) because any number 1o the zero power equals 1. Tyrone disagrees
because he says log 0 is undefined. ls either of them correct? Explain your
reasoning.

51. PERSEVERE Without using a calculator, compare logy 51, logg 61, and logg T1.
Which of these is the greatest? Explain your reasaning.

B2. CREATE Write a logarithmic equation of the form ¥ = log x for each of the

following conditions.

a. ¥is egual to 25 b. v is negative.
¢. ¥is between 0 and 1. d xis1

e xis O

B3. FIND THE ERROR Elisa and Matthew are evaluating Ing% 49_|s gither of them
cormect? Explain your reasoning.

Elisa Matthaw
|ﬂ=J|,l,ﬂf=‘-' ‘ﬂf}l?“='=lf
- = 49 AT =5
=" gy =
(=7 =1
y=2 Zy=—lI
y=—b
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Lesson 6-2

Properties of Logarithms

Today’s Goals

» Solve logarithmic
Explore Logarithmic Expressions and Equations equations using

properties of equality.
= Simplify and evaluate

.} Online Activity Use the interactive tool to complete the Explore.

x| exnpressions by using
& INQUIRY How can you determine tog, xy and the properties of
log,, y given log, x and log,, ¥? logarithms.
Today’s Viocabulary
Learn Logarithmic Equations logarithmic equation

A logarithmic equation contains ane or more logarithmes.

Key Concept « Property of Equality for Logarithmic Equations D Go Online
Symbols If b is a positive number other than 1, then You may want to
log, x = log, y if and only if x = y. camplete the Concept
Check to check your
Example If = logy 7. th =7.Hx =7 then lo = lag, 7.
i N L A i 93 % = 003 understanding.

This property also holds true for inequalities

Example 1 Solve a Logarithmic Equation by ¢ Think About It!
Using Definitions Wiy does tha esamnle
Solve log, x = g. include the statement,
“if x = 7, then logy x =
log, x = g Driginal equation logy 777
= 4% Diefinition of logarithm
x=(2%)3 led-3
=25 por32 Power of a Power
Example 2 Solve a Logarithmic Equation by Using
Properties of Equality
Solve log, (2x% — 6) = log, 4x.
Step 1 Solve for x.
log, (2x2 — 6) = log, 4x Original equation
2xZ— 6 = 4x Property of Equality for
Logarithmic Eguations
2% —Adx—B =0 Subtract 4x from each side.
P —2x—3=0 Divide each side by 2
o=l =D s Q) Go Oriline
¥x—3=0wx+1=0 Zero Product Property You can complete an
¥x=13 ¥=—1 Soklve each eguation Extra Example online.

[continued on the next page)
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Step 2 Check for extraneous solutions.

x=3 k=1
logs (2 + 3 — 6) = logg (4 - 3) logs [2 « (—1F7 — 6] = logs [4 - (—1)]
log, {12) = log, (12} « log, (—4) = log. (—4)

Because the logarithm of a negative number is undefined, —1is an
extraneous solution. 5o, x = 3.

Check
Solve log,, (—5x) = log,; (—2x% + 3).

?
X = :

Learn Properties of Logarithms

Because logarithms are exponents, the properties of logarithms can
be derived from the properties of exponents. For example, the Product
Property of Logarithms can be derived from the Produoct of Powers
Property of Exponents.
Eey Concept » Product Property of Logarithms
Words The logarithm of a product is the sum of the logarithms of
its factors.
Symbaols For all positive numbers b, m, and n, where b # 1,
leg, mn = log, m + lag, n.

Example logg Bld) = loge B + logg 4

D Go Opline You can use the Proaduct Property of Logarithms to approximate

to derive the properties of logarithmic expressions.

lagarithms in Lesson 6-2.
oga Eey Concept - Quotient Property of Logarithms

Words The logarithm of a quotient is the diference of tha
logarithms of the numerator and the denominator.

Symbaols For all positive numbers b, m, and n, where b # 1 and
n# 0,log, & = log, m — log, n.

Example loag % =logg 2 — logy3

Key Concept « Power Property of Logarithms
Words The logarithm of a power is the praoduct of the lagarithm
and the exponent.

Symbaols For any real number n, and positive numbers m and b,
where b # 1, log, m™ = nlag, m.

Example leg, =7 leg, 3

L) Go Online You can complete an Extra Example online.
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Example 3 Product Property of Logarithms
Use log, 5 = 1.465 to approximate the value of log, 405.

log, 405 = log, (3" + &) 405 =34.5

= log, T+ log, 5 Product Property of Logarithms

=4+log, 5 inverse Property of Exponants and
Logarithms

= 4 + 1465 or 5.465 Replace log, 5 with 1.465.

Check
Use logg 5 = 07740 to approximate the value of logg 320.

logg320= _2

Example 4 Quotient Property of Logarithms
Use logy 5 = 1.465 to approximate the value of Iang,%.

9 _ E il 5 _ ¥
log; g =log, % 5= &
= log, 34 = log, 5 Quotient Property of Logarithms

inverse Property of Exponents and
Logarithms

= J — 1465 or 0. 535 Replace log, 5 with 1.465.

Check

Use logg 5 = 0.8982 to approximate the value of logg %
5

005 358 = —

Example 5 Power Property of Logarithms
Use log, 6 = 2.585 to approximate the value of log, 1296.
log, 1296 = log, &° 1296 = 6*

=4 log, B Power Property of Logarithms

= 42 585) or 10.34 Replace log 6 with 2.585.

Check
Use log, 3 = 1.5850 to approximate the value of log, 243.

log, 243 = __ 2

{3 Go Online You can complete an Extra Example ondine.

Study Tip

Products and Bases
Because the base of
the logarithm is 3 and
You are given an
approximation for
logy 5, the first step in
simplifying should be
to look for how to write
405 as a product of a
power of 3 and 5.
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@ Apply Example 6 Solve a Logarithmic Equation by
Using Properties

SOUND The loudness of a sound L in decibels = defined by

L =10 log,, R, where R is the relative intensity of the sound. A choir
director wants to determine how many members could sing while
maintaining a safe level of sound, about B0 decibels. If one parson
has a relative intensity of 10% when singing, then how many pecple
could sing with the same relative intensity to achieve a loudness of
B0 decibels?

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers to your questions?

Sample answer: | need to find the number of people to reach 80 decibels.
How can | represent the relative imensity of sound when | do not know
the number of cholr members? Which properties will | need to use? | can
reference the definitions of the properties of logarithms.

2 How will you approach the task? What have you learned
that you can use to help you complete the task?

Sample answer: | will interpret the situation to write R in terms of the
number of choir members x. Then, | will write an equation, and solve
for x. Finally, | will interpret the solution in context. | have kearmed how
to solve logarithmic equations and check for extraneous solutions.

3 What is your solution?
Use your strategy to solve the problem.

What expression represents the relative intensity R of a choir with
x members? x « 106

How many members should the cholr have to reach a relative intensity
of B0 decibels?

100 members

4 How can you know that your solution is reasonable?

¥ Write About It! Write an argument that can be used to defend your
solution.

Sample answer: | can simplify R for x = 100 and solve for L. So,
R = 100{10%) = (10).

Therefore, B0 =10 log,, 102 = 10{8) = B0, which checks.

L) Go Online You can complete an Extra Example online.
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Practice i0) Go Online You can compilete your homework online.

Example 1
Solve each equation.

5
3. log,cx = 5

Pudt| b

1 Ing4x=% 2. logy x =

2 2
3 6. logyx=3

4. logyx = % 5. log,, x

Example 2
Solve each equation.

7. log, (2x? — 4) = log, 2x 8. log, (x* — 6) = log, x 9. log, (x* — 8) = log, 2x
10.l0g, (2x2 — 20) =log, Bx M. log, (6x + 1) = log, 5x 12. log, (6x2 — 3) = log, Tx

Examples 3 and 4
Use log, 2 = 0.5, log, 3 = 0.7925, and log, 5 = 1.1610 to approximate the value of
each expression.

13. log, 30 14. log, 20 15. log, 3

16. log, 5 17. log, 9 18. log, 8

Example 5

Use leg, 3 = 1.5850 and log, 5 = 2.3219 to approximate the value of each expression.
19. log, 25 20. log, 27 21. log, 125

22. log, 625 23. log, B1 24. log; 243

Example &

25, SOUND Recall that the loudness L of a sound in decibels is given by
L =10 log,, R, where & is the sound's relative intensity. If the relative intensity of a
sound is multiplied by 10 and results in a loudness of 120 decibels, what was

the relative intensity of the original sound?

26. EARTHQUAKES The Richter scale magnitude reading m is given by m = log,, x, where
x represents the amplitude of the selsmic wave causing ground motion. Determing the
reading of an earthquake that is 10 times kess intense than an earthquake that measures
4.5 on the Richter scale.
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Mixed Exercises
Solve each equation. Check your solution.

27. log, 56 — log, n =log, 7 28. log, (4x) + log, 5 = log, 40

29. 5 log, & = log, 32 30. logy, @ + logy (o + 21) = logy, 100
31. log, x + log, (x + 2} = log, B 32. Inga[x?+2.w+1]-=ln-ga[11—x‘,|
33. log, & = log, 25 34. log, 3d = log, 9

35. log,, (3x* — 5x) = log,, 2 36. log, (2x* — 3x) = log, 2

Use log, 3 = 0.6826 and log, 4 = 0.8614 to approximate the value of each expression.
37. log: 40 38. log. 30 39. logs 5

40. log, 3 a. log, 9 42. log, 16

43. REASOMNING A student mistakenly writes the following in his notes:
leg, @ + log, b= log, (o + b).

Howewer, after substituting the values for o and b in a problem, he still gets the
right answer. If the value of o is 11, what must be the value of b7

44. CHEMISTRY The pH of a solution is given by log,, HL* where H* is the concentration of hydrogen
ions in moles. The pH of a popular soft drink s 2.5 How many moles of hydrogen lons are in a
liter of the soft drink? Write your answer In scientific notation.
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45. PHYSICS Sir lsaac Newton determined that any two particles exert a gravitational force on each

other. The magnitude of the gravitational force of attraction between a particle of mass m, and
m,im
another of mass m, is given by F = k( ;,, 2 } where d is the distance between the particies and

k is a constant. Use the properties of logarithms to find the expanded form of log F.

456, MOTION The period p of simple harmonie motien, such as the swing of a pendulum, can be

modeled by p = 2#1@, where m is mass and k is a constant. Use the properties of logarithme
to find the expanded form of log p.

47. BIOLOGY Energy is required to transport substances across a cell membrane. The formula
E =14(log,,C, — log,, C,) represents the needed energy E in kilocalories per mole for
transporting & substance with a concentration of C, outside the cell 1o a concentration of
C, inside the cell.

a. Express E as a single logarithm of base 10.

b. Given that log,, 3 = 0.4771, determine the energy needed to transport a substance from
outside a cell 1o inside & cell If the concentration of the substance inside the cell is three times
greater than the concentration outside the cell.

c. Given that logy, 2 = 0.3010, determine the energy needed to transport a substance from
autside a cell to inside a cell if the concentration of the substance Inside the cell = twice the

concentration outside the cell
og ¥
log 3

I ;
48. CONSTRUCT ARGUMENTS Are log % and —= equivalent expressions? Justify your response.

49. Explain how to determine the values of @ and b if log, a’b® = 19 and log, % = 10.
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State whether each equation is true or false.

50. log, (x — 3) = logg x — log, 3 51. logg 22x = logg 22 + logg x

52. log,, 19k = 19 log,, k 53. log, y° =5 log, ¥

54, Ing?§= log, x — log, 3 55. log, (z + 2)=log, z + log, 2

56. iog, p* = (logg p)* 57. log, ¥= 2loggx + 3log,y — 4logy 2

Q Higher-Order Thinking Skills

58. CREATE Write a logarithmic expression for each condition. Then write the
expanded expression.

a. a product and a quotient
b. aproduct and a power

c. a product, a quotient, and a power

B9, PERSEVERE Simplify log ,‘.E{ﬂzj to find an exact numerical value.

&0. WHICH ONE DOESN'T BELONG? Find the expression that does not belong. Justify your

conclusion.
logy 24 = logy 2 + log, 12 logy 24 = log, 20 + log, 4
iog, 24 = lag, 8 + log, > log, 24 = log, 4 + log, &

61. PERSEVERE Simplify x99, 2 — 109, 5 15 find an exact numerical value.

62. WRITE Explain how the properties of exponents and logarithms are related.
Include examples like the one shown at the beginning of the lesson llustrating
the Product Property, but with the Cuotient Property and Power Property
of Logarithms.
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Lesson 6-3

Common Logarithms

Learn Common Logarithms Today's Goals
= Sohse exponential

Base 10 logarithms are called common logarithms and can be used in equations by using
many applications. Common logarithms are usually written without the commaon logartthms.
subscript 10. = Evaluate logarthmic

= expressions by using
log,, x =logx, x>0 e i of Gl
Mozt scientific calculators have a ey ¥ Formula.
for evaluating common logarithms. The > Today’s Vocabulary
graph of the common logarithm function = -] = common logarithms
s shown.

r

The common logarithms of numbers that differ by imtegral powers of
ten are closely related. Remember that a logarithm represents an
exponent. For example, in the equation v = log x, v is the power to
which 10 is raised to aobtain the value of x

Complete the table to examine the relationship between common
logarithms and exponential form.

log1=0 because 10%=1

log 10 =1 bacause 10" =10
log 100 = 2 because 107 = 100
log 10" = m because 10" =10

Example 1 Find Common Logarithms by Using

{p Think About It!
Technology

Describe the meaning

Use a calculator to evaluate log B to the nearest ten-thousandth. of log 8 = 0.9031 in the
context of exponents
Press|log | 8, ) | and|enter] The resuit is 0.903089987, so S

log 8 = 09031 common logarithm.

.} Go Online You can complete an Extra Example online.
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& Talk About It!

What approximations
were2 made when
determining the energy
released by the Cyprus
earthquake?

Problem-5Solving Tip
Logical Reasoning You
can akso check 1o see
whether your answer
makes sense by
considering whal x
means in the context of
the original equation.
For example, you know
that 1" = tand 112 =
121. Sa, the value of x
should be between
1and 2 because 101 is
batween 1 and 121.

@ Example 2 Solve a Logarithmic Equation by
Using Exponential Form

SCIEMCE The amount of energy E in ergs that i= released by an
earthquake is related to its Richter scale magnitude M by the
equation log E = 1.8 + 1.5M. Although the scale was created in the
1930s, earthguakes that occurred before its invention have been
estimated using the Richter scale. For example, an earthquake in
Cyprus in 1222 is estimated to have measured 7 on the Richter
scale. How much energy was released?

log E =118 + 1.5M

Original equation

log E =118 + 1.5(7) M=7
log E=223 Simiplify
E = 10422 Exponential form

E=2 x 1022

Use a calculator.

The earthquake released approximately 2 = 1022 ergs of energy.

Example 3 Solve an Exponential Equation by Using
Logarithms

Solve 11" = 101. Round to the nearest ten-thousandth.

=1 Crriginal eguation
log 17 = log 11 Property of Equality for Logarithms
x log 11 = log 101 Power Property of Logarithms
= % Dirvide each side by log 11
X =19247 Use a calculator.

The solution = approximately 1.9247
Check

You can check this answer graphically by using
a graphing calculator.

Enter each side of the equation in the Y= list
and press Then use the intersect feature
from the CALC menu to find the intersection of
the two graphs. The Intersection is very close to
the answer that was obtained algebraically.

-, 35 s 1 by =310, 90 ser 1N

L) Go Online You can complete an Extra Example online.
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Example 4 Solve an Exponential Inequality by Using
Logarithms

Solve 62 — 5 < 5%, Round to the nearest ten-thousandth.
65 <5¥

log 6% — % < log 5%

Omigenal imeguality

Property of Ineguality for
Logarithmic Functions

2y —5Bllog b < 3vlog 5
2vlogBE —Blog 6 < 3ylog b

Power Property of Logarithms
Distributive Property

—Slog & < 3viog 5 —2y log & Subtract 2y log 6 from each
side.
—Slog6 < ¥3kog 5 — 2 log &)

—Elog 6
IlogS—2log6 ~ ¥

Diistributinee Property

Divide each side by
dlog5— 2 log G

[y |y > =71970) Use a calculator,
Check
Test y= 0.
6 5= 5% Original inequality
05 = 530y Replace y with 0.
6—5 < &0 Simplify.
ﬁ{ 1 True « Megative Exponent Property

Learn Change of Base Formula

The Change of Base Formula allows you to write equivalent logarithmic
expressions that have different bases.

Key Concept « Change of Base Formula
Symbols  For all positive numbers g, b, and n, where o #land b # 1,

__ g, Me——-I|og base b ol the original number
log, n = log,, o log base b of old base

17
Example logg17 = %

Example 5 Change of Base Formula

Evaluate log 11 by writing it in terms of commeon logarithms. Round
to the nearest ten-thousandth.

i i
log, N = % Change of Base Formula
= 3.4594 Use a calculator

1.3 Go Online You can complete an Extra Example onfine.

Watch Out!

Negatives When
multiplying or dividing
an ineguality by a
negative value, the
inequality sign
reverses, In this case
Blogs5—2logBisa
positive value, so the
sign did not change
whien both sides of the
inequality were divided
by the expression.
While solving
inequalities, use your
calculator to quickly
evaluate logarithmic
ExXpressions (o
determine whether the
inequality sign should
be reversed.

Go Online to see a
proof of the Change of
Base Formula.

&) Talk About It!
I= it possible to evaluate
lag_ 57 Explain.
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heck

Evaluate logg 30. Round to the nearest ten-thousandth.

logg 30 = '

@ Example 6 Use the Change of Base Formula

MUSIC The musical centis ™
a unit of relative pitch.
One octave consists of
1200 cents. The formula
to determine the
difference n in cents
between two notes with
beginning frequency o
and ending frequency b is
n = 1200(log, | Find the
frequency of pitch a if pitch b is 1661.22 and the
difference between the pitches is 1600 cents.

4y Think About it _ )
Step 1 Write the equation in terms of commen logarithms.
Describe how 1o . o
4 o0y n =1200(log, 3) Original equation
solve 3= —Tog3 Tes
algebraically. 1600 = 1200|log, jgz153) 7 = 1600 and b = 166122
4 L | a ', I [ T e 120
5 |ng1m:| Livide each side by 120U
4 _ o0 maim F
i— W Linanga i Base Formaula
Step 2 Use a calculator to solve for a.
B Go Online Enter each side of the equation as a
Yol =an wateh & vidao function in the ¥= list. Then, use the
to see how to solve intersect feature to find the value of a.

Ingarilh:i: ERESIONS The functions intersect at — .
t'ﬁ' grﬂﬁ |I"|g lE-ﬂ'lg 1] [41:56_[??21, ‘iiﬁ} T bl ek SO0 by -5 5 6
graphing calculator.

Pitch o has a frequency of about 4186.01 Hz.

¥ il R
e

11

ADVERTISING The revenue of a company is r = 227 + 44 log, x,
where ris the annual revenue of the company In thousands and x is
the amount spent an advertising In thousands. Use a graphing
calculator to determine the amount spem on advertising if the revenue
for the company s $325,000. Round to the nearest dollar.

. <

E Go Onling You can complele an Extra Example onkne.
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Practice E Go Online You can complete your homesaodic ondine.

Example 1

Use a calculator to evaluate each expression to the nearest ten-thousandth.

1. log 18 2. loeg 39 3. log 120
4. log 5.8 5. log 42.3 6. log 0.003
Examiple 2

7. BIOLOGY There are initially 1000 bacteria in a culture. The number of bacteria
doubles each hour. The number of bacteria N present after ¢ hours is glven by
N = 1000(2)". How long will it take the culture to increase to 50,000 bacteria?

8. SOUND An equation for loudness L in decibels is given by L = 10 log R, where R
Is the relative intensity of the sound compared to the minimum threshold of
human hearing. One city's emergency weather siren is 128 decibels loud. How
many times greater than the minimum threshold of hearing is the siren?

Example 3
Solve each equation. Round to the nearest ten-thousandth.
9, 45k =37 10. 87 =50 1. ¥=15
12. 5% -2 =120 B3.6%2=18 14, 24 +4=30
Example 4
Solve each ineguality. Round to the nearest ten-thousandth.
15 7120 16. 6.5% = 200 17. 3* > 243
18. 15“5% 19. 87 *4=15 20, 2* < 25

Lesson 6-3 « Commen Loganthms 281




Example 5

Express each logarithm in terms of common logarithms. Then approximate its
value to the nearest ten-thousandth.

21. log, 22 22. log,, 200 23. log, 50
24. logg 15 a5. log, 2 26. log 0.4
Example &

27. USE ESTIMATION The revenue of a restaurant is r = 180 + 35 leg, x, where ris
the annual revenue in thousands of dollars and x is the amount spent on
adwvertising in thousands of dollars. Use a graphing calculator to determine the
amount spent on advertising if the annual revenue for the restaurant is $250.000.
Round to the nearest dollar,

28. USE ESTIMATION The function fix] = 2 + 10logg (x + 2) gives the estimated
number of deer in a county, where x i the number of years after 2012 and fix) is
the deer population in hundreds. A natural resources officer wants to estimate
when the population will reach 1500_ Write the equation in terms of common
logarithms. Then, use a graphing calculator to determine the year.

Mixed Exercises
Solve each equation or inequality. Round to the nearest ten-thousandth.
29 .5°-3=72 30. 4x=9gx+1 N n+1=-RFn—1

32. 730 » §24n +1 33. P 5 135-F 34. ¥+3 = 8%

Express each logarithm in terms of common logarithms. Then approximate its
value to the nearest ten-thousandth.

35. log, (201 36. logg (51* 37. logg (4)°
38. log, (8 39. log, (3.6)° 40. log,, (10.5)*
41. log, V150 42. log, ¥/39 43. log, Y1600
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44, STRUCTURE Given that logy, 2 = 0.3010 and log,y 3 = 04771, explain how to find
log, 3.

45. REASONING The graph of y = log,, x is shown. Copy the graph. Given sl
that ﬁ = 3.32, sketch a graph of y = log, x on the same coordinate plane. 45
3
i -t
4

46, CONSTRUCT ARGUMENTS When a number n is written in sclentific notation, it has
the form n = s x 107, where 1< s < 10, Prove thatp < logygn < p + 1L

47. STRUCTURE Use the table shown and the properties of

Common Logarnthms
logarithms to determine the following.

(approximations)

a. Determine the missing entries in the table. Justify your x log,x
reasoning. - 0.3010
3 0471

b. How can you use the table to determine log,, 1.57 4 2
5 0.6989

& ¥

48. USETOOLS The eguation t = m gives the number of years I it takes $1000

to grow to $10,000 in a savings account earning an annual interest rate r,
compounded annually. If Jo wants to grow her $1000 investment to $10,000 in

45 years, use a graphing calculator to determine the interest rate needed for the
imvestment.

49. STRUCTURE Rewrite each equation using common logarithms and solve. Show
your work.

a. 3log, (2x) — log, (3x) =1
b. logglx?) + logyd =3

€. 2log,(3x) = —8 log, ()
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50. STRUCTURE Rewrite each inequality using commaon logarithms and solve.
Show your work.

a. log, (2x) < 2 logg (x)

b. 3 log, (4x) < log (Bx)

Q Higher-Order Thinking Skills

E1. FIND THE ERROR Sam and Rosamaria are solving 4% = 10. Is either of them
comrect? Explain your reasoning.

Sam Rosamaria

4F =10 £t=|0
log 4% = It 10 leg 4% = log 10
plog 4 = log 10 Bplog 4 = log 1O
og h;’;.:. 9 _i;gw
P= Toga P= 3lag4

52. PERSEVERE Solve log -3 = log, x for x and explain each step.

53. CONSTRUCT ARGUMENTS Find the values of log, 27 and log,, 3. Make a
conjecture about the relationship between log | b and log, a. Justify your
argument.

54. FIND THE ERROR Claudia wants to find the value of Ing? 8 to the nearest

thousandth. She uses the Change of Base Formula and a calculator to it ' 4T EV
find the approximation. The screen at right shows what she entered, and n
the result.

a. Explain the emmor Claudia made and how she can correct it

b. Consider the relationship between log 8 and log 7. Explain why the result
displayed on the calculator should alert Claudia that an error has occurred.
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Lesson 6-4

Natural Logarithms

Learn Simplifying Expressions with Matural Logarithms

An exponentlal function with base o, written as y = ", |s called a
natural base exponential function. Recall that e is an irrational number
with an approximate value of 2. 7182818

The inverse of a natural base exponential function
iz a natural legarithm, which can be written as
lag, x, but is more often abbreviated as In x.
Every paint on the graph of y = e* is reflected in
the line y = x, resulting in the graph of ¥ = In x.

You can write equivalent exponential equations
by using the definition of a natural logarithm.

InG=x—+log, E=x—+e'=6

Similarky, you can write an equivalent logarithmic eguation for an
exponential equation with base e.

e*=05—=lg 05=x—In05=ux

The same properties that apply to logarithms with a base of b also
apply to natural logarithms.

Example 1 Write Equivalent Logarithmic Equations
Write each exponential equation in logarithmic form.

a e =14
e"=14 Original equation

log, 14 = x Definition of natural logarithm
In4d=x Rewrite
b. e’ =x
el =x Ciriginal eguation
log . x =7 Definition of natural logarithm
Inx=7T Rewrite
Check
Write each exponential eqguation in logarithmic form.
a el=Ay b. edx=3

.} Go Online You can complete an Extra Example online.

Today’s Goals

= Simplify expressions
witth natwral logarithms.

= Sphwe exponential
equations by using
natural logarithms.

Today’s Vocabulary
natural base
exponential function

natural logarithm

t Think About It!

Why do the same
properties that apply to
logarithms with a base
of b also apply to
natural logarithms?

fo# Think About It

How can you use a
calculator to check
part b?
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f Think About It!
Elliott says that In g™
equals 3x. |s he
correct? Explain.

4 Think About It

In what order should you
apply the properties of
logarithms to simplify a
logarithmic expression?

Example 2 Write Equivalent Exponential Equations
Write each logarithmic equation in exponential form.

a ln9=x

In9=x Original eguation
log, 9=x InS =log 9
9=g" Definition of natural logarithm

b. In x = 1.7347

In x = 17347 Original equaticn
log, x = 17347 Inx = log,x
x = ali347 Drefinition of natural loganthm
Check
Write each logarithmic equation in exponential form.
a in3x=4 b. In4=3x

Example 3 Simplify Logarithmic Expressions
thn;-ln 8 —in 3 + In 9 as a single logarithm.

%IHE—IHH +In9 Oiriginal expression
=In B% —n3+ing Power Property of Logarithms
=In2—In3+In9 83=yB or2
= Iﬂ% +in9 Cuotient Property of Logarithms
=In b Product Property of Logarithms
Check : .
Use a calculator to wverify the solution. ﬂ;ﬂrﬂ-mm
Because both entries result in the same value, Inths, " oMY

1. P91 7o54ES

1In8—In3+In9=Mh6.

Check
Write In 7 —% In 27 + In & as a single logarithm.

Learn Solving Exponential Equations by Using Matural
Logarithms

Because an exponential function with base e is the inverse of the
natural logarithm function, they can be used to eliminate each other.

f=x Ine*=x

Exponential equations with base e can be solved using natural
logarithms becauselne=Ine'=1

E Ge Online You can complete an Extra Example onfine.
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Example 4 Solve Exponential Equations with Base e
Solve —2e*+ 34+ B = —14. Round to the nearest ten-thousandth.

—2e**3 L B=—14 Original equation
—2e"*31=_22 Subtract B from each side.
extd_y Divide each side by —2
ne*3=InM Property of Eguality for Logarithms
x+3=InMN Ine* = x
¥+ 3= 23979 Use a calculaton
¥ = —06021 Subtract 3 from each side.
Check
Solve 62025 + 3 = 2§ Round to the nearest ten-thousandth.
?

X =

Example 5 Solve Natural Logarithmic Equations
Solve % In Bx = 2. Round to the nearest ten-thousandth.

%Iﬂ By =2 Original equation
InBx =12 Multiply each side by 6.
gt Bx — al2 Property of Equality for Exponential Eguations
Gx = g2 et =y
el
== Divide each side by 5.

x = 32 5509583 Use a calculatos

@ Example 6 Apply Functions with Base e

TEMPERATURE Mewton's Law of Cooling relates the temperature of
an object over time in relation to the initial temperature of the object
and the temperature of ts surroundings. The temperature in
degrees Fahrenheit of a bowl of soup over time s modeled by the
function T(t) = T, + (T, — T_Je 003 where T, is the temperature of
the soup when it is taken off the heat source, T_is the ambient
temperature of the room, and ¢ is time in minutes.

Part A Evaluate the function.

Find the temperature of soup that is initally 200°F in a room that is 72°F
after 30 minutes.

=7 +({T,— '.I';jinE"':'“:":'m Original function
=72 + (200 — 72)e 003200 T,=72. T, =200 and t = 30
=1 =e a calculator

After 30 minutes, the soup will be about 1217°F.

[continued on the next page)
{3 Go Online You can complete an Extra Example online.

) Go Online
to see a COmmOon ermor
o avoid.
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f Think About It!
Considering the
function given for the
situation, will the soup
ever become cobder
than the temperatura
of the restaurant?
Explain.

Froblem-5olving Tip
Use Reasoning
Examining the structure
of an expression can
help you interpret the
situation. For example,
in the expression

T, +(Ty— T e 0032

as ! increases, g~0.032¢
willl approach 0. So,
[Tﬂ_ TJ.E—EL'DE!”“
approach 0 and

T, + (Ty— T e 0%
will approach T

The temperature will
approach the ambient
temperature as time
passes,

Part B Evaluate the function for t.

Suppose a restaurant manacdger wants to make sure that the soup is
at least 1BO°F when it s served to customers. If the soup Is initially
200°F and the temperature of the restaurant is 72°F, how long from
the time the soup = taken off the heat source should the server serve
the soup?

TN = T+ (T, — T )e 003

180 = 72 + (200 — 72)e 0032 Tin — 180, T;.- =T2
and Tu = 20}

Criginal inequality

108 = 1280032 Subtract 72 from each side

and simpdifiy.
0.84375 < 0032
in 084375 = In 0032

Divide each side by 128.

Property of Equality of Logarithms

In 0.84375 = —0.032 Ine* =x
% =1 Divide each side by —0.032.
E3z=t Use a calculator

The server should serve the soup within 5.3 minutes off taking it off
the heat source.

Part C Evaluate the function for Tn-

Suppose a restaurant manager increases the temperature of the
restaurant to 75°F and wants the servers to have at least 7 minutes to
serve the soup to the customers while the soup is 1B0°F or warmer. At
what temperature will the soup have to be when it is initially taken off
the heat source?

= T, +(T,— T )e003x Original inequality

180 < 75 + (T, — 75)e 20220 np =120, T, =75,

and =7

105 < (T, — 75)e 0224

Subtract 75 from each
side.

105 < T, (79224 — T5{e—0224) pistributive Property

105 + 75(e~ 0224 5 T (70224 Add 75{e—922% 19 each

shde.
W5 4 75(= 02
# =T, Divide each side by
= 0224
2064 = Tﬂ Use a calculator:

The initial temperature of the soup must be at least 206 4°F so that the
servers have 7 minutes to serve it.

i.) Go Online You can complete an Extra Example online.
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Explore Using a Scatter Plot to Analyze Data

.} Online Activity Use the video to complete the Explore.
|
B INQUIRY How can you use a scatter plot to

determine the type of function that best
models a set of data?

 Example 7 Examine Logarithmic Data

GAMING The table shows the percentage of people in the LLS. who
play games on their mobile phones in the years since 2010, Use a
graphing calculator to analyze the data.

Years
Since 2010

Population
(%)

25.9133-5 409|463 | 513 | 657 | 589 | 616 | 621 | 627

Source: eMarketer, profected values for years 2016 and beyond

Step 1 Enter the data.

Before you begin, make sure that
yvour Diagnostic setting is on.
You can find this in the [CATALOG]
menu. Press [D] and scroll down

to DiagnosticOn. Then press
Enle-r the data by pressing

and selecting the Edit

option. Lun=1

Enter the years since 2010 into
List 1 {L1) and the percentage of
the population in List 2 (L2).

Step 2 Make a scatter plot.

Press [STAT PLOT],

and then to tum on the
plot. Choose the scatter plot
icon. Use L1for the Xlist and L2
for the Yiist.

Press E and adjust the
parameters to fit the data.

Press @ to see the [0, 2] sct: 1 by 10, %00 sct: 10

e ) Go Online

From the scatter plot, the data appear to have a curved trend that You can complete an

approximates a natural logarithmic function. Extra Example online.
jcontinued on the next page)
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Watch Oht!

Range The function for
the percentage of
people who play
games on their phone
has a range of all real
numbers. In the

context of the situation,

only positive values of
¥ no greater than 100
make sense because
the percentage of the
population cannat ba
negative or greater
than 100%.

U=e a Source

Use the data you
collected in the Explore
activity to write a
logarithmic function ta
model the temperatura
of the coffes over ime.
Then, wse the function
to pradict the
temperature of the
coffes after 45 minutes.

Step 3 Determine the function of best fit.

To determine the function that best fits the data, perform a natural
logarithmic regression. Check that the coefficient of determination is
close to 1, indicating a strong fit of the data.

Press and access the CALC menu. Sekect a natural logarithmic
regression LnReg from the list. Select L1 and L2 as the data set and
store the regression equation in the Y= list.

The regression has a coefficient
of determination of r = 09934,
which Is a very strang fit of the
data. Because the function fits
the data well and makes sense in
the context of the situation, the
data can be represented by a
logarithmic function.

The regression equation is
y=233237 + 177473 In x.

Step 4 Evaluate using the regression function.
You can use the table generated
by the graphing calculator to
predict the percentage of people
who play games on their phones
in a given year. Press
[TABLE] and use the arrow keys to
scroll down 1o x = 15 to predict

the percentage of people who
will play games in 2025,

-1

e

UMIET O 0 ) s R
miwsmﬁ

In 2025, about 71.4% of people in
America will play games on a phone.

Step 5 Analyze the graph.
Press E You can use the functionality of the calculator to help
analyze the key features in the context of the situation.

domain: [x|x > O}

range: [y = 0]

x-intercept: 0.2687

y-intercept: none

increasing: {(x|x = 0]

positive: [x|x = 0.2687)

negative: [x|0 < x < 0.26E7)
end behavior: As x — 20y — 00,
The function y = 23.3237 +

177473 In x includes pwvalues less than 0. However, in the context of the
situation, ¥ represents a percent of the population and must be positive.

0, 12] sct: 1 by [0, 100] sct: 10
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Practice i0) Go Online You can compilete your homework online.

Example 1

Write each exponential equation in logarithmic form.

1 e®=y 2. e =45 3. =02

4. %2 = 10x 5. =3 6. ' = Bx

7. et=x-3 B.e"=8 9. e® = 10x
Example 2

Write each logarithmic equation in exponential form.

10, In50 =x M. In36 = 2x 12, In20=x

3. Inx=8 14. In (4x) = 9.6 15. In 00002 = x
16. Inx = 0.3345 7. n15 =x 1B. In 5.34 = 2x
Example 3

Write each expression as a single logarithm.

19 3In3—-In9 20. 41In 16 — In 256 2. 2Inx+2In4d
22.3In4+3In3 23. In135 - 2In5 24. 3In10 4+ 2 In 100
25.4ni—6In} 26. 7In1+5In2 27. 8Inx—4In 5
Exampie 4

Solve each equation. Round to the nearest ten-thousandth.

8. 2" —1=1 29, het+3=18 30. e =30

3. ex=58 32, Jer—3=1 3. 4+e" =19
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Example 5
Solve each equation. Round to the nearest ten-thousandth.

34. In(x—6) =1 3. Inx+2)=3 36. In(x+3)=5
AT In3x+iIn2x=9 3B. Inbx+Inx=7 39. In3x=2
Example &6

40. USE A MODEL Monigue wants to invest $4000 in a savings account that pays
3.4% annual interest compounded continuously. The formula 4 = PeMis used to
find the amount in the account, where A s the amount in the account after
f years, P is the principal amount invested, and r Is the annual interest rate.

a. What is the balance of Monlque's account after 5 years?

b. Suppose Monigue wants to wait until there is at least $6000 in her account

before withdrawing any money. How long must she keep her money In the
savings account?

£. Suppose Monigue wants to have at least $10,000 in her account after 10 years.
If the interest rate remains 3.4% compounded continuously, what is the
principal she should imest?

41. USE A MODEL Sarita deposits $750 in an account paying 2 7% annual interest
compounded continuously. Use the formula for continuously compounded
interest, A = Pe™ where 4 is the amount in the account after { years, Pis the
principal amount invested, and r is the annual interest rate.

a. What iz the balance of Sarita’s account after 3 years?

b. How lang will it take the balance in Sarita’s account to reach at least $20007

c. Suppose Sarita wants to have at least $1000 in her account after 5 years. If the
interest rate remains 2 7% compounded continuously, what is the principal she
should invest?

Example 7

42. USETOOLS The table shows the number of people y who attended the annual

neighborhood festival since it began in 2005_ Use a graphing calculator to find a
logarithmic function which models the data. Then use the model to predict how
many people will attend in 2025.

Years Since 2005 1 2 3 4 5 & 7 B =] 10 "

g=edlpetan il 150 | 223 | 267 | 290 | 319 | 339 | 354 | 367 | 380 | 402 | 41
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43. USETOOLS The table shows the mass y of a decaying compound x years since
the compound was made. Use a graphing calculator to find a logarithmic function
to model the data. Then use the model to predict the mass of the compound after
30 years.

1 2 3 3 5 & 7 B 9 10
BOO 775 742 734 79 | 710 | 703 | 692 | 689 | &80
44, USETOOLS The table shows the number of cell colonies y that remain after each
minute x of an experiment. Use a graphing calculator to find a logarithmic

function to model the data. Then use the model to predict the number of cell
colonies remaining after 15 minutes.

Tirr::e 1m|nb 3 4 5 G 7 8 9 10
HNumber of cells 1350 | 1315 | 1300 | 1280 | 1270 | 1258 | 1243 | 1232

45, USETOOLS The table shows the numbser of visitors v in hundreds to a wildlife
sanctuary's hawk exhibit since it opened in 20M2. Use a graphing calculator to
find a logarithmic function to mode| the data. Then use the model to predict how
many visitors the sanctuary can expect in 2028.

Years Since 2012 1 2 3 4 5 3] 7 2]
RN LA T L=t Al 00 | 2110 | 2150 | 280 | 2200 | 2220 | 2232 | 2245

Mixed Exercizes
Write the expression as a sum or difference of logarithms or multiples of logarithms.
46. In 1o 47. In U*

Use the natural logarithm to solve each equation.
48. 3*=04 49, 2 =18

50. POPULATION The growth of the world's population can be represented as
A = Ay e where A is the population at time t, 4, is the population at t = 0, and
r is the annual growth rate. The world's population at the beginning of 2008 was
estimated at 6.641,000,000. If the annual growth rate is 1.2%, when will the world

population reach 9 billion?

B1. FINAMCE Janies bank pays 2 8% annual interest compounded continuously
on her savings account. She invested $2000 in the account. Using the formula
A= Pa" determine how long it will take for her Initial deposit to double in value.
Assume that she makes no additional deposits and no withdrawals. Round your
answer to the nearest quarter year.
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STRUCTURE Given In 5 = 1.6094 and In 8 = 2.0794, evaluate each expression without using a
calculator. Explain your reasoning.

52. In 200 B3. In 3125 B4. in10

B5. USE ESTIMATION Over time, the amount of Carbon-14 present in non-living
organic material decreases. Radiocarbon dating I= a technigue that measures the
amount of carban-14 that is present in these materials to estimate age. The
exponential function y = oe*, represents the relationship between the current
amount v of carbon-14 in organic material and the initial amount o of Carbon-14
over time I with rate of decay k.

a. The amount of time it takes for the amount of Carbon-14 present in organic
material to decrease by half is 5730 years. This is called the half-life. Use this

information to find the rate of decay k associated with Carbon-14. Write vour
answer as an exact value.

b. Suppose a fossil inltially contained 200 milligrams of Carbon-14. Write an
equation that represents the relationship between the age of the fossil and the
amount of carbon-14 currently in the sample.

c. Use a graphing calculator to estimate how long it will take the foscil to contain
40% or less of the carbon-14 it initially comained. Then, solve the inequality
algebraically and compare your results.

BS. PRECISION If $5000 is invested inta an account that earns 2% compounded
continuously and at the same time $3000 s invested into an account that earns
4% compounded continuously, after how fong will the two accounts contain the
came amount of money?

Q Higher-Order Thinking Skills

57. ANALYZE Nevaeh says that e = x Do you agree or disagree? Justify yvour
ASWET,

B8. PERSEVERE Solve 4* — 24 +1 =15 for x.

B9, CONSTRUCT ARGUMENTS Prove Inab = Ina + In b for natural logarithms.

&80. ANALYZE Determine whether x > In x i= sometimes, always, or never true. Explain
YOUr reasaoning.
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Lesson 6-5

Using Exponential and Logarithmic Functions

Learn Using Logarithms to Solve Exponential Growth
Problems

Exponential functions with base e are frequently used in an alternate
form of the Exponential Growth Formula to represent situations
invalving continuous growth.

Key Concept « Continuous Exponential Growth
Exponential growth can be modeled by the function

fix) = oet,

where o is the initial value, ! is time in years, and k is a constant
representing the rate of continuaus grawth.

The Continuous Exponential Growth equation y = oce™ is often used 1o
represent population growth and ks the same as the continuously
compounded interest formula.

Continuously Compounded
Interast

A = pe”

P = initial amount

Continuous Exponential Growth
y = aet
@ = initial population

¥ = population at time [

A= AmatTE ot k = rate of continuous growth

r = interesi rate

@ Example 1 Continuous Exponential Growth

POPULATION In 2016, the population of Florida was 20,61 million
people. In 2000, it was 15.98 million.

Part A Write an exponential growth equation.

Because the population is growing as time passes, use the year as the
independent variable and the population as the dependent variable.
Find the value of k, Florida's relative growth rate. Then write an
equation that represents the population of Florida t years after 2000.

Since [is the number of years after 2000, 15.98 represents

the initial population, and 20.61 represents the population 16 years
after 2000, or at t = 16.

(continued on the next page)

Today’s Goals

= Write and solve
exponential growth
equations and
inequalities.

= Write and solve

exponential decay
equations.

{p Think About It

Write an exponential
growth equation to
represent a population
that grows at a rate of
B% per year and has an
initial population of 250.
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Study Tip
Assumptions We
know that populations
cannot grow infinitely
and may be affected by
other factors such as
available land area,
resources, diseases,
and so on. Howewer,
assuming that a
population will
continue to grow at the
same rate allows us to
represent the situation
with an exponential
growth equation.

4o Think About It!
Based on the given
models for the
populations of Florida
and Califomia, does it
make sense that
Horida's population will
eveniually surpass
California's? Explain
YOUF reasoning.

L) Go Online You
can complete an Exira
Example online.

¥ = oe™t

Formula for continuous exponential growth

20.61 = 15.98e4%] y = 2061, 0 = 15.98, and t = 2016 — 2000 or 16
% = gtk Divide each side by 15.98.

In 2081 _ 1 glek P  Equality for Logarithmic Equat
T roperty of Equality for Logarithmic Equations
2061 _ 3

In &8 = 16k Ine*=x

n28
8 = k Divide each side by 16
001589 =k Use a calculator.

Florida's relative rate of growth is about, 00159, ar about 1.59%.

¥ = oe*

y= 15 0800155

Formmula for continuous exponential growih
o= 1598 and k = 0.O15%

So, the population of Florida t years after 2000 can be modeled by the

equation y = 15.9820.0159¢

Part B Predict when the population will reach 25 million people.
Use your equation from Part A to predict the population.

y = 15.98e0.0150¢
25 = 165980 0155¢
1564 = Eﬂ'.EHE-E't

In 1.564 = In g0-0159¢

Original equation
y=25
Divide each side by 15.98.

Property of Equality for Logarthmic Equations

In 1.564 = 0.0159¢ Ime* =x
% = Divide each side by 0L0I155
28129 = Use a calculatos.

Florida's population will reach 25 million people approximately 28129
yvears after 2000, or in 2028,

Part C Compare the populations of Florida and California.

California’s population in 2000 was 33.9 million, and its population
growth can be modeled by y = 33.9e%00%2 Determine when Florida's
population will surpass California's.
15.98o0.0153¢ », 33 900092
In 15,9820 0581 . |n 33 900082
In15.98 + In 2059 = |n 339 + Ine®009  prodict Property of Logarithms
In15.98 + 0,015 > In33.94+ 000921 me'=x
In 15.98 + QL0067 = In 33.9 Subiract 0.0092¢ from eadh side.
00067t > In339 —In15.98  Subtract in 15.98 from each side.

Formula for exponential growth

Prop. of Ineq. for Logarithms

pw ALl Divide each side by 0.0067
r=1M1225 Use = caloulator

Assuming that this trend continues, Florida's population is on track to
surpass California®s in 2112
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Check

SCIENCE An experiment starts with 20 bacteria A celis. After
45 minutes, there are 710 bacteria A cells.

Part A

Write the equation that models the number of bacteria A cells y after
t minutes. Round the value of k to the nearest thousandth.

Part B

After how many minutes will there be 1000 bacteria A cells? Round to
the nearest tenth if necessany.

L minutes
Part C

Bacteria B grows exponentially according to the model y = 520064
After how many minutes will there be more bacteria A cells than
bacteria B cells? Round to the nearest tenth if necessary.

2
i minutes

Learn Using Logarithms to Solve Exponential Decay
Problems

Exponential functions with base e are frequently used by researchers
and scientists to represent situations invalving continuous decay.

Key Concept » Continuous Exponential Decay
Exponential decay can be modeled by the function

fix) = oe™™,

where o is the initial value, I s ime in years, and &k is a positive canstant
representing the rate of continuous decay.

@ Example 2 Continuous Exponential Decay

SCIEMCE The hal-life of a
radicactive substance is
the time it takes for half of
the atoms of the substance
ta disintegrate. The
radicactive substance
Thorium-230 is used to
determine the ages of cave B " g
formations and coral. The
hali-life of Thorium-230 is
75,381 years.

(continued on the next poge)

Lesason 6-5 - Lsing Exponential and Loganthmic Functions

s Think About It!
Giren time in months
and a rate per year,
how would you find the
value of { to substitute
into the continuous
exponential decay
function?
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Use a Source

Research the half-life of
anather radicactive
substance. Find the
value of k and the
equation of decay for
the substance.

Watch Cut!

Rate and Time Some
radioactive substances
have hall-ife periods
that are more aasily
recorded in a unit of
time other than years.
Make sure that time ¢
and the time period of
the rate k use the
same unit. For
example, the half-life
of Phosphorus-32 i
14.29 days, so its
decay constant of
0.0485 represents a
decay rate of 4 88%

per day, not per year.

Part A
Determine the value of k and the equation of decay for Thorium-230.

If @ i= the initial amount of the substance, then the a»rrtmunlylhat
remains after one hali-life period, or 75,381 years, is 0 or 050

y=oe™ Formula fior continuows exponential decay
050 = pe"M™38)  , _ n5pandt = 75381
0.5 = =538k Divide each side by o
In05 =Ine 538  pronerty of Equality for Logarithmic Equations

In 0.5 =-75,381k Ine"=x

_;15&5 =k Divide each side by —75,381
0.0000092 =k Use a calculator

The rate of decay of Thorium-230 is about 0.0000092, or about
0.00092% per year. Thus, the equation for the decay of Tharium-230
is y = ge-00000092t

PartB

How much of a 2-gram sample of Thorium-230 should be left after
1500 years?

¥ = pe- 0000005 Formuia for the decay of Thorium-230

= 2 a—00000032(1500) o= 2and t = 1500
= 2p-001ZE Simplify.
=197 Use a calculator

After 1500 years, there will be about 1.97 grams of Thorum-230
remaining. Since Thorum-230 has such a long half-life, it is reasonable
that after 1500 years only a small amount, 0.03 gram, of the orlginal
sample will have decayed.

Check

HALF-LIFE lodine-121, a radicactive isotope commonly used to treat
thyroid cancer, has a half-life of 8.02 days.

Part A

Write the continuous exponential decay equation for lodine-131. Round
the value of k to the nearest thousandth.

Part B

How much of a 15-gram sample will be left after 20 days? Round to the
nearest tenth if necessary.

¥ grams

L) Go Online You can complete an Extra Example online.
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 Apply Example 3 Radiocarbon Dating

ARCHAEOQLOGY Carbon-14 is used
to date objects in a method called
radiecarbon dating. Carbon-14 has as
half-life of 5730 years and a decay
constant k of 0.00012. In 2016,
charcoal flakes from the excavation
site of an ancient human settlement
in Canada were sent for radiocarbon
dating. If the charcoal flakes were found to comtain about 18.6% as
much Carbon-14 as they would have originally contained, how old are
the charcoal flakes to the nearest year?

1 What is the task?

Describe the task in yvour own words. Then list any questions that vou
may have. How can you find answers to your questions?

Sample answer: | need to use the information about the half-life of
Carbon-14 to find the age the charcoal flakes. Which values should | use in
the expanential decay equation? When | solve the equation, what will the
solution mean? | can use what | know about half-life to estimate a solution.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will estimate the solution. Then | will write and solve
an exponential decay equation for Carbon-14. | will interpret the
solution in the context of the situation. | have learned how 1o use the
exponential decay equation.

3 What is your solution?
Use your strategy to solve the problem.

Based on the hali-life of Carbon-14, how could you estimate the age of
the charcoal flakes?

Sample answer: After two half-life perieds, there would be 25% of the
original amount of Carbon-14 remaining In the charcoal flake because
100% = 2 = 50% and 50% + 2 = 25%. After three haif-life periods,
there would be 12.5% left. If the flake contains 18.6% as much
Carbon-14 as it originally did, then between two and three half-life
periods have passed. So, the charcoal flake is between 11,460 and
17190 years old.

What equation can be ued to find the age of the charcoal flakes?
O.0RE = E—n.nn:rm::

What does the solution of the equation represent in the context of the
situation?

Sampée answer: The charcoal flakes are about 14,017 years old. This
means that the ancient human settlement existed about 14,000 yvears ago.

(continued an the next page)

Study Tip
Radiocarbon Dating
When given a percent
or fraction of decay, use

an orginal amount of 1
for .

Lesson 6-5 « Using Exponential and Logarithmic Functions 299




4 How can you know that your solution is reasonable?

@ write About It! Write an argument that can be used to defend
yuﬂsduﬂnn

Sample answer: The solution falls within the initial estimate of 1,460 to
17190 years. | can also substitute 14,017 into the formula for the decay of
Carbon-14 to check that the remaining amount is about 18.6%.

For y = 0e~ 000012t |ot g = 1and t = 14,017, Then y = 1. e~ 00002114017
== 0186 or 18.6%.

Check

ARCHAEOLOGY An archaeologist examining a prehistoric painting
estimates that it contains about 2.34% as much Carbon-14 as it would
have contained when it was painted. How long ago was the painting
created? Round to the mumreu

[Hint: The formula for the decay of Carbon-14 is y = ge—0.000121 ]
? _yearsago

Pause and Reflect

Did you struggle with anything in this lesson? If so, how did you
deal with it?
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Practice i0) Go Online You can compilete your homework online.

Exampie 1

1. POPULATION In 2000, the world population was estimated to be 6124 billion
paople. In 2005, it was 6515 billion.

a. Write an exponential growth equation to represent the population y in billlons
 years after 2000,

b. Use the equation to predict the year in which the world population reached
715 billion people.

2. CONSUMER AWARENESS Jason wants to buy a new HD television but he thinks
that if he waits, the quality of HD televisions will improve. The television he wants
to buy costs $2500 now, and basad on pricing trends, Jason thinks that the price
will increase by 4% each year.

a. Write an exponential growth equation to represent the price v of a new
HD television t years from now.

b. Use the equation to predict when a new HD television will
cost $3000.

c. Jazon decides to wait to buy a new television and saves his money. He puts
$2200 in a savings account with 4.7% annual interest compounded

continuously. Determine when the amount in his savings will exceed the cost
of a new television.

Example 2
3. REASONING A radioactive substance has a half-life of 32 years.

a. Determine the value of k and the equation of decay for this radicactive
substance.

b. How much of a 5-gram sample of the radioactive substance should be lefl
after 100 years?

Example 3

4. CARBOM DATING Carbon-14 has a decay constant k of 0.00012. Use this
imformation to determine the age of the objects based on the amount of
Carbon-14.

a. afossil that has lost 95% of its Carbon-14
b. an animal skeleton that has 95% of its Carbon-14 remaining

5. HALFLIFE Archeologists uncover an ancient wooden tool. They analyze the toal
and find that it has 22% as much Carbon-14 compared to the likely amount that it

contained when it was made. Given that the decay constant of Carbon-14 is
000012, about how old is the artifact?
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Mixed Exercises
6. RADIOACTIVE DECAY The half-life of Rubldium-B7 Is about 43.8 billion years.

a. Determine the value of k and the equation of decay for Rubidium-87.

b. A specimen currently contains 50 milligrams of Rubidium-87. How long will it
take the specimen to decay to only 18 miligrams of Rubidium-877

¢. How many milligrams of the 50-milligram sample will be left after
800 milllon years?

d. How long will it take Rubidium-87 to decay to one-sixteenth its original
amount?

7. USE A MODEL Consider a certain bactera which s undergoing continuouws
exponential growth.

a. If there are B0 cells initially and 675 cells after 30 minutes, determine the
wvalue of k.

b. When will the bacteria reach a population of 6000 celis?

c. If a second type of bacteria is growing exponentially according to the model
y = 3500978 deatermine how long before the number of cells of this bacteria
exceed the number of celis in the original bacteria.

B. NUCLEAR POWER The element plutonium-239 & highly radicactive.
Muclear reactors can produce and also use this element. The heat that
plutonium-239 emits has helped to power equipment on the moon. If the
half-life of Plutonium-239 is 24 360 years, what is the value of k for this
element?

9. DEFPRECIATION A Global Positioning Satellite (GPS) system uses satellite
information to locate ground position. Abu's surveying firm bought a GPS
system for $12,500. The GPS is now worth $8600. If the value of the system
depreciates at a rate of 6.2% annually, how many years ago did Abu buy the
GPS system?

10. WHALES Modern whales appeared between 5 and 10 millon years ago. A
paleontologist claims to have discovered a whale vertebrae which contains 80%

less Carbon-14 than it originally contained. ls it possible for this vertebrae to be
from a modern whale? Use the decay constant of 0.00012 for Carbon-14. Justify

yOur response.
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13.

14.

15.

16.

REGULARITY Luisa read that the population of her town has increased
exponentially. The current population of her town Is 68735, One yvear ago, the
population was 67387

a. Bazed on this information, write an exponential growth eqguation. Let v
represent the population after | years.

b. Use the equation to estimate the population 100 years ago.

RADIDACTIVE DECAY Coball, an element used to make alloys, has several
isotopes. One of these, Cobalt-60, is radioactive and has a haifdife of 57 years.
What is the value of rate of decay for Cobal-&07?

WILDLIFE The initial population of rabbits in an area is 8000 and the population
grows continuously at a rate of 26% each year. Write an equation to represent the
rabbit population P in thousands after § years. Then, determine how lang it will
take for the population to reach 25,000,

STATE YOUR ASSUMPTIONS A population is growing continuoushy at a rate of 3%.
If the population s now 5 million, when will the population reach 8.3 million? State
an assumption needed to solve the problem.

ORGANISMS The table shows the amount of Carbon-14
left ina 1000-milligram sample over time. Use the data to

Timie {years) Carbon-14 {(mg)

verify that the decay constant is approxmately 0 1000

—0.00012. 1 999 B8BTS
2 999752
3 999628

SCIEMNCE The number of bacteria in a colony is growing exponentiathy.
At 10:00 a.m. the number of bactena was 20, and the colony population has
continuously increased at a rate of B% each hour.

a. Write an equation to represent the number of bacteria y after ¢ hours.

b. If this trend continues, determine the time when the number of bacteria In the
colomny will reach 50. Round to the nearest minute.
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17. USE A MODEL A biology experiment starts with 1,000,000 cells and 30% of the

cells are dying every minute. The biologist wants to determine when there will be
less than 1000 celis.

a. Copy and complete the table of values and graph the points. Determine what
kind of mathematical model best describes the points.

t min} | Surviving Cells After § Minutes {t, A}
0 initial amount (0,1,000,000)
1 | (070){1.000,000) = 700,000 survive | (1, 700,000)
2 |(070)700,000) =
2 |(070)i490,000) =

b. Write an equation to represent the situation and define each variable.

¢. Find the value of the constant &k to 6 decimal places, and tell whether it
indicates growth or decay. Write the exponential equation to represent this
experiment

d. How long will it take to have less than 1000 cells?

1B. USE A MODEL The population of a city s modeled by fif) = 25027753 where fin)
is the population in thousands t yvears after 2012,

a. Based on the equation, what information do yvou know about the population of
the city?

b. In what year will the city’s population reach 500,0007

G Higher-Order Thinking Skills

120,000

T e — 2460 for &

19. PERSEVERE 5oive

20. ARGUMENTS Explain mathematically why ff) =
reaches the value of ¢ as t — oo,

m approaches, but never

21. WRITE How are exponential and continuous exponential functions used to model
different real-world situations?
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Module 6 - Logarithmic Functions

Review

(2 Essential Question

How are logarithms defined and used to model situations in the real world?
A logarithm is the power to which a base must be raised to equal the given number.
Logarithmic functions model slow-growing functions.

Module Summary
Lesson &-1

Logarithmic Functions

+ Lat b and x be positive numbers, b ¥ 1. The
legarithm of x with base b is denoted log, x and
is defined as the exponent y that makes the
equation b = x true.

+ The same technigues used to transform the
graphs of ather functions can be applied to the
graphs of logarithmic functions in the form
gix) = nlngb{x— hj + k.

Lesson 6-2

Properties of Logarithms

+ If bis a positive number ather than 1, then
log, x = log, yif and only if x = y.

« For all positive numbers b, m, and n, where
b # 1. log, mn = log, m + log, n.

+ For all positive numbers b, m, and n, where b #1
andn # 0, log, % = leg,m — leg,n.

» For any real number n, and positive numbers m
and b, where b # 1, log, m" = n log, m.

Lessons 6-3 and 6-4

Common Logarithms and Matural
Logarithms

= Base 10 logarithms are calied common logarithims.

« For all positive numbers a, b, and n, where o #1

iy
and b £ 1, log n= :3““.
o b
= An Eﬂmﬁﬁal function with base e, writhen as
¥ = &, is called a natural base exponential

function.

« The inverse of a natural base exponential
function is a natural kogarithm, which can be
written as log, x. but is more often abbreviated
as In x.

« The same properties that apply to logarithms
with a base of b alsa apply to natural logarithms.

Lesson 6-5

Using Exponential and Logarithmic

Functions

« Exponential growth can be modeled by the
function fx) = ae”, where g is the initial value,
tis time in years, and k is a constant
representing the rate of continuous growth,

= The Continuous Exponential Growth equation
¥ = ge® is often used to represent population

growth and is the same as the continuoushy
compounded interest formula.

« Exponential decay can be modeled by the
function fx) = ae™, where g is the initial value,
t is time in years, and k is a positive constant
representing the rate of continuous decay.

Study Organizer
Im Foldables
Use your Foldable to review
this module. Working with a
partner can be helpful. Ask
for clarification of concepts
as neaded.

T
i - | | -
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Test Practice

1. OPEN RESPONSE Write each eguation in 4. MULTIPLE CHOICE Which of the fallowing is
logarithmic form. (Leszon 6-1) equivalent to log,, 37 [Lesson &
a) 6*=1296 A —4
2 -
c 3
D 4
b) 24:=27

5. OPEN RESPONSE Explain how you can use
log, 7 = 1712 to approximate the value of
log, 15,309 (Lesson 6-2)

8
oo
=
I
2=

2. GRAPH Graph fix) = log, x — 3.
Lesson 6-1)

6. MULTIPLE CHOICE Find the value of x makes
the equation true. Lesson 6-2)

log ¢ + 5x — 108) = log,, 28x

A =7
B. —4
3. GRAPH Graph gix) = —log, x + 2. c 18
fLessan 61 .
D. 27
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7

10.

MULTIPLE CHOICE Sclve log, x = %
[Lesson 6-2)

A2

B. 14
C. 448
D. 128

OPEN RESPOMNSE Some stars appear
brighter than others because they are
closer to Earth. The equation

058 = 5.03 — 5 log,, x can be used to
determine the distance, x, in parsecs that
the star, Viega, is from Earth. Explain how to
use a graphing calculator to find the
distance Vega Is from Earth. (Lesson 6-3)

MULTI-SELECT Select all the solutions of
4= %= B*_|Lesson 6-3)

A —235792

11.6667

5 log 14
iog & — log 14
5 log 14
log 14 — log 8

F. log #{x — 5) = log 8x

B.
C. 235792
B)

E.

OPEN RESPOMNSE Solve 6% 7 > 11
{Lesson &-3)

1. MULTIPLE CHOICE Which eqguation could be

used to determine 12 log B = 157 [Lesson &-3)

5 logx

A $=ogB
B 5=22°
- &7 legx
log x

C. 3=|ngﬂ
_loga

D g_lngx

MULTIPLE CHOICE Each key on a piano

has a certain frequency. related to its
position on the keyboard. The relationship
can be described using the equation
n=1+12log, S5 where i 5 the number
of the key and [is the frequency in herz. If
middie C has a frequency of 2611 Hz, what
number key |= it on a reqular keyboard?
Round to the nearest whole number, if
Necessary. (Lesson 6-3)

A 3
B. 10
c. 33
D. 40

OPEN RESPOMSE Write each equation in
logarithmic form. (Lesson 6-4)

a) e =8x

b} e =17
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14.

15.

16.

MULTI-SELECT Select all expressions that
show 8 In 81 —10In 27 as a single
logarithm. (Les=on 6-4)

A Ing

B. In6

C. In9

D. 2in3

E. —2In53

MULTIFLE CHOICE Cho started a savings

account with $2800. The account pays 3.8%
compounded continuously. Cho wanted ta
withdraw the money after & years, but her
friend says she should wait to withdraw it
after 10 years.

Usze the continuously compounded interest
formula, 4 = Pe”, to determine how much
more money will be in the savings account If
Cho waits 10 years instead of 5 years to
withdraw the money? Round to the nearest
cenl. (Lesson &-4)

A. 369166
B. $70850
C. $338590
D. $4094.40

OPEN RESPONSE Solve the inequality.
Round to the nearest ten-thousandth.
fLessoa B

In{2x + BF < 6

308 Module & Review - Logarithmic Functions
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18.

19.

MULTIPLE CHOICE Alaska ranks as the 48th
state when comparing population sizes. In
1980, the population was 410 851 and in
2010 the population was 713 985, Which
equation models the population of Alaska
t years after 19807 (Lesson 6-5)

Ay = 410851e00
B. y=410851e o0
C. y=T713.985e""=

D. y=713.985 0=

OPEN RESPOMNSE Suppose the population of
Alaska continues to grow at a continuous rate.
Use the equation found in Exercise 17 to
explain how to predict when the population of
Alaska will reach 1,600,000 people._ [Lesson 6-5)

OPEN RESPONSE Satellites in space are
powered by radiclsotopes, of radicactive
elements. The amount of power the
radioisotope generates over ime can be
represented by the equation P = 53a 209
where Pis the output in watts and t is the
time in days. After how many days will the
remalning power be 1.44 watts? Round to
the nearest whole number. (Lesson &-5)



Module 7
Rational Functions

€ Essential Question
How are the rules for operations with rational numbers applied to operations with

rational expressions and equations?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After

 —ldontknow  (ii-—Ive heard of . ' —Iknow it Bl g ||| b

multiply and divide rational expressions

add and subtract rational expressions

graph and analyze reciprocal functions

graph and analyze rational functions

recagnize and solve direct variation eguations

recognize and solve joint variation equations

recaognize and solve inverse variation equations

solve rational equations and inequalities algebraically
and by graphing

(1]l Foldables Make this Foldable to help you organize your
notes about rational functions and relations. Begin with

b T e

an E%* * 1" sheet of grid paper.
1. Fold in thirds along the height.

2. Fold the top edge down, making a 2" tab at the top.
Cut along the folds.

3. Label the outside tabs Expressions, Functions, and
Equations. Use the inside tabs for definitions and notes. LT

4. Write examples of each topic in the space below each tab.
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What Vocabulary Will You Learn?

» combined variation » hyperbola « rational expression
« complex fraction + inverse variation « rational function

« constant of variation » joint variation « rational inequality
« direct variation « oblique asymptota = reciprocal funclion
v excluded values « point discontinuity « vertical asymptote

« horizantal asymptote

Are You Ready?

rational equation

Complete the Quick Review to see if you are ready to start this module.

Then complete the Guick Check.

Quick Review

Exampile 1
9 T P
Solve g = gr. Write in simplest form.
% = %F Ouglnal equeation
% =1Tr Muitiply each side by B
72 '
=TI Divede each side by 7.

Since the GCF of 72 and 77 is 1, the solution is in
simplest form.

Solve each equation. Write in simplest form.

Guick Check

Example 2
o 4, B K
Simplify 3 +3— %
1,3 §
ItTa"s
174 373 5 J3
=3 i:’*i{ij_i{ﬂ The GCF of 3.4, and 6 is 12
3 10
=%+E_E Sirmplify.
3
= E Add and sublbract
3+ 3 1
=1z:-3m=4_ Shimplity.

Simplify each expression.

=3-1
o33+
13-4+
82+343

How Did You Do?

M0 Module 7« Rational Functinmg
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Lesson 7-1

Multiplying and Dividing
Rational Expressions

Today's Goals
Learn Simplifying Rational Expressions » Simplify rational expressions.
= Simplify rational
A rational expression is a ratio of two polynomial expressions. i b ety
Because variables in algebra often represent real numbers, operations and dividing.
with rational numbers and rational expressions are similar. For Today's Vocabulary
example, when you write a fraction in simplest form, you divide the rational expression
numerator and denominator by the greatest common factor (GCF). complex fraction
" _5-7_17 B
a0 " 8-8_ 8 GCF=05
You use the same process (o simplify a rational expression.
X+Te+10 _ Ix+Se4+2 (k45 GOF =47
May=f =32 =3 ol
Sometimes, you can also factor out —1 in the numerator or
denominator to help simplify a rational expression. QT]'unk About It

Example 1 Simplify a Rational Expression

X2 = Dy — 3 your argumeant
Simplify e T B B and state when the original expression
is undefined.
Part A Simplify.
W —dx—24 _ x*—2u-—24 R A R
23 + 6aF - Bx | 2ep? + 3x - 4] T
[x + djfx — 6) &= y
=T Factor the numerator and
it 8 :! denominator
= 2‘:%: —E:;J . [,:r--l-‘:'i Bliminate common factors.
__x—F§ Simpiif Study Tip
Zxlx = 1) ' " Checking Because
Part B State when the expression is undefined. ik _s.:mpihnﬂg e
EXPression, you can
The expression = undefined when the denominator is equal to 0. check your answer by
Because the question asks when the orginal expression s :ﬂf;gs:im';anlm
undefined, consider the denominator before the commaon e e L
factors are eliminated. Thus, the expression ls undefined when values of x.

2xix + d)ix — 1) = 0. By the Zero Product Property, the
expression is undefined when 2x = 0 or x = 0, when
¥x+4=00rx=—4 andwhenx —1=00o0rx=1

{3 Go Online You can complete an Extra Example online.

Are all rational
expressions defined for
all values of x¥? lustify
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Check
¥ 4 2y 1

Simplify ot and state when the orginal expression
is undefined.

Part A Select the simplified expression.

A1

x4 1
B 2o
x4+
[ + Tix = 1)

c.
1
D. &3
Part B State when the expression is undefined.

=7 .. 1

Example 2 Simplify by Using —1

% Think About It!
How would your Simplify (6 — Suy)ix + el
answer differ if you fx + yiBy — i)
factored out —1in the 6x® — Sxplix + 2y)  x(x = Splix + 299
denominator rather e+ By —69 — [+ yi5y - 6x) Factor.
than the numerator? i
Would the expression __ = T)Se——0E)x + 23} .
be equivalent? T )+ piEe—an =5y =—%r—8q
1
_ {=xx + 29 xix 4+ 2 e
=" x4y ~Tx+y Simplify.
Check
[Ty = JxpSx = 1)
Select the simplified form of T ——
Sx=1
A x{Bx + 1)
B [Ty = 3x)[5x = 1)
* x4+ NEx— T
i
C. ]
Bx =1
Rl v e
Explore Simplifying Complex Fractions
Qﬁn Online &} Online Activity Use the interactive tool to complete the Explore.
You can complete an T
Extra Example online. & INQUIRY Can you simplify complex fractions
that contain polynomials in the numerator or
denominator?
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Learn Multiplying and Dividing Rational Expressions

o Think About It!
The method for multiplying and dividing fractions also works with Why is it that for
rational expressions. multiplying rational
e : EXPressions we raquire
Key Concept - Multiplying Rational Expressions thatb # Oandd # 0
Words: To multiply rational expressions, multiply the numerators and but for dividing rational
the denominators. expressions we require
Symbols: For all rational expressions § and Swith b # O and d # 0, :.:: Ej 0.c+# 0, and
a c£_ o ?
b "d~ bd-

Key Concept - Dividing Rational Expressions
Words: To divide rational expressions, multiply the dividend by the
reciprocal of the divisor.
Symbols: For all rational Emesslnnsﬁwﬁwiﬂ'rb #0.c#0,andd # 0,
a.¢c_o d_od

el M) —_—— =

& " d~bh ¢ I

A complex fraction s a rational expression with a numerator and/or
denominator that is also a rational expression. To simplify a complex
fraction, first rewrite it as a division expression.

Example 3 Multiply and Divide Rational Expressions
Simplify each expression.

i 3x 12xy
T By 9
I Yy  3ex.2.2.3.%-X-¥ e
EP'W_E.E.E.}“3'31_:.P1P+,' acior
_ BeRReReRexexey T BT
o P P TS B I DT iminate commaon factors.
1 1 L ] 1 ]
= 2;_::! nr% Simplify. Wite using exponents.
B 105 . 30302
Bcd © dc
wnd | 3050 e ac
TR Sl P ) Rl oy e
reciprocal of the
divisor
__ 2.5.dedsd+dede2:2.c i
= 2 -3.c-0-2-3-Bececec-O-d ach
T P T | i |
o 2.23'5?'3':;_‘;”; _iff_:'# Eliminate comman
1 T R i 1 factors.
=3-§:i:3-cﬂ'% Simglify. Write wsing
exponents.

{23 Go Online You can compiete an Extra Example oniine.
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& Talk About It!

If you simplify a ratio of
twio rational
expressions that both
contain polynomials in
their numerators and
denominators, will the
simplified expression
oways, sometimes, or
mever be a rational
expression with
polynomials? Explain
Your reasoning.

@ Example 4 Multiply and Divide Polynomial
Expressions

GEOMETRY A manufacturer that creates and sells rectangular
planters wants to compare the areas of the top sections of two
potential sizes of planters. For some given measure x, the area for

the first planter is represented hrﬂ—z!%-;—-mand the area for the

second planter is represented ww Write and simplify

an expression that represents the ratio of the area for the first
planter to that of the second.

Because the question calls for a ratio of the area of the top of the first
x% 4+ 15x 4+ 50 , x4+ 30w + 200

planter to that of the second, find X+ 2 = x+ 3
x? 4 155+ 50 , %+ 30x 4+ 200 _ x2 + 15x 4 50 x+ 2
x4 2 J x4 2 == x4 2 * % 4 W 4+ 00

1 |
_ et Sl x42
2 A0 + 20

_ X+5
= ¥4 20

Example 5 Simplify Complex Fractions

2x_
=
Simplify —gor—.
a7
x
E—F 3 i Gxy e o : _
By x—y W= xpress as a division expression
W3
ek ;
=¥=y" Gy Multiply by the reciprocal
E |
“¥=y"' &y Distributive Property
1 f"{ o
X
= %‘ i ﬁ;ﬂrﬁi Factor and efiminate factors.
2ix +
= y Simplify.
Check
o= — Gy?
Simplify P
x®

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can complete your homeswosk onlineg.

Example 1
Simplify each expression, and state when the original expression is undefined.
1.\1:—3}|x+ﬁ!; 11-'Jtlr'z+3k'+2l
Yk x =12 2ty = Ay + 2}
aw—ﬂuﬁ~ﬂ mb‘—iﬁx‘rﬁﬂnﬂi’l
* A4 Z){x = 3) [x? = 64 [xT = Gx = 16)
g, b+ 2e—4) g, v - Blb7 + Iy - 24)
" Bl o x = 20) 15y " = 12y + 37
Example 2
Simplify each expression.
X=5x=1 9t -5
T omra— 8 -
br = djix® + 2x — 48) 10, =2
(36 = x2Y(xd 4 dx = 32) £ & =20
Exampie 3
Simplify each expression.
Soc’f | 12ob’c 1. Mxz  Twsge
© Bofbe  Bab S 2wtz 2wz
13 Bac’h® | R2a%bic “g"&}"f; 1242
" 38RACIE T TOabcf 527 7 gomtr
1502 Mol M5 | 358
5. Sae * e ® o B
Example 4

17. BEAUTY A producer of beauty care products wants to compare the areas of two

fare cream contalners. For some measure o, the area for the first container is

represented by %- The area of the second container is represented

by %. Write and simplify an expression that represents the ratio of the

area of the first container to the area of the second contalner.

18. PACKAGING A packaging plant guality assurance agent compares the surface
area and volume of packages to ensure the packages will be transported
economically. The most popular package size is a cylinder with a helght of
18 inches. Define a varable, then write and simplify an expression that represents
the ratio of the surface area to the volume of the cylinder.

FJ
19. LANDSCAPING Rashard is building a rectangular patio. If W represents

24 =3
+ 9F 4 14
expression that represents the area of the patio.

the length of the patio and < represents the width, write and simplify an
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Example 5

Simplify each expression.

xi—9 ¥F—x

e ot . =
" a2+ M0+ 3 CETF
x— =2 &
o — b? H—y
b3 o+ b
22. e g 23. B= 3

o

%
I
i

Mixed Exercizes

Simplify each expression.
P+By+15 -Gy +18 c=86c=1 , =8
MU Ty-8 " -3 5. 5_F T c+d
4G+ 20 Ax?+16x+16 27 3c? + 60+ 3, 2o?=12
Bx + 16 %2 = 25 " =30-10° o£-4
28 _9=¥  (22474+3)7 0 {Mafzx-ﬂ]"‘_ 2% —
"=dx=21 \2x2=15x+47 x24dx=5 ¥ = 2x =35
20 (axpﬂz ]3 16t 5, 206952 {wﬁj“
" \2ohc?) T By * 3g%@ T\ %acz
B — 0w — 3 Iw® + T — 30
10x2 + A5z — 20 6l + B+ 5
32. It x— 8 33. 4 + 1dx— T2
du? + By + B Td — i — 4
gq B t&x—-32 2?75 67— 18r-60 g Bl4Wx-3  2?-5x-12 &+ 3x-1
" T4 Ox=-5 T-Tx=-4 = dx e = 2x =36 T =1Tx=6 dxI = 40x + 24

36. JELLY BEANS A large jar contains B blue jelly beans and R red jelly beans. A bag
of 100 red and 100 blue jelly beans is added to the jar. What is the ratio of red 1o
blue jelly beans in the jar?

37. MILEAGE Martina drives a hybrid car that gets 45 miles per gallon when driving
in the city and 48 miles per gallon when driving on the highway. If Martina uses
C gallons of gas in the city and M gallons of gas on the highway, write an
expression for the average number of miles per gallon that Martina gets with her
car in terms of C and H.

38. HEIGHT The frant face of a Mordic house is trlanqular. The area
of the face is x* + 3x + 10, where x is the base of the triangle.
What is the height of the triangle in terms of x?

39. CONTAINERS David is designing a cylindrical container. He wants
the helght of the container to be twice the length of the radius.
Write an expression for the ratio of the velume of the container to
the surface area of the container, where h is the helght and r s
the radius.
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40, ARCHERY Harold and Hinto are on the archery team. So far at practice, Harold
has hit the target 7 out of 10 times for an average of 70%, and Hinto has hit the
target 9 out of 10 times for an average of 90%. Harold and Hinto each hit the
target on their next x consecutive attempts.

a. Write an expression for Harold and for Hinto that shows thelr average of hitting the
target after hitting the target on x consecutive attempis.

b. Write a simplified expression for the ratio of the percentage Harcld hit the
target to the percentage Hinto hit the target if they both hit the target on theilr
next ¥ consecutive attempls.

41. GEOMETRY The volume of the rectangular box shown is given
by V= (2x* + 26x? + 60x) cubic inches.

a. Explain how to find an expression in terms of x for the height SN .-:-:~.=:.--:
h of the box. Y in. B
[x 4+ 10} in.

b. In terms of x, what & b in simplest form?

€. Explain how you could check the expression you found in part b. Then check
YOI expression.

42. ROWING The time it takes Irfan to row 9 miles upstream is ¢ Ei = The time it takes

him to row 9 miles downstream is g 'i = where ¢ is the speed of the current in
miles perhourand 0 = ¢ < 5.

a. Which way does Irfan travel faster, downstream or upstream? Give two reasons
for your answer.

b. Determine how much faster Irfan travels in the faster direction than in the
slower direction. Explain your method.

43. REASOMNING During her first week of running, Rafaela takes ! minutes to run a mile. In
miles per hour, her average speed |s given by ?. Rafasla hopes to get her average
time to ! — 2 minutes to run a mile during her second week of running. On averane,
how many times faster does Rafaela hope to run a mile during her second week than
during her first week of running? Explain how you know.

44, CONSTRUCTING ARGUMENTS Saquita graphs the function

Six + THx + 2)(x + 3}

Y= v x+ 9=+ 3

result is a horizontal line because of the display shown. Is Saquita
corfect? Justify your argqument.

on a graphing calculator and claims that the
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45. USE A MODEL Anita’s yard is being professionally landscaped. The
final design will consist of a circular fountain x feet in diameter in
square 4 surrounded by a grassy area in square B and a gravel
pathway in square C that borders the grassy area. The square
areas will be centered on each other as shown in the diagram.
Square 4 will have a side length of 2x feet.

a. Anita would like the lengths of the sides to be proportional. For
what values of x will the ratio of the lengths of a side of square C
to a side of square B equal the ratio of the lengths of a side of
square B to a side of sguare A7 Explain your reasoning. What
diameter could the fountain have?

b. If the landscape architect changed the width of the gravel pathway to 4 feet and
the width of the grassy area to 2 feet, is there a value for x that would make the
ratios equal? Explain your reasoning. What diameter could the fountain have?

Q Higher-Order Thinking Skills

fa = Bj{x + 2)ix + 3)
x+3

46, ANALYZE Compare and contrast and (x — 6}{x + 2).

47. FIND THE ERROR Troy and Beverly are simpiifying :.d%; = }%,. Is either of them
correct? Explain your reasoning.

4y 4 F e T ¥y 4 nby pom
Sk b i i LI S e e e e
.i:-l.l";-lf-lﬂ.t-l-l"‘ — K - et E &
-4 ity
=Xy ]

48. PERSEVERE Find the expression that makes the following statement true for all
values of x within the doman.
x=58 #
X+3 XN=6

=x —2

49. WHICH ONE DOESN'T BELONG? Identify the expression that does not belang with
the other three. Justify your conclusion.

1 e 3n 2 x+1 e o |
x =1 x=05 x4+ 3 3

50. aNALYZE Determine whether the following statement is sometimes, always, of
never true. Justify your argument.

A rotional function that hos o vaniable in the denominator s defined for all real values of x.

=1
X4 -
4

B1. CREATE Write a rational expression that simplifies to

B2. WRITE The rational expression = L?'” is simplified to E a - Explain why this new

expression s not defined for all values of x.

B3. CREATE Write three different rational expressions that are equivalent to the

a
expression prgy F 5.
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Lesson 7-2

Adding and Subtracting
Rational Expressions

Today's Goals
_ : = Simplify rational
Explore Closure of Rational Expressions expressions by adding
and subfracting.
E Online Activity Use the interactive tool to complete the Explore. » Simplify complex fractions.
=

& INGUIRY If you multiply, divide, add, or
subtract two rational expressions, is the result
also a rational expression?

Learn Adding and Subtracting Rational Expressions

Just as with rational numbsers in fractional form, o add or subtract two
rational expressions that have unlike denominators, you must first find
the least commaon denominator (LCD). The LCD is the least common
multiple (LCM) of the two denominators.

To find the LCM of two or more numbers or polynomials, factor them.
The LCM contains each factor the greatest number of imes it appears

as a factor

Key Concept « Adding Rational Expressions
Words: To add rational expressions, find the least common denominator.
Rewrite each expression with the LCD. Then add.
Symbois: For all rational expressions 2 and Swith b # O andd # 0,
- od | b H oo + be B o ¥

a i
BTd- b Thd— Bd

Key Concept - Subtracting Rational Expressions

Words: To subtract rational expressions, find the least commaon
denominator. Rewrite each expression with the LCD. Then subtract.

Symbois: For all rational expressions = and S with & # 0 and d # 0,
il i oy L
] g~ bha bad — ba
Example 1 Add and Subtract Rational Expressions
with Monomial Denominators

Simplify each expression.

Ja . ac
7o 4 _Ta,5 .2b & LCD s
R N ke e ek The LCD is 20b.
_ 350 , Bhe?
=306 * 208 Mty
z
= =5 ke Adid

.} Go Online You can complete an Extra Example online.
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(&) Talk About It!
For part b, if you
identified the LCD as
9y - 6z = Sdyz,
multipled, and
simplified the
expression, would your
answer still be correct?
Explain your reasoning.

4 Think About It!
Why is each rational
expression not -
multiplied by 5—37

W _wm = Wy o
6z Oy 2z Gz 3y The LCD is 18yz.
a7 _
T iz e Musttipdy.
dxz = 2
= wrbz' Subtract.

Example 2 Add and Subtract Rational Expressions
with Polynomial Denominators
2x +1 7

Simplly e T
x4l 7
E+x-15 Gx-15

x4l 7

T x=3fx+5 Sk-3

S2x+1 T+ 5)
Spc = 3x+ 5  Sx = 3)x+5)

- % Distributive Property

Factor the denominators,

The LCD is S{x — 3j{x + 5.

= % Subtract

Check
3x 2%
Simplify A +d AT

@ Example 3 Use Addition and Subtraction of
Rational Expressions

PRODUCTION The rate at which some oll wells pump oil in
thousands of barrels, given x years of pumping, can be given

hyg;q+#j'£-;—n.ﬂnmlwﬂumhn.

:';—ﬂ + Eﬁmfxln Original expression
= :ng++2?ﬂ?r ';m bultiply by the missing factors.
= B0x" ;—;ﬁﬂ;c-:ﬂﬂf Dristributive Property
= :r;ﬁ:zﬁxm AR

L) Go Online You can complete an Extra Example online.

320 Module T Rational Functions



Learn Simplifying Complex Fractions

Complex fractions can be simplified by simplifying the numerator and
denominator separatety and then simpiifying the resulting expression.
You can also simplify a complex fraction by finding the LCD of all of the
denominators. Then, the denominators can all be eliminated by

miultipiying by the LCD.

Example 4 Simplify Complex Fractions by Using
Different LCDs

§+1
Simplity 37—

-5
Step 1 Determine the LCD.
LCD of the Numerator:

The numerator isf + 1, and the LCD is y.
LCD of the Denominator:

The denominator is % — ., and the LCD ks xy.

Step 2 Simplify.
X e, N
S il The LCD of the i
T W e =] of the numerator is .
x5y —
4 ¥ X The LCD of the denominator is xy.
M J.F_L"
¥ -
= Simiplify.
yox =
¥
X+ = x
=Ty o = fh-,- Write as a division expression.
_x+y Xy ’ o
== = Vo Multiply by the reciprocal of the divisor
X+ xy
= LR Efiminate common factors.
T P-x
= X & ¥ 3 x y :
=7 _lr‘l_—= = Simplify.
R
= xj: - fr Bultiply.
_x'*'d-x]- Dvstributive P
i 75" istributive Property

{3 Go Online You can complete an Extra Example online.

&) Talk About It!
In the complex

1 1
+
fraction H what is

Ak
the LCD of the

numerator, the
denominator, and of all
denaminators in the
fraction?
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Example 5 Simplify Complex Fractions by Using the
Seme LCD

-
Step 1 Determine the LCD.

The denominators of the terms in the numerator and
denominator are 2, x, and y.

So, the LCM of all of the denominators is 2xy.
Step 2 Simplify.

=7x - The LCD is 2xy.
T E=E) '

; 2y ) e
- Zxy

- . & Muttiply.

2+ b
o a-a®

{2} Go Online You can complete an Extra Example online.
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Practice {2} Go Online You can complete your homework online.

Examples 1and 2
Simplify each expression.

X5 5
1'T+F 2 szr ap7r
2c =7 2 5
3. 3 + 4 ‘umz—p-l'E
12 2 7 3
e Bt 5 —+
5" Syz agh  an’
3 2 3t 5
T -3 s By xtz—3
k k iz Z 44
gk—n n=k mz+d+2+1
n 242 3 2
“'n—3+n1—i*n—3 12'_».-14-]..--11 [T TR
Example 3

13. ELECTRIC POTEMTIAL The electric potential between two electrons is given by a
formula that has the fﬂrm + ﬁ Simplify this expression.

14. GEOMETRY The cross section of a solid consists of two
trapezroids stacked one on top of the other. The total area of the
cross section is x2 square units. Assuming the trapezoids have
the same height, write an expression for the height of the solid in
terms of x. Write your answer in simplest form. Recall that the
afe& of a trapezoid with height h and bases b, and b, is given

by 3hib, + b,).

15. TRACK Morgan, Connell, Zack, and Moses run the 400-meter relay
together. Each of them runs 100 meters. Their average speeds were r,
r+ 05, r— 05, and r — 1 meters per second, respectively.

a. Write an expression for each individual’s time for their leg of the race.

b. Write an expression for their time as a team. Write your answer as a ratio of
two polynomials.

€. The world record for the 100-meter relay is 374 seconds. What will r equal if
the team ties the world record?

Examples 4 and 5
Simplify each expression.

2 3x 4 9
e 7 iRt E
T dx * 5 ]
x+3 o—19 x—B x+5
—55“% —Er!x—x:
18. == T 19. 25 -
= v TR e gl
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Mixed Exercises

Simplify each expression.

20. .35 -5 M Hrg— B
n'ﬁ+;x+1+xi1 B. iﬁ—?_x‘—;x—m

s 2&5;* 3 35.;:“;‘3 i ﬁ_ 35?-.«*:

26 2+38 4+ 2, E%J’FJ’%
m.%+%—% m.ﬁ+%—%
e ey 31'ﬁ—zi—iﬁ+yi+9:r+m
32'3,-1-11:2&;-&_;3-2“3 33'1:F+E:1x-s_f+:fx-m
Mqﬂ+2;x+2+zx=-:x-zﬂ 35'3x?+4;x-m_2ﬂ+1t:x+15

3B. LENSES The focal length of a lens fis related to the

distance from the subject to the lens p and the
distance fram the lens to the image on the sensor g
by the formula % + % = ll, Express% + % as a single

fraction.

]
1
i —

subject ¥ lens

37. USE A SOURCE In the seventeenth century, Lord William Brouncker conducted
research in mathematics and music and served as the first president of the Royal
Society in London, England. Research Lord Brouncker's work in the area of
caontinued fractions. Describe the discovery for which he Is best known.
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Simplify each upruﬁnn.

ag. - Ht = 99 -5 _4__8
5::‘ 16y Iy
5 2 1 4
40, - 1. +
B + d6x = 6 G + 57x 4 72 B = 20k =12 G & 27x 4+ 12
4y ¥ x X 4x 4 3
dlxz—y'z+x+y_x—y ﬂf W+8  x—1 %-8
2 3 1 1
u‘ﬁ:m as. — TF
of —Bg &+ 4 ':F F'-““' N

Find the slope of the line that passes through each pair of points.
46. A(2.1) and8(1 ) a7. c(4.3) and D(Z. 1)

48. USE A MODEL Hachi needs to buy fencing for her
rectangular garden.

a. Write an expression, in simplest farm, that represents the
number of feet of fencing Hachi needs. Are there any 3+ x

restrictions on the variables? Explain. foet

b. Hachi wants to remove a square cormer from her garden.
The sguare section removed will have sides the length of
half the width of the original garden. What expression
represents the perimeter of the new garden? Explain.

I+ x

feet

49, STRUCTURE Determine the average of three rational numbers represented by
these rational expressions: 4, =3 and o for x 5= 3, and x # 0. Explain how you
found the average.

B0. ELECTROMNICS A resistor is an electrical compoanent that reduces the flow of
electrical current through a circuit. A resistor is connected in parallel when both
of its terminals are connected to both terminals of an adjacent resistor. When
three resistors are connected in parallel, the total resistance, R, is given by
R.o=—".

! R A, [

rimta,

a. Simplify the complex fraction. Explain how you know your result is simplified as

much as possible.

b. Timaothy found this formula for total resistance, ﬁ! = 51. + ; + 5 .R He zaid that

this formula ks equivalent to the original formula. Is TI1'r'|:+'ﬂ'|5-I mrfer:t‘? Explain.
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Find and simplify the sum or difference.

2+ 5 | dx x=1
51'1:1‘?—1 41 Ealh'i-bxﬂ-ﬂ <

B3. WORK The ecology club is landscaping a local park. Dell can plant a flower bed
in 3 hours. Max can plant a flower bed of the same =ize in 4 hours. Using ¢, time in
hours, write an expression representing how many flower beds they will complete
in  hours working together. Explain your reasoning.

B4, REASONING Determine three real numbers that divide the real number lina
between %and % into four equal parts. Assume that x = 0. Explain your
reasoning.

E5. STRUCTURE The Fibonacci numbers are a famous sequence in which each term
is the sum of the previous two. So, the Flbonacel sequence is1,1, 2,3, 5, 8,13, 21,
34, __ The sequence is related to a sequence of continued fractions. Simplify each

continued fraction.

1+

41 1+
o) I-|-‘I

e. Find the values of the expressions in parts a-d for x = 1.

f. How are the terms of the Fibonaccl sequence related 1o the values you found
in part &7 Make a conjecture about the next value in the pattern.

Q Higher-Order Thinking Skills

- X4

Ox =
56. PERSEVERE Simplify ———
e Gt

57. ANALYZE The sum of any two rational numbeers is always a rational number.
So, the set of rational numbers is said to be closed under addition. Determine
whether the set of rational expressions is closed under addition, subtraction,
multiplication, and division by & nonzero rational expression. Justify your
argument.

BB. CREATE Write three monomials with an LCM of 180c*hEe.

59. WRITE Explain how to add rational expressions that have unlike denominators.
How does this compare to adding rational numbers?

&0. CREATE Write a rational expression by adding and Suhiaacting three terms that

. 1%
each have a monomial denominator and a sum of S -
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Lesson 7-3

Graphing Reciprocal Functions

Learn Graphing Reciprocal Functions

_n_
bix)
I a real number and bix} is a linear expression that cannot equal 0.

A reciprocal function has an equation of the form fix) = where n

The parent function of a reciprocal function ki fix) = ,l A vertical
asymptote is a vertical line that a graph approaches. A horizontal
asymptote ic a horlzontal line that a graph approaches. Because the
function fix) = ,i is not defined when x = 0, there is a vertical
asymptote at x = 0. The type of graph formed by a reciprocal function
is called a hyperbola.

The domain of a function i limited to values for which the function is
defined. Values for which the function is not defined are called
excluded values.

Key Concept « Reciprocal Functions

Parent function fix)= 1 ;H' !
Type of graph hyperbola \ gl
Domain and range all nonzero real numbers =
Asympitotes x=0and i =0 'F="“~{' BE
Intercepts none

Mot defined x=0 h

A reciprocal function has two asymptotes, which are lines that a graph
approaches. The vertical asymptote & determined by the excluded
value of x, and the horizontal asymptote is determined by the value
that is undefined for fx).

n_
Bl
asymptote i ix) = 0 because there is no value of x that will result in
fix) = Q. For a reciprocal function of the form fx) = ﬂim + k, where k is
a constant, the horizontal asymptote is fix) = k.

For a reciprocal function in the form fx) = the horizontal

Example 1 Limitations on the Domains of Reciprocal
Functions

Determine the axcluded value of x for each function.
[+
a. gxl=x
The function is undefined for x = Q.

[continued on the next page)

Today's Goal

= Graph reciprocal
functions by making
tables of values.

= (Graph and write
reciprocal functions by
using transformations.

Today's Vocabulary
reciprocal function

vertical asymptote
horizontal asymptote
hyperbaola

exciuded values

Q) Talk About Itl

How many wertical
asymplotes would you
expect a function with
a quadratic expression
in the denominator ta
have? Justify your

response.

Study Tip
Alternative Motation
The parent function of

the reciprocal function
can also be written as

flx) = x7%
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f Think About It!
Explain why reciprocal
functions have a
restricted domain.

{9 Think About It!
Explain the relationship
betweaen the
asymptotes and the
domain and range.

2

b. glx) =25
¥x—T=0 Set the denominator of the expression equal to O
x=17 Add 7 each side.
The function is undefined for x = 7.
_ =5
€. gix)= T |
x+4=0 Set the denominator of the expression equal to 0.
3k =—4 Subtract 4 from each side
X= —% Divide each side by 3

The function s undefined for x = —%.

Check

Determine the excluded value of x for each function.

LQ{X}=%IS undeﬂnedwrhenx=...?...

b. gix) = ; E“ is undefined when x = l

. gix) = ﬁ is undefined when x =

?

Example 2 Graph a Reciprocal Function by Using
a Table

Consider g{x) = 5 + 2.

Part A ldentify key features.

Identify the asymptotes, domain, and range of ax).

To determine the vertical asymptote, find the excluded value for x.

2x—5=0 Set the denominator of the rational expression equal to 0.

X= % Smplify

The vertical asymptote s x = % and the domain is [xjx = %}.

The function s of the form fix] = ﬁ + k, whare k= 2. So, the graph
has a horizontal asymptote of g{x) = 2, and the range is [gix}|gix) # 2L

Part B Graph the function, and identify the intercepts.
Graph the vertical and horizontal asymplotes G
with dashed lines.

Use a table to find values of gix). Include
values that are less than and greater than the :l
excluded value. Then, plot the points. iy

Connect the points with smooth curves without 5
crossing the asymplotes. ] |

x —1 0 1 2 3 4 5 &
gix) 1.86 18 167 1 3 233 | 22 214

L) Go Online You can complete an Extra Example online.
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Find the x-intercept by substituting O for gix).

; Watch Outl
=5 _+2 Original funciion Symmetry When
i . graphing, keep in mind
O=5_+2 Substitute O for gix) that the: pieces oif the
2= ﬁ Subtract 2 from each side grapl‘lr of the facirocs)
function will be in
—22x— 5 =1 Multiply each side by 2x — 5. opposite regions. For
- example, a function
—dx + 10 =1 Distributive Property with asymptotes of
¥ =225 Sobve for x. ¥=0andx = 0 will
gither be graphed in
Find the yintercept by substituting O for x. Quadrants | and ll or
1 Quadrants Il and V.
gix) = S5+t 2 Onginal function
g} = ﬁ + 2 Substitite O for x.
gix) =18 Solve for gix).

The x-intercept is 2.25 and the y-intercept is 1.8

Check
Consider gix) = = + 1.
|dentify features of ax).

vertical asymptote: x = _?  horizontal asymptote: y = £ o)
domain: {x | x # ?_] range: [gix) | glx) # l]
x-intercept: 4 intercept: ?

(=] Example 3 Analyze a Reciprocal Function

ELECTRICITY Ohm's law states that electric circuits operate
according to the equation | =, where [ is the electrical current in
amperes, Vis the electromotive force in volts, and R is the resistance
of the circuit in ohms. Analyze the electrical current of a 110-voit
curling iron in relation to the resistance of its circuit.

Part A Write and graph a function.

110

Because ¥V = 10, the electrical current is given by [ = i

The vertical asymptote is R = 0 and the horizoantal asymptote is /= 0.
Make a table of values and piot ordered pairs on a coordinate plane.
Then, connect the points with smooth curves.

(continued on the next poge)
E Go Online You can complete an Extra Example online.
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[ [ =
—30 —367 'g _jqr;
-20 55 £ o
—10 -1 £ !!H'EE-% A
10 1 E |
20 55 L
30 367 Resistance (ohms)

Part B Analyze the key features.
domain: (R|R ¥ 0}

range: [[11 £ 0]
intercepts: none

Use a Source

In the United States, a
voltage of 110 is
standard for most small
appliances, like curling
irons. Find the
standard voltage for
anather country and
determine how it
would affect the araph.

positive: when [ = 0

negative: when ! < 0

symmetry: symmetric about the origin

end behavior: As R — —x /—0Dandas R — = | — 0.

Check

CABIMN RENTAL A group of friends plans to rent a cabin at Red Pine
Ski Lodge. The cabin costs $750 to rent for the weekend. Let x be the
number of friends who are sharing the cost, and let ¥ be the cost for
each person.

Graph a function representing the average
cost per person to rent the cabin. Analyze
the key features of the graph.

domain: [xlx ! Gl |
. ?
range: [ ¥y £}

x-intercept: ?

y-ntercept: [

positive: when x 7

negative: when x L

Go Online You can
complete an Extra end behawvior: As x — —xl,j.r—r_?ﬂnd ﬂsx—p-rrf—ri

Example anline.
Given the context of the situation, the domain is limited to
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Explore Transforming Reciprocal Functions 3 Go Online You can
watch the video to

L) Online Activity Use graphing technology to complete the Explore. see how to graph
transformations of a
reciprocal function on
a TI-84.

& INQUIRY How does performing an operation
an a reciprocal function affect its graph?

Learn Transformations of Reciprocal Functions

The same techniques used to transform the graphs of other functions
can be applied to the graphs of reciprocal functions.

5o Online You
Key Concept « Transformations of Reciprocal Functions a

3 may want to complete
g)=5—pf +k the Concept Check
f — horizontal If & = 0, the graph of fx) is translated A units right. to check your
i nderstanding.
Tansation If f < 0. the graph of fix}) is transiated |h] units left & i
The vertical asymplole is at x = h.
k - vertical If k = O, the graph of x) is translated k units up.
wansietion If k <= O, the graph of fix) is translated |k| units down.
The horizontal asymplote s at fix) = k.
o — afentation If |a| = 1. the graph is stretched vertically.
and shape HO < |af <1, the graph is compressed vertically.
E::an'llpte 4 Graph a Transformation of a Reciprocal &5 Think About It
Function Bt b tha
-4 transformations in

Graphg{:}:m—l.imumedumh and range. 1 Qi"’i=x1‘1—155“
gix) = -7 — 2 represents a transformation of the graph of fix) = % relates to the parent

function.
a = —4 The graph Is reflected in the x-axis :

and stretched vertically. E[ ]| ikl %‘:

h =—1 The graph Is translated left 1 unit. B H’F\?
The vertical asymptote is ¥ = —1 1 -

k =—2 The graph is translated down 2 units.
The horizontal asymptote is gix) = —2.

The domain s {x]|x # —1].
The range Is [gix) | glx) # —2).

{3 Go Online You can complete an Extra Example online.
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Waich Out!

Scaling When graphing
transformations of
reciprocal functions, you
may need o use a larger
coordinate plane or
scale the axes so you
can get a better view of
the function. Using a
larger coardinate plane

will make asymptotes
mare abvious.

{o¢ Think About It!

Determine the domain
and ¢ of

glx) = i —2

Check
Graph g] = —

x—1+3'

1

State the domain and range of gix) = 7 + 3.
domain: 2
range: 4

Example 5 Write a Reciprocal Function from a Graph

Identify the values of a, h, and k. Then write | anL
nfun:tlunfnrmagr&phgu}=;-5-ﬁ+lr. | I!Il "l
The asymptotes are x = —4 and y = —2. 50, - 1 ;
h = —4 and k = —2_ Use a point on the graph __.___b
1o solve for a. ﬁ'__:
i
gix) = = E 7+ K General form of reciprocal function
S S _ = — = — i = [—
A= -8 +(—2) h 4, k 2, and fx, gixjj = {—3. 3)
3=g—2 Simplify.
b=ug Add 2 to each side.

Usze the values of a, i, and & to write the function.
5

!J‘M=x+4‘2 g=5h=—4 andk=—2
Check

Identify the values af a, h, and k for the graph.

NG e

Write a function for the graph
g = 725 +k e

h_ﬁl B moon
B
\
ME

gl = ?

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can complete your hormesosk oaline.

Example 1
Determine the axcluded value of x for each function.
5 -3 10
1 fixl =% 2.91.:}=H+2 3..I'Ixj=x_3
5 5 5
4. gbd = —5; S =553 6. g =9"9
Example 2

Identify the asymptotes, domain, and range of each function. Then graph the
function and identify its intercepts.
i

1 =5 B i=—x+4
9. fx) =125 10. fix) = -3
Example 3

1. PLAMES A plane Is scheduled to leave Dallas for an 800-mile flight to Chicago's
O'Hare airport. However, the departure is delayed for two hours.

a. If t = 0 represents the scheduled departure time, write a function that
represents the plane's average speed ron the vertical axis as a function of
travel time, . which i based on the travel from the scheduled departure time
to the destination. Graph the function.

b. Analyze the key features of the graph in the context of the situation.

12. COMPUTERS To manufacture a specific model of computer, a company pays
$5000 for rent and overhead and $435 per computer for parts.

a. Write the function relating the average cost to make a computer C to how
many computers n are being made. Graph the function.

b. Analyze the key features of the graph.

Example 4

Graph each function. State the domain and range.
1 =1

1B. x)=5335—3 M. Ax)=5y55—6
=1 i

B =777 +3 18 ) =733—2
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Example 5
Identify the values of g, b, and k. Then write a function for the graph g(x) =-,—f-i + k.

17. Ejm 1B. EEL
E —-rQ 4 B 02
2 1 ——
il '__E_ ]
—&—d 0 élm | It'\-=
L H Y FIE ™
7 - —1i2
Lty 1
19. ¥R 1A 20. ]

T T &

Tl He
TR b e
EEL Nl ; el —u.gﬁ"‘. By

Al i H
'—.'I'IJ]—|—!—HE-£-E1_ L -y :_f
]ll [ i
B |
21 ﬁ"'“m 2. ]
B &
_iaa 414
Lyl ds . [
| I.-I = —61 = j‘l. I
—f = '-, s e X

T =t T

1 :

Wi r

Mixed Exercises
Determine the values of x for which fix) is undefined.
SV =12

2B. =758 24- )=z -3
25 ﬂk’j_; 26. M_#

i T =dx=3 Tt dx—12
-y A, FE e S 28 )= ——

: X2 = 2x =15 Ix + 4)(x2 = 9
29. What are the domain and range for the function fix) = = i 1?
30. Determine the equations of any asymptotes of the graph of fix) = m
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Graph each function. State the domain and range, and identify the asymptotes,

N A =5 32 =5
] 1
33. M) = 5 34. =553
= |
35. fx) = — 1 36. i =55
& 2
37. i) =cor 4 2 38. fix) = =5 +3
39. =5 -9 40. fix) = —> -8

Write a function for each graph fix) = x—:-—‘; + k.

a1, ATh a2, i ﬂ
]
o= =] '-“: . —?‘- -
]
} 'am
a3 T a4 ﬁ‘-’.;
i wn
e ;
_ﬂq:lx Lﬁ' o }- -
}———a Ly
| y | . | J

45, VACATION The Castellanos family is planning to rent a car for a trip. The rental
costs $125 plus $0.30 per mile.

a. Write the equation that relates the cost per mile, C, to the number of miles
traveled, m.

b. Explain any limitations to the range or domain in this situation.

46, BIOLOGY The population of a certain bacteria can be approximated by the
function Pi) = % + 10, where P[i) is equal to the number of bacteria after
t minutes. Eventually, what will happen to the bacteria population?
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STRUCTURE Graph each reciprocal function and identify any transformations from the graph of
the parent function fix) = ;:r

=1 s
a7 gix) =55+ 1 a8. hix)==5—5

49. PRECISION The flgure shows the graph of the parent reciprocal function,

fix), and the graph of a reciprocal function, kix). Explain

B o

how to use transformations to write the equation for k(x).

JJI.l

IL
|

=¥ Y

B0. MONEY Some students are renting a bus far a trip to an aquarlum. The
bus costs $200, and the aguarium tickets are $25 per person.

a. Write a function that gives the total cost per student y, assuming that there are
x students and they share the cost of the bus eqgually. Then graph the function
on a coordinate plane.

b. What iz an appropriate domain for the function? Explain.

c. Find the average rate of change on the interval x = 10 to x = 20. Interpret the
resull.

Q Higher-Order Thinking Skills

B1. CREATE Wirite a reciprocal function for which the graph has a vertical asymptote
at x = —4 and a horizontal asymptote at fix) = &.

B2. ANALYZE Consider the functions flx) = ; and gix) = I—’,

a. Make a table of values comparing the two functions. Then graph both functions.
b. Compare and contrast the two graphs.
c. Make a conjecture about the difference between the graphs of reciprocal

functions with an even exponent in the denominator and those with an odd
expanent in the denominator.

53. WHICH ONE DOESN'T BELONG? Find the function that does not belong. Justify
your conclusion.

k] &+ 3

an
o = 55 gon = "2 o= ia =57

54. PERSEVERE Write two different reciprocal functions with graphs having the same
vertical and harizontal asymptotes. Then graph the functions.

B5. PERSEVERE Graph fix] = What are the asymptotes of the graph?

4
(x + 2

BB. WRITE Explain why only part of the graph of a rational function may be meaningful
in a real-world situation in the context of the problem.
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Lesson 7-4

Graphing Rational Functions

Explore Analyzing Rational Functions

3 Online Activity Use graphing technology to complete the Explore.
=

@ INGUIRY How can you use a graphing
calculator to analyze a rational function?

Learn Graphing Rational Functions with Vertical and
Horizontal Asymptotes

A rational function has an equation of the form fx) = % where ofx)
and bix) are polynomial functions and b(x) # Q.

Key Concept « Vertical and Horizontal Asymptotes
i fix) = % , afx) and bix) are polynomial functions with no common

factors other than 1, and b{x) # 0, then:
= fx) has a vertical asymptote whenever bix) = 0.
= fx] has at most one horizontal asymplote.

= [If the degree of alx) is greater than the degree of blx), there is no
horizontal asymptote.

+ i the degree of alx) is less than the degree of Bix), the harizontal
asymptote is the line ¥ = Q.

« If the degree of alx) equals the degree of bix), the harizontal

' , leading coetficient of afx)
asymplote is the line = leading coelficient of Bl

Example 1 Graph with No Horizontal Asymptotes

.13
Graph fix) = — §
Step 1 Find the zeros.
Setalx) = 0.
=0
x=0
There is a zero at x = 0.

(continued on the next poage)

{23 Go Online You can complete an Extra Example online.

Today's Goals

» Graph and analyze
rational functions with
wvertical and horzontal
asymplotes.

= Graph and analyze
rational functions with
obligue asymptotes.

Today's Vocabulary
rational function
obligue asymplote
point discontinuity

fp Think About It

Finding the degree of a
palyriomial is important
o remember when
finding the asymptotes
of a rational function.
Describe how to find
the degree of a

polynomial.

L) Go Online

You can watch a video
to sea how to graph
rational functions with
wvartical and horizontal
asymplotes.
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Q) Talk About It!
Why s it helpful to
graph the asymptote{s)
first when graphing a
rational function?

Watch Out!

Zeros vs. Vertical
Asymptotes Feros of
rational functions occur
at the values that maka
the numerator zero.
Vertical asymptotes
occur at the values
that make the
denominalor zero.

Step 2 Find the asymptotes.
Find the vertical asymptote. Set bix) = 0.

2
x+3=0
4 2
===
There is a vertical asymptote at x = —%.

Because the degree of the numerator is greater than the degree of the
denominator, there is no horizantal asymplote.

Step 3 Draw the graph.
Graph the asymptote. Then make a table of values, and araph.

T T R
F,
—2 & f
3

Check ,
Consider gix) = MT_”-

Part A Thereisazeroatx = _°

Part B There & a vertical asymptote
atx=_7

Part € Graph the function.

9 Example 2 Use Graphs of Rational Functions

PHARMACY Young's Rule can be used to estimate the dosage of
medicine to give a child if yvou know the adult dosage of the same
medicine. Young's rule can be written as y = !—-f‘ﬁ » where 4 is the
adult dosage in milligrams and x is the age of the child in years.

Part A Graph the function. Ty
Graph the function for an adult dose of = T+
200 mag. E =1 3l I
The function s y = 0 1'd
w1 s =] s
The vertical asymplote is at x = —12. o -
LK

Because the degree of alx) = the degree [ [t
of B{x), the horizontal asymptote is the Age [years)

__ leading coefficient of ofx __ 200
line y = leading coeficent af b’ ¥ = 1
or ¥ = 200.

L) Go Online You can complete an Extra Example online.
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Part B Find key features.

Find the x- and y-intercepts and end behavior of the function.
x-ntercept: O

y-intercept: O

end behavior: As x — oo, y — 200, and as x — —a0, y— 200,

Part C Use the graph.

Find the dosage for a 12-year-old child if the adult dosage is 200 mg.

From the graph, it appears that when x s 12_ v is approximately 100.
So, the dosage for a 12-year old child is approximatety 100 mg.

CHECK

Check your answer by substituting in the original equation.
200x g oo

Y=13v Ciriginal equation
200(12) .

Y=g+ *=12

¥=100 Simplify.

Example 3 Compare Rational Functions

Consider gix) = 2-— and rational function I
hi{x) shown in the graph.
- :
Part A Graph gix). h
Step 1 Find the zeros. Hy
x—2=0 Set ofx] = O
x=2 Add 2 to each side.
There is a zero atx = 2.
Step 2 Find the asymptotes.
Find the vertical asymptote.
2x+2=0 Set bix) = O
2y = =3 Subtract 2 from each side.
x=—1 Divide each side by 2

There ks a vertical asymptote at x = —1.

[continved on the next poge)
E Go Onlime You can complete an Extra Exarnple online.

o Think About It

Describe the domain n

the context of the
situation.
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f Think About It!

What do you know
about the degrees of
the numerator and
denominator of hix)?
Explain your reasorning.

Math Histary
Minute

Charlotte Scott
(1BSB-1931) was the
first British woman to
recaive a doctorate in
mathematics. in 1894,
Scolt published a book
titled Projective
Methods in Plane
Analytical Geomeiry:
which had a chapter
devoted to Rational
Curves and the Tracing
of Curves_ Her
mathematical spaciakty
was the study of
algebraic functions of
degree gréater than bwo.

Because the degree of the numerator equals the degresa
of the denominator, the horizontal asymptote is the line

__ leading coefficlent of ojx 1
¥ = leading coefficientof bx) ' ¥ T 7

Step 3 Draw the graph.

Draw the asymptotes. Then make
a table of values, and graph the
ordered pairs.

Part B Which function has the greater y-intercept?

glx) has a y-intercept of —1. hix) appears to have a y-intercept at
¥ =—2 =oils y-intercept s less than —1.

Part C Compare the asymptotes of g(x) and h{x).

vertical asymptotes glx)x=—1 hixk x=1

horizontal asymptoles gy = % Al y=1

Check

Consider glx) = *;f_*; and the graph of hix). K1

Which function has the higher horizontal ,,d

i -
? _ hasthe higher horizontal asymptote. al F =

;-l"

Learn Graphing Rational Functions with Oblique
Asymptotes

An oblique asymptote, or slant asymptote, is neither horizontal
nor vertical,

Eey Concept -« Dbligue Asymptotes
0 = ELL:]:I, where alx) and bix) are polynomial functions with no

comman factors other than 1and b(x) # 0, then fix) has an obligue

asymptote if the degree of a(x) minus the degree of b(x) equals 1.
e

The equation of the asymptote is fx) = Bid with no remainder.

L) Go Online You can complete an Extra Example online.
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In some cases, graphs of rational functions may have point
discontinuity, which looks like a hole in the graph. This is because the
function s undefined at that point. If the original function is undefined
for x = o but the related rational expression of the function in simplest
form is defined for ¥ = o, then there is a point discontinuity or hole in
the graph at x = a.

Eey Concept « Point Discontinuity

If fix) = :—:i. bix) # 0, and ¥ — c is a factor of both ofx) and b{x), then
there is a point discontinuity at x = c.

Example 4 Graph with Oblique Asymptotes

x4 2x 1
Ennﬂdarﬂx}:—:-ﬁ""—‘

Part A Find the zeros.

¥ +2x+1=0 Setofx) = 0.
x+14=0 Factor.
x+1=0 Take the square root of each side.
x=-1 Subtract 1 from each side.
There is a zero atx = —1.

Part B Find the asymptotes.

Find the vertical asymptote.
*x+4=0 Set bix] = 0.

x=—4 Subtract 4 from each side.

There i a wertical asymptote at x = —4.

Because the degree of the numerator is greater than the degree of the
denominator, there is no horizontal asymptote.

The difference between the degree of the numerator and the degree
of the denominator ks 1, so there is an oblique asymptote. To find the
obliqgue asymptote, divide the numerator by the denominator.

x—2
x+ 4] + 2x +1
(—le? + 4x

—2x +1

(—}—2x —8
g

The equation of the asymptote is the quotient excluding the remainder.
So, there is an obligue asymptote at fix) =x — 2.

13 Go Online You can complete an Extra Example oniine.

annune

You can walch a video
to sea how to graph
rational functions with
oblique asymptotes.

Stady Tip

Obligue Asymptotes
To determine whether
a rational function has
an oblique asymptote,
find the degrees of the
numerator and
denominator. Iif the
difference between the
degree of the
numerator and the
degree of the
denaminator is 1, then
the rational functicn
has an oblique

asymplote.
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w2 b Py b1
X4 4

Graph the asymptotes. Then, make a table of values and graph the
ordered pairs.

Part C Graph fix) =

¥

1 o,

|
b |
|
(]
=1
it
&
i -
|

{o¥ Think About It

P

Why was x = —4 not

included in the table

|
&
|
]
L
K
*:nE

of values? -5 -5 =

K
Pt | Cad
= ¥
i
_"Fil
:I‘
ks

0 0.25
08

Check

Find the asymplotes of gix) =1"Z:—+3’T2.

Then graph the function.

There s a vertical asymplote at x = ?

There is an obligue asymptote at fx) = x + l

Example 5 Graph with Point Discontinuity

Graph f{x) = %_:.it Find the point ;

discontinuity. '

; =i e+ x=-2)
Nﬂh:ﬂmmx-i-i_ x+2

orx — 2. of |

Q Think About It! Howewver, because the denominator of the

Craata a rational orginal function cannot be O, there is a L

function with a hole at discontinuity atx + 2 =0orx = —2. z(!/

XK=2 x =4
Therefore, the graph of ix) == Isthe

graph of fix) = x — 2 with a hole or point
diccontinuity at x = —2.

Check

4+
Consider fix) = ti +33F. Find the point
discontinuity. Then graph the function.

+ 3
fix) = % has a point discontinuity at x = ;
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Practice i0) Go Online You can complete your homework online.

Example 1
Graph each function.
»* x5
L =a+a 2 M=m=
Xt = 16 3 4 64
3 M="3 "m=:ﬁx—2d
Example 2

B. INTERMET An Internet service provider charges customers a $60 installation fee

plus $30 per month for Internet service. A function that models the average

60 + 30x
F

monthly cost i fix) = where x is the number of months.

a. Graph the function.
b. Find the x- and p-intercepts and end behavior of the graph.

€. Find the average monthly cost to a customer that has Internet service for
8 months.

6. SALES The guantity of a certain product sold in week x is approximated by the

Bl
x4 40°

a. Graph the function.
b. Find the x- and y-intercepts and the end behavior of the graph.
c. During which week(s) did 5 of the products sell?

function x) =

7. FACTORY The cost in cents to create a certain part of a small engine ks modeled

by fix) = 13”,5; E, where x is the number of parts made.

a. Graph the function.
b. Find the x- and y-intercepts and the end behavior of the graph.
€. About how much does the Bth part cost to make?

Example 3

For Exercises B-10, consider the given function and the function shown in
the graph.

a. Copy the graph. Graph the glven function.
b. Which function has the greater y-intercept?
¢. Compare the asymptotes of the two functions.

=5 1 " = 3
8. fix) = 3, and gix) 9. hix) = “:tiandjm 10. fix) = 35— and gix)
shown in the graph shown in the graph shown in the graph

T B ;

mure
: =

] | 1
I ]

t i i .
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Example 4
Find the mns and asymptotes of each function. Then graph each function.

- 42 x4+ 3P
" fix= “_I 12. ix)="F—%
Gx? 4 dx 42 247
13. iy = S5 =55
3:.*4-3 22 4 5
15. fix) = 16. fx) =554
Example 5
Graph each function. Find the point discontinuity.
- TR x? 4 Ay = 12
H.M=HT 18. JTI:I__:_—Q
x =25 X = 6d
0. M ="755 20. i =""g
= Ayt — ) S+ =3
N M= 2 ava 22 M= Fime e

Mixed Exercises

Graph each function.
P =d
23. M) = 35 24. i) ="1—
2 - =
25. g =212 26. M =z25 53
3 x3
27 ﬂ'ﬂ:m 28. J'[x:|=m
zgﬂxj=1w3+h1-1ﬂx—lz 3ﬂ-..|'{x‘,|-“+“1
¥ 2x? & Bx 4+ B
{x + 2x = 3) {x + 2)x — 3

31. Consider fix) = == — andglx) = —— 5
a. Graph fix) and gix).

b. Which function has a y-intercept of —37

c. Compare the asymptotes and point discontinuity of fix) and g{x).

32. BACTERIA The graph shows the cost in millions of dollars ¥ aff
to remowve ¥ percent of the bacteria from drinking water. 7
B
a. What does the x-coordinate of the vertical asymptote represent? 5
d
b. What happens to the cost of removing bacteria from drinking water ; H
as p approaches 1007 1
O 10 30 30 40 50 60 70 &0 G0x

33. Sir Isaac Newton studied the rational function fix) = 22+ mi. textd Assuming

that d # 0, where will the graph of this function have a vertical asymptote?
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Graph each function.

P 5 S |
34 = 5= 35. M =
36. fx) =13 37 fi) = — 1 —
'It'xj_x.{.] 'm:l_p:._l_#',?
e _A-2341
B =r3ng =2
= x =12 3% + Gx% 4 Jxd
40. 9 =575 o=
2% 1027 4 1267 _ ox+1
2. M="Erses B M=Fias
2 Y — 24 x4 1
M =0T 45. f = 77

45, CONSTRUCT ARGUMENTS Alina graphed the function
fix) = ”; = ix. as shown. Did she comectly graph the
function? If so, justify your argument. If not, explain how

to correct the graph.

47. BATTING AVERAGES A major league baseball player had a lifetime batting
average of 0.305 al the beginning of the 2017 season with 2067 hits out of 6767
at bats. During the 2007 season, the player had 183 hits.

a. Write an equation describing the baseball player's batting average v at the end
of the 2017 season using x to represent the numbeer of at bats the player had
during the season.

b. Determine the location of the horizontal and vertical asymptotes for the graph
of the equation.

c. What [= the meaning of the horizontal asymptote for the graph of this equation?

48, REASONING A music studio uses the function fix) = j‘ff’; to estimate the

number of downloads per hour in thousands in the hours after the release of a
new song. Graph the function. Then restrict the domain of the function as
required by the context, and graph the function with the restricted domain.
Explain the shape of the graph in the context of the situation.
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49, STRUCTURE |dentify the domain, zeros, intercepts, and asymptotes of

the graph, and determine a function that corresponds to the graph.

50. STRUCTURE Consider the functionsy=x+1.y= w
4 = ¥ - ? —L— 4
¥= W and y = % Which, if any, are equivalent? el N ¥

B51. SKETCH A GRAPH Graph a rational function that has a y-intercept at 5, a

vertical asymplote at x = 3, and a horizontal asymptote at y = 6.5

52. PRECISION Analyze the graph of the function shown. Ower what

]

intervals of x is the function positive? Ower what intervals of x is the

TI

function negative? Over what intervals is the function increasing? Qver

Foi e O

what intervals is the function decreasing?

B3. REGULARITY Describe how you use the degrees of the numerator and

denominator to learn about a function's asymptotes.

Q Higher-Order Thinking Skills

B4, PERSEVERE On the drive to visit a nearby college. the Marshall family averages
40 miles per hour.,

a. Define variables and write a function for the average speed for the entire trip,

in terms of the average speed for the drive home. (Hint: Write an expression

for the average speed in terms of distance and times for the outgoing trip and

return trip. Then express time in terms of speed and distance )

b. If the family averages 60 miles per hour driving home, is the average speed
for the entire trip equal to 50 miles per hour? Explain. What is the horizontal

asymptote, and what does it represent?

B5. CREATE Sketch the graph of a rational function with a horizontal asymplote y =1

and a vertlcal asymptote x = —2.

;

BB. PERSEVERE Compare and contrast gix) = q‘::,—_tm and f{x} shown in the ,;,Tﬁ

graph.

.
§7. ANALYZE Describe the difference between the graphs of fix) = x — 2 , T |
x4+ JY[x = 2} ™

and gl¥) = =15 “"1

58. PERSEVERE A rational function has an equation of the form fix) = % h

where afx) and b(x] are polynomial functions and b(x) # 0. Show that

fix) = 5 =5 + cis a rational function.

B9, WRITE How can factoring be used to determine the vertical asymptotes or point

discontinuity of a rational function?
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Lesson 7-5

Variation

Explore Variation :rﬁenugﬂ!g:ammljssuhe

direct and joint variation

L} Online Activity Use the interactive tool to complete the Explore. equations.
= Recognize and sodve
- inverse and combéned
@ INQUIRY How can you relate the dimensions variation equations.
of a rectangle with its area?
Today's Vocabulary
direct variation
Learn Direct Variation and Joint Variation constant of variation
Two quantities x and y are related by a direct variation if ¥ is equal to joint variation
a constant k times x. The constant k is called the constant of variation. iverese variation
Key Concept - Direct Variation combined variation
yvaries direclly as x if there is some nonzero constant & such that |
¥=kx
& Talk About It!
The graph of a direct variation function, such as fix) = 4x, Is a line Explain why the graph
through the origin. A direct variation is a special case of an equation in of a direct variation
slope-intercept form, ¥ = mx + b, where m = k and b = 0. The slope function always passes

of a direct variation equation is its constant of variation. through the origin.

If you know that v varies directly as x and one set of values, you can
use a proportion to find another set of comresponding values.

Joint varation occurs when one guantity varies directly as the product
of two or mare other guantities.

Key Concept « Joint Variation
y varies jointly as x and 2 if there is some nonzero constant k such that
¥=kxz
g Think About It!
Example 1 Direct Variation If y varies jointly as x

and z, what must b
If y varies directly as x and y = —3 when x = 24, find y when x = —16. miﬂwn}.—r:m =

Use a proportion that refates the values.

¥ ¥
;: = ﬁ Crirect variation
= ¥
2—3:_—115 ¥, = =3, x,= 24, and x, = —16
-3y ¥z 2 =
—ﬁ{ﬁ] = _16{—_1'5} Multiply each side by —16
2=y, Simplify.

.} Go Online You can complete an Extra Example onling.

Leason 7-6 « Variation 347



Study Tip
Proportions Several
different proportions
can be used to solve
an imverse variation
problem with the
same result.

Check

If y varies directly as x and ¥y = —9 when x = 6, find y when x = —7.

.'|"'1= :

Example 2 Joint Variation

Suppose y varies jointly as x and z. Find y whenx =4 and z = —3, if
y=—15whenx=—6andz=1.

Usze a proportion that relates the values.

¥ ¥a ; ;
ﬁ = I_z = Aoint wariatson
ﬁ=%} =g n==3 = =15 2, = -6 andz; =
=k Simpiify.
L =15 .
—12{ 13 } = —E{ = :] Divide each side by —6.
y,=—30 Simyplify.
Check
Suppose ¥ varies jointly as x and 2. Find ywhenx=—d4and z = -5, if
y=—130whenx=5andz= -9 j..-:=ﬁn

Learn Inverse Variation and Combined Variation

Two quantities, x and y, are related by an inverse variation if their
product is equal to a constant k.

Eey Concept » Inverse Vanation

Words: y varies inversely as x if there is some nonzero constant k such
that xy = k or y =§,whets-x=p£ Oand y+# 0.

Example: fxy =8 and x = 12, then y = % or 12_,:

When y varies inversely as x and the constant proportionality k is
positive, one guantity increases while the other decreases. You can
use a proportion such as ;,-il = ‘;—Tm solve inverse variation problems
which some guantities are knowr.

Combined variation occurs when one quantity varies directly and/or
inversely as two or more other guantities.

If you know that y varies directly as x, that y varies inversely as z, and
one set of values, you can use a proportion to find another set of
corresponding values.

hox kx
Iy, =5 and y, = 52, then "' = k and "2 = k.
TI'|Enr\c_n[::nru:_-,]"IT1:,1 = .'l"'x_:j]

m Go Online You can complete an Exira Example online.
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Example 3 inverse Variation

If m varies inversely as n, and m = —4 when n = 6, find m when
n=—10.

Use a proportion that relates the values.

iy, A g
[l Inverse wvariation
F m
%=?1 my = —4&, m = 6, and ny = =10
—4{6) = —10{m,) Cross multipy
—24 = —10m,, Simplify.
24=m, Divide each side by —10.
Check
If ¥ varles inversely as x, and x = —3 when y = 3, find y when x = 18.
¥

Vo=

Example 4 Combined Variation

Suppose a varies directly as b, and a varies inversely as c. Find b
whena=6andc=28.fb=Twhenao=—4%9ande= 3.

Uze a proportion that relates the given values.

kD, kb ) =i
4y =g and a, = 5 b varies directly as o, so b is in the numerator.
C varies inversely as a. so c is in the denominatorn
a a
k=;—qandk=% Solve for k.
1 2
o L s
n—lclll = ;—: Substitute for k-
-4
ﬁ= 28) op,=6=280,=—49, b; =7 andc; =3
.b.| T 1 ¥ i d
—49(3)(by) = B[2E)(T) Cross multiply
—147b, = N176 Simplify.
b,=—8 Divide each side by —147.

When o= 6 and ¢ = 28, the value of b 1= —8.

Check
Suppose m varies directly as n, and m vares inversely as p. Find m
whenn=20andp =25 ifm= —%when n==6andp=9.

= z
m, =

{3 Go Online You can complete an Extra Example online.

Study Tip
Subscripts When
wiriting the initial

propartion, use
subscripts with the

variables. This will help
you substitute the
camect value for each
af the variables,
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to Think About It!

What assumptions
were made when
determining the speed
of the rider?

@ Example 5 Write and Solve a Combined Variation

BICYCLES A rider's speed in miles per hour varies jointly with the
revolutions per minute (RPM) of the pedals and the number of teeth
on the front gear and inversely with the number of teeth on the rear
gear. On a flat stretch of road, a rider is traveling at 17.1 miles per
hour while using a front gear with 50 teeth and a rear gear with

16 teeth and pedaling at 70 RPM. Find the speed of the rider when
she bikes uphill using a front gear with 34 teeth and a rear gear with
23 teeth while pedaling at 70 RPM.

Let x = speed, p = revolutions of pedals, f= number of teeth on front
gear, and r = number of teeth on rear gear.

i f.
X, = — and 5= ﬂ:: = X varies jointly as p and fand
inverseby as r.
A,
k—# andk=% Solve for k
X _ X3 .
pd ~ Py Substitute.
17116 x,[23) x,=TA.p =70 F=5071="7%,
[70[50) ~ 70{34) =38 p,=T0.andr, =23
T72(16)(70)34) = 70(50Mx,)(23) Cross multiply
651168 = B0,500x, Simplify.
Bl =x, Divide each side by 80,500,

The speed of the rider pedaling at 70 RPM using a front gear with
34 teath and a rear gear with 23 teath = about 81 mph.

Check

BASEBALL The sarned run average (ERA) o of a baseball pitcher varies
directly as the number of earned runs r and inversely as the number of
pitched innings p. In one season, a pitcher has an ERA of 2 475 with
B0 innings pitched and 22 earned runs. Find the number of earned
runs if the pitcher has an ERA of 225 after pitching 112 innings in the
next season.

Part A Write a proportion you can use to solve the problem.

Part B Find the number of earned runs when the pitcher has an ERA
of 2 25 after pitching 112 Innings in the next season.

? _ earned runs

L) Go Online You can complete an Extra Example online.
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Practice E Go Online ¥ou can complete your homewornk onBne.

Example 1
If x varies directly as y, find x when y = 8.

1. x = 6when y = 32 2. x=Nwheny=-—3

3 x=wheny=-2 4. x = —4wheny=10

5. If y varies directly as x, and y = 35 when x = 7 find v when x = 1.

6. If y varies directly as x. and y = 360 when x = 180, find y when x = 270.
Exampie 2

If @ varies jointly as b and ¢, find o when b= 4 and ¢ = —3.

7. o=—96whenb=3andc=—8 B. o=—680whenb=-5andc=4
9. a=—108whenb=2andc=19 10. o=24 whenb =8 and c = 12

M. If yvaries jointly as x and 7, and v = 18 when x = 2 and z = 3, find y when
x5 and z is 6.

12. If yvaries jointly as x and z, and y = —16 when x = 4 and r = 2, find y when
xis—1and zis 7.

Example 3

If fvaries inversely as g, find f when g = —6.

13. f=15wheng =19 4. Ff=4wheng =28

18. f= —-12wheng=19 16. F=06wheng=—2X1
1. If y varles imversely as x, and y = 2 when x = 2, find ywhen x = 1.
18. If y varies inversely as x, and y = & when x = 5, find y when x = 10.

Exampie 4

19. Suppose g varies directly as b, and o varies inversely as ¢. Find b when o =5 and
c=—4 fb=12whenc=3and a=8.

20. Suppose x varies directly as y. and x varies inversely as z. Find z when x = 10 and
¥=—7ifz=20whenx =6 and y =14

21. Suppose o varies directly as b, and o varies inversely as ¢. Find bwhena =25
andc=18, ifb=6whenc =4 and o = 9b.

22. Suppose x varies directly as y, and x varies inversely as z. Find z when x = 32 and
y=9ifzr=1whenx=12and y=4.
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Example 5

23. ELECTRICITY The resistance R of a piece of wire varles directly as its length L and
inversely as its cross-sectional area 4. A piece of copper wire 3 meters long and
2 millimeters in diameter has a resistance of 0.0107 ohms [£2). Find the resistance
of a second plece of copper wire 2 meters long and & millimeters in diameter.
(Hint: The cross-sectional area is 7))

24. PLANTS The size of plant cells before cell division is directly related to the water
avallable for nutrition and inversely proportional to the bacteria present in the soil.
if a given plants cells grow to 1.5 mm when 0.25 liter of water is available and the
bactera level s restricted to 500 parts per milllon, what would the bacteria level be
for the same plant whose cells grow to 2 mm with 0.4 liter of water available?

25. PRESSURE The wolume of a gas varies directly with the temperature and inverseby
with the pressure. A certain gas has a volume of 15 L, a temperature of 290 K. and a
pressure of 1 atm. If the gas s compressed 1o a volume of 12 L and is heated to 310 K,
what will the new pressure be? Round your answer 1o the nearest thousandth.

Mixed Exercises

State whether each equation represents a direct, joint, iInverse, or combined variation for the
given variable. Then name the constant of variation.

26.c=12m: ¢ 27. p=%p 28. A =3bh: A
29. rw=15;r 30. y = 2rgt v 31. f=5280m:f
32. y=02d ¥ 33. vz=—-257 34. t =16rh !
s r=2p 36. b=1ab 37. C=2nrC
38. 5 =275 x 39.fg=—2:f 40. a = 3bc: a
. 1n="3+'l,x 42. y=—Nxy 43. 5=4n
44. Sn = pr. p 45. —Jdy=m> 48. o= 27h. o
a1. c=Lec 48. 10 =gh: g 49. m = 20ec m

B0. If ¥ varies directly as x, and y = 540 when x = 10, find x when y = 1080.

B1. If y varies directly as x, and y = 12 when x = 72, find x when y = 9.

B2. If y varies jointly as x and z, and v = 120 when x = 4 and 7 = 6, find ¥ when
xis3andzis 2.

B3. If y varies inversely as x, and ¥ = 3 when x = 14, find x when y = &.
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B4, STRUCTURE Bulan works at a car wash. The amount Bulan earns varies directly
with the number of hours she works. Bulan earns $144 for working 12 hours. Write
the direct variation equation for the amount Bulan eams v for working x hours.
How much will Bulan earn for working 18 hours?

55. DESIGH As a general rule, the number of parking spaces in a parking lot for a
movie theater complex varies directly with the number of theaters in the complex.
A typical complex has 30 parking spaces for each theater. A developer wants to
build a new cinema complex an a lot that has enough space for 210 parking

spaces. Write the direct variation equation for the number of parking spaces y for
x theaters. How many theaters should the developer build in his complex?

Determine whether aach relation shows direct or fnverse variation, or nefther.

g
-
]
g
&
k]
g

X
4 12 2 i 4
8 24 4 4 3 9
16 48 —2 —B 4 16
32 96 —B —2 5 25

59. ART Premade art canvas is avallable in the standard sizes shown.

a. Analyze the relationship between the width and length of each
canvas size. For each size, write a function that relates the
length £ to the width w

b. Forwhich sizes Is the relationship between the width and the
length the same? Explain your reasoning.

c. Explain what it means in the context of the situation if the
relationship between the width and length is the same for two
canvas sizes.

&0. PRECISION The cost of painting a wall varies directly with the area
of the wall. Write a formula for the cost of painting a rectangular wall with

dimensions £ by w. With respect to £ and w, does the cost vary directly, jointly, or
inversely? Explain your reasoning.

61. RENT An apartment rents for m dollars per month.

a. If n students share the rent equally, how much would each student have
to pay?

b. How does the cost per student vary with the number of students?

c. If 2 students have to pay $700 each, how much money would each student
have to pay if there were 5 students sharing the rent?
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62. COMMUNICATIONS On average, the number of calls ¢ each day between two

cities is directly proportional 1o the product of the populations Py and P, of the

cities and mﬁrgely proportional to the square of the distance between them.
1 2

Thatis, ¢ = - Use the function and the population and distance information
in the table below.

Birmingham, AL | India napolis, [N Tallahassees, FL San Francisco, C&
(pop. 290.710) | (pop. 872,680} {pop. 191,045 (pop. 884, 363)

Birmingham — 479 mi 301 mi 2327 mi

Indianapolis 479 mi - 778 mi 2274 mi

Tallahassee 3071 mi 778 mi — 2637 mi
San Francisco 2327 mi 2274 mi 2637 mi -

a. The average number of daily calls between Indianapolis and Birmingham is
about 16,000. Find the value of k. Round to the nearest hundredth.

b. Find the average number of daily calls between Tallahassee and each other
city listed.

c. Could you use this formula to find the average number of phone calls made
within a city? Explain.

&3, INVESTING You decide to invest 10% of your before-tax income in a retirement
fund, so your employer deducts this money from your weekly paycheck.
a. Write an equation to represent the amount deducted from your paycheck o
for iInvestment in your retirement fund for a week during which you worked
h hours and are paid r dollars per hour.
b. Is your equation a direct, joint, or inverse varlation? Explain your reasoning.

c. Ifyou earn $19.50 per hour and worked 36 hours last week, explain how to
determine the amount deducted last week for your retirement fund.

Q Higher-Order Thinking Skills

&4, FIND THE ERROR Jamil and Savannah are setting up a proportion to begin
sohlving the combined variation in which z varies directly as x, and 2 varies
inversely as . Who has sot up the correct proportion? Explain your reasoning.

Jarmil Savannah
kx kx k=, e,
2=y andz,= . 3= AL =T
2 a4 A
k=Tla.rm‘k=—I E'—_hnﬂh— Y

W e B

= S N =W

65. PERSEVERE If o varies inversely as b, ¢ varies jointly as b and £, and fvaries
directly as g, how are o and g related?

656, ANALYZE Explain why some mathematicians consider every joint varlation a
combined variation, but not every combined variation a joint variation.

&7. CREATE Describe three real-life quantities that vary jointly with each other.

&8. WRITE Determine the type(s) of varation(s) for which 0 cannot be one of the
values. Explain your reasoning.
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Lesson 7-6

Solving Rational
Equations and Inequalities

Explore Solving Rational Equations fﬁiﬁﬂ;m

in one variable.
i:} Online Activity Use a real-world situation to complete the Explore. = Sohe rational
™Y i s
riable.
@ NQUIRY How can you solve rational o
equations by graphing? Today’s Viocabulary

rational equation
rational ineguality

Learn Solving Rational Equations

A rational equation contains at least one rational expression. To solve
these equations, it is often easier to first eliminate the fractions. You
can eliminate the fractions by multiplying each side of the equation by
the least common denominator (LCD). Solving rational equations in this
way can yvield results that are not solutions of the eriginal equation.
You can identify these extraneous solutions by substituting each result
into the original equation to see if it makes the eguation true.

There are three types of problems that are commonly solved by using
rational equations: mixture problems, uniform motion problems, and
work problems.

Example 1 Solve a Rational Equation

T . 9 _ S8
SGINE+}_—4-“.

The LCD for the terms is 48(x — 4).

7. @
Ztx-a

At

48— (5) + 28— (5 2) = 28— 4(3)

as— (%) + 48 0—)(25) =48 - ()

i 1

28x — N2 + 432 = 5Bhx — 220

2Bx + 320 =565x — 220
B40 = 27x
20=x
m Go Ondine You can CI:I!'I"IFI|E"'I.IE' an Extra EH.EIFI"IPIE onmline.
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iaﬁu Online

You can watch a video
10 see how to solve
rational equations.

&) Talk About It!
How could you identify
the extranecus solution
without substituting
each possible solution
back into the ariginal
equation? Explain.

Check

Select the solution(s) r:rf% = -4%{ = %
P Bi=}

C. 3 D.3

E. ; F 3

Example 2 Solve a Rational Equation with
an Extraneous Solution

2m m+Tm+4 am
Solve 5 3 ~3m?-18m+ 24 ~ Im -6
The LCD for the terms is (m — 43m — 6L

2m e 4 Tm 4+ 4 4m

m=4  3n?—18m+ 24 3m-8
(m = &)i3m — EY2m) _ (m — 443m — Elm” + Tm + 4} _ (m — 4)3m — E)i4m)

m — 4 3m? = 18m + 24 3m -6
1 ¥ 1 1
[m=a)3m - B)}2m) @.#w-b?m +4)  (m = 4)3m~=TB}dm)
m—a N 3m = B2 - Sm—8

1 1

:mn—ﬁxzma—u;:?+?m+4j=:m—4j4m
6m? —12m — m? — Im — 4 = 4m® — 16m
5m? — 19m — 4 = 4m” — 16m
m?*—3m—4=0
(m — 4)im + 1) =0
m—-4=0orm+1=0
m=4 m=—1

When solving a rational equation, any possible solution that results in a
zero in the denominator must be exciuded from the list of solutions.
Check each solution by substituting into the onginal equation.

Since m = 4 results in a zero in the denominator, it is extraneocus. So,
the solution s —1.

Check

B ¥ -—Tx—-4_ 5
Solve s~ T X+
Xx=—_"

L) Go Online You can complete an Extra Example online.
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 Example 3 Mixture Problem

FIRST AID Rubbing alcohol, a commonly used first aid antiseptic,
typically contains 70% isopropyl alcohol. Suppose you are adding a
50% Isopropyl alcohol Bquid to 200 milliliters of a liquid that Is 91%
isopropyl alcohol. How much of a 50% lzopropyl alcohol lquid should
be added to create rubbing alcohaol that is 70% isopropyl alcohol?

Step 1 Estimate the solution.

Since (0.5 + 0.91) + 2 = 0705, or 70.5%, creating a new lguid with
70% l=opropy alcohol should require a similar amount of 50% and
1% isopropyl alcohol liquids. So, around 200 milliliters of the 50%
sopropyl alcohol liquid should be added to the 91% liquid.

Step 2 Write an equation for the concentration of the new liquid.

Complete the table. Let x be the amount of 50% lsopropyl alcohol
liquid that = added.

Ciriginal

Isopropyl Slcohol
(mt)
Total &mount of

0.91200) 0.91(200) + 0.5«

200 X 200+ x

Liguid (L)

The percentage of lsopropyl alcohol in the new llquid must equal the
amount of Bopropyl alcohol divided by the total amount of new lguid.
amount of isopropyl alcoh

ErCRMac 0of 15 oovl alcohol | W] = -~ -
Percentage of iIsopropyl alcohol in liguid total amount of liquid

70 091 (200} + 0.5

—

100 200 + »

Step 3 Saolve the equation.
70 _ 0.91200) + 05«
00 200 + x

70 _ 182 4 05x
00 ~ 200 + x

Original equation

Simplify the numeraton

00{200 + {%} = 100{200 + |{1322D; fi"’] Multiply by LCD,
100200 + )
1001200 + x) (1o} = 100200+ (E23055) 5515 common factors.
(200 + ;qm = muuaﬁ + 0.5%) | Simplify
14,000 + 70x = 18 200 + 50x Distributive Property
*=210 Calve

Step 4 Check for reasonableness and interpret the solution.

So, 210 milliliters of a 50% isopropyl liguid added to the 200 milliliters
of 91% liquid creates a 70% isopropyl alcohol liquid. The answer
reasonable because it is close to our estimate.

Problem-5Solving
Tip

Make a Table When
there is more than one
element in a prablaem,
it may be helpful to
organize the
infarmation in a table
when writing
expressions and
equations relating the
items. Tables can be
useful when solving
mixture, work, and
distance problams
invoalving rationai
aquations.
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f# Think About It!

How long does it take the
bat to travel with the
wind and against the
wind? & this reasonable?
Justify your argument

Study Tip
Assumptions Although
a batl's speed likely varies
throughout its fight,
assuming that a bat flies
at a constant rate of
speed allows us to create
a reasonable model for
the speed of the bat waith
and against the wind. We
must also assume that
the bat is flying directly
with or against the wind
during its entire flight.

@ Example 4 Distance Problem

BATS Mexican free-tailed bats have an average flight speed of
25 miles per hour. Suppose it takes one of the bats 5 hours to fly
121.8 miles round trip one night. Assuming that the bat flew at a
constant speed, determine the speed of the wind.

The bat flies 121.8 miles round trip, or 0.9 miles each way. Use the
formula refating distance, rate, and time in the form t = %' to write an
equation for the total time. Let w represent the speed of the wind.

605 60.9
Eew T B =D

(25 + w25 — i o2 ) + (25 + w)(25 — (3ot ) = (254+w)(25—w)5
(254725 — W 35 ) + (25 + W25 35y ) = 25+ W25 — W5
{EE—MED.9+[15+M}EU.EI={EEE—“2}E

15225 — 60.9w + 15225 + 609w = 3125 — 5u?
3045 = 3125 — 5w~
16 = w?
w=4or—4

The only viable solution for the speed of the wind is 4 miles per hour.

@ Example 5 Work Problem

AGRICULTURE [f it takes a 24-row planter 10 hours to plant a field
and & hours if a 16-row planter is also used, how long would it take
to plant the field if only the 16-row planter were used?

Let p represent the time for the 16-row planter to plant alone.

wtTr=s Write the eguation

30p(55) + 300(5) = 300(5)

09 (55) +305(3) =305(3)

Multiply by the LCD, 30p_

Divide common factors.

3p+30=5p Simplify.
30=2p Subtract 2p from each side.
15=p Divide each side by 2.

It would take the 16-row planter 15 hours to plant the field alone.

i} Go Online You can compiete an Extra Exampie online.
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Learn Solving Rational Inequalities
A rational inequality contains at least one rational expression. You can
use these steps to solve rational inegualities.

Key Concept - Solving Rational Inequalities

Step 1 State the excluded values. These are the values for which the
denominator is 0.

Step 2 Solve the related equation.

Step 3 Use the values determined from the previous steps to divide a
number line into intenaals.

Step 4 Test a value in each interval to determine which intervals contain
values that satisfy the inequality.

Example 6 Solve a Rational Inequality

x__& x=4
SGI'IPEE —"""_4_1}—'—3 .

Step 1 Find the excluded values.

When x = —1, the denominator of xi'_ 715 0. The excluded value is —1. % Talk About It
Step 2 Solve the related equation. Describe how you
X -5 o ¥=i would graph the
2 x+17 3 solution set on a

number line.

Bl + 1)(3) — o+ 0(25) = 8l + 1(*F)
3 +3x—30=2x"—6x—8
4+ —22=0
x—2)x+ 1) =0
x=20or—MN
Steps 3 and 4 Divide a number line into intervals. Test each interval.

Draw vertical lines at the excluded value and at the solution points.

-6 -4 12 -0 8 6 4 =2 0 2 4

Test x = —13. False Test x = 0. False
Test x = —4. True Test x = 3. True

The statement is true for x = —4 and x = 3. Therefore, the solution is
—-fN<xr<—1orx>2

Check

Solve —% —

X =2 3=-x
4 . S

13 Go Online You can compiete an Extra Example online.
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@ Apply Example 7 Write and Solve a Rational
Inequalrty

CLOTHING Jamila runs an online store that sells custom hats. She
spends $378 on an embroidery machine. In addition, it costs Jamila

%1.85 to make each hat. How many hats will Jamila have to make so
that the average cost per hat is less than or equal to $57

1 What is the task?
Describe the task in your own words. Then list any questions that you
may hawve. How can you find answers to your questions?

Sample answer: | need to find the number of hats that Jamila needs to
make so that the average cost to produce each hat is less than $5. |
know that the fiwed cost of buying the embroidery machine is $378
and the cost to make each hat is $1.85. How can | represent the
situation with an inequality?

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will write an inequality and identify the excluded
values. Then | will solve the related equation, divide the number line
into intervals, and determine which intervals satisfy the inequality.

3 What is yvour solution?
Use your strateqy to solve the problem.

What inequality represents the situation?

1.35]‘1; re <&

Are there any excluded values? If so, identify them.
yes: 0

What are the solutions to the inequality? What solutions are viable in
the cantext of the situation?

x<0orx =120 x =120

4 How can you know that your solution is reasonable?

@ Write About It! Write an argument that can be used to defend
your solution.

Sample answer: Because the embroidery machine was so expensive, it
would require a large number of hats to be made for the average cost
o decrease. As Jamila makes more hats, the average cost per hat
goes down. Therefore, it makes sense that it would reguire 120 hats or
maore to get the average cost down to $5 or less.
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Practice m Go Online ¥ou can complete your homewornk onBne.

Example 1
Solve each equation. Check your solutions.
dx+3 3 =12 _ .
L xs1 =3 I et A
g 9 __7 _ 13 q B __ 12 _ 1
Tx=T x=8 x=13x+42 ¥F¥+3 y+d W aTy+12
14 L S - 2 0 36
5'-*'-2_14"1_:1—:*2 E‘a+2+a+5_u1+'}g+1n
Example 2 :
X 3. - M 2 ¥=1% 2
L PSS R R S v I S e Rk gy
x=8 X .. dx=3 Bp+1® 3 5
% st mI=%H e G ey
2f 1 _ 2 8 4
11- fz_.ﬁ+i‘—2_i'+2 12- F—Q+f+3_1
Examples 3-5

13. SOLUTION Evita adds a 75% acid solutton to 8 milliliters of solution that is 15% acid.

a. Write a function that represents the percent of acid in the resulting solution,
where x |5 the amount of 75% acid solution added.

b. How much 75% acid solution should be added to create a solution that is
0% acid?

14. FLIGHT TIME The distance between John F Kennedy Intemational Alrport and
Los Angeles International Airport is about 2500 miles. Let 5 be the airspeed of a
jet. which is the speed at which the jet would be traveling in still air. The ground

spead. which indicates how fast the jet is traveling over the land surface, is
affected by the airspeed and the wind. Traveling in the same direction as the
wind increases the ground speed; and traveling In the opposite direction
decreases ground speead.

a. Suppose the current wind speed is 100 miles per hour at the altitude at which the
jet will fly. Write an equation for 5 if it takes 2 hours and 5 minutes longer to fly
between Mew York and Los Angeles against the wind versus flying with the wind.

b. Solve the equation in part a for 5.

. Write and sobve an eqguation and find how much longer it would take to fly against
the wind between New York and Los Angeles if the wind speed increases to
150 miles per hour and the airspead of the jet is 525 miles per hour.

15. CONSTRUCTION It takes Rosita 32 hours to drywall a basement by herself and
18 hours if Pacla helps her. How long would it take Paola to drywall the
basement by herseli? Round your answer to the nearest hour.
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16. BASEBALL A major league baseball team plays 162 games a season. Halfway
through the season, one team has won B0% of thelr games. What percent of their
remaining games would the team need to win to end the season winning 75% of
their games?

17. CURRENT The distance for the Valleywview River Crulse trip is 14 miles round trip.
The boat travels 10 miles per hour in still water. Because of the current, it takes

longer to cruise upstream than downstream.

a. Define a variable and write an equation to represent the situation if it takes
30 minutes longer to crulse upstream versus downstream.

b. What is the speed of the current?

18. YARDWORK Each week Imani and Demond must mow their 4-acre yard. When
they use both their 36-inch mower and 42-inch mower, it takes them 2 hours.
When the 36-inch mower is oul for repairs, it takes them 3% hours. How long
would the job take if the 42-inch mower were broken?

Example &
Solve each inequality. Check your solutions.
4. 5 5 3 5

1Y 3—x>4 20. 5. — "6

X =2 1 X =4 3 1 X
N v ta—=>5=—2 22 T3 w+A

x , 2 3 X 1 3
E'§+§{x 4q 2"x+2+x—1{i
Example 7

25. ORIGAMI For prom, Muna wants to fold 1000 arigami
cranes. She is asking volunteers to help and does not
want to make anyone fold more than 15 cranes.

a. Write an inequality to represent this situation,
if N is the number of people enlisted to fold cranes.

b. What is the minimum number of people that will satisfy
the Inequality in part a?

by Mg oy TR O

26. PROM Caleb manages the budget for his school’'s junior prom. His class has spent $1250
for the prom venue, $625 for a DJ, and $1470 for decorations. They will also serve dinner
before the dance, which costs $12 per student. If he wants to keep the cost of prom

tickets less than $20, how many students will need to buy tickets?
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Mixed Exercises

27. HEIGHT Fabdana is 8 Inches shorter than her sister Pilar, or 12.5% shorter than
Pilar. How tall i= Fablana?

Solve each equation or inequality. Check your solutions.

5t 224 2. 3-4-0
30,2 -2=2 Mo+acl
325 -2<—3 33 L <2-1
55 =555+3 S fai T ey
36.3+258 37 —5->2

3B. NUMBER THEORY The ratio of two less than a number to six more than that
number is 2 to 3. What is the number?

39. BUSINESS The Franklin Electronics Company has determined that, after its first
50 wireless speakers are produced, the average cost of producing one speaker

can be approximated by Cix) = w
speakers produced. Consumer research has indicated that the company should

charge $80 per speaker in order to maximize its profit.

,where x represents the number of

a. The company wants to determine how many speakers must be produced and
sold in order to ensure that the revenue from each one Is greater than the
average cost of producing each one. Write an ineqguality whose solution
represents this information.

b. Solve your inequality and Interpret your solution in the context of the situation.

40. ANALYZE Let fix) = —x — 2 and glx) = —=.
a. Find amy x values for which flx) or gix} is undefined and any solutions to
fix) = gix).

b. Write the solution set to the inequality flx) = g(x). Graph your results on a
number lime.

¢. Explain why each value from part a should be included in or excluded from the
solution set of the inequality.

and gix) = xi 7 on a graphing calculator.

xl j- Explain why this method works.

41. USE TOOLS Graph flx) =

X =x
I
Then use the graph to solwe Ag—
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A2. USE & MODEL It takes one fuel ine 3 hours to fill an oll tanker. How fast must a

second fuel line be able to fill the oil tanker so that, when used together, the two
limes will fill the tanker in 45 minutes?

43. The prom commitiee is spending $1000 for the wenue and DJ plus $35 per
person for the catered meal. How many students must attend the prom to keep
the ticket price at or below $607

44, STATISTICS The harmonic mean is often the most accurate average of numbers in
situations involving rates or ratios. The number x is the harmonic mean of y and 7
if % is the average of f—.. and %

a. Write an equation for the harmonic mean of 50 and 75.

b. What is the harmonic mean of 50 and 757

{,;1 Higher-Order Thinking Skills
B x=12

45. CONSTRUCT ARGUMENTS Hideki used the rational function fix) = P e tor
determine the solutions of fix) = 0. He found that x could be 3 or —4. Do you

agree? Justify your argument.

. Bx 10
46. ANALYZE Given ;7”5 =7+ _3.

a. Solve the equation for x. | your solution extranecus? Explain how you know.

b. How can you use a graphical method to check your answer for part a?

47. FIND THE ERROR A student is trying to solve the inequality
% < 2. Refer to the work shown at the right. Do yvou agree?
Explain your reasoning. What is ane method this student ':::'
could have used to check their work?

—C 2
48. CREATE Give an example of a ratlonal equation that i
can be solved by multiplying each side of the equation = = X 2eX
by 4{x + 3)ix — 4).
1€ 2x
ik %4' % x+4
49. PERSEVERE Solve ——— = —= IE{ i
ilJ

50. ANALYZE While using the table feature on a graphing

calculator to explore fix) = m, the values —2 and

3 say “ERROR." Explain its meaning.

51. WRITE Why should you check solutions of rational equations and inegualities?
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Module 7 - Rational Functions

Review

{ﬂ Essential Question

How are the rules for operations with rational numbers applied to operations with rational

expressions and equations?

Similar to adding and subtracting rational numhbers, you can add and subtract rational
expressions by using a common denominator. Sums, differences, products, and guotients can
be simplified by removing common factors from the numerator and denominator of the rational
expression. Also, rational expressions can be set equal Lo one another to solve for unknowns.

Module Summary
Lessons 7-1and 7-2

Operaticns with Rational Expressions

« To multiply rational expressions, multiply the
numerators and the denominators.

« To divide rational expressions, multiply by the
reciprocal of the divisor.

« To simplify a complex fraction, first rewrite il as a
division expression.

« To add or sublract rational expressions, find
the least common denominator. Rewrite each
expression with the LCD. Then add or subtract

Lessons 7-3 and 7-4

Graphing Reciprocal and Rational
Functions

« A reciprocal function has an equation of the form
fix) = ﬁ,whemnis a real number and bix) is a
linear expression thal cannot equal 0.

+ A rational function has an equation of the form
= % where alx) and b{x) are polynomial
functions and bix) # 0.

Lesson 7-5

Variation

« ¥ wvaries directly as x if there is some nonzero
constant k such that v = kx.

= i vares jointly as x and z if there is some
nonzens constant k such that y = kxz.

«  varies inversely as x if there is some nonzero
constant k such that xy = k or y = & where
x#FDand y #F 0

« If you know that y varies directly as x, that y
varies inversely as z, and one set of values,
you can use a proportion to find another set of
corresponding values,

Lesson 7-6

Rational Equations and Inequalities

« To solve a rational eguation, it is often easier to
first eliminate the fractions. You can eliminate the
fractions by multiplying each side of the equation
by the least common denaminator (LCD).

« To solve a rational inequality, state the excluded
values. Mext, solve the related equation. Use the
values determined fram the previous steps to
divide a number line into intervals. Test a value
in each interval to determine which intenvals
contain values that satisfy the inequality.

Study Organizer
UI' Foldables
Use your Foldable to review
this module. Working with a
partnier can be helpful. Ask for
clarification of concepts
as needed.
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Test Practice

1. OPEN RESPONSE Multiply. (Lesson 7-1)

L i
R

T =2

2. OPEN RESPONSE Simplify 52 —%

fLesson 7-T)

3. MULTIPLE CHOICE The volume of a
rectangular solid is x* — 9x cubic inches.

i }
()

B
S R4+ x—5

if the area of the base of the solid is
¥ + x — 6 sguare inches, what is the height
of the solid in terms of ¥? (Lesson 71

xx - 3

A x=2

366 Module T Rewew « Rational Functions

4. OPEN RESPONSE Simplify

5
- 49

+ 4 10+ 7] - lLesson 7-2)

5. OPEM RESPOMSE Subtract Lesson 7-2)
2y 5

¢y

B. MULTIPLE CHDICE When two electrical
resistors with resistance R, and R, are
connected in paraliel, their combined
resistance is % [Lesson 7-2)

R

\,Aj‘;/‘
WV

Rz

Which of these expressions s equivalent?
R+ R
2
RR,
R+ R,
R +R,
" TRR,

_2
"R R




7. MULTIPLE CHOICE Add. [Lesson 7-2)
=1 +x+3
¥=3r=10 " x+2
x4+ x4+ 2
b — a)x + 2)
Sx + 20x + 32
“ [x+ 2Nz + 10)
P4t x+2
T+ 2jx = 5)
2% =2y =16
T fx=5lx+ 2}

n om P

o

B. OPEN RESPONSE What is the excluded value

of x for the function ﬂxj=35_ m?

MLessad -3

9. GRAPH Graph fix) = % + 1. Lesson 7-3)

10. OPEM RESPOMSE |dentify the values of a, h,
and k. Then write a function for the graph

g = = + k. {Lesson 7-3)

L ¥

11. OPEN RESPOMSE Consider the graph of

dx 4+ 4

2 =
M ="—"F7_4 - lLesson7-4)

¥

V".n

:

a) Find x-and p-intercepts.

b} Find any asymptotes,

12. OPEN RESPOMSE Consider the graph of

+ B

fix) = z:m— (Lesson -4

¥

a) Describe the end behavior.

b} Find the domain.

13. MULTIPLE CHOICE Suppose y varies jolntly
as x and z, and v = T2 when x = 4 and

z = —h(. What is the value of ¥ when
x=—hand 2z = 7? |Lesson 7-5)

A, —105 C.—24

B.

—35 D. 105
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14.

15.

MULTIPLE CHOICE Suppose v varies imversely
as x, and y =102 when x = 3. What s the
value of y when x = 27 {Lesson 7-5)

A 34
B. 6.8
c. 153

D. 306

OPEN RESPOMNSE The time required to drive
a fixed distance is inversely proportional to
the speed. The graph shows the time, in
minutes, required to drive from Centerville
to Concord, depending on the speed, in
miles per hour. {Lesson 7-5)

¥
- 200
gm
E
Em “\ﬁqu&&m’
= 5 ] ] -

O o 3 3w 40 5O
Speed (miles per hour)

Find the speed for each given time
required.

a) 48 minutes

b} 40 minutes

368 Module T Review « Rational Functions

16.

17

1B.

MULTISELECT Solve. Lesson 7-5)
s i _ 3
PPy B .
& =7
B —3
c. —2
D 2
E. 3
F 7
MULTIPLE CHOICE Which number line shows
the solution nfi ; 7 < B {Lessaon 7-6]
————p————+—+—
=5 = =3 =2 =1 0O 1 2 3 4 5
b e b e—t——T |
=5 =4 =3 =2 =1 0O 1 2 3 4 5
——————————+—
—h o=l =F =3 =1 O 1 2 3 4 B8
B o S——
=5 =) =3 =2 =1 0O 1 2 3 5
MULTIFLE CHOICE Working alone, an

experenced painter can paint a room in

7 hours. When an apprentice helps, they can
paint the same room in 4 hours. Approximately
how manmy hours would it take the apprentice,
working alone, to paint the room? Round to
the nearest tenth of an hour. (Lesson 7-8)

A. 3 hours
B. 9.3 hours
C. N howrs

D. 28.6 hours



€ Essential Question

Module 8
Inferential Statistics

How can data be collected and interp o that it is useful to a specific audience?

What Will You Learn?

How much do you already know about each topic before starting this module?

EEY
© —ldontknow. 0 —Iveheardofit. 5 —lknow it

Before | After

o g f b
s ok = L
NET R i =] Al F—-\'.'

classify sampling methods and identify bias in samples and
survey guestions

explore experimental probabilities and fair decision making

compare theoretical and experimental probabilities

describe and compare distributions by finding their mean and
standard dewviation

classify variables and analyze probability distributions to
determine E:l:jf:E'ttEﬁ oulcomes

use statistics and normal distributions to analyre data

use sample data to make inferences about populations

-m] Foldable Make this Foldable to help you organize your notes about inferential

statistics. Begin with an B‘-%' * 11" sheet of paper.

1. Fold in half lengthwise.

2. Fold the top to the bottom.

3. Open. Cut along the second fold to make two tabs.
4. Labed each tab as shown.

Statistics Probability
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What Vocabulary Will You Learn?

= bias « normal distribution = simulation

« confidence interval « observational study + standard dewviation

+ continuous random variable » guteome + standard error of the mean
+ descriplive statistics « outlier « standard normal distribution
« discrete random variable « parameter « statistic

+ distribution + population proportion * SUMVEY

+ experiment + probability distribution « symmetric distribution

+ experimental probability . probability model « thearetical probability

« inferential statistics » sample space » variance

» maximum error of the estimate  « sampling eror + zvalue

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

Example 1
The number of days it rained in each month over the
past year are shown below. Find the mean, median,
and mode.

so the mode of the data set is 9 days.

Find the mean, median, and mode of each
data set.

1. number of customers at a store each day: 78,
80, 101, &6, 73, 92, 97,125, 110, 76, B89, 90, 82, 87

2. quiz scores for the first grading period:
BH, 70, 85, 92, BB, 77, 98, BE, 70, B2

3. the number of touchdowns scored by a player
aver the last 10 seasons:
75,1012, 4,10, 1. 6,9, 3

4,2,9.16,13,9,8,9.7,6,8,5
Mean 1___l+2+9+15+13+E|1;-3+9+?+E+E+5.
or 8 days
Median 2, 4,5,6.7.8, 8,9, 9913, 16
—B;E or 8 days
Mode The value that ococurs most often in the setis 9,

Example 2
A die is rolled and a coin is tossed. What is the
probability that the die shows a 1 and the coin
lands tails up?

1

P [ LR
F'I_‘T.taﬁ}—ﬁ SO

Quick Check

A die is rolled and a coln is tossed.
Find each probability.

4. P4, heads)

B. Flodds, tails)

&. P(2 or 4, heads)

7. P2, 4, or 6, tails)

How Did You Do?

Which exercises did you answer carrectly in the Guick Check?
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Lesson B-1

Random Sampling

Learn Randomness and Bias Today's Goals

= Classify sampling
Statistics = an area of mathematics that deals with collecting, methods and identify
analyzing, and interpreting data., bias In samples and

A characteristic of a population is called a parameter. Because it is not
always practical 1o collect data from a large population, it may be
collected from a representative sample. A characteristic of a sample ks
called a statistic.

A population consists of all the members of a group of interest. A blas
i= an error that results in a misrepresentation of a population.
Key Concept - Types of Samples
simple random Each member has an equal chance of being selected.
systematic Members are selected according bo a specified interval.
self-selected  Members volunteer to be included in the sample.
convenience Members that are readily available are selacted.

stratified Members are selected from similar, nonoverlapping
Groups,

@ Example 1 Classify a Random Sample

APPS The administration of Jefferson High School developed a free
app to help their students with studying and organization. At the end of
the school year, the students were azked to complete an online
questionnaire about their satisfaction with the app. Classify the sample.

Step 1 ldentify the population.
the entire student body represented by the administration
Step 2 ldentify the sample.
the students who responded to the online questionnaire
Step 3 Classify the sample.
The sample iz solf-solacted.,
Check
MEMBERSHIP A club member would like to ask the other members in

her state's council about new requirements for flrst-year members.
Classify each sampling method.

a. She asks every 5th member on the council roster
b. She askes every other club member in her 25-member club.

€. She splits the council into four age groups and randomly asks
20 people from each group.

Survey questions.

= Distinguish among

sample surseys,
expefments, and
observational studies.

Today's Vocabulary

parameter

siatistic

population

bias

survey

experiment
observational study

Q Go Online

You may want ta
complete the Concept
Check to check your
understanding.

Q Go Online

You can complete an
Extra Example online.
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{ Think About It!

How large a sampla
size do you think would
be neadad to

accurately reflect the
population?

Use a Source

Find & biased online
survey guestion. Explain
wihy it is biased, and
rephrase the question.

& Talk About It!
Describe an example of
a biased obsenational

study. Explain how the
study is biased.

@ Example 2 Identify Sample Bias

TRAFFIC The traffic commission took a i
random sample of travelers using Route 15 MEW
and determined the average daily commute on | DiStance: 106 miles
this road during rush hour. After viewing the Average Commute:
results, the commission proposed expanding 26.3 minutes
the road from 2 lanes to 4 lanes. Identify bias Standard Deviation:
and potential Interests in the sample. 4.4 minutes
Sample Size: 10

Step 1 ldentify the purpose of the sample.
The purpose is to evaluate the length of the commute in order to
determine whether road expansion is necessary.

Step 2 ldentify the bias in the sample. While the sample is random, a
sample size of 10 is too small to accurately reflect all of the cars that
use the road.

Step 3 ldentify interests. The bias in the sample size may lead to a
sample average that does not reflect the true average commute of the
population. This bias could serve the interests of contractors who
hope to win the business of expanding the road.

& Example 3 |dentify Biased Questions

FOOD A restaurant owner wants to determine which kinds of meals
she should add to her menu: vegetarian options or more traditional
meat-based dishes. She releases a survey to her customers asking the
following question: Do you prefer a plain salad or a delicious steak?
Identify any bias in the question.

Step 1 ldentify the purpose of the question. The purpase is to
determine which dishes are most popular with customers.

Step 2 ldentify the bias in the sample. The guestion provides
descriptions of each kind of food, and the description for the steak
favors it over the salad.

Learn Types of Studies

In a survey, data are collected from responses given by members of a
group regarding their characteristics, behaviors, or opinions.

In an experiment, the sample is divided into two randomly selected
groups, the experimental group and the controd group. The effect on
the experimental group is then compared to the control group.

In an obsarvational study. members of a sample are measured or
observed without being affected by the study.

To determine when to use each type of study, think about how the
data will be obtained and how the study will affect the participants.
Each method of study relies on random selection of a sample to
ensure that it accurately represents the population.

E- Go Online You can comglete an Extra Example online.
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@ Example 4 Classify Study Types

UNIFORMS A research team wants to test new football uniform
designs and their appeal to young adults. They randomly select
100 young adults to view the different uniforms. The research
team obzerves and records the reactions to the uniformes.

Step 1 What is the purpose of the study?

The purpose s to determine if the new uniforms will be
appealing to young adults.

Step 2 Does this situation represent a survey, an experment, or an
obsarsational study?

This iz a(n) observational study because the participants are
observed without being affected by the study.

Step 3 |dentify the sample and population.

The sample is the 100 young adults involved in the study. The
population s all young adults.

Check

Match each study subject with the corresponding study type that
should be used.

2 A principal wants to determine the A, observational study
favorite after-school activity of his students.
A researcher wants to detarmine
whether young adults would be interested
in a new line of smartwatches entering the €. survey
market.

B. census

A teacher wants to determine
whether bright colors affect the test-taking
abilities of high school students.

D. experiment

 Example 5 Design a Survey

EXERCISE The owner of a company would like to convert a conference
room into an exercise room. She would like to survey her employees to
see if they would use the exercise room. Design the survey.
Step 1 State the objective of the survey.
The objective of the survey is to determine the employees’
interest in converting a conference room into an exercise room.
Step 2 ldentify the population.
The population i all emplovees of the company that work in
the building.
Step 3 Write an unbiased survey question.

Sample answer: “If available, would you use an exercise room

in the building If it were created by converting a conference
room?”

{o# Think About It!

In Example 5, seven out
of the 85 peaple wha
were surveyed said they
would use the exercise
ream. What conclusion
can you draw from
these resulte? Should
the owner proceed with
building the exercise
reom? Support youer
conclusion.

{3 Go Online

You can complete an
Extra Example online.
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%y Think About It!

Suppose all & of the
people who used the
Type E goggles had a
positive reaction. Do
you think this should
cause the researchers
to alter their
recommendation?
Justify your reasoning.

) Go Online
You can complete an
Extra Exampie online.,

@ Example 6 Draw Conclusions from a Study

TECHMOLOGY Researchers are testing different types of virtual
reality goggles. Each randomly selected participamt could choose a
type of goggle. The researchers observed the number of people
who chose each type and the number of positive reactions.

| Humber of People | Positive Reactions
A 1 45%
B 17 53%
c 45 %
D 52 92%
E & 33%

Step 1 Identify the type of study. The study s ajn) observational study.
Step 2 Draw a conclusion based on the results.

The Types C and D goggles seemed to be preferred by the most
people in the study, and recelved a very high percent of posithve
reactions. Therefore, the researchers should recommend that those
types of goggles be produced.

@ Example 7 |dentify Bias in Studies
Identify any flaws in the design of the experiment.

Experiment: A teacher wants to study the impact of music on testing.
She gives a test to her Algebra 2 class in a quiet environment. She then
gives the same test to her Geometry class, but this time with music
playing softly in the room.

Results: She found that the mean score of the tests taken by the
Geometry class was higher than the mean score of the tests taken
by the Algebra 2 class. She concluded that music is beneficial

when testing.

Step 1 ldentify the control and experimental groups.

Because the Algebra 2 class takes the test in a gubket
environment, and the change the teacher wants to measure is
the effect of music on test-taking, the Algebra 2 class is the
control group. Because the Geomelry class takes the test with
the music playing, they are the experimental group.

Step 2 Identify any flaws in the experiment.

The experimental and control groups were not randomiby
selected, and the two groups have more than one difference:
beside the precence of music while taking the test, the classes
are different and may be at different skill levels.

Step 3 Correct any flaws.

The teacher could use a sample of Algebra 2 or Geometry
students at similar ability levels and randomly select members
of the control and experimental groups fram this sample.
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Practice i0) Go Online You can complete your homework online.

Example 1

Identify each sample, and suggest a population from which it was selected. Then
classify the sample as simple random, systematic, self-selected, convenience, or
stratified. Explain your reasoning.

1. Berton divides his sports T-shirts by team. Then he randomly selects four T-shirns
from each team and records the size.

2. The project manager at a new business inspects every tenth smart phone
produced to check that it is operating correcthy.

3. A grocery store manager asks its customers to submit suggestions for items on
the salad bar during the week.

Examples 2 and 3
Identify each sample or question as biased or unbiased. Explain your reasoning.

4. Arandom sample of eight people is asked to select their favorite food for a survey
about Americans’ food preferences.

5. Every tenth student al band camp i asked to name his or her favorite band for a
survey about the campers.

6. Every fifth person entering a museum i asked to name his or her favorite type of
book to read for a survey about reading interests of people in the city.

7. Do you think that the workout facility needs a new treadmill and racquetball court?

8. Which is your favorite type of music, pop, or country?

9. Are yvou a member of any after-school clubs?

10. Don't you agree that employees should pack their lunch?
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Example 4

Determine whether each situation describes a survey, an experiment, or an
observational study. Then identify the sample, and suggest a population from
which it may have been selected.

1. An Internet service provider conducts an anline study in which customers are
randomly selected and asked to provide feedback on their customer service.

12. A research group randomly selects 100 business owners, half of whom started
their own businesses, and compares their success.

13. A research group randomly chooses 50 people to participate in a study to
determine whether exercising regularly redueces the risk of diabetes in adults.

14. An online video streaming senvice mails a questionnaire to randomly selected people
across the country to determine whether they prefer streaming movies or sports.

Example 5§

15. PROM A prom committes wants to conduct a survey to determine how many
juniors and seniors are planning to attend prom. State the objective of the survey,
suggest a population, and write two unbiased survey questions.

16. RESTAURANTS A restaurant manager wants to conduct a survey to determine
what new food items to include on the restaurant™s menu. State the objective of
the survey, suggest a population, and write two unblased survey questions.,

Example &

17. SPORTS DRINKS A sports drink company gives out free samples of their new
sports drink at the mall. The percent of teens thal take the sample s 62%. The
percent of adults that take the sample is 20%. Identify the type of study. Draw a
conclusion about the study based on the results. Explain your reasoning.

18. EDUCATION Researchers want to determine a teacher's effectiveness. They
observe five class periods and record the difficulty of the lesson, students'
reactions, and the overall effectiveness of the lesson. The results are shown in
the table. identify the type of study. Draw a conclusion about the study based on
the results. Explain your reasoning.

Drifficulty of Lesson | Student Reaction Effectiveness (%)

1 Easy Engaged o
2 Difficult Engaged 97%
3 Medium Engaged 93%
4 Difficult Not Engaged B0%
g Easy Not Engaged 55%

Example 7
Identify the control and experimental groups in the experiments. ldentify and
carrect any flaws in the design of the experiment.

19. MORALE A school principal hopes to increase the morale of students. The
principal selects some students at random. The principal gives each of the
selected students a qift card to a local restaurant. The principal compares
the morale of the students in each group.
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20. SPORTS The owner of a professional sports team wants to see if new uniforms
will improve ticket sales. The team opened the season by playing three away
games. The fourth game was played at home, and the team wore the new
uniforms. The cwner then compares the number of tickets purchased for the
home game with the number of tickets purchased for the first three games of the
season.

Mixed Exercises

Classify each sample as simple random, systematic, self-selected, convenience, or stratified.
Then determine whether each situation describes a survey, an cbservational study, or an

experiment.

21. To determine the music preferences of their customers, the manager of a music store
selected 10 customers in the store to participate in an intendew.

22. Administrators at a community library want to know the type of materals patrons
are most likely to use. Every Friday, they recard the type of media each patron
uses.

23. To determine whether the school should purchase new computer software, the
technology team divides a group of 50 students into two groups by age. Half of
the students from each age group are randomly selected to complete an activity
using the current computer software, and the ather half of the students from each
group complete the same activity using the new computer software. The students’
actions are recorded and anahyzed.

24, VIDED GAMES A behavioral sclentist studies the influence of video games on
students’ academic performance.

a. Describe an observational study the scientist can perform to study the influence.
b. Describe an experiment the scientist can perform Lo test the influence.

25. BAND A band director wants to compare the musical instruments played by
males in band class with the musical instruments played by females. What type of
study should the band director conduct?

26, USE A SOURCE Research to find an article online, in a magazine, or in a newspaper
that shows the results of a survey or study. Analyze the data. Then analyze the
summary of the report, or article. Explain whether the data in the report i blased.
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COMSTRUCT ARSUMENTS Explain whether an experiment, an observational study,
or a survey is best for achieving the goal of the researcher. If applicable, describe
the conditions for which another type of study might be used.

27. The buyer of 8 new car wants to determine whether it will be more cost efficient
to run the car she chose using EBS flex-fuel or regular gasoline.

28. A pizza shop owner wants to determine how satisfied his customers are with a
new special that he has on the menu.

29, STATE YOUR ASSUMPTION A cal rescue group wants to determine Weight Gain (oz)
w‘n_ether feeding rescued stray cats a grain-free food helps mem Control PE——
gain welght more quickly. They perform an experiment by giving a Group Group

control group of 10 cats regular food and an experimental group
of 10 cats the grain-free food. They record the cats’ weight gains
after two weeks, as shown in the table. ls the mean weight gain

a good measure 1o determine whether the rescue group should
switch food? State any assumptions you made to come to your
conclusion.

Q Higher-Order Thinking Skills

30. FIND THE ERROR Mia and Esteban are describing one way 1o improve a survey.
Are Mia and Esteban comect? Explain your reasoning.

wJj {Lm | oo || o
b D | ds (O | LR
WO el | O
O | G f O |

Pdia Esteban
The survey should The sampleg for the survey
nclude as many shotld be chosen randomiy.
people in the Several rendom samples
population as possible. shotild be token.

3. AMALYZE Aaliyah selects 10 students at random from each class in her high
school and asks the following survey question. Analyze the strengths and
weaknesses of the guestion.

How do students feel oboul the new dress code?

32. WRITE Why are accurate studies important to companies?

AMNALYZE Determine whether each statement is true or false. If false, explain.

33. To save time and money, population parameters are used to estimate sample
statlstics.

34. Observational studies and experiments can both be used to study cause-and-
effect relationships.

35. CREATE Design an observational study. ldentify the objective of the study, define
the population and sample, collect and organize the data, and calculate a sample
statistic.

36. WRITE What factors should be considered when determining whether a given
statistical study Is reliable?
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Lesson B-2

Using Statistical Experiments

Explore Fair Decisions

¥ Online Activity Use a real-world situation to complete the
Explore.

@ INQUIRY How can you use probability to
make a fair decision?

Learn Theoretical and Experimental Probability

Recall that the probability of an event is the ratio of the number of
outcomes In which a specified event occurs to the total number of
passible outcomes,

The theoretical probability = what is expected to happen, and the
axperimental probability is calculated using data from an actual
experiment.

The Law of Large Numbers states that as a sample size increases,

the variation in a data set decreases. So, as the sample size Increases,
experimental probabilities will more closely resemble their associated
probabilities.

Example 1 Find Probabilities

I SSutanad Ssind 4 itk Wi ajckiet tly
200 times and recorded the results. - = o

Find the theoretical and experimental t i,
probabilities of rolling an 8. 2 15
Theoretical Probability = 2%
The theoretical probability is what is 4 22
expected to happen. Because the die 5 2
iz falr, each side has a % chance of & 18
being the result. Thus, the theoretical 7 26
probability is %, or 12.5%. g 43

Experimental Probability

The experimental probabllity is based on the data collected from the
experiment. Because the die was thrown 200 times and 42 of those
throws landed on B, the experimental probability is % or 21%.

.} Go Online You can complete an Extra Example online.

Today’s Goals

» Compare thearetical
and experimental
probabilities.

= Datermine whether
models are consistent
with resulis from
simulations of real-ife
situations.

Today's Viocabulary
theoretical probability
experimental
probability
probability mode|
simulation

‘&) Talk About It!

A popular gambling
expression, The house
ahways wins, arques
that ultimately a casino
wins in the long term,
despite possible wins
by gamblers in the
short term. Explain how
this expression relates
to the Law of Large
MNumbers. Use the
phrases expermental
probability and
thearetical probability
in your axplanation.
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{ Think About It!

What does it mean for
a die to be fair?

% Think About It!

A claim was made that
the probability of a
specific coin landing
on heads cannot be
0.5 because it was
flipped 20 times in a
rowy, and it never
landed on heads.
How would you use
a simulation to test
this claim?

Check

A student tossed a fair die 150 times and recorded the results. Find the
theoratical and experimental probabilities of rolling a 5. Write yvour
answer as a percentage rounded to the nearest tenth, if necessary.

Humber Freguency
1 51

18

23

19

24

17

o U | b L | RS

The theoratical probability of rolling a 5 is -
The experimental probability of rolling a 5is _?_ %

Explore Simulations and Experiments

E Online Activity Use the interactive tool to complete the Explore.

N
@ INQUIRY How can simulations help you
analyze the results of an experiment?

Learn Simulations

A probability model is a mathematical representation of a random
event It consists of the sample space and the probability of each
outcome.

A simulation uses a probability model to imitate a process or situation
50 it can be studied. Coins, dice, and random number generators can
be used to conduct simulations of experiments that might be difficult
of impractical to perform n reality.

Eey Concept « Conducting a Simulation

Step 1 Determine sach possible outcome of the situation to be
simulated and its theoretical probability.

Step 2 Describe a probability model that accurately represents the
theoretical probability of each outcome.

Step 3 Define the trial for the situation, and state the number of
frials to be conducted.

Step 4 Conduct the simulation.

Step 5 Analyze the results.
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 Example 2 Design and Run a Simulation

PROMOTIONS A company that produces bottles of water runs a
promotion in which 1 out of every B bottle caps wins the customer

a free bottle of water.

Step 1 Describe the probability model.

There are 2 possibie outcomes: winning a free bottle of water
or not winning a free bottle of water.

The theoretical probability of winning a free bottle is %

The thearatical probability of not winning a free battle is %.

Step 2 Define the trial for the situation, and state the number of trials

to be canducted.

Of the six avallable probability tools, identify the tool(s) that can
be used for this scenario. The tools that can model theoretical
probabilities of é and % are circled balow.

a single coin toss
random number generator

standard die

All the outcomes can be represented by the numbers 1 through
B, so a random number generator is a good tool to use.
Becausze thera is a al chance of winning and a % chance of not

winning, the number 1 can be used o represent winning,
and the numbers 2 through 8 can be used to represent

not winmning.

One trial will represent one bottle cap. The simulation can
consist of any number of trals. Run the simulation for 100 trials,
and the number generator will return 100 random numbers

between 1and B.
Step 3 Conduct the simulation.

For a simulation using a random number generator, determine
the number of trials and the minimum and maximum values.

Then conduct a simulation.

Number of trialts: 100
Minimum Value: 1

Step 4 Analyzre the results.

Maximum Value: B

What are your results? That is, what is the experimental
probability that a random bottle cap is a winner?

Sample answer: In one simulation, the number 1 was generated
12 times in 100 trials, or 12% of the time.

13 Go Online You can complete an Extra Example oniine.

Math History Minute
Statistician Joan
Ginther has been
called “the luckiest
woman in the world™
after winning mult-
million dollar lottery
jackpots on four
separate occasions for
a total of 320.4 million.
The odds of winning
four major jackpots are
about one in eighteen
seplillion.

Q) Go Online

to use a skeich to
conduct 8 simulation.
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Study Tip

Modeling Simulations
often provide a safe and
efficient problem-sotving
strateqgy in situations that
atherwise may be costly,
dangerous, or impossible
to solve using theoretical
technigues. Simulations
should involve data that
are easier to obtain than
the actual data you are
modeling.

% Think About It!
Why do you think
multiple simulations
were neaded o
evaluate this model?

@ Go Online

1o use a sketch to
conduct a simulation.

@ Example 3 Run and Evaluate a Simulation

HEALTH CLUBS A health club ran a promotion in which they sold
tickets to their customers, and 1 in every 10 tickets won free training
sessions valued at $150. A customer complained that they bought 20
tickets in a row and did not win a prize. Run and evaluate a simulation,
and decide whether the customer has a legitimate complaint.

Step 1 Describe the probability model.

Step 3

Step 4

There are 2 possible outcomes: winning the prize or not

winning the prize.
The theoretical probability of winning the prize is %.
The theoretical probability of not winning the prize is %.

Define the trial for the situation, and state the number of trials
to be conducted.

How can a spinner be used to simulate this scenario, where the
spinner landing In one sector represents winning and in
another represents losing?

The sector that represents winning should contain 10% of the
spinner's area.

The sector that represents losing should contain 90% of the
spinner's area.

One trial will represent one ticket. Run the simulation for 100 trials.
Conduct the simulation.

Spin the spinner 100 times and determine the number of times
the spinner lands in the winning sector.

Analyze the results and evaluate the model.

What are your results? That is, what is the experimental
probabiity of winning?

Sample answer: In one simulation, the spinner landed in the
winning sector 1 times in 100 trials, or 11% of the time.

How can the simulation be evaluated to address the concem of
the customer?

Sample answer: Run the simulation multiple times to see
whether there are instances where the spinner landed in the
losing sector at least 20 times in a row.

Suppose the simulation was conducted 50 times, and the
spinner landed in the losing sector at least 20 times in a row in
36 of the 50 simulations, or 72% of the simulations. In this case,
the customer's experience s not unlikely, and their complaint is
not legitimate.

L) Go Online You can complete an Extra Example online.
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Practice E Go Online ¥ou can complete your homewornk onBne.

Example 1

1. A student spun a spinner with 4 equal sections 100 Spinner Section Frequency

times and recarded the results. Red 15
a. Find the theoretical probability of spinning blue. Blua 38
Write yvour ancwer as a percentage rounded to the Green 13
nearest tenth, if necessany. it 1

b. Find the experimental probability of spinning blue.
Write your answer as a percentage rounded to the nearest tenth, if necessary.

2. Astudent flipped a coin 125 times and recorded Coin Result PGy

the resulis.
Heads 73

a. Find the theoretical probability of the coin landing on Talis 52
heads. Write your answer as a percentage rounded
to the nearest tenth, if necessany:

b. Find the experimental probability of the coin landing on heads. Write yvour
answer as a percentage rounded to the nearest tenth, if necessany.

Mumber on Die Frequency

3. A fair 6-sided die is rolled 150 times. |

a. Find the theoretical probability of rolling a 3_ Write 1 33
YOUF answer as a percentage rounded 1o the nearest 2 18
tenth, if necessary. 1 57

b. Find the experimental probability of rolling a 3. 4 16
Wite yvour answer as a percentage rounded to the [ a3
nearest tenth, if necessary. & 24

Examples 2 and 3

4. INTERMET Tlana sells handmade earrings online, Last month she sold 60% of her
imventorny. Design and run a simulation that can be used to estimate the
probability of selling inventory.

5. PROGRAMMING Lamar designed a soccer computer game. He coded the
program such that a player will make a goal on 35% of the attempts. Paola is
testing the game and thinks there may be an error In the game's programming.
She attempted to make 30 goals and only 4 were successful. Run and evaluate a
simulation, and decide whether Paola is correct.
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Mixed Exercises

7

10.

n

12.

Describe a way to simulate the test results for someone who guesses on a
multiple choice test with 4 choices for each gquestion.

Describe a spinner that could be used to simulate an event with
2 possible outcomes, one with a probability of 60%.

. How should numbers be assigned to use a random number generator for the

following situation?

Probability of choosing blue: 40%
Probability of choosing green: 20%
Probability of choosing red: 30%
Probability of choosing purple: 10%

HAIR COLOR A survey of Hartford High School students found that 50% of the
students had brown hair, 40% had blonde hair, and 10% had red hair. Design a
simulation that can be used to estimate the probability that a randomly selected
student will have one of these hair colors. Assume that each student's hair color
will fall into one of these categories.

DESIGN Marta designed a simulation using a fair coin and a spinner with six
equal sections. Describe a situation that Marta may be simulating.

TRAVEL According to a survey done by a travel agency, 40% of their
cruise clients went 1o the Bahamas, 25% went to Mexico, 20% went to
Alaska, and 15% went to Greece. When Jinhal and Jayme were asked to
design a simulation that could be used to estimate the probability of a
client going to each of these places, Jinhai designed the spinner with
central angles shown. Jayme wants to assign integers 1o each
destination and use the random number generator on her graphing
calculator. Which model would allow more trials to be conducted in a
shornter pericd of time?

EARTHOUAKES Geologists conclude that there is a 62% probability of a
magnitude 67 or greater quake striking the San Francisco Bay region befare
2032 Design a simulation that can be used to estimate the probability that such
an earthguake occurs,
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13.

14.

15.

16.

STATE YOUR ASSUMPTION Sarah kept track of the Car Color | Frequency
color of each car that passed her house. She White &1
recorded the car color for 250 cars.
Black 56
a. Find the theoretical probability of a blue car Sihver 72
passing by Sarah's house. Write your answer as a Ped 41
percentage rounded to the nearest tenth, if
necessary. Blue 20

b. Find the experimental probability of a blue car
passing by Sarah's house. Write your answer as a
percentage rounded to the nearest tenth, If necessary.

c. What assumption did you make to find the theoretical probability?

USE ToOLS Describe an event that can be simulated using each method.
a. Acoinls tossed.

b. A four-sided die is rolled.

USE & MODEL Forty-two students participated in a raffle with three prizes. Fifteen
of the participants were members of the basketball team. All three winners were
members of the basketball team. The other students claim the raffle was unfair.

a. Deccribe a simulation you could use to test the results of the rafile.
b. Run a simulation and record your resulls in a table.

c. Based on your results, do you think the raffle was fair? Explain your reasoning.

CARDS A package of cards has an equal number of red, s
- Card Caolor | Frequency
black, white, blue, green, yellow, crange, and purple cards. Red &3
Judy kept track of the color card she randomby drew after
shuffling the cards. She recorded the card color results for Black 55
500 trials. White 33
a. Find the theoretical probability of ludy drawing any color Blue 62
card. Write your answer as a percentage rounded to the Green 52
nearest tenth, if necessary. Yellow 78
b. Find the experimental probability of Judy drawing a Orange 56
green card. Write your answer as a percentage rounded Purple 95

to the nearest tenth, If necessany.

€. Find the experimental probability of Judy drawing a yvellow card. Write your
answer as a percentage rounded to the nearest tenth, if necessary.
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17. USE A MODEL A volleyball player serves an ace 66% of the time in a set.

18.

19.

a. Design a model or simulation you could use to estimate the probability that
the valleyhall player will serve an ace on the next sere.

b. Run a simulation and record your results in a table.

c. Examine the data. Is the data from your simulation consistent
with the probability model?

CONSTRUCT ARGUMENTS There are 2 candidates running for class president.
Of the six models discussed in this lesson—cards, coin toss, marbles, dice,
random number generator, or spinner—which model would be most appropriate
for a simulation to determine how students will vote? Justify yvour conclusion.

AMALYZE levon tosses a coin several times and finds that the experdmental
probability for the coin landing heads up is 25%. Should Jevon be concerned
about the faimess of the coin? Explain your reasoning.

Q Higher-Order Thinking Skills

20. ANALYZE 1= the experimental probability of heads when a coin s tossed 15 times

24. WRITE Can tossing a coin somelimes, always, or never be used to

. ANALYZE An experiment has three equally likely outcomes, A, B, and C.

sometimes, never, or always equal to the theoretical probability? Justify your
argument.

PERSEVERE True or false: If the theoretical probability of an event is 1, the
experimental probability of the event cannot be 0. Explain yvour reasoning.

. WRITE What should you consider when using the results of a simulation to make

a prediction?

Is it possible to use the spinner shown in a simulation to predict the
probability of outcome C? Explain your reasoning.

simulate an experiment with two possible outcomes? Explain your
reasoning.
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Lesson B-3

Analyzing Population Data

Learn Describing Distributions

Measures of center and measures of spread or variation are often
called descriptive statistics. To analyze data sets, we often look at
their distribution, which is a graph or table that shows the theoretical
frequency of each possible data value.

Symmetric
Distribution

Megatively Skewed
Distribution

The mean and median Typically, the median
are approximately
equal, and the data
are appraximately
symmetric about the

is greater than the
mean and less data is
an the laft side of the

graph.

Positively Skewed
Distribution
Typically, the mean
is greater than the
median and less data
is on the right side of
the graph.

Today's Goal
= Describe distributions

by finding thelr mean
and standard dewiation.

Today's Vocabulary

descriptive statistics
distribution
symmetric distribution
auther

variance

standard deviation

center.

= i =

& B 012 1618 2022 B 81012141618 2022

mean = W8 mwean =127
mvegEan = 16,7 mstan = MG

= ==

& B 1012 % & 182022

mean = 131
meadian = 13.2

A bimodal distribution has two distinct peaks. When a distribution is
symmetric, the mean accurately reflects the center of the data.
However, when a distribution is skewed, the mean & not as reliable.
Outliers, which are extremely high or low values when compared 1o
the rest of the values in a data set, have a strong effect on the mean of
a data set. When a distribution is skewed or has outliers, the mean lies
away from the majority of the data toward the tail and may not
accurately describe of the data.

In a symmetric distribution, the data are distributed symmetrically
about the center. The center is measured with the mean, and the
spread is measured with variance and standard deviation, which
describe how the data deviate from the mean.

Watch Outl
Symmetric Distributions
Every set of data has a
mean and standard

Key Concept « Finding the S5tandard Deviation deviation, but they are

Step 1 Find the mean . onky accurate
Step2  Find the square of the difference between each data value x_ m&sme_menls for .
and the mean, {x, — I-"Jz- symmetric distnbutions.
Step 3 Find the sum of all the values in Step 2.
Step 4 Divide the sum by the number of values in the set of data n.
This value ks the varance.
Step5 Take the sguare root of the variance.

‘f f1[x. ~ P
Formula:ag = | ———
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@ Example 1 Find a Standard Deviation

TRACK A coach recorded the 400m Race Times (seconds)

times of each track member 571 585G
for a 400-meter race. Find and 59'3 54'9
interpret the standard deviation . .
of the data. b S8
552 535

Step 1 Find the mean, pi.

= EM 4+ 593 +546+ 552 + 559+ 549+ 503 +535
- 8

= B&1

The mean running time for the team is 551 seconds.

Step 2 Find the squares of the differences, (u — x_.,F.
(551 — 5717 = 400 (551 — 5597 = 064

(551 — 5932 = 1764 (551 — 5491 = 004
(551— 5467 = 025 (551—503F = 23.04
(561 —552F = 0.0 (861—535¢ = 256

Step 3 Find the sum.
Find the sum of the values from Step 2.
400 +1764 + 025+ 001+ 064 + 0.04 + 23.04 + 2.56
= 4818
Step 4 Divide by the number of values.
Divide the sum from Step 3 by the number of running times.

4818 . o

@ Talk About It 5 —b6.0225 This is the variance

In what case would a Step 5 Take the square root of the variance.

;_45 I:;iﬁ;:::dnf 60225 = 2 45 This is the standard deviation.

large? Provide a real- The standard deviation is about 2.45. This is small compared with the

world example. run times, which means that the majority of the team members’ times

are close to the mean of 551 seconds, and almost all of the times will
likely fall within 2 standard deviations of the mean. or between 50.2
and 60.0 seconds.

Check

How do you know that your solution is reasonable? (Hine The majority
of the data should be within one standard deviation of the mean, and
almost all of the data should be within two.)

Over half of the times are within one standard deviation of the mean,
which ig the interval [52.65, 5755] All of the data are within two
standard deviations of the mean. or the interval [50.2, 60].

m Go Online You can complete &n Exira Example anline.
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Check

BREAKFAST The manager of a cafeteria m

tracked the number of waffles that were 26 43
sold during breakfast every day. Find

and interpret the standard deviation of 48 40
the data. Round your answers to the 44 56
nearest tenth. 57 53
Part A The standard deviation s approximately 2_ waffles.

Part B The majority of the sales were between _ % and _ 7 waffles.

Example 2 Calculate Statistics

Use a graphing calculator to find the mean and standard deviation
of the set of data.

26, 12, 15, 20, 17, 19, 18, 16, 14, 23, 13, 18, 19, 20, 22

Ona TI-B4.. enter the data by pressing =TT
and selecting the Edit option. Enter all data in

P
List 1 {L1). Then, press | stat |, access the CALC w i i |
menu, select +Var Stats_and press E:;g 2letEne

The mean is represented by ¥ and standard

deviation is represented by o_.

The mean is about 181, and the standard deviation s about 37

Check

Lise a graphing calculator to find the mean and standard dewviation of
the set of data. Round your answers to the nearest tenth.

68, 55, 52, 63, 54, 47, 56, 56, 58, 62, 63, 52

The mean is about _? _ and the standard deviation s about _?

Pause and Reflect

Did you struggle with anything so far in this lesson? if so, how did you
deal with t?

1.3 Go Online You can complete an Extra Example online.

ey Think About It!

How would an outlier
affect the statistics you
calculated? Consider
the case where the
outlier is extremely
high and the case
where the outlier is
extremely low.

Study Tip
Termineclogy On a
calculator, same of the
menus are labeled
STATS or Statistics.
You have learned that
while statistics are
used to describe a
sample, parameters are
used to describe a
population. So even
though you are
working with
populations in this
lesson, you can still use
the statistics features
of the caleulator to
analyze the population.
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(] Example 3 Compare Distributions

COURSES The exam scores for two Algebra 2 classes are shown.
Use the mean and standard deviation to compare the distributions.

Mr. Jackson's Algebra 2 Class Ms. Hettrick's Algebra 2 Class

g5 S6 o5 94 g0 13 B6 B3 78 78
98 52 =] 94 | 92 &5 82 79 B3 77
g2 92 | 94 | 93 | 93 70 85 B4 76 21
L] 895 | B8 | 94 | 90 68 73 89 92 | B4

Part A Find the mean and standard deviation of the distributions.

Measures of center and spread are used to compare symmetric
distributions of data.

Using a Tl-B4 calculator, enter the data for Mr. Jackson's class in L1
and the data for Ms. Hettrick's class in L2. To display the statistics,
press | stat | access the CALC menu, and select 1-Var Stats. For

Mr. Jackson's class, enter L1 and press |mtar|again. For Ms. Hettrick's
class, enter L2 and press Ienterl again instead.

Mr. Jackson's Class Ms. Hettrick's Class
1-Var Stats 1=var Stats

E-g Egﬁﬁ-# ?T?*%HE
srbgem| | ok e

Part B Compare the distributions.

Mr. Jackson's class has a mean score of 93.2 and standard deviation
of 2.3. Ms. Hettrick's class has a mean score of 799 and a standard
deviation of 7.2_ This means that Mr. Jackson's class scored higher on
average, and that the scores in Ms. Hettrick's class are more spread
out from the mean.

Check
TRAINING Twenty trainees were provided with a 100-point pretoest

befare thelr training began. Once their raining was complete, they were
each given a 100-paint posttest that was very similar to the pretest. Use
the mean and standard dewiation to compare the distributions.

BO &0 | 85 75 80 73 88 B4 B8 a5

70 B5 7O | 75 50 B3 a3 a4 94 a3

55 65 | 80 | 95 =15] 93 97 a9 96 21

90 =10 BS 70 75 859 96 93 93 93
The average score was higher forthe 7 The scores were
more varied inthe ____ 7

L) Go Online You can complete an Extra Example online.
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Practice i0) Go Online You can complete your homework online.

Example 1
1. BARBER A barber wants to purchase new professional shears from Cost of Shears ($)
a Web site. The prices of all of the shears are shown in the table. Use 50 W65 | 55 79
the standard deviation formula to find and interpret the standard
deviation of the data. Round your answers to the nearest cent.

B84 68 | 38 | 42

2. READING Ms. Sanchez keeps track of the total number of books each R ——

student in the book club reads during the school year. Use the standard 9 5 12
deviation formula to find and interpret the standard deviation of the data.
Round your answers 1o the nearest tenth. - 3 L.
10 13 B
Example 2
Use a graphing calculator to find the mean and standard deviation of each
set of data. Round to the nearest tenth.
3. 20,23, 24,23, 22,25 2, 4. 150,153, 125, 136, 143, 150, 166, 148,
23,24 22 N, 23 22 24 150, 173,150, 153, 143, 142_153
5. 90,38 62,71.53,62, B. 3350, 2B00, 4525, 2150, 2800, 2150,
71,82 71,45 59 82 3350, 1800, 5250, 3975, 580, 2800
Exampie 3

7. TRACK Twenty track members were timed on a one-mile run before their season
began and again after their season was completed. Use the mean and standard
deviation to compare the distributions.

Mile Time Before Season (min) :

9 8.5 2.5 9 7 7 6.5 75 ] 5.5

75 1] 1075 | 925 9 B.S B 7 745 75
10.25 B 10 B.25 9 675 6.5 7 5 6.5
10.5 10 B.5 9 5.25 9 7.5 B.25 6.5 7

8. GRADES Mr. Williams recorded students' test scores of his two Geometry classes.
Use the mean and standard deviation to compare the distributions.

Geometry Class 1 Geometry Class 2

58 S0 a5 70 BS 70 BO 95 55 65
30 100 a5 75 BS 40 B8O 85 BS 100
95 70 S0 BS 75 B5 BS 90 70 BO
50 95 80 58 98 BO BO 85 30 70
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Mixed Exercises

Use a graphing calculator to find the mean and standard deviation of each set
of data. Round to the nearest thousandth.

9. 0.2 04, 035 025, 03,045, 03, 0.4, 0.65, 0.35, 015, 0.35, 0.4, 0.45, 0.35,

n

12.

13.

Q Higher-Order Thinking Skills

14.

15.

0.5 06, 03

TESTING A community college offers 10 dates for taking the entrance exam. An
administrator records the number of attendees at pach session. Find and interpret
the standard deviation of the data. Round your answers to the nearest tenth.

‘ 88, 72,92, 72 102, 55,99, 76, 117107 \

USE A MODEL Juan Carlos is researching the effect of tank size on the
development of guppies. He measures sach fish in both tanks. How can Juan
Carlos use the mean and standard deviation to develop a conclusion In his
research?

Length of Guppies in Small Tank (in.) Length of Guppies in Large Tank (in.)

25 1.8 2 15 15 25 17 13 22 16
17 16 15 14 1.5 11 19 27 23 25
15 1.4 12 1.5 22 22 27 19 16 19
14 15 16 15 18 21 15 17 26 24

COMNSTRUCT ARGUMENTS The manager of a fast food Empioyee Hourly Wages ($)

restaurant is analyzing the hourly wages of the employees.
yzing Iy waig oy n20 | nos | 9=o | 1088

To make the wages mora aven, she wants to reduce the

1075 | 1030 | 1158 1n&7
spread of the data thal represent the wages by adding $11o 292 | 1088 | 200 | 1032
each employee's hourly wage. Is this an effective method to

10415 945 | 1055 | 995
reduce the spread? Justify your response.

WRITE How can the center and spread of a bimodal
distribution, like the one shown, be described?

O s bbb B U

2 4 65 B W 12 W % W\
AMALYZE Approximate the mean and standard deviation

7
of the distribution of data shown. Explain yvour reasoning. g
5
. CREATE Create a symmetric set of data with 12 data values. Then ;
calculate the mean and standard deviation of your set of data. 2
1
WRITE Explain how to find the standard deviation of a set of data o > B @
without using technology. R F A ..}Er}.{:-:ﬁ.-p’#
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Lesson B-4

Normal Distributions

Explore Probability Distributions

) Online Activity Use a simulation to complete the Explore.

& INQUIRY What is the relationship between the
expected value of a discrete random variable
and the mean of the distribution of that
variable as the sample size increases?

Learn Probability Distributions

A probability distribution is a mapping of each outcome of a statistical
experiment to its probahility of occurrence. It is similar to a frequency
distribution, except that the probability of an event oocurring is
measured rather than the number of times it occurs.

A probability distribution is a statistical function that describes all of
the possible values and probabilities that a random variable can take
within a given range. These probabilities can be determined
theoratically or expermentalby.

The value of a random variable is the numerical outcome of a random
event. An outcome IS the result of a single event X. The sample space
iz the zet of all possible outcomes in a distribution. The probability
PX) represents the likelihood of the event occurring. A probability
distribution for a particular random variable maps the sample space

to the probabilities of the outcomes within the sample space.,

Miles Per Gallom

Sum of Two Dice

0.2

]
[l

e cmas ity B
=]
=

=
i

2.3 4 'K E T B2 M
X

A discrete random variable s finite and can be counted. It is graphed
with individual bars separated by space because no other values of X
are possible. A continuous random variable is the numerical outcome
of a random event that can take on any value. & continuous distribution
iz graphed with a histogram or as the area under a curve because any
value under the curve is possible.

The probability distribution of a random varable X must saticfy the conditions:
» The probability of each value of X must be between O and 1.

« The sum of the prababilities of all of the values of X must equal 1.

Today’s Goals

= Classify variables and
analyze probabillity
distributions to

determine expected
outcomes.

= Analyze nomalty
distributed varables by
wsing the Empirical Rule.

= Analyze standardized
data and distributions

by using z-walues.
Today's Vocabulary

probability distribution

discrete random
variable

continuous random
variable

outcome

sample space

normal distribution

Zvalue

standard normal
distribution

tg Think About It!

Why must the
probability of each
value of a random
variable be betweaen
0 and 17
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{ Think About It
Why is there a space
between the bars for a
graphical distribution of
a dizcrate random
wariable?

Example 1 Classify Random Variables

Classify each random variable as discrete or continuous.

a. the number of songs on a random selection of smartphones

The number of songs on a random selection of smartphones is
discrete because the number of songs is countable.

b. the air pressure in a random selection of basketballs

Alr pressure (= continuous because it can take on any value within
a certain range. The air pressure of a standard basketball can be
anywhere between 7.5 and 8.5 pounds per square inch

Check

Classify each random variable as discrete or conlinuous.
200-meter swim times ¥
number of students in class ?

individual archery scores

the amount of water 0 a bottle —

@ Example 2 Analyze a Probability Distribution

MARKETING A candy company had

Prize, X | Winners
a promotion in which 4000 of their
candy wrappers won the purchaser ¥5 o
a cash prize. The frequency table $10 1000
shows the number of winning $20 750
wrappers for each prize. $50 &00
Construct a relative frequency $100 300
table, and graph the probability $500 a0
distribution.
$1000 16
£2500 4
Step 1 Construct a relative ———
frequency table. [ Freguency
The relative frequency table 25 1250 0.3125
converts the frequencies o £10 1000 02500
probabiiities. Divide each $20 750 01875
frequency by the total
number of winning wrappers, $50 600 01500
4000, $100 300 0.0750
3500 8o 0.0200
$1000 16 0.0040
$2500 4 0.0010

{5} Go Online You can complete an Extra Example online.
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Step 2 Graph the probability distribution.

The bars are separated on the graph because the distribution
ie discrete. Each unique outcome is indicated on the horizontal
axis, and the probability of each outcome occurring & indicated
on the vertical axis.

Prizes Won

0.4

1

5 W 20 50 100 500 w000 2500
Prize Amount |$)

€ Example 3 Misleading Distributions

SAalARY A business Salaries

publishes a report saying
that most of its employees o

earn at least $40,000

annually. When askedto 2 ;g
show the distribution of

salaries, they provide a

probability distribution. el

Identify any flaws in the

representation of the 015

probability distribution. o :;9 1;3“" .,f' ;,ﬂ,:,‘“ﬁ ;,‘C{*:',:;‘Q ;F'
LT EPS Y S ST S L

O P B PP
Salary. x (thousands of dollars)

Step 1 Identify interests.

The company provides the distribution as evidence of fair
salary to their employees. The company benefits from a
distribution that makes the salary of $40,000 to $50,000
appear significantly more likely than the lower amounts.

Step 2 Examine the distribution.

The scale for the x-axis is potentially misleading. While most
bins are evenly distributed, the bin for salaries greater than
£70,000 may resull in outliers because values significantly
greater than $70,000 may be included.

The scale for the y-axis i misleading because of the small
increments. The scake makes it appear that many more
employees earn $40,000 to $50,000 than the lower salaries.
Howewer, most of the salary ranges have very similar probability.

{2} Go Ondline You can complete an Extra Example online.

fo# Think About It
What is the probability
that a winning wrapper
has a value of $500 or
greater?

{eg Think About It!

Describe an
appropriate scale for
the y-axis of the
distribution.
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Study Tip

Mormal Distributions
In arder for a distribution
to be approximatehy
normal, there must be a
large number of values
in the data set.

t Think About It!

How can you find the
area under the normal
curve that is more than
2 standard deviations
greater than the mean?

Learn MNormal Distributions

The normal distribution & the most common continuous probability
distribution of a random variable. A normal distribution occurs as a
sample size increases due to the Law of Large Mumbers.

KEey Concept « Law of Large Humbers

As the number of trials increases, the experimental probability
approaches the theoretical probability.

Eey Concept - The Mormal Distribution

« The graph of a normal distribution is continuous, bell-shaped, and
symmatric with respect to the mean.

» The mean, median, and mode are equal and located at the center.

» The curve approaches, but never touches, the x-axis.

= The total area under the curve is equal to 1, or 100%.

The area under the normal curve represents the amount of data within
a certain interval, which can be used to determine the probability that
a random data value falls within that interval. This area is defined in
relation to the mean and standard deviation of the data.

When a zet of data is narmally distributed, or approximateby normal,
the Empirical Rule can be used.

Key Concept « The Empirical Rule
In & normal distribution with mean g and standard deviation o,

' ES%

p=3rp—2ir p—o L p+o pH+ i p+ioc
L =m ]

5%
99

«  approximately 68% of the data fall within 1o of the mean,
« approximately 95% of the data fall within 2o of the mean, and
= approximately 99.7% of the data fall within 3 of the mean.

When a set of data is not approximately normal, it cannot be
represented by the Empirical Rule. Skewed data is one example of a
set of data that &= not approximately normal.

The data are normally distributed,
symmelric about the mean, and
bell-shaped.

distributed. The data can ba modeled
by the normal distribution.

- The data are approximately normally
M

The data are skewed to the left.
A normal curve would not be the best
curve to model the distribution.

o

[
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 Example 4 Approximate Data by Using a Normal
Distribution

e e
Goals Scored Per Player
scored by each player of a soccer

team during the season is shown. 0 2 o 0
0 0 1 1

Create a histogram of the set of

data. Determine whether the 1 E 0 -

data can be approximated with a 1 3 1 0

normal distribution. o o o 3
o 2 & 8
0 9 n 1
2 0 1 0

Goals Scored Per Player

Fraguency
5 uemea3BER

=]
[ 8]

1 & &5 & 7 B 9 W N 12
Mumber of Goals

The data set is skewed. Thus, the data cannot be approximated with a
narmal distributicn.

Example 5 Use the Empirical Rule to Analyze Data

A normal distribution has a mean of 42 and a standard deviation of 6.

a. Find the range of values that represents the middle 95% of the
distribution.

By the Empirical Rule, the middle 95% of the data in a normal
distribution is under the curve batween the interval

[ — 2o, i + 2.
p— 2o = 42 — 2{6) = 30 ft+ 2o =42 + 2(6) = 54
b. What percent of the data will be greater than 367

36 is o less than . Therefore, the range of values greater than
GisX > pu—am

This range includes:

= All of the data greater than g, or 50%.

« The data between u — o and g, or 34%.
The percent of data greater than 36 is B4%.

13 Go Online You can compiete an Extra Example online.

fo# Think About It!

Lize the histogram to
estimate the mean and
standard dewviation of
the data. Explain your
reasoning.

feg Think About Itl

What are the limitations
of the Empirical
Farmula?

L3 Go Online

You can walch a video
ta learm how to graph a
normal distribution

using a graphing
calculator onfina.
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f# Think About It

Using the formula for

the z-value, what is the
Z-score of a data value

equal to u + o? p — 2a?

atudy Tip

Standard Mormal
Distribution

The standard normal
distribution is the set of
all z-values. zvalues are
also called z-scoves.

Learn The Standard Mormal Distribution

The Empirical Rule is only useful for evaluating specific values. Once
the data set is standordized, any value can be evaluated. Data are
standardized by converting them to zwvalues. The z-value of a specific
data value is a measure of position, and it represents the number of
standard deviations that a given data value is from the mean.

The§-ualue for a data walue X in a sot of normally distributed data iz
-

Z = ——, where [ is the mean and o is the standard deviation.

If the distributions are standardized by using z-values, any distribution
can be compared to any other distribution.

The standard normal distribution is a normal distribution with a mean
of 0 and a standard dewviation of 1. You can take any normal distribution
and comvert it to the standard nomal distribution by standardizing it

The standard normal distribution allows you to determine how much
of the data falls between any two Zavalues, or to the left or right of

any Z-value. The area under the normal curve between two points
corresponds to the propartion of the data that falls in a given interval.

Because the area under the curve is 1, the area under the curve
between two points represents the probability that a data value
falls in that Interval

The proportion of values within each interval, or the associated
probability of a data point falling within that interval, can also be found by
using probability tables. For these values, round to the hundredths place.

To use a Standard Mormal Distribution Table to find the probability of
data being in the interval [—1.09, 0.69], complete the following steps.

Step 1 Find the area under the curve for X < —1.09,

The probability associated with > 0.00 | --- 0.09
z = —1.09 is 0.1379. The probability

of a randomly selected value in a il R [ o
normally distributed data set being :
less than g — 1.09r is 01379 —1.0 |osa7 | - 01379

Step 2 Find the area under the curve for X < 0.69.
The probability associated with

z 0.00 e 0.09
Zz = 0.69 is 07549 The probability
of a randomly selected value in a 0 | AS00 = 0.5359
normally distributed data set being :
less than g + 069 is 07549, 06 |07257 | - 07549

Step 3 Find the area within the interval.

The area under the curve within [—1.09, 0.69], and the assoclated
probability, is 0.7549 — 01379 = 0.6170, or 61.7%.

{5} Go Online You can complete an Extra Example online.
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Example 6 Use z-Values to Locate Position
Find zif X = 24, i =19, and o = 3.8.

X=p
R Formula for z-value
_M=19 . - &
z= 18 X=24 p=19 and o= 3.8
Z= 3_—5{5 Subtract
Z= 1316 Divide.
Check

Find z if X = 106.3, 1 = 88 B, and & = 96. Round your answer to the
nearest thousandth. z = _?

Example 7 Find Area Under the Standard Normal
Curve by Using a Table

Usze a Standard Normal Distribution Table to find the area under tha
normal curve within the interval r << —1.18.

Step 1 Identify the probability for the left endpoint, z = —118.

Using a Standard Mormnal Distribution Table, move down the left
column until you reach the correct tenths place, —11. Then mowve
across the row until you reach the hundredths place, 0.08.

z 000 | e 0.08 0.09
—3.4 | 00003 00003 | 00002

—11 |0a357 | - 0130 | 0170

The probability associated with z = —118 is 01190,
Step 2 ldentify the area under the curve within the interval.

As shown in the graph, 0119 represents the area under the
curve to the left of 2 = —118.

Check

Use a table to find the area under the normal curve within z < 019,
Round your answer to the nearest ten thousandth.

The areais __?

fg# Think About It

Why is it not necessary
o gopast? =4 or

z = —4 when assassing
a proportion under the
normal curve? Justify
YOUF answer.

Study Tip

Standard Mormal
Distribution Table

A table is available
online and in the back
of your Book.

f Think About It!

What is the area under
the curve to the right of
z=—1187
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study Tip
Percentage,
Proportion, Probability,
and Area When a
problem asks for a

percentage, proportion,

or probability. it is
asking for the sama
walue: the

corresponding area

under the normal curve.

G Go Online

An alternate method i
available for this
example.

Gﬁn Online

You can complete an
Extra Example anlina.

& Example 8 Find Area Under the Standard Normal
Curve by Using a Calculator

INTERMET TRAFFIC The number of daily hits to a local news Web site
is normally distributed with g = 98,452 hits and o = 10,325 hits.

Find the probability that the Weab site will get at least 100,000 hits
on a given day. P(X > 100,000).

Visits Summary

Wisits Summary - Last 30 Days

Visitor Demographics Views by Category

Step 1 Find the corresponding z-value for X = 100,000,

X=p
=Tm Formula for z-value
W0.00 = 58,452
Z =535 it X = 100,000, p = 38452, and o= 10.325
Z = 0150 Simplify.

Step 2 Find the probability.
The area under the curve when z > 4 is negligible. ggrmlc-dl"ﬂ:l. 158,
50 7 = 4 can be used as an upper bound for HeBIEacRLE

finding area. You can use a graphing calculator to
find the area between z = 0150 and z = 4.

Fres& [DISTR] and select normaledf. Enter
the interval and press tr:r display the area.

The area is 0.44. Therefore, the probability of the Web site getting at
least 100,000 hits in one day = 44.0%.

Check

CUSTOMER SERVICE The length of time that a customer spends
waiting to be connected to a customer service representative is
normally distributed with a mean of 21.3 seconds and a standard
deviation of 3.8 seconds. Find the probability that a wait time will be
greater than 30 seconds. _ 7%,
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B Go Online ¥ou can complete your homewornk onBne.

Practice

Example 1
Identify the random variable in each distribution, and classify it as
discrete or continuous. Explain your reasoning.

1. the number of texts received per week
2. the number of “likes" for a Web page

3. the height of a plant after a specific amount of time

Exampies 2-4 Prize, [X) | Frequency

4. FUNDRAISING At a fundraising dinner, the underside of 200 &5 150
plates were randomly tagged with a sticker to indicate winning £50 40
a cash prize. The frequency table shows the number of $100 p
winning plates for each prize. Construct a relative frequency
table, and graph the probability distribution. $1000

5. BASKETBALL An athletic director made a probability Basketball Team Heights

0.265

distribution of the heights of her team’s basketball playvers, =
and distributed a flyer that claimed that the majority of the %
players on the haskethall team are 71 inches ar taller. |dentify 'E 095
any flaws in the representation of the probability distribution. &

$ P L P
g & A ﬂfﬂ'ﬁ
Height {in.)
6. TRACK The prefiminary times for a H0-meter hurdles race are
shown. Create a histogram of the set of data. Determine whether
the data can be approximated with a normal distribution.

1475, 14.77, 14.31, 14.83. 14.84,
1436, 1469, 14.63, 1474,
14.82,14.25.1453

Example 5
7. A normal distribution has a mean of 186.4 and a standard deviation
af 489,

a. What range of values represents the middle 997% of the data?
b. What percent of data will be greater than 23537
c. What range of values represents the upper 2.5% of the data?

Example &
Find the z-value for each standard normal distribution.

8. o=98,X =504 and u = 68.34
9. a=186, X =4280, and u = 68.2
10, o=MN98 X=192 and p =124

Example 7
Use a table to find the area under the normal curve for each interval.
1. 7> 058 12. r < —156 13. 229 <z< 276
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Example 8

1. TESTING The scores on a test administered to prospective employees are
normally distributed with a mean of 100 and a standard deviation of 12.3.
a. What percent of the scores are between 70 and 807

b. What percent of the scores are over 157
c. 75 people take the test, how many would you expect to score lower than 757

Mixed Exercizes

15. USE A MODEL Shawndra conducted a study to find how far people park from
parking blocks by measuring the distance from the end of the parking block to
the front fender of the parked car. The distribution of the data closely
approximated a normal distribution with a mean of 8.5 inches. About 2 5% of cars
parked more than 1.5 inches from the parking block. What percentage of cars
would you expect to have parked less than 5.5 inches from the parking block?

16. PRECISION Use the normal distribution of data.
a. What is the standard deviation of the data set?

b. What percent of the data will be greater than 607

17. LIGHT BULBS The time that a certain brand of light
bulb will last is normally distributed. About 2 5% of

the bulbs last longer than 6B00 hours, and about
16% last longer than 6500 hours. How long does
the average bulb last?

18. STRUCTURE Each day, Roberto takes a 20-question practice college entrance
exam and records his score. Find the probability distribution for this situation.

Monday Tuesday ! Wednesday | Thursday Friday
17 5 16 17 12
15 17 16 18 16

Q Higher-Order Thinking Skills

19. FIND THE ERROR A data set of tree diameters is normally distributed with mean
11.5 centimeters, standard deviation 2.5, and range from 3.6 to 19.8. Monica and
Hiroko want to find the range that represents the middle 68% of the data_ s either
of them correct? Explain yvour reasoning.

Pdonica Hiroks
The data span 16.2 em, and 58% of 162 is abolt 1 om. The widdle ¢FY spom Brow L+ T o — 0.
Center this 1i-cm interval at the mean of 1.5 cm. So we wove LT o above smd below | 15
This will range from abolt & cm 1o 17 cm. The SEX avoup will ramae From T om be 14 om

20. PERSEVERE A shipment of cell phones has an average battery life of 8.2 hours
with a standard deviation of 0.7 hour. Elght of the phones have a battery
life greater than 9.3 hours. If the cample i= normally distributed, how many
phones are in the shipment?

21. WRITE Describe the relationship between the z-value, the position of an interval
of X in the normal distribution, the area under the normal curve, and the
probability of the interval occurring.
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Lesson 8-5

Estimating Population Parameters

Learn Estimating the Population Mean

The data from a sample can be used to make inferences about the
corresponding population. This is called inferential statistics.

Sampling error is the variation between samplies of the same
population and s due to randomness. it does not include bias or other
errors that may occur when obtaining the sample. As the sample size
increases, the size of the sampling error will decrease hecause tha
sample increasingly represents the larger population.

The standard error of the mean o, IS equal 1o %, where 7 ks the
standard deviation of the population, ¥ is the sample mean, and i is
the sample size.

A confidence interval & an estimate of the population parameter using
a sample statistic, stated as a range with a specific degree of certainty,
typically 90%, 95%, or 99%. The confidence interval for a sample mean
X is ¥ + E. where E |= the maximum error of the ectimate. The
maximum error of the estimate is the maximum difference between
the estimate of the population parameter and its actual value. The
maximum error of the estimate is also called the margin of errorn

Key Concept - Maximum Error of the Estimate for a Sample Mean

The maximum error of the estimate £ for a sample mean is given by

E =2+ and can be approximated by the formula £ = 7 - =, where
= ris aspecific value that corresponds to the confidence lewel,
« 5is the standard deviation of the sample, and

= 1is the sample size_n = 30,

The three most common degrees of cerainty and their corresponding
zvalues, called eritical values, are given.

« A certainty of 90% has a z-value of 1.645
« A certalinty of 95% has a z-value of 1.960.
+« A certainty of 99% has a z-value of 2576.

Key Concept - Estimating the Population Mean u
Step 1 Find the mean of a random sample X.

Step 2 Determine the desired degree of certainty.
Step 3 Find the maximum error of the estimate E.

Step 4 Estimate the mean of the population u by finding the interval
(¥—E.X+E.

Today’s Goals
= Use sample data o
infer a population mean

by using confidence
imtervals.

= Use sample data to
infer a population
proportion by wsing
confidence intervals.

Today's Vocabulary
inferential statistics
sampling eror
standard error of the

reean

confidencs intanval

maxirmum errar of the
estimate

population proportion

to# Think About It!

How will the confidence
leved affact the size of
the confidence interval?

Justify your argument.
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& Talk About It!
Why do you think
confidence levels are
S0%, 95%, and 99%
instead of 25%, 50%,
and T5%7 Justify your
argument with an
example.

Problem-Solving Tip

Reference Critical
Values The most
commonly used
confidence levels and
their correspanding
2ogalues are shown in
the table. Hawve this
table handy when
solving problems.

b= 10

1645
895% 1960
99% 2.576

@ Example 1 Find the Maximum Error of the Estimate

CHESS A poll of 315 randomly selected members of an online chess
club showed that they spent an average of 4.6 hours per week
playing chess with a standard deviation of 1.2 hours. Use a 90%
confidence interval to find the maximum error of the estimate for

the time spent playing chess.

Step 1 Identify the z-value.

A 90% confidence interval is equivalent 90% 1645
to the area under the normal curve in 95% 1.960
the range (—1.645, 1.64E). 9% 2576

Step 2 Find the maximum error of the estimate.
5

E=z-ﬁ Maximum Error of the Estimate Formula
1.2
= . r=1. =12, andn=
1645 5 645, 5 2, and n =315
= 0N Simplify.

So, we can say with 90% confidence that the mean time a chess club
member plays per week s within 011 hour of the sample mean time.

@ Example 2 Estimate a Population Mean

WEE TRAFFIC A survey of 50 students at East High School asked
them how many Web sites they visit at least three times per day.
The sample mean is 8.61, and the sample standard deviation is 2.6.
Use a 95% confidence level to estimate the mean for the population
of East High School students.

Step 1 Calculate E.

Use the z-value that corresponds with a 95% confidence
interval, 1.960, o calculate E.
]

E=3'1._w Maximum Error of the Esttmate Formuta
2.6
= ® = (&~ and n= 50
1.%{! m F. 155':'. 5 26, and G
=072 Simiplify.

Step 2 Determine the confidence interval.
The confidence interval is the interval defined by ¥ £ E.
¥x—E=BB1—-072=789
¥+ E=85K14+072=933

Al a 95% confidence interval, the population mean is

7.89 = p = 933 Therefore, we are 95% confident that the
number of Web sites students visit at least three times a day Is
between 789 and 9.33.

L) Go Online You can complete an Extra Example online.
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Check

CAFETERIA A poll of 219 randomly selected high school senlors
showed that they used the school cafeterla an average of 2.6 times
per week, with a standard dewiation of 0.7, Use a 95% confidence level
to find the maximum error of the estimate, and then estimate the mean
of the population. Round to the nearest hundredth.

Al a 95% confidence interval, the maximum error of the estimate is

_? Thepopulaionmeanis 2 =pu=__ 7

Learn Estimating the Population Proportion

You can alko use confidence intervals to estimate a population
proportion p. which is the number of members in the population with
a particular characteristic divided by the tatal number of members in

the population.

Like the population mean, the population propartion is often difficult to
determine. Instead, the sample proportion S(calked p hat) is used to
estimate p. The sample proportion is the proportion of successes in a
cample. The proportion of fallures i represented by 4.

= The proportion of successes fis given by o= % where x Is the
number of successes and 1 is the sample size (the number of trials).

= The proportion of faillure §is given by d=1—4

Like the sample mean, Ais an estimate and will likely not equal the
population proportion. Therefore, a confidence interval using fand a
maximum error of the estimate E i used to find the range of values
within which p likeby falls.

The maximum emror of the estimate £ for a population proportion is

given by E =z » @ where z s the z-value that corresponds to Study Tip

the confidence level, His the sample proportion of success, § is the

sample ortion nffailure and z s Eer::m le size wheredn,ﬁ =25 Ltk 9y and g
P P ' P ! are read as p-hat and

and ndg = 5. +hat, respectively.
The maximum emor of the estimate E for a population proportion can
be used to estimate the population proportion.

To estimate the population proportion:

+ Find the proportions of success and fallure.
= Find the sample size.

+ ldentify the corresponding z-value.

= Find the maximum emror of the estimate E.

+ The confidence interval for the population propartion is 6+ E

1.3 Go Online You can complete an Extra Example online.
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@ Apply Example 3 Estimate a Population Proportion

LUNCH PERIOD A survey of 150 students at West High School asked
them if they agree with the administration's plan to split the lunch
peried into three different periods, with 72 of the respondents
saying that they agree. Use a 90% confidence level to estimate the
population proportion for all 1334 West High School students.

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers to your questions?

Sample answer: | need to find fand & and then use those values to
estimate the population proportion with 90% confidence.

Is the sample size large enough to use a confidence interval? What
formulas do | need to use?

I can test the sample size_ | can use the previous example within the
lesson to check that | am using the correct formulas.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will find fand §and check that the sample size i
appropriate to use a confidence interval. Mext, | will find the maximum
error of the estimate. Then | will use the confidence interval to find the
population proportion.

3 What is your solution?

Use your strategy to solve the problem.

What are the values of § and §? p = 048: §= 052

How can you ensure that proportions have large enough sample sizes
to use a confidence interval?

Sample answer: | can verify that nd > & and ng > 5. Because
the sample size was 150 students, g = 150 » 048, or 72 and
ng =150+ 0.52, or 78. So the sample size is large enough.

What ks the confidence interval? Cl = [0.413, 0.547]

With 90% confidence, what proportion of students agree with the
administration's plan? between 41.3% and 54.7%

4 How can you know that your solution is reasonable?
@ Write About It! Write an argument that can be used to defend
your solution.

Sample answer: The proportion of success of the sample falls within
the range | found using the confidence interval. Because the
administration used a large enough sample size, it is reasonable to
assume that proportion of success within the population sample will
be representative of the population.

E Go Online You can complete an Exira Example ondine:
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Check

PARKS A survey of 175 residents of a particular neighborhood asked If
they agreed with the neighborhood board’s decision to charge a fea to
build a park in the middie of the neighborhood. 42 residents agreed
with the decision.

Part & Use a 95% confidence level to estimate the population
proportion.

A, 0187 = p = 0.293

B. 0155 = p = 0335

C. 0477 = p = 0303

D. 0687 = p < 0713

Part B We are 95% confident that the proportion of residents wha

agree with the neighborhood board's decision is between ? %and
2 5%

7] Example 4 Misleading Population Estimates

FPOLLS A lobbying group that supports the passing of a ballot
measure releases a report based on a poll they perfoarmed. They
claim that, with 90% confidence, the proportion of people who will
vote for the measure is 50%, but could be as low as 40% due to the
margin of error of 5%. The sample sire was 200. Identify any
misleading representation of the data.

Step 1 Verify that np = 5 and ng§ = 5.

The sample size is 200. The report claims that the proportion i 0.5,
but the sample proportion § 15 actually 0.45 with a margin of error of
005 S0, =045and § =1— 045 =055

ni = 200 - 0.45 Substitute.
= G Simnpiify.

ni = 200 - 0.55 Substitute.
= 110 Simplify.

Because nf = 5 and nf = 5 a confidence interval is appropriate.

Step 2 Examine the confidence level and interval.

The confidence level of 90% is acceptable for a poll. However, instead
of stating that the population proportion is estimated to be 45% with a
margin of error of 5%, they state the highest possible estimate for the

population proportion to give the impression the candidate i likely to

attain 50% of the vote.

) Go Onlime You can complete an Extra Example onfine.
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Check

COMPUTERS A computer manufacturer has received several
complaints about their recent line of hard drives failing too often.
Internal policy is that if 20% or more of a product faiis, they will perform
a recall and refund anyone who purchased that hard drive. The
company conducts a survey and finds that, with 99.99% confidence,
as few as 10% of hard drives have failed. The sample size was 100,
Identify any misleading representation of the data. Select all that
apply.

A. The sample size is too small to vse a confidence interval.
B. The confidence level i too high.

C. The confidence level is oo low.

D. The way the confidence interval is stated is misleading.
E. The internal policy is too lenient.

F. The report is not misleading.

Pause and Reflect

Did you struggle with anything in this lesson? If so, how did you
deal with it?

Practice

Example 1

1. HOMEWORK A poll of 225 randomly selected high school
students shawed that they spent an average of 275 hours per
night doing homework with a standard deviation of 1.5 hours. Use
a 90% confidence interval to find the maximum emor of the
estimate for the time spent doing homewark.

2. ATHLETES A poll of 350 randomly selected athletes showed that
they spent an average of 10.25 hours per week at practice with a
standard deviation of 2_3 hours. Use a 95% confidence Iinterval to
find the maximum error of the estimate for the time spent
practicing.

3. PETS A poll of 470 randomly selected pet owners showed that
they have an average of 1.9 pets per household with a standard
deviation of 0.5 pets. Use a 99% confidence interval to find the
maximum error of the estimate for the number of pets per
househaold.
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i0) Go Online You can complete your homework online.

Example 2

4. FREIGHT A =zample of 200 packages at a shipping company s weighed. The
sample mean s 5.8 pounds, and the sample standard deviation is 2.7 pounds.
Use a 90% confidence level to estimate the mean for the packages.

5. AIRLINES A survey of 700 airdine passengers asks about satisfaction. The pascengers
must rate the airine on a scale of 1to 10, where 1 is not satisfied and 10 is extremaly
sotisfied. The sample mean is 5.5, and the sample standard deviation s 1.5. Use a
99% confidence level to estimate the mean for the passenger ratings.

6. CREDIT HOURS A sample of 650 college students is surveyed about the number
of credit hours they are taking this semester. The sample mean s 14.75 credit
hours, and the sample standard deviation is 2.25 credit hours. Use a 95%
confidence level to estimate the mean for the credit hours.,

Exampie 3

7. PART-TIME JOB A survey of 120 students at South Grove High Schoof asked them
if they agree that high school students should have part-time jobs, with 93 of the
respondents saying that they agree. Use a 90% confidence level to estimate the
population proportion for all 1532 South Grove High School students.

8. BUS A survey of 215 students at Landry High School asked them if they ride the
bus to schoal, with 46 respondents saying that they do. Use a 95% confidence
level to estimate the population proportion far all 1109 students.

9. FIELD TRIP A survey of 245 students at Jackson High School asked them if they
agree with their principal’s decision to have students pack their lunches for a field
trip, with 102 of the respondents saying that they agree. Use a 99% confidence
level to estimate the population proportion for all 973 students.

Examipie 4

10. MENU An employee at a restaurant conducts a poll about the satisfaction with their
lunch menuw. The report claims, with B0% confidence, that the proportion of people
who are satisfied with the lunch menu is between 85% and 90%. The sample size
was 15. Identify any miskeading representation of the data.

1. POLLS A recent poll showed that 120 citizens were in favor of buillding more parks
in their community. A claim was made, with 95% confidence, that the proportion of
people who want to build more parks is 51%, but could be as low as 45% due to
the margin of error of 3%. The sample size was 250 Identify any misleading
representation of the data.

Mixed Exercizes

12. CONSTRUCT ARGUMENTS Enrigue is assessing his morning commute times for
the first two weeks of his new job. For these 10 commutes, Enrigque has calculated
¥ = 308 minutes and 5 = 4 83 minutes.

a. Find 90%, 95%, and 99% confidence intervals for Enrigue’s mean comimute
time. Express these as ranges (from x min to y min).

b. Enrique collects another two weeks' data, which gives him ¥ = 31.1 min and
5 = 6,40 min for the 20-workday period. During this time, Enrigue is slighthy
late for work twice. Which confidence level should Enrigue pick If he wants to
avold being late, and why? Calculate this confidence interval for i, and
explain how Enrique should use it with his new estimate of o to ensure he is

on time.
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13. PRECISION Karen, an artisan potter, is concerned that her kiln s not heating
evenly. She finds it acceptable to throw away no more than 10% of the pleces she
fires in the kiln, but recently has had to discard 32 pleces out of a sample of 205
Find a 95% confidence interval for the population proportion of discards. Based
on your finding, write a mathematically precise statement to determine whether
Karen should buy a new kiln.

1. REASONING A pharmaceutical company is testing a new medication that is
supposed to shorten the number of days a patient experieneces symptoms of
influenza. It was tested on 45 patients, and the average number of days until
sympltoms cleared was 5.3 with a standard deviation of 11 days.

a. Use the sample size and standard deviation to find the maximum error of
ectimate for a confidence level of 99%. Interpret the results in the context
of the population mean.

b. Write the 99% confidence interval for the population mean number of days
until symptoms resalve with the new medication.

c. The company claims that the average number of days until recovery using
their new medication can be as low as four days. Is their claim reasonable?

Q Higher-Order Thinking Skills

15. AMNALYZE Determine how the sample sire affects the maximum arrof.
16. WRITE Explain how to estimate the population proportion.

17. CREATE Survey students in your class about the number of hours they watch
television each week. Find the sample mean and the sample standard deviation.
Use a 90% confidence level to estimate the mean number of hours students in
your class walch television each weelk.
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Module 8 -« Inferential Statistics

Review

@, Essential Question

How can data be collected and interpreted so that it is useful to a specific audience?

Data can be collected through surveys, observations, or experiments. Often a simulation
can be conducted to generate experimental results. You can find measures of center and

measures of variation to interpret the data.

Module Summary
Lessons 8-1and 8-2

Samples and Experiments

+ Because it is not always practical to collect data
fram a large population, it may be collected from
a representative sample.

» A bias is an eror that resulls in a
misrepresentation of a population.

« Surveye, experiments, and observations are used
to collect data.

= The probability of an event is the ratio of the
number of outcomes in which an event occurs to
the total number of possible outcomes.

= A simulation uses a probability model to imitate a
situation so it can be studied.

Lessons 8-3 and 8-4

Distributions

« A symmetric distribution has mean and median
approximately equal. A negatively skewed
distribution typically has a median greater than
the mean. There is less data on the left side
of the graph. A positively skewed distribution
typically has a mean greater than the median.
There is less data on the right side of the graph.

= The standard deviation of a data set is found

1||E{-¢.—#F
using the formula o = |—/——5—.

+ The expected value of a discrete random
variable i calculated by finding the sum of the
products of every possible value of X and its
associated probability PX).

+ In a normal distribution with mean u and
standard deviation o, approximately 68% of the
data fall within 1o of the mean, approximately
95% of the data fall within 2 of the mean, and
approximately 997% of the data fall within 3 of
the mean.

Lesson B-5

Population Parameters

+ The maximum error of the estimate £ for a
sample mean can be approximated by the
farmula E = 2 - _‘,"fﬁ. where 2 is a specific value

that correspands to the confidence level, s is the

standard deviation of the sample, and n is the

sample size, n = 30

+ The maximum error of the estimate E for a
population proportion is given by E= 2 « ‘IJ';
where z is the z-value that correspoands to the
confidence level, G is the sample proportion of
success, § is the sample proportion of failure,
and nis the sampbe size, where nf =z 5 and
nij = 5.

Study Organizer

() Foldabiles

Use your Foldable to review this module. Working
with a partner can be helpful. Ak for clarification
of concepts as needed.

Statistics  Probability

Module B Review « inferentisd Statistics 44



Test Practice

1. MULTIPLE CHOICE Blake wants to open an ice

cream shop. He is creating a survey for local
people near the planned location to
determine if there is interest in a new ice
cream shop before he completes his plans.
Which guestion from the survey is blased?.
[Lessan B-1
A. How many times per month do you go
out for ice cream?

B. What is your favorite ice cream flavor?

C. What time of the day do you typically
visit an ice cream shop?

D. Would you visit a new, tasty and local
ice cream shop instead of an old, dirty
shop with few flavors to choose from?

2. OPEN RESPONSE Two researchers are
discussing ways of determining children's
favorite broakfast cereals.

+ Shelly says that the randomly selected
participants should be asked a series of
guestions about their cereal eating.

= Raul says that they should watch the
students selecting from different cereals
and write down what they notice.

Indicate what type of study that each of the
researchers is suggesting. (Lesson 8-1

3. MULTIPLE CHOICE In an effort to survey the

student population about possible themes for

the spring prom, the student council
separates the students into 4 groups by
grade level and then chooses 25 students

from each grade. Which sampling method did

the student council USe? [Lesson B-1)
B Stratified
B. Convenience

C. Systematic
D. Self-zelected

412 Module B Review « Inferential Statistics

4. MULTIPLE CHOICE Leonard randomly selected
a card from a standard deck of playing cards,
recorded the suit, and returned the card. He
followed this set of steps 120 times. The
results are shown.

Heart 28
Diamond 37
Spade 34
Club 21

Which statement about the results is true?
(Lesson B-2)

A. The theoretical probability of selecting a
heart is less than the experimental
probability of selecting a heart

B. The theoretical probability of selecting a
diamond is less than the experimental
probability of selecting a diamond.

C. The experimental probability of
selecting a club is greater than the
theoretical probability of selecting a
club,

D. The experimental probability of
selecting a heart is equal to the
experimental probability of selecting a
diamond.

. MULTIPLE CHOICE The guality contral

manager of a food processing manufacturer
estimates that 1 can in every case of 12
canned vegetables will likely bacome
damaged during shipment. Determine a
simulation that best represents the situation.
fLesson B-2)

A. Use a random number generator with
the numbers 1through 12.

B. Use 12 play cards including 4 kings,
4 queens, and 4 jacks.

C. Use two dice, where tossing two ones
represents a dented can.

D. U=se a set of 12 marbles with & red and
B blue.



6. OPEN RESPONSE A football player makes

70% of the field goals he attempts. Diana
used a random number generator to
generate integers 1 through 100. The integers
1=70 represented a made field goal on the
next attempt, and the integers 11100
represented a mizsed field goal on the nesxt
attempt. The simulation consisted of 50 trials,
with 42 trials being Integers 1=-70. Explain the
data. |s the data from the simulation
consistent with the model? (Lesson B-2)

. MULTISELECT Zain is analyzing two sets of
data. [Lesson 8-3)

35 28 35 33 32

32 3 30 36 49

36 33 29 34 37
Set B

22 25 26 24 27

38 35 A 22 30

24 33 30 25 38

Select all the true statements about each
data set.

A. Data set & has a higher average value.
B. Data set B has a higher average value.
C. €. Data set A is more varied.

D. D. Data set B is more varied.

B. OPEN RESPONSE Catherine is growing

several tomato plants. She measures the
height of each plant. The results are shown.

Tomato Plant Heights (inches)

13 10 12 14
14 18 & 12
L= 14 4 1
12 15 15 10

Find and interpret the standard deviation of
the plant heights. (Lesson B-3)

. MULTI-SELECT Kent owns a shop and has

workers that produce products during two
different shifts throughout the day. He kept
track of how many products each group
completed during their shift for several days.
The data are showrn. [Lesson B-3)

A Shift Production
250 207 232
278 264 247
244 288 258

B Shift Production

263 245 255
249 264 262
277 270 268

Describe Kent's data. Select all that apphy.

A. On average, the A shift produced more
products.

B. On average, the B shift produced more
products.

. The number of products produced by

the A shift is more varied.

The number of products produced by

the B shift is more varied.

E. When shifis A and B are combined, they

have a higher average and less variation
than either shift by itseli.

]

=
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10. OPEN RESPONSE A normal distribution has

11

a mean of 3472 and a standard deviation
of 13.9. [Lesson B-4)

Part A What percent of the data is less than
3No47

Part B What percent of the data is greater
than 36117

OPEN RESPOMSE A normal distribution has
a mean of 63.4 and a standard deviation of
2.5 Find the range of values that represent
the outer 0.3%. (Lesson 5-4)

MULTIPLE CHOICE Hiroyuki randomiby
surveyed 325 students asking how much
lime they spent getting ready for school in
the morming. The average time spent was
26 minutes with a standard deviation of

58 minutes.

Usze a 90% confidence interval to flind
the maximum error of the estimate of time

{in minutes) spent getting ready for school.
Round to the nearest hundredth_ (Lessan B8-5)

A D22
B. 0.26
C. 053
D. 063
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13. OPEN RESPOMNSE A restaurant randomiby

surveyed 360 of their patrans asking if they
would like the restaurant to stay open later.
A total of 273 people responded that they
would appreciate the later hours. Using a
95% confidence interval, estimate the
population proportion and explain what it
MHSANS. [Lesson B-5)

14. MULTIPLE CHOICE A natlonal business has

randomly surveyed 12 employees asking
whether the employees would prefer to
work on Thanksgiving. The business reports
that with 95% confidence the proportion of
people that would prefer to work on
Thanksgiving s between 33% and 45%, with
a margin of error of 6%. Identify any
misleading representations of the data.
{Lesson B-5)

A The report is not misleading.
B. The confidence level is too low.

C. The confidence level is stated in a
misteading way.

D. The sample is too small to use a
confidence lewvel.



Module 9
Trigonometric Functions

€ Essential Question
What are the key features of the graph of a trigonometric function and how do they

represent real-world situations?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After
.--?

E—ldontknow. (G —Iveheard ofit. 5 —knowit (B |@| s |8 | @k

|
Tl

draw angles in standard position

convert between degree and radian measures of angles

find values of trigonometric functions using general and
reference angles

find trigonometric values using the unit circle and properties of
periodic functions

graph and analyze sine and cosine functions and their reciprocals

graph and analyre the tangent function and its recipracal

graph translations of trigonometric functions

find angle measures by using inverse trigonemetric functions

solve trigonometric equations |

@ Foldables Make this Foldable to help yvou erganize your notes about trigonometric
functions. Bagin with four sheets of grid paper.

1. Stack the paper and measure 2.5 inches from the bottom.

2. Fold on the diagonal.

3. Cut the extra tabs off, and staple along the diagonal to form a book.
4, Label the edge as Trigonomelric Funclions.

S
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What Vocabulary Will You Learn?

+ amplilude « midline » Secant

= central angle of a circle « pscillation = Zife

« circular function « pericd » sinusoidal function

» cosecant v periodic function » standard position

= Cosine + phase shift = tangent

« cotangent « principal values « terminal side

» coterminal angles » guadrantal angle + trigonometric function

» cycle + radian » trigonometric ratio

» frequency + reciprocal trigonometric + trigonometry

- initial side functions » unit circle

« inverse trigonometric « reference angle « wvertical shift
functions

Are You Ready?

Complete the Guick Review to see if you are ready to star this module.

Then complete the Quick Check.

Quick Rewview

Example 1 & Exampie 2
Find the value of o. Round to /”qﬁ Find the missing measures. Write 18 %
the nearest tenth if necessary. o all radicals in simplest form.
[ ]
=g+ B Pythagorean Thearam a2 + 27 = 187 Pythaqorean Theorem ¥
B=c+5 Replace ¢ with 18 and b with 5. ir=1w Combine like terms.
M =0 +25 Sinnglity 2’ =324  Simplity,
288 =o* Subtract 25 fram sach side. ¥ =162 Divide eachside by 2
T3=ao Take the posive souare root af x =162 Take the positve seuare root of 2ach side
Efuch St x =82 Simpiity.
Quick Check
Find the value of x. Round to the nearest Find the values of x and y. Write all
tenth if necessary. radicals in simplest form.
1 X 2. B. B. X
4 X 8
.aia 12 £ y
" -_| ] r
9 g9
3. B 4. T B.
X
13 " ¥y 24
x| f22 =
7
™1 X
8

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 9-1

Angles and Angle Measure

Learn Angles in Standard Position

An angle on the coordinate plane is in
standard position if the vertex s at the
origin and one ray is on the positive
x-axis. The initial side of the angle ks
the ray that s fixed on the x-axis. The

S0°

. 0

tarminal slde is the ray that rotates

terminal
about the center.

S

An angle in standard position is
measured by the amount of rotation in
degrees from the initial side to the
terminal side. Angle measures can be
positive or negative.

Fi i

Key Concept « Angle Measures

Positive Angle Measures MNegative Angle Measures
If the measure of an angle is
pasitive, the terminal side is
rotated counterclockwise.

It the measure of an angle is
negative, the terminal side is
rotated clockwise.

\Hﬂ“
,/-..ugﬂ

The terminal side of an angle can make more than one complete
rotation. If ratating counterclockwise, the angle measures increase
past 360°. If rotating clockwise, the angle measures decrease
past —360°.

Angles in standard position that have the same terminal side are
coterminal angles. Coterminal angles can have different measures.

30° + 360" = 3907 307 — 360° = —330¢°

Add or subtract any multiple of 360° to find another coterminal angle.

An infinite number of coterminal angles can be faund for any angle.

Lesaah 81 - Angles and Angle Measures

* ]
D initial side

Today’s Goals

= Draw angles in standard
posithon and identify
coterminal angles.

= Convert between
degree and radian
measures and find

arc lengths by using
central angles.

Today's Vocabulary
standard position
initial side
terminal side
coterminal angles
radiEn
central angle of
a circle

&) Talk About It

Rasaarch the meaning
of initiol and terminal.
How do these
definitions relate to the
meanings of the initial
side and fermingl side
of an angle?

Study Tip
Angle of Rotation In

trigonametry, an angle is
sometimes réferred to
as an angle of rofation.

417



Study Tip

Axes It may be helpful to
use the angle measures
represented by the
positive and negative x-
and y-axes when drawing
an angle in standard form.
Az the terminal side
rotates around the
coordinate plane, it has
rotated an additional 90°
each time it reaches an
axis. You can use the axes
as benchmarks and
continue the rotation from
the appropriate axis.

% Think About It!
Write expressions that
can be used to find the
measure of four
different angles that are
all caterminal with an
angle that measures x°.

Example 1 Draw an Angle in Standard Position

Draw an angle in standard position that measures 200°

Because the measure of the angle is
positive, rotate the terminal side

counterclockwise. ,//"\\,m"
The negative x-axis represents 1807, ‘zfy;-lu +

Because 200° = 180" + 20°, draw the
Eﬁn Online to see another example abowut dravwing angles in standard position.

terminal side 20° counterclockwise past
the negative x-axis.

Example 2 Draw an Angle with More Than One Rotation
Draw an angle in standard position that

measures 475", ik
475° = 360° 4+ 1&° '-m\

The terminal side of the angle will make \ o £
maore than one rotation counterclockwise.

First, make a full rotation starting at the
positive x-axis. Continue the rotation. Draw
the terminal side of the angle 115°
counterclockwize past the positive x-axis.

Check

Draw an angle in standard position that
measures —300°.

Example 3 Identify Coterminal Angles

Find an angle with a positive measure and an angle with a negative
measure that are coterminal with a 35" angle.

positive angle: 35° + 360" = 395"
negative angle: 358" — 360° = —325°

Check

Find an angle with a positive measure and an angle with a negative
measure that are coterminal with a —50" angle.

positive angle: __? __°

negative angle: __ 7 "

L) Go Online You can complete an Extra Example online.
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Explore Arc Length

i) Online Activity
|

B INGUIRY How can you use a central angle to '
determine the length of an arc?

Learn Degrees and Radians

Angles can also be measured in units called radians, which are based
on arc length. A radian is the measure of an anglke # in standard
position with a terminal side that intercepts an arc with the same
length as the radius of the circle. The circumference of a circle s 27
and an angle that measures 1 radfan has an arc length of r. So, one
complete revolution around a circle equals 27 radians.

Key Concept « Convert Between Degrees and Radia_n_s
Degrees to Radians Radians to Degrees

To convert a degree measure to To convert a radian measure to
radians, multiply the number of degreas, multiply the number of
T radians

degrees by —zm .

radians By & o tians-

There are special angles with equivalent degree and radian measures

that may be helpful to memorize. Other special angles are multiples of
these angles.

3I0° = % radians

60" = %f&diﬂns

45° = 7 radians

90° = 3 radians

A central angle of a circle has its vertex at the center of the circle and
sides that are radil. Central angles intercept an arc of the circle. The
endpoints of the intercepted arc lle on the rays of the central angle. If

you know the measure of a central angle and the radius of the circle,
yvou can find the length of the arc that is intercepted by the angle.

Key Concept - Arc Length

Words: For a circle with radius r and central angle & (in radians), the arc
length £ equals the product of r and 8.

Symbals: £ = i)

A

1.3 Go Online You can complete an Extra Example online.

fy Think About It!
Given that 27

radians = 360" and =
radians = 180°, what is
the equivalent degree
measure of 1 radian?

Explain.

Study Tip

Positive and Megative
Radians As with
degrees, radians
measure the amount of
rotation from the initial
side to the tarminal
side. Radians may
alzo be positive or
negative, depending
on the direction of

the rotation.
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f# Think About It!
How would you draw an

angle that measures TE:"
radians in standard
position? Describe

the position of the
terminal side.

% Think About It!

Is it reasonable that the
degree measure of the
angle in Example & is
greater than 3607
Justify your conclusion.

Watch Out!

Arc Length Remember
to write angle
measiuras in radians,
not degraes, when
finding arc length.

Example 4 Convert Degrees to Radians

Rewrite —100° in radians.

—100° = —100° . T1202ns

T Multiply by comversion factor

=00 & )
=—@n ﬂr—gradlans Simplify.

Check
Rewrite —220° in radians. Write the solution as a fraction in simplest form.

? __ radians

Example 5 Convert Radians to Degrees
1=

Rewrite e N in degrees.
% = ﬁ—f radians » % Muttipty by conversion factor.
=EEMM.L" Cancel units.
= 180 ¢ 405° Simplify.

& Example 6 Find Arc Length

TRAFFIC A traffic circle, or roundabout, is a circular roadway at the
intersection of two or more streets that allows cars to travel through

more continuously than a traffic light or stop sign. The diameter of a
traffic circle is 160 feet. How far does a car travel in the roundabout

if it goes three-fourths of the way around?

Step 1 Find the central angle in radians.

B= %- 2T or E;—“ The angle Iﬁ% of a rotation.

Step 2 Find the arc length.

5=l Formula for arc length

=80.3F r = 0.5d = O.5{160) or 80 and # = 5
= 1207 Multiphy.
= 376.99 Use a caloulator,

A car that travels three-fourths of the way around the traffic circle will
travel about 377 feet.

Check
SURVEYING If a surveyor's wheel with a radius of 15 inches
completes % of a rotation, what is the total distance traveled in feet?
Round to the nearest hundredth if necessary.

?

{5} Go Online You can complete an Extra Example online.

420 Module 9 - Trigonometric Functions



Practice

Examples 1and 2

E Go Online You can compéste your homewosnk onlne.

Draw an angle with the given measure in standard position.

1. 160°

4. 185°

7. 495°

10. 210°

13. 135°

Exampie 3

2.

280°

B10°

—50F

305°

—450°

12.

15.

. 300"

. —420°

5807

—b&0"

Find an angle with a positive measure and an angle with a negative measure that are coterminal

with each angle.
16. 657

19. 45°

2. o

25, 5%°

n =5

Exampie 4

17.

20,

26,

—15°

Eﬂ:

4207

8O-

L

8 L]
E

Rewrite each degree measure in radians.

34, 140°

37, 3807

40, 210°

35.

3B.

a1,

—2e0°

130°

m:

18.

21.

27

36.

39.

42,

2307

370"

-5

200

—30°
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Example 5
Rewrite each radian measure in degrees.

a3, - as. 1% as. T
a6, == 47. & a8. 3%
a9, —F 50. — = g1 T
Example &

B2. TRANSPORTATION A traffic roundabout has a diameter of 200 meters. How far does
an automabile travel in the roundabout if it goes one-fourth of the way around?

53. ANALOG CLOCKS The length of the minute hand of an analog clock is & inches. If
the minute hand rotates from 12 noon to 12240 pm, then how far does its point move?

Mixed Exercises
REGULARITY Rewrite each degree measure in radians and each radian measure in degrees.

54. 18° 55. 6&° 56. —72°
57. —820° 58. 4 59. 27

Sw i v
60. 3% - 62. —270

Find the length of each arc. Round to the nearest tenth.

&5, TIME Find both the degree and radian measures of the angle through which the
hour hand on a clock rotates from 5 a.m to 10 pm.

&7. ROTATION A truck with 16-inch radius wheels is driven at 77 feet per second
(525 miles per hour). Find the measure of the angle through which a paint on the
outside of the wheel travels each second. Round to the nearest degree and
nearast radian.

&8. PLAMETS Earth makes one full rotation on its axis every 24 hours. How long
does it take Earth to rotate through 150°7 Neptune makes one full rotation on
its axis every 16 hours, How long does it take Neptune to rotate through 150°7?

689. SURVEYING If a surveyor's wheel with a diameter of 19 inches completes g of a

rotation, what s the total distance traveled in inches? Round to the nearast
hundredth if necessary.

423 Module 9 « Trigonometric Functions
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70. STRUCTURE It is conwenient to Know the measures
of some specific angles in both degree and radian
measures.

a. Copy and complete the figure at the right by
wiriting the radian measure for sach angle.

b. Describe at least one pattern or symmetry that
you notice in the completed figure.

[

M. CLOCKS Through what angle, in degrees and
radians, does the hour hand on a clock rotate
between 4 pm and 7 pm? Assuming the length
of the hour hand is & inches, find the arc length
of the clrcle made by the hour hand during that
time.

T2. AMUSEMENT PARKS The carousel at an amusement park has
20 horses spaced evenly around its circumferance. The horses
are numbered consecutively from 1to 20. The carousel
completes one rotation about its axis every 40 seconds.

a. What is the central angle, in degrees, formed by horse #1
and horse #37

b. What is the speed of the carousel in rotations per minute?

c. What is the speed of the carousel in radians per minute?

d. A child rides the carousel for & minutes. Through how many
radians will the child pass in the course of the carousel ride?

73. FERRIS WHEELS The London Eve i& one of the world's largest Ferris wheels.
The diameter of the wheel is 135 meters, and it makes a complete rotation in 30
minutes. A passenger gets on the ride and travels for 5 minutes before the ride
stops. The passenger wants to know how far she traveled during this time.

a. During the 5-minute interval, what is the measure of the central angle of the
wheel's rotation in radians? Explain.

b. Explain how to find the distance the passenger traveled to the nearest meter.

c. Explain how you know your answer is reasonable.
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4. PIZZA A circular pizza with a diameter of 18 inches is cut into B congruent slices.
What is the radian measure of the central angle of each slice? Explain.

75. CONSTRUCT ARGUMENTS A lawn sprinkler produces a stream of water that
reaches 15 feet from the sprinkler head. The sprinkler rotates to sweep out part of
a circle. The area of the lawn that gets watered as the sprinkler moves back and
forth is 75w square feet. Melinda says it is possibie to determing the radian
measure of the angle that is swept out by the sprinkler. Seiji says there is not
enough information to determine this. Who i cormect? Justify your argument.

T6. REASONING Consider the figure at the right.

a. Suppose & = r. What is mZPOR in radians? What is the measure of the
angle to the nearest tenth of a degree?

.1,

b. Suppose 2< = r. What is mAPOR in radians? What is the measure of the
angle to the nearest tenth of a degree?

T7. STRUCTURE Circle C has a radius of 5 centimeters. The function fx) gives the
length in centimeters of an arc of circle C that is subtended by a central angle
of x radians. Describe the graph of f{x) as precisely as possible, and justify
YOUT BrISWer.

Q Higher-Order Thinking Skills

TB. FIND THE ERROR Tarshia and Alan are writing an expression for the ¥
measure of an angle coterminal with the angle shown at the right. l=
either of them correct? Explain your reasoning.

79. PERSEVERE A line makes an angle »::'fi—zT radians with the positive x-axis at the
point (2, 0). Find the equation of the line.

B0. AMALYZE Express % of a revolution in degrees and in radians. Justify your argument.

B1. CREATE Draw and label an acute angle in standard position. Find two angles, one
positive and one negative, that are coterminal with the angle.

B2. aNALYZE Justify the formula for the length of an arc.

B3. WRITE Use a circle with radius r to describe what one degree and one radlan
represent. Then explain how 1o convert between the measures.

424 Module 8 « Trigonometric Functions
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Lesson 9-2

Trigonometric Functions of
General Angles

Learn Trigonometric Functions in Right Triangles

Trigonometry is the study of relationships among the angles and sides
of triangles. A trigonametric ratio compares the lengths of two sides
of a right triangle. A trigenometric function relates the angles of a
triangle to the lengths of its sides.

Key Concepis « Trigonometric Functions in Right Triangle

if & is the measure of an acule angle
of a right triangle, then the
trigonometric funclions invalving Ipposiie

the oppasite side opp, the adjacent g
side odj, and the hypotanuse fyp
are defined as follows.

o h
sine: sin @ = % cosecant csc 8 = %
_— .. | . _ e

cosine: cos § = e secant: sec ff = ad]
tangeu-rttan9=;£a} mhngentv.‘:ntﬂ=%

The Key Concept shows how to define the six trigonometric functions
by using ratios of the sides of a tiangle. Alternately, once sine and
cosine are defined in this way, the remaining trigonometric functions
can be defined in terms of sine and/or cosine. For example, since

_ 1
Thus, cac @ = Sin B

Example 1 Evaluate Trigonometric Functions

Find the exact values of the six B
trigonometric functions for angle .
53
leq opposite & BC = 28 28
leg adjacent & AC = 45 L
A 45 C
hypotenuse: AR = 53
opp 28 adl 45
5Inﬂ=ﬁ=§ .:n.gﬂ':ﬁ:ﬁ
opp 28 e 53
tﬂnﬂ:a_l:u=ﬁ csc @ = gop = 35
d
secﬂ=%=% :utﬂ=%=%

) Go Online You can complete an Extra Example online.

Today’s Goals

= Find values of
rigonometric fumnctions
for acute angles.

= Find values of
trigonometric functions
of general angles.

= Find wvalues of
trigonametric functions

by using reference
angles.

Today's Vocabulary
trigonometry
trigonometric ratio
trigonometric

funclion
Sirne
cosine
tangent
cosecant
sacant
cotangent
gquadrantal angke
reference angle

L) Go Online

You may want to
complete the Concept
Check to check your
understanding.
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Study Tip
Reciprocal
Functions The secant,
cosacant, and
cotangent functions
are called the
reciprocal functions
because their ratios
are the reciprocals of
the sine, cosine, and
tangent functions.

Study Tip

Labeling Trangles A
capital letter is often
used to represent both
a vertex of a triangle
and the measure of the
angle at that vertex.
The same letter in
lowercase i used to
represent both the side
opposite that angle
and the length of

that side.

Check

Find the exact values of the six trigonometric functions for angle 8.

gsin = % cos i = ik E 15 F
tan & = ? csc il = ? 8
5 . a 17
sec = cat it =
D

Example 2 Find Trigonometric Ratios

Ifmﬂ:%,ﬂndﬂuuaﬂntuudthnfm remaining
trigonometric functions for 4.

Step 1 Use the given information to draw a
right trlangle. Label the sides and vertices. c

Step 2 Use the Pythagorean Theorem to
find a.

To write the remaining trigonometric
functions, first find the missing side length,
0. Because AABC ks a right triangle, use pmns

the Pythagorean Theorem. lie
P+ b=t Pyithagorean Theorem
o + 92 =132 b=%andc=13
a? + 81 =169 Simplify.
o’ = 88 Subtract 81 from sach side.
a= +V88 Take the square root of each side.
a = +BB8 or 24/22 Length cannot be negative.

Step 3 Find the values.

leg opposite £A: BC = 2422
leg adjacent £A: AC =9
hypotenuse: 48 =13

_opp _ 2433 _mp B 153+/33
_8d _ 8 _fyp 13
E"—"‘f“ﬁ_n =133 S'E"CA—EJ 9
_opp _ a9 _ad 9 8232
tan.ﬂ—al,_g— 5 cntd—mp—zﬂ,ﬁﬂr i

Check

Ifsec 8= % find the exact values of the five remaining trigonometric
functions for B.

ginB=_? cosB=_2 tanB=_7 cecB=_7 cotB=_7_

i.) Go Online You can complete an Extra Example online.
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Learn Trigonometric Functions of General Angles {5 Think About It

You can find values of trigonometnic functions for angles greater Why can the

than 90° or less than 0° when given a point on the terminal side of Pythagorean Theorem
the angle. be used to find r?

Key Concept - Trigonometric Functions of General Angles

Let # be an angle in standard position, and
let Pix, ) be a point on its terminal side. By
the Pythagorean Thearem, r = Vi + 2,
where r is the distance from the origin to
point P along the terminal side. Using the
coordinates of point P and r, the six
trigonometric functions of & are

defined below.

sin f =¥ cos 0=3

anf=%x#0 csch=f.y#0
secl=xx#0 cot8=5y#0

If the terminal side of angle # in standard position coincides with one of
the axes, the angle is called a quadrantal angle.

Since r is the distance from the orgin to point P{x, v} along the terminal

) Think About It!
side:

Why is it necessary to
e if 8= 0° or 360°, then r = x. define r using absolute
» [f#=190° thenr=y wvalue for 8 = 180° and
#= 2707
» If 8= 180", then r = Ixl.
w» if 8= 270" then r = lyl.

Example 3 Evaluate Trigonometric Functions Given
a Point

The terminal side of @ in standard position contains the point [—&, 4).
Find the exact values of the six trigonometric functions of 6.

Step 1 Draw the angle.

Draw Point P to draw 8 with the terminal side 354\ a}"
through (—6, 4). ™ ;
|_F{—6, 4} J
Step 2 Find r. 1; _; i 1"; -
L=e the Pythagorean Theorem to find the value J
of r. i *|
r= ﬁ‘I':":‘2 +_‘p"? Pythagorean 1 al
Theorem
=ﬁ‘||1—'5:|2+-4;r ¥y =—Gandy=4
= 482 or 2413 Simiplify.

(continuved on the next poge)
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Math History
Minute

Indian mathematician
Aryabhata (476-550)
was the author of
several treatises on
mathematics and
astranomy. He
approximated the value
of & and discussad the
concept of sine in one
of his works, ardhao-jya,
which literally means
“half-chord.” India's
first satellite, launched
in 1975, is named in

his honar.

{# Think About It!
For each quadrantal
angle, which
trigonometric functions
are undefined? Justify
Wour reasoning.

Step 32 Find the trigonometric functions.

Use x = —6, y = 4. and r = 2413 to write the trigonometric
functions.

EME=;=%N$ secﬂ=%=%m—3"ﬁ
!anﬂ=¥=_iﬁﬂr—% cmE=§='TE'nr—%
Check

The terminal side of # in standard position comains the point (2, —8).
Find the exact values of the six trigonometric functions of @

sinf=__" cos@=_7 tanf=__72

Es

csc@=_7 secf@=_7__ cot @ =

Example 4 Evaluate Trigonometric Functions of
Quadrantal Angles

The terminal side of @ in standard position contains the point
P{5, 0). Find the exact values of the six trigonometric functions of 8.

The point P lies on the negative x-axis, so the measure of the
quadrantal angle #is 180"

Use x = =5 y =0, and r = 5 to write the trigonometric functions.

5Inﬁ|=¥=%urﬂ cscﬂ'=§=%undeﬁne~d
:usﬂ=%=%ﬂr—1 secﬂ=§=_iﬁur—1
mnﬂ'=¥=_15mﬂ cntﬂ=§=%5undeﬂned

Learn Trigonometric Functions with Reference Angles

For a nonguadrantal angle #in standard position, itz reference angle
is the acute angle 8 formed by the terminal side and the x-axis. The
rules for finding the measures of reference angles vary depending on
the quadrant in which the terminal side is located.

If the terminal side is in:

& Quadrant |, then 8" = 6.

o Quadrant ll, then ' =180"-ford'=« — &

o Quadrant I, then #'=#— 180" oré'= 8 — 7.

o Quadrant IV, then 8" =360 — for 8'= 2w — 0.

You can use reference angles to evaluate trigonometric functions for
any angle & The sign of the function is determined by the quadrant in

which the terminal side of 0 lles.
ﬁ-ﬂ-n Online You can complete an Extra Example online.
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Key Concept - Evaluating Trigonometric Functions

reference angle 8", N .
4 P i, SO B 4 SN B, o5 B 4
E‘I'.Ep.l Eualue:te the trigonometric ek | B
function for 8. tan 8, cot & — | tan @, cot & 4+
Step 3 Determine the sign of the
trigonometric function values. Use the Ciaciod i a P
quadrant in which the terminal side of
Blies i i csc k. — | sin o B —
’ cos o seg B — | cos 6, ec & &
ten &, cot 64 | @0 @, cob & —

It may be helpful to memarize the trigonometric values for these

special angles.

Trigonometric Values for Special &ngles

csc 30° =2 csc 45° =432 csc 60° = 202
.23 p

sec 30" =5 sec 45° =42 sec 60" =2

cot 30° =43 cot 45° =1 cmﬁm=§

Example 5 Find Reference Angles

Sketch each angle. Then find the measure of its reference angle.

a. 155°

The terminal side of 155° lies in Guadrant L.
The reference angle 8 is formed by the
terminal side and the negative x-axis.

#'=180—¢0
=180 — 155 or 25°

Because —ET“ is not between 0 and 2, first
find a coterminal angle with a positive measure.

coterminal angle: —% + 2(2m) = "?""

The terminal side nf%“ lies in Quadrant lIL
The reference angle 8 Is formed by the

s

terminal side and the negative x-axis.

#=8—-=
=%—ﬂur%

ﬂr

{p Think About It!
What are the possible
measures for a
reference angle 8 °7

Study Tip
Coterminal Angles If
the measure of Qi not
between 0" and 360°,
then use a coterminal
angle with a positive
measure between O0°
and 360" to find the
reference angle.

& Go Online
You can complete an
Extra Example online.
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Study Tip

Special Angles If the
measure of an angle &
a multiple of 30°, 45°
or 80°, its referance
angle will be a special
angle.

Use a Source

Measure the kength of
your arm from shoulder
to hand and your
shoulder height. Usa
the data to find the
height of the ball at the
same position in the
example if you were
pitching.

Check
23 o9

Find the reference angle &' of an angle that measures TR v

Example 6 Use a Reference Angle to Find a
Trigonometric Value

thﬂueuaﬂwmeﬂtan?i!.

Part A Find the measure of the reference angle.

The terminal side of ?—f lies in Quadrant IV

=2x—48 Find the reference angle &'
—gp MW T .,
=2im—gorg i ==3

Part B Use the reference angle to evaluate the function.

tamn ?T“ = —lan % The tangent funciion is negative in Quadrant IV
= —tan 45° -: radians = 45"
= —1 tan 45" =1

Check

Find the exact value of sec 225"

& Example 7 Use Trigonometric Functions

SOFTEALL Durng a windmill pitch in
fastpitch softball, a pitcher’s arm makes
a complete clockwise rotation before
releaszing the ball. Suppose a pitcher has
an arm length of 28 inches, and the axis
frem which the pitcher's arm swings s at
her shoulder height of 57 inches. What is
the height of the ball when the pitcher's
arm is in the position shown?

The pitching arm is in Quadrant Il, so
#=180% — 138" or 42"

We know the radius r and need to find y.
The sine function relates these values.

zin #= % Sine function of a general angle
i i — " - =
gin 42 ok f=42"andr=28
28sind42°* =y Multiply each side by 28.

BT =y Use a calculator to sobve for v,

Since v = 187, the total height of the ball is 187 + 57,
or about 757 inches.
G Go Online You can comgplete an Exira Example online.
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Practice B Go Online You can complete your homesork caline.
Example 1
Find the exact values of the six trigonometric functions for angle @.
1 ) 2, 3.
5 17
3 16
12
& g
()
4. 5 =) 6 33
5 g
45 1 3
24 LS
Example 2
In a right triangle, £ 4 and £8 are acute. Find the values of the five remaining trigonometric
functions.
8 _3 i
T.tamﬂ.—ﬁ 8. ms,ﬂ.—m 9. anE=3
10. sin B =3 . cosA=21 12. sinA =12

Examples 3 and 4
The terminal side of @ in standard position contains each point. Find the exact values of the six
trigonometric functions of 0.

13. (5, 12) . (3,4 15. (8, —15)
16. (—4, 3) 17. (—9, —40) 18. (1. 2)
19. (8, 4) 20. (4, 4) 21. (6, 2)
22. (-5, 542) 23. (3, —9) 24. (-8, 12)
25. (3,0) 26. (0.-7) 27. (0.4)
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Example 5
Sketch each angle. Then find the measure of each reference angle.

28 3T 29. 230° 30. 205°

4w n ™
31. = 32. g 33. A

o o 5w

34. 135 35. 200 36. 7
37. BT 3g. —210° 39, -IF
Example &
PRECISION Find the exact value of each trigonometric function.
40. tan 330° a1, cos (1T 42, cot 30°
43, csc% 44. sin (—1507% 45, tan [—%;
Example 7

45, AMUSEMENT RIDES An amusement park thrill ride swings
its riders back and forth on a pendulum that spins.
Suppose the swing arm of the ride is 62 feet in length,
and the axis from which the am swings is about 64 feet
above the ground. What is the height of the riders above
the ground at the peak of the arc? Round to the nearest
foot if necessary.

47. ROOFING A roofer rests a ladder at a height of 12 feet
against a building so that the base of the ladder is x feet
from the bottom of the side of the building, forming a 71.6°
angle with the ladder and ground. Find the distance from
the bottom af the ladder to the side of the bullding.

a. Write an equation that can be used to find the distance from the bottom of the
ladder to the side of the building.

b. How far is the bottom of the ladder from the side of the building? Round to the
nearest tenth if necessary.

Mied Exercises
In a right triangle, £ A is acute.

48, If tan A = 3, what s sin A? 49 ifsind = % what is cos A?

50. If tan A = 5. what is cos A? 51. If sin B = 3, what is tan B?
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Pirt ot bl

Find the exact value of each trigonometric function.
B2, zin 160" 53. cos 270° 54. cot 135

55. tan (—307) 56. tan 57. cot (—m)

BB. LIGHT Light rays are reflected by a surface. If the surface is By B
partially transparent, some of the light rays are bent, or refrocted, \@/
as they pass fram the air through the material. The angles of ki
reflection 8, and of refraction @, in the diagram at the right are

I
1
related by the equation sin 8 = n sin &, if & = 60° and n = V3, !
find the measure of 8. :

R2
B0, rADIOS Two correspondence radios are located 2 kilometers

away from a base camp. The angle formed between the first
radio, the base camp, and the second radio is 120 If the first
radio has coordinates (2, 0) relative to the base camp, what is the 120

position of the second radio relative 1o the bazse camp?
&R

Basce 2 km
camp

V3 sin 28

&0. PAPER AIRPLANES The formula R = + 15 cos § gives the distance traveled
by a paper airplane that is thrown with an initial velocity of V,; feet per second at
an angle of #with the ground.

a. If the airplane is thrown with an initial velocity of 15 feet per second at an
angle of 25°, how far will the airplane travel?

b. Two airplanes are thrown with an initial velocity of 10 feat per second. One
airplane is thrown at an angle of 15° to the ground, and the other airplane is
thrown at an angle of 45° to the ground. Which will travel farther?

&1. CLOCKS The hands on the clock form an acute angle, 8 The minute
hand is about 5 inches long, and the angle formed by the hands at
the center of the clock Is 75°. If the tips of the hands weara
connected, [t would form a right triangle, with the minute hand
being the hypotenuse. Use a trigonometric ratio to find the length
af the hour hand to the nearest tenth of an inch.

&2, FERRIS WHEELS Luis rides a Ferris wheel in Japan called the Sky Dream
Fukuoka, which has a radius of about 80 m and is 5 m off the ground. After
he enters the bottom car, the wheel rotates 210.5° counterclockwise before
stopping. How high above the ground is Luis when the car has stopped?
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REASOMING Use the congruent triangles in the figure for Exercises 63-86.

63. What |s the cosecant of 87

64, What s the cosine of §7

=11

65. What is the cotangent of 67

&6. What s the secant of 87

67. STRUCTURE There are many angles that share the same reference angle. Give 3
angles that have a reference angle of 80°, including at least one angle with a
measure greater than 360°. Explain your method.

68. SHADOWS A tree s 15% feet tall and casts a shadow at a right angle from the
base of the tree. The length of the shadow depends on the angle at which the

sunlight hits the tree, 8

a. Find the distance from the top of the tree to the end of the trea's shadow,
in feet, when the Sun is at an angle of 13°. Round your answer to the
nearest tenth.

b. How long is the tree's shadow, in feet, when the Sun is at an angle of 58%  shadow

Round your answer to the nearest tenth.

Q Higher-Order Thinking Skills

69. ANALYZE Determine whether the following statement is frue or false. Justify your
argument.
For any acute angle, the sine function will never hove a negative value.

0. CREATE In right triangle ABC, sin 4 = sin C. What can you conclude about AABC?
Justify your reasoning.

M. PERSEVERE For an angle #in standard position, sin 8 = % and tan # = —1. Can the

value of @ be 2257 Justify your reasoning.

T2, ANALYZE Determine whather 3 sin 60° = sin 180° is true or folse. Justify your
argument.

73. WRITE Use the sine and cosine functions to explain why cot 1807 is undefined.
7. CREATE Give an example of a negative angle 8 for which sin 8 > 0 and cos & < 0.

75. WRITE Describe the steps for evaluating a trigonometric function for an angle
that is greater than 90°. Include a description of a reference angle.

76. PERSEVERE When will all six trigonometric functions have a rational value? Justify
YOUr argument.
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Lesson 9-3

Circular and Periodic Functions

Today’s Goals
2 : : 3 = Find values of
Explore Trigonometric Functions of Special Angles trigonometric functions
given a point on a unit
Online Activi circle or the measure
E Y of a special angle.
x|
= Find values of
& INGUIRY How can you use special right ' Skt funciibis
triangles and the unit circle to find the exact that mode! periodic
trigonometric values of special angles? Events.
Today's Vocabulary
unit circle
circular function
periadic function
cycle
Learn Circular Functions period
A unit elrele i= a circle with a radius of 1unit ¥
centerad at the arigin on the coordinate e
plane. Notice that on a unit circle, the radian
measure of a central angle & = %:}r g, 50 the
10 f.of
radian measure of an angle is the length of
the arc on the unit circie subtended by the {0, =1)
angle.
You can use a point P on the unit circle to generalize sine and cosine
functions by applying the definitions of trigonometric functions in right
triangles.
Key Concept « Functions on a Unit Circle
Study Tip

Words: If the terminal side of an
angle #in standard position
intersects the unit circle at Plx, ¥,
then cos B = x and sin 0= y.

Symbols: Plx, ) = Plcos 8, sin )
Example:

314
HH=T,

Pix, ) = F'{r:ﬁs %. sin ?T“]

Sine and Cosine Ta
help you remember that
for (x, ¥) on the unit
circle, x = cos # and

¥ = sin #, notice that
alphabetically x comes
before y and cosine
comes before sine.

Both cos # = x and sin & = y are functions of 8. Because they are
defined using a unit circle, they are circular functions, which describe
a point on a circle as the function of an angle defined in radians.
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Study Tip

Unit Circle Angles in
the unit circle are in
standard position. The
terminal side travels
counterclockwise
around the unit circle for
positive angle measures
and dockwise for
negative anghe
measures.

Study Tip
Trigonometric
Functions Because
tan & cse B, sec & and
col # can be defined in
terms of sin #and cos 8,
you can use the
coordinates of the
point at which an angle
intersects the unit
circle to find the
remaining
trigonometric functions
as weall.

The unit clrele is commonky ¥
uzed to show the exact
values of cos @ and sin @ for
special angles. The cosine
values are the x-coordinates
of the points where the
terminal sides of the angles
intersect the unit circle, and
the sine values are the
y-coordinates.

Example 1 Find Sine and Cosine Given a Point on the
Unit Circle

The terminal side of @ in
standard position intersects

the unit circle at P(—33, 73 )-
Find cos & and sin @.

12 5 . .0
P[?.ﬁ] = Plcos @, sin &) s
cos @ = —:g

_5
sin @ = = e
Check

The terminal side of #in standard position intersects the unit circle at
P{—%, —%) Find cos @ and sin #. Write the solutions as decimals.

cos@=_7 _ sinf= _7

Example 2 Find Trigonometric Values of Special
Angles

Find the exact values of the six trigonometric functions for an angle
that measures ? radians.

Using the unit circle, we know that the special angle % intersects the

unit circle In Quadrant Il at P{ —%, —% 3

S0, cos 8= —-‘Eand sin 8= —%.

L) Go Online You can complete an Extra Example online.
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Use the values of cos & and sin @ to find the remaining trigonometric

values: fo# Think About It
tan @< 3N _ =l oy How could you use the
':":'51- é :I'__.";ﬂ'ﬂ sine and cosine values
secl@=—_-5=—2 cotf=_—5=1 of an angle that
m
. measures — radians to
Check =

determine sin 57" and
Find the exact values of the six trigonometric functions for an angle

ox
=3
cos i

that measures %’T radians.

snd=__7 cos@=_72 tan #=

csc@=_272 cec@=_7 cot 8 = 7

Learn Periodic Functions

A periodic function has p-values that repeat at regular intervals. One
complete pattern of a periodic function is called a eycle, and the
horizontal length of one cycle is called the period.

The values of the sine and
cosine functions can be found
by using the unit circle. As you
move around the unit circle,
the values of these functions
repaat every 3607 or 2. 50,
the sine and cosine functions
are perodic functions where
&in (¥ + 27} = sin x and

cos [k + 27) = cos x. Because
tangent, cosecant, secant, and
cotangent can be defined in
terms of sine and cosine, they
are also periodic functions.

Recall that the values of sin # and cos 8 are the - and x-coordinates,
respectively, of the polnt Plx, ¥) where the terminal side of an angle #
intersects the unit circle. Thus, you can use the values of sin # and cos &
shown on the unit circle to graph the sine and cosine functions, where the
X-axis represents the values of # and the y-axis represents the values of
sin 8 or cos &

Each point on the graph ¥
of ¥ = sin ¥ is given by
(x, sin x). Using the unit
circle, x is the measure
of the angie, and sin x is
the y-coordinate of the
corresponding podnt on =14
the unit circle.

E Ge Online You can complete an Extra Exarmple online.
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Study Tip

Radian and Degrees
The sine and cosine
functions can also be
graphed using degrees

as the units of the x-axis.

Study Tip

Cycles Acyclecan
begin at any point on
the graph of a periodic

function in the examplke,

if the beginning of the
cycle is at 3. then the

pattern repeats at 2.
The period is still

_x _3x
25 v OF 5

Simiarly, each point on the
graph of ¥ = cos x = given
by (x, cos x). Using the unit
circle, x is the measure of
the angle, and cos ¥ is the
x-coordinate of the
comesponding point on
the unit circle.

Example 3 Identify the Period of a Function
Determine the period of the function.

14

ksl ==

The pattern repeats at % 3x, and 5o on. So, the period Is ET“

@ Apply Example 4 Graph Periodic Functions

CARDUSELS Mew York's Eldridge Park Carousel is considered the
fastest carousel in the warld, taking riders for a spin at 18 miles per
hour. The indoor carousel has a diameter of 50 feet and can complete
about 10 rotations per minute. The distance of a rider  from the front
wall of the building varies periodically as a function of time t. ldentify
the period of the function. Then graph the function. Assume that a
rider begins at the point closest to the wall, 20 feet from the wall.

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers to your questions?

Sample answer: | need to find the period and graph the function. |
know that the diameter of the carousel is 50 feet and that the carousel
completes 10 rotations per minute. How are the period and the graph
affected by the diameter and the number of rotations per minute? | can
relate the function to the unit circle to answer my questions.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will use the key features to analyze the function. |
have learned about key features of the sine and cosine functions.

.} Go Online You can complete an Extra Example online.

438 Module 9« Trigonometric Functions



3 What is your solution?
Use your strateqy to solve the problem.

When = the function increasing and when is it decreasing? What are
the extrema’?

The distance the rider is from the wall will increase until the rider
reaches the maximum distance halfway through the period; then the
distance will decrease untll the rider is back at the starting position.
The closest the rider is to the wall is 20 feel. The carousel has a
diameter of 50 feet, so the farthest is 70 feel.

What are a cycle and the period in terms of the situation? What is the
period of the function?

One full rotation of the carousel is one cycle. The time it takes to

complete one rotation is the period. The carousel can complete 10
rotations per minute, so the period is 60 seconds <+ 10 or 6 seconds.

The diagram shows the distance of
the rider from the wall during ona
rotation.

Uze the diagram to complete a
table showing the distance of a
rider from the wall.

Time(s) | Distance {ft)

o 20
15 45
3 70
4.5 45
B 20

Graph and interpret the
function.

What are the minimum and
maximum distances? How often
does the graph repeat?

20 and 7O ft; every & sec

4 How can you know that your solution is reasonable?

g'ertz About It! Write an argument that can be used to defend
yvour soluthon.

Sample answer: The graph shows a repeating pattern as a periodic
function should. The key features we predicted match the points in the
table and the key features of the graph.

Q) Talk About It!

Explain how the
assumption that the
rider starts at the point
closest to the wall
affects the graph of the
function. What would
happen to the graph if
the rider started at a
different point an the
carousel?

{3 Go Online

You can complete an
Extra Example online.
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Check

function.

04081216 2 24 2832 "
Time (s}

f Think About It!

POGOD STICK In 2016, Henry Cabelus set the record for the fewest
pogo stick jJumps in one minute, when he jumped up and down onby
3B times in one minute. Cabelus's height off the ground h while
jumping is a function of time ¢ Suppose that at the highest point of
each jump, Cabelus was & feot off the ground. Select the graph of the

HhﬂiEﬂ-._

B.
x
f I f
O mamsseosma!
Humber of Jumps

o

Height ft)
i

Feed
1
L]

of

02505075 1 12515 195 2 22525 "
Time (m)

Tanisha claims that
10 ’
because —— contains
three multiples of .,
o= _ m, 5m
3 — Cos {:3 oy }

s L 0w _ dn
—:asi.lsshe Cos =3 —CGS{EI
correct? Justify your
— {_"m '1_1;
argument 3
- ]
2
Check
8w _ 9
zin
sin2®=_7
cos BO° = Fd
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Find the exact value of cos E—.

Example 5 Evaluate Trigonometric Expressions

cos (x + 27 = cos X

Use the unit circle

Find the exact value of each expression.

B,
cos T =

= _ 2
cos F=_2 _
gin 600" = ?




B Go Online You can compéete your homework onBing.

Practice

Example 1
The terminal side of angle @ in standard position intersects the unit circle at each point P.

Find cos # and sin &,

1 p(-2 1) 2. P(O, 1) 3. p(-2%)
a. p(-2-32) 5. p(1 ) 6. p(11.2)
Example 2

Find the exact values of the six trigonometric functions for each given angle measure.

7. graduanﬂ B. % radians 9, %radmns
10. % radians 1. « radians 12. % radians
Example 3
Determine the period of the function.

13. 14. ¥

15. i 16. lr
1= 1 o,
- [ i /rl_.\ ] i
[=] ] e} T T T T L
= I= - - + 1‘!‘\‘“/&1! EUW

17
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Example 4

19. GEARS A gear at a factory has a diameter of 24 inches and can complete about
15 rotations per minute. One spot on the gear has a specific notch. The distance
of the notch d from the edge of the machine to which the gear is attached varies
penodically as a function of time L. Identify the period of the function. Then graph
the function. Assume that the notch begins at the point closest to the edge of the
machine, 10 inches fram the edge.

20. PENDULUM The helght of a pendulum varles periodically as a function of time.
The pendulum swings in one direction and reaches its high point of 3 feet. It then
swings the opposite direction and reaches 3 feet again. Its lowest point is 1.5 feet.
The time it takes for the pendulum to swing from its low point to one of its high
points is 3 seconds. [dentify the period of the function. Then graph the function.
Assume that the pendulum begins at the low peint, 1.5 feet abowve the ground.

Example 5

Find the exact value of each expression.

21. sin (—5107) 22. sin 495° 23. cos {—%}
=51 fix 3w

24. sin 3 25. cos 26.sin (—)

Mixed Exercises
Find the exact value of each expression.

27, cos 45" — cos 30° 28. B{sin 30°)Y=in 607
4w fix Py 1 e
29. 2 sin 3F — 3 cos TF 30. cos(—5 ) + 5 sin 3n
30"cos 150
31. (sin 4572 + (cos 4572 3, {0 sl i

33. FERRIS WHEELS A Ferris wheel with a diameter of 100 feet completes
2.5 revolutions per minute. What is the period of the function that describes the
height of a seat on the outside edge of the Ferris wheel az a function of time?

34. MOON The Moon's period of revolution is the number of days Moon

it takes for the Moon to revolve around Earth. The period can

be determined by graphing the percentage of sunlight

reflected by the Moon each day, as seen by an observer on

Earth. Use the graph to determine the Moon's period of

revolution.

Sunfight Reflected {%)
M &2 oz B E
I
__.,,......I:-""

[+
-
E
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35. CONSTRUCT ARGUMENTS Determine whether each statement is always,
sometimes, or never true. Justify your argument.

a. If k Is a real number, then there is a value of # such that cos # = k.
b. sin @ = sin (@ + 2w)
c. if 8 = nw, where i is a whole number, then cos 8= 1.

d. If #is an angle in standard position in which the terminal side les in Guadrant 1V,
then sin @ is positive.

36. REASONING Point P lies on the unit circle and on the line y = x If # s an angle in
standard position in which the terminal side contains P, what can you conciuda
about sin # and cos @ Explain.

37. USE A MODEL The wheel at a water park has a radius of 1 meter. As the |
water flowse, the wheel turns counterclockwize, as shown. A point P on ._'I :
the edge of the wheel begins at the surface of the water. The function A\
fix) = sin x represents the height of P above or below the surface of the
water as the wheel rotates through an angle of x radians.

a. How far does point P ravel as the wheel rotates through an angle of

3—.—" radians? Explain.

b. Graph fix}) = sin x on the coordinate plane.

c. What is the period of the function? Explain how you know, and explain how the
period is shown in the graph. What does the period tell you about point P?

d. What are the x-intercepts? What do these represent?

e. Identify an interval where the function is decreasing. What does this
represent?

38. TIRES A point on the edge of a car tire is marked with paint. As the car
moves slowly, the marked point on the tire varies in distance from the
surface of the road. The height in inches of the point is given by the
function i = —B cos t + 8, where [ s the time In seconds.

a. What is the maximum height above ground that the point on the tire reaches?
b. What is the minimum height above ground that the point on the tire reaches?
€. How many rotations does the tire make per second?

d. How far does the marked point travel in 30 seconds? How far does the marked
point trave! in one hour?
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39. TEMPERATURES The temperature T in degrees Fahrenheit of a city ¢ months into
the year is approximated by the formula T = 42 + 30 sin Et.
a. What is the highest monthly temperature for the city?

b. In what month does the highest temperature occur?

ad

. What is the lowest monthly temperature for the city?

d. In what month does the lowest temperature occur?

40. FACTORIES A machine in a factory has a gear with a radius of 1foot.
A point P on the edge of the gear begins at the furthest paint from a
wall, and then the gear begins to rotate counterclockwise. The
function fix) = cos x + 2 represents the distance of P from the wall as
the gear rotates through an angle of x radians.

a. What is f{3)? What does it represent?

b. Graph fix) on a coordinate plane.

c. What is the period of the function? What does this tell you about P?

d. What are the maximum and minimum values of the function?

41. FIND THE ERROR Francis and Benita are finding the exact value of cos [—%} Is
either of them carrect? Explain your reasoning.

Francis Benita
cos(—3) = —tes 3 ces(—3) = cos(—3) +2m
=—05 = cos o
=05

42. PERSEVERE A ray has its endpoint at the origin of the coordinate plane, ¥

and point P{% —"'f} lles on the ray. Find the angle @ formed by the

positive x-axis and the ray. e -
43. ANALYZE Is the period of a sine curve somelimes, alwoys, of never an PHF_:E]

integer multiple of w7 Justify your argument.

44. CREATE Draw the graph of a periodic function that has a maximum value of 10
and a minimum value of —10. Describe the pericd of the function.

45. WRITE Explain how to determine the period of a periodic function from its graph.
Include a description of a cycle.
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Lesson 9-4

Graphing Sine and Cosine Functions

Learn Graphing Sine and Cosine Functions

Like ather functions you have studied, trigonometric functions can be
graphed on the coardinate plane. Sine and cosine functions are
oscillating functions. The escillation of a function refers to how much
the graph of the function varies between ite extreme values as it
approaches positive or negative infinity. The midline = the line about
which a graph oscillates, so it is halfway betaeen the maximum and
minimum. The amplitude of the graph of a sine or cosine function
equals half the difference between the maximum and minimum values
of the function.

Key Concept « Sine and Cosine Functions
Parent ¥=sinx

Graph

all real numbers

Domain all real numbers

Range ¥I1=¥=1 [¥| 1=y¥y=1)
Amplitude 1 1

Midline y=0 y=0

Period 3IBO° 360"

Oecillation  bebwean —1 and 1 between —1and 1

Sine and cosine functions, like other functions, can be transformed.
You can use the graphs of the parent functions to graph y = o sinbx

and y = acoshx. For functions of the farm y = asinbyx and y = ocos b,

|o| is the amplitude and 222 s the period.

IDI
You can also use x-intercepts to help graph the functions. The

x-intercepts for one cycle of the sine and cosine functions are:
¥ = osinbx ¥ = dooshx

@0 (3-%-0).(F-0) (60 Y (330 o)

13 Go Online You can compiete an Extra Example online.

Today’s Goals
» Graph and analyze sine
and cosine funcions.

= Model perodic real-
wiorld situations with
sine and cosine

functions.

Today's Vocabulary
ascillation
il e
amplitude
sinusoidal function
frequency

L) Go Online You
can watch a video to
see how to graph sine
and casine functions.

s Think About It!
Describe the
relationships between
the values of g and & in
¥ = a =in bx, and the
amplitude, period, and
dilation of the function.
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fp Think About It!
Why are absolute value
symbaols used for o and
b when finding the

amplitude and period?

Example 1 identify the Amplitude and Period from
a Graph

Identify the amplitude, midline, and period of fix).
The maximum = 4. The minimum s —4.

4 = (=i
Therefore, the amplitude s ; ]ur 4

The midline is at y = 0. The pattern in the
graph repeats every T radians. Therefore, the
period Is .

Check

Identify the amplitude, midline, and
period of fix).

The amplitude is _7

The midline ls aty = _7__
The peradis _2_ "

Example 2 Identify the Amplitude and Period from
an Eguation

Identify the amplitude and period of fix) = 3 cos Sx.
The function s written as fix) = o cos b,

a Is used to find the amplitude. b is used to find the period.

amplitude: |a|] = |3]| or 3 period: % = % or 72°
Check

Identify the amplitude and period of fx)} = 7 sin Bx.
The amplitude is _7 The period is _?_*

Example 3 Graph a Sine Function
Graph y = 0.5 sin dx.

Step 1 Find the amplitude.
amplitude: |jo| = 0.5

This is a vertical dilation. Therefare, the graph is compressed
vertically. The maximum value is 0.5, and the minimum value
is —0.5.

L) Go Online You can complete an Extra Example online.
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Step 2 Find the period.

t# Think About It!
iod: 288 — 38X 4 g
kT o] How would you graph
One cycle has a length of 90°. y=—05 sin &7

Step 3 Find x-intercepts.

There are x-intercepls at:

.0 (3-ETo0)=ws.0 (E0)=0 0

The sine curve goes up frem (0, 0), 5o a maximum s located
halfway between (0, 0) and (45, 0} or at (225, O.5).

The sine curve goes down from (45, 0). so a minkmum is
focated halfway between (45, 0) and
(20, 0) or at (675, —0.5)

Step 4 Graph the function.

Plot (0, O}, (45, 0). (90, 0), (22.5, 0.5),
and (67.5, —0.5) on the coordinate
plane, and sketch the curve through
the points.

Check
Select the graph of y = —2 sin 3x.

Al B.

1.3 Go Online You can complete an Extra Example online.
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Watch Out!
Amplitude The graphs
of ¥ = a sin b8 and

¥y = o cos bf with
amplitude lal have
maxima at y = g and
minima at y = —a.

Example 4 Graph a Cosine Function
Graph ¥ = 2 cos 3x.

Step 1 Find the amplitude.

amplitude: ja] = 2

This is a vertical dilation. Therefore, the graph is stretched
vertically. The maximum value is 2, and the minimum
value is —2.

Step 2 Find the period.

.360° _ 360" 5
period: Ib| i3] or 120

One cycle has a length of 120°.
Step 3 Find x-intercepts.
There are x-intercepts at:
(i-30)-eoo (3-%.0) =00
A minimum is located halfway between (30, 0) and (90, 0) or at
(60, —2).
A maximum is located at the y-intercept or {0, 2).
Step 4 Graph the function.

Plot (30, 0}, (90, 0), (80, —2), and (0, 2} on the coordinate plane,
and sketch the curve through the points.

o
25

Check
Graph y = —cos 2x.

{5} Go Online You can complete an Extra Example online.
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Learn Modeling with Sine and Cosine Functions

The sine and cosine functions are sometimes referred to as sinusoidal
functions. A sinusoidal function Is a function that can be produced by
translating, reflecting, or dilating the sine function. The frequency of a
sinusoidal function is the number of cycles in a given unit of time. This

frequency s the reciprocal of the period of the function. So, if the
period & % of a second, then the frequency is 100 cycles
per second.

Key Concept - Modeling with = @ sin bx and y = o cos bx
Step 1 Use the amplitude to find a.

Step 2 Use the period to find b. The period is the reciprocal of the

frequency. it can be written as % ofF %.

Step 3 Write the function.

& Example 5 Characteristics of the Sine and Cosine
Functions

SPRINGS An object on a spring oscillates according to the function
¥ = 40 cos wt, where y is the distance in centimeters above its
equilibrium position at time ¢ in seconds.

Part A Find the period and frequency, and describe them in the
context of the situation.

The periad is 7. Since b = T, the period is 5 or 2.

1 1
period O 7

The frequency is

Therefore, the chject completes % of a cycle per second, and it
will reach the maximum distance above the equilibrium point
every 2 seconds.

Part B ldentify the domain and range in the context of the situation.

The domain of y = 40 cos wt is all real numbers. Because time
cannot be negative, the relevant domain in the context of the
situation is [0, 2}

The range is [—40, 40]. This references the farthest away that
the object can get from its point of equilibrivm_ With

the equilibrium at the center, the object can be as much as
40 centimeters from the center in either direction. This is
verified by the amplitude.

13 Go Online You can compiete an Extra Example online.

o Think About It!

When modeling periodic
phenomena, should the
x-axis be labeled in
degrees, radians, or
seconds? Shauld you
use degree or radian
mode when using a
graphing calculator?

Watch Out!
Assumptions
Assuming that the
object continues to
oscillate indefinitely
allows us to use a
periadic function to
maodel its path.
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tp Think About It!
Describe the domain,
end behavior, and
intercepts of the function
in Example 6 in the
contaxt of the situstion.

f# Think About It!

Could cosine have bean
used to model the
situation? if so, provide
the cosine function, and
explain the difference
between the two
functions.

Check

ELECTROMICS The electric power delivered for household use in the
United States is 110 volts. The function y = 10042 sin 120w represents
the effective current, where ! is the time in seconds.

Part A Find the perlod and frequency, Part B Graph the function.
and describe them in the context of
the situation.

s frequency = _ 7

period =

The current completes 7 cyclels)
per second, and will reach the masimum _‘E

eveary o second(s). .

@ Example & Model Periodic Situations

ELECTRICITY The voltage supplied by an electrical outlet can be
represented by a periodic function. The voltage oscillates between
=120 and 120 volts, with a frequency of 50 cycles per second. Write
and graph a function for the voltage v as a function of time £

Step 1 The voltage oscillates from —120 to 120.
The maximum s 120, The minimum is —120.

The amplitude i 120, o =120

Step 2 The frequency is 50 cycles per second.

The period is m or 315.
period =% Period in terms of b
lﬂ = % Substiftute.
b = 100w Sohvwe

Step 3 Use tinstead of ¥ to write the function as a function
of time.

¥ = gasin bt General eguation
¥ = 120 sin 100wt Substitute.

Step 4 Use a graphing
calculator to graph the function.

[0, 01] sek: 0.01 by [—150, 150 sl 30
E- Go Online You can comglele an Extra Example onling.
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B Go Online You can compéete your homework onBing.

Practice

Example 1
Find the amplitude, midline, and peried of each function.

Examipie 2
Find the amplitude and period of each function.

B. y=2cos#H & y=2cing T.y=c:}s§1&

B.y=§ms¢:- 9. y=1sin26 10. y = 3 cos 29

Examplies 3 and 4
Find the amplitude and period of each function. Then graph the function.

M. y=3sing 12. y = cos 38 13. y =sindfd
3 .
M.y =5sink 15. ¥ = 4 cos 20 16. y =5sin 36
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Example 5

17. USE A MODEL An object on a spring oscillates using the function y = 25 cos f,
where y is the distance in iInches from its equilibrium position in f seconds.

a. Find and describe the period and frequency.

b. ldentify the domain and range n the context of the situation.

18. SWINGS Suppose a tire swing is rolated 1_E: radians and released. The function

¥= 'E cos2t represents the displacement of the swing at time ! for a frequency of
radians per second.

a. Find the period and frequency. and describe them in the context of the
situation.

b. ldentify the domain and range in the context of the situation.

Example 6

19. REASOMING A boat that is ted to a dock moves vertically up and down with the
waves. Delray watches the boat for 30 seconds and notes that the boat mowves up
and down a total of 6 times. The difference between the boat's highest point and
lowest point is 3 feel. Write and graph a trigonometric function that models the
boat’s vertical position x seconds after she began watching. Assume that when

Delray began watching the boat, it was at its highest point and that its average
vertical position was 0 feet

20. FERRIS WHEELS A Ferriz wheel at a state fair has a diameter of 65 feet
and makes 4 complete revolutions each minute. Santiago boards a car of
the Ferric wheel at the car's lowest point, and he rides for 2 minutes.
Write and graph a trigonometric function that models his helght above or
below the axle of the Ferris wheel # minutes after the ride starts.,

Mixed Exercises
Find the amplitude and period of each function. Then graph the function.

21. y =3sin 20 22. y=1cos3e 23. y=4cos?

REGULARITY Foreach graph, identify the period and write an equation.

24. r 25, 26. dlr

u 2
%I njﬂ:m‘ I{- = W‘W ZI\
VA AV 4 i
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o
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27. USE A SOURCE Research how the sine function can be used to model ocean

waves. Explain.

2B8. PHYSICS An anchoring cable exerts a force of 500 Newtons on a pole. The force

has the horizontal and vertical components F, and F_.

a. The function F, = 500 cos § describes the relationship between the angle 8
and the horizontal force. What are the amplitude and period of this function?

b. The function F}r = B} sin @ describes the relationship between the angle 8
and the vertical force. What are the amplitude and period of this function?

29. WEATHER The function v = 60 + 25 sin EI. where s in months and t =0
corresponds to April 15, models the average high temperature in degrees

e}
=k

32

Fahrenheit

a. Determine the period of this function. What does this period represent?

b. What i= the maximum high temperature and when does this occur?

MODELING A cyclist pedals at a rate of 6 rotations every
5 seconds. The motion of the pedals is circular with a
radius of 7 inches. The closest the pedals get to the
ground is four inches away. Write a function hif) that
models the height of a pedal in inches as a function of
the time I in secands. Assume the pedal starts at its
highest paint

. STRUCTURE Functions can be used to model the

wave patterns of different colors of light emitted from

a particular source, where y is the helght of the wawve in
nanometers and I is the length from the start of the wave
in nanometers.

a. What are the amplitude and period of the function
describing green light waves?

b. The intensity of a light wave corresponds directly Lo its
amplitude. Which color emitted from the source is the
most intense?

¢. The color of light depends on the period of the wave.
Which color has the shortest period? The longest
period?

Colar

Function

Red ¥ =300 sin (355 1)
Orange ¥ =125 sin 1% t)
Yellow y = 460 sin (355 1)
Green ¥ = 200 sin [ﬁ t)
Blue y= 40 sin (335 t)
Violet y=B0sin (35¢)

SWIMMING As Kazuo swims a 25-meter sprint, the position of his

right hand relative to the water surface can be modeled by the

graph shown, where y is the height of the hand in inches from the
water level and ¢ is the time in seconds past the start of the sprint.

What functlon describes this graph?

-
&
4
Fs

AEE

—4
-8
-2

d HEN|

111
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33.REASONING Maribel sets up an experiment with a spring at a

physics lab. She hangs the spring from a hook and attaches a
weight to the bottam of the spring. She records the length of the
spring when s it fully compressed and fully extended, as shown.
When she releases the spring from the fully-compressed position,
she finds that it takes 2 seconds to come back to this position.
Marlbel wants to write a function ff) that models the length of the
spring, in centimeters, | seconds after it has been released.

a. What is the amplitude of )7 What is the period?

b. Write and graph a function ) that models the length of the
spring.

AMUSEMENT RIDES An amusement park ride consists of two 16-foot
arms that each have a car on one end of the arm and a counterweight
on the other end. The arms rotate in opposite directions. Each car has
a minimum helght of 3 feet above the ground. It takes each car

3 seconds to make a complete rotation. The function fx} models the
height of one car abowve the ground x seconds after the ride starts.
(Assume the cars make complete rotations as soon as the ride begins.)

a. Write and graph a function fx) that modeis the motion of a car

b. What is the first interval of your graph in which the function s increasing? What
does it represent?

c. Explain how your graph shows the period of the ride.

CREATE Write a sine function in which the amplitude is 2 and its graph has
3 complete cycles on the interval O = # = m Justify your answer.

36. PERSEVERE The function h(x) = 6 sin 30mx + 10 models the height abowve ground

39.

in inches of a point P at the tip of a blade of a floor fan x seconds after the fan s
turned on. What s the speed of the fan in rotations per minute? Explain.

AMNALYZE Compare and contrast the graphs of y = %sln B and y = sin %E

. CREATE Write a trigonometric function that has an amplitude of 3 and a period of

180°. Then graph the function.

WRITE How can you use the characteristics of a trigonometric function to sketch
its graph?
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Lesson 9-5

Graphing Other Trigonometric Functions

Learn Graphing Tangent Functions

Because tan x = 221X the tangent function is undefined when

oS x = 0, which occurs at x = (90 + 180n)°, where i s an integer.
As a result, the graph of the tangent function has asymptotes where
x = (90 + 180n)°.

Key Concept « Graphs of Tangent Functions

Parent Function y=tanx
Domain {x | x # (90 +180n)",
n i an integer]
Range all real numbers
Amplilude undefined
Period 180
Mumber of 1
x-Intercepls in
One Cycle
Midline y=0
For the graph of y = o tan by, the period is %. there is no amplitude,
(90 + 1800y

and the asymptoles are at x = ., where n is an integer.

The value of o determines the vertical dilation, where || = 1 results in
a wertical stretch and O < |a| < 1 results in a vertical compression. The
function is reflected in the x-axis when o < 0. The value of b
determines the horizontal dilation, where |B] > 1 results in a horizontal
compression and 0 < |b| < 1 results in a horzontal stretch.

Example 1 Graph a Tangent Function with a Dilation

Find the period, asymptotes, x-intercepts, midline, and
transformations of ¥ = tan 3x. Then graph the function.

Step 1 Analyze the function.

» For a tangent function in the form y = & tan bx, %
5

represents the period. Because b = 3, the pem-;"j
or 60°.

ji=lu g

E]

(S0 + 180n)"
« The asymptotes oocur at x = — @

where i ks an odd inteqger.

or (80 + 30)°,

(continued on the next page)

Today’s Goals

= Graph and analyze
tangent functions.

= Graph and analyze
reciprocal tigonometric
funictions.

Today’s Vocabulary
reciprocal
trigonometric

&) Talk About It!

Explain wity the tangent
function does not have
an amplitude.

L Go Online

You can learn how to
graph tangent functions
by watching the videa.
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« x-dintercepts occur at integer multipies of the period. The
pertod of this function i 607, so the x-iftercepts are 0°, 60°,

120°,180°, ..
I + The midline of y = tan 3xis = 0.
ko ek e Bk e AT S Gl
:"'::“E:Tteﬂfaﬁﬁm' mmprgeu horizontally in relation tn‘me parent function.
;f;ﬁﬁ:; Step 2 Graph the function.
= e Use the period, asymplotes,

and x-intercepts to graph
the function. Naotice that
¥ = tan 3x is compressed
horizontally in relation to
the parent function.

Check
Consider y = tan 0.25x.

Part A |dentify the period, asymptotes, x-intercepts, and

transformations of v = tan 025 for —27 < x = BT
period: P

-
asymptotes: 1

x-intercepts: ?

The function is ? in relation to the
parent function.

Part B Select the graph of v = tan 0.25x.

—im Im  dm™ bm

L) Go Online You can complete an Extra Example online.
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Example 2 Graph a Tangent Function with a Dilation
and a Reflection

Find the period, asymptotes, x-intercepts, midline, and
transformations of y = —% tan Zx. Then graph the function.

Step 1 Analyze the function.

+ The period Isﬁﬂlnr '1"-

5 TN
» The asymptotes occur ali—, where i & an odd integer. The

||
F4E o o
asymplotes are at x = i or gz + - where n is an odd integer.

= x-intercepts occur at integer multiples of the period. The period of

this function s %, 50 the xdintercepts are —g. aQ, % T, %ﬂ

+ The midline of y = —% tan 2x is v = 0.

= Becausea= —; the function is compressed vertically and refiected Q'I'}u_r:k About It!
in the x-axis in relation to the parent function. Because b = 2, the Are y = 5 tan 2x and
function is compressed horizontally in relation to the parent function. ¥ = tan x equivalent
functions? Justify your
ArEwer,

Step 2 Graph the function.

Use the period, asymptotes, and
x-intercepts to graph the function.

Motice that y = —% tan 2x is

compressed vertically, compressed
horizontally, and reflected in the
x-axis in relation to the parent
function.

Check

Consider y = —2 tan %x_

Part A PartB

Identify the period, asymptotes, Graph y = —2 tan %x.

x-intercepts, and transformations

of y = —2 tan %x for

—60" = x = 180"
period: _7__
rd
asymptotes: E
xintercepts: __ 7
?
Thefunctionte = wertically,

R horizantally and
reflected in the 7 in relation
to the parent function.
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Learn Graphing Reciprocal Trigonometric Functions

The reciprocal trigonometric functions, cosecant, secant, and
colangent, can be expressed as . - and ta:. 7 respectively. As a
result, the graphs of the reciprocal trigonometric functions have
asymptotes when the cormresponding sine, cosine, or tangent function
equals 0 and the reciprocal function is undefined.

Eey Concept - Graphs of Reciprocal Functions
Parent Function
¥ =secx y=cotx

{9 Think About It!

Compare the range of

¥ = 3 cos x and the
range of ¥ = 3 sec x.

Domain
[x | x # 180", [x ]| x # (90 + 180n)", {x | x # 1B0n",
A is an integer) nis an integer] nis an integer)
Range
wvly=—tary =1 [¥]ly=—lorpz=1) all real numbers
Amplitude
undefined undefined undefined
Period
360" 380° 1B0"
Midline
y=0 y=0 y=0

To graph a reciprocal trigonometric function,

find the period of the corresponding reciprocal function.

determine the vertical asymptotes by finding when the

corresponding reciprocal function equals 0.

determine the relative maxima and minima for secant and

cosecant functions.

determine x-intercepts for cotangent funclions.

plot the corresponding reciprocal function as a quide.
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Example 3 Graph a Cosecant Function
Find the period, asymptotes, relative extrema, and midline of

y = csc 0.5x. Then graph the function. b Think About It!
Use reflections ta
Step 1 Analyze the function.
P v identifty another

Since y = csc 0.5x is the reciprocal of ¥ = sin 0.5, the graphs ;

have the same period sz_n or 47 The vertical asymplotes : Bt ININCRON it
P B K- Y a graph identical to

occur when sin 0.5x = 0. 50, the asymptotes are x = 0, y = esc 0.5x

X=27 x =47 _ orx = 27n where nis an integer. '

The relative maxima and minima of v = cse 0.5x occur at the
same points as the relative minima and maxima of ¥ = sin 0.5x.
S0, ¥ = csc 0.5x has relative maxima at x = —x, x = 37,
x=Tr, __ and y = cec 0 5x has relative minima at x = —3m,
x="T x =57 _ The midine is y = 0.

Step 2 Graph the function.
Use the period, asympltotes,
and relative extrema to graph
¥ =csc 0bx,

Example 4 Graph a Cotangent Function

Find the period, asymptotes, relative x-intercepts, and midline of
¥ = —4 cot 2x. Then graph the function.

Step 1 Analyze the function.

Since cotangent functions are reciprocals of tangent functions,

¥ = —4 cot 2x has the same perlod as y = 4 tan Ex,% ar 90°.

The vertical asymptotes occur when —4 tan 2x = 0. 50, the
asympiotes are x = 0°, ¥ = 90°, x = 1B0°, . or x = 90n"°,
where n is an inteqer.

The x-intercepts of y = —4 cot 2x occur at the asymplotes
of y = —4 tan 2x. Therefore, the x-intercepts are odd multiples

180" a { sty
of 6] or 45°. The midline is y = 0.
Step 2 Graph the function.
Uze the period, asymptotes, and
x<dntercepts to graph ¥ = —4 cot 2x.

) Go Online You can complete an Extra Example online.
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Study Tip
Assumptions To write
a function to represent
this situation, you must
assume that the plane
is fiying in a constant
direction without
varying altitude.

{ Think About It!

What i the distance of
the banner when the
angle of elevation is
557 Round 1o the
fearest fook

(] Example 5 Apply a Reciprocal Trigonometric
Function

ADVERTISING Suppose a banner towing plane is approaching a music
festival at an elevation of 1200 feet above the crowd at the festival. The

plane will eventually fly directly over the crowd. Let d be the distance in
feat the banner is from the music festival, and let x be the angle of
elevation to the banner from the perspective of the crowd. Write a
function that relates the distance as a function of an angle x. Then,
graph the function and analyze its key features,

Part A Write a function.

Begin by making a sketch. Because the side opposite x s known and
the hwpotenuse is d, use the cosecant function.

1200 —_—
ginx= g
o4 = 1200 a 1200 1
S X
d =1200 csc x x

Part B Graph the function.

The period of the function ¥

sl e
1200 o

The vertical asymptotes occur f.-" . i

when 1200 sin x = 0. The e . - 5

asymptotes are x = 180n", E B o igu' i, ol

where n is an integer. E ¥ = 1200 <in x

Usze the graph of v = 1200 sin »

=360
to help graph y = 1200 csc x. Angle of Blevation [7)

Part C Analyze the graph.

In the context of the situation, only the x-values between 0° and 180°
are relevant, so analyze that portion of the graph.
Domain: {x 1 0 < x < 180)

Range: [d | a = 1200]

x-ntercept: none

y-intercept: none

Relative minbmum: (90, 1200)

Relative maximum: none

Increasing: {x | 90 < x < 180]

Decreasing: x| 0 < x << 90]

{5} Go Online You can complete an Extra Example online.
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Practice i0) Go Online You can complete your homework online.

Examples 1and 2
Find the period, asymptotes, x-intercepts, midline, and transformations of each
tangent function. Then graph the function.

1 ¥y =tan bx 2. y=1tan 4x 3. y=1tan 2x

4.}r=%tanx 5.y=2um%_x E.}r=—1l,r.an2x

Examples 3 and 4

Find the period and asymptotes of each function, the relative extrema of each
secant and cosecant function, and the x-intercepts of each cotangent function.
Then graph each function.

T.y=:3r:%x B y=csc3x 9._v=%c5cx
10. y = cot 2x ﬂ.y=cm%x 12. y=—2 cot x
1B.y=3zecx H‘y=sec%x 15. y = sec dx
Example 5
F—'_ _—ﬁ
16. ACROBATS Suppose an acrobat is walking fr--
from & high wire that is attached on its A

200 feet above the floor, as shown. The
acrobat will eventually walk directly owver
the location of a camera in the floor. Let o
be the distance in feet the acrobat s from
the camera.

ends to two different towers at a height of i ‘

a. Write a function that relates the
dizstance as a function of an
angle x.

b. Graph the function.

c. Analyze the graph.

17. AR TRAFFIC CONTROL Ground-based air traffic
controllers direct aircraft on the ground and in . -*
controlled airspace from alrport control towers. Lel v |
be the length of the shadow of a 300-foot control ]
tower as the Sun moves across the sky at angle x. -

a. Write the function that relates the length of the coaea
shadow to the of angle. = ;

b. Graph the function.

c. Analyze the graph.
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Mixed Exercises
Find the period of each function. Then graph the function.
18. y = 2 tan +f 19. y = 2 sec o8 20. y = 5 csc 36

2. vy =2 cot 6@ 22, y=zec 38 23. y=2zecd

24. ATTRACTIONS A replica of the Eiffel Tower at an
amusement park has an elevator that lifts riders
vertically up the tower to an observation deck. Suppaose
Susana is waiting 20 meters away from the base of
the tower while her sister Elva is on the elevator. Let
d be the distance in meters from Susana to Elva as
she is moving up the tower, and let ¥ be the angle of
elevation to Susana from Elva's perspective. Write the

function that relates the distance o a5 a function of
an angle x.

25. FOOTBALL As part of the pre-game celebration a military
helicopter flies over the crowd of fans in the stadium. The
helicopter will approach the stadium 2000 feet above field
level and will eventually fly directly over the marching band
located on the 50-yard line. Let d be the distance in feet the
helicopter is from the 50-yard line, and let x be the angle of
elevation to the helicopter from there. Write a function that
relates the distance to the angle.

Q Higher-Order Thinking Skills

26. PERSEVERE Describe the domain and range of y = o cos 8 and
¥ =g sec i where o IS any positive real number.

27. FIND THE ERROR Tyler says the period of the function y = tan %ﬂ'is 360" Lacretia
says it is 180° 1= either of them correct? Explain your reasoning.

28. CREATE Write a trigonometric function that has a domain of {#] 8 3 907 + 180n,
i1 is an integer} and a range of (¥ly = —3 ory = 3L

29. WRITE How can you use the key features of a trigonometric function to sketch
its graph?
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Lesson 9-6

Translations of Trigonometric Graphs

Explore Analyzing Trigonometric Functions by

Using Technology

.} Online Activity

L x|
@ INGUIRY How does adding a constant to, :
subtracting a constant from, or multiplying a
constant by a function affect the graph of a

trigonometric function?

Learn Horizontal Translations of Tngonometric Functions

A horizontal translation of the graph of a trigonometric function is
called a phase shift.

Key Concept - Phase Shift

The phase shift of the functions vy = o sin bix — h), ¥ = o cos bix — h),
and y = o tan Bx — h) is h, where b > 0.

[p=sinfx+n h<0|
L

|J,I'=EJI:I‘.I'—.|'I".|']}{|'|
'

if b > 0, the parent funclion is
translated right h units.

If h <2 O, the parent function is
translated left 1B units.

Example 1 Graph a Phase Shift

State the amplitude, period, and phase shift for y = cos (x — 270°).
Then graph the function and state the domain and range.

Step 1 Analyze the function.

For y = o cos b(x — h), o represents the amplitude, %
represents the period, and h represents the phase shifl
3a0°

For y = cos (x — 2707, the amplitude is 1, the period is Wﬂl‘

360°, and the phase shift is 270" right in relation to the parent
function.

(continued on the next page)

m Go Onlime You can complete an Extra Exarnple online.

Today's Goals

= Graph honzontal
transiations of
trigonometric functions.

= Graph wertical
transiations of
trigonometric fusnctions.

Today's Vocabulary
phase shift
wertical shift

Q Go Online

You may want ta
complete the Concept
Check to check your
understanding.

Q Talk About It!
Find a phase shift to
the left that will
produce a graph that
is identical o
¥=cosx— 270°)L
Explain your reasoning.
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Step 2

Graph the function.

Translate the graph right
2707 in relation to v = cos X

The domain is all real
numbers, and the range is

¥i—1=y=<1

—H*

L

y=cox| [y=cesfx—2709)

% Think About It
Compare the graphs of
y=3sin (x+ 3} and
¥ =3 sin fx + 457,

4564 Module 9 - Trigonometric Functhons

period:

phase shift:

Example 2 Graph a Transformation of a
Trigonometric Function

State the amplitude, period, and phase shift for y = 3 sin x + 3.
Then graph the function and state the domain and range.

Step 1 Analyre the function.

Fory=3sin(x+%),a=3b=1andh=—7 Sothe
amplitude is 3, the period is % or 27 radians, and the phase

shift is left ;— radians in relation to the parent function.

Graph the function.

Use the amplitude and
period to graph ¥ = 3 sin
x_ Translate the function
left % radians.

|,—-r I___lF =3i.i1‘.u+§]

The graph of y = 3 sin (x + %} has been stretched vertically

and shifted left % radians in relation to the parent function. The

domain is all real numbers, and the range is [yl —3 = y = 3]

Check
Identify the key features of y = 2 tan {:u' + 13—‘! Then graph the function.

amplitude: 2_

i

?

domain: {x | x # 2 n wherenis
an integer}

range: [y 2 =y=< ?}

L) Go Online You can complete an Extra Example online.



Learn Vertical Translations of Trigonometric Functions

A vertical translation of the graph of a trigonometric function is called a
vertical shift. By adding or subtracting a positive constant k, the graph
iz translated up or down in relation to the parent function.

Key Concept - Vertical Shift

The vertical shift of the functions v = o sin b8 + k. y = a cos b + k, and
y=otan b# + kis k, where b > Q.

Ay =sinT+rk>0]

AVAV,

¥=sinx

y=sinx+k k<0

it & = O, the parent function is
translated up k units.

If k =< 0, the parent function i
translated down |k] units.

When a trigonometric function is shifted vertically k units, the midline is
¥ = k, which i the line about which the graph of a function oscillates. You
can use the midline to help sketch graphs of functions with vertical shifts.

Example 3 Graph a Vertical Shift
State the amplitude, period, phase shift, vertical shift, and midline

equation of y = tan%x — 1. Then graph the function and state the
domain and range.

Step 1 Analyze the function.

Fory=tanx—1a=1b=1, andk=—1 Sothe perindis‘l’ll—”mzaﬂ'.
2

the vertical shift i= down 1unit, and the midline is y = —1.
Step 2 Graph the function.

For y = tan %x the vertical

asymptotes are al x = (3600 + 180",
where n is an integer. Translate the
function down 1 unit. The graph of

y=tan%x—1i55trelched - 5
horizontally and shifted down 1 unit L.
in relation to the parent function.
The domain is {x | x # 180n",
where n is an integer} and —4
the range is all real numbers.

-

103 Go Ondine You can complete an Extra Example oniine.

o Think About It!

What is the midline for

¥ = tan x? How does
this relate to its wertical

shift and the value of k7

fp Think About It!

Compare and contrast
the graphs of

j"=tﬂ'l%x—1ll1lﬂ
¥ = tan x.
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Froblem-Solving
Tip

Make a Sketch Making
a sketch of the graph
might be useful when
identifying the
parameters of the
function. Because you
are given maximums,
minimums, and the
period, you can plot
several points and
draw a smooth cunve
between them. The
sketch may help you
identify which
trigonametric function
to use and the
parameters of the
function.

@ Example 4 Model Translations of Trigonometric
Functions

EXERCISE Suppose as a person jumps rope, the height of the rope
oscillates between a maximum of 108 inches and a minimum of

0 inches and hits the ground two times per second. Write a
trigonometric function that represents the height of the rope y at
time x seconds if the rope begins at a height of O inches. Then
graph the function.

Step 1 Choose which function to use.

Step 2

Step 3

Because the function oscillates between 0 and 108 inches
continuausly, the function can be modeled by a sine or cosine
function. For this example, we will use cosine.

Determine the parameters of the function.

The minimum height = 0 iInches and the maximum height is
108 inches. The midiine is y = 25198 or y — 54 55 the

vertical shift is k = 54.

Because the amplitude s half the difference between the

; Wl =0
maximum and minimum values, o = 5

of a = hd.

The period is determined by how often the jump rope
completes one cycle. The rope reaches the minimum twice
every second, so the period is 0.5 second. Solve for the
parameter b using the value of the period.

— 2= _ 2%
05 = iB] Period B
0.5ib| = 2n Multiply each side by [b].

b=x4n Simplify.

Use the positive wvalue of b to represent the period.

Find the phase shift by first considering the parent function.
The maximum of the parent function ¥ = ©os x occurs at x = 0.
Because the rope starts at a height of 0 and the period of the

function is 0.5, the maximum height of the jump rope occurs at
¥ =025 So the phase shift b is 0.25 — 0 ar 025

Write the function.
Write the function relating helght v and time x.

y=ocosbix—h)+ k&

y=5 cosdmx —025)+ 541 Substifute o = 54, b = 47,
h =025 and &k = 54.

Standard cosine function

{5} Go Online You can complete an Extra Example online.
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Step 4 Graph and analyze the function. ¥

Use the amplitude, period,
and midiine to graph
¥ =54 cos 4mix — 0.25) + 54,

|\

1 15 2 %
Time (s}

Motice that the graph oscillates between a maximum of 108 inches

and a minimum of O inches, and is positive for all values in the domain.

The graph has a p-intercept of 0 and x-intercepts of 0.50, where nis
an integer.

Because x represents time and y represents height, both values must
be pasitive in the caontext of the situation.

The domain ks (x| x = 0land [y 0 = y = 108).

Check

TIDES The tides at Florida’s Cape Canaveral reached a maximum
height of 3.4 feet at 2:00 a_m., minimum height of 0.4 feet at 8:30 am,,
and another maximum at 3:00 pm. the next day.

Select the trigonometric function that represents the height y of the
tide x hours since midnight. Then graph the function.

A. y=15cosi3(x—2) + 19
B. y=15cos3i{x—2)+19
C. y=15cosi3(x— 2|+ 15
D. y=19cos3(x+2)— 15

t# Think About It!

Use the function to find
the height of the jump
rope at 2 2 seconds.
Round to the nearest
inch.

i) Go Online

You can complete an
Exira Example online.
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t Think About It!

Write another function

for the cosine graph
where h < 0.

atudy Tip

Finding the Period The
MEXAMTILITE OF Minimwm
values of the graph are
often comenient

points to use when
determining the period.

{3 Go Online

You can complete an
Extra Example anline.

Example 5 Write a Trigonometric Function from
a Graph

Write a function for the cosine graph
shown.

Step 1

Step 2

Step 3

Find the vertical shift and
amplitude.

The midline is halfway
between the relative

extrema, v = —land y =&

So the equation of the —+— —
—4m  -Im n i

midline s y = _'; 3 or 2 and v U

the vertical shift k is 2. =

The amplitude i= half the
difference between the maximum and minimum values, o
E—{=1

=——5 3
Find the phase shift.

¥ = cos ¥ has a maximum at x = 0. The maximum has been
translated right ® radians. 5o the phase shift b is «.

Find the period.

The peried of the function is the distance between any two
consecutive sets of repeating points on the graph.

Use the value of the period, 4, to find b.
3 2n

et B Pariod = —
Am ib| Enind =
4m|b| = 2w Multiply each side by b
b =105 Simplify

Use the positive value of b to represent the period.

Step 4 Write the function.

488 Module 9 « Trigonometric Functions

Lise the parameters from the graph to write the function.
y=ocosbix— R+ &k

¥=3cos0b8x—m+ 2
The graph is represented by y = 3 cos 05(x — &) + 2

Cosine function

g=3.b=05h=nmandk=2

Lize a graphing calculator to
check the solution. You can
find the extrema or trace
along the function to check
that it has the same features
a5 the original function.

[—4w, 4= scl: why|—2, 8] scl: 1



B Go Online You can complete your homewornk onBne.

Practice

Example 1

State the amplitude, period, and phase shift for each function. Then graph
the function and state the domain and range.

Ly=sini@+m 2. y=tan (68— 3) 3. y =sin (# + 907
4. y = cos (# — 457 5. y=tan (8 + %) 6. y = cos (# + 1807
Exampie 2

State the amplitude, period, and phase shift for each function. Then graph the
function and state the domain and range.

7. y= 3 cos (@ — 457 B8 y=2sin(f+ 607 9, y=%5ln3{£—%§
10. y=3cos3(6—F) 1. y = 2 cos {§ + 90%) 12. y = sin (6 — 307
Example 3

State the amplitude, period, phase shift, vertical shift, and midline equation of each
function. Then graph the function and state the domain and range.

18. y=cos @+ 3 4. y=tan 8 —1 15_},:15"5_'_%
16. y=2cos@—5 . y=2sind—4 1B.y=%5lnﬂ+?
Example 4

19. REASONING An office building has a large clock on its exterior. The center of the
clock i= located 79 feet above ground level, and the minute hand of the clock is
3 feet long. The function M) gives the height of the tip of the minute hand abowve
aground leve! in feet at amy time [ minutes after 12:00 noon.

a. What is the amplitude of MIj? What = the midline? What is the period?

b. Write the function h(t) as a cosine function.

c. Graph h{t).

d. On the interval t = 0 to [ = 120, how many times does the function attain its
minimum value? What does this represent in the real-world situation?
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20. MODELING As the tide moves in and out of a bay, the depth of the water in the
bay varles from a low of 15 meters to a high of 18 meters. |t takes 6.2 hours for the
tide to come In and 6.2 hours for the tide to go out. A marine biologist starts
recording the depth of the water in the bay at high tide. She would like to develop
a model that gives the depth of the water in the bay at any time [ hours after she
starts recording the data.

a. What are the maximum and minimum depths of the water in the bay?

b. Determine the amplitude and the midline of the function.

¢. Choose a trigonometric function that can be used to represent the depth of
the water in the bay at any time t hours after high tide when the marine
biologist starts recording the data. Justify your choice. Then write a function to
represent the situation.

d. Graph and analyze the function.
. Use your graph to estimate the depth of the water 9 hours after high tide.

¥
Example 5§ 2L
21. Write a function for the cosine graph shown. 1=
a. Find the vertical shift and amplitude. ) ——t—t
1 E w == M=
i G 2

b. Find the phase shift, if any. ..--;.‘.\- . "}?‘i’,{‘ _“ﬁ -

¢. Find the perod. !’ \u:f v \'L

d. Write the function. [ £

22. Write a function for the sine graph shown.

14
a. Find the vertical shift and amplitude. m

2o
ralsl
Sl

w4

b. Find the phase shift.

€. Find the period. =3

d. Write the function. G i
=51
Mixed Exercises =6t

Write an equation for each translation.
23. ¥ = sin x, translated 4 units to the right and 3 units up

2. v = cos ¥, translated 5 units to the left and 2 units down
25. y = tan x, translated m units to the right and 2.5 units up

State the amplitude, period, phase shift, and vertical shift for each function. Then
graph the function.

26. y=—3+2sin2(6+7) 27 y=3cos2(f+45) +1 2B. y = —1+ 4tan (f + )
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29, USE A MODEL What trigonometric function can best be used to
represent the height of a cart on a Ferris wheel as a function of time?
Explain.

30. ECOLOGY The population of an insect species in a stand of trees follows the
growth cycle of a particular tree species. The insect population can be modeled
by y = 40 + 30 sin 61, where { s the number of years since Movember, 1920,

a. Evaluate the function in degrees to determine how often the insect population
reaches lts maximum level.

b. When did the population last reach its maximum?

31. POPULATION The population of predators and prey in a closed ecological system
tends to vary periodically over time. In a certain system, the population of snakes
P can be represented by P = 100 + 20 =in Et. where t is the number of years
since danuary 1, 2000. In that same system, the population of rats can
be represented by R = 200 + 75 sin {%i' + % ;

a. What is the maximum snake population? When is this population first reached?

b. What is the minimum rat population? When is this population first reached?

32. USE A MODEL An ambulance stops outside a hospital 10 feet
from the outer wall. The rotating light at the top of the
ambulance projects a beam of light AF on the wall. In the
figure, ¢ represents the length of the beam and & represents
the measure of the angle in radians that the beam makes with
the perpendicular segment to the wall. The light makes ane
complete rotation every second. What trigonometric function
can best be used to represent the length ¢ of the beam of light,
in feet, as a function of time in x seconds? Explain.

Find the coordinates of a point that represents a maximum for each graph.

33.y=—2cos (x—3) 34. y=4sin (x+ )
35 y=31tan (x+ 3] + 2 36 y=—3sin(x—F) -4
Compare each pair of graphs.

37, ¥y = —cos 38 and ¥ = sin 3(F — 907)

3B.y=2+00tanfandy =2+ 05 tan (# + =)

39.y=2sin(#—¢)andy=—2sin I:E+5T“}

40. STRUCTURE Let fi# = 2.7 cos 3{# — 7) + 1. Write a sine function g that has the
same graph as 9.
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Identify the period of each function. Then write an equation for the graph using the
given trigonometric function.

4. sine 42. cosing

44. =ine

45. CREATE ‘Write a cosine function A with midline ¥ = —2 and periad 7, that has
no #-intercepts.

45, AMALYZE If you are given the amplitude and period of a cosine function, is it
sometimes, aways, or never possible to find the maximum and minimum values
of the function? Explain your reasoning.

47. PERSEVERE Describe how the graph of y = 3 sin 28 + 1is different from y = sin 8.

48. WRITE Describe two different phase shifts that will translate ¥ m
the sine curve onto the cosine curve shown at the right. 1
Then write an equation for the new sine curve using each
phase shift.
0 1 '5, ’

49. CREATE Write a perlodic function that has an amplitude of 2
and midline at y = —3. Then graph the function.

B0. ANALYZE How many different sine graphs pass through the .
point (. 077 Justify your argument. |_T= sin B |

B1. PERSEVERE Find a sine function equivalent to y = cos 8§ — 3.

52. FIND THE ERROR Alex claimed that ¥ = 4 sin %E and ¥ = sin # are equivalent
because 4 - % = 1. Is Alex cormect? Explain your reasoning.
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Lesson 5-7

Inverse Trigonometric Functions

Learn Inverse Trigonometric Functions

If you know the value of a trigonometric function for an angle, you can
use the inverse function to find the angle measure. Because the
inverse of a function transposes the x- and p-values, the inverse of
y=sinx s x = siny.

The refation x = siny s not a function because there are many values
of y for each value of x. Therefore, the domain must be restricted in
order for the inverse to be a function. Domains for the inverses of the
cosine and tangent functions must also be restricted. The values in
the restricted domain are called principal values. Trigonometric
functions with domains restricted to the principal values are denoted
with a capital letter. Inverse trigonometric functions are inverses of
the trigonometric functions with restricted domains.

Eey Concept - Inverse Trigonometric Functions

Inverse Function Symbols Domain Range
Arcsine y = Arcsinx —1=x=1 —S=y=Sor
¥ =58in"x —90° = y = 90"
Arccosine ¥ = Arccosx —1=x=1 O=y=mor
y=Cos "x 0 = y = 180°
Arctangent ¥ = Arctanx all real —g Zy= g or
y=Tan ¥ IAmDers —80" = y = a0

Example 1 Evaluate Inverse Trigonometric Functions
Find Tan~1+/3. Write angle measures in degrees and radians.

Find the angle @ for —90° < # = 90° with a tangent value of /3.

;2-%, use the unit circle to find a point where the ratio

of sine to cosine is V3 to 1. Every special angle on the unit circle can
be written as a value over 2_ A point on the unit circle at which

3
sind = % and cosf = % has a tangent value of 11 or /3.

]

When# = 60", tan# = +/3_So, Tan~'+/3 = 60" or 1;

Because tan =

Check

V2
Find Cos (T} Write the angle measure In degrees.
Cos™! {

) Go Online You can complete an Extra Example online.

Today's Goal

= Find values of angle
measures by using
imserse trigonometnic
functions.

Today's Viocabulary
inverse trigonometric
functions
principal values

{ Think About It!
Describe the
relationship between
the restricted domain of
¥ = sinx and the range
of ¥ = sin~1x
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Watch Out!

Angle Measure
Remember that when
evaluating an inverse
trigonometric function,
the result is an angle
measure.

(& Talk About It!

Given the restrictions
on the Sin 8 function,
does the solution of
Example 3 make
sense? Explain.

Problem-5olving
Tip

Draw a Diagram If you
are unsure how to
begin a problem, try
drawing a diagram. For
many trigonometric
problems, it helps to
begin by drawing a right
triangle and labeling
any sides or angles
given in the problem.
Continue labeling the
triangle &= you solve for
LnkNowWns.

Example 2 Find a Trigonometric Value by Using a
Calculator

Find sin(Co=s"" 0.36). Round to the nearest hundredth.
Use a Tl-B4 Plus Family calculator to evaluate the expression.

Keystrokes: [=n | [@a][cos "] 0.36 [ ][] [me]
gin({Cos—' 0.36) = 093

Example 3 Find an Angle Measure by Using a
Graphing Calculator

If S5in & = —0.17, find @ in degrees. Round to the nearest hundredth.

You can use the inverse of sine to solve for 8 The sine of angle 8 is
—047, =0 Arcsin (—017) = 8.

Use a TI-B4 Plus Family calculator to evaluate the expression.
Keystrokes: [24][sin "] —017 [m=]
Sa, #=—-979"°

@ Example 4 Use Inverse Trigonometric Functions

PLAMES Suppose a pilot has 30 miles to land a plane at the Santa
Barbara airport from an elevation of 15,000 feet. Find the angle in
degrees at which the airplane should descend.

Step 1 Draw and label a diagram.

Step 2 Write and solve the trigonometric equation.

_ 15,000 fi
tanfl = 0 i Tangent function
R 15,000 ft 1mi Convert miles fo feet,
30mi 5280 1 mile = 5280 feet.
15,000 -
tan @ = E8.400 Simplify.
15,000 :
= Tﬂn_1(t§3.dﬂﬂ} Inverse tangent function
B=54" Sirmplify.

The angle of descent is about 5.4°.

L) Go Online You can complete an Extra Example online.
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Practice m Go Onlne You can Compéate youl hoamewods online.

Example 1
Find each value. Write angle measures in degrees and radians.
3 s V3 1
1. Cos 1[7} 2. Sin 1{—Tj 3. Arccos I[—E]
a. Arctan +3 5. Arccos (—2) 6. Tan~'(—1)
7. sin1 2 8. Cos'(—2) 9. Arcsin 1
Example 2
UsSE TOOLS Find each value. Round to the nearest hundredth H necessary.
et e F] 5 15
10. cos ISm "{—T}I 1. tan [Ar::sln {_T}J 12. sin (Tan 1E}
13. Cos [Arcsin (—037)] 14. cos (Arctan 5) 15. sin (Cos—10.3)
16. sin (Cos—'1) 17. sin (Sin~13) 18. tan (Arcsin 22
Exampie 3
USE TOOLS Find @ in degrees. Round to the nearest hundredth if necessary.
19. Sinf# =08 20, Tand# =45 21. Cosf#=05
22, Cosf#=—0295 23. S5iné=—01 24, Tan# = —1
28, Cos8 =052 28. Cos@=—-02 27. Sin@ =035
28. Tanf =8 29, Cos#=025 30. Sin# = —057
S kitchen

31. KITCHEN The exit from a restaurant kitchen has two
pairs of swinging doors that meet in the middle of the pr— 3 ft 3 ft pr—
doorway. Each door is three feet wide. A waiter needs to

take a cart of plates into the dining area from the kitchen.

The cart is two feet wide. =h
a. What is the minimum angle # through which the doors l
must each be opened o prevent the cart from hitting

either door? Round to the nearest tenth.

b. What azssumption did you make when solving for 8 in
part a? dining area
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32. BIKING Compass directions are given as angles compared to North,
South, East, or West. For example, northeast could be described as
45" past of north. Bong-Cha rides her bike two miles east and four
miles sauth to get to her friend Marce's house. If Bong-Cha could hawve
traveled directly from her house to Marco's, in what direction would LU
she have traveled? Round to the nearest tenth.

Mixed Exercises
Solve each equation for 0 < 0 < 27,
33, ceell =1 34, secll=—1 35, secil =1

36. cscfi== 37. cotf =1 38. sech=2

39. SURVEYING In ancient times, it was known that a triangle with side lengths of 3,
4, and 5 units was a right triangle. Surveyors used ropes with knots at each unit
of length to make sure that an angle was a right angle. Such a rope was placed
an the ground so that one leg of the triangle had three knots and the other had
four. This guaranteed that the trlangle formed was a right trlangle, meaning that
the surveyor had formed a right angle. To the nearest degree, what are the angle
measures of a triangle formed this way?

Q Higher-Order Thinking Skills

40. PERSEVERE Determine whether cos (Arccosx) = x for all values of x is frue ar
folse. If false, give a counterexample.

41. FIND THE ERROR Desires and Dscar are solving cos 8 = 0.3 where
90" < 8 << 180° Is elther of them correct? Explain your reasoning.

Desiree Sscar
cos = 0% cox = A3
cos L hm = 152" cos | (%= TLs?

42. CREATE Write an equation with an Arcsine function and an equation with a Sine
function that both involve the same angle measure.,

43. WRITE Compare and contrast the relations y = tan~'x and y = Tan™"x. Include
information about the domains and ranges.

44. AMALYZE Explain why Sin~"8 and Cos '8 are undefined while Tan~ '8 is defined.

45. CREATE Write an inverse trigonometric function with domain {2 < 8 < 2} and
range {1 = y = 7 + 1}. Justify your answer and graph the function.
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Module 9 - Trigonometric Functions

Review

@, Essential Question

What are the key features of the graph of a trigonometric function and how do they

represent real-world situations?

Trigonometric functions have amplitudes, periods, and frequencies. This allows real-world
cyclical situations to be modeled. The amplitude Identifies maximum or minimum values.
The period often tells the time to complete one cycle. The frequency tells the number of
cycles the function completes in a given interval.

Module Summary
Lessons 8-1and 9-2

Trigonometric Functions and Angles

= An angle that is coterminal with ancther angle
can be found by adding or subtracting a multiple
of 360°.

= To convert a degree measure to radians, multiphy
the number of degrees by %. To convert a
radian measure to degrees, multiply the number

of radians by - rﬁms.

« For a circle with radius r and central angle 8
{in radians). the arc length s equals the product
of rand #.

s . — b B o o}
= sinf= m,mﬂ—hw.andianﬂ— ad]-

— Ivp _ .y
» cscl = 555, secl = adj.an&mlﬂ—- BEp-
Lesson 9-3

Circular and Periodic Functions

= If the terminal side of an angle & in standard
position intersects the unit circle at Pix, ). then
cos 8= x and sin 8= y.

= The sine and cosine functions are periodic
functions where sin (x + 27®) = sin x and
cos [x + 27) = cas x. Tangent, cosacant, secant,
and cotangent can be defined in terms of sine
and cosine, so they are periodic functions.

Lessons 9-4 through 9-6

Graphing Trigonometric Functions
« For functions of the form y = asinbxandy=a

cos b, |of is the amplitude and :%T is the period.

+ The frequency of a function i the reciprocal of
the period of the function.

+ The graph of the tangent function has
asymptotes at x = (90 +180q7)°, where nis an
integer.

« The reciprocal trigonametric functions, cosecant,

1 1 1
secant, and cotangent. are —— sy and -
respectively.

+ The phase shift of y = asinb(x — h), ¥y = ocos
bix — M), and y = a tanbix — h) iz b, where b > 0.

+ The vertical shift of y = asinbf + k, ¥y = acosbé
+ k and y = ctan b@ + k is k, where b > 0.

Lesson 9-7

Inverse Trigonometric Functions

+ Because the inverse of a function ransposes
the x- and p-values, the inverse of y = sinx is
X =s5iny.

Study Organizer

() Foldables u
Use your Faldable
to review this mmssEm
module. Warking 1
with a partner can i
be halpful. Ask :
for clarification of —
concepts as needed.
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Test Practice

1. OPEN RESPONSE Conwvert each measure from
degrees to radians. (Lesson 9-1)
a)} 20°
b} &0
e} 1e0°

2. MULTIPLE CHOICE Convert % radians to
degrees. [Lesson 9-1)

A 307
B. 45°
C. 807
D 50°

3. OPEN RESPONSE In a central pivot irfigation
system, sprinklers mounted on a long pipe
are moved around a field in a circular pattern.

] I
; L
‘A; m

-
-
o =

If it takes 12 hours for the system to complete
one pass around the circle, how mamy meters
will the outer edge of the pipe travel in 1 hour?
Round to the nearest meter. (Lesson 9-1)

478 Module 9 - Trigonometric Functions

4. OPENM RESPONSE Given that cosf = % anid

0 < @< % , find the values of the other five
trigonometric functions at & (Lesson 9-2)

5. OPEN RESPONSE If <in @ = % what is

tan 87 ([Lesson 53

. MULTIPLE CHOICE A door Is 24 inches wide

and can swing open 140°. (Lesson 5-2)
ﬂ

What is the distance, in inches, from the wall

to the edge of the door? Round to the

nearest tenth of an inch.
A, 118 inches
B. 154 inches
C. 201 inches
D. 40 inches

. DPEN RESPONSE Angle #is drawn in standard

position. Al which point does the terminal
side of # intersect the unit circle if 8 = 257

g
[Lessan 9-3)



B. OPEM RESPONSE The terminal side of 8 in 10. OPEM RESPOMSE Use this function o

standard position intersects the unit circle identify the following. (Lesson 9-4)
at {x, 0.25). Find the approximate values of =
each of the trigonometric functions of & given _"'I
that x > 0. Lesson 9-3) Vo i |
=] 20 ﬁ 0 [ ,{ B0 | x
I
o
a) amplitude
9. OPEN RESPONSE Determine the period of b) midline
each function. (Lesson 9-3)
a)
f L
3|'[ a n 1. MULTIPLE CHOICE A spring oscillates with a
1 frequency of 1 cycle per second. The distance
betwesn the maximum and minimum points
I
- ..H.ﬂ__H of the oscillation is 3 centimeters. Which of
these funclions can be used to madel the
i lr" }L‘ oscillation If v represents the distance in
centimeters from the equilibrium position and
tis given in seconds. {Lesson 9-4)
A y=15sin 2t
b) B. y=15 sin mt

S

C. y=3sin2nt

it

D. y=3sinwt

MULTISELECT For which of these values of
x does the function fix) = tan 2x have a
vertical asymptote? Select all that apply.

{Lesson 9-5)

B —

Waos
=5
<3

e

N

e E R

m O N0 @

ME mEH S
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13. MULTIPLE CHOICE Which function is 16. OPEN RESPOMNSE The graph shows the

graphed below? (Lesson 9-5) average temperature in Halelwa, Hawaii.
0] The data can be approximated by the
function fif) = a sin |5z —m| + k.
::‘r,_L | ] fLesson 9.6)
FEEREAEAE
Average Temperature
EEI:'HIE ¥l H 77 i
6
A. flx) = sec 3x = 75
L7 / b\
B. fix) = cos 3x £ \
® 72 /
C. ix)=3secx ]
10
D. fix)= 3 cos x e gl A
(] 5|l—
&7
4

) B 12 %6 2024 28 32 36 40 44 48 52
14. MULTI-SELECT A rotating beacon is Weeks After January 1

positioned 10 meters from a wall. The
beacon projects a dot of light onto the wall.
The location of the dot can be modeled by
the function AN = 10 tan 0.628t, where 1) is
the position left or right of the centerline in
meters and tis given in seconds. How is the b) Find the value of h.
graph of ff) related to the graph of its parent

function? Select all that apply. (Lezson 9-8)

A. The graph has been compressed vertically

a) Find the value of a.

¢} Find the value of k.
B. The graph has been stretched wvertically.

C. The graph has been compressed
horizontalby.

Lax

h'E}
D. The graph has been stretched horizontally. 1. MOLTERLECHOKE Find Arctos { )

-:Le-asn:ET?-h
E. The graph has been stretched verticaily e —es
and compressed harizontalky. g _T
) =
o 2%
- B
15. MULTI-SELECT Select the key features of the %
graph of y = cos (¥ + 45°). (Lessan 9-5) L. g

A. The amplitude is 1.
18. OPEN RESPONSE Fala is 64 inches tall Her

The period is 315°. shadow measures 40 inches long. What is

The phase shift is 45° right. the angle of elevation of the Sun to the
nearest degree? (Lesson 9-7)

The domailn is all real numbers.

m D N0 W

The range is [—1. 1.
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Selected Answers

Module 1 Me.D=(x|0=x=<30LR={y|0 = y= 40,000)

Quick Check 13.-10 15.—-3 10 19.2 M3 23.0
25a. = 22 or 25, 23 1297 _ 5 476

242 L= Bx=Hp=N 25b. Sample answer: From 20M—2016, the

(2% +3)(x—5) number of people in the LS. who consumed
between B and 11 bags of potato chips annually

Lesson 1-1 increased by 2.476 milllon people per year.

1. D = {all real numbers). R = [y| ¥ = —1} 27a. y-int = —9; axs of symmetry: x = 15;

X-coordinate of vertex = 1.5

7
! 1] g
1 : 1 —13
=3, =1 1.5 —13.5
|
3. D = {all real numbers), R =y ¥y = 1} 3 =
F 27¢c.
— -ﬂr & Ha

. 1
EEEw EEERY =
N ,

29a. pint = 0 axis of symmetry: x = %;

R_.u'l'_’ J‘ x-coordinate of vertex = 2
EaEEs = I
3
% —6
: 1
1 . 2 |1se2s
7. glx); Sample answer: Its vertex s a maximum 1 1
point at (1, 3), which is 4 units above the vertex 2 g
of fix) which is (1, —1).
9. fix}; Sample answer: Its vertex is a minimum 29¢c. alr
point at (5, —20). which Is 10 units below the ;
vertex of glx) which ks (5, —10). 2
Ma. For x = the number of price increases and —6—4—1 x|
¥ = revenue, y = (B0 + 4x)(480 — 16x). R
11b. $100 per parmit

Selected Answers  S81



Ha. y-int = 4; axis of symmetny: x = —6;
x-coordinate of vertex = —6

31b.
-0 [ —
-8 | -4
6 | -5
-4 -4
-2 | -
31c

T T

‘4::12';;

4
L2
33. maox; 3 23
35. max:14:38 37 max = —41

39a. Let x represent the number of $1 price
increases. Let y represent the income. Then

y = (70 — x)(20 + x).

0 1400 Pre
5 825 | & i "

1500
10 1800 E Gk .

w0
15 18925 E £ 3
20 2000 e

750 1‘
25 2025

0 10 20 30 40 50 60 TO 3050 ¥

30 2000 Price Increases ($1)
35 18925
40 1BOO
45 1625
50 1400

39b. (25, 2025); The club should increaze

the price by %25 to make a maximum profit of
£2025. Sample answer: Increasing the price
by $25 s more than twice the current price, so
this may be unreasonable. The club may want
to revisit thedr assumptions.

#a. if x = number of price increases, the
revenue is Rlx) = —5x* + 40x + 1200. Because
the price changes and the revenue will not be
negative, the domain is {x | 0 = x = 20}.

7 .

r
=50
1300
b,
s " |
S

:

450 1
300
150

| i
LE-. £ Wiz KB

Price Increases ($0.50)

41b. The graph shows that the masimum revenue
value occurs at x = 4, which corresponds to a
ticket price of $6.00 + 4($0.50) or $8.00. The
maximum revenue is A4) = $1280.00.

Me. As price Increases continue, the demand
for tickets will decrease. The x-intercept
indicates a price that is too, and no one is
estimated to buy tickets for the cinema.

43, 20 ft

45, Madison; sample answer: fix) has a
maximum of —2_ g(x) has a maximum of 1.

47. Sample answer: A function is quadratic if
it has no ather terms than a quadratic term,
linear term, and constant term. The function
has a maximum if the coefficient of t
quadratic term is negative and has a minimum
if the coefliicient of the quadratic term
positive.

Lesson 1-2

1. no real solution 3. —4

st




T.—31 19. -6, 6

R T
_'.l" |
SHafEseE i

P -‘h?i 12x}

TR S

915 21. between —1 and 0; between —5 and —4 E

ci a

y ymmmay, BAaRaRy ;

a

: X
 mmm /

|
| 7] i

n.-25 23. no real solution

T.l'

1-.
1
=] L )

o=

T8 ¥ 4
13. 6 and —4 25. between 0 and 1 between 2 and 3
15. between 0 and 1; between 3 and 4 27 —-1.1 29.=-145 =345
k¥ [4 31. =324, =—124 33.21=zeconds
q P— A58, between —3 and — 2, betwean 1 and 2
N I
=] x 3
i R
ald
alf
2
17. between —1 and 0; batween —4 and —3 b
& Fi4
—:\ F 3T between —1 and 0, between 4 and &
N 2
=
| ] X Tk_.l.
i
e EENE:
|




39. between 3 and 4, between 8 and 9

¥
1 Lems]

<=l i
s

.
my

"
41 between —3 and —2; 0
T

[

;o

-.-.lpll:l.'.'""-.

|
43, between —8 and —7: between 12 and 13
uf”

rin

e

passt

45, no real solution 47, —2

49, between —3 and —2, between 4 and &
Bl about —5and 77 53.Mand —19

B5. 64 m

p

3 B BN

-

=

b |

1
i/

N /
20 [ %0 20 0 &0 "?%‘
L]

M
1

1

57. 5 seconds

59. No: sample answer: Hakeem is right about
the location of one of the roots, but his reason
is not accurate. The roots are located where

fix} changes siqgns.

61 5; Sample answer: The intercepts are
equidistant from the axis of symmetry.

63, Sample answer. Graph the function using the
axis of symmetry. Determine where the graph
intersects the x-axie. The x-coordinates of those
paints are solutions of the guadratic equation.

Lesson 1-3

L4i43 3.6i42 5.20+421 7.-2342
9 —5v7 .- 13.+3 6.+ 1L%5i
19.3,3 2.0 -3 23.4 -3 25104
2724/ 29.10—5 3M.7+] 33.-10
35.3-Y gx-S.p gl 42
813+ 4 (~2+ N —Bi+7
43.10 + 10jvolts 45.8 — 2/ ohms
47. Zoe; F = —i, not —1.

49, Always: Sample answer: the value of 5 can
be represented by 5 + 0/, and the value of 3/
can be represented by O + 3i.

51. Some guadratic equations have complex
solutions and cannot be solved using only the
real numbers.

Lesson 1-4

10l 3.0-2 5.-1-3 727rbyon
3 2 B

9251 g -6 13.8 -5

15.-8,8 17.-177.17 19.-13,13 21.1
23.7 25.-% 2725, -5

20.25/, -25 3131, —5 33.-3,

35.9/, 9 3740 — o

39. 13 inches by 16 inches

41, 24 26

43. Neither, both students made a mistake in
Step 3.

45. Sample answer: 3 and 6 — x* — 9y +

B=0-3and—6—x+%%+18=0.The
linear term changes sign.

b ==



47, Sample answer: Standard form s o +

by + ¢ Multiply @ and ¢. Then find a pair of
integers, g and h, that multiply to equal ac
and add to equal b. Then write the quadratic
expression, substituting the middle term, bx,
with gx + hx. The expression is now ax® + gx
+ hx + c. Then factor the GCF from the first tw
terms and factor the GCF from the second bwo
terms. So, the expression becomes GCF{x — g)
+ GCF,[x — g). Simplify to get

(GCF + GCF )x — g} or {x — p)x — q).

Lesson 1-5

1216 3.05 5.5 -1
1-1163~.'E 9‘-:155#5 n
13.8 £ 8 15.—7 10/

17. -4+ 6/ 19.25; (x + B
21144 e+ 12 23,8 (x5

29, i d:;"ﬁ'

3+ 4VE
g

25.4.9 27.21+47

31. 16 in. by 16 in. by 16 in.
5

1 1 1
33.1,5 35.¢g —¢ I3 1
30. 25050 41407 a31:43

45. y =(x+ 3F — B x=—3.(h k)= (-3, -8}
minimuam

47y = —lx + 4¢ + M, x = —4; {h, K} = [—4, 1);
maximum

A9. y =3 +1F — 4 x= -1, (h k) = (-1, —4);
minimum

Bia. Al = —4.90 — 0427F + 8931

B1b. t = 0.427; points equidictant from the axis
of symmetry represent the times when the diver

will be at the same height during his dive. Vertex
= (0427 8.39): Mallk reaches a maximum

height of about 8.391 meters approximately
0.427 second after he begins his dive.

§3. —277 —0.56 55.—144, 024
57.16 + 09/ 59.—13 + 409/

61 hi = —49¢ +258:23s 63.5%
65.y=(x— 57+ 3 (53

67.y = [x — 10 + 4: (10, 4)

69a.n° + 90n 69b. 10

| Fa. w = width, Ww) = the volume:

Vi) = 6w — 32w

Tb. 207 by 62.1 in.

T3. Alsonso; Alka did not add 16 to each side;
she added it only to the left side.

75a. 2; rational; 16 is a perfect square, so x + 2
and x are rational.

75b. 2 rational: 16 i= a perfect square, so x — 2
and x are rational.

75¢. 2 complex; if the opposite of a sguare is
positive, the square s negative. The square
root of a negative number is complex.

754d. 2 real: the square must equal 20. Since

that is positive but not a perfect square, the
solutions will be real but not rational.

3
]
1
o
o
1
]
:
]

75e. 1; rational, the expression must be equal to
0 and only —2 makes the expression eqgual to 0.
754 1; rational; the expressions [(x + 4) and

(¥ + B6) must either be equal or opposites. No
value makes them equal, —5 makes them
opposites. The only solution s —5.

77T Sample answer: Completing the square

Is rewriting one side of a quadratic equation

in the form of a perfect square. Once in this
form, the equation can be solved by using the
Square Root Property.

Lesson 1-6

1.-3,-5 3.3 3 5.4+

7295
1 1 =5 £ 57

ol-5 n-2l w223

53133 545 19 1E

H.F42 2332200

25, 225; 2 rational roots
27. 289; 2 rational roots
29, 24: 2 irrational roots
31. 21; 2 irrational roots
33. —196; 2 complex roots

35. —7. 2 complex roots

A7 b —dac =
2 real rational or irrational roots



39. 2 complex roots: %

41, 2 rational roots: O, %
43, 2 rational roots: 3, B

45, 2 ratlonal roots: 4,%

=5 ++3
2

47 2 irrational roots;
49, about 2.9 seconds

51 x = the length of a side of the base,

¥+ 2PEx+ A =x3Ex+1+531:5in. bW 5 in.
by 16 in.

B3, 7x* + 6x + 2 = 0 Is different from the other
3 equations because it has 2 complex roots,
where the ather 3 equations each have 2
rational roots.

B5a. Sample answer: Always: when o and ¢
are opposite signs, then oc will always be
negative and —4oc will always be positive.
Because b will also always be positive,
then b — 4oc represents the addition of
two positive values, which will never be
negative. Hence, the discriminant can never
be negative and the solutions can never be
imaginary.

55b. Sample answer: Sometimes; the roots will
only be irational if b* — 4oc is not a perfect

square.
57. —07F5

Lesson 1-7

TR
B ey e

&Y

SHELE
o -FL.

T

' y
i

i [
f

13. {x | x =3}

|

\umEn

Nt




15. {x|x<—Sorx >4}

i
|| 5 pi L
iy

—B—5 34—

17. {all real numbers}
Rk T

1

1
ik

19.30ftto 60t 2L {x | x < —1.06 or x > 706}
23. {x|x=—2750rx =1}

25 (x| x<0B8lorx > 272}

27. {all real numbers}

29, |x|x=—924 orx = —076)}
MN{x|-5=sx=<—3}

33 x|x+ 3] 3B.x|-3=x=—F]
Ty —Ax—6 30.py>—025¢ —dx+ 2
41. No; the graphs of the inequalities intersect
the x-axis at the same points.

43a. Sample answer-x? + 2x + 120
43b. Sample answer ¥ —4dx + 6 < 0

45, [ ¥ H

LA
.
e

Lesson 1-8

1(2,—1),(—1, —4) 3.(-1,2),(15,45)
5.2-2.(31) 702

9. { -1 +qm' - +‘~."§§}r {—t _am' =1 IHE}

" -21

4
1]
o x 4
i a
=1 E
= _"- E
L ]
x
(=025, -2
{
-5 |
1 1

o
b= —1E
|1‘+
17a. P = 2%* + 30x and P = 50,000
17b. ¥ = —1WB579 » = $15079

17c. Sample answer: Because the selling price
cannot be negative, (15079, 50,000 is the only
viable solution in the context of the situation.
This means that the business can eam a
$50,000 profit when the selling price is about
$150.79 per item.

19. no =olution

SR

R

Y =
T

Selected Answers SAT



2. (0.2)and (1, 3)

AREr

S

23. (1. 1) and (5, §)

e

|

,
T

25. no solutien 2T, (2, 2)and (2, —2)
29, (—1. —7) and {4, 23)

3
31. —5 2

1 ¥

::J"

b ]

& |
—5—__1_—;411 ix
HEEER ]

33. -2
LY IE.

-

.|

2
—-1-——\.‘—11:1 i1 & 31 4x
| L o111

37. -2 39.(—2 —6).(0.8)
41.(—1.2).(2.5) 43.(0.42, 0.352) and (1,2)
45, (—14, 2) and (14, 2)

47.(—1.8, 3.2) and (11, 1.3)

49, (2, —2). (0. 0) 5% no solution

53. no solution 55. (—+/31, 7) and (+/31, 7)
57.—63,1 59.-3,1 61—, —1

63.-3 65.-1.3

67 —6,—3 69a.07s

69b. about 209 m: The faster rocket lands
after about 9.96 seconds. Solving ¥y = —4.9¢° +
467t + cwhen y = 0 and t = 9.96, shows that
c =209

‘Ma. Yes; the maximum height of the ball is
about 1276 feet, which is higher than the net.
‘Hb. Yes: the player's hands could strike the
ball at & height of about 9 feet. Because that

iz abowve the height of the net. the ball may be
blocked.

Me. Sample answer: | assumed that the student
bumping the ball was far encugh away from
the net that she wouldn't hit it. | also assumed
that the player attempting to block the ball is in
the correct position for the path of the ball to
intersect the path of her hands.

73. Sample answer: y = x* and y = —x°

5. Danny is correct. Carol incomectly solved
for v In the second equation of the system
before using the substitution method.

Module 1 Review

LA 3.1WWand21 5C Zx=-3.x=5
8.0 N.AD 13.C

15. between 0 and 5 feat

17.(2.1). (7. 6)



Module 2
Quick Check

1. -5+ (—13) 3.5mr + (—Tmp)

5. —4aq — 20 1—m+§

Lesson 2-1

1. As x — —oo, flx) — o0 and as x — 20 and fx)
— o0, B = (—ox, =), R = [0, )

3. As x — —oo flx) — o0 and as x — oo and fx)
— —o0: [} = (—oa, oo}, R = [—oo, oo)

5. D= (—mo, o), R = [0, o)

N

L

7. degree = 1, leading coefficien =1
9. degree = 5, leading coefficien = —5

1. not in one variable hecause there are two
variables, v and

13a. 455
13b. d.r i
—h— —aﬂ Al;- - mw
{
/
¥
15.1 1723 19.3 21a. flx}

21b. zeros: fix): —1.5, 025, 3.25: glx): —275,
—0.5, 025

x—intercepts: fix): —1.5, 0,25, 3.25; glx): —275,
—0.5 025 y—intercept: Ax): 1 gix): 1 end
behavior: f{x): As x — —o¢, flx) ——o0, and as x
— oo, flx) — oo; glx) As ¥ — —oo, gik) —oo, and
as X — o0, gix) — —oo,

23. As x — —oo, fix) — — and as x — og,

fix) = —o¢. degree = 4, leading coefficien = -5
25. As x — —oo, gik) — —oo and as ¥ — oo,
gix) — 2=_degree = 5; leading coefficien =5
27. This = not a polynomial because there is a
negative exponent.

29, Ag x — —oo h(x) — oo and as x — oo, fix)
— 20 degree = 2, leading coefficlen =3

3 As w — oo,y — —o0 and a8 ¥ — —o0,

¥ — o) degree = 3 the leading coefficient i
negative.

B M—=0all —xF —b{1—x*+ (1 — x). Sa,
M—x=—ax®+ (30— Bt +

(—3a+ 2b —1ix + o — b +1). The function

fil — x) has the opposite leading coefficient
representing a reflection in the y-axis. So, it has
the opposite end behavior.

3
&
1]
@
=8
B
E
&

35. Sample answer: The volume of the

new box is modeled by the function Vix) =

(10 — x{4 + 2x). The graph appears to have a
relative maximum at x = 2 and W2} = 512, So,
the dimensions of the box with the greatest
volume will be B centimeters by 8 centimeters
by B centimeters.

S

Change in Dimenslon (om)

Velume (em¥)

3T fix) fix) has potential for 5 or more real
reros and a degree of 5 or more. gix) has
potential for 4 real zeros and a degree of 4.

39. Sample answer:




Lesson 2-2

1 zeros between x = —4 and x = —3, and
between x =0 and x =1

—4 3 _1 :
=1
—32 —3 _-‘# ﬁ?f el

2 9

3a. zero betweean x = —Gand x = —5

EEEE &7
—6 37 2
=
—4 5
—3 249
-2 23
—4-3—-1 -0y FEEREY
—1 13
0
1
2 19
3 53

5. relative minimum between x = 0 and x = 1:
relative maximum nearx = 4

—1 22

—

SA10 Selected Answers

T. relative minimum near x = —1; no relative
maximwm

B
—4 | 247 of 1]
-3 | ™ 11
-2 1 | *—f
=1 = —-—1—21 123 dx
0 =4
1 2
2 19
3 86
4 | 263

9, Domain and Range: The domain and range
of the function are all real numbers. Because
the function models years, the relevant domain
i [ | n = 0} and the relevant range is all real
numbers.

Extrema: There i= a relative minimum at n = 2
in the relevant domain.

End Behawvior: As x — 20, v — o0,

Intercepts: in the relevant domain, the
v-intercept is at (0, 0). The n-intercept, or zero,
is at about (3, 0.

Symmetry: In the relevant domain, the graph
does not have symmetry.

JEE

ﬂ\q G

1. Curve of best fit y = —0012x* + 027"
— 1116 + L4BBx + T552: car sales In 2017:
9991 million

"

[0, 90] sct: 1 by |0, 10 sel: 1



13. Curve of best fit: y = —0122x* + 1.565x° 25. Sample answer: fix) —& —oc as x — o and
— B.325x* + 20.321x + 33125, where x is the fix) — 2 as ¥ — —oo; the leading coefficlent |

number of months since January, average negative.
volunteer hours for September: 44 & -rnIH
—|_‘qn,l—- - Kﬁ W x
\L,/ 4 A

L g
[, 10] sk 1 by f0, 120] scl: 12 27. The type of polynomial function that should E
[
15. average rate of change: 4500; From 2012 e il 10 model the graph 1s:a h.Jncunn o
F with an even degree with a negative leading B
to 2017, the salesman's average rate of change z
in salary was an Increase of $4500 per year. coefficient. This is based on the fact that th E
graph |s reflected in the x-axis and as x — —oo, -1
" e ; A e e
i 3 29. As the x-values approach large positive or
negative numbers, the term with the largest
—d = - degree becomes more and more dominant in
1 3 determining the value of flx).
0 2 d 3. Sample answer:
1 25 ¥ HE)
zero betweenx = —land x = O; y
rel. max. at x = —2, rel. min. atx = —1, 7Y 5 "
D = all real numbers; R = all real numbers ﬁ;ﬂ
= v
-3 61
5 . 33. Sample answer: No; fix) = x* + x 15 an even
_ degree, but 1) # A—1).
e = :
o | -2 'h"—'ISJ
1 _3 Lesson 2-3
2 b Lyes:2 3.no 5.20'—-a—2 7.3g+12
3 &1 9.3 +4x—5 M —-3x+3 13.3np" — 3pz

15. —10c* + 54 110 —10a + 25

Teros batween ¥ = —2 and x = —1, and

between x = 1and x = 2 1958 + 6y —xy? — p°

rel. max. at x = 0, min. atx = —1, and x = 1; N2 +xy— 27—y 23.r—4F
D = all real numbers; R = {fix] | fix) = —3} 5.2 — I+ 5 — A —x + 2

21, rel. max: x = —2.73: rel. min: x = 073 27.5*+MNs +15 209a.4x* + 8Bx+3

23. max: x = 1.34; no rel. min 29b.8x* + 16x + 6
3. 12a'h + Bo'h? — 15ab® + 457

Selected Answers SAT



33. 2n® — 3D + 6n'p*

38.2n° — 140 + 4n* — 28

37. 64n? — 240 + 300n — 125
39, Tx — 2y

41a. fixjgix) = (3x" — 1jix + 2) =
x — 27 3rd degree

b, hixjfx) = (—x* — %3 — 1) = —3x" + x* —
3x® + x; dth degree

At [AxF =3 — 1P =9+ — Bx* + 1;

4th degree

3x° + Byt —

anid Multiplication

Subtraction

45, —0.022x + 15590

47a. Area of sidewalk = area of larger circle

— area of smaller circle, so 384w = wr + 12)° —
ot = mwir + 24r + 144) — wr = 247 + 44T
24wy = 240 r = W, the radius of the smaller

circle is 10 feet, and the radius of the larger
circlels r+ 12 =10 + 12 or 22 feet.

a4T7b.

12 ft

47c. 48z + 576 fi?
49a. m -1, each term of one polynomial
multiplies each term of the other one time.

49b. 2: adding like terms may result in a sum of
0; but the first and last terms are unigu

SA12 Selected Answers

51. (3 — 2b)(3 + 2b)

Lesson 2-4

L5 +2y+1 3.2/—3k S.n+2
724E1E9 g 393

: 2
E.f—ﬁp-&d—m

B, 18
15.50% + 9+ 27 Y TR

&
- 2 3y +1

Moo —2x+ 4 I3 Icid —

2B.mr—n—1

2737 - P+ 27 — 42+ 9 — o5

2 AExBlebr Cis . 31 w— Bx + 16)

33. Yes: Because 3x times the divisor is

Ox? + 3x, the divisor must be 3x + 1. The
second and third terms of the dividend must be
Ox + 5 because the first difference | —3x + 5.
35, Bx® — Bx? — 2x — 10; | multiplied the divisor
and the quotient and added the remainder: (2x*
+ x + 1jide — B) + [(—4) = 87 — Bx® — 2w — 10
37a. Mo, the degrees of fx) and dix) may be
equal. For example, w =34 %.

37b. Yex: if the degree of fx) is greater
than or equal to the degree of oix), then the

i3

Expression e may be simplified by division.

ﬂIﬂ
_":‘lI o Bx 41
For example, if i) =

divided by x to get B + %

, then Bx + 1 may be

37c. Yes: because —; i

S o — gx) + ﬂIﬂ megjgree
{ﬁ must equal the degree of glx) + T The

degree of rx) is less than the degree of dix),
s0 the degree of glx) + ﬂ equals the degree

of gix). This means the degree of — equals

ot

the degree of gix), and the degree :}F% ]

the degree of fix) minus the degree of dix). For

example, in f;':*g =25+ 313

the degree
of gix) is the degree of fx) minus the degree
of offx].

39. The binomial is a factor of the palynomial.



i |

41. Sample answer: PR

43a. B +1
—1
43b. B+ m=op

Lesson 2-5

1. x5 — Bty + Fgd — e
3. g* — 4g°h + Bg*h* — Agh®+ h*
5. — 21 + 147y — 343

7. 38%

9 243 + 1620y + 4320052 + 5760 +
3840 + 1024)°
11. 4096h* — 614403 + 3456h%2 — BEARE + B

13.f+§x‘+%x3+%x1+%x+?t
15. 32b° + 20b* + 5b° + 20° + Tz + ou3
17. 23%

19. If C reprecents a correct circuit board and
N represents an incorrect circult board, then
the number of ways for the robot to produce

& of 7 circuit boards accurately is given by the
coafficient o CIWN? in the expansion of (C + N).
Using the Binomial Theorem, there are 21 ways
for the robot to produce a correct circuit board
aut of 128 possihilities. So, the probability

that & of 7 are correct is % or about 16%
probability.

21. If ¢ represents a comrect answer and
w represents a wrong answer, then the

coefficients xpansion of (¢ + wi™ can be used
to represent situation. Using Pascal’s triangle,
there are 45 ways to get B questions correct,
10 ways to get 9 questions cormect, and 1 way
to get all correct. So there are 56 ways to get
B or more cormrect. By adding all of the values
in this row of Pascal’s triangle, | found that
there are 1024 different ways he could answer
the guestions in the guiz. Matthew has a %
or about a 5.5% chance of getting 8 or more
correct.

23. There are 9 judges on the Supreme Courl
The majority could be 5, 6, 7, 8, or 9 votes. So,
there are ,C. + ,C, + ,C, + ,C, + ,C, =256
combinations.

25. 1.21896; (1.02)° + 1.21899442; the
approximation differs from the value given by a
calculator by 0.00003442

2T, Sample answer: While they have the same
terms, the signs for (x + v will all be positive,
while the signs far (¥ — ¥)" will alternate.

29. Sample answer: I:x + %y)s

&
o]
1
a
>
&
5
]

Module 2 Review

1B 3.B S.gx)——x= 7.C
B % + T — By + B 4+ 2
MNC 18.6x*+7x—3 18.8B

Selected Answers SH13



Module 3
Quick Check

124" +8x* + 6x + 4
3. 14x* — 40x° + 12x + 24

4 1
5.—4. 2 74 —33

Lesson 3-1

1. —412 3.-047 054 394 5. 127
Ta. 63 + 1M0x* — 200x = 15,000

7h. y = G + N0x* — 200x, y = 15,000;

¥ =10 cm

Te. 25 em by 20 cm by 30 cm

9a. mx? + 3mx® = 628
Obh.y=Tx"+ 3me’, y=628.x=5

8¢, radius = 5 in., height = B in.

M. —3.63, —135,135,363 13. nosolution

15. $0.29, 0.88; sample answer: graph fx) =
70,000(x — x*) and fix) = 20,000 and find the
x-values of the points of intersections.

r |
soseaf | 1| LN
25,000 %
20,000
bool E

|

0 8z o4 08 om

17. Sample answer: A function with an even
degree reverses direction, so both ends extend
in the same direction. That means that If the
function opens up and the vertex is above the
x-axis or if the function opens down and the
vertex s below the x-axis, there are no real
solutions. A function with an odd degree does
not reverse direction, =0 the ends extend in
opposite directions. Therefore, it must cross
the x-axis at least once.

19. Sometimes; sample answer: The posithve
solution is often correct when a negative value
doesnt make sense, such as for distance or
time; however, sometimes a negative solution
i= reasonable, such as for temperature or
position problems. Also, sometimes there

SA14 Selected Answers

are two positive solutions and one may be
unreasonable.

21. 5x? = —2x — 11: It is the only one that has
no real solutions.

Lesson 3-2

1. 2¢ — 3ci4c? + Bed + 9P
3. flo — Ble? + ab + bie + B)o* — ab + 59
B.prime T (x 4+ vix — yW6r+ g — 3h)

9. (o —bje® +ab+b)x—8)P 1M.072
12.0.-5.8

18a. Let x represent the length of a side of
the leg and y represent the length of the noteh;

M — A

15b. 15 in.

17. —15{x%* + 180" — 4 19. not possible
2. 425F + 25+ 6 23, 45, + 2

25, i%. :I:% 27. :I:%E. :I:%

29. (x + 2 — 2x + A)x — 2) + 2% + 4)
3.4 2x + 3ide® + Bry + 9

By —-1Fw+y+ 1

35.3 —3 110 37 1M 2%
39.-6,3+ 343 :

a1+l if% 43.+3 30

as. 1 +v7 az 1.—2.“*2—‘“@,11#.@
49. -5 1 LS 525V gy 43 4 4
53a. Samplle ansmr:% = EH-}
Bb.u=xuw —Bu+15=0

h3c. B, 625
B5. prime B7. (20 + 1)k — 3} 59. prime
6. (0 —6)° 63.(y+9)° 65.1%%x — 2)

67.(m* +m — m+1) 69.24in.

M. The solutions are x = ++/m and .
because both equations have the same
coefficients, I e the solutions for the quadratic

equation and substitute x* for x.
B 3
713.53.3
T8, Sample answer: 12x° + 6x* + Bx* + 4 =

12(xF 4+ 6(x"F + 8)x") + 4



Lesson 3-3

1 (x — ) = — Zxy + y* (Original equation)
x* — 2xy + = x* — 2xy + ¥ (Distributive
Property)

3. 4{x — 7) = 4" — B6x + 196 (Original equation)
A{x* — 14x + 49)= 4x* — B6x + 196
(Distributive Property)

4x* — B6x + 196 = 4x* — 56x + 196
(Distributive Property)

B. o’ — b* = (o + bl{o — b) (Original equation)
=a* — ab + ab — b* (Distributive Property)

= g — b? (Simplify)

T.p'— g'=(p — glp + qlp” — ¢7) (Original
equation)

= (p* + pg — pg — @N0* + g7 (Distributive
Property)

= (0 — g')p* + o) (Simplify.)

= p* + p'g? — p°qg* — " (Distributive Property]
= p*— g (Simplify.)

9. (3x + ¥ = 9® + By + * (Original
equation)

Qx® + By + v = 9% + Bxy + ¥ (Square the
left side.)

Qu® + Buy + = 9xF + By + W (True)
Because the identity Is true, this proves that
Aponl k& cormect. Her process for finding the
area of a square will always wark.

1. identity 13, not an identity  15. not an
identity

1.5+ ht

= (g* + Mg — g*h® + 1) (Original eguation)
=gF+gr+er+ohr—gh+ht
(Distributive Property)

= g° + h* (Simplify,)

19, F — we

= (U + Wit — wilL® + uw + WU — uw + we)
(Original equation)

= (? + WA u? + uw + wi(u? — uw + we) (FOIL)
= (1 + i — uw® — WO — uw + we)
(Distributive Property)

= UE 4 uSw — AW — it — S — Wt 4
wut + uwt + fwd + et — ot —
(Distributive Property)

= u®— wh (Simplify.)

21, A polynomial identity 5 a polynomial eqguation
that is satisfied for any values that are substitute
for the varlables. To prove that a polynomial
equation is an identity you begin with the more
complicated side of the equation and use algebra
properties to transform that side of the equation
until it is simplified to ook | e the other side.
B —y=32y=4x+y=5x=2y=1
25. When George multiplied b and o in the
second line he mistakenly made the term
negative so it did not cancel when he simplified

Lesson 3-4

&
o]
1
a
>
&
5
]

1 -5%1 3.17707:62 5.-98:0 T 131902
80 H.-21 183,33 B4 -7
1715, —6 19.-22 20

21a. $20.4 billion  21b. £144.16 billion
23. (x—1F 2B x—4.x+1

I x+6,28+7 29x+1x+2x+3
MNx—1x+2 AB.x—-2.x+2
A3S.x+3,x—6 ITx+1x—4

A0 2x+1x—1 ALx—1x+2
43.x— 4, 3x—2 45.11,764

47

o]

1
2
1 a1 BN
&6 Bod  &DOG
1 1] [ [
(3 &0 00 B0
1 &3l
5000

49.8 51 -3
53. By the Factor Theorem, (x — 1) is a factorn
Uze synthetic division with x = 1. The remainder
sk — 3 For(x — ) to be afactor, k — 3 =0,
g0 k = 3 The quotient s 10x® + 13x — 3, which
factors as (5w — 2x + 3). Plx) = (x — 1)[Bx — 1)
(2% 4+ 3). The cubic has a positive leading
coefficient and zeros a —15, 0.2, and 1

114

15
AHE
IREERENE
55a. (2003, 621), (2012, 1197), (2021, 1740),

(2025, —15,255)

55b. The model still represents the situation
after 25 years; Sample answer. Mo, the
average value is unlikely to fall so quickhy.

Selected Answers SA15




B7. —5:; If A{x) is symmetric to the y-axis, it must
also contain the point (—2, —5). According to
the Remainder Theorem, the remainder when
pohmnomial Px) is divided by (x — 1) is P(r).
Since A—2), = —5, the remainder when Plx) is
divided by (x + 2) Is —5.

59, Use synthetic substitution with o = —&. The
remainder must be zero, so 432 — 216k =0, or

k= 2. The depressed polynomial is 2x® + 3w — B,

which factors to (2x + 5)x — 1. Therefore, we
can write ke + 158x° + 13x — 30 = (x + 6)(2x +
Bj{x — 1)

61. flx) = Odx — 1{x + 5F

B3, If x — a s a factor of fix), then o) has a
factor of (o0 — ) or 0. Since a factor of flo) is O,
fig) = 0. Now assume that flo) = 0. If fa) =0,
then the Remainder Theorem states that the
remainder is 0 when fix) is divided by x — a.
This means that x — o i a factor of fix). This
proves the Factor Theorem.

65. Sample answer: When x = 1, 1) s the sum
of all of the coefficients and constants | fx). in
this case, a, b, ¢, d, and e. The sum of a, b, €,
d, and e is 0, so however the coefficients ar
arranged, R1) will always equal O, and fx) will
have a rational root.

&7. Tyrane; Sample answer: By the Factor

Theorem, (x — r) s a factor when Plr) = 0.
PAl=0whenx=—landx=2.

Lesson 3-5

i —%; 1 real
3.0 0 0 2 —20 3 real, 2 imaginary

SA16 Seiected Answers

B. %‘ 2 real

7.-2,3 2 real

9. —1 1 1:1:-4'3': 1 real, 2 imaginary

n —%,1:2real

13. —3 % —%ﬁ, %r; 2 real, 2 imaginary
15. -2, —2,0 2, 2; 5 real
Z20r 01 2000

V.30r, 0200

12
23.00r2;00r 2,0, 2, or 4

25.00r 2,1, 2 0r4
21.0o0r2,00r2:2, 4, 0r6
29.31+42,1-42

o]
T=|
=t

k3

MN.1-2,-3




Py
- o
h v
.F 1 & I
H
—— —_‘— x|
o
¥l . 55. d[r f g
| 3
37.—4,7 —5i.5i ;1_ A
—_ ==y - ix o
T
i iy .=,
1 8

57a. [x — 5F(7x + 95)T = 234w 7, %

-;':{g E7b. height 41.5 m, radius 2 m; x = 7 is the
1000 only reasonable solution in the context of the
- situation. The other possible values of x result
39, 4.4 —2( 2 in negative measures.
E9. The graph iz L
I#r ] accurate as far as the
I:ﬂ lecation of the zeros,
4 but does not consider ——= I -
i any vertical dilation. It t
10 could be improved by
e ."F I finding more points
= between the rools.
A Bla. ¥
MNy=x+x—6 [\.//\
3. y=x—6B + T+ 6x—8 -
X
45, Sample Answer:
-

B mme am
_.ﬂ ]ﬂ 1\__ 61b. ¥
so}

£-

—1n| [
EEE SEEN
47 Sample answer: fix) = ¥ + 2x° — 23x — 60
49, Sample answer fx) = x* + 2% + 6x* +
18x — 27

B1. Sample answer: fix) = ¥* — 3 — 9xF +
Tix +160

Selected Answers SA17



&1c. ¥ Module 3 Review

1A 3.ABD

5. Set the expression for the volume of the flrst
figure equal to the xpression for the surface
area of the second figur . Solve the equation
¥ — Ay = Bx?. Solving the equation gives the
solutions —1, O, and 9. The value of x cannot
be O because when substituting O for x in the
original expressions, the volume of the first
figure is (03 — 9{0) = 0 — 0 = 0 and surface
area of the second figure is 8(0* = B(0) = 0.
Volume and surface area cannot be 0. so the
value of x is —1or 9,

63. r* + 1= 0; Sample answer: The equation
has imaginary solutions and all of the others
have real solutions.

65. Sample answer: To determine the numbser
of positive real roots, determineg how many
time the signs change in the polynomial as you
mowve from left to right. In this function there

are 3 changes in sign. Therefore, there may Lx=6
be 3 or 1 positive real roots. To determine the 9B 1.C 13.B
number of negative real roots, | would first 15.B.C

evaluate the polynomial for —x. All of the terms
with an odd-degree variable would change
signs. Then | would again count the number of
sign changes as | move from left to right. There
would be only one change. Therefore there
may be 1 negative rool

17 A
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Module 4
Guick Check

1. between 0 and 1, and between 3 and 4
3. between —1 and 0, and between 1 and 2
E.Bx+3 7.2 +G6x—8§

Lesson 4-1

1if + glix) = —2x + 5: (f — g)ix) = Bx — 5;

(f- gl = —8¢ +10x (5 ) = s x#3

{f+aoig=3x—9{f—glix) = —x+5;

(F- g =22 — e + 44 (D= £ x4 3
5. (f + g)ix) = x* + 3x + 1, (f — g)fx) = —3x* —
3+ M (= ghfx) = — 2 — 3 + 17 + 18x —
30 ({0 = ra e xF o3

7a. (@ — b){x); (@ — Bjx) = 8Sx + 1750

7b. 3000

=

8

24

2
)

1

=
g

g

Account Balance (%)

B 1234567891

Months Since Opening Account
Q.feg=[—-44LD=[-4LR={4kgef=
((—8, 0}, {0, —4), (2, —5). (-6, -1, D =
[—6.0,2L. R =[5 —4,. —1.0)]
M. e gisundefined D=@,R=&,g = Fis
undefined, D=8, R=08
13. [F 2 glix) = 2% + 10, D = [all real numbers],
R = [all even numbers] [g e i) = 2x + 5,
D = [all real numbers), R = [all odd numbers)
15. [f » g} = »* — &x — 2, D = [all real
numbers), R =[¥| ¥ = —N} [g = fx) = x* + Gx
— 8, D = [all real numbers), R = [y | vy = —17]
17. pix) = 0.85x; t{x) = 1.065x; fp{x)] =
1.065(0.85x);, $1222.09
19. Sample answer: The order of the discounts
does not matter. Either composition results in a
final cost of $54.91

21.15 23.1 25.12 27.189 29.21
3M—3 33.9 35.440

37a. V[r)] = %’ + 2% + Bxt + 3—3?17
37b. 2145

A%a.if+ all-1=4

39b. (h — g)(0) = 8

39c. (- hjj4) =5

39d. (£)31=4

3%e. (5)@2)=0

39t (7)) = undefine

41. Sample answer: fx)=x—9 g =x+5

43a. D = [all real numbers)
43b.D =[x |x = 0]

Lesson 4-2

1. ((6. —8). (—2.8). (—3. 7))

3. [(—1. 8),(—1. —8). (—8. —2).(—8. 2))
Ly
Fa
i
T
3
N
N
B.f)=x—2
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LM =—3+3 15b. About 35 pounds
S T
N
-1 - &=
0
17 N o
A .,_.-—h" 10 omi—
o ,1:1!_ 5 =
i N | O 5 1015 20 25 30 35X
1fﬁi=—%[k+3i Zno M.yes 2L no 23 yes
25. x=4
| ¥
1\ }l! ¥ [
Hr = - -
;F'
rﬂ! o ﬂ X
T ]
L
i 1
H. ) = ~x
4 i
- - 27.F )= x— 2
ot n
‘F’"
— ——
e
] | REE
i = + 208
B. =z 20. i) = £ VIx ¥ 2

If the domain of fx) is restricted to (—oc, 0],

If the domain of fix) is restricted to (—ao, O],
then the inverse is ¥} = +/2x + 2_Ifthe

’ _ x5
then the inverse is ') = =~ domain of fx) is restricted to [0, o). then the
If the domain of fx) is restricted to [0, oo), then inverse is ) = —v2x + 2.
the inverse is Fix) = 5"'55 - ! : ﬂ
Lk Sl [
e i
Ea #
P |
- * l"!
l‘*: - £ ; I.__h
e o Il 1
;-1" 3.yes 3. no 35 yes

37 {x|x=z0}or {x|x =0} {x|x = 5}

18a. p'[x) = 14x; Sample answer: The inverse
3. {x|x=—B){x|x=0}

converts stones to pounds, where x i the
welght in stones.
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41. & ¥

/,.
HJ x

45 F1'=220— n.;!:.- Sample answer: The
inverse function gives the functional age of the
clients based on their heart rate.

47a. Vix) = x12 — 216 — 2x); Sample answer:
The value of x must be between 0 and &
because the length of x must be positive,

but the length of the side of the box (12 - 2x)

cannot be less than 0.

—ﬁﬁqr "l
-y
i
1

10K
— 25
]
: X

!
|
—f?ﬁi
{50
|

47h. Mo, sample answer: even with the
restriction, the function does not pass the
horizantal line test. so its inverse will not be a
function.

49, Sample answer: Sometimes; ¥y = 4% is
an example of a relation that is not a function,
with an inverse being a function. A circle is an
example of a relation that is not a function with
an inverse not being a function.

B1. Sample answer: fix) = x and '{x) = x or

fix) = —x and Fix) = —x

B3. Sample answer: One of the functions carries
out an operation an 5. Then the second function

that is an inverse of the first function reverse
the operation an 5. Thus, the result is 5.

Lesson 4-3

1 H1f 3.+7¢ 5. —OahYE 7.2k — 3
9.3x—4] M.|e° 13.98 154
17.500y 19.6:7 21.3 23.4;

25.64 27.x*% za%* 31. 365t

33.3|(x + 4)| 35.(°+5F

37.14|c’c”  39. -3¢ .o’ @

a3.p' 45.% :&

47a.5+/30 em® ;

47b. 3243 cm?® 2

ATc. 288 cm? ) E
iz a

49.c 516y 53.—5— 55.21feel

B7. There are four cases to consider. If m > 0
and b is even, then V™™ = m®. if m < 0 and

b Is even, then ¥m™ = —m®. fm > O and b is
odd, thenVm™® = m® If m < 0 and b is odd,
thenVm™ = m®.

59. x < 0; If x < 0, then x? = —x.

&1. Sample answer: It may be casier to simplify
an expression when it has rational exponents
because all the properties of exponents apphy.

We do not have as many properties dealing
directly with radicals. However, we can convert

all radicais to rational exponents, and then use
the properties of exponents to simplify.

&3. when x or y = 0 and the other variable is = 0
65.0 <x<1lx<—1 67 2Zxy

Lesson 4-4

LD=[x|xz9%R=[|y=0]
AD={x|x=z0xR=[y|y=<0}
5.0={x|x=3}R=[y|y=0)

72D =(x|x=—1;: R =[y|y < 0] reflected
in the x-axis, compressed vertically, and
transiated left 1 unit




9.0D=[x|x=z0kR=[y|y=0)
stretched vertically

; e
mrd

(=] x

ND=(x|x =0} R=[y|y= -5 stretched
vertically and translated down 5 units
¥

P

x

=T

e

?

O 41234567894
Distance (in.)
1Bb.D=[d|d=0tR=(r|t =0} increasing as
x — oo; positive for x > 0, As ¥ — oo — 00,

t

Time (8)
o

(T

1234567837
Distance {in.}

a

SA2Z sSslected Ansaiers

13c. compressed vertically

18. ELE
¥ vl
i [¥] X
L F A AL
= TR By
5 |
-1 & < "'4‘.
| 1 ;
——:1n:=
12
——:u
19. N ] [
L x
|
it
5
~i?
10
-
——:u
M.D=|—o0, o) B = [—no, oo}
¥ |
[ #] x
pELN
23.D = [—o¢, =) R = {—oo, o)
Lt
g L
o
2
v, 5, 4 xf
|=
25a. ¥
X
[w] -—"F
]
|




Domain all real numbers |[x | x = 0]
Range all real numbers | [y | ¥ =< —3]
Intercepts | x-int: B; y=int: —2 | x-int: 9;
y-int —3
Increasing/ | increasing as increasing as
Decreasing |x — X — o0
Positive/ negative for negative for x
MNegative x < B! posithve | < 9 positive
forx > 8 forx > 9
End 85 ¥ — —o0, a5 ¥ — —0o,
Behavior plx) — —oo o) — —
a5 X —*+ o0, 85 ¥ — o0,
plx) — = gix) — =
27.fx) =Y —2 +1
29.D =[x | x = BE R ={fix) | fix) = —6]

stretched vertically translated 5 units right and

6 units down

Nn.o

8
=6
-4
-2

]

[:

4

>
L

i

=

=x|xz1R={x}| ix) = —4)

compressed vertically, translated 1 unit right
and 4 units down, reflected across the x-axis

33.D = |-,

LI*

=]

| |

35,

1 Wy

T~

371 fx) =

—x+4-2

39a. fix) has the greater maximum value

because its maximum,
maximum value of gm

39b. The domain of Ax) is x = —3, since any
values less than 3 praduce a negative value
under the radical. The domain of gix) is x = %

. is greater than 6, the

39¢. The average rate of change over the
interval ks —% for fix). It appears that the rate of
change for gix) s the same.

41.D =

(V| —oo < V < oo] o (—oo, ook

R =AW | —oo < AV) < oo} or (—o, oo} End
behavior: The values of r increase as the
values of Vincrease.

R
3
5= am
ST e 4Gl 4 8 1 J6x
wa )
T
|"
43. Sample answer y = —4x+4 + 6

45. Sample answer. The domain is limited
because square roots of negative numbers
are imaginary. The range is limited due to the
limitation of the domain.

47a. Sample answer: The ofginal Is y = x* + 2
and inverse s y= tvx — 2.

47h. Sampke answer: The onginal sy =TvVx+ 4

and inverse is = (x — 4.

Lesson 4-5

1 En*bl'.l' 2b 3.2a°n*V6eb  5.2JobfE

'.'.E|r|'u"' 9.

dh ‘-3??’

M. 842

13. 45

15. 5+ 7x —v'_ 17. 12022z  19. 144ab*+2
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21. 15xy+/1dxy
23.18 + 5VEm*®
25. 56+/3 + 4246 — 36+/2 — 54 271260

29, T5AE 5y VIS0
b By
33.6+v3 + 642 35.

39. 222y

W E+T 2
4|I“‘{--' IIIE_1 mmz.'?:-xq-'r

3¥7 4+ 3435
]

20 -3

1 37.

43.4y3 45.2870 4T.10V38 in. 49. 2%
5ta. John: 2223002 o 45 — 2043 min;

0.8 = 44005
= (.01

5.2 — V7 + V5 + 12

53a. 3 (VX + 1) + (VX - Vax) = Vo + +/ax] =
¥+ 2% =3x

53b. 6o (v « %) + [V - ix) + (v + 0] =
(V3 + V& + V8F) =% + 2¢ + 3x = Bx
B3c. 10 (v - VX&) + (& - ¥Vx) + (vx - vox) +
(/% « V18x) = (0 + V& + V87 + 167 =
¥4 2x 4+ 3w+ dx = 10x

B53d. (vF - vX) + (VX - Vax) + . +
(vE+mx)=x+2x+ _ +ax=01+2+ . +
= (T2 9),

55a. 632 + 1, r = {4 - 72n =54 = HZ;
S=H2Z+22)

55b. Mo, sample answer: a box with a volume
of 384 cm® has a side that is V384, or about
727 cm; s = 6W2 + 4 = 1155 ks the least
possible value for a side of the gift box.
Bl.o=1b=2860=2b=16a=4,b=4,
g=8hb=2

59, Sample answer: It is only necessary to use
absolute values when it is possible that n could
be odd or even and still be defined. It is when
the radicand must be nonnegative in order fior
the root to be defined thal the absolute values
are nol necessary.

Jay: ar 40 V5 — 80 min

Lesson 4-6

1 1
L5 3.8 540 7.1 9.1 H.—

13. no real solution: 16 1s an extraneous solution

18. 83 1761 19.15623 2.43

23.24 28.2 27123 29.36cm
1 a1

31 ] 33. E

38.2 37.245

39. 3, 4 (extraneous solution)
4. 6, —5 [extranecus solution)
43. 12 units

288
A5a, 4w + =

45b. 2 = x = 12

4Ta. 202

47b. Silver:l ET13 x 1075 = (12 = 10 ﬁ}l:ﬂli':
4761 = (47 107917 = A

49. Graph functions fix) = 1}% and

olx) = & :,ﬂm. where x [s surface area of the
cube. The graphs intersect at x = 1B.27. The
surface areas of the cube and sphere are

approximately 1827 cm® and 38.27 em®.

=

I
O 2 4 & 8 W1 W% Ea0ix

[
51 vVx + 2 — 7 = —10; Sample answer: This
equation does not have a real solution while
the other three equations do.

53. never:

.:I:]
_ X

= (A=)

x#F -
B5. Never: sample answer: The radicand can
be negative.



Module 4 Review

1D

acC

B foglixi=12x+8

7. If the domain of x) & restricted to [{—oc, —2),

then the inverse is Flix) = —2 — vx + 1 _If the
domain of fx) Is restricted to [—2, o<}, then the

inverse s Fix) = —2 + +x + 1.
9.D

11. The parent function is fix) = /% and gix) =
ovx — h + k where o0 = —2, h = -5, and

k = —3. Because a < 0 and |a| > 1, the graph
of glx) is the graph of the parent function
reflected across the x-axis and stretched
vertically by a factor of |a|. or 2. Also, because
h < 0, the graph of g{x) is the graph of the
parent function translated left |h| units, or 5
units. Finally, because k < 0, the graph of gx)
iz the graph of the parent function translated
down |k| units, or 3 units.

13.B 15.2+/3 17.B 19.A

4
1
1]
]
u
B
= |
:
-]




Module 5 9. ¥
Module 5 Opener & —4—{: 46 8x
T i
5l = é

5. 1(x) = 3x — 2 =
]
7000 = —gx

MNk=-gxl=2"—3

- 3
Lesson 5-1 13 k= —1 gl = ‘{ET
1. Domain: all real . 15. about $201.73
numbers: Range: all F o L4 L
positive real numbers: 180 P
y-intercept: (0, 1) K I:E|
Asymptote: y = 0:End [ o x = 10 > o
Behavior: as x — —oo, ﬁ T
fix) — O and as x — oo, 0 =
fix} — = 4

0
3. Domain: all real ¥ A ]
numbers; Range: all 7 O 2 4 6 B W2 WIEERND M
: = Ti
positive real numbers; g i v
y-intercept: (0, 1): e 17. exponential growth
i, T (]
Asymplote: y = 0; 4 | 49, exponential decay
End Behavior: as x —
0 M 40 il A 21. exponential decay
X — 00, fix) — 00 23. Domain: all real (R
5 ; numbers: Range: all k
. !.r

positive real numbers;
y-intercept: (0, 1)
Asymptate: v = 0; End .
Behavior as x — —og,
fix) — =0 and as x — o0,
[ | ﬂ”} —0

25. Domain: all real F
numbers: Range: all
positive real numbers;
y-intercept: (O, 1)
Asymptote: y = 0; End o
Behavior as x — —og,
fix) — =0 and as x — o0,
-3 4 6 B fb;']- —+

|

&
]
i

BErcrmm By

-
p—t L
[
e

L |
T=|
Iﬂh

™1 3

- w0 EE
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27 ilr
! S
ﬁq —..ﬂl X
v »
-
29, ¥
1'.|
200
s +
R T 4 u
HEEENERN
31. -
1
—E—i - ¥ x|

33b. Both fx) and g(x) have a domain of all real
numbers. fix) has a range of v = 1 and gix) has a
range of y = —1, =0 the range of fix) is greater
than the range of gix). fx) has no x-intercept

and gix) has an xAntercept at (0, 0). Ax) has a
y-intercept at (0, 1) and gix) has a y-intercept at
(O, 0}, 50 the y-intercept of fx) is greater than

the yintercept of g(x). Ax) is increasing when

x = 0 and gix) is increasing for all values of x.

fix) is decreasing when x < 0 and gix) is never
decreasing. fx) i= positive far all values of x and
glx) is positive when x = 0. {x) is never negative
and oix) is negative when x < 0. fix) has a
minimum at (0, 1) and o) has a minimum slighthy
greater than —1, so the minimum of fx) is greater
than the minkmum of gix). Nelther fx) nor g(x)
are symmetric. The end behavior of fx) s As

x — —od, fix) — oo, and as ¥ — oo, ) — oo

The end behavior of gix) Is: As x — —oa,

glx) = —land as x — o0, g} — 20,

35. D = {all real numbers} R = {y |y > 0},
exponential growth

w1

)

"]

-3 n

37.D = {all real numbers}, R = {y| y < O}
exponential growth

3
o
1
a
1
]
z
]

39. gix) = —4"
MMa. Sample answer: Choose o= 2, so y = 2(1F.
All values for v are 2. Students should indicate
that y¥ = @ (regardless of their choice of o) s
a constant function, not an exponentlal one,
since the value of ¥ never changes.
41b. Sample answer: Choosea=2 and b = —2,
g0 ¥ = 2(—2). The table of values for y are —%,
1.—1,2, -4, 8, —16. Students should indicate
that this function is not exponential. Since
values of y alternate signs, the function does
not continuously increase or decrease.
43a. Wi = 2B,000(0.85)"
30,000
B
3 10,000

o 4 g
Years

e

=
i x

43b. Average annual value lost during Years

28,0000085) = 2 o
0-4= OO O, — $2eT6.7T;

Average annual value lost during Years 11—15:

n_ =
28,0000 85) - 28,000085" _ g4 4004




45, Reflect fx) in the y-axis and transiate the
result one unit up to obtain the graph of glx). The
w-ntercept of gix) s (0, 2], which was translated
up 1 unit from the yintercept of fAx), (0, 1. glx) is
decreasing on its entire domain, fx) s increasing
on its entire domain. Both g{x) and fx) are
positive on ite entire domain, The asymptote of
olx) ks ¥ = 1, which was translated up one unit
from the asymptote of fix), v = 0. For gix) the
end behavior ks as x — —oo, glx] — oo, as

x — 00, g} — 1. The end behavior of fx) s
asx— — fix) = 0, as ¥ — oo, fx) — o

¥

i

47a. A ls the amount in grams, ¢ is time in years,
Al = 27.3(0.9Y

47b. rate of change for [0, 2] = —2.5935, rate
of change for [3, 5] = —1.3891: The amount of

the compound decreases quickly at first and
then more slowly as time passes.

49a. Always: sample answer: The domain of
exponential functions is all real numbers, so
(0, ¥) always exists.

49b. Sometimes; sample answer: The graph
of an exponential function crosses the x-axis
when k < 0.

49¢, Sometimes; Sample answer: The function
= not exponential il b =1or —1.

51. about 251 mg

53. Sample answer: The parent function,

gix) = b, is stretched if @ is greater than 1

or compressed if o is less than 1. The parent
function is translated up k units if k is positive
and down |k| units if k is negative. The parent
function is translated h units to the right if A is
positive and [f| units to the left if h s negative.

Lesson 5-2

14 319

5. 2 7a. y = 5000{1.05)"
7b. 33.0 years 9a. y = 23(0.995)

SA2B Selectsd Answers

9b. 85 years 11. $1476.79
13. $5309.08 18, x < 1
1Txz-2 19. x> —T73
H.0 23. 0= —4
26 3 27. -2

3 "5
29 0> 3 3. B
33. -7 38.— 6
371 39,12
MNr=—1

A3a. Ingrid: y = 2(2.924F, Alberto: y = 32(1.383)
43b. Ingrid: 427; Alberto: 162

43c. Sample answer: No, a business cannol

grow exponentially indefinitel .
1
45, y = —12)y 47. y = 3(9)
i =
49.y = —6(1) 51. y = (4}
53. .
3004 %
2500 P
200K [t
1500
1000
500

0 1234658 7"

55. No: A function to model the concentration
is fif) = 3(0.5)*=. The intersection with gifl = 0.6
oCccurs at ¢ = 4.6, meaning the concentration
drops below the effective level before 3 M.

57a. Sample answer: According to the US
Census Bureau and the American Association
of University Professors, the average salary
for a professor in 2017 was $100100. After

15 years, the professor's annual salary would
be 100,100(1L.02)" = $134.721.42.

57b. Sampie answer: It depends on how long
the professor intends to work. For years 1-16,
the average salary with a 2% raise eams more.
After year 17, the lower starting salary with a 3%
railse eams more. The professor should consider
the cumulative salary over the time he or she
intends to work to determine which is better.



B9. Beth; sample answer: Liz added the
exponents instead of multiplying them when
taking the power of a power.

&1. Reducing the term will be more beneficial.
The multiplier k= 1.3756 for the 4-year and
1.3B28 for the 6.5%.

63, Sample answer: 4° < 4*

&5. Sample answer: Divide the final amount
by the initial amount. If n is the number of time

intervals that pass, take the nth root of the
answer.

Lesson 5-3

1. & 3.

5. 27l 7. 2 g, —Be®
1a. r’

11b. The domain is all real numbers. The range
iz all real numbers greater than —1

e, = 0.266 13a. A = 500025
13b. $5956.23 15a. A = 12 750e" "
15b. $20,916.35 172. 017
19. 0.89 21. —1.29
23.¢° 25, —te¥
27 —24g2 29, —1.69
31. fix) = 900" ™45 $955 65
33. !r ¥
2
20
| ]
"
= 5 13

Domain: all real numbers, Range: all real
numbers greater than 8; y-intercept: 15; no
zeros; asymptote: vy = 8. end behavior: as
¥ —+ —o0, fix) — B, as ¥y — 00, i) — oo

35. Final amount corresponds to final population

initial amount comespands 1o initial population,
interest rate corresponds to growth rate, and time
of growth is the same for both equations.

3T, Sample answer: Since e is irational,
evaluating any expression with e waill

approximate its value, which introduces error. To
minimize the error, do as much work as possible

with the exact value (g) before evaluating. E
39. g{x) = 2e* + 9 because it has a range of E
all real numbers greater than 9 and the other ;
two functions have a range of all real numbers z
greater than 0. %
)
Lesson 5-4
1. not geometric 3. geometric
5. not geometric
712, 4,8, 16 32
uff
=
Pl
L
%
©
B
]
| ¢ ¥
D 123456787

9. —1,—3,—9, 27 —81 —243

=] ?il [ & |
x|

|
—15
=5l
75 &

1. 512, —128, 32, —8,2, —05




13.32 5.0, = 3(3" "
17.0,=2(-3F " 19.a, = 12(3""'
21.a, = 3(0.6) 23.0,=—(1)
25.+8, 16, +32 27.1368

29a. The heights in feet after the first 6 seconds
are 1000, 2010, 30301, 4060.401, 5101.00501,
and 6§152.01506.

29b. Yes, the height after 60 minutes = about
81,6697 i

29¢. 6.34 x 109 3.3

33. -2 35. 255
37.0 39. 4374
41, 5120 43. —02

45. geometric; a_= 25(7)" '

47. geometric;, o = —15(—2p -1

49, 319375 B51. S707.E189
B3.3 —6.12, —24 48 55.1875

57.0,=60(1) " 50.+22 8 457
61. -8 4

63. Sample answer: The second option:
receiving 20 annual payments represents a

geametric series, and 5 = %ﬂﬂﬂ.ﬂﬂﬂ%
or $97T189.479.20. By choosing the

annual payments, the winner will receie
approximately $17 milllon more than by
choosing the single payout.

65a. $347.514.00

65b. $206,000

67. Sample answer: 256 4+ 192 + 144 + 108 +

243
81+ o

69. Sample answer:

Let @, = the mth term of the sequence and
r = the common ratio.

a,=a,.-r Definitien of the second term
of a geometric sequence

g, =a,~r Definition of the third term of
a geametric seguence

a,=a,-r-r Substitution

a,=a,-r Associative Property of
Multiplication

a,=a-r"" 3-1=2

g, =.a,.-pr-! n=23

T ¥y
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T3. Sample answer: A serles is anthmetic

if every pair of consecutive terms shares a
common differenc . A series s geometric

if every pair of consecutive terms shares

a common ratio. If the series displays both
qualities, then it is both arithmetic and
geometrc. If the series displays neither quality,
then it i neither geometric nor anthmetic.

| =6, 14] el 1 by [—4, 18] =ck: 1

linear

[—5, & ek 1 by [—2, 100 5c: 1

quadratic

Ba. =

[0, 10] sct: 1 by [0, 1060] st 10

linear; ¥ = 6.4x + 45 B5



15. Enter the x-values in the table inL1in &
calculator. Enter the y-values in the table in L2
in a calculator. Perform linear, quadratic, and
exponential regressions. Then compare the
coefficients of determination r The function
with a coefficient of determination closest to
a will fit the data best.

17. quadratic: 54 = 3xr

[—12. 12 scl: 10y [—50, 50] scl: %0 -
3
li .
st Module 5 Review i
= |
) 1A E
9, strong, positive
3.ABF )
1. weak, positive
13.T ny
b 7. Sample answer. The x-coordinate of
the intersection of the graphs will give the
ool approximate solution of the equation.
_asmane== 9.
.18
-l 1
18.0 =10| 5
[1999, 2020} scl: 1 by [40, 80] sck: 5 a,=10(3)
15.C
The scatter plot is linear, with a positive 17. A

direction, and a stromg correlation.




Module 6
Module 6 Opener

1. $2800 3.%1674 S.x=8y+ 20

_y=5
Lx=""g

Lesson 6-1

1159=225 3.5%=3 5.4°=64
7.l0g,128 =7 9.log, 35 = —2

M.log 512 =9
13.6 15.4 7.—3 1.3 213
¥
23. 109, 300 =
25. [ T&7
_ n .

x-intercept: 1. no wintercept; domain: {0, o)
range: (0, =) end behavior: As x — 0°,
fix) — =, and as x — oo, f{x) — oo,

27 ¥

e
x|

w

x-intercept: 1, no wintercept; domain: (0, o
range: (0, =) end behavior: As x — 07,
fx} — —oo, and as x — oo, fx) — oa_

29, ¥

SA32 Selected Answers

[ i}
iy

i 3

33b. fix) Asx — —24, Ax}) — —=, and as
x — o0, f{x) — oo,

ofx) As ¥ — 0+, glx) —=—20, and as

x —+o0, gfx) — 20,

35. k=—1glxl=—(log.x) 37.6'=216

39. 34 =

& 4tlog, =13

43. 78 a5a. lulin's: sample answer: | can use
the graph to determine that fi{i7) = 28 and

ogi7) =17  458b. Nelther: sample answer: both

1) and gil) equal 0.
47. 41

M) D (—oo, o) Re (0, o) wdnt: (0, 1
asympiote: y = O, glxk D (0, o) B: (—oo, )
x-int: (1, Ok asymplote: ¥ = (; The graphs have
an inverse relationship with one another.
They are symmetric about the line ¥ = x.
49. flglx)) = x and gifix}) = x. so fix) = log,, (x)
and gix) = 10" are inverse of each other.
51. log, 51; sample answer: log, 51 equals a
little more than 2. log, 61 equals a litthe less
than 2. log, /1 equals a little less than 2.
Therefore, log, 51is the greatest.
53. No; sample answer: Elisa was closer. She
should have —y = 2 or ¥ = —2 instead of
¥ = 2. Matthew used the definition of
logarithms incorrecthy.



Lesson 6-2

1.8 3.3125 5.9 72 9.4 Mjerg
13.2.4535 15.—02925 1715850
19.46438 21.6.9657 23.4755 25. 107
27.8 29.2 31.2 33.-10 35.20f —
37.22921 39.—01788 4113652 43,11
45.logF=logk + logm, + logm, —2logd

| o
47a.E=14log, &

47h. about 06679 Hlncalnr'ies per mole
47¢. about 0.4214 kilocalories per mole

49. Rewrite the equations as 3+ log, a + 2
log, b=1 and4+log,0—5+log, b=10.
Solve the system of equation to getlog, 0 =5
andleg, b=2.Thena=32and b= 4.
B1. true 53.true 55, false 57 true

8
&1, €

89. 4

Lesson 6-3

1.1.25563 3.2.0792 5.16263 T about56h

9.05209 M.13917 13.-03869
15. [x | x = 0.8549} 17 {x|x > 5}
19. {y | y > —2.6977}
22

2.5, 22297

log 50
log 2 »
25.032 06309 27.$16000 29.+2.3785

31.0.9177 33.{p|p < 2.9437}

23. 56433

Shogd
31,9

H:rgiE'D

Zlog3'

45, {r J?'_&.--"'
-1

ri

s

O 30 40 &0 BIO0120x
47a.logd=log2°=2log 2 =2 - 03010 =
06020, logé=log2«3)=log2 +log 3 =
03010 + 0477 = 07781

EMQBE

. 33333 39. . TLOBRO

log 1snn

a1. 4log5 "

22804 43. 57— 11460

ha s e LN O

47h. Sample answer:
log15=Ilog 3+ log 5 — log 10
= 04T + 06983 —1

= 01760
49a, Eing}:h‘}—lng*{?.x‘}=1
I
3] — e =1
logix)  log(3x) oy
logi2) 2 log(2)
6 log{2x) - log(3x)
— 2log® !
6{log (2) + log (x]) — log (3) —log (x) = 2
log (2)
5log (x) = log (3) — 4log (2)
S50, x = 0.5,
49b. log, {x*) + log, (x) =3
i [
oul * log =3
log(3) loglx’) + logiS) logld _ .,
log(3) logis)
2 log (3) log {x) + log (6) leg (x) = 3 log (3)
log (6)
log (x] [2 log (3) + log (6] = 3 log (3) log (6)
S0, x = 4.39.
49¢c. 2 log, (3x) = —8B log, (x)
| i
2[5 | = ~8licar
2 log (3) log (3x) = —8 log (2) log {x)
2 log (3)log (3) + log (x)] = —8 log (2)
log (x)
2 log (x)[2 log (3) + 8 log (2)] = —2[log (I
So, x = 0732

B1. Rosamaria is carrect. Sample answer: Sam
forgot to bring the 3 down from the exponent
when he applied the Property of Equality for
Logarithms.

53.log, 27 =3 andlog,, 3 =73
Conjecture: log_b =

i
log, o

Proof:
log_ b = ,u; ~  Original statement
log, b
|ﬂ.g: S '“';u” Change of Base Formula
1 1
g, o = -'F.N’ Inverse Prnf_'rperty of Exponents
and Logarthms

3
i
1
@
=8
B
E
&




Lesson 6-4

Linx=1H 3-Sx=Ih02 B x=Ih3
Zlnx—3)=4 9.5=In10x MNe™*=36
3. x=¢% 18. 2" = 00002 17. 2" =15

B.In3 MinexarZinds 23.In5

i x*
25.—8iny 2%IngE 29.10986

3. 17579 33.27081 35.18.0855
7. 367493 39. 2.4630

#1a, $813.28 M1b. about 36.3 years

d1c. $87372 43.y=80430 — 5290 Inx;
about 624 grams 45, y = 207908 +

75.85 In x; about 228,940 visitors  47. 2 In x
49, 13900 51. about 2475 years

53.In(5+5+ 8)=In5+In5— In 8 = 11394
55a. P = P,e", 0.5P, = P,e5**, 0.5 = e,

o In05
In (0.5} = 5730k (in e} k = 2735

Jinos

55b. P = 200e! ==

Amount of Carbon-14 in
a Sample Owver Time

T \«\

miys

I
O 400 BOGO 120006000 1

Years

55c. Sample answer: at least about 7500 years.
I 05
Solve ineguality: P = 200 ==

20 = 200e |-_"|"-"::I|E=|_' 04 = Egg':;;l-r in {D-‘q-’ < {E?ggf -
5130« In04
Infe)t= ﬁ: = 7575 years

57. Disagree: & = x can be rewritten as

eqln &) = In x, which can be written as " = In x.

The functions ¥ = & and y = In X ane inverse
functions which hawve no point of intersection
=0 there are no values of x for which e = x.

BO. Let p = In @ and g = In b. That means that
F=gand & = h.
obh = aF X a°
ﬂ'b =E|="‘f||
Infab) = (p + q)
Injob) =Ina+ Inb

SA34 sSelected Answers

Lesson 6-5

fa. y = 6124 b 2016

3a. about 002166 or about 2166%:
¥ = oe 0B mEr

3b. about 057 g 5. about 12,618 years old
Ta. k= 00N 7Tb. about 508 min Te. about
30.85 min 9. about 6.0 yr

Ha. y = 67,387e°™& {1b. about 9304

13. P = 8" about 4.4 years

15. Sample answer: Based on the data

in the table, the decay constant is about
—0.000M24, which is approximately equal to
the given constant. ] = 1000290 | jga
the exponential model: ff) = oe'; 9909628 =
10004, 0.999628 = e*; In 0.999628 = In e*;
In 0.999628 = 3k, k = —0.000124; Verify:

fi2) = 10000221343 = GOQ 752

17a.

surviving Cells

t, i)}
After ¢t Minutes (& A

t {min)

0 |initial amount (0, 1.000,000)
[07041,000,000) =
1 1700000 survive (1. 700,000)

(0.70§700,000) = 450,000 |(2, 450,000

(0.70§490,000) = 343,000 (2. 343,000

Sample answer: An exponential model best
describes the paints because the number
of cells decreases by the same percentage
every minute.

r

1,004,
-
wd;
o
200,000 S
m Em
2 ]l &g |x

17b. In the model Af) = oe”, R represents
the number of cells remaining after ¢ minutes,
o represents the number of cells at the start
of the experiment,  represents the numbeer
of minutes since the experiment began,

and k is the growth or decay constant

fin) = 1,000,000



17c. k = —0.356675; Because k is negative, it
iz exponential decay. Substitute known values
into the formula: 700,000 = 1,000,000

07 =¢e%In07 =k k= —0356675; The
exponential decay model for this experiment is
fit) = 1,000,000 03566750

17d. It will take approximately 19.367 minutes to
have less than 1000 cells. Write the model and
solve for & 1000 = 1.000.000e"=%"%. 0001 =
e 15T |In 0001 = —0.356675L; t = 19367
19.r = 113.45

21. Sample answer: Exponential functions can
be used to mode| situations that incorporate

a percentage of growth or decay for a

specific number of times per yea . Continuous
exponential functions can be used to model
situations that incorporate a percentage of
growth or decay continuously.

Module 6 Review

fa.log, 1296 =4 1b.log, 27 =3

1e. Iugtﬁ = —2

4 6 B0 i iex]

B. Sample answer: If | divide 15,309 by 7. the
result is 2187 ar 3750, the expression that
needs to be approximated can be written as
log,7 + 3°. Then, using the Product Property of
Logarithms, the expression can be rewritten
again as log.7 + log 3. | know that log 3" = 7.
so the approximate value of log, 15,309 is
about 17712 + 7 or BTH2.

70 9.C.E N.B 13a.in8x=7
1Bb.In17=2x 15.B 17 A 19,365 days

&
&
1]
@
a
B
E
T

Selected Anawers SOA3S



Module 7
Module 7 Opener
_5 =56 g 1 29
Lx=5 3.m= 3 5. 5 13.}
Lesson 7-1
+ B + I =
e PR bl R,
xx + 2) X4+2 1
5.6¢¥+51,I=—5,ﬂ.4 T'_I+i| g-_x+5
C 32h Ba'c {4a + S)o — 4}
Nawr Bagr B3 T 3me7
L+ 12 =] b=nm c+ 2
ﬂ.m 2. —F 23.1_‘._? 15':[1:—1:']

[ + o =2 xx + 2x = 1) 157
T ag-sa-1 22 w+3x-7 lifoe
¥=4 [ = TF(3x + T + 1)
3-"%-3 I 0pr 20— ac - 0x + 6

4BH 4 45¢ r
3= 393

#1a. The height can be found by dividing the
volume by the product of the length and width
of the box.

&1b. (x + 3)in.

4e. Sample answer: Substitute a value for ¥ in
each of the given expressions for the length,
width, and volume, and the same value for x in
the expression found for b, and then check that
V= Fwh.

CHECK: For x = b,

length = ({5) + 10 =15in.

width = 2{5} =10 in.

volume = 2{5f + 26(5)" + 60(5) = 1200 in’
height =({5)+ 3=8in.

Verify V' = Dwh: 1200 = (15§10)(8)

43, By dividing the second week's speed by
the first week s speed, you can determine how
n'é%ch fﬂé.éer shéa-nhnp?s to nin on average.
-271 “1-2"80 -2 hehopesio
run ﬁ times faster during her second week
than during her first week

45a. C:B= %g; E:A=@: For these
two ratios to }::e equal, % . % must equal 1. To
equal 1, their product must have the numerator

§x + B x
equal to the denaominator. 5o, . —
& + Bx Wl s

mandf + Bx = (x + 5. Soling for x

results Inx = —12.5. Since x cannot be a
negative value, there are no values of x that

will make these ratios equal.

SA36 sSslected Answers

L EE . #D)
ﬁﬁﬂ.C.B—m.E..ﬁ—Tﬂm
[
N ok CEAEE L R

e+ e +2) T x4 2P
{x + 2%, x = 2. The length of a side of square
A would need 1o be 4 feet, and the fountain
would need to be 2 feet in diameter.

47. Beverly. sample answer: Troy's mistake was
multiplying by the reciprocal of the dividend
instead of the divisor

41, }
49, ] The other three expressions are
rational expressions. Since the denominator
x+1 X+ 1
of £ pr ls not a polynomial, e is not a

rational expression.

=1
X 4 Gx+ 4

3o & aja + 1)
—15"F — 50" {o - SHa + 1)

51. Sample answer:

53. Sample answer: 3

Lesson 7-2
B 4 3y 2c+5 T2z = 2y
L= 373 5845
Iw+7 e n+32 1
Lw—aw+y %%-s N3 By
100 100 100 100
154,100 100 100 100
S W o i
100[M6* — 127 — 2r + 1)
15b.— . 15¢.10.97 m/s
B + 2 —7 4+ I+ W
7 5esm Y orine-n
15bd — Bb — 2d 247 4 By =3
2. “Spa@Eh i a) 2 x-Sk s 3
28by"z — 9bx
25. ey
2000y + 120y + 6 2dy + B0y + 1Y)
27 By or Exy
1567 + 1000k’ — 216a
29. 240ak
21 Wy — 4 = 25y = 2)
-+ + 8 N -+ 9
—10x —10 —10{x + 1)
B m - gt o=

Fx— )[x + 3) (2x 4 5] O Ix - Djx + 3) (2% & 5)

37. Sample answer: Lord Brouncker is best
known for the continued fraction approximation
of . T=—"""75"

Pt —5
2'} i

157 = 192577 — 128y

10 - 36
. a8y

N oE s -3+ 4




4

£32-20 g5 1 gy 4

= THx — 8) y-x

49. The average is the sum of the given
numbers divided by the number of given

43.

xtr_atsy W= " pr— 32 T Tex— 3
3 o3 = =

Ax—13) o2, x—13 N — N+ +x—13

Bir =3 " T -5 Eaie— 3] Zujc — 31 _

3 - 3 -

A =N+Ix kb x=3 LBe- 9

and x # 3.

51 Bx? 4 2x? 4 Bx 4+ 10

T+ I =)

51 in 1 howr, Dedl will plaml of a flower bed,
ory ﬂnwer beds in thﬂum In 1 howir, Ma will

plant 1 of a flower bed, or 3 L flower beds ln L
t

[ § hnurs Adding the two expressluna 3 i -

S0, ?2 represents how many flowers beds will
be planted in [ hours.

x+1 1

25 41 1 x4+ 2

55:.314_1?(3&3.—1,—5 EE'EI*"H'
x#0,-1,— -2 82225 &80 The

values are ratios of two consecutive Fibonacd
numbers. The next value should be %.

§57. Sample answer: The set of rational
expressions s closed under all of these
operations because the sum, differenc |,
product, and quotient of two rational
expressions is a rational expression.

59, Sample answer: First, factor the denomina-
tors of all of the expressions. Find the LCD of
the denominators. Comvert each expression
zo they all have the LCD. Add or subtract the
numerators. Then simplify. It s the same.

Lesson 7-3

1.x#0 3.x#3 Sx#—3
T.asymptotes:x =1, fix) = 0D = {x | x #F 1} R
= [fix} | Aix}) # O} The p-intercept is —1.

1

X

9. asymplotes: x = —4, f{x) = 0;
D= {x|x# -4} R = {fix) | fix) # 0}
The y-intercept is 1.25.

SSEEc)
ALY,
-
&
i
i
Ma.r=7_5
i) [
500
w00
300
=0 el
w0
EERCLE .
= -t

11b. Sample answer D = {t |t > 2}, R= {rf) |
ff) = 0}, intercepts: none; positive: when

t > 2 negative: when t < 2! symmetny:
symmetric about {2, 0] end behavior: As

t— —oc, r— 0, and as  — o, r — 0. Because
the plane's speed and travel time cannot be
negative, only values in the domain {I | t > 2}
makes sense in the context of this situation.

13.0 = {x | x # =3} R = {fix) | flx) # —3}

T

1] |o x

15.0 = x| x # —1}; R = i | A # 3}

iake
|

a=—2h=5k=0gi) =

Sslected Anawers SAIT

3
o
1
a
1
]
z
]




)

B.0=9h=-3 k=6gx=—,5+6
Ma=—6h=—4k=—2g) =5 —2
23.5 25.-13

27. 3,5

29. {x | x # —1} and {x) | 19 # O}

31. asymptotes:x = 2, fix) = 0. D = {x | x ¥ 2},

R={fix) | fix) # O}

Amme:

e .

33. asymplotes: x =<, fixj = 0,
D={x|x#—3}:R= {0 |0 #0}

¥

35, asymplotes: x = —7, fix) = —1,
D={x|x#—TER={fix) | fix) # —1}

[ alf
T
== S
i ~4
:I |3I
37 asymptotes: x =1, )= 2,0 = {x | x F1};
R={fix) | ) # 2}
@t
p
e emmad
—= - [ » Bx
i

—y

SA3E sslected Answers

39, asymptotes: x = 8, fix) = -9

D={x|x#8LR={fx|fix) # -9}
¥l &

]

1
B
4

EAENCEY NE
—n IE:I
WEE 1
e Ly A
aMfg=2% azfg=-2.-2
4sa.c=23 4,03

45k, They cannot travel zero miles or a
negative number of miles.

47. The graph of gix) is a reflection in the x-axis,
a translation 2 units left, and a translation 1 unit
up of the graph of fx).

[

ams

e 4 E

Lol

=iy

s

k

49, The graph of kix) is a reflection in
the x-axis, a translation 2 units left, and a

translation 2 units up of the graph of fx}; so,
1
M==fx+H+2=—5+2

51. Sample answer: fix) = ; 4'_ a6

53. Sample answer: glx) all other choices have

unknowns only in the denominator.
Bb. acsymptotes: x = —2 y=0

3 ¥

Bie




Lesson 7-4 Sa. 7 ]. T
L %) :
-8
i ¥ i, % &l
o, oy o """"!—,";

3 Rt
= —
ﬁ—ﬁﬂ 9b. hix), since — > —1
O¢. Vertical asymptotes hixk x =1  fix:x=—3
3. o Horizontal asymptotes hix) ¥ = % Jidy = %

4
| 1J . zero: x = 4 vertical asymplote: x = —2;

oblique asymptote: ix)=x —10

3
&
1]
&
=8
B
E
&

g ¥
¥
TN :
R E R AEARLT
Sa. ¥ #E;"ﬂ}
=
E _|‘“|1 | ﬂ
s % —l-lﬂl = 13. zero: x = —1; vertical asymptote: x = —2
*g | bl l and x = 2; oblique asymptote: fix) = x
g ¥ | Fu
= A EEIERERE f
i 56 06 A I R ;I__E;
Months of Service I} #
Sb. x-intercept: —2; y-intercept: none; end o 'd; ——
behavior: As x — —oo, fix) — 30 and as x — EEDN
_’-._'n:_ _f'[x'] — aﬂ_ ﬁ
Sc. $3750 i
7a. - 15. zero: none: vertical ﬂE%mplﬂ'[gE.‘ X=3
oblique asymplote: x) = Sx+3
F
1
= :I #
a o
—E—E—d— q Bx
‘.F

7h. x-intercept: %— y-intercept: none; end
behavior: As ¥ — —oo, {x) — 3 and as ¥ — oo,

fix) — 3.
Te. = 27 cents



17. point discontinuity atx = 4

21. point discontinuity at x = 2 and x = 4

i

23.

25,

et

14
3
8
| I

=5

¥

E 3

27. (TTETPT TS

..|:"“‘IJ g EI'

fH
29, ¥

B

9
=i

L4

3b. i)

3c. The graph of fix) has a hole at x = —2, but
no vertical asymptote. Its graph is a straight line
with a hole in it at (—2, —5). The graph of g{x)
aleo has a hole at x = —2, but has a vertical
asymptote at x = 0. ts graph is not a straight
line, but two curves having a hole in the graph

at (—2,2).
33.x=0
35. ¥
:
2
t—iio iy




3Tt B T, vertical asymptotes atx = —2 and x = 2 and a
horizontal asymptote at fix) = —1for 2 < x or
x = —2_ A function with these features is

" . Ix=Tix-=4] < _5r4+ 4
i == 2e—2= " =-a -

-

T
-]

B1. Sample answer:

¥ kJ:;

[ -]

Lo

-
=29

39. ¥ ﬁ E
L7 l m
ﬂ:,r —4—zi K o
1]
rﬂ' | S =8
i R 1
s B3. Sample answer: If the degrees of the E

ﬁ numerator and denominator are equal, there

is a horizontal asymptote determinaed by the

a1 TR coefficients of the numerator and denominat .

If the degree of the numerator is greater, there

Is no horizontal asymptote. If the degree of the
numerator is exactly 1greater than the degree of
the denominator, there is an oblique asymptote.
If the degree of the denominator is greater, the
horizontal asymptote is the line y= 0.

"-Tﬁ.—
|

T E

B5. Sample Answer:
43.
Iy P
' = d‘ ——— H
o 2 46 ix 51 =
',
[
45, ¥ §7. The graph of gi{x) has a hole at x = —3.
B9, Sample answer: By factoring the
[ denominator of the expression in a rational
- - function and determining the the values that

= cause each factor to equal zera, you can fin

the asymplotes or discontinuity of the function.

| If the denominator has a factor x — ¢ that does
not appear in the numerator, then there is a

_ 2067 + 6767 ;
Afa.¥ = e~ vertical asymptote at x = c. If the numerator and
47b. vertical asymptote at x = -6767, denominator have a common factor of x — ¢,
horizontal asymptote at y = 0 then there s point continuity at x = c.

47, As the number of at bats increases, the
ratio grows closer and closer to zero, since the
number of hits remains constant. Lesson 7-5

49. Sample answer: The domain is {x | x # —2
and x # 2}. The graph has zeros atx = 1and 15 A58 EOE T8 RR
x = 4 and a yintercept at (0, 1). The graph has | N.90 13.-225 15.38



7.4 19.—10 21.about07 23.0.000733 012
25,1336 atm 27 inverse; 4 29, inverse; 15
31. direct;, 5280 33. inverse; —25

35. inverse, B 37 direct; 27 39, inverse; —2
41 combined; 10 43.direct; 4 45, direct; -2
A7 inverse; 7 49, joint; 20 B51.54 B3.7
BE. y = 30x: 7 theaters 57 inverse

59a. 1 x M:f= w12 x16:6=3w
16 %20:£=3 w18 x 24 =3 w,
Wx24E=Sw24 x30: =3 w;
24 % 36: £ =3 w0 X 40:£=Fw;

36 X 48: £ =51, 48 x 60: =3 W,

4B xT2E=3w 59b.12 x 16,

18 = 24, 30 x 40, 36 x 48 all have the
relationship £ = % w.le x 20, 24 x 30, and

48 x 60 have the relationship £ = %w. 24 % 36
and 48 x 72 have the relationship £ = % W
B50c. Sample answer: One canvas is an
enlargement of the other.

&1a. % doliars  &1b. inversely 61c. 3280
63a. d = 010hr 63b. Joint variation; the
amount deducted varies directly as the product
of two quantities, the hourly wage and the
number of hours worked. 63¢. Substitute

r= $19.50 and i = 36 in the formula for part a.
The amount deducted was $70.20.

65. g and g are directly related.

67. Sample answer: The force of an object
vares jointly as its mass and acceleration.

Lesson 7-6
-3 3.9 5.7 7.-12.2 9.0 M6
13a. fpg = 20D O g momL
18. 41 hours

14 14 1

Ta.55 ¢ ~wa+c=3 Tb.17mph
Wx<0orx>1756 Nx<-2or2<x<14
23.x<-Sord<x<d 28200 <15
25b. 67 2T.56in. 29, no solution
3M.n<-—3er0<n<3 33.0<x<3

35.9 3L-5<m< -2
m.m}ﬁﬂx+;ﬂﬂﬂ
x=

SA42 Selected Answers

39b. x > 1050; the company must produce and
sell at least 1050 speakers in order to ensure
that the revenue from each one is greater than
the average cost of producing each one.

8. x = 2; this method works because the
x-coordinate of the point of intersection will

make both sides of the equation egual to
the same value, and no extraneous roots are

showin.
43. at least 40 students

45, Sample answer: 3 must be excluded as a
solution, as it will make the denominator of fx)
equal to 0. Only —4 is a solution.

47. Sample answer: | do not agree with the
solution set. Multiplying both sides of the
inequality by x does not result in an eguivalent
inequality if x is negative. The work k= anly valid
for positive x-values. The student could have
graphed the two equations fix) = % and

gix) = 2 and looked at x-values for which the
graph of fix) is below the graph of gix).

49. all real numbers except 5, —5, 0
51 Sample answer: Multiplying each side of a
rational equation or ineguality by the LCD can

result in extraneous solutions. Therefore, you
should check all solutions to make sure that

they satisfy the original equation or ineguality.

Module 7 Review
t¥ 3.4 5.% 7.D
9, ¥ k;
. ; :
|
%

Ma. x-intercept: undefined; y-intercept: —1
Hb. horlzomtal, v = —2; vertical, x = -2
3.0 15a.25mph 15b.30mph 17D



Module 8
Module 8 Opener

1. 89 customers, 88 customers, no mode
3.77. 8,10

1
5.3

i
T.:

Lesson 8-1

1. Sample: the T-shirts Berton selects; population:

all of Berton's sports T-shirts; stratified: Berto
divides the T-shirts by team before the sample
s selected.

3. Sample: the customers who submit
sugoestions: population: all customers:
self-selected: the customers woluntarily
submit suggestions.

B. unbiased; Sample answer: the students are
randomlby selected. The fact that the sample is
selected at band camp does not influence the
response of the selected sample.

7. biased; Sample answer: The gquestion is
asking about two iIssues: whether the workout
facility needs a new treadmill and whether the
workout facility needs a new racquetball court.
9, unbiased: Sample answer: The question
does not influence participants

. survey, sample: customers that take the
online survey, population: all customers

13. experiment; sample: the 50 adults
participating in the study; population: all adults
15. objective: to determine the number of
juniors and senlors planning to attend prom;

population: all juniors and seniors at the school,

sample survey questions: What grade are you
in? Do you plan on attending prom?

17. cbeervational study; Sample answer:
Teenagers are more willing than adults to try a
new sports drink.

19. control group: students who do not recelve
gift cards: expernmental group: students
receiving gift cards: Sample answer: The
students may not have any interest in the gift
cards they are recelving. The principal should

conduct a survey to find what gifts or activities
might motivate the stedents,

21. convenlence; sursey
23, stratified; xperiment
25. observational study

27, Sample answer: She should use an
observational study to determine the average
miles per gallon that identical cars are able to
go on each type of fuel. She can then divide
the current price of each fuel by the number
of miles to find the average cost per mil - The
group with the lower cost per mile would be
the one that I= more cost efficient. She migh
also look for the results of a survey by a motor
club or magazine stating the average gas
mileage for cars similar to her new car.

3
3
a1
&
=8
=
E
3

29. Mo, sample answer: the difference
between the means of the experimental group
and control group i= only 01 ounce. Both
groups had cats that gained significant welght
and others that gained little. To compare the
groups, | assumed that the cats in each group
were similar in age, starting weight, and health.
| alzo assumed that each cat was given the
same amount of food.

3. Sample answer: This method of selecting

a sample ie valld. Each student has an equally
likely chance of being selected for the sample.
A weakness may be that this would not reflect
that one grade may feel strangly about the
dress code than another.

33. False: cample answer: A sample statistic is
used to estimate a population parameter.

35. Sample answer:

objective: Determine the average amount of
time that students spend studying at the library.
population: All students that study at the
library.

sample: 25 randomiy selected students
studying at the library during a given week.

Study Time (minutes)

38 L] 45 41 63

18 20 17 8 15
41 28 55 19 15
30 L 20 Fi 24
78 24 26 32 )

mean: =313 min



Lesson B-2

fa. 25%
b, 38%
3a. 16.7%
3b. 18%

5. Sample answer: The theoretical probability
of making a goal i= % and the theigreth:al
probability of missing the goal is 0" lcan

use a random number generator to create a
simulation. For numbers 1-20, let 1-7 represent
& goal and 8-20 represent a miss. Based

on 100 trials, the experimental probability of
making a goal is 41%. Because Paolas success
rate was anly about 13%, it ks likely that there is

an error in the programming.

T. spinner with 2 reglons, one central angle 216°,

and one 144°

9, Sample answer: Use a random numbser
generator where 0,1, 2, 3, and 4 represent
brown hair, 5, 6, 7. and 8 represent blonde hair,

and 9 represents red hair.
M. Jayme's model

13a. 20% 13b. 8% 13¢. Sample answer: |
assumed that each car color was equally likely.

15a. Sample answer: Use a random number
generator to generate a set of three numbers
from 1ta 42. Numbers 1-15 will represent
players on the basketball team and numbers

16—42 will represent the other students.

Discard any trial that repeats any of the same
number. Run the trial fifty imes.

18c. Sample answer: Only 2 of the 50 trials, or
4%, resulted in only team members winning the
ra . According to this simulation it is highty
unlikely that all the winners are members of
the basketball team. There & not enough data
to determine If the raffle s unfa . If it happens
again for anotherra |, then the faimess
should be examined more closely.

17a. The theoretical probably that she serves
an ace on her next serve is 66%, and the
theoretical probabllity that she doesn't s 34%.
Use a random number genarator 1o genarate
integers 1 through 100 The integers 1—66 will
represent an ace, and the integers 67—100 will
represent any other outcome of her serve. The
simulation will consist of 50 trials.

17b. Sample data is shown:

14 16 g 54 8 a7
Sl a1 68 42 =1 il
74 32 26 41 26 92
28 36 4 12 25 68
24 4 TG 3 61 35

17c. Sample answer. 22 of the 30 tdals, or 733%,
resulted inan ace on the next serve. According
1o this simulation it = kghly likely that her next
senve will be an ace. The data is not completety
consistent with the madel, but if a larger trial
were done it might correlate maore closely.

15b.
35,13, 36| 15,32,9| 6,14, 12| 16,26, 27| 4,34, 20| 16, 32,24 12.9.18| 10,17 26
15,13, 23| 18,15, 41| 13.9.20|33. 38,30 (34,40, 35| 3718, 36| 22,16, 36| 23.5, 28
29 72 A, 221|133, 31,22 30,39, 18 3. T 17|35,40 36| 35,9, 29|32 20 20
2.3, 23116, 36,5 30,36, 1|28, 35 10| 5 42 21| 1.18.40( 26,10, 2| 28, 35, 41
131 23| 12,7 24 5. 3.7 1538 2|30, 21, 24| 32 25 7| 18.9.24| 28 20,2
18,26,6|32,6,39| 172 21| 31,18,27| 24,259, 31| 25,37 21| 32, 23.13| 21,15 28
3, 34,1512, 2. 20
Selected Answers



19. Sample answer: Jevon's concern about

the faimess of the coin should be dependent
on the number of times he tossed it If he
completed only 4, or even 20, trials, then the
sample size is not large enough to warrant
concern. However, If he completed 100 or more
trials, then he should be concerned since the
experimental probability should be closer to
the theoretical probability of <, or 50%.

21. True;, sample answer: The event will

always occur when the theoretical probability

is 1. Therefore, the experimental probability

can never be 0. For example, the theoretical
probability of rolling a die and getting 1, 2, 3, 4,
B, or 6 Is 1since it will always show one of thesea
six numbers. 50, when a die is rolled, the result
will be one of these six numbers, making the
experimental probability always greater than 0.

23. Yes:; sample answer: If the spinner

were going to be divided equally into threa
outcomes, each sector would measure 120,
Because you only want to know the probability
of outcome C, you can record spins that end in
the red area as a success, or the occurrence of
outcome C, and spins that end in the blue area
as a failure, or an outcome of 4 or B.

Lesson 8-3

1. 3822, Sample answer. because the standard
deviation is great compared Lo the mean of
$7817 the data are spread farther from the
mean. Based on the standard deviation, most
of the shears cost between $34.41 and $1M10.85.

3. 22613
.69 17

7. Before the season the mean tme was 9.2
minutes and the standard deviation was 1.0
minute. After the season the mean time was
7.0 minutes and the standard deviation was 0.9
minutes. This means that before the season
the mile times were higher on average, but that
the mile times were generally spread the same
before and after the season.

9. 0.375; 0123

1. 18.4; Sample answer: The standard
deviation is small compared to the mean of B9,

Most of the exam sessions will have between
T and 107 attendeeas.

13. Mo sample answer: adding $1 to each
employee’s hourly wage has no effect on the
standard deviation of the data. The standard
deviation both before and after the wage
change is 0.67.

15. Sample answer: Assume that each data
value falls in the center of each bar of the
histogram. Using technology, the mean is 17
and the standard deviation is about 7.4.

17. Find the mean of the set of data. Then, find
the square of the different between each data
value and the mean. Mext, find the sum of all

of the differences. Then, divide the sum by the
number of values in the set of data, which is
the variance. Finally, take the square root of the
guatient, or varance.

3
o
1
a
1
]
z
]

Lesson 8-4

1. texts; discrete; The number of texts can only
be represented as a whole number.

3. height of plant; continuouws; The height of a
plant may be any positive value.

B. Sample answer: The scale of the y-axis

misleadingly shows the differences in
probabilities.

Fa. 397 < X < 3331 Tb. 16%
9. -219 NM.0281 13.0.9861
15.2.5% 17. 6200 hours

19. Hircko, Sample answer: Monica's solution
would work with a uniform distribution.

Te. X = 2822

21. Sample answer: The z-value represents the
position of a value X in a normal distribution.
The area under a curve to the left of a z-value
represents the probability that a value from the
distribution will be less than the given value X,

Lesson 8-5

1. E =016
3. E=0.086

B. At a 99% confidence interval, the population
mean is 535 <= pu = 565 Therefore, we are
99% confident that the rating of the airline is
between 5.35 and 5.65.

Selected Answers SA45



7. At a 90% confidence interval, the population
proportion is 0737 = p = 0.813. Therefore,
we are 90% confident that the proportion of
students who agree that high school students
should hawve a part-time job is between 73.7%
and 81.3%.

9, At a 99% confidence interval, the population
proportion is 0326 < p < 0.506. Therefore,
we are 99% confident that the proportion of
students who agree with the principal's plan is
between 32.6% and 50.6%.

. Instead of stating that the population

proportion ls estimated at ;—25% = 048 = 48%

with a margin of error of 3%, the claim uses the
highest possible estimate for the population
proportion to give the impression that the
proportion of people who want parks to be
built is greater than b0%.

- 32
13. p = 355 = 0156 and ME = 196

0156{1 = 0156
“|]I— % = 0050, so CI = 15.6% £ 5.0%;

Sample answer: With 95% confidenc | the
mean proportion of discards for the population
of all pleces fired in her kiln is between1 6%
and 20.6%, so Karen should probably buy a
new kiln on the basks that the discard rate is
most likely higher than 10%.

15. As the sample size increase, the maximum
ermror decreases.

SA46 Selected Answers

17. Sample answer: sample mean: 18.8 hours;
sample standard deviation: B.8; the mean
number of hours with a 90% confidence level is
154< =222

23 =] 20 26

Module 8 Review

1D 3 A B A
TAD 9.BC Mx<559%andx =709

(5a)(55)

13. E=1596 260

E = 0.0508
- 273

P = 55 = 07583

f = S = 0.2417
Sample answer: At a 95% confidence level, |
am confident that the proportion of patrons
that would like to see the restaurant stay open
later i= batweean 70.75% and B0.91%.



Module 9 Opener

117 3.205 S.x=90y=0y2

Tx=12, y=12+3

Lesson 9-1

1.

5.

-

iy

NI

&7

e
W

n ¥

13. ¥
AR :
i)
~ 2
[} x a
:
3
a
15. ¥
[*] x

17 285%, —435" 19. 405°, —315°
21.10°, —350° 23. 60°, —300°
25, 425°, —29%° 27 470°, —250°

im I=n Bn 4w & W
E'Tﬁ'_s b R T
13T

35. 5% 37.8% 3047 s

43. —108° 45.60° 47.120° 49. —135°
51.45° 53. 297 o approximately 20.9 in.
55.5; 57 i;" 59. 450°

61. —105° B63.8B4in. B65. 126t

67. 3309%=; 58 radians/s 69. 4574 in.
T 90", % radians; 3w inches

73a. %; Because a complete rotation takes

30 minutes, 5 minutes represents % or 13 of a
complete rotation, and é <2m=3

73b. The radius r of the wheel is 675 m. The
distance the passenger traveled is the arc
length, so s = rf = 675(3) = 7TIm.

T3c. The circumference is nd, which is
approximately 334d = 34(135) = 4239 m
and #423.9] = 7065, which is close to 71, 5o

the answer is reasonable.

Selected Answers SA47



78, Melinda is correct. The area of the
complete cirele s wrf = w15 = 2257 fit®
Because the area that gets watered hg,r the
sprinkler s 75w ft*, this area i ;fh nf the
circle. Therefore, the measure of the cemral
angle is %:211] = ==

771 Because s = rf and r = 5, the function may
be written as fx) = 5x. This means the graph

is a straight line with a slope of 5 that passes
through the arigin.

T x=2
Bl 440° and —280°
F

=i

B3. One degree represents an angle measure
that equals ﬁ rotation around a circle. One
radian represents the measure of an angle

in standard position that intercepts an arc of
length r. To comvert from degrees to radians,
multiply the number of degrees by &;‘.ﬁm To
convert from radians to degrees, multiply the

180"

number of radians by g e
Lesson 9-2

-5 _12 B B
lslnﬂ—ﬁﬂ,msET:B.IBnE—ﬂ.cm:&—-g-,
se:ﬂ—ﬁ ot —?
1slnﬂ'—ﬂ msﬂ'— ﬂ. tanﬂ—ﬁ cse 8= g
aecﬂ—:; r_mﬂ—ﬁ
5. smﬂ'—“ cnsﬂ—i tan ﬂ—i
cse B = gsecﬂ—% mﬂ=—;—'€

__ i ] e 4 B r 4
TeindA= ms,d—l-l,,csc =g.SecA =71
cotd = ]5

zvm +10 10

9. cin B =——r— S5 L o0s B=——r R K cscE—T,

cec 8 = 'H"_,EDI.E=%

1. glnﬂ=$,tann= V3. cscA=

se-r:d=1cn~t.d=%

3
3 "

3.5in8=2 cos0=2 tan0="2 csco=5
secﬂ—ﬁ cmﬂ—i
15 _E _ 15
B.sinf=—5 cos =z tan 8= —¢,
cec = — gsecﬁil:%cmﬂ:_%
1 sin = — #tt: cos i# = 3‘ tanﬂ=%,
. i 41 9
cs5C = — msecﬂ'— gcutﬂ—m
ﬂﬂnﬂ—f cnsﬂ'—itanﬂ—:l
E:E=~.|'§.secﬂ=£cmg=g
'I"ﬁ 30 1
MNsinf=—5.cosf="3 tanf =5
cscﬂ=#ﬁ,secﬂ=%_ma=3
2 anes -0 oo gy
csc =19 socg=V0 51 9- 1

25. sin#=0,cos@=1tan #=0,

cec # = undefined, sec 8 =1,

cot # = undefing

27. sin @ =1, cos 8 = 0, tan # = undefined,
cse B =1, sec 8 = undeofined, cot # =0

29 50"




33. 7

Y
/

35, 207

¥

e
i
3

an. —? 43.+/2 45.—1 47a.tan716=12

¥.255
iE or

= (.998

51, £ or = 0.405

53.0 5&—%

61.75° 63.45 65.2

67. Sample answer: 120°, 240°, 420%; For an
angle in Quadrant Il, 180° — A= 60", s0 8 =
120 for an angle in Quadrant lll, & —180° = 60°,
so 8 = 240% 60° plus any multiple of 360°

will have a reference angle of 60", =0

607 + 360° = 420°.

B9. True; sin @ = E and the values of the
opposite side and tﬁe hypotenuse of an acute
triangle are positive, so the value of the sine
function is positive.

T Mo for sin @ = ﬂand tan # = —1, the

reference angle is 45°. Howewver, for sin & to be
paositive and tan @ to be negative, the reference
angle must be in the second quadrant. 5o, the
value of @ must be 135° or an angle coterminal
with 135",

T3, We knﬂwm:alcat E—— zin Eil— - and

cos #=2 r. Because sin 1EEI“ =0t musl. ba
true that cot 180° = ""’ _which ts undefined

78, First, sketch the angle and determine in which
quadrant it is located. Then use the approprate
rube for finding its reference angle . A reference
angle = the acute angle formed by the terminal
side of @ and the x-axis. Next, find the value o

the trgonometric function for & Finally, use the
guadrant location to determine the skign of the
trigonometric function value of 8.

59. (-1, +/3)

57. undefine

3
i
1
@
=8
B
E
&

Lesson 9-3

43 1
1.::::59——T,5In5—5
3.:nsﬂ=—%.sinﬂ=%
5.cos =1 sinf= 122
Tzinf= Imsﬂ—ﬁnmﬂ—gcscﬂ 2,

soe =%.::ntﬂ=ﬁ

9. sin @ =1 cos @ = 0, tan # = undefined,
s =1, sec # = undefined, cot 8 =0

Meinf=0cosf=—1tan @=10,
csc i = undefined, sec #=—1, cot @ =

13.10 153 17.4

undefine

Selected Answers SA449



18. period = 4 seconds

r
5= |
g€
28 »¢
8= 10 4
-
2 L] L] B 1]
Time (sl
20-1 230 25 0 ¥
20. -5 314 33.245

35a. Sometimes: the cosine function can onby
result in values between —1 and 1, inclusive.

35b. Always: the sine function has a period
of 27.

35¢. Sometimes: cos @ = 1when n is even and
cos # = —1when n is odd.

35d. Mever; the y-coordinate of the
corresponding point on the unit circle is
negative.

37a. 3—: meters: because the radian measure
of the angle is the length of the arc on the unit
circle subtended by the angle.

37h. ¥
a

| e

o

37¢c. The period is 2 because the values of
the function repeat every 27 radians. This s
shown in the graph when the shape of the
curve from O to 27 is repeated from 27 to 47
The heights of point P above or below the
surface of the water repeat once as the wheel
makes a complete rotation (27 radians).

37d. The x-intercepts are whole-number

multiples of . These are the angles of rotation
for which P is on the surface of the water.

37e. Sample answer: (% EIT""F:I as the wheel
rotates through an angle from % radians to %
radians, P moves downmwand.

39a. 72°F 39b. March 39c. 12°F

SAS0 Selected Answers

39d. September

41. Benita; Francis incorrectly wrote

cos {—%} = —cos %

43. Sometimes; the period of a sine curve
could be % which = not a multiple of ™.

45, The period of a periodic function is the
horizontal distance of the part of the graph that
is nonrepeating. Each nonrepeating part of the
graph s one cycle.

Lesson 9-4

1.2:y=0:360° 3Ly=0120°
5.2:360° 7.1,720° 9.3 180°
1. 3; 360°

AT
4 ﬂir#

N
!

13.1, 907

15. 4, 180°

A

17a. period: 2 frequency: ll, The object
completes % of a cycle per second, and it will
reach maximum distance from the equilibrium
point every 2 seconds,



17b. Domain: all real numbers; because time
cannot be negative, the relevant domain in the
context of the situation is [0, o). The range I=
[—25, 25].

19. hix) = 1.5 cos 3ox

¥
-2
™

N /

L=] x

1—1

|

21. 3; 540

qIJ’ ;:35|n§ﬂ
1IN

|
Y
25.180% y = S sin2@

27 Sample answer: The sine function has the
same shape as an ocean wave. Additionally, the
sine function and ccean waves share similar
behaviors, as they both repeat themselves over a
consistent interval of tme and distance.

29a. 12; a calendar year

29b. B5°F; July 15 3%a. 200 nm, 520 nm

Ab. yellow 3e. violet; red

33a. amplitude: 4.5; period: 2 seconds

33b.fify = —45cosw+ 75
¥l ] [ l

O § 234567890

35. Sample answer: ¥ = 2 sin 68, the amplitude

is |a]= 2. The period is % =2 T 5o there

3
&
1]
1
=3
1
i
]

are 3 complete cycles between =0 and # =T

37. The graph of y = % sin @ has an amplitude
ﬂl% and a period of 360°. The graph of

¥ =z¢&in %ﬂ' has an amplitude of 1 and a period
of 720°,

39. Sample answer: Determine the amplitude
and period of the function; find and graph and
x-intercepts, extrema, and asymptotes: use the
parent function to sketch the graph.

Lesson 9-5

1. period = 36° asymptotes: (360 + 18)°,
where n k& an odd integer; x-intercepts: 0°, 367,
72°, 108", _: midline: y = O Because a =1,

the function is not vertically dilated in relation
to the parent function. Because b = 5, the
function is compressed horizontally in relation
to the parent function.

Selected Answers SAS51



3. period = 90" asymptotes: (90n + 45)°,
where i iz an odd integer; x-intercepts: 0°, 90°,
180°, 2707, . midline: y = 0; Because a =1,
the function is not vertically dilated in relation
to the parent function. Because b = 2 the
function is compressed horizontally in relation
to the parent function.

—————'l:f_"'———————

5. pericd = 3607, asymptotes: (360n + 180)°,
where n is an odd integer; x-intercepts: 0°,
360°, T20°, 1080°, _.: midline: y = 0: Becausa
o =2, the function is stretched vertically in
relation to the parent function. Because b =
the function is stretched horizontally in relation
to the parent function.

¥

1
2
an

|

2

o
+---E----+
#

7. period = asymptntea X= + %ﬂn.
where n is an integer; relative mlnlma at
2 0w 2n , Bm
=g K="z, MX="F+ —n whe-r?dn IS an
integer: relative maxima at x = 217 X=—0f

Bx
x=2m+ T"~ where n is an integer.

¥

9, period = 2, asymptotes: x = 27 + 27N,
where i is an integer, relative minima at
x=2 x=13m orx == + 2nn, where n is an
2! 2 ‘3515w am
integer; relative maxima at 5, 5, orx =5~ +

27n, where n is an integer.

. period = 360% asymptotes: ¥ = 27n, whera
n ks an integer: x-intercepts: 180°, 540°, _: (odd
multiples of 180°)

e e il i p A
=]
-

13. perod = 360°, asymptotes: x = 270 + 360n,
x =180 4 360n, where n ks an integer

s s . e il e B ]



15. period = %‘ asymplotes: ¥ = % 5 %n.
x =g + 30 where n is an integer

17a. y = 300 cot x
17b. ¥

=)
o
o

=]
=

Length of shadow {f1)

0 60° 90 1207
Angle of Sun

17c. Sample answer: In the context of the
situation, only x-values between 0° and 90° are
relevant, so focus on analyzing that portion of
the graph.
domain: {x] O > x > 90]
range: [y] —o¢ = p = o]
x-intercept: 90
y-intercept nona
relative minimum: none
relative maximum: none
The period of y = 300 col x s 180°.

19. period 4507

q-----g_:-
&
q
el

21. period: 30°

5]
=
—a
ﬂ-'n-'l-n-rﬂ-"rrn-!'r-u—r-rr-
"\'—'-—-"'E-!_H'-"-r
o
EN

£
2
a
1
:
i

23, period: 360°

-, B

= i

L ¢ e i
';E"__

t
I
:
i
|
2 *}' | i
i
i
i
i

25, d = 2000 csc x

27. Tyler: It appears that Lacretia gave the
perod of the function ¥ = %t&n 8, rather than
¥ = tan %ﬂ.

29, Sample answer: Determine the amplitude
and period of the function, then find and graph
any x-intercepts, extrema, and asymptotes.
Sketch the parent function and transform the
graph to graph the given function.

Lesson 9-6

1. 1: 2 7 to the laft

¥

—_

DA

=34
domaln: —oo < B < oo range: —2 < f8) = 2

E
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3.1 360" 90° to the left . 2: 3607 90" to the left

" fu-—gu" o o° g BEW
4 =L

domain: —oo < @ < oo range: —2 < fi{#) < 2
13.1,380% k=3, y=3

¥

Bt
S |p=cos @+ :-||
' -

P i, SRR g
=1

1+

domain: —oo < # < oo range: —1 < f#) = 1
5. no amplitude: % to the left

ﬂ 1

o = domain: —oo < # < oo range: 2 = fl8) = 4
15. no amplitude; 180° k = ;—,: ¥= %

—l

domain: T < & < % + mn, where i s an
inteqger; range: —x < iR} < = 3
7. 3: 360" 457 1o the right

¥

AN, /\ B

1
| oo \eor 2 e asee N P

=Pt

---------.Ei.------------
E'
----------%-_------

domain: 90 + 180n < # < 180 + 180n, where n
is an integer; range: —oo < f{#) < =

domain: —oo < @ < oo range: —3 < fl#) = 3 23605 k=—4 y=—4
1,2
9.3 Tﬁ' % 1o the right ¥ | | o
g ° o ®wr e mwe
Lo+ —F
) PR ). S - e
0. Sy /'-\\
i i i f =N ¥ = —-.q
5 R T o=
a5+ 3 T 3 e p=2dnd~4
=10 domain: —oc < @ < oo range: —6 < f(#) = —2

domain: —oo < § < oo range: —05 < fl#) < 0.5
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19a. The amplitude is 3: the midline s y = 79,
the pericd s 60 minutes.
19b. hif) = 3 cos (g5t) + 79

i i i
0 4 &0 80 oot
194d. 2 times: these are the times when the
minute hand Is on the 6 (Le, 12:30 and 1:30).

2Ha. k = —3, 50 the vertical shift is 3 units
down; amplitde =1 2ib. none 2Me.w

Md.y=coe 20 —3 23.yv=cin(x—4)+ 3
2B.y=tan{x— ®+ 25 27 31807 —45"1

29, Sample answer: sine; Because as a Ferris
wheal tums, the distance a rider is above the
ground varies sinusaldally with time. Note: any
phenomenon that can be modeled with a sine
function can alzo be modeled with a cosine
function using the appropriate horizontal shift
and/or reflection about the horizontal axis

31a. 120, in 25 years 31b. 125; in 7 years
33. {?'T“ 2} 35. no maximum values

37. The graphs are reflections of each other
over the x-axis.

39. The graphs are identical.

41. 360° Sample answer. y =sin @ — 5
43. 360 Sample answer: v = 4 cos #+ 1
45. Sample answer WM =15 cos 28 — 2

47. The graph of ¥ = 3 sin 28 + 1 has an
amplitude of 3 rather than an amplitude of 1. It
is shifted up 1 unit from the parent graph and is
compressed o that it has a period of 180°.

49. Sample answer: y = 2 sin #— 3

5T |y=251nﬁ'—3|

51. Sample answer: y = sin (8 + %] —3is
equivalent to y = cos (#). When the sine graph
iz shifted % units to the left, it is eguivalent to
the cosine graph.

Lesson 9-7

a E ] H = 3_“ = E
1.30°.F 2.120°45 5.135°.°7 7.45%%
B.EIEI“:% " 102 13.07 15. 095

17.05 19.5313° 21.60° 23. -b74°

25. 5867 27.2049° 29, 7552°
3a. 48.2°
3b. Sample answer: | assumed that the angle
at which the doors would be apenad would be
equal in measure.

w w 5m
33.5 35.0.2m 314
39. 37, 53", 90¢
1. Sample answer: Nelther; cosine is not
positive in the second quadrant.
43. Sample answer: ¥ = tan ' x is a relation that
has a domain of all real numbers and a range
of all real numbers except odd multiples of %
The relation is not a function. y=Tan"xisa
function that has a domain of all real numbers
and a range of —% SyS %
45, Sample answer: y = Cos™' %E + 1: this
function is a horizontal stretch by a factor 2 of
the parent function ¥ = Cos ™' & so the domain
5[—2 = @ = 2. Itis also a vertical translation
funitup, sotherange is[1syv<=m+ 1L
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Glossary

English

Espanol

30°-60°-90° Iriangle A right triangle with two acute
angles that measure 307 and 60°.

45°-45°-90° tiangle A right triangle with bwo acute
angles that measure 45°.

absolute value The distance a number s from zera on
the aumber line.

absolute value function A function writben as
fix) = | x|, in which fix} = 0 for all values of x.

accuracy  The neamness of 8 measurement to the true
value of the measure.

additive identity Becauste the sum of any number o
and 0 s equal to g, 0 is the additive identity.

additive inverses  Two numbers with a sum aof 0.

adjacent angles  Two angles that lie in the zame plane
and hawe a common vertex and a common skde but
have no common interior points.

adjacentl arcs  Arcs in a circle that have exactly one
point in common.

algebraic expression A mathematical expression that
contains at least one variable.

algebraic notation  Mathematical notation that
describes a set by using algebraic expressions.

alternate exterlor angles  'When two lines are cut by a
transversal, nonadjacent exterior angles that lie on
opposite sides of the transversal.

alternate interior angles  When two lines are cut by a
transversal, nonadjacent interior angbes that lie on
opposite sides of the transversal.

altitude of a parallelogram A perpendicular segment
bobween any two parallel bases,

trigngulo 30°-60°-90°  Un trdngulo rectangulbo con
dos dngulos agudos gue miden 307 y 60°.

tridgngulo 45°-45°-50°  Un tridnguio rectdngubo con
dos dngulos agudos gue miden 45°,

valor absolute  La distancia que un nimero es de cero
en la linea numérica.

funcidn del valor absolute  Una funcidn gue se escribe
fix) = [x], donde fix) = 0, para todos los valores de x.

exactitud  La pradmidad de una medida al valor
verdadero de la medida.

identidad aditiva Debido a que la suma de cualguier
numeroay 0 es igual o, 0 es la identidad aditiva.

inverso aditives  Dos ndmeras con una sima de 0.

dngulos adyacentes  Dos dngulos que se encuentran
en el misma plano v tienen un vértice comdn ¥ un lado
comdn, pero no tenen puntos comunes en el interor.

arcos adyacentes  Arcos en un circulo gue thenen un
solo punto en comiin.

expresion algebraica  Una expresidn matemdtica gue
contiene al menos una varable.

notacidn algebraica  Notacién matemdtica que
describe un conjunto usando expresiones algebraicas.

angulos alternos extermos  Cuando dos Hneas son
cortadas por un dngulo transversal, no adyacente exterior
que se encuentran en lados opuesios de la ransversal.

angules alternos internos  Cuando dos ineas son
cortadas por wn dngulo transversal, no adyacente interior
que se pncuantran en Bdos opuestas de |a ransversal

altitud de un paralelogramo  Un segmento
perpendicular entre dos bases paralelas.

Glossary G1



altitude of a prism or cylinder A segment perpendicular
to the bases that joins the planes of the bases.

altitede of a pyramid or cone A segment
perpendicular to the base that has the vertex as one
endpoint and & point in the plane of the base as the
other endpalnt.

altitude of a triangle A segment from a vertex of the
triangle 1o the line contaiming the opposite side and
perpendicular to that side.

ambiguous caze  When two different triangles could
be created or described using the ghven information.

amplitude For functions of the form ¥ = o sin b8 or
¥ = o cos b8, the amplitude is |a].

analytic geometry  The study of geometry that uses
the coordinate system.

angle The intersection of two noncollinear rays at a
common endpaknt.

angle bisectar A ray or segment that divides an angle
into two congruent angles.

angle of depression  The angle formed by a horizontal
lime and an cbserder's line of sight 1o an cbject bedow
the horizontal line.

angle of elevation  The angle formed by a horizontal
lime and an cbserver's line of sight 1o an ebject above
the horizontal line.

angle of rotation  The angle throwgh which a figure
fotates.

apothem A perpendicular segment between the
center of a regular polygon and a side of the polygon or
the length of that line segment.

approximate errar  The positive difference between
an actual measurement and an approxmate or
estimated measurement.

arc  Part of a circle that is defined by two endpoints.

arc length  The distance between the endpoints of an anc
mieasuned along the arc in lnear wmits.

G2 Glossary

altitud de un prisma o cilindro  Un segmenta
perpendicular a las bases que une [0 planos de las bases.

altitud de una pirdmide o cond  Un segmento
perpendicular a la base que tene e vértice coma wn
punto final y un punto en el plano de la base como e
ofro punto final.

altitud de tridngulo  Un segmento de un vértice ded
trigngulo a la linea que contiene el lado opuesto y
perpendicular a ese lado.

caso ambiguo  Cuando dos tridnguilos diferentes pueden
sef creados o descritos usando la informacién dada.

amplitud Para funclones de laformay = o sen b o
¥ = o cos b8, la amplitud es |a].

geomelria analiica  El estudio de la geometria gue
utiliza el slstema de coordenadas.

dngulo  La interseccidn de dos rayos no colineales en
L extrems Cormin.

hisectriz de un Angule  Un rayo o segments gue
divide un angubo en dos dngulos congruentes.

dngulo de depresidn  El dngulo farmado por una linea
horizontal y la linea de vision de un observador a un
objeto por debajo de la Hnea horizontal.

dngulo de elevacion  El dngulo formado por una linea
harizontal y la linea de viskon de un observador a un
objeto por encima de la linea horizontal.

dngulo de rotacidn  E dngulo a través del cual gira
Lina figura.

apotema  Un segmento perpendicular entre el centro
de un poligeno regular v un lado del poligone o la
longitud de ese segmento de linga.

errof aproxdmado  La diferencla positiva entre una
medida real y una medida aproximada o estimada.

arco  Parte de un circulo que se define por dos puntos
finales.

longitude de arco  La distancia entre los extremos de
un arco medido & bo fargo del arco en unidades lineales.



area  The number of sguare units needed to cover a
surface.

arithmetic sequence A pattern in which each term
after the first is found by adding a constant, the

commaon difference o, to the previows term.

asymptote A line that a graph approaches.

auxiliary line  An extra line or segment drawn in a
figure to help analyze geometric relationships.

average rate of change  The change in the value of
the dependent variable divided by the change In the
value of the independent variable.

axiom A statement that is accepted as true without
proof.

axlomatic system A set of aioms from which
thearems can be derived.

awis of symmetry
Symimetric.

A line about which a graph is

axis symmetry I a figure can be mapped onto itself
by a rotation between 0° and 3607 In a line.

drea  El numero de unidades cuadradas para cubsrir
una superficle.

secuencia aritmética  Un patrdn en el cual cada
térming despuds del primers se encuentra afladiendo
una constante, la diferencia comdn o, al término anterion
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asintota  Una linea que se apiodma a un grafico.

linea auxiliar  Una linea o segmento extra dibujado en
una figura para ayudar a analizar las relaciones
geomélricas,

tasa media de cambio  El cambio en el valor de la
variable dependiente dividido por el cambio en el valor
de la variable independiente.

axloma Una declaracién gue se acepta como
verdadera sin prueba.

sistema axiomdtice  Un conjunto de axomas de los
cuales se pusden dervar teoramas.

eje de simetria
simétrica.

Una linea sobre la cusl un grifica es

efe simetria Sl una figura puede ser asignada sobre si
misma por una rotackon entre 0° y 360° en una linea.

bar graph A graphical display that compares
categories of data using bars of different heights.

base Ina power, the number being multiplied by
itseli.

base angles of a trapezoid  The two angles formed by
the bases and legs of a trapezoid.

base angles of an isosceles triangle  The two angles
formed by the base and the congruent sides of an
isoscales triangle.

base edge  The intersection of a lateral face and a
base in a solid figure.

base of a parallelogram  Amy side of a parallelogram.

base of a pyramid or cone  The face of the solid
opposite the vertex of the solid.

grifico de barra  Una pantalla grifica que compara las
categonias de datos usando barras de diferentes alturas.

base En un poder, el ndmero se multiplica por si
mismo.

dngulos de base de un trapecio  Los dos dngubos
formados por las bases y patas de un trapecio.

dngulo de la base de un tridngulo isosceles  Los dos
dngulos formados por la base y los lades congruentes
de un tridgngule EBosceles.

arista de la base La interseccion de una cara lateral y
una base en una figura sdlida.

base de un paralelogramo  Cualquier lado de wn
paralelogramo.

base de una pirdmide o cono  La cara del sdlido
opuesta al vértice del sdlido.

Glossary G3



bases of a prsm or cylinder
congruent faces of the solid.

The twiv paraliel

bases of a trapezoid  The parallel sides in a trapezoid,

bestfitline  The line that most closely approximates
the data in a scatter plot.

betweenness of points  Point C is between 4 and B if
and only if A, B, and C are collinear and AC + CB = AB.

biaz  An error that results in 8 misrepresentation of a
popldation.

biconditional statement  The conjunction of a
condithanal and its converse,
binomial The sum of two monomials.

hisect Toseparate a line segment into bwo congruent
segments.

bivariate data Data that consists of pairs of values.

boundary The edge of the graph of an Incguality that
separates the coprdinate plane into reghons.

bounded When the graph of a system of consiraints s
a polygonal region.

box plot A graphical representation of the five-

bases de un prisma o cllindre  Las dos caras
congruentes paralelas de la figura sdlida.

bases de un rapecio
trapecio.

Los lados paralelos en un

linea de ajuste éptimo  La linea que més se aproxima
a los datos en un diagrama de dispersidn.

intermediacidn de puntos  El punto C estd entre A y B
ciy solo sl A, By C son colineakes y AC + CB = AB.

secan  Unemor gue resulta en una tergiversacidn de
una poblacion.

declaracidn bicondicional
condicional v su imversa,

La conjuncidn de wn

bhinomio Lasuma de dos monomios.

hisecar Separe un segmento de linea en dos
segmentos congruentes.

datos bivariate Datos que constan de pares de valores.

frontera  El borde de la grafica de una desigualdad
que separa el plano de codrdenadas en regiones.

acolada  Cuando la grafica de un sistema de
restricciones es una regidn poligonal.

diagram de caja  Una representacion grafica del

number summary of a data set. resumen de cinco nimeros de un conjunto de datos.
categorical data  Data that can be organized into datos categéricos  Datos gue pusden organizarsa en

different categories.

causation When a change in one variable produces a
change in anather variable,

center of a circle  The point from which all points on a
cirele are the same distance,

center of a regular polygon  The center of the cirdle
circumseribed about a reqular palygon.

center of dilation  The centar point from which
dilations are performed.

diferentes categorias.

causalidad Cuando un cambio en una variable
produce un cambido en otra variable.

centro de un circubo  El punto desde el cual todos los
puntos de un circulo estin a la misma distancia.

centro de un poligono reqular  El centro del circulo
circunscrito alrededor de un poligono regular.

centro de dilstacien  Punto fljo en torno al cual se
realizan las homolecias.



center of rotation  The fixed point about which a
figure rotates.

cenfler of symmetry A point in which a figure can be
rotated onto itself.

ceniral angle of a circle  An angle with a vertex at the
center of a circle and sides that are radii.

central angle of a regular polygon  An angle with its
vertex at the center of a reqular polygon and sides thal
pass through consecutive vertices of the polygon.

centrold  The paim of concurrency of the medians of a
trianghe.

chord of a circle or sphere A segment with endpaints
on the circle or sphere.

circle  The sel of all points in a plane that are the
same distance from a given point called the center.

circular function A function that describes a point on
a cirche as the function of an angle defined in radians.

circumeenter  The point of concurrency of the
perpendicular bisectors of the sides of a triangle.

circumference  The distance around a clrcle.

dreumseribed angle
tangenl to a cirche.

An angle with sides that are

circumscribed polygon A polygon with vertices
ouftside the circle and sides that are tangent o the circle.

closed i for any members in a set, the result of an
operation is also in the sel

closed hall-plane  The solution of a linear inequality
that includes the boundary line.

codomain  The set of all the y-values that could possibly
result fram the evaluation of the function.

coefficient  The numerical factor of & term.

coefficient of determination  An Indicator of how well
a function fits a set of data.

centro de rotacidn
una figura.

El punta fijo sobre el que gira
centro de [a simetria  Un punto en el gue una figura
se puede girar sobre si misma.

dngulo cenfral de wn circulo . Un dngulo con un vértice
en el centro de un circulo y los lados gue son radios,
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angulo central de un poligono regular  Un dngulo con
sy vértice en @ centro de un poligono reqular y lados que
pasan a través de wirices consecutives del poligono.

baricentre  El punto de interseccidn de [as medianas
de un tridngulo,

cuerda de un circubo o esfera  Un segmanto con
exiremos en el circulo o esfera.

circubo  El conjunto de todos los puntos en un plano
gue estan a la msma distancla de un punto dado
llamado centro.

funcidn circular  Funcidn que describe un punto en un
circulo como la funcidn de un dngulo definido en radiasmnes.

circuncentro  El punto de concurrencia de las

bisectrices perpendiculares de los lados de un tridngulba.
circunferencia  La distancla alrededor de un eircubo.

angulo cireunserito  Un dngubo con lados que son
tangentes a un circula.

poligono drcunserite  Un poligono con wérlices fuera
del circulo v lados gue son tangentes al circulo.

cerrado Sl para cuabgquier nimero en el conjunta, el
resultado de ka operacion es tambidn en el conjunto.

semi-plano cerrado  La solucidn de una desigualdad
linear que incluye a linea de limite.

codominar  El conjunto de todos los valkores y que
podrian resultar de la evaluackon de la funcion.

coeficiente B factor numérico de un término.

coeficiente de determinacion  Un indicador de o bien
que una funcldn se ajusta a un conjunto de dates.



cofunction identities  [dentities that show the
relatbonships between sine and cosine, angent and
cotangent, and secant and cosecant.

collimear  Lying on the same line.

combination A selection of objects in which order is
not importanL

combined varation When one quantity varies directly
and/or inversely as two ar mare other guantities.

common difference  The difference betwesen
consecutive terms in an arithmetic sequence.

comman ogarithms  Logarithms of base 10

common ratie  The ratio of consecutive terms of a
geometric sequence.

comman tangent A line or segment that ks tangent ta
twio circkes in the same plane.

complement of 4 Al of the outcomes in the sample
space that are not included as outcomes of event A.

complementary angles  Two angles with measures
that hawve a sum of 90°.

completing the square A process used to make a
quadratic expression into a perfect square trinomial.

complex conjugates  Two complex numbers of the
form o + b and o — Iy,

complex fraction A rational expression with a
numerator andior denominatos that ks also a rational
BXPIeSEion.

complex number  Any number that can be written in
the form o + B, where o and b are real numbers and |
s the imaginary unit.

component form A vector written as <x, y=, which
describes the vector in terms of its horizontal
component x and vertical component .

identidades de cofuncion  |dentidades que muestran
las relaciones entre seno ¥ coseno, tangente y
cotangente, y secante y cosecante.

colineal  Acostado en la misma linea.

combinacién  Una seleccidn de objetos en los gue el
orden no es importante,

variacidn combinada Cuando una cantidad varia
directamente y / o inversamente como dos o més
cantidades.

diferencia comiin  La diferencia entre témminos
consecutivos de una secuencla aritmeética.

logaritmos comunes  Logaritmos de base 10

razdn comin  El razdn de términos consecitives de
una secuencla geomélrica.

tangente comin  Una linea o segmento que &<
tangente a dos circulos en el mismo plano.

complementode A Todes los resultados en el espacio
muestral gue no se incluyen como resultados del
evento 4.

dngulo complementarios  Dos dngulos con medidas
que tienen una suma do 90°

completar el cuadrade  Un processo usado para
hacer una expresion cuadritica en un irinomio
cuadrado perfecta.

conjugados complejos  Dos nimeros complejos de la

forma o + biyo — bi.

fraccién compleja  Una expresitn racienal con un
numerador y / o denominador que también es una
expresion racional.

nimero complefo  Cuabyuber ndmero que se puede
escribir en la farma o + A, donde a v b son nimeros
reales e /es la unidad imaginaria.

forma de componente  Un vector escrito como
<x, ==, que describe el vector en términos de su
companente horizontal x y componente vertical .



composite figure A figure that can be separated into
regions that are basic figures, such as triangles,
rectangles, traperolds, and cincles.

composite solid A three-dimensional figure that is
composed of simpler sodids.

composition of funclions  An operation that uses the
results of one function to evaluate a second funclion.

composition of transformations  When a
transformation s applied to a figure and thea another
transformation s applied to its image.

compound event  Two or more simple evenls,

compound ineguality  Two or more inegualities that
are connected by the words and or or.

compound interest  Interest calculated on the
principal and on the accumulated interest from
previous periods.

compound statement
by the word and of ar.

Two or more statements |odned

concave polygon A polygon with one or more interior
angles with measures greater than 180°.

concentric circles  Coplanar circles that hawve the
same center.

conclusion The statement that immediately follows
the waord then in a conditional.

concurrent lines  Three or more lines that intersect at

& COMMon point.

conditional probabdlity The probability that an event

will occur given that another event has already occourred.

conditional relative freguency  The ratio of the |aint
frequency ta the marginal frequency.

conditional statement A compound statement that
caonsists of a premise, or hypothesis, and a concluskan,
which is false only when Its premise is true and ts
concusion s false.

figura compuesta  Una figura que se puede separar
en regiones gue son figuras basicas, tales comao
tridnguios, rectdngulos, trapezoldes, y cinculos.

sodldo compuesta  Una figura tridimensional que se
compone de figuras méds simples,

&
g
g
=
ny
o
%
-
=

compasicién de funciones  Operacldn que utiliza
los resultados de wna funcidn para evaluar una
seqgunda funcidn.

compasicidn de transformaciones  Cuando una
transformacion se aplica a una figura ¥ luego se aplica
otra transformacidn a su imagen.

evento compuesto  Dos o més eventos simples.

desigualdad compuesta  Dos 0 méds desigualdades
gue estan unidas por las palabras y u o.

interds compuesto  Intereses calculados sobre el
principal y sobre el interés acumulado de periodos
anteriores,

enunciade compuesta  Dos o mads declaraciones
unidas por la palabra yo 0.

poligono concave  Un poligono con uno o mas
dngules interiores con medidas superiores a 180°.

circubos concéntricos  Circulos coplananios que tienen
el mismo centro.

conclusidon  La declaracidn que inmediatamente sigue
la palabra entonces en un condiclonal.

lineas concurrentes  Tres o mas lneas que se
intersecan en um punto comdn.

probabilidad condiclonal  La probabllidad de que un
evento ocurra dado que otro evento ya ha ocurrido.

frecuencla relativa condiclonal  La relacidn entre la
frecuencia de la articulacidn y ka frecuencia marginal.

enunciadeo condicional  Una declaracion compuesta
gue consiste en una premisa, o hipdtesis, y una
conclusidn, que es falsa solo cuando su premisa es
verdadera v su condusidn es falsa.



come A solid figure with a circular base connected by
a cunved surface 1o a single vertex.

confidence interval  Anestimate of the population
parameter stated as a range with a specific degree of
certainty.

congruenl  Having the same size and shape.

congruent angles  Two angles that have the same
Measune.

congruent ares  Arcs in the same or congreent circles
that have the same measure.

congruent polygons Al of the parts of one polygon

are congruent to the corresponding parts or matching
parts of another polygon.

congruent segments  Line segments that are the
same length.

congruent solids  Sofid figures that have exactly the
same shape, size, and a scale factor of 1:1.

comic sections  Cross sections of a right circular cone.

comjecture  An educated guess based on known
information and specific examples.

conjugates  Two expressions, each with bawo terms, in
which the second terms are opposites.

comjuncion A compound statement wuskng the word
and.

consecutive interior angles  When two lines are cut by
a transwersal, interior angles that lie on the same side of
the transversal.

consistent A system of equations with at least one
ordered pair that satisfies both equations.

constant function A Hnear function of the form y = B,
The function fx) = o, where g s any number.

constant of variation  The constant in a variation
function.

cond  Una figura sélkda con una base circular
conectada por una superficie curvada a un solo vértice.

intervalo de confianza  Una estimacidn del pardmeltro
de poblacidn se indica como un rango Con un grado
especifico de certeza,

congruente  Temer el mismo tamafo v forma.

angulo congruentes  Dos angulos que tenen la misma
miedida.

arcos congruentes  Arcos en los mismos circulos o
congruentes gue tienen fa misma medida.

poligones congruentes  Todas las partes de wn paligono

san congruentes con las partes commespondientes o pares
coincidentes de otro poligono.

segmentos congruentes  Linea segmentos que son la
milsma lengitud.

sdlides congruentes  Figuras sdlidas que tienen
exactamente la misma forma, tamafto v un factor de
escalade 1:1

secciones cdnicas Secciones transversales de un
cona circular derecho.

conjelura  Una suposicidn educada basada en
informacidn conocida y ejemplos especificos.

conjugados  Dos expresiones, cada una con dos
términos, enla gue los sequndos 1EmMINGS son opuestos.

conjuncidn  Una declaracidn compuesta usando la
palabra y.

dngulos internos consecutives Cuando dos lineas se
cortan por un Angulo transversal, interior que se
encueniran en e mismo lado de la fransversal.

consistente  Lna sisterma de ecuaciones para el cual

exisie al menos un par ordenado gue satisfice ambas
ecuaciones.

funcién constante  Una funcidn lineal de la formay =&,
La funcidn fx) = o, donde o es cualguier ndmero.

constante de variacién  La constante en una funcidn

de varkacidn.



constant term A term that does nat contain a variabde.

constrainl - A condition that a solution must satisfy.

constructions  Methods of creating figures withouwt the
use of measuring tools.

continuows function A function that can be graphed
with a lime or an unbroken cune.

continuous random varlable  The numedcal oulcome of a
random event that can take on any value.

contrapositive A statement formed by negating both
the hypothesis and the conclusion of the comverse of a
conditienal.

convenience sample  Members that are readily
available or easy to reach are selected.

converse A statement formed by exchanging the
hypothesis and conclusion of a conditional statement.

convex polygon A polygon with all interior angles
measuring less than 180°

coordinate proofs  Prools that use figures in the
coordinate plane and algebra to prove geomelric
concepts.

coplanar  Lying in the same plane.

coroliary A theorem with a proof that follows as a
direct result of another theorem.

correlation coefficient A measure that shows how
well data are modeled by a regression function.

corresponding angles  When two lines are cut by a
transversal. angles that lie on the same side of a
transversal and on the same side of the two lines.

corresponding parts  Corresponding angles and
corresponding sides of two polygons.

cosecant  The ratio of the length of a hypolenuse to
the length of the leg opposite the angle.

término constante  Un término que no conthene una
variable.

restriccion  Una condicidn que una selucién debe
satisfacer.

construcclones  Métodos de creacidn de figuras sin el
uso de herramientas de medicidn.
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funcitn continua  Una funcidn que se puede representar
gréficamente con una inea o una curva ininterrumpida.

varlable sleatorla continua  El resultado numérico de
un evento aleatorio gue puede tomar cualguier valor.

anbitesis  Una afirmacién formada negando tanto la

hipatesis coma la conclusion del imverso del
condicional.

muestra comdeniente  Se seleccionan los membros
gue estan facilmente disponibles o de facil acceso.

reciproco Una declarackdn formada por el
Intercambio de la hipdtesis y la conclusion de [a
declaraciin condicional.

poligono comvexa  Un poligono con todos los dngulas
interiores gue miden menos de 1807

pruebas de coordenadas  Pruebas que utilizan figuras
en el plano de coordenadas v dlgebra para probar
conceplos geomélricos.

coplanar  Acostado en el mismo plano.

corclarie  Un leorema con una prueba gue sigue
como un resultado directo de otro tearema.

coeficiente de correlacion  Una medida que muestra
como los datos son modelados por una funcidn de
reqresidn.

dngulos correspondientes  Cuando dos lineas se
cortan transversalmente, kos dngulos que se encuentran
en el mismo lado de una transversal v en el mismo lado
de las dos lineas.

partes correspondientes  Angulos correspondientes y
lados correspondientes.

cosecante  Relacién entre la longitud de |a hipolenusa
y la longitud de la plerna opuesta al dngubo.
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cosine  The ratbo of the length of the leg adjacent to
an angle to the length of the hypolenuse.

cotangent  The ratio of the length of the leg adjacent
to-an angle to the length of the leg opposite the angle.

coterminal angles  Angles in standard position that
have the same terminal side.

counterexample  An example that contradicts the
conjecture showing that the conjecture is not always true.

critical values  The z-values cormesponding to the most
common degreas of certainty.

cross section  The intersection of a solid and a plane.

cube root  One of three equal factors of 8 number.

cube root function A radical function that contains the
cube root of a varlable expression.

curve fitting  Finding a regression equation for a set of
data that ks approximated by a function.

cycle  One complete pattemn of a perodic function.

cylinder A solid figure with two congruent and
parallel circular bases connected by a curved surface.

cosenc  Relacion entre la longitud de la pierna
adyacente a un dnguio v la longitud de la hipotenusa.

cotangente  La relacin entre la longitud de la pata
adyacente a un dnguio v la longitud de la pata opuesta
al dngulo.

dngulos coterminales  Angulos en posicidn estandar
que tienen el mismo lado terminal.

contragjemnplo  Un ejemplo que contradice [a conjetura
fqise muestra que la conjetura no siempre es clerta,

valores critices  Los valores 2 correspondientes a los
grados de cerleza mas comunes.

seccion transversal  Interseccion de un solido com wn

plano.

radz cubica  Uno de los tres factores iguales de un
e o,

funcidn de la raiz del cubo  Funcidn radical que
contiene |a raiz cibica de una expresidn variable.

ajuste de curvas  Enconfrar una ecuacién de regresidn
para un conjunto de datos que es aproximado por una
funcidn.

cielo  Un patron completo de una funcidn periddica.

cilindre  Una figura sdlida con dos bases circulares
congruentes y paralelas conectadas por una superficie
curvada.

decay factor
arl—r.

The base of an exponential expression,

decomposition Separating a figure into twio of mare
nonoverlapping parts.

decreasing Where the graph of a function goes down
when viewed from left to right.

deductive argument  An argument that guarantees
the truth of the conclusion provided that s premises
are frue.

factor de decaimienta
exponencial, 01— r.

La base de una expresion

descompasicion  Separar una figura en dos o mas
partes que no se solapan.

decreciente  Donde la grafica de una funcidn
disminuye cuando se ve de zquierda a derecha.

argumento deductive  Un argumento gue garantiza la
verdad de la concluskon shempre que sus premisas sean
verdaderas.



deductive reasoning  The process of reaching a
specific valid condusion based on general facts, rules,
definitions, or properties.

define a varlable  To choose a variable to represent an
unknown value.

defined term A term that has a definition and can be
explainad.

definitions  An explanation that assigns properties ta
a mathematical object

degree  The value of the exponent in & power
funcﬂm:-ﬁnnhe circular rotathon about a polnt.

degree of a monomial  The sum of the exponents of
all its variabbes.
degree of a pelynomial  The greatest degree of any

term in the polynomial.

density A measure of the quantity of some physical
properly per unit of length, area, or volume.

dependent A consistent system of equations with an
Infinite number of salutions.

dependent events  Two or more events in which the
outcome of one event affects the outcome of the other
events.

dependent varlable  The varlable in a relation, ususlly
¥, with values that depend on x.

depressed polynomdal A polynomial resulting from
division with a degree one less than the ariginal

podynomial.

descriptive moadeling A way 1o mathematically
describe real-world situations and the factors that
canse them.

descriptive statistics  The branch of statistics that
focuses on collecting, summarizing, and displaying
data.

diagonal A segment that connects any bwo
nonconsecutive vertices within a polygon.

raronamients deductivo  El proceso de alcanzar una
conclusidn valida especiiica basada en hechos
generales, reglas, definiciones, o propledades.

definir una varlable Para elegir una variable que
reprosente wn valor desconocido.
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térming definide  Un término que tene una definicidn
¥ e puede explicar.

definiciones  Una explicacidn que asigna propiedades
a un objeto matematico,

grado 'l.‘aliut del exponente en una funcién de
pmencla-ﬁde [a rotacién circular alrededor de
un pumto.

grado de un monomio  La suma de los exponents de
todas sus variables.

grado de un polinomie  El grado mayor de cualguier
término del polinomio.

densidad  Una medida de la cantidad de alguna
propiedad fisica por unldad de longitud. drea o wolumen.

dependiente  Una sistema consistente de ecuaciones
con un nimero infinito de soluclones.

eventos dependientes  Dos o mids eventos en qoe el
resultado de un evento afecta el resullado de los otros
evenlos.

variable dependiente  La varlable de una refacidn,
generalmente y, con los valores que depende de x.

polinomio reducide  Un polinomio resultante de la
divisidn con un grado uno menos que ol palinomia
original.

modelade descriptive  Una forma de describir
mateméaticamente las situaciones del mundo real ¥ los
factores gue las causan.

estadistica descriptiva  Rama de la estadistica cuyo
enfoque es la recopilacidn, resumen v demostracidn de
los datos.

diagonal  Un segmento que conecta cualquier dos
vértices no consecutivos dentro de un poligono.



diameter of a circle or sphere  Achord that passes
through the center of a circle or sphere.

difference of sguares A binomial in which the first
and last terms are perfect squares.

difference of two squares  The square of one quantity
minus the sguare of another guantity.

dilatien A nonrigid motion that enlarges or reduces a
geometric figure; A& ransformation that stretches ar
compresses the graph of a function.

dimensional analysis  The process of performing
operations with wnits,

direct variation When one quantity is equal 1o a
constant times another quantity.

directed line segment A line segment with an initial
endpoint and & terminal endpoint.

directrix  An exterior line perpendicular to the line
containkng the focl of a cumve.

discontinuous function A function that ls not
continuous.

discrete function A function in which the points on
the graph are not connacted.

discrate random varkable  The numerical outcome of &
random event that is finite and can be counted.

discriminant  In the Quadratic Formida, the expression
under the radical sign that provides information about
the roots of the quadratic equation.

disjunction A compound statement using the word or.

distance The length of the line segment betwean twao
points.

distribution A graph or table thal shows the
theoretical frequency of each possible data value.

domain  The sel of the first numbers of the ardered
pairs in a redation; The set of k-values to be evaluated
by & function.

Glossary

diametro de un circulo o esfera  Un acorde gue pasa
por el centro de un circulo o esfera.

diferencia de cuadrados  Un binomio en el que los
términos primero y Witimo son cuadrados perfectos.

diferencia de dos cuadrados Bl cuadrado de una
cantidad menos el cuadrado de otra cantidad.

dilatacidn  Un movimiento no rigido que agranda o
reduce una flgura geométrica; Una transformacidn que
estira o comprime &l grafico de una funcion.

andlisis dimensional  El proceso de realizar
operaciones con unidades.

variacion directa Cuando una cantidad es igual a una
constante muliplicada por otra cantidad.

segment de linea dirigide  Un segmento de linea con
un punto final inkcial y un punto final terminal.

directriz  Una linea exterior perpendicular a la linea
que contieng los focos de una cumnva.

funcidn discontinua
continua.

Una funcidn que no es

funcidn dizcreta  Una funcién en la gue les puntos del
grifico no estdn conectados.

varfable aleatoria discreta  El resultade numéricn

de un evento aleatorio gue es finlto v puede ser
contado.,

discriminante  En la Farmula cuadratica, (a expresidn
bajo el signo radical gue proporciona informacién sobre
las raices de la ecuacion cuadratica.

disyuncién  Una declaracidn compuesta usando la
palabra o.

distancia La longitud del segmento de linea entre dos
oS,

distribucién  Un grifico o una table que muestra la
frecuencia tedrica de cada valor de datos posible.

dominio  El conjunto de los primeros nimeros de los
pares ordenados en una refacidn; El conjunto de
valores x para ser evaluados por una funcidn.



dot plot A disgram that shows the frequency of data
on a number line.

double root  Two roots of a quadratic equation that
are the same number.

grifica de puntos  Una diagrama que muestra la
frecuencia de los datos en una linea numérica.

raices dobles  Dos raices de una funcidn cuadratica
gue son el mismo nimero.

¢ An irrational mamber that approximately equals
27182818...

edge of a polyhedron A line segment where the faces
of the polyhedron intersect.

elimination A method that involves eliminating a
variable by combining the individual equations within a

system of eguathkns.

empty set  The sat that contains no elements,
symbolized by [ | or &.

end behaviar The behavior of a graph at the positive
and negative extremes in s domain.

enlargement A dilation with a scale faclor greater
than 1.

egquation A mathematical statement that contains two
expressions and an egual sign, =.

equisngular palygon A polygon with all angles
congruent.
equidistant A point is equidistant from other points if

it is the same distance from them.

equidistant ines  Two lines for which the distance
between the two lines, measured along a perpendicylar
line or segment to the two ines, is always the same.

equilateral polygon A polygon with all sides
congruent.

equivalent equations
solution.

Twe equations with the same

equivalent expressions
the same valua.

Expressions that represent

evaluate  To find the value of an expression.
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2 Un nimefo irracional gue &5 aproximadamente
Igual a 2 MB2818 ...

arista de un poliedro Un seqgmento de linea donde las
caras del poliedro se cruzan.

eliminacidn  Un método que consiste en eliminar una
variable combinando las ecuaciones individuales dentro
de un sistema de ecuaciones.

conjunto vacio  El conjunto que no contiene
elementos, simbolizado por [ o &.

comportamiento extremo  El comportamiento de un
grafice en los extremos positivo ¥ negativo en su dominio.

ampliacion  Una dilstacion con un factor de escala
mayor gue 1

ecuacion  Un enunciado matematico gue contiene dos
expresionas y wn signo lgual, =.

poligono equiangular  Un poligono con todos bos

angulos congruentes.

equidistante  Un punto es equidistante de otras
puntos si estd a la misma distancla de aflos.

lineas equidistantes  Dos lineas para las cuabes la
distancia entre las dos lineas, medida a lo [argo de una

livea o segmento perpendicular & las dos lineas, es
siempre & misma.

poligono equildters
congruentes.

Lin poligono con todos los lados
ecuaciones equivalentes  Dos ecuaciones con k3
misma solucidn,

expresiones eguivalentes  Expresiones que
representan el mismo valor

evaluar  Cabowdar el valor de una expresion.
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even functions  Functions that are symmetric in the
J-ands.

event A subsel of the sampie space,

excluded values  Values for which a function is not

defined.

experiment A samphe is divided into two groups. The
experimental group undergoes a change, while there is
no change to the control group. The effects on the groups
are then companed; A situation imalving chance.

experimental probability  Probabiiity calculated by
using data from an actual experiment.

exponent  When n s a positive integer in the
expression &, n indicates the number of times x s
miultiplied by itsalf.

exponential decay Change that occurs when an initial
amount decreases by the same percent over a given
period of time.

exponential decay function A function in which the
independent variable is an exponent, where g = 0 and
D=h<1

explicit formula A formula that allows you to find amy
term &, of a sequence by using a formula written in
terms of m.

exponential eguation An equation in which the
independent variable is an exponent

exponential form
form x°.

When an expression is in the

exponential function A function in which the
independent variabbe is an exponent

exponential growth Change that occurs when an
initial amaunt Increases by the same percent over a
given period of time.

exponential growth function A function in which the
independent variable is an exponent, where a > 0 and
b=

incluso funciones  Funciones que son simétricas en el
eje y.

evento  Un subconjunto del espacio de muestra.

valores excluldos  Valores para los que no se ha
definido una funcidn.

experiments  Una muestra se divide en dos grupos. El
grupo experimental experimenta un cambio, mientras
gue ne hay cambdo en el grupo de contral. A continuacidn
s comparan kos efectos sobre los grupos: Una situacidn

de riesgo.

probabilidad experimental Probabiidad calculada
utilizando datos de un experimento real,

exponente  Cuando n es un entero posithvo en la
expresion x°, n indica el ndmero de veces gue x se
multiplica por si mismao.

desintegracidn exponencial Cambio que ocurre
cuando una cantidad Indcial disminuye en el mismo
porcentaje durante un periodo de tiempo dado.

funcion exponenciales de decaimiento  Una ecuackon
en la que la variable independiente &5 un exponente,
dondea>0y0<h<1

fdemuba explicita  Una fdrmula que le permite
encontrar cualquier término o, de una secuencia
usando una farmula escrita en 1éminos de .

ecuacion exponencial  Una ecuackon en la que ka
variable independiente es un exponente.

forma exponencial  Cuando una expresicn st en la
forma x°.
funcidn exponencial  Una funcién en [a que la varable

independiente es el exponente.

crecimiento exponencial  Camblo gue ocurre cuando
una cantidad inicial aumenta por el mismeo porcentaje
durante un periodo de tiempo dado.

funcidn de crecimiento exponencial  Una funcidn en
la que k& variable independiente es el exponente,
donde g >0y b >1



exponential ineguality  An Inequality in which the
independent variable & an exponent.

exterior angle of a triangle  An angle formed by one
side of the triangle and the extension of an adjacent
side.

exterior angles  When two lines are cut by a
transversal, any of the four angbes that lie outside
the reglon between the two intersected lines.

exterior of an angle
of an angle.

The area outside of the two rays

extranecus solution A solution of a simplified form of
an equation that does not satisfy the original equation.

extrema  Pomts that are the locations of relatheely high
or low function values.

extreme values The least and greatest values in a set
of data.

desigualdad exponencial  Una desigualdad en la gue
la variable independiente es un exponente.

angulo exterior de un tridngulo  Un dngulo formada
por un lado del tridgngulo v la extensidn de un lado
adyacente.
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dngulos externos  Cuando dos lineas son cortadas por
una transversal, cualguiera de los cuatro angulos que
sp encuentran fuera de ka region entre las dos lineas
intersectadas.

exterior de un dngulo  El drea fuera de los dos rayos
de un dngubo.

soluckon extrafia  Una soluckdn de una forma
simplificada de una ecuackin que no salisface la
ecuacidn original.

extrema  Puntos que son las ubkcaciones de valores
de funcidén refativamente alta o baja.

valores extremos  Los valores minimo y méximo en un
conjunto de datos.

face of & polyhedron A flat surface of a palyhedron.

factored form A form of quadratic equation,
0 = alx — phx — o), where @ 5 0, in which p and g
are the x-imtercepts of the graph of the related function.

factoral of #  The product of the positive iIntegers less
than or equal o .

factoring The process of expressing a pohnomial as
the product of monamdals and polynomials.

factoring by grouping  Using the Distributive Property
to factor some polynomials having four or more terms.

family of graphs  Graphs and equations of graphs that
have at least one characteristic in commen.

feasible region  The intersection of the graphs in a
system of constraints.

finite sample space A sample space that contains a
countable number of outcomes.

cara de un poliedra  Superficie plana de un poliedro.

forma faclodzada  Una forma de ecuacidn cuadritica,

0 = alx — plix — q), donde o # 0, en laque g y q son
las intercepciones x de la grafica de la funcién
relacionada.

factorial de n  El producto de los enteros positives
Inferiores o lguabes a n.

factorizacidn por agrupamienta  Utilizando la
Propledad distributiva para factorizar polinomios que
possen cUatro o mas términos.

factorizacion  El proceso de expresar un polinomio
como el producto de monomios y polinomios.

familia de graficas  Graficas y ecuaciones de grificas
que tienen al menos una caracteristica comdn.

region factible  La interseccidn de los gréficos en un
sistemna de restricciones.

espacio de muestra finito  Un espacio de muestra que
contiene un nimero contable de resultados.
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finite sequence A sequence that contains a limited
number of teems.

five-number summary  The minimum, quartiles, and
miaximum of a data sel

flow proof A proof that uses boxes and arrows Lo
show the logical progression of an argument.

focus A point inside a parabola having the property
that the distances from any point on the parabala to
them and to a fixed line have a constant ratio for any
points an the parabala.

formula  An equation that expresses a relationship
between certain guantities.

fractional distance  An intermediary point some
fraction of the length of a line segment.

frequency  The number of cycles in a given unit of
time.

function A relation in which each element of the
domain is paired with exactly one element of the range.

function notation A way of writing an equation so that
¥ =fx.

socuencia finita  Una secuencia que contiene un
nikmero limitado de términos.

resumen de cinco numeros  El minimo, cuartiles y
midximo de un conjunto de datos.

demastracidn de flujp  Una prueba que usa cajasy
flechas para mostrar la progresidn ldgica de un
argumento.

foca  Un punto dentro de una pardbola que tiene la
propiedad de gue las distancias desde cuslquier punto
de la pardbola a eflos ya una linea fija tienen una
relacidn constante para cuabguier punto de la pardbola.

fdrmula  Una ecuacién que expresa una relackin entre
clertas cantidades.

distancla fracclonaria  Un punto intermediario de
alguna fraccidn de la longltud de un segmento de Hnea.

frecuencia B nimera de clclos en una unidad del
tiempo dada.

funcidn  Una relacidn en que a cada elemento del
dominio de corresponde un Gnico elemento del rango.

notacidn functional  Una forma de escribi una
ecuacidén para gue y = fix).

geomelric means  The terms between two
nonconsecutive terms of a geometric sequence; The
nth rool, where A is the number of elements in a set of
numbers, of the product of the numbers.

geomelric model A geomelric figure that represents a
real-life object.

geomelric probability  Probability that invalves a
geometric measure such as length or area.

geametric seqguence A pattern of numbers that
begins with a nonzero term and each term after is
found by multiplying the previous term by a nonzero
constant r.

geometric sertes  The indicated sum of the teems in a
geometric sequence.

medios geométricos  Los términos entre dos términos
no consecutives de una secuencia geomstrica; La
enésima raiz, donde i es el nimero de elementos de
un conjunta de nimeros, del producto de los nidmeras.

modelo geométrice  Una figura geomélrica que
representa un objeto de la vida real.

probabilidad geométrica Probabilidad que implica
una medida geométrica como longitud o drea.

socuencia geométrica  Un patrdn de nimeros gue
comienza con un térming distinto de cero y cada
térming después se encuentra multipicando el término
anterior pos wna constante no nula r.

serbes geomeétricas  La suma indicada de los términos
M uUna secuencia geométrica.



ghide reflection  The composition of a translation
followed by a reflecticn in a ine paraliel to the
translation wector.

greatest integer function A step function in which
fx) Is the greatest integer less than or equal to x.

growth factor
or1+r

The base of an exponential expression,

reflexidn del deslizamiento  La composicion de una
traduccion seguida de una reflexidn en una linea
paralela al vector de traslacion.

funcidn entera mds grande  Una funcidn del paso en
que fx} es el ndmero mas grande menos que o igual a x.
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factor de crecimiento  La base de una expresidn
exponenclal, o1+ r.

half-plane A reglon of the graph of an inequality on
one side of a boundary.

height of a parallelogeam  The length of an altitude of

the parallelogram.

height of a solid  The length of the altilude of a solid
figure.

height of a raperaid  The perpendicular distance
between the bases of a trapezoid.

histogram A graphical display that uses bars 1o
display numerical data that have been organized in
equal intervals,

horizontal asymptote A horizontal line that a graph
approaches.
hyperbola  The graph of a reciprocal function.

hypothesis  The statement that immediately follows.
the word i in a conditional.

semi-plano  Una region de la gréfica de una
desigualdad en un lado de un limite.

altura de un paralelograme  La longitud de la altitud
del paralelosgrama.

altura de un sdlido  La longitud de la altitud de una
figura sdlida.

altura de un trapecia  La distancia perpendicular entre
las bases de un trapecio.

histograma  Una exhibicion grafica que utiliza barras
para exhibir los datos numéricos gue se han organizado
en intervales iguales.

asintota horizontal  Una linea horizontal que se

aproxima a un grafico.
hipérbola La grafica de una funcldn reciproca.

hipdtesis  La declarackdn que sigue inmediatamente a
la palabra si en un condichbonal.

identity An eguation that is true for every value of the
variable.
Identity function  The function flx} = x.

if-then statement A compound statement of the form i
o, ther g, where p and ¢ are statements,

image The new figure in a transformation.
imaginary unit i The principal square root of —1.

incenter  The point of concurrency of the angle
bisectors of a triangle.

identidad Una ecuackn que es verdad para cada
walor de la variable.

funcion identidad  La funcidn fx) = x.

enunciade sl-entonces  Enunciado compueesto de la
forma =i p, entonces o, donde py g son enunciados.

imagen Lanueva figura en una transformacion.
unidad imaginaria/ Laraix cuadrada principal de —1.

incentro  El punto de interseccidn de las bisectrices
interiors de un trdnguba,



included angle  The interior angle formed by two
adjacent sides of a triangle.

imcluded side  The side of a triangle betwean twa
angles.

inconsistent A system of equations with no ordered
pair that satisfles both equations.

increasing  Where the graph of a function goes up
when viewed from lefi to right.

independent A consistent system of equations with
exactly one solution.

independent events  Two or mare events in which the
outcome af one event does not affect the outcome of

the other events.

indepencent variable The variable in a relation,
usually x, with a value that is subject 1o chedce.

index  Innth roots, the value that indicates to what root
the value under the radicand is being taken.

indirect measwrement  Using similar figures and
proportions to measure an object.

Indirect proof One assumes that the statemant to
be proven is false and then uses logical reasoning o
deduce that a statement contradicts a postulate,
theorem, or one of the assumptions.

indirect reasoning  Reasoning that efiminates all
possible conclusions but one so that the cne remaining
conclusion must be true.

inductive reasoning  The process of reaching a
conclusion based on a pattemn of examples.

inequality A mathematical sentence that contains
<, >, 5 =00

inferential staticstics  When the data from a sample is
used to make inferences about the corresponding

popudation.

infinite sample space A sample space with outcomes
that cannot be counted.

infinite seguence A sequence that continues
without end.
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angulo incluide  El dngulo interior formado por dos
lados adyacentes de un triangulo.

lado incluide  El lado de un tridngulo entre dos
angubos.

inconsistente  Una sistema de ecuaciones para el cual
no existe par ordenado alguno gue satisfaga ambas
eCuaciones.

crecciente  Donde la grafica de una funcidn sube
cuando se ve de i2quierda a derecha.

independiente  Un sistema consistente de ecuaciones
con exaclamente una soluckon.

eventos independientes  Dos o més evenlos en los
que el resultado de un evento no afecta of resultado de
los otros eventos.

variable independiente  La vartable de una relacion,
generalmente x, con el valor que sujeta a ebeccidn.

indice Enenésimas raices, el valor que indica a qué
raiz estd el valor bajo [ radicand.

medicién indirecta  Usando figuras y proporciones
similares para medir un abjalo.

demastracidn indirecta  Se supone que la afirmacion
a ser probada es falsa v lueqo wtiliza el razonamients
ldgkco para deducir que una afirmacion contradice un
postulado, tearema o uno de los supusstos.

razonamiento indirects  Raronamients que elimina
todas las posibles conclusiones, perd una de manera
que la conclusidn gue queda una debe ser verdad.

razonamiento inductive  El proceso de Begar a wna
conclusién basada en un patrén de ajemplos.

desigualdad  Una oracion matematica gue contiene
uno o mis de <, > = = 0#.

estadisticas inferencial Cuando los datos de una
miestra se utilizan para hacer inferencias sobre [a
poblacidn correspondiente.

espacio de muestra infinito Un espacio de muestra
con resultades que no pueden ser contados.

secuencia infinita  Una secuencla que continda
gin fin.



informal proof A paragraph that explains why the
conpecture for a given situation s true.

initial side
X-AxIS.

The part of an angle that s fixed on the

inscribed angle  An angle with its vertex on a circle
and sides that contain chaords of the circle.

Inscribed polygon A polygon inside a circle in which
all of the vertices of the polygon lie on the circle,

Intercept A point at which the graph of a function
intersects an axis.

intercepted arc  The part of a circle that lies between
the two lines intersecting it

interior angle of a triangle  An angle at the vertex of a
triangie.

interior angles  When two lines are cut by a
transversal, amy of the four angbes that lie inside the
region between the two intersected lines.

interior of an angle
an angle.

The area between the two rays of

interquartile range  The difference between the upper
and lower guartiles of a data set.

intersection A set of points common to bwo or more
geomelric figures; intersection  The graph of a
compound inequality containing o

Imtersection of A and 8 The set of all outcomes in the
sample space of event A that are alsa in the sample
space of event B

interval The distance between two numbers on the
scale of a graph.

interval notation Mathematical notation that describes
a set by using endpoints with parentheses or brackets.

Iinverse A stalement formed by negating both the
Inypothesis and conclusion of a conditional
statement.

prueba informal  Un parrafo que explica por queé la
conjetura para una situacion dada es verdadera.

lado inicial
eje x.

La parte de un dngulo gue se fija en el

dngulo inscrite . Un dngulo con su vértice en un cinculo
y lados que contienen acordes del cireubo.
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poligono inscrito  Un poligono dentro de un circulo en
el gue ledes los wértices del poligono e encuentran en
el circulo.

interceptar U punto en el que la gréfica de wna
funcidn corta un eje.

arco intersecado  La parte de un circuls que se
encuentra entre las dos lineas que se cruzan.

dngulo interior de un tridngule  Un dngulo en el
vértice de un ridngulo.

dngulos interiores  Cuando dos lineas son conadas

por una transversal, cuabquiera de bos cuatro dngulos
que se encuentran dentro de la regldn entre las dos

lineas intersectadas.

interior de un dngulo  El drea entre los dos rayos de
un dngulo.

rango mtercuartl  La diferencia entre el cuartil
superior i el cuartil inferor de un conjunto de datos.

interseccidn  Un conjunto de puntos communes a dos
0 mds figuras geométricas; interseccién  La grifica de
una desigualdad compuesta que contiene la palabra y.

interseccidnde Ay B El conjunto de todos los resultados
en el espacio muestral def evento A que lambién se
encuentran en el espacio muestral del evento B.

intervalo  La dislancia entre dos nimeros en la escala
de un grafico.

notacion de intervalo  Notacidn matemdtica que
describe un conjunto utilizando puntos finales con
paréntesis o sopories.

inverso  Una declaracién formada negando tanto la
hipdtesis coma la conclusion de la declaracidn
condicional.



inverse cosine  The ratio of the length of the
hypotenuse to the length of the leg adjacent to an
angle.

inverse functions  Two functions, one of which
contains points of the form (o0, ) while the other
contains points of the form (b, o).

imeerse relations  Two relations, one of which contains
points of the form (e, b) while the other contains points
of the form (b, a).

imverse sine  The ratio of the length of the hypotenuse
to the length of the leq opposite an angle.

inverse tangent  The ratio of the length of the leg
adjacent to an angle to the length of the leg opposite
the angle.

inmverse trigonometric functions  Arcsine, Arccosine,
and Arctangent.

imverse variation  When the product of two quantities
is equal lo a constant k.

isosceles traperoid A quadrilateral in which two sides
are parallel and the legs are congruent.

isosceles triangle A triangle with at least two sides
congruent

inverso del cosene  Relacion de la longitud de la
hipotenusa con la longitud de la plerna adyacente a wn
angulo.

funciones imversas  Dos funciones, una de las cuales
conthene puntos de la forma (o, b) mientras que la olra
contiene puntos de la forma (b, o).

relaciones inversas  Dos relaciones, una de las cuales
contbene puntos de la forma (o, &) mientras que la otra
contbene puntos de la forma (b, o).

inversodel seno  Relaciin de ka longitud de la hipotenusa
con la longitud de la plermna opuesta a un dndgula.

inverso del tangente  Relacidn de la longitud de la
plerna adyacente a un dngulo con la longitud de la
pherna cpuesta a un angulo.

funciones tigonométricas inversas  Arcsine,
Arccosine y Arctangenl

variacion inversa Cuando el producto de dos
cantidades es igual a una constante k.

trapecio isdsceles  Un cuadrilitero en el gue dos
lados son paralelos y las patas son congruentes.

tridnguio isdsceles  Un trigngulo con al menos dos
lados congruentes.

|oint frequencies  Entries In the body of a two-way
frequency table. in a two-way frequancy table, the
frequencies in the intericr of the table.

joint variation  When ane quantity varies directly as
the product of two or more other quantithes.

frecuencias articulares  Entradas en el cuerpo de una
tabla de frecuencias de dos wias. En una labla de
frecuencia bidireccional, [as frecuencias en el interior
de la tabla.

variacion conjunta  Cuando una cantidad varia
directamente como el producto de dos o mds
cantidades.

kite A convex guadrilateral with exactly two distinct
pairs of adjacent congruant sides.

cometa  Un cuadriliters comiexo con exactamente
dos pares distintos de lados congruentes adyacentes.

lateral area  The sum of the areas of the lateral faces
of the flgure.
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drea lateral  La suma de las dreas de las caras
laterales de la figura.



lateral edges  The intersection of two [ateral faces.

lateral faces  The faces that [oin the bases of a solid.

lateral surface of a cone  The curved surface that joins
the base of a cone 1o the vertex

lateral surface of a cWlinder  The curved surface thal

joins the bases of a cylinder.

leading coefficient  The coefficient of the first term
when a polynomdal Is in standard form.

legs of a trapezoid  The nonparaflel sides in a
trapezoid.

legs of an isosceles triangle  The two congruent sides
of an lsosceles trianghe.

like radical expressions  Radicals in which both the
index and the radicand are the same.

like terms  Terms with the same variables, with
corresponding variables having the same exponent

lime A line = made up of points, has no thickness or
width, and extends indafinitely in both directions.

limeof fit A line used to describe the trend of the data
in & scatter plat.

line of reflection A ne midway between a preimage
and an Image; The line in which a reflection flips the
graph of a function.

line of symmetry  An Imaginary line that separates a
figusre into two congruent parts.

line segment A measurable part of a line that consists
of two points, called endpoints, and all of the points
betweeon them.

line symmetry A graph has line symmetry if It can be
reflected in & vertical line so that each half of the graph
maps exactly to the other half.

linear equation  An equation that can be written in the
form Ax + By = € with a graph that is a straight line.

aristas Aterales  La interseccidn de dos caras (aterabes.

caras laterales  Las caras gue unen las bases de un
solido.

superficie lateral de un cono  La superficie curvada
que une la base de un cono con el virtice.

o
2
&
=
@
]
%
— 8
5

superficie lateral de un cillindro
que une las bases de un clindro.

La superficie curvada

coeficiente lider El coeficlente del primer términa
cuando un polinemio estd en forma estandar.

patas de wn trapecio  Los [ados no paralelos en un
trapezoide.

patas de un tridngulo isdsceles  Los dos lados
congruentes de un tridngubo sdscebes.

expresiones radicales semejantes  Radicales en los
que tanto el indice como el radicand son iguales.

términos semefantes  Términos con las mismas
variables, con las variables correspondientes que
tienen el mismo exponente.

linea Una linea esta formada por puntos, no tene
espesor nil anchura, y se extiende indefinidamente en

ambas direcciones.

linea de ajuste  Una linea usada para describir la
tendencia de kos datos en un diagrama de dispersién.

linea de reflexidn  Una linea a medio camino entre
una preimagen y una imagen; La inea en la gue una
reflectidn woltea la grafica de una funcidn.

linea de simetria  Una linea imaginaria que separa
una figura en dos partes congruentes.

segmento de linea  Una parte medible de una linea
gue consta de dos puntos, llamados extremos, v lodos
las puntos entre ellos.

simelria de linea  Un grafico tiene simatria de linea i

puede reflejarse en una linea vertical, de modo que cada
mitad del grifico se asigna exactamente a la ofra mitad.

ecuacion ineal  Una ecuackin que puede escribirse
de la forma Ax + By = C con un grafico gue es una
limea recta.



linear extrapolation  The use of a Bnear equation Lo
predict values that are outside the range of data.

lingar function A function in which no independent
variable |s ralsed to a power greater than 1; A function
with a graph that s a line.

linear ineguality A hal-plane with-a boundary that s
a straight lne.

linear interpolation  The use of a linear equation to
predict values that are Inside the range of data.

linear pair A pair of adiacent angles with noncommaon
sides that are opposite rays.

linear programming  The process of finding the
maximum or minimum values of a function for a region
defined by a system of Inequalities.

linear regression  An algorithm used Lo find a precise
lime of fit for a set of data.

linear transformation  One or more operations
performed on a set of data that can be written as a
limear function.

literal equation A formula or equation with several
variables.

legarithm
of x.

Inx = b, yls called the logarithm, base b,

logarithmic eguation  An equation that contains one
or more logarithms.

logarithmic function A function of the form fx) = lag
base brofx, where b > 0and b +£ 1.

logically eguivalent  Statements with the same truth
valua.

lower quartile  The median of the lower half of a set of
data.

extrapotacidn lineal  El uso de una ecuacidn limeal para
predecir valores que estan fuera del rango de datos.

funcion lineal  Una funcidn en la que ninguna
variable independiente se eleva a una potencia mayor
que 1: Una funcidn con un grifico que s una linea.

desigualdad lineal
o5 una linea recta.

Un medio plano con un Nmite gue

interpolacién lineal  El uso de una ecuacisn lineal para
predecir valores gue estdn dentro del rango de datos.

par lineal  Un par de dnguios adyacentes con [ados no
COMUMES gl SO rayos opuestos.

programacion lineal  El procesa de encontrar los
valores méaximos o minimos de una funcidn para una
regidn definida por un sistema de desigualdades.

regresion lineal  Un algonitmo utilizado para encontrar
una linea precica de ajuste para un conjunto de datos.

transformacidn lineal  Una o mads operaciones
realizadas en un conjunto de datos que se pueden
escribir como una funcidn lineal.

ecuackin fiteral  Un formula o ecuackon con vadias

variables.

logaritma  Enx = b7, y se denomina logaritmo,
base b, de x.

ecuacion logaritmica  Una ecuacion que contlene uno
o mds logaritmos.
funcidn logaritmica  Una funcidn de la forma fx) =

baselogbdex, dondeb > 0yb# 1.

ldgicamente equivalentes  Declaraciones con el
mismo vabor de verdad.

cuartil inferdar  La mediana de la mitad inferlor de un
conjunto de datos.

magnitude The length of a vector from the initial
point to the terminal point.

magnitud  La longitud de un vector desde el punto
inicial hasta el punto terminal.



magnitude of symmetry  The smallest angle through
which a figure can be rotated so that it maps onto itsel

major arc  An arc with measure greater than 180°.

mapping  An illustration that shows how each element
of the demain is paired with an element in the range.

marginal frequencies  In a two-way frequency table,
the frequencies in the otals row and column: The totals
of each subtategory in a two-way frequency table.

maximum  The highest point on the graph of a function.

magimum error of the estimate  The maximum
difference between the estimate of the papulation
mean and its aclual value.

measurement data  Data that have units and can be
measured.
measures of center  Measures of what is average.

measures of spread  Measures of how spread owt the
data are.

median  The beginning of the second quartile that
separates the data into upper and lower halves.

median of a triangke A line segment with endpoknts
that are a vertex of the triangle and the midpoint of the
side opposite the vertex.

melric A rube for assigning a number to some
characteristic or aftribute.

midling The lime about which the graph of a function
oscillates,

midpeint  The point on & line segment halfway
between the endpoints of the segment.

midsegment of a traperaid  The segment that
connects the midpoints of the legs of a trapezoid.

midsegment of a tiangle  The segment that connects
the midpoints of the legs of a triangle.

mimimom  The lowest point on the graph of a function.

magnitud de ka simetria  El d&ngulo mds pequedfio a
tranvés del cual una figura se pueds girar para gue se
cargue sobre si misma.

arco mayor  Un arco con una medida superior a 180°.

cartografia  Una Hustracidn que muestra como cada
elemento del dominio estd emparejado con un
elementa del rango.
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frecuencias marginales  En una tabla de frecuencias de
dos vias, [as frecuencias en los totales de fila y columna;
Los totakes de cada subcategoria en una tabda de
frecuencia bidireccional.

médximo  El punto mas alto en la grafica de una funcidn.

error maximo de [a estimacidn  La diferencia mdxima
entre la estimacidn de la media de la poblacidén y su
valar real.

medicion de datos  Datos que tienen unidades y que
pueden medirse.

medidas del centra Medidas de lo que es promedio.

medidas de propagacidn  Medidas de como se

extienden los dalos son.

mediana  El comienzo del sequndo cuartil que separa
los datos en mitades superior e inferior.

mediana de un rdngulo  Un segmento de linea con
exiremos gue son un vértice del tridngulo v el punto
medio del lado opuesto al vértice.

métrico  Una regla para ashgnar un ndmero a algena
caracteristica o atribuye.

linea media La Hnea sobre la cual oscila la grifica de
una funcién periddica.

punts medio  E punto en un segmento de linea a
medio caming entre los extremos del segmenta.

sogment medio de un trapecio B segments gue
conecta los puntos medios de las patas de un trapecio.

sagment medio de un tridngulo  El segmanta que
conecta los puntos medios de las patas de un tridngule.

minimo Bl punto més bajo en la grafica de una funcidn.
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minor arc  An arc with measire less than 180°

mixture problems  Problems thal involve creating a
mixture of twa or more kKinds of things and then
determining some guantity of the resulting mixdure.

monomdal A number, a variable, or a product of a
number and one or more varkables.

monomial funclion A function of the form fx) = ax®,
for which a is a nonzero real number and n is a positive
integer.

multl-step equation  An equation that uses more than
one operation to sohve it

multiplicative identity Because the product of amy
number @ and 1 is equal to a, 1is the multiplcative
ldentity.

multiphcative inverses
of i

Twe numbers with a product

multiplicity The number of imes a number is a zero
for a ghven polynomial.

miutually exclusive  Events that cannot occur at the
same time.

arco menad  Un arco con una medida inferior a 180°.

problemas de mercla  Problemas que implican crear

una mezcla de dos o mas tipos de cosas v luego
determinar una clerta cantidad de la mezcla resullante.

monamio  Un ndmero, una variable, o un producto de
un ndmers y wna o mas varables.

funcidn menemial  Una funcidn de la forma fx) = ax®,
para la cual @ es un nimero real no nubo ¥ 7 es un
enters positivo.

ecuaciones de varios pasos  Una ecuachon gue wtiliza
més de una operaciin para resolveria.

identidad multiplicativa Dado que el producto de
cualguier ndmero a y 1es igual o, 1 es la identidad
miultipHcativa.

inversos multiplicatives  Dos ndmeros con un
producto es lgual a 1.

multiplicidad  El mimero de veces que un ndmero es
cero para un palinomio dado.

muluamente exclusives  Eventos que no pueden
acurrir al mismo tiempo.

natural base exponential funclion  An exponential
function with base e, written as y = "

natural logarithm  The inverse of the nalural base
exponential function, most often abbreviated as In x.

negation A statersent that has the opposite meaning,
as well as the opposite truth value, of an original
statement.

negative  Where the graph of a function les below the
E-ENiS

negative correlation  Bivariate data inwhich y
decreases as ¥ increases.

negative exponent  An exponent that is a negathwe
number.

funcidn exponencial de base natural  Una funcidn
exponencial con base e, escrita como y = e”.

logaritme natural  La Inversa de la funcidn exponencial
de base natural, mas a menudo abreviada coma In x.

negacion Una declaracion gue tiene el significado
opuesto, asi como el valor de verdad opuesto, de una
declaracidn orginal.

negative Donde la gréfica de una funcidn se
encuentra debajo del eje x.

correlacion negativa  Datos bivariate en el cusd y
disminuye a x aumenta.

exponente negetive  Un exponente que es un nimero
negativo.



negatively skewed distribution A distribution that
typically has a median greater than the mean and bess
data on the keft side of the graph.

net  Atwo-dimensional figure that forms the surfaces
of & three-dimensional object when folded.

no correlation  Bivariate data in which x and p are nol
retated.

nonlinear function A function in which a set of points
cannot all Be on the same line

nonrigid motion A transformation that changes the
dimensions of a given figurea.

normal distribution A confinuous, symmetric, bell-
shaped distribution of a random variable.

nth root o = b for a positive integer n, then o is
thie ath root of b,

nth term of an arithmetic sequence  The nth term of
an arithmetic sequence with first term a, and commaon
difference dis givenby g = a, + (n — 1)d, wheren isa
positive integer.

numerical expression A mathematical phrase
invohdng only numbers and mathematical operations.

distribucidn negativamente sesgada  Una distribucian
que tipicamente tiene una mediana mayor que la media
y menos datos en el lado izquierdo del gréfico.

red  Una figura bidimensional que forma las superficies
de un objeto tridimensional cuando se dobla.

@
2
&

o
@
]
£
— 5
o

sin correlackdn . Datos bivariados en los que ¥ e yno
estan relacionados.

funcidn no lineal  Una funcidn en i qgue un conjunto
de puntos no puede estar en [a misma linea

movimiento no rigida  Una transformacidn que
cambia las dimensiones de una figura dada.

distribucion normal  Distribucion con forma de
campana, simélrica y continua de una variable aleatoria.

raiz endsima Sl o° = b para cualguier entero positive
n, entonces @ se llama una raiz endsima de b.

endsimo Erminoe de una secuencia aritmeética El
enssimo térming de wna secuencia artmética con el
primer término o, y la diferencia comdn o viene dado por
8, =a, + (p— T\d, donde n &5 un MIMEro entero positiva.

expresion numérica  Una frase matemdtica que
implica sdle mimeros y operaciones matemdaticas.

obligue asymptole  An asymptote that is neither
horlzontal nor vertical.

observational study  Members of a sample are
measured or observed without being affected by the
Sludy.

octamt  One of the sight divisions of three-dimensional
SRace.

odd functions  Functions that are symmetric in the
origin.

one-to-one function A function for which each
element of the range is paired with exactly one element
of the domain.

onto function A function for which the codomain ks
the same as the range.

asinfota oblicua  Una asintola que no es mi horizontal
ni vertical.

estudio de observacidn  Los miembros de una
muestra son medidos o observados sin ser afectados
por el estudio.

octante  Una de las ocho divisiones del espacio
tridimensional.

funciones extrafias
el origen.

Funciones que son simdtricas an

funcidn blunivaca Funcitn para la cual cada
elements del rango estd emparejado con exaclamentea
un elements del dominbo,

sobre la funcidn  Funcidn para la cual el codomain es
el misme gue el range.
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open hall-plane  The solution of a linear Inequality
that does not include the boundary line.

opposite rays  Two collinear rays with a common
endpoint.

optimization The process of seeking the optimal
value of a function subject to given constraints.

order of symmetry  The number of imes a figure
maps onto el

ordered triple  Three numbers given in a specific
order used to locate points in space.

arthocanter
of a triangle.

The point of concurrency of the altiludes

orthographic drawing  The two-dimensional views of the
top, left, front, and right sides of an object

oscillation How much the graph of a function varies
between its extreme values as it approaches positive or
negative mfinity.

putcome  The result of a single event; The result of a
single performance or trial of an experiment.

outlier A value that is more than 1.5 times the
interguartile range above the third quartile or below the
first quartile.

medio plano ablerto  La solucidn de una desiguaidad
linear que no incluye ka inea de limite.

rayos opuesios Dos rayos colineales con un punio
final comin.

optimizacidn  El proceso de buscar el valor Sptimo de
una funcidn sujeto a restricciones dadas.

orden de |la simetria  El nimero de veces que una
figura se asigna a sf misma.

triple ordenado  Tres nimeros dados en un orden
especifico usado para localizar puntos en el espacio.

ortocentro  E punto de concurrencia de las altitudes
de un trangulo.

dibujo ortografice  Las vistas bidimensionales de los
lados superior, izgulerdo, frontal y derecho de un objeto.

nscilacidn  Cudnto la grédfica de una funcian varia
enire sus valores extremos cuando se acerca al infinito
posithve o negativa.

resultado  El resultado de un solo evento; El resultado
de un solo rendimiento o ensayo de un experimento.

parte ailada  Un vabor que es mas de 1.5 veces e
range intercuartilico por encima del tercer cuartil o por
debajo del primer cuartil.

parabola A curved shape that results when a cone is
cut at an angle by a plane that intersects the base: The
graph of a guadratic function,

paragraph proof A paragraph that explains why the
conpecture for a given situation is true.

parallel ines  Coplanar lines that do nol intersect,
Morvertical lines In the same plane that have the same
shope.

parallel planes  Planes that do not intersect.

parallelogram A quadrilateral with both pairs of
opposite sides paralbel.

pardbola Forma curvada que resulta cuands un cono
es cortado en wn Angulo por un plano que interseca la
base; La grafica de una funcidn cuadritica.

prueba de parrafe  Un pamafo que explica por gué la
conpetura para una situacidn dada es verdadera.

lineas paralelas  Lineas coplanares gue no se
intersecan; Lineas no verticales en ol mismo plano gue

tienen pendientes iguales.
planos paralelas  Planos que no se intersecan.

paralelograme  Un cuadrildters con ambos pares da
lados opuestos paralelos.



parameter A measure thal describes a characteristic
of a population; A value in the equation of a function
that can be varied 1o yield a family of functions.

parent function  The simplest of functions in a family.

Pascal’s triangle A trianghe of numbers in which a
row represents the coefficlents of an expanded
binomial {z + b,

percent rate of change  The percent of increase per
time period.

percentile A measure that tells what percent of the
tolal scores were below a given score.

perfect cube A rational number with a cube roat that
Is a rational number.

perfect sguare A rational number with a square rool
that Is a rational number.

perfect sguare trinonvals  Squares of binomials.

petimeted
polygon.

The sum of the lengths of the sides of a

period  The horizontal length of one cycle.

perodic function A function with p-values that repeat
at reqular intervals.

permutation  An arrangement of objects in which
order ks important.

perpendicular  Intersecting at right angles.

perpendicular bisector  Any line, segment, or ray that
passes through the midpoint of a segment and ks
perpendicular to that segment.

perpendicular lines  Nonvertical lines in the same plane
for which the product of the slopes is <1

phase shift A horizontal transkation of the graph of a
trigonometric function.

cricumiference

pi  The ratio i

parametra  Una medida gue describe una
caracteristica de una poblacidn; Un valor en la ecuacion
de una funcidn gue se puede variar para produde una
familia de funciones.

funcidn basica  La funcidn mas fundamental de wn
familia de funciones.
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trigngulo de Pascal  Un tridngulo de nidmeros en el
que una fila representa bos coeficientes de un binomio
expandido |o + by

por chento tasa de cambio Bl porcentaje de aumento
por periodo de tiempo.

percentil  Una medida que Indica qué porcentaje de
las puntuaciones totales estaban por debajo de una
puntuacién determinada.

cubo perfecte  Un ndmero racional con un ralz cibbica
que es wn ndmero racional.

cuadrado perfects  Un ndmero racional con un raiz
cuadrada que es un ndmera racional.
trinomio cuadrado perfecto.  Cuadrados de los binomios.

perimetro  La suma de las longitudes de los lados de
un poligono.

perods  La longitud horizontal de un ciclo.

funcion periddica  Una funcion con y-valores aquella
repetichdn con regularidad.

permutacién  Un arreglo de objetos en el que el orden
es Importante.
perpendicular  Interseccidn en dngulo recto.

mediatriz  Cualquier inea, segmentd O rayo que pasa
por el punto medio de un segmento v es perpendicular
& eso segmento.

lineas perpendiculares  Lineas no verticales en el misma
plana para las gue el producto de las pendientes es —1

cambio de fase Una traduccidn horizontal de la
griifica de una funcidn trigonométrica.

arcunferencia

pi  Relacldn Simet



plecewise-defined function A function defined by at
least two subfunctions, each of which ks defined
differently depending on the interval of the domain.

plecewise-linear function A function defined by at
least two linear subfunctions, each of which is defined
differently depending on the interval of the domain.

plane A flat surface made up of points that has no
depth and extends indefinitely in all directions.

plane symmetry  When a plane intersects a three-
dimensional figure so one half is the reflected image of
the ather half.

Platonic solid  One of five regular polyhedra.
point A location with no size, only position.

point discomtinuity
in & graph.

An area thal appears 1o be a hole

point of concurrency  The point of intersection of
concurrent ines.

point of symmetry  The point about which a figure is
rotated.

pairt of tangency  For a lime that intersects a circle in one
point, the point at which they intersect.

polnt symmelry A figure or graph has this when a
figure ks rotated 180° about a point and maps exactly
onto the other part.

polygon A closed plane figure with at least three
straight sides.

polyhedron A closed three-dimensional figure made
up of flat palygonal regions.

polynomial A monomial or the sum of two of more

monamials.

polynomial function A continuous function that can
be described by a polynomial equation in one varlable.

funcion definida por piezas  Una funcidn definida por al
menos dos subfunciones, cada una de las cuales se define
de manera diferente dependiendo del intervalo del dominio.

funcidn lneal por plezas  Una funcidn definida por al
menos dos subfunclones lineal, cada una de las cuales
se define de manera diferente dependiendo del
intervalo del dominko.

plano  Una superficie plana compuesta de puntos que
nd Hene profundidad y se extiende indefinidamente en
todas las direcciones.

simelria plana  Cuando un plano cruza una figura

tridimensional, una mitad es la imagen reflejada de la
olra mitad.

salido platénico  Uno de cinco poliedros regulares.
punte Una ubicacian sin tamadfio, sobo posicldn.

discontinuidad de punto  Un drea que parece ser un
agujero en un grafico.

punte de concwrrencia  El punto de interseccidn de
lineas concurrentes.

punio de simetria
figura.

El punto sabre el que se gira una

punio de tangencia  Para una linea que cruza un
circulo en un punto, el punto en el que se cruzan.

simelria de punto  Una figura o gréfica tiene esto
cuando una figura se gira 180° alrededor de un punto y
8 mapea exaclamente sobre la otra parte.

poligens  Una figura plana cerrada con al menos tres
lados rectos.

poliedres  Una figura tridimensional cerrada farmada
por regiones poligonales planas.

palinomio  Un monomio o la suma de dos o mas
monomios.

funcidn polindrmica  Funchdn continua que puede
describirse mediante una ecuacion polindmica en una
variable.



polynomial identity A polynomial equation that is true
for any values that are substituted for the variables.

population AN of the members of a group of interest
about which data will be collected.

population propartion  The number of members in the
poputation with a particular characteristic divided by
the total number of members in the population.

positive  'Where the graph of a function les above the
X-Axis,

positive correlation  Bivariate data in which y
Increases as x increases,

posithvely skewed distribution A distribution that typically
has a mean greater than the median.

postulate A statement that is accepled as true
without proof.

power function A function of the form fx) = ax*,
where o and 7 are nonzero real numbers.

precision  The repeatability, of reproducibility, of a
measurement.

preimage  The original figure in a transformation.

prime polynomisl A polynomial that cannot be written
as a product of two polynomials with integer
coefficients.

principal root  The nonnegative root of a number.

principal square root  The nonnegative square rood of
a number.

principal values  The values in the restricted domains
of trigonometric functhons.

principle of superposition  Twao figures are congruent
if and ondy if there is a rigid mation or series of rigid
motions that maps ane figure exactly onto the other.

prism A polyhedron with two parallel congruent
bases connected by paralielogram faces.

identidad polinomial  Una ecuacion polindmica que es
verdadera para cualguier valor que se sustituya por las
variables.

poblacién  Todos los miembros de un grupo de interés
sobre cudles dalos seran recopilados.
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proporcion de la poblacidn  El ndmero de miembros
en la poblacidn con una caracteristica particular dividida
por el ndmero total de miembros en la poblacidn.

positiva  Donde [a grafica de una funcidn se encuenira
pos encima del eje x.

correlacion positiva  Datos bivariate en el cual ¥
aumenta a x disminuye.

distribucidn positivamente sesgada  Una distribucidn
gue tiplcamente tiene una media mayor gue la mediana.

postulado  Una declarackon que se acepta comao
verdadera sin prueba.

funcién de potencia  Una ecuacién polinomial que es
verdadera para una funcion de la forma fx) = ox®,
donde oy 7 son nimeros reales no nulos.

precisidn
medida.

La repetibilidad, o reproducibilidad, de una

preimagen  La figura original en una transformacian.

palinomio prima  Un polinomio que no puede
escribirse como producto de dos polinomios con
coeficlentas enteros.

raiz principal  La raiz no negativa de un ndmerao.

raiz cuadrada principal  La ralz cuadrada no negativa

de L e,

valores principales  Vabores de los dominkos
restringbdos de las functiones trigonomélricas.

principlo de superposicién  Dos figuras son
congruentes sl y sdlo si hay un movimiento rigido o una
sorie de movimientos rigldos que traza una figura
exactamente sobre la otra.

prisma Un poliedro con dos bases congruentes
paralelas conectadas por caras de paralelogramo.
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probability The number of outcomes in which a
specified event occurs 1o the total number of trials.

probability distribution A function that maps the
sample space to the probabilities of the outcomes in
the sample space for a particular random variable.

probability model A mathematical representation of a
random event that consists of the sample space and the
probability of each outcome.

projectile motion problems  Problems that involve
objects being thrown or dropped.

proof A logical argument in which each statement is
supported by a statement that is accepted as true.

proof by contradiction  One assumes that the
statement to be proven is false and then uses logical
reasoning to deduce that a statement contradicts a
postulate, thearem, or one of the assumplions.

proportion A statement that bao ratios are equivalant

pure imaginary number A number of the form bf,
where b |s a real number and /s the imaginary unit

pyramid A polyhedron with a polygonal base and
three or more triangular faces thal meet at a common
erlex.

Pythagorean identities  ldentities that express the
Pythagorean Theorem in terms of the rigonometric
functions.

Pythagorean triple A set of three nonzera whole
numbers that make the Pythagorean Theorem true.

probabilidad  El ndmero de resultados en ks que se
produce wn evento especificado al nimers tolal de
ensayos.

distribucién de probabilidad Una funcidn gue mapea
el espacio de muestra a las probabilidades de los
resultados en el espacio de muestra para una variable
aleatoria particular.

modelo de probabilidad  Una represemtacion
matemalica de wn evento aleatorio que consiste en el
egpacio muesiral y la probabilidad de cada resultado.

problemas de movimento ded proyvectil  Problemas
que involucran objetos que se lanzan o caen.

prueba Un argumento [dgico en el que cada
sentencia esta respaldada por una sentencia aceptada
como verdadera.

pruebs por contradiocion  Se supone que la afirmacidn
a ser probada es falsa y luego utiliza ef razonamiento
ldgico para deducir que una afirmacidn contradice wn
postulado, teorema o uno de los supuestos.

proporcidn  Una declaracidn de que dos proporciones
soin equivalentes.

nimera imaginario pura  Un ndmero de [a forma b,
donde b es un ndmera real e / es la unidad imaginaria.

piramide Polledro con una base poligonal v tres o
mds caras triangulares que se encuentran en un vértice
comdn.

identidades pitagdcicas  ldentidades que expresan e
Teorema de Plldgoras en términos de las funciones
trigonométricas.

triplete Pitdgorica  Un conjunto de tres nimeros
enteros distintos de cero gue hacen gue el Teorema de
Pitdgoras sea verdadero.

guadrantal angle - An angle in standard position with a
terminal side that coincides with one of the axes.

guadratic equation
quadratic expression.

An equation that includes a
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angulo de cuadrante  Un dngulo en posicién
estandar con un lado terminal que coincide con uno
de los ejes.

ecuacion cuadritica  Una ecusacion que incluye una
expresion cuadratica.



guadratic expression  An expression in one vanable
with a degree aof 2.

quadratic form A form of polynomial equation, ow’ +
by + ¢, where u 5 an algebraic expression in x.

guadratic function A function with an equation of the
farm y = ax® + bw + ¢, where g # 0.

quadratic inequality  An inequality that includes a
quadratic expression.

gquadratic relations  Equations of parabolas with
horizontal axes of symmetry that are not functions.

guartic function A fourth-degres function.

guartiles  Measures of position that divide a data set
arranged In ascending order into four greups, each
containing about one fourth o 25% of the data.

guintic function A fifth-degree function.

expresion cuadritica  Una expresion en una varable
con un grado de 2.

forma cuadrdtica  Una forma de ecuacidn polinomial,
aw® + by + ¢, donde v es una expresicn algebraica en x.

funcidn cuadriatica Una funclitn con una ecuacidn de
la forma y = ax® + by + ¢, donde & 0.
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desigualdad cuadratica
una expresiin cuadritica.

Una desigualdad gue incluye

relaciones cuadrdticas  Ecuaciones de pardbolas con
ejes horizontales de simetria que no son funciones.

funcion couartica  Una funcidn de cuarto grado.

cuartiles  Medidas de posicidn que dividen un
conjunto de datos dispuestos en orden ascendente an
CLatro grupos, cada uno de los cuales contiene
aproximadamente un cuarto o el 25% de los datos.

funcidn guintica  Una funcion de guinto grado.

radian A unit of angular measurement equal to gur
about 57296°.

radical equation
radicand.

An equation with a variable in a

radical expression  An expression that contains a
radical symbol, such as a square rool.

radical form  When an expression contains a radical
symibed.

racical function A functhon that contains radicals with
varliables in the radicand.

radicand The expression under a radical sign.

radius of a circle or sphere A line segment from the
center 1o & point on a circle or sphere,

radius of a regular polygon  The radius of the circle
circumscribed about a regular pohygon.

radidn  Una unidad de medida angular igual o $
alrededor de 572967,

ecuacidn radical  Una ecuacidn con una variable en
un radicand.

expresion radicales  Una expresion que contiene un
simbako radical, tal como una raiz cuadrada.

forma radical
simboba radical.

Cuande una expresidn contiens un

funcidn radical  Funcidn gue contiene radicales con
variables en el radicand.
radicando  La expresitn debajo dei signo radical.

radio de un circwdo o esfera  Un segmento de linea
desde el centro hasta un punto en un cifculo o esfera.

radio de un poligeno reqular  El radio del circudo
circunscrito alrededor de un poligono regular.



range The difference between the greatest and least
values in a set of data; The set of second numbers of
the ordered pairs in a relation; The set of pvalues that
actually result from the evaluation of the function.

rate of change How a guantity [s changing with
respect to a change in another quantity.

rational equation  An equation that contains at least
one rational expression.

rational exponent  An exponent that is expressed as a
fraction.

rational expression A ratio of two polynomial
BXPIESLIoNnS.

rational function  An equation of the form fx) = ﬂ.
where a{x) and b(x) are polynomial exprezsions and
#0.

rational inequality  An inequality that contains at least
one rational expression.

rationalizing the denominator A method used to
efiminate radicals from the denominator of a fraction or
fractions from a radicand.

ray  Part of a line that starts at a point and extends to
Infinity.

reciprocal function  An equation of the form fx) = ﬁ
where i 5 a real number and blx] is a inear expression
that cannot equal 0.

reciprocal rigonometric functions  Trigonometric
functions that are reciprocals of each other.

reciprocals  Two numbers with a product of 1.
rectangle A parallelogram with four right angles.

recursive formula A formuda that gives the value of
the first term in the sequence and then defines the next
term by using the preceding term.

reduction
and 1.

A dilation with a scale factor betwesn 0

reference angle  The acute angle formed by the
terminal side of an angle and the x-axis.

Glossary

rango  La diferencia entre bos valores de datos méds
grande of menos en un sistema de datos; El conjunto
de los sequndes ndmeros de los pares ordenados de
una relacidn; El conjunto de valores p que realmente
resultan de la evaluacidn de la funcidn.

taza de cambio Como cambda wna cantidad con
respecto a un cambio en otra cantidad.

ecuacion racional  Una ecuacidn gue contiene al
Menos una expresiin rackonal.

exponente racional  Un exponentse que se expresa
comao una fraccidn.
expresidn racional  Una retacion de dos expresiones

polinomiales.

funcidn racional  Una ecuacion de la farma fix) = ﬂ,
donde afx) y blx) son expresiones polinomiales y bx)
0.

desigualdad racional  Una desigualdad que contieng
al menos una expresion racional.

racionalizands el denominador  Método utilizado para
efiminar radicales del denominador de una fraccidn o
fracciones de una radicand.

raye  Parte de una linea que comienza en un punto y
e extiende hasta el infinito.

funcién recipreca  Una ecuacion de la forma fx) = ﬁ
donde n es un numeno real y bix) es una expresidn lineal

que no puede ser igual a 0.

funciones trigonométricas reciprocas  Funciones
trigonomeétricas que son reciprocales entre sf.

reciprocos  Dos mdmenos con un producto de 1.
recténgulo  Un paraleisgramd con cuatro angulbos rectos.

formula recursiva  Una farmula que da el valor ded
primer términe en la secuencia y luego define el
sigubente tErmino usando ef Wrmino anterior.

reduccion  Una dilatacidn con un factor de escala

entre Oy 1.

angulo de referencia  El dngulo aqudo formado por el
lado terminal de wn Angubo en posicion estdndar v el eje x.



reflection A function In which the prelmage is
reflected in the line of reflection; A transformation in
which a figure, line, or curve Is flipped across a line.

regression function A function generated by an
algorithm to find a line or curve that fits a set of data.

regular polygon A comiex polygon that is both
equilateral and equiangular.

regular polyhedron A polyhedron in which all of its
faces are regular congruent pobygons and all of the
edges are congruent.

regular pyramid A pyramid with a base that is a
reqular polygon.

regular tessellation A tessellation formed by only one
type of regular polygon.

relation A sel of ordered pairs.

relative frequency  In a two-way frequency table, the
ratios of the number of observations in a category to
the tolal number of ebsenvations, The ratio of the
number of observations in a category to the total
number of obsenvations.

relative maximum A paint on the graph of a function
where no other nearby points have a greater
y-coordinate,

relative minimum A point on the graph of a function
where ne other nearby podnts have a lesser
y-coordinate,

remaole interior angles  Interior angles of a triangle
that are not adjacent to an exterior angle.

residual  The difference between an obsenved p-value
and its predicted y-value on a regression line.

rhombus A parallelogram with all four sides
congruent.

rigid motion A transformation that preserves distance
and angle measure.

refleidn  Funcidn en la que a preimagen se refleja en
la linea de reflexddn; Una transformacion en la gue una
figura, linea o curva se vollea a través de una linea.

funcion de regresion  Funcikin generada por un
algoritmo para encontrar una linea o curva que se
ajuste a un conjunto de datos.

&
g
g
=
ny
o
%
-
=

poligono regudar  Un poligono convexn que es a la vez
equildters y equiangular.

poliedro regular  Un poliedro en ef que todas sus
caras son poligonos congruentes regulares y todos los
bordes son congruentes.

pirdmide regular  Una pirdmide con una base que es
un poligono regular.

teselade regular  Un teselado formado por un solo
tipo de poligono reqular.

relacién  Un conjunto de pares ordenados.

frecuencla relativa  En una tabla de frecuencia
bidireccional, las relacianes entre el mimero de

observaciones en una categoria ¥ el numero total de
observaciones, La relackdn entre el nimero de

observaciones en una categoria ¥ el ndmero total de
observaciones,

médximo relative  Un punto en la grifica de una
funcidn donde ningién olro punto cercand tiene una
coordenada y mayor.

minimo relative  Un punto en la gréfica de una funcidn
donde ningan ofro punto cercana tiene una coordenada
¥ Mo

dngulos internos no adyacentes ﬂngulusinmrlures

de un tridngulo que no estan adyacentes a un dngulo
exterior.

residual  La diferencia entre un valor de y obserado y
su valor de y predicho en una linea de regresidn.

rombe  Un paralebogramo con los cuatro lados
congruentes.

movimiento rigide  Una transformacion gue preserva
la distancia y la medida del &ngulo.
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root A solution of an equation.

rotation A function thal moves every point of a
preimage through a specified angle and direction about
a fixed point.

rotalional symmetry A figure can be rotated less than
3607 about a point so that the image and the preimage
are indistinguishabbe.

ralr  Una solucidn de una ecuaddn.

rotacién  Funcidn que mueve cada punto de una
preimagen a traves de un dngulo y una direccion
especificados alrededor de un punto fijo.

simefria rotacional  Una fiqura puede girar menos de
3607 alrededor de un punto para gue la imagen y la
preimagen sean indistinguibles.

sample A subset of a population.

sample space  The set of all possible outcomes.

sampling error  The variation between samples taken
from the same population.

geale  The distance between tiok marks on the x- and
R

geale factor of a dilation  The ratho of a length on an
image to a corresponding length on the preimage.

scatter plot A graph of bivanate data that consists of
ordered pairs on a coardinate plane.

secant  Amy Hne or ray that intersects a circle in
exactly two points; The ratio of the length of the
hypotenuse to the length of the leg adjacent to the angle.

sector A region of a circle bounded by a central angle
and its intercepted arc.

segment bisector  Any seqment, line, plane, or pobnt
that Intersects a line segment at its midpoint.

self-selected sample  Membaers volunteer to be
included in the sample.
semicircle  Am arc that measures exactly 180°.

semiregular lessellation A tessellation formed by two
of mare regular pohygons.

seguence A list of numbers in a specific onder.

muestra  Un subconjunto de una poblacion.

espacio muestral
posibles.

El conjunto de todos los resultados

efraf de muestrea  La varaclén entre muestras
tomadas de la misma poblacidn.

escala  La distancia entre las marcas en los elesye y.

factor de ascala de una dilatacidn  Relackdn de una
longitud en wuna imagen con wna longitud

correspondiente en la preimagen.

grafica de dispersion  Una grafica de datos bivanados gue
consiste en pares ardenados en un plano de coordenadas.

secante  Cuslquier nea o rayo que cruce un circulo
en exactamente dos puntos; Relacidn entre la lomgitud

de la hipotenusa y la longitud de la plerna adyacente al
dngubo.

sector  Una region de un cifculo delimitada por un
dngulo central y su arco interceptado.

bisectriz del segmenta  Cualguier segmento, linea,
plano o punto que interseca un segmento de linea en
sui purto medio.

muesira aulo-seleccionada  Los miembros se afrecen
como valuntarkos para ser inciuidos en la muesira.

somicircule  Un arco que mide exaclamente 1807

teselado semiregular  Un teselado formado per dos o
mds poligonos requilares.

seciencia  Una lista de ndmeros en un orden
especifico.



serfes  The indicated sum of the terms in & segquence.

set-builder nolation  Mathematical notation that
describes a set by stating the properties that its
members must satisfy.

sides of an angle  The rays that form an angle.

sigma notation A notation that uses the Greek
uppercase letter S to indicate that a sum showld be
found.

significant figures  The digits of a number that are
used o express a measure to an appropriate degree of
BOCUTACY.

similar pelygons  Two figures are similar polygons if
one can be cblained from the other by a dilation or a
dilation with one ar more rigid motions.

similar selids  Solid figures with the same shape bat
not necessarlly the same size.

similar triangles  Triangles in which all of the
comesponding angles are congruent and all of the
cormesponding sides are proportional.

similarity ratlie  The scale factor between two similar
polygons.

similarity ransformation A transformation composed
of a didation or a dilation and one or more rigld motions.

simple random sample  Each member of the
population has an eqgual chance of being selected as
part of the sample.

simplest form  An expression is in simplest form when
it Is replaced by an equivalent expression having no like
terms or parentheses.

simulation The use of a probability moded to imitate a
process or situation so it can be studied.

sine  The ratio of the length of the leg opposite an
angle to the length of the hypotenuse.

serle  Lasuma indicada de los téominos en una
SeCHencia.

notacion de construcidn de conjuntos  Molacion
matemdtica que describe un conjunto al declarar las
propledades gue sus miembros deben satisfacer.
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lados de un dngule  Los rayos que forman un dngule.

notacidn de sigma  Una notacidn que utiliza la letra
mayiscula giega S para indicar que debe encontrarse
wiMa SUma

digitos significantes  Los digitos de un nimers gue

s utilizan para expresar una medida con un grado
apropiado de precision.

poligonos similares  Dos figuras son poligonos similares
sl uno puede ser obtenido del otro por una dilatacidn o
una dilatacién con uno o mds movimientos rigidos.

silidos similares  Flguras sdlidas con la misma forma
pero no necesariamente del mismo tamafo.

tridgngulos similares  Trlangubos en los cuales todos

los dngulos correspondientes son congruentes v todas
los lados correspondientes son proporcionales.

retacidn de similitud
poligonos similares.

El factor de escala entre dos

transformacion de similitud  Una transformacidn
compuests por una dilatackdn o una dilatacion y uno
0 mas movimientos rigidos.

muestra aleatoria simple  Cada miembro de la
poblackon tiene la misma posibilidad de ser
seleccionado como parte de la muestra.

forma reducida  Una expresion estd reducida cuando
se puede sustituir por una expresidn equivalente gue
no tene nl trminos semejantes ni paréntesis.

simulacidn  El uso de un modelo de probabilidad para
Imitar un proceso o situacidn para que pueda ser
esiudiado.

seno  Larelacién entre la fongitud de la plermna
opuesta a un dngulbo v la longitud de [a hipotenusa.
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sinusoidal function A function that can be produced
by translating, reflecting, or didating the sine function.

chew lines  Moncoplanar lines that do not intersect.

slant height of a pyramid or right cone  The lenglh of
a segment with one endpoint on the base edge of the
figure and the other at the vortex.

slope  The rate of change in the y-coordinates (rise) to
the comresponding change in the x-coordinates (run) for
points on @ lne.

clope criteria  Outlines a method for proving the
relationship between lines based on & comparison of
the slopes of the lines.

solid of revolution A solid figure obtained by rotating
& shape around an axis.

solution A value that makes an eguation true.

solve an equation  The process of finding all valwes of
the variable that make the equation a true statement.

solving a triangle  When you are given measurements
ta find the unknown angle and side measures of a
triangle.

space A boundless three-dimensional set of all
points.

sphere A setof all points in space equidistant from a
ghwen point called the center of the sphere.

cguare A parallelogram with all four sides and all fowr
angles congruent.

square root  One of two equal factors of a number.

gguare rool function A radlcal function that contains
the sguare root of a varlable expression.

square rool inequality  An imequality that contains the
square root of a varlable expression.

standard deviation A measure that shows how data
deviate from the mean.

funcion sinusoidal  Funckon gue puede producirse
traduciendo, reflejando o dilatando la funcién sinusoidal.

lineas alabeadas  Lineas no coplananes que no Se cruzan.

altura inclinada de una piramide o cono derecho  La
longitud de un segmento con un punto final en el borde
base de la flgura y el otro en ol vértice,

pendiente  La tasa de cambio en las coordenadas y
(subida) al cambio correspondiente en las coordenadas
X (carrera) para puntos en una inea.

criterios de pendiente  Describe un método para
probar la relackdn entre lineas basado en una
comparacidn de las pendientes de las lineas.

sdlido de revolecion  Una figura sdlida obtenida
girando una forma alrededor de un eje.

solucidn  Un valor que hace que una ecuacion sea
verdadera.

resolver una ecuackin  El proceso en gue se hallan
todos los valores de la variable que hacen verdadera la
gcuacidn.

resolver un tridngule Cuando se le dan mediciones
para encontrar el angulo desconocido v las medidas
laterales de un trangubo.

espacio  Un conjunto tridimensional ilimitado de todos
los puntos.

esfera  Un conjunto de todos los puntos del espacio
equidstantes de un punto dado Bamado centro de la esfara.

cuadrado  Un paralelogramo con los cuatro lados y
los cuatro dngulos congruantes.

raf? cuadrada
M.

Uno de dos factores iquales de un

funcion raiz cuadrada  Funcion radical que contiene la
raiz cuadrada de una expresidn variable.

square rood ineguality  Una desigualdad gue contiens
|a raiz cusdrada de una expresion variable.

desviacion ipica  Una medida que muestra cdmo los
datos se deswian de la media.



standard ermor of the mean  The standard deviation of
the distribution of sample means taken from a
population.

standard form of a linear equation  Any linear
equation can be written in this form, Ax + By = C,
where A = 0, 4 and B are not both 0, and A, 8, and C
are integers with a greatest common factor of 1.

standard form of a polynomial A polynomial that s
written with the terms in order from greatest degree to
least degree.

standard form of a quadratic equation A quadratic
equation can be written in the form o + by + ¢ = 0,
where o 0 and @, b, and ¢ are Integers.

standard normal distribution A normal distribution with a
mean of 0 and a standsrd deviation of 1.

standard position  An angle positioned so that the
vertex ks at the erigin and the initial side is on the
positive x-axs.

staternent
but not both.

Any sentence that is either true or false,

siatistic A measure that describes a characteristic of a
sample.

siatistics  An area of mathematics that deals with
collecting, analyzing, and interpreting data.

step funclion A type of plecewise-linear function with
a graph that is a series of horizontal line segments.

straight angle  An anghe that measures 180°.

stratified sample The population is first divided
into similar, nonoverlapping groups. Then members
are randamly selected from each group.

substitution A process of solving a system of
equations in which one equation s solved for one
variable in terms of the other.

supplementary angles  Two angles with measures
that have a sum of 180°.

oror estandar de la media  La desviacidn estandar de
la distribucidn de los medios de muestra se toma de
una poblacion.

forma estidndar de una ecuacion lineal Cuabguber
ecuacidn lineal se puede escribir de esta forma, Ax +
By=C,donde A =0 Ay Bnoson ambos 0,y 4, By C
son enteros con el mayor factor comdn de 1.
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forma estindar de un polinomio  Un polinomio que se
escribe con los términos en arden del grado mas
grande a menas grado.

farma estindar de una ecuacion cuadratica Una

ecuacion cuadrilica puede escribirse en la forma oc +
b + ¢ =0, donde @ # 0y o, b, ¥ ¢ son enteros,

distribucidon normal estdndar  Distribudidn normal con
una media de Oy wna desviacion estdndar de 1.

posicidn estdndar  Un dngulo colocade de manera
que ¢l vértice esta en el origen v of lado inicial esta en
el gje x positivo.

enunciade Cuslquler oracidn que sea verdadera o
falsa, pero no ambas.

estadistica Una medida que describe una
caracterstica de una muesira,

estadislicas  El proceso de recoleccidn, andlisis a
interpretacidn de datos.

funcidn escalonada  Un tipo de funcidn lineal por
plezas con un grafico que es una sene de segmentos
de linea horizontal.

angulo rects  Un dngulo que mide 180°.

muestra estratificada  La poblacidn se divide primero en
grupos similares, sin superposicidn. A continuacidn, bos
miembros se seleccionan aleatoramente de cada grupo.

sustitucién  Un praceso de resolucidn de un sistema
de ecuaciones en el que una ecuacion se resuelve para
una variable en Wrminos de la otra.

angulos suplementarios  Dos dngulos con medidas
que Henen wna suma de 180°,



surface area  The sum of the areas of afll faces and
side surfaces of a three-dimensional figure.

survey Data are collected from responses given by
members of a group regarding thedir characteristics,
behaviors, or opinkons.

symmetric distribution A distribution in which the
mean and median are approximately equal.

symmetry A figure has this if there exists a rigid
miotion—reflection, transiation, rotatien, or glide
reflection—that maps the figure onto itself.

synthetic division  An alternate method used to divide
a polynomial by a binomial of degree 1.

synthetic geometry  The study of geometric figures
without the use of coordinates.

synthetic substitution The process of using synthetic
division to find a value of a polynomial function.

system of eguations A set of bwo or more equations
with the same variables.

system of inequalities A set of bwo of more
inrequalities with the same variables.

systematic sample  Members are selected according
to a specified interval from a random starting poinL

drea de superficie  La suma de [as dreas de todas las
caras y superficies laterales de una figura ridimensicnal.

encuesta  Los datos se recogen de las respuestas
dadas por los miembros de un grupo con respects &
sus caracteristicas, comportamientos u opindones.

distribucién simétrica  Un distribucidn en la que la
media y la mediana son aproximadamente iguales.

simetria  Una figura tiene esto si existe una reflamdon-
reflexidn, una raduccidn, una ratacion o una reflexicn de
deslizamiento rigida-que mapea la figura sobre sl misma.

division simética Un método alternativo utilizado
para dividir un palinombo por un binomie de grado 1.

geometria sintética  El estudio de figuras geométricas
cin el uso de coordenadas.

sustituckon sintética  El proceso de utilizar ka divisidn
sintética para encontrar un valor de una funcion

palynomial.

sistemna de ecuaciones  Un conjunto de dos o mas
ecuaciones con las mismas variables.

sistema de desigualdades  Un conjunto de dos o mas
desigualdades con las mismas variables.

muesira sistemdtica  Los miembros se sefeccionan de
acuerde con un intervalo especificado desde un punto
de partida aleataro.

tangent The ratio of the length of the leg opposite an
angle 1o the length of the leg adjacent to the angle.

tangent to a circle A lne or segment in the plane of a
circle that intersects the circle in exactly one peint and
does not contaln any podnts in the interior of the circle.

tangent to a sphere
in exactly one poinl

A ling thal intersects the sphera

term A number, a variable, or a product or quotient of
numbers and variables.

tangente  La relacion entre la longitud de la pata
opuesta a un dngulo ¥ la longitud de la pata adyacente
al dnguio.

tangente a un circulo  Una linea o segmento en el
plano de un circudo que interseca el circulo en
exactamente un punto y no contiene ningdn punto en al
interior ded circula.

tangente a una etfera  Una linea que interseca la
esfera exactamente en un punio.

término  Un nimero, una varlable, o un producto o
cociente de numeros y variables.



term of a sequence A number in & sequence.

terminal side  The part of an angle that rolates about
the center.

tessellation A repeating pattern of one or more
figures that covers a plane with no overlapping or
emply spaces.

theorem A statement that can be proven true using
undefined terms, definitions, and postulates.

theoretical probability
expected o happen.

Probability based on what is

transformation A function that takes paints in the
plane as inputs and gives other points as outputs. The
movement of a graph on the coordinate plane.

transiation A function in which all of the points of a
figure move the same distance in the same direction; A

transformation in which a figure is skd from one
position to another without bekng turned.

translation vector A directed line segment that
describes both the magnitude and direction of the
slide if the magnitude Is the length of the vector from

its initial point 1o its terminal point.

tramsversal A line that intersacts wo or more lines in
a plane at different pobnts.

trapezoid A guadrilateral with exactly one pair of
parallel sides,

trend A general pattern in the data.

trigonometric equation  An equation that includes at
least one trigonometric function.

trigonometric function A function that relates the
measure of one nonright angle of a right triangle to the
ratios of the lengths of amy two sides of the triangbe.

trigonometric ientity  An equation involving
trigonometrc functions that ks true for all values for
which every expression in the equation is defined.

término de una sucesidn - Un ndmers en wna
SeCHencia.

lado terminal  La parte de un dngulo que gira
alrededor de un centro.

teselade  Patrdn repetitivo de una o mds figuras que
cubre un plano sin espacios superpuesios o vacios.
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teorema  Una afirmacién o conjetura que se puede
probar verdad utilizando términos, definiciones y
postulados indefinidos.

probabilidad tedrica Probabilidad basada en lo que
58 eSpEra qgue suceda.

transformacién  Funcién que toma puntos en el
plana como entradas y da atros puntos como salidas.
El movimiento de un grafico en el plano de
coordenadas.

traslacidon  Funcidn en la que todos los puntos de una
figura se mueven en la misma direccion; El movimiento
de un grafico en el plano de coordenadas.

vector de fraslacién  Un segmento de linea
dirigido que describe tanto la magnitud coma la
direccidn de la diapositiva si la magnitud es la
longitud del vector desde su punto inicial hasta su
punto terminal.

transversal  Una linea que interseca dos o més lineas
en un plano en diferentes puntos.

trapecio  Un cuadrildtero con exactamente un par de
lados paralelos.

tendencia  Un patrén general en los dalos.

ecuacion trigonométrica  Una ecuacion gue incluye al
menos una funcién trigonométrica.

funcion trigonométrica  Funcidn que relaciona la
medida de un dngulo no recto de un tridngulo
rectangubo con kas relaciones de las longitudes de
cualquiera de los dos lados del tridngulo.

identidad trigonométrica  Una ecuadidn que implica
funclones trigenométricas que es verdadera para todos

los valores para los cuales sp dofine cada expresion en
la ecuacidn.



trigonometric ratio A ratio of the lengths of two sides
of a right triangle.

trigonometry  The study of the relationships between
the zides and angles of triangles.

trinomial  The sum of three monomials.

truth value  The truth or falsity of a statement.

two-column proaf A proof that contains statements
and reasons erganized in a two-column format.

two-way frequency table A table used to show
frequencies of data classified according to twao
categories, with the rows indicating one category and
the columns indicating the other.

two-weay relative frequency table A table used to
show frequencies of data based on a percentage of the
total number of observations.

relacion trigonomeétrica  Una relacldn de las
longitudes de dos lados de un tridngulo rectingulo.

trigonometria  El estudio de [as relaciones enfre los
lados y kos dngulos de bos tridngulos.

trinomio  La suma de fres monomios.

valor de verdad  La werdad o la falsedad de una
declaracidn.

prueba de dos columnas  Una prueba gue contiene
declaraciones y razones organizadas en un formato de
dos columnas.

tabla de frecuencia bidireccional  Una tabla utilizada
para masirar las frecuanclas de los datos clasificados
de acuerdo con dos categorias, con las filas gue indican
una categoria y las columnas que indican la otra.

tabla de frecuencia relativa bidireccional  Una tabla
usada para mostrar las frecusncias de datos basadas
en un porcentaje del nimero tolal de observaciones.

unbounded When the graph of a systam of
constrants s open.

undefined terms  Words that are not formally explained
by means of more basic words and concepts.

uniform motion problems  Problems that use the
formula o = t, where d is the distance, r is the rate,
and ! is the tme.

uniform tessellation A tessellation that contains the
same arrangement of shapes and angles at each vertex.

s
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The graph of a compound ineqguality containing

unicn of 4 and & The set of all outcomes in the
sample space of evant A combined with all outcomes in
the sample space of event 8.

unit circle & circle with a radius of 1 unit centered at
the origin on the coordinate plane.

univariate data Measurement data in one variable.

no acotado  Cuando la grafica de un sistema de
restricciones esta ablerta.

términos indefinidos  Palabras que no se explican
formalmente mediante palabras y conceptos mas baskcos

problemas de movimiento uniforme  Problemas que
utilizan la fdrmula d = rf, donde o es la distancka, res la
velocidad y I es el empa.

teselado uniforme  Un teselado que contiene la
misma disposicidn de formas y dngulos en cada vértice.

umidn La grafica de una desigualdad compuesta que
contbene la palabra o,

unién de Ay B  El conjunto de todos [os resultados en
el espacio muestral del evento 4 combinado con todas
los resultados en el espacio muestral del evento 8.

circulo unitario  Un circulo con un radio de 1 unidad
centrado en e crigen en el plano de coordenadas.

datos univariate  Dalos de medicidn en una variable.



upper guartile  The median of the upper half of a set
of data.

cuartil superior  La mediana de la mitad superior de
un conjento de datos.

valid argument  An argumeant is valid if it is iImpossible
for all of the premises, or supporting statements, of the
argument to be true and its conclusion false.

variable A letter used to represent an unspecified
number or value; Any characteristic, number, or quantity
that can be counted or measured.

variable term A term that contalns a variablea.

variance The square of the standard deviation.

verley
function.

Either the lowest point or the highest polnt of a

vertex angle of an isosceles irlangke  The angle
between the sides that are the legs of an sosceles
trianghe.

vertex lorm A quadratic function written in the form
fx) = afe — b + k.

vertex of a polyhedron  The intersection of three

edges of a polyvhedron.

vertex of an angle  The common endpaint of the two
rays that form an angle.

vertical angles  Two nonadjacent angles formed by
two intersecting lines.

vertical asymptote A vertical line that a gragh
approaches.

vertical shift A vertical translation of the graph of a
trigonometric function.

volume The measure of the amount of space
enclosed by a three-dimensional figure.

arguments vilide Un argumentn es valido si es
imposible gue todas las premisas o argumentos de
apoyo del argumento sean verdaderos v su conclusidn
sea falsa.
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variable Una letra utiizada para representar un
niimera o valor no especificads: Cualquier
caracteristica, nidmero, o cantidad que pueda ser
contada o medida.

término variable  Un término que contbene una varable.
varianza El cuadrado de la desviacion estandar.

vertice  El punto mas bajo o el punto mas alto en una
funcidn.

dngulo del vértice de un trigngulo isdsceles  El dngulo
entre bos lados gue son las patas de un trdngulo
isdscebes.

forma de wértice  Una funcidn cuadrdtica escribirse de
la forma fx) = alx — ¥ + k.

virtice de un poligono  La interseccidn de tres bordes
de un paliedro.

vértice de un dngulo  El punto final comdan de los dos
rayos que forman wn anguio.

angulos verticales  Dos angulos no adyacentes
formados por dos lineas de interseccidn.

asintota vertical  Una linea vertical gue se aproxima a
un grafico.

cambio vertical  Una traduccidn vertical de la gréfica
de una funcidn trigonométrica.

volumen La medida de la cantidad de espacio
encerrada por una figura tridimensional.

work problems  Problems that involve bwo people
working at different rates who are trying to complete a
single job.

problemas de rabaje  Problemas que imolucran a
dos personas trabajando a diferentes ritmos que estan
tratando de completar un soko trabajo.
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imtercept  The x-coordinate of a point where a graph intercepcidn ¥ La coordenada x de un punlo donde la
crosses the y-axis. grifica comne al eje de x.

p-imtercept  The p-coordinate of a point where a graph intercepcién ¥ La coordenada y de un punte donde la

crosses the yaxis. grifica corte &l eje de y.
zoalue  The number of standard deviations that a valerz  El ndmero de variaciones estandar gue separa
given data value is from the mean. un valer dado de la media.

rero  An x-intercept of the graph of a function: a value cera  Una Intercepcian x de la grafica de una funcidn;
of x for which fx) = Q. un punto ¥ para los gue fx) = 0.
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algebra tiles, 34, 101
amplitudes, 445

Analyze See Proctice for the
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angles
central, 419
coterminal, 417
general, 427
guadrantal, 427
of rotaton, 417
reference, 428

apply example, 96, 148, 162, 240,
272, 406, 438
arc length, 419

asymptotes, 217
horizontal, 327

obligue, 340
wertical, 327

bias, 3H

binomial, 93
expansion, 109

closure

of polynomial expressions, 93
of rational expressions, 319

coefficient of determination, 249
Ccommon ratio, 239

completing the square, 35
complex conjugates, 23
complex fractions, 313

complex mumbers, 23
arithmetic operations with, 24
properties of, 23

compound interest, 225
continuously compounded

imterest, 233, 255

confidence intervals, 403

conjugates, 157

Create See Procfice for the
lessons.

critical values, 403

cubes
difference of two, 123
sum of two, 123

cycles, 437

decay factors, 219

degrees, 73

Descartes’ Rule of Signs, 144
differences of squares, 29
discriminamnts, 45

distributions, 387
bimodal, 387
comparing, 390
negatively skewed, 387
normal, 396
positively skewed, 387
probability, 393
standard normal, 398
symmetric, 387

division of polynomials
algorithm,
long, 101
synthetic, 103

e, 233

The Empirical Rule, 396

equations
exponential, 225
legarithmic, 268
guadratic, 13
radical, 203
rational, 355
estimation. B9, 236, 282, 2594
exciuded values, 327
Expand, 244

expected values, 393
experiments, 372
exponential
continuous decay, 297
continuous growth, 295
decay, 219

eguations, 225
form, 175
functions, 217
gronaith, 217
inequalites, 228
extrema
magmum, 3
minimum, 3

factored form, 27

factoring
by using the Distributive
Property, 27
differences of squares, 249
perfect square trinomials, 29
minomials, 27
Zers Product Property, 27

Find the Emor See Practice for
the lessons,

FOIL method, S5

formulas
Change of Base, 279
explicit, 239
recursive, 239

frequencies, 4459

functions
adding. 159
Arccosine, 473
Arcsine, 473
Arctangent, 473
circular, 435
compasition of, 60
cosecant, 458
cosine, 445
cotangent, 458
cube root, 186
dividing, 159
exponential, 217
inverse, 167
inverse trigonometric, 473
logarithmic, 261
monomial, 73
maultiphying, 155
natural base exponential, 285
periodic, 437
polynomial, 75
power, 73
quadratic, 3
queartic, 75



quintic, 75
radical, 183
rational, 337
reciprocal, 327
reciprocal trigonometric, 458
regression, 249
secant, 458

sine, 445
sinusoddal, 445
sguare root, 183
subtracting, 159
angent, 455
trigonometric, 425

geometric means, 239
growth factors, 218

hyperbolas, 327

identities, 131
palynomial, 131
imaginary unit L 21

imdexes, 175

imequalities
exponential, 228
quadratic, 51
rational, 359
square root, 183

imitial sides, 417

inverse
functions, 167
relaticns, 167

leading coefficients, 73
like radical expressions, 194
Location Principle, 83
logarithms, 255

common, 277

natural, 285

math history minutes, 29, 87,
132, 177, 220, 259, 340, 381,
428

maximum error of the
estimate, 403

midlines, 445

Modeling See Proctice for the
l=ssons.

multiplicity, 143

notations

cigma, 243
ath roots. 175

observational studies, 372
oscillation, 445
outcomes, 3593

outliers, 387

parameters, 371

Pascal's triangle, 109
perfect sguare trinomials, 29
perods, 437

Persevere See Proctice for the
lEssons.

phase shifts, 463
paint discontinuities, 341

polynomials, 75, 93
adding, 93
degree of a, 7%
depressed, 137
dividing, ¥
factors of, 135
functions, 75
identities, 131
mudtiplying, 95
prime, 123
standard form of a, 75
subtracting, 93

populations, 371
population propaortions, 405
principal roots, 175
principal wvalues, 473

probability, 379
distributions, 393
expenimental, 379
model, 380
theoretical, 375

problems
mixture, 357
projectile motion, 37
uniform motion, 358
wiork problems, 358

properties

Power Property of
Logarithms, 270

Property of Equality for
Exponential Equations, 225

Property of Equality for
Logarithmic Equations, 269

Property of Ineguality for
Exponential Equations, 228

Produsct Property of
Logarithms, 270

Product Property of
Radicals, 193

Cuctient Property of
Logarithms, 270

Cuoctient Property of
Radicals, 193

Square Root Property, 33

Zero Product Property, 27

pure imaginary numbers, 21

quadratic

equations, 13
form, 125
functions, 3
inequalities, 51
redations, &0

Guadratic Formula, 43

radians, 415

radical
equations, 203
form, 177
functions, 183

radicands, 175
random sampling, 371

random variables
continuous, 393
discrete, 393

rates of change, &
average, 6
percent, 218

rational
equations, 355
exponent, 177
expression, 311



functions, 337
inequalities, 358

ratienalizing the denominator, 23
Reasoning See Proctice for the
lessons.
samples, 371
convenience, 3
seif-selected, 3T
simple random, 3
stratified, 31
systematic, 3
sample spaces, 3593
sampling errors, 403
sequences, 239
as functions, 239
finite, 239
geometric, X349
infinite, 23%
nth term of 2 239
series, 241
geometric, 241
partial sum of a geometric, 241
simulations, 380
sguare root
functions, 183
inequalities, 183
standard dewviations, 387
standard errors of the
mean, 403
standard form
of a pohynomial, 75
of a quadratic eguation, 13
standard position, 417
statistic, 3T
statistics
descriptive, 387
inferential, 403
surveys, 372

Symimetry
asis of 3

synthetic substitution, 135
systems

linear-nondinear, 57

term of a sequence, 239
terminal sides, 417

theorems
Binomial Theorem, 108
Complex Conjugates
Theorem, 5
Factor Theorem, 137
Fundamental Theorem of
Algebra, 43
corollary, 143
Remainder Theorem, 135

trigonometric
functions, 425
ratios, 425
cosecant, 425
cosine, 425
colangent, 425
cacant, 425
sine, 425
tangent, 425
reciprocal functions, 458
sinsoidal functions, 449

trigonometry, 425
trinomials, 93
turning paints, 83

unit circle, 435

wvariances, 387

wariations
combined, 348
constant of 347
direct, 347
inverse, 348
joint, 347

wvertexes, 3

wertex form of a quadratic
equation, 37

wertical shifts, 465

Write See Frocfice for the

lessons.

z-values, 398




