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Module 1
Quadratic Functions

e Essential Question
What are important characteristics of a quadratic function, and what real-world
situations can be modeled by guadratic functions and equatior

What Will You Learn?
How much do vou already know about each topic before starting this module?

KEY Bafors | After

= — | don't know. i — I've heard of it = — lenow il

find and interpret average rate of change of a quadratic function |
estimate solutions of guadratic eguations by graphing i
|
|
I

periorm operations with complex numbers

solve quadratic equations by factoring

solve quadratic equations by compleling the square

use the discriminant to determine the number and type of roots
| of a quadratic equation
| solve quadratic inequalities in two variables by graphing |

solve systems of two quadratic equations . !
solve systems of nonlinear relations ; I

{ﬂ] Foldables Make this Foldable to help you organize your notes about quadratic
functions. Begin with one sheet of 11° by 17" paper.

1. Fold in half lengthwise.
2. Fold in fifths crosswise.
3. Cut along the middle fold from the edge to the last crease as showr.

4. Refold along the lengthwise fold and tape the uncut section at the top. Label
each section with a lesson number. Close to form a booklet.

i i b ?xg Mgt b o M b

Medile 1 « Quadratic Functions 4




What Vocabulary Will You Learn?

« average rate of change

- imaginary unit {

» guadratic inequality

« axis of symmetry = MAXImUm « guadratic retations

« completing the square = Minimum « rate of change

= complex conjugates « perfect square frinomials « rationalizing the denominator
« complex number = projectile motion problems « standard form of a quadratic
« differance of squares = pure imaginary number equation

= discriminant = guadratic equation = vertex

= factored form = guadratic function » wertex form
Are You Ready?

Complete the Quick Review to see if yvou are ready to start this module.

Then complete the Quick Check.

Quick Review

Exampla 1

Given fix) = —2x* + 3x — 1 and gix) = 3" — 5, find
each value.

a. A&
)==2¢"+ 3x —1 Origginal hunction
AZ2)==2H2Y + 3(2) =1 Substitule 2 for s
==8+6—Tor—=3 Samplty
b. g(—2)
gy} =3 -5 Oirigginal funciion
g2} =3[—-2F -5 Substitite -2 for x.

=12 -=5or7 Sam ety

Quick Check
Given fix) = 2x* + 4 and

gix) = —x* — 2x + 3, find each value.
1. f3)
2. {0}
3. gi4}

4.91—3)

Exampi= 2

Factor 20" — x — 3 completely. If the polynomial is
not factorable, write prime.

To find the coefficients of the x-terms, you must
find two numbers whose product is 2{—3) or —6,
and whose sum is —1. The two coefficients must
be 2 and —3 since 2(—3) = —6and 2 + (—3) = —1
Rewrrite the expression and factor by grouping.
2xt=—x=3
=2+ 2= 3x =13 Suibsstitute 2 — T for —x
=2 4+ 2%+ [=3x — 3) Associalive Property
=2xfx + T+ =3+ 1)

={2x—Yx+1

Facior aul the GLF.

Disiritviithee Propserty

Factor completely. If the polynomial
is not factorable, write prime.

S.x* —10x + 21

6.2x" + Tx— 4

L2 —Tx—15

B.x—1Mx+15

How Did You Do?

Which exercises did you answer corractly in the Quick Check?

2  Module 1 - Quadratic Functions



Lesson 1-1

Graphing Quadratic Functions

Today's Goals

i = Graph guadratic
Explore Transforming Quadratic Functions functions.

» Find and interpret the

L) Online Activity Use graphing technology to complete the Explore.

average rate of change
T — of quadratic functions
@ INGUIRY How can you use the values of a, b, given symbolically, in
and ¢ in the eguation of a quadratic function tzbles, and in graphs.
y=ax? + bx + ¢ to visualize its graph? Today's Viocabulary
: quadratic function
Learn Graphing Quadratic Functions axds of syemmtry
vertex
A quadratic function has an equation of the form y = ax® + hx + ¢, T,
where o # 0. A quadratic function has a graph that is a parabola, P el

fix) = cx< + b + ¢, wherea+ 0

rate of change
average rate of change
ﬁ'ﬁ

Key Concept » Graph of a Quadratic Functicn

Think About It!
y=ox + by +c,wherea # 0 Q

Why is it important 1o

The y-intercepl is . know whether the
The axis of symmetry s the line "'Eh"::e“ 5% RGN CF
about which a parabola is mﬁp'::;' a“qmi '”'dm“r_
symmetnic. IS equation s x = ———. ar
¥ " 20 function?
The axis of symmetry intersects
the parabola at Hsﬂmm. its
x-coordinate is I35
You will derive the equotion for the oxis of spmmetny in Lesson 5.
Key Concept » Maximum or Mirimum Values of Guadratic Graphs
The vertex of a quadratic function is either a maximum or minimum. The Watch Cut!
graph of y = ax® + bx + ¢, where a # 0, opens up and has a minimum Maxima and Minima
when a > 0, and opens down and has a maximum when o < Q. Juet because a vertey
o s pisilve. ais negative. is @ maximum does not
5 T ¥ mean it will be located
o above the x-axis, and
Just because a werlex is
af 5 & minimum does not
! g mean it will be located
below the x-axis.
]
The p-coordinats is The p-coosdinate s
the mninimuim vakae. thee MU wakie.

Lesson +-1 « Graphing Quadratc Funchons 3



Example 1 Graph a Quadratic Function by Using a Table

Graph fix) = x* + 2x — 3. State the domain and range.
Step 1 Analyze the function.
Forfxy=x*+2x—3. a=1,b=2 andc=-3.
C is the y-intercept, so the p-intercept s —3.

{3 GCa Online Find the axis of symmetny.

You can watch videos o — A .
tﬁ'ﬁE’EI mg’ﬂph = —E FUSH0OR Of The axXls O symmetry
guadratic functions by R e

using a table or its key 2m

featuras. = —1 Simplify

| The equation of the axis of symmetry s x = —1, so the x-coordinate
of the vertex is —1. Because o > O, the vertex i a minimurm.

Step 2 Graph the function

f# Think About It 3 T
Sy -3 [~ +2-3-3 |[(-3.0 1 ]
substituting 2 for x in -2 [(-2P+2(—2)—3 |(-2.—-3 =
the function. Justify = [_1:.'2 +21-1—3 -1, —4) '|||I 1 ¥
your argument. 5 |05+ 20— 3 o

' 1 @ +2m -3 (—3.0)

Step 3 Analyze the graph.

The parabola extends o posithve and negative infinlty. =0 the
domain is all real numbers. The range Is {y | ¥ = —4}.

' Example 2 Compare Quadratic Functions

Q Think About It Compare the graph of f{x) to a quadratic ¥
Compare the end function g(x) with a y-intercept of —1 and a
behavior of fx) and vertex at (1, 2). Which function has a greater { |
aix) maximum?

From the graph, fx) appears to have a maximum { \
of 5. Graph gix) using the given information. H h

The vertex is at (1, 2}, so the axis of symmetry
lsx="1

The pintercept is —1, so (0, —1) is on the graph. | [

Raeflect (0, —1) in the axis of symmetry. So,

(1. —1} is also on the graph.
B W
’t

Connect the polnts with a smooth cunve.

2 s the maximum, 5o fix) has the greater
maximum. 1

A Meodule 1 « Quadratic Functions



 Example 3 Use Quadratic Functions

SKING A ski resort has extended hours on one holiday weekend per

year. Last year, the resort sold 680 ski passes at $120 per holiday
weekend pass. This year, the resort is considering a price increase.

They estimate that for each $5 increase, they will sall 20 fewer
holiday weekend passes.

Part A How much should they charge in order to maximize profit?
Step 1 Define the variables.

Let x represent the number of $5 price increases, and let P{x) represent
the wotal amount of money generated. Plx) 1= eqgual to the price of each
pazs (120 4+ Sx) times the total number of passes sold (R0 — 20x).

Step 2 Write an equation.

Pix) = (120 + 680 — 20x) Original equation
= §1.600 — 2400x + 3400x — 100x" Multiply
= —100x? + 1000x + 81,600 Semplify

Step 3 Find the axis of symmetry.
Because g is negative, the vertex is a maximum.
X=—=5 Formula for the axis of symmetny
o= —100; & = 1000
=5 Sirmpdify
Step 4 Interpret the results.

The ski resort will make the most money with 5 price increases, so they
should charge 120 + 5(5) or $145 far each holiday weekend pass.

Part B Find the domain and range in the context of the situation.

The domain s {x | 0 < x = 34} because the number of price increases,
and the number of passes sold cannot be negative. The range ks
{¥| 0 = y = 84100} because the amount of money generated cannot

be negative, and the maximum amount of money generated is
P{5) = —100(5)F + 1000(5) + 81,600 or 84.100.

Check

COMCERTS Last year, a ticket provider sold 1350 lawn seats for a concert
at $70 per ticket. This year, the provider is considering increasing the price.
They estimate that for each $2 increase, they will sell 30 fewer tickets.

Part A How much should the ticket provider charge in order to

maximize profit? $_7
PartB Find the domain and range in the context of the situation,

D= 7 R= ?

) Go Online You can complete an Extra Exampée online.

Study Tip
Assumptions You
assumed that the ski
resart has the ability to
increase the price
indefinitely and that
every price increase
will be 55 and will
cause the resort 1o lose
sales from exactly 20
holiday weekend
passes.

by Think About It
Why is the maximum

amount of money
generated from holiday

weekend passes P57

Lessan 41« Graphing Quadratic Functions 5




%9 Think About It
Find the average rate
of change of the
function awer the
interval [—3, 1.
Compare it to your
results from the interval
[—4. 4].

& Talk About It
Without graphing, how
can you tell that this
function is nonlinear?
Justify your argument

6 Maodule 1« Quadratic Functions

Learn Finding and Interpreting Average Rate of Change

A function's rate of change is how a quantity is changing with respect
to a change in another guantity. For nonlinear functions, the rate of
change Is not the same over the entire function. You can calculate
the average rate of change of a nonlinear function over an interval

K=y Concept » Average Rate of Change

The average rate of change of a function flx] is equal to the change in

the value of the dependent variable fib) — o) divided by the change

in the value of the independent variable b — o over the interval [a, bl
A8} — Ra)

“h—-o

Example 4 Find Average Rate of Change from an
Equation

Determine the average rate of change of fix) = —x? 4+ 2x — 1 over
the interval [—4, 4].

; fid) = A=4)
The average rate of change is equal to A=i-4) -
First find f—4) and f4).
fi4) = —(4)* + 2(4) —1or —9
Then use [—4) and {4} to find the average rate of change.

fd4) = fi—-d4) =9 - (=25
A=(=d) — Ad—{-)

f-4) = —{—4P° + 2(—4) —10r —25

or 2

The average rate of change of the function aver the interval [—4, 4] s 2.

Check

Find the average rate of change of fix) = —2x¥ — Sx + 7 aver the
imterval [—5, 5].
average rate of change = _ 2

Example 8 Find Average Rate of Change from a Table
Determine the average rate of change of fix) over _m

the interval [—3, 3]. _3 49
The average rate of change Is equal to ﬂ} ﬂ;] 5 »
First find {3} and f-3) from the table. 3 0
fi3) = —24 f-3)=48 P T
B =Rf-3) -24-48 _
- a3y r ¥ ! .
The average rate of change of the function over 2 —27
the interval [—3, 3]is —12. 3 —24

L) Go Online You can complete an Extra Example online.



Check
TESTING The table shows the number of students who took the ACT

between 2011 and 2015,
20m 1623Nn2
2012 1,666,017
2013 158 243
2014 1845787
2015 1.924 436
Part &

Find the average rate of change in the number of students taking thea
ACT from 2011 to 2015.

average rate of change =
Part B

?

Interpret your results in the context of the situation.

From 2011 1o __7__ the number of students taking the ACT

? by an average of ? _ swudents per year.
@ Example 6 Find Average Rate of Change from Uish anume
a Graph Research the sales of
another industry over a
FOOTWEAR The graph shows the Spending on Sports Footwear ten-year period. Then
amount of money the United a5y 70, 20.981] find the average rate of
States has spent on sports 20 change during that
footwear since 2005. * time.
EE 19 |

Part A - ¥

B &
Use the graph to estimate the g
average rate of change of ="
spending on sports footwear ] 154['”‘ 15.72)
from 2005 to 2015. Then check b S ;
your results algebraically. 2 4 & & MW

Years Since 2005

Estimate

From the graph, the change in the y-values is approximately 5.5, and
the change in the x-values is 10.

S0, the rate of change is approximately % or 0.55.

(continued on the next page)

Lessan 1-1 + Graphing Quadrabec Functions T



Algebraically

W0 =
The average rate of change is equal to w.
{10y = Ao -
tﬂ: “g ) _ zns;g_ :JS'H or 0.637
PartB

Interpret your results in the context of the situation.

From 2005 to 2015, the amount of money spent on sports footwear in
the United States increased by an average of $527 million per year.

Check
SUPER BOWL The graph shows the number of television viewers of the
Super Bowl since 2006.

Super Bowl TV Viewership
¥

)
]

.
e
o

1+ m.';n.sn

=t

TV Viewers (millions)
B
L]
et

]
i

. T
123 485867891
Years Since 2006

&

Part A

Use the graph to estimate the average rate of change in Super Bowl
viewers from 2006 to 2016 to the nearest hundredth of a million. Then

check your results algebralcally.

estimate = _7? _ milllon
average rate of change = _ 7 million per yoar
PartB

Interpret your resufts in the context of the situation.

? 7

From to 7 _ the number of Super Bowl viewers £

by an average of __7__ milion viewers per year.

L) Go Online You can complete an Extra Example online.

B Meodule 1. Quadmatic Functions



Practice E-Eu Onllne ¥ou can complete yvour omework online

Exampie 1
Graph each function. Then state the domain and range.
1 fix)=x*+6x+8 2 fixy=—x"—2x+ 2 3. fix)=2x" —4x + 3
4. ) = —2x2 B )=x’—4x+ 4 6. fiX) =x —6x+8
Exampie 2
7. Compare the graph of fix) to a quadratic B. Compare the graph of fix) to a quadratic
function gix) with a y-intercept of 1and a function g{x) with a y-intercept of 0.5 and a
viertex at (1, 3). Which function has a greater vertex at (—1, —5). Which function has a
maximum? Explain. lesser minimum? Explain.
¥ [+ ¥ ?
NEmr
\ A
E 8 E T
f' \
1
9. Compare fix) = x* — 10x + 5 to the 10. Compare fix) = —x* + 6x — 15 to the
guadratic function gilx) shown in the table quadratic function gi{x) shown In the table.
Which function has the lesser minimum? Which function has the greater maximum?
Explain, Explain.
—10 170 —& —26
—5 70 = —H
o 10 0 —2
5 —10 3 1
10 10 B —d
Exampls 3

1. FISHING A county park sells annual permits to its fishing lake. Last year, the
county sold 480 fishing permits for $80 each. This year, the park is considering

a price increase. They estimate that for each $4 increase, they will sefl 16 fewer
annual fishing permits:

a. Define variables and write a funclion o represent the situation.

b. How much would the park have to charge for each permit in order 1o maximize
its revenue from fishing permits?

¢. Find the domain and range in the context of this situation.

Lessan 41« Graphing Quadratic Functions 9




12. SALES Lasztmonth, a retailer sold 120 jar candles at 330 per candie. This month
the retailer Is considering putting the candles on sale. They estimate that for each
%2 decrease in price, they will sall 10 additional candies.

a. How much should the retaller charge for each candle in order to maximize its profit?

b. Find the domain and the range in the context of this situation.

Example 4

Determine the average rate of change of flx) over the specified interval.
13. fix) = »® — 10x + 5; interval [—4, 4] 14. fix) = 2% + 4x — 6; interval [-3, 3]

15. fix) = 3x? — 3x + 1 interval [-5, 5] 16. fx) = 4x? + x + 3; interval [-2, 2]
17. fix) = 2x2 — 11; interval [—3, 3] 18. fix) = —2x% + Bx + 7; interval [—4, 4]
Example 5

Determine the average rate of change of fix) over the specified interval.

19. interval [—3, 3] 20. interval [—4, 4] “m 21. interval [—2, 2] m

=3 LB —4 | =27 —2| =3
— 3 —2:1 —3 =1 |
-1 | —4 0 5 g | -
0 | =3 2| —3 1 3
1 b 4 | =27 2 g
5
3 12
22. interval [-5, Ejnm 23. interval [—3, 3] m 24. interval [-2, 2]
=5 | —39 -3 | =7 -2 | 12
—3. |15 —2 12 —1
—1 1 —1 3 0 a
0 & o =3
1 3 1 2 —4
3 g 12
5 1 3|
Potato Chips
Example & Consumption
25. FOOD The graph shows the number of paople in the US. wha o 54 4 1:l 5'5.3.I5}~—
consumed between 8 and 11 bags of potato chips in a year since 2001, E ;
[]
a. Use the graph to estimate the average rate of change of E‘ ﬂ
consumption from 2011 to 2006, Then check your results g 5
algebraically. e
E &3 [0, 42.97)
b. Interpret your results in the context of the situation. O 4 T i‘
0

123 4667 8 97
Years Since 201

0 Module 1. Cuadratic Funchions



26, EARMINGS The graph shows the amount of money Sheilla earned Sheila’s Earnings
each year since 2008,

-

a. Use the graph to estimate the average rate of change of Sheila’s
earnings from 2008 to 2018 Then check yvour results algebraicalby.

b. Interpret your results in the context of the situation,

L ]

Dollars (ten thous ahd 5}
B = b i iR e B2 WD

Mixed Exercises .l_ﬂ-llr
Complete parts a-c for each quadratic function. 123456878 9x
Years Since 2008
a. Find the y-intercept, the eguation of the axis of symmetry,
and the x-coordinate of the vertex.

b. Make a table of values that includes the vertex.

€. Us=e this information to graph the function.
27. fix)= 2" —6x — 9 28, )= -3 —Ox + 2 29, fix) = —4x* + Bx
30. fix) = 2%2 + Mx 3L fix) =025« +3x + 4 32 fix) = —-0T75x2 + 4x + 6

Determine whether each function has a maximum or a minimum value. Then find
and use the x-coordinate of the vertex to determine the maximum or minimum.

33. i) = —9x? —12x + 19 3. )= —2Ix+ 8
35. fix) = —Gx? + 1x — 6 36. fix) = 2x? —13x— 9
37. fix) = 9x — 1—18x2 38. fix) = —16 — 18x — 12x2

39. HEALTH CLUBS Last year, the Sports Time Athletic Club charged 520 per month
to participate in an aerobics class. Seventy people attended the classes. The club
wants to increase the class price. They expect to lose one customer for each $1
increase in the price.

a. Define variables and write an eguation for a function that represents the
situation. Make a table and graph the function.

b. Find the vertex of the function and interpret it in the context of the situation. Does
it seem reasonable? Explain.

40, TICKETS The manager of a community symphony estimates that the symphony
will earn —40P% + 1100P dollars per concert if they charge P dollars for tickets.
What ticket price should the symphomy charge in order to maximize its profits?

41. REASOMNING On Friday nights, the local cinema typlcally selis 200 tickets at
$6.00 each. The manager estimates that for each $0.50 increase In the ticket
price, 10 fewer people will come to the cinema.

a. Define the vardables x and p Then write and graph a function to represent the
expected revenue from ticket sales, and determine the domain of the function
for the situation.

b. What price should the manager set for a ticket in order to maximize the
revenue? Justify your reasoning.

c. Explain why the graph decreases fromx = 4 to x = 20, and interpret the
meaaning of the x-intercept of the graph.
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42, USE & MODEL From 4 feet above a swimming pool, Tomas throws a ball upward
with a velocity of 32 feet per second. The helght hit) of the ball t seconds after
Tomas throws it is given by h{t) = —161% + 32t + 4. For t = 0, find the maximum
helght reached by the ball and the time that this height is reached.

43. TRAJECTORIES At a special ceremonial reenactment, a cannonball is
launched from a cannon on the wall of Fort Chambly, Quebec, If the path
of the cannonball is traced on a graph =o that the cannon is situated on
the y-axis, the equation that describes the path is ¥ = bELD”l + %x + 20,
where x is the horizontal distance from the cliff and v is the vertical
distance above the ground in feetl. How high above the ground s the
cannon?

44, CONSTRUCT ARGUMENTS Which function has a greater maximun:
fix) = —2x2 + 6x — 7 or the function shown in the graph at the right?

Explain your reasoning by copying the graph of gix) and graphing fx).

45. FIND THE ERROR Lucas thinks that the functions fix) and g(x) have the same
maximum. Madison thinks that g{x) has a greater maximum. Is either of them
correct? Explain your reasoning.

i}

gix] = a quadratic function
o r with x-intercepts of 4 and

2 and a y-intercept of —B.
/
14

[

1
46. PERSEVERE The table at the right represents some points on the graph of a
auadratic function. —aa. | =317
a. Find the values ol o, b, ¢, and d. . 13
b. What is the x-coordinate of the vertex of the function? _5 >
c. Doesihe function have a maximum or @ minimum? 4 >3
a—1 a
47. WRITE Describe how vou determine whether a function s guadratic and if it
has a maximum or minimum value. 5 |a—24
7 —b
48. CREATE Give an example of a quadratic function with each characteristic. 15 —202
a. maximum of 8 b. minimum of —4 c. vertex of (—2, B) 14— | —377
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Lesson 1-2

Solving Quadratic Equations by Graphing

Explore Roots of Quadratic Equations

L) Online Activity Use graphing technology to complete the Explore.

EEEEE————
@ INQUIRY How can you use the graph of a
quadratic function to find the solutions of its
related equation?

Learn Solving Quadratic Equations by Graphing

A quadratic equation = an equation thal includes a guadratic expression.

Key Concept » Standard Form of a Guadratic Equation

The standard form of a quadratic equation |s ax? + hx + ¢ = 0.
where a # 0 and a, b, and e are integers.

One method for finding the roots of a quadratic equation s to find the
zeros of a related quadratic function. You can identify the solutions or
roots of an equation by finding the x-intercepts of the graph of a
related function. Often, exact roots cannot be found by graphing. You
can estimate the solutions by finding the integers betweean which the
zeros are located on the graph of the refated function.

Example 1 One Real Solution
Solve 10 — x2 = 4x + 14 by graphing.

Rearrange terms so that one side of the eguation s 0.

O=x"+4x+4

Find the axis of s.'g,.-'mmetrg,.r - _qi: ’ r
2 —4
gl 21“ e or —2 . __'qi
Make a table of values, plot i 1 l‘ /
the points, and connect —2 0
them with a curve. -1 1
1o ]
O 4 |

The zero of the function is —2. Therefore, the solution of the equation
s —2orix|x=—2].

Check
Solve x? + Tx = 31x — 144 by graphing. x = _7_

Today's Goals
= Solve guadratic
equations by graphing.
Today's Vocabulary
guadratic equation
standard form of a
quadratic equation

b Think About It

How can you determineg
the number of salutions
of a quadratic equation?

Study Tip

Solutions of Quadratic
Equations A quadratic
equation can have one
real solution, two real
solutions, or no real
solutions.

by Think About It

How can you find the
solution of the aquation
from the table?
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I0) Go Online You
can watch a video to
S22 how lo solve
quadratic equations by
graphing on a graphing
caleulator,

{o# Think About It
Explain why 3 and 15
cannot be solutions,

even though their sum
is 24

Example 2 Two Real Solutions

Use a quadratic equation to find two real numbers with a sum of 24
and a product of 143.

Let x represent one of the numbers. Then 24 — x will represent the
other number. 5o x{24 — x) = 143.

What do you need to find?

xand 24 —x

Step 1 Solve the aquation for 0.

%24 — x) =143 Chriginal equaton
Fx — ¥< = 143 Diistributive Property

0 =x%—24x + 143 Subtract 24x — &2 from each side

Step 2 Find the axis of symmetry.

__ﬂ =F) o e of e et
X== Equation of the axs of symmetry
. | iy
XK= 3m o=15b 24
x=12 Simplity

Step 3 Make a table of values and graph the function.

L ‘
14 3 B 3%
13 0 -il
12 9 i

.1|
fl 0

I FEEEN 3
10 3 Eql 11

Steps 4 and 5 Find the zerofs) and determine the solution.
The zeros of the function are 11 and 13.

x=MNorx=13 so 24 —x =13 or 24 — ¥ = 11 Thus, the two numbers
with a sum of 24 and a product of 143 are 11 and 13.

Check

Use a quadratic equation to find two real numbers with a sum of —43
and a product of 306. _°_and _7__

mﬁn Onding You can complete an Extra Example ondine.
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Example 3 Estimate Roots

Salve —x* + 3x + 7 = 0 by graphing. If the exact roots cannot be
found, state the consecutive integers between which the roots

are located.
4 () Talk About It

b 3
Find the axis of symmetry. x = —5- = — -1 or=-4 How can you estimate

the solutions of the
Make a table of values, plot

equation from the
the points, and connect them table? Explain your
with a curve.

regsoning.

|

kd

|

Lud
ﬂ o .u..alb"‘
8
|

3

The x-intercepts of the
graph Indicate that one 7
solution is between —2 and 1 g
g
7
3

[l

‘.--"

—1, and the ather solution is
betweon 4 and 5.

Check

Use a graph to find all of the solutions of ¥2 + 9x — 5 = 0. Select afl of
the pairs of consecutive integers between which the roots are located.

Example 4 Solve by Using a Table
Use a table to solve —x2 + Sx —1=0.

Steps 1and 2 Enter the function and view the table.

Enter —x? + 5x — 1in the Y= list. Use
the TABLE window 1o find where the
sign of Y1 changes. The sign changes
betweenx = 0and x =1

Steps 3 and 4 Edit the table settings
and find a more accurate location.

Use TBLSET to change AThl to 0.1 and
ook again for the sign change.

Repeat this for 0.01and 0.001 to get
a more accurate location of one zero.

One zeraois located al approximately
x = 0.209.

(continued on the next page)
¥ Go Online You can complete an Extra Example online
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b Think About It

How can you check
your solutions?

Watch Cut!

Graphing Calculator If
you cannol see the
graph of the funclion
on your graghing
calculator, you may
need to adjust the
wiewning windom
Having the proper
viewing window will
akso make i easier to
see the zeros.

%oy Think About It

Why did you anly find
the positive rera?

Go Online 1o see
how to use a Ti-Mepire
graphing calculator
with this example.

Steps 5 and & Find the other zero
determine the solutions of the equation.

Repeat the process to find the second
zero of the function,

The zeros of the function are at
approximately 0.209 and 4791, s0
the =olutions to the equation are
approaximately 0.209 and 4791,

Check
Use a table to find all of the solutlons of —x2 —3x + 8 =0.
? and__T

—_— —

@ Example 5 Solve by Using a Calculator

FOOTEALL A kicker punts a football. The height of the ball after ¢
seconds is given by h(t) = —16t2 + 50t + h,, where h, is the initial
height. If the ball is 1.5 feet above the ground when the punter's
foot meets the ball, how long will it take the ball to hit the ground?

We know that hy, is the initial height, so h, = 15. We need 1o find ¢
when hif) is 0. Use a graphing calculator to graph the related function
hify = —1612 + 50t + 15.

Step 1 Enter the function In the Y= list,

and press graph. P

Step 2 Use the zero feature in the
CALC menu to find the positive zera.,

Step 3 Find the left bound by placing
the cursor to the left of the intercept.

Step 4 Find the right bound.
Step 5 Find and interpret the solution.

ke i

The zero is approximately 3.15. Thus, the ball hit the ground
approximately 315 seconds after it was punted,

Check

SOCCER A goalie punts a soccer ball. If the ball is 1 foot above the
ground whean her foots meets the ball, find how long it will take, to

the nearest hundredth of a second, for the ball to hit the ground. Use
the farmula hf) = —1612 + 35¢f + h,, where t ic the time in seconds and
h, Is the initial height

!  caconds

{0} Go Online You can complete an Extra Examgle ansine.
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Practice E-Eu Onllne ¥ou can complete your fomework online

Example 1
Use the related graph of each equation to determine its solutions.,
1 +2x+3=0 2 x2—3x—10=0 3L - —Bx—1%=0
Jq ) B g 4] ] ¥
[ {
I [+] x
'i f | '

AR i AN

o ] J

i B ¥ h
Solve each equation by graphing.
4 2 —10x+21=0 B 42 +4x+1=0 6. " +x—B=0
7 x24+2%x—3=0 B. x—6Bx—9=0 9 x2_6x+5=0
10. 2 +2%x+3=0 M2 —-3x—10=0 12. -2 —-8x—16=0

Exampie 2

13. Use a quadratic equation to find two real numbers with a sum of 2 and a product
of —24,

14. Use a guadratic eguation to find two real numbers with a sum of —15 and a
product of —54.

Examplz 3

Solve each equation by graphing. If the exact roolts cannot be found, state the
conzecutive integers between which the roots are located.

15, ¥ —4x+2=0 B 2+Ex+6=0 7. x2+4x+2=0
18. —x2 —4x=10 19, —x24+36=0 20. 2 —6Bx+4=0
M. P +5x+3=0 2. x2-7=0 23, ' —4x—6=0
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Example 4
Use the tables to determine the location of the reros of each quadratic function. State the
consecutive integers between which the roots are located.

= -7 - =t 1 =g —3 —2 -1 0
=g | =4 4 4 - | =m 32 | —a8

25. 2 e 0 1 2 3 4 5
32 14 2 —3 —3 2 14 32

28. % | = 0 3 & 9 12 15
-5 —1 2 5 3 -1 -5 —14

Use a table to solve sach equation. If the exact roots cannot be found, approximate
the roots to the nearest hundredth.

27. -3 +3=0 28 2 —x+2=0 29. —1x24x+3=0
30. 2 —2%—2=0 3. 242+ 4=0 32. 22 - 2%+ 7=0
Example 5

PHYSICS Use the formula hif) = —1612 + Vgt + h,. where hit) is the height of an
object in feet, v, is the object’s initial velocity in feet per second, t is the time in
seconds, and h, is the initial height in feet from which the object is launched.
Round to the nearest tenth, if necessary.

33. Melah throws a baceball with an initial upward velocity of 32 feet por second. The
baseball is released from Melah's hand at a height of 4 feel. Use a graphing
calculator to detarmine how long it will take the ball to hit the ground.,

34. A punter kicks a football with an initial upward velocity of 60 feet per second. The
ball s 2 feet above the ground when his foot meets the ball. Use a graphing
calculator to detarmine how long will it take the ball 1o hit the ground.

Mixed Exercises

Solve each equation by graphing. If the exact roots cannot be found, state the
consecutive integers between which the roots are located.

35. 4x? — 15 = —4x 36. —35 = —3x — 2x? 37. 3 +1Mx+9=1
38. —4x'=12x+8 39, -05x¥ +18=—-6x+33 40. 05x + 075 = 0.25x
. 3 +Bx=0 42, 2+ x=1 43, 01 +05x+10=0
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Uze a graph or table to solve each equation. If exact roots cannot be found, state the consecutive
integers between which the roots are located.

44. i + 4x=0 a8, -2 —4x—5=0 46. 052 — 2% +2=10
47. -025x2 —x—1=0 48. X —6Bx+MN=0 49, —05t +x+6=0

REGULARITY Use a quadratic eqguation to find two real numbers that satlsfy each
situation, or show that no such numbers exist.

50. Their sum s 4, and thetr product s —117
51. Their sum is 12, and their product is —85.
52. Their sum is —13, and their product s 42,
53. Their sum k= —8, and their product is —209,

54. BRIDGES |n 1895, a brick arch railway bridge was built on Morth Avenue in
Baltimore, Maryland. The arch is described by the equationh =9 — lmxz, where
h is the height in yards and x is the distance in yards from the center of the
bridge. Graph this equation and describe, to the nearest yard, where the bridge
touches the ground.

55. RADIO TELESCOPES The cross-section of a large radio telescope is a parabola. o
.

The equation that describes the cross-section s y = 3—5 x— %x — 5. where

¥ i= the depth of the dish in meters al a point x meters from the center of the dish.
If the dish does not extend abowve the ground level, what approximately |s the
diameter of the dish? Solve by graphing.

56. VOLCANOES A wvolcanic eruption blasts a boulder upward with an initial velocity
of 240 feet per second. The helght hif) of the boulder in feet, | seconds after the
eruption can be modeled by the function hif) = 1612 + vl How long will it take
the boulder to hit the ground if it lands at the same aelevation from which it was
ejected?
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57. TRAJECTORIES Daniela hit a golf ball from ground level The function ] ,-l’""]\

8

Height (1Y)
o HBEEBE

h = BOt — 161 represents the height of the ball in feet, where f is the -
time in seconds after Daniela hit it. Use the graph of the function o 'PA
determine how long it took for the ball to reach the ground. #

1 1 3

58. HIKING Antonila is hiking and reaches a steep part of the trail that Lot

runs along the edge of a cliff. In order to descend more safely, she drops her

heavy backpack over the edge of the cliff so that it will land on a lower part of the

trail, 3876 feet below. The height hil) of an object  seconds after it is dropped

stralght down can also be modeled by the function h{f) = —161% + vl + g, where

vy Is the initial velocity of the object, and h,; is the initial height.

a. Write a quadratic function that can be used to datermine the amount of time ¢
that it takes for the backpack to land on the trall below the ciff after Antonia
drops it

b. Use a graphing calculator 1o determine how long until the backpack hits the
ground. Round to the nearest tenth.

59. FIND THE ERROR Hakeem and Mandl were asked to find the location of the roots
of the guadratic function reprasaented by the tablo. ls either of them cormact?
Explain.

—4 —2 a 2 4 & 2 10
52 26 8 —id —4 2 16 38

Hakeem Mandi
The rosts are betfween & and & becalise The voaky ave pebeeen =7 and
Hia} stops decreasing and begins to BEcaute ® chandes fiqns ok
ncrense between x — 4 mid x - & et locatbion,

60. PERSEVERE Find the value of a positive integer k such that flx) = xT — 2kx + 65
hasrootsalk+ 3 and &k — 3.

&1. AMALYZE If a quadratic function has a minimum at (—6, —14) and a root at x = —17,
what is the other root? Explain your reasoning.

62. CREATE Write a quadratic function with a maximum at (3, 125) and roots at —2
and 8.

63. WRITE Explain how 1o solve a quadratic equation by graphing its related
quadratic function.
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Lesson 1-3

Complex Numbers

Learn Pure Imaginary Numbers

In your math studies so far, you have worked with real numbers.
However, some equations such as x? + x + 1= 0 do not have real
solutions. This led mathematicians to define imaginary numbers.

The imaginary unit / is the principal square root of —1 Thus, i = 4—1
and if = —1

Mumbers of the form &/, —2/, and 3 are called pure Imaginary
numbers. A pure imaginary number is a number of the form by,
where b is a real number and { = ¥ —1. For any positive real numbser

V—b? =Vb? - ¥ or bi,

The Commutative and Associative Properties of Multiplication hold

true for pure imaginary numbers. The first few powers of [ are shown.

jt=i R=-1 P=Rior—i

Example 1 Square Roots of Negative Numbers

Simplity ¥v—294.
V—294 =v-1-72.6 Factor the radicand
== ‘-"':_'i . ‘Hrﬁ - 'l.l"E Factor out the maginary unit
=i+7+ B or THB Simiplify
Check
Simplify v—75.
A. TS
B. 3+/5
C. 513
D. —3v5

{3 Go Online You can compleie an Extra Example onling.

Today's Goals

« Perorm operations
with pure imaginary
numhers.

= Perform operaticns with
coimplex numbers:

Teday's Vocabulary

imaginary unit §

pure imaginary
number

complex number

complex conjugates

rationalizing the
denominator

Q Ga Online

You may want to
complete the Cancept
Check to check your
understanding.

Study Tip

Square Factors When
factoring an expression
under a radical, look
for parfect square
factors.
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Example 2 Products of Pure Imaginary Numbers
Simplify ¥—10 - y—15.
V=10 - +—15 = iy10 - 14iE i=+—

=F. 4150 Muttiphy:
% L it =—1-v25.96 Simpdify
Howr can an expression o
with twao imaginary = —5v6 Mutipdy:
expressions, ¥—10 and Check
v—15. h oduct th ‘
Is real? Za * Simplify 4/ —16 - 4 —25.

Example 3 Equation with Pure Imaginary Solutions
Solve x* + 81=0.

¥ 4+B81=0 Original equation
= —Bi Subtract 81 from each side.
x=1+—81 Take the square root of each side.
=49 Sirmplify
Check

Soke 3 +27=0.

Explore Factoring the Sum of Two Squares

ﬂ Online Activity Use guiding exercises to complete the Explore.

‘E‘ INQUIRY Can you factor a polynomial of the

form a? + b7

Learn Complex Numbers

Key Concept - Complex Mumbers

A complex number i any number that can be written in the form a + bi,
where g and b are real numbers and [ is the imaginary unit. o is called
the real part, and b is called the imaginary part.

G Go Online You can complete an Extra Example online.
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The Venn diagram shows the set of complex numbers. Notice that all

of the real numbers are part of the sel of complex numbers, Risy AP
2 These abbreviations
Complex Numbers (a + bi) represent the sets of
real numbers.
Real Numbers Imaginary Numbers
b=0 b % 0 Letter Set
Q rationals
| irrationals
z integers
W whales
Pure N naturals
Imaginary
Numbers |
a=10 [
\e# Think About It!
Compare and contrast
the subsets of the
Two complex numbers are equal if and only i their real parts are equal and complex number
thelr imaginary parts are equal. The Commutathve and Associative syslem using the
Properties of Multiplication and Addition and the Distributive Propeety hiokd Venn diagram.

true for complex numbers. To add or subtract complex numbers, combineg i
like terms. That is, combine the real parts, and combine the imaginary parts.

Two complex numbers of the form o + b and o — bi are called complex
conjugates. The product of complex conjugates ks always a real number.

A radical expression s in simplest form il no radicands contain fractions
and no radicals appear in the denominator of a fraction. Similarly, a
complex number is in simplest form If no iImaginary numbers appear in
the denominator of a fraction. You can use complex conjugates 1o
simplify a fraction with a complex number in the denominator. This
process s called rationalizing the denominator.

Example 4 Equate Complex Numbers

Find the values of x and y that make 5x — 7 + (v + 4§ = 13 + 11/ true.
Use sequations refating the real and imaginary parts to solve for x and y.

By —T7=13 Raal parts
Bx =20 Add 7o each side,
x=4 Divide each side by 5.
y+4=1 imaginary parts
=T Subtract 4 from 2ach side
Check

Find the values of x and v that make Sx 4+ 13 + 2y — N = —2 + {true.

) Go Online You can complete an Extra Example onfine.
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L) Go Online

You can watch a videa
to see how o add ar
subtract complex
LTS,

Study Tip
Imaginary Unit
Complex numbers are
often usad with
electricity. in these
problems, jis usually
v=ed in place of i,

Example 5 Add or Subtract Complex Numbers

Simplify (8 + 3i) — (4 — 10i).
B+3—E4-10=(E—-4)+[3 — (1) Commutative and

Associative Properties

=4 + 13/ Simplify.
Check
Simplify (—5 + 5 — (—3 + 84).
Fogat g

@ Example 6 Multiply Complex Numbers

ELECTRICITY The voltage V of an AC circuit can be found using
the formula V¥ = Cl, where C is current and /| is impedance. If
C=3 + 2f amps and | = 7 — 5f ohms, determine the voltage.

V=0l Veiltage Formula
= {3 + 207 — 5f) C=3+ ZandI=T7 — 5§
=3(7) + 3(—5) + 2i7) + 2-5)) FOIL Method
= 21— 15/ + 14 — 107 Muiftiphy:
=21—]—10(-1) =1
=3 Adid

The voltage & 31 — [ valts,

Example 7 Divide Complex Numbers
5i
Simplity 34 30-
Rationalize the denominator 1o simplify the fraction.
5 B . 3=2

AT = B9 3w 3 + Zrand 3 — 2i are complex conjugates
- 102
= —15: - E Muitiply the numerator and denominator.
L i, B=—1
9 -4~
_ 15i+10 1
= = Simyify.
= E E |
5 + 13J o + bf form
Check
P 2
Simplify — :_ S5

L) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampies 1and 2

Simplify.

1. +/—48 2. +—63 3. 472

4. +/—24 5. +/—84 6. +—99
T.v—23 -4 B.v—-B6+v—3 9. V-5 +v—10
10. 30(—2054) . M 12. 4{—6if
Example 3
Solve each equation.

13. w2 + 45 =0 14. 4x2 + 24 =10 15. —Gx< =19
16. 7x* + B4 =10 17. 52 +125=0 8.8 +96=0
Example 4
Find the values of x and y that make each equation true.

19. 9 + 121 = 3x + 4w 20. x +14+2pi=3 -8B/
A2k +T7T+3-wWW=—44+8& 22 5+ y+(E3x—THW=9—3i
23. 20 — 12 = Bx + (4yy 24, x—16i=3— (2%}

Examples 5 and &

Simplity.
25. (6 + ) + (4 — 5i) 26. (8 + 3) — (6 — 2i)
27. (56— —{3-2) 28. (—4 + 2)) + (6 — 3))
29. (6 — 3) + (4 — 2)) 30. (—11+ 4)) — (1 — 5))
N.2+0E—4 32. (5 — 24 — ) 33. (4 — 20)(1—2))

34, ELECTRICITY Using the formula V¥ = Cl, find the voltage Vin a circuit when the
current C = 3 — jamps and the impedance I = 3 + 2/ ohms.

Example 7
Simplify.
5
35. T+ 36. T 37. =
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Mixed Exercises
STRUCTURE Simplify.

38. {1+ 2 + 34 — 3] 39, 4-=02 213

A 4 m‘:ﬂﬁ

#1. Find the sum of ix® — {4 + 5 + 7 and 3x? + (2 + 6/ — B,

42. Simplify [[2 + e — ix + 5 + 1 — [I—3 + 4)x2 + (5 — 5ix — B].

ELECTRICITY Use the formula V' = Cf, where Vis the voltage, C is the current, and
I i= the impedance.

43. The current in a circult is 2 + 4f amps, and the impedance is 3 — [ ohms. What is
the voltage?

44. The voltage in a circuit is 24 — 8§/ volts, and the impedance = 4 — 2/ ohms. What
is the current?

45. CIRCUITS The impedance in one part of a series circuit is 1 + 3f ohms and the
impedance in another part of the circuit is 7 — 5/ ohms. Add these complex
numbers to find the total impedance in the circuit.

46. ELECTRICAL ENGINEERIMNG The standard electrical voltage in Europe is
220 volts.

a. Find the impedance in a standard European clrcutt If the current is
22 — 1 amps.

b. Find the current in a standard European circuit if the impedance |5
10 — & ohms.

c. Find the impedance in a standard European circuilt if the current is 200 amips.

Q Higher-Order Thinking Skills

47, FIND THE ERROR Jose and Zoe are simplifying [2)(3044/). Is either of them
correct? Explain your reasoning.

Josg Zog

H‘!ﬁ:_“ H;"!'ru“

48. PERSEVERE Simplify (1 + 2i)".

49. ANALYZE Determine whether the following statement is always,
sometimes, or never true. Explain your reasoning.

Every caomplex number has bath o real part and an frmoginoary port.
S50. CREATE Write two complex numbers with a product of 20.

51. WRITE Explain how complex numbers are related to quadratic equations.
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Lesson 1-4

Solve Quadratic Equations by Factoring

Explore Finding the Solutions of Quadratic

Equations by Factoring

{:} Online Activity Use graphing technology to complete the Explore.
%

E INGUIRY How can you use factoring to solve
a fuadratic equation?

Learn Solving Quadratic Equations by Factoring

The factored form of a quadratic equation is 0 = alx — phix — qgl
wheare o # 0. In this equation, p and g reprezent the x-intercepts of tha
graph of the related function. For example, 0 = x? — 2x — 3 can be
written in the factored form 0 = (¥ — 3)x + 1) and its related graph has
x-intercepts of —1 and 3.

Key Concepts - Factonng
Using the Distributive Property ax + bx = x{ja + b

2 + by + ¢ =[x + m)ix + p)

Factoring Trinomials
whenm +p=bandmp=c

Key Concept » Zero Product Property

Wards: For any real numbers o and b, if ab = 0, then either a = 0,
b=0 orbothoand b= 0.

Example:if[x — 2jx + 4 =0, thenx — 2 =0, x+ 4 =0, or both
¥x—2=0andx+4=0

To solve a quadratic equation by factoring, first make sure that ana
side of the equation is 0, and factor the trinomial. Use the Tero Product
Property to write separate equations. Then use the properties of
eguality o [solate the variable.

Example 1 Factor by Using the Distributive Property
Solve 12x2 — 2x = x by factoring. Check your solution.

1262 — 2k =x Original equation

12 —3x=0 Subtract x from sach side.
3x{dx) — 3l =0 Factor the GCF

Ivfdx — =0 Distributive Property

Ax=0ordx—1=0

=g |
x=10 X=73

Lemo Product Properhy

Sokve.

L) Go Online You can compiete an Extra Example online.

Today’s Goals

« Solve guadratic
equations by factoring.

= Solve guadratic
equations by factoring
spechkal producis.

Teday's Vocabulary
factored foirm
difference of squares

perfect square
trinomials

b Think About It
The equation k2 — 2x —
3 = 0 could be salved
by factoring, where

¥ —2x—3=

[x — 3)[x + 1. How ara
the factors of the
equation related o the
roots, or reros, of the
related funclion

)= — 25— 3?

Q) Go Online You can
watch avideo 1o see
how to use algebra tiles
to factor a polynomial
using the Distributive
Property.
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% Think About It!
Choose two inlegers
and write an eguation
in standard form with
these roots. How
waould the equation
change if the signs of
the two rools werne
switched?

%y Think About It
Why did you not use

45 mph o solve this

problem?

Example 2 Factor a Trinomial
Solve ¥ — 6x — 9 = 18 by factoring. Check your solution.

»—6x—9=18 Dnginal equation
X —6x—27=0 Subtract 18 from each side
x+3)x—9=0 Factor the trinomial
¥x+3=0o0rx—9=0 Zero Product Property
x=—3 ¥x=19 Solve

@ Apply Example 3 Solve an Equation by Factoring

ACCELERATION The equation d= vt + : represents the

displacement d of a car traveling at an initial velocity v where the
acceleration o is constant over a given time £. Find how long it takes
a car to accelerate from 30 mph to 45 mph if the car moved 605 feet
and accelerated slowly at a rate of 2 feet per second squared.

1 What is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers (o your guestions?

Sample answer. Solve the equation to find the time for the car to
accelerate. The acceleration is given in feet per second squared and

the velocity = given in miles per hour. How do | address the difference
in units?

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: Convert the velocity to feet per second. Then
substitute the distance, velocity, and acceleration into the formula
and solve for time.

3 What is your solution?

Lze your strateqy 1o solve the problem.

What is the velocity in feet per second? 44 fps

How lang it takes the car to accelarate fram 30 mph to 45 mph? 1<

4 How can you know that your solution is reasonable?
e Write About ! Write an argument that can be used 1o defend your
solution.

Sample answer: The solutions of the equation are —55 and 1.
Because lime cannot be negative, =11 ks the only viable solution
in the context of the situation.

L) Go Online You can complete an Extra Example online.

2B Module 1 - Quadratic Functions



Check

SALES A clothing store is analyzing their market to determine the
profitability of thelr new dress design. If Plx) = —16x7 + 1712x — 44,640
represents the store’s profit when x s the price of each dress, find the
prices at which the store makes no profit on the design.

A. $1.25 and $15.50
B. %45 and $62

C. 350 and $54

D. $180 and $248

Example 4 Factor a Trinomial Where o is Not 1
Solve 3x? + Sx + 15 = 17 by factoring. Check your solution.

I +Ex+15=17 Criginal equation
I +Ex—2=0 Subtract 17 from each side
Bex—1x+2)=0 Factor the trinomial.
I —1=0orx+2=0 Zero Product Property

x= % E=—2 Salve

Check

Solve 4x? + 12x — 27 =13 by factoring. Check your solutlon.

7 7

K=_= =

Learn Solving Quadratic Equations by Factoring
Special Products

Key Concept » Factoring Differences of Sguares
Words: To faclor o? — B2, find the sguare roots of @2 and b2. Then apply
the pattern.

Symbols: & — b% = (o + bjjo — b)

Key Concept - Factoring Perfect Sguare Trinomials

Words: To factor o + 2ab + b2, find the square roots of o and &%. Then
apply the pattern.

Symbols: o2 + Zab + b2 = (g + b)?

Not all quadratic equations have solutions that are real numbers. In
comea cases, the solutions are complex numbers of the form a + b,
where b # 0. For example, you know that the solution of x? = —4 must
be complax because there is no real number for which its square 1= —4.
If you take the square root of each side, ¥ = 2§ or —21.

(&) Talk About It!
Explaln how to
determine which values
should be chosen for m
and pwhen factoring a
polynomial of the farm
o + bk + €

Math History Minuate

English mathematician
and astronomer Thomas
Harriot (1560-1621)
was ane of the first, if
not the first, to consider
the imaginary roots of
equations. Harriol
advanced the notation
system for algebra and
studied negative and
imaginary numbers,

Lessen 14 « Sohe Quadsatic Equations by Factoning 28




Example § Factor a Difference of Sguares
Solve 81 = x? by factoring. Check your solution.
Bl =gl Crriginal equstian
Bl—x*=0 Subtract x¥ from each side.
Go Online You g _ w2 —n Write in the form o — B2
z mm;:::jea - B+x9—x}=0 Factor the difference of squares
algebra tiles to factor a +x=0o0r9—x=0 Zero Product Property
difference of squares. ¥=-9 x=19 Salve
Check
Solve x2 = 529 by factoring. Check your solution.
Example 6 Factor a Perfect Square Trinomial
feg Think About It Solve 16y — 22y + 23 = 26y — 13 by factoring. Check your
Why does this solution.
equation have one il — 27+ 23 = —13 DOrginal equation
zolution instead of ¥ ¥ e )
two? 16y — 48y + 23 = —13 Subtract 26y from each side.
By — 48y + 36 = O Ardd 13 to each side.
(@ + 2 —6B)+ (—6F = 0 Factor the perfect sguare frinomial
dy—6F =0 Simplify.
¥= % Take the sguare root of each side
and soilve.
Check
Solve 16x7 — 22x + 15 =10x — 1by factoring. Check your solution.
f# Think About It! :
Explain why both W=t
(—12 and 127
ual —144. .
. Example 7 Complex Solutions
Solve x? = —144 by factoring. Check your solution.
= — Original eguation
¥+144 =0 Add 144 to each side
W —i—44) =0 Write as a difference of squares
Watch Cut! w2 —(12)* =0 V=13 = i
Complex Numbers e+ 1200x —12) = 0 Factor the difference of squares.
Remember equals ¥+12=0orx—12i=10 Zerg Product Property
=1, not 1. w= —iH =12 Sobve
Eﬁaﬂnine You can complete an Extra Example online.
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Practice E Go Online You can complete vaur somewark online

Exampiles 1 and 2
Solve each equation by factoring. Check your solution.

1. 62 —2x=0 2 =T 3. 20x* = —25x
4 x4+ x—30=0 B x4+ Mx+33=0 6. xX —3Ix=10
Exampls 3

7. GEOMETRY The length of a rectangke is 2 feet more than its width. Find the
dimensions of the rectangle if its area is 63 square feet.

B. PHOTOGRAPHY The length and width of a 6-inch by 8-inch photograph are
reduced by the same amount to make a new photograph with area that is half that
of the original. By how many inches will the dimensions of the photograph have
to be reduced?

Example 4

Solve each equation by factoring. Check your solution.,

9 22—-x—3=0 10. 662 —Sx—4 =10 M. 5x2+28x—12=0
12. 12 —8x+1=0 13. 2 —1x—40=0 M 3+ 2x=2
Examples 5-7

Solve each equation by factoring. Check your salution.

15. x° = 64 16. x* — 100 =10 17. 289 =7

1B. ¥ + 4 = 50 19 2 -1%9=0 20. 124 =x*+ 3

21, 4x2 — 2Bx + 49 =10 22, 92 + Bx = —1 23. 16x2 — 24x +13=4
24, B1® + 36x = —4 25. 2552 + BOx + 64 =10 26. 9x? + 60x + 95 = -5
27. ¥ +12 =13 28. x> + W00 =0 29, x* = —225
30.2+4=0 31. 3642 = —25 32. 64x2 = —49

Lessan 1-8 « Solve Quadratc Equations by Factonng 31




Mixed Exercises

STRUCTURE Solve each equation by factoring. Check your solution.

33.10x% + 25x =15 34. 27" + 5= 48x 35. x' +81=0
36. 45x% — 3x = 2x 37. 80x? = —16 38. 16x7 + 8x = —1

39. USE & MODEL The drawing Malsons prds de lo mer by Claude Monet is
approximately 10 inches by 13 Inches. Jennifer wants to make an art plece
inspired by the drawing, and with an area 80% greater. If she chooses the size of
her artwork by increasing both the width and helght of Monet's work by came
amount, what will be the dimensions of Jennifer's artwork?

40. AMIMATION A computer graphics animator would like to make a realistic
simulation of a tossed ball The animator wants the ball to follow the parabolic
trajectory represented by fx) = —0.2{x + 5){x — B).

a. What are the solutions of fix) = 07

b. If the animator changes the equation to fix) = —0.2x% + 20, what are the
solutions of fx) = 07

41. Find two consecutive even positive integers that have a product of 624,

42. Find two consecutive odd positive integers that have a product of 323,

G Higher-Order Thinking Skills

43. FIND THE ERROR Jade and Mateo are solving —12x* + 5x + 2 = 0. Is either of
them correct? Explain your reasoning.

Jade Mdatep
—r+smta=g —R=+s=+2=0
—zr+ A — 3+ 21=0 — =+ ¥x—3x+2=0
di—3x -+ D — 3w+ D=2 A —Fx+ N —F=+2=0
(4 — pizs+ =2 e+ [} (—B=+2 =0
i=Gor—3 r=—G0r3

44. PERSEVERE The rule for factoring a difference of cubes s shown below. Use this
rule to factar 40x® — 135x%°,

o? — b = (g — blig? + ab + b7

45. CREATE Choose two integers. Then wrile an equation in standard form with those
roots. How would the equation change if the signs of the two roots were switched?

48, AMALYZE Determine whether the following statement Is somelimes, always, or
never true. Explain your reasoning.

in o guodratic equation in standord form where a, b, and ¢ are infegers,
if b is odd, then the quodratic cannot be a perfect square frfinomial,

47. WRITE Explain how to factor a trinomial in standard form with o =1,
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Lesson 1-5

Solving Quadratic Equations
by Completing the Square

Today's Goal
Learn Solving Quadratic Equations by Using the Square * Solve quadratic
Root PFDEIEfty equations by using the
Square Root Property
You can use square rools to solve equations like x2 — 49 = 0. = Complete the square in
Remember that 7 and —7 are both square roots of 49 because 72 = 49 quadratic expressions
and (—7F = 49. Therefore, the solution set of x2 — 49 =015 [-7, 7). to solve quadratic
This can be written as {£7). ik el
= Complete the square in
Key Concept « Square Root Property & guadiatic hjrﬁ:::lhnn to
Wards: To solve a quadratic equation in the form »° = n, take the interpret key features of
sguare root of each side. its graph.
Symbols: For any number n 2 0, if x2 = n. then x = £A. Today's Viocabulary
Example: x¥* =12Lx =+ v 121 or 11 OEmpeting the Sliare
vertex form
Not all quadratic equations have solutions that are whole numbers. projectile mation

Roots that are irrational numbers may be written as exact answers in problems
radical form or as approximate answers in decimal form when a
calculator is used. Sometimes solutions of quadratic equations are not
real numbers. Solutions that are complex numbers can be written in

by Think About It
the form o + b, where b # Q.

How can you
datermine whether an
equation of the farm
x* = n will have an
answer that is a whole

Example 1 Solve a Quadratic Equation with
Rational Roots

Solve x2 — 4x + 4 = 25 by using the Square Root Property.

W2 —ix +4=25 it et EAma
¥ —2F =258 Factos
x—2=1+28 Square Root Property
x—2=4h 25 = 5{5) ar —5{—5|
¥x=2+%5 Add 2 to each side Study Tip

¥x=24+5mwx=2—-5 Write as two equations.
¥x=T x=-—3 Simiplify,

The solution set is [Jr lx =—3,7 }

Check
Solve x* — 38x + 361 = 576 by using the Square Root Property.
x=_° and 7

) Go Online You can complete an Extra Exampée online.

Square Roots When
using the Sguare Root
Property, remember 1o
include the * before
the radical

Go Online An
alternate method is
available for this
example.
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Example 2 Solve a Quadratic Equation with
irrational Roots
Solve x* + 24x + 144 = 192 by using the Square Root Property.
Watch Out! x* + 24x + 144 = 192 Original equation
Perfect Squares The =
e 40 A W x + 12 =192 Factor
right side of the ¥4+ 12 = 4182 Sguare Root Property
equation is not a - e,
perfect square. This x+12=18+3 ViIsz =83
means that the roots ¥=—-12 1+ 8+3 Subtract 12 from each side.
will be irrational
rmbers, x=—12+8+¥3or Write as two equations.
—12 —8v3
X =186, —25.B6 Use a calculator
The exact solutions are —12 — 843 and —12 + 84/3. The approximate
solutions are —25.86 and 1.86.
Example 3 Solve a Quadratic Equation with
Complex Solutions
Solve 2x? — 92x + 1058 = —72 by using the Square Root Property.
2% — 92x + 1058 = —72 Origmal equation
¥ — 4Bx + 529 =—36 Divide each side by 2
[x — 232 = —-36 Factor.
¥— 23 =4+-—36 Square Root Property
X— 23 =8 =36 =&
¥x=23 L 6f Add 23 1o each side.
x=23+ 6/ or
gThil'I]t About It! 23 — 6 Witz as bwo equations.
Can solve
Sy it Ot The selutions are 23 + 6/ and 23 — 6i
completing the square
if the coefficient of the ' ’
w2term is not 12 Justify Explore Using Algebra Tiles to Complete
your argument. the Square

&} Online Activity Use algebra tiles to complete the Explore.

& INGUIRY How does forming a square to
create a perfect square trinomial help you
saolve quadratic equations?

E Go Online You can complete an Extra Example online.
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Learn Solving Quadratic Equations by
Completing the Square

All quadratic equations can be solved by using the properties of
equality to manipulate the equation until one side s a perfact square.
This process is called completing the square.

Key Concept « Completing the Sguare

Waords: To complete the square for any quadratic expression of the form
¥ + hw, follow the steps below.

Step 1 Find one half of b, the coefficient of x.
Step 2 Sguare the resull in Step 1.
Step 3 Add the result of Step 2 to x2 + by

Symbals: o + bx + (5 )7 = (x +2)

To solve an equation of the form x2 + bx + ¢ = 0 by compieting the i
sguare, first subtract ¢ from each side of the equation. Then add [%}
to each side of the equation and salve for x.

Example 4 Complete the Square

Find the value of c that makes x2 — 7x + ¢ a perfect square. Then
write the expression as a perfect square trinomial.

Step1 Find one half of —7. 5= —3.5

Step 2 Square the result from Step 1 (—3.5¢ = 1225

Step 3 Add the result from Step 2 tox® — 7. x® — Tx + 12.25
The expression x2 — 7x + 12.25 can be written as {x — 352

Example § Solve by Completing the Sguare
Solve x2 + 18x — 4 = 0 by completing the square.

¥ +1Bx—4=0 Criginal eguation
2 + 18 =4 #dd 4 to each side.
x4 18x + B1=4 + 81 .ﬁ.ddl:-g'};'.':lea-:hmd-e.
(x+9¢ =85 Factor
x+9=++85 Sguare Root Propey
x= -8+ 85 Subfract 9 from each sida
¥=—9+ +B5 or Write a= two eguations
x=-9—+B5
¥ =022 or—1822 SEmplify

The solution set is {xt:{ =—9 — T'E. —9 4 'J'E_E}_

) Go Online to see Exampie 6.

(3 Talk About It

if o and b are real
numbers, can the value
of ¢ ever be negative?
Explain your reasoning.

b Think About It!

Why do we first add 4
to each sida?

L) Go Online You
can complete an Extra

Example online.
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Qﬁnmm
for Example 6.

by Think About It
Compare and conftrast
the solutions of this
equaﬁm and the onas

in the previous
example. Explain.

Example 7 Solve When a Is Not 1

Solve 4x2 — 12x — 27 = 0 by completing the square.

4 —12x—27=0

= o
x 3x ‘—ﬂ
xl—ax—z—f
8_27.9
M—Axto=0+3
32
(x=3) =0
3
¥x—5=%3
x=3+3
x=%+3nrr
x=% H=—
Thesulmlnnseﬂs{x|x=—%,

Check

Original equation

Divide each side by 4.

Add E—F o each side

Adcl fg :IE nr% to each side.
Factor

Square Root Property

Add % to each side.

White as two eqguations.

Samplhify

Solve Bx — 21x + 9 = 0 by compieting the square.

? ?

X =

Example 8 Solve Eqguations with Imaginary Solutions

Solve 3x? — 72x + 465 = 0 by completing the square.

I — T2k + 465 =0
x2 —24x + 155 =0
¥2 — 24y = —155

X2 —24x + 144 = —155 + 144

x—12¢=-1
¥ —12 = +4/—M
x—12=+HM
¥x=12+i41
=12+ M
ar
12 — i1

Crriginal eqguation
Divide sach side by 3
Subtract 155 from each side
Add 1% ]-J to each side

ol
Facioc
Sgu=are Root Property

=1=|

Add 12 to each side.

Wite as two equations.

The solution set is { x| x =12 + (W1, 12 — (W1 }.

E Go Online You can complete an Extra Example online.
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Learn Quadratic Functions in Vertex Form

When a function s given in standard form, ¥ = ox? + by + €, you can
complete the square to write it in vertex form.
Key Concept « Vertex Form of 2 Quadratic Function
Wards: The vertex form of a quadratic function is y = ofx — b2 + k.
Symbols: Standard Form Vertes Form
y=axi +bx+c y=olx—h? +k
The vertex is (b, K.
Example: Standard Farm Vertax Form
¥=2x? +12x+ 16 y=2x+3F -2
The verlex is [—3, —2).

After completing the square and writing a quadratic function in vertex

form, you can analyze key features of the function. The vertex is (h, k) g Think About It!
and x = h is the equation of the axis of symmetry. The shape of the What is the minimum
parabola and the direction that it opens are determined by a. The value oy =20 — 3 — 1
value of k is a minimum value if @ > 0 or a maximum value if a < 0. How do you know that
this value is a minmum?

The path that an object travels when influenced by gravity is called
a trojectory, and rajectories can be modeled by quadratic functions.
The formuta below relates the helght of the object hif) and time t,
where g is acceleration due to gravity, v i the initlal velocity of the
object, and hy;, is the initiai helght of the object

hm=—%gr=+w+hn

The acceleration due to gravity g is 9.8 meters per second squared or
32 feel per second sqguared. Problems that invalve objects bwaing
thrown or dropped are called projectile motion problems.

Watch Cut!
Example 9 Write Functions in Vertex Form The coefficient of the
x4 term must be 1
Write y = —x® — 12x — 9 in vertex form. Selee yo: can
y=—x'—12x—9 Criginal funcbon complete the square.
y=(—x*—12¢—19 Group ox® + hx
= —{..\'2 +12%)—9 Faclar out —1.
y=—[x? + 12x + 36} — 9 — [—1{36) Complete the square
y=—(x+6)2+ 27 Simpiify.
Check
Write each function in vertex form.
a y=x+8xr—3 b. y=—3x—6Gx—5
y={x_2? g_2? y=_2 (kT @ 2

) Go Online You can complete an Extra Exampée online.
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b Think About It!
How wauld your
equation for the axis of
symmetry change if the
vertex form of the
equation was y =

x + 2)2 — 77 Justity

your argument.

ko Think About It!
If the firework reaches
a height of 241 feet
after 3 seconds, what
is the height of the
firework after

b seconds? Justify
YOLIF answer

Study Tip

Vertex When you
interpret the vertex of a
function, it is important
to aleo consider the
value of a when the
function is in vertex or
standard form. The
value of a will tell you
whether the vertex is a
MAXITLWT O minimuwm,

Example 10 Determine the Vertex and Axis
of Symmetry
Consider y = 3x? — 12x + 5.

Part A Write the function in vertex form.
y=3x"—12x+5
y={3x2—12x)+5
¥y=3—4x)+ 5 Factor.
¥ =73 —dx + 4) + 5 — 3[4
v=3x—2PF-7 Simpdify

Part B Find the axis of symmetry.

Original eguation

Group ox® + hx,

Complete the square

The axis of symmetryis x = horx = 2.

Part C Find the vertex, and determine if it Is a maximum or
mmirl L.

The vertex is (A, &) or (2, —7). Because g > 0, this is a minimum.

@ Example 11 Mode! with a Quadratic Function

FIREWORKS H a firework is launched 1 foot off the ground at a
velocity of 128 feet per second, write a function for the situation.
Then find and interpret the axis of symmetry and vertex.

Step 1 Write the function.
hif) = —gt2 + vt + hy

Functicn for projectile motion

hit) = —{32)7 + 128t +1 g=32 % v=wal n=1n
hif) = =168 + 1281 + 1 Simplify.

Step 2 Rewrite the function in vertex form.
hit) = (1612 + 1281 + 1

Group ax* + bt

hif) = —16(2 — BN +1 Factos
hif = —15{1'? — Bt + 18} + 1 — 16{—186) Complete the square.
hif) = —16{t — 4y + 257 Simiplify.

Step 3 Find and interpret the axis of symmetry.

Because the axis of symmetry divides the function into two
equal halves, the firework will be at the same height after
2 seconds as i s after 6 seconds.

Step 4 Find and interpret the vertex,

The vertex & the maximum of the function because g < 1. S0

the firework reached a maximum height of 257 feet after
4 zeconds.

L) Go Online You can complete an Extra Example online.
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PrﬂﬂtiCE El;n Online You can complete your omework anline.
Exampies 1-3

Solve each equation by using the Square Root Property.

1. x* —18x + 81 =49 2. ¥+ 20x + 100 = 64 3.9 —12x+4=4

4. & +4x +1=16 5. 4x® — 28x + 49 = 64 6. 16x° + 24x + 9 =81

7. x4+ 12x+1=18 B. 25x7 + 40x + 16 =28 9, 25x2 + 20x +4=75

10. 36x2 + 48x + 16 =12 1. 2552 —30x + 9 =96 12, 4x2 — 20x + 25 =32

13. 2% - 20x + 50 =—128 1. 2x2 — 24x + 72 = —162 15. 2x% + 28x + 98 = —200

16. x — By + 16 =—36 17. 3x° + 24x + 48 = —108 18. 3 — 24x + 48 = —363

Example 4

Find the value of c that makes each trinomial a perfect square. Then write the
trinomial as a perfect square trinomial.

19 2 +10x+c¢ 20, ! —Mx+c M. x?+24x + ¢

22 2 4+ Bx+ 23, ¥ —Ox+ 24, ! —x+ ¢

Exampies 5 and 6
Solve each equation by completing the square.
25. x2 —13x+36=0 26. xI1+x—6=0D 27 2 —4x—13=0

28. 2 +3x—6=0 29, x*—x—3=0 30. " —Bx—B5=0

31. When the dimensions of a cube are reduced by 4 inches on each side, the
surface area of the new cube s B84 square inches. What were the dimensions of
the original cube?
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Examples 7 and 8
Solve each equation by completing the square.

32. 2 —Bx—24=0 33 2 -3 +1=0 34. *—13x—7=0
35. 257 + 40x —9=10 36. 22+ T —4=0 37. 3¢ +2x—1=0
3| —Ax+12=0 39 27 -3+ 5=0 40. 2x* +5x+7=0
M. X —2x+3=0 42, ¥ =-24 43. ' —2x+4=0

Examples 9 and 10

Write each function in vertex form. Find the axis of symmetry. Then find the vertex,
and determine if it is a maximum or minimum.

44. y=x'+2x—5 45 y=x"+6x +1 46. y= —x" + dx + 2
47. y=—x"—8Bx—5 48. y=2x% + 4x + 3 49, y=73x" + 6x —1
Example 11

50. FIREWORKS The height of a firework at an amusement park celebration can be
modeled by a guadratic function. Suppose the firework is launched from a

platform 2 feel off the ground at a velocity of 96 feet per second.
Use hif) = —3gt? + vt + hy, where g = 32 :'—2

a. Write a function to represent this situation.
b. Rewrite the function in vertex form,

c. Find the axis of symmetry and the vertex and interpret their meaning in the
context of the situation.

Bl DIVING Malik is participating in a diving championship. For each of his dives, his
height above the water can be modeled by a guadratic function. The diving board
is 7.5 meters above the water and Mallk jumps with a velocity of 4.18 meters per
second. Use hif) = —%g;rl!z + vl + hy, where g = 9.8 g .

a. Write a function in vertex form to represent this situation.

b. Find the axis of symmetry and the vertex and interpret their meaning in the
context of the situation.
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Mixed Exercizes

PRECISION Solve each equation. Round to the nearest hundredth, if necessary.

52. 4x — 28x +49 =5 53. 92 + 30x + 25 =11 54. x2 + x+3=2

B5. x2 +1.2x + 056 = 0.91 56. x2 +07x+ 41225 =0 87. x2 —32x=—346

58. x7 — 18« + 1124 =243 59, —03x —078x—554=0 60. 11" —88x+22=22

61. FREE FALL A rock falls from the top of a cliff that is 25 8 meters high. Use the
formula A{f) = —%«_:;II2 + vt + hy, where g =98 sm: to write a guadratic function
that models the situation. Determine to the nearest tenth of a second the amount
of time it takes the rock 1o strike the ground. Explain your reasoning.

62. REACTION TIME Tela was eating lunch when she saw her friend Jor approach.
The room was crowded and Jorl had to [ift his tray to avold obstacles Suddenly, a
glass on Jorni's lunch tray tipped and fell off the tray. Tela lunged forward and
managed to catch the glass just before it hit the ground. The height b, in feet, of
the glass I seconds after it was dropped is given by h = —1612 + 4.5_If Tela
caught the glass when it was six inches off the ground, how long was the glass in
the air before she caught it?

B63. INVESTMENTS The amount of money A in an account in which P dollars are
invested for 2 years is given by the formula A = P{1 + )2, where r is the interest
rate compounded annually. If an investment of $800 in the account grows to
$882 in two years, at what interest rate was it invested, to the nearest percent?

64, INVESTMENTS Niyvati invested $1000 in a savings account with interest
compounded annually. After two years the balance in the account is $1210. Use
the compound interest formula A = Pl + r)f to find the annual interest rate, to the
nearest percent.

Write each function in vertex form. Then find the vertex.
65. y = x* —10x + 28 66. y = x* + 16x + 65

67. y=x* — 20x + 104 68. y=x2 — 8x +17

689, AUDITORIUM SEATING The soats in an auditorium are arranged in a square grid
pattern. There are 45 rows and 45 columns of chairs. For a special concert,
organizers decide to increase seating by adding n rows and n columns to make a
square pattern of seating 45 + n sealts on a side.

a. How many seats are added in the expansion?

b. What is n if organizers wish to add 1000 seats?
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70. DECK DESIGN The Rayburns current deck is 12 feet by 12 feet. They decide they

wiould like to expand their deck and maintain its square shape. How much larger
willl each side need to be for the deck to have an area of 200 sguare feet?

M. VOLUME A plece of sheet metal has a length that i three times its

width. It is used to make a box with an open top by cutting out i
2-inch by 2-inch squares from each corner, then folding up the - _T

sides, - —4|- ———————
i

a. Define variables and write a gquadratic function that represents
the volume of the box In cubic inches.

b. What are the dimensions of the metal sheet that results in a box with a valume
of 1125 cubic feet?

T2. CONSTRUCT ARGUMENTS Explain why the equation for the axis of symmetry for
a quadratic functiony=ax? + bx + clsx = —%.

73. FIND THE ERROR Alonso and Alka are solving x2 + 8x — 20 = 0 by completing
the square. Is either of them correct? Explain yvour reasoning.

Alpnso Aika
redx-20=0 SrEx-10=0
x4+ @x =20 o+ Ee=20
Bt IE =0+ 16 EExt |e=20
{0447 = 25 [+ 47 =20
itd= 45 x+ &= 2470
= Zor 50 = -4 £4/70

74. PERSEVERE Solve x2 + hx + ¢ = 0 by completing the square. Your answer will be
an expression for x in terms of b and ¢

75. AMALYZE Without solving, determine how many unigque solutions there are for
each equation. Are they rotfonal, reql, or complex? Justify your reasoning.

a x+2F =16 b. x—2F =16 c —x—2¥ =16
d. 36— |x—278 =16 e Bix+2F=0 £ (x+ 4P ={x+ 62

76, CREATE Write a perfect square trinomial equation in which the linear coefficient
is negative and the constant term is a fraction. Then solve the equation.

TI. WRITE Explain what is means to complete the square. Describe each step.
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Lesson 1-6

Using the Quadratic Formula
and the Discriminant

Today's Goals
Learn Using the Quadratic Formula » Soive quadratic
equations by Using the
To solve any quadratic equation, you can use the Guadratic Formula, Quadratic Formula.
¥ey Concept » Quadratic Formula - :fdmlrifme M;h'E'
v ) o type of roots of &
The solutions of a guarjratlt EqLiE‘tlﬂ-:l'.l oftheformax? + bk + =0, quadalic et
where o # 0, are given by the following formula. _
_ —n+ V0 — a0 Today's Vecabulary
. 2o discriminant
-D Go Online You can see how the Quadratie Formula is derved.
@ Example 1 Real Roots, c Is Positive
CONTEST At the World Championship Punkin Chunkin contest in
Bridgeville, Delaware, pumpkins are launched hundreds of yards.
The path of a pumpkin can be modeled by h = —4.9t% + 1.7t + 42,
where h is the height and ¢t is the number of seconds after launch.
Part A Use the Quadratic Formula to solve 0 = —4.9¢2 + 11.7t + 42.
_ =b+¥b® = doc o N ——
= g LEiadrste FonmilHa
=117 £ [T = &{—=4.9§42
= "r“zr‘_:_m" _— g=-49,b=17c=42
_ =N7 + 13689 + 8232 L ———
— — 6.8 SfuUigaTe Sl TR,
_ =117 + VO60.08 2
= ——Q,E Tur]
_ 17+ VE6008 17 — V960,09 T by Think About It
= a8 oF 56 Multiply by —
Why are the rools not
The approximate solutions are 4.4 seconds and —2.0 seconds. at 0 and 4.4 seconds,
when the pumpkin is
Part B Interpret the roots. launched and when it
The negative rool does not make sense in this context because the fands?
pumpkin launches at 0 seconds. The pumpkin lands after 4.4 seconds.
Check
DIVING A diver jumps from a diving board that is 10 feet high, and she
wiants to figure oul how far from the board she is before she enters the
water. Her arc can be modeled by y = —4.9x? + 2 5x + 10, where y is
her height in meters and x is time in seconds.
Part A Solve 0 = —4.9x2 + 2.5x + 10. L) Go Online

You can complete an
Part B Interpret the roots. Extra Example onlina.

The diver enters the water after appraximately __ 7 seconds.
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Example 2 Real Roots, ¢ Is Negative
Solve x2 + dx — 17 = 0 by using the Quadratic Formuia.

s ~b + yb? - doc
S zq_ B

Chuadratic Formuta

o=Lb=4c=-17F

Product Property of Sguare Roats

S HEHET Vi=2

_—.—1.;|;-;Ef Divide the numerator and denominatar by 2.

_ —4x48.47
- ]

Selve 3x? — Bx — 1= 0 by using the Quadratic Formula.

j,.:—a:;%ﬁ-h: A

-8+ BT aEm

a=5h=Bc="N

-8+ V=T858 S

& Praduct Property of Square Roats

= Divide the numerator and denominator by 2.

S 9~ 30+ 18- 0by g e Ounctic Frula

2} Go Online You can complete an Extra Example online.
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Explore The Discriminant

G Online Activity Use graphing technology to complete the Explore.

. x|
& INQUIRY How does the discriminant of a |
guadratic equation relate to its roots?

Learn Using the Discriminant
In the Guadratic Formula, the discriminant s the expression under the

radical sign, b? — 4ac. The value of the discriminant can be used to @'Tﬂu‘ AboutIt
determine the number and type of roots of 8 quadratic equation. Wiy are the roots of a
guadratic equation
Key Concept - Discriminant complex if :.:I;
Consider ax? + bx + ¢ = 0, where g, b, and ¢ are rational numbers discriminant is
anda #0. negative?
Value of Type and Number  Example of Graph of
Discriminant of Roots Related Function
b — dac > O; 2 real, rational roots y
b —4docisa
perect square.
b — doc > O; 2 real, irrational jr\
b — 4oc is ot a roots o x
perfect square.
b —doe=10 1real rational root y
x
b —dor <0 2 complex roots =
| X

) Go Online You can complete an Extra Exampée online.
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b Think About It
I it possible for a
guadratic equation lo
have zero real or
complex roots?

i:; Go Online

to practice what you've
learned In Lessons 1-2
and 1-4 through 1-6.

Example 4 The Discriminant, Real Roots
Examine 2x2 — 10x+ 7 = 0.
Part A Find the value of the discriminant for 2x* — 10x + 7= 0.

g=2 b= —10 e=T
b — doc = (—1012 — 42)(7)

= W) — 56

=44

Part B Describe the number and type of roots for the equation.

The discriminant = nonz2ero, so there ara two roots. The discriminant is
positive and not a perfect square, so the roots are lrational.

Check
Examine 2x? + Bx + 5= 0.

Part A Find the value of the discriminant for 2x* + 8x + B = 0.
b?—doc=_2__

Part B Describe the number and type of roots for the equation.
Thereisfare 2 root(s).

Example 3 The Discriminant, Complex Roots
Examine —5x2 + 10x — 15 =0,
Part A Find the value of the discriminant for —5x2 4+ 10x — 15 =0.

a=-5 b=10 e=—15
b? — dac = (10F° — 4—5)(—15)

=100 — 300

= —200

Part B Describe the number and type of roots for the equation.

The discriminant is nonzero, sa there are two roots. The discriminant is
negative, so the rools are comphex

Check

Examine 10x* — 4x + 7 = 0.

Part A Find the value of the discriminant for 10x2 — 4x + 7 = 0.
b2 —d4ac=_"1

Part B Describe the number and type of roots for the equation.

?

There is/are rootis).

) Go Online You can complete an Extra Example online.
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Practice E Go Online You 'can complete vaur omewark online

Exampie 1
Solve each equation by using the Quadratic Foermula.

1L x2+8x+15=0 2 —18Bx+72=0
3122 —-22x+6=0 4 42 —6x=—2
5. x2+8x+5=0 6. — B +4x= -5

7. FOOTBALL A quarterback throws a football to a recelver. The path of a football
can be modeled by the quadratic function h = —161% + 45t + 4, where h is the
height in feet and ¢ Is the number of seconds after the football Is thrown. If the
ball is owerthrown and the recelver does not touch the ball, how long will it take
the foothall to hit the ground?

Exampies Z and 3

Solve each equation by using the Quadratic Formula.

8 x2+2x—35=0 9 42 +19x—5=10
10. 2 —x—15=20 " 3+ E5x=2

2. °+x—B=0 13. B +5x—1=0
M. x2—x—5=0 15. 16" — 24x— 25=0
6. " —6x+21=0 7. ' +25=0

8. 3 +36=0 19. 8 —4x+1=0
20. 22 +2x+3=0 2 x?—14x+53=0
22 &2+ 2x+9=0 23 3 —6Bx+MN=0
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Examples 4 and 5

Find the value of the discriminant for each quadratic equation. Then describe the number
and type of roots for the equation.

24. x2 —Bx+16=0 25 2 —Mx—26=0
26. 2 —2x=0 27. 202 + Tx —3=0
28.5x2 —6=0 29. 2 —-6=0
30.° +Bx+13=0 M. 5 —x—1=0
2.2 —-2k—17=0 33. 2+ 49=0
3.2 —x+1=0 35 2x' —3x=-2

Mized Exercizes

REGULARITY Describe the discriminant of the related equation of each graph. Then determine the
type and number of roots.

36. g 37 = 38. ?

Use the discriminant to describe the number and type of roots for each equation. Then solve each
equation by using the Quadratic Formula.

39. 4x2 —4x+ 17 =0 40, Bx — 1= 4x? M T2 —8Bx=0
42. 2 +10x+24=0 43. X —Mx+24=0 44. 122 +9x+1=0
45 32 — 1B +16=0 45.:4—%+§=a 47. 2x2 +10x + NN =0
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48, USE A MODEL The height hif) in feet of an object [ seconds after it is propelled up
from the ground with an initial velocity of 60 feet per second is modeled by the
equation hif) = —1612 + 60t When will the object be at a height of 56 feet?

49, SPORTS Matalya Lisovskayva set the women's shot put world record of 22.63
meters. Her throw can be modeled by h = —4.912 + 1371 + 1.6, where ¢ is time in
seconds and h ts the height in meters. About how long was the shot in the air?

50. STOPPING DISTANCE A car's stopping distance d & the sum of the distance
traveled during the time it takes the driver to react and the distance traveled while

braking. This is represented as o = vi + Hﬁg- where v is the initial velocity in feet

per secand, tis the driver's reaction ime in seconds, (i is the coefficient of friction,
and g is acceleration due to gravity. Use g = 32 fus?.

a. Assume p = 0.8 for rubber tires on dry pavement and the average reaction
time of 1.5 seconds. Copy and complete the table. Round to the nearest tenth.

Velocity, v (ft/s) 15 558
Stopping Distance, d (fi) 9125 2007 245

b. Make different assumptions. Copy and complete the table. Round to the

nearest tenth. coefficient of friction g = ?
reaction time t = ;
Velacity, v {ft/s) 15 55
Stopping Distance, d (f) 9125 2007 245

€. How did your different assumptions affect the data you found? Interpret the
information in the context of the situation.

51. GEOMETRY A rectangular box has a square base and a height Vi = vmiginil + 531in3
that i one more than 3 times the length of a side of the base. If
the sides of the base are each increased by 2 inches and the
height is increased by 3 inches, the volume of the box increases
by 531 cubic inches. Define a varlable and write an equation
to represent the situation. Then find the dimensions of the
original box.

52, GAMES A camival game has players hit a pad with a large rubber mallet. This fires
a ball up & 20-foot vertical chute toward a target at the top. A prize is awarded if the
ball hits the targel. Explain how 1o find the initial velocity in feet per second for
which the ball will fail to hit the target. Assume the helght of the ball can be
maodeled by the function hif) = —1612 + vt. where v is the initial velocity.
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Q Higher-Order Thinking Skills

53. WHICH OME DOESN'T BELONG? Use the discriminant to determine which of these
equations & different from the others. Explain your reasomning.

| —3x—40=0| |22 —x—6=0| |22 +2x—4=0| |22 +6x+2=0]|

B4, FIND THE ERROR Tama and Jonathan are determining the number of solutions of
3x? — Bx = 7. Is either of them correct? Explain your reasoning.

Tama Jonathan
gt — =7 Tl — G =17
T — e —T =0

tf — a3 = (—5F —
S b — b = (5 — 4N—T)

= —59 =l
Since the discrimanant i negativie, Since Hhe dizcviednant it potitive,
there me no riedl solidions. therve are Fuo reml rosks

B5. ANALYZE Determine whether each statement is sometimes, always. or never trie.
Explain your reasoning.

a. In a quadratic equation written in standard form, if o and ¢ have different
signs, then the solutions will be real.

b. If the discriminant of a quadratic equation is greater than 1, the two rools are
real rrational numbers,

56. CREATE Sketch the comesponding graph and state the number and type of roots
for each of the following.

a. b —doc=0

b. A guadratic function in which fx] never equals zero.

c. A gquadratic function inwhich flo) = 0 and fib) = 0; o &+ b,
d. The dizcriminant iz less than zero.

e. o and b are both solutions and can be represented as fractions.

57. PERSEVERE Find the value(s) of m in the quadratic equation x> +x+m+1=0
such that it has one solution.

58. WRITE Describe three different ways to solve x¥ — 2x — 15 = 0. Which method
do you prefer, and why?
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Lesson 1-7

Quadratic Inequalities

Today's Goals

« Graph quadratic
Explore Graphing Quadratic Inequalities inequalities in two
wariables.

L) Online Activity Use graphing technology to complete the Explore.

= Solve guadratic

Y Inequalies in two
& INQUIRY How can you represent a quadratic variabhes by graphing.

inequality graphically? Today's Vocabulary
quadratic inequality

Learn Graphing Quadratic Inequalities

You can graph quadratic inegualithes in two variables by using the
same techniques used to graph linear inequalities in two

variables. A quadratic inequality i an inequality of the form y > ox2
+hxt+oeyzol+h+oy<od +he+corysax? + by + c

Hay Concept » Graphing Quadratic Inegualities
Step 1 Graph the related function.

Step 2 Test a point not on the parabola.
Step 3 Shade accordinghy.

Example 1 Graph a Quadratic Inequality {< or <) f# Think About It
How do you know

Graphy <x*—2x+8. whether 1o make the

Step 1 Graph the related function. parabola solid or
dashed?

Because the ineqguality i less than or equal to, the parabola
should be solid,

Step 2 Test a point not an the parabaola,

¥= R‘} — ¥+ B Oiriginal inequality
Ey

O=(0F—2(0)+ 8 br, ¥} = (0, O)

0=8 Trus

Shade the region that contains the point.

Step 3 Shade accordinaly. [ ¥ f
4 Study Tip
. {0, 0) i (0, O} iz not a
point on the parabola,

then it is often the
aasiest point o test
when determining
which part ol the graph
to shagde.

) Go Online You can complete an Extra Exampée online.
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Example 2 Graph a Quadratic Ineguality (> or =)
Graph y > —5x2 + 10x.
Step 1 Graph the related function.

Because the inequality is greater than, the parabola should
be dashed.

Step 2 Test a point not on the parabola.
Because (0, 0} is on the paraboda, use (1, 0) as a test point

¥ > —5x? +10x Original ineguality
?

Q = =512 + 101 =00

0=5 False

So, {1, 0) is not a salution of the inequality.
Step 3 Shade accordingly.

Because (1, 0} is not a solution of the
Inequality, shade the region that does
not contain the point

Learn Solving Quadratic Inequalities
Key Concept « Solving Guadratic Inequalities

el + by +e<0 a>0 a<0

Graphy=ox? + bx + ¢ |
and Identify the x-values Aﬂ
for which the graph lies ll-lk 1
i X
Ax

below the x-axis.

For =, include El\ ;‘J = F l‘ :

=]
o

the x-intercepis in the | 1
solution. f

[x]x<x<xg} o e O 2 )
e + b+ c>0 a>0 a<0
Graphy=ox2 + bx + ¢ h. ﬁ
and identity the x-values Y |
far which the graph lies v |
obove the x-axis. X i; N | H

rh i i\ Xy K

For =, include I 1 ) }Q
the x-intercepis m the Lf; lﬂ
solution.

¥ 1

{0 | x = O X 2> ) {x | < x<ag}

L) Go Online You can complete an Extra Example online.
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Example 3 Solve a Quadratic Inequality
(< or <) by Graphing

Solve x2 + x — 6 < 0 by graphing.

Because the guadratic expression s less than 0, the solution consists
of x-values for which the graph of the related function lies below the
x-axis. Begin by finding the zeros of the related function.

¥+x—6=0 Related equstion Q Think About Tt
(x—2}x+3)=0 Factor How could vou check
7
x=20rx=—3 Zero Product Property yPULSOUTeN:
Sketch the graph of a parabola that has q I_L_F___
x-ntarcepts at 2 and —3. The graph shouwld =1
open up because g > Q. ,1‘ ,-q g
/
The graph lies below the x-axis between I\I i
—3 and 2. Thus, the solution set is
(x| —3 =< x < 2] or In interval notatlon
(—3.2}) i
Example 4 Solve a Quadratic Inequality (> or =
i Ph' -y - @ Talk About It
ot sk For a quadratic
Solve x* — 3x — 4 = 0 by graphing. inequality of the
formax? + bx+ec >0
Because the quadratic expression is greater than of equal 1o 0, the where o < 0. if tha
solution consists of x-values for which the graph of the related function related equation has no
lies on and obowve the x-axis. Begin by finding the zeros of the refated real roots, what is the
function. solution set? Explain
¥—3x—4=0 Related equation YERIEEasaniog.
¥ —4ix+ 1N =0 Factoc
x=4orx=-—1 Zero Product Property
Sketch the graph of a parabola that ¥ Ir ]
has x-intercepts &t -1 and 4. '{
The graph should open up because a > 0. h 17 i
The graph lies above and on the x-axis when
x = —1orx = 4. Thus, the solution set is .q'l
x| x= Aorx=4)or (—, —TJU 4, o) b\ 'y

Check
Salve —%E+x+1:=ﬂh}rgraphing and write the salution set.
r| —2 _<x<__ T }

) Go Online You can complete an Extra Exampée online.
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€ Example 8 Solve a Quadratic Inequality
Algebraically

GARDEMING Marcus is planning a garden. He has enough soil to
cover 104 square feet, and wants the dimensions of the garden to
be at least 5 feet by 10 feet. If he wants to increase the length and
width by the same number of feet, by what value can he increase
the dimensions of the garden without needing to buy more soil?
Create a quadratic inequality and solve it algebraically.

Step 1 Determine the guadratic inequality.

A=Fw fraa formulz
=[x + 10){x + 5) f=x+10w+5
= x% + 15x + 5O FOIL and simplify

The area must be less than or equal to 104 square feet,
s0 x° + 15x + 50 < 104.

Step 2 Solve the related equation.

x* +15x + 50 = 104 Related equation
¥ +15x—54=0 Subtract 104 from each side
x+18x—31=0 Factor,

x=—18 or x=3 ZeroProduct Property

Steps 3 and 4 Plot the solutions on a number line and test a value
from each interval.

Use dots because —18 and 3 are solutlons of the original Inequality.
.I;: | -3
I

iB=sx=3

&

——

L T L L =
=22 =20=18 =16 =M =12 =10 =8 =6 =4 =2 0O 32

o

Test a value from each interval to see if it satisfies the ordginal Inequality.

Testx = 20, x =0, and x = 5. The only value that satisfies the original
inequality is x = 0, 50 the sofution set & [—18, 31 S0, Marcus can
increase the lenagth and width up to 3 feet without needing to buy
more soil, The interval —18 < x < 0 is not relevant becaucse Marcus
does nol want to decrease the length and width or leave it as is.

Check

MAMUFACTURING An electronics manufacturer can model their profits

in dollars P when they sell x video players by using the function
Plx) = —01x2 + 78x — 1000. How many video players can they sell so
they make $7500 or loss?

The company will make $7500 or less if they make _?__ video players
or fewer andlor _?__ video players or more.

) Go Online You can complete an Extra Example online.
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Practice E-Eu Onllne ¥ou can complete your fomework online

Examples 1 and 2
Graph each inequality.

1L y=x'+6x+4 2. y<—x+4x—6 L y=x—4

4. y=xi+ 4 B y<2xl —4x—2 6. 2+ 12x—3B>y
T y>xt+6Bx+7 B.y>x"—8Bx+17 9 y=zx'+2x+2
10, v = 2x2 + 4x Moy>—2x2 —dx+2 12. y=2xi—dx + 4

Examples 3 and 4
Solve each inequality by graphing.

13. 2 - 6x+ 90 14, -2 —4x+3220 15. 22+ 2x—10 > 5
16. x2 —x—6<0 17. 5% + Bx + 16 = 0 18. x* —2x— 2450
Example 5

19. FENCING Vanessa has 180 feet of fencing that she intends to use 1o builld a
rectangular play area for her dog. She wants the play area to enclose at least
1800 square feet. What are the possible widths of the play area?

20.BUSINESS A bicycle maker sald 300 bicycles last yvear at a price of $300 esach.
The maker wants to increase the profit margin this year, but predicts that
each $20 increase In price will reduce the number of bicycies sold by 10,
How many $20 price Increases can the maker add and stil expect to make
a total profit of at least $100,0007

Mixed Exercisas
Solve each quadratic inequality by using a graph, a table, or algebraically.

M. -2 +12x < —15 22 58 +x+3=20 23 N dx? + Tx

24 x° —dx s —7 25, -3 +10x<5 26. —1= —x? — Bx
27. 2+ 2x+1>0 28B. x2 —3x+2=0 29 24+ 10x+7=20
30. - Gx>1M 3. —* —15 < 8x 32, 9x < 12x°

3. A+ 4 +1>0 34, 5xC +10 = 27x 35 9 + 3 +12<0

36. REASONING Consider the equation ax? + bx + ¢ = 0. Assume that the discriminant is zero
and that a is positive. What are the solutions of the inequality ax® + bx + ¢ = 07
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Write a quadratic inequality for each graph.

37 ¥ T 38. | ; 39, (8. 18)
%, B 1 E ﬂ.g =

11
(-2, 11

—4 =] &G B g r
FoHH EERS -"%{.',_1; E 5

ek
¥ Ty
LA -
|
i)
:;n [N
_‘_-
faa:
=]
_F|J

N-T-0-£ -

40. BASEBALL A baseball player hits a high pop-up with an inltial velocity of
32 meters per second, 1.3 meters above the ground. The helght k() of the ball

in meters ¢ seconds after being hit is modeled by h{f) = —4.9 + 321 + 1.3.

a. During what tme Interval is the ball higher than the camera located in the
press box 43 4 meters above the ground?

b. When is the ball within 2 4 meters of the ground where the catcher can
attempt Lo catch it?

41. CONSTRUCT ARGUMENTS Are the boundaries of the solution set of x2 + 4x — 12 <0
twice the value of the boundaries ﬂl%}:‘: + 2x — 6 = 07 Explain.

Q Higher-Order Thinking Skills

42. FIND THE ERROR Don and Diego used a graph to solve the guadratic inequality
x? — 2x — B > 0. Is either of them correct? Explain your reasoning.

Den Diege
i ok
'-. ;5: \ A:
h\! ;,“ 7

ol s

43. CREATE Write a guadratic ineguality for each condition.
a. The solution set is afl real numbers.
b. The solution set is the empty sel

44, AMALYZE Determine If the following statement is sometimes, always, of never
true. Justify your reasoning.

The intersection of ¥ = —ax?2 + ¢ and ¥ = ax? — cis the empty set.

45, PERSEVERE Graph the Intersection of the graphs ol p = —x2 + 4 and y = x2 — 4.

46. WRITE How are the techniques used when solving quadratic inequalities and
linear inequalities similar? How are they differant?
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Lesson 1-8

Solving Linear-Nonlinear Systems

Explore Linear-Quadratic Systems

L) Online Activity Use graphing technology to complete the Explore.

& INQUIRY How many solutions can a linear-
guadratic system of equations have?

Learn Solving Linear-Quadratic Systems

Like solving systems of linear eqguations, you can solve linear-quadratic
systems by using graphical or algebrale methods. You can also use a
system of equations to solve a quadratic equation by writing each side
of the equation as a refated function

Example 1 Solve a Linear-Quadratic System by Using
Substitution
Solve the system of equations.

x=2y"+3y+1 (1)
—x+y=—1 (2}
Step1 Solve Equation (2) for x.
—x+y=-1 Equation (2}
—x=—y—1 Subtract y from each side
¥x=p+1 Divide sach side by —1
Step 2 Substitute for x in Equation (1). Then solve for .
x=2+3y+1 Equation (1)
¥+1=23 + 3y +1 x =41
0= 2%2 + 2y Simplify.
0= 2vly + 1) Factor out 2y
y=00ry=—1 Zera Product Property
Step 3 Substitute the y-values and solve for x
Case 1 Case 2
x=y+1 Equaticn {2} x=y+1
=04+1or1 Substitute for y and simplify =—1+1ord

The two solutions of the system are (1, 0) and (0, —1).

) Go Online You can complete an Extra Exampée online.

Today's Goals

= Sobve systems of insar
and quadratic
equations.

= Sobve cystems of two
guadratic eguathons.

Today’s Viocabulary

quadratic relations

fgy Talk About It!

A systemn of linear
equalions can have
infinitely many
solutions. Can a Bnear-
quadratic system have
infinitely many
solutions? Explain.

study Tip

Algebra and Graphing
Even when solving a
system algebraically, it
can be useful to graph
the equations to
ensure thatl you have
the correct number of
solutions.
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Example 2 Solve a Linear-Quadratic System by Using

Elimination
Solve the system of equations.
¥=y+5 n
—x+ty=17 2}
Step 1 Solve so that the y= are on the same side of aach equation.
—Aty=7 Equation (2}
—x=—y+7T Subiract y from esch side
Step 2 Add the equations.
X=y+5
(+}—x=—-y+7
o —x=12
Step 3 Solve for the remaining variable.
¥i—x=12 Sum of Equations {1) and {2}
—x—12=0 Subtract 12 from each side
x—4)x+ 3)=0 Factor,
x=4orx=-—-3 Zera Product Property
Step 4 Solve for the other variable.
—-x+y=7 Eguation (2] —-x+y=7
—d+y=T7 Substitute x. —A—3A+y=7
y=1 Simyify, y=4

The bwo solutions of the system are (4, 11) and [—3, 4).

Example 3 Use a System to Solve a Quadratic Equation

Use a system of equations tosolvex? — 2x + 6 = 4x + 1.

Step1 Create a system of equations.
y=x*—2x+6

y=4dx +1 2}

Step 2 Graph the system.

The functions appear 1o intersect at
(1, 5) and (5, 21), so the solutions of
x2— x4+ B =4x + 1are x = 1and
x=h

_.T-
R
-“""-n.

q“:‘--.

e 5 B X

(B ke e

L1y
1T

HEN:

L) Go Online You can complete an Extra Example online.
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Check

Use a system of equations to solve 2x + 1= x% + x — 1.

@ Example 4 Solve a Linear-Quadratic System

by Graphing

PRODUCTION A software developer determines that her company

can medel their revenue R from a given product in hundreds of Study Tip

thousands of dollars given the unit price of the product x in dollars R is measured in

with the function R = —0.1x? + 4x. Create a linear-quadratic system hundreds of thousands

and solve it graphically to determine the price for which the of dollars, so the value

company will earn $4.2 million. of 42 an the y-axis
indicates revenue

Step 1 Create a linear-quadratic system. $4 2 miflion.

The first equation is the given revenue model R = —01x? + 4x.
The line that represents revenue of 4.2 million is R = 42,
So, the linear-quadratic system is:

R=-012+4x
R=42 (2
Step 2 Graph the system.
- ' . ks Think About It!
ﬂ P ol What does the solution
0 sef of the systemn mean
& Y in the context of the
g 1;: j u situation?
; 2
“f H
O & 10 15 2075 30 35 40x
Priee (3]
Step 3 Determine the solutions.
The graphs of the functions do not intersect at any point, so
the system has 0 solutions.
Check
MOUNTAINS Engineers want to bulld a footbridge with steps across a ) Go Online
steep valley. They can model the valley with the equation You can watch videos
¥ = 0.05x% — 4x + B0, where y is the height above the lowest point in to see how to solve

systems of linear and
nonlinear equations
using a graphing
calculator.

the valley in feet and x is the distance from where they plan o star the
bridge. If they start the bridge 80 feet above ground and want it to go
down an inch for every foot to the right. then at what points will the
bridge start and end?

) Go Online You can complete an Extra Exampée online.
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&g Think About It!
isx= % v — 6+ g a
function? Explain your
reasaning.

ko Think About It!

How could you check
your solutions?

Learn Solving Quadratic-Quadratic Systems

Equations of parabolas with vertical axes of symmaetry have the parent
function ¥ = x* and can be written in the form y = alx — h)® + k.
Equations of parabolas with horizontal axes of symmelry are of the
form x = aly — k)® + h and are not functions. These are often referred
to as quadratic relations. The graph of x = y* Is the parent graph for
the guadratic relations that have a horizontal axis of symmmeltry.

If a system contains two quadratic relations, it may have zero to four
solutions. Just as with linear-quadratic systems, you can solve quadratic-
guadratic systems by using graphical or algebralc methods.

Example § Solve a Quadratic-Quadratic System
Graphically
Solve the system of equations by graphing.
y = x* i
il & .

Step 1 Graph Equation (1}
Equation (1) has a vertex at (0. 0} and goes through the points
(—2. 4L (11,04 1) and (2, 4)

Step 2 Graph Equation (2).
You can use a table of values to graph Equation (2). Because
the expression on the rght & set equal to x, find the value of x
for several values of y.

3 x=z(3-62+ % 3

4 x=1@—6f+8 2

5 x=z(5—6F +2 i

& x=z(6—6F +2 £

7 x=g(—67+3 5

g x=2B-6F +2 2

g x=1@—-6R+2 3
Step 3 Graph and solve the system. ] ¥ [
To solve the system, graph both relations on
the same coordinate plane and see where ) E /
they intersect.
The relations intersect at (2, 4) and (3, 9), 1 7
zo those are the solutions of the system. "

7
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Solve the system of equations.
y=—x+5x—6
3y=x—x—6

Example 6 Solve a Quadratic-Quadratic System
23 —y=4 |y
L f=—-§F+'ﬁ 2

22— y=4

23— (-3 +6)=4
2+ -6=4
53 _10=0

52 -20=0

2 —4=0

K+ —23=0

Equatéon [T}

Substitution

Simplify.

Muitiply each side by 2.
Divide each side by 5.
Difference of Two Squares

Substitute —2 and 2 into one of the original equations and salve for y.
Case | —_—
y=—342+8 Equation (2) y=-1x+86
i L
y= j{?f‘ +6 Substitute for x. y=—30-27+6
=4 Simplify. =4
The solutions are (2, 4) and (—2,4).

Q) Go Online You can compete an Extra Example online.



Example 7 Use a System to Solve a Quadratic
Equation

Use a system of equations to solve 2x2 — 3x + 8 = 11 — 4x%.

Step1 Create a system of equations.

The related equations of each side of 2x2 — 3x + 8 = 11 — 4x?
are:

y=2x2—3x+8 [
¥="1—4x2 (2)

Step 2 Graph and solve the system.
Graph the first equation.

RN

4

i

4

Then graph the second equation on the same coordinate

plana.
K[ T¥
i

IS
HA T

—1—3—4— 3 Ay

The functions appear 1o intersect at {—% tﬂ} and (1,7},
so the solutions of 2% — 3x + 8 = 11 — 4x* are —% and 1.

Check
Use a system of equations to solve —x? 4+ 3x + 14 = —%xz + 5.

System Solutions: (_2_, _? (2 . _7 )

Equation Solutions: _7__, _ 2

L) Go Online You can complete an Extra Example online.
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Practice E Go Online You can compiete your homewark online,

Exampies 1and 2
Solve each system of equations by using substitution or elimination.

Ly=x*—-5 2. y=x—2 3.y=x+73
y=x—3 y=x1—2 y= 22
4, y=23x B.y=—2x+2 & y=2—x
x=y y=2x y=x>—dx+2
Tx—y+1=0 B y=x-—1 9 y=x
¥ = 4x y=x2 y=—2x2+4
Exampie 3
Use a system of equations to solve each quadratic equation.
0. x2 4+ 3x+3=-2x—3 M+ +5=2x+7 12, 202 + 4x — 3 =9x
13 4 —Bx—3=-3x—2 M3 —4x+2=2-—2x 15. x¥ —dx + 5=2x +12
Example 4

16. CIVIL ENGINEERING For safety, roads are designed to ensure that ralnwater nuns
off to the sides. Many roads are highest in the center so that a cross section of
the road is a parabola. Suppose the surface of a road can be modeled by
¥= —ﬁxi + %whm X is the distance in feet from the center of the road
and y s the height in feet of the road above the shoulder.,

a. How wide is the road?

b. If the water level during a fiash flood s & inches above the shoulder, about
how wide is the portion of the road that s not under water?

17. SMALL BUSINESS A small business owner determines that the profit P in dollars

from sales of a specific ltem can be modeled by P = 2x% + 30x, where x s the
selling price of the item in dollars.

a. Create a linear-guadratic system to determine the price for which the business
will earn $50,000.

b. Solve the system In part a to determine the price for which the business will
earn $50,000. Round to the nearest hundredth, if necessany.

. What does the solution set of the system mean in the context of the situation?
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Example 5
Solve each system of equations by graphing.

18. y = x2 19, y = 12 20. y = —2x2
=2 =32+ M +1 ¥ = Gx2

2. x={y— 2P 22, x =17 +1 23, x =y — P +1
y=x+2 y=3— 1P y=qbe—1P+1

Example &

Solve each system of equations algebraically.

24. 2x2 — ;=8 25. 2 —y=4 26. x = 1y*

27. x = 3% 28. 2y = 20. y=x+3x—5
yi=—4x +12 y=x2—8§ 2v=x2+09x—6

Example 7

Usze a system of equations to solve each quadratic equation.

30. 27 +Bx+3=2-2% 3L A —x+2=x"+8 32. 3 +3x+5=9— 4"

33. 27 +4x+ 10 =x?+6 3. A+ 2+ T=3"+6 35 B’ —Bx—T7=3x"—4

Mixed Exercises

Use the related graphs of each system of equations to determine the solutions.

36. y = + 55 — 2 37 y=x 4 dx—1 38 y=22 —4dx + 6
y=—t2 —2x+2 y=-22—8¢x—13 y=—2 —2x+1

mEmzEEingn 1 Y
? ﬂ_%_r _h\‘u J‘_ h,
; mn T

[ | [}
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Solve sach system of equations by graphing, substitution, or elimination.

39 y=xf+0x+8 40, y=x2 + Tw +12 M. y=x+3
y=Tx+8 y=x+7 y=2 —x—1
a2,y = (1x)° 43, y = 252 44, y= —8x2
4x =y x=y*—2y+1 y=4d +1
45, Ixl —y=72 48, ¥ —y=—4 47 y=x2
y=—x*+4 y=4dx — 2 wW=—3x+5
4B, y=—x—3 49, y= —x 0. y=3x— 4
5L x—2=(y—2f 52, 3x — 1= 53. x = [y + 2P
y:gz-p-ﬁ y=x‘1+5.u'—1i J-"'=L"'+2]'J
54. x = 1* 55, 4y + 3 =2 6. y=x2+x+5
2 =—8xF 6 y=x2— 24 y=22+3Ax+ 2

Use a system of equations to solve each quadratic equation.
57. 2x + x — 1= —10x + 12 58. 3x’ —5x — 2= —16 — 8x

7

59. x2 +3x+2=x+5 60. 2 —2x — 3=+ Ix+ %

Bl 3 +dx+1=—" —2x—1 62. 2x' —Bx+4=—x"+3x—2

B3 2+ Bx+E=x2—4 6. A2+ 254+ 7=3x2 4+ 5

65. 5 —Ex —7=3x"— 4 66. ! +Ax +4=x+4

67. »* +5x+12=—4x— 6 68. 2x' —x—6=—3x—2

69. ROCKETS Two model rockets are launched at the same time from different
heights. The helght in meters for one rocket after t seconds s modeled
by ¥ = —4.9¢2 + 48 Bt. The height for the other rocket is modeled by
y=—491% + 467t + 1.5.

a. After how many seconds are the rockets at the same height? Round to the
nearest tenth.

b. From what helght would the slower rockst have to be launched so that the
rockets [and at the same time? Justify your reasoning.
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70. PACKAGING A manufacturer is making two different packages, measured in
inches, as shown in the figure. The manufacturer wants the surface area of the
packages to be the same.

i+ 2

a. Create a quadratic equation that can be used to find the value of x, when thea
surface area of the packages is the same.

b. Solve the quadratic equation using any method.
€. Find and interpret the solution In the context of the situation.

71. VOLLEYBALL The function hit) = —1612 + vi + h, modeis the height in feet of &
volleyball, where v represents the initial velocity, g represents the initial height,
and [ represents the time in seconds since the ball was hit. Suppose a playver
bumps a valleyball when it is 3 feet from the ground with an initial velocity of
25 feet per second.

a. If the net is approximately 7 feat 4 inches, could the valleyball clear the net? Justify

YOUF reasoning.

b. The player on the other side of the net jumps 1 second after the ball is hit so that
the path of her hands can be described by hifj = =16 — 1F + 12t — 1 + 7.
If the ball clears the net, is it possible that she blocks the ball? Justify your

Feasoning.

c. What assumptions did you make?

72. PERSEVERE Describe three linear-quadratic systems of equations—one with no
zolution, one with 1 selution, and one with 2 solutions.

73. CREATE Write a system of two quadratic equations in which there is one solution.

. WRITE Describe a real-life situation that can be modeled by a system with a
quadratic function and a linear function.

T5. FIND THE ERROR Danny and Carol are sohving the system y = x? + 3x — Sand
—4x + ¥ = 3. Is either of them correct? Explain your reasoning.

Danmy Zarol
a4+ i —g=3 I —T=—dx+3
d—x—g=3 2+ T=—12=0
A—x—n=0 == —FAlorx= | 4L
E+3HE—di=0

1= —3mi=d4

66 Module 1. Cuadmatic Functions



@1 Essential Question

Module 1« Quadratic Functions

Review

What characteristics of quadratic functions are important when analyzing real-world
situations that are modeled by quadratic functions?

Cuadratic functions have either a minimum or a maximum value. These values are
often solutions when the functions model the path of a projectile or the profit made

by a company.

Module Summary
Lessons 1-1and 1-2

Graphs of Quadratic Functions

« When the coefficient on the x-term s positive,
the parabola opens up. When it is negative, the
parabola opens down.

+ The average rate of change for a parabola over
the interval [o, b} is %.

« The solutions of an equation in one varable ara

the x-intercepts of the graph of a related function.

Lesson 1-3

Complex Numbers

» The imaginary unit § is the principal square root
of =1 Thus,i=+v—1and = -1

« Two complex numbers of the form o + bi and
g — bi are called complex conjugates.

Lesson 1-4 through 1-6

Solving Quadratic Equations

« For any real numbers o and b, if ab = 0, then
githero=0,6=0 orbothoand b = 0.

+ You can solve a quadratic equation by graphing,
by factoring, by completing the square, or by
using the Quadratic Formula.

» To salve a quadratic equation of the form
¥ = 1, take the square rool of each side.

« The solutions of a quadratic equation of the form
ax® + fw + ¢ = 0, where o # 0, are given by the
formila x = —DX¥b” — doc "'M E_'““:_

Lesson 1-7

Cluadratic Inequalities

+ To graph a quadratic inequality, graph the related
function, test a paint not on the parabola and
shade accordingly.

« Forox + by +c< 0, graphy=ax? + hx + ¢
and identify the x-values for which the graph lies
below the x-axis. For =, include the x-intercepis
in the solution.

« Forox* + b +c> 0 graphy =ox* +Br 4+ ¢
and Identify the x-values for which the graph lies
above the x-axis. For =, include the x-intercepts
in the salution.

Lesson 1-8

Systems Involving Quadratic Equations

+ You can use the substitution method or the
elimination method to solve a system that
includes a quadratic equation.

« If a system contains two quadratic relations, it
may have anywhere from zera to four solutions.

Study Organizer

(1) Foldabiles

Usea your Foldable to review this module. Working
with & partner can be helpful. A=k for clarification
of concepls as needed.

hivi A 4 o B4
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Test Practice

A

2,

i
e
B

MULTIPLE CHOICE Which is the graph of
fx) = —x" — 2x + 37 (Lesson 1Y)

¥ B. ¥

2]
-

.-;l-""h.
-T [=

k. ] i [] W

OPEM RESPONSE Al a concert, a T-shirt
cannon launches a T-shirt upward. The heigiht
of the T-shirt in feet a given number of
seconds after the launch is shown in the
table.

Time(s) | Height (ft)
1 74
2 16
2 126
4 104
5 50

Find and interpret the average rate of change
in the helght between 1 and 3 seconds after
launch. (Lessan 17

OPEN RESPOMNSE Use a quadratic equation to
find two real numbers with a sum of 31 and a
product of 210. (Lesson 1-2)

6B Module 1 Review - Duadratic Funclions

4.

6.

MUALTISELECT The graph of ix) = x* —x — 6
Is shown.

7

Find the solutions of 3 — x — 6 = 0. Select
all that apply. (Lesson 12

. MULTIPLE CHOICE Simplify +/—9 - +—49.

{Lesgan -3

AL =2
B. 21
c. =
D A

OPEMN RESPOMNSE Every complex number
can be written in the form o + b For the

complex number 8 — 4/, identify the values
of o and b. jLesson 1-3j



7. OPEN RESPONSE Solve 4x* — 64 = Bx — 4 by
factoring. (Lesson 1-4)

B. MULTIPLE CHOICE A rectangular lawn has
a width of 30 feet and a length of 45 feet.
A diagram of the lawn 5 showr.

45t xft

A landsrape designer wants to increase the
length and width of the [awn by the same
amount so that the tolal area will be

2200 square feel By how many feet
should the designer Increase the length
and width of the lewn? (Lesson 1-4)

A 10feet
B. 19 feet
C. 28 feet
D. 29 feet

9. MULTIPLE CHOICE Solve x* + 24x +1650=0
by completing the square. (Lezson 1-5)

A 12+ 46

B 12+ 46
C.—12+486
D.-12+ A6

10. OPEM RESPONSE Use the square root
property to solve x* — 16 = 0. (Lezsen 1-5)

1. MULTISELECT LUsze the Sguare Rool Property
to find the solutions of x* + 10x + 25 = B1.
Select all that apply. (Lesson 1-5)

A —14
B. —9
C —4

12. OPEN RESPONSE The height of a firework
shell, in meters, { seconds after launch can
be modeled by the function ffj = —4.9F + BOr.
To the nearest tenth of a second, how many
seconds does it take to first reach a height
of 300 meters? Explain your reasoning.
|Leszan Ha)
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13.

15.

70

MULTIPLE CHOICE Solve 4x? —G6x — 5 =0
by using the Quadratic Formula. (Lesson 1-8)
A 3 t;"ﬁ

B u3-.|‘:.-.'}§
3+ 470

L

. u3-.I|;=.fIT

MULTIFLE CHOICE The graph of
y=x"—dx + 3 iz shown. Select the values
for which »* — 4x + 3 < 0. |Lesson 17

 EERE 3

A x=1x<3
B. x=<1x>3
C. x=1x<3

D x>1x>3

OPEN ENDED Caleb wants to add an
L-=haped deck along two sides of his
garden. The garden is a rectangle 15 feat
wide and 20 feet long. The deck width will
be the same on both sides and the total
area of the garden and deck cannot exceed
500 sguare feet. How wide can the deck
ba? [Lesson 1-7)

Module 1 Review - Quadratic Functions

MULTI-SELECT Solve the system of
equations. Which ordered pair is part of the
solution set? Select all that apply. (Lesson 1-8)

y+i3=x
=x*—8
A (=2, -1)
B. (—-2,1)
c. (-1.-4)
D. (-1,1)
E (1,—4)
F. (1 4)
G (2,-1)
H (2, —4)

OPEMN RESPONSE What are the solutions of
this system of equations? (Lesson 18

[:=1x—4}*—3

=x—1

MULTI-SELECT What is the solution 1o the
system of equations? Select all that apply.
|L=zsson -8

) y=u"— -1
[2) y=x+3

A (4.7

B. (-3,0

& =13

D. (1.0)

E (1.4)

E (4,7



Module 2
Polynomials and Polynomial Functions

e Essential ﬂuestmn
:I-l'l_.. of polvnomials and pohlmomi al Tunctions he ||:' s
t real-world events?

What Will You Learn?
How much do vou already know about each topic before starting this module?

KEY Before | After

E —ldon'tknow. (- —Tveheard ofit. | o — | knowit! LE | di=| A& '= |‘

I|":'|-.

graph power functions

use the location principle to find reros of a function

I
-grar.'lh polynomial functions [ 1 1 M [
identify extrema of graphs of functions |

add and subtract polynomials

multiply polynomials
divide palynomials using long division
divide polynomials using synthetic division

expand powers of binomials |

m:] Foldables Make this Foldable to help you organize your notes about polynomiaks and
polynomial functions. Begin with one sheet of E%—by—ﬂ-mcn papet.

1. Fold a 2-inch tab along the bottom of a long side.

2. Fold along the width into thirds.,

3. Staple the outer edges of the tab.

4. Label the tabs Polynmomials, Palynomial Functions, and Polynomicl Graphs.,

I8 ||||||II il
| | l,....- nsesr ""l'--.l
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What Vocabulary Will You Learn?

« hinomial « manomial function « quintic function

» closed + Pazcal’s triangle « standard form of a
+ degree + polynomial in one variabie potynomial

» degree of a polynomial « polynomial function « synthetic division
+ FOIL meathod « power function = trincmial

» leading coafficient « gquartic function

Are You Ready?

Complete the Quick Review to see if you are ready to start this module,

Then complete the Quick Check.

Exsmpl= 1
Rewrite 2xy — 3 — z as a sum.

2xy—3—z Dhbkginal espsession
=2xy + =3 +{—a Fewiite wsing additian

Rewrite each difference as a sum.
1. —-5-13

2. 5—3y

3. 5mr— Tmp

4. 3y — Mx?

Example 2
Use the Distributive Property to rewrite —=3{a + b — c).

=3o+b—c} Oiriginal expression
= =3} + [=3}b) + [—I{—c) Crstribudive Propérty
= =30 —3b + 3c Samphify

Usze the Distributive Property to rewrite
each expression without parentheses.

5. —4{a + 5)
6. —13b% + 25— 1)
7. —i2m —5)

8. —3(32+5)

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 2-1

Polynomial Functions

Today's Goals

« Graph and analyze
Explore Power Functions pawer functions.

= Zraph and analyze

-E Online Activity Use graphing technology to complete the Explore. polynamial functions.
SSSSSE— oday’s Vocabula
& INQUIRY How do the coefficient and degree i functi y
of a function of the form fix} = ox™ affect its :
aend bohavior? leading coefficient
degree
Learn Graphing Power Functions manamial functian
A power function is any function of the form flx) = ax” where o wu‘::;m Hone
and n are nonzero real numbers. For a power function, a is the leading ing
coefficient and n is the degree, which |s the value of the exponent. A standard form of a
power function with positive integer n is called a monemial function. polynomial
Key Concept « End Behanrior of a Monomial Function g nja POl
Degree: even Degree: odd B l finchion
Leading Coefficient: positive Leading Coefficient: positive quartic function
End Bahawios: End Behavior: quintic function
As x — —oo_ffx) — = B x — —oo, o) — —a '
As x — o0, i) — o0, Asx — = flx} — = ’@Ta].kﬂhﬂutlﬂ
F ¥ Is fix) = /¥ & power
y=gt - function? a monomial
=
:l function? Explain your
— - = - reasoning.

Domain: all real numbers
Range: all real numbers = 0

Degree: even
Leading Coefficient: negative
End Behavior:

As x — —oo fix) — —oaa;

B o —+ o0, fix) — —oo.
F

Domain: all real numbers
Range: all real numbers = 0

Dromain: all real numbers
Range: all real numbers

Degree: odd

Leading Coefficient negative
End Behavior:

AL x — —0x, fix) — o0,

A x — oo, i) — —oo,

F

Domain: all real numbers
Range: all real numbers
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Bﬁn Online

You can watch a videa
to see how o graph
power functions on a

T-B4.

b Think About It!

Interpret the domain
and range given the
context of the sibuation:

Esy Concept « Zems of Even and Odd Degree Monomial Funclions

Ddd-degrae funclions will always have at least one real zero. Even-degrea
functions may have amy number of real 2eros or no real zers at all.

Example 1 End Behavior and Degree of a
Monomial Function

Describe the end behavior of f{x) = —2x* using the leading
coefficient and degree, and state the domain and range.
The leading coeflicient of fix] is —2, which Is negative.

The degree 1= 3, wiich & odd.

Because the leading coefficient i negative and the degree is odd,
as x — —x0, flx) — oo and as x — o0, fix} — —oo,

Because this is a monomial function, the domain is all real numbers,
Becausze the leading cosfiicient i negative and the degree is odd,
the range is all real numbers.

Check

Describe the end behavior, domain, and range of fx) = —10x5.
end behavior: Asx — —oo_ fix) — 37 andasx — oo fla)— _ 7
-

dormain: - range: 2

@ Example 2 Graph a Power Function by Using a Table

PRESSURE For water to flow through a garden hose at a certain rate
in gallons per minute [gpm), it needs to have a specific pressure in
pounds per square inch (psi). Through testing and measurement,

a company that produces garden hoses determines that the pressure
P given the flow rate F is defined by P{F) = %Fl. Graph the function
P|F), and state the domain and range.

Steps 1and 2 Find o and n. Then state the domain and range.

For P(F) = 3F%, =3, and n = 2.

The domain is all real numbers. Because o is positive and mis even,
the range is all real numbers = 0.

Steps 3=5 Create a table of values and graph the ordered pairs.

: Ip2 P(F) P (4L,
-2 321 6 i o 1
- -1 15 ¢ .

o 3o o §

1 %ﬁ}l 15 E—+—J0] 2 4 &
5 3P = Fiow Rate (gpm)

L) Go Onfine You can complete an Extra Example oniine.
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Explore Polynomial Functions

ﬂ Online Activity Use graphing technology to complete the Explore.

@ INQUIRY How is the degree of a function
related to the number of times its graph
intersects the x-axis?

Learn Graphing Polynomial Functions

A polynomial in one variable is an expression of the form a_x" +

a _x"~1+ o +ax+a,wherea #0,0, _, 0, anda,are
real numbers, and n 5 a nonnegative integer. Because the terms
are wtitten in order from greatest to least degree, this polynomial is
written in standard form. The degree of a polynomial iz n and the
leading coefficlent s a,.

A polynomial function is a continuous function that can be described
by a polynomial equation in one variable. You have learned about
constant, linear, guadratic, and cubic functions. A quartic function is a
fourth-degree function. A quintic function is a fifth-degree function.

The degree tells you the maximum number of times that the graph of a
polynomial function intersects the x-axis.

Example 3 Degrees and Leading Coefficients

State the degree and leading coefficient of each polynomial in one
variable. If it is not a polynomial in one variable, explain why.

a. 2xt — 3 — 42 — 5x + Ba
b. 7x*—2
c. 4x? — 2uy + By?

degree: 4  leading coefficient: 2
degree: 3 leading coefficient: 7

Thiz is not a palhynomial in one
variable. There are two variables,

X and y
d. x®+12x* —3x* + 2% + 8¢ + 4 degree:5 leading coefficient: 1

Check

Select the degree and leading coefficient of 1x? + 5x2 — Tx — 2,
A. degree: 3, leading coefficient: 11

B. degree: 11, leading coefficient: 3

C. This & not a polynomial in one variable. There are two variables, x
and y.

D. This is not a pobymomial in one variable. The term % has the variable
with an exponent less than 0.

) Go Online You can complete an Extra Exampée online.

Lessan 2-1 « Polynomial Functions TS

m Go Online
You can learn how 1o

graph a polynomial
function by watching
the video onling.

% Think About It!

if a polynomial function

has a leading
coefflicient of 4, can
you determine its end
behavior? Explain your
reasoning.

fo# Think About It!

Jamison says the
leading coefficient of
4x2 —3 + X2 —xis4.
Do you agree or
disagrea? Justify your
reasonkng.

Watch Out!

Leading Coefficients

if the term with the
greatest degree has no
coefficient shown, as in
part d. the leading
coefficient is 1



b Think About It
What values of x make
sense in the context of
the situation? Justihy
YOur reasoning.

study Tip

Axes Labels Motice that
the x-axis is measuring
the percent of the
radius, not the actual
length of the radius.

Example 4 Evaluate and Graph a Polynomial Function

SUNM The density of the Sun, in grams per centimeter cubed,
expressed as a percent of the distance from the core of the Sun to
its surface can be modeled by the function fix) = 519x% — 1630x° +
1844x? — 889x + 155, where x represents the percent as a decimal.
At the core x = 0, and at the surfacex = 1.

Part & Evaluate the function.

Find the core density of the Sun at a radius 60% of the way to the
surface,

Becauze we need to find the core density at a radius 80% of the way
to the surface, x = 0.6 S0, replace x with 0.6 and simplify.

fix) = 519x* — 16307 + 1844x° — BBOx + 155
= BINO.6E)! — 1630(0.6)" + 1844{0.6)F — BBS(0.6) + 155
= 672624 — 35208 + 663.84 — 5334 + 165
= 06224 =
CITt
Part B Graph the function.
Sketch a graph of the function.

Substitute values of x to create a table of values. Then plot the points,
and connect them with a smooth curve.

o1 829619 'Em
0.2 387504 _5
(4]

03 14,4539 = ——'hn
0.4 24064 3

=
05 01875 Q
0.7 17819 © 02 04 05 08 F
08 19824 Percentage of Radius
0.9 07859

Check

CARDIOLOGY To help predict heart altacks, doctors can inject a
concentration of dye In a vein near the heart to measure the cardiac

output in patients. In a normal heart, the change In the concentration
of dye can be modeled by f{x) = —0.006x* + 0140x2 — 0.053x2 +
179, where x |5 the time in seconds.

Part & Find the concentration of dye after 5 seconds.
f5) =2

L) Go Online You can complete an Extra Example online.

T8 Module 2 « Polynomials and Polynomial Functions



Part B Select the graph of the concentration of dye over 10 seconds.
A w ¥ B. (¥
8. 2 5. A
B i s
§ £ § u
= =
& i E 8
4
b o g 4-*{-‘
-ﬂ"-.‘
a 2 4 & 8§ = o 7 4 & 8 =«
Seconds Seconds

Seconds
E &8 E B
o
oy
Seconds
[P |

I-"'.f
. d
]
ot @ 2 4 & 8 *
a
T . (3 Concentration of Dye

Concentration of Dye

Example 5 Zeros of a Polynomial Function

Use the graph to state the number of real 8
zeros of the function.
The real zeros accur at x = —2, 1, and 4, so 2
there are three real zeros., —h—= o]
&
: 8
Check

Usze the graph to state the number of real zeros of the function.

e

The function has _ 7 real zerofs).

) Go Online You can complete an Extra Exampée online.

Stady Tip

Zeros The real zeros
oocur at values of x
where flx} =0, or
where the polynamial
intersects the x-axis,
Recall that odd-degree
polynamial functions
hawve at least ane real
Zero and even-degres
polynomial functions
have any number of
real zeros. 5o, the
minimum number of
times that an odd-
degree palynamial
inmtersacts the x-axis is 1,
and the minirwm
number of times that
an even-degree
polynomial intersects
the x-axis s 0.
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f Think About It!
Find the domain and
range of Ax). Does g{x)
have the same domain
and range? Explain.

Study Tip

Zeros The zerosof a
polynomial function are
the x-coordinates of
the points at which the
graph intersects the
KT

Example 6 Compare Polynomial Functions

Examine fix) = x¥ + 2x2 — 3x and g(x) R TF
shown in the graph. 11,

|
Part A Graph f{x). N

Substitute values for x 1o create a table of a7 B : i |
values. Then plot the points, and connect them —2
with & smooth curve. ~ o]

Part B Analyze the extrema.
Which function has the greater relative maximum?

flx) has a relative maximum at approximately y = 6, and g{x) has a
relative maximum between v = 2 and y = 3. 5o, fix) has the greater

refathve maximum.

Part C Analyze the key features.
Compare the z2efos, x- and p-intercepts, and end behavior of fix) and gx).
Feros.

fixk —3.0.1
gixl: The graph appears to intersect the x-axis at —1, —05.1. 2

intercepts:
Ax) x-inmtercepts: —3, 0, 1, p-intercept O
ax): x-intercepts: —1, —0.5, 1, 2; y-intercept: 2

end behavior:
fix): As x — —oc, fix) — —oo, and as x — oo, fx) — oo
glx): As x — —oe, glx) — 5, and as x — 5, gix) — .

Pause and Reflect
Did you struggle with anything in this lesson? If so, how did you deal with i1?

D Go Online You can complele an Extra Exampie online.
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Eﬁu Onllne ¥ou can complete yvour omework online

Practice

Exampie 1
Describe the end behavior of each function using the leading coefficient and degree, and state
the domain and range.

1. fx) = 3 2. )= —2x
3‘-M=_%15 4‘?1”]_:%36
Exampie 2

5. USE & MODEL The shape of a parabolic reflector inside a flashlight can be modeled by the
function fix) = %x‘l Graph the function fix), and state the domain and range,

6. MACHINE EFFICIENCY A company uses the function fix) = x° + 3x® — 18x — 40 to
model the change in efficlency of a machine based on its position x. Graph the
function and state the domaln and range.

Example 3

State the degree and leading coefficient of each polynomial in one variable. If it is not a
polynomial in one variable, explain why.

7. n+8 B. (2x — f)jdx? + 3

9 —5x"+ 3 —8 10,18 -3y + 57—y + y°
0. 1 + 4PF 4 2 2 —F+%

Example 4

13. TRIAMGLES Dylan drew n dots on a piece of paper making sune
that no set of 3 points were collinear. The number of triangles that
can be made uslng the dots as vertices Is equal to
fin) = &(n® — 3n® + 2n), when n = O.

a. If Dylan drew 15 dots, how many triangles can be made?
b. Sketch a graph of the function. -
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4. DRILLING The volume of a drill bit can be estimated by the formula fora cone, V' = %ﬂm‘]. whera

e
h I= the height of the bit and r is its radius. Substituting 1'3—3r for h, the volume of the drill bit can

be estimated by V = %m'}.

a. What Is the volume of a driil bit with a radius of 3 centimeters?

b. Sketch a graph of the function.

Example 5
Use the graph to state the number of real zeros of the function.
15. 16. 17.
¥ r ¥
ol ¥ t/ ‘ o x
18. 1. 20.

o avi -

Example &
21. Examine fix) = x® — 2x% — 4x + 1 and g{x) shown in the graph. [ ¥

a. Which function has the greater relative maximum?

b. Compare the zeros, x- and y-intercepts, and end behavior of fx) =

e e
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22. Examine the graph of fix) and gix) shown in the table.

fr -5 -3 o 15 3
j‘f "‘\ 75 o -8 —15 0
et

i
x) "T“’l :

\
[} L

a. Which function has the greater relative maximum?

b. Compare the zeros, x- and y-intercepts, and end behavior of fx) and gix).

Mixed Exercises

Describe the end behavior, state the degree and leading coefficient of each palynomial If the
function is not a polynomial, explain winy.

23, fix) = —5x* + 3n* 24. gix) = 2x° + 6x*
25, glx) = By 4 Bx5 26. hix) = 9 — BxT + 3x2
27. flx) =—6x" — 4x® + 13x 2 28. fix) = (5 — 2x)(4 + 3x)
29, hix) = [x + Bjj3x — 4) Eﬂ‘g{xi=3.w?—4x"+‘.,3—t
3. REASONING Describe the end behawvior, and the possibla & ¥
degree and sign of the leading coefficient of the graph A
shown. J'I'
\ T
o =
- \T_

\
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32. CONSTRUCT ARGUMENTS Explain why a polynomial function with an odd degree
must have &t least one real zero.

33. STRUCTURE If fix) = ax® — bx? + x, determine {1 — x). Express the result in
standard form. How does the end behavior of f{1 — x) compare © fx)?

34. COMPARING Compare the end behavior of the functions gix) = —3x* + 15x* —
12x2 + 3x + 20 and hix) = —3x* — 16x — 1. Explain your reasoning.

35. USE A MODEL A box has a square base with sides of 10 centimeters and a height
of 4 centimeters. For a new box, the height is increased by twice a number x and
the lengths of the sides of the base are decreased by x. Write and graph a
function to represent the volume of the new box. What new dimensions will
produce a box with the greatest volume? Describe your solution process.

Q Higher-Order Thinking Skills

36. FIND THE ERROR Shenequa and Virginia are determining the number of real
zeros of the graph. Is either of them correct? Explain your reasaning.

¥
Shanequa Virginia
There are 7 redl 1eros basalise the There awve § veal Levet becabge
graph intersects the x-axis 7 hmes. e aroiph inteviects Hie x-eis
T Fmes, snd Fheve it o Asuple
L&va,
37. ANALYZE Compare the funclions gix) and fx). Determine wiich function has the
potential for more zeros and the degree of each function.
24| —mB|-1|—&| O B 2 | 138 | 24
gt =x+x* -2 +x+4 8| 1|3 |-2|4|7|a|-=8]>5

38. PERSEVERE If flx) has a degree of 5 and a positive leading coefficient and g{x)

has a degree of 3 and a positive leading coefficient, determine the end behavior

of % Explain your reasoning.

39. CREATE Sketch the graph of an even-degree polynomial with 7 real zeros,
one of which is a double zaro, and the leading coafficient is negative.
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Lesson 2-2

Analyzing Graphs of Polynomial Functions

Today's Goals
Learn The Location Principle » Apprisimete 2ergs by
graphing pobynomial
If the value of a polynomial function fx) changes signs from one valee functions.
of x to the next, then there is a zero between those two x-values. This + Find extrema of
is called the Location Principle. polynomiad fiunctions.

Key Concepi « Location Principle

Suppose ¥ = fix) represents a polynomial x

function, &nd o and b are two real

numbers such that fa) < 0 and fib) > Q. oo -

Then the function has at least one resl /’\ Q Think About Tt

zero between a and b. \i‘/ _ : Not all real zeros can
be found by using the

Location Principle,

Provide an exampie
where fa) > 0 and
Example 1 | ocate Zeros of a Function A= O b areié &
Determine the consecutive integer values of x between which each :ﬁ’; h'E"‘:EE“ -l
M= Lk

real zero of fix) = x* — 2x® — ¥ + 1is located. Then draw the graph.
Step 1 Make a table.

Because fix) is a fourth-degree polynomial, it will have as many as 4
real zeros or none at all

=2 =1 0 1 2 3 4
23 3 1 = — 13 13

f# Think About It!

Lzing the Location Principie, there are zeros rl (4

between x = 0 and x = 1and between x = 2 How can you adjust the

andx=13. table on your graphing
calculator to give a

Step 2 Sketch the graph. . more precise interval far

the valie of each zera?

Use the table to sketch the graph and find the
lacations of the zeros.

Check

Use technology to check the location of the zeros.

Input the function into a graphing calculator 1o confirm that the
function crosses the x-axis between x = 0 and x = 1 and between
¥x=2andx=3

You can find more accurate values of the zeros by using the 2era
feature in the CALC menu to find x = 07213 and x = 2. 3486 which
confirms the estimates.

{:} Ga Onllme You can Compbele an Exira Example anline.
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study Tip

Turning Points Relative
maxema and relative
minirma of a function
are sometimes called
tuming poinks.

Study Tip

Extrema When
graphing with a
calculator, keep in mind
that a polynomial of
degree n has at most
n — 1 extrema. This will
help you to determine
whether your viewing
window is allowing you
to see all of the
extrema of the graph.

Check

Determine the consecutive integer
values of x between which each real zero of
M) = 2x* 4+ x2 — 3x2 — 2 i5 Incated. Then

draw the graph.
x=_7 andx=_2
x=_"7 andx=_7%

Learn Exirema of Polhynomials

Extrema occur at relative maxima or minima of fixl

the function, 3
Paoint A is a ralative minimum, and point B is a \_//.\
relative maximum. Both points A and B are d o ¥
extrema. The graph of a polynomial of degree n \
has al mast n — 1 extrema.

Example 2 |dentify Extrema

Use a table to graph f{ix) = x* + x* — 5x — 2. Estimate the
x-coordinates at which the relative maxima and relative
minima oocir.

Step 1 Make a table of values and graph the function.

X | flx} AN
—4 —30
—3 -5 I

- ¥
1 -
2 o : Y
3 19

Step 2 Estimate the locations of the extrema.

The value of fix) at x = —2 is greater than the surrounding points
indicating a maximum mearx = —2.

The value of Ax) at x = 1i= less than the surrounding paints indicating
a minimum near x = 1.

You can use a graphing calculator to find the extrema of a function and
confirm your estimates.

L) Go Online You can complete an Extra Example online.
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Check

Copy and complete the table for fx) = —x* —x® + 5@ + x— 310
estimate the x-coordinates at which the relative maxkima and relative
rrinima occur,

The relative maxima occur nearx = _ ' andx= _*

The relative minimum ocours nearx = _ ¢

@ Example 3 Analyze a Polynomial Function

o Online
PILOTS The total number of certified pilots in the United States is Eu can leam how o
approximated by f{x) = 0.0000903x* — 0.0166x" + 0.762x2 + graph and analyze a
&.317x + 7.708, where x is the number of years after 1930 and fix) is polyrnomial function on
the number of pilots in thousands. Graph the function and describe a graphing calculator
its key features over the relevant domain. by watching the video
anline.
Step 1 Graph the function.
Make a table of values. Plot the points and connect them with a
smooth curve. |
1000
EEEET oA
W B0O0 What trends in the
4] 7708
g 700 F 3 ﬁ:'“x number of pilots does

10 131381 600 4 s qranll Al nnasd

20 320.496 o0 / .

30 507.961 8 0o /

40 648356 E 200

100 i

50 77933 V

60 MAEI6 9 102030405060 708090

0 658 001 Years Since 1930

80 589356

S0 5621

Step 2 Describe the key features.
Domain and Range

The domain and range of the function is all real numbers. Because
the function models yvears after 1930, the relevant domain and range
are {x | x = 0} and {fix) | fix} = 7708].

(continued on the next page)
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&) Talk About It!

It is reasanable that the
trand will continue

indefinitely? Explain.

study Tip
Assumptions
Determining the end
behavior for the graph
of a palynomial that
models data assumes
that the trend
cantinues and there
are no other ralative
maxima ar minima.

Extrema

Thera = a relative maximum batween 1980 and 1990 and a relathea
minimum between 2000 and 2020 in the relevant domaln.

End Behawvior
AS ¥ — oo, fx} — 20,

Intercepts
In the relevant domain, the y-intercept is at (0, 7708). There & no

x-intercept, or zero, because the function begins at a value greater
than 0 and as x — oo, {x) — oo

Symmetry The graph of the function does not have symmetry.

Check

COINS The number of guarters produced by the United
States Mint can be approximated by the function

flx) = 16.4x3 — 149 6x2 — 148 9x + 32154 where x is
the number of years since 2005 and fx) is the total
number of quarters produced in millions. Use the graph
of the function to complete the table and describe its
key features.

Part A Copy and complete the table.

flx}, Quarters (millions)

Part B Describe the key features.

The relevant domain is _ ? -

The relevant range is ?

Theta = a relative minimum batwesn ? and

The y-intercept is s

The graph of the function ?  have symmetry.

?

Itis _ _ o assume that the trend will continue indefinitely.

L) Go Online You can complete an Extra Example online.
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* Example 4 Use a Polynomial Function and
Technology to Model

BACKPACKS The table

Sales Yea Sales
shows LLS. backpack (miillion $) (million §)
::T:r:j :':T::ﬁ‘. I:m the | 2000 140 3008 1246
Travel Goods 2041 144 2009 1235
Aiasictntion. Male'a 2002 m3 2010 1419
scatter plot and a curve 2003 134 201 1773
of best fit to show the 2004 164 2012 1930
trend over time. Then 2005 | N80 2013 2255
:;t:::':mﬂ: backpack |~o0s | 14 2014 2773

2007 | 1436

Step 1 Enter the data.

Let the year 2000 be represented by 0. Enter the years since 2000 in
List 1. Enter the backpack sales in List 2.

Step 2 Graph the scatter plot.

Choose the scatter plot feature in the STAT
PLOT menu. Use List 1 for the Xlist and List
2 for the Ylist. Change the viewing window
so that all the data are visible,

Step 3 Determine the polynomial function
of best fit.

To determine the model that best fits the
data, perform linear, quadratic, cubic, and
quartic regressions, and compare the
coefiicients of determination, ~. The
pohmomial with a coefficient of determination
closest to 1 will fit the data best

b=

=2 bs 48 FET 453
P i T v
w==1 ﬁﬂ.élilﬁ'ﬁ

A guartic function fits the data best.

The regression equation with coefficients rounded to the nearest
tenths 152

=02 — 393 + 26442 — 43 6x + N399.

Step 4 Graph and evaluate the regression
function.

Fe LR RO LE T e, ) B
[ 3

Assuming that the rend continues, the
araph of the function can be used to predict
backpack sales for a specific year. To
determine the total sales in 2015, find the
value of the function for x = 15,

Bl o Lra3SELERAY

L 20| sci” 2, 10, 000 ot 400

In 2015, there were about $3.523 billion in backpack sales.

Math History
Minute

By the age of 20,
ltalian mathematician
Maria Gaetana Agnesi
(THMB=1799) had started
working on her book
Anaiytical Institutions,
which was published in
1748, Early chapters
included problems on
maxima, minima, and
tuming points. Also
described was a cubic
curve called the “witch
of Agnesi which was
translated incorrecthy
from the onginal ltalian.

ko Think About It!
Explain the
approximation that is
made wihen using the
moadel to determine the
backpack sales in a

specific year.
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Study Tip

g-farce One G i= the
acceleration due to
gravity at the Earth's
surface. Definad

a5 9.B0BGEE meters per
second squared, this is
the g-force you
experience when you
stand =till on Earth. On
a roller coaster, you
experience 0 Gs and
feel welghtless at the
top of the hills, and you
can experience a
g-force of B Gs or more
as you are pushed into
your seat at the bottom
of the hills.

f Think About It

Does the average rate
of change from O to
200 seconds accuratelky
describe the
acceleration of the
launch? Justify your
reasoning.

Check

TREES To estimate the amount of lumber that can be harvested from a
tree, foresters measure the diameter of each tree. Determine the
polynomial function of best fit, where x represents the diameter of a
tree in inches and y is the estimated volume measured in board feel.
Then estimate the volume of a trea with a diameter of 35 inches.

Diam {in) 19 | 20 | 23 | 26 | 28 | 32 | 38 | 39 | #

Vol (100s
of board i)

25 |32 | 6F | M | 113 | 123 | 252 | 255 | 2594

Paolynomial function of best fit
p=__ T 4 T B 0 0F 2y T oy 7

The estimated volume of a 35-inch diameater tree to the nearest board
footis 7  of100s board fi.

@ Example 5 Find Average Rate of Change

ROCKETS The Ares-V rocket was designed to carry as much as

75 tons of supplies and 4 astronauts to the Moon and possibly even
to Mars. The table shows the expected g-force on the rocket over
the course of its 200-second launch.

Time fAcceleration Time Acceleration
Is (G5} | (Gs)
o 134 120 146
20 126 || w0 193
40 m || .o 2.47
50 10 || 180 2.84
80 1 || =200 23
100 115

Part & Find the average rate of change.

Sketch the graph, and estimate the ¥
average rate of change of the acceleration.
Then check your results algebralcally.

Estimate: From the graph, the change in
the pwvalues is about 0.9, and the change
in the x-values is 200. So, the rate of

change s about % or 00045,
Check algebraically:

The average rate of change is
A200) -A0) 22 - 134
0 =0 - oo—g Of 00043

Part B Interpret the results.

L

Y]

Acceleration (G)

B & By 10 Wy X
Time (s)

From O to 200 seconds, the average rate of change in acceleration was
an increase of 0.0043 Gs per second.
E Go Online You can complete an Extra Exarmple online,
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Practice E Go Online You 'can complete vaur omewark online

Exampis 1
Determine the consecutive integer values of x between which each real zero of each function is
located by using a table. Then sketch the graph.

1. fix) =" + 3x—1 2 M=—-x"+2"—4
3 M= +4?—Bx+5 4 f)=—x*—x +4
Exampls 2

Use a table to graph each function. Then estimate the x-coordinates at which relative maxima and
relative minima occur.

5. fix) = —2x" + 12x? — Bx 6. fix)=2"—4x’ —3x + 4
7. o=t +2x —1 8. flx) =% +8x2 —12
Exampie 3

9. BUSIMNESS A banker models the expected value v of a company in millions of doflars by using
the formula v = n? — 3n?, where n is the number of years in business. Graph the function and
describe its key features over the relevant domain.

10. HEIGHT A plant’s height is modeled by the function flx) = 1.5x° — 20x? + B5x — 84, where x is
the number of weeks since the seed was planted and fix] is the height of the plant. Graph the
function and describe its key features over its relevant domain.

Exampie 4

1. USE ESTIMATION The table shows U5, car sales in millions of cars. Use a graphing calculator to
make a scatter plot and a curve of best fit to show the trend over time. Then use the equation to
estimate the car sales in 2017, Let 2008 be represented by yvear 0. Round the coefficients of the
regression equation to the thousandths place.

Cars Cars Cars

{milons) {millons) | [milfons)
2008 7659 2o0m 6769 2014 £.089
2009 7761 2012 5.400 2015 7243
2010 7562 2013 5635 206 7780
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12. POPULATIOM The table shows the population in Cincinnati, Ohlo, since 1960, Make a scatter plot
and a curve of best fit to show the trend over the ghven time period. Then use the equation to
estimate the population of Cincinnati in 2020.

Year Population Year : Fopulation
1960 502.550 1950 364,553
1970 452 524 2000 331258
1980 385,457 2010 296943

13. VOLUNTEERS The table shows average volunteer hours per month for a local non-profit. Make a
cratter plot and a curve of best fit to show the trend over the given time period. Then use the
equation to estimate the volumeer hours for September. Let January be represented by month 1.

Month Volumteer Hours Month Violunteer Hours

Mar. 72 July 105
Apr. 5 Aug. 93

Example 5

. FARMS The table shows the number of farms in the U5 at varlous years, according 1o the LISDA,
Census of Agricufture. Find the average rate of change from 1982 to 2012, Interpret the results in

the context of the situation.

Year Farms Year Farms
18982 2 480,000 2002 2,130,000
1987 2.340,000 2007 2,200,000
1992 2180000 2012 210,000
1997 2,220,000

15. SALARY The table shows the annual salary of a salesperson over time. Find the average rate of
change over the given time interval. Interprel the resulls in context of this situation.

Year Salary Year ! Salary

2012 545,000 2015 555,500
2013 $49,000 2016 $73,000
2014 $47,500 2017 $67,500
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Mized Exercices

Graph each function by using a table of values. Then, estimate the x-coordinates at
which each zero and relative extrema occur, and state the domain and range.

16. fix) =" — 3x +1 17. =2 +9x + 12x + 2
18. fiy=2x" —3x + 2 19, fixj=x* — 2x2 — 2

x? ifx = —4
20. Determine the key ieaturegfmp={5 F—4<x=0

x ifx >0

USE TOOLS Use a graphing calculator to estimate the x-coordinates at which the maxima and
minima of each function occcur. Round to the nearest hundredth.

N fx)=x3+32—6x—6 22, fix)= —2x* + 4x2 —Gx + 8
23. fix)= -2+ 57 —Ax? +3x—7 4. ) =x" -4+ 37 —-8x—6

25, FRECISION Sketch the graph of a third-degree polynomial function that has a relative minimum
at x = —3, passes through the orgin, and has a relative maximum at x = 2. Dascribe the and
behavior of the graph. Based on the sketch, determine whether the leading coefficlent is
negative or positive.

26. USE TOOLS A canister has the shape of a cylinder with spherical
caps on either end. The volume of the canister in cubic millimeters
is modeled by the function Vix) = wix® + 3x%) + %Trx:" where

x represents the radius in millimeters of a canister that is I ¥+3 |

x + 3 millimeters wide.

a. Use a graphing calculator to sketch the model that reprezents the volume of
the canister. Include axes labels.

b. What is the domain of the model? Explain any restrictions that apply.
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2T. CONSTRUCT ARGUMENTS What type of polynomial function best models ¥

the data in the graph? Explain your reasoning. g
l-idl - .

2

L

i3 o
28. FORECASTING The table shows the number of deliveries a grocery store i [of T 1 X

has made zince they began 1o offer the service, Use a scatter plot and a 3

curve of best fit to determine the number of deliveries the grocery store can I_
expeoct to deliver 10 years after they begin the service.

]

1

g e ; |

Year | Deliveries Year | Deliveries i
|

1 6O 5 175 |

2 193 6 156 ! 2
3 235 7 195

4 210 8 328

G Higher-Order Thinking Skills

29. ANALYZE Explain why the leading coefficient and the degree are the only determining factors in
the and behavior of a polynomial function.

30. ANALYZE The table below shows the values of a cubic function. Could there be a zero between
x =2 and x = 37 Justify your argument

=1 —1 o 1 2 3
3 —2 =1 1 = —2

31. CREATE Sketch the graph of an odd degree polynomial function with 6 extrema and
a relative extreme at y = 0.

32. ANALYZE Determine whether the following statement is sometimes, alwoys, or never true.
Justify your argument.

For any continuous palynomial function, the y-coordinate of a point where a function changes
from increasing to decreasing or from decreasing to increasing i aelther a refative maximum or
relative minimim.

33. PERSEVERE A functlon is even if for every x In the domain of I f{x) = A—x). I= every even-degrea
polynomial function also an even function? Explain.

34. PERSEVERE A function is odd If for every x in the domailn, —fx) = A—x). Is every odd-degrea
polynomial function also an odd function? Explain.
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Lesson 2-3

Operations with Polynomials

Learn Adding and Subtracting Polynomials

A pobynomial s a monomial or the sum of two or more monomials. 4
binomial is the sum of two monomiais, and a trinomial = the sum of
three monomisals. The degree of a polynomial s the greatest degree of
amy term in the polynomial.

Polynomials can be added or subtracted by performing the operations
Indicatad and combining like terms. You can subtract a polynamial by
adding its additive inverse.

The sum or difference of polynomials will have the same variables and
exponents as the original polynomials, but possibly different coefficients.
Thus, the sum or difference of two polynomials is also a pobynomial.

A sal is cdosed if and only if an operation on amy two elements of the set
produces another element of the same set Because adding or
subtracting polymomials results in a polynomial, the set of polynomials is
closed under the operations of addition and subtraction.

Example 1 |dentify Polynomials

Determine whether each expression is a polynomial. If itis a
polynomial, state the degree of the polynomial.

a. XF+yEF—4
This expression ts not a polynomial because 4% is not a monomial,

b. 5a'b + 30°h" — 9
This expression is a polynomial because each term k& a monomial.
The degree of the first term is 4 + 1 or 5, the degree of the second

term is 2 + 7 or 9, and the degree of the third term is 0. 5o, the
degree of the polynomial is 9.

€. %x—E —Bx 3 —x

The expression is not a polynomial because x> and x~2 are not
monomials.

Check

State the degree of each polynomial.

A x4 65— 3 B. 3?4 5cd — 9
c. p* D. 25

m Go Online You can complete an Extra Example anline:

Today's Goals

« Add and subtract
polynomiats.

= Multiply polynomiais.

Today's Vocabulary
binamial

trinomial
closed

FOIL methad

ke Think About It
Identify the like terms
in Bx5 + 3x* — 10 and
4x — 7 + 5

Shady Tip

Degree O and 1
Remember that
constant terms have a
degree of D and
varable terms with no
exponent indicated
have a degree ol 1.

{3 Go Online

You can learn how to
add and subtract
polynomials by
watching the video
anline.
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& Talk About It

MHatice that the terms
in the sum have the
same variables and
exponents as the
terms of the original
EXpressions: X, X2, x,
and a constant. Wil
this always be the
case? Explain.

study Tip

Additive Inverse
Distributing —1to each
term in the polynomial
being sublracted is the
same &5 finding and
adding its additive
inverse.

by Think About It

Why Is it helpful to
inser placeholders for
the Ox? and Ox® terms?
Why were placeholders
not included for the
x-term in either
polynomial?

Example 2 Add Polynomials
Find (6xY + Tx2 — 2% + 5) + (x® — 4x2 — Bx + 1).
Method 1 Add horizontally.

Group and combine like terms.

B + T —2x+ 5+ —d —Be + 1)
= (Ex® + 273+ (Ta2 — ) + {2 — B} + (S + 1) Group like terms

=7+ —10x+6
Method 2 Add vertically.
Align like terms vertically and add.
G +Tx? —2x+5
(+)x —ds? — Bx +1
73+ 2 — 10+ 6  Combine ike terms.

Combine ke terms.

#lign ks terms

Check
Find (23 + 9%2 + Bx — 3) + (4% — Txd + Bx)L

Example 3 Subtract Polynomials

Find (2x% + 1x* + 7x — 8) — (5" + 9x® — 3x + 4).
Methed 1 Subtract horizontaily.

Group and combine like terms.

PO+ M+ —8B) — B+ 9 —3x+ 4)
=2 + M+ Tx—8 -5 — W’ +Ax— 4

=205 + (1be* — S + (—Y + (Fx + 3) + (B —4) Group like terms.
= 2x% + Bx? — 9xF + 10x — 12
Method 2 Subtract vertically.
Align like terms vertically and subtract.
25+ 1t 4+ 0 +Tx—B

(—) 0x® + Bx* + 9x” — 3x + 4
237 + Gx* — 9y + 10x — 12

Original egquabon
Distribute —1

Combing ke tems.

Check
Find (Bx2 — 3x + 1) — (5x2 + 2x2 — 6x — 9).

Explore Multiplying Polynomials

G Online Activity Use atable to complete the Explore.

@ INQUIRY How is using a table to multiply
polynomials related to the Distributive Property?
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Learn Multiplying Polynomials

Polynomials can be multiplied by using the Distributive Property to
multiply each term In one polynomial by each term in the other. When

polynomials are multiplied, the product & also a polynemial. Therefore,
the set of polynomials is closed under the multiplication. This is similar

to the system of integers, which is also closed under multiplication. To
miufiply two binomials, you can wse a shorcut cafled the FOIL method.

Key Cancept » FOIL Method

Words: Find the sum of the products of F the First terms, O the Oufer
terms, I the Inner terms, and L the Lost terms.

Symbols:

Produrt o Peoduct ol Produd ol Produrd of

F L First Termy (Deter Ternms  trmer Term Lad Tems

TN ' 4 ) |
{2x + Ajx — 3) = [2x}ix} + (2 —3) + [4Hx) + [@K-3)
"K\ L R - B O P

' ) =2@-ux-12

Example 4 Simplify by Using the Distributive Property
Find 2x(4x3 4+ Sx2 —x — 7).
Zxd® + 5a@ — x — 7) = 2ufdxT) + 253 + 2x(—x) + 2x(—T)
=8t + 10 — 257 — Mx

Example § Multiply Binomials
Find (30 + 5){a — T){4a + ).
Step 1 Multiply any two binomials,
{(3er + Slie — 7)= 3oia) + 30(—T) + 5lo) + 5(—7)  FOIL Mathod
=3a0° — 210 + 50— 35 Multiphy.
= 302 — 160 — 35 Combine like terms.
Step 2 Multiply the result by the remaining binomial
(30? —16a — 35)(4a + 1)
= 3o (4o + 1) + (—16a){do + 1) + (—35) 40 + 1)
=12¢ + 35* — 64a® — 160 — 1400 — 35
=120 — 6102 — 1660 — 36

Check
Find (—2r — 3)5r — Tr + 4).

) Go Online You can complete an Extra Exampée online.

kg Think About Iti

Why are the exponents
added when you

multiply the monomials?

0} Go Oniine

for an example of how
to multiply bwo
irinomials.
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{3 Go Online
to see Example 6.

fo# Think About It
What does x represenl
in the palynamial
expression for the
volume of the cake?

Problem-Solving Tip
Solve a Simpler
Problem Some
complicated problems
can be more easily
salved by breaking
them into several
simpler problems. In this
case finding the volume
of each tier individually
simpiifies the situation
and makes finding the
total volume sasier.

@ Apply Example 7 Write and Simplify a Polynomial
Expression

BAKING Byron is baking a three-
tier cake for a birthday party. Each
tier will have J the volume of the
previous tier. The dimensions of
the first tier are shown. Find the
total volume of the cake.

1 What is the task?
Describe the task in your own
words. Then list any questions that

you may have. How can you find
answers o your questions?

Sample answer: | nead to find the total volume of the cake, which s

the sum of all 3 tiers. How can | represant the volume of each tier as a
polynomial? Which properties will | need to know? | can find the
answers o my questions by referencing other examples in the lesson.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sampbke answer: | will find and simplify the volume of each ter and then
add them together. | will use the Distributive Property and FOIL
method to complete the task.

3 What is your solution?
Lze your strateqy 1o solve the problem.

What is the volume of each ter?

Tier & Bx® — 2x% — 3x, Tier 2: 4x* — x% — 15x,
Tier 3: 2x* — 0.5x2 — 0.75x

What is the total volume of the cake?

143 — 3.5x2 — 5 26x

4 How can you know that your solution is reasonable?
e Write About It Write an argument that can be used 1o defend
your solution.

Sampke answer: Because all the exprassions are based on the
expression for the volume of Tier 1, | can check that the expression for

Tier 1is correct. | can factor the expression for volume of Tier 1to
ensure that the factors are the same as the ghiven dimensions,

B — 2% — 3y
=(Bx® — 2x — 3
={dx — 3)2x + Nx v

Expression for Tier 1
Factor x from each term.
Factor 8x% — 2x — 3.
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Practice E-Eu Onllne ¥ou can complete yvour omework online

Exampie 1
Determine whether each expression is a polynomial. If it is a polynomial, state the
degree of the polynomial.

1. 2x2 —3x+ 5 2 a-1
Snp g
3«.F—T 4. vm—T

Examples 2 and 3
Add or subtract.

5. (602 + 50 + 10) — {40? + Ba + 12) 6. (762 + Bb— 7} —(4b2 — 2)

7. g +5 +(20+7) B. (50 +5 —(d+1)
9 (—3x— 3+ (20 + Tx— 2) 10. (—2f* — 3f — B} + (-2 — 3f + B)
M. [2x — 3) — (5x — 6) 2. 4+ 2x— 5 - (@3 —4x+ 7

Exampies 4.5 and &

Multiply.
13. 3pinp — 2) 14, Ax(2 + )

15. —56(2c? — g9 16. x%{2x + 9)

17. o — 6¢° 18, (2x — 3)3x — 5)

19. (x — Wi + 2xy + 9) 20. (o + bjle® — 3ab — b9

M. (x — e + yi2e + ) 22, (o + Bj2a + 3b)2x — )
23. {r — 28)ir + 21) 24. (3y + A2y — 3)

25 2 — B+ Y2 —x+ 2 26. (4x5 4+ 37 — Tx® + 2)3x — 1)
Exampie 7

27. CONSTRUCTION A rectangular deck s bullt around a sguare pool. The pool has
side length 5. The length of the deck & 5 units longer than twice the side length

of the pool. The width of the deck & 3 units longer than the side length of the
pool. What is the area of the deck in terms of 57

28. VOLUME The volume of a rectangular prism is given by
the product of its length, width, and height. A rectangular
prism has a length of b2 units, a width of a units, and a
height of ab + ¢ units. What is the volume of the
rectangular prism? Express your answer in simplified
form.
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29, SalL BOATS Tamara is making a sall for her sallboat.
a. Refer to the diagram to find the area of the sail.

b. If Tamara wants fabric on each side of her sall, write a
pohnomial to represent the total amount of fabric she will
nead to make the sail.

Mixed Exercises

Simplify.
30. Sxy{Zx — 4} + B2 + 6) 31, 3ab{da — 5b) + 4b32a2 + 1)
32. 1g%8g + 12h — 16gh?) 33. 1n%6n — 9p + 18npY

34. (g — h)g® + h) 35. (n® — T)2n” + 4)

36. (2x — 247 37. (4n — 5)°

38. 3z - 2 39, ;i16x — 12y) + 3{9x + 3

40. STRUCTURE Use the polynomials fix) = —6x + 2x? + 4 and gix) = x* — 6x° — 2%
to evaluate and simplify the given expression. Determine the degree of the
resulting polynomial. Show your waork,

a. fix) + gix)
b. glx) — fx)

M. STRUCTURE Use the polynomials fix) = 32 — 1. gx)=x+ 2, and hix} = —x% — x
to evaluate and simplify the given expressions. Determine the degree of the
resulting polynomial.

a. fixlglx)
b. hixpfix)
c. [

42. USE A MODEL Inez wants ta increase the size of her rectangular garden. The
ariginal garden is 8 feet longer than it is wide. For the new garden, she will
increase the length by 25% and increase the width by 5 feel.

a. Draw and label a diagram that represents the orginal garden and the now
garden. Define a variable and label each dimension with appropriate
EXPreSsions.

b. Write and simplify an expression for the Increase in area of the garden. If the
original width of the garden was 10 feet, find how many square feet the
garden's area increased.
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43. COMNSTRUCT ARGUMENTS Complete the table to show which sels are closed
under the operations. Write yes if the set is closed under the operation. Write no
and provide a counteraxample if the set is not clozed under the operation.
Assume that since division by zero is undefined, it does not affect closure.

Addition and Subtraction | Multipfication Drivision

Integers
Rational Mumbers
Polynomials

44. STRUCTURE The polynomial 2x* + 3x + 1can be represented by
the tiles shown In the figure at the right. These tiles can be

arranged to form the rectangle shown. Motice that the area of the 1
rectangle s 2x2 + 3x + 1 units?.

a. Find the length and width of the rectangle. -

b. Find the perimeter of the rectangle. Then explain your process for —“ §

finding the permeter.

c. Select a value for x and substitute that value into each of the expressions
above. For your value of x, slate the length, width, perimeter, and area of the
rectangle. Discuss any restrictions an the value of x.

45. BANKING Terryl invests $1500 in two mutual funds. In the first year, one fund
grows 3.8% and the other grows B%. Write a polynomial to represent the value
of Ternyl's investment after the first yvear if he invested x dollars in the fund with
the lesser growth rate.

46, GEOMETRY Consider a trapezald that has one base thal measures five feet
greater than its height. The other base is one fool less than twice its heigiht.
Let x represent the hehght.

a. Write an expression for the area of the trapezold.

b. Write an expression for the area of the trapezoid if its height Is increased by
4 feet

Lessan 2-3 « Operations with Polynomials 9%




47. URBAN DEVELOPMENT The diagram represents an aerial view of
a memaral in a town center. A sidewalk that is 12 feet wide with
an area of 384w square feel surrounds a statue with a circular
base of radius r.

a. Find the radius of the smaller and larger circles. Show
your work.

b. A nearby town wants to use the same design concept, but
use two squares rather than two circles. Draw and label a
diagram with two squares to represent a sidewalk with the
same uniform width and area as the circular sidewalk.

c. If s represents the side length of the smaller square, write a polynomial
expression for the area of the sidewalk that surrounds the smaller square.

48. AMALYTE Given fix) and gix) are polynomials, is the product abways a
polynomial? Justify your argument.

49, PERSEVERE Use yvour result from Exercise 48 to make conjectures about the
product of a polynomial with m terms and a polynomial with n terms. Justify your
conjecturs.

a. How many times are two terms multiplied?

b. What iz the least number of terms in the simplified product?

50. FIND THE ERROR lsabella found the product of 3x* —4x +1and ¥ + 5x + 6
using vertical alignment. I= her answer correct? Explain your reasoning.

Isabella's Wark
B — a1
(IRt s+ &
B —r+ &
150% — 200" + Sx
Bt — a4+
4t — A — g+ &

51. CREATE Wrile an expression where two binomials are multiplied and have a
product of 8 — 4h%.
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Lesson 2-4

Dividing Polynomials

Explore Using Algebra Tiles to Divide Polynomials

L} Online Activity Use slgebra tiles to complete the Explore.

B INQUIRY How can you use a model to divide

polynomiats?

Learn Dividing Polynomials by Using Long Division

To divide a polynomial by a monomial, find the quotient of each term
of the palynomial and the monomial,

Gel = f0x & 15x

Bl T e
You can divide a polynamial by a polynomdal with more than one term
by using a process similar to long division of real numbers. This
process is known as the Division Algorithm. The resulting guotient may
be a polynomial or a polynomial with a remainder.

ey Concept » Division Algonithm

Words: if fx} and gix} are two polynomials in which gix) # 0 and the
degree of gix) is less than the degree of fix), then there
exisls a unigque guotient gix) and a unigue remainder fx)

such that fx} = gixiglx) + rix), whera the remainder is 2em
or the degree of rix] is less than the degree of gx)

Symbaols: %=mﬂ—~ﬂx}=qmw

ag = G + 5ot — X = alaigb) + rix
Example: 25— 2t=3_ 5,44

et —Bx —3I=(x— N2Zx+ 1)
=2 —Bx—3

2= fx—1
PEN

—dx— 1=+ -5 +4

L 4
—I—5+m

=x—4x—5+4
=x2 —4x—1

) Go Online You can complete an Extra Exampée online.

Today's Geals

« Divide polynomials by
using leng dbsision.

= Dihvide polynomials by
using synthetc division,

Today's Vocabulary
synthetic division

(2 Talk About It!

Is the following
statement afways,
somelimes, or never
brue? Justify your
argument.

if a guadratic
polyromial is divided
by a binomial with a
remainder of 0, the
binamial is a factor of

the polynomial,

Study Tip

In algebra, unigue
means only one. 5o,
there is only one
quotient and remainder
that will satisfy the
Division Algorithm for
each polynomial,
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\g Think About It!
How can you check the
solution?

Watch Out!

Signs Remember that
you are subtracting
throughout the process
of lang division.

Carafully label the
signs of the coefficients
to avoid a sign error.

i) Go Online

You can learn how to
divide polynomials by
using kong division by
watching the video
online.

Example 1 Divide a Polynomial by a Monomial
Find (24a*b? + 1802b? — 30ab?)(6ab) 1.
(24a*h® + 18a?b? — 30abN6ab)™!

= Eab Write a fraction

= R S Sum of guotients
= 4ah? + 30b — Bb? Sirmplify

Check
Find (9x%° + 2y — 12634 + (3.

Example 2 Divide a Polynomial by a Binomial
Find (x® — Sx — 36) <+ (x + 4).
x— 9
x+a[Z —tx—36
=) x? + dx
—8x — 36
—}—8x — 36
o The guotient ks x — 9 and the remainder is 0.

Check
X2 4 B = 12
Find =222 1<

Example 3 Find a Quotient with a Remainder

HME-;::_‘-EHJ_

ir+ z2-2
z—5|322—-1422 - Tz + 3
()32 — 1522
-7z
;—E—Ez
-2z +3
(-] —2z+10
-7

ﬂ Go Online You can complete an Extra Example online.
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The quotient is 322 + z — 2 and the remainder is —7.

v e Tl |
Z=05

m D 7
Therefore, =3I tr—2—z_w

Check
Find the quotient of (—dx® + Bx* — 2x — 9)jx — 2y~

Learn Dividing Polynomials by Using Synthetic Division

Synthetic division is an alternate method used to divide a polynomial by
& binomial of degres 1. You may find this to be a guicker, simpler method.
Key Concept » Synthetic Division
Step 1 After writing a polynomial in standard farm, write the coefficients
of the dividend. If the dividend is missing a term, use 0 as a
placeholder. Write the constant o of the divisor x — o in the baox.
Bring the first coefficient down.

Step 2 Multiply the number just written in the bottom row by o, and
wiite the product under the naxt coefficient.

Step 3 Add the product and the coefficient abowe iL
Step 4 Repeat Steps 2 and 3 until you reach a sum in the last column.

Step 5 Write the quotient. The numbers along the bottam row ara the
coefficients of the quotient. The power of the first term is one less
than the degree of the dividend. The final number is the remainder.

Example 4 Use Synthetic Division
Find (3x® — 2x2 — 53x — 60) = (x + 3).

Step 1 Write the coefficients of the dividend —3]
and write the constant o in the box.

-2 —53 —860

Becausa ¥ + 3 =x — [-3), o= —3.
Then bring the first coefficlent down.

L | sl

Step 2 Multiply by o and write the product. —3] 3 -2 -5%3 —60

The product of the coefficient and —5

ais 3(—3) = —9. 3 |

Step 3 Add the product and the coefficient —3] 3 -2 -53 —60

Step 4 Repeat Steps 2 and 3 until youreach —3] 2 -2 -53 —-60
a sum n the lact column. -9 33 &0

3 —11 —20l

[continued on the next page)

fg# Think About It!
Describe a method you
could usa to check
WOLIr answer.
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b Think About It!
Describe a method you
could use to check
YOLUr answer.

Watch Out!

Missing terms Add
placeholders for terme
that are missing from
the polynomial. In this
case, there are 0
Fterms.

Step 5 Write the guotient. Because the degree of the dividend is
3 and the degree of the divisor is 1, the degree of the guotient
i= 2. The final sum in the synthetic division is O, so the
remainder is 0.

The quotient is 3x* — x — 20.

Example 5 Divisor with a Coefficient Other Than 1

HMM-;{:*_:&-t—E.

To use synthetic division, the lead coefliclent of the divisor must be 1.

(A = 3 bl 9 4 2
Re=T+2

ar =]
21’“-?.!(: +1I+E

r— _l
T

Civide the numeraior and denommator by 2.

Samplify the numerator and denominaton

R | =3,
X—a=xX—gs00=x3
Complete the synthetic division.

1 37 g
3 2 0 -5 2 3
1 7
1 3 -9 —5
2 1 —18 -7 1

1
t.
*=3

The resulting expression is 2x° + x* —18x — 7 +
Mow simplify the fraction.
1 {1

xﬂfr_{x-%}-i

Muliiply the numerator and denominator by 2

2
et SEmplify

The solution is 243 + x2 — 18x — 74 50—

You can check your answer by using long division.

Check
Find {4x* + 3x® — 12x? — x + 6)4x + 3}

E Go Online You can complete an Extra Example online.
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Practice E Go Online You 'can complete vaur omewark online

Exampis 1

Simplity each expression.
OOy 2. (45 — 6 + 12 — BRY4R)
3. (6K — 9ik?) + (3jk) 4. (4a*h? — Bah + 30 + (20%)

Examples 2 and 3

Simplify by using long division.

5. (M +7n+10) = n+5) 6. (o® + 4d + 3)id + 1!

7. 22 +13t+15) = {t + 6) 8. (62 + y — 22y — 1)

9 42 -9+ 29+ 3 10. (2x2 — Bx — 4) = (x — 3

Examples 4 and 5
Simplify using synthetic division.

M. (32 — v — 10)v — 4 12. (3 + 47 — 3212 — 5¢ — 200 + 4
Yy +a 23 = x@ = 1Bx + 32

13 ¥ 2 1. 2k =&

15. 4p° —p* + 20 = 30— 1) 6. 3+ 67 —2c+ A)c+ 27!
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Mixed Exercises

Simplify.

7. imM+m—68+(m+ 4 1B. [0 — 6a? + 100 — 3) + (o — 3)
19 (27 -7+ T —2) = [x— 2) 20, 7+ 26 — 3k +9) = (x+ 7)
21 2+ 8B+ (x +2) 22, (623 +x2 + )+ (2x +1)

23. (28020 — 21ca?) + (Mcd) 24. )P — ) k— ¢

i et el 26. (b2 — o®b + 2b)—ab)!

27 34504245 28. ”hzﬁ':;;”"'”

29. STRUCTURE Jada used long division to divide x* + x? + x¥ + x + 1by x + 2. Her
work is shown below with three terms missing. What are A, 8, and C7
¥ — x4+ 3x—5
x+2 1+ x+ 1

(—)x® + 2
—x2+ A
(=) =2 — 22
3 4+ x
(-3~ + 8
—B+1
=] —5x—10
c
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30. AVERAGES Bena has a list of n + 1 numbers and she needs to find their average.
Two of the numbers are n” and 2. Each of the other n — 1 numbers are all equal
ta 1. Find the average of these numbers.

3. VOLUME The volume of a cylinder is mix® + 32x% — 304x + 640). If the helght of
the cylinder is x + 40 feet, find the area of its base in terms of x and 7.

Gxt 4 23 = 16 & x4 32
F

What does the remainder indicate in this problem?

32. REASOMNING Rewrile

as gix) + % using long division,

33. CONSTRUCT ARGUMENTS Determine whether you have enough Ax
information to fill in the missing pleces of the long division exercise Q< +

shown. If 20, copy and complete the long division. Justify your a2 + 3x
response. 34§
2t = T = 15T 4 2T 4 AN 6 njx)
34. REGULARITY Rewrita o7 ++3 as gix) + i) using long

division.

a. ldentify gix), nx), and gix).

b. How can you check your work using the expressions of gix), gix), and rx)?

35. STRUCTURE When a polynomial is divided by 4x — 6, the quotient Is 2x? + x + 1
and the remainder s —4. What s the dividend, fx)? Explain.

36. USE A MODEL Luciano has a square garden. A new
garden will have the same width and a length that is
3 feet more than twice the width of the original
garden.

a. Define a variable. Copy the diagrams. Label each
side of the diagrams with an expression for its
length.

b. Write a ratio to represent the percent increase in the area of the garden. Use
polynomial division to simplify the expression.

€. Use your expression from part b to determine the percent of increase in area
if the original garden was a 12-foot square. Check your answer.
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37. REGULARITY Mariella makes the following clalims about the degrees of the

polynomials in % = gix) + gﬁ Do you agree with each claim? Justify your
answers and provide examples,

a. The degree of dix) must be less than the degree of fix).
b. The degree of fx) must be at least 1 less than the degree of aix).

c. The degree of glx) must be the degree of f{ix) minus the degree of dix).

Q Higher-Order Thinking Skills

38. FIND THE ERROR Tomo and Jamal are dividing 2x? — 4x® + 3x —1by x — 3.

41.

Tomao claims that the remainder s —100. Jamal claims that the remainder is 26. Is
elther of them correct? Explain your reazoning.

. PERSEVERE If a polynomial is divided by a binomial and the remainder is 0, whal

does this tell you about the relationship between the binomial and the polmomial?

. AHALYZE What is the relationship between the degrees of the dividend, the

divisor, and the quotient in any polynomial division exercise?

CREATE Write a quotient of two polynomials for which the remainder is 3.

. WRITE Compare and contrast dividing polynomials using long division and using

synthetic division.

. PERSEVERE M. Collins has his class working with bases and poalynomials. He

wrote on the board that the number 1111 in base B has the value B + B2 + B + 1.
The class was then given the followling questions to answer.

a. The number 11 in base B has the value B + 1. What i 1111 (in base B) divided by
11 (in base B)?

b. The number 11l in base B has the value B2 + B + 1. What is 1111 {in base B)
divided by 111 (in base B)?
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Lesson 2-5

Powers of Binomaials

Explore Expanding Binomials Tﬂ;:j':: ME::L of

) (=3 ; - binomials by using
L} Online Activity Use interactive tool to complete the Explore. e

thve Binomdal Theorem.

| & INQUIRY How can you use Pascal's triangle to

wirite expansions of binomials? Today's : L
. Pascal’s triangle
Learn Powers of Binomials ke Think About It!
You can expand binomials by following a set of rules and using patterns. Both C,and C,

equal 1 What does this
mean for the terms of a
binomial expansion?

= there are n + 1termes. How does this relate to
= 1 is the exponent of o in the first term and b in the last term. Pazcal's triangle?

= in successive terms, the exponent of o decreases by 1. and the
exponent of b increases by 1.

= the sum of the exponents in @ach term is n.

» the coefficients are symmetric.

Key Concept « Binomial Expansion
In the binomial expansion of (o + Bf,

Pascal’s triangle i< a trlangie of numbers in which a row represents
the coefficients of an expanded binomial (o 4 bf'. Each row begins
and ends with 1. Each coefficient can be found by adding the two
coeffickents above it in the previous row.

Instead of writing out the rows of Pascal's triangle, you can use the

Binomial Thearem o expand a binomial. The Binomial Theorem uses Study Tip
combinations to calculate the coefficients of the binomial expansion Combinations Recall
Key Concegt - Binomial Theorem that _C_refers to the
If r is & natural number, then {a + b)" = number “":j’“‘-"" ‘E
= = = choose r objects from
Lot + Co™ B+ Coo™ 2 + Coo™ 0 + ...+ Ca%" 1 distinct objects. In
” | ed . the Binomial Theorem,
o ! ~Mgt " -2 ! T .
1a"h +mﬂ" b+2![n——1"!ﬂn b2+3!m_314_r.‘r" B + .+ 1ok f k= the exponent of

lo + b)". and ris the
Example 1 Use Pascal's Triangle exponent of b in each

term. Ta caloulate the
k 7
Use Pascal's triangle to expand (x + ¥)". coeflicients, remember

1 e+ that n! represents n

1 1 a + ¥ factorial. This is the
1 2 1 x + product of all counting

1 3 3 1 ix + yd numbers beginning

1 4 6 4 1 I+ with ardrd cniu:ung

backward to 1, For
i > ¥ b = ! b Y example, 3f=3-2 .1,
1 8 13 0 i & t The value of O is
1 7 21 35 35 21 7 1 L SRR

x + W7 = x7 + Ty + 2152 4+ 38x%y3 4+ 353yt + 205 4+ Ty + 7
Lesson 2-6 « Powers of Binoméats 909



) Talk About It
Describe a shorteut
you could use Lo write
out rows of Pascal’s
triangle instead of
adding to find every
rmber in a row.

Explain your reasoning.

study Tip
Assumptions To use
the Binomial Theorem,
we assumed that Lhe
teams had an equal
chance of winning and
lasing. Assuming that
allows us to reasonabhy
estimate the probability
of an outcome with
only the coefficient To
find probabilities of
events that are not
equally likeby,
substitute the
probahility of each
event for a and b in the
expansion of (o + &)™

study Tip
Coefficients When the

binomial to be expanded
has coefficients other
than 1. the coefficients
will no longer be
symmetric. In these
cases, it may be easier
to u=e the Binomial
Thearem.

Check
Write the expansion of {c + d)*.

@ Example 2 Use the Binomial Theorem

BASEBALL In 2016, the Chicago Cubs won the World Series for the
first time in 108 years. During the regular season, the Cubs played

the Atlanta Braves & times, winning 3 games and losing 3 games. If
the Cubs were as likely to win as to lose, find the probability of this
outcome by expanding (w + £)5.

w + a°
= (CW8 + CWBE+ O + CWE + CowiE + Cowl® + O 15

=wh+ BB+ AR + w8 4 e+ S +

=wh + 63 + 15072 + 200307 + 15038 + Guef= + 5

By adding the coefficients, you can daetermine that there werne 64
combinations of wins and losses that could hawve oocurred.

20w’ #* represents the number of combinations of 3 wins and

3 logses. Therefore, there was a % or about a 31% chance of the Cubs

winning 3 games and losing 3 games against the Braves.

Check

GAME SHOW A group of B contestants are selected from the audience
of a television game show. If there are an equal number of men and
women in the audience, find the probability of the contestants being

5 women and 3 men by expanding (w + m}%. Round to the nearest
percent if necessary. _T %

Example 3 Coefficients Other Than 1

Expand (2c — 6d)%.
(2c — Byt

= ,Co26)* + ,C2e—6a) + ,C,[2c—6a)? + ,C2el—Ba) +
JCof—6a?

= 16¢* + B —6d) + 515 {4c2)BA?) + {2e)—216¢7) + 1296

= 16c* — 192c3d + B64cid? — 1728cd? + 12964

L) Go Online You can complete an Extra Example online.
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Pract iCE E Ga Online You can complete your omenwark online
Exampie 1
Use Pascal's triangle to expand each binomial.
1. (x — v 2. o+ ot
3 lg—n? 4. [m+ 1t
B. (y— 2B B. [0+ 2B
Exampie 2

7. BAND A school band went to 4 competitions during the year and recelved a
superior rating 2 times. If the band Is as likely (o receive a superior rating as to
not receive a superior rating. find the probahility of this outcomea by expanding
(s + nf*. Round to the nearest percent if necessany

B. BASKETEBALL Oliver shot B free throws at practice, making & free throws and
missing 2 free throws. If Oliver is equally likely to make a free throw as he is to
miss a free throw, find the probability of this outcome by expanding (m + e,
Round to the nearest percent if necessary.

Example 3
Expand each binomial.

9. (3x + 4y 10. {2c — 2d)’
1. (8h — 3)* 12. (4o + 3KF

Mixed Exercises

Expand each binomial.
3. (x+1) 1. (x-4)°
1. (2b+1)° . (3c+10)’

17. STRUCTURE Out of 12 frames, Vince bowled & strikes. If Vince is as likely bowl a
sirike as to not bowl a strike In one frame, find the probability of this outcome.
Round to the nearest percent if necessary.

18. REGULARITY A group of 10 cholr members are selected at random 1o perform
solos. If there are an equal number of boys and girls In the choir, find the
probability of the cholr members selected belng 7 boys and 3 girls. Round 1o the
nearest percent if necessary.
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19. USE A MODEL A company is developing a robotic welder that produces circutt
boards. Al thiz stage In its development, the robotic welder only produces 50% of
the circult boards correctly. Use the Binomial Theorem to find the probability that
5 of 7 circult boards chosean at random are cormect,

20. USE A MODEL Diegoflips a fair coin 12 imes. What is the probability that the coin
lands on tails 3 Umes? 5 imes? 9 times?

21. REASONING A test consists of 10 true-false questions. Matthew forgets to stucy
and must guess on every guestion. What i the praobability that he gets 8 or
more correct answers on the test? Show your work using Pascal's Triangle.

22, REGULARITY Use Pascal's Triangle to find the fourth term in the expansion of
{2x + 71 Why is it the same as the fourth term in the expansion of (7 + 2x)°?

23. USE A SOURCE Research the number of judges on the Supreme Court. For most
rufings, a majority = needed. How many combinations of votes are possible for a
majority to be reached?

24. STRUCTURE Find the term in {o + b)'? where the exponentof o Is 5.

25. PRECISION Use the first four terms of the binomial expansion of {1 + 0.02)¥ to
approximate (1.02)°. Evaluate (1.02)'? using a calculator and compare the value to
your approximathon.

Q Higher-Order Thinking Skills
26. PERSEVERE Find the sixth term of the expansion of (v& + vb)2.

27, AMBYZE Explain how the terms of (x + " and (v — 4" are the same and how
they are different

28. REGULARITY Each row of Pascal's triangle is like a palindrome. That is, the numbers
read the same left to right as they do right to left. Explain why this is the case.

29. CREATE Write a power of a binomial for which the second term of the expansion
is Bty

30. WRITE Explain how to write out the terms of Pascal's triangie.
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Module 2 - Polynomials and Polynomial Functions

Review

@i Essential Question

How does an understanding of polynomials and polynomial functions help us understand

and interpret real-world events?

Polynomials and polynomial functions can be used to model situations where
quantities increase or decrease in a nonlinear pattern.

Module Summary

Polynomial Functions and Graphs

« A power function is any function of the form
fix] = ax”, where 0 and n are nonzero real
numbers, The leading coefficient is o and the

degree is n.

+ Ddd-degree functions will always have al least
one real #ero.

+ Even-degres functions may have any number of
real zeros or no real zercs at all.

« A palynomial funclion is a continuous function
that can be described by a polynomial equation
in ane variable.

+ The degree of a polynomial function tefls the
maximum number of times that the graph of a
polynomial function intersects the x-axis.

« |f the value of Ax) changes signs from one value
of ¥ io the next, then there s a zero batween
thosa two X-valuas.

« Extrema accur at relative maxima or minima of
the function.

Lessons 2-3 and 2-4
Dperations with Polynomials
« Polynomials can be added or subtracted
by performing the operations indicated and
cambining like terms,
« To subtract a polynomial, add its additive inverse.
« Palynomials can be multiplied by using the

Distributive Property to mulliply each term in one
palynomial by each term in the other.

+ The set of polynomials is closed under the
operations of addition, subtraction, and
muttiplication.

+ To multiply two binomials, you can use a shortout
called the FOIL method.

« You can divide a polynomial by a polynomial with
more than one term by using a process similar to
lang division of real numbers.

« Synthetic division is an alternate method used ta
divide a polynomial by a binomial of degree 1.

Les=zon 2-5

Powers of Binomials

« Pascal's triangke is a triangle of numbers in which
a row represents the coefficients of an expanded
binomial (g + b)". Each row begins and ends with 1
Each coefficient can be found by adding the twa
coefficients above it in the previous row.

= You can also use the Binomial Thearem to
expand a binomial. If n is a natural numbert, then
fo+bdp=_Cabt+ Coy+ Coa-th+
Lo+ oo+ Cahn

Study Organizer

IE Foldables

Usze your Foldable to

review this module. i
Waorking with a partner I|'|J|'||1|
can be helpful. Ask for | 118
clarification of concepts p:;_"'-'
as neaded. ' !

I |
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Test Practice
1. MULTIPLE CHOICE The weight of an ideal cut 3. MULTIPLE CHOICE The revenue of a certain

round diamond can be modeled by fid) = business can be modeled using
0.00Ma” — 0.090° + 0.48d, where d is the flx) = — 00Nt — 1v* 4+ 4% — By + 7). where
diameter of the diamond. Find the domain of x |5 the number of years since the business
the function in the context of the situation. was started and fix] is the revenue in
Lessan 2-1) hundred-thousands of dollars. Which graph
A. The domain is all real numbers. represents the function? (Lesson 2.7
B. The domain is {did = 0L A ¥ B. L

12 £T,

C. The domain is [dld = D].
D. The domain is {did = 0.48].

i [] P
2. OPEN RESPONSE Use the function o 1 L
B —_ 2 e
fix) =13 — 2x% + 6x — 92 to answer the c 7 D. i
following questions. (Lesson 2-1) t—fl i

L -

1l

i | ey

| =t
o I
——y
b

[T
=] i
et

- =L & x

-
o

b

A
L 1

a} What is the degree?
4. MULTI-SELECT Select all intervals in which a
' i ient?
B] What &.the teading costliciens real zero is located for the function

c) Describe the end behavior using the fix) = x¢ — 2u® 4+ 3x* — B [L=gz0n 2-3)
leading coefficient and degree. o e A e e
B. x=—1landx=10
C. x=0andx=1
D x=Tlandx =2
E x=2andx=3
F. x=3andx=4

5. OPEM RESPOMSE Describe the end bahavior
for gix) = —2x* — By’ + 1ix — 18 as x — .

[Lesson 2-Lf
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6. OPEN RESPONSE Marshall claims that there is

only one real zero in the function

fix) = 4x" + 7x* — Bx + 3. Based on the table
provided, determine whether you agree with
Marchall. Then name the interval(s) in which
the zerods) is/are located. |Lesson 2-2)

X filx)
—3 27
= 5

1 1|

)

1
2 53

. MULTIFLE CHOICE Helen stared a business
several years ago, The table shows her profits,
in milions of dollars, for the first 7 years. Select
the polynomial function of best fit that could
be used to model Helen's profits. (Lesson 2-2)

1425
146
15
153
1.56
1.58
1.58

T

o | RO |k | L | | e

A fx) = 0.00—3.27% + 5351 + 137)

B. fx) = 0.0001—6.944x" + 50.6x" +
250.4x + 13,957)

C. fix) = 0.00001(9.47%" + B2.07% —
N2.5x° + 4203k + 138,500)

D. fix) = 0.000H—x* + 12% — T7x* +
600x + 13,650)

9.

10.

OPEN RESPOMSE \What is the difference?
(ot — B + B + By — 1) —
(Bx* — 9 — 4% + 12% + 4) [Lesson 2-3)

OPEN RESPONSE What is the sum?
(3 -5 4+ Bo' — ) + (2% + Tx® — 7 + 6Bx)

Lesgan 2-3)

MULTIPLE CHOICE Enrigue s designing a flag
for a new school club. A smaller striped
square ks placed as part of the design and the
rest of the flag will have chewons. (Lessan 2-3)

S S S
i
g
x4+ 5ldx 43
" al
e
{"vﬁi"ﬁ‘-ur",.-—-;"\f

Ix+7

Which expression can be used 1o represent
the area of the flag that is not siriped?

A, 16x* + 57x + 46
B. Bx*+ 35x + 16
C. B+ 1ix+ 4

D B+ 1Tx—-4
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1.

13.

HE Module 2 Review « Polynomisls and Polynomial Functions

MULTIPLE CHOICE Determine the guotient.
(Bx* + 125 — 6dx" — 95k + 132) = (x — 3)

[LEsson 2]

A, A+ 2 +x — 3
B 3@ -2 —x+ 3
C B+ 2 +1Ix—44
D B — 2" —1Ix + 44

MULTIPLE CHOICE Determine the guotient.

fLegson J-4)

B’ = Ma 4 139 4+ 130
By o2

A 20— 25x+63+5

B. 2¢ —25x+ 63 + 505
C. 20 —25x+863+3
D. 2¢ —25x+ 63 + 50

OPEN RESPOMNSE The volume of the

rectangular prism shown is
45x° + B3¢ + x — 12

|ox+4

What I= the area of the base? Lesson 2-4)

14. MULTIPLE CHOICE Which of the following i

the expansion of (2h + F)'? [Leszon 25)

A. 2h' + AR + BRF + AR +

B. 1&6h* + 32K + 24K°F + 32AF7 + 16F
C. 16h* 4+ 32h + 32h°F + BhF + 7

0. 16h* + 327+ 4R + BAF 4+ P

MULTIPLE CHOICE The first shelf on
Hannah's bookshelfl holds an equal number
of fiction and nonfiction books. If Hannah
selects 5 books randomly, what & the
probability that 4 of the books will be fiction
and 1 will be nonfiction?

Round your answer to the nearest tenth of
a percent {Lesson 2-5)

Al 313%
B. 15.6%
C. 125%
D. 31%

» MULTH-SELECT Select all of the following that

wolld be a coefficient of a term in the
binomial expansion af [x + )" (Lesson 2-5)

A

B. 3
L oo |

D. 14
E.
F. 28
G. 30
H. 35



Module 3
Polynomial Equations

e Essential Question
What methods are useful for solving polynomial equations and finding Zeros

al funct

What Will You Learn?
How much do vou already know about each topic before starting this module®

KEY Before | After

E —ldom'tknow. (il —Iveheardofit -~ f—knowit! (B || g | LB | @

i','n
||:‘|-

solve polynomial equations by graphing

's;m- palynomial equations by Iar:l?n-ing

solve polynomial equations in guadratic form

prove polynomial identities ' |

apply the Remainder Theoram

use the Factor Theorem to determine whether a
binomial is a factor of a palynomial

use the Fundamental Thearem of Algabra

find zeros of polynomial functions |

1‘1] Foldable Make this Foldable to help you arganize your notes about polynomial
equations. Bagin with three sheeats of notebook paper.

1. Fold each sheet of paper in half from top to bottom.
2. Cut along the fold. Staple the six hall-sheets together to form a bookdet.
3. Cut tabs into the margin. The top tab is 2 lines deep, the next tab is 6 Ines deep, and so on.

4. Label cach tab except the first with a lesson number. Use the first tab as a cover
page decorating it with a graph from lesson 1.

]
) i -
Y T
T
y
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What Vocabulary Will You Learn?

« depressed polynomial « pokynomial identity « synthetic substitution

+ identity « prime polynomial
« multiplicity « guadratic form
Are You Ready?

Complete the Quick Review to see if you are ready to start this module,

Then complete the Quick Check.

Quick Review

Example 1

Use the Distributive Property to multiply
{x" — 2x — d){x + 5).

pr' — 2x — 4)ix + 5)

=20 + 5) = Zxx + 5) Distribsutive Propesty
- 8ix + 5)

= »x} + x45) + (—2x){x) Diisteibuithee Propedy

+ (=2x)(5] + (—4)x) + (—49K5)

= + 5 — 2@ — f0x
- 4x— 20

MLk

=7+ Jdx? — Wx — 20 Combins liks 15mma

Use the Distributive Property to multiply
each set of polynomials.

1. (6x —x 4+ 2)4x + 2)

2. ¢ — 2%+ THIx— 3)

3. (7 — Bx — B)2x — 4)

4. (¥ + 6x — 4)(2x — 4)

Example 2
Solve 2x* +Bx+ 1= 0.

—b + 4B — Rar
= .'IT Crisadrghic Formuls
_ —BEE A a=2a=Re=1
- 20 2 ~S=
- #ﬁ Sirmpiity.
= —-Ii% YBE = o =18 or 2478
14 4

The exact solutions are —2 + %a.rrd - e

The approximate solutions are — 0132 and —3.87.

Solve each equation.

5. x+2x—8=0

6. 2 +Mx+3=0

7.6 +5x—4=0

B. 4* —2x—1=0

Howr Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 3-1

Solving Polynomial Equations by Graphing

Explore Solutions of Polynomial Equations

L} Online Activity Use graphing technology to complete the Explore.

]
E INGUIRY How can you solve 5 polynomial

equation by using the graph of a related
polynomial function?

Learn Solving Polynomial Equations by Graphing

A related function is found by rewriting the equation with 0 on one
side, and then replacing O with Ax). The values of x for which fx) =0
are the real reros of the function and the x-intercepts of its graph.

mESSEan:

K+t —Ax=x+6
« —3, —1, and 2 are solutions.
« —3, —1, and 2 are rooks.

fx)=x3+2x2 —Bx— &
« —3, —1, and 2 are zeros.
« —3, —1, and 2 are x-intercepts.

|
|
¥

Example 1 Solve a Polynomial Equation by Graphing

Use a graphing calculator to solve x* + 3x? — 5 = —4x” by graphing.

Step 1 Find a related function. Write the equation with 0 on the right.
¥4I —5=—4"
A -5+ A =4 + 47
Wrdd+3d—-5=0 Simplify
A related function is fx) = &* + 457 + 3x¥ — 5.

Step 2 Graph the related function.
Enter the equation in the Y = list and
graph the function.

Step 3 Find the zeros.
Use the zero feature from the CALC menu.
The real zeros are about —3.22 and 0.84.
Check
Use a graphing calculator to solve 4x2 + x = %r’ + 1 by graphing.
Round to the nearest hundredth, If necessany.

Ornigenal equation

Add 4x? to each side

N Lo

Today's Goals

« Sohve polynomial
equations by graphing.

f Think About It!

How can you use the
structure of the related
function to detarmine the
number of real solutions
of the equation?

& Talk About It!
Explain how you cauld
use the table feature 1o
more accurately
estimate the »eros of
the related function.
What are the limitations
of the table feature?
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by Think About It
Is your solution
reasonable? Justify
your conclusion.

€ Example 2 Solve a Polynomial Equation by
Using a System

ANMALS For an exhibit with six or
fewer Emperor penguins, the pool
must have a depth of at least 4 feet
and a volume of at least 1620 gallons,
or about 217 #t%, per bird. If a zoo
has five Emperor penguins, what
should the dimensions of the pool
shown at the right be to meet the
minimum requirements?

Part & Write a polynomial equation.

Use the formula for the volume of a rectangular prism, V' = fwh, to

write a polynomial equation that represents the volume of the pool.
Let h represent the depth of the paod.

Since the minimum required volume for the pool is 217 fit? per penguin,
ar 217 « 5 = 1085 13, the equation that represants the valume of the

poal i (2% + 3)5x — 2)2x = 1085, Simplify the equation.

(2% + 3)5x — 2)2x = 1085 Volume of pood
[2x(5x) + 2x{—2) + 3{5x) + 3{—2)]2x = 1085 FOIL
(10x? — 4x + 15x — 6)2x = 1085 Simplify.
(10x2 + 1x — B)2x = 1085 Combine liks teErms
20x7 + 22x? — 12x = 1085 Distributive Property

So, the volume of the pool is 206 + 22x% — 12x = 1085.
Part B Write and solve a system of equations.
Set each side equal to vy to create a system of equations.
y=20x+ 22 — 12x First equation
= 1085 Second equation
Enter the equations in the ¥ = list and graph.

Usa the intersact feature on the CALC meanu to
find the coordinates of the point of intersection. j

The real solutlon is the s-coordinate of tha o
intersection, which = 3.5

Part C Find the dimensions.

Substitute 3.5 feet for x in the length, width, and depth of the pool.
Length: 2x + 3 =10 Width: Sx — 2 =155t

Depth: 2x =Tt

L) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Example 1
Use a graphing calculator to solve each equation by graphing. If necessary, round
to the nearest hundredth.

1.3+ —Bx=—9 2. 23— 9% 4 27x =20 3. 6% 4+1= 4
4. x5 —15=5x"— 2 5 3x5=zx8—2 6. xF=—x"+3
Exampie 2

7. SHIPPING A shipping company will ship a package for $7.50 when the volume is
no more than 15,000 cm?. Grace needs to ship a package that is 3x — 5 cm long,
2x em wide, and x + 20 cm tail.

a. Write a polynomial equation to represent the situation,
b. Write and solve a system of aquations.

c. What should the dimensions of the package be to have the maximum volume?

B. GARDEN A rectangular garden is 12 feat across and 16 foet long. It is
surrounded by a border of mulch that is a uniform width, x. The
maximum area for the garden, plus border, is 285 ft2.

a. Write a polynomial equation to represent the situation.

b. Write and solve a systemn of equations.

c. What are the dimensions of the garden plus border?

9., PACKAGING A juice manufacturer Is creating new cylindrical packaging. The
height of the cylinder i to be 3 inches longer than the radius of the can, The
cylinder is to have a volume of 628 cubic inches. Use 314 for .

a. Write a polynomial equation to support the model.
b. Write and solve a system of equations.

€. What are the radius and height of the new packaging?

Mixed Exercises
Solve each equation. i necessary, round to the nearest hundredth.
10. ' +2x*=7 ¥ —15x¥=-24 12. ¥ —6x"+4x=—6 13, -5 +x+65=0

4. BaLLOON Treyvon is standing 9 yvards from the base of a hill that has a slope of %-
He throws a water balloon from a height of 2 vards. Its path is modeled by
hfx) = —01x2 + 0.8x + 2, where h is the height of the balloon in yards and x s the
distance the balloon travels In yvards.

a. Write a polynomial equation to represent the situation.
b. How far from Trewwon will the balloon hit the hill?
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15, USE TOOLS A company models its revenue in dollars using the function
Pix) = 70,000 (x — x*) on the domain {0, 1) where x Is the price at which they
sell their product in dolfars. Use a graphing calculator to sketch a graph and
find the price at which thelr product should be sald to make revenue of
£20.000. Describe your solution process.

16. ROLLER COASTERS On a racing roller coaster, two trains start at the
same time and race to see which returns to the station first. On one
coaster, the helght of a train an the blue track can be modeled by
fix) = 1.%&3 — 60 + 900x) and the height of a train on the green track can be
modeled by g0 =gpgg W° — 144x* + 7384x — 158,400x7 + 1,210,000x

wherne x is time in seconds for the first 356 seconds of the ride.

a. What equation would determine the times when the blue and green trains
are at the same hefght?

b. LUee a graphing calculator to sketch a graph of fx) and ox) and solve the
equation from part a. Interpret the solution In the context of the situation.

e. Write an equation 1o determine the times for which the blue train modeled by
fix} is at a height of 150 feet. Use a graphing calculator 1o sobve the equation.
Interpret the solution in the context of the situation,

17. WRITE Use a graph to explain why a function with an even degree can have e neal
solutions, but a function with an odd degree must have at least one real solution.

18. CREATE Write a polynomial equation and solve it by graphing a related function
and finding its »eros.

19. AMALYZE Determine whether the following statement is sometimes, always, of
mewver true. Justify your argument.

i a system of equations hos more than one solulion, then the positive solution is
the aonly viable solution.

20. PERSEVERE During practice, a player kicks a ball from the ground with an initial
velocity of 32 feet per second. The polynomial fix) = —16x? + 32x models the height
of the ball, where x reprasents time in seconds. At the same time, another player
heads a ball at some distance ¢ feet ofl the ground with an inltial velocity of 27 feet
per second. The polynomial gix) = —16x2 + 27 + ¢ models the height of the ball,

a. if the balls are at the same helght after 1.2 seconds, from what helght did the second
plaver head the bali?

b. If ¢ > 0, is it possible that the soccer balls are never al the same helght? 1s it
reasonable in the context of the situation? Explain your reasoning.

21. WHICH OME DOESN'T BELOMNG? Which polynomial doesn't belong? Justify your
conclusion.

¥x—T7=14+3 | | =834+ -8 | | Bl =—2x—1 || 4=5—»7
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Lesson 3-2

Solving Polynomial Equations Algebraically

Learn Sclving Polynomial Equations by Factoring

Like guadratics, some polynomials of higher degrees can be factored.
A polynomial that cannot be written as a product of two poalynomials
with integral coefficients is called a prime polynomial. Like a prime
real number, the only factors of a prime polynomdal are 1 and itself,

Similar to quadratics, some cublc polynomials can be factored by using
polynomial identities.

Key Concept - Sum and Difference of Cubes
Generzl Case

a? + &% = o+ bio? — ob + b%)
0} — b2 = (o — bjo? + ab + &%)

Factoring Technigue
Sum of Twa Cubes
Difference of Two Cubes

Palynomials can be factored by using a variety of methods, the most
common of which are summarized in the table below. When factoring
a polynomial, always look for a common Tactor first to simplify the
expression. Then, determine whether the resulting palynomial factors
can be factored using one or more methods.

Concept Summary « Factoring Technigues

Mumber of
Factaring Technigue General Case
Terms
ary Greatest Common P P 2
number Factor [GCF) 20%b" + 6ab = 2ab{t” + 6)
Difference of Two P =B {E -+ b= 8)
Sgquares
two Sum of Two Cubes o + b* = (o + hjle® — ab + B
Difference of Two c PP
s o — b? = (o — bie? + ab + &7
Perfect Square o+ 2ab+ b =g+ 8P
Trinomials & — 2ab+ b2 = (o — B
thirea
ok + od + belx + bd
General Trinomials
= [ox + bjjcx + df
{our or ax + bx + ay + by
more

Grouping = xjg + b) + Wa + b)

= (@ + bllx + ¥

Today's Goals

= Soke polynomial
equations by factoring.

= Sobve pohymomial
equations by writing
fhem in guadratic form
and factoring.

Today's Vocabulary
prime polynomial
quadratic form

by Think About It
Matea says that you
could use the sum of
two cubes to factor

#5 + 157 15 he correct?
Wy ar why not?

ko Think About It!

Howw can you check

that an expression has
been factorad
correctly?
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Study Tip
Grouping When
grouping & or mare
terms. group the terms
that have the most
common values,

& Think About It!
When factaring by
grouping, what must
be true about the
expressions inside
parentheses after
factoring out a GCF
from each group?

Example 1 Factor Sums and Differences of Cubes

Factor each polynomial. if the polynomial cannot be factored,
write prime.
a. Bx® + 125y"2

The GCF of the terms is 1, but 8x2 and 125y'2 are both perfect
cubes. Factor the sum of two cuhes.

8x? + 12512 Oiginal expression
= (207 + (5 {2 = Ba®: (S = 12512
=[2x + Ey“‘]-[[,?:sz - [2.1}[5}"} + [5114}2] Sum of two cubes
= (2x + ByYdx? — 10xy? + 254 Simplify.
b. 54x% — 128x2y3
BdxS — 128x32 Dyiginal expression
= 23273 — 647 Factor out the GCF
= 2|3 — (49)7] 3xF = Z7x°; (4" = Gy
= 2x¥{3x — 4}4}[[31}1 + 3xdy) + Hj.rj:] Difference of two cubes
= 2x3(3x — AWN9x7 + 12xy + 16)7) Simplity.

Example 2 Factor by Grouping
Factor 14ax? — 16by + 20cy + 28bx? — 35cx® — Bay. If the
polynomial cannot be factored, write prime.

HMaox? — 16by + 20cy + 282 — 3502 — Bay Criginal expression
= [Max? + 28 — 350x?) + (—Bay — 16by + 200y} Group to find a GCF
= 7x*(2a + 4b — 5¢) — 4y(20 + 4b — 50)
= (7x® — 4yj(2a + 4b — 5c)

Facior owt the GCF

Distributive Property

Example 3 Combine Cubes and Sguares
Factor 64x% — y8. i the polynomial cannot be factored, write prime.

This palynomial could be considered the difference of two sguares or
the difference of two cubes. The difference of two sguares should
always be done before the difference of two cubes for easy factoring.

B4x® — ].fﬁ Onginal expression
= @7 — (PP (B3P = 64 (P = 8
= [Bx® + )8 — ) Difference of squares

(2% = Bad

= [l2” + 20" — 7]

= (2% + Wi — 2uy + N2 — y)
(4x? + 2xy + ¥7)

B Go Dnline You can complete an Extra Exarmple online.

Sum and difference of cubes
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Example 4 Solve a Polynomial Equation by Factoring
Solve 4x? + 12x2 — 8x — 27 =0.

4 +1207 — I —27=0

%) + 1253 + (—9x — 27) =0

43+ -9 x+HN=0

{42 —G)x+3)=0

[2x + If2x — F)x + 3 =0

2+ 3=00r2x—3=0o0ex+3=0

__3 =3
x—__-!, Jt—:.

Cnigimal eguation
Group to find & GCE
Factor out the GCF=
Distnbutive Property
Difference of squares

Fero Product Property
x=-—3

The =olutions of the equation are —3, —% and %

Check
Solve x? + 4x2 — 25x —100=0.
D Sy I B,

Example § Write and Solve a Polynomial Equation
by Factoring | . |

GEOMETRY In the figure, the small cube s one
fourth the length of the larger cube. If the

volume of the figure is 1701 cubic centimeters, ||

what are the dimensions of the cubes?

(4xy — x® = 171

64 — X =101 (4x) = B4

63x° = 1701 Subtract LB

Volume of figure 4§

¥2=27 Divide each side by 63.
¥-271=0 Subftract 27 from each side
=3 +3x+9 =0 Difference of cubes
¥x=3orx = ﬂ Solve

Since 3 is the only real soluticn, the lengths of the cubes are
3 cm and 12 cm.

Learn Solving Polynomial Equations in Quadratic Form

Some polynomials inx can be rewritten in quadratic form.

Key Concept « Quadratic Form

An expression in quadratic form can be written as ou® + bu + ¢ for any
numbers a, b, and ¢, @ # 0, where 1 is some expression in x. The expression
ou? + bu + ¢ is called the quadratic form of the original expression.

m Go Onllne You can complets an Extra Exampie online

4o Think About It!
The lollowing
expressions can be
written in guadratic
form. What do yvou
notice about the terms
with variables in the
ariginal expressions?

20+ 45+ 9
2xF—203 + 6
152 4 9x* -1
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‘&) Talk About It!

Describe how the
exponent of the
expression egual to u
relates to the
exponents of the terms
with variables,

Example 6 Write Expressions in Quadratic Form

Write each expression in quadratic form, if possible.

a. 4+ 6x"? +15

Examine the terms with variables to choose the expression equal to u.
A% + Bx'? + 156 = [(2'% + 3% + 15
b. 18x* + 180x% — 28

If the polynomial 5 not already in standard form, rewrite it Then
examine the terms with variables to choose the expression equal to u.

18x* + 180x% — 28 = 180x% + 18" — 28
= 5{6x%? + BxY) — 28
e 9x® — 4x? — 12

Because x® # ()2, the expression cannot be written in guadratic form.

Rx'0F = &'t

Standard form
of a potynomisl
B’y = 36"

Check
What is the guadratic form of 10x* + 100x® — 92

Example 7 Solve Equations in Quadratic Form
Solve 8x% + 10x? —12= 0.
Bx'+ 106 —12=0

Original equation

22 + 52" —12=10 {2 = Bat

22 +5u—12=0 Lat u = 2x?

(20 —3u+4)=0 Factor
u= % ory=—4 Zero Product Property
=% 2= —4 Replace o with Zx?

¥ = % xi=-=2 Divide each side by 2

X= :Ej"—;E x =42 Taks the sguare rool

of each side
The solutions are ? —f 2, and —2.

Check

What are the solutions of 16x" + 24x? — 40 = 07

L) Go Online You can complete an Extra Example online.
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Pract iCE E Ga Online You can complete your omenwark online
Exampiles 1-3
Factor completely. If the polynomial is not factorable, write prime.

1. 82 — 274° 2. 64x* + xy”

3. 0¥ — ot 4, x5 + P

5. 18xF + 58 6. W — 2y

7. gt — 3hx? — 67 — g + 66 + 3hy? B. 12ax? — 200y® — 188x — 10ay? + 15by? + 24cx?

9. o'x? — 16 o°x + Bde” — b¥x? + 168" — B4K7

10. Bx® — 25)7 + BOx* — x%)° + 200x7 — 10x°

Exampie 4

Solve each equation.

No—9+4a=0 12, ¥ =3

13. -3 -40F =0 1. b’ — B + Bh =0
Example 5

15. FURNITURE A modeorn table is constructed with four legs made
of concrete cubes with cube-shaped notches.

a. Define one or more variables and write an expression that
represents the volume of one table legq.

b. Marisol determined that she will use 12,636 cubic inches of
concrete to construct the four table legs. If the sides of the
notches are 40% of the sides of the legs, how long are the sides of the legs?
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Example &
Write each expression in quadratic form, if possible.

6. ' +12x2—8 17. —15x' + 182 — 4
1B 85+ 6347 19, Ex6 —2%2 4 B

20. 9% — 20 + 12 M 18x0+ 25+ 6
Example 7

Solve each equation.

2. ' +Ex2 +5=0 23 4 -3 —10=0
24 4 —Mx2 +12=0 25 9 —-27x24+20=0
26. 4 -5’ —B6=0 27. 24 +14x2 -3=0

Mized Exercises
Factor completely. If the polynomial is not factorable, write prime.

28. x* — 525 29, x5 — 64

30. x5 — 16x 31, BxBy2 — 27x2)5

2. - —ad + 327 e — 64 33T — R+ 2P T -1

34. pECOR Each box In a set of decorative storage boxes is a cube.

a. The sides of the smallest box are 30% of the length of the sides af the largest
box. The volume of the largest box s 7784 cubie inches mare than the volume
of the smallest box. Define one or more variables, and write an equation that
represents the situation.

b. What are the lengths of the sides of the largest and smallest boxes?

c. Two of the other boxes have a total volume of 2457 cubic inches. The length of
the sides of the smaller of these boaxes s 75% of those of the larger box. Write
and salve an eqguation to find the lengths of the sides of the boxes.
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Solve each equation.

35. x4+ —00=0 36. ¥ — 16 —720=0
3. 4 —T2—44=0 38, A+ E2—N=0
39.°+216=0 40. 64 +1=10

4. 8 +10x—-3=0 42 6x* — 5l —4=0
43. 20x" — 632 +18=0 44, 18" +43x? —-5=0
45 Bx* — 182 + 4=10 46. ' — 22x2 —45=10
47. "+ T —8=0 48, x® — 260" — 27 =10
49, Bx® + 999" =125 50. 4 — 4l — 2 +1=0
Bl x"—ax!'—x* +9=0 52 x'+82+15=0

I 1
83. STRUCTURE Consider the equation ¥ — Bx* + 15 =0.

a. How are the exponents in the equation refated?

b. How could you define v so that yvou could rewrite the equation as a quadratic
equation in terms of u? Write the quadratic ecuation.

c. Solve the original equation.
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Factor completely. If the polynomial is not factorable, write prime.

54. 21 — 18x%y + 24x” §5. 87k — 4" — 7
56. o + 7o — 18 57. 2ok —6Bo+k—3
58.b° +8b+ 7 59, 7 — 82— 10
60. 47 — B4 61. ¢? —12d + 36
62. 9x2 + 25 63. 2 + 18y + B1
64. 7x* — 14x 65. 19" — 38x7

66. n — 125 67. m* —1

68. REASOMNING A rectangular box has dimensions of x inches,
ix + 5} inches, and (x — 2) inches. The volume of the box is
30x cubic inches, Find the dimensions of the box. Explalin
your reasoning.

x4+5 x—12
69. GEOMETRY The combined volume of a cube and a cylinder s 1000 cubic inches

If the helght of the cylinder is twice the radius and the side of the cube is four times
the radius, find the radius of the cylinder 1o the nearest tenth of an inch.

Q Higher-Order Thinking Skills
70. AMALYZE Find the solutions of (o + 31 — 2{a + 3P — B = 0. Show your work.

71. WRITE If the equation ox® + bx + ¢ = 0 has solutions x = m and x = n, what are
the solutions to ox® + bx? + ¢ = 07 Explain your reasoning.

72. PERSEVERE Factor 36x27 + 12%7 4+ 1
73. PERSEVERE Solve 6x — 11W3x + 12 =0.
74. ANALYZE Find a counterexample to the statement a® + &% = (o + B)%

75. CREATE The cubic form of an eqguation s ax® + bx® + cx + d = 0. Write an
equation with degree 6 that can be written in cublc form.

T6. WRITE Explain how the graph of a polynomial function can help you factor
the palynomial.
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Lesson 3-3

Proving Polynomial Identities

Explore Polynomial Identities

L) Online Activity Use graphing technology 1o complete the Explore.
O AT
& INQUIRY How can you prove that two
polynomial exprassions form a polynomial

identity?

Learn Proving Polynomial Identities

An identity is an equation that s satisfied by any numbers that replace
the variables. Thus, a polynomial identity Is a polynomial equation
that is true for any values that are substituted for the variables.

Lnlike soling an equation, do not begin by assuming that an identity
is true. You cannot perform the same operation ta bath sides and
assume that equality s maintained,

Key Concept « Verifying Identites by Transforming One Side

= Simplify one side of an equation until the two sides of the
equation are the same._ it 15 often easier to transform the more
complicated expression inta the form of the simpler side.

= Factor or multiply expressions as necessary. Simplify by combining
like terms.

Example 1 Transform One Side
Prove that x* — y* = (x — y)fx? + xy + 7).

=y E x— W a7
= xix?) + ) + xy?) — Je?) — phe) — Wy?) Distributive Property
=+t — iy —xy —
2w 4 ¥y — oy ot - — R
=xT—y2 True

Because the expression on the right can be simplified to
be the same as the expression on the left, this proves the
polynomial identity.

B Go Onllne You can complets an Extra Exampée online

Criginal eguation

Sumplity

Commutatre Property

Today's Goal

= Provwe podynomial
identities and use them
to describe numsrical
refationships.

Today's Vocabulary
identity

pok/nomial identity

Study Tip
Transforming One Side
It is often easier to work
with the more
complicated side of an
equation. Look at each
side and determine
which requires more
steps to be simplified.
For example, it is often
easier to work on the
side that imiobves the
square of cube of an

algebraic exprassion.

(&) Talk About It!

If you multiplied sach
side of the equation by
a variable z, would the
resull still be a
polynomial identity?
Explain your reasaning.

Lessoan 3-3 - Proving Polynomial Idensties 134




Math History Mimute:
Former quarterback
Frank Ryan [1936-)
earned his Ph.O. in
mathematics about six
months after he lad the

Cleveland Browns to
the MFL championship
game of 1964, where
they won 27-0. During
part of his academic
career, Ryan studied
prime numbers,
including Opperman'’s
Conjecture that there

Is a prime number
between n? and 72 + n,
whete n ks an integer.
This work could
eventually lead o a
polynomial identity that
could be used to
identify prime numbers.

Use a Soarce

Ressarch an application
of prime numbers. How
could a polynomial
identity for identifying
prime numbers impact
the application?

Example 2 Use Polynomial Identities

TRIAMGLES Pedro claims that you can always create three lengths
that form a right triangle by using the following method: take two
positive integers x and y where x > . Two legs of a right triangle are
defined as x? — y? and 2xy. The hypotenuse is defined as x? + y2. Is
Pedro correct? Explain your reasoning in the context of polynomial
identities.

To determine whether Pedra is comect, we can
use information about right triangles and the
expressions invoblving x and y o try to construct
a polynomial identity. If x* — y* and 2xy are the ey 42
legs of the triangle, and x2 + 2 is the
hypotenuse, then it should be true that

b — 2 + (20 = 2+ 22 .
If this is an entity, you can simplify the ¥ — 2

expressions for the sides to be the same
expression.

0= 2P + (0P 2 (2 + 12

Criginal equation
222 + i+ 2 LA+ 2?2 + ! Square each term

W+t =t + A+ Tee

Because the identity ks true, this proves that Pedro s correct. His
process for creating the sides of a right triangle will absays worle

Check

Write in the mizsing explanations to prove that

X — = (= i+ b + 7).
x4 — 4 L [x — i + vl +y1} Criginal equation

A=A L (2 — 2+ 57 2

e T

—_—

Xt =y ==y 2

L) Go Online You can complete an Extra Example online.
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Pract iCE Gﬂﬂ Online  You can Compiete your Romewark onlins

Exampls 1
Prove each polynomial identity.
L ix—yW=x2—2xy+y 2. (x+5°=x+10x+ 25

3. 4{x — 7)* = 4x* — 56x + 196 4. (27 + 7P =207 — y*F + (207
5. of — b? = (o + b)a — b) 6. 27+ 7 =[x + yix® — xy + )

T p—g*=p—qgip+alp?+ g3 8. af —b5=(o— bllo? + 6%b + o2b? + ab? + b)

Exampls 2
9, SOUARES Aponi claims that you can find the area of a square v ¥
using the following method: take two positive integers x and .
The side length of the square is defined by the expression )
3x + . The area of the square is defined by the expression
9x? + Bxy + = Is Aponi correct? Explain your reasoningin = pm----—-
the context of polynomial identities. ¥

t———q———————

10. USE A MODEL Jullo claims that you can find the area of a
rectangle using the following method: take two positive
integers x and y, where x > . The side lengths of the
rectangle are defined by the expressions 2x + yand
2x — . The area of the rectangle is defined by the
expression 4x2 — 2 Is Jullo correct? Explain your
reasoning in the context of polynomial identities.

.t

Mized Exercises
Determine whether each equation is an identity.
Hoie + 3703+ e? + 3c + 1) = (¥ + Bx + Ox + 17

2.+ 20 1P =2+ I+ 2)x+1)
B.ox+3Nx—1P=k—2x—3)x—1)
M+ 2P0 -+ 3 — )= (P A+ A — 1P

15. (o + b = ¢® — 2ab + b*
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16. USE TOOLS Consider the following eqguation.
be— 2P0 + 8% + 270 + 27) = b — dx + 4l + 3)
a. Evaluate the expressions for each value. Copy and completa the table.

e= 20203 + 82 + 27+ 27) | (6 — & + d)ix + 3P

x
i)
1
2
3

4

b. What conclusion can you make about the equation, based on the results in
your table? Explain.

c. How can you prove your conclusion from part b?

USE TOOLS Use a computer algebra system (CAS) to prove each identity.
17. g% + h® = (g% + Nl)lg* — &1 + 1)

18. 0° + b® = (o + bjlc* — b + o’ —ab® + b9

19, 0% — B = o+ wiu — Wlu? + v + w2lu? — uw + W)

20. (e + 12(x — 4% = (42 — 3 — 4)x? — 7a2 + B + 16}

2. WRITE Explain the meaning of polynomial identity and summarize the method far
proving an equation iz a polynomial identity.

22.CREATE Write and solve a system of equations using the identity {x* — y*F* +
(2% = ? + 1%)? to find the values of x and y that make a 3, 4, 5 Pythagorean

triple.

23. ANALYZE Refer to Example 2. Motice that Pedro says x and y must be positive
integers and x must be graater than . Explain why these restrictions are necessany.

24. PERSEVERE Rebecca has a square garden with side length o that she wanis to
transform into a rectangle. Rebocca speculates that If she subtracts the came
length b from one dimension of the garden and adds it to the other dimension the
new rectangle’s area will be smaller than the original garden in the amount of b2.
Draw a diagram and show algebraically that Rebecca is corect

25. FIND THE ERROR George is proving the identity
a® + b? = (g + bjla? — ob + b?) by simplifying the (o + ple? — o + b7
right side. His work Is shown. Is George correct? If =a —abt e —al—ant+ 0
not, identify and correct his error. =3 wde s
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Lesson 3-4

The Remainder and Factor Theorems

Today's Goals
- = Evaluate functions
Explore Remainders by using synthetic
suhstifution.
L) Online Activity Use the interactive tool to complete the Explore. s LEathe Foctor Thooram
K to determine factors of
| @ INQUIRY How are the divisor and guotient of a polynomizls
polynomial related to its factors when the :
remainder is zero? Today’s Vocabulary
synthetic substitution
depressed polynomial

Learn The Remainder Theorem

Palynomial division can be used to find the value of a function. From
o _ fix
the Division Algorithm, we know tha A gix) + o and that

fix) = olx) » g{x) + rix). where g and r are unique and the deqgree of ris
less than the degree of g. Suppose we were 1o call the dividend pix)
and the divisor x — a. Then the Division Algorithm would be

|
x‘”‘_“'u = g{x) + 5 — and p{x) = qix) « {x — o} + ¢ where a is a constant

and r is the remainder. Since any polynomial can be written in this
form, evaluating pfx) at o gives the following.

piMl=gix)«x—a) +r Paolynamial function pix)
plol =glo) « o — a) + r Substitute o for x.

pla) = gia) = (0) + r a—a=10

plg) =r gigl={0i=0

This shows how the Remainder Theorem can be used to evaluate a
polynomial at plol

Kay Concept » Remainder Thearsm
Woards: For a polynomial p{x) and a number a, the remainder upon
division by x — o is ploL

Example: Evaluate plx) = x% — dx + Twhenx = 5.

Synthelic division Direct substitution
5 1—-4 7 pli=x—4x+7
5 5 pE) =52 —45)+ 7
T 112 g5 =12
pl5) = 12
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study Tip

Missing terms
Remember ta include
reros as placeholders
for any missing terms
in the polynomial.

{g¢ Think About It

Hew could you use the
function and synthetic
substitution to estimata
the number of eggs
produced in 19907
What assumption would
wou have to make lo
salve this problem?

Apphing the Remainder Theorem to evaluate a function is called
synthetic substitution. You may find that synthetic substitution is a more
convenient way to evalsate a polynomial function, espectally when the
degree of the function is greater than 2.

Example 1 Synthetic Substitution

Use synthetic substitution to find §—3) if fix) = —2x* + 3x2 —18x + 9.

fix}
x = (=37

By the Remainder Theorem, —3) s the remainder of

—3 | —2 ] 3 —15 9

6 —18 45 —a0

—2 & —15 30 —81
The remainder s —81. Therefore, i—3) = —81

Lize direct substitution to check.

fix) = —2x* + 3! — 1Bx + 9

A—3) = —2(—3P + 3(—3PF —15(—3) +9 Subrstitute —3 for x
= =162 +27+45+9aor —&1 Trie

Original funcbon

Check
Use synthetic substitution to evaluate fix) = —6x" + 52x* — 27x — 31.
fig) = 2

& Example 2 Apply the Remainder Theorem

EGG PRODUCTION The total production of eggs in billions in the
United States can be modeled by the function

fix) = 0.007x® — 0.149x + 1.534x + B4.755, where x is the number
of years since 2000. Predict the total production of eggs in 2025.

Since 2025 — 2000 = 25, use synthetic substitution to determine f25),

25 |E.Dﬂ? —0149 1534 B4755
0175 065 B4

0007 0026 2184 | 135355

In 2025, approximately 139355 hillion egqs will be produced in the
United States.

L) Go Online You can complete an Extra Example online.
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Check

KITTENS The ideal weight of a kittén in pounds s modeled by the
function fix) = 0.009x? + 0127x + 0.377, where x Is the age of the
kitten in weeks. Determine the ideal weight of & S-week-old kitten.
Round to the nearest tenth.

?  pounds

Learn The Factor Theorem

When a binomial evenly divides a polynomial, the binomial is a factor @ Go Online
of the polynomial. The quotient of this division Is called a depressed You may want to
polynomial. The depressed polynomial has a degree that is one less complete the Concept
than the orkginal polynomial Eheck 1o chack your
understanding.
A special case of the Remainder Theorem is called the Factor Theorem.
Key Concept « Factor Theorem
Words: The binomial x — o is a factor of the polynomial p{x) if and only if
pla) = 0.
Example:
dividend gquotient divisor remainder
[ i ! " oy 1 ey
B=xl =30+ T2=2—=Tx+12)+(x+6)4+ O
x + 6 is afactor of x — x® — 306 + 72.
Example 3 Use the Factor Theorem : Study Tip
Show that x + 8 is a factor of 2x” + 15x% — 11x — 24. Then find the Factoring Some
remaining factors of the polynomial. depressed polynomials
may not be factorable.
—8 I 2 15 -1 —24 in that case, the only
—16 8 24 factors are the divisor
and the depressed
2 —1 -3 i polynomial.

Because the remainder is 0, x + 8 iz a factor of the polmomial by
the Factor Theorem. So 2x® + 16x? — fix — 24 can be factored as

{x + 8f2x* — x — 3). The depressed polynomial is 2x? —x — 3.
Check to see if this polynomial can be factored.

2% —x—3=(2x—3x+ 1) Factor the trinomial

Therefore, 2x° + 15x — 11x — 24 = {x + 8){2x — 3)x + 1.
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Check

Select all of the factors of 3x® + 106 — 27x — 10
Ax—2

ii_l_x +5

Cx+9

D.x— 10

E 3x+1

F.3x—10

Pause and Reflect

Did you struggle with anything in this lesson? If so, how did you
deal with 1?7

Practice

Bxample1 _ .

Use synthetic substitution to find f{—5) and f{2) for each function.
1 of=2+ 2% -3 +1 2.fig=x"—8x+6

3 =3t +3— 22+ x+ 12 A.A) =203 — 82— 2x+5
5. flx) =" — Gx+2 6. =2 +BA3+ 2 —15
7 ) =x"—dx' + 37 — 10 8. =x*—6x—B




Eﬁu Onllne ¥ou can complete yvour omework online

Use synthetic substitution to find f{2) and f{—1) for each function.

9 fi=x'+6x+5 0. ix)=x—x+1

M fix)=x2 — 20— 2 12. i) =3+ 2%2 + 5

13. i =" - — 2%+ 3 M A=x+62+x—4

15. fix) =x" — 3 + x— 2 16. i) = — B —x +6

7. fix=x+2x* -9 18. ix)=x"—-3+ 2 - 2x+ 6

19. fix) = x5 — Tx? — 4x + 10 20. fix) = x6— 25 + x4 4+ x3 — Gx2 — 20
Example 2

21, BUSINESS Advertising online generates hilllons of dollars for global businesses
each year. The revenue from online advertising in the United States from 2000 to
2015 can be modeled by y = 0.01x” + 0.02x? + x + 6, where x I the number of
years since 2000 and v is the revenue in billions of U.5. dallars.

a. Estimate the revenue from online advertising in 2008.

b. Predict the revenue from online advertising in 2022,

22, PROFIT The profil. in thousands, of Clyde's Corporation can be modeled
by Py = v — 42 + 232 + 10y — 200, where v is the number of years after
the business was started. Predict the profit of Clyde's Corporation after

10 years,
Exampie 3
Given a polynomial and one of its factors, find the remaining factors of the
polynomial.
23. X —3x+ 2x+ 2 24, ¥+ 23 —Bx— W6 x+ 2
25 3 — 2 —10x— B x+ 2 26. I — ¥ —Bx— 3 x—3
27 2 + 177 + 23— 42, x — 1 28. 2 + T —53x— 28 x— 4
29 P+ 270 + 2 — 2 — 3 x —1 30 4+ 2 —x—2x+2
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M+ 2 —x—2:x+1 32, X+ —8Bx+3x—1

33+ 37 — A — 12 x+3 34 " — 6’ + M — B x—3

35. "+ 2 — 33— 90 x + 5 36. " — 6B’ +32,x— 4

37. 0 — =W — 8 x+ 2 38 " —19x+30;x— 2

3|2+ -2 — L+ 1 40, 2 + " —Bx + 2 x+ 2

MM, 3x7 + 45 —5x— 2:3x +1 42, 3+ +x—2;3— 2

43. 657 — 25x2 + 2x + 8 2x + 1 44, 16x5 — 32 — Bix + 162;2x — 3

Mixed Exercises

45. REASONING Jessica evaluates the polynomial p{x) = x® — 5x? + 3x + G fora
factor using synthetic substitution. Some of her work is shown below. Find the
values of o and b.

46, STATE YOUR ASSUMPTION The revenue from streaming music services in the United States from
2005 1o 2016 can be modeled by y = 0.26x° — 748x* + 79200 — 333.33%" + 481.68x + 9913,

where x is the number of years since 2005 and y is the revenue in milllons of U.S. dollars.
a. Estimate the revenue from streaming music services in 2010,

b. What might the revenue from streaming music services be in 20207 What assumption did
you make to make your prediction?

47. NATURAL EXPONENTIAL FUNCTION The natural exponential function y = "
is a special function that is applied in many fields such as physics, biclogy,
and economics. It is not a pobynomial function, however for small values of x,
the value of & is very closely approximated by the polynomial function
fix) = i %:m.-;r + x + 1. Use synthetic substitution to determine f0.1).
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Find values of k so that each remainder is 3.

48, F —x + K+ x—1) 49, (2 + ke —17) + x — 2)

BO. (x? +5x+7) + (x+ Kk BL (P + 4 +x+ k)= x+2)

52. If {—8) = 0 and fix) = x® — x? — 58x + H2. find all the zeros of fix) and use them
to graph the function.

53. REASONING If P(1) = 0 and P{x) = 10x> + kx? — 16x + 3, find all the factors of
Pix} and use them to graph the function. Explain your reasoning.

54, GEOMETRY The volume of a box with a square base is V(x) = 2x° + 15x% + 36x
+ 27 If the helght of the box is [2x + 3) units, what are the measures of the
sides of the base in terms of x7

55. SPORTS The average value of a franchisa in the National Foaotball League from
2000 to 2018 can be modeled by y = —0.037x% + 1.668x" — 24 B04x? +
145.100x2 — 207 594x + 482 008, where x Is the number of years since 2000
and y I= the value in millions of LS. dolars.

a. Copy and complete the table of estimated values. Round 1o the
nearast million.

Year 2012 201 2025

Estimated Average
Franchise Value [millions )

b. What assumption did you make to make your predictions? Do you think the
assumplion is valid? Explain.

56. CONSTRUCT ARGUMENTS Divide the polynomial function fix) = 4x* — 10x + 8
by the factor (x + &) Then state and confirm the Remainder Theorem for this
particular pohmomial function and factor.

57. REGULARITY The pol/nomial function Plx) is symmetric in the y-axis and contains
the paint (2, —5). What s the remainder when Pix) is divided by (x + 2)7 Explain
Your reasoning.

58. STRUCTURE Verlfy the Remainder Theorem for the polynomial x2 + 3x + 5 and
the factor (x — v3) by first using synthetic division and then evaluating for x = ¥3.
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59. STRUCTURE If {x + 6) Is a factor of kx® + 15x2 + 13x — 30, determine the value
of k, factor the polynomial and confirm the result graphically.

&0. REGULARITY Polynomial fix) is divided by x — c. What can you conclude if:

a. the remainder is 07
b. the remainder is 17
c. the guotient is 1, and the remainder s 07

Q Higher-Order Thinking Skills

61. CREATE Write a polynomial function that has a double rero of 1Tand a double
zero of —5. Graph the function.

62. PERSEVERE For a cubic function Plx), P{2) = —90, P[—8) = 0, and P(5) = 0.

a. Write two possible eguations for Px). Explain your answer.

b. Graph your equations from part a. Whal three points do these graphs have
In common?
c. If P{d) = 60, write the equation for Plx).

B83. ANALYZE Review the definition for the Factor Theorem. Provide a proof of
the theorem.

&4. CREATE Write a cubic function that has a remainder of 8 for f2) and a remainder
of —5 for f3).

65. PERSEVERE Show that the quartic function fix) = ax® + bx® + cx® + dx + e will
always have a rational zero when the numbers 1, —2, 3, 4, and —& are randomly
assigned to replace o through e, and all of the numbers are used.

66. WRITE Explain how the zeros of a function can be located by using the
Remainder Theorem and making a table of values for different nput values
and then comparing the remainders.

&7. FIND THE ERROR The table shows x-values and their correspanding Pix) values
for a polynomial function. Tyrone and MNia used the Factor Theorem to find factors
of Plx). Is either of them correct? Explain your reasoning.

-1 a 1 2 4
(4] & 2 o 122
MNia
{4+ | vk [ = 2} =€}

2 Module 3 « Polynomial Equations



Lesson 3-5

Roots and Zeros

Today's Goals
< 3 = Use the Fundamemntal
Explore Roots of Quadratic Polynomials Theorem of Algebra to
determing the numbers
D Online Activity Use graphing technoloqy to complete the Explore: and types of roots of
polynomial equations.
& INGUIRY s the Fundamental Theorem of ' * Determine the numbers
Algebra true for quadratic polynomials? and types of roots of
| polynomizad equations,
find zeros, and use
zeros o graph
Learn Fundamental Theorem of Algebra polynomial functions.
The zero of a function fx) is any value ¢ such that flc) = 0. Today's Vocabulary
Key Concepi « feros, Faciors, Roots, and Intercepis
Words: Let Alx) = o, x " + .. + oy % + g, be a polynomial function. Then
the following statements are eguivalent.
= cisazero of Pix)
= iz a oot or solution of Plx) = 0.
s ¥x—ciwafactorofa x"+ .+ o x+a,
= If c i a real number, then (¢, 0] 5 an x-intercept of the graph of Plx)
Example: Consider the polynomial function Plx) = x* + 3x — 18.
The zeros of Ply) = x2 + 3x — 18 are —6 and 3.
The roots of x* + 3x — 18 = O are —6 and 3.
The factors of x2 + 3x — 18 are (¢ + 6) and (x — 3).
The x-intercepts of Plx) = »2 + 3x — 18 are (—6, 0) and (3, Q).
Key Concept « Fundamental Theorem of Algebra
Every polynomial equation with degree greater than #zero has at least
one root in the sat of complex numbers.
Kay Concept » Corllary to the Fundamental Theorem of Algebra
Waords: A polynomial equation of degree n has exactly n roots in the set Q Think About It!
of complex numbers, including repeated roots. What is the multiplicity

of the zeraat x =11for

Examples:
pix) = {x — 1°? Explain
5 o 3 _ [P g
2xd —Br 42 ¥ 4 Dxd — Px ¥ — Bxd 4+ xd —1 voilr reasaning.
3 roots 4 roots 5 roots

Repeated roots can also be called roots of multiplicity m where m is an
integer greater than 1. Multiplicity is the number of times a number is
a zero for a given polynomial. For example, fix) = x*=x+x-xhasa
zero al x = 0 with multiplicity 3, because x Is a factor three times,
However, the graph of the function still only intersects the x-axis once
at the origin.
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study Tip

Repeated Roots If you
factor a polynomial and
afactor s raised o a
power greater than 1,
then there is a
repeated root. The
power to which the
factor Is raised
indicates the
muttiplicity of the root
To be sure that you do
not miss a repeated
root, it can help Lo write
out sach factor. For
example, you would
write X2 (x* + 49)as
Koxixd+ 49)asa
reminder that x*
indicates a root of
multiplhicity 2.

Esy Concept « Descartes’ Rule of Signs

Let Plx} = o, x" + ... + oy x + 0y be a polynomial function with real
coefficients and g, # 0. Then the number of positive real zeros of Plx) is
the same as the numbser of changes in sign of the coefficients of the
terms, or is less than this by an even number, and the number of negative
real reros of Plx) 15 the same as the number of changes in sign of the
coeflicients of the terms of A{—x), or i less than this by an even number.

Example 1 Determine the Number and Type of Roots

Solve x* + 49x? = 0. State the number and type of roots.
W +aad=0

Diriginal 2guation

2+ 49)=0 Factor
=0 o x2+49=0 Zero Product Property
x=0 ¥ =—49 Subtract 49 from each side.
x=1+—49  Sguare Root Property
x=xT Simplify.

The polynomial has degree 4, so there are four roots in the set of
complex numbers. Because x? is a factor, x = 0 Is a root with
multiplicity 2. also called a double root. The equation has one real
repeated root, 0, and two imaginary roots, 7iand —7i.

Example 2 Find the Number of Positive and
Megative Zeros

State the possible number of positive real zeros, negative real zeros,
and imaginary zeros of fix) = x% — 2x% — x¥ + 6x2 — 5x + 10.

Because fix) has degree 5, it has five zeros, aither real or Imadginary.
Use Descartes’ Rule of Signs to determine the possible number and
types of real 2eros.

Part A Find the possible number of positive real zeros.

Count the number of
changes in sign for the
coefficients of fx).

fi)=x5—2x —x3 4+ 62 — 50 + 10
s il WEL B i
$= == =lasd b= =Mm-*

There are 4 sign changes, so
there are 4, 2, or 0 positive real zeros.

Part B Find the possible number of negative real zeros.
Count the number of changes in sign for the coefficients of f—x).

A=x) = (—x° — 2—* — (—x? 4 6(—x)2 — 5(—x) + 10

=—x% — ¥ 4+ x 4+ 6x2 4+ Sx+10

na yes na i (L]

' = 1y 4 + 1o 4 410+ 4 for 4

There iz 1sign change, so there is 1 negative real zero.

E Go Online You can complete an Extra Example online.
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Part C Find the possible number of imaginany 2e00s.

ERAIN R ||| [ amave Rt || ey e || TokiTiies
Zeros Zeros
s 1 0 4+1+0=5
> 1 2 2+1+2=5
5 1 4 0+1+4=5
Check

Copy and complete the table. State the possible number of positive
real zeros, negative real zeros, and imaginary zeros of fix) = 3x5 — x°
+ 2x* + x? — 3 + 13x + 1. Write the rows in ascending order of
positive real zeros.

Humber of Positive Humber of Hegative Number of Imaginary

Real Zeros Real Zeros Leros

&) Talk About It!

if a polynomial has
degree nand no real
zeros, then how many
imaginary Zeros does it
hawve? Explain your
reasoning.

Learn Finding Zeros of Polynomial Functions

Key Concept » Complex Conjugates Theorem

Words: Let o and b be real numbers, and b # 0. o+ bigazeroofa
polynamial function with real coefficients, then o — bi is also a zero of
the function.

Example: If 1+ 2iis a zero of fix) = x° — x* + 3x + 5, then 1 — 2iis also
a rerp of the function.

When you are gliven all of the zeros of a pohynomial function and
asked to determine the function, use the zeros to write the factors and
multipty them together. The result will be the polynomial furction.

Example 3 Use Synthetic Substitution to Find Zeros

Find all of the zeros of f{x) = x? + x2 — Tx — 15 and use them to
sketch a rough graph.

Part A Find all of the 2eros.

Step 1 Determine the total number of zeros.

Since fix) has degree 3, the function has 3 zeros.
{continued an the next paoge)
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Step 2 Determine the type of zeros.
Examine the number of sign changes for fix) and f—x).

fd =x3+x2—Tx —15 fim)=—=x34x24+Tx—-15
Gy  PBS Mo yES PO yes

Because there is 1sign change for the coefficients of f{x), the function

has 1 positive real zero. Because there are 2 slgn changes for tha

coefficients of T—x), fx) has 2 or O negative real zeros. Thus, fx) has

3 real zeros, or 1 real zero and 2 imaginary reros,

Step 3 Determine the real zeros.

List some possible values, and then use synthetic substitution to
evaluate fx) for real values of x.

=3 1 —2 | =%

== 1 —1 —5 —5

-1 1 a =7 —H
o 1 1 =7 —15
1 1 2 -5 —20
2 1 3 —1 =f
3 1 4 5 8]
4 1 5 12 37

3 is a zero of the function, and the depressed polynomial is
x? + 4x + 5. Since it s quadratic, use the Guadratic Formula. The
zerosof i) = x2+ 4x+ Sare —2 — jand —2 + .

The function has zeros at 3, —2 — jand —2 + L

Part B Sketch a rough graph.

Thiz function has one real zero at

x = 3, =0 the function goes through (3, )

and does not cross the x-axis at any other

place. 1111

1
!
!
I
|
|
[ mlu.h.
-

Because the degree is odd and the [J:*J

leading coefficient is positive, the end !

behawior is that as x — —o¢, fix) — —=

and asx — 20, fix) — 0o,

L=e this information and points with ]

B o e

coordinates found in the table abowve ¥

to sketch the graph.

L) Go Online You can complete an Extra Example online.
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Check

Determine all of the zeros of
fx) = x% —x3 —16x2 — 4x — 80, and
use them to sketch a rough graph.

Real Zeros: 2 7

Imaginary Zeros: _? 7

Example 4 Use a Graph to Write a Polynomial Function

L]

P

1
R BN OOD

Write a polynomial function that could be
represented by the graph.

The graph crosses the x-axis 3 times, so the
function is at least of degree 3. Il crosses the 4|2 4 & &g
xagisaty=—4 x=—-2 andx=1s0lts
factors are x + 4, x + 2, and x — 1.

ol
To determine a polynomial, find the product of the factors.
v=[x+4)x+ 2x—1 Set the product of the factors equal oy
= (%% + Bx + Bjjx — 1) FOIL
=33 +Ex2+2x—8 Mudtipty.

A polynomial that could be represented by the graph is
y=x"+5x"+2x— 8

Check

Write a polynomial that could be represented

by the graph.

A y=x—6x —24x + 64

B. y=x2+4x—32 ;L— i
oa 1]

C. y=x"+6x"—24x — 64 ok
|

D. y=x'— 64

) Go Online You can complete an Extra Exampée online.
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Problem-Sotwirg Tip
Logical Reasoning
When solving a
problem it is important
to use logical
reasoning skills to
analyze the problem.

) Go Online

You can complete an
Extra Example online.

@ Apply Example 5 Use Zeros to Graph a
Polynomial Function

PROFIT MARGIN A book publisher wants to release a special
hardcover version of several Charles Dickens books. They know that
if they charge $5 or $40, their profit will be $0. Graph a polynomial
function that could represent the company's profit in thousands of
dellars given the price they charge for the book.

1 What is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers to your guestions?

Sample ancswer: Let x represent the price that the publisher charges
and let y represent the profit. | need to write and graph a polynomial
function that relates x and y.

2 How will you approach the task? What have you learmed that
vou can use to help you complete the task?

Sample answer | know 5 and 40 are zeros of the function. | can use
them to write factors to write an equation of the function.

3 What is your solution?

Use yvour strateqy to solve the problem.

What Is a function that represents the

ghwen Information?
y = x* — 48x + 200

A0 % 20 25 30 35 40 &5

Graph the function.

Profit {thousands of dollars|

Price (doblars)

Dvoes this function make sense n the

context of the situation? If not, explain

why not and write and graph a more
reasonable funetion,

MNo: the graph passed through the zeros,
but did not show reasonable book prices
that would result in profit

y=—x* + 45x — 200

Profit (thousands of dollars)
L fl
E lol =
T
LF
‘Ffé

Price (dollars)
4 How can you know that your

solution 1s reasonable?
e Write About It! Write an argument that can be used 1o defend
your solution.

Sample answer: With multiplying the function by —1 ., the new function
shows that the profit is negative when charging less than %5 per book.
This makes sense in the context of the situation.
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Pract iCE E Ga Ondine Yol can Somiele wiut Mo mewank anlins
Exampia 1

Solve each equation. State the number and type of roots.

1 5x+12=0 2. ¥ —4x+40=0
3. 55445 =0 4 ' —625=0

B 4x2—4x—1=0 6. x5 —Blx=0
1.2 +x—6=0 8 42 +1=0

9 x*+1=0 0. 22 —-EBx+14=0
1. 32 —-5x+8=0 2. 83 -27=0

13. 6% —625=0 M -6 +x=0
15  —83 +16x=0 WP+ +x=0
Example 2

State the possible number of positive real zeros, negative real reros, and
imaginary zeros of each function.

7. gix)=3" —4x* —17Tx+ 6 18. hix) =4’ — 12 —x + 3
19. fix) =" — Bx® + 2x — 4 20. pix) =" —x* + 4x— 6

N g=x*+Tx"+3x—9 22. fix)=x* —x* — 5x* + Bx + 1
23. fix) =2 -5+ 2 + Bx + 7 24, fx) =26 —Tx2 — 2x + 12
25. fix) = -3 +5x' + 4x* — B 26. ix)=x"— 2" —5x+19
27. fix) = 4B — Bx? —x? + 24 28. fix) = —x° + 14x" + 18x — 36
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Example 3
Find all of the zeros of each function and use them to sketch a rough graph.

29. hix)=x"—5x + Gx + 3 30. gix) =x" — B + 13x — 10
M h=x+4" +x—6 32. gix)=x"+3x? —Bx— B

B.og=x*—3 -5 +3Ax+ 4 34. fix)=x*— 21 + BO

35, flx) =3 + Tx? + 4x — 12 36. i) =% +x2 — 17+ 15

37 M) =3 — 3 — I? — TBx — 700 38. fiy) = x* + 6+ + 722 + 384w + 576

39. i) =+ — B + 2062 — 32x + 64 40. flx) = x5 — Bx® — Ox

Example 4
Write a polynomial that could be represented by each graph.

M. [TE] ¥l [§ 42, ¥ 43, ﬂ_ ¥
RANRNEN i :
h ]| !' ¥ 2 _'l'__ 2
F{ —e———]l_d[_ 3 x —-l——.—:'
|;l i
Example 5

44, FIsH Some fish jump out of the water. When a fish is out of the water, its

location is above sea level. When a fish dives back into the water, its location 1s
below sea level. A bioclogist can use polynomial functions to model the location
of fish compared to sea level A biologist noticed that a fish is at sea level at
—3, -2, 1.1, 2, and 3 minutes from noon. Graph a polynomial function that
could represent the location of the fish compared to sea level . In centimeters,
¥ secands from noon,

. BUSIMNESS After introducing a new product, a company’s profit is modeled by a

polynomial function. In 2012 and 2017, the company's profit on the product was
40, Graph a polynomial function that could represent the amount of profit pix),
in thousands of dollars, x years since 2010,
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Mixed Exercises

Write a polynomial function of least degree with integral coefficients that has the
given 2eros.

46.5 -2, —1 47. —4, —3,5
48. —1. -1, 2i 49, —3.1, -3/
50.0,-53+/ 5L —2, 3,43

Sketch the graph of each function using its zeros.
52, fix) = x — Bx? — 2Zx + 24 53, fix) = 4x? + 2xT — 4x — 2

54. flx) =x" —6Gx" + 7x* + Bx— B 55. fix) = x* — 6x° + Ox% + 4x — 12

56. USE A SOURCE Linear algebra is the study of linear equations. In linear algebra,
the cosafficients of linear equations are often arganized into rectangular arrays
called motrices. Research the eigemnvalues of a matnx and how they relate to the
roots of a polynomial function. What fields use linear algebra, matrices, and
elgenvalues?

B7. SPACE The technology for a rocket that will safely return to Earth for refueling
and reuse = currently belng developed. The three sections of the booster that
will power the flight of the payload are cylindrical with a total volume of about
234w cubic meters. If the second stage section of the booster s ¥ meters tall,
then the interstage section x + 3 meters tall, and the first stage section is
Bx + 6.5 meters 1all. The radius of the booster is x — 5 meters.

FIRST STAGE INTERSTAGE SECOND STAGE  PAYLOAD

i =y —

a. Write and solve an eqguation to represent the total volume of the booster.

b. What are the dimensions of the first stage section of the booster? Explain
Your reasoning.
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Q Higher-Order Thinking Skills
58. CREATE Consider two polynomial functions, fix) and g{x).

a. Write a polynomial function flx) of least degree with integral coefficients and
zeros that include —1 — 44 and% + _;1..[ Explain how you found the function.

b. Write another polynomial function gfx) with integral coefficients that has the
same degree and zeros. How did yvou find this function?

c. Are you able to sketch the graphs of fix) and gix} based on the zeros?
Explain your reasoning. Then sketch the graphs of fix) and g{x).

59. ANALYZE Use the zeros to draw the graph of P{x} = x¥ — 7x2 + 7x + 15 by hand.
Discuss the accuracy of your graph, and what could be done to improve the

ACCUracy.

&0. PERSEVERE Let the polynomial function fix) have real coefficients, be of degres
B, and have zeros 4 + 31, 2 — 71, and 6 + bi, where b is a real number.

a. What can be determined about b7 Explain your reasoming.

b. Write a possible equation for fx).
&1. CREATE Skelch the graph of a palynomial function witih:
a. 3 real, 2 imaginary zeros b. 4 real zeros €. 2imaginary 2eros

62. PERSEVERE Write an equation in factored form of a palynomial function of degree
5 with 2 Imaginary zeros, 1real nonintegral 2ero, and 2 irrational 2eros. Explain.

63. WHICH OME DOESN'T BELONG? Determine which equation is not like the others.
Justify your conclusion.

rP4+1=0 Pr+1=0 =1=0 PA—B=0D

&4, AMALYZTE Provide a counterexample for each statement.

a. All palynomial functions of degree greater than 2 have at least 1 negative
real root.

b. All palynomial functions of degree greater than 2 have at least 1 positive
real root.

65. WRITE Explain to a friend how you would use Descartes’ Rule of
Signs 1o determine the number of possible positive real roots and the
number of possible negative real roots of the polynomial function £

fix) = ¥ — 2x7 + 622 + Bx — 12,

=

i

[

&6, FIND THE ERROR The graph shows a polynomial function. Brianne o g S Eal
=ays the function is a 4th degree palynomial. Amrita says the function -
is a 2nd degree polynomial. s either of them comect? Explain your &
reasaning. ; “l
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Module 3 - Polynomial Equations

Review

@i Essential Question

What methods are useful for solving polynomial equations and finding zeros of polynomial

functions?

You can use graphing or factoring to solve polynomial equations or find roots of
polynomial functions. The Remainder and Faclor Theorems can also be useful

Module Summary
Lessons 3-1and 3-2

Solving Polynomial Equations

» Palymomial equations can ba solved by graphing
or can be solved algebraically.

« Use patterns such as the sum or difference of
two cubes to factor.
. o'+ B*= (o0 + bllg? —ab + b9
g — b= (o — b)ie* + ab + B

+ When factoring a polynomial, look for a common
factor to simplify the expression.

« AN expression in quadratic form can be written
as gu® + bu + ¢ for any numbers o, b, and ¢,
o # 0, where u = some expression inx

Lesson 3-3

Paolynomial Identithes

« An identity is an equation that = satisfied by any
numbers that replace the variables.

« A pohynomial identity is a polynomial equation
that is true for any values that are substituted for
the variables.

« To verily an identify, simplify one =side of an
equation until the two sides of the equation are
the same.

Lesson 3-4

The Remainder and Factor Theorems

« Remainder Theorem: For a polynomial pix) and a
number a, the remainder upon division by x — a
i ).

= Factor Theorem: The binomial x — o is a factor of
the polynomial pix) if and only if plo) = 0.

Lesson 3-5

Roots and Zeros

» Let Alx) = g x"+._+ ax + a, be a polynomial
function. Then the following statements are
equivalent

» Cisazeroof Pl
« Ci%aroot or solution of Plx) = Q.
» x—cisafaclrofax+ . +ax+a.
« If ¢is a real number, then ¢, 0} is an x-intercept
of the graph of Plx).
+ & polynomial equation of degree n has exactly

n roots in the set of complex numbers, including
repeated roots.

+ The number of positive real zeros of Plx) is the
same as the number of changes in sign of the
coeflicients of the terms, or is less than this by
an even number, and the number of negative
real reros of Plx) is the same as the number of
changes in sign of the coeflicients of the terms
of P{—x), or is less than this by an even number.

« f a + biis a zero of a polynomial function with
real coeflicients, then @ — bBi is also a zero of
the function.

Study Organizer

@ Foldables

Use your Foldable to review
this module. Working with a
partner can be hetpful. Ask
for clarification of concepts
as neaded.
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Test Practice

1. MULTIPLE CHOICE Which function can be used

to solve x* — x = 2x* — 2 by graphing?

fLeazon 3-1)

A fixj=x—2x"—x+ 2
B. ixj=x—2

C. fixj=x+20"—x—2
D. fix})=2x" — 4x° + 2x

2. OPEN RESPOMSE The graph of
fx) = x* — 4x° + x + 1 s shown.

HE

1

—H—=2—f -~ 4 4x

Vi

How many real solutions does the function
have? [Lesson 34|

3. MULTI-SELECT Use a graphing calculator to
salve x° — 10x + 4 = 4 — x_Select all of the
SOlutions. (Lesson 3-1)

& —3
4]
1

nom o on m
B
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4. MULTIPLE CHOICE A jewelry bax is 3 inches by
4 inches by 2 inches. Il increasing the length of
each edge by x inches doubles the volume of
the jewelry box, what is the value of X7 Rouwnd
your answer to the nearest hundradth if
netassany, [Lessan 3-1)

A, 040
B. 069
C. 073
0. 124

5. OPEM RESPOMNSE The volume of a figure is
x* — Ox. The surface area of another figure is
Bx?. Disregarding the units, the volume of the
first figure eqguals the surface area of the
spcond figure. What are the possible values
of x? Explain your reasoning. (Lesson 3-2)

6. MULTI-SELECT Find the salutions of

X —x*— 2 =0. 5elect all that apply.

jLesdon 3-1)
A +2
B i
cC
D +2
E +ih3Z



7. OPEN RESPONSE Evelyn is making two 10. MULTIPLE CHOICE Which of the following is

rectangular table tops. The dimensions of both an equivalent expression 1o 4xy? (Lesson 3-3)
are shown. if both designs have the same area, z
what is the value of x7 [Lesson 3-2) A e+ — e+

B (x+yP—x—yF
C. 20+ —x+y

+4 * e —
x 5 Do+ — 20—y

¥—2 | 41, MULTIPLE CHOICE What is the remainder
o when i) =x"+x" — 2% + Bx — 4 s
divided by x + 3? (Lsssan 34)

A =25
B. MULTI-SELECT Select all of the choices B. —17
that are steps in the proof that
X4y =[x + Pix? — xy + P (Lesson 3-3) c. w
A x4y = afxd) — ) + xly) + ) — 2 0
¥ixy) + yiy)
B. ¥+ =x—xy+0° +x7 -y +y 12. MULTISELECT If x — 15 a factor of
¥ — B + Mx — 6, find the remaining factors
C. ¥+ =x"— 'y +u) + Xy — xy’) + ) of the polynomial. Select all that apply.
D. 4P =2— oy + 0+ a — £y PN
E x+)=x — % + x5 +° A £TIAE
F x+i=x+) B &3
C. x4+2
9. MULTIPLE CHOICE Which of the following s an D x—2

equivalent expression to X + ¥1°7 (Lessan 35
A X*+ 3 + 3uyix — )
B x4+ )7 + 3uyix + )
C. ¥+ + xytx + )
D. ¥+ + xytx — )
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13.

15.

MULTIPLE CHOICE The average price of
gasoline, in dollars, from 2010 to 2016

can be modeled by the function

fix) = 0.03x* — 0.4x" + 118x + 275, where
X represents the yvears since 2010, What is
the estimated price of gasoline in 201 in
dollars? (Lesson 3-4)

A. %470
B. $356
C. %242
D. S114

OPEM RESPONSE Use synthetic substitution
to find A—6) if ) = —3x* — 20 + BOx + 12.
[Lescon 3-4)

MULTFSELECT Which value of x is a real root
in the equation x* + 3x* — 4 = 07 Select all
that apply. {Leszan 3-5)

A, —2

Lo 1AL L =
|
s

156 Module 3 Review - Polynomial Equations

uamzﬂﬂ!mé'

6. MULTI-SELECT What are the possible

numbers of positive real roots and negative
real roots of pix) = x5 — 20" + 3 — 4 +
17 Select all that apply., (Lesson 3-5)

A O
B 1

m B2 0

2
3
4

n

5

. MULTIPLE CHOICE A template for a shipping

box is made by cutting a square with side
length x inches from each comer of a
rectangular piece of cardboard that is

12 inches wide and 14 inches long. Which
graph could represent the relationship
between the volume of a shipping box v and
its helght? Lesson 3-5)

| [ -] |
A = .

ﬁ_ _':.ru 3 [ w‘&. £
, —di
—&l

L] gl

-0
"q —m
—H0

&

;

ol
‘T

=

aRaEEEE EH
=

i
N S

5 B

18. MULTIPLE CHOICE Consider the function

plx) = %% — 3x" + 3 — 57 Which of the
following is a root of the function with
miuitiplicity 37 [Lesson 3-5)

A —1
B. O
=
D. 2



Module 4
Inverse and Radical Functions

e Essential Question
How can the inverse of a funciion be used to help interpret a real-woarld event or

e a problem?

What Will You Learn?
How much do you already know about each topic befora starting this modula?

KEY Befare After
E —ldon'tknow. @ —Fveheardofit -4 — | know it B | Bl | &

parform operations on functions I

combine functions using a composition of functions

verify mathematically two relations or funclions are inverses

write expressions with ratonal exponents

graph square root functions

graph cube root functions

perform operations with radical expressions

solve radical equations by graphing !

solve radical equations algebraically

-[_ﬂ:l Foldables Make this Foldable to help vou organize your notes about Inverse
and radical functions. Begin with three sheets of notebook paper.

1. Stack three sheets of notebook paper so that each is one inch higher than the previous:
2. Align the bottom of all the sheets.
3. Fold the papers and creasze

well. Open the papers and | L L:.N — [ | seprstcrrsmes |
staple them. Label the =7 7 el ' R TN P
pages with lesson titles. j'_E'L"' ] ;,. : e i_"'fE:'Li:_"""
% T E'-': e = _ﬂl B T e ]
EE r T | = = J ':I ] ! Sperarzene o Gy
S Tr— ;
= . ,
":,l_h i | L= e
- 4
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What Vocabulary Will You Learn?
« composition of functions

= Inwerse relations .

radical function

» conjugates + like radical expressions + radicand

« cube root function + nth root + rational exponent

v index = principal root « Suare root function
v inverse functions « radical equation

Are You Ready?

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

Example 1 Exampls 2

Use the related graph of ¥ ir Simplify (3x* + 34+ 2"+ 8x— 6) + (x + Z) by
0=3x—4x+ 1t using synthetic division.

determine its roots. (PRt O] (i W

if exact roots cannot be 1

found, state the consecutive \\ _1| 3 4 1 3 -6
imtegers bebween which the b:{, b ] 4 =10 2
roots are located. =ﬂ I x 3 -2 5 _1| -4

The roots are the x-coordinates where the graph
crosses the x-axis.

The graph crosses the x-axis between 0 and 1 and at 1.

Quick Check

Use the related graph of each equation to
determine its roots. If exact roots cannot be
found, state the consecutive integers between
which the roots are located.

L xX—4x+1=0

227 +x—6=0

3.3 -3Ix—1=0

4.2 — 9% +4=0

a

The resultis 3x* — 22¢ + S —1— 7 53-

Simplify each expression by using synthetic
division.

B.(5x!—22x —15) + (x — )
B34+ M —12) = (x+ 4)

7. (2x* — Tx® — 36x + 36) < {x — 6)

B. (3 — 137 + 7" — 1B+ 15) + (¥ — 3)

How Did You Do?

Which exercises did you answer correctly in the Quick Check?
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Lesson 4-1

Operations on Functions

Today's Goals
Explore Adding Functions
J of functkons.
E Online Activity Use graphing technology to complete the Explore. « Find ¢ : of
L ¥] functions.
[ @ NQUIRY Do you think that the graph of Vocabul
flx) +-gix) will be more or less steep than i ok of ry
the graphs of fix) and gix)? i'unl

Learn Operations on Funclions

Key Concept - Operations on Functions

Operation Drefinition Example:
Let fiix) = 3x and gix} = 2x — 4.

Addition (f +gix) = fx) + glx)  (F+ glx) = 3x + (2x — &)

= 5y —4
Subtraction (f— gl = fl —olx)  (f — g} = 3w — (2x — 4]

= x4 4
Multiplication (F=g) bx) = fix} » gix) (F+ g] {x) = xf2x — 4}

= Gx® — 12x
Drvision

(fl=ggom#o  (Fl=5—gx#2

To graph the sum or difference of functions, graph each function
separately. Then add or subtract the comesponding functional values.

Example 1 Add and Subtract Functions
Given f{x) = —x* + 3x + 1and g(x) = 2x? — 5, find each function.

a. (f+ giix)
If + gifx) = Ax) + oix) Addition of funchons Study Tip
=({—x2+3x+ 1)+ (2xT — 5) fixp = —x 4 2x + 1 Degree If the degree
and gix) = 2x* — 5 of fix) is m and the
=—x'+3+1+22%—5 Add degree of gix) is n,
—_— s . - then the degrees of
=x2+3x—4 Shelly (f+ g)ix) and (F— g)ix)

can be at most m or m,

{continued on the next page)
whichever is greater,

LY Go Oniine You can compiete an Extra Example online
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b. (f— g)(x)

i — g = fix) — o) Subtraction of functions
=P+ )- 273 -5) )=~ 3+ 1w
RE . i
=¥+ +1-22+5 Subtract
=—3x"+3x+86 Simplify.

Example 2 Multiply and Divide Functions
Given f{x) = 4x2 — 2x + 3 and glx) = —x + 5, find each function.
a. (f- ghix)

(7 > g = fix) = gt Multipfication of
functions
= -2 +3)~x+5) fix) = 4x? — 2x + 3
andgixl =—x+5
=-43+207 + 27 —10x—3x+16  Distributive Property
=—4* + 22 —13x + 15 Simpiify.
b ()00
(Dm=mm Divisian of functians
“‘"—_‘,%“Eﬁx#as X} = &7 - 2 + 3 and
gi) = =x+5
Check
Glven fix) = —x* + 1and gix) = x + 1, find each function.
(Fe gl = 2 (i)ﬁ -

Learn Cunsﬂuﬁihms of Functions

!'-;1‘-:-:. e e -'-.'-:b;-':'- PGS iy
K ept » Co rsition of Functic

.ﬁmfﬂndgaemﬂm
thattherange of gisasubsetofthe  Domain ~ Rangeof  Range
‘domain of £. Then the composition ofg  domain of f of f
function “'f'n:_gim'ﬁ'l!"ﬂﬁn. ribed

by [f = glix) = flgidL




Example 4 Compose Functions by Using Ordered Pairs

Given fand g, find [f c gl{x) and [g o {x). State the domain and
range for each.

F={[1, 1.2}, (10, 17), {0, 13}, (5. 7] g = ({4, 1, (5. O}, (13, 9), (12, 10]
Part A Find [f o glix) and [g o fl{x).

To find F o g, evaluate g} first To find g « [, evaluate Rx) first
then use the range to then use the range to
evaluate fx). evaluate glx).

flgl4)] = 1) or 12 gid) =1 gt =gli2or10 =12
Mols)) =A0jor13  gSi=0 g0 = alh) 10} = 1
flgli3)] =A% or 7 fBl=9 glfidfl = gi13)or 9 ) =13
flgli2)] = 10 or 1 g2} = 10 g9 = gl =7

Because 11 and 7 are not in the domain of g, g = fis undefined
for x =M and x = 7 So, g = F= {1, 10), (0, 9]

Part B State the domain and range.

[fe glix) The domain is the x-coordinates of the composed function, so
b =[4, 5, 12, 13]. The range is the pcoordinates of the composed
function, so R = {7, 11, 12, 13

[g = fliixk The domain is the x-coordinates of the composed function, so
D = [0, 1]. The range Is the y-coordinates of the composed function,
co B =19, 101

Example 5 Compose Functions

Given f{x) = 2x — 5 and g{x) = 3x, find [f = g){x) and [g = f]{x). State
the domain and range for each.

Part A Find [f o glix) and [g o f}ix).

[f = glix) = Flogix] Compasifion [ = Flixl = gffix)]
of funcins
= f[3x) Subshitut= = g2 — &)
=2{3x) — B Substitute again = 3{2x — B)
=fF¥—5 Simplity, =Gx —15 Study TiF

Domain and Range To

Part B State the domain and range. ensure you have the

Becauze [f ¢ g)ix) and [g = M](x} are both linear functions with nonzero right domain and

slopes, D = [all real numbers) and B = [all real numbers) for both range, it can help to

functicns. graph [f= g} {x) and
{g = ).

) Go Oniine You can complete an Extra Exampde online.
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Watch Cut!

Order Remember that,
for two functions fx)
and glx), [f o glix) is

not always equal to

[g = fix). Given that the
studios take their cut
after the tickets hawve
been sold, consider
how that affects the
order of Hx) and kix).

Qﬁu Online

‘fou can completle an Exira
Example pnkne.

Check

Given fix) = —x + 1and glx) = 2x> — x, find [ = glix} and [g  fi{x). State
the domain and range for each.

fogi=__ 2 g © fllx) = 2
Domain of [f & gix): ? . Domainoffgefxy _____F
Range of [f o glx): . 7 Range of [go Fifx)y 7

@ Apply Example 6 Use Composition of Functions

BOX OFFICE A movie theater charges $8.50 for each of the x tickets
sold. The manager wants to determine how much the movie theater
gets to keep of the ticket sales if they have to give the studios 75% of
the money earned on ticket sales i{x). If the amount they keep of each
ticket sale is kix), which composition represents the total amount of
money the theater gets to keap?

1 What is the task?
Describe the task in your own words. Then list any questions that you
may have. How can you find answers 1o your guestions?

Sampbke answer: | need 1o write functions for k) and kix) and use them
to create a composition that represants the money that the theater
keeps. If the studios get 75%, what does the theater get to keap?
Should the composition be [k o flix) or [t & K]{x]?

2 How will you approach the task? What have you learned that
vou can use to help you complete the task?

Sampbe answer: First, | will determine functions for Hx) and kixk Then,
| will determine the order of the composition and simplify It

| will apply what | have learmed in previous examples to complete the task.
3 What is your solution?
Usze your strategy to solve the problem.

What function represents the money earned on tcket sales,

Hx)? ffx) = B.50x

What function represents the amount of money the theater keeps from
each ticket sale, kixj? kix) = 0.25x

Because the theater uses the total earmnings to determine the amount
they keep from the ticket sales, what composition should be wed to
represent the situation? [k o f]j= 2125x)

4 How can you know that your solution is reasonabie?

3 Write About it! Write an argument that can be used to defend
your solution.

Sample answer: If the theater salls 1000 tickets in a weekend, they will
earn [{1000), or $8500. The theater will keep 25% of $8500, which is
K(8500) = $2125. This is the same value as [k « ({1000).
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Practice E-Eu Onllne ¥ou can complete yvour omework online

Examples 1 and 2
Find (£ + g)(x), {f — g)x), (f » 9)x). and ( § ) (x) for each fx) and gix).

1 )= 2x 2. fiy=x—1
gl =—4x+ 5 gix) = 5x— 2

3. =x—2 4. fix) =x2
gxj=2x—7 gix)=x—5

B.fixi=—x*+86 6. fix)=3x"— 4
gix)=2x*+3x—5 gix)=x—Bx + 4

Example 3

7. ANAMNCE Trevon opens a checking account that he only uses to pay fixed bills,
which are expenses that are the same each month, such as car loans or rent. The
checking account has an (nitial balance of $1750 and Trevon deposits $925 each
month. The balance of the account can be modeled by ox) = 1750 + 925,
whera ¥ is the number of months since the account was apened. The total of
Trevon's fixed bills Is modelad by bix) = B40x. Define and graph the function that
represents the account balance after he pays his bills.

a. ldentify and write a new function to represent the
account balance.

b. Graph the combined function,

B. BASEBALL A coach s ordering custom practice T-shirts and
game jerseys for each of the team members. The coach
orders T-shirts from a local shop that charges $7.50 for
earch, plus a $35 initial printer fee. The cost of the T-shirts is
modeled by i{x) = 7.5x + 35, where x is the number of team
members. He orders jerseys online, which cost $18 each
with $20 shipping. The cost of the jerseys is modeled by
Jix) = 18x + 20. Define and graph the function that
represents the total cost of the T-shirts and jersays.

a. ldentify and write a new function to represent total cost.

b. Graph the combined function.
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Example 4
For each pair of functions, find f ¢ g and g = 1, if they exist. State the domain and
range for each.
9. f={{—8 —4).(0.4). (2.6}, (-6, —2)} 10. F={[—70) (4, 5).(8,12). (-3, 6))
g =4, —4). (—2, —1). (—4. 0}, (6, —5)] g = [{6, 8), (12, =5}, (0. B}, (5, 1)}

W =514 2. (-8 -M@3E1 1 7={-4-14)(0 -6) (-6 182 -2

g={—82,(-4.1.3 -3.57) g ={{—6.1.(—18.13), (4.9} (-2 3]
Example 5
Find [f = gl{x) and [g o fl{x). State the domain and range for each.
13. flx) = 2x 14, fix) = —3x
gix)=x+5b gix)=—x+8
15 Ax)=x+6x—2 16. i)=2x —x +1
gixl=x —8& gixl=4x+ 3
Example &

17. USE A MODEL Mr. Rivera wants to purchase a riding lawn mower, which s on sale
for 15% off the original price. The sales tax in his area is 6.5%. Let x represent the
ariginal cost of the lawn mower. Write two functions representing the price of
the lawn mower plx) after the discount and the price of the lawn mower H(x] after
sales tax, Write a composition of functions that represents the price of the riding
lawn mower. How much will Mr. Rivera pay for a riding lawn mower that onginally
cost $13507

18. REASOMIMNG A sporting goods store is offering a 20% discount on shoes. Mariana
also has a $5 off coupon that can be applied to her purchase. She is planning to
buy a palr of shoes that originally costs $89. Will the final price be lower if the
discount is applied before the coupon or if the coupon is applied before thie
discount? Justify your response.

Mixed Exercises

19. REASOMING A bookstore that offers a 12% membership discount is currently
offering 20% off each customer’s total purchase when they spend more than $50.
If Keshawn has $78 of books, should he request that the membership discount or
the 20% off discount be applied first? Justify your response.

20. CONSTRUCT ARGUMENTS Is [f & g]ix) always equal to [g = fix) for two functions
fix} and gfx)? Justify your conclusions. Provide a counterexample If needed.
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If flx) = 3x, g{x) = x + 4, and h{x) = x2 — 1, find each value.

1. fig() 22. giMo)] 23. g[f-1]]

24. hfi5)] 25. gih{—3]] 26. h{R10))

27. fiR(E)] 28. [f= (h = g)}fl) 29. [fo (g = Mi—2)
30. hfi—6)] 31. M0)] 32. a7

33. fih(—2)) 34. [g o (fe hi}—1) 35. [h o (fo gi)i3)

36. AREA Valerla wants to know the area of a figure made by joining an equilateral

trlangle and square along an edge. The function fs) = % s? glves the area of an
equilateral triangle with side s. The function gis) = 52 gives the area of a square with
side 5. Write a function h(s) that gives the area of the figure as a function of its side

length s.

37. USE A MODEL The volume V' of a weather balloon with radius r Is given by
Wiry = %m’l- The balloon is being inflated sa that the radius increases at a
constant rate fff) = %r + 2, where r is in meters and [ is the number of seconds
since inflation began,

a. Determine the function that represents the volume of the weather balloon in
terms of time.

b. Find the volume of the bailoon 12 seconds after inflation begins. Round your
answer 1o the nearest cubic meter.

Lessan 4-1 « Operations on Functions #4658




38. REASOMNING The National Center for Education Statistics reports data showing
that since 2006, college enroliment for men in thousands can be modeled by
flx} = 389x + 7600, where x represents the number of years since 2006.
Similarly, enrallment for women can be modeled by gix) = 480« + 10,075 Write
a function for ([ + gi{x) and Interpret what it represents.

39. STRUCTURE The table shows various values of functions fx), gx). and h(x).

o 1 2 3 4
—d ] 2 4 1
—4 =% 0 1 1
4 i 1 5 5
Use the table to find the following values:
a. (f+gli—1) b. (h —gh0} c (F+h)4)
T’ o g
d (g)a@ e (7)@ t (7)o

Q Higher-Order Thinking Skills
40. PERSEVERE If [f + gl{3) = 5 and [+ g){3) = 6, find F[3) and g{3). Explain.

41. CREATE Write two functions fx) and g{x) such that {f o g)(4) = Q.

42. FIND THE ERROR Chris and Tobilas are finding (f o giix). where fix) =x% + 2x — B
and g(x) = x* + 8. Is either of them correct? Explain your reasaning.

chris Tebias
F o gix) = flgln] iF o giar = figind
=(r+E8F+r— 8 =(Ff+8*+ut+a—8
="+ er+eat+—a =r4tiisrt+eatart+i5—8
=1*+ st 4+ w+ 58 ="+ 1B8r+

43. PERSEVERE Given flx} = H.I'F and g(x) = 'p'F. determine each domain,
a. glx) - glx b. fx) - Aix)

44, AMALYZE State whether the following statement is sometimes, always, or naver
true. Justify yvour argument.

The domain of two functions fix) and g{x) that are composed gffix]] is restricted by
the domain of gix).
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Lesson 4-2

Inverse Relations and Functions

Explore Inverse Functions

L} Online Activity Use graphing technology to complete the Explore.

]
"E"Ilmum'r For what values of n will fix) = x" |

have an inversa that is also & function?

Learn Inverse Relations and Functions

Two relations are inverse relations if one relation contains elements of
the form (o, b) when the other refation contains the elements of the
form (b, a).

Two functions f and g are inverse functions Il and onby if both of their
compositions are the identity function.

Key Concepts - Inverse Funciions
Woards: If fand " are inverses, then fig) = & if and only i £[b) = o

Example: Let fix) = x — 5 and represent its inverse as MYy =x + 5.

Evaluate f{7). Evaluate Y2
fly=x—5 Fi=x+5
fiM=7T—5ar 2 Fly2i=2+5or7

Mot ali functions have an inverse function. If a function fails the
horizontal ine test, yvou can restrict the domain of the function to make
the inverse a function. Choose a portion of the domain on which the
function is one-to-one. There may be more than ane possible domain.

Example 1 Find an Inverse Relation

GEOMETRY The vertices of AA4BC can be represented by the
relation [(2, 4), (—3, 2), (4, 1)}. Find the inverse of the relation. Graph
both the original relation and its inverse.

Step 1 Graph the relation. F .
_.Jm , 41
Graph the ordered pairs and = == ,'F i
1 o
connect the points to form a B30
triangle. - Ci. 0
X

[continued on the next poge)

Today's Geals
« Find inverses of
retations.

= Verify that two relations
are ineerses by using
Compositions.

Teday's Vocabulary
inverse relations

inverse function:s

bg Think About It!

Wirite a function that
does not pass the
hHorizantal line test.

i0) Go Online You
can complete an Extra
Example online.
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b Think About It
Describe the graph. of
the inverse relation,

Study Tip

Inverses If F—Yx) is the
inversa of flx). the
graph of f~{x) will be a
reflection of the graph
of f{x) in the ling = x.

GED Online

You can learm how to
graph a relation and its
inverse on a graphing
calculator by watching
the video onling.

Step 2 Find the inverse. Step 3 Graph the inverse.

To find the inverse, exchange the rlciA
coordinates of the ordered pairs.
{t4. 2). (2, —3). (1, 45} -] 6 i e C

£

Example 2 Inverse Functions

Find the inverse of fix} = 3x + 2. Then graph the function and its
inverse,

Step 1 Rewrite the function.
Rewrite the function as an equation relating x and y.
fix)=3x+2—=y=3x+12

Step 2 Exchange x and y.
Exchange x and v in the equation.

x=3y+ 2
Step 3 Solve for y.
X =3y+2
X—2 =3y
=2 =y
Step 4 Replace y with £ {x). Step 5 Graph f{x) and F~{x).
Replace y with f~x) in ¥
the equation. = 3r 4
y="§2—-r"m= %
The inverse of flx) = 3x + 2 is — .
f-1M=x;1 L =
|
Check

Examine f{x) = —x + 1.
Part A Find the inverse of fix) = —x +1.

=7

Part B Graph fix] = —;x + 1 and its inverse.

L) Go Online You can complete an Extra Example online.
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Example 3 Inverses with Restricted Domains
Examine fix) = x2 + 2x + 4.
Part A Find the inverse of f{x).
f)=x"+ 2x + 4
y=x+2x+4
x=y'+2y+ 4
x—4=y"+ 2y

Original function
Replace f(x) with y
Exchange x and ¥

Subtract 4 from each side

i—4+1=p2+2¢+1 Complete the sguare.
x—3=+1F Simpdity
T —3 =y +1 Take the sguare roct of each side.
—1+Vx—-3= ¥ Subtract 1 from each side
= —1+x—3 Replace y with £~ (x).
Part B If necessary, restrict the domain of the inverse so thatitisa
function.
Because f{x) fails the horizontal line test, 1(x) TN

Iz not a function. Find the restricted domain of

fix} so that £ ~'{x) will be a function. Look for a

portion of the graph that s one-to-one. If the

domain of fix) is restricted ta [—1, oo}, then 1 _,.,-'-
the inverse s f~'(x) = —1 + Vx — 3.
.

If the domain of fix] is restricted to (—ac, 1],

then the inverseis 7 ' {x) = —1 — +/x — 3.

& Example 4 Interpret Inverse Functions

TEMPERATURE A formula for mﬂver'lingﬁa temperature in degrees
Fahrenheit to degrees Celsius is Tix) = it" — 32).

Find the inverse of Tix), and describe its meaning.
5

Tix) = gix — 32) Onginal function
¥= %{A‘ — 34 Replace Tx) with y.
x= %{}r —32) Exrhange x and .
% =y — 32 Multiply each side by %
G s y
g +iZ=y Add 32 to esch side
T—I =i i 4 —
M ==+32 Replace ywith T '{xl

T-'{x) = can be used to convert a temperature in degrees Celsius to
degrees Fahrenheil

E Go Online You can complete an Extra Example online.

Watch Out!

Inverse Functions 1
is read fimaarse or the
inverse af . Note that
—1 is not an exponant.

Go Online to zea
Part B of the example
o using the graph of
Tix) and T—Yx}.

b Think About It!

Find the domain of T[x}
and its inverse. Explain
YOUr reasoning.

Lesson 4-2 « inverse Relations and Functions ‘469



b Think About It!

If ji{x)y B deofx) @re
inverses, find [k o flx).

Watch Cut!
Compositions of
Functions Be sure Lo
check both [f o gi{x)
and [g o M=) to verify
that funclions are
inverses. By definition,
both compositions
muist resull in the
identity function.

Go Online 1o see
another example on

verifying inverse
functions;

& Talk About It

Find the domain of the
imverse, and describe
its meaning in the

context of the situation.

Learn \erifying Inverses

Key Concept « Verifying Inverse Functions
Words: Two functions F and g are inverse functions if and only if both of
their compositions are the identity function.

Symbails: f{x) and gix) are imerses if and only if [f= gl = x and
fgofi=x

Example § Use Compaositions to Verify Inverses

Determine whether h{x) = vx + 13 and k{x) = (x — 13)? are inverse
functions.

Find [f & k]{x).
[fr & Kjix) = hikdx)] Compaosition of functions
= hj{x — 131 Substitute.
= 4fftx — 13 +13 Substitute sgain.
=Vx? — 26x + 169 + 13 Diistribute
= yx? — 26x + 182 Sirmpiify.

Because [he kilx] is not the dentity function, fhix} and kix) are not inverses.

Check

Determine whether fix) = % =4 %and gix) = 9x + 12 are Inverses.

Explain your reasoning.

Example & Verify Inverse Functions

GEOMETRY The formiula for the
volume of a cylinder with a helght of

5 inches is V = Smr<. Determine
mtﬂ'mrr=1igv; is the inverse of

the eriginal function.
Find Ve r. Find re V.
V= Bnr? r=1'ir%

2
i
() -
=En{5—‘;] =2
=V =r

F= -J% is the inverse of V = 5xtre.

Eﬁaﬂnine You can complete an Extra Example online.
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Practice E Go Online You can complete vaur somewark online

Example 1
For each polygon, find the inverse of the relation. Then, graph both the original
relation and its inverse.

1. AMNP with vertices a1 {{—B, &), (6, —2), (4, —6j}

2. AXYZ with vertices at (7. 7). (4, 9), (3, =711

3. trapezoid ORST with vertices at [(8, —1), (—8, —1), (=2, —B), (2, —B}]
4. guadrilateral FGHJ with vertices at (4, 3), (—4, —4), (—3, =5}, (5, 2]}

Examples 2 and 3

Find the inverse of each function. Then graph the function and its inverse. If
necessary, restrict the domain of the inverse so that it is a function.

5. flx)=x+2 6. o) = 5x
7. fly=—2x+1 8. hp) =*37
9. fj=—3x—8 0. gi)=x+ 4
M. fix) = 4x 12. f{x) = —8x + 9
13. fix) = 5x2 M. hix)=x2+ 4
Exampie 4

15. WEIGHT The formula to convert wekght in pounds to stones is px) = ﬁ.
where x is the waight in pounds.

a. Find the inverse of pix), and dezcribe its meaning.

b. Graph p{x) and p~x). Use the graph to find the weight in pounds
of a dog that weighs about 2.5 stones.
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16. CRYPTOGRAPHY Defndre isdesigning a code to send secret messages. He
assigns each letter of the alphabet o a number, where A=18=2 C =3, and
=o on. Then he uses clx) = 4x — 9 to create the secret code.

a. Find the inverse of cx), and describe its meaning.

b. Make tables of c{x} and ¢—'{x). Use the table to decipher the
message: 15, 75, 47, 3, 71, 27, 51, 47, 67.

Example 5
Determine whether each pair of functions are inverse functions. Write yes or no.
7 Ax)=x—1 1B. fix) = 2%+ 3

glx)=1—x olx) = 3ix — 3)
19, fix) =5x—5 20. fix) = 2%

o) = gx +1 gix) = 3
21 hixy=Bbx—2 22. fixy=Bx—10

i 1 5

gix)=gx + 3 gixj=gx+3

Example &

23. GEOMETRY The formula for the volume of a right circular cone with a height of
2iestis V= %‘ﬂ!fl. Determine whether r = 1% i the inverse of the original

function.

28. GEOMETRY The formula for the area of a trapezoid is A = %[ﬂ + Bl
Determine whether i = 24 — (o + b) is the inverse of the original function.

Mixed Exercizes

Find the inverse of each function. Then graph the function and its inverse. If
necessary, restrict the domain of the inverse so that it is a function.

5. y=4 26. fix) = 3x
27. i =x+2 28. gix) = 2x — 1
29. fix) = 3x% — 1 30 ) =(x+ 17 +3
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Determine whether each pair of functions are inverse functions. Write yes or no.

3. fix) = 4 32. fix) = 2x2 +1
gix) = 4% glx) = v3x—3

33. )= —9 34. flx) = 2
gix)=x+3 g{xj=13‘%_x

35. fix) = (x + 6 36. ix)=24x—5
glx) = 4% — 6 gl =2 —5

Restrict the domain of fix) so that its inverse is also a function. State the restricted
domain of f{x) and the domain of f{x).

37. fix)=x*+5 38. fix) = 3«2
39 flx)=Vx+ 6 40. fix)=x + 3

Copy each graph. Sketch a graph of the inverse of each function. Then state
whether the inwerse is a function.

41, ¥ 42, ¥ /

45, FITHNESS Alejandro is a personal trainer. For his clients to
gain the maximum benefit from their exercise, Alefandro
calculates thelr maximum target heart rate using the function

fix) = DBS220 — x), where x represents the age of the o ¥

client. Find the inverse of this function and interpret its

meaning in the context of the situation. {
46. Copy the plecewise function shown. Graph the inverse of the )

prEECewISe function shown.
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47. USE & MODEL The diagram shows a sheet of metal with squares of side

a. Write and graph the function Vx) which ghves the volume of the open
box. Explain how the domain of this function must be restricted within
the context of this scenario.

b. Does restricting the domain in part a allow for the inverse to also
be a function? Explain your reasoning.

48, STRUCTURE Use the table to find the refationship between

iF + @) ) and £ '(x) + o7 (x)

a. Suppose that functions fMx), gix). and {f + giix] all have inverse
functions defined on the domain [0, 3]. Calculate the following

values.

L 3+ 07'@) L i+ g7

b. Use the value of [f + g)(1) to find {f + g)~{3). Use the value of {f + g)(0) to find
(f + g}~ 0.

c. Joyce claimsthat {f + gy =+ o and (f+ g) () =
i) + oY% Determine whether she s correct. Explain your reasoning.

d. Consider the functions fix) = 2x + 1and g(x) = 2x — 1. Compare | + g}—Yx) and
Y + g7

49, ANMALYZE If a relation = not a function, then its inverse is sometimes, aiwoys, or
never a function. Justify your argument.

50. CREATE Give an example of a function and its inverse. Verify that the two
functions are Inverses.

B1. PERSEVERE Give an example of a function that is s own inverse.

B2. AMALYZE Can the graphs of a linear function with a slope + 0 and its inverse
ever be perpendicular? Justify your answer.

53. WRITE Suppose you have 8 composition of two functions that are inverses.
When you put in a value of 5 for x, why s the result always 57
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Lesson 4-3

nth Roots and Rational Exponents

Today's Goals
i = Simplify expressions
Explore Inverses of Power Functions involving radicals and
rational exponents.

L) Online Activity Use a calculator to complete the Explore. - Simglily eipress]

— in expanential or

@ INQUIRY What conjectures can you make radical form.
about fix) = x" and gl = ¥ for all odd Today's Vocabulary
positive values of n? nth reot
index
Learn rth Roots ramr:i m‘i ool
Finding the square root of a number and squaring a number are imerse rational expanent
operations. To find the square root of o, yvou must find a number with a
cquare of o. The inverse of raising a number to the nth power is finding
the nth root of a number. The symboly/  indicates an ath root. Q Think Abowut It
For any real numbers a and b and any positive integer i, f a™ = b, Lorena says she can
then a is an nth root of b. For example, because (—2)% =64, —2isa tell that{—64 will
sixth root of 64 and 2 is a principal rooL THEE S Et FOOR
without graphing. Do

An example of an nth root isV36, HaCiEN iy yaou agres or disagree?
which is read as the nth roof of 36. el 3 6 Explain your reasoning.
In this example, a1 is the index and

36 Is the radicand. or the expression k.
under the radical symbol. '

Some numbers have more than one real nth rool. For example, 16 has
two square roots, 4 and —4, because 42 and (—4) both equal 16.
When there is more than one real rool and n is even, the nonnegative
root is called the principal root.

Key Concept « Real nth Roots

Suppose n [s an integer greater than 1, a = a real number, and o s an

nth root of b.
a n is even. n is odd.
g>0 1unique positive and 1 unigue 1 unigque positive and 0
negative real root 40 negative real root4a
g<0  Dreal roots 0 positive and 1 negative real
root: Vg
a=0 | 1realrootv0 =0 1real root:V0 =0

A radical expression is simplified when the radicand contains no
fractions and no radicals appear in the denominatos.
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Watch Out!

Principal Roots
Because 52 = 25 25
has two square rools; 5
and —5. Howewver, the
value of ¥25 is § only.
To indicate both square
roots and not just the
principal square root,
the expression must be
written as £4/25.

(&) Talk About It!
Compare the simplified
expressions in the
previous example with
the ones in this
example. Explain why
the simplified
expressions in this
example require
absolute value bars
when the simplifiad
expressions in the
previous example did
not

Example 1 Find Roots

Simplify.
a. ;I:'.E?
+425x* = £4/(5:27
= 1 5x?
b. —y(y* + 7"
AP = T TR
== +7P
c. ¥343a"p"
q{mﬂmha . -ff[?aﬁnljj
= 7abp?
d. V—289c%%

There are no real roots of 4'—289. However, there are two imaginary
raots, 171 and —171. Because we are only finding the principal square
rool, use 174,

V2856 = T+ 28955

= |+ y289c%d*
= Rictd?
Check
Write the simplified form of each expression.
a. V1964 __ 7 b. —y196x* __? c.V—1962 __ 7

When you find an even root of an even power and the result is an odd
power, you must use the absolute value of the result to ensure that the
answer s nonnegative.

Example 2 Simplify Using Absolute Value

Simplify.
a. VLl
Vaud ={@0’
= 3|x|

Because x could be negative, yvou must use the absolute value of x to
ensure that the principal sguare root is nonnegative.

b. Y 256(y2 — 2)2*
256(2 — 2P =256 -2 — 2P
=262 - 27|

Because {y° — 21 could be negative, you must use the absolute value
of (2 — 2 1o ensure that the principal square root Is nonnegative.

176 Moduls & - Inverse and Radical Functions



Learn Rational Exponents

You can use the properties of exponents to translate expressions from
exponential form 1o radical form or from radical form o exponential
form. An expression is in exponential farm if it Is inthe form ™, wherne
n s an exponent An expression is in radical form if it contains a
radical symbal.

I d
Far any real number b and a positive integer n, b =vb_ except
where b < 0 and n is even. When b < 0 and n Is even, a compliex
root may exist

Examples: 1253 =125 or 5 (—49)z = Y—48 or 7i

The expression b% has a rational exponent. The rules for exponents
alzo apply to rational exponents.

Key Concepi « Rational Exponents

For any nonzero number b and any integers x and y, with y > 1,

i E.
by =4BF = H"E] . except when b < 0 and y is even. When b < 0
and y is even, a complex root may exist.

Examples: 1255 = (§125 ) = 52 ar 25
(—49)3 = (V=33 = (7° or —343]

Key Concept » Simplest Form of Expressions with Rational Exponents

An expression with rational exponents is in simplest form when all of the
following conditions are met.

= It has no negatve exponerits.
= |t has no expanents that are not positive integers in the denominatar,
= Itis not a complex fraction.

« The index of any remaining radical is the least number possibla.

Example 3 Radical and Exponential Forms

Simplity.
a. Write x5 in radical form.

=
b. Write ¥x2 in exponential form.
BT = st

E Go Online You can complete an Extra Example online:

Bl s

X

Math History
Minute:

Christoff Rudolff
(14991543} wrote the
first German algebra
texthook. It i beliesved
that he introduced the
radical symboly”  in
1525 in his book Die
Coss. Some feel that
this symbal was usod
because it resemblad
a small £, the first letter
in the Latin word raoix
ar root.

b Think About It!
Write two equivalent
Expressions, one in
radical form and one in
exponential form.
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b Think About It!
Why did you set t equal
1o 37

&y Think About It
How can you tell it x ¥
will simplify to an
integer?

) Go Online

1o =ee more examples
of evaluating
expressions with
rational exponents.

Watch Out!

Exponents Recall that
when you multiply
powers, the exponents
are added, and when
you ralse a power 1o a
power, the exponents
are multiplied.,

fg# Think About It!
How would the
exprecsion in part ¢
dwm;‘efmempmm

€ Example 4 Use Rational Exponents

AMAMCIAL LITERACY The expression cfl + r)f can be used to estimate
the future cost of an tem due to inflation, where ¢ represents the
current cost of the item; r represents the annual rate of inflation, and ¢
represents the time in years. Write the expression in radical form for
the future cost of an item 3 months from now if the annual rate of
inflation is 4.7%.

cl +rf=cll + 0047  r=0047¢= 1
— cl047) Add
= e 1.047 b7 =4

Example 5 Evaluate Expressions with Rational Exponents
Evaluate 32=.

= 1
2 E5=—% =5
32% 4
o = 2=27
(253
=1 3 Power of 8 Power
=5
= 2—11 or 2 Multiply the exponents.

Example 6 Simplify Expressions with Rational Exponents

Simplify each expression.
z 4
a.x% - x&
3 1 2.1
Xlay=x3"6& hdd powers.
241 2_4
=Xt & T=F
5
= x5 Add the exponents.
2
b. ¥ 3
R | o= T
ya=—3 b= 5E
¥3
L]
1 ¥ ¥
=_!'_I =
¥3 1 ¥
1 1
__¥3 ¥3 a1
_—£ ar F Yaipr1=y 3
¥i
= ey
C. X 3sFa
1 3 1.3
X 3.Fa=r"3t: Add powears.
4 1 5 3
= et = 1 _43_3
=z otE o z% Tk - k=

B Go Online You can compiete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampies 1and 2
Simplify.
1. +4121c4® 2. ++/225q1p% 3. ++40,"

4. —/16c%a? 5. —/Bla*H20c12 6. —4/400x323A0

7. 416 — 3 )2 B. 7x'5% 9. 4 81x — 4

10. Vx® 1. /o 12. o2
Exampies 3

Write each expression in radical form, or write each radical in exponential form.
13. BE 14, 47 15. (33

16. 417 17. 507 18. V6252
Examples 4

19. ORBITING The distance in millions of miles a planet = from the Sun in terms of ¢,
the number of Earth days it takes for the planet to orbit the Sun, can be modeled
by the e:-:pregslan‘f:'ﬁtz_ Write the expression in exponential form.

1D‘DEF'REJ::1LMLGH The depreciation rate is calculated by the expression

1— {% :i”. where n is the age of the item In years, T is the resale price in dotlars,
and P is the original price in dollars. Write the expression in radical form for an
B year old car that was orginally purchased for $52 425,

Example 5

Evaluate each expression.

21. 273 22, 7563 23. 163
1 3 5

24.B172 25, 1024% 26. 671
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Example &
Simplify each expression.

1 2 £ i
2T xI= x5 28. o5 a3

Mixed Exercisos

Simplify.
31. 27022 32, —fex+ 1
33. 4/81(x + 4)° 34, 4[4x —74

35.4/(y° + 58 36. 256(5x — 2)°

37. V196540 38. 4/ —64y°s"
39.9—27a"1° 40, 4/ —16x15~2
41 ﬂ'{-ﬂ'i u.xE-xE
5 -3
33
43. (bi) aa. (,—3)
45, 45 46. wi

47. GEOMETRY_The volume V of a regular octahedron with edge length £ Is given
by V= ng- Write the volume in simplest form for octahedron with the given
edge lengths,

a. Y15 cm

b. v24 em

c. 3V8 em
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Simplify.
1

_ )
e a9, =
&f2-{ 3 c#
%
50. = 51. y/36h%°
]
ab X¥
52. 2 53. -~

54. SPORTS A volleyball has a volume of 864% cm?. A tennis ball has a volume of
32w em?. By how much does the radius of the volleyball exceed that of the
tennis ball? Write yvour answer using rational exponents.

55. WATER TOWER One of the largest sphere water tower in the country |s located
in Edmond, Oklahoma. It is 218 feel tall and holds 500000 gallons, or about
66,840 cubic feet of water. Another town is planning to bulld a simiktar water
tower. However, the new water tower will hold % as much water as the tower in
Edmond. Determine the radius of the new water tower to the nearest fool.

56, CELLS The number of cells in a cell culture grows exponentially. The number of

r
celis in the culture as a function of time is given by the expression N{E} where
tis measured in hours and M is the initial size of the culture. Write folowing
expressions in radical form.

a. the number of cells after 20 minutes with N inltial cells

b. the number of celis after 44 minutes with N nitial cells

¢. the number of celis after 1 hour and 15 minutes with 4000 inital cells
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57. REASONING Simplify Ym®, where b > 0. Explain your reasoning.

58. REGULARITY There are no real nth roots of a number w. What can you conclude
about the index and the number w?

59. CONSTRUCT ARGUMENTS Determine the values of x for which vx? £ x. Explain
WOLIE BTESWer.

&0. STRUCTURE Which of the following functions are equivalent? Justify vour answer.
a. fix) =x3 b. gix) = Vx® e rix) = kxl d. s{x) = (+X)E

&61. WRITE Explain how it might be easier o simplify an expression using rational
exponents rather than using radicals.

62. FIND THE ERROR Destiny and Kimi are simplifying 1/16x%%. Is either of them
correct? Explain your reasoning.

Destiny iimi
Yiedf = Yy Y1652 ={fanr
=2y =27}

63. PERSEVERE Under what conditions is 4/x2 + y2 = x + y true?

&4. AMALYZE Determine whether the sta lﬂmenti:l[—x}“ = X |8 somelimes, olways, or
mever true. Justify your argument.

3

65. PERSEVERE For what real values of x is 3% > x7

&8. WRITE Explain when and why absolute value symbols are needed when taking
an nth root

67. PERSEVERE Write an equivalent expression for %ﬁ - -3.|'E|_1.r. Simplify the radical

68. CREATE Find two different expressions that equal 2 in the form xﬂ!‘.
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Lesson 4-4

Graphing Radical Functions

Explore Using Technology to Analyze Square

Root Functions

L} Online Activity Use graphing technology to complete
the Explore.

EEEE——S—S—S—S————
& INQUIRY How does adding, subtracting. or
multiplying a constant to a function affect the

graph of the function?

Learn Graphing Square Root Functions

A radical function = a function that contains radicals with varlables

in the radicand. One type of radical function is a square root function,

which is a function that contains the square root of a variable
expression.

Key Concept « Parent Function of Sguare Root Functions
The parent function of the square root functions s fx) = .

Domain: {x|x =0 ¥ ||

Range: )| ) = 0) wiinfud)

Intercepts: x=0f=0

End behavior: As x — 0, fix) — O, and 2 :
as x — o0, flx) — oo

Increasing/ increasing when x > 0

decreasing:

Positive/ positive far x > 0

negative:

Symmetry: no symmetny

A square root function can be written in the form glx) = avxy — h + k.
Each constant in the equation affects the parent graph.

« The value of lol stretches or compresses (dilates) the parent graph.
« When the value of o is negative, the graph s reflected in the x-axis.
« The value of A shifts {translates) the parent graph left or right.

« The value of k shifts (ranslates) the parent graph up or down.

Today’s Goals

= Graph and analyze
suare root functions:

= Eraph and analyze
cube root functions.

Today's Vocabulary
radical function
square root function
cube root function

fy Think About It!
Why is the domiain
limited tox = 0 for the

parent of the sguare
root function?

i) Go Online

You may wanl o
compiete the Concépt
Check to check your
understanding.
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) Go Online

You can learn how to
graph radical functions
by watching the video
online.

&g Think About It

How are the values of
B and &k related 1o the
domain and range in
this example?

Example 1 |dentify Domain and Range Algebraically
Identify the domain and range of fix}) = V2x — 6 + 1.

The domain s restricted to values for which the radicand i nonnegative.

2x—6 20 Write an mequality using the radicand
2xz=6 Add & to each side
=3 Divide each side by 2

The domain is {x | x = 3].
Find f3) to determine the lower Hmit of the range.
(3= 4423 —6 +1or1

The range is [fx) | fx = 1).

Example 2 Graph a Transformed Square Root Function

Graph gi{x) = —3vx + 1 + 2, and identify the domain and range.
Then describe how it is related to the graph of the parent function.

Step 1 Determine the minimum domain value,
x+120 Wiite an meaguadity using the redicand.

xz—1 Simplify
Step 2 Make a table and graph.

Use x-values determined from Step 1to make a table.

x| ow | i
—1 2
4] |
1 =—22 2 E
2 =—3.2 h,
3 -4

The domain is [x | x = —1] and the range is {g{x) | glx) = 2.
Step 3 Compare gix) to the parent function.
The maximum is {—1, 2).

Bocause fix) = %, o) = o — h + kwherea=—3, h= —1,
and k= 2.

a < 0 and lal > 1, so the graph of fix] = 4% is refiected In the
x-axis and stretched vertically by a factor of |of. or 3.

h < 0, so the graph is then translated left || units, or 1 unit.
k > 0, o the graph is then translated up k units, o 2 units.

L) Go Online You can complete an Extra Example eniine.
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€ Example 3 Analyze the Graph of a Square Root
Function

BLOOD DOMATION When blood is donated, medical professionals use
a centrifuge to separate it. The centrifuge spins the blood, causing it
to separate into three components, which are red cells, platelets, and
plasma. In order to efficiently separate the blood, the centrifuge must
spin at a specified rate, measured in rotations per minute [RPM), for
the required gravitation force, or g-force, exerted on the bload. For a
centrifuge with a radius of 7.8 cantimeters, the RPM setting of the
centrifuge is determined by the product of 10423 and the square
raot of the g-force required.

Part A Write and graph the function.
Complete the tablo to write the function.

Words The RPM setting of | I | the product | and the square
the centrifuge of 104 23 root of the
g-force
required.

Let g represent the force and r represent the RPM
setting.

Vonables

Function F = 10423 - T [+]

800 2948 & 2000 7{
1200 261 il
1600 4165

O apd BO0 1300 k0D X
Force

Part B Describe key features of the function.
Domain: (gl g = 0]

Range: [rlrz= Q)

x-intercept: O

y-intercept: O

Increasing/Decreasing: Increasing as g — >
Paositive/Negative: positive for g > 0

End Behavior: As g — oo, r — o0,

&) Go Online You can complete an Extra Exampie online.

f# Think About t!

What do the damain
and range mean in the
context of the situation?
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Watch Out!

Test Point When
selecting a test point,
make sure the point is
within the domain of
the related function.

(&) Talk About It

Describe how the
domain and range
differ for a radical
function with an odd
index and a radical
function with an even
index.

i) Go Oniine

You can learn how to
graph radical functions
on a graphing
calculator by watching
the video online.

Example 4 Graph a Square Root Inequality

Graph y < V2x + 5. ¥ "{
Step 1 Graph the related function. —+ L1

.-F
Graph the boundary ¥ = +/2x + 5, using a &

dashed line because the Inequality is <.

Step 2 Shade.
The domain is (x | x > —2.5]. Because the inequality Is less than,
shade the region below the boundary and within the domain.
Select a test point in the shaded region to verify the solution.

Learn Graphing Cube Root Functions

A cube root function is a radical function that contains the cube root of
a variable expression.

Eey Concept « Parent Function of Cube Root Functions
The parent function of the cube root functions is fx) = 3%

Domain: all real numbers
Range: all real numbers FTTT1
Intercepts: x=0,1=0 [ =]
=
End behawvior: At x — —oo, Q) — —oa, and
a5 x — o0, M) — 0. o ]
T
Increasing increasing as x — oo
decreasing:
Positive/ positive forx > 0
negative: negative for x < 0
Symmetry: symmelric about the orlgin

A cube root function can be written in the form gix) = ﬂ-."l.rr —h+k

Example 8 Graph Cube Root Functions
Graph each function. State the domain and range.
a. g = 39%

In g} = 0¥ — h + k,a =5, h =0, and k = 0. So the function is
centered at the ongin and vertically compressed.

x| gt | :
—2 = —0432
—1 —033 -~
[#] 4] i o K
1 033
2 = 042

The domain is all real numbers, and the range is all real numbers.
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b. pix)=1x + 5

Inplx) = avx —h + k a =1, h = —5,and k = 0. So the function is Study Tip
translated 5 units left from the parent graph. Tables When making a
The domain is all real numbers, and the range is all real numbers. table of values for a

radical function, first

T cetermine . Then

-7 = —136 make a table using
e _1 — values that are graater
than and less than f.
-5 0
-
-4 —1
-3 =126
. gix) =v8 —x+1
The function can be written as gx) = 4—{x — 4) + 1. So the function is Q Think About It!
Describe the end
reflected and translated 4 units right and 1 unit up from the parent gra
L g parent graph. behavicr of the
I , e
2 =226 - w=NE=rh1
3 2 -
4 1 o -
5 0
& = — .26
The domain is all real numbers, and the range is all real numbers.
Example 6 Compare Radical Functions
in the graph. |
L Determine whether the
indexes of p{x) and qgix)
are even or odd.
Part A Graph p(x). u Justify your response.
I
Make a table of values for p(x).
Then, graph the function. .
w
. =
=363 ¥
= 317 =

=252 L""“:l%
0
= —252 o l\\ 2
= —318

(continued on the next poge)

Slol;m|le|n|o
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Study Tip

Index While one
reasanable guess is
that the index is 3, the
index could be any odd
positive integer.

{# Think About It!

Write a cube root
function for a graph
that has been reflected
in the x-axis and
transtated 7 units right
and 4 units down from
the parant function.

Part B Compare key features.

pix) | qlx]

Domain and Range Cx. all real numbers, Deix|xz Bl
R all real numbsers
R: {glx) | gix) = O}

x-intercept: &;
y-infercept: none

Intercepts x-intercept: &;

w-intercept: 3.63

[ptmg=r bt plelnl-ta gLl docressing asx — | decreasing as x — oo

positive for x < 6;
negative forx > &

negatve lorx = 6

FPositive/Negative

End Behawior
and as x — 2,

pix) — —ox,

As x— —oo, By} — 00, | A X — o0 k) — —oo

Example 7 Write a Radical Function

Write a radical function for the graph of g(x).

Step 1 Identify the index o

Because the domain and range for gix) is all real

numbers, the index is odd. This function can

be represented by gix) = avx —h + k. ,.-'/

Step 2 ldentify any transformations.

The function has been transiated 3 units left and 4 unlts dowin.

Therefore, h = —3 and & = —4_To find the value of @, use a point
as well as the values of b and k.

gﬁx‘}=ﬂm+k Cube root functian
=ay—2—1—N+{4 =T k= -4 K g= (-2
—2=a*1—4 Simplify

g=2 Simiplify.

Step 3 Write the function.

Substitute the values of a, h, and k to write the function. The graph is

representad by gix) = Wx+3—4

Check

Write a radical function for the graph of gix).

{2} Go Online You can complete an Extra Example onfine.
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Pract iCE E Ga Online You can complete your omenwark online
Example 1
Identify the domain and range of each function.
1. y=vx—9 2. vy=vYx+7
3. y=—46x 4. y=5+x+2—1
5. y=+3x—4 6. y=—x—2+2
Exampls 2

Graph each function. State the domain and range of each function. Then describe
how it is related to the graph of the parent function.

7. y=—tx+1 B.y=—Vx—2+3
9, py=2J% 0. vy=4x+3

M y=3%—-5 2. y=ax+4 -2
Example 3

13. REFLEXES Raquel and Ashley are testing one another's reflexes. Raquel drops a
ruler from a given height so that it falls between Ashley's thumb and index finger.
Ashley tries 1o catch the ruler before it falls through her
hand. The time, In seconds, required to catch the ruler (s
ghven by the product uf% and the square root of the
distance the ruter falls in inches.

a. Write and graph a function, where d is the distance in
inches, and I is the time, in secands,

b. Describe the key features of the function.

c. Graph the parent function on the same coordinate grid.

How does the function you wrote In part a compare Lo
the parent function?
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Example 4
Graph each inequality.

M. y<iVx—5 15. y > vx + 6

6. vy = —4vx 4+ 3 17. y= —2Vx— 6

1B. y>24x+T—5 19 y=440x— 2 — 12
Example 5

Graph each function. State the domain and range of each function.
20. fix) =% + 1 2. iy =3Vx— 2

2. )=y +7 -1 23. fiy=—4x—2+9
Example &

24. Examine p(x) = —3+'x + 2 and g(x) shown n the graph.
a. Graph pix).

b. Compare the key features of the functions.

25. Examine plx), which is 2 less than the cube root of x,
and gx) shown In the graph.

a. Graph pix).

b. Compare the key features of the functions.

26. Examine p(x) = ¥x — 2 + 5 and g(x) shown In the graph.
a. Graph pix).

b. Compare the key features of the functions.
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Example T
Write a radical function for each graph.

27. [ 28. ¥

s

Mined Exercises

Graph each function and state the domain and range. Then describe how it is related
to the graph of the parent function.

29. fd = 2vVx—5 — 6 30. fix) = 3% + 12 + 3
M fg=—Lx—1-4 32 fix)=—-3Vx+7+9
33. fxj= V% T2 -3 34, )= —3 VX —1+3

Graph each ineguality.
A5. ys6—34x— 4 36 y<d—12 + 8

Write a radical function for each graph.

37 ¥ 38. F
o] x [=] x|
———
= = e
EERs=SN
39. STRUCTURE Consider the function fix)= —+/x+ 3 + % and tha .
function gix) shown in the graph. 16
"
a. Determine which function has the greater maximum value, 1
Explain your reasoning. '";'{5 E'll
T 8)
b. Compare the domains of the two functions. :' 1] )
c. Compare the average rates of change of the two funclions over E =
the interval [6, 13]. O 3 4 & B 301214 16 18x
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40.

DISTANCE LaRer is standing at the side of a road watching a cyclist. The distance,
in feet, between LaRez and the cyclist as a function of time is given by the square
root of the sum of 9 and the product of 36 and the time sguared.

a. Write and graph a function, where [ is the time, in seconds, and o is the
distance, In feel

b. Describe the key features of the function.

. GEOMETRY The length of the radius of a hemisphere can be found using the

formula r= ‘323_: given the volume V of the hemisphere. Graph the function.
State the key features of the graph.

. STRUCTURE Graph fix) > ¥V—x+ 2 — 3 and Its inverse on the same coordinate

plane as well as y = x. Write the ineguality that defines the graph of the inverss,
Determine any restrictions that must be placed on the domain of the Inverse.

Q Higher-Order Thinking Skills

43.

PERSEVERE Write an equation for a square root function with a domain of [x | x = —4}
a range of [ | ¥ = B). and that passes through (5. 3).

. AMALYZTE For what positive values of o are the domain and range of fix) = 3% the

zel of real numbers? Justify your argument.

. WRITE Explain why there are limitations on the domaln and range of sguare rool

functions.

. WRITE Explain why y = 1% is not a function.

CREATE Write an equation of a relation that contains a radical and Its inverse
such that:

a. the original relation is a function, and its inverse is not a function.

b. the original relation is not a function, and its inverse is a function.
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Lesson 4-5

Operations with Radical Expressions

Learn Properties of Radicals

The properties used 1o simplify radical exprassions involving square roots
can be extended fo radical expressions invalving nth roots.
Hey Concept « Product Property of Radicais
Words: For any real numbers o and b and any integer > 1,
Yab =Yg -¥b,fniseven and o, b = 0, or if n is odd.

Examples: V12 «+ V3 = V36 or 6 and ¥4 « V16 = ¥64 or 4

Key Concept « Ouotient Property of Radicals

Words: For any real numbers o and b # 0 and any integer i > 1,

g E = % it all roots are defined.

1"'_ ;:nr—h'? d‘lll_ =

L

Examples: 'p[ al

The properties of radicale and process of rationalizing the denominatar
can be used to write radical expressions in simplest form,

Key Concepi « Simplest Form of Radical Expressions

A radical expression is in simplest form when the following condiions
are met

« The index 0 is as small as possible.

= The radicand contains no factors {other than 1) that are ath powers of
an integer or polynomial.

= The radicand contains no fractions.
= Mo radicals appear in the denominator

Example 1 Simplify Expressions with the Product Property

Simplify each expression
a. Y—27a%b™
=Yi=3 % - (6% + b2 Factor into cubes
= =37 - YiF - v - Vb? Product Property of Radicals
— —328%p? Simplify.
75x1%,7
=452« 3 (P PP vy Factar into sgquares
=52 « 43« J0EE « R - T Product Property of Radicals
= BxBy3 .3y Simplifty

Today's Goals

« Simplify radical
EXpresshonsg.

« Add, subtract, and
multiply radicals,

+ Dnade and simplify
radical expressions by
rationalizing the
denominator

Today's Viocabulary
like radical expressions
conjugates

by Think About It

Why are absolute value
symbols not necessany
around 42 in part b
even though it isan
odd power and the
result of finding the
even root of an even

power?
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{g Think About It
Jan says that you
cannot combine &0
and 645 because they

do naot have the same
radicand. Is he correct?

Why or why not?

Check
Simplify each expression.
a. i4x520 b V60 b2

Example 2 Simplify Expressions with the Quotient

Property

Simplify each expression.
4280

a. Vs
3 j——

2:2—';5 = ,2;:5 Chiotent Property of Radicals
¥=E-3.0F e =
Ty SChor Imid CLEES.

V5*
3 1
L C TR (o,
= = Product Property of Radicals
¥
= 25151’3' Samplafy
& mﬂﬂ.
L P
AR T T
SEed — * 15:: Criotient Property of Radicals
z el ol F fourth
= TR A actor inta fourth powers
LFS T ik
= ] Product Property of Radicals
T el
23ys
= # Simplify radicais
V5
= 1Ir'a|1= v Simplify
Check
Write the simplified form of %

Learn Adding and Subtracting Radical Expressions

Radicals can be added and subiracted in the same manner 85 monomials.
In order to add or subtract, the radicals must be like terms. Radicals are
like radical expressions if both the index and the radicand are the same.

G Go Online You can complete an Extra Example online.
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Although two radicals, such as ¥18 and /32, may not appear 1o be
like radicals, if you simplify each radical, you can see that V18 = 3+2
and +/32 = 44/2. These simplified expressions are like radical
expressions and can be combined.

Radicals with the same index can be multiplied by using the Product
Property of Radicals. If the radicats have coefficients before the radical
symbal, multiply the coefficients. Then, multiply the radicands of each
expression. Ta multiply radical expressions with maore than one term,
you can use the Distributive Property or FOIL method.

(Ve+1lVZ-VF) =N -V +V32-37

Example 3 Add and Subtract Radicals
Simplity 6v45x + ¥12 — 3v/20x.

=6v3%.5x + ¥22.3 — 3V22.5¢ Factor using squares,
= 6432 . yBx) + (W22.43) —3l4/22 . yBx) Product Property
= B{3+/5x) + (24/3) — 3{2+4/8x) Simpdify radicals.
=18+5x + 243 — 64/6x Multiply
=12+8x + 243 Sirmplify:

Check

Write the simplified form of ¥18x — 5428 — 3498x + 347x.

Example 4 Multiply Radicals

Simplify 44 —10x3/% - 316297,
=4.3. *-,F—mxiyﬁ - 16x % Product Property of Radicals
=11-3|.l'—1.2.5-.1:1_|.ﬁ-2‘*.x"y‘ Factor the constants
=12.4Y—1.25.5.x5.x+)® Group into powers of 5.

=12 =I-v,l'—1 - 51.' 25, !-'\.l'ﬁ . ="u'l.'n:_ﬁ i 11;'}-'“ Product Power of Radicals
=12 (Mo 2ox )P+ Y5 e x VR Simplify
= —2dx” Vo Multipdy:

Check
Write the simplified form of 54f—@x3)® - 392755,

E Ga Online You can compiste an Extra Example anline

bo# Think About It!

Complete the

statement to wrile a
general method for

multiplying radicals
with coefficients.

For any real numbers
a, b, c, and d and amy

integern > 1,

cf.nh{i:?—.

by Think About It

in Example 4, ¥—1
simplifies to —1

because 5 i=-an odd

rool. What wolild

happen if the exampla

used an even root?

Study Tip

Megative Radicands If

a radicand has a

negative constant, it
may be helpful to use
—1as a factor. Then
you can simplify the
fth root of —1, which
will be —1if n is odd

and i if n is even;

Leason 4-5 « Operations with Radical Expressions




@ Example 5 Use the Distributive Property to Multiply
Radicals

SPORTS A sports pennant has the dimensions shown. Find the area,
in square inches.

WE+6y3

Ares = %' base - height, so the area is %{31’? + 4)748 + 643).

=3-[3vB-7VB+3VE-6VE + 4.7VE + 4. 6v3]

Watch Qut! =1.[21V8% + 18v3% + 28vE + 2443
Simplest Form Do not
forget to check that =3.[21487 + 18v27. 6 + 28v27.2 + 2443
your result is-in
simplest form. Make =21 [21V87 +18. V27 . VB + 28 . V22 . 47 + 24473]
sura that none of the 1
Indiisichinl racicals con =5+ [168 + 3646 + 56v2 + 24+3]
be further simplified or
A =84 + 186 + 28+/2 + 1243
The area of the pennant is 84 + 1846 + 2842 + 1243 in?, or about
1885 in?.
Check

POOLS A rectangular pool safety cover has a length of 7410 — 4 feet
and a width of 6410 + 8v5 feel Which expression represents the
area of the pool cover in simplest form?

AL 420 + 28042 + 24410 + 3245 2
B. 424100 + 2802 — 24410 — 325 fi?
C. 420 + 2802 — 24410 — 3245 f*
D. 420 + 5650 — 24410 — 325 12

Learn Rationalizing the Denominator

If a radical expression contains a radical in the denominator, you can
rationalize the denominator to simplify the expression. Recall that to
rationalize a denominator, you should multiply the numerator and
denominator by a quantity so that the radicand has an exact root.
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If the Multiply the numerator

Examples

denominator is: and denominator by:

-
- 4
- T 2_3 VE, 3
iz 2

Binomials of the form avb + cvd and avb — cvd. where a. b, ¢, and
o are rational numbers, are called conjugates of cach other.
Muiltipfying the numerator and denominator by the conjugate of the
denominator will eliminate the radical from the denominator of the
exprassion.

Example 6 Rationalize the Denominator
3 £
Simplify ﬂ%i—

325005 _ V3500
Ta Via

CQuotient Property of Radicals

Y52 24 (0P A
= T Factor into cubes
= 1 ]
VG« V2« HioF
= e b Froduct Froperty of Radicals
_ 50?33 —
V7o '
= 50232 - s Rationalize the denominator
Ba? 32 . 7
S Product Property of Radicals
¥la.al
557 Vo8
== Buttiphy,
'
502 Voaa? i
? 1|'?"'|:" = ?ﬂ
a
i
= m Simplify

Check
206

Write the simplified form of -

) Go Online You can complete an Extra Exampée online.

b Think About It
Why is the product of
V& and VBT an
exact root?

by Think About It!
How does mulliplying

conjugates relate to
the difference of

squares identity that
can be used when
multiplying binomials?

Watch Out!
Rationalizing the
Denominator When
determining the
quantity to multiply by
when rationalizing the
denominatorn, make
sure you raise the
antire term under the
radical o the power of
n—
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Example 7 Use Conjugates to Rationalize the

To rationalize the denominator, multiply the numerator and
denominator by the conjugate of 247 — &.

Ry e 2V7 + Sis the conjugate
247 -5 2T -5 27+5 of 247 - 5.

Ax24T) + Ax(S)
= VIR + 527 - 5247 - 55 i s

/7 4+ 20x

28 + 10V7 - 10¥7 - 25

_ BT+ 20x o

x= Simgpiify.

Pause and Reflect

with it?

2} Go Online You can complete an Extra Example online.
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Pract iCE E-Eﬂ DOnlife Youl Cani CoMmpiate woLl Nomewark onlins
Examples 1 and 2
Simplify.
1. V7208H° 2. +9a=k?
3. V244"%p% 4. V18c®bc®
5. 64a'n? 6. V—BdF
25 je e
T Yzt )
21307208 1 (g32n12
Ll YT 0. | e
Example 3
Simplify.
N 42 ++8++50 12. 412 — 2+/3 + 4108

13. 845 — 445 — +/BO

15. v28x — V14 + V63x

Example 4

Simplify.

17. 3+/5y - 8/ 10yz
19. 6+3ab - 44 24ah?

. 5V2x « 3T

Exampie 5

4. 2+/48 — 475 — V12

6. 135 + 5+10d — 3v60

18. 2V320%b° . VBa'p?

20. 5+x%7 + 5af25A

22. 3Va"b’ - 2950787

23. TRAMPOLINE There are two trampoline runways at a gymnastics practice facility.
Both runways are ¥3 meters wide. One is 643 meters long and the other is
542 meters long. What is the total area of the trampoline runways?

24. DISTANCE Jlayla walks 5 blocks north, then 8 blocks east to get to the Rbrary.
Each block is 5410 yards long. If Jayla could walk in a straight line to the library
Instead, how far would the walk be, in yvards?
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Simplify.
25. (W2 — 3v3)46 + 312)

27. (12410 — 6+4/5)(12+4/10 + 6+/5)

Examples 6 and 7

Simplify.
e Woe®

M.

33. 95

Mixed Exercizes
Simplify.

39. 416,27

X4 1

M =i

43. 3+/24x — 2+/54x + V4B

45. 10+175a — 4+ 2o — 24/63a

26. (845 — 6v3)(8V5 + 63)

28. {643 + 5+2)(246 + 348)

T
0. o A
V103

+ (7

32 i

V2

M E_A

242 + 245

-

T-‘.t_
I P

a0, 5aT

X =32
¥ =4

42
44. 5+/18c + 3+72¢c + 6476

46. 7-/204y + 4+/459y — 8+/140y

47. VOLUME McKenzie has a rectangular prism with dimensions 20 inches by
35 inches by 40 inches. She would like 1o replace it with a cube with the same
volume. What should the length of a side of the cube be? Expriess your answer as

a radical expression in simplest form.

48. MUSIC Traditionally, musical instruments are tuned so that the note A has a
frequency of 440 Hertz. With each nole higher on the instrument, the requency
of the pitch s multiplied by a factor of V2. What is the ratio of the frequencies of two
notes that are 6 steps apart on the instrument? What is the ratio of the frequencles
of bwo notes that are 9 steps apart on the instrument? Express your answers in

simplest form.
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49, PHYSICS The speed of a wave traveling owver a string is given ny% whera [ is
the tension of the string and u ks the density. Simplify the expression.

50. LIGHT Suppose a light has a brightness intensity of [, when iLis al a distance of d|
and a brightness intensity of I, when it is at a distance of d,. These quantities are
related by the equ&ﬂnn%‘ = & If Iy = 50 units and {; = 24 units, find %: o
Express yvour answer in simplest form.

B1. RACING Jay likes to race his younges
brother while running. To make the race
fair, John and Jay start at different
locations, but finish at the same paint.
The diagram shows thelr running paths.
Both of them finished the race in exactly
4 minutes.

Finish 0.2 mile

a. If Jlohn and Jay continued at their average paces during the race, exactly how
many minutes would it take them each to run a mile? Express your answer as a
radical expression in simplest form.

b. Exactly how many times faster s Jay compared to John? Express your answer
as a radical expression in simplest form.

52. STRUCTURE Write the ratio of the side lengths of the two cubes described in
simplest form.

a. The volumes of the two cubes are 270x cubic Inches and 32x2 cubic inches:

b. The surface areas of the two cubes are Bx* square feet and 6(x + 1) square feet

B3. REGULARITY Rewrite each of the following expressions as a single expression in the form ax™
for appropriate choices of o and m. Show your work.

a. VXX + ax)
b. X% + vdx + 4/9x)

¢ VE[VE + Vax + +Ox + V6x)

d. More generally, simplify &% + +dx + --- + Yn?x) for any positive imeger n.

njn -+ 1)

Use the factthat1+ 2 4+ ---+n = 5+
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B4, USE & MODEL If the area of the trapezoid shown is 200 square feet, 14—..,‘§‘ﬁ

what is the height i of the traperaid? I

1042 ft

55. CONSTRUCT ARGUMENTS A spherical paperweight with a volume of 72w cubic
centimeters is to be packaged in a gift box that is a cube. There must be at least
2 centimeaters of packing material around the paperweaight to protect it during
shipping. The formula for the volume of a sphere is V= %‘J‘HJ-

a. Write an expression for the minimum length of a side of the gift box. Show yodr work:

b. The shipper wants to use a box with a volume of 384 cubic centimeters that
they already have in iInventory. 1s this box sultable? Justify your argument.

Q Higher-Order Thinking Skills

56. FIND THE ERROR Twyla and Brandon are simplifying 44/32 + 6+18. Is either of
them correct? Explain your reasoning.

Twyla Brandon
432 + sid 4v3z + 6418
— a2+ 82 =416+ 7 +&V92
= 16V3 + 18VF = 642 + 5442
= 3403 = gz

57. PERSEVERE Find four combinations of whole numbers that satisfy Y256 = b

2

58. PERSEVERE Show that 3 is a cube root of 1.

B9. WRITE Explain why absolute values may be unnecessary when an nth root of an
even power results in an odd power.

80. WHICH OME DDESHN'T BELONG? Determine which of the radical expressions
doesn't belong. Justify your conclusion.

Vasegh® | | Yieo™ | | Yeag
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Lesson 4-6

Solving Radical Equations

Today's Goals
: : i = Solve radical equations
Explore Solutions of Radical Equations in one variabie and
identify extraneous
L) Online Activity Use graphing techneology to complete the Explore. solutions.
« Sobve radical equations
B NGUIRY When will a radical equation have a :;qg:g;ﬂng Hysers of
solution” When will it have no solution?
Today's Vocabulary
Learn Solving Radical Equations Algebraically Tl corRsicn
A radical equation has a varlable in a radicand. When solving a radical
equation, the resull may be an extraneous solution,
¥ey Concept - Solving Radical Eguations
Step 1 lsolate the radical on one side of the aquation.
Step 2 To eliminate the radical, raize sach side of the eguation fo a
power equal o the index of the radicall
Step 3 Solve the resulting polynomial equation. Check your results,
Example 1 Solve a Square Root Equation
Solve V3x— 5 +2=6. ke Think About It!
Vix—65+2=6 Original equation :I:"" ::nu:i ! ?Hl:II:::gE
uation so
Yax—5=4 Subtract 2 from each side th qu“ ot et i
Ax—h=15 Sguare each side to eliminate the radical.
x=17 Simiplify.
Check that the result satisfies the original equation.
Example 2 Solve a Cube Root Equation
Solve 4{2x + 6) —9=3.
To remove the % power, or cube root, you must first isolate it and then 'EB Go Online

You can learm how to

ralse each side of the equation to the third power. ;
solve radical equations

42x+ 6P —9=3 Original eguation by watching the video
42x + B =12 Add 9 to each side online.
(2% + E]-:' =3 Divide each side by 4
2y +6=27 Cube sach side
=M Subtraci & from each side
H e =
=5 Divide each side by 2

[continued on the next page)
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CHECK

| 4ﬁi+:5ﬁ—9=3_ Original equation
4{1-J_+ EJ”-—B'és Replace x with 5
42 )-923 Simpliy.
a2y-9L3 The cube root of 27 is 3.
2=3 True

Example 3 |dentify Extraneous Solutions

Solve Vx + 21 =3 —V&.
Y F A =3-x Original equation
X+ =9—ByX +x Square each side.
12 =—-6v% Isalste the radical,
—2=vF Divide each side by —6.
d=x Square each side.
CHECK
W+ =3-% Onginal equation
Eraza-vz Replace x with 4.
IEE3-2 Simpify
1+2 False

The result does not satisfy the original equation, so ltisan __2.
solution. Therefore, there is L

Example 4 Solve a Radical Equation

Solve 3(t1x + 14)i + 8= 10.
S+ 1E+8=10 Original equation
%mw =2 Subtract 8 from each side.
(Hx + 14 =3 Multiply sach side by 3.
i +14=729 Raise sach side to the sivth powsr
Mk =T15 ‘Subtract 14 from each side.
x=65 Divide each side by 11

The value of 65 does make the equation true.
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Learn Solving Radical Eguations by Graphing (5 Think About It
Think About It!

To solve a radical equation using the graph of a related function, What would the graph
rewrite the equation with O on one side and then repiace O with fix). of Wi rolated Rinction
Equation: V2Zx + 5 + 1= 4 of a radical equation

with no solution look
Related Function: fix) = vV2x + 5 —3ory=v2x + 5 — 3 like?

The values of x for which fix) = O are the zeros of the function and
occur at the x-intercepts of its graph. The solutions or roots of an
eqguation are the zeros or x-interceplts of its related function.

You can also solve a radical equation by writing and salving a system
of equations based on the equation. Set the expressions on each side
of the equation egual 1o ¥ 1o create the system of equations.

Equation: v2x +5 +1=4
System of Equations: y = +2x + 5 + 1 y=4

The x-coordinate of the intersection of the system of equations s the
value of ¥ where the two equations are equal. Thus, the x-coordinate
of the paint of intersection is the solution of the radical equation.

Example 8 Solve a Radical Equation by Graphing Watch Out!
€ Misleading Graphs
Useugu‘aphlngml:lﬂumrmmﬂl'!x—d+‘Iﬂ--'ﬂlhygraphlng. Although the TL84 may
Step 1 Find a related function. Rewrite equation with O on right side. show what appears 1o
be a discontinuiby
2Ix—4+10=19 Original equation the graphs of mg’i‘:ﬂ
2WIx—4+1=0 Subfract 3 from esch side functions with odd
% rools, these functions
Replacing O with fix) gives the related function fx) =2v3x — 4 + 1 arain Tact contisomes

Step 2 Graph the related function. for all real numbers.

Uze the Y= list to graph.

Step 3 Use a table.

You can use the TABLE
feature to find the interval
where the zero lies. _J__u—-""-J
lakd
The function changes sign 4=1 *Ei6E57 Wzh
between x =1andx =2

which indicates that there Is [—0, 10 sct: 1 bry [—10, 104 sck: 4
a rero betweean 1and 2.

Step 4 Find the zero.
Use the 2ero feature from the CALC menu to find the 2ero of
the function,

The zero s about 1.29. This is between 1 and 2, which is
consistent with the intensal we found using the table.

) Go Online You can complete an Extra Exampée online.
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f Think About It

How can you use the
table lealure on your
calculator to find the
intersection?

Use a Source

Research the ime it
takes another planet
to orbit the Sun. Write
and solve a radical
equation 1o find that
planet’s mean distance
Trom the Sun.

Example 6 Solve a Radical Equation by Using a System
Use a graphing calculator to solve ¥x + 6 — 5 = —2x + 1 by using
a zystem of equations.

Step 1 Write a system. Seteach sideof Vx + 6 — 5= —+/2x +1
equal to y to create a system of equations.

y=+Yx+6B-—-5 First eguation
y=—2x+1 Second equation

Step 2 Graph the system. Enter the equations in the ¥ = list and graph
in the standard viewing window.

Step 3 Find the intersection.

Uze the intersect feature
from the CALC menu to
find the coordinates of
the point of intersection.

The solution |s the

x-coordinate of the Trkepiechon
intersaction, which PR I IATY T BN
s about 4.02.
[—10 10] st 1 by [—30, 10] sc1: 1
':i':E'l.:"f

Use a graphing calculator 1o solve —4f/x — 2) =vx — 3 — 6 by using
a syslem of equations. Round to the nearest hundredth If necessary.

Xa_ 2

€ Example 7 Confirm Solutions by Using Technology

SPACE The square of the time it takes a planet to orbit the Sun T is
proportional to the cube of the planet's mean distance from the

Sun a. This relationship can also be written as T = 1"?. where Tis
measured in years and a Is measured in astronomical units [(AL).

If it takes Mars 1.8B8 years to orbit the Sun, use a graphing calculator
to find the mean distance from Mars to the Sun.

188 = Vd® r=188
36344 = o7 Souare sach sid
15233 =a Take the cube

root of each side

S0, the mean distance from Mars to
the Sun s about 1.5233 Al Lise a
graphing calculator to confirm this
solution by graphing.

IWbFpachion
e W] a3

[ =100, 100 sk 1 by =10, 90] nct 1

m Go Onbime You can complete an Extra Exarmple online.
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Practice E Go Online You 'can complete vaur omewark online

Example 1

Solve each equation.

1. 5 =1 2. \BE—5=4

3. Van+1=5 4. 2+43p+7=6
5 vk—4—-1=5 € 5=120-7
Exampie 2

Solve sach equation.

7 Vir—6=3 B (2d+3=2

9 (1—3p=2 10. 4 — (1 —7uji=0
" Vv —7=-2 12. 45n — 1 —1=0

Examples 3 and 4
Solve each equation. Identify any extraneous solutions.

13. x— 15 =3 — ¥ 4. Bg+1p+7=5
15. Bx+7F—3=1 16. By —2*+5=86
17. @z-1E—-1=2 18. Vx—10=1—+%
19. Yy + 2 +9 =14 20. (2x —1F —2=1

Example 5

Use a graphing calculator to solve each equation by graphing.

N Vx—T+2=8 22.5+VE3m+o=10
23.VEbh—4 =12 24. Vv +3=-2
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Example &

Uze a graphing calculator to solve each equation by using a system of
equations.

25. 2(y2K=3) = (Y& ¥18) 26. 3(¥d=5) =3d+ 2)
27 VIx+7=5— 3 28. \n+8=+3n -9
Example 7

29. GEOMETRY Heron's Formula states that the area of a triangle whose sides
have lengths a, b, and ¢ Is A = +fs{s — o){s — b}{s — ¢} wheres = %{-ﬂl +h+rl
If the area of the trlangle s 270 em2, s = 45 cm, 0 = 15 cm, and ¢ = 39 cm,
what is the length of side b7

30. TWINE The largest ball of twine was started in 1953 by Frank Stoeber. In 4 years,
the ball had a volume of approximately 268 ft*. What was the radius of the
ball of twine at that time? Round your answer to the nearest tenth.

Mixed Exercises
Solve each equation. Identify any extraneous solutions.

M E+VIx+E=9 32. VTo—2=+o0+3
33. k-5 —VE=-2 34. \b-6+4b=2
35 2x—10)i +4=0 36, Ix+5:i—-6=0
37. 3 (14a)i =1 38. 1{32b)i =1

39 Vx—3=3—x 40. Vx—2 =22 —x
4L Vx + 30 =x 42, Vx+ 27 =x+12

43. GEOMETRY The lateral area of 8 cone with

base radius r and height b is given by the
formula L = tryr? + h2. A cone has a lateral
area of 657 square units and a base radius of
5 units. What is the height of the cone?
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44, TETHERS A tether of length v secures a telephone pola
at 25 feet off the ground. The distance from the tether
to the pole along the ground is represented by x. By the
Pythagorean Theorem, the length of the tether s given
by y = ¥x? + 252 If x + y = 50 feet, what is the
measure of x?

45, SPACE NASA's Near-Earth Asterold Tracking project tracked more than
300 asterolds. An asteroid s passing near Earth. If Earth is located at the
origin of a coordinate plane, the path that the asteroid will race out is given by
¥= ¥ x > 0, where unit comesponds to one million miles. One asteroéd will be
visible by telescope when it & within % million miles of Earth.

a. Write an expression that gives the distance of the asteroid from Earth as a
function of x.

b. For what values of x will the asteroid be in range of a telescope?

46. DRIVING To determine the speed of a car when it begins to skid to a stop,
the formula s = +30fd can be used, where s is the speed of the car, fis the
coefficient of frictlon, and d is the length of the skid marks in feet If the speed
limit k= 25 mph and the coefficent of frictlon i 0.6, what is the length of the skid
marks if the driver is driving the spead limit?

4T. CHEMISTRY The nuclear radius of an element can be approximated by
r=(1.2 x 1-D‘151.ﬂ.} where r is the length of the radius in meters and A Is the
molecular mass of the element

a. The nuclear radius of neon is about 3267 x 10~ meter. Find its molecular
mass.

b. Which element has a molecular radius of approximately 5713 = 107" meter?
Justify your conclusion.

Element Molecular Mass

copper [Cu) B63.5
godd (A} 197.0
miagnesium (Ma) 243
neon (Me) ?

silver (Aag) 1079
titardum (Ti) 479

48. USE A MODEL Explain how to find the solutions to ViOx + N —+x+2=0
graphically and confirm your results algebraically. What are the solutions?
Construct the graph.
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49. USE TOOLS The surface area of a sphere Is 20 cm? greater than the surface
area of a cube. Find functions to represent the radius of the sphere and the side
length of the cube, in terms of the surface area of the cube. If the radius of the
sphere equals the side length of cube, describe how to use a graphing
caleulator to find the surface area of the cube and sphere. Skotch the graph.

Find the surface area of the cube and the sphere.

50. CONSTRUCT ARGUMENTS Explain how we know that the equation
x—§5+1= -.I'E — ¥} has no solutions without having 1o actually sobve IL
Confirm this by graphing the two sides of the equation,

51. WHICH OME DOESN'T BELONG? Which equation does not have a solution? Justify
your conclusion.

Ve—1+3=4| |x+T1+3=4| |[*—2+7=10| | +Z2-7=-10

52. PERSEVERE Haruko is working to solve (x + E}ql = —4 He sald that he could tell
there was no real solution without even working the problem. 1s Haruko correct?
Explain your reasoning.

e .
53. ANALYZE Determine whether "r_f = x is sometimes, always, or never true

when ¥ is a real number. Justify vour argument.

54. CREATE Write an equation that can be solved by raising each side of the
equation to the ghven power.

a. %pawer b. %pnwer c. %puwﬂ-r

AMALYTE beun;nlne whether the following statements are sometimes, always, or
never true for x¥ = g. Explain your reasoning.

B5. If i is add, there will be extraneous solutions.

BB. If nis even, there will be extraneous solutions.
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Module 4 « Inverses and Radical Functions

Review

@i Essential Question

How can the inverse of a function be used 1o help interpret a real-world event or solve a problem?

Much like it is necessary o undo aperations when solving equations in algebra, an
inverse of a function can be used to undo a function to solve a problem.

Module Summary
Lesson 4-1

Operations on Functions
= (f + glix) = fAx) + glx)

= (f = glix) = fAx) — glx)

- (f~ gl = fx - alx)
 (G=2 g

= [f = glix) = flolx]]

Lesson 4-2

Inverse Relations and Functions

« |f fand ' are inverses, then fa) = b if and only if
fFib)=o.

« fix) and gx) are inverses if and anly if
[feglixi=xand [g = Fliix) = &

Lesson 4-3

nth Roots and Rational Exponents

« For any real numbers a and b and any positive
integer n, if * = b, then a is an Ath root of b.

« When there is mare than one real root and n is
ewven, the nonnegative root s called the principal
rool

« An expression with rational exponents is
in simplest form when it has no negative
exponents, it has no expanents that are not
positive integers in the denominator, it = nol a
complex fraction, and the index of any remaining
radical is the keast number possible.

Lesson 4-4

Graphing Radical Functions

« The parent functon of the sguare root funclione
Is fx) = . The parent function of the cube root
functions is fix) = V.

» A sguare root function can be written in the form

gl = a Vx — h + k. A cube root function can be
written in the form glx) = oV x — h + k.

Lessons 4-5 and 4-6

Radical Expressions and Equations

« For any real numbers o and b and any integer
a>1YVab=Va-¥b. fnicevenando, b= 0
or if i is odd,

= For any real numbers o and b # 0 and any
integer > 1, ﬁ = %, if all roois are defined.

« g4/b + c4d and ovb — ¢+/d are conjugates of
each other.

« To solve a radical equation, isolate the radical
on ane side of the eguation. Raise each side of
the eguation to a power equal to the index of the
radical. Solve the resulting polynomial equation,
Check your results.

Study Organizer
@' Foldables | ' Sakang Qe Egurmns |
Use your Foldable | Ot wm Rt Eagresins |
to review this | e Rudes e |
module, Working | i et it Cunset Exponiers |
with a partner can o | e Rl and Fusctions |
be helpful. Ask . !- Cpramians o Fusinass
for clarification
of concepts as i
needed. = =
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Test Practice

1. MULTIPLE CHOICE Given fix) = 4x* — By + B 5. OPEN RESPONSE Given fix) = 3x — 7 and
and gix) = 2x* — 9% —Tx, find [ — ghix). glx) = 4x + 5, find (f o g)x). (Lesson 41

[Leason £-1)

A [f — giix) = 2x* — 14 + x

B. {f— ghix) = 2 + 4* + 15x

C. (f— ol =25 — 14 —Tx + 8
D. (f— gx) = 25¢ + 4x* + Tx + B

6. MULTIPLE CHOICE The graph shows fix).

2. OPEN RESPONSE Given flx) = 2": R T Which of the following represents £ {x)?
7x — 30 and gix) = x — 2, find | 7 }(x). AR
fLesson 4-1)
¥
=
B P
Gan

A Fpd=2x+3
B Fp)=3x+2
3. MULTIPLE CHOICE Given f(x} = 4x* — 2% and Crip=x+4
o) = —x + 3w — 2, find (F + glfx). (Leszon 41 D. () = 4x
A (fegii) =4 — " —3x+ 2
B. (fogl¥) = F — @+ 3x — 2

C. (F+ gl = — %5 + Mx* — 187 + & 7. OPEM RESPOMSE Find the inverse of
' fx) = * + 4x + 3. Restrict the domain,
D. If‘l gux’ = 4_,“'5 — w =+ 1'4-".‘3 - 4-‘:'! |f mgﬂw_ [Lesson l'-'::l

4. MULTIPLE CHOICE Given f(x) = ¥x® — x* +
x + 5 and gl = T + 4x2 — 2x — 1, find

{F — gx}. (Lesson a1

A (f—gh) =T +3C +x+4
B. (f—gi)=Tx*—56x" +3x+ 6
Cif—gl=T+3x"+3x+6
D.(fF—glx)=7x—5x" + x+ 4
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10.

MULTIPLE CHOICE Evaluate 256: +
100.000 5. [Lesson 4-3)

ATS
B. 795
C. B0
DBl

MULTIPLE CHOICE Which of the following is
the simpiified form of 3 729{x — 77 Lessan 4.3

A 27x —7F

B. 27ix — 7F
C. 9x—7
D. 9fx— 7y

MULTIPLE CHOICE The lung volume for
mammals can be modeled using the
expression 170x%, where x is the mass of the
mammal. How can this expression be
rewritten using radicals? (Lessan 4-3)

A 170%x
B. 70%x®
C. V170x*
D. V170x°

11. OPEN RESPONSE Describe how the graph of

glx) = —24/x + 5 — 3 is related to the graph
of the parent funcltion. iLesson 44

12. OPEN RESPONSE Detormine the values of
or and b (Lesson &3

XTex i =xt

13. MLULTIPLE CHOICE Which of the following is
the graph of glx) = —a/x + 6 — 27 [Lescan 4-4)

A, L

B
E
'l
2
——6—4—2 -
1,
IE
|
B. R
4
2
5 x
|
5 '-"‘-En..
I
3]
L
. KL
B
i
1'
SR RN
4
2
| 5
!
D.
l]"
]
&4
Hme———
— 4 & Bya
L,
™
II
A
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14. MULTIPLE CHOICE Which function = shown

15.

on the graph? (Leszson 4-4)

¥
=l x)
-—'F
EEm
A gl = e+ 4
B. gl = (x — 4)2
C.o)=x1—4
D. gix)=x:+4

OPEN RESPONSE Datermine the sum.
7912 + 248 — 475 lLesson 45)

MULTIPLE CHOICE Heather drew a rectangle
and labeled the length as 3"1'16@? and the
width as 2%/40x%*. Which is the simplified

form of the area of the rectangle? [Lesson 4-5)

A 3673/5xTS
B. 36xy° Y5x°
C. 361y yEry
D. 36457

214 Meodule 4 Review « Inverses and Radicsd Functions

. MULTIPLE CHOICE Latasia wants to rationalize

7
the denominator of % What should she
miuitiply the numerator and denominator by?

{Lesson 4-5)
A Yz

B. V22
it
D2

. MULTIPLE CHOICE Sobve for x,

3f6x — B)F + 3 = O, [Leszan 4.5
A x=2
B.x=4
C.x=8
D.x=8

MULTIPLE CHOICE Select the solution(s) of
the equation 3x + 7 = x — 1. (Lesson 4-6)

A B
B. 3
C. 2and3

D. & and —1

MULTIPLE CHOICE The distance in miles, o,
a pilot can see to the horizon is 123% of the
square root of the altitude in feat above sea
level, o, of the plane. How many miles to the
horzon can a pilot fiving a plane at an
altitude of 320,000 feet see? Round your
answer 1o the nearest mile. [Lesson &-5)

A 213 miles
B. 369 miles
C. 21304 miles

D 36,900 miles



Module 5
Exponential Functions

2 Essential Question

What Will You Learn?
How much do you already know about each topic before starting this module®

KE Before After

= —ldon'tknow.  %- — I've heard of it.

I'_|'|' )
il

117

graph exponential growth functions

graph exponential decay functions

— | know it! ‘ B |a=| A @&
|
i

solve exponential equations

sohve exponential inegualities

understand the natural base e, and use it 1o solve problems

understand and use geometric sequences

|
detive formulas for geomelric series | |
|

find sums of geometric series

ﬂl Foldables Make this Foldable to help you organize your notes about exponential
functions. Begin with two sheets of grid paper.

1. Fold in half along the width.
2. 0n the first sheet, cut & cm along the fold at the ends.
3. On the second sheet, cul in the center, stopping 5 cm from the ends.

4. Insert the first sheet through the second sheet, and align the folds. Label the front
Exponential Functions, and decorate. Label each of the inside pages with a lesson
number, using the final page for vocabulary.

o

it

e

33 ;.'.. .




What Vocabulary Will You Learn?

« asympiote « exponential function « recursive formula

» coefficient of determination « exponential growth = regression function
» common ratio » exponential inequality » SEquence

» compound interest « finite sequence » SEreE

» dacay factar » geometrc means « sigma notation

» explicit formula « geomelric sequence « term of a sequence
+ expanential decay « geomelric series

» exponential equation

Are You Ready?

« growth factor infinite sequence

Complete the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Example 1

Fower td 2 Powad Hiule
Prosduct of Powers Rule

[rsnitlent of Powers Buale

Simplify. Assume that no variable
equals rera.

1. o'o’o®

2. {2y rif

g2
o (5222)

Quick Check

Example 2
Find the inverse of fix) = 3x — 1.

Step 1 Replace fix} with y in the original eguation:
f=3x—1—y=3x—1

Step 2 Interchange xand ymx = 3y — 1.

Step 3 Solve for .

¥x=3p=1
x+1=3 Apd 110 each side
'T-H =y Dihvide each side by 3
%}I’ + % =y Sirnplity

Step 4 Replace y with F'[x).
1 1 B 1 1
y=gF+zg=rim=g+3

Find the inverse of each function.

5. =2x+5
6. =x—3
7. ) = —4x

8. =1x—3

How Did You Do?
Which axercises did you answer carractly in the Quic

k Check?
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Lesson 5-1

Graphing Exponential Functions

Explore Using Technology to Analyze Graphs of
Exponential Functions

E Online Activity Use graphing technology to ocmplete the Explore.

| @ INQUIRY How does performing an operation
on an exponential function affect its graph? ‘

Learn Graphing Exponential Growth Functions

In an exponantial function, the independaent variable is an expaneant.
An exponential function has the form f{x) = &*, where the base b is a
constant and the independent variable x is the exponent. For an
exponential growth function, b = 1. Exponential growth occurs when
an initial amount increases by the same percent over a given period
of time.

Graphs of exponential functions have asympltotes. An asymptote i a
line that a graph approaches.

Example 1 Graph Exponential Growth Functions

Graph f{x) = 2. Find the domain, range, y-intercept, asymptote, and
end behavior.

Make a table of values. Then plol the points and sketch the graph

x | An=2" 4 ﬁ
—3 0125

2 0.25

—1 05

0 1 =

; S uI -
3 4

3 8

domain: all real numbers range. all positive real numbers

y-intercept: (D, 1) asymptote:y =0

end behavior As ¥ — —o0, fix) — D and as x — o0, flx) — oo,

) Go Online You can complete an Extra Exampée online.

Today's Goals

« Graph exponential
growth functions:

= Graph exponential
decay functions.

Today's Vocabulary
exponential functien

exponential growth

asymptote
growth factor

exponafitial decay
decay factor

t Think About It!
Why is the range of flx)
all positive real numbers

instead of all raal
numbers?

study Tip
Asymptotes You can
find the asymplote al
an exponential function
by using a graph or a
table. Both tools allow
yvou i identify the line
that the function
approaches,
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i:g Go Online

to watch a video ta
learn how to graph
transformations of an
exponential function
using a graphing
calculator.

. Go Online

to see other examples
about analyzing graphs
of exponential
functions.

Watch Out!

Labeling Axes

The horizontal axis
represents the number
of vears and the verdical
axis represents the
amount of money in the
account. Be sure to keep
units in mind because
the amount of moneay in
the account is measured
in millions of dollars.

Example 2 Graph Transformations of Exponential
Growth Functions

Graph gix) = — -3+ 4 + 1.

_L\ ¥

Transform the graph of glx) = 3%

a= —;: Reflect in the x-axis and \

compress vertically.

h = —4; Translate 4 units left

k=1 Translate 1 unit up.

Example 3 Analyze Graphs of Exponential Functions
Flg

Identify the value of k and write a function
for the graph of j{x) = fix] + k as it relates to S
fix) = 3.5%.

The graph has been transiated 2 units

down, so k= —2 and the function is
jfix)=35"— 2.

[

E 3

Exponential growth can be modeled by Al = a1 + ), where Alf)
represents the amount after § time periods, @ Is the initlal amount, and
r is the percent of increase per time period. The growth factoris 1+ r.

@ Example 4 Use Exponential Growth Functions

LOTTERY Mr. Lopez recently won the lottery. Suppose he takes the
lump-sum payment, and he invests $50 million into an account that
yields 5% interest annually. Graph a function that modeis the
amount in his account. Then estimate the amount in the account
after 20 years.

Lsa the function Aft) = ol + 7 to mode! the
amount of money In his account Let o be the
amount of investment in millions of dollars,
and let r be the annual interest rate written
as a decimal.

All) = S0[LO5)

|, 20 d 7y, 2000 et D
Use a graphing calculator to graph the function.

Use the table feature to estimate the amount
of money in the account after 20 years,

There will be approximately $132 664,885 26
in the account after 20 years.

L) Go Online You can complete an Extra Examgle online.
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Check

FAMAMNCE On New Year's Day, Alma begins a savings plan. She saves
%1 the first day of January and increases the amount she saves each
day by 1%. Find the growth factor. Then use a graphing calculator to
estimate the amount of money she should save on Day 180 of her
savings plan.

growth factor: _7 amount saved 180 days later: % _ 7

Learn Graphing Exponential Decay Functions

Exponential decay occurs when an initial amount decreases by the same g Think About It
percent aver a given period of time. So, for an exponential function of the Lise a graphing
form fix) = &, exponential decay occurs when b is between O and 1. calculator to graph
=10""and
Like exponential growth, exponential decay can be modeled by ;21 _ {l}x i .
Al = a1 — 1, where r is the percent of decrease per time perod. L L :
The decay factor is 1 — . ) el gy, st actevitily
whether each function
. y represents exponential
Example 5 Interpret Exponential Functions Aol ot s
Determine whether each function represents exponential growth or
expanential decay.
a. fix)=5" Because 5 > 1, fix) is an exponentlal growth
functicmn.
_(2Y 2 ;
b. gix)= {-g] Because 0 < 5 < 1, glx} Is an exponential
decay function.
_ (" 4
c. hix)= {E] Because 3> 1, hix} is an exponential growth @lTa‘Lk About It!
function. Explain how you can
d. jix) =1.05* Bacause 1.056 > 1, ix) is an exponential growth Hesthe crd-Benno
function of the graph of an
' exponential function to
e. k{x)=0.B5" Because O < 0.B5 < 1, &lx] is an exponential determine wheather it
decay function. represents exponential
growth or decay.

Example 6 Graph Exponential Decay Functions

Graph fix) = {%}‘ Find the domain, range, y-intercept, asymptote,
and end behavior.

Make a table of values. Then plot the points and sketch the graph.

ﬁ. F

domain: all real numbers

range: all positive real numbers

y-imercept: (0, 1) asymptote: y =0

end behavior: as x — —oo,

) = cand asx — 2o fAx}— 0 -
o =

) Go Online You can complete an Extra Exampée online.
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Math History
Minute

Mathematical biologist
Trachette Jackson
(1973—) uses many
different approaches;
inciuding continuows
and discreta
mathematical models,
numerical simulations,
and experiments, to
study tumor growih
and reatment. In 2003,
Jackson became anky
the second African-
Amarican woman o
become a Sloan Fellow
in mathematics.

fo# Think About It
Examine the functions in
Example & Find the
domain and range of
Ax). Does gix) have the
same domain and

range? Explain,

Example 7 Graph Transformations of Exponential
Decay Functions

x—d
Graphg(y)=—2(1) +3. 7

=
gix) ks a transformation of fix) = () .

o = —2 Reflect in the x-axis and |

|

ctreteh vertically.

= 4; Translate 4 units right.

k= 3; Translate 3 units up,

Example 8 Compare Exponential Functions
N

{%} for x < —1

2x+4forx=—1

shown in the graph.

Consider fix) =

and gix) rr

Part A Graph fix).

First create a table of values to graph the
exponential plece. Then graph the linear plece. o X

-5 32
—4 B i

e SR ER

LT

—4-31-2-10} 1 2 31 4x

Part B Which function has the lesser relative
minimum?

fix} has a relative minimum of 2. gix) has no relative minkmur. i
appears o have an asymptote at y = 2 | 5o all of the function values
are greater than 2.

Part C Compare the y-intercepts and end behavior of fix) and g(x).
y-intercepts

) 4

glx) 3
end behavior

Rx): As ¥ —+ —oo_fix] — =0, and ac x — oo fx) — oo,

Glx) As x — —oo, gx) — 2, and as x — o0, gfx) — o0,

) Go Online You can complete an Extra Example online.
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Practice E-Eu Onllne ¥ou can complete your fomework online

Example 1

Graph each function. Find the domain, range, y-intercept, asymptote, and end
behavior.

1 =3 2. fl)=5°
3. fix) =15 8 fy=(3)

Exampile 2

Graph each function.

5. fixj = 2(3f° 6. flx) = —2(4)" 7. Ag)=4"+1-5
8. fx) =3 +1 9. v = —043F* 2+ 4 10. fx) = 15(2 + &
Example 3

Identify the value of k and write a function g(x) for each graph as it relates to f{x).

M Ag=2%gW=fd+k  R2.M=3g=Rd+k  13.0d=(3) ek =k- M
¥ ﬁ .l ¥
pin}

(=] ¥ o [ x
,zé:mxn b EE

Exampile 4

14. SUBSCRIPTIONS Subscriptions to an online arts and crafts club have been
increasing by 20% every year. The club began with 40 members. Make a graph
of the number of subscribers over the first 5 years of the club's existence. About
how many subscriptions are there after Year 47

15. SHOES The cost of a pair of athletic shoes increases about 5.1% every year. In
2018 the average price for a pair of athletic shoes was $58.17. Graph a function
that models the cost of an average pair of athletic shoes, Then estimate the cost
of a an average pair of shoes in 25 years.

16. MOMEY Sunll opened a savings account that compounds interest at a rate of
3% annually. Let P be the initlal amount Sunil depaosited, and let ¢ be the number
of years the account has been open.

a. Write an equation to find A, the amaount of money In the account after [ years.
Acsume that Sunil made no more deposits and no withdrawals.

b. If Sunil opened the account with $500 and made no deposits or withdrawals,
graph a function to represent the money in his savings account. Then estimate
the amount of money in the account 10 years after opening the account.

€. Estimate the number of years it would take for such an acoount to double in value.
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Example 5

Determine whether each function represents exponential growth or exponential decay.

L

17. fix) = 7 18. gix) = 0.99" 19. hix) = (3)
20 = (3) 21. kx) = 075" 22. mix) = 1.02"
Example &
Graph each function. Find the domain, range, y-intercept, asymptote, and end
behavior.
23. fix) = 025~ 24. fx)= 08"

14" -5y
25. g = (3) 26. i =(3)
Example ¥
Graph each function.

3 x4+ 4 r x—3
27. fg = —4(2 +3 28 1=3(2) -6 29. fix) =+
= . x+ 4 13 x4+ 2
0. fg=3(5) -2 N Ax=—3(3) +9 32. fix)
i
Example B. (%J for x < 0
33. Consider fix) = and gix) shown in the graph.
3x+1forxz0

a. Graph fix).

b. How do the key features, such as domaln and range, intercepts,
increasing and decreasing, positive and negative, minimum and
maximum, symmetry, and end behavior of fix) and gilx) compare?

K
—(3) +3forx<—1
34. Consider fix) =4 3 and gix) shown n the graph.
e forx =—1

a. Graph fAx).
b. How do the key features, such as domain and range, intercepts,

Increasing and decreasing, positive and negative, minimum and
maximum, symmetry, and end behavior of fix) and gix) compare?

Mized Exercizes

Graph each function. State the function's domain and range. Then use the graph
to determine whether the function represents an exponential growth or

exponential decay function.
35. y = 302 36, y=2(3)
37. y =—305¢ 3. y=3(3)
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fix) is the parent function and gix) is a transformation of f{x). Use the graph to
determine g(x).

39, fix] = 4* 40. m={§]~
¥ ¥
+ -\f 2 !,"'a .
i
- gt |
* ] |W*

41. REASOMNING For ¥ = ab® where o > 0, if b > 1, the function represents exponential
growth. It represents exponential decay if 0 < b < 1.

a. Choose a posithve value for a, and let b = 1. Complete the table for these
values of o and b_ Is y = ab® an exponential function?® Explain your reasoning.

x -3 | =21 -%| O 1 2 3
y = ab”

b. Choose a positive value for o, and & negative value for b. Complete the table
for these values. Is y = ab™ an exponential function? Explain your reasoning.

5—3—1—1131:3

42, INWVESTMENTS Atage 28, Catalina makes a single $22,000 imvestment that earns 5%
interest each year.

a. If Catalina leaves the investment untouched until she tums 65, how much will
the investment be worth at that time?

b. Catalina's twin brother, Rodrigo, waits 2 years and then makes the same
investment as Catalina. If the function that describes Catalina’s investment & Cf),
what function describes Rodrigo's imvestment? What will his investment be warth
when he turns 657

43. CARS The value of an automobile depreciates by approximately 15% each year after
purchase. Jayden pald $28,000 when he bought his car 15 years ago.

a. Write and graph a function that modets how the value of the car depreciates.

b. How does the average decrease in value during the first five years of
ownership compare to the last five years of ownership?

44, STRUCTURE Let fix) = 6% gx] = —%[E}* +3 1, and hix) = %[E}* -5,
a. What is the asymptote of each function?

b. How could you transform the graph of fix) to create the graphs of g(x) and Mx)?
€. How could you directly transform gix) to create the graph of Alk)?

Lesson B-1 « Graphing Exponential Functions 223




45, Let fix) = (4" and g{x) = (4)7" + 1. What transformations of fx) will resdit in the graph of glx)®
Graph both functions. For gix), identify how the y-intercept, intervals where the function &
increasing, decreasing, positive, or negathve, the asymplote, and the end behavior of fx)
are transformed?

46. If the graph of fix) = (0.5} = reflected in the y-axis, stretched vertically by a factor of 2, and
transiated 1 unit down to create gix), find the equation Tor gix). What are the domaln, range,
y-imtercept, and zeros of glx)? Graph gix} and label any intercepts.

47. CHEMISTRY A compound undergoes exponential decay with initial amownt 273 grams.

a. If the amount of the compound decreases by ten percent each year, define
variables and write a function modeling the amount of the compound
remaining at a given time.

b. Find the average rate of change for the function over [0, 2] and [3, 5L Explain
the rates of change in terms of the situation.

48. USE TOOLS A population of bacteria grows exponentially with initial population
20,000 After one day the bacteria population grows to 30,000,

a. Write a function At} to model the bacteria papulation after f days.

b. Use a graphing calculator to graph Pify and sketch the graph. Identify the
intercepts, reros, and the end behavior as t — o0 and explain these foatures in
the context of the prablem.

c. What is an appropriate domain for P(f)? Explain vour reasoning.

49, ANALYZE Determine whether each statement s sometimes, always, or never rue,
Explain your reasoning.
a. An exponential function of the form v = ab*— " + k has a y-intercept.

b. An exponential function of the form ¥ = ab® ~ " + k has an x-intercept.
c. The function fix) = |b|* is an exponential growth function if b is an integer.

50. FIND THE ERROR Vince and Grady wera asked _m
to graph fix) and o{x) alven the table for Rx) and exponential function
the description of g{x). Vince thinks they are the g 2 alx) ""'"I""_' '.?IE of
same, but Grady disagrees. Who s correct? . 1 decay “fi and an
Explain your reasoning. 2 05 initial amount of 2

3 0.25

B1. PERSEVERE A substance decays 35% each day. 4 0125
After B days, there are B milligrams of the 5 00625
substance remaining. How many milligrams B 003128

were there Initially?

B2. CREATE Give an example of a value of b for which flx) = {E}H
represents exponential decay.

B3. WRITE Write the procedure for transforming the graph of gix) = b* to the graph of
fix) = ab” — " + k. Justify each step.
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Lesson 5-2

Solving Exponential

Equations and Inequalities

Explore Solving Exponential Equations

L) Online Activity Use the interactive tool to complete the Explore.

Emm————— e i chic
@ INGQUIRY  How can you rewrite expressions to AN
solve exponential equations? Today's Vocabulary
exponential equation

Learn Solving Exponential Equations
In an exponantial equation, the independant variable = an exponent

Hay Concept « Property of Equalty for Exponential Eguations
itb > 0and b #F 1, then b= = b¥ if and only T x = .

Exponential equations can be solved algebralcally or by graphing a B R
L8 W
syﬁr:;.‘;m of equiunns based on the Equa?ic-n- ’ Y B0 ¥esach m Miclen 10
learn how to solve
Equations of exponential functions can be used to calculate exponential equations
compound interest. Compound interest is paid on the principal of by graphing using a
an investment and any previously eamed interest. graphing calculator.

Key Concept - Compound Interest

fi 4
P =, F
You can calculate compound interest using the formula 4 = P(1+ 1)

where 4 is the amount in the account after [ years, P s the prindipal
amount investad, ris the annual interest rate, and m 15 the number of
compounding periods each year

Example 1 Solve Exponential Equations Algebraically
Solve each equation.

a. 4% *'=647

Ao+ 1 ga? Origanal equaton
Ao+ 1 = a7 Rewrite 64 as 43
4301 47 Power of a Power
B+ 1= 21 Property of Equality for Exponential Equations
Bx =20 Subtract 1 from each side
¥=4 Drvide sach side by 5.

(continued on the next page)
) Go Online You can complete an Extra Exampée online.
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Watch Out!

Power of a Power
When using the Power
of a Power Property, do
not forget to distribute
to each term in the

exponent.

Use 3 Source

Research during which
Super Bowl the average
cost of a 30-second ad
surpassed 51 million.
Does the eqguation
provide a reasonable
estimate of when this
occurrad?

(21t —16 = (a4 =5
o—dx + 16 — o8x —20

—dx + 16 = 8x — 20

—12x + 16 = —20
—12x = —36
¥x=23

Crniginal eguaton

s=2L1E=2°

Power of a Power Property

Property of Equality for

Exponemniial Equations
Subtract Bx from sach side.
Subtract ¥6 from each side

Divide each side by —12

%] Example 2 Solve an Exponential Equation by
Graphing

SUPER BOWL Since it began in 1966, the extremely high viewership
of the Super Bowl has led companies to pay millions of dollars to
advertise for just 30 seconds. The average cost of a 30-second
advertisement during the Super Bowl can be approximately
modeled by an exponential function where the initial cost is
$58.000 and the average cost increases by 9.9% each Super Bowl.

Part A Write an exponential function to represent the situation.

Let C be the average cost of a 30-second ad and x be the number
of the Super Bowl. The initial cost is $58,000, or $0.058 milion.
The rate of change s 9.9%, ar 0.099.

C=ol+8*
= 0.058{1.099)
Part B Estimate during which Super Bowl the average cost of a
30-second ad first surpassed $1 million.

Step 1 Write a system.

To find when the average cost of an ad was $1 million, let CT=1.
Then, set each side of 1 = 0581099 aqual to v 10 create a system
of equatlons.

Exponential function

o = 058 and r= D.O99

=1 First equation

y = 0.058(1.099)"

Step 2 Graph the system.

Second equation

1,500t Syl Facr 8IS

L) Go Online You can complete an Extra Example online.
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Step 3 Find the intersection.

The solution is the x-coordinate of the point of intersectian, which is
sbout 3006,

Step 4 Interpret the solution.

According to our equation, the average cost of a 30-second acd was
%1 million when x = 30016 This means that the average cost was not yet
%1 million during Super Bowl 30. Therefore, it was during Super Bowl
31 that the average cost of a 30-second ad first surpassed $1 million.

Step 5 Use a table.

You can use the TABLE feature to
verify the solution. Since the number
of the Super Bowl must be a whole
number, use 1as the interval

i
1
1
1
1
i
i

o
Fr—

Notice that when x = 30, Y, was still
less than 1 and when x = 31, it was
more than 1. This confirms that the
average cost surpassed 51 million
during Super Bowl 31.

Check
CARS The moment yvou drive a car off a dealer's lot, it begins to

depreciate, or lose its value. In 2017, the average price of a new pickup

truck was 541,000 You can use an exponential function to moded the
value of a plckup truck over time.

Part A

If the value of a pickup truck depreciates by 9% per year, write a
function that represents the value of a new 2017 plckup truck y after
X WOAars.

Part B

After how many years will a new 2017 pickup truck be warth anly
$20.0007 Round to the nearest tenth if necessary.

2 _yeoars

) Go Online You can complete an Extra Exampée online.
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Study Tip
Assumpftions
Assuming that the
average cost of a
30-second ad during
the Super Bowl ks
modeled by the
exponential function
allows us to make
estimations and
predictions about the
situation, Whike the
actual cost may not
follow this trend
exactly, it provides a
reasonable model.




€ Example 3 Use the Compound Interest Formula

FINAMCE Luciana deposits $1700 into a savings account that pays
1.8% annual interest compounded monthly. What will be the balance

after 5 years?
oy
A= P{'l + ﬁ] Compound Interest Formula
12-5
= ﬂ'ﬂﬂlﬁ +% P=T00,r=00M8,pn=12 8nd =5
= 185997 Use a calculatar

After 5 years, there will be about $1859.97 In Luciana's savings account.

Check

FIMAMCE If Alsha deposits $500 in a checking account that pays
0.9% annual interest compounded twice a month, what will be her
account balance in 25 years? Round to the nearest cent.

$_ 7

Learn Solving Exponential Inequalities

An exponential inequality is an inequality in which the independent
varlable i an exponent.

Key Concept « Property of iInequality for Exponential Equations
HbE =1 then 5 > &Y if and only it x = y, and
b < B ifand only If x < y.

Example 4 Solve Exponential Inequalities Algebraically
Solve 272 +68 5 gy~ 5,

2Prbos g8 Oiriginal inegusality
(35 o (a9 0 27=3 g1=73°

g5 o ate-20 Power of a Power

Gx + 18 = 4x — 20 Property of Inequality for Exponential

Egquations
2x+18 = —20 Subtract dx from each skde.
2% = —38 Subtract 18 from each side.
xz-19 Divide each side by 2.

The solution set is {x | x = —19}.

Check
Solve 1258+ 1 ¢ 2R -7
{x | x }.

&) Go Online You can complete an Extra Example online.
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Practice E-Eu Onllne ¥ou can complete yvour omework online

Exampie 1

Solve each equation.

i, 151!’+3=2551:—9 lg&t—¢=a13:l'+ﬁ
3. 4 B_qg-0 i, A3 gha—4
E, grwt= g R 6. 12534 = pple+2
Exampls 2

7. INTEREST Blanca invested $5000 In an account that pays 5% annual interest.
a. Write a function that represents the value in Bianca's account y after x years.

b. After how many years will the value in Bianca's account be $25,0007 Round 1o
the nearest tenth If necessary.

B. POPULATION In 2000, the world population was calculated to be 6,071.675. 206,
The world population increases at a rate of about 1.2% annually.

a. Write a function that represents the world population y after x years.

b. In what year will the world population be 8,000.000,0007 Round to the
nearest year if necessary.

9., BUSINESS Ahmed's consulting firm began with 23 clients. The number of clients
decreases at an annual rate of 0.5%.

a. Write a function that represents the number of clients at Ahmed's consulting
firm y after x years.

b. After how many years will Ahmed's consulting firm have 15 clients? Round to
the nearest year if necessary.

10. BATTERY LIFE The battery life of a certain cell phone starts at B hours. The
battery life decreases at an annual rate of 30%.

a. Write a function that represents the battery life y after x years.

b. After how many years will the battery life of a cell phrone be 2 hours? Round to
the nearest tenth If necessary,

Example 3

11. BAMKING Siobhan deposits $1200 inlo a savings account that pays 5.2% annual
Interest compounded monthly. What will be the balance after 4 years? Round to
the nearest cent.

12. INVESTING Mancy deposits 32500 into an investing account that pays 6.1% annual
interest compounded quarterhy. What will be the balance after 10 years? Round to
the nearest cent.
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13. CHECKING Maya deposits $5000 into a checking account that pays 0.75% annual
interest compounded monthly. What will be the balance after 8 years? Round to

the nearest cent

14. FINANCE Mr Fernandez deposits 60,000 into an account that pays 2 5% annual
interest compounded guarterly. What will be the balance after 20 years? Round o

the nearest cant.

Example 4

Solve each inequality.
Gx—3

5. (5) 6=t

Ev +13

7 (%) 9%

—2x—6 .
o (3 >(%)"

Mixed Exercises
Solve each equation or inequality.
M. 8%+2=p54

23. 625 = 57 +8
25 ¥ Hi=p%1

e 1 {:1_}“”= Elr+1

33, 817 F 2 = 3%+

25216 = (3"

2x +1 =
7 (5) -

30 4ir—pgr+4

41 2541 5> i

230 Module & - Exponential Functions

16. 64% —8 < 352 *B

In s

1. (1) e

20, g+ 1 (ﬁ'}_h' ?

22, 5 5=-1p5
24, 250+ 422

26. (55)2-2<ar+e

28. (1) "= 25%+2
Ix+4 —2u £+ 4
s0. (3) =(3)
i+5 t—6
2. (3)  =(zm)

34. 10%* *2 > 1000

16, Eij'+-ﬂ-=1ﬁ;.-'+1



43. BUSIMESS Ingrid and Alberto each opened a business in 2010, Ingrid started with
2 employees, and in 2013 she had 50 employees. Alberto began with
32 employess, and in 2017 he had 310 employees. Since 2010, each company
has experienced exponential growth

a. Write an exponential equation represanting the growth for each business:
b. Calculate the number of employees each company had in 2015,

£. Is it reasonable to expect that a business will continue o experience
exponential growth? Explain your answer.

Write an exponential function with a graph that passes through the given points.

44. (0, 3) and (3, 375) 45. (D, —1) and (6, —64) 46. (0, 7)and (—2, 28)
a7. (0,1) and (2, 405) 48. (0, 15) and (1, 12) 49. (0, —6) and (—4, —1536)
50. (0.1) and (3, 9) 51 (0, 1) and (6. 4096) 52. (0, —2) and (—1. —4)

83. USE A MODEL Josiah invested $2000 In an account thal pays at least 4% annual
interest. He wants to see how much money he will have over the next few vears.
Graph the inequality y = 2000{1 + 0.04)" to show his potential earnings.

54. ECONOMICS The Jones Corporation estimates that its annual profit could be
modeled by y = 10(0.99), while the Davis Company’s annual profit k= modeled by
¥ = B{LOVY. For both equations, profit is given Iin millions of dollars, and ¢ is the

number of years since 2015,

a. Find each company’s estimated annual profit for the yvears 2015 and 2025 to
the nearest dollar.

b. In which company would you prefer to own stock? Explain your reasoning.

55. MEDICINE After a patient is given a dose of medicine, the concentration in the
bloodstream is 3.0 mg/mL. The concentration decays exponentially, and drops to
1.5 mg/mL after 2 hours. The medicine is ineffective at concentrations less than
0.6 mg/mL. If the patient [s given a dose at 10 A.M_ could the next dose be given
at 3 M. without the level of medication dropping below the effective
concentration? Use a graph to justify your answer.

5B. STRUCTURE Dale and Xavier both invest for retirement. Their initial deposits,
annual interest rates, and number of compounding periods are shown In the
table, Who will have more money in thelr account after 30 years? How much
more?

: Compounding Periods
quarterky
maonthly

Initial Deposit Annual interest Rate
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57. USE A SOURCE Research the average coliege professor's current salary.

a. Suppose a professor making the average salary recelves a 2% raise each year,
What will be the professor's annual salary after working 15 more years?

b. Would it be better to start at 385,000 and receive a 3% raise each year?

Explain.

B8. AMALYZTE Tom uses a graphing calculator to graph fix) = 5{1.25)" and g{x) = 1.5% Hea
notices that the gap batween the curves increases as x increases, and cancludes
that fix) = qx) for x = 0. ls he correct? Use a graph to support your reasoning. Could
you have written and sohved an eguation to come o the same conclusion?

59. FIND THE ERROR Beth and Liz are solving 6« — 3 > 36—+ —1_ |5 either correct?

Explain,
Beth Liz
&3> 55! -l ¥ Sl
&= (8! & =gt
53-!- -}5_-1!-1 ‘_w-!- }5-"”
-S> -2x-1 A-B =K+
=1 =4
Sl X2

B60. PERSEVERE Solve 1688 + 162 + 16818 4 1612 + 1618 = 4=

61. aMALYZE What would be a more beneficial change to a 5-year loan at 8% interest
compounded monthly: reducing the term to 4 yvears or reducing the interest rate
to 6.5%7 Justify your reasoning.

62. AMALYZE Determine whether the following statements are sometimes, always, of
never true. Explain your reasoning.

a. 2% > —B20 for all values of x.

b. The graph of an exponential growth equation ¥ = ab® is increasing.

c. The graph of an expenential decay equation y = ob® ls increasing.

B63. CREATE Write an exponential inequality with a solution of x = 2.
64. PERSEVERE Show that 272* . B +1=32+2, g4 +1

&5. WRITE If vou were given the initial and final amounts of a radicactive substance
and the amount of ime that passes, how would you determine the rate at which
the amount was increasing or decreasing in order o write an equation?
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Lesson 5-3

Special Exponential Functions

Today’s Goals

- | | = - | i -
Explore Finding the Value of e and functions Ermu:lng
] the natural base .

{:; Online Activity Use a table to complete the Explore.

Today's Vocabulary
& INQUIRY How can you best approximate the =
value aof e?
Learn Exponential Functions with Base e
The constant e has certain mathematical properties that make it a
corvenient base for exponential functions. e is the irrational number
m
that [1 + %:I approaches as a approaches 2. This value is
approximately equal to 27182818
Graphs of exponential functions with base g ¥ [
display the same general characteristics as
other exponential functions. / fag=e]l
« fix) approaches an asymplote of y =0 * -
as x approaches —oo,
= fix] approaches & as x approacheas a0,
« The p-intercept is 1.
You can calculate continuously compounding interest by using the
formula 4 = Pe™ where A = the amount in the account after f years,
FPis the principal amount invested, and r is the annual inferest rate.
Example 1 Expressions with Base e
Simplity each expression. Watch Out!
5 Calculators
a. e e
| ERRL- _ Muast calculators have
L e LA e Produict of Powers e (e
= g% Simplify wou EHDUH;EE the
properlies
b. (~3e2e)* exponents 1o evaluate
(—322x)' = ﬂ—ﬁjd[e‘-"‘}d Power of a Product expressions so that
your answers are exact.
= Ble®™ Powrar of a Powes
42a7
C. gt
42e’ 75 : —
s = 3e uatient of Powers

= '31':'"2 Simngpify
) Go Online You can complete an Extra Exampée online.
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Problem-5olving Tip
Use a Table For Parts &
and C, vou may find it
easier to make a table of
values for the function.
You can use the values in
the tabile to graph the
furction and find the
values of gix) for the
given intervals.

by Think About It
Does an exponential
hunction with base e
behave in the same way

as other axponential
funetions? Explain.

Check
Simplify each expression.

e 2) 50=%
gtipdap (6a?) e

Example 2 Graph Functions with Base e
Consider gix) = —2ex—3 + 2.
Part A& Graph the function.

The function gix) = —2e*— 1 + 2 represents 11' |_‘L ¥I{
a transformation of the graph fix) = e*. - b

a = —2 The graph i reflacted in the x-axis

and stretched vertically. ¥ [7] w

i
pa
L B
i
$
Fd

kh = 3: The graph is translated 3 units right. [zixt

k= 2: The graph is translated 2 units up.

Part B Determine the domain and range.

The domain = all real numbers. The range is all real numbers less than 2.
Part C Find the average rate of change.

Determine the average rate of change of g(x) over each interval.

a. [—4,—1]

Based on the graph, the graph from —4 to —1 appears approximately

horizontal. So, the average rate of change should be close to Q.

gi=1 - o-4) 1963 - 1.998
e el . 3

==0038 5 _po12

Ewatuate gi-1) and gi—i]L

Sirmpify
b. [0, 3]

Based on the graph, the curve appears 1o pass through approximatelhy
(0,2} and (3,0). So, the average rate of change for the interval

[C, 3] should be about 53— g or —%
g3 - o0l o -1900
i=0 - 3

= 1300 o 0633

Evaluate gi3] and g{0}

Sireypdify
c. [4, 8]

The graph is very steep for values greater than 4. 5o, the average rate
of change from 4 to B should be a negative number with a large
absolute valuea.
qiB) — gid) _ —294 826 - (~3.437)
B-4 4
- 261389

= or —12.847

Ewatuate gi{B} and g(#]

Sirmpify

L) Go Online You can complete an Extra Example online.
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Check
Considergix) = —e* ¥ 14 2.

Part A
Graph the function.
PartB
I

Determine the domain and range of Wt ot

s Rounding When using
g} =—e* T 2 a calculator to evaluate
Domain: 2 an exponential function

with base e, use the &
Range: 7 ar exp button on the
Part calculator. Using a
€ rounded value of &

Find the average rate of change of g{x) = —e* *! 4+ 2 over each interval. may result in an
a. [-6 —-3=_73_ ksl S
b [-11=_2
e La]=__¢

@ Example 3 Apply Functions with Base e
COMPOLND INTEREST LaShawndra deposited $1500 in a savings

account that pays 2.5% annual interest compounded continuously. t# Think About It
After 4 years, what will be the balance of LaShawndra’s account? Suppose LaShawndra
is also considering a
To find the balance of LaShawndra's account after 4 years, use the savings ac ¢ that
formula for continuous exponential growth. affare 3 5% annual
A= pe Continuous Compounding Formula interest compounded
monthly. Which savings
= 1500 0025 P=1500.r=25%=0025.andt =4 et bl sk
= 65776 Simplify. choose? Explain.

After 4 years, LaShawndra will have $165776 In her savings account.

Check

COMPOUND INTEREST Alejandro invested $4500 in a startup company.
His Investment has baen growing continuousty at an annual rate of 12.5%.

Part A

Write the function that represents the situation, where A is the value of
his investment after | years.

Part B

Evaluate the function.

After B years, if it continues 1o grow In this way Alejandro's investment
willbeworth $__ 3

After 12 years, it willbe worth $___ %
E Ga Ondine You can complete an Extra Exampde online
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Study Tip
Estimation Before
u=ing the intersection
feature on a graphing
calculator, analyze the
graph and estimate the
vadue of the
intersaction. This can
help you detect
potential errars while
using the calculator.

Example 4 Solve an Exponential Equation by Using
Technology

Use a graphing calculator to solve 5 = 2e* by using a system of
equations.

Step 1 Write a system.

Set each side of 5 = 2e* equal 1o ¥ 10 create a system of equations.
y=D5 First eqguation
y=2e* Secand eguation

Step 2 Graph the system.

10, W a7 b | — I, W

Step 3 Find the intersection.

Lze the intersect feature from the CALC menu to find the coordinates
of the point of intersection. When prompted, select each graph. Press
EMTER again o see the intersection.

The salution is the x»-coordinate of the Intersection, which k= about
0916,

Step 4 Use a table.

You can use the TABLE feature to verily the solution. First enter the
starting value and the interval for the table. Since the graph shows the
intersection at x = 0,916, use 0.5 as the starting value and 0.001 as
the interval. Scroll through the table.

Motice that when x = 0.916, Y1 and Y2 are approximately equal. This
confirms the solution x = 0.916.

Check

Use a graphing calculator to solve —6 = —1.5¢" — ¥ by using a system
of equations. Round to the nearest hundredth. x = __ 7

L) Go Online You can complete an Extra Example online.
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Practice E-Eu Onllne ¥ou can complete yvour omework online

Exampie 1
Simplity each expression.

1. e®.? 2 etre! 3. e
4. (2e'7? 5. (39 6. (—de )2
26! =387 =16e?

T e B &= b ™
Exampls 2

10. Consider the function fix) = 3e* 1+ 3.

a. Graph the function.
b. Determing domain and range.
e. Find the average rate of change over the interval [—5, —=2].

11. Consider the function flx) = de2* — 1.

a. Graph the function.
b. Determine domain and range.
e. Find the average rate of change over the interval [—3, —1].

12. Consider the function fix) = —2e* *3 + 2.

a. Graph the function.
b. Determine domain and range.
c. Find the average rate of change over the interval [—7, —4].

Example 3
13. COMPOUND INTEREST Ryan invested $5000 in an account that grows
continuously at an annual rate of 2 5%.
a. Write the function that represents the situation, where 4 is the value of
Ryan's investment after | years.
b. What will Ryan's investment will be worth after 7 years?

14. SAVINGS Jariah invested $6500 in a savings account that grows continuously at an
annual rate of 3.25%.

a. Write the function that represents the situation, where 4 is the value of
Jariah's Investment after [ years.

b. What will Jariah's Investment will be worth after 18 years?
15. INVESTMENTS Marcella invested $12 750 in a company. Her investment has bean
growing continuously at an annual rate of 5.5%.

a. Write the function that represents the situation, where 4 is the value of
Marcella's investment after t years.

b. What will Marcella's investment will be worth after 9 years?
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Example 4

Uze a graphing calculator to solve each equation by using a system of equations.
Round to the nearest hundredth if necessary.

16. 1=o" 17. -2 =—%

19. 5=2e"*2_4 20. 3=
Mixed Exercises

Simplify each expression.
¥ 5

22. 5 28 23. E% -
3
1 A
25, {—%e*“] 26 M=
Hat

18. 3=3¢"

n D=2+ _p

24. (1e*)’

—ae ()
===
iae"'}

USE TOOLS Solve each equation. Round to the nearest hundredth if necessary.

B er=—20-14+3 20, -+ 1=4dor+ 2§

30, Jevt2-3=—te2-d442

31. REASOMNING Hailey put $300 in a savings account that earns 1.2% annual interest
compounded continuoushy:. How much will her account be worth In 5 years? Write an

equation to represent the problem, then solve your equation.

32. CONSTRUCT ARGUMENTS Justify the conclusion that all functions of the form fix) =

oe” have the same daomain.

33. USETOOLS Graph the function gix) = 72 + 8. [dentify its domain and range,
intercapts, 2aros, asymptole, and end behavior,

34. USETOOLS Find the zero of the function fix) = 0.8e* — 9. Round to the nearest

hundredth if necessary.

Q Higher-Order Thinking Skills

35. WRITE The compound interest formula can alse be used 1o show population growth,
using final and initial populations, growth rate, and time of growth, How do those
variables correspond 10 the variabées in the interest formula? Write a paragraph 10

explain your reasoning.

36. CREATE Write a problem using the formula for compound interest that solves for the

initial amount; then solve your problem.

37. AMALYZE Make a conjecture about why you should use the properties of exponants
1o simplify exponential funcions with base e before evaluating them an a calcukator.

38. FIND THE ERROR Ara is investing $2000 in an account that grows at 0.7% annual
interest compounded continuously. He predicts that he will have a bakance of

$16.332.34 after 3 years. Is Aza correct? Explain your reasoning.

39. WHICH ONE DOESN'T BELONG? Which of the functions doesn't belong? Explain

YOour reasoning.

gl = 3e™
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Lesson 5-4

Geometric Sequences and Series

Today's Goals
3 = = Generate geomeinic
Explore Explicit and Recursive Formulas S,
L) Online Activity Use a concrete model to complete the Explore. * Find sums of geometric
SErhes.
S
@ INGUIRY How can a geometric sequence be Today's Vocabulary
defined? SEQUEE
p— term of a sequence
finite sequence
Learn Seqguences infinite sequence
A sequence Iz a set of numbers In a particular order or pattern. Each geometric sequence
number in a sequence 15 called a term. The first term of a sequence is common ratio
denoted a,, the second term IS a,. and <o on. A finite sequence explicit formula
comtains a imited number of terms, while an infinite uence
; ; > e recursive formula
continwes without end,
geamelric means
A sequence can be defined as a function. series
geamelric series
Key Concept - Seguences as Funciions 3
sigma notation
Wards A sequence is a function in which the domain consists of
natural numbers, and the range consists of real numbers.
Symbols Domain:1 2 3 _ n the position of a term
Range: IJ1 EI IJ] =% |.'.rn the =rms ol the seguence

Ina geometric sequence, each term is determined by multiplying a
nonzero constant by the previous term. The constant value = called
the common ratio

Key Concept - nth Term of a Geometric Seguence

The nth term a,, of a geometric sequence in which the first term is ay,
and the common ratio s ris given by the formula o, =T ! wheran
s any natural number

An explicit formula like the one above allows you 1o find any term o
of a sequence by using a formula written in terms of n. A recursive
formula allows you to find the nth term of a sequence by performing
operations to one or more of the preceding terms. The recursive
formula for a geometric sequence lsa_=r+a_ _ . wherea _,isthe
term in the sequence before the nth term.

Geometric means are the terms between two nonconsecutive tarms
of a geometric sequence.
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Qﬁn Online

o see another EI&I‘I:'IPIE
about identifying
geometric saquences.

& Talk About It

The domain of the six
terms you plotted is
f1,2, 3.4, 5 6} Is this
also the domain of the
original sequence?
Explain your reasoning.

Watch Cutt

First Term

Although Javier starts
with a 50-gram
chocolate bar, the
amount he eats on the
first day i 25 grams.

Example 1 |dentify Geometric Sequences
Determine whether the sequence 2, 6, 15, 30, ... is geometric.

2 B 5 30
— S
§_4 B_5¢g 30_,

r L & i TR

The ratios are not the same, 2o the sequence is NoL geometric.

Example 2 Graph Geometric Sequences

Find and graph the first six terms of the geometric sequence —1,
-2, —4, ...
2

Step 1 Find the common ratio. Using the first two terms, :_t =2
Step 2 Find the next three terms.

Multipty the previous term, —4, by the commoaon ratio. Continue
miultiphying by 2 1o find the following terms.

—4 ‘.2 =8 ...;J_ —16 .2 -3 . u‘ Tt YA
\""‘J u K X
- —1I
- —=
Step 3 Graph the sequence. i ::
Domain: {1, 2, 3, 4, 5. 6) .-?:
Range: [—1, —2, —4, —B, —16, —32) -:§|
L bF

@ Apply Example 3 Find the nth Term

CHOCOLATE Javier wants to eat less chocolate each day. To achieve
this, he decides to start with a 50-gram bar of chocolate and eat
half of it the first day, then half of what Is left of the bar the second
day, then half of that the third day, and so on. If Javier starts on a
Monday, what is the mass of the piece that he will eat on Friday?

1 Whaat is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers to your guestions?

Sample answer: | need find how much chocolate Javier eats on Friday.
What term of the sequence represents Friday?

L) Go Online You can complete an Extra Example online.
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2 How will you approach the task? What have you leamed that you can use

i 1
to help you complete the task? g Think About It!

i you let o, = 50, then
Sample answer: | know the formula for the ath term of a geometric what would o
sequence. | will evaluate it for the term that represents Friday. represent? :

3 What is your solution?
Use your strategy 1o solve the problem.

What formula represents the nth term of the sequence? Which term
represents Friday? How much chocolate will Javier eat on Friday?

L 1
a,=25 [E} (0 aboutlbg
4 How can you know that your solution s reasonable?

#a Write About It! Write an argument that can be used to defend
vaur solution.

Sample answer: The amount of chocolate each day is half of the

amount the day before. The sequence (s 25, 12.5, 625, 3125,
15625, . . so on Friday, lavier eals about 16 grams of chocolate.

Example 4 Write an Equation for the nth Term

Write an equation for the nth term of each geometric sequence.
a —1,3,-9,27, ..

Step1 Find r
T3
Fr= T Dindide two consecutive t2rms.
=_-Tgm_3 o,=3andao,= —9
Step 2 Write the equation.
a.= 0. ~4 rth term of & geometric seguence
=—4—3lor (-3~ o =—tandr=-3
1
b. ag=5andr=3
Step 1 Find a,.
&, = Gyr" L rith term of a geomeinic seguence
f Bt i
5=al35) n=8a,=5andr=3
1 7
b= “1[5] Simplify the exponent.
b= ﬂl(%} Bwaluate the exponent
a, =640 Solve for g,

Step 2 Write the equation.

0, = a;r” i rith term of a geomeinic seguence

=54D[%]n_1 o, = 640 and r = 3

{:} Ga Ondine You can Ccomplete an Extra Exampde online
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Watch Out!
Signs Keep in mind
that when r is raised to

an even power, r may
be positive or negative.

& Think About It!
Would the geametric
means change if the
sequence started at 32
and ended at 2437
Explain your reasoning.

Example 5 Recursive and Explicit Formulas

Given a formula for a geometric sequence in recursive or explicit
form, translate it to the other form.

a. a,=5a = %ﬂn_i.nzi

Because o, is defined in terms of the previous term, o _ql=a

1
=§uﬂ

- Now, write the

==

recursive formula of the forma_ =r-a, _ . Thus,r=
explicit formula.

g =arit—? Explicit formula for 8 geometric seguence
=5':§1J :r,—E-annr-%
1 1 n—1
The explicit formula fora, = 5.0 =8, _,.nz2isa = Efg} :
b. a,=3m"?
Because o, Is defined interms of n, @, = %t?}“ ~lis an explicit formula
i -1
oftheforma, = a7~ L
Thus, a, = %and r =7 Mow, write the recursive formula.

Recursive formulz for @ geometric sequence

=?ﬂ" =

The recursive formula for nn=§{'?r‘-"lga1=%,nn='!u'n_f.n 2 2

Example é Find Geometric Means
Find four geametric means between 243 and 32.
Step 1 Find the total number of terms.

Because there are four terms between the first and last term, there are
4 + 2 or 6 1otal terms, 0.0 = 6.

Step 2 Find r.
o, = ay" 1 mth term of a geometric sequence
32 = 2435 n=6,0,=32 and o; = 243
% = Divide each side by 243.
r=2 Take the 5th root of each side

3
Step 3 Use r to find four geometric means.

243 B2 W08 T2 48 32

NN e N

2 2 2
K§ h'.-?: :RCE =

The geometric means are 162, 108, 72, and 48.

]
-
K

H

L[
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Learn Geometric Series

A series s the sum of the terms In a sequence. The sum of the first
nterms of a series is denoted §_. A geometric series is the sum of the
terms of a geometric sequence.

Key Concept « Partial Sums of a Geometric Series
Given The sum of 5_ of the first n terms is:

5n="""“"raer

a, r.andn =

5, = g

oy r, and g

E Go Online Derve the formula fos the sum of a finile gecmelnc senes
in Expand 5-4,

The sum of a series can be written in shorthand by using sigma
notation, which uses the Greek uppercase letter S 1o indicate that you
should find a sum.

¥ey Concept - Sigma Motation
SE R _.-E flk) == formula for the terms of the seres
fir=t valus af K —e =0
Examples §* (344 2) = (30 + 2]+ [3R) + 2] + [3(3) + 7] Arinmetc
k=1 F_+[36)+2) serfes
=5+B+N+._.+20
=75

3 s@k-1 =@ -1+ SER-1+ .+ 5EE-1 Ceomeri
k=1 sarias

= B{l) + &3} + ... + B{21B7)

=54+15+ .. +10935

= 16,400

@ Example 7 Find the Sum of a Geometric Series

DOMINGS Kateri wants to set up some dominos so she can knock
over one, which knocks over two more, each of which knocks over
twa more, and 5o on. If she wants to make & rows of dominos, how
many will she need in total?

The first row has one domino. 5o, a,=1,r=2,andn = 6.

=l
iy, = Lk

S, =1 Sum formula

Sn=# m=1Lr=2andn=6

Eﬂ = HE—? Simplify the numerator and the denominator
5,=63 Divide

E Go Onilne You can Compdete an Extra Exampde online.

fgg Think About It
Why doesr # 1for 5.7

Study Tip

Viability When
detarmining the sum of
a geomeltric series,
consider whether the
solution makes sense
in the context of the
situation, For example,
it 5_were negative for
this problem, that
would mean Kateri
needs a negative
number of dominas,

which wauld not make
sansa in this context.
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Example 8 Find the First Term in a Series

Find a, in a geometric series for which 5 = 21.3125,n = 5, and
r=~%‘ﬂnmdmuummsltenﬂtlfmry.

Oy =a
5 = 11 = F'f Sum formuia
.
Oy =14l 5 | .
213125 =1— S =3RS r=gadn=5
1
EI1 - E-ﬂ1 .
L3128 = Simplify.
]
£l
=h
213126 ==— Subtract
7
23125 = 3lg Divid
E =% 0 ivide.
a, =M Multiphy each side by .3_,_:1.

S0, the first term is 11

Example 9 Sum in Sigma Notation

Watch Cut!
5 Notats Find 253[—2]"“. If necessary, round your answer to the
Because the serles nearest tenth.
starts whenk =5
- Find a,, r. and n.
B 3—2F " or nda,r n
48, rather than In the first term, k = 5, and o, = 3(—2)° ' or 48.
a,=3—-2 'or3
The base of the exponential function is r, sor = —2.
There are 12 — 5+ 1or 8terms, son = 8.
5 = I .r__EII Sum formula
48 = 48]~
= === oy =48 r=—2, andn =8
48 — 48 (256)
=" = Simplify
= —4080 Subtract and divida.
50, 5, is —4080.
%) Go Online
to learn how to detive the Check
formula for the sum of a
-1
finite q SE Carbie Find *gj 23{2 5) - 1. Round to the nearest tenth if necessary.
Expand 5-4.

Sy=—2%

n

L) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Example 1
Determine whether each sequence is geometric.
1. 579113, . 2 3,6.12 24,48, .
3. 2.—-4,B.—16,.32, - 4. 400, 200,100, 50, 25, _
5. 60, 48, 35, 24,12, . 6. 8000, —2000, 500, —125, ...
Example 2
Find and graph the first six terms of each geometric sequence.,
71,24 . B. 2,618,
-3 -%.. 10. 800, —400, 200, -
1. 512, 128,32, - 12, 160, 80, 40, .
Example 3

13. FAMILY Amanda is researching her ancestry. She records names and birth dates
for her parents, their parents, and so on, in an anline research tool_ If she can
lacate all of the information, how many names will Amanda record in the
generation that is 5 generations before her?

14. MOORE'S LAW Gordon Moore, co-founder of Intel, suggested that the number of
transistars on a square inch of integrated circult in a computer chip would double
every 18 months. Assuming Moore's law i true, how many times as mary
transistors would you expect on a sguare inch of integrated circuit in year 67

Example 4

Write an equation for the nth term of each geometric sequence.
15. 3,827 6. 1,39 .

7. 2. —6.18. - 18. 5,10, 20, .

19. g, =324 andr=73 20. g, =512 andr =
Example 5

Given a formula for a geometric sequence in recursive or explicit form, translate it to
the other form.

2. a,=3,0,=06a,_,.n=2 22. a =082y '

1 2 .
23.ay=—\a,=z0,_,n=2 24, o, = —3{6) 1
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Example &
Find the geometric means of each sequence.

25 .4 _° 2 ? B4 26. 1, _° 2 ?_ |
27. 38:228: 7 -8208;49,24B: _. 28, 517 413t 7 -3346NH
Example 7

29, SCIENTIFIC RESEARCH Scientific balloons carry equipment o observe or conduet
experiments. The NASA Balloon Program generally tries to fly balloons above
E0,000 to 90,000 feet. Suppose a balloon rises 1000 feet in the first minute after
it is l[aunched. For the next hour, each minute it rises 1% more than it rose in the
previous minute.

a. Copy and compiete the table to show the height of the balloon at vanous times
after launch

Time {s] 1 2 3 4 5 &
Height (ft)

b. After an hour will the balloon have reached it target helght of 20,000 — 90,000

feet? Explain,
Example B
Find a, for each geometric series described.
30.5,=1295,r=6.n=4 N5 =1640,r=3.n=8
2.5, =282 0,=13r=1 33. S, = —342, 0, = —512,r = -2
Example 9
Find the sum of each geometric series.
7 g

34. ¥ 4—3}! 35 ¥ (=32

=1 k=1
36. 3 (—nia ! 37. 3 51

k=1 =

Mixed Exercises
Find a_ for each geometric sequence.

3B.o0,=5r=2n=58 3. o,=18Br=3n=6
40.0,=-3.r=—-2.n=5 M a=-20r=—2,n=9
42.0,=65536,r=1n=6 43. o, =—78125,r=1n=9
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Determine whether each sequence is geometric. If a saquence s geometric,
write an equation for the nth term.

44. 4, 713, 25, . 45, 25,175, 1225, 8575, ...
46, —16,384; —8192; —4096; —2048; .. 47, —15,30, —60, 120, —240, ..

Find the sum of each geometric series to the nearest ten-thousandth.
48.0,=36,r=3n=8 49. o,=16,r=3,n=9

=

50. o, = 240,r=3,n=7 51. &, = 360, r= 3 n=8

52. Find the missing term in the geometric sequence 64, 96, 144, 216, _7__

53. Find the first five terms of the geometric sequence for which o, = 3andr = —2.
S4. Find the sum of a geometric series for which o, =3125,0_ =% andr = %
55. Find o, in a geometric series for which 5 = 3045, r = % and a_=120.

56. Find o, in a geomelric series for which § = —728,r=3, andn = 6.

57. Write an equation to find the nth term of the sequence shown in F
the graph. ﬁ
45
40
58. W'r;te f" equation to find the nth term of the geometric sequence 15
1
_r _- TRy e m 3{'
3 82T o
139 20
59. Find the missing terms in the geometric sequence —, _ 7 _ 7 15
2 324 ol 10 ,
L 5

0 133456 748 ox
&0. Find two geometric means between 3 and 375.

61. Find two geometric means between 16 and —2.

B2. BIOLOGY Mitosis s a process of cell dhvision that results in two identical daughter
cells from a single parent cell. The table illustrates the number of cells produced
after each of the first & cell divislons.

Division Mumber 0 1 2 3 4 5
Mumber of Cells 1 2 4 8 1% 32

a. Do the entries in the "Number of Cells” row form a geometric sequence? If so, find ©

b. Write formulas in explicit and recursive form 1o find the nth term of the sequence.
€. Find the number of cells after 100 divisions.
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83. CONSTRUCT ARGUMENTS A grand prize winner has two cholces for receiving their
winnings. They can choose an $80 million immediate payout, or 20 annual
payments that begin at $4 million and increase 2% each year. Which option would
yvou advise the winner to take? Explain your reasoning.

&4. STRUCTURE An athlete makes a running plan using the formula a_ = 20(11)" ~ ! where a_is the
target number of miles for the nth week of training.
a. Interpret the formula in terms of the situation.
b. How many total miles will the athlete have run after training for 10 weeks?

€. The athlete hopes to run a total of 1000 miles in preparation for a race at the
end of 20 weeks of training. Will she reach this goal? Explain your reasoning.

d. Another athlete increased running mileage by the same ratio each week bt

reached 1000 miles in 15 weeks. Approximately how mary miles did he run for
the first week of training? Explaln your reasoning.

85. USE A MODEL A geometric series can be combined with compound interest to
find a formula for payments on a loan or mortgage. For a morigage with a

principal P, a monthly intErest rate r, and consisting of n monthly payments, each
T

rmonthly payment is =+

a, Fora 30wear $300,000 mortgage with a 6% annual interest rate, how much
interest & collected over the ife of the loan? Hint: Use r = annual interest rate = 12,

b. Suppose a family can afford to make monthly payments of up to $1250. If

annual interast rate is 4%, what is the greatest 20-year mortgage they can
afford? Round your answer to the nearest $1000.

Q Higher-Order Thinking Skills

&6, PROOF Derive the explicit formula for a geometric sequence using the recursive formula.
&7. CREATE Write a geometric series for which r= % and n==6,

68, ANALYZE Explain how % 32)* — 1 needs to be altered to refer 1o the same
W=t

series if k = 1 changes to & = 0. Explain your reasoning.
&9, PROOF Prove the formula for the nth term of a geometric sequence.

70. PERSEVERE The fifth term of a geometric sequence is %m of the
elghth term. If the ninth term is 702, what is the eighth term?

C
M. PERSEVERE Use the fact that h is the geometric mean betweean X
and y in the figure at the right to find /* in terms of x and y. h
72. CREATE Write a geometric series with & terms and a sum A
of 252, o ¥

73. WRITE How can vou classify a sequence as arithmetic, geometric,
or neither? Explain your reasoning.
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Lesson 5-5

Modeling Data

Today’s Goals

« Chose the best
Explore Modeling Exponential Decay function type to model
sets of data.

L) Online Activity Use a concrete model to complete the Explore.

Today's Vocabulary
| & INQUIRY How can experimental data be used ' A RGEEN
to predict n::m.lIu:c::mes.'i'l:w_‘rl Sob RNt ol
determination
Learn Choosing the Best Model EELELEE
=X -
Recall that linear, quadratic, and exponential
functions grow differently. Linear functions e y=x+H
have linear graphs. Quadratic and exponential -l | Q Think About It
functions are nonlinear, with exponeantial Describe the reliability
functions growing faster than quadratic of using a regression
functions. function to make
You can use a graphing calculator to find a regression functlon, which predictions for domain
is a function generated by an algorithm to find & ine ar curve that fits a values much greater or
set of data. Calculators may also compute a number /2, called the tess than the values in
the dala sel

coefficient of determination. Thic measure shows how well data are
modeled by the regression function. An -value close to 1is an
indication of a strong fit to the data.

Example 1 Examine Scatter Plots

Use a graphing calculator to make a scatter plot of the data in the
table. Then determine whether the data are best modeled by a
linear, guadratic, or exponential function.

X —5 | =4 | =8| =2 | =% 0 1 2 3 4
¥ -3 |=27 |24 -2 —4 0 28 B 172 Y|
Step 1 Enter the data. Step 2 Make a scatter plot.

=B, bt Wb }=T dD0w1 &

ICOtinLed on e next ﬂGg-:-:l

) Go Online You can complete an Extra Exampée online.
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&) Talk About It

Baszed on the scatter
plot, itis reasonable to
think that these data
may be modeled by
another type of
function? Justify your
argument

ke Think About It
What approximations
were made when
determining the
number of shops at a
given year?

Step 3 Examine the scatter plot.
The scatter plot appears to have an asymplote at y = —3,
and it iIncreases rapidly as x — =, The data are likely best
modeled by an exponential function.

Check

U=e a graphing calculator to make a scatter plot of the data. Then
determine whether the data are best modeled by a linear, quodratic,
or exponentiol function,

x =gk 1= 8] 1 2 3 4 5 ]
¥ 38 | 41 |40 | 52 | 88 | 130 | 213 | 370 | 663

The data are likely best modeled by a{n) ? function.

€ Example 2 Model Data by Using Technology

COFFEE Forty years after opening their first shop, a popular coffes
company grew to over 17,000 locations worldwide. The table shows the
number of shops in the years since the company began. Use the data
to determine a best-fit moded. Then, use the model to make predictions.

¥ears Since Opening | Shops Years Since Opening | Shops

0 1 28 2498
L] 17 30 4709
18 55 32 7225
20 16 34 10241
22 272 36 15,01
24 677 38 16,635
26 1412 40 17.003

Steps 1and 2 Enter the data
and make a scatter plot.

Step 3 Determine the function of best fit.
To determine the model that best fits the
data, perform guadratic and exponential
regressions, and compare the coefficlents of
determination, ~. The function with a
coefiicient of determination closest to 1 will fit
the data best. The exponential regression has the coefficient of
determination closer to 1 for this data. r2 = 0964, which is a strang
fit for the data. The regression equation with coefficients rounded to
the nearest thousandth is y = (06551317,

|0, &0 sct 5 by {1, 30,0040 act 2000

Step 4 Evaluate using the regression function.
10 years = 10 shops 42 years = 70116 shops
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampie 1
Use a graphing calculator to make a scatter plot of the data in the table. Then
determine whether the data are best modeled by a inear, guadratic, or

exponential function.

1.

X 0 —14 3 —2.8 5 B2 B3 121 —45
¥ 2 09 55 —0.4 75 B3 0.9 14.5 —2

2.

X 0 1 4 05 0.8 —05 04 0.2 2
¥ .4 1.7 B 09 1 0.3 0.6 0.05 45

3.

x 0 2 =3 —05 25 -2 —1 05
¥ 8 —1 4 7 15 15 45 B

Exampie 2

d’a SONVIMNGS Bl'lllﬂnjl' dE-pElSII‘.Ed !F‘IDG[I ||'1-'[|’.'|- a0 account. ShE‘ Time .I}'F_Ia r5:| | Account Balance .I!,?
made no further deposits or withdrawals. The table shows 0 1000
the account balance for a period of 10 vears. = 1068 50

u hi fculator to d tterpiot of the 2 sk
a. Use a graphing cakculator raw a scatter

TE AR prote 6 126525

ata,
8 H00.3%
b. Use the regression feature of the graphing calculator to L 1560.85
determine the best model. Round coefficients and constants
to the nearest hundredth.
€. About how much will be in the account after 15 years?
5. TEST GRADES A professor conducted a survey by asking
12 students how many hours they spent preparing for the o6 & a3 75
final exam. The professor then matched the students” -
responses with their final exam grades. 84 5 826 5.5
B9 BS 77 5

a. Graph and analyze the data sel State if it is limear or 55 L5 &0 225
exponantial. Write an eqguation for the best-fit model. E2 125 n 5
GO 2 B3 &

b. Bazed on your graph, what is the minimum number of
haurs that you should spend studying if yvou want to get a
passing grade of 60% or better on the final exam?
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8. SCIENCE EXPERIMENTS Shawnte devised an experiment for measuring the

average time before a soap bubble pops. She creates B4 identical bubbles and
documents the number that have not popped at varous times.

Population (¥} G4 42 19 B 2 1

a. Graph the data.
b. What is the best model? What Is the regression function?
€. When would you expect there to be 32 unpopped bubbles?

Mixed Exorcises

USE TOOLS Use a graphing calculator to make a scatter plot of the data. Then
determine whether the data are best modeled by a linear, guadratic, or

exponential function.
700, 1,01, =3), (10, 4%, (2. 9), (7. 29). (—9. —35), (6. 21)

8. (0,1, (&, 64), (2, 4), (4,16), (3, 8), (5, 32). (1, 2}

Describe the correlation for each value of r.
9, r= 0965 10, r = —1

M r=022 1. r=—-039

13. POPULATION The World Bank and the Food and Agriculturs
Organization track world population trends. The table shows
the number of people per square kilometer for several years.
Use a graphing calculator to graph the scatter plot that
models the data. Then use the scatter plot to describe the
relationship betweean the variables,

World Population Density

People
Per km?

2000 472 2009 528

201 47E 2000 534

Q Higher-Order Thinking Skills 2002 | 484 | 20m | 541
14. CREATE Make a lable of values where the data in the table je | 2003 | 490 | 2012 | 547
hest modeled by an exponential function. 2004 | 495 | 2013 554

2005 502 2014 56.0
2006 | 509 | 2015 567
2007 | 515 | 2016 574
2008 | 522 | 2007 8.0

15. WRITE Explain how to use a graphing calculator to determine
whether data in a table are best modeled by a linear,
quadratic, or exponentlal function.

16. AMALYZE The path of a stream of water in a fountain is shown

¥
in the graph. Should you select an exponential function or quadratic =4
function to model this data? Explain. g
3
17. PERSEVERE The surface areas 54 of hemispheres with radius r are ;’ g 113 s
shown in the table. What is the best model? What is the equation of i
the regression function? 1
Radius, r 1 2 3 4 5 o5 9§ 1§ 2 *®
Surface Area, S4 [T 2x | 27n | 48n | 75= Time {seconds)
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Module 5 « Exponential Functions

Review

@i Essential Question

How are real-world situations involving quantities that grow or decline rapidly modeled

mathematically?

Cruantities that grow rapidly are modeled by exponential growth functions, and
guantities that decline rapldly are modeled by exponential decay functions.

Module Summary
Lesson 5-1

Graphs of Exponential Functions

+ AN exponential function has the form
fix] = b", where the base b is a constant and
the ndependent variable x is the exponent

+ Exponential growth accurs when an initial
amount intreases by the same percent over a
given period of ime. For an exponential growth
funclion, b > 1.

« Exponential decay occurs when an initial
amount decreases by the same percent over a
given pericd of ime. For an exponential decay
function, O < b < 1.

= An asymplote is a line that a graph approaches.

Lesson 5-2

Exponential Equations and Inequalities
« [b>0andb+# 1 thent' = b¥if and anly if x = y.

o f b > 1, then b* > b¥Iif and anly if % > y, and
br < brif and only if x < y.

Lesson 5-3

Base e Exponential Functions

+ The constant e is an irrational number that
eguals (1 + %:I as n approaches =, This value is
approximately equal to 2. 182818,

+ Continuously compounded interest: 4 = Pe", whera
A is the amount in the account after f yvears, Pis

the principal amount invested, and r is the annual
interest rate.

Les=on 5-4

Geoametrc Sequences and Serles
» The nth term a_of a geometric sequence in
which the first term is o, and the commaon ratio
is ris given by the formula a_= o7, where n is
any natural number.
« Partial sum of a geometnc series:
a ﬂl—ﬂ;

5§ =220 i qars =22 49

n 1=r

Lesson 5-5

Modeling Data

« Calculators may also compute a number /, called
the coefficient of detarmination. This maasure
shows how well data are modeled by the
regression function.

= an rFwvalue close to 1is an indication of a strong
fit to the data.

Study Organizer

Iﬂ]- Foldables

Use your Foldable to
review this module.
Waorking with a partner
can be helpful. Ask for - "__'_ LETLRRuuLY
clarification of concepts R L e

s Sunnni
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Test Practice

1. MULTIPLE CHOICE Select the graph of
fx) = 4. [Leszon 5-1)

Al ¥ B. ¥
o =] 3 5 T
!
[ q‘}.( ¥ D ¥
nhﬁ v o i

!

2. OPEN RESPONSE Find the domain, range,
weintercept, and asymptote of the function
Ay} = B". [Lessan 51

3. MULTIFSELECT ldentify the functions that
represent exponential decay, Select all
that apply. {Lezson 5-1

A 1= (2)
B. fix) = 0.5°

C. fix)=1.0v
0. 1= (3)
E. fix) = —2°

F. fix) = 10{0.5)"

254 Module 5 Review « Exponential Functions

4. OPEN RESPDMSE Eric is preparing for

a long-distance race. He currently runs
20 miles each week, and he plans to
increase the total distance he runs by
5% each week untll race day.

Eric wants to write an exponential function to
predict the number of miles he should rin each
weelk. What growth or decay factor should he
use? Explain your reasoning. (Lesson 51

5. MLILTIPLE CHOICE Solve 4% 1= g+ 4

[Leagson -2)
A x=%
E. x=%
C. x=%
D x=%

6. OPEM RESPOMSE The formula

1% 1]
A= Eﬂ-nﬂi:i + —= represents the
amount in doliars A in Padma's coliege
savings account after [ years. What does

12 represent?
[Legson 5-2



7. OPEN RESPONSE The graphs of the functions

y=2""andy= {%)‘ are shown,

¥

Explain how to use the graph to find the
solution of the equation 2+ +' = {%} .

[Lesson 53]

B. MULTIPLE CHOICE Solve 559 =< 1252
LEsson 5-2)

A x= -5
E-xa%
C-xﬂ%

Dx=5

9. MULTIPLE CHOICE Whal s the average rate
of change of the function fix) = —e* * ' over
the interval [—1, 2]? {Lesson 5-3)

AL —319
B. —483
C. —B6.36
D. —1270

10.

1.

MULTIFLE CHOICE Consider the function
fix) = e*~? + 1. What is the average rate of
change over the interval [1, 4]7 jLesson 535

A 234
B. 1.47
C. D392

D 0.07

OPEN RESPONSE Whal is the average rate
of change of the function fix) = %e' t+2
over the interval [2, 6]7 Round to the nearest
hundredth. {Lessan &3]

OPEMN RESPONSE An initial investmeant of
52500 grows continuously al an average
rate of B.5% per year. Write a function that
will give the value of the investment i) after
[ years. flesson 5-3)

DPEM RESPONSE Tal wants to walch

less television. To achieve this, he starts by
wiatching 10 hours of television during the
first week, then watches half the amount of
time as the first week during the second
week, then watches televizion half the
amount of ime as the second week during
the third week, and so on. Write a sequence
to find the number of hours Tal will watch
television during the nth week. (Lesson 5-4)
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14.

15.

MULTIPLE CHOICE A coach shows two
athletes how to do a speed training
exercise. Each of these athietes shows two
mare athletes how to do the exercise. Each
of these athletes shows two more athletes
how to do the exercise, and so on. How
many athletes will know how to do the
exercise after 7 generations? (Lesson 5-4)

A la
B. 126
C. 254

D. 26E

MULTIPLE CHOICE On the first day, three
friends show a video to two students. The
second day, each of those students shows
two more students. The third day, each of
these students shows two more students.
Each day, the students from the previous
day continue to show the video to two maore
students. What is the total number of
students who will have seen the video by
the end of the eighth day? |Lesson 5-4)

A S
B. 384
C. 7ab

D. B&E
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. MULTIPLE CHOICE The table shows the deer

population in a certain park in thousands [
years after 2000, Which function most
closely models the data? (Lesson 5-5)

0 1 2 3 4 5 &
06 |08 | 11 |14 | 18 | 24 | 21

A fif) = DAYt + 0.38
B. fify = O.6YL3TY

C. fif) = 0.5 + 0Nt + 0.63

D. fif) =0.006F + 0.218t + 0.595

. MULTIPLE CHOICE The table shows the

annual profit in thousands of dollars v that a
marketing company eams X years after it
started. Which of these functions most
closely models the data? (Lesson 5-5)

1 2 3 4 5 6
44 | 61 | 91 | 1B2 | 205 | 359

A y = 277153y

B. y=344x'=
C. y=11h -222x% + 567
D. y=5099x - 528

. OPEN RESPONSE The table shows the

number of employees, in hundreds, y, at an
amusament park x vears after it opened.
Write an exponential function fx) to model
the data. About how many employees werg
there at the amusement park after 11 years?
Round your answer to the nearest whole
number. i esson 5-5)

2 4 =1 a8 10 12

72 | 139 | 334 | 707 | 1232 | 2478




Module 6

Logarithmic Functions

2 Essential Question

How are logarithms defined and used to model situations in the real world?

What Will You Learn?
How much do you already know about each topic before starting this module?

KEY Before | After

e

E _ldomtknow. (0 —Tveheardofit. = — | know it B |

=1l

-
| T

wrile and evaluale logarithms

graph logarithmic functions

sirmplity logartthmic expressions

solve logarithmic equations

solve exponential equations by using common logarithms i

solve exponential equalions by using natural logarithms
write and solve exponential growth and decay equations

using logarithms

model datasets with natural logarithmic functions using

technology

(Il Foldables Begin with two sheets of grid paper folded along the width.
1. On the first sheet, cut 5 centimeters along the fold at the ends.

2. 0n the second sheet, cul in the center, stopping 5 centimeters from the ends.

3. Insert the first sheet through the second sheet and align the folds.
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What Vocabulary Will You Learn?

« common logarithms « |agarithmic function
+ logarithm + patural bate exponential function
+ logarithmic equation + natural logarithm

Are You Ready?

Complete the Quick Review to soe if you are ready to start this module.
Then complete the Quick Check.

Example 1 Example 2
Find the simple interest on an investment of Solve y = 2x + 4 for x.
$4000 at 4% for 3 years using the formula, | = Prt. y=2x+4 Oiriginal eguation
I = 4000{0.04)3) Substilute 4000 for principal, y—4=2%« iiracs ¥ Smmepach s
0.04 for interest and 3 for tme y—d
=X Divide each side by 2
| = 8480 BALiitiply

Use the simple interest formula, Solve each equation for x.

I = Prt, to solve each problem. 5%=1y+5
1. Find the simple interest on an investment
of $10,000 at 3 5% for B years.
2 5
B.y=3x—§g

2. A savings account of $3500 eamed 3875
interest in 5 years. Assuming it remained

constant, what interest rate did the Ty=—4x+9
account earn?

3. Robin borrowed $1500 for 4 years at a B7=2x—y
rate of 2.9 % How much did Robin have
to pay back in total?

4. An investment of $2500 earmed $2400 in
interest at an interest mate of B%. For how
long was the money imvested?

Howr Did You Dia?
Which exercises did you answer correctly in the Quick Check?
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Lesson 6-1

Logarithms and Logarithmic Functions

Learn lLogarithmic Functions

Recall the exponentlal function fix) = 2% You can graph its Inverse by
interchanging the x- and p-values and graphing the ordered pairs.

o= 2 X =2 ¥ #|
= N
X | ¥ X | ¥ e
it 1 L i FJF‘[ EFET
3 ] g 3 '#
= 1 1 = 7 |4, 2} e
< ] 3 < oA
1 1 =2 |
-1 % > -1 : N
2 2 E i -
] 1 1 0 5 H
Asg the value of ¥
} = = ' decresses, the valus
2 4 4 2 of x approaches 0.
3 B B 3

The inverse of y = 2* can be defined as x = 2. In general, the inverse of
¥=D0"18x = b Inx = b¥, yis called the logarithm, base b, of x. This is

usually written as y = log, x and |s read as fog base b of x.

Key Concept » Loganthms with Base b

Words Let b and x be positive numbers, b # 1. The logarithm of x
with base b is denoted Ingh x and is defined as the

exponent y that makes the equation b = x true.

Symbols Suppose b > 0andb # 1. Forx > 0, there is a number y
such that log, x = y if and only if b¥ = x.

Example Ilog, 8=y then¥=8
In the expression logg, x. x is called the orgument.

Example 1 |ogarithmic to Exponential Form
Write each equation in exponential form.
a.log,64=3

log; 64 =3 — 64 =42
b. log, 555 = —5

1 - _F . 1 _ o=
I0g; 53 =5 — 3z =3
1
c.logy,3=3

loga3 =1 —3 =191

Check
Write log,,. 5 = % in exponential form.

Today's Goals

= Wirite: logarithmic expressions
in exponental form and write
exponential expressions in
logarithmic form.

= Graph and analyze
logarithmic functions.

Today's Vocabulary
lagarithm
logarithmic function

b Think About It!
it log, 16 = y, find 27

Math History Minute

Scottish mathematician
John Napier (1550-1617)
is known as the discoverear
of logarithms. His book,
Mirifici Logarithmorum
Cononis Descriptio, written
in 1614, contained a wealth
of material related to
natural logarithms. He aiso
imventad Mapier's bones, a
numbaring mod systam thal
was a mechanical method
for facilitating multiplication.
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& Think About it Example 2 Exponential to Logarithmic Form
Howr could you write Write each equation in logarithmic form.
22+ 5° =8in =,
T P a. 7% = 117,649
78 = 117649 — log, 17649 =6
3_ 1
bh8d==
X 1 1
B =g —logy g = 3
c.Bi=4
3 2
Bi=4—loggd=3
Check
Write 2% = 512 in logarithmic form.
Example 3 Evaluate Logarithmic Expressions
% Think About It! P g P
Without evaluating the Evaluate log,,, 6.
:::Tieﬁih::!:nﬂm log,; BE=Yy Let the iogarthm equal 3.
value of log,,, B will be & = 26 Definition of logarithm
caxin 12 6 = (63 £ =216
&' =6 Power of a Power
1=3y Propeity of Equality for Exponential Functions
¥= % Divide each side by 3.
Therefore, log;,; 6 = %
Sy Tip @ Example 4 Find Inverses of Exponential Functions
Exponential and
Logarithmic Functions AR PRESSURE The air pressure outside

Recall that exponential

nlnndn:ra‘l‘tﬂfl I:-gﬂ rmined by the
form is x = & and B\ 10%a /,

eguation P = where B is

logarithmic form is the air pressure at sea level and h is

¥ =logyx In the equation the altitude in miles. If the air pressure

%:15%,:% at sea level is 14.7 pounds per square
| _ap inch, write an equation to find the

b= sndy == height of an aircraft when the air

pressure is known.

o

P= Ehﬂﬁ Origmal equation

P =147 o) Letd =17

=] —

w7 = 10w Divide each side by 147

i2) Go Oniine P an
You can complete an 00,57 =50 Definition of logarthm

=] 'E
Extra Example anline. Sy log, w7 =h Multiply each side by =
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Check

TORMADOS The distance in miles that a tornado travels sy = 105,
where w represents the speed of the wind in miles per hour.

Part A Write an equation 1o find the wind spead when the distance
travelled & known.
W= e

Part B Use the equation 1o estimate the speed of the wind,
to TJ;E nearest mile per hour, of a tornado that travels 50 miles.
: mph

Explore Transforming Logarithmic Functions

ﬂ Online Activity Use graphing technology to complete the
Explore.

& INQUIRY How does performing an operation
on a logarithmic function affect its graph?

Learn Graphing Logarithmic Functions

A function of the form fix) = log, x, where b > D and b # 1,is a
logarithmic function. The graph of fix) = log, x represenis the parent
graph of the logarithmic functions.

Watch Out!

Key Concept » Parent Function of Logarithmic Functions Graphing Calculator
Parent function  fix} = log, x Y A =log, v The LOG buton on a
Type of graph continuous, one-to-one S SEEphiog calcilator
Domain (0, =), {x|x = O}, ::;:E;:::ﬁt;:iwl

or all positive real numbers functicne of base 10,
Range {(—a0, o),

{Ma)| —oe < Hx) < o],

or all real numbers
Asymptote y-axis
x-intercept (1. 0)
Symmetry none
Extrema pone

For a function fix) that is undefined at a vertical asymptote x = ¢, the
end behavior of flx) is described as ¥ approaches ¢ from the right (™)
or &5 x approaches ¢ from the left (c7). For the parent function fx) =
log,, x where b > 1, the end behavior is: As x — 0%, fix) — =, and as

_f—.ﬂnrfM—pm_

) Go Online You can complete an Extra Exampée online.
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The same techniques used to transform the graphs of other functions
can be applied to the graphs of logarithmic functions.

Eey Concept « Transformations of Logarnihmic Funciions

gix) = alog, (x—h) + k

Gﬁnﬂmme if b > 0, the graph of is translated h
You can watch a videao s H;;hL graph ot fix e
to see how to graph h — horlzontal translation
transiarmations of a if h < 0, the graph of fix) s transiated |H|
lagarithmic function by units left.
using a graphing if k > 0, the graph of fix) is translated &
caloulator. units up.
| Kk — wertical translation
| i k < O, the graph of fix) is translated |4
units down.
if o < 0, the graph & reflected in the x-axis.
e el et A if |ol = 1, the graph is stretched vertically.
if 0 < [a] < 1, the graph is compressed
werticakly.
Example § Graph Logarithmic Functions
Graph each function. Then find the intercepts, domain, range, and
end behavior.
a. fix) = loggx
Step 1 Identify the base. Step 2 ldentify orderad pairs.
b=6 Use the points (L. —1). (1, 0}, and b, 1.
i 1
(z-1-=E)
(1. 0}
b, 1) —(6,1)
Step 3 Graph the ordered pairs. ¥
Step 4 Draw a smooth curve through
the points. —-aF""" *
Step 5 Find the intercepts, domain,
i3 Go Online range, and end behavior. [ ]

You can watch a videa
to-see how o graph

x-intercept: 1; no y-intercept

logarithmic functions. domain: all positive real numbers

range: all real numbers

end behavior: Asx — 07, fix) — —oc, and as x — o0, fix) — oo,

E Go Dnline You can complete an Extra Exarmple online.
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b. gix) = log1x

b Think About It
Step 1 ldentify the base. Step 2 ldentify ordered pairs.

Compare the graphs in

b=% Use the points {% —1). {1, 0), and (b, 1} parts a and b.
-1~ (%- 1) or (4. = |
1,0 :
B9 —(3.1)
Step 3 Graph the ordered pairs. ¥

Step 4 Draw a smooth curve through the points.

Step 5 Find the intercepts, domain, range, and
end behavior. o] x

xntercept: . no y-intercept

domain: all positive real numbers

range: all real numbers

end behavior: Az x — 07, fix) — oo, and az x — o0, fix) — —oo.

Example 6 Graph Transformations of Logarithmic by Think About It
Functions Find the domain and
range of gix).

Graph gix) = 2 log,,(x + 3) — 1.

gix) = 2 log,, ¢ + 3) — 1 represents a transformation of the graph of

fx) = log,, x.

lo| =2 Because |a| > 1, the graph Is F
stretched vertically.

h=—3 Becauseh < 0,the graph is
translated 3 units left - HI

k=—1 Becausek < 0, the graph is
transiated 1 unit down.

Alternative Method i

Step 1 Identify ordered pairs of the parent function, fix) = Qﬂmﬂﬂhnutm
o parent 1 = logy, X. Compare and contrast
(3 —1).(1.0). and 5. 1) — (35 —1). (1. 0). and {10, 1) SRR,

Step 2 Transform each point from the parent function.
Because o = 2 stretches the graph vertically, each jvalue is multiplied

by 2
(5. —1).01.0), and (10, ) — (55, —2). (1, 0) and (10, 2)
10 LR {1g, 0 ; 5
Because i = —3 and k = —1, 3 s subtracted from each x-wvalue and 1is

subtracted from each y-value.

1 29
(35:—2).01.0) and (10.2) — (- 35. —3 ). (-2, —1). and (7. 1)
Step 3 Plot the points of g{x) and draw a smooth curve through the
points.

) Go Online You can compiete an Extra Exampie online.
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b Think About It
Find the domain and
range of gix). Does jix)
have the same domain
and range? Explain.

IL) Go Oniine

An alternate method is
available for this
example,

{3} Go Online

o see more examplas

about writing
logarithmic functions

from graphs.

Example ¥ Compare Logarithmic Functions

Consider gx) = log,, (x — 2) and j{x) shown
in the graph.

Part A Graph g(x).

The graph of gix}) = log,; [x — 2} is a
transformation of fix) = log,; x

Graph the parent function and transform the
graph. For gix) = log,, (x — 2), h = 2.

¥

Becausze h Is positive, the parent graph ks translated 2 units rnght.

Part B Compare the end behavior of gix)
and jix).
gix): As x — 2%, glx) — —o0,

and as x — 2o, g(x] — oo

Rx): As x — 0F, jix) — o,
and as ¥ — o0, j{v] — —oo

_.,T“'
Ll

P

-

Example 8 Write Logarithmic Functions From Graphs

Identify the value of k, and write a function for the graph as it

relates to f{x) = log, x.

The graph has been transiated 5 unils up, 5o
k = 5 and the function is g(x) = logy x + 5.

we

ot

Check
Write a function for each graph as it relates to fix] = log, x.
a. gix) = fix) + & hg{x}=k—ﬂki"
g = 2 gl = —
¥ f 3
-
I =
-;'.-'-"":-h
o l
1 ¥ |

L) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampie 1
Write each equation in exponential form.
1. log, 225 =2 2. log, 55 = —3 3. log, 55 =2
4. log; 243 =5 5. log, 64 =3 6. logy 32 = %
Example 2
Write each equation in logarithmic form.
- 25 —_ 1 _ 1
T. 2'=128 8 3 =45 9. T =5
B e B - L
0031 = s 1. 2° =512 12. 645 =16
Example 3
Evaluate each expression.
13. log, 64 14. log,,, 100,000 15. log, 625
16. log,, B1 17 Ing_,f% 18. log,, 0.00001
19. logg 512 20.log. 1 2% logg 4
Example 4
22, STRUCTURE The electric current / in-amperes in a particular circult can be
represented by log,l = —t, where [ is given in seconds. Write an equation to find

the current when time s knowr.

23. STRUCTURE The value of a guitar in dollars after x years can be modeled by tha
equeation ¥ = g{LODGS)Y, where g is the initial cost of the guitar. If a guitar costs
%400, write an equation to find the number of years it takes for a guitar to reach
a certain value,

Exampie 5

Graph each function. Then find the intercepts, domain, range, and end behavior.
24. fix) = lng;!x 25, fix) = Ingéx

26. fix) = log, x 27 fx) = logg x
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Example &
Graph each function.

28. fix)=2log, (x +3)—2 29. fix)= —3log, x —2)+1
30. fix) = logy (x + 1) — 4 3. fix)= —loggx + 25
Example 7
32. Consider gix) = logy, {x — 4) and 33. Consider fix) = log,, (x + 2} and the
pix) shown in the graph. logarithmic function gix) shown
a. Graph gbd. in the tabia.
b. Compare the end behavior of gix) 8. Graph ) and gt).
and pix). b. Compare the end behavior of fx)
and gix).
§r
1
3 1 3 27
—1 o 1 3
[ x
Example B
Identify the value of k. Write a function for each graph as it relates to fix) = logg x.
34, glxy=fx)+ & 35. hix)=k - fix) 36. jix) =fix)+ &k
¥ u F
——
=] x ol | (%)

2868 Module & - Logasithmic Functions



Mixed Exercizes

Write each logarithmic equation in exponential form and each exponential

egquation in logarithmic form.
37. logg 216 =13

39. log, 5 = —4

153 1
M. (7) =%

43. EARTHCOUAKES The intensity of an
sarthquake can be measured on the

Richter scale using the formula y = 107 —1,

where v Is the absolute intensity of the
earthquake and R s its Richter scale
measurement. In 1906, an earthquake
In San Francisco had an absolute
intensity of &,000.000. What is the
Richter scale measurement of the
earthquake?

38. log,64 =6
40, 3-5=_1_

243

a2. 7776 =6

Richter Scale Mumber | Absolute Intensity

1
2
3 100
4
5

44, INVESTING Maria invests $1000 in a savings account that pays 4% interest
compounded annually. The value of the account A after x years can be

determimed from the equation A = 1000{1.04%,. Solve the equation for x.

45, CONSTRUCT ARGUMENTS Julio and Natalla are competing in a math
compatition. They each select a legarithmic function and compare thesr
functions to see which has a greater value. Julio selected fix) = 10 log; x. and

Natalia selected gix) = 2 log,, x.

a. Which function has a greater value when x = 77 Explain your

reasoning.

b. Which function has a greater value when x = 17 Explain yvour

reasoning.

46. BIOLOGY An amoeba divides into two amoebas every hour. The number N of
amoebas after t hours can be represented by = log, N. How many hours will it
take for a single amoeba o divide into 2048 amoebas?
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4J. STRUCTURE Graph fix) = 3" and gix) = log, x on the same coordinate plane.
Define the domain, range, intercepts, and asymptotes of each.
Compare the two graphs.

48. WRITE What should you consider when using exponential and logarithmic
models to make decisions?

49, ANALYZE Let fix) = logyg (x) and glx) = 10%. Find fgix)) and o{fx}) and justify your
conclusion.

50. FIND THE ERROR Betsy says that the graphs of all logarithmic functions cross the
y-axis at (0, 1) becausa any number to the zero power equals 1. Tyrone disagrees
because he says log 0 is undefined. Is either of them correct? Explain your
reasoning.

51. PERSEVERE Without using a calculator, compare log; 51, logg 61, and logg 71
Which of these is the greatest? Explain your reasoning.

52. CREATE Write a logarithmic equation of the form ¥ = log, x for each of the
following conditions.

a. yi= equal to 25, b. ¥ is negative.
€. ¥is between O and 1 d xis1.
e xis 0

B3. FIND THE ERROR Elisa and Matthew are evaluating log: 49 Is either of them
commect? Explain your reasoning. 4

Elisa Matthew
Iﬂq,r,45r=l.l In5'¥4-1='r
S=ag =5
DF=7 ayr=m
(=" Ty = (!
y=2 Ty = —|
oy
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Lesson 6-2

Properties of Logarithms

Explore Logarithmic Expressions and Equations

L) Online Activity Use the interactive tool to complete the Explore.

=
| @ INQUIRY How can you determine log, xy and |

log,, % given log, x and log, y?

Learn |ogarithmic Equations
A logarithmic equation contains one of more logarithms.
Key Concept » Property of Equality for Loganthmic Equations

Symbols Il b is a posithve number other than 1, then
log, x = log, ¥ if and only if x = .

Example If logyx = logy ¥ thenx =T I x = 7, then logs x = logs 7.
This propery aiso holds true for inequalities

Example 1 Solve a Logarithmic Equation by

Using Definitions

Solve logy x = %.

log, x= % Chiginal equation
K= 4%‘ Crefimition of logarthm
x=(2%3 4= 22
y="25nr32 Pawer of a Power

Example 2 Solve a Logarithmic Equation by Using
Properties of Equality

Solve logg (2x% — 6) = logg 4x.

Step 1 Solve for x.

log, (2% —68) = log, 4x Original equation
2 — 6 = 4x

Propery of Eguality for
Logarithmic Equations

2 —4x—6 =0
P—2x—3=0
x—3)x+1=0 Factor
¥x—3=0orx+1=0

Subtract 4x from each side

Divide each side by 2

Zero Prodoct Property

x=3 x= -1 Soive each equation

{continued on the next poge)

Today’s Goals

= Solve logarithmic
equations using
properties of equality.

= Simplify and evaluate
expressions by using
the properties
logarithms.

Teday's Vocabulary
logarithmic equation

) Go Online

You may wanl o
complate the Concaplt
Check to check your
understanding.

by Think About It!
Why does the example
include the statement.
“‘Wx =T, then log, x =
Iogy 77

3 Go Online
You can camplete an
Extra Example online.
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Step 2 Check for extraneous solutions.

¥=3 x=—1
logs (2 + 3% — 6) = logg {4 - 3) logs [2 « (—1)* — 6] = logg [4 - (—1)]
logs (12) = logs (12} + logg (—4) = logs (—4)

Because the logarithm of a negative number is undefined, —1is an
extraneous solution. 50, k= 3.

Check

Solve log,; (—5x) = log,; (—2x* + 3).

?
= :

Learn Properties of Logarithms

Because logarithms are exponents, the properties of logarithms can
be derived from the properties of exponents. For example, the Product
Property of Logarithms can be derived from the Product of Powers

Property of Exponents.
KEey Concept - Product Property of Logarnthms
Words The logarithm of a product is the sum of the logarithms of
its factors.

Symbols For all positive numbers b, m, and n, where b # 1,
log, mn = log, m + leg, n.

Example logs Bl4) = log B + logg 4

{3 Go Online You can use the Product Property of Logarithms 1o approximate

to derive the properties of legarithmic expressions.

A i et Key Concept » Cuotient Property of Logarnithms
Words The lagarithm of a guotient is the difference of the
logarithms of the numerator and the denominator,

Symbols For all positive numbers b, m, and n, where b # 1 and
n # 0.log, & = log, m —log, n.

Example logy % = logg 2 — logy 3

Key Concept » Power Property of Logarnthms

Words The logarithm of a power & the product of the logarithm
and the exponent.

Symbaols For any real number i, and positive numbers m and &,
where b # 1, log, m™ = n log, m.

Example log, 37 =7 log, 3

L) Go Online You can complete an Extra Example online.
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Example 3 Product Property of Logarithms
Use log, 5 = 1.465 to approximate the value of log, 405.
log, 405 = log, (37 « &) 405=3.5
= lpg; 3* + log, 5
=4+ log, 5

Product Property of Logarithms

Inwerse Property of Exponents and
Loggaritham=

= 4 + 1465 or 5.465 Replace log, 5 with 1.465.

Check
Use logg 5 = 07740 to approximate the value of logg 320.

logg320= _ 2 __

Example 4 Quotient Property of Logarithms
Use log, 5 = 1.465 to approximate the value of log, 2.

L . .
Iﬂggg = |l}g3 5 5" h
= log, 3 — log, 5 Cluatient Property of Logarithms
=2—log; 5 Inverse Property of Exponents and

Logarithms

=2 — 14865 or 0.535 Replace log; 5 with 14585

Check

Use log, 5 = 0.8982 to appraximate the value of lngﬁ%.
5 7

1005 1508 = —

Example § Power Property of Logarithms

Use log, 6 = 2.585 to approximate the value of log, 1296.
log; 1296 = log, &° 1296 = 6°
=4 log, 6 Power Property of Logarithms

= 42 586) or 10.34 Replace log, B with 2. 585

Check
Use log, 3 = 1.5850 10 approximate the value of log, 243.

log,243=__ 7

E Go Online You can complete an Extra Example online.

Study Tip
Products and Bases
Because the base of
the logarithm is 3 and
YOU are given an
approximation for
logy 5, the first step in
simplifying should be
to look for how ta write
405 as a product of a
power of 3 and 5.
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@ Apply Example 6 Soive a Logarithmic Equation by
Using Properties

SOUND The loudness of a sound L in decibels is defined by

L =10 leg,, R, where R is the relative intensity of the sound. A choir
director wants to determine how many members could sing while
maintaining a safe level of sound, about B0 decibels. If one person
has a relative intensity of 10® when singing, then how many people
could sing with the same relative intensity to achieve a loudness of
B0 decibels?

1 What is the task?

Describe the task in your own words. Then list any guestions that you
may have. How can you find answers 10 your guestions?

Sample answer. | need to find the number of people 1o reach B0 decibets,
How can | represent the relative intensity of sound when | do not know
the number of choir members? Which properties will | need to use? | can
reference the definitions of the properties of logarithmes.

2 How will you approach the task? What have you learned
that you can use to help you complete the task?

Sampie answer: | will interpret the situation to write B in terms of the
number of cholr members x. Then, | will write an equation, and sobve
for x. Finally, | will interpret the solution in context. | have leamed how
to solve logarithmic equations and check for extraneous solutions.

3 What is your solution?
Use yvour strateqy to solve the problem.

What expression represents the relative intensity R of a cholr with
x members? x « 108

How many membears should the choir have to reach a relative intensity
of B0 decibels?

100 members

4 How can you know that your solution is reasonable?

3 Write About It! Write an argument that can be used to defend your

solution.
Sample answer: | can simplify R for ¥ = 100 and solve for L 5o,
R = 1000105 = (10)%

Therefore, B0 =10 log,, 10% = 10(8) = 80, which checks.

L) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampie 1

Solve each equation.

1 Ing¢x=§ 2, lngﬁx=% 3. log,; x =%

4. Iuggx=% 8. |'DI_I|I?J:'=% 6. logg x =%

Example 2

Solve each equation

7. log, (2x% — 4) = log, 2x B. logg (x* — 6) = log. % 9. log, (x? — B) = log, 2x

10.log, (2%? — 20) = log, 6x 1. log, (6x + 1) = log,, Bx 12. log, (6x2 — 3) = logg Tx

Exampies 3 and 4
Use log, 2= 0.5, log, 3 = 0.7925, and log, 5 = 11610 to approximate the value of
each expression.

13. log, 30 14. log, 20 15. log, 2

16. log, 3 17. log, o 18. log, 8

Exampls 5

Use log, 2 = 1.5850 and log, 5 = 2.3219 to approximate the value of each expression.
19. log, 25 20. log, 27 21. leg, 125

22 log, 625 23. log, 81 24. log, 243

Example &6

25, SOUND Recall that the loudness L of a sound in decibels = given by
L =10 log,, R. where R is the sound’s relative intensity. If the relative intensity of a
sound s multiplied by 10 and results in a loudness of 120 declbels, what was
the relative intensity of the original sound?

26. EARTHQUAKES The Richter scale magnitude reading m is given by m = log,, x, where
x represents the amplitude of the seismic wave causing ground motion. Determine the
reading of an earthquake that is 10 times less intense than an earthquake that measures

4.5 on the Richter scale.
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Mixed Exercises
Solve each equation. Check your solution.

27, loq, 56 — log, n=log, 7 28. log, (4x) + log, 5 = log, 40

29. 5 log, x = logy 32 30. logy, o + logyg (@ + 21) = log,, 100
31 log, x +log, ix + 2) = log, 8 32. 1:pg_1£x?+2x+1|=lngd:ﬁ—x‘}
33. log, & = log, 25 34. log, 3d = log, 9

35. log,, (3x? — 5x) = log,, 2 36. log, (2% — 3x) = log, 2

Use logg 3 = 0.6826 and logy 4 = 0.8614 to approximate the value of each expression.
37. log., 40 38. log, 30 39. logs 5

40. log, 3 a1, log, 9 42. log, 16

43. REASOMING A student mistakenly writes the following in his notes:
log, a + log, b =leg, (@ + b)

However, after substituting the values for o and b in a problem, he still gets the
right answer. If the value of a is 11, what must be the value of b7

44. CHEMISTRY The pH of a solution is given by log,, ﬁ whera H* s the concentration of hydrogen
ions in moles. The pH of a popular soft drink Is 2.5 How many moles of hydrogen lons are ina
liter of the soft drink? Write your answer In sclientific notation.
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45, PHYSICS Sir lsaac Newton determined that any two particles exert a gravitational force on each
other. The magnitude of the gravitational force of attraction between a particle of mass m, and
' T,
another of mass m, is given by F = R[ ;1 ]]. where d |5 the dislance between the particles and

k is a constant Use the properties of logarithms to find the expanded form of log F.

46. MOTION The period p of simple harmonic motion, such as the swing of a pendulum, can be

modeled by p = 27{1@. where m is mass and k is a constant. Use the properties of logarithms
to find the expanded form of log p.

47. BioLOGY Energy s required to transport substances across a cell membrane. The formula
E = 14{log,,C, — log,, C) represents the needed energy E in kilocalories per mole for
transporting a substance with a concentration of C, outside the cell to a concentration of
C, inside the cell.

a. Express E as a single logarithm of base 10
b. Given thal log,; 3 = 0.477, determine the energy needed 1o transpor a substance from

outside a cell to inside a cell if the concentration of the substance inside the cell is three times
greater than the concentration outside the cell.

¢. Given that log,, 2 = 0.3010, determine the energy needed 1o ransport a substance from
outside a call to inside a cell if the concentration of the substance inside the cell is twice the
concentration outslde the call.

lo
48. CONSTRUCT ARGUMENTS Are log % and m!% equivalent expressions? Justify your responsa.

49, Explain how to determine the values of o and b if log,; o®b® = 19 and log, % =10
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State whether each equation is true or false.

80. log (x — 3) = legg x — log, 3 51. log, 22x = log, 22 + log, x

52. log,, 19k = 19 log,, k 53. log, y° = 5log, ¥
H.Ing?§=lng?x—lng?‘3 55. log, 2+ 2)=log,z + log, 2

56. log, p* = (log, p)* 57. 1ugg¥=2lﬂggx+3luggp—4lnggz

Q Higher-Order Thinking Skills

58. CREATE Write a logarithmic expression for each condition. Then write the
expanded expression.

a. aproduct and a quotient
b. a product and a power

€. & product, a guotient, and a power

9. PERSEVERE Simplify log ﬁ{n]] to find an exact numerical value.

&0. WHICH OME DOESN'T BELONG? Find the expression that does not belong. Justify your

conclusion.
log, 24 = log, 2 + lbg, 12 log, 24 = log, 20 + leg, 4
log, 24 = log, 8 + log, 3 log, 24 = log, 4 + oG, &

61. PERSEVERE Simplify x°'99x2 — 1099, 5 45 find an exact numerical value.

62. WRITE Explain how the properties of exponents and logarithmes are related.
Include examples like the one shown at the beginning of the lesson llustrating
the Product Property, but with the Quotient Property and Power Property
of Logarithms,
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Lesson 6-3

Common Logarithms

Learn Common Logarithms Today's Goals
= Sofve exponential

Base 10 logarithms are called common logarithms and can be used in equations by using
many applications. Comman logarithms are uswally written without the common logarithms,
subscript 10. = Evaluate logarithmic
log,, x=log x. x >0 Hﬁemlﬂehmmgﬂfg
Most scientific calculators have a key ¥ Formula,
for evaluating common logarithms. The — - Today's Vocabulary
graph of the common lagarithm function -'-15?""" = common logarithms
Is showr.

L

The common logarithms of numbers that differ by integral powers of
ten are closely refated. Remember that a logarithm represents an
exponent. For example, in the equation v = log x, ¥ is the power 1o
which 10 Is raised to obtain the value of x.

Complete the table to examine the relationship between common
logarithms and exponential form.

lag1i=0 because 0% =1

log 10 =1 becatse w0 =10
g 100 =2 becayse 10¢ =100
log 10™ = m because 0™ =10

Example 1 Find Common Logarithms by Using

. Think About It!
Technology o

Describe the meaning

Use a calculator to evaluate log 8 to the nearest ten-thousandth. ol log 8 = 0.9031in the
context of exponents
Press| log | 8. ) | and|enter| The result is 0.903089987, so TR
log 8 = 0.9031. common logarithm.
1098 aprasoasy

) Go Online You can complete an Extra Exampée online.
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& Talk About It

What approximations
were made when
determining the energy
released by the Cyprus
earthquake?

Problem-5olving Tip
Logical Reasoning You
can also check 1o see
whether your answer
makes sense by
considering what x
means in the context of
the original equation.
For example, you know
that ' = land =
121. So, the value of x
should be between
1and 2 because 101 is
between 11 and 121

@ Example 2 Solve a Logarithmic Equation by
Using Exponential Form

SCIEMCE The amount of energy E in ergs that is released by an
earthquake is related to its Richter scale magnitude M by the
equation log E = 11.8 + 1.5M. Although the scale was created in the
1930s, earthquakes that occurred before its invention have been
estimated using the Richter scale. For example, an earthquake in
Cyprus in 1222 is estimated to have measured 7 on the Richter
scale. How much energy was released?

log E= 1B + 1.5M

Ornigenal equation

log E= 1.8 + 1.5(7) M=7
oty E= 223 Sampkify
E=10%22 Exponential fom

E=2x 102

Lse a calculator

The earthquake released approximately 2 x 10%2 ergs of energy.

Example 3 Solve an Exponential Equation by Using
Logarithms

Solve 11* = 101. Round to the nearest ten-thousandth.
1 =1

log 11 = log 101

x log 11 = log 101

Original eguation
Property of Eguality for Logarithms

Power Property of Logarithms

_ log e Rl
= Jog Tt Duvide each side by kog 11
¥ = 19247 Use g calculator

The solution is approximately 1.9247.
Check

You can check this answer graphically by using
a graphing calculator.

Enter each side of the equation in the Y= list
and press 1 Then use the intersect feature
from the CALC menu to find the intersection of

the two graphs. The intersection s very close to
the answer that was obtained algebraically.

|0, T ey [ R el 6

L) Go Online You can complete an Extra Example online.
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Example 4 Solve an Exponential Ineguality by Using

Logarithms
Solve 6% — % < 5%, Round to the nearest ten-thousandth.
6% 3 < 5% Original meguality
log 6%~ 5 < log 5% Property of Inequality for
Logarithmic Functions
2y — Bllog b < 3vlog 5 Power Property of Logarithms
2¢vlogb —Slog 6 < 3ylog b Distributive Property

—5log6 < 3ylog 5 —2ylog 6 Subtract 2y log 6 from each

Sne.

—Slogb<y3log5 — 2log 6) Distributive Property
~5iog B

TiogE —2ilog B <y Divide each side by
kg5 — 2ilog b
[y > —T1970) Use a calcubator
Check
Test y = 0.
6% -5 2 5% Original inegquadity
6205 530) Replace y with 0.
6—5 < &0 Simplify
ﬁ{ 1 True « MNegative Exponent Property

Learn Change of Base Formula

The Change of Base Formula allows you to write equivalent logarithmic
expressions that have different bases.

Key Concept - Change of Base Formula
Symbols  For all positive numbers g, b, and n, where g #land b # 1,

i s o, Me—— o base B of he arigiingl Rurmies
= log, g« = g b B of old bade

Example logg17= E‘:’;
Example § Change of Base Formula

Evaluate log,, 11 by writing it in terms of commeon logarithms. Round
to the nearest ten-thousandth.

log,, 1
log, 1= o9, 2 Change of Base Formulz
= 3.4594 U=ze g calculstor

E Go Ondine You can compiete an Extra Example anline.

Wateh Out!

MNegatives When
mubtiplying or dividing
an inequality by a
negative value, the
inequality sign
reverses, In this case
JingS—2lngGisa
posithve valua, 5o the
sign did not change
when both sides of the
inequality were divided
by the expression.
While solving
inequalities, use your
caleulatar to quickhy
evaluate logarithmic
expressions o
determine whether the
inequality sign should
be reversed,

3 Go Online to see
proof of the Change of
Base Formula,

(&) Talk About It

Is it possible to evaluate
log_ 57 Explain.
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&y Think About It

Describe how Lo

k‘:.g L 2
q 155133
solve 3 = og 2

algebraically.

) Go Online

You can walch a video
1o see how 10 solve
logarithmic equations
by graphing using a
graphing cakculator

Check
Evaluate logg 30. Round to the nearest ten-thousandth.
logg30=__°¢

@ Example 6 Use the Change of Base Formula

MUSIC The musical centis =
a unit of relative pitch.
One octave consists of
1200 cents. The formula
to determine the
difference n in cents
between two notes with
beginning frequency a
and ending frequency b is
n = 1200(log, }; . Find the
frequency of pitch a if pitch b is 1661.22 and the
difference between the pitches is 1600 cents.

Step 1 Write the equation in terms of common logarithms.
n = 1200{log, E:I Driginal equabon

1600 = 1200(log, 56133 | 1600 and b = 166122
4 _ @ AP S
73 |ﬂlgz{m] Dimvade sach shde by 1200

o
4 _ O9ymy R
3 = ’IJ';.E — el LF D Sk ol L

Step 2 Use a calculator to solve for a.

Enter each side of the equation as a
function in the Y= list. Then, use the
intersect feature to find the value of o,

The functions intersact at
(4186.0121, 1.333).

i SO0 see SO0 Sy |-5. 5wkl

Pitch o has a frequency of about 418601 Hz.

Check
ADVERTISIMG The revenue of a company is r = 227 + 44 logg x,
where r is the annual revenue of the company in thousands and x is

the amaunt spent on advertising in thousands. Use a graphing
calculator 1o determine the amount spent on advertising if the revenue
for the company i 5325 000. Round to the nearest dollar.

¢

Q Go Onklne You can complete an Extra Example caline.
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Pract iCE E Go Ondiree You Can Complete yodr homework online.

Exampie 1

Use a calculator to evaluate each expression to the nearest ten-thousandth.
1. log18 2. log 39 3. leg 120
4. log58 B. log423 6. log 0.003
Example 2

7. BIOLOGY There are initially 1000 bactera in a culture. The number of bacteria
doubles each hour. The number of bacteria N present after ¢ hours Is given by
N = 1000(2}). How long will it take the culture to increase to 50,000 bactaria?

B. SOUND An equation for loudness | in decibels is given by L = 10 log R, whera R
Is the relative intensity of the sound compared to the minimum threshold of
human hearing. One city’s emergency weather siren is 138 decibels loud. How
many times greater than the minimum threshold of hearing s the siren?

Example 3
Solve each equation. Round to the nearest ten-thousandth.
9, 45 =37 10. 87 = 50 . =15
12. 54 -2 =120 13. G+ 2 =18 4. 24c+4 =730
Example 4
Solve each inequality. Round to the nearest ten-thousandth.
15, 71 16. 6.5% = 200 17. 3% > 243
18. 16“5% 19 8+4>15 20, 2«25
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Example 5

Express each logarithm in terms of common logarthms. Then approximate its
value to the nearest ten-thousandth.

21. log, 22 22, log,, 200 23. log, 50
24. log, 15 25. log, 2 26. log_ 0.4
Example &

Z]. USE ESTIMATION The revenue of a restaurant is r = 180 + 35 log, x, where r is
the annual revenue in thousands of dollars and x is the amournt spent on
adwvertising in thousands of dollars. Use a graphing calculator to determine the
amount spent on advertising if the annual revenue for the restaurant s $250,000.
Round 1o the nearest dollar,

28. USE ESTIMATION The function fix) = 2 + 10log, (x + 2} gives the estimated
number of deer in a county, where x is the number of years after 2012 and f{x) is
the deer population in hundreds. A natural resources officer wanis to estimate
when the population will reach 1500, Write the equation in terms of common
logarithms. Then, use a graphing calculator to determine the vear.

Mixed Exercises
Solve each equation or inequality. Round to the nearest ten-thousandth.
29. 5" 3=72 30, 4 =g +1 31, 2+l g

32. T A+ 3 3. P =135-P 34. ¥+3 = 8%

Express each logarithm in terms of common legarithms. Then approximate its
value to the nearest ten-thousandth.

35. log, (20)° 36. logg (51° 37. logg (4)°
38. log, (8 39. log, (3.6)° 40. log,, (10.5)*
41. log, V150 42. log, V39 43. loa. V1600
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44. STRUCTURE Given that log,, 2 = 0.3010 and logy; 3 = 0.47T1, explain how to find
log, 3.

45. REASONING The graph of y = log,, x is shown. Copy the graph. Given r
that ?:]2 = 3.32, sketch a graph of y = log, x on the same coordinate plane.

B & P d s AR

A6, CONSTRUCT ARGUMENTS When a number n is written in scientific notation, it has
the form n =5 = 10F, where 1< s < 10. Prove that p < logzn < p+ 1

47. STRUCTURE Use the table shown and the properties of
lagarithms to determing the following.

Common Logarithms
{approximations)

a. Determine the missing entries in the table. Justify your
reasoning.

b. How can you use the table to determine log,, 1.5?

48. USE TOOLS The aquation f = m glves the number of years [ it takes $1000
to grow to $10,000 in a savings account earning an annual interest rate r,
compounded annually. If Jo wants to grow her $1000 investment 1o $10,000 in

45 years, use a graphing calculator to determine the interest rate needed for the
Imvestment.

49, STRUCTURE Rewrite each equation using common logarithms and solve. Show
YOUF Work.

a. 3log, (2x) — log, (3x) =1
b. log )} + logylx) =3

€. 2log,{3x) = —8 log, (x)
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B0, STRUCTURE Rewrite each inequality using common logarithms and solve.
Show your work.

a. log, (2x) < 2 logg (%)

b. 3 log; (4x) < log (8)

Q Higher-Order Thinking Skills

51. FIND THE ERROR Sam and Rosamaria are solving 4°° = 10. Is either of them
carrect? Explain your reasoning.

Sam Resamaria
4% =1 =9
log 4% = lpg 10 lag 4™ =log 10

lo = 1] =
S *hot-ial
= Toaa P= Flaas

52. PERSEVERE Solve log -3 = log_ x for x and explain each step.

53. CONSTRUCT ARGUMENTS Find the values of log, 27 and log,,; 3. Make a
canjecture aboul the relationship between log,_ b and log, o. Justify your
argument.

54. FIND THE ERROR Claudia wants to find the value of log, B to the nearest
thousandth. She uses the Change of Base Formula and a calculator to
find the approximation. The screen at right shows what she entered, and
the resull.

a. Explain the error Claudia made and how she can correct it.

b. Consider the refationship between log 8 and log 7. Explain why the result
displayed on the calculator should alert Claudia that an error has occurred.
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Lesson 6-4

Natural Logarithms

Learn Simplifying Expressions with Natural Logarithms

An exponential function with base e, written as y = 2, is called a
natural base exponential function. Recall that e i an irrational number
with an approximate value of 2 7182B818...

The inverse of a natural base exponential function
is & natural logarithm, which can be written as
log,, x, but is more often abbreviated as In x.
Every point on the graph of y = e* 1= reflected in
the line y = x, resulting in the graph of ¥ = In x.

You can wrile equivalent exponential equations
by using the definition of a natural logarithm.

|l'|'_'-=.~—-|.ngt|_«.=._._-_--=;_.’

Similarly, vou can write an equivalent logarithmic equation for an
exponential equation with base e

e'=05—+log 05=x—+In05=2x

The same properties that apply to logarithms with a base of b also
apply to natural logarithms.

Example 1 Write Equivalent Logarithmic Equations
Write each exponential equation in logarithmic form.

a. e*=14
et =14 DOrriginal equation

log, 14 =x Cefinition of natural logarithm
In1d =x Reawrita
b. e’=x
ol = Criginal equation
log. x=7 Definition of natural logarithm
Inx=7 Rewrite
Check
Write each exponential equation in logarithmic form.
a e =4x b e"=13

) Go Online You can complete an Extra Exampée online.

Today's Goals

« Simplify expressions
with natural kogarithms.

= Soive exponential
equations by using
natwral logarithems.

Teday's Vocabulary
natural base
exponential function

natural logarithm

b Think About It

Why do the same
properties that apply to
logarithms with a base
of b also apply to
natural logarithme?

by Think About It

How can you use a
calculalor 1o check
part b?
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tp Think About It
Elliott says that In &
equals 3x. Is he
correct? Explain.

f# Think About It

In what order should you
apply the properties of
logarithms to simplify a
logarithmic expression?

Example 2 Write Equivalent Exponential Eguations

Write each logarithmic equation in exponential form.
an9=x

InS=ux Criginal eguation
log, 9 =x In 9 = log, 9
g=g" Definition of natural logarithm

b. Inx = 17347

Inx = 17347 Crrigimal egquation
log, x = 17347 Inx = kogx
X = ol 737 Defimton of natural loganthm
Check
Write each loganthmic equation in exponential form.
a.In3x=4 b. In4=3x

Example 3 Simplify Logarithmic Expressions
Write 3 In 8 —In 3 + In 9 as a single logarithm.

% nB-In3+In9 Criginal expression
=InBi—In3+1In9 Power Property of Logarithms
=In2—In3+In9 Bi= 8 or2
= In % +Ing Cuotient Property of Logarthms
=InG Product Property of Logarithms

Check

Use a calculator to verify the solution.

Because hoth entries result in the same value,
TinE—IN3+In3=n6

Check
Write In 7 — % In 27 + In & a5 a single logarithm.

Learn Solving Exponential Equations by Using Natural
Logarithms

Because an exponential function with base e is the inverse of the
natural logarithm function, they can be used to eliminate each other.

glnx = » Ine=x

Exponential equations with bacse @ can be solved using natural
logarithms because ine =Ine' = 1.
E Go Onldine You can compiste an Extra Example online,
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Example 4 Solve Exponential Equations with Base e
Solve —2e*+ 3 + 8 = —14. Round to the nearest ten-thousandth.

—2e"*3ig——14 Original equation

—2e*' 3= -22 Subtract B from each side
o3 =1 Divide pach side by —2.

Ines*3I=nn Property of Equality for Logarithms E Go Online
¥x+3=InM Ine* = x lo see & COmMGn armor
x4+ 3=23979 Use a caiculator to avoid.

¥ = —0.602 Subtract 3 from each side
Check
Solve BelZ5 +3 = 26 Round to the nearest ten-thousandth.
k.

X =

Example § Solve Natural Logarithmic Equations
Solve & In 5x = 2. Round to the nearest ten-thousandth,

%‘II‘I Bx =2 Original equation
in by =12 Multiply each side by 6
pnie_ alk Property of Equality for Exponential Equations
Bx = o2 etz x
a2 =
X = Divide each side by 5.

x= 32 5509583 Use a caloulator

@' Example 6 Apply Functions with Base e

TEMPERATURE MNewton's Law of Cooling relates the temperature of
an object over time in relation to the initial temperature of the object
and the temperature of its surroundings. The temperature in
degrees Fahrenheit of a bowl of soup over time is modeled by the
function T{t) = T_ + (T, — T_Je~ %032 where T, is the temperature of
the soup when it is taken off the heat source, T, Is the ambient
temperature of the room, and t is time in minutes.,

Part A Evaluate the function.

Find the temperature of soup that s initiafly 200°F in a room that is 72°F
after 30 minutes,

my=T,+(Ty— TI':}E":' o Orriginal function
=72 + (200 — 72)e 003230} T, =72.T,=200.andt= 30
=121 Use a calculator

After 30 minutes, the saup will be about 121TF.

[continued an the next page)
ﬂ Ga Onding You can complete an Extra Exampde online
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b Think About It!
Considering the
function given for the
situation, will the soup
ever become calder
than the temperature
of the restaurani?
Explain.

Problem-5Solving Tip

Use Reasaoning
Examining the structure
of an expression can
help you interpret the
situation. For example,
in the expression

T, +{Ty— Tje 2
as t increases, o 00XN
will approach 0. 5o,
'-Tn e THJE'MW“
approach D and
Lol =T o
will approach T

The temperature will
approach the ambient
temperature as time
passes.

Part B Evaluate the function for &

Suppose a restaurant manager wants to make sure that the soup is

at least 1BO°F when It Is served Lo customers, If the soup ks inltialby
200°F and the temperature of the restaurant is 72°F, how long from
the time the soup is taken off the heat source should the server serve
the soup?

T{ﬂ = ]; e ”'El =T —03z2e

18O = 72 + (200 — ?2]-9‘“-““" T = 180, T:, =
and F’n =200

Original ineguality

108 < 12800032

Subiract 72 from each side
and simpltfy

084375 < o~ 0032
In 084375 < |n 0032t

Dhvide each side by 128

Property of Eqguality of Logarithms

In 0.B4375 < —0.0321 Ine"=x
e Divide gach side by —0.032.
B3zt Uze a calculator.

The server should serve the soup within 5.3 minutes off taking it off
the heat source.

Part C Evaluate H'mfm:tlnnfnr‘l"w

Suppose a restaurant manager increases the temperature of the
restaurant to 75°F and wants the servers Lo have at least 7 minutes to
senve the soup to the customers while the soup is 1B0°F or warmer. At
what temperature will the soup have to be when It is initially taken off
the heat source?

MysT,+(T,— TJE—D.DJH Oiriginal mequalty

180 = 75 + (T,—75)e 20340 15 =180, 7, =75,

and [ =7

105 < (T, — 75)e 0224 Subtract 75 from sach

side.
05=<T, (e 022 _ 75(e— 02  pigrbutive Property

fdd 75~ %42 to each
side.

105 + }IE{E—D.EEI' - Tniﬂ—ﬂﬂﬂd'

105 +75(e 0324

- Divide each side by

a—0234
2064 = Tﬂ Lise a ralcidator,

The Initial temperature of the soup must be at least 206.4°F so that the
capvers have 7 minutes to sarve L

E Go Online You can complete an Extra Example online.
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Explore Using a Scatter Plot to Analyze Data

) Online Activity Use the video to complete the Explore.
|
& INQUIRY How can you use a scatter plot to '

determing the type of function that best
models a set of data?

& Example 7 Examine Logarithmic Data

GAMING The table shows the percentage of people in the LS. who

play games on their mobile phones in the years since 2010. Use a
graphing calculator to analyze the data.

Years
Since 2010

Population

(%) 259|339 409 | 463 | 513 | 557 | 58.9 | 616 | 631 | 637

Source: eMarketer; projected volues for vears 2016 and beyond

Step 1 Enter the data.

Before yvou bagin, make sure that
your Diagnostic setting Is on.

You can find this in the [CATALOG]
menu. Press [D] and scroll down

to DiagnosticOn. Then press
m Enter the data by pressing

Enter the years since 2010 into
Lizt 1 (L1) and the percentage of
the population in List 2 [L2).

Step 2 Make a scatter plot.

Press EI [STAT PLOT],

and then 1o turn on the
plot. Choose the scatter plot
icon. Use L1for the Xiist and L2
for the Yiist

Press | indow] And adjust the
parameters to fit the data,

! [
Press l“ see the [0, 12] scl: 1 by [0, 100] sct: 10
ceatter plot. ;
: ) Go Online
From the scatter plot, the data appear to have a curved trend that You can complete an
approximates a natural lagarithmic function. Extra Example online.

(cantinued on ke next poge)
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Watch Out!

Range The function for
the percentage of
people who play
games on their phone
has a range of all real
nwmbers. n the

context of the situation,

only positive values of
¥ no greater than 100
make sense becauss
the percentage of the
popidation cannot be
negative or greater
than 100%.

Use a Source

Use the data you
collected in the Explore
activity to write a
logarithmic function to
model the temperature
of the coffee over time.
Then, use the function
to predicl the
temperature of the
coffee after 45 minutes,

Step 3 Determine the function of best fit.

To determine the function that best fits the data, perform a natural
logarithmic regression. Check that the coefficient of determination s
close to 1, indicating a strong fit of the data.

Procs and access the CALC menu, Select a natural ogadthmic
regression LnReg from the list. Select L1 and L2 as the data set and
store the regression equation in the Y= lisL

The regression has a coeflichent
of determination of r = 09934,
which is a very strong fit of the
data. Because the function fits
the data well and makes sense in
the context of the situation, the
data can be represented by a
legarithmic function.

The regression equation is
y=23323T + 177473 In x.

Step 4 Evaluate using the regression function.
You can use the table generated
by the graphing calculator to
predict the percentage of peophe
who play games on their phones
ina glven year. Press
[TABLE} and use the arrow keys to
scroll down to x = 15 to predict

the percentage of people who
will play games in 2025,

.H.l*;ﬂai_ﬁgn <

UPRET T A
mrigeea

In 2025, aboul 71.4% of people in
America will play games on a phonea.

Step 5 Analyze the graph.
Press @ You can use the functionality of the calculator to help
analyze the key features in the context of the siteation.

domain: [x|x = 0}

range: [}y = 0]

w-imtercept: 0. 2687

yintercept: none

increasing: (x{x > 0]

positive: [xjx = 0.26BT)

negative: [x|0 < x < 0. 2687]
end behavior: As x — o0,y — o0, : :
The function y = 233237 + 10, 12} sck: 1 by [0, W0 sd: 10
177473 In x includes y-values less than 0. However, in the context of the
situation, y represents a percent of the population and must be positive.
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Practice E Go Online You 'can complete vaur omewark online

Exampis 1

Write each exponential equation in logarithmic form.

1. e®=x 2 e =45 3 e™=02

4. e®2 =10x 5. g'=13 6. e®=8x

7. et=x-3 B.e"=8 9, ¢ = 10x
Example 2

Write each logarithmic equation in exponential form.

10. In50=x . In 36 = 2x 12. n20=x

1. Inx=8 4. In[4x) =986 15. In 00002 = x
16. Inx = 0.3345 17. In15=x 18. In 534 = 2x
Exampie 3

Write each expression as a single logarithm.

19. 3In3—In9 20, 4In16 — In 256 2. 2Ihx+2In4
22.3In4+3In3 23. n125—2In5 24. 3In10 + 2 In 100
25.4In5—6lng 26.7In3+5In2 27. 8Inx—4In5
Example 4

Solve sach equation. Round to the nearest ten-thousandth.

28. 22" —1=1 29, 5" +3=18 30. e =30

3. e“=58 32 2" —3=1 33.4+e"=189
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Example 5
Solve each equation. Round to the nearest ten-thousandth.

3. Inxk—8)=1 3B Inx+2)=3 36. Inlk+3)=5
AT n3dx+In2x=19 38. nSx+ nx=7 39. In3x=2
Example &

40. USE A MODEL Monigue wants to imvest $4000 in a savings account that pays
3.4% annual interest compounded continuously. The formula A = Pe™is used to
find the amount in the account, where 4 is the amount in the account after
t years, Pis the principal amount invested, and ris the annual Interest rate.

a. What s the balance of Monique's account after 5 years?

b. Suppose Monigue wants to wait until there s at least $6000 in her account
before withdrawing any money. How long must she keep her money in the
savings account?

€. Suppose Monigue wants to have at least $10.000 in her account after 10 years.

If the interest rate remains 3.4% compounded continuously, what |s the
principal she should invest?

&1. USE & MODEL Sarita deposits $750 in an account paying 2.7% annual interest
compounded continuously. Use the formula for continuousty compounded
interest, A = Pe, where 4 Is the amount in the account after [ years, Pis the
principal amount invested, and r is the annual Interest rate,

a. What is the balance of Sarita’s account after 3 years?

b. How long will it take the balance in Sarita’s account to reach at least 320007

c. Suppose Sartta wanls to have at least $1000 in her account after § years. If the
Interest rate remains 27% compounded continuously, what s the principal she
should invest?

Example T

42, USETOOLS The table shows the number of people y who attended the annual
neighborhood festhval since it began in 2005. Use a graphing calculator to find a
Izgarithmic function which models the data. Then use the model to predict how
many people will attend in 2025,

Years Since 2005 1 2 3 4 5 & F ] =] 10 1

LT ER Ll 150 | 223 | 267 | 290 | 319 | 339 | 354 | 367 | 380 | 402 | 40
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43. USE TOOLS The table shows the mass y of a decaying compound x years since
the compound was made. Use a graphing calculator to find a logarithmic function

to model the data. Then use the model to predict the mass of the compound after
30 years.

1 2 3 4 5 6 7 8 2 10
BOO 775 742 734 A9 | MO | 703 | 692 | 639 | 680

44, USE TOOLS The table shows the number of cell colonies v that remain after each
minute x of an experdment. Use a graphing calculator to find a logarithméc
function to model the data. Then use the model to predict the number of cell
colonies remaining after 15 minutes.

Tirme {rmimn)

MHumber of cells 1385 | 1350 | 1315 | 1300 | 1280 | 1270 | 1258 | 1243 | 1232

45, USE TOOLS The table shows the number of visitors v in hundreds to a wildlife
sanctuary’s hawk exhibit since it opened in 2012, Use a graphing calculator to
find a logarithmic function to model the data. Then use the model to predict how
many visitors the sanctuary can expect in 2028,

Years Since 2012 1 2 e | 4 5] & 7 8
RUET LR T b= Al P00 | 2110 | 2980 | 2180 | 2200 | 2220 (2232 | 2245

Mixed Exercises

Write the expression as a sum or difference of logarithms or multiples of logarithms.
46. In o a7. n V2

Use the natural logarithm to solve each equation.
48. 3" =04 49. 2> =18

50. POPULATION The growth of the waorld's population can be represented as
A= Ane"’. where A is the population at Ume 1, A, is the population at t = 0, and
ris the annual growth rate. The world's population at the beginning of 2008 was
estimated at 6.641,000.000. If the annual growth rate s 1.2%. when will the world
population reach 9 billion?

B1. FINANCE Janie’s bank pays 2 8% annual interest compounded continuously
on her savings account. She invested $2000 in the account. Using the formula
A = Pe" determine how long it will take for her initial deposit to double in value.
Assume that she makes no additional deposits and no withdrawals. Round your
answer to the nearest quarter year.
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STRUCTURE Given in & = 1.6094 and In B = 2.0794, evaluate each expression without using a
calculator. Explain your reasoning.

82. In 200 B3. In 3125 54. In10

B5. USE ESTIMATION Ower time, the amount of Carbon-14 present in non-living
organic material decreases. Radiocarbon dating is a technique that measures the
amount of carbon-14 that s present in these materials to estimate age. The
exponential function ¥ = oe™, represents the relationship between the current
amount y of carbon-14 in organic material and the initial amount o of Carbon-14
over time [ with rate of decay k.

a. The amount of time it takes for the amount of Carbon-14 presant in organic
material to decrease by half is 5730 yvears, This is called the half-ife. Use this
information to find the rate of decay k associated with Carbon-14. Write your
answer as an exact value.

b. Suppose a fossil inlthally contained 200 milligrams of Carbon-14. Write an
equation that represents the relationship between the age of the fossil and the
amount of carbon-14 currently in the sample.

c. Use a graphing calculator to estimate how long it will take the foscil to contain
40% or less of the carbon-14 it initially contained. Then, solve the inequality
algebraically and compare your results.

B5. PRECISION If $5000 is invested into an account that earns 2% compounded
continuously and at the same time $3000 is invested into an account that eams
4% compounded continuously, after how long will the two accounts contain the
same amount of money?

Q Higher-Order Thinking Skills

57. ANALYZE Mevash says that e = x Do yvou agrea or disagree? Justify your
ANSWEE.

58. PERSEVERE Solve 4* — 2* 1 =15 for x.
BO. CONSTRUCT ARGUMENTS Prove In aob = Ina + In b for natural logarkthms.

&0. AMALYZTE Determine whether x > In x |s somelimes, always, or never true. Explain
your reasoning.
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Lesson 6-5

Using Exponential and Logarithmic Functions

Learn Using Logarithms to Solve Exponential Growth
Problems

Exponential functions with base e are frequently used in an altematea
form of the Exponential Growth Formula 1o represent situations
invalving continuous growth.

Hay Concept « Continuous Exponential Growth
Exponential growth can be modeled by the function

fix) = o™,

where o is the initial value, [ is time in years, and k s a constant
representing the rate of continuous growth.

The Continuous Exponentlal Growth eqguation y = oe*' is often used to
represent population growth and is the same as the contiruously
compounded interest formula.

Continuously Compounded Continuous Exponential Growth
Interest —
A= Rt o = initial population
¥ amnool v = population at time ¢

RS OUNE e e £ k = rate of continuous growth

r = inlerest rate

9 Example 1 Continuous Exponential Growth

POPULATION In 2016, the population of Florida was 20,61 million
people. In 2000, it was 15.98 million.

Part A Write an exponential growth equation.

Because the population is growing as time passes, use the year as the
independent variable and the population as the dependent variable,
Find the value of k, Florida's relative growth rate. Then write an
equation that represents the population of Flockda fyears after 2000.

Since I is the number of years after 2000, 15.98 represents
the nitial population, and 2061 represents the population 16 years
after 2000, or at I = 16.

lcontinued on the next page)

Today's Goals

= Write and sohve
exponential growth
equations and
inequalities.

= Write and sohee
exponential decay

ks Think About It

Write an exponential
growth equation to
represent a population
that grows at a rate of
&% per year and has an

initial population of 250.
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Study Tip
Assumptions We
know that populations
cannot grow infinitely
and may be alfected by
other factors such as
available land area,
resources, diseases,
and so on. However,
assuming that a
population will
continue to grow at the
same rate allows us to
represent the situation
with an exponantial
growth equation,

\# Think About It
Based on the given
models for the
populations of Florida
and Califomia, does it
make sense that
Rorida’s population will
eveniually surpass
California’s? Explain
YOur reasoning.

L) Go Online You
can complete an Extra
Example online.

y = o™

20.61 = 1508416}
208 s
[T
In % =In ™

2061 _
In sog 16k

Formula for continuous exponential growth

v = 2061 o0=1598 and t = 2006 — 2000 or 16
Divide each side by 15,98

Property of Equality for Loganthmic Eqguations

Ine'sx

Divide each side by 5.

Use g calculstor

Florida's relative rate of growth is about, 0.0159, or about 1.59%.

y = o™

¥ = 15.98e 00155

Formula for continuous exponential growth
o= 1598 and &k = 0.0155

5o, the population of Florida ¢ years after 2000 can be modeled by the

equation y = 15.98e2015%

Part B Predict when the population will reach 25 million people.

Use your equation from Part A 1o predict the population.

y = 159800158
25 = 1598005
1564 = Eﬂ-.ﬂ-‘l'ﬁ-'m
In 1564 = In g®015%
In 1.564 = 0.0155¢

In1564 _
0oES

28129 =t

Ciniginal equation

y=25

Divide each side by 15.98.

Property of Equality for Logarithmic Equatons
ne' =x

Crivide each side by 0.01549

Use a calculator

Flarida's population will reach 25 milllon people approximately 28129
yvears after 2000, or In 2028,

Part C Compare the populations of Florida and California.

Californla's population in 2000 was 33.9 million, and its population
growth can be modeled by y = 33.9e%%%2 Determine when Florida's
population will surpass California’s.

159800159 -, 33 00002
In 159820055 =, | 33 gp00092

Formmula for exponential growth
Prop. of ineq. for Logaridhms

In 1598 + In o205 = |n 339 + In @005 Product Property of Logarithms
in1598 4+ 0015 > In 339+ 00092t Ine*=x

In15.98 + 0.0067 > In 339

00067 > Im 339 — In 1598

In 339 = in 15.58
OLOaET

r=1M2238

>

Subtract 00092 from each side.

Subiract In 15,98 from each side
Dinvide each side by (L0067

Use a calcutstor

Assuming that this trend continues, Florida's population is on track to

surpass California's in 2112,
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Check
SCIENCE An experiment starts with 20 bacteria A cells. After
A5 minutes, there are 710 bacteria A cells:

Part A

Write the equation that models the number of bacteria A cells y after
t minutes. Round the value of k to the nearest thousandth.

Part B

After how many minutes will there be 1000 bacteria A cells? Round Lo
the nearest tenth if necessary.

?_ minutes

Part C

Bacteria B grows exponentially according to the model y = 520984
After how many minutes will there be more bacteria A cells than
bacteria B calls? Round to the nearest tenth if necessary.

? minutes

Learn Using Logarithms to Solve Exponential Decay
Problems

Exponential functions with base & are frequently used by researchors
and scientists to represent situations imvalving continuous decay.

Key Concept » Continucus Exponential Decay
Exponential decay can be modeled by the function

) = ce X,

whare o is the initial value, [ s time m years, and &k £ a positive constant
representing the rate of continuous decay,

 Example 2 Continuous Exponential Decay

SCIEMCE The halflifecfa
radioactive substance is
the time it takes for half of
the atoms of the substance
to disintegrate. The
radicactive substance
Thorum-230 is used to
determine the ages of cave
formations and coral. The
half-life of Thorium-230 Is

75,381 years.,

lcontinued on the next page)

f# Think About It!
Given time in months
and a rate per year,
how waould you find the
value of  to substitute
into the continuous
exponential decay
function?
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Use a Source

Research the half-life of
anaother radicactive
substance. Find the
value of k and the
equation of decay for
the substance.

Watch Out!

Rate and Time Some
radioactive substances
have haif-life periods
that are more easily
recorded in a unit.of
time other than years.
Make sure that time
and the time period of
the rate k use the
same unit. For
example, the half-life
of Phosphorus-32 is
1429 days, so its
decay constant of
0.0485 represents a
decay rate of 4 35%

per day, not per year.

Part A
Determine the value of k and the equation of decay for Thorlum-230.

If o is the initial amount of the substance, then the amount y that
remains after one half-life period, or 75,381 years, Is %n‘ or 0.5a.

y=oe™ Formulz for continuows exponential decay
050 =0 ™3 . — pSgandt= 75,381
0.5 = g~7238 Divide each side by o

In05=Ine ™%  propany of Equakity for Logarithmic Equations
In 0.5 =-75381 Ine*=x

JTn_&u3§1 =k Divide each side by — 75,381,
00000002 = k Lse a calculstm

The rate of decay of Thorum-230 s about 0.0000092, or about

0.00092% per yvear. Thus, the equation for the decay of Thorium-230
is y = ge-00000082

PartB

How much of a 2-gram sample of Thorium-230 should be left after
1500 years?

y = ae—0.0000092t Formula for the decay of Thorium-230
= 2 OO o=2andt= 1500
= Jp-00138 Sirmplify.
=197 Use a calcudator

After 1500 vears, there will be about 1.97 grams of Thorlum-230
remaining. Since Thorium-230 has such a long hatf-life, it is reasonable
that after 1500 years only a small amount, 0.03 gram, of the onginal
sample will have decayed.

Check

HALF-LIFE lodine-131, a radicactive isotope commonky used Lo treat
thyroid cancer, has a half-life of 8.02 days.

Part A

Write the continuous exponantial decay equation for lodine-131, Round
the value of k to the nearest thousandth.

PartB

How much of a 15-gram sample will be left after 20 day<? Round to the
nearest tenth if necessary.

2 __grams

L) Go Online You can complete an Extra Example online.
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@ Apply Example 3 Radiocarbon Dating

ARCHAEOLOGY Carbon-14 is used
to date objects in a method called
radiocarbon dating. Carbon-14 has as
half-life of 5730 years and a decay
constant k of 0.00012. In 2016,
charcoal flakes from the excavation
site of an ancient human settlement
in Canada were sent for radiocarbon
dating. if the charcoal flakes were found to contain about 18.6% as
much Carbon-14 as they would have originally contained, how old are
the charcoal flakes to the nearest year?

1 What i1s the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers o your guestions?

Sample answer: | need to use the information about the half-life of
Carbon-14 1o find the age the charcoal flakes. Which values should | use in
the exponential decay equation? When | solve the equation, wihat will the
solution mean? | can use what | know about half-life to estimate a saluton.

2 How will you approach the task? What have you learned that
yvou can use to help you complete the task?

Sample answer: | will estimate the solution. Then | will write and salve
an exponential decay eqguation for Carbon-14. | will interpret the
solution in the context of the situation. | have learned how o use the
exponential decay equation.

3 What is your solution?
Use your strategy 1o solve the problem.

Based on the hali-life of Carbon-14, how could you estimate the age of
the charcoal flakes?

Sample answer: After two half-life perods, there would be 25% of the
ariginal amount of Carbon-14 remaining in the charcoal flake because
100% =+ 2 = 50% and 50% = 2 = 25%. After three half-ife periods,
there would be 12 5% left. If the flake contains 18.6% as much
Carbon-14 ac it originally did, then between two and three hali-life
periods have passed. So, the charcoal flake i between 11,460 and
17190 years old.

What equation can be used to find the age of the charcoal flakes?
ﬂ_n‘ﬂ_ﬁ _— E.—D.B'I:H]EJ

What does the solution of the equation represent in the context of the
situation?

Sample answer: The charcoal flakes are about 14,017 years old. Thie
means that the ancient human settlement existed about 14,000 years ago.

continued on the next page)

Study Tip
Radiocarbon Dating
When given a percent
of fraction of decay, use
an ariginal amownt of 1
for a.

Lesson 65 « Using Exponential and Logarithmic Functions 206




4 How can you know that your solution is reasonable?

@ write About Itt Write an argument that can be used to defend
your solution.

Sample answer: The solution falls within the initial estimate of 11,460 to
17190 years. | can also substitute 14,017 into the formula for the decay of
Carben-14 to check thal the remaining amount is about 18.6%. _
Fory=0e %090 a1 g = fand t = 14,017 Then y = 1+ g~ 00001204.017)
= 0186 or 18.6%.

Check

ARCHAEOLOGY An archaeclogist examining a prehistoric painting

estimates that it contains about 2.34% as much Carbon-14 as it would
have contained when it was mﬁmﬁﬂmmmmwm
wmam maﬂaFStmr.

[Hint: The formula for the decay of Carbon-14 is y = e~000012t ]
7 yearsago

Pause and Reflect
Did you struggle with anything in this lesson? If so, how did you
ﬂﬂﬂ\lﬂhiﬂ
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Practice E-Eu Online You can complete your homewark onling.

Example 1

1. POPULATION In 2000, the world population was estimated to be 6124 hillion
people. In 2005, it was 65515 billion.

a. Write an exponential growth equation to represent the population y in billons
I years after 2000,

b. Use the equation to predict the year in which the world population reached
1.5 blllion people.

2. COMNSUMER AWARENESS Jason wants to buy a new HD television but he thinks
that if he waits, the guality of HD televisions will improve. The television he wants
to buy costs $2500 now, and based on pricing trends, Jason thinks that the price
will increase by 4% each year.

a. Write an exponential growth eguation 1o represent the price v of a new
HD tefevision t years from now.

b. Use the equation to predict when a new HD television will
cost $3000.

€. Jason decldes to wait to buy a new television and saves his moneay. He puts
£2200 In a savings account with 4.7% annual interest compounded
continuously. Determine when the amount in his savings will exceead the cost
of a new Lelevision.

Exampls 2
3. REASONING A radicactive substance has a half-life of 32 years.

a. Determine the value of k and the equation of decay for this radioactive
substance,

b. How much of a b-gram sample of the radioactive substance should be left
after 100 vears?

Example 3

4. CARBOM DATING Carbon-14 has a decay constant k of 0.00012, Use this
Information to determing the age of the objects based on the amount of
Carbon-14.

a. afossil that has lost 95% of its Carbon-14
b. an animal skelston that has 95% of its Carbon-14 remaining
5. HALF-LIFE Archeologists uncover an ancient wooden tool. They analyze the tool

and find that it has 22% a= much Carbon-14 compared to the likely amount that it

contained when it was made. Given that the decay constant of Carbon-14 s
000012, about how old [s the artifact?
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Mixed Exercises

6. RADIOACTIVE DECAY The half-life of Rubldium-87 is about 48.8 billion years.

a. Determine the value of k and the equation of decay for Rubidium-B7.

b. A specimen currently contains 50 milligrams of Rubidium-B7. How lorg will it
take the specimen Lo decay to only 18 milligrams of Rubidium-877

c.. How many milligrams of the 50-milligram sample will be left after
800 milllon years?

d. How long will it take Rubidium-87 to decay to one-sixteenth its original
amount?

7. USE A MODEL Consider a certain bacterla which is undergoing continuous
exponential growth.

a. If there are BO cells initially and 675 cells after 30 minutes, determine the
value of k.

b. When will the bacterda reach a population of 6000 cells?

c. If a second type of bacteria i= growing exponentiaily according to the model
y = 35220978 datermine how lang before the number of cells of this bacteria
exceed the number of cells in the original bacteria.

B. NUCLEAR POWER The element plutonium-239 is highly radicactve.
MNuclear reactors can produce and also use this element The heat that
plutonium-239 emits has helped to power equipment on the moon. If the
hali-life of Plutonium-239 is 24,360 years, what is the value of k for this
elemant?

9. DEPRECIATION A Global Positioning Satellite (GPS) system uses satellite
information to locate ground position. Abu's surveying firm bought a GPS
system for 12, 500, The GPS is now worth $8600. If the value of the system
depreciales al a rate of 6.2% annually, how many years ago did Abu buy the
GPS system?

10. WHALES Modern whales appeared between 5 and 10 million vears ago. &
paleontologist claims to have discovered a whale vertebrae which contains 80%
less Carbon-14 than it originally contained. Is it possible for this vertebrae 1o bea
from a modern whaie? Use the decay constant of 000012 for Carbon-14. Justify
WOLIF FesSponse.
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1.

12.

13.

14.

15.

16.

REGULARITY Lulsa read that the population of her town has increased
exponentially. The current population of her town is 68735, One year ago, the
population was 67,387

a. Based on this information, write an exponential growth equation. Let y
represent the population after ! years.,

b. Use the eqguation to estimate the population 100 yvears ago.

RADICACTIVE DECAY Cobalt, an element used 1o make alloys, has several
lzotopes. One of these, Cobalt-60, is radicactive and has a hali-life of 5.7 yvears.
What s the value of rate of decay for Cobalt-607

WILDLIFE The initlal population of rabbits in an area is 8000 and the population
grows continuously at a rate of 26% each year. Write an equation 1o represent the
rabbit population P in thousands after [ years. Then, determing how long it will
take for the population to reach 25,000

STATE YOUR ASSUMPTIONS A population s growing continuously at a rate of 3%.
If the population is now 5 million, when will the population reach 8.3 million? State
an assumption needed to solve the problem.

ORGANISEMS The table shows the amount of Carbon-14

Time [years) | Carbon-14{
left in a 1000-milligram sample over time. Use the data to ook tisande S Wil
vierify that the decay constant is approximately 0 1000
—0.00012. 1 959 876

i 999752
3 959,628
SCIENCE The number of bactenia in a colony is growing exponentially.

AL 10:00 a M. the number of bacteria was 20 and the cofony population has
continuously Increazed at a rate of 8% each hour.

a. Write an equation to represent the number of bacteria y after | hours.

b. If this trend continues, determine the time when the number of bacteria in the
colomy will reach 50. Round to the nearest minute.
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17. USE A MODEL A biclogy experiment starts with 1,000,000 celis and 30% of the

cedls are dying every minute. The blologlst wants to determine when there will be
less than 1000 ceills.

a. Copy and complete the table of values and graph the points. Determine what
kind of mathematical model best describes the points.,

t {minj | Surviving Celis After t Minutes
o] initial amount (0, 1.000,000)
1 {070N1,000,000) = 700,000 survive | {1, 700,000)
2 (0.70)700,000) =
3 {0.70)490.000) =

b. Write an equation to represent the situation and define each variable.

€. Find the value of the constant k to & decimal places, and tell whether it
indicates growth or decay. Write the exponential equation to represent this
experimeant

d. How long will it take to have less than 1000 cells?

18. USE A MODEL The population of a city s modeled by ff) = 25000753 where ff)
is the population in thousands t years after 2012,

a. Based on the equation, what information do you know about the population of
the city?

b. In what year will the citys population reach 500 0007

\o# Higher-Order Thinking Skills

120,000

1+ 4B 005 — 24" %% for 1,

19. PERSEVERE Soive

20. ARGUMENTS Explain mathematically why ff} = r

ﬁ approaches, but never
reaches the value of c as { — 2.

21. WRITE How are exponential and continuous exponential functions used to model
different real-world situations?
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Module 6 - Logarithmic Functions

Review

('-f-,-l Essential Question

How are logarithms defined and used to model situations in the real world?
A logarithm is the power to which a base must be raised to equal the gliven number.
Logarithmic functions model slow-growing functions.,

Module Summary
Lesson 6-1

Logarithmic Functions

+ Lot band x be positive numbers, b # 1. The
logarithm of x with base b is denoted log, x and
is defined as the exponent y that makes the
equation b = x true.

+ The same techniques used o transform the
graphs of other functions can be applied to the
graphs of logarithmic functions in the form
gix) = alog, (x — h) + k.

Lesson 6-2

Properties of Logarithms

« If bis a positive number other than 1, then
log, x = kog, yif and only if x = y.

+ For all positive numbers b, m, and n, when
b # 1, log, mn = log, m + log, .

« For all positive numbers b, m, and n, whare b # 1
and n 0, Ing=¥= log,m — log,n.

« For any real number i, and positive numbers m
and b, where b # 1, leg, m" = n log_ m.

Lessons 6-3 and 6-4

Common Logarithms and Natural
Logarithms

+ Basze 10 loganthms are called comman logarithms.

+ For all positive numbers o, b, and n, where o #1

and b+ 1log_n= Tog, o

« An exponential function with base e, written as
¥ = ¢ s called a natural base exponential
functicn.

= The inverse of a natural base exponential
function is a natural logarthm, which can be
written as log_ x, but is more often abbreviated
at In x.

= The same properties that apply to logarithms
with & base of b also apply to natural logarithms.

Lesson 6-5

Using Exponential and Logarithmic

Functions

= Exponential growth can be modeled by the
function Ax) = a2, where o = the initial value,
t is fime in years, and k is a constant
representing the rate of continuous growth.

« The Continuous Exponential Growth equation
¥ = oo is often used to represent population
growth and is the same as the continuoushy
compounded interest formula.

« Exponential decay can be modeled by the
function fix) = oe*, where o is the initial value,
t is time in years, and k is a positive constant
representing the rate of continuous decay.

Study Organizer
(T Foldables
Usze your Foldable 1o review
this module. Working with a
partner can be helpful Ask

for clarfication of concepts
as neaded.
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Test Practice

1. OPEN RESPOMSE Write each equation in 4. MULTIPLE CHOICE Which of the following I
logarithmic form. iLessan &1) equivalent to log, 37 {Lesson &)
a) &' =120& A —4
B —x
c i
D 4
b) 24i=27

5. OPEN RESPOMNSE Explain how you can use
log, 7 = 17712 to approximate the value of
log, 15.309. jLesson &-2)

—
€ 87%=g

2. GRAPH Graph fix} = log, x — 3.
[Leszon 6-1)

6. MULTIPLE CHOICE Find the value of ¥ makes
the equation true, [Lesson 6-2)

log_(x* + 5x — 108) = log,, 28x

A =7
B. —4
3. GRAPH Graph g{x) = —log, x + 2. c 18
[Lesson 6-1)
D 27
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10.

MULTIPLE CHOICE Solve log, x = %
|Lesson 6-2)

A2
B. 14
. 448

D. 128

OPEN RESPONSE Some stars appear
brighter than others because they are
closer to Earth. The equation

058 =503 — 5 log,, ¥ can be used 1o
determine the distance, x, in parsecs that
the star, Vega, is from Earth, Explain how to
use a graphing calculator to find the
distance Yega is from Earth. [Lesson &3

MULTI-SELECT Select all the salutions of
144~ % = 8" (Lesson 6-3)

A, —23.57192
B. 11.6667
C. 235792
5 log 14
D fege-icgw
5 log 1
E. jogW-loge

E.  log M{x — 5) = log 8x

OPEN RESPONSE Solve 6 F = 11
Lessan &3]

1. MULTIPLE CHOICE Which equation could be

used to determine 12 log, 8 = 157 fLesson &3

N
. 5ot
C 3=1og
D 3=p2

. MULTIPLE CHOICE Each key on a piano

has a certain frequency, related to its
position on the keyboard. The relationship

can be described using the equation
n=1+12 Inglﬁ_where n is the number
of the key and f s the frequency in hertz_ I
middle C has a frequency of 2611 Hz, what
number key is it on a reqular keyboard?
Round to the nearest whole number, if
Necassary. (Lesson &-3)

A 3

B. 10
C. 39
D 40

DPEN RESPOMNSE Write each eguation in
logarithmic form. (Lesson 6-4)

a) eT=8x

b) e =17
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14.

16.

MULTHFSELECT Select all expressions that
show 8 In 81 — 10 In 27 as a single
logarithm. [Lessan 6-4)

A, In %

B. InG

C. In9

b 2In3

E. —2ink3

MULTIPLE CHOICE Cho started a savings
account with $2800. The account pays 3 8%
compounded continuously. Cho wanted to
withdraw the money after 5 years, but her
friend says she should wait to withdraw it
after 10 years.

Use the continuously compounded interast
formula, 4 = Pe”, to determine how much
more money will be in the savings account if
Cho waits 10 years instead of 5 years to
withdraw the money? Round ta the nearest
cenl (Lesson 5-4)

A $691.66
B. $708.50
C. %338590
D. $4094.40

OPEN RESPOMNSE Solve the inequality.
Round to the nearest ten-thousandth.
[LesEon -]

In{2x + GF < 6

308 Module & Review « Logarithmic Functions
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18.

MULTIPLE CHOICE Alaska ranks as the 48th
state when comparing population sizes. In
1880, the population was 410,851 and in
2010 the population was 713,985, Which
equation models the population of Alaska

t years after 19807 (Lesson 5-5)

A y= 410851008
y = 410, 8510 o0=4

E.
€. y=T13 98508

0. y=713 985 2m

OPEN RESPONSE Suppose the population of
Alaska continues 1o grow at a continuous rate:
Use the equation found in Exarcise 17 to

explain how to predict when the population of
Alaska will reach 1,600,000 people. (Lesson 6-5)

OPEN RESPOMSE Satellites in space ang
powered by radicisotopes, or radioactive
elements. The amount of power the
radicisotope generates over time can be
represented by the equation P = 53g 2%,
whera P s the output in watts and £ is the
time in days. After how many days will the
remaining power be 11.44 watis? Round to
the nearest whole number. [Lesson 5-5)



Module 7
Rational Functions

What Will You Learn?
How much do vou already know about each topic before starting this module®

e

5 — | don't know. s — v heard of it i= — | kmow it!

,,
1L
i
=
=

multiply and divide rational expressions | |

add and subtract rational expressions

graph and analyze reciprocal functions

graph and analyza rational functions

recognize and solve direct variation eguations

recognize and solve joint variation equations

recognize and sohve inverse variation equations

solve rational equations and inequalities algebraically
and by graphing

@ Foldables Make this Foldable to help you organize your
notes aboul rational functions and refations. Begin with

an E:%" x 11" sheet of gnd paper.

1. Fold in thirds along the helght

2. Fold the top edge down, making a 2 tab at the top.
Cut along the folds.

3. Label the outside tabs Expressions, Funclions, and
Eguations. Use the inside tabs for definitions and notes. mER ST

)
=

TR

TisTsda
13

2

=3,

4. Write exampies of each topic in the space below each tab. L 21 (2531

ke |
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What Vocabulary Will You Learn?

« cambined variation « hyperbola « rational expression
» complex fraction + [nverse variation « rational function
« constant of variation + joint variation « ratiorial inequality
« direct variation « oblique asymptote « reciprocal function
v excluded values + point discontinuity « vertical asymptote
» horizontal asymplote « rational equation
Are You Ready?
Complete the Quick Review 1o see if you are ready to starl this module.
Then complete the Quick Check.
Quick Review
Example 1 Exampls 2
N i B
Solve 5 = Zr. Write in simplest form. Simplify 1 + 3 — 5.
1.3 5
1—!: = %.r Oviginal eguation 3*a" 6
144 3 3% 5 (2 i ;
=<+ —=(5) TheGCFal3, 4, and B is12
%=?r Multiply esch side by B E E""} 4 f'3} 5{]} - P
4.9
St = — gl
% =r Divide each side by 7 2 2 ooy
3
Since the GCF of 72 and 77 is 1, the sclution is in k7 Acd and sublract
simplest form. = 131:33 o= % Samylity

Gulek Check

Solve each equation. Write in simplest form. Simplify each expression.

L5 b -2
28- ix €$-1+3
2. 4m-1 2 g-d+d
"l%ﬂ:? H.%+%+3

Howe Diid You Da?
Which exercises did you answer correctly in the Quick Check?
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Lesson 7-1

Multiplying and Dividing
Rational Expressions

Today's Goals
Learn Simplifying Rational Expressions = Smplify rational expressions.
« Simglify rational

A rational expression is a ratio of two palynomial expressions. epressions by multEing

Because variables in algebra often represent real numbers, operations and dividing.
with rational numbers and rational expressions are similar. For Today's Vocabulary
example, when you write a fraction in simplest form, you divide the rational expression
numerator and denominator by the greatest common factor (GCF). e fractinn

5 _58-7_7 -

W -—B-§—8 GCF =5

You use the same process to simplify a rational expression.

CATa 410 _ 4 S (x4 5)
W—y=6  =3fe+d] T =3

GCF=x+ 2

Sometimes, you can also factor out —1in the numerator or

denominatar to help simplify a rational expression. Q Think About Tt
Are all rational

Example 1 Simplify a Rational Expression ::T;j::;fﬂ:g:;ﬂ i

Simplify ﬁﬁ* and state when the original expression i A

s undefined.

Part A Simplify.

=2y =24 2 =2x=24
2 B = B Zxfid 4 3w = 4)

Dristributive Property

fx + 4)x — 6) pr
=ﬁ Facior the numearator and
R t denominator
x=6) ] - i
= Tl = 1) " ] Efiminate commaon factors.
_ _%=8 R Study Tip
= 2 —1) Hmpy Checking Because
you are simplifying the
Part B State when the expression is undefined. N
The expression is undefined when the denominator is equal to 0. check your answer by
testing the original
Because the question asks when the original expression is et

undefined, consider the denominator heT’n:rre the common e
factors are eliminated. Thus, the expression is undefined when vahses of x
2xix + 4){x — 1) = 0. By the Zero Product Property, the

expression s undefined when 2x = 0 or ¥ = 0, when

¥x+4=0orx=—4 andwhenx —1=0arx=1

) Go Online You can complete an Extra Exampée online.
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Check
=4 2% ]

Simplify a1 and state when the original expression
iz undefined.

Part A Select the simplified expression.
Al
X 41
B. dx =1
=+ 1
C x+in—1

oo P
n‘- h_‘

Part B State when the expression s undefined.,
7 d

X =

Example 2 Simplify by Using —1

%o Think About It
How would your Simplify (e — Saylie + 1}1'_
answer differ if you e+ )Gy — By
factored out —1in the (6 — Saplir + 20 xiix = Sylie + 24 _
denominator rather = yiSy — Bx) (% + )Gy — By Fachor
than the numeraton? |
Would the expression _ x=Ti{5e—8%0x 4+ 2¥) _ .
be equivalent? T I+ G B — Gy = ~ Gy — G
=i+ 24 Aix + 21 o
= Xty ~Txty Semipfify.
Check
. (Ty = 3x)Sx = 1)
Select the simplified form of B + 23— 7y
Sa =1
A 5w 4+ 1)
B (T = 3x)5x = 1)
T elSx 4+ 32— T
i
&=
Ax =1

£ Ox¥ 4 47

Explore Simplifying Complex Fractions
{35“ Omnline Q) Online Activity Use the interactive tool to complete the Explore.
You can complete an
Extra Example online. & INQUIRY Can you simplify complex fractions

that contain polynomials in the numerator or
denominator?
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Learn Multiplying and Dividing Rational Expressions

The method for multiplying and dividing fractions also warks with

rational expressions.

Key Concept » Multiplying Raticnal Expressions
Words: To multiply rational expressions, multiply the numerators and

the denominators.

Symbeols: For all rational expressions § and S with b # Oand d # 0,
2 £ o

bh*d ™ ba-

Key Concept - Dividing Rational Expressions
Words: To divide rational expressions, multiply the dividend by the

reciprocal of the divisor.

Symbols: Fmallratimale:presmuﬂmﬂiwﬂnb%ﬂ,c#ﬂ,a—dd#ﬂ.
[ I = a o od

B d- B c_ b

A complex fraction is a rational expression with a numerator andfor
denominator that is also a rational expression. To simplify a complex
fraction, first resrite i as a division expression.

Example 3 Multiply and Divide Rational Expressions

Simplify each expression.
a 3x 12y
By Sy’
3=z E.t'-'r}"_ Foxe2a2e3 Kok y
By G | 2:2:2-y-3-3exeyeyey oot
1- 11 £ ] ]
= BB Reltrhrde Eliminate commaon factors
- T PG TRTVIR, R ST T L
E ] ;-' W Yy
o X x? :
o T ar ﬁ Simplify: Write using exponenis.
b, 106 . 3067
Ged T dc
G iy ey Maultiply by the
reciprocal of the
dirsisor
. 2eBef-digd-d-2:2.r st
T 2-Bic:0:2-3-5+CeCeCod-0 P,
| . 1 1 .1 1 1
__ 29.d-d-df-d-d-3+2.¢ N
=T 3.g-g-2+3-B-Coc-Cofi- @ Eliminate comman
Bl IR i 1 b factors.
=3_§:g:§ cm% Simplify. Write using

ExponeEnts

E Ga Onding You can complete an Extra Exampde online

b Think About It
Why is it that for
multiplying rational
expressions we require
thatb # 0and d # 0.
but for dividing rational
EXpressions we require
thatb # 0.c # 0, and
d# 07
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& Talk About It!

If you simplify a ratio of
o rational

expressions that both
contain polynomials in
their numeratons and
denominators, will the
simplified expression
always, sometimes, or
never be a rational
expression with
polynomials? Explain
YOUr reasoning.

€ Example 4 Multiply and Divide Polynomial
Expressions

GEOMETRY A manufacturer that creates and sells rectangular
planters wants to compare the areas of the top sections of two
potential sizes of planters. For some given measure x, the area for

the first planter is mprmmadhyﬂ;!ﬁrﬂ.mdtheamhrﬂm

second planter is represented hyx“im-—-—;-%-iﬂ.%nnd simplify

an expression that represents the ratio of the area for the first
planter to that of the second.

Because the question calls for a ratio of the area of the top of the first
+15::+5C|;r7+3m-+20ﬂ

planter to that of the second, find s

x4 2 . x4 2 E
X2 418y 4+ 50 ., x4 30x+ 200 _ x% 4 150+ 50 x4 2
%+ 2 " X+ 2 =~ x+2 22 4 30x + 200

_ [+ 5}z 242
= " a0y ix + 20)

_X+5
— x+20

Example § Simplify Complex Fractions

3x
Simplity —g—.
't —ay*
Aw
=¥ = 3« X E.H_'i' E¥press as a divisi ra
E R Og AL DA Express as a division exprassion
T
I ol =yt 7 ;
=y . T dMultiphy by the reciprocal
Ax Al = 7]
=y Dhstributive Property
11 : 1
4 yile—v
= % . % Factor and eliminate factomrs
11
2% + ¥ .
= 7 Simplify
Check
xl— Gy
si L, i
mplify 5 T
r

L) Go Online You can complete an Extra Example online.
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Prac‘t iCE E Go Online You can compiete your homewark online.
Exampie 1
Simplify each expression, and state when the original expression is undefined.
o Hr =+ B 2 Y +3y+2)
Tk * Zyly — Ay + 2)
q B2 —90E ~ 5 b = 16 + Bd)ix + 2)
dfx + 2)jx — 3} b — B4)(x2 - B — 16
5ﬂt¥+2|¢k-—dl E‘EM—E;LF-FEF-EM
Balx” + x — 20) 15707 = 12 + 32)
Example 2
Simplify each expression.
= Bx =14 8. Bx® = i
T2 4 3w =2 2 —3x — 54
[x = &)fx? 4 2 ~ 4B) 16 = ¢
9‘{35-9]&%4:-32; 0 =i c-2
Exampie 3
Simplify each expression.
- 3oc}E 12obc 2 Tz | Twyz
* Balbc | 1BabPcif 2wtz | 2wder
13 Bdo’hS | 120%bic 14, Slyz | ey
356232 © F0abof 57 T g
15707 - Hoc? WcAE | 350
e 16 “oar ¥ faar
Example 4

1. BEAUTY A producer of beauty care products wants to compare the areas of two
face cream contalners. For some measure 0, the area for the first container is

represanted by w

4o+ 5
J:'1-"':-.|1—1!..:|-+:u;'

. The area of the second container Is represanted

Write and simplify an expression that represents the ratio of the

atea of the first contalner to the area of the second contalner.

18. PACKAGING A packaging plant gquality assurance agent compares the surface

area and volume of packages to ensure the packages will be transported
economically. The most popular package size is a cylinder with & height of

18 inches. Define a variable, then write and simplify an expression that represents
the ratio of the surface area to the volume of the cylinder.

; 24 151 4+ 84
19. LANDSCAPING Rashard is bullding a rectangular patio. If —5— 53— represents

. . o £
the length of the patio and 77—

expression that represants the area of the patio.

represents the width, write and simplify an
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Example 5

Simplify each expression.
-8 y—x
- ] 21
2. Foen 21 =5
wl—g—2 tur”
o —b x—y
b o+ b
2.5 = B2 7
] b —of
Mixed Exercizes
Simplify each expression.
Py +15 y =0y 418 e2=Bc=16 . 2 =f¢c
H\. _'p"—E - 1.1—9 15... CJ—'D.} ™ E"'d
xSy 4 20 dx? 4 16k + 16 3 60+ 3 | 130 =12
6. 5w x? — 25 2. -0 -4
-1 -1
G — 2 I [ Zxd 4 2w =12 %% — A
Eﬂ-sx-m'{zﬂ-ﬁﬂw] 29‘(x~=+u-5) " -2y -135
20 (mﬂ: )3 W b3S 5q 2057 m._.a,,a}-‘
*\aothd) T oty 32\ Socz
B — o — 3 2x + Tar— 30
10w + A%5s — 20 —fr + TAr + 5
T BT n
L3 £ By B 2l — Tl — 4
34..!’2+l..l:—32‘ Ixd = 75 ;Eﬂ—m:r—ﬁﬂ 35, Erl+!1lr—3;lﬂ—51—l!_ dd 4 3w =1
Tt Gy = Il =Tik=d ¥ = dx I =1dx=36 I =1Tx=08 d&x=4d0x+ 24

36. JELLY BEANS A large jar conlains B blue jelly beans and R red jelly beans. A bag
of 100 red and 100 blue jelly beans is added to the jar. What s the ratio of red to

blue jelly beans in the jar?

37. MILEAGE Martina drives a hybrid car that gets 45 miles per gallon when driving
in the city and 48 miles per gallon when driving on the highway. If Martina uses
C gallons of gas in the city and M gallons of gas on the highway, write an
expression for the average number of miles per gallon that Martina gets with her

car in terms of C and H.

38. HEIGHT The front face of a Nordic house is triangular. The area
of the face is x% + 3x + 10, where x is the base of the triangle.

Whal is the height of the triangle in terms of X7

39. CONTAINERS David is designing a cylindrical container. He wants
the height of the container 1o be twice the length of the radius.
Write an expression for the ratio of the volume of the container to
the surface area of the container, where h Is the height and r is

the radius.
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40. ARCHERY Harold and Hinto are on the archery team. 5o far at practice, Harold
has hit the target 7 out of 10 times for an average of 70%, and Hinto has hit the
target 9 out of 10 times for an average of 90%. Harald and Hinto each hit the
target on their next ¥ consecutive attempls.

a. Write an expression for Harold and for Hinto that shows thaeir average of hitting the
target after hitting the target on x consecutve attemplis.

bB. Write a simplified expression for the ratio of the percentage Harokd hit the
targe! to the percentage Hinto hit the target if they both hit the target on their
next x consecutive attempis.

41. GEOMETRY The volume of the rectangular box shown i given
by V= (2% + 26x2 + 60x) cubic inches.

a. Explain how to find an expression in terms of x for the height
h of the box

[ + 10} in.

b. Interms of x, what is h in simplest form?

c. Explain how you could check the expression you found in part b. Then check
YOuUr expression.

42, ROWING The time it takes Irfan 1o row 9 miles upstream is 5;2::' The time it takes
him to row 9 miles downstream s 5';? - where ¢ is the speed of the current in
mies per hour and 0 = ¢ < 5.

a. Which way does Irfan travel faster, downsiream or upstream? Ghve two reasons
for your answer.

b. Determine how much faster Irfan travels in the faster direction than n the
slower direction. Explain your method.

43. REASONING During her first week of running, Rafaela takes fminuies to runa mile. In
miles per hour, her average speed = given by %. Rafaela hopes to get her average
time to f — 2 minutes to run a mile during her second week of running. On average,
how many times faster does Rafaela hope to run a mile during her second weeld than
during her first week of running? Explain how you know.

44, CONSTRUCTING ARGUMENTS Saguila graphs the function

Bix + Tijx + 2{x + 3

¥'= "l + tiix + 2y (x + 3

result is a horizontal line because of the display shown. |s Saqguita
correct? Justify your argument.

on a graphing calculator and claims that the

Lesson T-1 « Mulliphing and Daviding Rational Exoressions 317




45, USE & MODEL Anita’s yvard is being professionally landscaped, The
final design will consist of a circular fountain x feet in diameter in
square A surrounded by a grassy area in squate B and a gravel
pathway In square C that borders the grassy area. The square
areas will be centered on each other as shown In the diagram.
Square 4 will have a side length of 2x feet.

a. Anita would like the lengths of the sides to be proportional. For
whal values of x will the ratio of the lengths of a side of square C
to a side of square B equal the ratio of the lengths of a side of
square B 1o a side of sguare A7 Explain your reasoning. What
diameter coutd the fountain have?

b. If the landscape architect changed the width of the gravel pathway 1o 4 feet and
the width of the grassy area o 2 feet, s there a value for x that would make the
ratios equal? Explain your reasoning. What diameter could the fountain hawe?

Q Higher-Order Thinking Skills
[ = 6)fx + Z}{x + 3)

¥+ 3

46. ANALYZE Compare and contrast and {x — 6)[x + 2.

47. FIND THE ERROR Troy and Beverly are simplifying f. t i f % Iz either of them

correct? Explain your reasoning.

4y a4 i-y 4 =¥y ¥y e
-y T AT ity y-a ay TRy STy
-4 S i
SaEy 4

48. PERSEVERE Find the expression that makes the following statement true for all
values of x within the doman.

=8 LN
x 3 F-6 X2

49. WHICH ONE DODESN'T BELONG? Identify the expression that does not belong with
the other three. Justify yvour conclusion.

1 43042 x4 241
x=1 x=5 S| 3

50. ANALYZE Determine whether the following statement is sometimes, always, or
mever true. Justify your argument.

A rotfonal funciion that has o variahle in the denominator is defned for all real volies of x

#
3

B2. WRITE The rational expression ”J
expression s not defined for all l.r-nlues of x,

. Explain why this new

B3. CREATE ".'ul'rma- three different rational expressions that are equivalent to the
expression - — & 5 a+ b
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Lesson 7-2

Adding and Subtracting
Rational Expressions

Today's Goals
= ; = Simplify rational
Explore Closure of Rational Expressions expressions by adding
and subiracting.
&) Online Activity Use the interactive tool to complete the Explore. = Simplify complex fractions.

X

BV INGUIRY If you multiply, divide, add, or
subtract two rational expressions, is the result
also a rational expression?

Learn Adding and Subtracting Rational Expressions

Just as with rational numbers in fractional form, to add or sublract two
rational expressions that have unlike denominators, you must fiest find
the least common denominator (LCDL The LCD is the least common
miuitiple (LCM) of the two denominators.

To find the LCM of two or mare numbers or polynomials, factor them
The LCM contains each factor the greatest number of times it appears
as a factor.

Key Concept « Adding Rational Expressions

Words: To add rational expressions, find the least commaon denominator.
Rewrite each expression with Lhe LCD. Then add.

Symbols: Fnrail ratumalemressmnﬁ and = wﬂ.hb:f Dandd # 0.
a o  bc_od+be D
n""u e tBd™  ba

Hay Concept «» Sublbracting Rational Expressions

Words: To subtract rational expressions, find the least common
denominator. Rewrite each -E-xprEsil:In with the LCD. Then subtract.
Symbals: For ail rational expressions = and Swith b # O and d # 0.
a_c_od_ be_ D —be B it
b u ~hd  bd -  bd

Example 1 Add and Subtract Rational Expressions
with Monomial Denominators

Simplity each expression.

“Z+%
Mo -1':1 e _Ia, _+“:‘ n The LCD is 206,
_ 350 , Bbc g
300 T 20b hhsitiply
_ 3504 8bhc? i
~30b i

) Go Online You can complete an Extra Exampée online.
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‘&) Talk About It
For part b, if you
identified the LCD- as
Sy =6z = 5dyz,
multiplied, and
simplified the

expression, would your
answer still be correct?

Explain your reasoning.

% Think About It!

Why is each rational
expression not

multiplied by =32

The LCD s 18y=
Multiply.

Subtract

Example 2 Add and Subtract Rational Expressions
with Polynomial Denominators

2x 41 7
Simplify 5~ B

2x 41 7

4 2x=15 Sx—15

L .,
[x = 3x+ 5 B~ 3
S(2x + 1) Tix + 5)

T Elx-3)x+5 Gix—Igx+05)
x4 5=Tx=35

T Bx=3)x+ 5

_ 3x=30

~ Bk = 3x + 5)

Check
smonty 2 - 22

Factor the depomirnators
The LCD is 5{x — J4x + 5l
Distributive Property

Subtract

@ Example 3 Use Addition and Subtraction of

Rational Expressions

PRODUCTION The rate at which some oil wells pump ol in
thousands of barrels, given x years of pumping, can be given

20 200x
by x +3.r"-|-2ﬂ
Qﬂ_&
x Ax? 4 20

20037 + 20) 200x(x)

T ol 4 20) 0 [3xT 4+ 20k

_ 607 + 400 + 2007

3xd & 20x

_ 260s7 + 400

T T

. Simplify the expression.

Crginal expression
Murltiphy by the missing factors:
Diistributive Property

HAdd

E Go Online You can complete an Extra Example online.
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Learn Simplifying Complex Fractions

Complex fractions can be simplified by simplifying the numerator and
denominator separately and then simplifying the resulting expression.
You can also simplify a complex fraction by finding the LCD of all of the
denominators. Then, the denominators can all be eliminated by

multiplying by the LCD.

Example 4 Simplify Complex Fractions by Using
Different LCDs

F+1
Simplify ¥ 1
.
Step 1 Determine the LCD.
LCD of the Numerator:

The numerator is % + 1, and the LCD is y.

LCD of the Denominator:

The denominator is ¥ — ¥, and the LCD is xy.

Step 2 Simplify.
5 r ¥
=41 T4z
;—, = f £ The LCD of the numerator s
e r "
A The LCD of the denominator s xy
L
¥ :
= Samplify
Fox ’
Xy
_aEy Y -x ;
=TF T 5 Write a5 a8 division expression.
_x+y Xy ; 2 i
=y " pr- e Muitiphy by the reciprocal of the divisor
1
x4y Ky
= * Efiminate common factors.
¥ Y-«
= x4 ¥ X
=3 p Simplify.
_ Hx+ ¥ ,
= Muitiphy
4oy !
=k Dastributive Property

E Ga Onding You can complete an Extra Exampde online

(&) Talk About It!
In the comples

i+3
fraction —5, what is

F Yot
the LCD of the
numerator, the
denominatar, and of all
denominators in the
fraction?
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Step 1 Mmm

The denominators of the terms in the numerator and
‘denominator are 2, x, and y.

So, the LCM of all of the denominators is 2xy.
Step 2 Simplify
503_GoD) a
==
=1‘M+rr1¥¥ Distributive Property
3 2y-3-2y |

The LCD is 2xy.

{23 Go Online You can complete an Extra Example online.
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Practice 5 Go Oniline ou can compiete your homewark online.
Exampies 1and 2

Simplify each expression.

1 %“‘T'EF 1%+%

1Jc3—?+4 -L"Fip+g

S e 855 +7o3

g'.lt:rn_nf-k “‘zl—;l"'%

“'“:3+ﬂ“in1;:i3 ﬂ‘f+:u12_f‘+§y+a

Exampie 3

13. ELECTRIC POTENTIAL The electric potential between two electrons is given by a
formula that has the form ‘1, + t_-ir' Simplify this expression.

14. GEOMETRY The cross section of a solid consists of two
trapeznids stacked one on top of the other. The total area of the
cross section is ¥? square units. Assuming the trapezoids have
the same height, write an expression for the helght of the solid in
terms of x. Write your answer in simplest form. Recall that the
area of a trapezoid with height h and bases b, and b, is given

by Zhib, + bl

15. TRACK Morgan, Connell, Zack, and Moses run the 400-meter relay
together. Each of them runs 100 meters. Thelr average speeds were f,
r+ 05, r— 05, and r — 1 meters per second, respectively.

a. Write an expression for each individual's ime for their leg of the race.

b. Write an expression for thelr time as a team. Write your answer a5 a ratio of
two polynomials.

¢. The world record for the 100-meter relay s 374 seconds. What will r equal if
the team ties the world record?

Examples 4 and 5

Simplify each expression.
2 - 3x 4 + k]
16 r— X 2§ 17 2+ 5" x—H
ST | Ax « 7R B
P R x—6 x+8
E 8«
18. x-:E l‘—T 19. x— 0 !.a';i
Ear—'l*.r+ﬂ- 5+§+x—§
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Mixed Exercises

Simplify each expression.

0354 M 57—
n'ﬁ+;_t+T x:-t 23, ?—4'5]_):1—:.1—10

24 uagr" 3 35:.:413 = 151?5-1 _;ﬁ

26 2+2%+ 2 21%+§+%
m.%+§—% 20 L+ =2
au'ﬂ—:k—‘rﬁ-'-x?—:r—dﬂ 31'_-,.-1_;-_35-'-}.-14.;,4.1:1
3 12 3 33, ] 2

2+ k-6 P +I-18

2K 3
dxl 4 Sx 42 2xl=-8y-=24

Ax = 2K
TAxd 3 =18 24 tlx 415

35

36. LEMSES The focal length of a lens Fis related to the
distance from the subject to the lens p and the
distance from the lens to the image on the sensor o
by the formula %+ % = } Express % + %ag a single
fraction.

suibiecl ¥ iens iMage o Sensor

37. USE A SOURCE In the seventeenth century, Lord William Brouncker conducted
research In mathematics and music and served as the Tirst president of the Roval
Society in London, England. Ressarch Lord Brouncker's work in the area of
caontinued fractions. Describe the discovery for which he is best known,
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Simplify each expression.

3:HL$+E—$ 31#— —3:;']?
m‘Exz+::iw~IE+ExJ+:h+H “aﬂ-;m-u"'ﬁxh:?xn:
uﬁt::-l-xiy_xfy ‘1Ef;xiﬂ+xit_xfﬂ
aa, EL 5T - e

e el L £

Find the slope of the line that pazses through each pair of points.
6. A(2,1) anaB(1 2 a7. c(1.4)andp(2,1

48. USE A MODEL Hachi needs to buy fencing far her
rectanguiar garden.

a. Write an expression, in simplest form, that represents the
number of feet of fencing Hachi needs. Are there any 34 x
restrictions on the varlables? Explain ¥

feet

b. Hachiwants to remove a sguare corner from her garden.
The square section removed will have sides the length of
half the width of the original garden. What expression
represents the perimeater of the new garden? Explain.

I+ x

feet
¥

49, STRUCTURE Determine the average of three rational numbers represented by

these rational expressions: % o 1 3. and ﬁ for x # 3, and x # 0. Explain how vou

found the average.

B0. ELECTROMICS A resistor s an electrical component that reduces the flow of
electrical current through a circuit. A resistor is connected in parallel when both
of its terminals are connected 1o both terminals of an adjacent resistor. When
thres resds'.ltm are connected In parallel, the total resistance, R, is given by

R == 1 i -

" ORtRtR

a. Simplify the complex fraction. Explain how vou know your result is simplified as
much as possible.

b. Timothy found this formula for total resistance, Elr = El‘ + Rl? + Ell- He said that

this formula is equivalent to the orginal formula. s Timothy correct? Explain.
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Find and simplify the sum or difference.

2x+5) | ax k=1
51'1::3—1+x+1 52'.:“+:r—l2 2

53. WORK The ecology club is landscaping a local park. Dell can plant a flower bed
in 3 hours. Max can plant a fliower bed of the same sire in 4 hours. Using £, time in
hours, write an expression representing how many flower beds they will complete
im f hours working together. Explain your reazoning.

54, REASONING Determine three real numbers that divide the real number line
between -E— and % into four eguat parts. Assume that x = 0. Explain your
reasoning.

B5. STRUCTURE The Fibonacol numbers are a famous sequence in which each term
is the sum of the previous two. 50, the Flbonacol sequence is 1,1, 2. 3, 5, 8,13, 21,
34, . The sequence s related to a sequence of continued fractions. Simplify each

continued fraction.
a. 11 b. 11
145 1+—=
1 1
e d. ,
1+ ; Lo doommy
1+|+E -r‘r—l—_

e. Find the values of the expressions in parts a-d forx = 1.

f. How are the terms of the Fibonaccl sequence related to the values you found
in part 87 Make a conjecture about the next value in the pattern.

Q Higher-Order Thinking Skills

2 x+1

B65. PERSEVERE Simplify ———=—
3—“..1" + B!

57. AMALYZE The sum of any two rational numbers is always a rational number.
So, the st of rational numbers is said to be closed under addition. Determineg
whether the set of rational expressions s closed under addition, subtraction,
multiplication, and division by a nonzer rational expression. Justify your
argumeant.

S8. CREATE Write three monomials with an LCM of 180a*b%c.

59. WRITE Explain how to add rational expressions that have unlike denominators.
How does this compare to adding rational numbears?

&0. CREATE Write a rational expression by adding and suhl;acﬂ ng three terms that

each have a monomial denominator and a sum of TR
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Lesson 7-3

Graphing Reciprocal Functions

Learn Graphing Reciprocal Functions

A reciprocal function has an equation of the form fx) = i where n
is a real number and bix) Is a linear expression that cannot equal 0.

The parent function of a reciprocal function is fix) = % A vertical
asymptote is a vertical line that a graph approaches. A horizontal
asymptote (s a horizontal line that a graph approaches. Because the
function fix) = } i= not defined when x = 0, there is a vertical
asymptote at x = 0. The type of graph formed by a reciprocal function
iz called a hyperbola.

The domain of a function is imited to values for which the function is
defined. Values for which the function s not defined are called
excluded values.

Key Concept « Reciprocal Funcitions

Parent function ) = 3 vﬁ R
Type of graph hyperbala 1
Domain and range all nonzero real numbers

Asymptotes x=0andfx)=0 T
Intercepts none |

Not defined x=0 i

A recipracal function has two asymptotes, which are lines that a graph
approaches, The vertical asymptote is determined by the excluded
value of x, and the horizontal asymptote is determined by the value
that i= undefined for fix).

For a reciprocal function in the form fix) = ﬁ the horizontal

asymptote is fix) = 0 because there is no value of x that will result in
fix} = 0. For a reciprocal function of the form fix) = ﬁ + k. whera ks

a constant, the horizontal asymptote is fix) = k.

Example 1 Limitations on the Domains of Reciprocal
Functions

Determine the excluded value of x for each function.
[
a. gix) =3

The function is undefined for x = 0.

[continued on the next poge)

Today's Goal

* Graph reciprocal
functions by malking
tables of values.

= Graph and write
reciprocal functions by
using transformations.

Today's Vocabulary
reciprocal function

vertical asymptote
harizontal asymptote

hyperbola
excluded valies

) Talk About It!

How mamy vertical
asymptotes would you
expect a function with
a quadratic expression
in the denominator o
have? Justify your

response.

Study Tip
Alternative Notation
The parant function of

the reciprocal lunction
can akso be writlen as

flxj=x"L
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% Think About It!
Explain why reciprocal
functions have a
resiricted darmain.

to# Think About It!
Explain the relationship
betweean the

asymptotes and the
domain and range.

T=0 Setthe denominator of the expression egual to 0.
=7 Add 7 each side
The function is undefined forx =7

c. g{;ﬂ = ﬁ
Ax+4=0 Set the denominator of the expression equal to 0.
In=—4 Subftract 4 from each side
X= —% Divide each side by 3

The function = undefined for x = —%

Check

Determine the excluded value of ¥ for each function.

a.gm=%lsmdeﬁnedwhenx=_?_._

b. gix = ﬁ Is undefined when x = L
e gl = ﬁ is undefined when x = l

Example 2 Graph a Reciprocal Function by Using
a Table

Consider g{x) = 5 + 2.

Part A |dentify key features.

Identify the asymptotes, domain, and range of gix).

To determine the vertical asymptote, find the excluded value for x.

2x—hH=0 Sat the denominator of the rational expression equal to 0
xX= % Smmplify
5
The verticai asymptote is ¥ = 3 and the domain is [x|x = g—'}

The function is of the form fix) = ﬁ + k, where k= 2. So, the graph
has a horizontal asymptote of gix) = 2, and the range ks {g{x)|glx) +# 2).

Part B Graph the function, and identify the intercepts.
Graph the vertical and horizontal asymptotes ¥
with dashed lines.

Use a table to find values of gix). Include
values that are less than and greater than the
excluded value. Then, plot the points.

Connect the points with smooth curves without
crossing the asymplotes.

—1 4] 1 2 3 4 5 B
186 18 167 1 3 233 22 214

L) Go Online You can complete an Extra Example online.
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Find the x-intercept by substituting O for gix).

, Watch Cut!
o)==, _g+2 Original function Symmetry When
1 graphing, keep in mind
=== +2 Substitute O for gix) that the pi af the
—2= ﬁ Subtract 2 from each side. g!pﬂ f:;:;n:ﬂw
—202% —h)=1 Multiply each side by 2x — & opposite regions. For
example, a funclion
—4x + 10 =1 Distributive Property with asymptotes of
x=225 Salve for x y =0 and x = 0 will
gither be graphed in
Find the p-intercept by substituting O for a Quadrants | and Il or
’ Quadrants Il and IV
gix) = g T 2 Original function
gix) = ﬁ +2 Substitute O for x.
gix} =18 Sabwe for gix)

The x-intercept ts 2.25 and the y-intercept s 1.8.

Check

Consider gix) = 3 4+ 1,

Identify features of gx).

vertical asymptote: x = T horizontal asymptote: y = 2
domain: {x | x # i] range: [glx) | glx) # i]
wintercept: 7 pHntercept: ?

& Example 3 Analyze a Reciprocal Function

ELECTRICITY Ohm's law states that electric clrcuits operate
according to the equation | = 5, where [ is the electrical current in
amperes, V' is the electromotive force in volts, and R s the resistance
of the circuit in chms. Analyze the electrical current of a 110-volt
curling iron in relation to the resistance of its circuit.

Part A Write and graph a function.

Because V= 110, the electrical current is glven by | = %.

The vertical asymplote is R = 0 and the horizontal asymptote is | = 0.
Make a table of values and plot ordered pairs on a coordinate plane,
Then, connect the points with smooth cunes.

[continued on the next page)
E Ga Onding You can complete an Extra Exampde online
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Use a Source

In the United States, a
voltage of 110 is
standard for most small
applances, like curling
irons. Find the
standard voltage for
another country and
determine how it
would affect the graph.

3 Go Online You can
complete an Exira
Example online.

—30 _367 'g -
—20 55 £ '
10 =3 f !!'E'Eﬁ-..(_. iE e |
10 1 5
L
20 55
30 367 Resistance {ohms)

Part B Analyze the key features.

domain: [R| R + 0}

range: [/l # 0]

inMercepts: none

pasitive: when | > 0

nagative: when < 0

symmetry: symmetric about the ongin

end behavior: As R — —x, [ — Oandas R — 2, | — 0.

Check

CABIN RENTAL A group of friends plans to rent a cabin at Red Pine
Ski Lodge. The cahin costs $750 to rent for the weekend. Let x be the
number of friends who are sharing the cost, and let v be the cost for
aach person,

Graph a function representing the average
cost per person to rent the cabin. Analyze
the key features of the graph.

domaln: [x1x L‘j

range: [ vy —2 )

x-intercept: __!

y-intercept: 2

positive: when x _2

naegative: when x L

end behavior: Asx — —oxa_ y — _?._and A5 X — 00, Y — _?_.

Glven the context of the situation, the domailn i= imited to ?—
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Explore Transforming Reciprocal Functions ) Go Online You can
walch the video to

Onlire Activity Use graphing technology to complete the Explore. see how 1o graph
© : transformations of a
| iprocal funchi
& INGUIRY How does performing an ocperation ;E$fa4 ik
on a reciprocal function affect its graph? ;

Learn Transformations of Reciprocal Functions

The same techniques used to transform the graphs of other functions
can be applied to the graphs of reciprocal functions.

) ; _ ) Go Online You
Key Concepi » Transformations of H‘E!E.‘Iﬂptﬂl’.ﬂf Functions miay want to complete
gix) =5—p5 +k& the Concept Check
h — horizontal if & =0, the graph of fix) is translated h units right o check your
nderstandin
Wfiskath If b < O, the graph of fix] is translated [h] units left = i
The vertical asymptohe is at x = A
k — vertical If &k > 0, the graph of fix) is transiated & units up.
EAnSiaRon it ke < 0, the graph of fx) is transiated |k| units down.
The horizontal osymptole s al fix) = k.
& = olontation If {of = 1, the graph is stretched verticalhy:
and shape 0 < Ja] < 1, the graph is compressed vertically.
E:unflpie 4 Graph a Transformation of a Reciprocal g Think About It
Function Dactrba tha
o ol transformations in
Graph g(x) = ;77 — 2. State the domain and range. 91.1'1=,_:1—135|1
glx) = x":, — 2 represents a transformation of the graph of f{x) = xl relates to the parent
function.

o = —4 The graph s reflected in the x-axls

and stretched vertically. o WE LY
e ]
[v] X
h = —1 The graph is transliated laft 1 unit. =
The vertical asymptote is x = —1. —
k=—2 The graph is translated down 2 units.

The horizontal asymptote is gix) = —2.

The domain is [x|x # —1].
The range Is [glx) | glx) # —2).

) Go Online You can complete an Extra Exampée online.
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Watch Out!

Scaling When graphing
transformations. of
reciprocal functions, you
may need bo use a larger
coordinate plane or
scale the axes 5o you
can get a better view of
the function. Using a
larger coordinate plans
will make asymptotes
more obvious.

b Think About It!
Determine the domain

and rangge af

o =—2a—2

Check
Graph glx) = + 3.

State the domain and range of glx) = . —5 + 3.
domain; ?
range: 2

Example § Write a Reciprocal Function from a Graph

identify the values of a, h, and k. Then write ot
ahmﬁnnhrﬂug‘amm=x—g~ﬁ-+t 35}1 #
=3, 3
The asymptotes are ¥ = —4 and y= —2. So, |
h = —4 and k = —2_ Use a point on the graph 'ﬁ::_‘_'m"j:&‘
to sohlve for a. br_'f
i
olx) =_1:_Eﬁ + k General form of recprocal function
3=m+{—2} b= —a, k= —2. and (x, glx} = (—32. 3)
3=p—2 Simplify.
E=0 Add 2 to each side
Use the values of @, h, and k o write the function,
gm=%—2 o0=5h=—4 and k=—2
Check
Identify the values of o, i, and k for the graph. -
oo i b i ]
et
Write a function for the graph 2 _ﬂf[
_ a k "‘.'—" d ¥
gix} = x—h T K |.
i
alx) = - :

L) Go Online You can complete an Extra Example online.
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Practice L) Go Online You can compiete your homewark online.

Exampie 1
Determine the excluded value of ¥ for each function.
5 =2 10
1 ix=% lg{x}=r+2 3'11"‘1::—3
- _ 5 _ B
4. gl =—¢; 5. =573 6. ok =%"%
Exampie 2

Identify the asymptotes, domain, and range of each function. Then graph the
function and identify its intercepts.

7. flx) = B flxj=—2+4
5 &

9. ) =— 10. flx)= = —3

Exampie 3

1. PLANES A plane is scheduled to leave Dallas for an 800-mile flight to Chicago's
O'Hare alrport. However, the departure |s delayed for two hours,

a. If t = 0 represents the scheduled departiure time, write a function that
reprasents the plane's average spead ron the vertical axis as a function of
travel time, I, which is based on the travel from the scheduled departure timse
to the destination. Graph the function.

b. Analyze the key features of the graph in the context of the situation.

12. COMPUTERS To manufacture a specific model of compuler, a company pays
$£5000 for rent and overhead and $435 per computer for parts.

a. Write the function relating the average cost to make a computer C 1o how
many computers n are being made. Graph the function,

b. Analyze the key features of the graph.

Exampie 4

Graph each function. State the domain and range.

3. =553 M. =6
” i

15. g =555+3 6. ) =15 — 2
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Example 5
Identify the values of a, k, and k. Then write a function for the graph gix) = ﬁ-q—k.

17 RLEN 18. Aln | &
: —20] 2 4 4}@':1_11 Wy
2 1 Ly T
ERCEEL S g i "
Ii m _.:E:Rfﬁ_m
[ ¥ e r
19. Iy W) 20. ”a A
H 2
] P |hlE
- Ha 1+ ] Pt 151
[ 3 : j ﬂ__—h—hi.—f 46 8y
'—"vlﬂ—|—1 :'E'l_ o = 1'_:
:I—.t fla

21. F__Eﬂ.r'f 22, v}
K l'.'l[
_""'“;I' : A T
| . | 7 ﬁ'- 3
.ﬁ%—-ﬁa P —E——ip| £ A L B0y
iP= = wul
- *’Fﬂ
i &

Mixed Exercizes
Determine the values of x for which f{x) is undefined.

2 =12

B.M=—57s 2. M =57
25 fix)=—2 26 =

E 2 =Jg=3 . 2 de =12

AETN - pamm— - JE

n‘ﬂ”'_x?-zuuus. zg'm"_{;nnﬂ-m
29. What are the domain and range for the function fix) = xi t?
30. Determine the eguations of any asymptotes of the graph of ix) = m
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Graph each function. State the domain and range, and identify the asymptotes.

3 5
=53 32. R =3,
r 1
33. fix) = &5 3. ) =553
35, i) = —= — 1 36 =% 5
o i
& 2

37 fix)= o5 + 2

39. == -9

38 =" +3

-6
a0. fix) = —5— 8

Write a function for each graph flx) = =25 + k.
a1, LoIL) 42. i

i

e
1

[

1
gl Eeey:
B
|

- i )
o Lﬂ_ﬂ =
]

b

45, VACATION The Castellanos family is planning to rent a car for a trip. The rental
costs $125 plus $0.30 per mile.

a. Write the equation that relates the cost per mile, C, to the number of miles
travelad, m.

b. Explain any limitations to the range or domain in this situation.

46, BIOLOGY The population of a certain bacteria can be approximated by the

function Pf) = % + 10, where Pif) is equal to the number of bacteria after

t minutes. Eventually, what will happen 1o the bacteria population?
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STRUCTURE Graph each reciprocal function and identify any transformations from the graph of

the parent function f{x) =%.

=1 2
4% gxl=353 +1 48. hix)=7-3—5
49, PRECISION The figure shows the graph of the parent reciprocal function, 5
fix), and the graph of a reciprocal function, k{x}. Explain N
how to use transformations to write the equation for k{x) _1@; _: |

IL
]
E

N

50. MONEY Some students are renting a bus for a trip to an aquarium. The
bus costs $200, and the aguariam tickets are $25 per person.

a. Write a function that gives the total cost per student v, assuming that there are
x students and they share the cost of the bus equally. Then graph the function

on a coordinate plane.
b. What is an appropriate domain for the function? Explain.

c. Find the average rate of change an the interval ¥ =10 ta x = 20_ Interpret the
result.

G Higher-Order Thinking Skills

B1. CREATE Write a reciprocal function for which the graph has a vertical asymptote
al x = —4 and a horizontal asympiote at fix) = B,

82, AMALYZE Consider the functions fix) = ,—'r and gix) = lﬂ

a. Make a table of values comparing the twvo functions. Then graph both functions,

b. Compare and contrast the two graphs.

€. Make a conjecture about the difference between the graphs of reciprocal
functions with an even exponent in the denominator and those with an odd
exponent in the denominator.

53. WHICH OME DOESN'T BELONG? Find the function that does not belong. Justify
yvour conclusion.

# 1 = 5 .
g W= i a Jar= 323

fixd =53 Gix) =

54. PERSEVERE Write two different reciprocal functions with graphs having the same
vertical and horizontal asymptotes. Then graph the functions.

]
(x + 2R

B5. PERSEVERE Graph fix} = What are the asymptotes of the graph?

56. WRITE Explain why only part of the graph of a rational function may be meaningful
in a real-world situation In the context of the problem,
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Lesson 7-4

Graphing Rational Functions

Explore Analyzing Rational Functions

) Online Activity Use graphing technaology to complete the Explore.

&Y INQUIRY How can you use a graphing
calculator to analyze a rational function?

Learn Graphing Rational Functions with Vertical and
Horizontal Asymptotes

A rational function has an equation of the form fix) = o where ofx)

bl
and bix} are polynomial functions and bix} # 0.
key Concept « Vertical and Horizontal Asymptotes
if fix) = % . olx} and bix] are polynomial functions with no comman

factors other than 1, and b{x} # 0, then:
= fx} has a vertical asympiote whenever bix] = 0.
= fix} has at most one horizontal asymptole.
+ W the degree of ofx) is greater than the degree of bix), there is no
harzontal asymptote.
« W the degree of o(x) isless than the degree of bix), the horizontal
asymptote i the line y = 0.

« I the degree of o[x) equals the degree of bix), the harizontal

) _ leading coefficient of eix)
asymplote is the line ¥ = leading coetficsent of B)"

Example 1 Graph with No Horizontal Asymptotes
Graph fx) = .
X & 3
Step 1 Find the zeros.
Set gfx) = 0.
=0
x=0

There izazeroatx = 0.

(cantinued on the next page)

) Go Online You can complete an Extra Exampée online.

Lesson 7-4 « Graphing Rational Funcbons

Today's Goals
= Graph and analyze

rational functions with
vertical and harizantsl
asymptotes.

» Graph and analyze
rational functions with
obligue asymptotes.

Today's Vocabulary

rational function

oblique asymptote
point discontinuity

by Think About It
Finding the degree of a
polynomial is impaortant
1o remember when
finding the asymptotes
of a rational function.
Describe how 1o find
the degree of a
pobynomial.

{3 Go Online

You can watch a videao
io see how to graph
rational functions with
wvertical and horzontal
asymplotes.
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Step 2 Find the asymptotes.
Find the vertical asymptote. Set b{x) = 0.

x+%=ﬂ
& Tatk About It A _§
Why s it heipful to There is a vertical asymptote at x = —%-
graph the asymptote{s)
first when graphing a Because the degree of the numerator is greater than the degree of the
rational function? denominator, there is no horizontal asymplote.

Step 3 Draw the graph.
Graph the asymptote. Then make a table of vaiues, and graph.

')L—

| -2 &
Watch Out! =, E
Zeros vs. Vertical 0 0 i . . =
Asymptotes eros of 1 06
rational functions occur > 3
at the valuas that make
the numerator 2ero.
Vertical asymplotes
oceur at the values Check P
that make the Consider gix) =——F——
denominator a0, 3

Part & There s 8 zero atx =

Part B There is a vertical asymptote
)
alx = __=

Part C Graph the function.

& Example 2 Use Graphs of Rational Functions

PHARMACY Young's Rule can be used to estimate the dosage of
medicine to give a child if you know the adult dosage of the same
medicine. Young's rule can be written as y = %.vﬂhmnkm
adult dosage in milligrams and x is the age of the child in years.

Part A Graph the function. 114

Graph the function for an adult dose of H

200 ma. Fle
200x 'E “r =
The functionisy = T35 g 1 4 I
B0 [0 RIET |
The vertical asymptote is at x = —12. %
|
Because the degree of alx) = the degree I
of bx), the horizontal asymptote |s the Age [years)
__ leading coefficent of ofx _ 200
line: y = leading coefficient of bB{x)" Y=y
or = 200.

&) Go Online You can complete an Extra Example online.
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Part B Find key features.

b Think About It!
Find the x- and y-intercepts and end behavior of the function. Describve the domain in
x-ntercept 0 the context of the
situation.

y-intercept: 0

end behavior: As x — o0,y — 200, and as x — —oo, p — 200,
Part C Use the graph.
Find the dosage for a 12-year-old child if the adult dosage is 200 mg.

From the graph, it appears that when x 512, v 15 approximately 100.
S0, the dosage for a 12-year old child i= approximately 100 mg.

CHECK
Check your answer by substituting in the original equation.
y= % Diriginal eguation

200012}

Example 3 Compare Rational Functions

Consider g{x) = 2-—% and rational function TR
hix) shown in the graph. &
Part A Graph gix). "'h
Step 1 Find the zeros. 115
x—2=0 Setolx) = 0.
x=2 Add 2 to each side.

There |ls a zaro at x = 2.

Step 2 Find the asymptotes.
Find the vertical asymplote.

26 +2=10 Set bix) = 0.
2r=—2 Subtract 2 from sach skde.
¥=—1 Divide pach side by 2.

There is a verlical asymptole at x = —1.

[continued on the next page)
m Go Onilne You can Compdete an Extra Exampde online.
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f Think About It
What do you know
about the degrees of
the numeratar and
denominator of hix?
Explain your reasoning.

Math History
Minute

Charlotte Scott
(1858-1931) was the
first British woman 1o
receive a doctorate in
mathematics. in 1894,
Scoft published a book
titled Projective
Meathods in Plane
Analyticol Geametry,
which had a chapter
devoled to Rational
Curves and the Tracing
of Curves. Her
mathematical specialty
was the study of
algebraic functions of
degree greater than two.,

Becausze the degree of the numerator equals the degree
of the denominator, the horizontal asymptote is the line

__ leading coefiiciznt of ofx) _1
¥ = leading coeficieniofbp O ¥ =7

Step 3 Draw the graph.

Draw the asymptotes. Then make
a table of values, and graph the
ordered pairs.

Part B Which function has the greater y-intercept?

glx) has a y-intercept of —1. hix) appears to have a y-intercept at
x=—2 zoits p-intercept is less than —1.

Part C Compare the asymptotes of glx) and h{x).

vertical asymptotes gl x = —1 hix)y x =1
horizontal asymptotes gLy =% hixk y =1
Check
: =By + 4

Consider gix) = = —5- and the graph of hix). F i
Which function has the higher horizontal _,‘
asymptote? ] @,?-

? __ has the higher horizontal asymptote. ol

f..-i"

Learn Graphing Rational Functions with Oblique
Asymptotes

An oblique asymptote, or slant asymptote, is neither horizontal
nor vertical.

K=y Concept - Obligue Asympiotes

If fix) = % where alx) and blx) are polynomial functions with no
common factors other than 1and bix) # O, then fx) has an oblique
asymptote if the degree of ofx) minus the degree of bix) equals 1.

The equation of the asymptote Is fix) = % with no remainder.

L) Go Online You can complete an Extra Example online.

340 Module T - Ratlonal Functions



In some cases, graphs of rational functions may have point
discontinuity, which looks like a hole in the graph. This is because the
function Is undefined at that point. If the orginal function is undefined
for ¥ = a but the refated rational expression of the function in simplast
form is defined for ¥ = o, then there |s a point discontinulty or hole in
the graph at x = o.

Key Concept » Point Discontsmuty
W Mg = %,bmaen,and % — ¢ Is a factor of both o] and (Y, then
there s a point discontinuity at x = ¢.

Example 4 Graph with Oblique Asymptotes

Consider fix) =~ +2x+1,

Part A Find the zeros.

X+2x+1=0 Set alx) = O
x+1PE=0 Factor
¥+1=0 Take the sguare root of each side.
x=-—1 Subtract 1 from each side.
Thereisazero atx = —1.

Part B Find the asymptotes.
Find the vertical asymplote.
x+4=0 Set hix) = O
Xx=—4 Subtract 4 from sach side
There is a vertical asympliote atx = —4.

Because the degree of the numerator is greater than the degree of the
denominator, there is no horizontal asymplote.

The difference between the degree of the numerator and the degree
of the denominator is 1, so there is an oblique asymptote. To find the
obliqgue asymptote, divide the numerator by the denominator.

x—2

X+ 4|2+ 2x+1
—p? + Ax

—2x +1

(—l—2x—8

3

The equation of the asymptote is the guotient excluding the remainder.
S0, there i= an obligue asymplote at fix) =x — 2.

E Ga Onding You can complete an Extra Exampde online

{23 Go Oniine

You can watch a video
1o =ee how to graph
rational functions with
oblique asymplotes.

Study Tip

Oblique Asymptotes
Ta determine whether
a rational function has
an obligue asymptote,
find the degrees of the
numerator and
denominator. If the
difference between the
degree of the
numerator and the
degree of the
denominatar i 1, then
the rational function
has an oblique
asymptote.
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224 241
x4+4 °

Graph the asymptotes. Then, make a table of values and graph the
ordered pairs.

Part C Graph fix) =

{ Think About It! = =y R«
Why was x = —4 not ‘!,_1
included in the'tabie =6 —125 £
of values? -5 —16 Ry -—1:

-3 | )

—32 0s El ‘ h: W

-1 0

0 02%

1 0.8

2 15

Check

Find the asymptotes of o) = W

Then graph the function.

There is a vertical asymptote at x = F 4

There is an obligue asymptote at fx) = x + _.L

Example § Graph with Point Discontinuity

Graph fix) = ‘;' —". Find the point .
discontinuity.
™ px = 2
Mﬂucemalf+;=w*kfxz tnn::n'.w—l =]
Q Think Abowut It Howewer, because the denominator of the
Croate 3 rational original function cannot be 0, there is a
function with a hole at discontinuity atx + 2 =0orx = —2. —
Therefore, the graph of fix) = 75 isthe

graph of fix) = x — 2 with a hole or point
discontinuity at x = —2.

Check
Consider fix) = ‘itg’]  Find the point
discontinuity. Then graph the function.

[ + 3 7

fix) = 53 has a point discontinuity at x = ——
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Practice E-Eu Onllne ¥ou can complete yvour omework online

Example 1
Graph each function.
xd x2
L =g5s 2 M =53
_xt'=16 _ x4 54
3. fxj = 32 =1 4‘““1&#—24
Exampls 2

5. INTERMET An Internet service provider charges customers a $60 installation fee

plus $30 per manth for Internet service. A function that models the average

monthly cost is fix) = M where x Is the number of months.

a. Graph the function.
b. Find the x- and p-Intercepts and end behavior of the graph.

€. Find the average monthly cost 1o a customer that has Interneat service for
8 months.

B. SALES The quantity of a certain product sold in week x is approximated by the
Bl

x4 40"

a. Graph the function.

b. Find the x- and y-intercepts and the end behavior of the graph.

c. During which weekis) did 5 of the products sell?

function fix) =

7. FACTORY The costin centsto create a certain part of a small engine is modeled
by fix) = % witere ¥ 5 the number of parts made,
a. Graph the function.
b. Find the x- and y-intercepts and the end behavior of the graph.
c. About how much does the Bth part cost to makea?

Example 3

For Exercises 8-10, consider the given function and the function shown in
the graph.

a. Copy the graph. Graph the given function.
b. Which function has the greater y-intercept?
c. Compare the asymptotes of the two functions.

=5 1 ) =3
8. fix) = 5= and g(x) 9, hm=;;+_ﬂandj{x} 10. fix) = 53— and g(x)
shown In the graph shown in the graph shown in the graph

I o I
i : f

F F

= y = e, g = 0| }
L 1
& |

i .
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Example 4

Find the zeros and asymptotes of each function. Then graph each function.

= 4 x4+ 38
W= 2. =73

Bxd £ dx 42 2t 4 7
1. g = 2 ae2 1, g = 2222

3T 4+ 8 2% 45
15. fo) =57 16. =553
Example 5
Graph each function. Find the point discontinuity.

il e - w4 oy = 12
) ="""5— B f)="""5

2 = 25 [l - |
19. i =558 20. i ="5=3

(o = )uT = &) [x 4+ B)fx? 4 2x = 3

N M= G _am+s

Mixed Exercises
Graph each function.

23. ) =733

M ex=12
R ey

3
27 ﬂ.ﬁ=11_2”_ﬂ

2 o du? = 10x = 12

S i =
2jjx =13
31, Consider flx) = 3

a. Graph fx) and ofx).

2. =" a m+ts

=4
28. fg)="—3

= |
.= %S

- |

28. =553

fx + 1
MW=
fx & 2z = 3}

and glx) =" w3

b. Which function has a y-intercept of —37

c. Compare the asymptotes and point discontinuity of Ax) and gix).

32. BACTERIA The graph shows the cost in millions of doblars ¥ F
to remove x percent of the bacteria from drinking water.

a. What does the x-coordinate of the vertical asymplote represent?

b. What happens 1o the cost of removing bacteria from drinking water

as p approaches 1007

33. Sir Isaac Mewton studied the rational function fix} = .

B = R e AR e

A
3 20 30 40 50 60 70 80 50 ¥

axd & hd 4 oo d d

. Assuming

that o # 0, where will the graph of this function have a vertical asymplote?
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Graph each function.

i 5
3=
35.f[.x]=x_3

2x
3. M= gra—n
= xd =12

4
35. =
fix} ro—
3T‘ﬂx}—w+l’1
w =2t 39

="

_ 3t 4B 4 3w
N M=

4 103 1R I |
42, flx) = w2 +Ex+ B 2 = x% 4 By 4+ 5
x® = W = 24 241
WU M=""5%3 s, M=
46, CGMSTFIUCT ARGUMENTS Alina graphed the function [ ]
fix] = " -85 shown. Did she correctly graph the 1

fum:tlnn? If 50, justify your argument. If not, explain how

to comrect the graph.

47. BATTING AVERAGES A major league baseball player had a lifetime batting
average of 0.305 at the beginning of the 2017 season with 2067 hits out of 6767
at bats. During the 2017 season, the player had 183 hits.

a. Write an equation describing the baseball players batting average y at the end
of the 2017 season using x Lo represent the number of at bats the player had

during the season.

b. Determine the location of the horizontal and vertical asymptotes for the graph

of the equation.

c. What s the meaning of the horizontal asymplote for the graph of this equation?

48. REASONING A music studio uses the function fix) =

300 to estimate the
A+ 4

number of downloads per hour in thousands in the hours after the release of a
new song. Graph the function. Then restrict the domain of the function as
required by the context, and graph the function with the restricted domain.
Explain the shape of the graph In the context of the situation.
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49, STRUCTURE Identify the domain, zeros, intercepts, and asymplotes of
the graph, and determine a function that corresponds to the graph.

50. STRUCTURE Consider the functions y = x + 1, y = “‘_"I"E”T- ]
+ Tfx -~ 1 + Tix — 1
¥= [ :“'I_x, F. and y = b O P H_ng F. Which, if any, are equivalent?

B1. SKETCH A GRAPH Graph a rational function that has a y-intercept at 5, a
vertical asymptote at x = 3, and a horizontal asymptote at v = 6.5,

B2. PRECISION Analyze the graph of the function shown. Over what
intervals of x is the function positive? Over what intervals of x is the
function negative? Over what intecvals s the function increasing? Owver
what intervals is the function decreasing?

53. REGULARITY Describe how you use the degrees of the numerator and
denominator to learn about a function's asymplotes,

Q Higher-Order Thinking Skills

B4, PERSEVERE On the drive to visit a nearby college, the Marshall family averages

40 miles per hour.

a. Define variables and write a function for the average speed for the entire trip,
In terms of the average speed for the drive home. (Hint: Write an expression
for the average speed in terms of distance and times for the outgoing trip and

return trip. Then express time in terms of speed and distance.)

b. If the family averages 60 miles per hour driving home, Is the average speed
for the entire trip equal to 50 miles per hour? Explain. What is the horizontal

asymptote, and what does It represent?

55. CREATE Sketch the graph of a rational function with a horizontal asymptote y =1

and a vertical asymplote x = —2.

=1
xixd = 3

56. PERSEVERE Compare and contrast gix) =
graph.

and fix) shown in the

57. AMALYZE Describe the difference between the graphs of fix) =x— 2

fx + 3)ix = 2)
Bnd gix) = 15—

58. PERSEVERE A rational function has an equation of the form fix) = %

where a{x) and bix) are polynomial functions and bix) = 0. Show that

fix) = ;= + ¢ ls a rational function.

=T

B9, WRITE How can factoring be used to determine the vertical asymptotas or palnt

discontinuity of a rational function?
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Lesson 7-5

Variation
== Today's Goals
Explore Variation « Recognize and soive
direct and joint variation
L) Online Activity Use the interactive tool to complete the Explore. equations,
L T e
i Inverse and combined
& INQUIRY How can you relate the dimensions il Smicaee
of a rectangle with itz area?
- Today's Vocabulary
direct variation
Learn Direct Vanation and Joint Variation constant of variation
Two quantities ¥ and y are related by a direct variation if v is equal to Joirt variation
a constant k times x. The constant k& is called the constant of variation. inverse varation
Key Concept - Direct Variation combined variation
yvares direclly as x if there is some nonzero constant & such that
¥ = Kkx.
& Talk About It!
The graph of a direct variation function, such as fix) = 4x, = a line Explain why the graph
through the origin. A direct variation Is a special case of an equation in of a direct variation
slope-intercept form, y = mx + b, where m = k and b = 0. The slape function always passes
of a direct variation equation is its constant of variation. FIOUIGHL ST DO,

If you kriow that y varies directly as ¥ and one sel of values, you can
use a proportion to find another set of corresponding values.

Joint variation occurs when one guantity varies directly as the product
of two or more other guantities.

Key Concept « Joint Variation
¥ vanies pointly a5 x and z if there s some nonzen constant & such that
y=hkxz
kg Think About It
Example 1 Direct Variation if y varies jointly as x

and z, what must be

If y varies directly as x and y = —3 when x = 24, find y when x = —16. true when y = 07

Use a proportion that relates the values.

¥ ¥
.51'_: = ?: Direct variation
- ¥

—15{5_3] N —15{_%,} Muttipdy each side by —18

2=y, Simplify.

L) Go Online You can compiete an Extra Example online.
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Study Tip

differant proportions
can be used 1o solve

an inverse variation
problem with the
same result.

Check

If ¥ varies directly as x and y = —9 when x = B, find y whenx = —7

_Fg= Ed

Example 2 Joint Variation

Suppose y varies jointly as x and z. Find ywhenx=4 and z = —3. if
y=—18whenx=—6andz=1.

Uze a proportion that relates the values.

%1. = x:?z: Joint wariation
q{jjj} FE _51,‘5:,' =4 ne—-qy,=—15x=—handz, =1
f_tllz = % Simplrhy.
—12( - =12 (:—E} Divide each side by —6.
y,=—30 Simplify
Check
Suppose ¥ varles jointlly as x and 2. Find ywhen x = —4 and 2z = -5, If
y=—135whenx=5andz= -9 ¥, = 60

Learn Inverse Variation and Combined Variation

Two guantities, x and y, are related by an inverse variation if thelr
product is equal to a constant k.

Key Concept » Inverse Vanation

Wards: y varies inversely as x if there is some nonzero constant k such
thatxy =k ory = %. where ¥ # 0and v # 0.
2

Example: f xy = B and x =12, meny=%m 3
When y varies inversely ag x and the constant proportionality k is
positive, one guantity Jncreages while the other decreases. You can
use a propartion such as — _1.-? 7 m solve inverse varlation problems in
which some quantities are known.

Combined varation occurs when ong quantity varies directly and/or
inversely as two of more other guantities.

If you know that y varies directly as k, that y varies inversely as z, and
ona set of values, you can use a proportion to find anather set of
corresponding values.

ks ko,
If y, ——mni::l_'|.|:1 === me-nrﬁ—knndy,—:?:k.
Therafore, — F' — }’;;T:_

) Go Online You can complete an Extra Example online.
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Example 3 Inverse Variation

i m varies inversely as n, and m = —4 when n = 6, find m when
n=—10.

Use a proportion thal refates the values.

P
[ Inwerse variation
= m
%=?1 m, =—4& =56, and n, =10
—4{B) = —10{m} Cross mubtiply
—24 = —10m, Simplify
24=m, Divide each side by —10.
Check
If y varies inversely as x, and x = —3 when y = 3, find y whenx = 18.
7

Y=

Example 4 Combined Variation

Suppose o varies directly as b, and o varies inversely as c. Find b
whena=6andc=28,ifb=Twhenao=—49andc= 3.

Use a proportion that refates the given values.

ki
a, =5 and a, = g b varies directly as g, 5o b is in the numerator

C wanies inversely as o, 5o Cis in the denominator

k= %and k= ﬂ;z“ Solve for &
% = % Substitute for &
3 =453
¥= ﬂ?gi] oy=b =328 o0,=—48 by =1 andc; =3
—49(3)(b,) = B{2B)(7) Cross muffiply.
—147b, = 1176 Simplify
b,=—-8 Divide each side by —147.

When o= 6 and ¢ = 28, the value of b is —8.

Check
Suppose m varies directly as n, and m varies inversely as p. Find m
whenn=20and p=25iim= —%whenn=ﬁandp =g,

]

J'.I"I'2=

E Ga Onding You can complete an Extra Exampde online

Study Tip

Subscripts When
writing the initial
proportion, use
subscripts with the
vartables. This will help
you substitute the
correct value for each
of the variables.
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fo# Think About It
What assumptions
were made when
determining the speed
of the rider?

€ Example 5 Write and Solve a Combined Variation

BICYCLES A rider's speed in miles per hour varies jointly with the
revolutions per minute (RPM) of the pedals and the number of teeth
on the front gear and inversely with the number of teeth on the rear
gear. On a flat stretch of road, a rider is traveling at 17.1 miles per
hour while using a front gear with 50 teeth and a rear gear with

1& teeth and pedaling at 70 RPM. Find the speed of the rider when
she bikes uphill using a front gear with 34 teeth and a rear gear with
23 teeth while pedaling at 70 RPM.

Let ¥ = spead, p = revolutions of pedals, f = number of teeth on front
gear, and r = number of teeth on rear gear.
i kﬂl’]

x varkes jointfy as pand fand

ETVErSely 385 .

e L] _X b
k— Prrr EH"II:I k =3 P‘;F; SOive far £
My WG L
p—ﬁ == b, Substitute
1?-‘11,6:' gzﬁ’_{] X, = 7L p =10, fl =50 F. = 16
[70{50) = o34 f=34 p. =170, and ry = 23

17416)(70)24) = TO{E0){x, {23} Cross muitiply
651168 = 80,500x, Simplify.
Bl=ux Divide each side by 80,500

The speed of the rider pedaling at 70 RPM using a front gear with
34 teeth and a rear gear with 23 teoth is about 8.1 mph.

Check

BASEBALL The eamed run average (ERA) a of a baseball pitcher varies
directly as the number of earned runs r and inversely as the number of
pitched innings o. In one season, a pitcher has an ERA of 2475 with
80 innings pitched and 22 esamed runs. Find the number of eamed
runs if the pitcher has an ERA of 2 25 after pitching 112 innings in the
next season.

Part A Write a proportion you can use 1o solve the problem.

Part B Find the number of earned runs when the pitcher has an ERA
of 225 after pitching 112 innings in the next season.

? _ eamed runs

L) Go Online You can complete an Extra Example online.
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Eﬁu Onllne ¥ou can complete yvour omework online

Practice

Exampie 1
If x varies directly as y, find x when y = 8.

1. x=6wheny =32 2. ¥x=Nwheny=-3

A x=Wwheny=-2 4. x=—4dwheny=10

5. If yvaries directly as x, and = 35 when x = 7, find y when x = 11.

B. If ywvaries directly az x, and y = 360 when x = 1B0, find v when x = 270,
Example 2

H a varies jointly as b and ¢, find c when b= 4 and c = —3.
Ta=—Sbwhenb=3andc=—8 B.o=—680whenb=—-5andec=4
9. a=—108whenb=2andc=9 0. o=24whenb=8andc=12

1. If ¥ varies jointly as x and z and y = 18 whenx = 2 and 7 = 3, find y when
x5 5andzis 6.

12. If ¥ varies jointly as x and z, and ¥y = —16 when x = 4 and z = 2, find y when
xls —1and zis 7.

Example 3

If f varies inversely as g, find fwhen g = —B.

13. I=1Ewheng =19 . F=4wheng =28

15 f=—-12wheng =19 6. M= 06 whang =—21
17, If ¥ varies inversely as x, and ¥y = 2 whenx =2, find ywhenx = 1.
18. If ¥ varies inversely as x. and ¥y = B whenx =5, find y when x = 10.

Example 4

19. Suppose o varies directly as b, and o varies inversely as ¢ Find b when o = &5 and
c=—4,ifb=12 whenc=3 and o = B.

20. Suppose x varies directly as . and x varies inversely as 2. Find 2 when x = 10 and
p=—lifz=20whenx=6and y =14

2. Suppose o varies directly as b, and o varies inversely as ¢ Find hwhen o =25
andc =18, ifb =6 whenc =4 and o = 96.

22, Suppose x varies directly as vy, and x varles inversely as z. Find z when x = 32 and
F=9. fz=16whenx =12 and y = 4.
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Example 5

23, ELECTRICITY The resistance R of a piece of wire varies directly as lts length L and
inversely as its cross-sectional area A_A piece of copper wire 3 meters long and
2 millimeters in diameter has a resistance of 0.0107 ohms ({¥). Find the resistance
of a second plece of copper wire 2 meters long and & millimeters in diameter.
{Hint: The cross-sectional area is mr2)

24. PLANTS The size of plant cells before cell division is directly related to the water
available for nutrition and Inversely proportional (o the bacteria present in the soil.
If a given plant's cells grow to 1.5 mm when 025 fiter of water is available and the
bacteria level |s restricted to 500 parts per million, what would the bacteria level be
for the same plant whose cells grow to 2 mm with 0.4 liter of water avaitable?

25. PRESSURE The volume of a gas varies dirocthy with the temparature and imersaly
with the pressure. A certain gas has a volume of 15 L, a temperature of 290 K, and a
pressure of 1 atm. If the gas is compressed 10 a volume of 12 L and 1= heated 10 310 K,
what will the new pressure be? Round your answer to the nearest thousandih.

Mixed Exercises

State whether each equation represents a direct, joint, inverse, or combined variation for the
given variable. Then name the constant of variation.

26.c=12m: ¢ 2L p=gp 28. A=1bh A
29.rw=15.r 30. v = 2rgh ¥ 3L r=52B0m [l
32.vy=02d vy 33. vz =257 34. t = 16rh; t
;. Rr=2p 36.b=1a:b 37. C=2nrC
38. 5 =275 x 39.fg=-2.f 40.0=3bc o
£, m=“’T']:x 42. y = -1 y 43. S=4n
44, Sn=prp 45, — 2y =212 46. o= 2Th o
a7. e=L¢ 48. —10=gh: g 49. m = 20cd: m

50. If y varies directly as x, and ¥ = 540 when x = 10, find x when = 1080,

B1. If y varies directly as x, and y = 12 when x = 72, find x when y= 9.

B2. If y varies jointly as x and z. and y = 120 when x = 4 and » = 6_ find v when

*E3andzis 2.

B3. If y varles inversely as x, and ¥ = 3 when x = 4, find x when y = B.
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54. STRUCTURE Bulan works at a car wash. The amount Bulan earns varies directhy
with the number of hours she works. Bulan earns $144 for working 12 hours. Write
the direct variation eguation for the amount Bulan eams y for working x hours.
How much will Butan earn for working 18 hours?

55. DESIGN As a general rule, the number of parking spaces in a parking ot for a
movie theater complex varies directly with the number of theaters in the complex.
A typical complex has 30 parking spaces for each theater. A developer wants to
build a new cinema complex on a ot that has enough space for 210 parking
spaces. Write the direct variation equation for the number of parking spaces y for
x theaters. How many theaters should the developer bulld in his complex?

Determine whether each relation shows direct or fnverse varation, or nefther.

“EEEEEEN O -
4 12 4

8 2

-

2

B 24 4 3
L] 48 = —B & 16
32 96 —8 —2 5 25

59. ART Premade art canvas is available in the standard sizes shown.

a. Analyze the relationship between the width and length of each
canvas size. For each size, write a function that relates the
length £ to the width w.

b. For which sizes is the relationship between the width and the
length the same? Explain your reasoning.

c. Explain what it means in the context of the situation if the
relationship between the width and length Is the same for two
CANVAS Sizeg,

60. PRECISION The cost of painting a wall varies directly with the area
of the wall. Write a formula for the cost of painting a rectangular wall with
dimensions £ by w. With respect to £ and w, does the cost vary directly, jofntly, or
imversely? Explain your reasoning.

61. RENT An apartment rents for m dollars per month.

a. Ifnstudents share the rent equally, how much would each student have
to pay?
b. How does the cost per student vary with the number of students?

c. If 2 students have to pay $700 each, how much money would each student
have to pay if there were 5 students sharing the rent?
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62. COMMUNICATIONS On average, the number of calls ¢ each day between two
cities is directly proportional to the product of the populations Py and P, of the

cities and im‘:%rsely proportional to the square of the distance between them.

i

That s, ¢ =

in the table below.

Birmingham, AL

Indianapoiis, IM

Tallahasses, FL

@ - Uze the function and the population and distance information

San Francisco, CA

{pop. 210,710) {pop. B72.680) {pop. 191,045) {pop. B84,363)
Birmingham _ 479 mi 301 mi 2327 mi
Indianapolis 479 mi —_ 778 mi 2274 mi
Tallahassee 307 mi T7E mi — 2637 mi
San Francisco 2327 mi 2274 mi 2637 mi -

a. The average number of daily calls between Indianapolis and Birmingham is
about 16,000. Find the value of k. Round to the nearest hundredth.

b. Find the average number of daily calls between Tallahassee and each other
city listed.

e. Could you use this formula to find the average number of phone cails made
within & city? Explain.

83, INVESTING You decide to invest 10% of your before-tax income in a cetiremeant
fund, so vour employer deducts this money from your weekly paycheck.
a. Write an equation to represent the amount deducted from your paychoeck o
for investment in your retirement fund for a week during which you worked
h hours and are paid r dollars per hour.
b. Is your equation a direct, joint, or inverse variation? Explain your reasaoning.

c. If you earn $19.50 per hour and worked 36 hours last week, explain how to
determine the amount deducted last week for your retirement fund.

Q Higher-Order Thinking Skills

&4, FIND THE ERROR Jamil and Savannah are setting up a proportion to begin
solving the combined variation in which z varies directly as x, and z varies
imversely as . Who has set up the correct proportion? Explain your reasoning.

Jamil Savannah
. k, - oy
L= andz = LT, AL T
L L3
-3 andks = o k=
W 2
= T

85. PERSEVERE If o varies inversely as b, ¢ varies jointly as b and £, and fvaries
directly as ¢, how are o and g related?

66, ANALYZE Explain why some mathematicians consider every joint variation a
combined variation, bul not every combined variation a joint variation.

&7. CREATE Describe three real-life quantities that vary jointly with each other.

&8. WRITE Determine the type(s) of variation(s) for which 0 cannot be one of the
values. Explain your reasoning.
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Lesson 7-6

Solving Rational
Equations and Inequalities

Explore Solving Rational Equations Tg..,..a Zh,ateqm

in-one vanabde.
{:i Online Activity Use a real-world situation to complete the Explore. = Snive raticnal
_— st
1 variabhe,
& INOUWRY How can you solve rational
equations by graphing? Today's Vocabulary

rational equation

rational ineguality
Learn Solving Rational Equations

A rational equation contains at least one rational expression. To solve
these equations, it is often easier to first eliminate the fractions. You
can efiminate the fractions by multiplying each side of the eguation by
the least common denominator [LCD). Solving rational equations in this
way can yield results that are not solutions of the orlginal ecuation.
You can identify these extraneous solutions by substituting each resull
into the original equation to see If it makes the equation true,

There are three types of prablems that are commonly solved by using
rational equations: mixture problems, uniform motion problems, and
work problems.

Example 1 Solve a Rational Equation
=56

o

The LCD for the terms s 48(x — 4).

T 9
Sdl'lrEE+I_4

9 55
tr-4— &8

L

Ra[~

agp— (L) + 28— (- 25) =2 —a(52)

48— (%) + 48 =) 25) — 48— 4(38)

28x — N2 + 432 = &5x — 220
28x + 320 = hbx — 220
540 = 2Tx
20=x
i:! Ga Onding You can complete an Extra Exampde online
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Ea Go Online

You can watch avideo
to see how o solve
rational squations.

& Talk About t!

How could you identify
the extraneous solution
withoutl substituting
each possible solution
back into the arginal
equation? Explain.

Check

Select the solution(s) of 2 — gy = &
A -5 B. —

C. 3 D. 3

E 2 F. 3

Example 2 Solve a Rational Equation with
an Extraneous Solution

ol Tm 4

2m _ _am
Solve =4 “Imi_1@m+ 24~ Im- 6

The LCD for the terms is (m — 4)3m — B).

2m m2 4 Tm - i d4m

m=4" 337 ~18m+24 3IM-~B

im = 4)(3m = B)2m)  (m = d)3m = Gfm? + Tm + 4)  |m = 43Im ~ Ej4m)
{m — 4 Am? = 18m + 24 - im - &

1 ] 1 P
{m=aj3m - 62m) (m—T3m=EHm + Tm + d)  (m = 4)Em—="6}dm)
L= . gﬁ [T P—— = Im—a

1 1

ﬁm—ﬁpm}—{a;#+?m+4:=pn—¢;m
6m? — 12Zm — m* — Tm — 4 = 4m* — 16m
Sar* — 19m — 4 = 4m? — 16m
m*—3m—4=0
m—Mm+1)=0
m—A4=0orm+1=0
m=4 = —1

When solving a rational equation, any possible solution that results in a
zero in the denominator must be excluded from the list of solutions.
Check each solution by substituting into the original equation.

Since m = 4 results In a zero in the denominator, it s extraneous, So,
the salution s —1.

Check

3x B =Te=4 5
EUNE_”_‘— x].-_m =.H'+"
x=_2

L) Go Online You can complete an Extra Example online.
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 Example 3 Mixture Problem

FIRST AID Rubbing alcohol, a commeonly used first aid antiseptic,

typically contains 70% isopropyl alcohol. Suppose you are adding a
50% isopropyl alcohol liquid to 200 milliliters of a lquid that ks 91%

isopropyl alcohol. How much of a 50% isopropyl alcohol liquid shoulkd
be added to create rubbing alcohol that is 70% isopropyl alcohol?

Step 1 Estimate the solution.

Since (0.5 + 0.91) + 2 = 0705, or 70.5%, creating a new liguid with
70% isopropyl alcohal should require a similar amount of 50% and
91% [sopropyl alcohol liguids. So, arcund 200 milliiters of the 50%
isopropyl alcohol liguld should be added to the 91% lguid.

Step 2 Write an equation for the concentration of the new lquid.

Complate the table. Let x be the amount of 50% [sopropyl alcahal
liquid that is added,

Crriginal

Isopropyl Alcohol
{mL}

Total Amount of

091200} + 0.5x

200 X 200 + x

Ligpuid {rml)

The percentage of isopropyl alcohol in the new liguid most equal the
amount of Isopropyl alcohol divided by the total amaount of mew Hguicd.

amoent of SOProRy o)

Percentage of Isopropy! alcohol in liguid = ot Bt of Reaad
) = LE iy

70  0.91[200) + (S
00~ 200 +a

Step 3 Solve the equation.

70  DSY200) + 0.5x
— T mmgmam. 'D‘-'IEM'IE' eguation

100~ 200+x
70 _ 182405« PNy —
00 = 900 + x Simplify the numerator
100(200 + () = 1001200 + x)(B2EI) ity by LeD,
100200 + x)

B2 4+ 0.5x ety
—} Divide common factors.

16200 + x) [%} = W= ( 200+

1

(200 + x)70 = 100(182 + 0.5x) Simpiity

14.000 + 70x = 18,200 + 50x Distributive Property
x =210 Solve
Step 4 Check for reasonableness and interpret the solution.

So, 210 milliliters of a 50% lsopropyl quid added to the 200 milliliters
of 91% liquid creates a 70% Lopropyl alcohol liguid. The answer is
reasonable because it is close 1o our estimate.

Problem-Solving
Tip

Make a Table When
thera is more than one
element in a problem,
it may be helpful to
organize the
information in a table
when writing
expressions and
eguations relating the
items, Tables can be
useful whan salving
mixture, work, and
distance problems
irmsobving rational
aquations.
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f Think About It
How lang does it take the
bat to travel with the
wind and against the
wind? ks this reasonable?
Justify vour argument.

Study Tip
Assumptions Although
a bat's spead likely varies
throughout its flight,
assuming that a bat flies
at'a constant rate of
speed allows us to create
a reasonable model for
the speed of the bat with
and against the wind. We
must also assume that
the bat is fiying directly
with or against the wind
during its entire flight.

€ Example 4 Distance Problem

BATS Mexican free-tailed bats have an average flight speed of
25 miles per hour. Suppose it takes one of the bats 5 hours to fly
121.8 miles round trip one night. Assuming that the bat flew at a
constant speed, determine the speed of the wind.

The bat flies T21.8 miles round trip, or 609 miles sach way. Use the
formula relating distance, rate, and time in the form { = + to write an
equation for the total ime. Let w represent the speed of the wind.

608 60,9
Htw T H—y— D

25+ w25 — W) 30 ) + (25 + w25 — wi( 3o ) = (25+w)25—w)5

wﬁ—m[mhpmwmsﬂm{ﬁ__w) (25 + w25 —wl5
(25 — WiB0.9 + (25 + wiB0.9 = (625 — )5
1522.5 — 60.9w + 15225 + 60.9w = 3125 — Giw?
3045 = 3125 — Bw?
16 = w?
w=40or—4

The only viable solution for the speed of the wind Is 4 miles per hour.

@ Example 5 Work Problem

AGRICULTURE If it takes a 24-row planter 10 hours to plant a field
and & hours if a 16-row planter is also used, how long would it take
to plant the field if only the 16-row planter were used?

Let p represent the ime for the 16-row planter 1o plant alone.

1 1 1

0 + =% Write the eguation

El]p{%] Y Eﬂp{%} =3£}p{é} Multiply by the LCD, 30p

.::;ﬂ'p [j.lﬂ'] + 30 P{}_-Ev} = B'-ﬁp{é ] Divide comman factors.

3np+30=5p Simplify.
30=2p Subtract 3p from each side.
15=p Divide each side by 2.

It would take the 16-row planter 15 hours to plant the field alona.

{23 Go Online You can compiete an Extra Example online.
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Learn Solving Rational ineqgualities
A rational inequality contains at least one rational expression. You can
use these steps to solve rational inequalities.

Key Concept - Solving Rational Inegualities

Step 1 State the excluded values. These are the values for which the
denominatar is 0.

Step 2 Solve the related equation.

Step 3 Use the values determined from the previous steps to divide a
number line into infenmaks.

Step 4 Test a value in each interval to determine which intervals contain
values that satisty the inequality.

Example 6 Solve a Rational Inequality
x 5 x—4

Solve T | - T

Step 1 Find the excluded values.

oy 5 o
When x = —1, the denominator uf‘, - 0. The excluded value s —1. %Tau: Abcut It
Step 2 Solve the related equation. Describe how you
¥ 5 _ _ x=id would graph the
2 x+1 3 solution set on a
i 5 =4 number line.
Blx + 1){3) — Gbet 0(25) = 8+ 0(55)
3 L I I L] L

I +3x—30=2x"—6Bx—8
¥ +9x—22=0
[x —2j+ 1M =0
x=2or—1
Steps 3 and 4 Divide a number line into intervals. Test each interval.
Draw vertical lines at the excluded value and at the solution points.

—|—|—|—|—|—i—|—|—|—|—p—s—|—|—|—|—|—|—|—|—|—

-6 - 12 -0 B -6 4 -Z 0O 2 i

Test x = —13. False Test x = 0. False
Test x = —4. True Testx = 3. Trua

The statement i< true for ¥ = —4 and x = 3. Therefore, the salution s
M= —1orx =2

Check
Snm_%_x;i“}jﬂj—r_

) Go Online You can complete an Extra Exampée online.
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@ Apply Example 7 Write and Sclve a Rational
inequality

CLOTHIMG Jamila runs an online store that sells custom hats. She
spends $378 on an embroidery machine. In addition, it costs Jamila
$1.85 to make each hat. How many hats will Jamila have to make so
that the average cost per hat is less than or equal to $57

1 What s the task?
Describe the task in your own words. Then list any questions that you
may have. How can you find answers 1o your guestions?

Sample answer: | nead to find the number of hats that Jamila needs to
maka so that the average cost to produce each hat is less than $5. |
know that the fixed cost of buying the embroldery machine s $378
and the cost to make each hat is $1.85. How can | represent the
situation with an inequality?

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will write an inequality and identify the excluded
values. Then | will solve the related equation, divide the number line
into intervals, and determine which intervals zatisfy the inequality.

3 What is your solution?
Use your strategqy 1o solve the problem.

What inequality represents the situation?

1.351'1;- 3r8 =5

Are there any excluded values? If so, identify them.
yes: 0

What are the solutions to the inequality? What solutions are viable in
the comtext of the situation?

¥< 0arx =120 x =120

4 How can you know that your solution is reasonable?

@ Write About It! Write an argument that can be used to defend
your solution.

Sample answer: Because the embroidery machine was =0 expensive, it
would require a large number of hats to be made for the average cost
to decrease. As Jamila makes more hats, the average cost per hat
goes down. Therefore, it makes sense that it would require 120 hats or
more to get the average cost down to 35 or less.

360 Module 7 - Ratlonal Functions



Practice E-Eu Onllne ¥ou can complete yvour omework online

Exampie 1
Solve each equation. Check your solutions.
2x4+3 3 =12
LT .y =¥
B . W g B _ 12 _ 8
"x=7 x=06  x?-13+42 “y+3 y+d PaTys
L] < 22 2 11 S 36
5‘1—2_x+1_‘!._,_-_1 E‘u+2+u+5_ai+?n+1n
Exampls 2 "
X F H 2 gl 2
L T ST Y e e 3‘?“5+2r4t_2f~9y-5
x=8 X Ix=3 o4t 3 5
2 TSI TR T m‘.._-,i.q.jp.pﬂ p+3 " p4d
2 1 _ 2 _B 4
n F'_..‘+f— I ﬂ"']ﬂ‘_g E+3_1
Exampies 3-5

13. SOLUTION Evita adds a 75% acid solution to 8 milliliters of salution that s 15% acid.

a. Write a function that represents the percent of acid in the resulting solution,
where x is the amount of 75% acld solution added.

b. How much 75% acid solution should be added to create a salution that is
HO% acid?

14. FLIGHT TIME The distance between John F. Kennedy International Alrport and
Los Angeles International Airport is about 2500 miles. Let 5 be the airspeed of a
jet. which is the speed at which the jet would be traveling in still air. The ground

speed, which indicates how fast the jet is traveling over the land surface, is
affected by the airspeed and the wind. Traveling in the same direction as the

wind increases the ground speed; and traveling in the opposite direction
decreases ground speed.

a. Suppose the current wind speed s 100 miles per hour at the altitude at which the

jet will fly. Write an equation foe 5 i it takes 2 hours and 5 minutes longer to fiy
between New York and Los Angeles against the wind versus fiying with the wind.

b. Solve the equation in part a for 5.

c. Write and solve an eguation and find how much longer it would take to fly against
the wind between New York and Los Angeles if the wind speed increases 1o
150 miles per hour and the airspeed of the jel k= 525 miles per hour.

15. CONSTRUCTION |t takes Rosita 32 hours 1o drywall a basement by herselfl and
18 hours If Paola helps her. How long would it take Paoda to drywall the
basement by herself? Round your answer to the nearest hour.
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16. BASEBALL A major league baseball team plays 162 games a season. Halfway
through the season, one team has won 60% of their games. What percent of thetr
remaining games would the team need to win to end the season winning 75% of
their games?

17. CURRENT The distance for the Valleyview River Cruise trip ks 14 miles round trip.
The boat travals 10 miles per hour in stll water. Because of the current, it takes

longer to cruise upstream than downsiream.

a. Deflne a variable and write an equation to represent the situation if it takes
30 minutes longer to crulse upstream versus downstream.

b. What is the speed of the current?

18. YARDWORE Each week Imani and Demond must mow their 4-acre yvard. When
they use both their 36-inch mower and 42-Inch mower, it takes them 2 hours.
When the 36-inch mower s out for repairs, It takes them .‘:‘I% hours. How long
would the job take if the 42-inch mower were broken?

Example &
Solve each inequality. Check your solutions.
4 5 5 3 5
19.3—;1}3 lﬂi_ﬁ}ﬁ
x=2 1 X =4 3 i X
N st T332 22. F— -3 %+d
x . 2 3 X 1 3
B.g+3<73 W et <3
Example 7

25, ORIGAMI For prom, Muna wants to fold 1000 orkgami
cranes. She ks asking volunteers 1o help and does naot
want to make anyone fold more than 15 cranes.

a. Write an inequality 1o represent this situation,
if M s the number of people enlisted to fold cranes.

b. What Is the minimum number of people that will satisfy
the inequality in part-a?

26. PFROM Caleb manages the budget for his school's junior prom. His class has spent $1250
for the prom venue, $625 for a DJ. and $1470 for decorations. They will also serve dinner
before the dance, which costs $12 per student. If he wants to keep the cost of prom
tickets less than $20, how many students will need to buy tickets?
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Mixed Exercises

27T. HEIGHT Fabiana is B inches shorter than her sister Pllar, or 12.5% shorter than
Pilar. Howy tall is Fablana?

Solve each equation or inequality. Check your solutions.

53> 22 20,34 -
3412_%=% Hn+%ﬂ:%
2. -2<-3 33 -L<2-9
M= tg e T
36.3+2>8 37 2.2

A8. NUMBER THEORY The ratlo of two less than a number to six more than that
number is 2 to 3. What is the number?

39. BUSINESS The Franklin Electronics Company has determined that, after its first

50 wireless speakers are produced, the average cost of producing one speaker

Gl 4 17,000
can be approximated by Cix) = Z_T. where x represents the number of

speakers produced. Consumer research has indicated that the company should
charge $80 per speaker in order 1o maximize its profit

a. The company wants to determine how many speakers must be produced and
sold in order to ensure that the revenue from each one is greater than the
average cost of producing each one. Write an inequality whose solution
represents this information.

b. Solve your ineguality and interpret your solution in the context of the situation.

40. ANALYZE Let fix} = —x — 2 and g{x) = —.

a. Find any x vaiues for which fix) or gix) s undefined and any solutions to
fix) = glx).

bB. Write the solution set to the inequality fix) < gix). Graph your results on a
number line.

e. Explain why each value from part a should be Included in or excluded from the
solution set of the inequality.

and gix) = ﬁ on a graphing calculator,

2 1

Fex—X=T Explain why this method works.

41. USE TOOLS Graph fix) = - P

Then use the graph to solve
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42. USE & MODEL [t takes one fuel line 3 hours to fill an oll tanker. How fast must a

second fuel line be able to fill the oll tanker so that, when used together, the two
lines will fill the tanker in 45 minutes?

43. The prom committesa s spending $1000 for the venue and DJ plus $35 per
person for the catered meal. How many students must attend the prom Lo keep
the ticket price at or below $807

44, STATISTICS The harmonlc mean is often the most accurate average of numbers in
situations involving rates or ratios. The number x is the harmonic mean of y and z
if% I the average of j.-l and %_

a. Write an equation for the harmonic mean of 50 and 75.

b. What i= the harmonic mean of 50 and 757

Q Higher-Order Thinking Skills
=12

45. CONSTRUCT ARGUMENTS Hideki used the rational function fix) = B B o
determing the solutions of x) = 0. He found that x could be 3 or —4. Do you

agree? Justify your argument.

Bx 0
=2 x =2

a. Solve the eguation for x. 1s your solution extraneaus? Explain how you kniow.

46. AMALYZE Ghaen =T+

b. How can you use a graphical method to check your answer for part a7

47. FIND THE ERROR A student is Irying 1o solve the ineguality
,—', < 2. Refer to the work shown at the right. Do you agrea?
Explain your reasoning. What is one method this student {:}
could have used to check their work? i
ol A
” €
48. CREATE Give an example of a rational equation that I
can be solved by multiplying each side of the equation xRN
by 4{x + 3)ix — 4).
8. 30 1€ 2x
I+5%5 o4 1
49. PERSEVERE Solve ———=— =, —7 L
a2 Z
$
50, AMALYZE While using the table fealure on a graphing

calculator to explore fix) = ﬁ. the values —2 and
3 say "ERROR." Explain its meaning.

51. WRITE Why should vou check solutions of rational equations and inegualities?
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Module 7 « Rational Functions

Review

@i Essential Question

How are the rules for operations with rational numbers applied to operations with rational

expressions and equations?

Similar to adding and subtracting rational numbers, you can add and subtract rational
expressions by using a common denominator. Sums, diferences, products, and quotients can
be simplified by removing common factors from the numerator and denominator of the rational
expression. Also, rational expressions can be sel equal to one another to solve for unknowns.

Module Summary
Lessons 7-1 and 7-2

Operations with Rational Expressions

» To multiphy rational expressions, multiply the
numerators and the denominators.

« To divide rational expressions, muitiply by the
reciprocal of the divisor.

» To simplify a complex fraction, first rewrile it as a
division expression.

+ To add or subtract rational expressions, find
the least common denominator. Rewrite each
expression with the LCD. Then add or subtract

Lessons 7-3 and 7-4

Graphing Reclprocal and Rational
Functions

» A reciprocal function has an equation of the form
fix) = - where nis a real number and bix] is a
linear expression that cannot equal 0.

» A rational function has an equation of the form
fix) = % wheare ofx) and blx} are pohynomial
functions and b{x) # 0.

Lesson 7-5

Variation

« i varies directly as x |f there is some nonzaro
constant k such that y = k.

= i varies jointly as x and z if there is some
nonzero constant k such that y = kxz.

» yvaries inversely as x if there is some nonzero

mtantksuththatxy=kn¢y=%.wh2re
x#F DandyF 0.

« If you know that ¥ varies directly as x, that y
varies inversely as 2, and one set aof values,
Yyou can use a propoartion to find another set of
corresponding values.

Lesson 7-6

Rational Equations and Inequalities

+ To solve a rational equation, it is often aasier to
first eliminate the fractions. You can eliminate the
fractions by multiplying each side of the equation
by the least commaon denominatar (LCD)L

« To solve a rational inequality, state the excluded
values. Mext, solve the related equation. Usa the
values determined from the previous steps ta
divide a number ling into intanvals. Test a value
in Bach interval to determine which imtervals
contain values that satisfy the inequality.

m} Faldables

Usze your Foldable to review
this module. Working with a
partner can be helpful. Ask for
clarification of concepts

as neaded.

¥
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Test Practice

1. OPEN RESPOMSE Multiply. (Lesson 71

47 _ Sy
B 7
2. OPEN RESPONSE Simplify 25—

Lezson f~1)

3. MULTIPLE CHOICE The volume of a
rectangular solid s x® — 9x cubic inches.

i 1

If the area of the base of the sofid s

¥ + x — B sguare inches, what is the height

of the solid In terms of x? [Lesson 79

xx = 3]
A X3
xix + 3

X+ 2

™ ]

Xx=2
x=95
D. g
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4. OPEN RESPONSE Simplify

5 2 e
x4 + 4 W 21 (Le=ssoa J-2)

5. OPEN RESPOMSE Subtract. (Lesson 7-2)
2y 5

3 oy

6. MULTIPLE CHOICE When two electrical
resistors with resistance R and R, are
connectad in paraflel, their combined
resistance is ﬁ fLessan 7-2)

B R
R

—W
Mﬂ.

R3

Which of theze expressions s equbsalent?
R +R,
2
Rﬂ}
B R+®
R+ R,
RR,
2
+ R

a

R



7. MULTIPLE CHOICE Add. (Lesson 7-2)
X' =1 x4+ 3
-0 T x+2
2K 4w+ F
fx = ajfx + 2]
x4 F0x 4 32
- T+ 2N3x + 10}
At 2
e+ 2)x = 5)
25 = Jx=—16
* [x— Slx +2)

Mm@

g

B. OPEN RESPONSE What is theze:r.ﬁuded value
of x for the function fix) = m‘?
Lesson T-3;

9. GRAPH Graph fix) = ?31 + 1. jLesson 73

10. OPEMN RESPONSE Identify the values of a, h,
and k. Then write a function for the graph
glx} =5 En + k. [Lasson 7-3)

[ ¥
|

11. OPEN RESPONSE Consider the graph of

A s 4
RY=""—q

A
o

:

a) Find x-and p-intercepts.

. [Lesson 7-4)

]

b) Find any asymptotes,

12. OPEN RESPONSE Consider the graph of
x4+ 6
R} = 5 1 g - (Lesson 7-4)

[ Y]

a) Describe the end behawvior.

b) Find the domain.

13. MULTIPLE CHOICE Suppose y varles jointhy
as x and z, and y = 72 when x = 4 and
z = —b._What Is the value of ¥ when
x=—5 and r = 77 |Lesson 7-3)

AL —105 C.—24

B. —35 [ 105
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14.

15.

MULTIFLE CHOICE Suppose y varies inversely
as x. and y = 102 when x = 3. What is the
value of ¥y whenx = 27 (Lesson 7-5)

A 34
B. 6.8
C. 153

D. 30.6

OPEM RESPONSE The time required to drive
a fixed distance is inversely proportional to
the spead. The graph shows the time, In
minutes, required to drive from Centerville
to Concord, depending on the speed, in
miles par hout. [Lesson 7-5)

¥

200

E . '

E \dizn.ﬁml

- 50 =]

O w 0 W 40 5
Speed (miles per haur)

Find the speed for each given time
required.

a) 48 minutes

b) 40 minutes

368 Module T Review - Retional Functions

6. MULTISELECT Solve. Lesson -5

_x ., 1 _3
x=2 " x&3 2

A =7

B. —3

C.-2

D.2

E. 3

F. 7

. MULTIPLE CHOICE Which number line shows

the salution :.':IA;:"',F < 57 [Lesson 7-6)
} : ft e e —
5 d—3-21 O 1 2 3 & &
} L T e e e o R
bl =3 =21 O-1 2 3 & 8
—— — —— i
G4 =3 =21 0 1 2 3 & 8§
B R
: =5 =4 =3 =2 =1 0 1 2 3 4

. MULTIFLE CHOICE Working alone, an

expenenced painter can paint a room in
7 hours. When an apprentice helps, they can

paint the same room in 4 hours. Approsimatehy
how mamy hours would it take the apprentice,

working alone, to paint the room? Round 1o
the nearest tenth of an hour. (Lesson 7-6)

A. 3 hours
B. 9.3 hours
C. M hours
D. 28.6 hours



Module 8
Inferential Statistics

2 Essential Question

How can data be collected and interpreted so that it s useful to a speciic audience?

What Will You Learn?
How much do you already know about each topic before starting this module®

KEY Before | Atter

E_idon'tknow. [0 —Iveheardofit = — | know it =l o o R =1

classify sampling methode and identify bias in samples and
survey guestions
explore experimental probabilities and fair decision making

compare theoretical and experimental probabilities

describe and compare distributions by finding their maan and
standard deviation

classify variables and analyze probability distributions to
determine pecled oulcomes

use statistics and normal distributions to analyze data | |

use sample data to make inferences about populations

@ Foldable Make this Foldable to help you organize your notes aboul inferential
statistics. Begin with an E%‘ ® 11" sheet of paper.

1. Fold in half lengthwise.

2. Fold the top to the bottom.

3. Open. Cut along the second fold 1o make two tabs.
4. Label each tab as shown.

‘Statistics  Probabilty
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What Vocabulary Will You Learn?

« bias « narmal distributicn « simulation

» confidence interval + ohservational study = standard deviation

« continuous random variable « pulcome « standard error of the mean
» descriptive stalistics « outlier « standard normal distribution
« discrete random vanable = parameter = statisiic

« distribution + population praportion s SLiFvEY

+ pxpefiment « probability distribution « symmetric distribution

« experimental probability « probability model » theoretical probability

« inferential siatistics = sample space » wariance

» maximum errar of the estimate « sampling error « F-yalua

Are You Ready?

Complete the Quick Review 1o see i you are ready to starl this module.

Then complete the Quick Check.

Qulck Review

Example 1

The number of days it rained in each month over the
past year are shown below. Find the mean, median,
and mode.

4,2,916,13,9,8,9,7,6,8,5

Meaan 1;l+2+9+iﬁ+13+91;-E+9+?+E+3-i-5
or B days
Median 2.4, 56,78, 8,9 9,9,13,16
% or B days

Mode The walue that occwrs most often nthe setis 9,
=0 the mode of the data et is 9 days.

Quilck Check

Find the mean, median, and mode of each
data set.

1. number of customers at a store each day: 78,
80, 101, 66, 73, 92,97 125,110, 76, B9, 90, 82, BY

2. quiz scores for the first grading period:
BE, 70, B5, 92, BB, 77 98, 88, 70, 82

3. the number of touchdowns scored by a player
owver the last 10 seasons:
75,1012, 4,10.1,6,9, 3

How Did You Do?

AT0 Module B - Inferential S1atistics

Which exercises did you answer correctly in the Quick Check?

Example 2

£ die is rolled and a coin is tossed. What is the
probability that the die shows a 1 and the coin
lands tails up?

o T | 1
Altailg =g-zorg

A die Is rolled and a coln s tossed,
Find each probability.

4. A4, heads)
5. Aodds, tals)
6. A2 or 4, heads)

7. P2, 4, or 6, talls)




Lesson 8-1

Random Sampling

Learn Randomness and Bias Today’s Goals
« Clacssify sampling

Statistics is an area of mathematics that dealts with collecting, methods and identify
analzing, and interpreting data. hias in samples and
A characterstic of a population s called a parameter. Because it is not . yziio Lh a:ﬁ
always practical to collect data from a large population, it may be wg mﬁw
collected from a representative sample. A characteristic of a sample is experiments, and
called a statistic. observational stedies.
A population consists of all the members of a group of interest. A bias Teday's Vocabulary
Is an error that results in a misrepresentation of a population. parameter

Key Concept « Types of Samples statistic

simple random Each member has an equal chance of being selected. population

systematic Members are selected according o a specified intenval. bias

self-selected Members volunteer to be included in the sample. SUREY

convenience  Members that are readily available are selected. experiment

stratified Members are selected from simiar, nonoverapping observational study

groups.

@ Example 1 Classify a Random Sample

AFPPS The administration of Jefferson High School developed a free
app to help their students with studying and organization. At the end of
the school year, the students were ashed to complete an online
questionnaire about thelr satisfaction with the app. Classify the sample.

Step 1 Identify the population.

the entire student body represented by the administration
Step 2 ldentify the sample.

the students who responded to the online questionnaire

Step 3 Classify the sample. ) Go Online
You may want to

compiete the Concept
Check to check your

The sample is sell-selected.

Check aeidiig
MEMBERSHIP A club member would like to ask the other members in

her state's councll about new regulrements for first-year members.

Classify each sampling method.

a. She asks every 5th member on the council roster. {3 Go Coline

b. She asks every other club member in her 25-member club. You can complete an
€. She splits the councll into four age groups and randomby asks Extra Example online.

20 people from each group.
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fy Think About It
How large a sample
size do you think would
be neaded 1o
accurately reflect the
population?

Uze a Source
Find a biased online

survey question. Explain
wihy it is biased, and

rephrase the question.

&) Talk About It!
Describe an example of
& biased observational

study. Explain how the
study ie biased.

@ Example 2 |dentify Sample Bias

TRAFFIC The traffic commission took a y

random sample of travelers using Route 15 | oute 15 Congestion

and determined the average daily commute on | DiStance:10.6 miles

this road during rush hour. After viewing the Average Commurte:

results, the commission proposed expanding 26.3 minutes

the road from 2 lanes to 4 lanes. Identify bias Sfﬂ“:i'ﬂ Deviation:
potential interests sample A minutes

- - Sample Size: 10

Step 1 Identify the purpose of the sample.
The purpose is to evaluate the length of the commute inorder to
determine whether road expansion (s necessan.

Step 2 |dentify the bias in the sample. While the sample is random, a
sample size of 10 is too small to accurately reflect all of the cars that
use the road.

Step 3 Identify interests. The bias in the sample size may lead to a
sample average that does not reflect the true average commute of the
population. This bas could serve the interests of contractors who
hope to win the business of expanding the road.

& Example 3 Identify Biased Questions

FOOD A restaurant owner wants to determine which kinds of meals
she should add to her menw: vegetaran options or more traditional
meat-based dishes. She releases a survey to her customers asking the
following question: Do you prefer a ploin salod or a delicious steak?
Identify any bias in the question.

Step 1 Identify the purpose of the question. The purpose & 1o
determine which dishes are most popular with customers.

Step 2 ldentify the bias in the sample. The question provides
descriptions of each kind of food, and the description for the steak
favors it over the salad.

Learn Types of Studies

In a survey, data are collected from responses given by members of a
group regarding thelr characteristics, behaviors, or opinlons.

In an experiment, the sample is divided into two randomiy selected
groups, the expermentol group and the control group. The effect on
the experimental group is then compared to the contral group.

In an observational study, members of a sample are measured or
obsarved without being affected by the study.

To determine when 1o use each type of study, think about how the
data will be obtained and how the study will affect the participants.
Each method of study relies on random selection of a sample to
ensure that it accurately represents the population.

E!' Go Online You can complete an Extra Examphe online,
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& Example 4 Classify Study Types

UMIFORMS A research team wants to test new football uniform
designs and their appeal to young adults. They randomly select
100 young adults to view the different uniforms. The research
team observes and records the reactions to the uniforms.

Step 1 What is the purpose of the study?

The purpose is to determine if the new uniforms will be
appealing to young adults.

Step 2 Does this situation represent a survey, an experment, or an
observational study?

This i ain) observational study because the participants are
observed withoul being affected by the study.

Step 3 Identify the sample and population.

The sample is the 100 yvoung adults imvalved in the study. The
population is all young adults.

Check

Match each study subject with the corresponding study type that
should be used,

A principal wants to determine the A, observational study
fﬂu‘grlte after-school activity of his students.
= A researcher wants 1o determine B. census
whether young adults would be interested
in a new line of smartwatches entering the €. survey
market

A teacher wants 1o determine D. experiment
whether bright cobors affect the test-taking
abillities of high school students.

@ Example 8 Design a Survey

EXERCISE The owner of a company would like to convert a conference
room into an exercise room. She would like to survey her employees to
see if they would use the exercise room. Design the survey.
Step 1 State the aobjective of the survey.
The objective of the survey |= to determine the employees'
interest in converting a corference roam inMo an exercisse room.
Step 2 ldentify the population.
The population is all employees of the company that work in
the building.
Step 3 Write an unbiased survey question.

Sample answer: “If available, would you use an exercise room

in the bullding if it were created by converting a conference
room?”

kg Think About It!
In Example 5, seven out
of the B5 people who
were surveyed said they
wiould use the exercise
rooim. What conclusion
can you draw from
these results? Should
the owner proceed with
building the exercise
room? Support your
conclusion

@ Go Online

You can complete an
Extra Example online.
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% Think About It!

Suppose all & of the
people who used the
Type E goggles had a
positive reaction. Do
you think this should
cause the researchers
to alter their
recommendation?
Justify vour reasoning.

53 Go Online

¥ou can complete an
Exira Example onling.

& Example 6 Draw Conciusions from a Studly

TECHNOLOGY Ressarchers are testing different types of virtual
reality goggles. Each randomly selected participant could choose a
type of goggle. The researchers observed the number of people
who chose each type and the number of positive reactions.

| Humber of People | Paositive Reactions
A n 45%
B 17 53%
c 45 9%
D 52 9%
E & 33%

Step 1 Identify the type of study. The study is aln) cbhservational study.
Step 2 Draw a conclusion based on the results.

The Types C and D goggles seemed 1o be preferred by the most
people in the study, and recelved a very high percent of positive
reactions. Therefore, the researchers should recommend that those
types of goggles be produced.

 Example 7 |dentify Bias in Studies

Identify any flaws in the design of the experdment.

Experiment: A teacher wants to study the impact of music on testing.
She gives a test to her Algebra 2 class in a quiet erwironment. She then
gives the same test to her Geometry class, but this time with music
playing softly in the room.

Reszults: She found that the mean score of the tests taken by the
Geometry class was higher than the mean score of the tests taken
by the Algebra 2 class. She concluded that music is beneficial

when testing.

Step 1 Identify the control and experimental groups.

Because the Algebra 2 class takes the test in a quiet
emvironment, and the change the teacher wants to measure is
the effect of music on test-taking, the Algebra 2 class is the
control group. Because the Geometry class takes the test with
the music playing, they are the experimental group.

Step 2 ldentify any flaws in the experiment.
The experimental and controf groups were not randomly
selected, and the two groups have more than one difference:

beside the presence of music while taking the test, the classes
are different and may be at different skill levels.

Step 3 Correct any flaws.

The teacher could use a sampke of Algebra 2 or Geomeltry
stuclents at simitar ability levels and randomly select members
of the control and experimental groups from this sample.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampie 1

Identify each sample, and suggest a population from which it was selected. Then
classify the sample as simple random, systematic, self-selected, convenience, or
stratified. Explain your reasoning.

1. Berton divides his sports T-shirts by team. Then he randomly selects four T-shirts
from each team and records the size.

2. The project manager at a new business inspects every tenth smart phone
produced to check that it is operating correcthy.

3. A grocery store manager asks its customers 1o submit suggestions for items on
the salad bar during the week.

Exampies 2 and 3
Identify each sample or question as biased or unbiased. Explain your reasoning.

4. Arandom sample of eight people is acked to select thelr favorite food for a survey
about Americans’ food preferences.

5. BEvery tenth student at band camp is asked to name his or her favorite band for a
survey about the campers.

B. Every fifth person entering & museum is asked o name his or her favorite type of
book to read for a survey about reading interests of people in the city.

7. Do you think that the workout facifity needs a new treadmill and racqguetball couwrt?

B. Which is your favorite type of music, pop, or country?

9. Are you a member of any after-school clubs?

10. Don't you agres that employees should pack their lunch?
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Example 4
Determine whether each situation describes a survey, an experiment, or an

observational study. Then identify the sample, and suggest a population from
which it may have been selected.

1. An Internet service provider conducts an online study in which customers are
randomly selected and asked to provide feedback on their customer service.

12. A research group randomly selects 100 business owners, half of whom started
their own businesses, and compares their success,

13. A research group randomly chooses 50 peaple to participate in a study to
determine whether exercising regularly reduces the risk of diabetes in adufts.

14. An online video streaming senvice mails a guestionnaire 1o randomby selected peapio
across the country 1o determine whether they prefer streaming movies or sports.

Example 5

185. PROM A prom committege wants to conduct a survey to determine how many
juniors and seniors are planning to attend prom. State the abjective of the survey,
suggest a population, and write two unblased survey questions.

16. RESTAURANTS A restaurant manager wants 1o conduct a survey 1o determine
whal new food items to include on the restadrant’'s menu. State the objective of
the survey, suggest a population, and write two unbiased survey questions.

Example &

17. SPORTS DRINKS A sports drink comparny gives out free samples of their new
sports drink at the mall. The percent of teens that take the sample s 62%. The
percent of adults that take the sample is 20%. Identify the type of study. Draw a
conclusion about the study based on the results. Explain your reasoning.

18. EDUCATION Researchers want to determine a teacher's effectiveness. They
obzerve five class periods and record the difficulty of the lesson, students’
reactions, and the overafl effectiveness of the lesson. The results are shown in
the table. Identify the type of study. Draw a conclusion about the study based on
the results. Explain your reasoning.

Period | Difficulty of Lesson | Student Reaction Effectiveness (%)
1 Easy Engaged 91%
2 Difficult Engaged 97%
3 Medium Engaged 93%
4 Difficult Mot Engaged B0%
5 Easy Mot Engaged B5%
Example 7

Identify the control and experimental groups in the experiments. ldentify and
correct any flaws in the design of the experiment.

19. MORALE A school principal hopes to increase the morale of students. The
principal selects some students at random. The principal gives each of the
selected students a gift card to a local restaurant. The principal compares
the morale of the students in each group.
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20. SPORTS The owner of a professional sports team wants to see If new wniforms
will improve ticket sales. The team opened the season by playing three away
games. The fourth game was played at home, and the team waore the new
uniforms. The owner then compares the number of tickets purchased for the

home game with the number of tickets purchased for the first three games of the
SEason.

Mized Exercises

Classify each sample as simple random, systematic, self-selected, convenience, or stratified.
Then determine whether each situation describes a survey, an observational study, or an
experiment.

21. To determine the music preferences of their customers, the manager of 8 music store
selected 10 customers in the store to participate in an intendea.

22, Administrators at a community library want to know the type of materials patrons

are mast likely to use. Every Friday, they record the type of media each patron
TL-r-2

23. To determing whether the school should purchase new computer softeare, the
technoloay team divides a group of 50 students into two groups by age. Half of
the students from each age group are randomly selected to complete an activity
using the current computer software, and the other half of the students from each

group complete the same activity using the new computer software. The studants’
actions are recorded and analyzed.

24, VIDED GAMES A behavioral scientist studies the influence of video games on
students’ academic performance.

a. Describe an observational study the sclentist can perform to study the influence.
b. Describe an experiment the scientist can perform to test the influence.

25, BAND A band director wants to compare the musical instruments played by
males in band class with the musical instruments played by females. What type of
study should the band director conduct?

26. USE A SDURCE Research to find an article online, in & magazine, or in a newspaper
that shows the results of a survey or study. Analyze the data. Then analyze the
summany of the report, or article. Explain whether the data in the report is blased.
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COMSTRUCT ARGUMENTS Explain whether an experiment, an observational study,
or a survey is best for achieving the goal of the researcher. If applicable, describe
the conditions for which another type of study might be used.

ZT. The buyer of a new car wants 1o determine whether it will be more cost efficient
to run the car she chose using EBS flex-fuel or regular gasoline.

28. A pizza shop owner wants to determine how satisfied his customers are with a

new special that he has on the menu.

29, STATE YOUR ASSUMPTION A cal rescue group wants to determing
whether feeding rescued stray cats a grain-free food heips them
gain weight more quickly. They perform an experiment by giving a
control group of 10 cats reguiar food and an exparimental group
of 10 cats the grain-free food. They record the cats” weight gains
after two weeks, as shown in the table. s the mean weight gain
a good measure to determine whether the rescue group should
switch food? State any assumplions you made 1o come 1o your

conclusion.
{j Higher-Order Thinking Skills

Weight Gain [oz)

Control Experimental
Group Group

B 5 4 4
3 G 7 8
B 4 5 3
5 ) 7 [
7 4 9 5

30. FIND THE ERROR Mia and Esteban are describing one way 10 improve a survey,
Are Mia and Esteban correct? Explain your reasoning.

Mia Esteban
The storvey shotild The sample for the suriey
mnclide as mamy should be chosan randoemiby
pople in the Severnl randon samples
popidation as possible. shottld be takion.

3. ANALYZE Aalivah selects 10 students at random from each class in her high
school and asks the following survey question. Analyze the strengths and

weaknesses of the guestion.
How do students feel about the new dress code?

32. WRITE Why are accurate studies important to companies?

AMALYZE Determine whether each statement is true or false. If false, axplain.
33. To save time and money, population parameters are used o estimate sample

statistics.

34. Observational studies and experiments can both be uzed to study cause-and-

effect relationships.

35. CREATE Design an observational study identify the objective of the study, define
the population and sample, collect and organize the data, and calculale & sample

slatistic.

36. WRITE What factors should be considered when determining whether a given

statistical study [s rellable?
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Lesson 8-2

Using Statistical Experiments

L) Online Activity Use a real-world situation to complete the
Explore.

|
& INQUIRY How can you use probability to
make a fair decision?

Learn Theoretical and Experimental Probability

Recall that the probability of an event is the ratio of the number of
outcomes in which a specified event occurs to the total number of
possible outcomes.

The theoretical probability is what = expected to happen, and the
experimental probabillity is calculated using data from an actual
expofiment

The Law of Large Numbers states that as a sample size increases,

the variation in a data set decreases. So, as the sample size increases,
expernmental probabilities will more closely resemble thelr associated
probabilities.

Example 1 Find Probabilities

ot
200 times and recorded the results. Mumber on Die | Frequency

Find the theoretical and experimental ! 28
probabilities of rolling an 8. 2 15
Theoretical Probability 3 24
The theoretical probability is what is 4 22
expected to happen. Because the die S 21
is fair, sach side has a %cna nee of & 18
being the result. Thus, the theoretical 7 26
probabllity s 3, or 12.5%. a 20

Experimental Probability

The experimental probability is based on the data collected from the
expernment. Because the die was thrown 200 times and 42 of thosa
throws landed on B, the experimental probability is %. or 21%.

1LY Go Oniine You can compiste an Extra Exampie online.

Today's Goals

« Compare theoretical
and experimental
probabilities.

= Determine whether
models are consistent
with results fram
sumulations of real-life
siiuations.

Today's Vocabulary
theoretical probability

experimeantal
probability

probability moded
simulation

& Talk About It!

A popular gambling
expression, The house
always wins, argues
that ultimately a casino
wins in the long term,
despite possible wins
by gamblers in the
short term. Explain how
this expression relates
to the Law of Large
Mumbers. Use the
phrases experimental
prabatility and
theoretical probability
in your explanation,
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{ Think About It!
What does it mean for
a dia to be fair?

to# Think About It

A claim was made that
the probabiity of a
specific coin landing
on heads cannot be
0.5 because it was
flipped 20 times in a
row, and it never
landed on heads.
How wouild you use
a simulation to fest
this claim?

Check

A student tossed a fair die 150 times and recorded the results. Find the
theoretical and experimental probabilities of rolling a 5. Write your
answer as a percentage rounded to the nearest tenth, if necessary.

NHumber Freguency

1 5
16
23
19
24
17

;oo d | |k

The theoretical probability of rolling a 5 is —— %.
The experimental probabliity of rolling a 5= ¥ %

Explore Simulations and Experiments

{3 Online Activity Use the interactive tool to complete the Explore.

@ INQUIRY How can simulations heip you
analyze the results of an experiment?

Learn Simulations

A probability model s a mathematical representation of a random
evenL It consists of the sample space and the probability of each
oulcome.

A simulation uses a probability model to imitate a process or situation
=0 it can be studied. Coins, dice, and random number generators can
be used to conduct simulations of experiments that might be difficult

or impractical to perform in reality.

ey Concept « Conducting a Simulation

Step 1 Determine each possible cutcome of the situation o be
simulated and its thearetical probability.

Step 2 Describe a probability model that accurately represents the
thearetical probability of each outcome.

Step 3 Define the trial for the situation, and state the number of

trials to be conducted.
Step 4 Conduct the simulation,
Step 5 Analyze the results.
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@ Example 2 Design and Run a Simulation

PROMOTIONS A company that produces bottles of water runs a
promotion in which 1 out of every 8 bottle caps wins the customer
a free bottle of water.

Step 1 Describe the probability model.

There are 2 possible outcomes: winning a free bottle of water
of not winning a free bottle of water.
The theoretical probability of winning a free bottle is %

The theoretical probability of not winning a free bottle = %

Step 2 Define the trial for the situation, and state the number of trials

to be conducted. Math History Minute
Statistician Joan

Of the six available probability tools, identify the tool{s) that can Ginther has

be used for this scenaria. The tocls that can model theoretical catled “the locidest

probabilites of % and % are circled below, woman in the world™

after winning multi-
a single coin toss standard die million dollar lottery
jackpots on four
random number generato separate occasions for

a tofal of $20.4 million

All the outcomes can be represented by the numbers 1 through Tha ndE_E m‘ MO
four major jackpols are

B.soa randr::m.nurqlbe-r generator is a good tm;l to use, about one in eighteen
Because there is a B chance of winning and a 8 chance of not septillion.

winning, the number 1can be used to represent winning,

and the numbers 2 through 8 can be used to represent

not winning.

One trial will represent one bottle cap. The simulation can
consist of any number of trials. Run the simulation for 100 trials,
and the number generator will return 100 random numbers
between 1and 3.

Step 3 Conduct the simulation.
i) Go Online

to u=e a sketch lo
conduct a simalation.

For a simulation using a randam number generator, determine
the number of trials and the minimum and maximum values.
Then conduct a simulation.

Number of triaks: 100

Minimum Value: 1 Maximum Value: B
Step 4 Analyre the results,

What are your results? That is, what is the experimental
probability that a random bottle cap is a winner?

Sample answer: In one simulation, the number 1was generated
12 times in 100 triaks, or 12% of the time.

) Go Online You can complete an Extra Exampée online.
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Study Tip

Modeling Simulations
often provide a safe and
efficient problem-solving
stratagy in situations that
otherwise may be costly,
dangerous, or impossible
to solve using theoretical
techniques. Simulations
should involve data that
are easier to obtain than
the actual data you are
madeling.

fp Think About It

Why do you think
multiple simulations
were needed to
evaluate this model?

QEuanlhe

to use a sketch to
conduct a simulation.

€ Example 3 Run and Evaluate a Simulation

HEALTH CLUES A health club ran a promotion in which they sold

tickets to their customers, and 1 in every 10 tickets won free training
sessions valued at $150. A customer complained that they bought 20

tickets in a row and did not win a prize. Run and evaluate a simulation,
and decide whether the customer has a legitimate complaint.

Step 1 Describe the probability model.

There are 2 possible outcomes: winning the prize or not
winning the prize.

The theoretical probability of winning the prize is %.
The theoretical probability of not winning the prize is %

Step 2 Define the trial for the situation, and state the number of trials
to be conducted.

How can a spinner be used 1o simulate this scenario, where the
spinner landing in one sector represents winning and in
another represents losing?

The sector that represents winning should contain 10% of the
spinner's area.

The sector that represents losing should contain 90% of the
spinner's area.

One trial will represent one ticket Run the simulation for 100 triaks.
Step 3 Conduct the simulation.

Spin the spinner 100 times and determine the number of times
the spinner lands in the winning sector.

Step 4 Analyze the results and evaluate the model.

What are your results? That is, what is the axperimental
prabability of winning?

Sample answer: In one simulation, the spinner landed in the
winning sector 1 imes in 100 trials, or 11% of the time.

How can the simulation be evaluated to address the concern of
the cusiomer?

Sample answer: Run the simulation multiple times to see
whether there are instances where the spinner landed in the
losing sector at least 20 times in a row.

Suppose the simulation was conducted B0 times, and the
spinner landed in the losing sector at least 20 times in a row In
36 of the 50 simulations, or 72% of the simulations. In this case,
the customer's experience is not unlikely, and their complaint ig
not legitimate.

L) Go Online You can complete an Extra Example online.
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Practice Gﬁu Onllne ¥ou can complete yvour omework online

Exampie 1
1. A student spun a spinner with 4 equal sections 100

Spinner Section

times and recorded the results. Red 15
a. Find the theoretical probability of spinning blue, Biue 8
Write your answer 85 a parcentace rounded to thea T 13
nearest tenth, if necessary. Nelom 1

b. Find the experimental probability of spinning blue.
Write yvour answer as a percentage rounded to the nearest tenth, if necessary,

2. A student flipped a coin 125 times and recorded

Coin Result | Freguency
the results.
Heads 3
a. Find the theoretical probability of the coln landing on Taile 52

heads. \Write your answer as a percentage rounded
to the nearect tenth, if necessany,

b. Find the experimental probability of the coin landing on heads. Write your
answer as a percentage rounded to the nearest tenth, If necessary.

3. A fair b-sided die s rolled 150 times.

Number on Die

a. Find the theoretical probability of rolling a 3. Write 1 33
YOUr answer as a percentage rounded to the nearast 2 1®
tenth, if necessany. 3 =7

b. Find the experimental probability of rolling a 3. 4 16
Write your answer as a percentage rounded to the E 13
nearest tenth, if necessary. 6 24

Exampies 2 and 3

4. INTERNET Tiana selis handmade earrings online. Last month she sold 60% of her
imventory. Design and run a simulation that can be used to estimate the
probability of selling inventory.

5. PROGRAMMING Lamar designed a soccer computer game. He coded the
program such that a player will make a goal on 35% of the attempts. Pacla is
testing the game and thinks there may be an arror in the game’s programiming.
She attempted to make 30 goaks and only 4 were successful. Run and evaluate a
simulation, and decide whether Paola is correct.
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Mixed Exercises

6.

10.

11.

12.

Describe a way to simulate the test resulls for someons who guasses an a
multiple choice test with 4 choices for each question.

Describe a spinner that could be used to simulate an event with
2 possible outcomes, one with a probability of 60%.

. How should numbers be assigned to use a random number generator for the

following situation?

Probability of choosing blue: 40%
Probability of choosing green: 20%
Probability of chooging red: 30%

Probability of choosing purple: 0%

HAIR COLOR A survey of Hartford High Schoaol students found that 50% of the
students had brown hak, 40% had blonde hair, and 10% had red hair. Design a
simulation that can be used to estimate the probability that a randomly selected
student will have one of these hair colors. Assume that each student’s hair color
will fall into one of thess cateqories.

DESIGN Marta designed a simulation using a fair coin and a spinner with six
equal sections. Describe a situation that Marta may be simulating.

TRAVEL According to a survey done by a travel agency, 40% of their
cruize clients went to the Bahamas, 25% wenl to Mexico, 20% went 1o
Alaska, and 15% wenl to Greece. When Jinhal and Jayme were asked to
design a simulation that could be used to estimate the probability of a
client going to each of thesa places, linhal designed the spinner with
central angles showrn. Jayme wants to assign inmtegers to each
destination and use the random number generator on her graphing
calculator. Which model would allow more trizks 1o be conducted in a
chorter period of time?

EARTHOUAKES Geologists conclude that there is a 62% probability of a
magnitude 67 or greater guake striking the San Francisco Bay region before
2032. Design a simulation that can be used to estimate the probability that such
an earthquake occurs,
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13. STATE YOUR ASSUMPTION Sarah kept track of the Car Color |  Frequency
color of each car that passed her house. She White &
recorded the car color for 250 cars.

Black 5&
a. Find the theoretical probability of a blue car SHver 72
passing by Sarah's house_ Write your answer as a Rad a1
percentage rounded to the nearast tenth, if
NEeCessarny. Bive et
b. Find the experimental probability of a blue car
passing by Sarah’s house. Write your answer as a
percentage rounded to the nearast tenth, if necessary.
c. What assumption did you make to find the theoretical probability?
14. USE TOOLS Describe an event that can be simulated using each method.
a. A coin is tossed.
b. A four-sided die s rolled.

15. USE &4 MODEL Forty-two students participated in a raffie with three prizes. Fiftean
of the participants were members of the basketball team. All three winners were
members of the basketball team. The other students claim the raffle was unfalr.

a. Describe a simulation vou could use to test the results of the raffle.
b. Runa simulation and record your results in a table.
¢. Based onyour resulte, do vou think the raffle was fair? Explain your reasoning.

16. CARDS A package of cards has an equal number of red,
black, white, blue, green, vellow, orange, and purple cards. fle
Judy kept track of the color card she randomly drew after g L,
shuffling the cards. She recorded the card color results for Black 55
500 trials. White 39
a. Find the theoretical probability of Judy drawing any color Blue B2

card. Write your answer as a percentage rounded to the Green 52
nearest tenth, if necessary. ellow 78
b. Find the experimental probability of Judy drawing a Orange 56
grean card. Write your answer as a percentage rounded Purple 95

to the nearest tenth, if necessany.

c. Find the experimental probability of Judy drawing a veliow card. Write your
answer as a percentage rounded to the nearest tenth, If necessary,
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17. USE A MODEL Avwvolleyball player serves an ace 66% of the time in a set.

a. Dezign a model or simulation you could use to estimate the probability that
the volleyball playver will serve an ace on the next semve.

b. Runa simulation and recaord your results in a table.

c. Examine the data. I= the data from your simulation consistent
with the probabillty model?

18. CONSTRUCT ARGUMEMTS There are 2 candidates running for class president.
Of the six models discussed in this lesson—cards, coin toss, marbles, dice,
random number generator, of spinner—which model would be most appropriate
for & simulation 1o determine how students will vote? Justify your conclusion.

19. AMALYZE Jevon tosses a coin several times and finds that the experimerntal
probability for the coln landing heads up is 25%. Should Jeven be concerned
about the faimess of the coin? Explain your reasoning.

Q Higher-Order Thinking Skills

20. AMALYZE Is the experimental probability of heads when a coin is tossed 15 times
sometimes, never, or always equal 1o the theoretical probability? Justify your
argument.

21. PERSEVERE True or false: If the theoretical probability of an event is 1. the
experimental probability of the event cannot be 0. Explain your reasoning.

22, WRITE What should you consider when using the results of a simulation o make
a prediction?

23. AMALYZE An experiment has three equally likely outcomes, 4, B, and C.
Is it possible to use the spinner shown in a simulation o predict the
probability of outcome C? Explain your reasoning.

24. WRITE Can tossing a coln somelimes, always, or never be used to
simulate an experiment with two possible outcomes? Explain your
reasoning.
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Lesson 8-3

Analyzing Population Data

Learn Describing Distnbutions

Measures of center and measures of spread or variation are often
called descriptive statistics To analyre data sets, we often ook at
their distribution, which s a graph or table that shows the theoretical
frequency of each possible data value.

Symmetric Megatively Skewed Positively Skewed

Distribution Distribution Distribution
The mean and median Typically, the median  Typically, the mean
are approximately 15 greater than the is greater than the
equal, and the data mean and less data is  median and less data
are approximately on the left side of the  is on the right side of
symmeainc about the graph. the graph.
center

= == =

6 B 1012 4 16 182022 & B 1012 14 15 18 2022 & B 1012w G 1E2022

mean = 34 mear = 1.8 mean = 147
median =132 medisn = 167 median = 1.6

A bimodal distribution has two distinct peaks. When a distribution is
eymmetric, the mean accurately reflects the center of the data.
Howeaver, when a distribution is skewed, thie mean is not as reliable.
Outliers, which are extremely high or low values when compared Lo
the rest of the values in a data set, have a strong effect on the mean of
a data set. When a distribution is skewed or has outliers, the mean lies

away from the majority of the data toward the tail and may not
accurately describe of the data,

Ina symmetric distribution, the data are distributed symmetrically
about the center. Tha center is measured with the mean, and the
spread is measured with variance and standard deviation, which
describe how the data deviate from the mearn.

Key Concept » Finding the Standard Deviation
Step 1 Find the mean t

Step 2  Find the square of the difference between each data value x,
and the mean, (x_ — M
Step3  Find the sum of all the values in Step 2.

Stepd4 Divide the sum by the number of values in the sat of data n.
This value is the variance.

Step 5  Take the square root of the variance.

Formula: o = u "’—E'I ecclliod
% A

Today's Goal

« Desoribe distributions
by finding their mean
and standard deswiation,

Today's Vocabulary

distribution
symmetric distribution
outlier

standard deviation

Watch Out!
Symmetric Distributions
Every set of data has a
mean and standard
deviation, but they are
only accurate
measurements for
symmetnc distributions,
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&) Talk About It
In what caze would a
standard deviation of
2.45 be considered
large? Provide a real-
world example.

€ Example 1 Find a Standard Deviation

TRACK A coach recorded the 400m Race Times (seconds)

times of each track member 579 E5 G
for a 400-meter race. Find and 59-3 54.9
interpret the standard deviation - -
of the data. . —
552 53.5

Step 1 Find the mean, j.

It = X4+ 583 4646450245594 5494503 +5356
- ]

= 551

The mean running time for the team is 551 seconds.

Step 2 Find the squares of the differences, (u — x_%.
(551 — 571 4.00 (551— 5597 = 064
(551 — 58392 = 1764 B51—549¢ = 0.04
(551 — 54.6)° D25 (551 —5031° = 2304
(551 — 55.2) 0.0 (551 — 5357 = 256

Step 3 Find the sum.
Find the sum of the values from Step 2.

4.00 + 1764 + 025 + 0.01 + 064 + 0.04 + 23.04 + 256
= 4818

Step 4 Divide by the number of values.
Divide the sum from Step 3 by the number of running times.

—‘%ﬁ = 56.0225 This is the variance

Step 5 Take the square root of the variance.
/60275 = 245 This is the standard deviation

The standard deviation Is about 245, This is small compared with the
run times, which means that the majority of the team members' times
are close to the mean of 551 seconds, and almost all of the times will
likely fall within 2 standard deviations of the mean, or between 502
and 60.0 seconds.

Check

How do you know that your solution is reasonable? (Hint The majority
of the data should be within one standard deviation of the mean, and
almast all of the data should be within two.)

Cwer half of the times are within one standard deviation of the mean,
which is the interval [52.65, 57.55] All of the data are within two
standard deviations of the mean, or the interval [50.2, 60].

G Go Online You can complets an Extra Example onling.
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Check

BREAKFAST The manager of a cafeteria Number Sold

tracked the number of waffles that were 15 e
sold during breakfast every day. Find

and Interpret the standard deviation of 48 v
the data. Round your answers to the 44 56
nearest tenth. &7 53

Part A The standard deviation s approximateby — 2 waffles.

Part B The majority of the sales were between _ 2 and _ 7 waffles.

Example 2 Calculate Statistics

Use a graphing calculator to find the mean and standard deviation
of the set of data.

26,12, 15, 20, 17,19, 18, 16, 14, 23, 13, 18, 19, 20, 22
Cn a TI-B4, enter the data by pressing | stat

= Shak
and selecting the Edit option. Enter all data in g:%% %535‘-555
stat I x 2

List 1{L1). Then, press access the CALC el
meni, select 1-Var Stats, and press IE' Ex_':-g ﬁiﬂﬁﬁ
=1

The mean is represented by ¥ and standard
deviation is represented by o,

The mean s about 181, and the standard deviation is about 37

Check

Use a graphing calculator to find the mean and standard deviation of
the set of data. Round your answers to the nearest tenth.

68 hE 52 63 54, 47 56, 56 8 &2, 63, 52
The mean s about _ 7 and the standard deviation is about _ 7

Pause and Reflect

Did you strugale with anything so far in this lesson? If so, how did you
deal with it?

) Go Online You can complete an Extra Exampée online.

t Think About It!
How wiould an outlier
affect the statistics you
caleutated? Consider
the case where the
outlier is extremely
high and the caza
where the outlier is
extremely low.

Study Tip
Terminology On a
calcufator, some of the
menus are labeled
STATS or Statistics.
You have learned that
while statistics are
used to describe a
sample, parameters are
used to describe a
population. So even
though you are
working with
populations in this
lesson, you can still use
the statistics features
of the calculatar ta
analyze the population,
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@ Example 3 Compare Distributions

COURSES The exam scores for two Algebra 2 classes are shown.
Use the mean and standard deviation to compare the distributions.

Mr. Jackson's Algebra 2 Class Ms. Hettrick's Algebra 2 Class

Sh 96 95 94 90 3 Ef 83 9 s
98 82 9 94 92 Bb B2 79 83 77
92 92 94 93 93 70 B5 B4 76 )|
96 85 B8 G4 90 ) 73 B9 92 44

Part A Find the mean and standard deviation of the distributions.

Measures of center and spread are used o compare symmeltric
distributions of data.

Uszing a TI-84 calculator, enter the data for M. Jackson's class in LA
and the data for Ms. Hettrick's class in L2. To display the statistics,
pres&l stat | access the CALC menu, and select 1-Var Stats_ For

Mr. Jackson's class, enter LY and press again. For Ms. Hettrick's
class, enter L2 and press @ again instead.

Me Jackson's Class Mz Hettrick's Class
1-Var Stats 1='wr Skaks

E% 1534 %3% gﬁn B

| [ ke

Part B Compare the distributions.

Mr. Jackson's class has a mean score of 93.2 and standard deviation
of 2.3. Ms. Hettrick's class has a mean score of 799 and a standard
deviation of 7.2. This means that Mr. Jackson's class scored higher on
average, and that the scores in Ms. Hetirick's class are more spread
out from the mean.

Check

TRAINING Twenty tralnees were provided with a 100-paint pretest
before their training began, Once their training was complete, they were
each given a 100-point posttest that was very simiiar to the pretest. Use
the mean and standard deviation to compare the distributions,

Pretest Scores Posttest Scores

a0 a0 85 fa 20 73 Ba 84 88 85
70 65 | 70 75 | 50 83 93 94 | 94 93
G5 93

a9

] &5 EO a5 g7 95 96 81
a0 G0 B5 70 75 96 93 93 53

The average score was higher for the ? - The scores were

more varled inthe 7

&) Go Online You can complete an Extra Example online.
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Practice Eﬁu Onllne ¥ou can complete yvour omework online

Exampie 1

1. BARBER A barber wanis to purchase new professional shears from Cost of Shears ($)

a'Web site. The prices of all of the shears are shown in the table. Use 50 %5 | 55 79
the standard deviation formula to find and Iinterpret the standard
deviation of the data, Round your answers Lo the nearest cent. e g = .

2. READING Ms. Sanchez keaps track of the total number of books each

student in the book club reads during the school year. Use the standard 9 & )
deviation formula to find and interpret the standard deviation of the data.
Round your answers to the nearest tenth. L 2 L.
10 13 ]
Example 2
Use a graphing calculator to find the mean and standard deviation of each
set of data. Round to the nearest tenth.
3. 20, 23,24, 23, 22 325, 2, 4. 150,153, 125, 136, 143, 150, 166, 148,
23, 24 22,21, 23, 22,24 150,173, 150, 153, 143, 142, 1653
5. 90 3B, 62 7T.53 62, 6. 3360, 2800, 4525, 2150, 2800 2150,
T B2 71,45 99 82 3350, 1800, 5250, 3975, 580, 2800
Example 3

7. TRACK Twenty track membears weare timed an a ona-mike run before their season
began and again after thelr season was completed. Use the mean and standard
deviation to compare the distributions.

Mile Time Before Season (min) Mile Time After Season (min)

2 85 9.5 9 Fi 7 6.5 75 6 5.5

7.5 1 1075 | 935 9 B.S5 B 7 725 75

1025 B 10 B.25 9 G5 6.5 7 5 6.5
10.5 10 8.5 9 925 9 75 8.25 6.5 7

8. GRADES Mr. Williams recorded students’ test scores of his two Geometry classes.
Use the mean and standard deviation to compare the distributions.

58 90 95 J0 a5 70 BO a5 55 b5

30 100 35 75 85 40 BO 85 85 1040
95 70 90 85 75 65 BS 80 70 80D
30 85 90 98 98 B8O BO BS g0 70
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Mixed Exercises

Use a graphing calculator to find the mean and standard deviation of each set
of data. Round to the nearest thousandth.

10.

"

12.

13.

Q Higher-Order Thinking Skills

14.

15.

16.

17

02 04,035,025, 03,045 03, 04, 065 0.35 015, 035, 0.4, 0.45, 0.35,
0.5, 06,03

TESTING A community college offers 10 dates for taking the entrance exam. An
administrator records the number of attendeeas at each session. Find and interpret
the standard deviation of the data. Round your answers to the nearest tenth.

‘ 98, 72, 92, 72,102, 55, 99, 76, 117, 107 |

USE A MODEL Juan Carlos is researching the effect of tank size on the
development of gupples. He measures each fish in both tanks. How can Juan
Carlos use the mean and standard deviation to develop a conclusion in his
rescarch?

Length of Guppies in Small Tank {in.) Length of Guppies in Large Tank {in.)

25 1.8 2 15 15 25 17 13 2.2 16
17 1.6 15 14 15 L] 19 27 23 26
15 1.4 1.2 1.5 2.2 22 27 19 16 19
14 1.5 16 15 18 21 1.5 17 26 24

CONSTRUCT ARGUMENTS The manager of a fast food
restaurant is analyzing the hourdy wages of the employees.
To make the wages more even, she wants to reduce the
spread of the data that represent the wages by adding $11to
each employee's hourly wage. Is this an effective method to
reduce the spread? Justify your response,

Employes Hourly Wages ($)
120 MN.05 580 | 10.88
1075 [ 1030 | 115 | 157
992 | 1065 | 12,00 | 10.32
1015 045 | 1065 | G995

WRITE How can the center and spread of a bimodal
distribution, like the one shown, be described?

O == ko & O

bl
F-1
th

B W 1 WM W B

AMALYZE Approximate the mean and standard deviation '
of the distribution of data shown, Explain your reasoning. &
5
CREATE Creale a symmelric set of data with 12 data values. Then ;
calculate the mean and standard deviation of your set of data, 2
i
1 o
WRITE E::plam how to find the standard deviation of a set of data n‘} D @ P P
without using technology. o on & - g
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Lesson 8-4

Normal Distributions

Explore Probability Distributions

) Online Activity Use a simulation to complete the Explore.

. X]
& INGUIRY What & the relationship between the

expected value of a discrete random variable
and the mean of the distribution of that
variable as the sample size increases?

Learn Probability Distributions

A probability distribution is a mapping of each outcome of a statistical
experiment 1o its probability of occurrence. It s similar 1o a freguency
distribution, except that the probability of an event occurring s
measured rather than the number of times it occurs.

A probability distribution Is a statistical function that describes all of
the possible values and probabilities that a random variable can take
within a given range. These probabilities can be determined
thearetically or experimentally.

The value of a random variable is the numerical outcome of a random
event. An outcome (s the result of a single event X. The sample space
is the set of all possible outcomes in a distribution. The probability
PX] represonts the likelihood of the event occurring. A probability
distribution for a particular random variable maps the sample space

to the probabilities of the outlcomes within the sample space.

Sum of Tveo Dece: Miles Per Gallon

.30 L
E (i E e

=
F sip oo
guﬁ i1
T2 &5 8 T R % %0 1 0 4

X

A discrete random variable k= finite and can be counted. It Is graphed
with individual bars separated by space because no other values of X
are possible. A continuous random variable is the numerical outcorme
of a random event that can take on any value. A continuous distribution
is graphed with a histogram or as the area under a curve because anmy
value under the curve is possible.

The probability distribution of a random variable X must satisfy the conditions:
+ The probability of each value of X must be between 0 and 1.
= The sum of the probabilities of all of the values of X must egual 1.

Today’s Goals

» Classily variables and
analyze probabilitg
distributions to
determine expectad

OutCOMEes.
= Anatyze nommally
distributed varables by
= Analyzre siandardized
data and distributions
by using z-values.

Today's Vocabulary

probability distribution

discrete randam
variahle

continuous random
variable

outcome

sample space
narmal distribution
Z-value

stardard normal
distribution

b Think About It!

Wy must the
probability of each
value of a random
variable be betwean
0 and 17
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Example 1 Classify Random Variables
Classify each random variable as discrete or continuous.

g Think About It a. the number of songs on a random selection of smartphones
Why is there a spate The number of songs on a random selection of smartphones is
between the bars for a discrete because the number of songs is countable.
Er;iﬂifﬂﬁhn i b. the air pressure in a random selection of basketballs

variable? Alr pressure = continuous because it can take on any value within

a certain range. The air pressure of a standard basketball can be
anywhere between 7.5 and B.5 pounds per square inch.

Check
Classify each random varable az discrele or continuous.

200-meter swim times 7

number of students In class

individual archery scores SR S
7

the amount of water in a bottle

4 Example 2 Analyze a Probability Distribution

MARKETING A candy company had m
a promotion In which 4000 of their

candy wrappers won the purchaser i RoA
a cash prize. The frequency table $10 1000
shows the number of winning £20 750
wrappers for each prize. $50 600
Construct a relative frequency £100 300
table, and graph the probability $500 8O
distribution.
£1000 16
$2500 4
Step 1 Construct a reistive Prize Frequen-:'_..ri Relative
frequency table. {X) | Frequency
The relative frequency table &5 1250 03125
converts the frequencies o %10 1000 0.2500
probabilities. Divide each
frequency by the total i o aen
numbser of winning wrappers, 350 E00 03500
4000. £100 300 0.0750
4500 80 0.0200
$1000 16 0.0040
22500 4 0.0010

L) Go Online You can complete an Extra Example online.
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Step 2 Graph the probability distribution.
tg# Think About It!
What is the probability

that a winning wrapper
has a value of $500 or

The bars are separated on the graph because the distribution
is discrete. Each unique outcome (s indicated on the horzontal
axis, and the probability of each outcome occurring is indicated
on the vertical axis.

”
Prizes Won e
0.4
o3
&
% o2
o1
0 S 10 20 s0 100 500 1000 2500
Prize Amount [$)
& Example 3 Misleading Distributions
SALARY A business Salaries
publishes a report saying
that most of its employees
eam at least $40,000
annually. When asked to
show the distribution of
salaries, they provide a
probability distribution.
Identify any flaws in the
representation of the
bability distributi
PR o H P B PP PP P
_l_"? . _‘-".r __r-fsr +F 'I-!? o
[P = T L A i
S~
Step 1 ldentify interests. Salary, x (thousands of dollars)
The company provides the distribution as evidence of fair
salary to their employeess. The company beneafits from a
distribution that makes the salary of $40,000 to $50,000
appear significantly maore likely than the lower amounts. Q Think About It
Step 2 Examine the distribution. Describe an
appropriate scale for
The scale for the x-axis is potentially misleading. While most the y-axis of the
bins are evenly distributed, the bin for salaries greater than distribution.

$70,000 may result in outliers because values significantly
greater than $70,000 may be includecd.

The scale for the y-axis is misleading because of the small
increments. The scale makes it appear that many more
employess earn $40,000 to $50.000 than the lower salaries.
However, most of the salary ranges have very similar probability.

E Go Online You can complete an Extra Example online. Lessan B-4 « MNormal Distribations 396



Study Tip

Mormal Distnbutions
In order for a distribution
to be approcdmately
normal, there must be a
large number of values
in the data sal.

fg# Think About It
How can you find the
area under the normal
curve thal is mare than
2 standard deviations
greater than the mean?

Learn Mormal Distributions

The normal distribution is the most commeon continuous probability
distribution of a random variable. A normal distribution occurs as a
sample slze increases due to the Law of Large Numbers.

Key Concept « Law of Large Numbers

As the number of trials increases, the experimental probability

approaches the theoretical probability.

Key Concept « The Mormal Distribution

+ The graph of a normal distribution is continuous, bell-shaped, and
symmetric with respect to the mean.

» The mean, median, and mode are equal and located at the center.

« The curve approaches, but never touches, the x-axis.

« The total area under the curve i= equal to 1, or 100%.

The area under the normal curve represents the amount of data within
a cenain interval, which can be used to determine the probability that
a random data value falls within that interval. This area is defimed in
refation to the mean and standard deviation of the data.
When a set of data is normally distributed, or approximately normal,
the Empirical Rule can be used.

Key Concept » The Empirical Rule

In a normal distribution with mean u and standard deviation o,

ST

99.7%

« approximately 68% of the data fall within 1o of the mean,
« approximately 95% of the data fall within 2o of the mean, and
+  appraximately 997% of the data fall within 3o of the mean.

When a set of data s not approximately normal, it cannot be
represented by the Empirical Rule. Skewed data is one example of a
zel of data that is not approximately normal.

¥ The data are normally distributed,

Ej'mmemc about the mean, and
_jm i

The data are ElppTCt:l’.ill.'l'l-Hﬁ.E'l‘jl' m:rrmalh.r
distributed. The data can be modeled
by the normal distribution.

i1

The data are skewed to the left
& normal curve would not be the best

bell-shaped.
curve to madel the distribution.
SO
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 Example 4 Approximate Data by Using a Normal

Distribution
k¥ Think About It!

oo gl s etk

0 5 estimate the mean and
team during the season is shown. Q o standard deviation of
0 0 1 1 i
Create a histogram of the set of e dat.a. Explain. your
data. Determine whether the 1 2 o 2 il
data can be approximated with a 1 3 1 o
narmal distribution. 0 0 o 3
0 2 5 B
0 g b1 | 1
2 0 1 o
Goals Scored Per Player
%
1
= 12
i
!
6
q
2
0
B 1 2 3 4 5 B T B % W n W
Mumber of Goals
The data set is skewed. Thus, the data cannot be approzimated with a
normal distribution.
Example 8 Use the Empirical Rule to Analyze Data b Think About It!
What are the limitations
A normal distribution has a mean of 42 and a standard deviation of 6. i E’mﬂtﬂ |
a. Find the range of values that represents the middle 95% of the Formula?
distribution.
By the Emipirical Rule, the middle 95% of the data in a normal
distribution is under the curve between the interval
e — 2er, o+ 20}
pt— 2 =42 —2(6) = 30 p+ 2a0=42 + 2(6) =54
b. What percent of the data will be greater than 367
36 is or less than u. Therefore, the range of values greater than
BEX>p—mo
This range includes: {3 o Online
. All of the data greater than y, or 50%. You can watch a video

to learn how to graph a

normal distribution

The percent of data greater than 36 is B4%. using a graphing
calculator online.

« The data between @t — rand p, or 34%.

) Go Online You can complete an Extra Exampée online.
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fo# Think About It

Using the farmula for
the zvalue, what s tha
z-ecore of a data vakue

equal to it + o7 g4 — 2a7

study Tip

Standard Normal
Distribution

The standard normal
distribution is the set of
all zvalues, z-values are
also called z-scores.

Learn The Standard Normal Distribution

The Empirical Rule is only useful for evaluating specific values. Once
the data set is stondordized, any value can be evaluated. Data are
standardized by corverting them to z-values. The z-value of a specific
data value s a measure of position, and it represents the number of
standard deviations that a given data value is from the mean,

The zwvalue for a data value X in a set of normally distributed data is

r= a‘u, where pt is the mean and o is the standard deviation.

If the distributions are standardized by using z-values, any distribution
can be compared to any other distribution.

The standard normal distribution Is a nermal distribution with & mean
of 0 and a standard deviation of 1. You can take any normal distribution
and comverl it to the standard normal distribution by standardizing it

The standard normal distribution allows you to determine how much
of the data falls between any two Z-values, or to the left or right of

any z-value. The area under the normal curve between two points
cofresponds to the proportion of the data that falls in a given interval.

Because the area under the eurve (s 1, the area under the curve
betweean two points represents the probability that a data value
falis in that interval.

The proportion of values within each interval, or the associated
probability of a data point falling within that interval, can also be found by
using probability tables. For these values, round to the hundredths place.

To use a Standard Normal Distribution Table to find the probability of
data baing in the interval [-1.09, 0.69], complete the following steps.
Step 1 Find the area under the curve for X << —1.09.

The probability associated with

z = —1.0%9 is 01379. The probability
of a randomly selected value in a
normally distributed data set being

less than g — 1.09 k= 01379. —1.0 |0is87 | - 01379

Step 2 Find the area under the curve for X << 0.69.
The probabllity assoclated with

z 0.0Q | - 0.09
—3.4 |00003| - 0.0002

z 0.00 san 0.09
z = 069 s 07549 The probabidiity
of a randomly selected value in a 0.0 |0S5000) - 05358
normally distributed data set being ;
less than pu + 0.69¢ is 07549 06 |07257 | - 07545

Step 3 Find the area within the interval.

The area under the curve within [—1.09, 0.69]. and the associated
probability, is 07549 — 01379 = 0.6170, or 61.7%.

L) Go Online You can complete an Extra Example online.
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Example 6 Use z-/alues to Locate Position
f# Think About It!
Flndxzﬂx=24.p=19.nndn'=3.l Wiy is it not necessary
2 =+‘u Formula for z-value logopastz=4or
24 — 19 ¥ = —4when assessing
=35 X=24 =18 and o= 38 a proportion under the
i 1_5& Subtract normal curve? Justify
YOLIr BRswer,
zZ=1316 Divide
Check
Find zif X = 1063, ¢ = 888, and o = 9.6. Round yvour answer to the
nearest thousandth. z= __?
Example 7 Find Area Under the Standard Normal
Curve by Using a Table
Use a Standard Normal Distribution Table to find the area under the
normal curve within the interval z << —1.18.
Step 1 Identify the probability for the left endpoint, z = —118.
study T
Using a Standard Mormai Distribution Table, mowve down the left Siea T
column untll you reach the correct tenths place, —11. Then move Dis:1 - Table
across the row until you reach the hundredths place 0,08, B tabide s avaliabd
online and in the back
z 0.00 008 | 0.09 o o
—34 |00003| - 0.0003 | 0.0002 i
—14 |01357 | -~ |OM90 |O0M70 Q T WG
The probability assoclated with z = —118 is 01190, What is the area under
the curve to the rght of
Step 2 Identify the area under the curve within the interval. » = 1187
Az shown in the graph, 019 represents the area under the
curve to the left of z = —118.
2 i o
F=—118 |
Check
Use a table to find the area under the normal curve within z < 019,
Round your answer 1o the nearest ten thousandth.

The areais 7
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Study Tip
Percentage,
Proportion, Probability,
and Area When a
problem asks for a
percentage, proportion,
or prabability, it is
asking for the same
value: the
corresponding anea
under the normal curve.

i:; Go Online

An alternate method is
available for this
example.

{3 Go Online

You can complete an
Extra Example anline.

 Example 8 Find Area Under the Standard Normal
Curve by Using a Caiculator

INTERMET TRAFFIC The number of dally hits to a local news Web site
s normally distributed with p = 98,452 hits and o = 10,325 hits.
Find the probability that the Web site will got at least 100,000 hits
on a given day, P(X > 100,000).

Visits Summary

Visits Summary - Last 30 Days

\fisitor Demographics ‘\fiews by Categony

Step 1 Find the corresponding r-value for X = 100,000.

X=pn =
=z Formata for z-value
100,00 = 98,452
z= 'n."ﬁﬁzgﬂ — X = 100000, p = 98452 and o= 10325
z = 0150 Simmglifye

Step 2 Find the probability.

The area under the curve when z > 4 is negligible. ggmll':df"'-ﬂ- 158,
So z = 4 can be used as an upper bound for cA4BISRERLIE
finding area. You can use a graphing calculator to
find the area between z = 0150 and 2z = 4.

Pross [D-!STH] and select normaledt. Enter
the interval and press m to display the area.
The area is 0.44. Therefore, the probablity of the Web site getting at
least 100,000 hits in one day is 44.0%,

Check

CUSTOMER SERVICE The length of time that a customer spends
walting to be connected 1o a customer service representative is
normally distributed with a mean of 21.3 seconds and a standard
deviation of 3.8 seconds. Find the probability that a wall tme will be
greater than 30 seconds. _ 2 %
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Eﬁu Onllne ¥ou can complete yvour omework online

Practice

Exampie 1
Identify the random variable in each distribution, and classify it as
dizcrete or continuous. Explain your reasoning.

1. the number of texts receled per week
2. the number of "likes” for a Web page
3. the height of a plant after a specific amount of time

Examples 2-4 Prize, (X) | Frequency

4. FUNDRAISING At a fundraising dinner, the underside of 200 55 150
plates were randomly tagged with a sticker to indicate winning $50 A0
a cash prize. The frequency table shows the number of $100 5
winning plates for each prize. Construct a relative frequency
table, and graph the probability distribution. $1000 L

5. BASKETBALL An athletic director made a probability Basketball Team Heights
distribution of the heights of her team's basketball players, M;:
and distributed a flyer that claimed that the majority ofthe £ ui'sﬁ '
players on the basketball team are 71 Inches or taller. ldentify :ﬁ b
any flaws in the representation of the probability distribution. g niaﬁ

6. TRACK The preliminary times for a 110-meter hurdles race are
shown. Create a histogram of the set of data. Determine whether
the data can be approximated with a normal distribution.

Times [secomnds)

14751477, 14.31, 14.83, 14.84,
1435, 14.69, 1463, 1474,
14.82,14.35, 1423

Exampie 5
7. A nommat distribution has a mean of 186.4 and a standard deviation
of 489

a. What range of values represents the middie 99.7% of the data?
b. What percent of data will be greater than 23537
c. What range of values represents the upper 2. 5% of the data?

Exampls &
Find the z-value for each standard normal distribution.

B. =98 X=554 and u = BE.34
9. o=16X=4280 and yuy= 682
10. =19 X =192 and y="N24

Exampie 7
Use a table to find the area under the normal curve for each interval.
1. > 058 12. < —156 13. 229 <z <276
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Example 8

14. TESTING The scores on a test administered to prospective employvees are
normally distributed with a mean of 100 and a standard deviation of 12.3.
a. What percent of the scores are batween 70 and 807

b. What percent of the scores are over 1157

c. 75 people take the test, how many would you expect to score lower than 757
Mixed Exercises

15. USE A MODEL Shawndra conducted a study to find how far people park from
parking blocks by measuring the distance from the end of the parking block to
the front fender of the parked car. The distribution of the data closely
approximated a normal distribution with a mean of 8.5 inches. About 2.5% of cars
parked more than 115 Inches from the parking biock. What percentage of cars
would you expect to have parked less than 5.5 inches from the parking block?

16. PRECISION Use the normal distribution of data:
a. What is the standard deviation of the data set?

b. What percent of the data will be greater than 607

17. LIGHT BULBS The time that a certain brand of ligiht
bulb will last is normally distributed. About 2 5% of

the bulbs last longer than G800 hours, and about
16% last longer than 6500 hours. How long does
the average bulb last?

18. STRUCTURE Each day, Roberto takes a 20-question practice college entrance
exam and records his score. Find the probability distribution for this siteation.

Monday ! Tuesday Wednesday | Thursday Friday
17 16 16 17 18
15 17 16 5] 1B

Q Higher-Order Thinking Skills

19. FIND THE ERROR A data set of tree diameters is normally distributed with mean
1.5 centimeters, standard deviation 2.5, and range from 36 to 198, Monica and
Hiroko want to find the range that represents the middle 68% of the data. Is either
of them correct? Explain your reazoning.

Monica Hiroks
The data span 162 o, and &8% of 162 1= aboot 11 om. The widdle CFX gpam Browa jL + O #o L — o
Center this 1-cm intanval af the mean of 1.5 &m. S e pacve 15 ow spove and pelow | |5
This will range from about & cm 1o 17 om. The S8F aroup will remge frowm T om ke 14 o

20. PERSEVERE A shipment of cell phones has an average battery fife of B.2 hours
with a standard deviation of 0.7 hour. Eight of the phones have a battery
life greater than 9.3 hours. If the sample is normally distributed. how many
phones are in the shipment?

21. WRITE Describe the relationship between the z-value, the position of an interval
of X in the nommal distribution, the area under the normal curve, and the
probability of the interval occurring.
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Lesson 8-5

Estimating Population Parameters

Learn Estimating the Population Mean

The data from a sample can be used 1o make inferences about the
corresponding population. This is called inferential statistics.

Sampling error is the variation between samples of the same
population and is due to randomness. It does not include bias or other
errors that may occur when oblaining the sample. As the sample size
Increases, the size of the sampling emor will decrease because the
cample increasingly represants the larger population.

The standard error of the mean o, is equal to %. where o is the
standard deviation of the population, ¥ is the sample mean, and n s
the sample size.

A confidence interval is an estimate of the population parameter using
a sample statistic, stated as a range with a specific degree of certainty,
typically 90%, 95%, or 99%. The confidence interval for a sample moan
¥is ¥+ E, where E |5 the maximum error of the estimate. The
maximum error of the estimate is the maximum difference between
the estimate of the population parameter and its actual value. The
maximum error of the estimate s also called the margin of ermor.

Key Concept » Maximum Error of the Estimate for 2 Sample Mean

The maximum eror of the estimate £ for a sample mean s given by
E=x: % and can be approximated by the formula E = 7« sﬁ whera

= 7is aspecific value that corresponds 1o the conflidence lavel,
= 5is the standard deviation of the sample, and

« 0 isthe sample size, 0 = 30.

The three most common degrees of certainty and their corresponding
r-values, called critical values, are given.

« A certainty of 90% has a zvalue of 1645
« A certainty of 95% has a z-value of 1.960.
« A certainty of 99% has a z-value of 2 576,

Hay Concept « Estimating the Population Mean
Step 1 Find the mean of a random sample X,
Step 2 Determine the desired degree of certainty.
Step 3 Find the maximum error of the estimate £

Step 4 Estimate the mean of the population g by finding the interval
(¥ —EX+EL

Today's Goals

= Use sample data to
infer a population mean
oy using confidence
intervals.

= Use sample data 1o
infer & population
proportion by using
confidence intervals.

Today’s Vocabulary
inferential statistics
sampling emor
standard ermor of the

mean

confidence interval

maximum ermor of the
estimate

population propartion

by Think About It

How will the confidence
fevel affect the size of
the confidence intenal?
Justify your angument
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&) Talk About It
Why do you think
confidence leveals are
90%, 95%, and 99%
imstead of 25%, 505,
and TE%? Justify your
argument with an
example,

Problem-Solving Tip

Reference Critical
Values The most
commonky used
confidence levels and
their corresponding
Z-values are shown in
the table. Have this

@ Example 1 Find the Maximum Error of the Estimate

CHESS A poll of 315 randomily selected members of an online chess
club showed that they spent an average of 4.6 hours per week
playing chess with a standard deviation of 1.2 hours. Use a 90%
confidence interval to find the maximum error of the estimate for

the time spent playing chess.

Step 1 Identify the z-value.

table handy when

solving problems.
a0% 1.645
95% 1.960
95% 2576

A 90% confidence interval is equivalent 0% 1645
to the area under the normal curve In 95% 1960
the range (—1.645, 1.645). 99% 2576
Step 2 Find the maximum error of the estimate.
E=2z+ jﬁ Maximum Error of the Estmate Formula
=1-E45*1|% r=1645 5 =12 and =315
= 0N Simpfify

S0, we can say with 90% confidence that the mean time a chess club
member plays per week is within 011 hour of the sample mean time.

& Example 2 Estimate a Population Mean

WEE TRAFFIC A survey of 50 students at East High School asked
them how many Web sites they visit at least three times per day.
The sample mean is 8.61, and the sample standard deviation is 2.6.
Use a 95% confidence level to estimate the mean for the population
of East High School students.

Step 1 Calculate E.

Use the zwalue that corresponds with a 95% confidence

rterval, 1.960, to calculate E.
5

E=z- un Maximum Emror of the Estimate Formula
=1.Hﬁﬂ-% z=1960,5= 26 andn= 50
=072 Samiplify

Step 2 Determine the confidence interval.
The confldence Iinterval is the interval defined by ¥ + E.
x—E=881—-072=7E9
X+ E=861+072=933

At a 95% confidence interval, the population mean is

789 = n = 9.33. Therefore, we are 95% confident that the
number of Web sites students visit at least three times a day s
between 789 and 9.33.

L) Go Online You can complete an Extra Example online.
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Check

CAFETERIA A poll of 219 randomly selected high school senlors
showed that they used the school cafeteria an average of 2.6 times
per week, with a standard deviation of 0.7 Use a 95% confidence level
to find the maximum error of the estimate, and then estimate the mean
of the papulation. Round to the nearast hundredtn.

At a 95% confidence interval, the maximum error of the estimate is

__?  Thepopulationmeanis 7  =pu=_ *

Learn Estimating the Population Proportion

You can also use confidence intervals to estimate a population
proportion p, which is the number of members in the population with
a particular characteristic divided by the total number of members in
the population.

Like the population mean, the population proportion is often difficull to
determine. Instead, the sample proportion flcalled p hat) ks used to
estimate p. The sample proportion s the proportion of successes in a
sample. The praportion of faillures is represented by 4

+ The proportion of successes fls given by H= ,—’fr where ¥ is the

number of successes and n is the sample size (the number of trials).
« The proportion of faillure dis glven by §=1— 5

Like the sample mean, &is an estimate and will likely not equal the
population proportion. Therefore, a confidence interval using fand a
maximum errar of the estimate E is used to find the range of values
within which o likedy falls.

The maximum emor of the estimate £ for a poputation proportion is

given by E =2+ "a.l%:, where 7 is the z-value that corresponds to Study Tip
he confidence level, 5is the sample proportion of success, §is the
t B ple propo ; e} Torminclngy B and 4
sample propartion of fallure, and n is the sample size, where niz= 5 ay
and né= 5 are read as p-hat and
’ g-hat, respectively.

The maximum emror of the estimate E for a popukation proportion can
be used o estimate the population proportion.

To estimate the population proportion:

« Find the proportions of success and fallure,
« Find the sample size.

+ Identify the corresponding z-value.

« Find the maximum error of the estimate E

« The confidence interval for the population proportion is pt+ E.

) Go Online You can complete an Extra Exampée online.
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@ Apply Example 3 Estimate a Population Proportion

LUNCH PERIOD A survey of 150 students at West High School asked
them if they agree with the administration’s plan to split the lunch
period into three different periods, with 72 of the respondents
saying that they agree. Use a 90% confidence level to estimate the
population proportion for all 1334 West High School students.

1 What is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers to your guestions?

Sample answer | need to find fand § and then use those values to
estimate the population proportion with 30% confidence.

Is the sample size large enough to use a confidence interval? What
formulas do | need to use?

| can test the sample size. | can use the previous example within the
lesson to check that | am using the correct formulas.

2 How will you approach the task? What have you learned that
you can use to help you complete the task?

Sample answer: | will find pand §and check that the sample size is

appropriate to use a confidence interval. Next, | will find the maximum

error of the estimate. Then | will use the confidence inerval 1o find the

population proporthon,

3 What is your solution?

Use vour strateqy 1o solve the problem.

What are the values of 5 and §? § = 0.48: §= 052

How can you ensure thatl proportions have large enough sample sizes
to use a canfidence interval?

Sample answer: | can verify that ng = & and ng = 5. Because
the sample size was 150 students, nd = 150 = 048, or 72 and
nfg =150 * 052, or 78. 5o the sample size is large enough.

What is the confidence Iinterval? Cf = [0.413, 0.547]

With 90% confidence, what proportion of students agree with the
administration’s plan? between 41.3% and 54.7%

4 How can you know that your solution is reasonable?

mee About It! Write an argument that can be used to defend
your solution.

Sample answer: The proportion of success of the sample falls within
the range | found using the confidence interval. Because the
administration used a large enough sample size, it is reasonable to
assume that proportion of success within the population sample will
be representative of the population.

{0} Go Online You can complete an Extra Example online.
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Check

PARKS A survey of 175 residents of a particular nelghborhood ashked if
they agreed with the neighborhood board’s decision to charge a fee to
build a park in the middle of the neighborhood. 42 residents agreed
with the decision.

Part A Use a 95% confidence level to estimate the population
proportion.

A. 0BT = p = 0.293

B. 0155 = p=< 0325

C. 0177 = p'= D.303

D. 0687 < p = 0713

PartB We are 95% confident that the proportion of residents who

agree with the neighborhood board's decision is betweean ? % and
f

<] Example 4 Misleading Population Estimates

POLLS A lobbying group that supports the passing of a ballot
measure releases a report based on a poll they performed. They
claim that, with 90% confidence, the proportion of people who will
vote for the measure is 50%, but could be as low as 40% due to the
margin of error of 5%. The sample size was 200, ldentify any
misleading representation of the data.

Step 1 Verify that nf = 5 and n§ = 5.

The sample size is 200. The repodt claims that the proportion is 0.5,
but the sample proportion & & actually 0.45 with a margin of error of
005 S0, 6§ =045 and § = 1— 045 =055

niE = 200 « 0.45 Substitute
=90 Simpiify.

nf = 200 « 055 Substitute
=10 Sl ify.

Because nfi = 5 and n§ = 5 a confidence interval is appropriate.

Step 2 Examine the confidence level and interval.

The confidence level of 90% is acceptable for a poll. However, Instead
of stating that the population proportion ks estimated to be 45% with a
margin of error of 5%, they state the highest possible estimate for the
population proportion to give the impression the candidate i lkeby to
attain 50% of the vote.

) Go Online You can complete an Extra Exampie online
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Check

COMPUTERS A computer manufacturer has recehived several
complaints about their recent line of hard drives falling too often.
Internal policy is that if 20% or more of a product falls, they will perform
a recall and refund anyone who purchased that hard drive. The
company conducts a survey and finds that, with 99.99% confidance,
as few as 10% of hard drives have failed. The sample size was 100.
Identify any misleading representation of the data. Select all that
apply.

A. The zsample size k& too small to use a confidence Interval.
B. The confidence level is too high.

C. The confidence level s too low.

D. Theway the confidence interval is stated s misleading.
E. The internal policy s too lenient

F. The report s not misleading.

Pause and Reflect

Did you strugale with amvthing in this lesson? If 3o, how did yvou
deal with it?

Practice

Example 1
1. HOMEWORK A poll of 225 randomly selected high school
students showed that they spent an average of 275 hours per
night doing homework with a standard deviation of 1.5 hours. Use
a 90% confidence interval to find the maximum error of the
estimate for the time spant doing homework.

2. ATHLETES A poll of 350 randomly selected athletes showed that
they spent an average of 10.25 hours per weelk at practice with a
standard deviation of 2.3 hours. Use a 95% confidence interval to
find the maximum error of the estimate for the time spent
practicing.

3. PETS A poll of 470 randomly selected pet owners showed that
they have an average of 1.9 pets per household with a standard
deviation of 0.5 pets. Use a 99% confidence interval to find the
maximum efror of the estimate for the number of pets per
household.
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Example 2

4. FREIGHT A sample of 200 packages at a shipping company is welghed. The
sample mean is 5.8 pounds, and the sample standard deviation i= 2.7 pounds.
Uze a 90% confidence level to estimate the mean for the packages,

5. AIRLIMES A survey of 700 airline passengers asks about satisfaction. The passengers
must rate the airline on a scale of 1to 10, where 1 is not sotisfied and 10 is extremely
sofefied. The sample mean i5 5.5, and the sample standard deviation iz 1.5. Use a
99% confidence level to estimate the mean for the passenger ratings.

6. CREDIT HOURS A sample of 650 college students (s surveyed about the number
of credit hours they are taking this semester. The sample mean is 14756 credit
hours, and the sample standard deviation is 2.25 credit hours. Use a 95%
confidence level to estimate the mean for the credit hours.

Example 3

7. PART-TIME JOB A survey of 120 students at South Grove High School asked them
if they agree that high school students should have part-time jobs, with 93 of the
respondents saying that they agree. Use a 90% confidence level to estimate the
population proportion for all 1532 South Grove High School students.

8. Bus A survey of 215 students at Landry High School asked them If they ride the
bus to school, with 46 respondents saying that they do. Use a 95% confidence
lewvel to estimate the population proportion for all 1109 students.

9. FIELD TRIP A survey of 245 students at Jackson High School asked them if they
agree with thelr principal’s decision to have students pack their lunches for a field
trip, with 102 of the respondents saying that they agree. Use a 99% confidence
level 1o estimate the population proportion for all 973 students.

Example 4

10. MENU An employes at a restaurant conducts a poll about the satisfaction with their
lunch menw. The report claims, with B0% confidence, that the proportion of peopke
who are satisfied with the lunch menu is between B5% and 20%. The sample size
was 16. Identify any misleading representation of the data.

11. POLLS Arecent poll showed that 120 citizens were In favor of bullding more parks
in their community. & claim was made, with 95% confidence, that the proportion of
people who want bo build more parks is 51%, but could be as low as 45% due to
the margin of error of 3% The sample size was 250, ldentify any misleading
represantation of the data.

Mixed Exercises

12. CONSTRUCT ARGUMENTS Enrique is assessing his morning commute times for
the first two weeks of his new job. For these 10 commutes, Enrique has calculated
¥ = 30.8 minutes and 5 = 4.83 minutes,

a. Find 90%, 95%, and 99% confidence Intervals for Enrigue’s mean commute
time. Express these as ranges (from x min o v min).

b. Enrigue collects another two weeks' data, which gives him ¥ = 311 min and
£ == 6540 min for the 20-workday period. During this time, Enrigue = slightly
fate for work twice. Which confidence level should Enrique pick if he wants o
avold being late, and why? Calculate this confidence interval for u, and
explain how Enrique should use It with his new estimate of o to ensure he is

o time.
Lesssn B-5 - Estimating Population Parameters 08




13. PRECISION Karen, anartisan potter, s concerned that her kiln is not heating
evenly. She finds it acceptable to throw away no maore than 10% of the pleces she
fires in the kiln, but recently has had to discard 32 pieces out of @ sample of 205.
Find a 95% confidence interval for the population proportion of discards. Based
an your finding, write a mathematically precise statement to determine whether
Karen should buy a new kiln.

4. REASONING A pharmaceutical company is testing a new medication that is
supposed to shorten the number of days a patient experieneces symptoms of
influenza. It was tested on 45 patients, and the average number of days until
symptoms cleared was 5.3 with a standard deviation of 1.1 days.

a. Use the sample size and standard denvdation to find the maximum error of
estimate for a confidence level of 99%. Interpret the results in the context
of the population mean.

b. Write the 99% confidence interval for the population mean number of days
until symptoms resolve with the new medication.

c. The company claims that the average number of days untll recovery using
their new medication can be as low as four days. Is thelr claim reasonable?

G Higher-Order Thinking Skills

15. ANALYZE Determine how the sample size affects the maximum enror.
16. WRITE Explain how to estimate the population proportion.

17. CREATE Survey students in vour class about the number of hours they watch
television each week. Find the sample mean and the sample standard deviation.
Usze a 90% confidence leval to estimate the mean number of hours students in
vour class waltch television each weelk.
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@1 Essential Question

Module 8 « Inferential Statistics

Review

How can data be collected and interpreted so that it is useful to a specific audience?

Data can be collected through surveys, observations, or experiments. Often a simulation
can be conducted to generate expermental results. You can find measures of center and

measures of variation to interpret the data,

Module Summary

Lessons 8-1 and 8-2

Samples and Experments

Because it is not always practical to collect data
from a large population, it may be collected from
a represeniative sampkle.

A bias s an arror that results in a
misrepresentation of a population.

Surveys, expeniments, and observations are used
to collect data.

The probability of an event is the ratio of the
number of outcomes in which an event oocurs to
the total number of possible outcomes.

A simulation uses a probability model to imitate a
situation so it can be studied.

Lessons 8-3 and B-4

Distributions

A symmetric distribution has mean and median
approximately equal. A negatively skewed
distribution typically has a median greater than
the mean. There is less data on the left side

of the graph. A positively skewed distribution
typically has a mean greater than the median.
There is less data an the right side of the graph.

The standard dewviation of a data se! is found
El“‘ i

using the formula o = || ——

The expected value of a discrete random

vanable is calculated by finding the sum of the

products of every possible value of X and its

associated probabiliby PLX).

+ In a normal distribution with mean o and
standard deviation o, approximately 68% of the
data fall within 1o of the mean, approximatehy
95% of the data fall within 2o of the mean, and
approximately 997% of the data fall within 3e of
the mean.

Lesson 8-5

Population Parametlers

+ The maximum error of the estimate E for a
sample mean can be approximated by the
formula E=2- j:r where 2 is a specific value
that comresponds to the confidence level, 5 is the
standard deviation of the s=ample, and n is the
sample size, n = 30

+ The maximum error of the estimate E for a
population proportion & givenby E= 2z « ‘||l;
where z is the z-value that corresponds to the
confidence level, g is the sample proportion of
success, i Is the sample proportion of failure,
and 1 s the sample size, whera nif = 5§ and
=5

Study Organizer
[ﬂ] Foldables

Use your Foldable to review this module. Working
with a partner can be helpful. Ask for darification
of concepts as needed.

ccatistics | Probabil
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Test Practice

1. MULTIPLE CHOICE Blake wants to open an lce

cream shop. He B creating a survey for local
people near the planned location to
determine if there is interest in a new Ice
cream shop before he completes his plans.
Which guestion from the survey is blased?.
(Lessan B-1
A. How many times per month do you go
out for ice cream?

B. What is your favorite ice cream flavor?

C. What time of the day do you typically
visit an ice cream shop?

D Would you visit a new, tasty and local
ice cream shop instead of an old, dirty
shop with few flavors to choose from?

. OPEN RESPOMSE Two rescarchers are
dizcussing ways of determining children’s
favorite breakfast cereals.

= Shelly says that the randomly selected
participants should be asked a senes of
questions about their cereal eating.

= Raul says that they should watch the
students selecting from different cereals
and write down what they notice.

Indicate what type of study that each of the
researchers is suggesting. (Lesson &1

3. MULTIPLE CHOICE In an effort to survey the

student population about possible themes for
the spring prom, the student council
separates the students into 4 groups by
grade level and then chooses 25 students
from each grade. Which sampling method did
the student council use? (Lesson B-1)

A Stratified

B. Convenience
C. Systematic
D. Seif-zelected

412 Medule B Review - Inferental Statistics

4. MULTIPLE CHOICE Leonard randomly selocted
a card from a standard deck of playing cards,
recorded the suit, and returned the card. He
followed this set of steps 120 times. The
results are shown.

Freguency
Heart 2B
Diamand a7
Spade 34
Cluby 21

Which statement about the results s true?
ILessan B-21

A The theoretical probability of selecting a
heart is less than the experimental
probability of selecting a heart.

B. The theoretical probability of selecting a
diamond is less than the experimental
probability of selecting a diamond.

C. The experimental probability of
selecting a club is greater than the
theoretical probability of selecting a
club.

D. The experimental probability of
selecting a heart is equal to the
experimental probability of selecting a
diamond,

5. MULTIPLE CHOICE The quality controf
manager of a food processing manufactures
estimates that 1 can in every case of 12
canned vegetables will likely becomea
damaged during shipment. Determinge a
simulation that best represents the situation.

{Lesson B-2)

A Use a random number generator with
the numbers 1through 12.

B. Use 12 play cards including 4 kings,
4 queens, and 4 jacks.

C. Use two dice, where tossing two ones
represents a dented can.

D. Use a set of 12 marbles with & red and
& hlue.



6. OPEN RESPONSE A football player makes 8. OPEN RESPOMSE Catherine ks growing
70% of the field goals he attempts. Diana ceveral tomato plants. She measures the
used a random number generator o height of each plant. The results are shown.
generate integers 1 through 100. The integers
1-70 represented a made field goal on the

Tomato Plant Heights (inches

next attempt, and the integers 71-100 13 o 14 L

representad a missed field goal on the next L 18 16 1

attempt. The simulation consisted of 50 trials, 16 14 14 1

with 42 trials being integers 1-70. Explaln the 12 5 15 10

data. Is the data from the simulation

consistent with the model? (Lesson 8-2) Find and interpret the standard deviation of
the plant heights. (Lesson 8-3)

9. MULTI-SELECT Kent owns a shop and has
workers that produce products during two
different shifts throughout the day. He kept
track of how many products each group
completed during their shift for several days.
The data are shown. {Lessan 83

A Shift Production
7. MULTISELECT Zain i analyzing two sots of 250 207 232
data, Lesson B-3) 278 264 247
et A 244 288 258
o e e e B
32 21 30 36 49 263 245 I55
38 28 29 - = 245 264 262

22 26 26 24 27 Describe Kent's data. Select all that apphy
38 35 | 22 30 A. On average, the A shift produced more
24 33 30 25 38 products.
B. On average, the B shift produced more
Select all the true statements about each products
data set ;
. The number of products produced by
A_ Data set A has a higher average value. the A shift is more varied.
B. Data set B has a higher average value. D. The number of products produced by

the B shift is more varied.

) _ E. When shifts A and B are combined, they
D. D.Data set B is more varied. have a higher average and less variation
than either shift by itself

C. C. Data set A is more vaned.
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10. OPEN RESPOMNSE A normal distribution has

1.

a mean of 347.2 and a standard deviation
of 13.9. [Lesson B-4)

Part A What percent of the data is less than
319.47

Part B What percent of the data i greater
than 36117

OPEN RESPONSE A normal distribution has
a mean of 63 4 and a standard deviation of
2.5 Find the range of values that represent
the outer 0.3%. (Lessan B4

MULTIPLE CHOICE Hiroyuki randomly
surveyed 325 students asking how much
time they spent getting ready for school in
the morning. The average time spent was
26 minutes with a standard deviation of
5B minutes.

Use a 90% confidence interval to find

the maximum error of the estimate of time
(in minutes) spent getting ready for school.
Round to the nearest hundredth. |[Lezson B8-5)

AL 022
B. 0.26
C. 053
D. 063

414 Module 8 Review - Inferential Statlstics

13. OPEM RESPOMNSE A restaurant randomily

surveyed 360 of thelr patrons asking if they
wiould like the restaurant to stay open later.
A total of 273 people responded that they
would appreciate the later hours. Using a
95% confidence interval, estimate the
population proportion and explain what it
Means. (Lesson B-5)

MULTIPLE CHOICE A national business has
randomby surveyed 12 employees asking
whether the emplovees would prefer to
work on Thanksgiving. The business repors
that with 95% confidence the proportion of
people that would prefer to work on
Thanksgiving is between 33% and 45%, with

a margin of error of 6%. Identify any

misleading representations of the data.

{Lesson B-5)

A. The report is not misleading.

B. The confidence level is too low.

. The confidence level is stated in a
misleading way.

D. The sample is too small to use a
confidence level,



Module 9
Trigonometric Functions

2 Essential Question
What are the key feature

represent red

What Will You Learn?
How much do you already know about each topic before starting this module®

KEY Before | After

{ — [ don't know. e — v heard of it = — | kmonas it! sl

.'-+:||
Til

=L

Fo

draw angles in standard position I |

convert between degree and radian measures of angles i |

find values of trigonometric funclions using general and
reference angles

find trigonometric values using the unit circle and properties of
periodic functions

graph and analyze sine and cosine functions and their reciprocals

gr.uph and analyze the tangent function and its reciprocal

graph translations of trigonometric functions

find angle measures by using inverse trigonometric functions

salve trigonometric equations | |

(Il Foldables Make this Foldable to help you organize your notes about trigonometric
functions. Begin with four sheets of grid paper.

1. Stack the paper and measure 2.5 inches from the bottom.

2. Fold on the diagonal.

3. Cut the extra tabs off, and staple along the diagonal to form a book.
4. Label the edge as Trigonometric Funclions.

==

. =
1

TN
T

]
1 1T
! 1 3.0

T

=
| |
|
HEN
['
I

L ]
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What Vocabulary Will You Learn?

= amplitude = midline = secant

« central angle of a circle » pacillation » sine

« gircular function « period « sinusoidal function

» cosecant « periodic function + standard position

+ Cosine « phase shift + tangent

« cotangent « principal values « terminal side

« coterminal angles « quadrantal angle » trigonometric function

» cycle « radian » trigonometric ratio

» frequency « reciprocal tigonometric + trigonometry

» initial side functions + unit circle

s inverse trigonometric « reference angle « vartical shift
functions

Are You Ready?

Compiele the Quick Review to see if you are ready to start this module.

Then complete the Quick Check.

Quick Review

| Exampi=1

Find the value of a. Round to /,E”SE

the nearest tenth if necessary. ]
=+ B Pythagansan Theooem
W=g+5 Replace ¢ with 18 and b with 5.
3= +25 Simglity
| 2889 = o* Subiract 25 frowm each side
T3i=a Take the posithe sguare rool af

eaC Shiie

i Find the value of x. Round to the nearest
tenth if necessary.

i i"" EI*‘ Y AN
1 E \
9

3. B 4,

13

x| f22

Example 2
Find the missing measures. Write 18 r
all radicals in simplest form.
X+ = 18 Pyhegorean Theooem x
2 = Combine Bks farms
2x*= 32X  Simplly
x* =162 Divide each shie by 2
X =Y¥I62 Take the poskive sguee roof of each sids
kx=H3T simpiy

Find the values of x and y. Write all
radicals in simplest form.

5. B, X
NG N
¥
g

7 8
| |
o 7

How Did You Da?

446 Module 9 - Trigonometic Functions

Which exercises did you answer cormectly in the Guick Check?




Lesson 9-1

Angles and Angle Measure

Today's Goals
« Dwaw angles in standard
Learn Angles in Standard Position position and identify
cofesminal angles.
An angle on the coordinate plane is in 90° S Erriaaty =
standard position if the vertex s at the degree and radian
origin and one ray Is on the positive measures and find
x-axis. The initial side of the angle is are lengths by using
the ray that is fixed on the x-axis. The ﬂe:\ central angles.
terminal side is the ray that rotates mlﬂrmlnal o e Today’s Vocabulary
about the center. sidl standard position
An angle in standard position Is initial side
measured by the amount of rotation in terminal side
degrees from the initial side to the tiliy :::Tml angies
terminal side. Angle measures can be central angle of
positive or negative. _ i
Key Concept « Angle Measures
Positive Angle Measures Negative Angle Measures (&) Talk About It
Research the meaning
If the measure of an angle is If the measure of an angle is of initial and farminal.
positive, the terminal side is negative, the terminal side is How do these
rofated counterclockwisea. rofated clockwise. definitions relate to the
meanings of the initial
side and fermunal sige
of an angle?
\‘Eﬂ.ﬂ“
(o] . ‘n/ 3
-125°
The terminal side of an angle can make more than one complete
rotation. If rotating counterclockwise, the angle measures increase
past 360°. If rotating clockwise, the angle measures decreasa
past —360°
Anglkes in standard position that have the same terminal side are Study Tip
coterminal angles. Coterminal angles can have different measures. Angle of Rotation in
30° + 360° = 390° 30° — 360" = —330° trigonometry, an angle is
. ) sometimes referred to
Add or subtract any multiple of 360" to find another coterminal angle. &% an argle of rokotion.

An infinite number of coterminal angles can be found for any angle.
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study Tip

Axes It may be helpful to
use the angle measures
represented by the
positive and negative x-
and y-axes when drawing

an angle in standard form.

Az the terminal side
rotates arouwnd the
coordinate plane, it has
rotated an additional 90°
each time it reaches an
axis, You can use the axes
as benchmarks and
continue the rotation fram
the appropeiate axis.

kg Think About It!
Write expressions that
can be used to find the
measure of four
different angles that are
all coterminal with an
angle thal measures x°

Example 1 Draw an Angle in Standard Position
Draw an angle in standard position that measures 200°

Because the measure of the angle is
positive, rotate the terminal side

counterclockwise. /"‘\1 o

The negative x-axis represents 180°. >0 -
Because 200° = 1807 + 207, draw the ‘/u,,m
terminal side 20" counterclockwise past
the negative x-axis.

&) Go Online to see another example about drawing angles in standasd position.

Example 2 Draw an Angle with More Than One Rotation
Draw an angie in standard position that

measures 475", e
475 = 360° + 115° ‘-\

The terminal side of the angle will make \"ﬂ' =
more than one rotation counterciockowise.

First, make a full rotation starting at the

positive x-axis. Continue the rotation. Draw
the terminal side of the angle 1157
counterclockwise past the positive x-axis.

Check

Draw an angle in standard position that
measures —400°.

Example 3 |dentify Coterminal Angles

Find an angle with a positive measure and an angle with a negative
measure that are coterminal with a 35" angle.

positive angle: 35° + 360° = 395"
nagative angle: 35" — 3607 = —325°

Check

Find an angle with a positive measure and an angle with a negative
measure that are coterminal with a —50" angle.

positive angle: __ 7"
-

negative angle:

L) Go Online You can complete an Extra Example online.
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Explore Arc Length

i) Online Activity

& INGUIRY How can you use a central angle to |

determine the length of an arc?

Learn Degrees and Radians

Angles can also be measured in units called radlans, which are based
on arc length. A radian is the measure of an angle @ in standard
position with a terminal side that intercepts an arc with the same
length as the radius of the circle. The circumference of a circle is 2wr
and an angle that measures 1 radian has an arc length of r. 5o, one
complete revolution around a circle equals 21 radians.

ke Think About It
Key Concept « Convert Between Degrees and Radians

Given that 2w
Degrees to Radians Radians to Degrees radians = 360° and Tt
Ta converl a degree measure o To canverl a radian measure to zr::i:;::ﬁgﬁ
radians, multiply the number of degrees, mm:ﬁ: the number of AP e
degrees by TEEE radians by —oo—. Explain.
There are special angles with equivalent degree and radian measures
that may be helpful to memaorize. Other special angles are multiples of
these angles.
30" = % radians 45" = % radians
60" = % radians 90" = % radians
A central angle of a circle has its vertex at the center of the circle and Study Tip
SId.:S that arreﬂ:adli- Cemra‘:ngmf mtE{:I:.:pL arn a.rrcmuf the cirq;.le. T:'1E ; Positive and N :
endpoints of the intercepted arc lie on FEYS O E: central angle. Radi A& waith
vau know the measure of a central angle and the radius of the circle, degrees, radians
yvou can find the length of the arc that s intercepted by the angle. feasure the amodntaf
rotation from the initial
seyoncept » M Lengm side to the terminal
Words: For a circle with radius r and central angle & {in radians), the arc side. Radians may
length £ equals the product of r and 8. also be positive or
negative, depending
Symbols: s = rif on the direction of
the rotation.

A

) Go Online You can complete an Extra Exampée online.
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f Think About It
How would you draw an

angle that measures TEF
radians in standand
position? Describe

the position of the
terminal side.

by Think About It

Is it reasonable that the
degree measure of the

angle in Example 5 ks
greater than 360°7
Justify your conclusion.

Watch Outd

Arc Length Remember
to white anghe
measures in radians,
not degrees, when
finding arc length.

Example 4 Converi Degrees to Radians
Rewrite —100" in radians.

—KF = —100" - %:;m Multiply by conversion factor
= _.:gg“ or %;T radians Simpiity.
Check

Rewrte —220° in radians. Write the solution as a raction in simplest form.

? __ radians

Example 8 Convert Radians to Degrees
Rewrite % in degrees.

HTT"- = “T“ radians - - 51;?;-'15 Multiply by conversion facton
= %mﬁ- Lo, 4 Cancel units
— @ or 495" Simipiiy.

€ Example 6 Find Arc Length

TRAFFIC A traffic circle, or roundabout, is a circular roadway at the

intersection of two or more streets that allows cars to travel through
more continuously than a traffic light or stop sign. The diameter of a
traffic circle is 160 feet. How far does a car travel in the roundabout
if it goes three-fourths of the way around?

Step 1 Find the central angle in radians.

E=z—-2ﬂm32—" Theangleusi—n!amtaﬁnn.
Step 2 Find the arc length.
5= i Formula for arc fength
-80.3% = 0.5d = 0.5{160) or B0 and # = =
=120 Mubtiply.
= 376.99 Use a calculator

A car that travels three-fourths of the way around the traffic circle will
travel about 377 feel

Check
SURVEYING If a surveyor's wheel with a radius of 15 inches
completes % of a rotation, what is the total distance traveled in feet?
Round 1o the nearest hundredth if necessary.

? ft

L) Go Online You can complete an Extra Example online.
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E Go Online You 'can complete vaur omewark online

Practice

Exampies 1and 2
Draw an angle with the given measure in standard position.

1. 180" 2, 280¢ 3. 4007
4. 185° 5. 810 6. 390°
7. 45957 B. —50° 8. —420°
10. 2107 . 305° 12. 580°
13. 13%° 14, —450° 15. —560°
Example 3

Find an angle with a positive measure and an angle with a negative measure that are coterminal
with each angle.

16. B5° 17, —7%° 18. 230°
18. 45° 20, 60" 21. 3707
22, —890° 23, 4200 24, 3r
25, B5® 26. 80° Z7. 110
28. T 29, 37 30. -3F
31. & 32. L 33, 3=
Example 4

Rewrite each degree measure in radians.

34, 140° 35. —260° 3e. —75°
37. 380° 38, 130° 3D, 7208
40, 210° 41. 80r 42, —30°
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Example 5
Rewrite each radian measure in degrees.

aw I E

ﬂ- — 5 u.. 5 ‘5- 3
5 2m 5%
46. a7 5 48. =
3w T T

49, 4 50. 5 51. a

Example &
B2. TRANSPORTATION A traffic roundabout has a diameter of 200 meters. How far does
an automobile travel in the roundabout if It goes one-fourth of the way around?

53. ANALOG CLOCKS The length of the minute hand of an analog clock is'5 inches. If
the minute hand rotates from 12 noan to 1240 M., then how far does its point move?

Mixed Exercises

REGULARITY Rewrite each degree measure in radians and each radian measure in degrees,

54. 18° 55. 6° 56. —72°
57. —820° 58. 47 59. =&
60. — 3% 61. —r 2. —270°

Find the length of each arc. Round to the nearest tenth.

63. ﬁ 64. 65.
- () >

&6. TIME Find both the degree and radian measures of the angle through which the
hour hand on a clock rotates from 5 & M. to 10 .M,

67. ROTATION A truck with 16-inch radius wheels is driven at 77 feet per second
(52.5 miles per hour). Find the measure of the angle through which a point on the
outside of the wheel travels each second. Round to the nearest degree and
nearest radian,

&8. PLAMETS Earth makes one full rotation on its axis every 24 hours. How long
does it take Earth to rotate through 15077 Meptune makes one full rotation on
its axis every 16 hours. How long does it take Neptune to rotate throuwgh 15077

89, SURVEYING I a surveyor's wheel with a diameter of 19 inches completes % of a

rotation, what s the total distance traveled In inches? Round to the nearest
hundredth if necessary.
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T0. STRUCTURE It s convenlent 1o know the measures

73.

. AMUSEMENT PARKS The carousel at an amusement park has

of some specific angles in both degree and radian
measures,

a. Copy and complete the figure at the right by
writing the radian measure for each angle.

b. Describe al least one pattern or symmetry that
yvou notice in the completed figure,

-

CLOCKS Through what angle, in degrees and
radians, does the hour hand on a clock rotate
between 4 Py, and 7 PMT Assuming the length
of the hour hand = & inches, find the arc length
of the circie made by the hour hand during that
thme,

20 horses spaced evenly around its crcumference. The horses
are numbered consecutively from 1to 20. The carousel
completes one rotation about its axis every 40 seconds.

a. What is the central angle, in degrees, formed by horse #1
and horse #87

b. What is the speed of the carousal in rotations per minute?

c. What s the speed of the carousel in radians per minute?

d. A child rides the carousel for 6 minutes. Through how many
radians will the child pass in the course of the carousel ride?

FERRIS WHEELS The London Eye is one of the world's largest Ferris wheals.
The diameter of the wheel 5135 meters, and it makes a compiete rotation in 30
minutes. A passenger gets on the ride and travels for 5 minutes before the ride
stops. The passenger wants to know how far she traveled during this time.

a. During the 5-minute interval, what is the measure of the central angle of the
whieel's rotation in radians? Explain.

b. Explain how to find the distance the passenger traveled to the nearest meter,

c. Explain how you know your answer is reasonable.,
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™. PIZZA A circular pizza with a diameter of 18 inches is cut into 8 congruent slices,
What is the radian measure of the central angle of each slice? Explain.

T5. CONSTRUCT ARGUMENTS A lawn sprinkler produces a stream of water that
reaches 15 feet from the sprinkler head. The sprinkler rotates 1o sweep oul part of
a circle. The area of the lawn that gets watered as the sprinkler moves back and
forth is 75w square feet. Melinda says it is possible to determine the radian
measure of the angle that is swept oul by the sprinkler, Sedjl says there is not
enough Information to determine this. Who s comect? Justify your argument.

T6. REASONING Consider the figure at the right.

a. Suppose 5 = r. What is mZPOR in radians? What is the measure of the
angle to the nearest tenth of a degree?

.h

b. Suppose 25 = r. What Is mAP0OR In radians? What is the measure of the
angle to the nearest tenth of a degree?

TT. STRUCTURE Circle C has a radius of 5 centimeters. The function fix] glves the
length in centimeters of an arc of circle C that is subtended by a central angle
of x radians. Describe the graph of fix) as precisely as possible, and justify
YO answer.

Q Higher-Order Thinking Skills

TB. FIND THE ERROR Tarshia and Alan are wriling an expression for the ¥
measure of an angle coterminal with the angle shown at the right. Is
either of them correct? Explain your reasoning.

Tarshia Alan =
The measire of @ cotermingl The meagwre of o cohemminal
angle is (s — 35601 smale &g (360 — ="

79. PERSEVERE A line makes an angle of % radians with the positive x-axis at the
point (2, 0). Find the eguation of the line.

BO. ANALYZTE Express %nf a revolution in degrees and in raclians. Justify your argument

B1l. CREATE Draw and label an acute angle in standard position. Find two angles, anea
positive and one negative, that are coterminal with the angke.

B2. AMALYZE Justify the formula for the length of an arc.

B3. WRITE Use a circle with radius r to describe what one degree and one radian
represent. Then explain how to convert betweean the measures.
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Lesson 9-2

Trigonometric Functions of
General Angles

Learn Trigonometric Functions in Right Triangles

Trigonometry is the study of relationships among the angles and sides
of triangles. A trigonometric ratio compares the lengths of two sides
of a right triangle. A trigonometric function relates the angles of a
triangle to the lengths of its sides.

Key Concepis « Trigonometric Functions in Right Triangle
if 8 & the measure of an acute angle A
of a right tnangle, then the

Ny pHENUSE

trigonometrc functions invabding appoEie
the opposite side opp, the adjacent leg
side odj, and the hypotenuse hypo
are defined as follows. C adacent B
o
zsirw_-.-sirnﬂl=E mma:tcscE:nr—r;
Fyp
. . .. | ; L
cosine: cos @ = hryp secant: sec & = 2y
ad
tanges‘lttanﬂ=% -.-::nt:aa'rg|=_-rn'|:u|:|:|l.1EI'=ﬁéI

The Key Concepl shows how to define the six tigonometric functions
by using ratios of the sides of a triangle. Altemately, once sine and
cosine are defined in this way, the remaining trigonometric functions

can be defined in terms of sine andfor cosine. For example, since

'} LI | -
gin # = %‘;. ﬁ = %_ which i the same ratio used 1o define csc 8,

Thus, cec 8 = ﬁ

Example 1 Evaluate Trigonometric Functions

Find the exact values of the six B
trigonometric functions for angle &,
53
leg opposite & BC = 28 28
leg adjacent & AC = 45 B
A 45 C

hypotenuse: A8 = 53

_opa _ 28 _2d _ 45
Elnﬂ_nyp_ﬁﬂ cnsﬂ—mp—ﬁ

_opp _ 28 _fyp _ 53
tﬂnE_EIUJ_ﬂE me—npp—:ﬂ

R i SR _ad _ 45
e = ad] — 45 cot # = gor =53

) Go Online You can complete an Extra Exampée online.

Today's Goals

= Find values of
trigonometric functons
for acute angles.

= Find values of
trigoinometric functions
of general angles.

= Find walues of
trigonometric functons
by using reference
angles.

Today's Vocabulary
trigonometry
trigonometiic ratic

trigonametric
funection

sing

cosine

tangent
cosecant

secant
cotangent
guadranial angle
reference angle

3 Go Online

You may want to
complete the Cancepl
Check to check your
understanding.
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study Tip

Reciprocal

Functions The secant,
cosacant, and
cotangent funclions
are called the
reciprocal functions
because their ratios
are the reciprocals of
the sine, cosine, and

tangent functions.

study Tip

Labeling Triangles A
capital letter is often
used to represent both
avertex of a trlangle
and the measure of the
angle at that vertex.
The same letter in
lowercase is used to
represent both the side

opposite that angle
and the length of
that side.

Check
Find the exact values of the six trigonometric functions for angie 8.

zin B = - cos il = i E 15 F
tan § = ? cac = ? g
8 17
2
spc B =5 cot @ =
o

Example 2 Find Trigonometric Ratios

Heos A =-%,ﬂndﬂue:m:tualmnfﬂ1eﬂu remalning
trigonometric functions for A.

Step 1 Use the given information to draw a
right triangle. Label the sides and vertices. c

Step 2 Use the Pythagorean Theorem to
find a.

To write the remaining trigonometric
functions, first find the missing side length,
. Because MABC is a right triangle, use
the Pythagorean Theorem.

o+ bl =2 Pythagorean Theorem
a? + 92 =132 b=9%andc=13
o® + B1= 169 Simplify
ot = 88 Subtract 81 from each side
o= +v88 Take the sguare roat of each side
o= +/88 or 2422 Length cannot be negative.

Step 3 Find the values.

leg opposite £A: BC = 2422
leg adjacenmt LA AC =9
hypotenuse: A8 = 13

sm4=%=% cm4=%=%m13§}
Cﬂﬁ-ﬁ=%=% sec.ﬁ=%=%
mnﬂ=%=% cmﬂ—gﬂ_% r%
Check

If sac B = % find the exact values of the five remaining trigonometric
functions for 8.

sinB=_? cosB=_7 tanBR= 7 cscA=_7 cotB= 17
E Go Online You can complete an Extra Example online.
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Learn Trigonometric Functions of General Angles

You can find values of trigonometric functions for angles greater Why can the
than 90° or less than 0° when given a point on the terminal side of Pythagorean Theorem
the angle. be used to find r?

ey Concept - Trigonometric Functions of General Angles
Let 8 be an angle in standard position, and
let Pix, i) be a point on its terminal side. By
the Pythagorean Theorem, r = ¥ x2 + y2,
where r is the distance from the origin to
paint P along the terminal side. Using the
coordinates of point P and r, the six
rrigonometric functions of # are

defined below.

5inﬁ=$ cos =7
tanf=7.x#0 cscH=py#0
secH=5x#0 cotd=py#0

If the terminal side of angle 9 in standard position colncides with ane of
the axes, the angle is called a quadrantal angle.

E[:;F r k= the distance from the origin to point Plx, ) along the terminal Q Think About Tt
' Why is it necessary to
o If@=0"or 360°. then r = x. define r using absalute
e if#=90"thenr=y. walue for # = 180° and
# = 27072

» if 8= 180" then r = |xl.
e if @= 270 then r = yl

Example 3 Evaluate Trigonometric Functions Given
a Point

The terminal side of 0 in standard position contains the point (—&, 4).
Find the exact values of the six trigonometric functions of @,

Step 1 Draw the angle.

Draw Point P to draw # with the terminal side ' d
through (—&, 4). P
_PI—6,4) ]
Step 2 Find :!t —al _“ ‘3* 1'-‘
Use the Pythagorean Theorem to find the value =
of | i|
r=ax+ ¥ Pythagorean I 4
Theorem
= 4f(—6)% + 42 r=——6Gandy=4
=52 or 2413 Simpify

[continued on the next poge)
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Math History
Minute

Indian mathematician
Aryabhata [476-550)
was the author of
several treatises on
mathematics and
astronomy. He
approximated the values
of = and discussed the
concept of sine in one
of his works, ordhoya,
which literally means
“half-chord” India's

first sateliite, launched
in 1975, is named in

his honor.

\ Think About It!
Faor each quadrantal
angle, which
trigonometrc functions
are undefined? Justify
WOUF reasoning.

Step 3 Find the trigonometric functions.

Use x = —6, y = 4, and r = 2913 to write the trigonometric
functions.

cmﬂ=§=%m_3gﬁ se::ﬂ:;:%ur;?
mnﬂ=¥=_iﬁm—% cmﬂ=§=‘TEur—g
Check

The terminal side of # in standard position contains the point (2, -B).
Find the exact values of the six trigonometric functions of &

sinfl=__° cosf=_7 tanfi=__ 7

csc=_2 secfi=__7 . cot@=__ *

Example 4 Evaluate Trigonometric Functions of
Quadrantal Angles

The terminal side of @ in standard position contains the point

P(-5, 0). Find the exact values of the six trigonometric functions of &,

The point P lies on the negative x-axis, so the measure of the
guadrantal angle & is 1B0%

Use x = =5, y= 0, and r = & 1o write the trigonometric functions.

slnﬂ=¥=%urﬂ cscﬂ=j—,=%undeﬂned
cnsﬂ=§=‘5—5nr—1 se:ﬂ=%=_i5m—1

¥ 0 X =5
tanfi==_gorQ cot # = j =5 undefined

Learn Trigonometric Functions with Reference Angles

For a nonguadrantal angle 8 in standard position, its referance angle
is the acute angle 8 formed by the terminal side and the x-axs. The
rules for finding the measures of reference angles vary depending on
the quadrant in which the terminal side = located,

If the terminal side is in:

» Quadrant |, then &' = &

e Quadrant i, then 8" =180" -for ' = — &

s Quadrant lil, then 8'=8—1B0"or ' =¥ — 7.
e Quadrant IV, then 8= 360" — 8 or 8"= 27 — &

You can use reference andgles to evaluate trigonometric fTunclions for
any angle & The sign of the function is determined by the quadrant in
which the terminal side of 8 lles.

G Go Online You can complete an Extra Example online.
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¥ey Concept - Evaluating Tngonometric Functions

Step 1 Find the messure of the

reference angle 87

Step 2 Evaluate the trigonometric

function for 8°

Step 3 Determine the sign of the

trigonametric function values. Use the
quadrant in which the terminal side of

flies

¥

Quadrant B Duadrant |
sk # csc & 4 sin &, csc B4
s ser - | cos & osec & 4
tan & cot & — | 1an &, cot & 4+

o x
Quadrarmt Wl Quadrant IV
sin , esc 8 — | sin @, cscf —
s H sec i — | (o5 cec & +
tan & cot &k 4 | fan 6 cot & —

It may be helpful to memorize the trigonometric values for these

special angles.
Trigomometric Values for Special Angles
sin30*=1 sin 45° = 12 sin60" =2
CDS3U'=$ oS 45‘=¥ oS ED‘=%
tan 30° =2 tan 45° =1 tan 60° = +3
csc 300 =2 csc 45" = V2 cscﬁ-l’.‘r“=%
591:30‘=% sec 45° =42 sec 60° =2
cot 30° =43 cot 45° = 1 mlﬁﬂ‘=§

Example 5 Find Reference Angles
Sketch each angle. Then find the measure of its reference angle.

a. 155°

The terminal side of 165° lies In Quadrant IL

The referance angle # " & formed by the
terminal side and the negative x-axis.

=180 — &
=180 — 155 or 25°
Bw
h.—T

e

Er

Because % is not between 0 and 27, first
find a coterminal angle with a positive measure.

coterminal angle: —H—; +22m =73

4

The terminal side uf% lies in Quadrant lIl.
The reference angle # " & formed by the
terminal side and the negative x-axis.

B=0-m
.. x
=g ‘I'HJE3

k& Think About It
What are the possible
measures for a
reference angle 877

Study Tip
Coterminal Angles If
the measure of 8 is not
between 0° and 360°,
then use a coterminal
angle with a positive
measure between 0*
and 360" o find the
refarence angle.

B Go Online
You can complete an
Extra Example anline.
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Study Tip

Special Angles If the
measure of an angle is
a multiple of 30°, 457,
or B0°, its reference
angle will be a special
angle.

Uszse a Source

Measure the length of
your arm fram shoulder
to hand and your
shoulder height. Use
the data to find the
height of the ball at the
same position in the
example if vou were
pitching.

Check
Find the reference angle #' of an angle thal measures %. i,

Example 6 Use a Reference Angle to Find a
Trigonometric Value

Find the exact value of tan 1:—.

Part A Find the measure of the reference angle.

The terminal side nf?TW lies in Quadrant V.

B'=2n—f Find the reference angle
P . P W
=2Ix— S or; ==

Part B Use the reference angle to evaluate the function.
M _ _an®
T.ﬂI'IT— tan a
= —tan 45°

=-—1 E=nd45" =1

The tangent tunction is negative in Quadrant MW

7 radians = 45

Check
Find the exact value of sec 235"

& Example 7 Use Trigonometric Functions

SOFTEBALL During a windmill pitch in
fastpitch softball, a pitcher’s arm makes
a complete clockwise rotation before pit] S
releasing the ball. Suppose a pitcher has
an arm length of 28 inches, and the axis
from which the pitcher's arm swings is at
her shoulder helght of 57 inches. What is
the height of the ball when the pitcher’s 57in
arm is in the position shown?

The pitching arm is in Quadrant I, so
#="180° —138" or 42°

We know the radius r and need to find y.
The sine function relates these values,

sin = ::—r Sine function of a general angle
f= i = 47 [ =13
sin 42 55 B=42 andr= 28
2BEin42" =y Muitiply each side by 28

187 =y Use a calcubator to solve for y
Since y = 187, the total height of the ball Is 187 + 57,

or about 75.7 inches.
) Go Online You can complete an Extra Example online.
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Pract iCE B Go Online You can compiete your homework online.

Exampis 1
Find the exact values of the six trigonometric functions for angle @,

1. A 2. 3,
5 17
3 16
12
g
"

4. 5. 6. I3
. 8
45 7 E

24

Exampie 2
In a right triangle, 24 and £8 are acute. Find the values of the five remailning trigonometric

functions.

7.tan A =5 8. cos A= 9. tanB=73

&w

10.sinB=1 M. cosA=1 12. sinA=1

Examples 3 and 4
The terminal side of @ in standard position contains each point. Find the exact values of the six

trigonometric functions of 0.

13. (5,12) 14. (3, 4) 15. (8, —15)
16. (—4, 3) 17. (—9, —40) 18. (1.2)
19. (8, 4) 20, (4, 4) 21. (6, 2)
22, (-5, 5+/2) 23, (3, —9) 24, (—8.12)
25. (3.0) 26. (0. -7 27. (0. 4)
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Example 5
Sketch each angle. Then find the measure of each referance angle.

28 IX 29, 230° 30. 205°

dn T n
3. E 3 32. £ 33. o

- G

34. 135 35. 2007 36. 7

13w Tw
37 " 38. 210 9. —
Example &
PRECISION Find the axact value of each trigonometric function.
40. tan 330° a1, cos (12 42. cot 30°
43. :sc% 44. sin [—1507) 45. tan l—%]
Example 7

46. AMUSEMENT RIDES An amusement park thrill ride swings
its riders back and forth on a pendulum that spins.
Supposze the swing arm of the ride is 62 feet in length,
and the axis from which the arm swings is about 64 feet
above the ground. What is the height of the riders above
the ground at the peak of the arc? Round to the nearsst
foot if necessary.

47. ROOFING A roofer rests a ladder al a height of 12 feat
against a building so that the base of the ladder s x feet
from the bottom of the side of the building, forming a 71.6°
angle with the ladder and ground. Find the distance from
the bottom of the ladder to the side of the bullding.

a. Write an equation that can be used to find the distance fram the bottom of the
ladder to tha side of the building.

b. How far is the bottom of the ladder from the side of the bullding? Round to the
nearest tenth if necessary.

Mixed Exercises
In a right triangle, 4 is acute,

48. if tan A = 3, what is sin A? 49, Ifsln.ﬁ=%.wnatism5.ﬂ?

50. If tan A = <5, what is cos A? 51. If sin B = 3, what is tan 82
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L T T O

Find the exact value of each trigonometric function.

B2, =in 150° 53. cos 2707 54, cot 135°
55. tan (—30% 56. tan 57. cot [—T)
i
-
88. LIGHT Light rays are reflected by a surface._ If the surface Is & [t

partially transparent, some of the light rays are bent, or refrocted,
as they pass from the air through the material. The angles of -
reflection &, and of refraction &, in the diagram at the right are -
related by the equation sin #, = n sin 8, If #, = 60° and n = V3, E
]
i

Sitane

find the measure of E;.

59, rADIDS Two comespondence radios are located 2 kilometers
away from a base camp. The angle formed between the first
radio, the base camp, and the second radio ks 120° If the first
radio has coordinates (2, 0) relative to the base camp, what is the 120

position of the second radio relative to the base camp?
& H1

Base  2km
camp
V2 sin 268 )
&0. PAPER AIRPLANES The formula R = + 15 cos § gives the distance raveled
by a paper airplane that is thrown with an initial velocity of ¥ feet per second at
an angle of # with the ground.

a. If the airplane is thrown with an initlal velocity of 15 feet per second at an
angle of 25°, how far will the airplane travel?

b. Two airplanes are thrown with an initial velocity of 10 feet per second. One
airplane s thrown at an angle of 15° to the ground, and the other airplane is
thrown at an angle of 45° to the ground. Which will travel farther?

61. CLOCKS The hands on the clock form an acute angle, 8. The minute
hand Is about 5 inches long, and the angle formed by the hands at
the center of the clock is 75° If the tips of the hands were
connected, it would form a right triangle, with the minute hand
being the hypotenuse. Use a trigonometric ratio to find the length
af the hour hand 1o the nearest tenth of an inch.

62, FERRIS WHEELS Luls rides a Ferris wheel in Japan called the Sky Dream
Fukuoka, which has a radius of about 60 m and i= 5 m off the ground. After
he enters the bottom car, the wheel rotates 210.5° counterclockwise before
stopping. How high above the ground s Luls when the car has stopped?
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REASOMING Use the congruent triangles in the figure for Exercises 6366,

63. Whal & the cosecant of &7

£
&4. Whal & the cosine of &7 ,:-EJ

65. What is the colangent of &7 1o 3

66. What s the secant of &7

67. STRUCTURE There are many angies that share the same reference angle. Give 3
angles that have a reference angle of 60° Including at least one angle with a
measure greater than 3807 Explain your method.

&68. SHADOWS Atlree s 15% feet tall and casts a shadow at a right angle from the
base of the tree. The length of the shadow depends on the angle at which the

suniight hits the trea, O
tree

a. Find the distance from the top of the tree to the end of the tree's shadow,
in feel, when the Sun is at an angle of 13°. Round your answer 1o the

nearest tenth.

b. How long is the tree's shadow, in feet, when the Sun is at an angle of 58°7  shadow
Round yvour answer 1o the nearest tenth.

Q Higher-Order Thinking Skills

69. ANALYZE Determine whether the following statement is true or fofse. Justify your
argument.
For any acute angle, the sine function will never hove o negative valle.

T0. CREATE In right triangle ABC, sin A = sin C. What can you conciude about AABRC?
Justify your reasoning.

M. PERSEVERE For an angle #in standard position, sin 8= % and tan #= —1. Can the

value of & be 22577 Justify your reasoning.

72. ANALYZE Determine whether 2 sin 60° = sin 180" is true or folse. Justify your
argument.

73. WRITE Use the sine and cosine functions to explain why cot 1B0° is undefined.
4. CREATE Give an example of a negative angle 8 for which sin 8 > 0 and cos & < Q.

75. WRITE Describe the steps for evaluating a trigonometric function for an angle @
that is greater than 90° Include a description of a reference angle.

T6. PERSEVERE When will all six trigonometric functions have a rational value? Justify
your argument.
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Lesson 9-3

Circular and Periodic Functions

Today's Goals
: 2 : « Find values of
Explore Trigonometric Functions of Special Angles trigonometric functions
given a polnt on 8 unit
E Online Activity circle or the measure
of & special angle.
x|
h ~ = Find values of
& INGUIRY How can you use special right trigonOmEtAc fnctions
triangles and the unit circle to find the exact that moded pericdic
trigonomedtric values of special angles? events.
Today's Vocabulary
it cirche:
circular function
periodic function
cyche
Learn Circular Functions period
A unit circle is a circle with a radius of 1 unit ¥
centerad at the origin on the coordinate o.a) A
plana. Motice that on a unit circle, the radian
measure of a central anake # = %nr 5, 50 the i
radian measure of an angle Is the length of '
the arc on the unit circle subtended by the [0, =1
angle.
You can use a point P on the unit circle to generalize sine and cosine
functions by applying the definitions of trigonometric functions in rigit
triangles.
Key Concept « Functicns on a Unit Circle
; - Study Tip
Words: If the terminal side of an RY L Sine and Cosine To
angle M in standard position hilp you refmermber thal
then cos # = x and sin # = . /’_\ .0 ﬂrdég:mg,ﬂmﬂ
Symbols: Plx, y) = Plcos 8, sin ) - l\’ 15 - = =in B, notice that
Example: -1 alphabetically x comeas
G = befare y and cosine
HE== Pleos 8, sin ) cames before sine.
. S 0. =1

H.:.yj=F{m5 E'T“ sin - ).

Both cos 8 = x and sin # = y are functions of §. Because they are
defined using a unit circle, they are circular functions, which describe
a point on a circle as the function of an angle defined in radians.
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study Tip

Unit Circle Angles in
the unit circle are in
standard position. The
terminal side travels
counterclockwise
around the unit circle for
positive angle measures
and dockwise for
negative angle
Measures.

study Tip
Trigonometric
Functions Because
tan 8, csc B, sec 8, and
cot 8 can be defined in
terms of sin 8 and cos &
you can use the
coordinates af the
point at which an angle
intersects the unit
circle o find the
remaining
trigonometric functions
as well.

The unit circle s commonky ¥
used to show the exact
values of cos # and sin # for
special angles. The cosine
values are the x-coordinates
of the points where the
terminal sides of the angles

intersect the unit clrele, and
the sine values are the
pcoordinates.

Example 1 Find Sine and Cosine Given a Point on the
Unit Circle

The terminal side of 0in

standard position intersects

the unit circle at P(—13, 7 ).

Find cos @ and sin 4. "

P(—35. 2 ) = Picos 8,sin )

12
13

{~1.0)

cos fl=—

-5
Elﬂﬂ—ﬂ

Check

The mfm%nai side of # in standard position intersects the unit circle at
P[—;, —F ] Find cos & and sin 8. Write the solutions as decimals.

cosf=_7 cinf= _7

Example 2 Find Trigonometric Values of Special
Angles

Find the exact values of the six trigonometric functions for an angle
that mm%‘— radians.

Liskng the unit circle, we know that the special angle E'T“ intersects the
unit circle in Quadrant 1l at P{ —%. —%}

S0, cos @ = —%anﬂ sin fl = —5-

L) Go Online You can complete an Extra Example online.
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Uze the values of cos & and sin 8 to find the remaining trigonometric

values. kg Think About It!
tan §=Sn# _ 4 csef=—1_—_3 How could you use the
mi 8 :;;Hg sine and cosine values
ma:msﬂ'=_ﬁ cot 8= =1 of an angle that
w
_ measures 5 radians to
Check 0 4
determine sin - and
Find the exact values of the six trigonometric functions for an-angbe s,
Cos 57
that measures "T“ radians. -
sind@=__7 cosf@=_272 tan = __ °
cscf=_72 secB=_7 cotf=__7

Learn Periodic Functions

A periodic function has y-values that repeat at regular intervals. One
complete pattern of a periodic function = called a cyecle, and the
horzontal length of one cycle is called the perod.

The values of the sine and
cosine functions can be found
by using the unit circle. As you
move around the unit circle,
the values of these functions
repeat every 360° or 2. 50,
the sine and cosine functions
are perodic functions where
sin (¥ + 27} = sin x and
cos (¥ + 21 = cos x. Because
tangent, cosecant, secant, and
cotangent can be defined in
terms of sine and cosine, they
are alzo perlodic functions,

Recall that the values of sin @ and cos # are the w- and x-coordinates,
respactively, of the point Plx, v} whore the terminal side of an angle &
intersects the unit circke. Thus, you can wse the values of sin 8 and cos @
shown on the unit circle to graph the sine and cosine functions, where the
x-axis represents the values of # and the y-axis represents the values of
zin for cos 8.

Each point on the graph
of y = sin x |s given by
{x, sin x). Using the unit
circle, ¥ is the measure
of the angle, and sin x'is
the ycoordinate of the

corresponding point on Tk
the wunit clrele.

.D Go Onilne You can Compiete an Extra Exampde online.
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Study Tip
Radian and Degrees
The sine and cosine
lunchons can atso be
graphed using degrees

as the unite of the x-axis:

Study Tip

Cycles A cycle can
begin at amy point on
the graph of a periodic
function. In the example,
if the baginning of the
cycle is at 3, then the
patiem repeats at 27
The period k= il

n an
2‘!’—5,{'!'?.

Similarly, each point on the
graph of y = cos x is given
by [x, cos x). Using the unit
circle, x is the measure of
the angle, and cos x s the
x-coordinate of the
corresponding point on
the unit circle.

Example 3 |dentify the Period of a Function
Determine the period of the function.

L

Rl =

The pattemn repeats at ET“ 3w, and 5o on. 50, the period is %

& Apply Example 4 Graph Periodic Functions

CAROUSELS Mew York's Eldridge Park Carousel is considered the
fastest carousel in the world, taking riders for a spin at 18 miles per
hour. The indoor carousel has a diameter of 50 feet and can complete
about 10 rotations per minute. The distance of a rider d from the front
wiall of the building varies periodically as a function of time . Identify
the period of the function. Then graph the function. Assume that a
rider begins at the point closest to the wall, 20 feet from the wall.

1 What is the task?

Describe the task in your own words. Then list any questions that you
may have. How can you find answers to your guestions?

Sample answer: | nead to find the period and graph the function. |
know that the diameter of the carousel is 50 feet and that the carousal
completes 10 rotations per minute. How are the period and the graph
affected by the diameter and the number of rotations per minute? | can
relate the function to the unit clrcle to answer my questions.

2 How will you approach the task? What have you learmned that
you can use to help you complete the task?

Sample answer: | will use the key features to analyze the function. |
have learned about key features of the sine and cosine functions.

E Go Online You can complete an Extra Example enline.
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3 What is your solution?
Use your strategy 1o solve the problem.

When Is the function increasing and when s it decreasing? What are
the extrema?

The distance the rider is from the wall will increase until the rider
reaches the maximum distance halfway through the period; then the
distance will decrease untll the rider is back at the starting position.

The clasest the rider is to the wall is 20 feel. The carousel has a %Tau{ About It
diameter of 50 feet, so the farthest is 70 feel.
Exptlain how the
What are a cycle and the period in terms of the situation? What s the assumption that the
period of the function? rider starts at the point
closest to the wall
One full rotation of the carousel is one cycle. The time it takes 1o affects the graph of the
complete one rotation is the period. The carousal can complete 10 fincticn Whiat wrould
rotations per minute, so the period is 60 seconds = 10 or & seconds. happen to the graph if
the rider <tarted at a
The diagram shows the distance of u:ﬂrl'emn: point on the
the rider from the wall during one carousel?
rotation.
Uze the diagram to complete a
table showing the distance of a
rider from the wall.
Time {s) | Distance (i)
o 20
15 45
3 70
45 45
B 20
Graph and interpret the
function.
What are the minimum and
maximum distances? How often
does the graph repeat?
20 and 70 fi; every & sec
4 How can you know that your solution is reasonable?
QWﬂt@ About ! Write an argument that can be used to defend
your solution.
Sample answer: The graph shows a repeating pattem as a perodic a Go Online
function should. The key features we predicted match the paints in the You can complete an
table and the key features of the graph. Extra Example online.
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Check
PDGO STICK In 2016, Henry Cabelus set th

function.

A. B.
E B g g
ﬁ B
¥, %;

O40E 12 16 2 24 28321
Time |s)

c. D.
‘ :
i :!

% | i /:\ i f g 14

DY BT S

= T =
8-l o

Time {5}

e recard for the fewest

pogo stick jumps in one minute, when he jumped up and down only
38 times in one minute, Cabelus's height off the ground i while
jumgping is a function of time [ Suppose that at the highest point of
each jump, Cabelus was & feet off the ground. Select the graph of the

¥ 3 ET e st
Humber of Jumps

AZS05075 1 12515 178 2 22525 °
Time fm)

by Think About It!
Tanisha claims that
because 2% contains Example § Evaluate Trigonometric Expressions
he::"”mﬂ'!‘ of 151-: Find the exact value of cos 1':'3—5
i n, 3n
cos 3 =cos (3+7) i e s e s
= con S tnane cos Brocos (F+5) LG
correct? Justify your A
— —“ . -+ N =
aremEnt =Cos cos (¥ + 27) = cos x
| = —% Use the unit cirele.
Check
Find the exact value of each expression.
Bn_ 9 Sn _ 2
=in P cos == !
Hm_ 9 M _ 2
sin i o8 == =
cos B0 = 3 sin GO = I
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Pract iCE E Ga Online You Can compiele your omewark online
Exampis 1

The terminal side of angle #in standard position intersects the unit circle at each point P.

Find cos & and sin 8.

. p(—5 1) 2. PO, 1) 3. p(-2 %)
=5 Vi
s p(-2 -3) 5. p(1 Y5 6. p(%1 3)
Example 2

Find the exact values of the six trigonometric functions for each given angle measure.

7. T—Er radians B. 3—: radians 9. %mdlans
10. % radians 1. wradians 12. %radlans.
Exampia 3

Determine the period of the function.

=]
=g

15. ¥ 16. ¥
1= 1
. B
= iw _1+ :\_‘/lt 3U‘K

17

A N AT 3
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Example 4

19. GEARS A gear at a factory has a diameter of 24 inches and can complete about
15 rotations per minute. One spot on the gear has a specific notch. The distance
of the notch d from the edge of the maching to which the gear Is attached varles
periodically as a function of time ¢ [dentify the period of the function. Then graph
the function. Assume that the notch begins at the point closest 1o the edoge of the
machine, 10 inches from the edge.

20. PENDULUM The helght of a pendulum varies periodically as a function of time.
The pendulum swings in one direction and reaches its high point of 3 feet. it then
swings the opposite direction and reaches 3 feet again. its lowest paint is 1.5 feet.
The time it takes for the pendulum to swing from its low point to one of its high
points is 3 seconds. Identify the period of the function. Then graph the function.
Assume that the pendulum begins at the low point, 1.5 feet above the ground.

Example 5
Find the exact value of each expression.

2. sin (5107 22. sin 495° 23. cos (2

5T 1t . i
24. =in 53 25, cos R 26. sin {—T]

Mixed Exercises
Find the exact value of each expression.
27 cos 45° — cos 30° 2ZB. &(sin 30%)(sin 0%

E T 1= 2 1
29. 2sin 3T —3cos & 30. ms[:—.g}+§51r|31r

20 150
31. (sin 4572 + [cos 45°F 3z, == Jgﬁfi .

33. FERRIS WHEELS A Ferris wheel with a dismeter of 100 feet completes
25 revolutions per minute. What is the period of the function that describes the
height of a seat on the outside edae of the Fermris wheel as a function of time?

34. MOON The Moon's period of revolution is the number of days Moon's Orbit

it takes for the Moon to revolve around Earth. The period can

g

be determined by graphing the percentage of sunlight

reflected by the Moon each day, as seen by an ocbserver on

Earth. Use the graph to determine the Moon's period of

revolution.

*
E“‘ﬂ\ \
JEusearita
£ 40
._g“' \ /

0 7 W_H B’ X
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35. CONSTRUCT ARGUMENTS Determine whether each statement Is alwoys,
sometimes, or never true. Justify yvour argumeant.

a. If & 5 a real number, then there is a value of # such that cos #= k.

b. sin 8 = sin (# + 27

e. If # = rrm, where n s a whole number, then cos #=1.

d. If #is an angle in standard position in which the terminal side lies in Quadrant IV,

then sin & is positive.

36. REASOMNING Point P lies on the unit circle and on the line y = x. I # ls-an angle in
standard position in which the terminal side contalns P, what can you conclude
about sin & and cos #7 Explain.

37. USE A MODEL The wheel at a water park has a radius of 1 meter. As the |
water flows, the whee! turns counterclockwise, as shown. A point P an ._-'_- L0
the edge of the wheel begins at the surface of the water. The function 1

flx) = sin x represents the height of P above or below the surface of the
whater as the wheel rotates through an angle of x radians,

a. How far does point P travel as the wheel rotates through an angée of
3T radians? Explain.

b. Graph fix) = sin x on the coordinate plane.

c. What s the period of the function? Explain how vou know, and explain how the
period is shown in the graph. What does the period tell you about paint P?

d. What are the x-intercepts? What do these represent?

e. ldentify an interval where the function is decreasing. What does this
represent?

38. TIRES A point on the edge of a car tire s marked with paint As the car
moves slowly, the marked point on the tire varies in distance from the
surface of the road. The height in inches of the point is given by the
function h = —8 cos ¢+ 8, where 1 is the time in seconds.

a. What is the maximum height above ground that the point on the tire reaches?
b. What = the minimum height above ground that the point on the tire reaches?
c. How many rotations does the tre make per second?

d. How far does the marked point travel in 30 seconds? How far does the marked
point travel in one hour?
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39. TEMPERATURES The temperature T in degrees Fahrenheit of a city t months into
the year is approximated by the formula T = 42 + 30 =in %L
a. What s the highest monthly temperature for the city?
b. Inwhat month does the highest temperature occur?
c. What is the lowest monthly temperature for the city?

d. In what month does the lowest temperature ocour?

40. FACTORIES A machine In a factory has a gear with a radius of 1foot.
A point P on the edge of the gear begins at the furthest point from a
wall, and then the gear begins to rotate counterclockwise. The '—_\
function fix) = cos x + 2 represents the distance of P from the wall as
the gear rotates through an angle of x radians.

a. What is f{3)? What does It represent?

b. Graph fix) on a coordinate plane.
c. What = the period of the function? What does this tell you about P?

d. What are the maximum and minimum values of the function?

41. FIND THE ERROR Francis and Benita are finding the exact value of cos {—3). Is
either of them correct? Explain your reasoning.

Francis Benifa
cos(~F) = ~os cos(—5) = ces(—F) + 27
= —05 = fH‘T'"
=05

42. PERSEVERE A ray has its endpoint at the orgin of the coordinate plane, ¥

and point P{ % %‘j lies on the ray. Find the angle 8 formed by the

positive x-axis and the ray. - -
43. AMALYZE |s the period of a slne curve somelimes, alwaoys, of mever an pﬂ,,_:;{:,

integer multiple of w7 Justify your argument.

44, CREATE Draw the graph of a periodic function that has a maximum value of 10
and a minimum value of —10. Describe the period of the function.

45, WRITE Explain how to determine the period of a perodic function from its graph.
Include a description of a cycle.
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Lesson 9-4

Graphing Sine and Cosine Functions

Learn Graphing Sine and Cosine Functions

Like other functions you have studied, trigonometric functions can be
graphed on the coordinate plane. Sine and cosine functions are
oscillating functions. The ascillation of a function refers 1o how much
the graph of the function varles between s extreme values as it
approaches positive or negative infinity. The midline is the line about
which a graph oscillates, so it s halfway batweoean the maximum and
minimum. The amplitude of the graph of a sine or cosine function
equalks haif the difference between the maximum and minimum values
of the function.

Key Concept » Sine and Cosine Functions
Parent ¥ = sinXx

Grap'h ¥ = win
I y=sng] A\{—|_

ek Ty

Cramain all real numbers all real numbers

¥=cos X

Range ¥l—1=y=T1 ¥|—1=y=1)
Amplitude 1 1

Midline ¥=0 y=0

Penod 3a0° 360"

Oecillation  bebween —1and 1 betwean —1 and 1

Sine and cosine functions, like other functions, can be transformed.
You can use the graphs of the parent functions to graph vy = asinbx
and y = gcos by, For functions of the form y = asinbx and y = ocos bx,

al is the amplitude and 200 is the period,
Ib|

You can also use x-ntercepts to help graph the functions. The
x-intercepts for one cycle of the sine and cosine functions are:

¥ = osinby

=2 0). (3. 0)

¥ = ocosbx

0. (3 =-0).(3+5-0)

) Go Online You can complete an Extra Exampée online.

Today's Goals
« Graph and analyze sine’
and cosing functions.

= Mode! pericdic real-
world sitrations with

sine and cosine
functions.

Today's Vocabulary
oscillation

midiine

amplitude
sinusoidal function
frequency

i) Go Online You
can walch a video to
sae how to graph sina
and cosine functions,

f# Think About It!
Describe the
relationships batwesan
the values of o and b in
¥ = a sin bx, and the
amplitude, period, and
dilation of the function,
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¥y Think About It
Why are absolute valus
symbaols used for o and

b when finding the
amplitude and perod?

Example 1 |dentify the Amplitude and Period from
a Graph

Identify the amplitude, midline, and period of fx).
The maximum & 4. The minimum is —4.

4= (=4
Therefore, the amplitude is 15 lm 4.

The midline is at y = 0. The pattern in the
graph repeats every 7 radians. Therefore, the
period IS T

Check (7
Identify the amplitude, midline, and
period of fix).

The amplitude is _ 7 %2 =

The midine isaty = _7

The period is _ 7"

Example 2 Identify the Amplitude and Period from
an Equation

Identify the amplitude and period of fix) = 3 cos Sx.

The function is written as fix) = o cos b,

o s used to find the amplitude. b is used to find the perod.
360° _ 360°

amplitude: jo| = |3|or 3 period: B == or 72°
Check

Identify the amplitude and period of fx) = 7 sin Bx.
The amplitude is ? The perlod is § Gy

Example 3 Graph a Sine Function
Graph y = 0.5 sin 4x.

Step 1 Find the amplitude.
amplitude: a| = 0.5

This Is a vertical dilation. Therafore, the graph s compressed
vertically. The maximum value s 05, and the minimum value
e —05.

L) Go Online You can complete an Extra Example online.
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Step 2 Find the period. t# Think About It
_380° _ 360°

perio “y =" e or How would you graph
One eycle has a length of 90° y=—05 sin 4x7

Step 3 Find x-intercepts.

There are x-intercepts at:

1 360° v 380"
o (3-50)=wus0 (Fo)=rp0.0
The sine curve goes up from {0, ). so a maximum s located
halfway between (0, 0) and (45, 0) or at (22.5, 0.5).

The =ine curve goes down from (45; 0). so a minimum is
localed halfway between (45, 0) and
(90, 0) or at {67.5, —0.5).

Step 4 Graph the function.

Plat (O, 0, (45, 0}, (90, 0}, (22.5, 0.5),
and (675, —0.5) on the coordinate
plane, and sketch the curve through
the points.

Check
Salact the graph of y = —2 sln 3x.

A. B.

) Go Online You can complete an Extra Exampée online.
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Watch Cut!
Amplitude The graphs
of y = o &in b# and

¥ = o cos b with
amplitude ol have
maxima &l y = o and
minima at y = —a.

Example 4 Graph a Cosine Function
Graph y= 2 cos 3x.
Step 1 Find the amplitude.

amplitude: ja| = 2

This is a vertical dilation. Therefore, the graph i stretched
vertically, The maximum value Is 2, and the minimum
value is —2.

Step 2 Find the period.

period: % = % or 1207

One cycle has a length of 120"

Step 3 Find x-intercepts.
There are x-intercepts at:

i 364° o 3 360 a
(3-E%0)=Ecv0 (3-%L0)=p0.0
A minimum s located halfweay between (30, 0) and (90, O0) or at
(60, —2).
A maximum is located at the y-intercept or (0, 2).

Step 4 Graph the function.
Plot (30, 0), (20, 0), (60, —2), and [0, 2} on the coordinate plane,
and sketch the curve through the points.

¥
14

FLE

Check
Graph y = —cos 2x.

L) Go Online You can complete an Extra Example online.
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Learn Modeling with Sine and Cosine Functions

The sine and cosine functions are sometimes referred to as sinusoldal
functions. A sinusoidal function is a function that can be produced by

translating, reflecting, or dilating the sine function. The frequency of a
sinusoidal function ke the number of cycles in a ghven unit of time. This

frequency is the reciprocal of the perod of the function. So, if the
period is ﬁ of a second, then the frequency is 100 cycles
per second.

Key Concept « Modeling with y = o sin bx and y = o cos bx
Step 1 Use the amplitude to find o

Step 2 Use the period to find b. The period is the reciprocal of tha

frequency. It can be writlen as BF"Ti or IITT'

Step 3 Write the function.

& Example 5 Characteristics of the Sine and Cosine
Functions

SPRIMGS An object on a spring oscillates according to the function
¥ =40 cos =i, where y is the distance in centimeters above its
equilibrium position at time ¢ in seconds.

Part A Find the period and frequency, and describe them in the
context of the situation.

The period is %:. Since b = T, the period s 2—: or 2.

1 1
period or3.

The frequency is

Therefore, the object completes % of a cycle per second, and it
will reach the maximum distance above the equilibrium polnt
every 2 seconds,

Part B ldentify the domain and range in the context of the situation.

The domain of ¥ = 40 cos Tt is all real numbers, Becauss time

cannol be negative, the relevant domain in the context of the
situation is [0, ool

The range is [—40, 40]. This references the farthest away that
the object can get from its point of equilibrium. With

the equillbrium at the center, the object can be as much as
40 centimeters from the center in either direction. This is
verified by the amplitude.

) Go Online You can complete an Extra Exampée online.

b Think About It
When modeling periodic
phenomends, should the
x-axks be labeled in
degress, radians, or
sacands? Should you
use degree or radian
mode when using a

graphing calculator?

Watch Out!
Assumptions
Az=uming that the
object cantinues 1o
ascillate indefinitely
allows us to use a
periodic function o
madel its path.
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fo# Think About It

Describe the domain,
end behavior, and
intercepts of the function
in Example & in the
coniext of the sthuabion

fo# Think About It

Could cosine have been
used to model the
situation? If so, provide
the eosine function, and
explain the difference
between the two
functions.

Check

ELECTRONICS The elactric power delivered for household use in the
United States is 110 volts. The function y = 10042 sin 120wt represents
the effective current, where [ |5 the time in seconds.

Part A Find the pecdod and frequency, Part B Graph the function.
and describe them in the context of
the situation,

period = _? frequency = _7

The current completes B .28 cycleis)
per second, and will reach the maximum _‘1?‘;]}

every i 2 second(s). =

@ Example 6 Model Periodic Situations

ELECTRICITY The voltage supplied by an electrical outlet can be
represented by a periodic function. The voltage oscillates between
=120 and 120 volts, with a frequency of 50 cycles per second. Write
and graph a function for the voltage v as a function of time ¢.

Step 1 The voltage oscillates from —120 to 120.
The maximum g 120, The minlmum = —120.

The amplitude is 120, o= 120

Step 2 The frequency is 50 cycles per second.

The period is mﬂr E'!ﬁ'
period = % Period in terms of b
ﬁ = % Subrstitute.
& =100m Solve

Step 3 Use tinstead of x to write the function as a function
of time.

= @& sin bt General equation

v =120 sin 100wt Substrtute

Step 4 Use a graphing
calculator to graph the function.

{0, 01} scl: 0.01 by [—150. 150} =<t 30
E Go Onkne You can complete an Extra Example online.
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Pract iCE E Ga Online You Can compiele your omewark online
Exampis 1
Find the amplitude, midline, and period of each function.

1 ¥ 2. ¥

Example 2
Find the amplitude and period of each function.

5. y=2cos# 6. y=2zind 7. y=cos 30

B. y =3 cosh 9. y=13sin2d 10. y = 3 cos 26

Examples 3 and 4
Find the amplitude and period of each function. Then graph the function.

M. y=3sini 12, y =cos 38 13 y=sindd
.y =3 sind 15. y = 4 cos 26 16. y = 5 sin 24
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Example 5

11. USE A MODEL An object on a spring oscillates using the function v = 25 cas .
where y is the distance In inches from its equilibrium position in | seconds.

a. Find and describe the period and frequency.
b. Identify the domain and range in the context of the situation.

18. SWINGS Suppose a tire swing is rotated g radians and released. The function

y= E cos2i represents the displacement of the swing at time { for a frequency of
radians per second.

a. Find the period and fraequency, and describe them in the contaxt of the
situation.

b. ldentify the domain and range in the context of the situation.

Example &

19. REASONING A boat that is tied to a dock moves vertically up and down with the
waves, Delray watches the boat for 30 seconds and notes that the boat moves up
and down a total of 6 times. The difference between the boat’s highest point and
lowest point is 3 feet. Write and graph a trigonometric function that models the
boat's vertical position x seconds after she began watching. Assume that when

Delray began watching the boat, it was at its highest point and that its average
vertical position was 0 feel.

20. FERRIS WHEELS A Ferris wheel at a state fair has a diameter of 65 feet
and makes 4 complete revolutions each minute. Santiago boards a car of
the Ferris wheel at the car's lowest point, and he rides for 2 minutes.
Write and graph a trigonometric function that models his helght above or
bolow the axle of the Ferris wheel § minutes after the ride starts.

Mixed Exercises
Find the amplitude and period of each function. Then graph the function.

21.y=35ln%ﬂ 12.,!:%::&%5' 23._1.:=4cus%

REGULARITY For each graph, identify the period and write an equation.

24. . ¥ 25. A 26. L
u 4|\ Jlff\ " 2
S i I i
“"I_“ WY 1
& | L
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ey

2T

29,

30

USE & SOURCE Research how the sine function can be used to model ocean
waves. Explain.

PHYSICS An anchoring cable exerts a force of 500 Newtons on a pole. The force
has the horizontal and vertical components F_and F},.

a. The function F, = 500 cos 8 describes the refationship between the angle &
and the horizontal force. What are the amplitude and period of this function?

b. The function F}r = 500 sin # describes the relationship between the angle &
and the vertical force. What are the amplitude and period of this function?

WEATHER The function y = 60 + 25 sin g!, where tis in months and =0
carresponds ta April 15, models the average high temperature in degrees
Fahrenhmeit.

a. Determine the period of this function. What does this period represent?

b. What iz the maximum high temperature and when does this occur?

MODELING A cyclist pedals at a rate of 6 rotations every
5 seconds. The motion of the pedals is circular with a
radius of 7 Inches. The closest the pedals get to the
ground is four inches away. Write a function h{l) that
models the height of a pedal in inches as a function of
the time t in seconds. Assume the pedal starts at its
highest paint.

STRUCTURE Functions can be used to model thea

Color | Function

wave patterns of different colors of light emitted from -
a particular source, where y is the hetght of the wave in Red ¥ = 300 sin {355 t)
nanometers and [ is the length from the start of the wawve
: g o Orange ¥ =125 sin t% t)
In nancmeters.
§ N
a. What are the amplitude and period of the function Yellow y =460 sin (555 t)
describ reen light wavesy
nag g Green ¥ = 200 sin 1% ]
b. The intensity of a light wave corresponds directly to its ; =
amplitude. Which color emitted from the source Is the Blue y =40 sin (335 1)
7
mast inlense? Viekat y = 80sin t%f]
¢. The color of ight depends on the period of the wave.
Which color has the shortest period? The longest
perlod?
PTTITIT
- SWIMMING As Kazuo swims a 25-meter sprint, the position of his f;

right hand relative to the water surface can be modeled by the

2
graph shown, where y is the height of the hand In inches from the —_9‘:——}5 T AEEE
water level and t is the time in seconds past the start of the sprint. 4
What function describes this graph? —4

i 0
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33.REASOMNING Maribel sets up an experiment with a spring at a
physics lab. She hangs the spring from a hook and attaches a
weight to the bottom of the spring. She records the length of the 1
spring when Is it fully compressed and fully extended, as shown. 1
When che releases the spring from the fully-compressed position,
she finds that it takes 2 seconds to come back 1o this position. . "
Maribel wants to write a function ff) that modets the length of the
spring, in centimaters, [ seconds after it has been released.

a. What is the amplitude of 07 What is the perod?

fn )

Fully
Extifoed
-
[ iy
=
=
—
L=
=l
i

b. Write and graph a function ff) that models the length of the
soring.

34, AMUSEMENT RIDES An amusement park ride consists of two 16-foot
arms that each have a car on one end of the arm and a counterweignt
on the other end. The arms rotate in opposite directions. Each car has
a minimum height of 3 feet above the ground. It takes each car
3 seconds to make a complete rotation. The function fx) modeks the
height of one car above the ground x seconds after the ride starts.
(Assume the cars make complete rotations as soon as the ride begins.)

a. Write and graph a function fix) that models the motion of & car.

b. What = the first interval of your graph in which the function ks increasing? What
does it represent?

c. Explain how your graph shows the perod of the ride.

35. CREATE Write a sine function in which the amplitude is 2 and its graph has
3 complete cycles on the interval O = @ = m Justily your answer.

36. PERSEVERE The function hix) = 6 sin 307x + 10 models the height above ground
in inches of a point P at the tip of a blade of a floor fan x seconds after the fan is
turnad on. What is the speed of the fan in rotations per minute? Explain.

37. AMNALYZE Compare and contrast the graphs of y = % sinf and y = sin %E.

38. CREATE Wirite a trigonometric function that has an amplitude of 3 and a period of
180°. Then graph the function.

39. WRITE How can you use the characteristics of a trigonometric function to sketch
its graph?
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Lesson 9-5

Graphing Other Trigonometric Functions

Today's Goals
Learn Graphing Tangent Functions » Graph and analyze
tan fusncthons.
Because tan x = 2% the tangent function is undefined when il
cos x = 0, which occurs at x = (90 + 180n), whera n is an integer. : :E'Eph TE:":! =
As a result, the graph of the tangent function has asymptotes where finr T
x = (90 + 180n)".
Today's Vocabulary
Key Concept » Graphs of Tangent Functions reciprocal
Parent Function y=tanx trigonomenc
Domain [x | x # (90 + 1BOAJ", functions
n is an integer)
Range all real numbers
Amplitude undefined %Trllk About It!
Pericd 180" Explain why the tangent
Number of 1 function d:;es not have
x-Intercepts in mblbantd: sohatoli
One Cycle
Midline =0
_ o 1B )
For the graph of v = o tan bx, the period ks B there Is no amplitude,
+ 180
and the asymptotes are at x = w. where nis an integer.
The value of o determines the vertical dilation, where |a| = 1 results in
a vertical stretch and O < [a < 1results in a vertical compression. The
function is reflected in the x-axis when g < 0. The value of b
determines the horizontal dilation, where |b| > 1 results in a horizontal
compression and O < [b| < 1results ina horlzontal stretch.
W Go Online
Example 1 Graph a Tangent Function with a Dilation e
Find the period, asymptotes, x-intercepts, midline, and gregh tangent hunc it
Pl s E by watching the videa.

transformations of y¥ = tan 3x. Then graph the function.

Step 1 Analyze the function.

+ For a tangent function in the form y = a tan by, me.

b
represents the period. Becausa b = 3, the period l:s TTtT
or 60°. '

0 + 180n
+« The asymptotes occur at x = % or (60n + 307,

where n is an odd integer.

(cantinued on the next page)
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» x-intercepts occur at integer multiples of the period. The
petiod of this function s 60 so the x-intercepts are 0°, 60°,

1207, 1BO", -
| « The midine of y = tan 3x s y= 0.
g Thirk About It +» Because g =1, the function is not vertically dilated in relation
to the parent function. Because b = 3, the function is
Compare the period, !
plotes, and compressed horzontally in relation to the parent function.
“:“:n“;f; r':; Step 2 Graph the function. "
¥ - ey Use the period, asymptotes, . ; F=tan
¥ ' and x-interceplts to graph 1 : gl;
' the function. Notice that L B :
¥ = tan 3x is compressed 1 '

horizontally in relation to —a5
the parent function. T

Check
Consider y = tan 0.2%x.

Part A |dentify the period, asymplotles, x-intercepls, and
transformations of y = tan 025x for —2™ = x < 6.
period: v 2

2
asymplotes: :

x-intercepts:

in relation to the

The function is
parent function.

Part B Select the graph of ¥ = tan 0.25x.
A r B.

L) Go Online You can complete an Extra Example online.
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Example 2 Graph a Tangent Function with a Dilation
and a Reflection

Find the period, asymptotes, x-intercepts, midline, and
transformations of y = —%tan 2x. Then graph the function.

Step 1 Analyze the function.

2 i ™
« The period |Sﬁu‘.ﬂ' 5-

+ 7N
+« The asymplotes occur at IT where n is an odd integer. The

1

asymptotes are atx = ——— of 3 + 5. where n s an odd integer.

2]
+ x-intercepts occur at integer multiples of the period. The perlod of
this function is 3, so the x-ntercepts are —5, 0, 3, 7. ET“

» The midline of y = —L tan 2xis y = 0.

» Becausea= —; the function is compressed vertically and reflected g Th":k About It
in the x-axis in relation to the parent function. Because b = 2, the Are y = 3 tan 2x and
function s compressed horzontally in relation to the parent function. ¥ = tan x equivalent

functions? Justify your
BARSWer,

Step 2 Graph the function.

Usea the period, asymptoles, and
x-ntercepts to graph the function.

MNotice that y = —% tan 2x i

compressed vertically, compressed
horizontally, and reflected in the
x-axis in relation to the parent
function.

Check

Consider y = —2 tan %x.

Part A Part B

Identify the period, asymplotes, Graph y = —2 tan %x_

x-intercepts, and transformations

of y=—2tan %.xﬂ:rl‘
—80° = x = 1BO".

period: _ 7

asymptotes:
xinterceprs: T

?
The i'ur_lltcﬂm 5= wvertically,

Y horizontally and
reflected in the ? in relation

to the parent function.
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f Think About It!
Compare the range of

¥ = 3 cos x and the

range ol ¥ =3 sac ¥

Learn Graphing Reciprocal Trigonometric Functions
The reciprocal trigonometric functions. cosacant, secant, and

cotangent, can be expressed as

1

Sl X" Co5 X7 and

tan x°

respectively. As a

result, the graphs of the reciprocal trigonometric funcllons have
asymptotes when the corresponding sine, cosine, or tangent function

equals 0 and the reciprocal function is undefined.,

[x | x # 180n°,
s an integer}

vly=—1ory=1)

undefined

I60°

y=0

Eey Concept » Graphs of Redprocal Functions
Parent Function
y =58 X

Domain
{x | x # (90 + 180n),
s an integer]
Range
[¥|y=—lory=1)
Amplitude
undefined
Period
360°
Midline
y=0

To graph a reciprocal tigonometric function,

{x | = #1B0n",
1 is an integer]

all real numbers

undefined

180°

find the peried of the corresponding reciprocal function.

determine the vertical asymptotes by finding when the
corresponding reciprocal function equals 0.

determing the relathve maxima and minima for secant and

cosecant functions.

determine x-intercepts for catangent functions.

plot the corresponding reciprocal function as-a guide.
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Example 3 Graph a Cosecant Function
Find the period, asymptotes, relative extrema, and midline of

¥ = csc 0.5x. Then graph the function. Q Think About It!
Step1 Analyze the function. Ei:;:mm
Since y = csc 0hx is the reciprocal of ¥ = sin 0.5x, the graphs
4 P ¥ grap cosecant furection with

- 2 ;
have the 5am.e period of 5=, or 4m. The vertical asymptotes a graph identical to
occur whan sin 0.5x = 0. 50, the asymptotes are x = 0, ¥ = csc 05x.
X =2m x= 4%, _orx =2un where nis an integer. '

The relative maxima and minima of ¥y = esec 0.5x occur at the
came points as the relative minima and maxima of y = sin 0.bx.
S0, ¥ = csc 0.5x has relative maxima at x = —®, x = 37,

¥ =77, ., and ¥ = csc 0.5x has relathve minima at x = — 3w,
x=rx=5m .. The midine is y = 0.

Step 2 Graph the function.
Use the period, asymptotes,
and relative extreama to graph
y=csc 05y,

Example 4 Graph a Cotangent Function

Find the period, asymptotes, relative x-intercepts, and midline of
¥ = —4 cot 2x. Then graph the function.

Step 1 Analyze the function.

Since cotangent functions are reciprocals of tangent functions,
¥ = —4 cot 2Zx has the same period as v = 4 tan h.%nr .
The vertical asympltotes accur when —4 tan 2x = 0. 50, the
asymplotes are x = 0°, ¥ = 90°, x = 180°, _ or x = 90n°,
whera n is an integer.

The x-intercepts of y = —4 cot 2x occur at the asymptotes
of y = —4 tan 2x. Therelore, the x-intercepts are odd mulliples

of 12%-_5; or 45°. The midiine is y = 0.

Step 2 Graph the function.
Use the penod, asymptotes, and
x-imercepts to graph ¥ = —4 cot 2x,

E Go Online You can complete an Extra Example online:
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Study Tip
Assumptions To write
a funclion lo represent
this situation, you miust
assume thal the plane
i fhying in & constant
direction without
varying altitude.

&g Think About It!

What is the distance of
the banner when the
angle of elevation is
557 Round to the
nearast fool.

@ Example 5 Apply a Reciprocal Trigonometric
Function

ADVERTISING Suppose a banner towing plane is approaching a music
festival at an elevation of 1200 feet above the crowd at the festival. The
plane will eventually fly directly over the crowd. Let d be the distance in
feet the banner is from the music festival, and let x be the angle of
elevation to the banner from the perspective of the crowd. Write a
function that relates the distance as a function of an angle x. Then,
graph the function and analyze its key features.

Part A Write a function.

Begin by making a sketch. Because the side opposite x is known and
the hypotenuse |5 d, use the cosecant function.

1200
sinx ="
o — 1200 5 1200 ft
SN X
o = 1200 csc x X B

Part B Graph the function.

The pericd of the function
is B or 360

The vertical asymptotes occur
when 1200 sinx = 0. The
asymptotes are x = 180n°",
where n is an integer.

Use the graph of y = TH00 skn x
to help graph y = 1200 csc x.

Part C Analyre the graph.

In the context of the situation, only the x-vaiues hetween 0° and 180"
are relevant, so analyze that portion of the graph.
Domain: [x | 0 < x < 180]

Range: [d | o = 1200}

x-Intercept: none

y-intercept: none

Relative minimmum: (90, 1200)

Relative maximum: none

Increasing: [x | 90 < x < 180]

Decreasing: [x | 0 < x < 90)

L) Go Online You can complete an Extra Example online.
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Practice E-Eu Online You can complete your homewark onling.

Exampies 1and 2
Find the period, asymptotes, x-intercepts, midline, and transformations of each
tangent function. Then graph the function.

1. y=tan bx 2. y=1an 4x 3. y=1an 2x

4._1.r=itan.l: 5.y=2lun%x E.].:=—%t&n1x

Examples 3 and 4

Find the period and asymptotes of each function, the relative extrema of each
secant and cosecant function, and the x-intercepts of each cotangent function.
Then graph each function.

T.}r=:5r:%x B. y=csc3x 9‘y=%cscx
10.y = cot 2x '“..j."=£ﬂl%.‘:‘ 12. y=—-2colx
1B.y=388cx ‘H..y=s.ec%x 15. v = sec dx
Exampie 5
———‘—————_
16. ACROBATS Suppose an acrobat is walking __—
from a high wire that s attached on its .

ends to two different towers at a height of = =]

"
200 feat above the floor, s shown. The E
acrobat will eventually walk directly over E .
the location of a camera in the floor. Let o | !
be the distance in feet the acrobat is from -
the camera.

a. Write a function that relates the
distance as a function of an
angbe x

b. Graph the function.

c. Anaklre the graph.

17. AIR TRAFFIC CONTROL Ground-based air traffic
controllers direct aireraft on the ground and in : __.#-
controlled airspace from alrport control towers, Let . b
be the length of the shadow of & 300-foot control 4
tower as the Sun moves across the sky at angle x.

a. Write the function that refates the length of the ‘_‘_.-""
shadow to the of angle. ¥

b. Graph the function.

€. Anal/ze the graph.
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Mixed Exercises
Find the period of each function. Then graph the function.
18. y = 2 tan 49 19. y = 2 sec 26 20. y = 5 cse 30

M. y=2cotBd 22, y==oc 38 3. y=2soc

24, ETTRACTIONS A replica of the Eiffel Tower at an
amusement park has an elevator that lifts riders
vertically up the tower to an observation deck. Suppose
Susana is waiting 20 meters away from the base of
the tower while her sister Elva Is on the elevator. Let
d be the distance in meters from Susana to Eiva as
she s moving up the tower, and let x be the angle of
elevation to Susana from Elva's perspective. Write the

function that relates the distance o as a function of
an angle x.

25. FOOTBALL As part of the pre-game celebration a military
helicopter flies over the crowd of fans in the stadium. The
helicopter will approach the stadium 2000 feet above fleld
level and will eventually fly directly over the marching band
located on the 50-yvard line. Let & be the distance in feel the
helicopter is from the 50-yard line, and let x be the angle of
elevation to the hellcopter fram there. Write a function that
relates the distance to the angle.

Q Higher-Order Thinking Skills

26. PERSEVERE Describe the domain and range of y = o cos # and
¥ = o sec#, where g is any positive real numbser.

27. FIND THE ERROR Tyler says the period of the function y = tan %ﬂ i 360°. Lacretia
savs itis 1B0°. Is either of them comect? Explain your reasoning.

28. CREATE Write a trigonometric function that has a domain of [# & & 90" 4+ 180n,
nis an integer} and a range of [yly = —3 or y = 3]

29. WRITE How can you use the key features of a trigonometric function to sketch
its graph?
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Lesson 9-6

Translations of Trigonometric Graphs

= = - ; Today's Geals
Ex_plnra Analyzing Trigonometric Functions by o Cirari bttt
Using Technology translations of
trigonometric functhons.
L} Online Activity = Graph vertical
wanslatons of
x| trigonometric functions.
| & INGQUIRY How does adding a constant to,
subtracting a constant from, or multiplying a Today’s Vocabulary
constant by a function affect the graph of a phase shif
trigonometric function? vertical shift
Learn Horizontal Translations of Trigonomedtric Functions
A horizontal transiation of the graph of a trigonometric function is
called a phase shift.
Key Concepi « Phase Shift e Go Online

You may wanl to
complete the Concept
Check ta check your

[y=sinx] understanding.

VAVIQY!

The phase shift of the functions y = o sin Blx — KL, ¥ = o cos bix — h),
and v = a tan b{x — h) is h, where b > 0.

(2 Talk About It!
Find a phase shiftto

the left that will
[y=sinfx — bl h > 0] [y=snix+ M. h<D] produce a graph that
] ¥ is identical to
It h > 0, the parent function is If h < O, the parent function is y = cos{x — 2707,
transiated right i units. transiated left [hl units. Explain your reasoning.

Example 1 Graph a Phase Shiit

State the amplitude, period, and phase shift for y = cos (x — 270°).
Then graph the function and state the domain and range.

Step 1 Analyre the function.

For y = o cos bix — h), o represents the amplitude, 30

|b
reprasents the period, and h represants the phase shift.

For ¥ = cos [x — 270%, the amplitude ks 1, the period is % or
360°, and the phase shift is 270" right In relation 1o the parent

function.
[continued on the next poge)

i) Go Online You can complete an Extra Exampie online
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b Think About It!
Compare the graphs of
¥ =3sin {x -t-%} and
y=3sin(x+ 457

Step 2 Graph the function.
Translate the graph right
2707 in relation to y = cos x.
The domain is all real
numbers, and the range is

wli—1=sy=s1}

y=cosx| |y=cesi—IN|

=~

Example 2 Graph a Transformation of a
Trigonometric Function

State the amplitude, period, and phase shift for y = 3 sin (x + %}
Then graph the function and state the domain and range.

Step 1 Analyre the function.
Fory=3sin [x+ %},ﬂ =3, b=1andh= —%- So the
amplitude is 3, the period is ‘ETan 27 radians, and the phase
shift is IEﬂ%r- radians in relation to the parent function.

Step 2 Graph the function. ¥

Lize the amplitude and
period to graph v = 3 =in
x. Translate the function
left 3 radians.

= Tsin [x + H

The graph of ¥ = 3 sin (x + E] has been stretched vertically
and shifted Ieﬂ% radians in relation Lo the parent function, The
domain ks all real numbers, and the range s [y —3 = y < 3).

Check
lctentify the key features of y = 2 tan (x + 5. Then graph the function.

amplitude: 2
period: 2
phase shift: £

domain: {x | x # 2n, wherenis
an integer}

range: {¥ |2 _=y=< 2}

L) Go Online You can complete an Extra Example online.
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Learn ‘Vertical Translations of Trigonometric Functions

A vertical transtation of the graph of a trigonometric function is called a
vertical shift. By adding or subtracting a positive constant k, the graph
Is transiated up or down in relation to the parent function.

¥ey Concept - Vertical Shift
The vertical shift of the functions y = a sin b + k, v = o cos bO + k, and

y=oatan bl + kisk, where b > 0,

F=an—t k k>0

|y=simx+kk<0|

Itk > 0, the parant function is
translated up k units.

if ke <2 O, the parent function is
translated down |k| units.

When a trigonomeftric function is shifted vertically k units, the midline i
¥ = k. which is the line about which the graph of a function oscillates. You
can use the midiine to help sketch graphs of functions with vertical shifts.

Example 3 Graph a Vertical Shift
State the amplitude, period, phase shift, vertical shift, and midline

uqmﬁmn!y=t.un%r—tﬂungrmhﬂmﬁanﬂhnum state the
domain and range.

Step 1 Analyze the function.

Fory = tan 3x — 1,6 = 1,b = 3, and k = —1. So the period is o0 or 360",

3

the vertical shift is down 1 unit, and the midline is y = —1.
Step 2 Graph the function.

For y = tan %x, the vertical

asymplotes are at ¥ = (3600 + 180)°, i
whera n is an Integer. Translate the 2]
function down 1 unit. The graph of

y=1an %1—115 stretched -

]
horizontally and shifted down 1 unit L
in relation to the parent function.
The domain is {x | x # 180n°,
where i1 is an integer} and —4-
the range is all real numbars.

o

) Go Online You can complete an Extra Example online.

b Think About It
What is the midline for
¥ = tan x? How does
this relate to its vertical
shift and the value of k7

by Think About It

Compare and contrast
the graphs of

y= Ian%x—'land

¥ =tanx
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Problem-5Solving
Tip

Make a Sketch Making
a sketch of the graph
might be useful when
identifying the
parameters of the
function. Because you
are given maximums,
minimums, and the
period, you can plot
several points and
draw a smooth curve
between them. The
sketch may help you
identify which
trigonometric function
to use and the
parameters of the
function,

@ Example 4 Mode| Translations of Trigonometric
Functions

EXERCISE Suppose as a person jumps rope, the height of the rope
oscillates between a maximum of 108 inches and a minimum of

0 inches and hits the ground two times per second. Write a
trigonometric function that represents the helght of the rope y at
time x seconds if the rope begins at a height of 0 inches. Then
graph the function.

Step 1

Step 2

Step 3

Choosze which function to use.

Becaise the function oscillates between O and 108 inches

continuousty, the function can be modeled by a sine or cosine
function. For this example, we will use cosine.

Determine the parameters of the function.

The minimum height is 0 inches and the maximum height is
108 Inches. The midiine is y = 25128 o y — 54 S0, the

verical shift s k = 54.

Because the amplitude is half the difference between the

maximum and minimum values, g = 1::132- o

or g = 5.

The periad |s determined by how often the jump rope
completes one cycle. The rope reaches the minkmum twice
every second, 5o the period |s 0.5 second. Solve for the
parameter b using the value of the perniod.

s n

05= E Period = |3|-
05ib| =2 Multiply each side by |B|.
h=+4nw Simplifiy.

Uze the positive value of b to reprezent the period.

Find the phase shift by first considering the parent function.
The maximum of the parent function y = cos X occurs at ¥ = Q.
Because the rope starts at a height of 0 and the period of the
function is 0.5, the maximum hekght of the jump rope occurs at
¥ = 0.25. 50 the phase shift h is 025 — 0 or 025,

Write the function.
Write the function relating height y and time x.

y=oacos bix—h)+ k

vy =54 cos 4mly — 025) 4+ 54 Subslifute o = 54 b= 4x,
h=025 and k =54

Standard coslne function

L) Go Online You can complete an Extra Example online.
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Step 4 Graph and analyze the function. ¥
Use the amplitude, period,

b Think About It

; Lise the function to find
and midline to graph H n ﬂ the height of the jump
¥ = 54 cos 4nijx — 0.25) + 54. rope at 2.2 seconds.

Round to the nearest

wrch.

°I 05 1 15 2 T
Time (s)

Motice that the graph oscillates between a maximum of 108 inches
and a minimum of 0 inches, and is positive for all values in the domain,
The graph ha< a y-intercept of 0 and x-intercepts of 0.5n, where n ks
an integer. '53 Go Online

You can complete an
Because x represents lime and y represents height, both values must Extra Example online.

be positive In the context of the situation.
The domain is [x | x = 0)and [y 10 < v < 108).

Check

TIDES The tides at Florida's Cape Canaveral reached a maximum
height of 3.4 feet at 2:00 A M., minimum height of 0.4 feel at B:30 A M.,
and another maximum at 3:00 Py the next day.

Select the trigonometric function that represents the height v of the
tide x hours since midnight. Then graph the function.

A y=15cos1Bx—2)+19

B. y=15cos2ajx—2) +19

C. y=15cos13x — 2) +15

D. y=19cos 5x+2)—15
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Example 5 Write a Trigonometric Function from
a Graph

Write a function for the cosine graph
shaown.

Step 1 Find the vertical shift and
amplitude.
The midline is halfway
between the relative
extrema, y = —land y = 5.

So the equation of the ——+ —-+-H
9 145 —am —J:U = I:Un'
. ) midline is y = 5 of 2 and
&y Think About It O =
Write another function Al B
for the cosine graph The amplitude (= half the
where b < 0. difference between the maximum and minimum values, o
5= [=1
.-

Step 2 Find the phase shift.

¥ = cos ¥ has a maximum at x = 0. The maximum has been
translated right ™ radians. 5o the phase shift h is m.

Step 3 Find the period.

The period of the function s the distance between any two
Study Tip consecutive sets of repeating points on the graph.
Finding the Period The

: ey Use the value of the period, 4, to find b
MEXITILIm Or minimum

values of the graph are 47 = fn—’} Period = 57

often comveniant

paints 16 use when 4m|b| = 2% Multiply each side by 5],
determining the period, b =x05 Simpiify.

Uze the positive value of b to represent the period.

Step 4 Write the function.
Use the parameters from the graph to write the function.
y=ocosbx—h) + k Cosine function
y=3cos0bx—m)+2 o=3b=05.h=wandk=2
The graph is represented by ¥ = 3 cos 0.5k — ) + 2.

Use a graphing calculator to
check the solution. You can
find the extrema or trace

along the funclion to check
that It has the same features f'f\
as the original function.

P S

Qﬁu Online
You can complete an
Extra Example online.

[—4=, 4m] ek = by [—2, 6] sk
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Practice E-Eu Onllne ¥ou can complete your fomework online

Example 1

State the amplitude, period, and phase shift for each function. Then graph
the function and state the domain and range.

1. y=sin{@+m 1y=tﬂn{H—'—;] 3. y = sin (#+ 909
4. y=cos(f— 457 5. v = tan {u+§] 6. ¥ = cos (f# + 1807
Example 2

State the amplitude, period, and phase shift for each function. Then graph the
function and state the domain and range.

7. ¥y =3 cos (@ — 457) 8. y =2 sin {# + 609 9‘p=%51n3{ﬂ—%}
10. y =3 cos3(0 - F) . y =2 cos (§ + 507 12. y =3 sin (8 — 307
Exampls 3

State the amplitude, period, phase shift, vertical shift, and midline equation of each
function. Then graph the function and state the domain and range.

13 y=cos 8+ 3 14. y =tan #—1 15. y=tan §+
16. y=2cosB—5 1L y=2sinf—4 1E‘p=%5inﬂ+?
Example 4

19. REASONING An office building has a large clock on its exterior. The center of the
clock s located 79 feet above ground level, and the minute hand of the clock is
3 feet long. The function h{f) gives the height of the tip of the minute hand above
ground level infeel at any time t minutes after 12:00 noon.

a. What is the amplitude of hit)? What is the midline? What s the period?

b. Write the function it} as a cosine function.

e. Graph hit).

d. On the interval | = 0 to t = 120, how many times does the function attain its
minimum value? What does this represent in the real-world situation?
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20. MODELING As the tide moves In and out of a bay, the depth of the water in the
bay varies from a low of 15 meters to a high of 18 meters. It takes 6.2 hours for the
tide to come in and 6.2 hours for the tide to go out. A marine biologist starls
recording the depth of the water in the bay at high tide. She would like to develop
a model that gives the depth of the water in the bay at any time ¢ hours after she
starts recording the data.

a. What are the maximum and minimum depths of the water in the bay?

b. Determine the amplitude and the midline of the function.

c. Choose a trigonometric function that can be used to represent the depth of
the water in the bay at any time ¢ hours after high tide when the marineg

biclogist starts recording the data. Justify your choloe. Then write a function to
represent the situation.

d. Graph and analy2e the function.

&, Use your graph to estimate the depth of the water 9 hours after high tide,

¥
Example 5 2t
21. Write a function for the cosine graph shown. 1
a. Find the vertical shift and amplitude. —s—F— —1—1—
i % n }11; in
b. Find the phase shift, if any. e i g £

¢. Find the period. T T e

d. Write the function. 1

22. Write a function for the sine graph shown. ¥

a. Find the vertical shift and ampliitude.

b. Find the phase shift.

¢. Find the period.

d. Write the function.

Mixed Exercises

Write an equation for each translation.
23. vy = sin x, translated 4 units to the right and 3 units up

24, y = cos x, transiated 5 units to the left and 2 units down
25, y = tan x, translated 7 units to the right and 2.5 units up

State the amplitude, period, phase shift, and vertical shift for each function. Then
graph the function.

lﬁ.y=—3+25in2ﬂﬂ+%: 27. y =3 cos 2{@ + 457 + 1 2B. y=—1+4dtwan (0 + 7
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29. USE A MODEL What trigonometric function can best be used to
represent the height of a cart on a Ferrls wheel as a function of time?
Explain.

30. ECOLOGY The population of an insect species in a stand of trees follows the
growth eycle of a particufar tree species. The insect population can be modeled
by y = 40 + 30 sin &, where { Is the number of yvears since November, 1920,

a. Evaluate the function in degrees to determine how often the insect population
reaches its maximum level.

b. When did the population fast reach its maximum?

3. POPULATION The population of predators and prey in a closed ecological system
tends to vary periodically over time. In a certain system, the population of snakes
P can be represented by P = 100 + 20 sin %t where [ is the number of years
since January 1, 2000. In that same system, the population of rats can
be represented by R = 200 + 75 sin (£ + 35).

a. What Is the maximum snake population? When is this population first reached?

b. What is the minimum rat population? When is this population first reached?

32. USE A MODEL An ambulance stops oulside a hospital 10 feet
from the outer wall. The rotating light at the top of the
ambulance projects a beam of light A5 on the wall. In the
figure, ¢ represents the length of the beam and # represents
the measure of the angle in radians that the beam makes with Honpal Wal
the perpendicular segment to the wall. The light makes one
complete rotation every second. What trigonometric function
can best be used to represent the length ¢ of the beam of light,
infeet, as a function of time in x seconds? Explain.

Find the coordinates of a point that represents a maximum for each graph.
33.y=—2cos(x—3) 34. y=4sin (x+ 3)

35.r=3'r.an{x+%}l+1" 35*#“:—355”"‘_%]_4
Compare each pair of graphs.

37 y= —cos 38 and v = =in 31§ — 907

3. y=2+051anfand y=2 + 05tan (# + n

39. y=2sin (§— ) and y=—2sin (8+ )

40. STRUCTURE Let 7)) = 2.7 cos 3[@ — ®) + 1. Write a sine function g(f) that has the
same graph as fif).
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Identify the period of each function. Then write an equation for the graph using the
given trigonometric function.

M. sine 42. cosine

44. zine

45. CREATE Write a cosine function (@) with midline y = —2 and period w, that has
no G-intercepts.

46, ANALYZE [fyou are given the amplitude and period of a cosine function, is it
sometimes, alwvdys, or never pessible 1o find the maximum and mindmum values
of the function? Explain your reasoning.

47. PERSEVERE Describe how the graph of y = 3 sin 28 + 1 is different from y = sin 8.

48. WRITE Describe two different phase shifts that will transiate r
the sine curve onto the cosine curve shown at the right. 1
Then write an equation for the new sine curve using each
phase shift. *\

49. CREATE Write a periodic function that has an amplitude of 2
and midline at y = —3. Then graph the function.

50. AMALYZE How many different sine graphs pass throudgh the 14
point jr, 077 Justify your argument. | ¥ = sin &

51. PERSEVERE Find a sine function equivalent to y = cos 8 — 3.

52. FIND THE ERROR Alex claimed that y = 4 sin %ﬂ' and y = sin # are equivaient
because 4 - % = 1. |5 Alex correct? Explain your reasoning.
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Lesson 9-7

Inverse Trigonometric Functions

Learn Inverse Trigonometric Functions

If you know the value of a trigonometric function for an angle, you can
use the inverse function to find the angle measure. Because the
inverse of a function transposes the x- and ywvalues, the inverse of
¥=Cinxis x = siny.

The relation x = siny is not a function because there are many values
of ¥ for each value of x. Therefore, the domain must be restricted in
order for the inverse 1o be a function. Domains for the inverses of the
cosine and tangent functions must also be restricted. The values in
the restricted domain are called principal values. Trigonomeltric
functions with domains restricted to the principal values are denoted
with a capital letter. Inverse trigonometric functions are inverses of
the trigonometric functions with restricted domains.

Key Concept - Inverse Trigonometric Funciions

Imwverse Function Symbols Cromain Range
Arcsine ¥= Arcsinx —t=x=1 —g Eys.%nr
¥ =Sin"x —80" = y = 90"
Arccosine ¥ = Arccosx -1 x=1 0=y=Tmor
y=0Cos 'x D" = y = 1BD*
Arctangent ¥ = Arctanx all real —;—} Z¥s -; or
y=Tan x mess —90" = y = 90°

Example 1 Evaluate Inverse Trigonometric Functions

Find Tan~"+/3. Write angle measures in degrees and radians.

Find the angle  for —90" < # < 90° with a tangent value of V3.

sin #

cos & Use the unit circle 1o find a point where the ratio

Because tanfl =

of sine to cosine Is +/3 to 1. Every special angle on the unit circle can
be written as a value over 2_ A point on the unit circle at which

. Vi
sin = %and cosfl = % has a tangent value of — or v3.
3
When # = 60°, tan# = 4/3_So, Tan~"+/3 = 607 or .
Check

Find Cos “(%ﬁ } Write the angle measure in degrees.
Cag™1 (%j S e

) Go Online You can complete an Extra Exampée online.

Today's Goal

= Find valuees of angle
measures by using
inverse rigonometric
functions.
Today's Vocabulary
inveria trigonomettic
functions

principal values

kg Think About It
Describe the
relationship between
the restricted domain of
¥ = sinx and the range
of y = sin~1x.
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Watch Out!

Angle Measure
Remember that when
evaluating an inverse
trigonometnc function,
the result is an angle
measura.

(&) Talk About It

Given the restrictions
on the Sin # function,
deoas the solution of
Example 3 make
sense? Explain,

Problem-Solving
Tip

Draw a Diagram If you
are unsure how to
begin a problem, try
drawing a diagram. For
many trigonomelric
problems, it helps o
begin by drawing a right
triangle and labeling
any sides or angles
given in the problem.
Continuwe labeling the
triangle as you solve for
Lnkrowns.

Example 2 Find a Trigonometric Value by Using a
Calculator

Find sin{Cos~" 0.36). Round to the nearest hundredth.
Uze a TI-84 Plus Family calculator to evaluate the expression.

Keystrokes: [sn][2nd] [cos " 0.36 [T 7] [ee]
sin|Cos~10.36) = 0.93

Example 3 Find an Angle Measure by Using a
Graphing Calculator

H Sin # = —0A17, find @ in degrees. Round to the nearest hundredth.

You can use the inverse of sine 1o solve for & The sine of angle §is
—017, 50 Arcsin (—017) = &

Use a TI-84 Plus Family calculator to evaluate the expression.
Keystrokes: 2] [sin "] — 017 [re]
So, i = —979°.

@ Example 4 Use Inverse Trigonometric Functions

PLAMES Suppose a pllot has 30 miles to land a plane at the Santa
Barbara airport from an elevation of 15,000 feet. Find the angle in
degrees at which the airplane should descend.

Step 1 Draw and label a diagram.

Step 2 Write and solve the trigonometric equation.

5,000 1t = - ¢
tanfl = i Tangent function
i = 150001 1mil Convert miles o feet
30mi - 52801t 1 mite = S2B0 fest.
15,000
tanf = 58 400 Simiplity.
15,000
#= Tal‘l._"(!gai% inverse fangent funclion
#=54" Simiplity.

The angle of descent is about 5.4°.

E Go Online You can complete an Extra Example online.
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Practice E Go Online You 'can complete vaur omewark online

Exampis 1
Find each value. Write angle measures in degrees and radians.
443 = L] 1°
1. Cas (22) 2. sin~1(—22) 3. Arccos (1)
V3 —1
4. Arctan V3 5. Arccos {—T) 6. Tan~'(—1)
7. sin—1 %2 8. Cos'( %) 9. Ascsin 1
Exampls 2
USE TOOLS Find each value. Round to the nearest hundredth if necessary.
) V2 . 5 1.5
10. cos ISIn 1{_T}I 1. tan [Arr:sm {—?}l 12. sin ( Tan e
13. Cos [Arcsin (—07)] 14. cos (Arctan 5) 15. sin (Cos—10.3)
16. <in (Cos™'1) 17. sin (Sin~131) 18. tan ( Arcsin 32
Exampie 3
USE TOOLS Find #in degrees. Round to the nearest hundredth if necessary.
19. Sinfd =038 20, Tan# =45 2. Cos# =05
22, Cosfd=-—0895 23, Sin#=—01 24, Tand=—1
25, Cosd =052 28, Cosfl=—-02 27. S5in#@ =035
2B. Tan# =8 29, Cos# =025 30, Siné=—057
31. KITCHEN The exit from a restaurant kitchen has two e <

pairs of swinging doors that meet in the middle of the = —
doorway. Each door is three feet wide. A wailler needs to

take a cart of plates into the dining area from the kitchen,

The cart is two feet wide.
a. What is the minimum angle & through which the doors .

must each be opened to prevent the cart from hitting
either door? Round to the nearest tenth.

b. What assumption did you make when solving for 8 in
parta? dining area
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32. BIKING Compass directions are given as angles compared 1o Morth, M
South, East, or West. For example, northeast could be described as
457 east of north. Bong-Cha rides her bike two miles sast and four
miles south to get to her friend Marca's house_ If Bong-Cha could have
traveled directly from her house to Marco's, in what direction would W
she have traveled? Round to the nearest tenth.

Mixed Exercises 5
Solve each equation for 0 < 0 < 27,

33. cscll =1 34, secH=—1 35, secfl =1

36. csc bl = 3 37. coté=1 38. secf=2

39. SURVEYING In anclent times, it was known that a tdangle with side lengths of 3,
4, and 5 units was a right triangle. Surveyors used ropes with knots at each unit
of length to make sure that an angle was a right angle. Such a rope was placed
on the ground 2o that one leq of the trlangle had three knots and the other had
four. This guaranteed that the triangle formed was a right triangle, meaning that
the surveyor had formed a right angle. To the nearest degree, what are the angle
measures of a triangle formed this way?

Q Higher-Order Thinking Skills

40. PERSEVERE Determine whether cos [Arccosx) = x for oll valves of x is true or
folze_ If false, give a counterexample.

41. FIND THE ERROR Desiree and Oscar are solving cos # = 0.3 whera
90" < 8 < 180" I= either of them correct? Explain your reasoning.

Desiree Crscar
tos =05 cox = 4%
fos ' OB = j525° cos g3 =257

42. CREATE Write an equation with an Arcsine function and an equation with a Sine
function that both involve the same angle measure.

43. WRITE Compare and conltrast the relations y = tan—1x and y = Tan—x Include
information about the domains and ranges.

44, ANALYZE Explain why Sin~'8 and Cos~'8 are undefined while Tan™'8 Is defined.

45. CREATE Write an inverse trigonometric function with domain {—2 = # = 2} and
range {1 = y = = + 1}. Justify your answer and graph the function.
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@i Essential Question

Module 9 - Trigonometric Functions

Review

What are the key features of the graph of a trigonometric function and how do they

represent real-world situations?

Trgonometric functions have amplitudes, periods, and frequencles. This allows real-world
cyclical situations (o be modeled. The amplitude identifles maximum or minimum values.
The period often tells the time to complete one oycle. The frequency tells the numbear of
cycles the function completes in a given interval.

Module Summary

Lessons 8-1and 9-2

Trigonometric Functions and Angles

An angle that i coterminal with another angle
can be found by adding or subtracting a multiple
of 360°

To convert a degree measure to radians, multiply
the number of degrees by ‘”,;.#_ To convert a
radian measure o degrees, multiply the number
of radians by . ,E.uaﬁ

For a circle with radius r and central angle 8

{in radians), the arc length & eguals the product
of rand &.
opp
hlrp'|

cseifl= :;E sacfl = r:'.:’; and cotll = ::p

adj opp

sinf = :ut.-.ﬂ:ﬁ and tanfl = —- B

Lesson 9-3

Circular and Periodic Functions

L

If the terminal side of an angle # in standard
position intersects the unit circle at Plx, ¥, then
cos f=xandsind =y

The sine and cosine functions are perodic
functions where sin (x + 21) = sin x and

cos (x + 2% = cos x. Tangent, cosecant, secant,
and cotangent can be defined in terms of sine
and cosine, so they are periodic functions.

Lessons 9-4 through S-6

Graphing Trigonomaetric Funclions

For functions of the form y = g sinbx and y = a

cos be, |o is the amplitude Hﬂ% is the period.

» The frequency of a function Is the reciprocal of
the period of the function.

+ The graph of the tangent function has
asymptotes at x = (90 + 180n)", where n i an
integer.

+ The reciprocal trigonomelric ﬁ.u‘u:hnns cusecant.
secant, and cotangent, are ﬂ:u i B ——
respectively.

» The phase shift of y = asinbi{x — H}, ¥ = ocos
B{x — ), and y = atanb{x — h}is h, where b > 0.

+ The vertical shit of ¥ = gsinb# + &, v = acosbé
+k and y=otanbf + kis k. where b > .

|EI'I..I!

Lesson 8-7

Imverse Trigonometric Functions

« Bacause the inverse of a function transposes
the x- and y-values, the inverse of ¥ = sinx is
X = siny.

Study Organizer

m.] Foldables —of

Uge your Foldable ™

1o review this M & ke

module. Waorking

with a partner can

hEhEIpl'ul_.ﬁslt 3 spagrahe +F£

for clarification of

concepts as needed.
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Test Practice

1. OPEN RESPONSE Convert each measure from 4. OPEN RESPOMNSE Given that cosifl = % and
degrees to radlans. [Lezson 9-1) O < @< %— , find the values of the other five
a) 20° trigonometric functions at @. (Lesson 9-2)

b) 80°
c) 160"

2. MULTIPLE CHOICE Cnmerr.% radlans 1o 5. OPEN RESPONSE If sin il = 2—-"5 what is
degraes. iLesson 31 tan & fewson 53

A 30°
B. 45°
C. 80°
D. 90¢

6. MULTIPLE CHOICE A door is 24 inches wide
and can swing open 1407 [Lesson 9-3)

L
3. OPEN RESPOMNSE In a central phvot irrigation 140
system, sprinklers mounted on a long pipe

are moved around a field in a circular pattern.

e What is the distance, in inches, from the wall
;’ 1'-.‘ ta the edge of the door? Round to the
Il‘ 1 nearest tenth of an inch
[
i
5 ,/m.:! o A 118 inches
. v B. 15.4 inches

L ——

If it takes 12 hours for the system to complete C. 201 Inches
one pass around the circle, how many meters . 40 inches
will the outer edge of the plpe travel in 1 hour?

Round to the nearest meler. (Lesson 2-1)

7. OPEN RESPONSE Angle @ s drawn in standard
position. At which paint does the terminal

slde of # intersect the unit circle If 8= E,'T“?

{Lesgsan 53]
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B. OPEN RESPONSE The terminal side of #in
standard position intersects the unit circle

at [x, 0.25). Find the approxdimate values of
each of the trigonometric functions of # ghven

that x > 0. fLesson 9-3)

9. OPEN RESPONSE Determine the perod of
each functlon. Lesson9-3)

a)
Al
A

i B el s

—H.;.]';-
=

10. OPEM RESPOMSE Use this function to

identify the following. (Lessan 9-4)

¥

N S

o

Dl

[

i
e
I

e I—-
L

a) amplitude

b} midiine

MULTIPLE CHOICE A spring oscillates with a
frequency of 1cycle per second. The distance
between the maximum and minimum points
of the oscillation is 3 centimetars. Which of
these functions can be used to model the
oscillation if ¥ represents the distance in
centimeters from the equilibrium position and
I s given in seconds. (Lesson G.4)

A y=15sin2nt

B. y=15sinmt
C. y=3sin 2wt
0. y=3sin 7t

. MULTI-SELECT For which of these values of

x does the function fx) = tan 2x have a
vertical asymptate? Select all that apply.

{Lessan 9-5)

P

BlE bkl

B.
-
b

Mg s D

E.
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13. MULTIPLE CHOICE Which function is
graphed below? (Lesson 2-5)

Y

|
o | &

TR
AR

A fx) ==ec Ix

B. fix} =cos 3x

C. ix}=3secx

D Axj=3cosx

14. MULTI-SELECT A rotating beacon is
positioned 10 meters from-a wall. The
beacon projects a dot of lght onto the wall.
The location of the dot can be modeled by
the function R = 10 tan 0.6281 where ) is
the position left or right of the centedine in
meters and 1 is given in seconds. How s the
graph of ff) related to the graph of its parent
function? Select all that apply. (Lessan 9-5)

A. The graph has been compressed vertically.
B. The graph has been stretched vertically.

C. The graph has been compressed
horzontally.

D. The graph has been stretched horizontally.

E. The graph has been stretched vertically
and compressed horizontalhy,

15. MULTSELECT Select the key features of the
graph of ¥ = cos [x + 45"} (Lezsan 9-6)

A. The amplitude is 1
The period is 315"
The phase shift is 45% right

The domain is all real numbers.

mo N @

The range is [—1, 1L

480 Module 9 - Trigonometric Functions

. DPEM RESPOMSE The graph shows the

average temperature in Haleiwa, Hawaii.
The data can be approximated by the
function A} = o sin [55{x — h]!+ k.
{Lesson 9-5)

Average Temperature

i
4

\V

A

Temperature ['F)
O B e i

%

4 B 129% 2024 28323640 44 45852
‘Weeks After January 1

a) Find the value of o.

b} Find the value of h.

€) Find the value of k.

. MULTIPLE CHOICE Find Arccos {—%}I

[Lessan 9-7)
A _5m

[ai]

x
&

tn

B
iy
sl
iy
D. &

. OPEN RESFONSE Fala = 64 inches tall. Har

shadow measures 40 Inches long. What is
the angle of elevation of the Sun to the
nearest degree? (Lesson 9-7)



Selected Answers

Module 1
Quick Check

122 3.—-21 S jx—3Kx—-T7
7.(2x + 3) [x — §)
Lesson 1-1

1. D = [all real numbers}, R = {y| y = —1)

F
i

=3, =% ;|

3.D = {all real numbers, R=[y| y = 1}

EEEECFEREE
|

5. D = [all real numbers)], R =¥ ¥ = 0}

/

7. gix) Sample answer: Its vertex is a maximum
point at (1, 3), which is 4 units above the vertex

of Ax) which i {1, —1.

9. fix); Sample answer: lts veriex = a minimum
paint at {5, —20), which is 10 units below the
wvertex of gix) which is (5, —10).

11a. For ¥ = the number of price increases and
¥ = revenue, v = (80 + 4x)(4B0 — 1&x).

11b. $100 per permit

He. D =[x |0=sx=30LR =[y| 0= y= 40,000)
13. 10 15.-3 17.0 19.2 21.3 23.0

25a. = 25 or 2.5, 5535 4287 _ 5 476

25h. Sample answer: From 2011—2016, tha
number of people in the LS. who consumed

between 8 and 11 bags of potato chips annually
increased by 2476 million people per year.

27a. y-int = —9; axis of symmetry: x = 1.5;
x-coordinate of vertex = 1.5

= T
o g
1 —13
15 —13.5

-]

29a. y-int = O axis of symmelry: x = %,'
x-coordinate of verex = 1

> T

3
== -6
1
! 1
5
8 15625
1 1
2 -5
2%9¢. ¥
EEEE T
]
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Ha. y-int = 4; axis of symmetry. x = —&;
x-coordinate of vertex = —6

31b. X | )
—10 =
—8 —4
—& -5
—4 —4
—a =1

"y

iy
-1 — _'._j irx

N/

=
2
33, man: 5 23
35. max:14: 38 37 max = —4MN

39a. Let x represent the number of $1 price
Increases, Let v reprasent the income. Then

y = (70 — x)20 + x).

o 1400 250
5 w25 | aal
# =2 AN

10 200 | 2 o .
15 w25 | § o
20 | 2000 0 -

250
25 | 2025

0 %0230 30405060 0050 ¥

30 2000 Price Increases [$1)
35 1925
40 1800
a5 1625
50 1400

30b. (25, 2025); The club should Increase

the price by $25 1o make a maximum profit of
£2025. Sample answer: Increasing the price
by 325 is more than twice the current price, so
this may be unreasonable: The club may want
1o revisit their assumptions,

SA2 Selected Answers

d1a. If x = number of price increases, the
revenue is Rix) = —5x° + 40x + 1200. Because
the price changes and the revenue will not be
negative, the domainis {x | 0 = x = 20}

HI51|:|IF

{raia]

i1 4]

% 208 "\

=0

-7

m -—
ECii]

h=li]

Ell K12 HiEIEs

Price Increases ($0.50)
41b. The graph shows that the maximum revente
value occurs al x = 4, which corresponds to a
ticket price of $6.00 + 4(%0.50) or $8.00. The
maximum revenue is B4) = $1280.00.
41c. As price increases continue, the demand
for tickets will decrease. The x-intercept
indicates a price that [s too, and no one is
estimated to buy tickets for the cinema.

43, 201
45, Madison; sample answer: fix} has a
maximum of —2. glx) has a maximum of 1.

47. Sample answer: A function is quadratic if
it has no other terms than a quadratic term,
linear term, and constant term. The function
has a maximum Iif the coefficient of the
quadratic term is negative and has a minimum
if the coefficient of the quadratic term is
posithve.

Lesson 1-2

1. no real solutlon 3. —4

i
\f
&




7.—3.1 19. 6.6

35

g
i
9.1,5 2. between —1 and 0: between —5 and —4 &
rh ¥ 7 g
] Y HHT :
|1 | i
o SEEEr :
~Tat - { .
[ |
M1.—-2.5 23. no real salution
RITJ ] Ty
\ i :
J\I“ - x 2
,q—d. =4 =1 - [=] ax
|
B N i [ \
13. 6 and —4 25. between O and 1; hetween 2 and 3
15. between O and 1: between 3 and 4 27 —1.1 28, =—145 =345
11l 4 3. =324 =-124 33.21seconds
F— 35, between —3 and —2, betwesn 1 and 2
- ur
o | X k|
'ﬁq — X
2
17. betwean —1 and 0; between —4 and —3 :
& i
— v 37 between —1 and O, between 4 and 5
¥
NREr
o x 18 i
ol 1y
5 -1 -2 [ x|
[+




39. between 3 and 4, between B and 9
¥ Fai
3
—'ﬁ—i(m?
;j 'l.l'i
1

4. between —3 and —2- 0

AHH

1L
|
S ooy i ﬁn

| =
———

g e 08

[ 2]

43, betweon —8 and —7; between 12 and 13
rql—-_*‘ =

3 4y

rﬁi

Er';

45. no real solution &7 —32

49, between —3 and —2, between 4 and 5
Bl about —5 and 177 53. 1 and —19

55. 64 m

o 1

S

57. 5 seconds

50, Ma: sample answer: Hakeem |s right about
the location of one of the roots, but his reason
is not accurate. The roots are located where

flx) changes signs.

S84 Selected Answers

B81. 5; Sample answer: The intercepts are
equidistant from the axis of symmetry.

B63. Sample answer Graph the function using the
ais of symmetry. Determine where the graph
intersects the x-axis. The x-coordinates of those

points are solutlons of the guadratic equation.
Lesson 1-3

1.4/43 3642 524 7.-2342
9 52 M./ 13.+3 15.+ 1. +5
19.3,3 21.-0 3 23.4 -3 25104
27.2 41 29.10-5/ 3.7+ 33. 10/
ssd—Y ay-3 gy pel_ M2
MEA++H -2+ —8I+7
43.10 + 10jvoits  45. B — 2j ohms
47. Zoe, P = —i, not —1.

49, Always: Sample answer: the value of 5 can
be reprezented by 5 + O, and the value of 3/
can be represented by O 4+ 30,

51. Some quadratic equations have complax
solutions and cannot be solved using only the
real numbers,

Lesson 1-4

101 3.0 5.-1-3 Z7fbyon
3 F 5

9.5 -1 #.i—6 13.8—3

15.-8.8 T7.-17.17 19.-13.12 21.]

3 8
23.5 25.—¢ 275/, -5

. , 5 5 1
29, 25, —25/ 3L gl,—gf 33.—3.5
! 1 1
35.9, -9 3Lgl —f
39. 13 inches by 16 inches
41. 24 26

43, Meither, both students made a mistake in
Step 3.

45. Sample answer: 3and 6 — x° — 9y +
B=0—-3and —6—»x + 9+ 18 =0 The
linear term changes sign.



47, Sample answer: Standard form is ax® +

by + ¢ Muttiply @ and c. Then find a pair of
integers, g and &, that multiply 1o equal oc

and add to equal b. Then write the quacdratic
expression, substituting the middie term, bx,
with gx + fhx. The expression is now ox® + gx
+ hx + ¢ Then factor the GCF from the first two
terms and factor the GCF from the second two
terms. So, the sxpression becomes GCFx — q)
+ GCF [x — g). Simplify to get

(GCF + GCF )ix — g) or (x — plix — q).

Lesson 1-5

51

i
1216 3.03 535 —3

7 =1153~."§ &-21:551’5 "

1.8+8 15.—7+10/
17. -4 +6i 19.25; (x + 5

81 g}’
2114 (x+127 235 (v -2
25.4.9 27.2+477 201508

3+ 46
g

31. 16 in. by 16 in. by 16 In.

1 1_9 1
33.1,5 35 ¢ ¢ 3Lz -
30. 22080 491147 431+ 43

45.y =[x + 3 — B x = —3; (h k)= (—3, —8);
rminlrrum

ATy =—[x + 4P + M x = —4; (h. k) = (—4_ 1)
T LT

49. y=3x + 1P —dx=—1(h & =14
rmlrbrm

Sda. N = —49( — 04277 + 893

Bib. t = 0.427; poinis equidistant from the axis
of symmetry represent the times when the diver
will be at the same helght during his dive. Vertex
= (0427 B39 Malik reaches a maximum

height of about 8.391 meters approximatehy
0427 second after he begins his dive.

53. -277 —056 55 —144 024
511609/ 59. 13409

6L hif=—49F + 268: 23 B3 5%
B5.y=(x—5F+ 3053

67.y =[x — 10F + 4; (10, 4)

69a. n* + 90n 69b. 10

Ma. w = width, Viw) = the volume;
Wiw) = Bw® — 32w
M™b. 207 by 621 in.

73. Alsonso; Alka did not add 16 1o each side;
she added it only 1o the left side.

T5a. 2 rational; 16 is a perfect square, so x + 2
and x are rational

75b. 2 rational; 16 is a perfect square, so x — 2
and x are rational

758c. 2; complex; if the opposite of a square is
positive, the square s negative. The sqguare
root of a negative number is complex.

58d. 2; real; the square must equal 20. Since
that Is positive but not a perfect square, the
solutions will be real but not rational.

75e. 1, ratianal; the expression must be aqual 1o
0 and only —2 makes the expression equal to 0.
T5L 1. rational; the expressions (x + 4) and

[x + B) must aither be aqual or opposites. No
value makes them equal, —5 makes them
opposites. The only solution is —5.

771 Sample answer: Completing the square

is rewriting one side of a quadratic equation

in the form of a perfect square. Once n this
form, the equation can be sobved by wsing the
Square Rool Property.

LBMEUY POIDS|05

Lesson 1-6

1.-3,-5 331 5. azH

1729s

8.l-5 n-2l @=%

5. 2530 g7.15 1913

3+ 3V
3

25, 225; 2 rational roots
27. 2BS: 2 rational roots
29, 24; 2 irrational roots
31. 21; 2 irrational roots
33. —196: 2 complex roots

2.7 2 2B

35. —7. 2 complex roots

37. 0 —doc >0
2 real rational or irrational roots



39, 2 complex roots; %

1. 2 rational roots: O, %
43, 2 rational roots: 3, B

45, ? rational roots: 4, %

47 2 irrational roots; %‘E

49, about 2.9 seconds

51. x = the length of a side of the base,
(¥ + 2FEx+ 4)=x3x+1+ 531 5iIn. by 5 in.
by 16 in.

B3, 7x* + Bx + 2 = 0 is different from the other
3 equations because it has 2 complex roots,
where the other 3 equations each have 2
rational roots.

55a. Sample answer: Always, when o and ¢
are opposite signs, then oc will always be
negative and —4oc will always be positive.
Because b* will also always be positive,
then b* — 4oc represents the addition of
two positive values, which will never be
negative. Hence, the discriminant can never
be negative and the solutions can never be
imaginary.

55b. Sample answer: Sometimes; the roots will
only be [rational if 5° — 4ac 1= nhot a perfect
square.

57. —075
Lesson 1-7
= I

5 ¢ Ir 4
NEme
'.IF H
E,‘ 4-"
", N
'51 r‘
e
W) L 7|
g &l trig
i
ms
|
i

13. {x | x =3}

!

\

l\




15. {x | x < —Sorx >4}

T
-3
I,

19.30ftto 60 ft 24, {x | x < —106 or x > 706}
I {x|x=-2TBorxz=1}

25. (x| x < 0Blorx > 272}

27. {all real numbers}

29 {x|x=—9240rx=—076}

I {x| -5 sx= —3}

33..{::'|xa-'= —%} 31[.#]—3 s.x-_r..—%]
Jlyrx—4x—6 3Oy>-—-025x*—4x+2
41. No; the graphs of the inegualities intersect
the x-axis at the same polnts.

43a. Sample answeor: x? + 2x +120

43b. Sample answer x* — dx + 65 <0

45. t 13

I\ Jl
1 I

/

="

Lesson 1-8

142, =1 (=1, —4) 3.(—1,2), (15, 4.5)
5.2-2.(31) 7202

o, [—t +.|E- —T+i1"ﬁ } { -1 _am- =1 T-'E}

YI§f

L

g
I ]
3] r 1
| o
| 2
13. —i,'l i
N :
K
[—0.25, -1.25
i1, -5
| e, W
18, 1.7
I 14
0
) :
=4, 107
A RN
1
-—|15

17a. P = 2x° + 30x and P = 50,000

17b. x = —165.79, x = $15079

17c. Sample answer: Because the selling price
cannot be negative, (15079, 50,000) is the only
viable solution in the context of the situation.
This means that the business can earn a
£50.000 profit when the selling price |s about
$150.79 per item.

19. no salution

k ¥

S

\

/
B

Selected Answers SAT



21. (0, 2) and (1, 3)
LI EAF.

dL_.-'

o[

23. (1. M and (5, &)

M
T

25. no solution 27, (2, 2} and (2, —2)
29, |—1. =7 and {4, 23}

3
3N.-35.2

N

R

N

——1 -3 1 & 4 4dx

= L
i
.
| |

SAE Selected Answers

37.—2 39.(—2.—6),(0.8)
41.(—1,2),(2,5) 43.(0.42,0352)and (1, 2)
45. (—14, 2) and (1.4, 2)

47.(—1.8, 3.2) and (11,13}

49, (2. —2),(0,0) 51 no solution

53. no solution 55.(—31, 7)and (V31,7
57.—63.1 59.—-3,1 61—y, —1

63.—3 65.—.3

67.—6,—3 69a.07s

69b. about 20.9 m; The faster rocket lands
after about 9.96 seconds. Solving ¥ = —4.9¢ +
467t + c when y = 0 and [ = 996, shows that
c=209

Ta. Yes: the maximum height of the ball is
about 12.76 feet, which is higher than the net.

Tb. Yes: the player's hands could strike the
ball at & height of about 9 feet. Because that

& above the height of the net, the ball may be
blocked.

e, Sample answer: | assumed that the student
bumping the ball was far enough away from
the net that she wouldn't hit it | also assumed
that the player attempting to block the ball is in
the comect position for the path of the ball to
intersect the path of her hands.

73. Sample answer: ¥ = »” and y = —x*

75. Danny Is correct. Carol incorrectly solved
for y in the second equation of the system
before using the substitution method.

Module 1 Review

1A 3 10and21 B.C Tx=-3,x=5
8.0 MAD 1B3.C

15. between 0 and 5 feel

12 (2.1 (7. 6)



Module 2
Quick Check

1L -6+ (—13) 3. bmr+ (—Tmp)
5.—4a—20 T.-m+3

Lesson 2-1

1. As x — —o0, flx) — o0 and as x — oo and fx)
— o0, b = (—a0, ), R = [, =}

3. As x — —oo, fix) — o and as x — oo and fix)

— —a: = {—o, 'I'}r R= ‘_'I" D:']'

5. D =(—=, =), R=[0, =)
A

/

7. degree = 1, leading coefficient =1
9, degree = 5, leading coefliclent = —5

1. not in one varfable because thera are two
variables. v and ¢

13a. 455
13b. ¥ 1§
2
)
2
-1 - L [ ]
H
i
15.1 1.3 19.3 21a. fix)

b, zeros: fix) —15, 025, 3 25 gix): —275,
—0.5, 0.25

x—intercepts: fx) —1.5, 025, 3.25; g(x): —275,
—0.5, 025 y—intercept Ax: b olxt 1 end
behavior: fix) As x — —o0, fix) ——o0, and as x
— o, flxg — o] gix): As x — —x, gix) —o0, and
as ¥ — oo, gix) — —oo.

23, As x — —o, fix) — — and as x — o,

fix} — —x. degree = 4; leading coeflicient = —5
25, A x — —oo, gly) — —o0 and at ¥ — oo,
glx) — 2 degree = 5 leading coefficient =5
27. This is not a polynomial because there is a
negative exponent.

29, As x — —o0_ hix) — > and as x — 20, hix)
— oo degres = 2, leading coefficient = 3

M Asx — o0,y — —o0, and AS ¥ — —o0,

¥ — 2o degree = 3; the leading coefficient i
negative.

33 M1 — ¥ =oft —xf — b(1 — " + (1 — x. So,
M — x) = —ax® + (30 — bx* +

[(—30 + 2b — 1x + (o — b + 1). The function

{1 — x) has the opposite leading coefficient,
representing a reflection in the y-axis. So, it has
the opposite and bahavior.

35. Sample answer: The volume of the

new box is modeled by the function Vix) =

(10 — %144 + 2x). The graph appears to have a
relative maximum at x = 2 and 2]} = 512 50,
the dimensions of the box with the greatest
volume will be B centimeters by 8 centimeters
by 8 centimeters.

_&Jlmf

Valume [ent)

!
P;'__
REAT

Change h'lmnmmn {:Izrn‘p

3. fix), fix} has potential for 5 or mora real
zeras and a degree of 5 or more. gix) has
potentlal for 4 real zeros and a degree of 4.

39. Sample answer:

LBMEUY POIDS|05




Lesson 2-2 7. relative minimum near x = —t. no relative
maximum

1. zeros between x = —4 and ¥ = —3, and
between ¥ = 0 and x =1 m

—4 247
[

e
=
|
s
B

—4 3
_2 1
== B 2 | 1
s = R ix
—3 —3 J'l E{ X a 4 T
=1 | =3 b\_f
1 2
0 = 2 19
1 3 3 86
2 3 4 63

9. Domain and Range! The domain and range

m [T |__?+L of the function are all real numbers. Because
—6 17 lag the function models years, the relevant domain
) 1 is {n | n = 0] and the relevant range is all real
=5 3 . numbers
—4 25 T Extrema: There is a refative minimum atn = 2
-3 28 in the relevant domain.
—2 23 3 End Behavior: s x — o0, v — oo,
3200y 1 * 3 4ax
1 11 Intercepts: In the relevant domain, the
. vintercept Is at (0, 0). The n-intercept, or 2ero,
is at about (3. 0).
1 Symmetrny: [n the relevant domain, the graph
2 19 does not have symmetry.
3 53 r 1

5. relative minimum betweenx =0 and x = 1: =
refative maximum nearx = 4

x | fix) TEI" 5

i
—1 22 1 ¥

2

]
o o M
1 . -fl‘ 1. Curve of best fit: ¥y = —0.012%* + 0.217%°
5 % 4 — 11Ex® + 1.486x + 752 car sales in 2007
5 i T34 9.991 million

3 30 [TTFTTTTH
4 a2
5 10
[ —48
7 | —154 [0, 90} sel: 1 by [0, 10} s

SA10 Selected Answers



13. Curve of best fit: y = —0122x" + 1.565x"
— B6.325x" + 20321 + 33125, where x is the
numbes of months since January, average
valunteer hours for September: 44

[, 90] sci: 1 by [0, 1200 sck: 12
15, average rate of change: 4500; From 2012

to 2017, the salesman's average rate of change
in salary was an increase of $4%00 per year.

-3 | -7
=g | =3 -
4| =4 ]

4] 2 B!

1 25

e between x = —land x = 0:
rel. max. at x = —2, rel. min. at x = —1;
D = all real numbers: R = all real numbears

Fl 4
—2 3]
= | =2 i 9 =
(1] —2
1 -3
2 2]
3 &1
Zeros batweean ¥ = —2 and x = —1, and

betweenx =land x = 2,

rel. max. atx =0, min. at x = —1, and x =1,
D = all real numbers; R = {fix} | fix) = —3}
2. rel. max: x = —2.73; rel. min: x = 073
23. max: x = 1.34; no rel. min

25, Sample answer: flx] — —o0 as x — o0 and
flx) — o0 as ¥ — —x0; the leading coefficient is
megative.

“”"E H'n.
- -3 i x
k;\,ldlilml Al

27, The type of polynomial function that should
be used to model the graph Is a function

with an even degres with a negative leading
coefficient. This is based on the fact that the
graph s reflected in the x-axis and as x — —oo,
fix) — —oo and as.x — oo, flx) — —oo.

29, As the x-values approach large positive or
negative numbers, the term with the largest

degree becomes more and more dominant in
determining the value of fx).

3. Sample answer:

|
I
FVAY

33. Sample answer: Mo; fix) = x* + X s an even
degree, but 1) + A-1).

Lesson 2-3

Lyes:2 3Ano 5.2 —0-2 T.3g+12
937 +4x—5 M. —3x+3 13.3np — 3pz
15 -+ 5a82 Tho?—10a+ 25

19, + 'y — o —
.27+ 'y — 2y — ' 23— 4F

25. 25 — T+ 5 — A —x+ 2
27.5° + s +15 29a. 4x" +Bx+ 3

29b. Bx* + 16x+ 6

31. 12c'b + Bo'b® — 15ab® + 4b°

Selected Answers  SAT1

LBMEUY POIDS|05




33.2n — 3mrp + 6n'p?

35, 2n° — 140 + 4n° — 28
37 64 — 2400 4+ 300n — 125
39, Tx— 2y

Ma. fixiglx) = (B — Nk +2) =
x — 2. 3rd degree

A1b. hixifx) = [—x° — %3 — )= -3 + 5" —
Ax" + x; 4th degresa

e AxF=3 -1 =9 —Bx"+ 1

4th degree

3x* + B —

lition and | Mutiplicator

Subtraction

45, —0.022x + 1590
47a. Area of sidewalk = area of larger circle

— area of smaller circle, so 384w = w(r + 12)° —

ot = mirt + 24r +144) — wr? = 249%r + 144w
247r = 240m; r = 1 the radius of the smaller

circle iz 10 feet, and the radius of the larger
circle s r+ 12 =10 + 12 or 22 fest.

47h.

12 1t

47c. 48 + 576 it

49a. rr - 11, each term of one polynomial
multiplies each term of the other one time.

49b. 2: adding like terms may result in a sum of
0; but the first and last terms are unique.

SA12 Selected Answers

51. (32 — 2b)[3 + 2b)

Lesson 2-4

15 +2y+1 3.2/—3k S.n+2

2 Etr‘.itE‘-. | 1.-1:'}41,
By -y+4—513

4 i P, -
15.30° + 5+ 37 + Ty

=]
Tm-3+—7 19.2¢-3x+1
2. x—2x+4 23.2c¢d—
2B —n—1
13
2137 - F+ 2P — 42+ 9 5

9. A Bisbe Cls 1. 31 wix*— Bx + 16)

33. Yes; Because 3x times the divisor is

Sx* + 3x, the divisor must be 3x + 1. The
second and third terms of the dividend must be
Ox + 5 because the first difference is —3x + 5.
35. Bx® — Bx* — 2x — 10; | multipfied the divisor
and the guotient and added the remainder: (2x°
+ ¥+ Ndw — B) + [(—4) = By — B — 2x — 100
37a. No; the degrees of fix) and dix) may be

4+ 6 , B
i

37h. Yes, if the degree of rx) is greater
than or equal to the degree of dix). then the

equal. For example, =

expression —— may be simplified by division.

il x)
3”“ , then Bx + 1 may ba

For example, |{
divided by x to get 8+ —

37¢. Yos! hecauso - (a Iy} + the degree
Ax) ] ofx)* rix]

of 0 miust equal the degree of glx) + - The

degree of rix}) & less than the degree of dix),

nx

3 equals the degree

of gi{x}. This means the degree of Tl equals

the degrea of gix), and the degree of % is

the degree of fix) minus the degree of dix). For

D=1 _
example, in -5"—="= 2% +

50 the degree of g(x) +

= = 1§
B +3 the dE'I_:JIEE'

of gix) is the degree of fix) minus the degree
of afx).

39. The binomial & a factor of the polynomial.



24+ 0y49

41. Sample answer: T

43a. B +1
1
43b.B+ e

Lesson 2-5

1.xF — 3ty + 37 —

3.g° — 4g°h + 6o — dgh” + i

S ¥ — 2% + 147y — 343

7. 38%

9. 243x° + 1620x"y + 4320x° + 5760x"Y* +
I840x° + 10245

1. 40964 — 6144hY + 3456H3F — BE4AS + BIP
13.;*+§x*+%f+%f+%x+¥‘:
15. 32b° + 20b* + 56° + 2% + 5gb + youm
17. 23%

19. If C represents a correct cincult board and
N represents an Incorrect circult board, then
the number of ways for the robot to produce

& of 7 circuit boards accurately is given by the
coefficient of C3N? in the expansion of (C + N
Uzing the Binomial Theorem, there are 2 waye
for the robot to produce a correct circult board
out of 128 possibilities. 5o, the probabllity

that & of 7 are comrect is é—; or about 16%
probability.

21, H crepresents a correct answer and
W represents a wrong answer, then the

coefficients expansion of (¢ + W)™ can be used
o represent situation. Using Pascal’s triangle,
there are 45 ways to get 8 questions correct,
10 ways to get 9 questions correct, and 1 way
to get all correct. So there are 56 ways 1o get
8 or more correct. By adding all of the values
in this row of Pascal's triangle, | found that
there are 1024 different ways he could answer
the questions in the quiz. Matthew ha< a %
or about a 5.5% chance of getting 8 or more
correct.

23. There are 9 judges on the Supreme Court.
The majority could be &, 6, 7, B, or 9 votes_ 5o,
there are O, + O+ C. + ,C, + ,C, = 256
combinations.

25, 1.21896; (1.02)° + 1.21899442; the
approdimation differs from the value given by a
calculator by 0.00003442.

27, Sample answer: While they have the sama
termes, the signs for (x + )" will all be positive,
while the signs for (x — )" will alternate.

29, Sample answer: Ex + gy}i

LBMEUY POIDS|05
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g, 5+ Tu® — B + Bx® + 2x
H.C 13.Bx5+Tx—3 15.B



Module 3
Guick Check

124 + Bx" +6x+ 4
3o — 4057 +12x + 24

4 1
5-4.2 1—3.3

Lesson 3-1

1—412 3, -047 054,394 & —127
Ta. B + M0x" — 200x = 15,000

7h. ¥ = Bx* + 110x* — 200x, y = 15,000,
*=10ecm

Te. 25 cm by 20 em by 30 cm

9a. mx’ + Im’ = 628

Bb. =T+ 3,y = B2Bx=5

Be, radius = 5 in., height = 8 in.

. —3.63, —1.35,1.35,363 13. no solution

15. $0.29, 0.88; sample answer: graph fx) =
70.000(x — x*) and fix) = 20,000 and find the
xralues of the points of intersections.

¥
5,008
30,000 AT
26,000 B,
20,000
165,004
10,000

" d ‘3}

B pa o4 a8 om

17. Sample answer: A function with an even
degree reverses direction, so bath ends extend
in the same direction, That means that If the
function opens up and the vertex is above the
x-axis or if the function opens down and the
vertex s below the x-axis, there are no real
solutions. A function with an odd degree does
not revarse direction, o the ends extend in
opposite directions. Therefore, it must cross
the x-axis at least once.

1. Sometimes; sample answer: The positive
solution is often corect when a negative value
doesn't make sense, such as for distance or
time; however, somelimes a negative solution
is reasonable, such as for temperature of
position problems. Also, somatimes thera

SA14 Selected Answers

are two positive solutlons and one may be
unreasonahle.

26 Byt = —2x — M It is the only one that has
no real solutions.

Lesson 3-2

1 (2c — 3d)(4c* + Bed + 9P

3. o — blle* + ab + Ba + bB)ie* —ab + B
8. prime 7. (x + ¥ix — W6+ g — 3h)

9. o — bje? + ob + bYx — 8F 1M.0,72
13.0.—58

15a. Let x represent the length of a side of

the leg and y represent the length of the notch;
¥ — A

15b. 15 in.

17 —15(x" + 18{x%) — 4 19, not possible

20 A2xF + 2+ 6 23, +4/5 +iT

25, +203 VB 99 48 3

29, (x + 2 — Fn 4+ Ax — 2+ 2v+ 4)
31 x5 2x + 3WdE + Bxy + 9

FE -1+ + 1P

35.3.—3, +10 371411, 12

39. 6,3+ 33

1, V6 3,40
a3, 25 A3 15 0

a5.+1 +47 a7.1,-2, 7505 1443

49, -5 L T1EN3 S80S gy 43 44 4

53a. Sample answer:% = 2{%]

53b. u=x4 1 —Bu+15=0

53c. B1, 625

558. prime &7 (2o + 1)k — 3) 59. prime

6. (0 — 6 63 (y+9° 65 19 x—2)

6L [m* +1)m—Nim+1 B89 2.4in

M. The solutions are x = =+ and £-/7.
because both equations have the same
coefficlents, take the sclutions for the quadratic

equation and substitute x* for x.

L3
75. Sample answer: 12x®* + B + By + 4=

120 + 6[x°F + Bx") + 4




Lesson 3-3

1. x — * = x* — 2uy + v (Original equation)
¥ — 2xp + v = x* — Zxy + v (Distributive
Property)

3. 4{x — 7F = 4x* — 56x + 196 (Original equation)
A’ — 14x + 49)= 4x° — 56x + 196
(Distributive Property)

Ay — Bbx + 196 = 4x* — 56x + 196
(Distributive Property)

5. o° — b* = (o + bila — b) (Original equation)
=g —ab + ab — b* (Distributive Property)

= g — B [Simplify.)

1.0'—q*= [p — gllp + glp’ — ¢%) (Original
equation)

= ¢ + pgq — pg — §°p* + ¢ (Distributive
Property)

= (0" — g)e + g} (Simpilfy)

=p* + p'q’ — p'g* — q* (Distributive Property)
= p* — g (Simplify.)

9. (3x + ¥ = 9" + Bay + y~ (Original
eguation)

9x* + Bxy + ¥ = 9x* + Bxy + ¥ (Square the
left side.)

9 + By +y' =9 +6xy+y  (True)
Because the identity s rue, this proves that
Aponi Is correct, Her process for finding the
area of a square will always work.

1L identity 13. not an identity 15. not an
identity

12 g8+ ht

= (g’ + Mlig* — g*h* + h*) {Original equation)
=g* + g’ + g’h* + g*h* — g*h* + h"
[Distributive Property)

= g° + h® (Simplify)

19 uf — we

= (u + Wit — Wil + uw + W — uw + v
(Original equaticn)

= (¥ + w)iu® + uw + W — uw + W) (FOIL)
= (1 + iw — et — W — uw + w)
{Distributive Property)

= u® + ur'w— W — W — w - o'W 4
it + W+ W+ W — ot —
(Distributhve Property)

= pf — W [Simplify)

21. A pobynomial identity is a polynomial egquation
that I= satisfied for any values that are substituted
for the varlables. To prove thal a polynomilal
equation is an dentity you begin with the maora
complicated side of the equation and wes algobra
properties to transform that side of the equation
until it k= simplified to ook like the other side.
V. -y =3 2y=4 ¥+ =8x=2y=1
25. When George multiplied b and o in the
second line he mistakenly made the term
negative so [t did not cance! when he simplified.

Lesson 3-4

LBMEUY POIDS|05

L.-59:1 31707:62 5.—98; 0 7131902
8210 Mm-2.1 13.3.3 15.—-4,-7
215, —6 19, —22,20

21a. 5204 billlon  21b. 514416 billion

23 x—1F 2B/ox—4 x+1

2T x+6,2x+T7 PWx+1,x2+2x+3
Mx—1x+2 32.x—2.x+2
FIB.x+3x—6 Ihx+1ix—4

W Ix+1x—1 Mx—1x+2
A43.x— 4, 3x —2 45.1; 764

47
| 1 1
Lok o 3 1 1
1 I [
& 55 B0
1 ]| E] GBI
B [5] Eoa Sl
1 631
E000
49,8 51.-3

53. By the Factor Thaorem, (v — 1) is a factor.
Use synthetic division with ¥ = 1 The remainder
Ek—3 For{x —TNtobeafactor k—3 =0,

g0 k = 3. The guatient is 10x + 13x — 3, which
factors as (Bx — 2% + 3. Ax =[x — o — 1)
(2% + 3). The cubic has a positive leading
coefficient and zeros at —1.5, 0.2, and 1

¥
e HH
BABL S8R
1T
55a. (2003, 621), (2012, 1197, (2021, 1740,
(2025, —15,255)
5Eb. The model still represents the situation

after 25 years.: Sample answer: No, the
average value is unlikely to fall so guickly.

Selected Answers SA1S




57. —5: If P{x] Is symmetric to the y-axis, it must
alsa contain the point (—2, —5). According to
the Remainder Theorem, the remainder when
polnomial Px) i= divided by (x — r) is Plr).
Since P{—2), = =5, the remainder when Plx) is
divided by (x + 2) is —5.

59, Use synthetic substitution with o0 = —6. The
remainder must be zero, 50 432 — M6k = 0, or
k= 2. The depressed palynomial is 2x* + 3x — 5,
which factors to (2% + S5} — 1). Therefore, we
can write kx* + 18x° + 13x — 30 = (x + 6)(2x +
Bi{x — 1.

v

61. fix) = Ofx — 1{x + 5F

!lr

=i = O

L

=g

—8
1

Py

B3. If x — o iz a factor of fix), then fa) has a
factor of fo — o) or 0. Since a factor of fa) is O,
Ao} = 0. Now assume that fla) = 0. If fla) =0,
then the Remainder Theorem states that the

remainder is 0 when fx) s divided by ¥ — 0.
This means that x — o is a factor of fx). This
proves the Factor Theorem.

65, Sample answer: When x =1, fi1) is the sum
of all of the coefficients and constants in fx), in
this case, g, b, ¢, d and e. Thesumof a, b, ¢,
d, and & is 0, =0 however the coefficients are
arranged, A1) will always equal O, and fx) will
have a rational rool.

B7. Tyrone;, Sample answer: By the Factor
Thearem, [x — r) is a factor when P} = 0.

Pl =0whenx=—1andx = 2.

Lesson 3-8

1 —%1 real
3.0, 0 0 2 —2F 3 real, 2 iImaginary

SA16 Selected Answers

1+ 42
2

5. -2 real

8.1, +2 i 1real, 2 imaginary
1. -5 12 real
13. —i % —%L %J: 2 real, 2 imaginary
15.—2,—-2,0, 2 2. 5real

172or0; 1. 2or 0

V30 2or0

2111, 2

23.0o0r2;0o0r2;0,2, or 4

25. 0or 21 20r 4

2L 0or2, 0ord; 2,4, or 6
29.3.1+42,1—4+2

e
& SERE

311,-2-3

-

K.

I
|l )

|

33 1,-1.1.4




as —6,—2.1

RRRSAY

37 —-4.7 -5, 5/

¥
20 |
300
_so0} ﬂ
1000
L
39.4,4, 24,24

ﬁr

r

oW E D
-

— 3
]

MNy=x+x—56
A y=x—6'+ T+ G — 8
45. Sample Answer:

- -

B K1 B :
;@Lf’ )

2k EII W
1 I
47 Sample answer fx) =23 + 252 — 23x — 60

49, Sample answer: Tx) = x* + 2° + 6 +
18x — 27

B1. Sample answer: fix) = ¥* — 3x? — Gx* 4
TIx + 150

by

55. ¥ I 4

[T
I

57a. (x — 5P(7x + 9.5)% = 234w 7, %

57b. height 41.5 m, radius 2 m; x = 7 is the
only reasonable solution in the context of the
situation. The other possible values of x result
in negative measures.

B9, The graph is oy Ll I

accurate as far as the

location of the 2eras, j"]‘

but does not conslder

could be improved by

finding more points

any vertical dilation. It £

between the roots.

61a. y

ML
/

oy
Y

Selected Answers SA1T
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63. r* + 1= 0 Sample answer: The equation
has imaginary solutions and all of the others
have real solutions.

B5. Sample answer: To determine the number
of positive real roots, determine how many
time the signs change in the polynomial as you
mowve from left to right. In this function there
are 3 changes in sign. Therefore, there may

be 3 or 1 positive real roots. To determine the
number of negative real roots, | would first
evaluate the polynomial for —x All of the terms
with an odd-degrea variable would change
signs. Then | would again count the number of
sign changes as | move from left to right. There
would be only one change. Therefore there
may be 1 negative root

SA1E Selected Answers

Module 3 Review

1A 3.ABD

5. Set the expression for the volume of the first
figure equal 1o the expression for the surface
area of the second figure. Solve the equation
x' — 9x = Bx’. Solving the equation gives the
solutions —1, 0, and 9. The value of x cannot
be 0 because when substituting O for x in the
original expressions, the volume of the first
figure i (0j3 — 9(0) = 0 — 0 = 0 and surface
area of the second figure 1= 8{0) = B(0) = 0.
Volume and surface area cannot be O, so the
walue of x is —1ar 9,

Tx=686
9.B MN.C 13.8

15.8.C
17 A



Module 4
Quick Check

1. between 0 and 1, and between 3 and 4
3. batwean —1 and 0, and between 1 and 2
B.Bx+3 T2x +8x— 6

Lesson 4-1

1L{F+ glx) = —2x + 5/ {f — ghix} = Bx — 5;
(f-g)ed = —8¢ + 10x (§ )= s x+3
A+ gl =3Ir—{f—gilx)=—x+5;
(f-gli =26 —tx+ 14 (S =2=2Z ¢ 1
B.{f +giix) = x" + 3x + 1, (F— g){x) = -3 —
3+ M« gii) = —2* — 3" + 17a* + 18x —
3!]:{%}[3? =%,x#= 1o —%

Fa. (o — b)(x): o — bjjx) = 85x + 1750
Th. F000

i~

9 123456780910

Months Since Opening Account
S fog=[-441D=[-4LR=[4kgeT=
{{—8,0), (0, —4), (2. -5} (-6, —N.D=
[—6,0, 2], R =[-5 —4, —1.0]
MN.regisundefined D=0, R=0:g ol
undefined, D=8 R=08
13.[F = glix) = 2x + 10, D = [all real numbers],
R = [all aven numbers); [ o fix) =2x + 5,
D = [all real numbers], R = [all odd numbers)
15. [f = g}x) = x* — 6x — 2, D = [all real
numbers), R =y |y = -1 [g ¢ Aix) = ' + 6x
— 8, D = [all real numbers], R={y | y = —17}
17, pix} = 0.8B5x; Hx) = 1.065x; fpix)] =
1.065(0.85x); $1222.09
18. Sample answer: The order of the discounis
does not matter. Either composition results in a
final cost of $54.91.

21.15 23.1 25.12 27.189 29.21
M—3 33.9 35440
37a. Virit} = = + 2me + 8wt + 32n
37b. 2145 m’
3%a. (f + gi(—1) = 4
3%b.(h—gld) =8
30c. f - H)i4) = 5
s94. (§)9 =4

o
3%.(;)(21=0

o
391, (5 )(1) = undefined

1. Sample answer: ix) =x— 9. glxl=x+5
43a. D = [all real numbers]
43b.D ={x | x = O}

Lesson 4-2
L ((6. —B). (—2.6),(—3. 7}

LI Lar
Wl |

(=]

[

2. ((—1.8), (-1 —8).(—8. -2 (—8.3)}

s T

5. fix)=x—2

¥

Selected Answers SA19

LBMEUY POIDS|05




TH=—"F+3

2
K1 "
HEEA 'JL
AT
T
#‘*‘ :
[d .'-JR;T—
7 s
i \

9. F )= —2(x+ 8

=
|

M. Fp) = Ix

I

BG: )
L3

13.7 ) = ii

If the domain of fx) s restricted to (—=c, OL

then the inverse is Fi{x) = ”T'E

If the domain of filx) is restricted to [0, =), then

the inverse is M '[x} = nr

lr ,;,!'
Rt

ML

ﬁ&%‘

T [r=a

¥ 1

k4

*

N

15a. p'[x) = 14x; Sample answer: The inverse
converts stones to pounds, where x is the
welght in stones:

15b. Abrout 35 pounds

L1
=]

4

5 i 15 3025 30 35«

o wEFHEERE B

. no 1O.ves 21.no 23 yes
28 . x =4

27.F ) =x— 2

29, fFix)= £ +2x + 2

If the domaln of fx) is restricted 1o (—oo, O]
then the inverse ks F(x) = v2x + 2_If the
domain of fx) is restricted to [0, oo), then the

inverse is Fij}) = —v2x + 2.
Fatanasea

o

Fd

Il i
3l.yes 33.no 35 yes

37 {x|xz=0)or {x|x=0}:{x|x=5}
39, {x|x =—6}) {x|x =0}




41. & ¥

N

45, F'=220— n;r:: Sample answer: The
inverse function gives the functional age of the
clients based on thair heart rate.

A47a. Vixl = x(12 — 216 — 2x) Sample answer:
The value of x must be between 0 and &
because the length of ¥ must be positive,

but the length of the side of the bax (12 = 2x)
cannot be less than O.

_'mﬁ[\l
Bed1iR

— 75
L sof—+—\

47b. No; sample answer: even with the
restriction, the function does not pass the
horizontal line test, 5o its imverse will not be a
function.

49. Sample answer: Sometimes; y = £+X is
an example of a relation that is not a function,
with an inverse being a function. A circle is an
example of a relation that is not a function with
an inverse nol being a function.

51. Sample answer: flx) = x and Fix) = x or

) = —xand Fi{x) = —x

53. Sample answer: One of the functions carrhes
oul an operation on 5. Then the second function
that s an inverse of the first function reverses
the operation on 5. Thus, the result is 5.

Lesson 4-3

1+ 3.7 5. —9¢°h9c 7. 2)px— 3F)
9.3k —4] M|of| 1B.V8 1584

7.5 1.6 2.3 23.55
25.64 27.x% 19.% 31, 38fct

33.3|(x + 4)| 35. (" + 5
37. M| 39. -3 4L Y
- o —
43.b° 45. E‘
47a. 5430 cm® a
-
47b. 3243 cm* 3
47c. 288 o o s
Y/ @

49.c7 51. 6% 53,7 55, 21fest
57. There are four cases to consider. Fm =0
and b is even, then Vm™ = m®. If m < 0 and
b is even, thenym™ = —m* . fm > Oand b is
odd, then V™ = m* I m < 0 and b Is odd,
then¥m™ = m".

59, x < (0 If x < 0, then x = —x.

&1 Sample answer: t may be easler to simplify
an expression when it has rational exponents
because all the propaerties of exponants apply.
We do not have as many properties dealing
directly with radicals, However, we can convert
all radicals to rational exponents, and then use
the properties of exponents to simplify.

63. when x or y = 0 and the other variable is = 0
65.0 < x<1x<—1 672 2xy

Lesson 4-4

LD=[x|x=9%R=[y|y=0
3D=[x|x=0R=[y|y=<0)
5.0={x|x23kR=l|y=0)
1.D=[x|xz—1R=[y|y= 0} reflected

in the x-axis, compressed vertically, and
translated left 1 unit




9.D0=x|xz=z0kR=[y|y=0]
stretched vertically
R

mrd

] ¥}

ND=[x|xz0LR=[y|y=—5]stretched
vertically and translated down 5 units

- A
=
ol
=] L %)
i
i
3a.t=3Vd
t
)
=z
£,
-__=—--_
et
?
o

123 4567 80d

Distance (in.}
1Bb.D=[d|d =0} R=(r|t=z 0} increasing as
¥ — o0 positive for x > 00 As x — oo,y — a0,

i

Time (8}

.-d"'--

——

7
I/

a

123456784949
Distance (in.)

13c. compressed vertically

15. ¥ |
i T u:ﬂi l"*‘
I
=
4
o X
17 qr
1 o
I ]
g
_:_5 -4,,
SE ] -
L '
112
—:u
19. j; ¥ i i = B
N . X
=
b8
S,
12
-
2.0 = o0, =) R = {—ox, )
Li |
(] ]
P
23. D = {—a0, oc) R = {—ox, o)
— Latx
s
2
—— -0 4y
54
25a, ¥]
el .—'ﬁ
s
M




Domain all real numbers |[x | x = O]
Range all real numbers |y | ¥ < —3]
Intercepts | x-int: B; p-int: —2 | x-Inkz 9,
yeint: —3

Increasing! | increasing as Increasing as
Decreasing |x — o ¥ — a0
Positive/! negative for negative for x
MNegative ¥ < B positive < 9 positive

forx > 8 forx =19
End ALy — —ok, AL ¥ —F —DO;
Behavior plx) — —oo ifx) — —2

a5 ¥ —= 00, a5 X —+ O,

plx) — gfx) — oo

27 i) =4x—2 +1

={x|x=5ER =M | fix) = —6)
siretched vertically translated 5 units right and

& units down

LLoFY |

=x|xz=1 R =[x | fix) = —4]
compressed vertically, translated 1 unit right
and 4 units down, reflected across the x-axis

33.D = [—og,

[ t¥

[]

35. X L
3
4
2
. 7 i 1_:11
T
!
11
A= —x+4 —

39a. fix) has the greater maximum value

Because (s maximum,

maximum value of gix).
39b. The domain of fx) s x = —3, since any
values less than 3 produce a negative value
under the radical. The domaln of g(x) is x = %

39¢. The average rate of change over the
interval is —3 fnr fix). It appears that the rate of

change for g:x} s the same.

%, s greater than 6, the

MND=[V|— < V< x)or (—oo, aof;
= {fV} | —oc < AV) < =] of (—o0, ), End
behavior: The values of rincrease as the

values of Vincrease:

-t P2 L I

43. Sample answer: y = —

W+ 4 +6

45, Sample answer: The domain is limited
because sguare roots of negative numbers
are imaginary. The range s Imited due 1o the
limitation of the domain.

47a. Sample answer: The original is y =x* + 2
and Inverse isy = £vx — 2.

47b. Sample answer: The orlginal s y = ++/x + 4

and Inverse is y = (x — 4%

Lesson 4-5

tﬁn*nw'_ 3. 200 +/Bch 5. 2jabfd
7. 2rlE a@ " Eh-"_ 13.45
15. 547x — V13 17. 12002z 19, 144002

Selected Arswers SA23
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21. 15xy+/14xy
23.18 + 5vVEm?
25. 563 + 4246 — 3642 — 54 27.1260

;155.#"
ﬂaJJEIEE 3q 11505
33.6v3 + 642 351“ ”3 37,

39. 2yz* 2y

&1 &1
41.“ i[_‘-'::-’ llm.t-.'T+x-.-'_E;-x+!

43.4+3 45 28Y7a 47.10¥28 in. 49. Y2

5ta. Johr nﬂ;““ or 40 — 2042 min;

_Ja'f.n’ﬂ d" or 40 +5 — 80 min

sm.z—ﬁ+~.fs_+—

53a. 3 (VX - x) + (v¥ - YaEx) = (V¥ + V&) =
X+ 2% = 3x

53b. i, (V¥ » &) + [+ « ¥8x) + (V% + +0x) =
(V3 + V& + Vo) = x + 2x + 3x = B
53c. 10x; (v¥ - v®) + (v& - ¥3k) + (v¥ - /9] +
(v - 180} = [viF + VB + VO + V16F) =
X+ 2% + 3x + 4x = 10x

53d. (VX - vX) + (VX - Vax) + . +
(VE+Vnxl=x+2x+ _+nmx=14+2+ _ +

e = (52
55a. 612 + 1 r =1 o - 72n =54 = HZ;
S=37 +2(2)

55b. Mo: cample answer: a box with a volume
of 384 cm® has a side that is 4384, or about
727 cm; 5 = 6¥2 + 4 = 11.55 is the least
possible value for a slde of the gift bow
§lo=1b=2860=2b=16a0=4b=4
a=8b=2

59, Sample answer: It is only necessary 1o use
absolute values when it is possible that i could
be odd or even and still be defined. it is when
the radicand must be nonnegative in arder for

the root to be defined that the absolute values
are nol necessary.

SA24 Selected Armwers

37 + 3435

Lesson 4-6

1 i
1.5 3.8 540 71 1 N—5

13. no real solution; 16 = an extranecus solution.
15.83 161 19.15623 21.43

23.24 25.2 7123 ¥ 36 cm

31 338

35.2 37.245

39, 3, 4 (extraneous solution)

41. 6, -5 [extraneous solution)

43. 12 units

x_;_'_IES

45h. % <x=12
47a.20.2

47b. Silver; 5713 % 1075 = (1.2 x 10" )AJ;;
4761 = (A 107917 = A

49, Graph functions fix) = -E and

gix) = sk + 21} . where x is surface area of the

cube. The gmpm imersect at x = 18.27 The
surface areas of the cube and sphere are
approximately 1827 em® and 3827 em®.

bsfr

& ..'lrn L

e
]
|

12 14 68 30 Jie]
HEEEER

51. vx + 2 — 7 = —10; Sample answer: This
equation does not have a real solution while
the other three equations do.

53. never,

VT _ .

=

xE
== X

= (=)

X —x3
55. Mever; sample answer: The radicand can
be negative.



Module 4 Review

1.D
3c
5. (fo g)ix} = 12x + B

7. If the domain of fx) is restricted to (—eo, —2],

then the inverseis Fix) = —2 —ax + 1 _f the
domain of fx) is restricted to [—2, o), then the

Inverse iz Fix) = —2 + Yx+ 1.
a.D

11. The parent function Is fix) = & and gx) =
avx —h + kwherea=—2_h= -5, and

k=—3 Because o < 0 and o] > 1, the graph
of gix) is the graph of the parent function
reflected across the x-axis and stretched
vertically by a factor of |a|, or 2. Also, because
h < 0, the graph of gix) is the graph of the
parent function translated left |A| units, or 5
units. Finally, because k < 0, the graph of g(x)
is the graph of the parent function translated
down |k| units, or 3 units.

13.8B 15.24/3 17.B 19.A

LBMEUY POIDS|05




Module 5

Module 5 Opener

=3
FIEr

i 5
5. =3x—3
7.F %) = —3x

1 o< 3.

Lesson 5-1

1. Domain: all real
numbers; Range: all
positive real numbers;
yeintercept: (0, 1);
Asymptote: ¥ = 0; End
Behavior: as x — —oo,
fix} — 0 and azs x — 20,
M) — oo

3. Domain: all real
numbers; Range: all
positive real numbers;
yeintercept: (0, 1);
Asymptote: y = 0

End Behavior: as x —
—oo, fix) — O and as
x— %, fix) — o

5. [¥
i
M
M
]
12
B
i
E 24 & Ba|
N RE NN NRN
7 ¥
I
f |
20
]
j F]
E
4
—f &4 246 BE

SA26 Selected Armwers

=|

f 3

)

—4—.—1—9“ 4 & Bx
—&

=41

-%
-2a}

Mhk=—3gp)=2"—3

13.k=—tgb=—(3)
15. about $20173

malx H
0 Wi
B
ua
gm P
Em
)
&0 |t
40
b
O 2 4 6 81014 18202

Time {years)

17. exponential growth
19, exponential decay
21. exponantial decay

23. Domain: all real
numbers; Range: all
positive real numbers:
yintercept: (O, 1);
Asymplote: y = O; End
Behavior: as x — —oo,
fix) — oo and as x — oo,
fix)— 0

25. Domain: all real
numbers; Range: all
positive real numbers,
yeintercept: (0, 1);
Asymptote: y = 0; End
Behavior: as x — —oo,
fix) — oo and as x — oo,

fix)—0

P |




FiA !I:
! _
#
Hq —.ﬂl r iy ]
I:"‘ L
L&
AN
29, ¥
il - .
- —‘-—-l—..l!a' 46 &ax
AEEERRNEN
. r

= -.—[n:! ; T
4
33a. FF
Saell
Hn_l

33b. Both fx) and gix) have a domain of all real
numbers. fx) has a range of ¥ 21 and gix) has a
range of y > —1, so the range of fx) is greater
than the range of gix). fix) has no x-intercept
and gix) has an x-intercept at (0, 0). f{x) has a
w-imtercept at {0, 1) and g(x) has a p-intercept at
{0, 0, =0 the wintercept of fx) & greater than
the y-intercept of glx. Ax) is increasing when

x > 0 and gix) I= Increasing for all values of x.
flx} is decreasing when x < 0 and g{x) 5 never
decreasing. fix) s positive for abl values of x and
gix) s positive when x = 0. ¥ Is never negative
and gix) s negative when x < 0. fix) has a
minimum at (0, 1) and ofx) has a minimum slghtly
greater than —1, so the minimum of fx) s greater
than the minimum of alx). Meither fx) nor glx)

are symmetric. The end behavior of fx) Is: As
x — —oo_ f{x) — 2o and as v — oo, fe) — oo

The end behavior of gix) is: As x — —o0,
gix) — —1and as x — oo, glx) — oo,

35. D = {all real numbers}, R = {y| ¥ > O}
exponential growth

T
&

-2 F X

37. D = {all real numbers), R = {y | y < O}
exponential growth

LBMEUY POIDS|05

IN
39, glx) = —4-
#a. Sample answer. Choose o = 2, 50 y = 2{11"
All values for v are 2. Students should indicate
that ¥ = o (regardiess of their choice of o) is
a constant function, not an exponential one,
since the value of v never changes.,
41b. Sample answer: Choose o= 2 and b = -2,
say = 2{—2F. The table of values for y are —;—,
%, —1, 2, —4, 8, —16. Students should indicate

that this function is not exponential. Since
values of y alternate signs, the function does
not continuoushy increase or decrease.

43a. V1) = 28,000(0.85);

JE.IIHJF
5§ o0
3 110 0sE) -
=
o i K mu o=
Years

43b. Average annual value lost during Years
28, 0.as5y — 2800000285
0—g = 2000 ML _ $267677,

5
Average annual value lost during Years 11—15:

28.000{0.85]" — 28,000(0.85/
. = $447.94




45, Reflect fix) in the p-axis and translate the
result one unit up to obtain the graph of gix). The
yntercept of gix} & (0, 2). which was transiated
up 1 unit from the y-intercept of fx, (0, 1. gix) s
decreasing on its entire domain, fx) is Increasing
on its entire domain. Both g(x) and fx) are
positive on its entire domain. The asymptote of
aix) Is ¥ = 1, which was translated up one unit
from the asymplote of Ax), v = 0. For gix) the
end behavior is as x — —x0, gix] — o0, as

x— oo gix) — 1. The end behavior of fix) is
asx — —od, fix) — 0, a5 x — o0, fx) — oo,

F

N

47a. A s the amount in grams, s time in years,
Aln = 27.3[0.9)

47h. rate of change for [0, 2] = —2.5935, rate
of change for [3, 5] = —1.3891; The amount of
the compound decreases quickly at first and
then more slowly as time passes

49a. Always; sample answer: The domain of
exponential functions is all real numbers, so

(0, ) always exists,

49b. Sometimes; sample answer: The graph
of an exponential function crosses the x-axis
wihen k < 0.

49¢, Somelimes; Sample answer: The function
I= not exponential ifb = 1or —1.

51. about 251 mg

53. Sample answer: The parent function,

gix) = b, Is stretched If o s greater than 1

or compressed if o Is less than 1. The parent
function is translated up & units if k is positive
and down |k| units if k i= negative. The parent
function is translated & units to the rdaght if & is
positive and |h| units to the left if h is negative.

Lesson 5-2

1.4 3.19

5, 2 7a. y = 5000{1.05F
7b. 33.0 years 9a. y = 23(0.995)

SAZB Selected Answers

9b. 85 years 1. 3147679
13. $5309.08 15.x<1
MTxz-2 1. 8>-T73
21. 0 23.a0<—4
25,2 27. %

- 3 - 5
20.c>3 I
33. -7 35 — 6
371 39.12
=1

43a. Ingrid: ¥ = 2{2.924)". Alberto: y = 32(1L.383)
43b. Ingrid: 427, Alberto: 162

43¢, Sample answer: No; a business cannot
grow exponentially iIndefinitehy:

as.y= N2y &7.y = 3o
49.y = -6(3) 51.y = 4y

83. wson e

3000
2500 n—l-ﬂ!
200 =t
=00
1000
500

0 32385867

B5. Ma; A function to model the concentration
iz fif} = 305 The intersection with g{f) = 0.6
oocurs at | = 4.6, meaning the concentration
drops below the effective leveal before 3 PM.

§_k
-
E*’EH

e

57a. Sample answer: According to the US
Census Bureau and the American Association
of University Professors, the average salary
for a professor in 2017 was $100,100. After

15 years, the professor's annual salary would
be 100,100{1.02)° = $13472142,

57h. Sample answer: It depends on how long
the professar intends to work. For years 1-16,
the average salary with a 2% raise earns more.
After year 17, the lower starting salary with a 3%
ralse earns more. The professar should consider
the cumulative salary over the time he or she
intends to work 1o determine which is better.




59, Beth; sample answer: Liz added the
exponents instead of multiplying them when
taking the power of a power.

&1. Reducing the term will be more beneficial.
The multiplier is 13756 for the 4-year and
1.3828 for the 6.5%.

63, Sample answer: 4° < 4°
B65. Sample answer: Divide the final amount
by the initial amount. If n is the number of time

intervals that pass, take the nth root of the
answer.

Lesson 5-3

1. &" 3.e

5. 27 7. 2% g, —Bat
11a. ¥

11b. The domain is all real numbers. The range
is all real numbers greater than —1,

e = 0266 13a. A = 000t
13b. $5956.23 18a. A = 12 7500055
15b. $20.916.35 1. 017
19. 0.B9 . —-129
1 g 1
23. 27 25, et
27. —24e° 29. —1.69
. fx) = 900e"¥ 5, EORR 5
33 IJ" 4
25
1
o
1
et
5
| [-& [-w -5 |0 5 | =

Domain: all real numbers: Range: all real
numbers greater than 8; y-intercept: 15: no
zeros, asymptote: vy = B: end behavior: as
¥——oo fx) — 8. asx — o0 fix) — a0

35. Final amount comesponds to final populaton,
initial amount corresponds to inltial popudation,
interest rate cormesponds to growth rate, and tme
of growth ks the same for both equations.

37 Sample answer: Since 2 ks irrational,
evaluating any expression with & will

approximate its value, which introduces error. To
minimize the error, do as much work as possible

with the exact valuee () before evaluating. E
39. g(x) = 2e= + 9 because it has a range of EL
all real numbers greater than 9 and the other %
two functions have a range of all real numbers 3
greater than 0. £
=
Lesson 5-4
1. not geomelric 3. geometric

5. not geometric
71,24 B,16, 32
¥

o sonde BB

_i“T
3

8. -1, —3,—9,—27. —81 —243
BF T2+ 6%

LITTeT :

=350




13.32 15.0, = 331
7.0, = 2(-3 ' 9.0, = 1203
21.a, = 3(0.6) ' 23.0=—(1)
25. 18, 16, +32 27. 1368

29a. The heights in feet after the first 6 seconds
are 1000, 2010, 30304, 4060401, 5101.00501,
and 6152.01506.

29b. Yec! the helght after B0 minutes is about
81,6697 ft.

29¢. 6.34 x 10 3.3

33. -2 35. 255
37.0 39. 4374
a1. 5120 43.-02

45, geometric; a_= 25(7) "
4T, geometric; o0 = —15]—-2)p =1

49, 319375 51. 9707.8189
§3.3,—6,12, 24,48 55.1875
s7.0=60(1) ' s59.+28 8 1o
61. -8, 4

63. Sample answer: The second option;
receiving 20 annual payments represents a

1 = [LO2P®
geometric serkes, and § = 4.nnn,nnnm
or $97189,479.20. By choosing the

annual payments, the winner will recehe
approximately $17 milllon mare than by
choosing the single payoul.

65a. $347514.00

65b. $206,000

&7, Sample answer. 256 + 192 + 144 + 108 +

243
By 4=

69, Sample answer:

Let @_= the nth term of the sequence and
r= the commaon ratio.

a,=a,-r Definition of the second term
of & geomelric Ssequence

a,=0,-T Definition of the third term of
a geometric sequence

a, =, -F-r Substitution

= " Associative Property of
Multiplication

a,=o,-~"" 3I-1=2

a=0+r"" n=3

TL )y

Seleched Answers

73. Sample answer: A serles = arithmetic

if every pair of consecutive terms shares a
common difference. A serles is geometric

if every pair of consecuthee terms shares

a common ratio. I the serles displays both
qgualities, then it is both arithmetic and
geometric. If the series displays neither quality,
then it is nelther geometric nor arithmetic.

Lesson 5-5

1

[—6, 1] st 1 by [—4, 16] sct 1

linear

[—5, & sck: 1 by [—2, 10] st 1
quadratic

[0, 10] scl: 1 by [0, 100] scl: 10
linear, ¥ = b.dx + 45 85



15. Enter the x-values in the tabke in L1in-a
calculator. Enter the p-values in the table in L2
in a calculator. Perform linear, guadratic, and
aexponential regressions. Than compare the
coefficients of determination, . The function
with a coefficient of determination closest to 1
a will fit the data best.

17. quadratic: 54 = 3mr®

[—12, 12} sel: 1 by [—50, 50 scl: 10 'y

]

linear 2 ﬂ'

Module 5 Review %

=3

9, strong. positive fa g

; ' 3.ABF "

11. weak, positive

5.D

13.T
i 7. Sample answer: The x-coordinate of
the intersection of the graphs will give the

approximate solution of the equation.

L e
L pasane ™ 9.C
" .18
4 ma A s R R R B RE Eu=1n{l}"1
1999, 2020] sct: 1 by (40, 80] sck: § L. 4
i5.C
The scatter plot is linear, with a positive 17. A

direction, and & strong correlation.



Module 6
Module 6 Opener

1. 52800 3.%1674 S.x =8y + 20

Lesson 6-1

115 =225 3,5 =3¢ 5.4°=

7.100,128 =7 9.log, 35 = —2
l.log, 512 =9
13.6 15.4 17,

¥
23. 109, 6 366 — *
25 LV

1.3 21

MlLrI
Lab| b

x-intercept: 1. no yw-intercept, domain: {0, o)
rarnge: (0, xf end behavior Asx — 0",
fx) — oo, and as ¥ — oo, f{x) — oo,

27 ¥

B AmRRE

k|

x-intercept: 1: no y-intercept; domain: (0, ac)
range: (0, =k end behavior: As x — 0,
fix} — —oo, and as x — 20, flx) — oo

29, ¥

5

SA32 Selected Anmaers

31 i

33a. ¥

Hm

L=

b L
33b. fixk Asx — —24 fix) — —x, and as
X — oo, flx) — oo,

glx) As x — O+, gix) ——o<, and as

¥ —oo gix) — oo,

35.k =1 glx) = —(log.x) INE* =216

20.34=1 41log, o =3
1

B B4
43. 78 45a. Julio's; sample answer: | can use
the graph to determine that f{7) = 28 and
g7 =17 45b. Neither; sample answer: both
i1} and o) equal 0.

a7, REZ)

Mok D {—=, =) R (O, =) pint: (O, 1)
asymptote y = O, gixk D20, o) Rz {—oc, o),
xnt: (1, 0); asymptote: x = O; The graphs have
an inverse relationship with one another
They are symmetrc about the line y = x.
49. flgix)) = x and gifix)) = x. so fix) = log,, ix)
and gix) = 10" are inverse of each ather.
51. log, 51; sample answer: log, 51 equals a
little more than 2. log, 61 equals a little less
than 2. log, 1 equals a little less than 2,
Therefore, log, 51is the greatesct.
53. Mo; sample answer: Elisa was closer. She
should have —y = 2 or ¥y = —2 instead of
y = 2. Matthew used the definition of
logarithms incorrectly.



Lesson 6-2

1.8 3.3125 5.9 7.2 9.4 Miorg

13. 2.4535 15.-02925 1715850 .
19. 4 6438 21.69657 23.4755 25,107
27.8 29.2 312 33.-10 35.20f —
37.2.2921 39.-01788 41.1.3652 43,11
45.logF=logk +logm +logm, — 2 log d
47a.E=14log, %
47b. about 0.6679 kilocalories per mole
A47c. about 04214 kilocalorles per mole

49. Rewrite the equationsas3+log, o+ 2 -
log,b=19and 4 +«log, 0 —5+log, b=10.
Saolve the system of equation to get log, a =5
ahdlog, b =2 Thena=32andb =4

Bl true 53.true 55.false S57.true 59, 4
612

*g
Lesson 6-3

1.1.2553 3.20792 5.16263 7 about56h

9.05209 1M.13917 13. —03869
15. {x | x = 0.8549} 7. {x|x> 5}
19. {y |y > —2.6977}

log 22

1727 22007

g 50
23. 725 56439
25, ';;%. 06300 27.$16,000 29.+23785
31.09177 33.{p|p < 29437}
35 2 '”g 20 ¢ 4537

5 log 4 Gilog 36
37. 75,5 33333 39,5 110880

log 150 log 1600
41355, 2.2804 43,51, 11460
as. (] —

5

4

. I

T

0 2040 G0 BOID0T2 0w
47a.log4=log2*=2log 2 =2 - 03010 =
06020, log6=log2+3)=log2 +log3 =
03010 + 047 = 07781

47b.
log 1.

49a.

6 log(2x) = log{3x)

49b.

=R o

Sample answer:
E=log3+loghb—log 10
= 0471 + 06989 —1

= 01760
3 log, (24 — log, (3x) =1

logizd]  legi3d

31 mm:}] ~ Togi@) ~ !

3iog2y  logiy) _
logf2) 2logi2) —

T |
6{log (2} + log (x)) — log (3) —log (x) = 2
tog (2)
5 log (x) = log (3) — 4 log {2)
S50 x=0"M5
log, (x%) + log, (x) =3

logi) | logld _
og(s) - logf3)
logi3) lagle’) + ioglf) logl _

LBMEUY POIDS|05

4%9¢c.

log(3) iog{&)
2 log (3} log (x) + log (6} log () = 3 log (3}
log (6)
leg () [2 log (3) + log (6] = 3 log (3) log (8)
50 x=439
2 log, (3x) = —8 log, (x)

[

2| | = -lwes]
2 log (3) log (3x) = —B log (2] log (x)
2 log (3)flog {3) + log (x)] = —8Blog (2)
long )
2 log ()2 log (3) + 8 log (2)] = —2log E)F
S0, x =07332

51. Rosamaria is correct. Sample answer. Sam
forgot to bring the 3 down from the exponent
when he applied the Property of Equality for

Logarithms.

53.log,27=3andlog,, 3
Conjecture: log b=

=l'
3!

iog, a
Proof;
log_b = ic_;‘ - Original statement
log, b
m:: = = '991,'“ Change of Base Formula
":";u e ‘ﬂi;r, 5 Inverse Property of Exponents

and Logarithms



Lesson 6-4

Liny=1H 3 -Hx=hD02 LBEx=In3

Zhnx—3=4 9.5=h10x MNe*=36
B.x=e 15.°=00002 Tre*=15
Bin3 2L intex-or 2indy 23.Ink

1 x"
25.-8iny 2%.In g5 29.10986

3M.17579 33.27081 35.18.0855

37. 367493 39. 2.4630

da, $813 28 41b. about 36.3 years

d1c. 887372 43.y=80430—-5290Inx;
about 624 grams 45, v = 207908 +

75.85 In x: about 228 940 visitcrs 47, % In x
49.13900 51. about 2475 years
53.In5+5< 8 =In5+In5—In8=11394
55a. P = P 05P, = P e 0§ = o5,
In (0.5) = 5730k (In &); k = o=

55b. P = 200e! ==

Amount of Carbon-14 in
a Sample Owver Time

e
i I

O 000 Bood 12000000 I
Years

55c. Sample answer: at lea:-’.t ab-::-ur. 7500 years.

Solve inequality: P < 200e T

80 < 200e =" 04 =< E‘E":I"' in (0.4} < |2?ﬂ3‘.§r
in fe: £ = 50520, = 7575 years

E7. Disagree; @ = x can be rewritten as
eqfin e} =
The funclions v = e”and y = In x are inverse
functions which have no point of intersection
so there are no values of x for which e = x.

B9, Let p = In o and g = In b. That means that

et =g and es = h.
aob = ef X g

ob=g"""®
Injab) = {p + q)
Infa) =Ino+ Inb

SA34 Selected Answers

In x, which can be wrilten as e = In x

Lesson 6-5

1a. ¥ = B1249%238 b, 7016

3a. about 0.02166 or about 2 166%:;

¥ = (o 0orse

3b. about 0.57 g 5. about 12 618 vears old
Ta. k=007 7Th.about 608 min 7ec. about
3085 min 9. about 5.0 yr

Ha. y = 67387e"™  Hb. about 3304

13. P = B about 4.4 years

15. Sample answer: Based on the data

in the table, the decay constant = about
—0.000124, which is approximately equal to
the given constant. ff) = 1000 2200280 | g
the exponential model: ) = o™, 999628 =
10007, 0999628 = ™ In 0.999628 = In e™;
in 09989628 = 3k k = —0.000124; Verify:

f2) = 10002200043 — 9o 752

17a.

Surviving Celis
After  Minutes

t, AN

0 |initial amount (0,1,000,000)

, |1070)(1000,000) = 1,700,000
700,000 survive (e

(0:70)(700,000) = 490.000|(2, 490,000}

(070)(490.,000) = 343,000((3,243.000)

Sample answer: An exponantial model best
describes the points because the number
of cells decreases by the same percentage
eveny minute.

00000 YL
800,000
|
|
s N
400,000 .
EEEAN
200,000 b
o HERE

17b. In the model fif) = ce®, i) represents
the number of cells remalning after t minubes,
o represants the number of cells at the start
of the experiment, [ represents the number
of minutes since the experiment began,

and k is the growth or decay constant.

fif) = 1,000,000



17c. k = —0.356675; Because k s negative, it
s exponential decay, Substitute known values
into the farmula: 700,000 = 1,000,000e*";

07 =e"In07F =k k= —0356675: The
exponential decay model for this experiment s
1} = 1,000,000 235567

17d. It will take approximately 19367 minules 1o
have less than 1000 celis. Write the model and
solve for t; 1000 = 1,000,000e-=%% 0,001 =
e-a=sanm Iy 0001 = —0356675: 1 = 19.367
19. t = 113.45

21. Sample answer: Exponential functions can
be used to model situations that incorporate
a percentage of growth or decay for a
specific number of imes per year. Continuous
exponential functions can be used to model
situations that incorporate a percentage of
growth or decay continuously.

Module 6 Review

ta.log, 1296 =4 1b.log,, 27 =2

1
fe.loggg = —2
3.
&
a
e 4
| T & 12 M
2y
—&
—8

5. Sample answer: if | divide 15,309 by 7, the
result is 2187 or 37 So_ the expression that
neads 1o be approximated can be written as
log,7 = 37. Then, using the Product Property of
Logarithms, the expression can be rewritten
again as log,7 + log,3". | know that log,3" =7,
s0 the approximate value of log, 15,309 is
about 17712 + 7 or 8712

2D 9.C.E MNB 13a.In8Bx=7
Bb.n17=2x 15.B 17 A 19.365 days

LBMEUY POIDS|05




Module 7
Module 7 Opener
- 15 . 56 1 229
‘I.x—ﬁ 1”—3 5. 5 13:}
Lesson 7-1
& T ~
e R I O YA S PP
M+ 2) x42 1
E'E{x+5f'x=_5'ﬂ'4 E—yad X—L3F
c 3Zb So'c {4a + Slia = 4)
Hao? Baeor B T 3042

+ 12

& b=a C+ 2
ﬂ.z."_._a 2. — = Ja.m :E'E
5 ot We-2) ) e Ry
*dfg - Sjjo - 1) be+ e =T " Arcxz
x=4 (dx = Tr{3x + 1hx 4+ 1)
B The-m I - -1004 6
48H 4+ 45¢c r
(5 33

41a. The height can be found by dividing the

volume by the product of the length and width

of the box.

ab. (x + 3) in.

e, Sample answer: Substitute a value for x In

each of the given expressions for the length,

width, and volume, and the same value for x in

the expression found for b, and then check that

V= fwh.

CHECK: Forx =5,

length = (&) + 10 =15 In.

width = 2{5) = 10 in.

volume = 208 + 26(5)° + 60{8) = 1200 in*

height =(8} + 3 =B in.

Werlfy W = fwh: 1200 = (1510)(8)

43. By dividing the second week's speed by

the first week's speed, you can determine how

rré%ch fﬂé{tjer shéa-ﬁhupnta-s 1o r“L!lI'I on average.
= T—3 86— 1—3 ohe hopes to

=2
FLif ﬁ times faster during her second week
than during her first week.

5
asac:B=219 5. A K10k phese
two ratios 1o be equal, % - % must equal 1. To

equatl 1, their product must have the numerator

+ B
equal to the denominator. So, "{:Tﬁ: . _{x: 8=

:::—,f;mdxﬂ + Bx = (x + 5 Solving for x
results in x = —12.5. Since x cannot be a
negative value, there are no values of x that

will make these ratios equal.
SA3E Selected Answers

o S o, R
a5b.Yes;C:B= {5 B:A="5— and
MO _x P4 Bx gpon gy

k42 x4+ x4 2P
x + 2)". x = 2. The length of a side of square
A would nead to be 4 feet, and the fountain
would need to be 2 feet in diameter.

47. Beverly: sample answer: Troy's mistake was
multiplving by the reciprocal of the dividend
instead of the divisor,

49, 1,’:%: The other three expressions are

rational expressions. Since the denominator
x4+ x4
:||1’—_l||.m = not & polynomial, i3 = nol &

rational expression.

=1
X4+ E5x+4

3o a? aja + 1)
30 =15" o0* = 5o’ (o= Sio + 1

51. Sample answer:

53. Sample answer:

Lesson 7-2
o XY g238 g ﬂ;y::’
2o Mias NS ngls
15a. 0 T T o
2 2
15p, DN BT 21D 45e 10.97 mis
s R e
B . fx{;rf: 5
25, %
200y + 120y + B 2y + 60y + 36)

A ey of By
25, TahY 4 1101%0:;-* 2160
3‘*@:_:;5}:_5;@44: Gl w-ﬁ::;,u 3)
B =T B =T

26 + Tx 2uix 4 16)
3 A+ A x5 O I -2k F DT 5

37. Sample answer: Lord Brounchker is best

known for the t:n:;nlinued fraction approximation

of . m®=
1+
- [

i
3

=
I+ ==
P

155 — 192" ~ 128y
PP ar

189 = 36

39. 2(2x + T — 4% + 4)




4

i+ 2x — 29 a7.-4

e = Tjx = 8)
49, The average is the sum of the given
numbers divided by the number of given
numbers, So, the average n:n1’1 —- and L is

43. 45}?,

PO L B E’ﬂ+ “'_-'-‘".L
xta—3ta _ = k- m;m Tifx — 3 _
3 3 e
Ne-% . x—3 An— H4 2w +x—3
R A - B i IO . . E
3 - 3 -
=+t +x=3 By_9g
Bfx-3) G- 3 o xF0
andx + 3.
51 B 4 2x + Hyx 4+ 10
T NdE =)

53. In 1 hour, Dedl will plam of a flower bed,
ory ﬂnwﬂ-r beds in [ howrs. In 1 hour, Max will
plant & 1 of a flower bed, or & [ flower he-ds 1r|.

t hnurs Adding the two e:presslnns § + i = %_
S0, ;‘; represents how many flowers beds will
be planted in t hours.

X x 41
S5a. S5 x#0 5Bb.5 5.x+0 1

1':-1-1 1: 3.!#-2
2 2 35

x#F0,—1 —5.—3 E5e. 3‘ 555 55 The
values are ratios of two consecutive Flbonacci
numbers. The next value should be %.

57. Sample answer: The set of rational
exprestions is closed under all of thess
opefations because the sum, difference,
product, and quotient of two rational
expressions is a rational expression.

59. Sample answer: First, factor the denomina-
tors of all of the expressions. Find the LCD of
the denominators. Converl each expression
=0 they all have the LCD. Add or subtract the
numerators. Then simplify. It s the same.

Lesson 7-3

Lx#0 3 x#3 B x#—5

T asymptates: x =1L i) =0:D={x|xF 1L R
= {fix} | Aix) # O} The y-intercept is —1.

FH

\

8. asymplotes: x = —4_ flx) = 0;
D={x|x#—4LR={fx)| ) # 0}
The y-intercept is 1.25.

ia

—|—|ﬁﬂ| a_.ﬁf
V- @
| a
¥ |I 3.
=
Hmr=—ffn 3
nams :

L H
=) F

tib. Sample answer:D={t |t > 2L R = {Af |
) > 0}; intercepts: none; positive: when

I > 2 negative: when [ < 2; symmetny;
symmeltric about (2, 0) end behavior: As

t— —oo, r— 0, and as t — oo, r — 0. Because
the plane's speed and travel time cannot be
negative, only values in the domain {t | t > 2}
makes sense in the context of this situation.

B.0={x|x# -3 R={fx | fx) # -3}

¥

[ 9] x

15.0 = {x | x#+ -1 R = {fx) | b # 3}

7.

To=—-2h=5k=0gk=r—z

Selected Answers SA3T



K+3+E

9.0=9h=—3 k=6 glx) =

2a=—6h=—4 k=—2 g =g —2
23.2 25.-13

27.—3.5

29, {x | x # —1} and {flx} | fix) # 0}

3l asymplotes:x =2, flx) =0:D={x|x # 2}
R ={fix} | fx) + 0}

T

[

£
l*li
3. asymplotes: x = } Ax)=0:

D= {x|x# —f}:R={Mx)| fx) # 0}

¥

35, asymplotes: ¥ = —7 flx) = -1
D={x|x#-TLR={flx|fx+ -1}
i ] ¥

RS B
-
=

s

T P of
i

37. asymptates: x =1, i) =2:D = {x| x £ 1};
R = {fix) | fix) # 2}

¥
4
:4-3..___
o
—H—5 -1 I 4 6 Bx
B H
r
i 0
|
SA3B Selected Arswers

39, asymplotes:x = B, fix] = —9;
D= {x|x#8;R={fn| ¥+ —9}
¥

7
i
a
[ |8 | x
13
I’ H

aMfg=3 43.Mg=_—z-2
45a.c =231 p3

45b. They cannot travel zero miles or a
negative number of miles.

47. The graph of g(x] is a reflection in the x-axis,
a translation 2 units left, and a translation 1 unit
up of the graph of fAx).

4 tr

=Y

i

49, The graph of k(x] Is a reflection In
the x-axis, a translation 2 units left, and a
translation 2 units up of the graph of fx): so,
k)= fx+2)+2=——15+2

i
x4 4 1B
53. Sample answer: g(x). all other choices have
unknowns only in the denominator

BS. acymplotes:x = —2, ¢y =0
¥

EasaREELCD

51. Sample answer: fix) =




12 | L 3

9b. hix], since —; > —1 _E
Oc. Vertical asymptotes hix):x =1 jixk x = —3 S
3. rﬁ Horzontal asymptoles hix): y = % Mk v =% g
k | ?‘ . zero: x = 4, vertical asymplote: x = —2; F
ohlique asymptote: fix) = x— 10 i
12 f ¥ d

4 /

i

i.w:s
7
o
T

4
e
s

I
13. zero: x = —1; verlical asymplote: x = —2
and x = 2; obligue asymptote: fix) = x

¥
af W 20 N |x i
EEEE i

EE
f#

Average Monthly
Cost ($)

Months of Service 2| ,
Sb. x-intercept: —2; y-intercept: none; end S :' - B
behavior: As x — —0 fx) — 30 and as x — EEr
—aox, fx) — 300
¥
Sec. $37.50 1
Ta. F7 15. zero: none; vertical asgmpmgje: Xx=73
ohblique asymptote: fx] = sX+73
[ i}
x

Th. x-intercept: %' y-Intercept: none; end
behavior: As x — —o0, flx) — 3 and as x — o0,
fix) — 3.

Te. = 27 cents




17, point discontinuity at x = 4

21. point discontinuity at x = 2 and x = 4

T

23, F ¥

E 1

25. T T 17

7. ISR L [y
‘ |
T a—‘:‘:—%
29, ¥
I W74
Fa. ¥
[
=] E
i
iy
o r. x
¥l
31b. fix)

3te. The graph of f{x) has a hole at x = =2, but

no vertical asymptote. ts graph is a straight line

with a hole In it at {(—2, —5). The graph of gix)

also has a hole at x = —2, but has a vertical

asymplote at ¥ = 0. s graph Is not a straight

line, but two curves having a hole in the graph
5

at {—l E}'

33.x=0

35.

e}

R B

g




37, 7

un.l.n.mm

ai.
i
=3
g e -
|.

=Y
|

£ da

39, =

E

4. YR

'ﬂ-.___*

AT
43 'y ETF
1
-2

Tyt T
=
i

2067 4+ 6767
BTET & x

47b. vertical asymplote at x = 6767,
horizontal asymptote at v = 0

4Ta. y =

47c. As the number of at bats increases, the
ratlo grows closer and closer lo zerog, since the
number of hits remains constant.

49. Sample answer: The domain ks {x | x # —2
and x # 2}. The graph has zeros at x = 1 and
x = 4 and a y-intercept at {0, 1). The graph has

vertical asymplotes atx = —2and x = 2 and a
haorizontal asymptote at Ax) = —1for 2 < x or
x = —2 A function with these features i

fx = e = 4) %% = Bi 4 4
M=—pvm-2~ " =-4

51. Sample answer:

PN

i

3

—|—J.ﬂ' a1 = l!_:-
|

53. Sample answer: If the degrees of the
numerator and denominator are equal, there

= a horizontal asymptote determined by the
coefficients of the numerator and denominator,
If the degree of the numerator is greater, thera

is no horizontal asymptate. If the degree of the
nurmerator is axactly 1 greater than the degree of
the denominator, there is an obligue asymptote:
If the degree of the denominator 5 greater, the
haorizontal asymplote is the line y = 0.

55. Sample Answer

KT
|

57 The graph of g{x) haz a hole atx = —3.
59. Sample answer: By factoring the
denominator of the expression in a rational
function and determining the the values that
cause each factor 1o equal zero, you can find
the asymptotes or discontinuity of the function.
If the denominator has a factor x — ¢ that does
not appear in the numerator, then theee s a

vertical asymplote atx = ¢ Il the numeratar and
denominator have a common factor of x — ¢,
then there is point continulty at x = c.

Lesson 7-5

.15 3.-56 5.55 7T -—48 972
.90 13.—225 15.38

Selected Answers SA41
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1.4 19.—10 21 eabout0? 23.000079310
25.1.336 atm 27 inverse; 4 29, Inverse; 15
3. direct; 5280 33. Inverse; —25

35, inverse; 8 37 direct: 27 39. Imverse, —2
41 combined; 10 43. direct; 4 45, direct, —2
47 Imverse; 7 49, joint; 20 51.54 §3.7
B5. vy = 30x; 7 theaters BT, inverse

5%a. 1l x Mif=wi2x16:{=3w
16 % 20: E=3 w18 X 28: £ = 3 w;

20% 24: E=Ew, 24 X 30: £ =3 w

24 % 36: £=3 w30 x 40: £= 3w,

36 X 4B: F=3w; 48 X 60: £ = 3 w.

48 x 72:£=3w 59b.12 x 16,

18 = 24 30 = 40, 36 x 48 all have the
refationship £ = % w. 16 = 20, 24 x 30, and

48 x 60 have the relationship £ = 3 w. 24 x 36

and 48 x 72 have the relationship =% W,
589¢. Sample answer; One canvas is an
enlargement of the other.

61a. T dollars  61b. invercely  61c. $280

63a. d = 010hr &3b. Joint variation; the
amount deducted varies directly as the product
of two quantities, the hourly wage and the
number of hours worked. 63c. Substitute
r=%19.50 and h = 36 in the formula for part a.
The amount deducted was $70.20.

B65. o and g are directly related.

67. Sample answer: The force of an object
varles |ointly as its mass and acceleration.

Lesson 7-6

1-3 3.9 57 7-12.2 90 N6
ﬁa.m:w 13b. 112 mL
15. 41 hours

14 14 1
Ta. 55 ¢~ w+c—3 17017 mph

Vx<Dorx>175 Ax<-2or2<x<14
23.x< —Sor4<x< 3 2500 <15

25b. 67 27.56in. 29 no solution

3Ln<-3or0<n<3 3R0<x<3
35.9 37 -5<m<-2

60w -+ 17000
39a.80 >——_g5

SA42 Selected Arawers

39b. x > 1050; the company must produce and
zell at least 1050 speakers in order to ensura
that the revenue from each one is greater than
the average cost of producing each one.

41. x = 2 this method works because the
x-coordinate of the point of intersection will
make both sides of the equation equal to

the same value, and no extraneous roots are
shown.

43, at least 40 students

45, Sample answer: 3 must be excluded a5 a
solution, as it will make the denominator of fx)
equal to 0. Only —4 s a solution.

47. Sample answer: | do not agree with the
solution set. Multiplving both sides of the
inequality by x does not result in an equivalent
ineguality if x is negative. The work is only valid
for positive x-values. The student could have
graphed the two equations fix) = % and

glx) = 2 and looked at x-values for which the
graph of fix) is below tha graph of glx).

49, all real numbers except b, -5, 0

51. Sample answer: Multiplying each side of a
rational equation or ineguality by the LCD can
result in extraneous solutions. Therefore, you
should check all solutions to make sure that

they satisfy the original equation or inequality.

Module 7 Review

2 2 = 150
L5 B4 BT 1D
9. =
Sl
N
th i

Ma. x-intercept: undefined; y-intercept: —1
Mb. horizontal, y = —2; vertical, x = —2
13.0 15a. 25 mph 15b.30mph 17.D



Module 8
Module 8 Opener

1. B9 customers, BR customers, no mode
3.77. 8,10

5.3

7.3

Lesson 8-1

1. Sample: the T-zhirts Berton selects; population:

all of Berton's sports T-shirts: stratified: Berton
divides the T-shirts by team before the sample
Is selected.

3. Sample: the customers whao submit
sugoestions; population: all customers;
self-selected: the customers voluntarily
submit suggestions,

5. unblased; Sample answer: the students are
randomly selected. The fact that the sample s
selected at band camp does not influence the
response of the selected sample.

7. biased; Sample answer: The question is
asking about two issues: whether the workodt
facility needs a new treadmill and whether the
workout facility needs a new racquelball court
9, unbiased; Sample answer: The gquestion
does not influence participants,

11. survey: sample: customers that take the
online survey, population: all customers

13. experiment; sample: the 50 adults
participating in the study; population: all adults

15. objective: to determine the number of
juniors and seniors planning to attend prom;

population: all juniors and senlors at the school;

sample survey questions: Whalt grade are you
in? Do you plan on atlending prom?

17. ob=ervational study, Sample answer.
Teenagers are more willing than adults to try a
new sports drink.

19. control group: students who do not receive
gift cards; experimental group: students
recelving gift cards: Sample answer: The
students may not have any interest in the qift
cards they are receiving. The principal should

conduct a survey to find what gifts or activities
might mothvate the students.

21. convenience: suney
23. stratified; experiment
25. obsarvational study

27 Sample answer: She should use an
observational study to determine the average
miles per gallon that identical cars are able to
go an each type of fuel. She can then dividea
the current price of each fuel by the number
of miles to find the average cost per mile. The
group with the lower cost per mile would be
the one thal is more cost efficient. She might
also look for the results of a survey by & motor
club or magazine stating the average gas
mileage for cars similar to her new car.

29, No: sample answer: the difference
between the means of the experimental group
and control group is only 01 ounce. Both
groups had cats that gained significant weight
and others that gained little. To compare the
groups, | assumed that the cats in each group
were similar in age, starting welght, and health.
| also assumed that each cat was given the
same amount of food.

31. Sample answer: This method of selecting
a sample s valid. Each student has an equally
likely chance of being selected for the sample.
A weakness may be that this would not reflect
that one grade may feal strongly about the
dress code than another.

33. False: sample answer: A sample statistic is
used to estimate a population parameter.

35. Sample answer:

objective: Determine the average amount of
time that students spend studying at the ibrary.
population: All students that study at the
library.

sample: 25 randomly selected students
studying at the library during a given week.

Study Time (minutes)

38 16 45 41 63

18 20 LE B 15

a4 28 55 19 15

30 1 20 79 24

78 24 25 32 15

mean: =313 min
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Lesson 8-2

1a. 25%
1ib. 38%
3a. 16.7%
3b. 18%

5. Sample answer: The theoretical probability
of making a goal is % and the theoretical
probability of missing the goal is %. I can

use & random number generator to create &
simulation. For numbers 1-20, let 1-7 represent
a goal and B<20 represent a miss. Based

on 100 trials, the experimental probability of
making a goal is 41%. Because Paola’s success
rate was only about 13%, it is likely that there s
an error in the programming.

7. spinner with 2 regions, one central angle 216°,
and one 144°

9, Sample answer: Use a random number
generator wheee 0, 1, 2, 3, and 4 represent
brown halr, 5, 6, 7, and 8 represent blande hair,
and 9 represents red hair.

. Jayme's model

13a. 20% 13b. B% 13¢. Sample answer: |
assumed that each car color was equally likeby.

15a. Sample answer: Use a random number
genetator to generate a sel of three numbers
fram 110 42, Mumbers 1-15 will represent
players on the basketball team and numbers
16—42 will represent the other students.
Discard any trial that repeats any of the same
number. Bun the trial fifty tmes.

15¢c. Sample answer: Only 2 of the 50 trials, or
4%, resulted in only team members winning the
raffle. According to this simulation it is highly
unlikely that all the winners are members of
the basketball team. There is not ensugh data
to determine if the raffie is unfair. If it happens
again for another raffle, then the fairmess
should be examined more closehy.

T7a. The theoretical probably that she serves
an ace on her next serve is 66%, and the
thearetical probability that she doesn’l is 34%.
Use a random number generator 1o generate
integers 1 through 100. The integers 1-66 will
represent an ace, and the imegers 67—100 will
represent any other outcome of her serve. The
simulation will consist of 50 trials.

17b. Sample data is shown:

4 16 a 94 9 ar
41 Ll 68 42 65 1
74 38 86 A 26 92
28 36 4 12 25 =3
24 4 76 3 &1 35

T7e. Sample answer: 22 of the 30 triaks, or 73.3%,
resufted in an ace on the next serve. According
o this simulation it is highly likely that her mext
serve will be an ace. The data is not completely
consistent with the model, but if a larger trial
were done it might cormelate more closely.

156.

3513, 36|15, 32, 9| 6,14, 12|16, 26,27 4,34, 20|16 32, 24| 12,918} 10, 17 26
15,13, 22| 18,15, 41| 13,9 20|33, 38,30 (34, 40,35| 37,18.36| 22,.16,36) 23.5 2B
29 72| 21,22,1|33,31, 22| 30,3918 3L 7177|3540, 36 35,9 2932, 20, 20
2.3, 23116, 36,5| 30,36, 1| 28,35, 0| 542 21| N, 18,40] 26,10 2| 28 35 41
12,1, 23] 12,7 24 53,7| 15,29 2|30, 21,24} 32,25 7| 18,9, 34| 25,20 2
18.26,6(32,. 6,39 1T7.3.21| 31,18,27| 24,28, 31| 25,37, 21| 32,23, 12| 21,15, 28

3,34 15| 12,2 20

Selected Answers



19, Sample answer: Jevon's concern about

the fairness of the coin should be dependent
on the number of imes he tossed iL If he
completed only 4, or even 20, trials, then the
sample size s not large enough to warrant
concern. However, if he completed 100 or more
trials, then he should be concerned since the
experimental probability should be closer to
the theoretical probability of 3, or 50%.

21, True: cample answer. The event will

always occur when the theoretical probability

is 1. Therefore, the expenmental probabllity
can never be 0. For example, the thearetical
probability of rolling a die and getting 1.2, 3. 4,
5, of 6 is 1 since It will always show ane of these
six numbers. So, when a die i rolled, the result
will be one of these six numbers, making the
experimental prabability always greater than 0.
23. Yes: sample answer: If the spinner

were going 1o be divided equally into three
outcomes, sach sector would measure 120,
Because you only want to know the probability
of outcome C, you can record spins that end in
the red area as a success, or the occurrence of
outcome C, and spins that end in the blue area
as a fallure, or an outcome of 4 or B.

Lesson 8-3

1. 3822 Sample answer: because the standard
deviation is great compared 1o the mean of
$78.17, the data are spread farther from the
mean. Based on the standard dewviation, most
af the shears cost between $34.41 and $110.85.
3.226.13

BeS 17

7. Before the season the mean lime was 3.2
minutes and the standard deviation was 1.0
minute. After the season the mean time was
7.0 minutes and the standard deviation was 0.9
minutes. This means that before the season
the mile times were higher on average, but that
the mile times were generally spread the same
bafore and after the ceason.

9. 0.375; 0123

11. 18.4; Sample answer: The standard
deviation Is small compared to the mean of 89,

Most of the exam sessions will have between
MNand 107 attendeas.

13. No: sample answer: adding $1 1o each
employvee’s hourly wadge has no effect on the
standard deviation of the data. The standard
deviation both before and after the wage
change is 0.67.

15. Sample answer: Assume that each data
value falls in the center of each bar of the
histogram. Using technology, the mean s 17
and the standard deviation is abhout 74,

17. Find the mean of the set of data. Then, find
the sguare of the different between each data
value and the mean. Mext, find the sum of all

of the differences. Then, divide the sum by the
number of values in the set of data, which is
the variance. Finally, take the square rool of the
quotient, or vanance.

LBMEUY POIDS|05

Lesson 8-4

1. texts; discrete; The number of texts can only
be represented as a whole number.

3. height of plant; continuous; The height of a
plant may be any positive value.

5. Sample answer: The scale of the y-axis
misleadingly shows the differences in
probablities.

Ta.3897 < X <3331 Th.16% Tc. X >2822
9, —219 1M.0281 13.0.9861

15. 25% 17 6200 hours

19. Hiroko: Sample answer: Monica's solution
would work with a uniform distribution.

21. Sample answer: The z-value represents the
position of a valee X In a normal distribution,
The area under a curve to the lefl of a z-value
represents the probability that a value from the
distribution will be less than the given value X.

Lesson 8-5
1LE=016
3 E=006

5. At a 99% confidence interval, the population
mean is 5.35 = p = 565 Therefore, we are
99% confident that the rating of the airline Is
between 535 and 565,



7. At a 30% confidence Interval, the population
proportion is 0737 = p = 0.813. Therefore,
we are 90% confident that the proportion of
students who agree that high school students
should have a part-time job is between 73.7%
and 81.3%.

9, At a 99% confidence interval, the population
proportion is 0.326 =< p = 0.506. Therefore,
we are 99% confident that the proportion of
students who agree with the principal's plan i
between 32.6% and 50.6%.

M. Instead of stating that the population
proportion is estimated at % = 48 = 48%
with a margin of error of 3%, the claim uses the
highest possible estimate for the population
proportion to give the impression that the
proportion of people who want parks to be
built is greater than 50%.

13. f = 5= = 0156 and ME = 1.96
D156(1 — O156)

55— = 0.050, so CI = 15.6% + 5.0%:

Sample answer: With 95% confidence, the
mean proportion of discards for the population
of all pleces fired in her kiln & between 10.6%
and 20.6%, so Karen should probably buy a
new kiln on the basis that the discard rate is
most likely higher than 10%.

15. As the sample size increase, the maximum
efror decreases.

1. Sample answer: sample mean: 18.8 hours;
sample standard deviation: 8.8, the mean
number of hours with a 90% confidence level s
B4<u=222

Hours of Television Watched Each Week

o ]
Lad
L

25 4

o
D

Module 8 Review

1.0 3.A 5.A
7.AD 9.B,C M.x<559andx>709
273 &7
13.E =196 {?“.jmmj
E = 0.0508
p =21 = 07583
87 _

q = 3gg = 02417
Sample answer: At a 95% confidence level, |
am confident that the proportion of patrons
that would like to see the restaurant stay open
later is between 70.75% and B0.91%.



Module 9 Opener

1.M7 3.205 S5.x=9 y=19y2
Tx=12 y=123

Lesson 9-1

1. ¥

[l ¥

13. ¥
g
i
x [
=
o
3
d
15. ¥
(=] F

17. 285°, —435" 19, 405", —315°
21.10°, —350" 23.60°, —300°
25, 425°, —295° 11 4707, —250"

s Tn 4= =
2.7 —§ T -5 T 7
35 —5F 31.“;“ 39.4n 413

43, —108° 45.60° 47.120° 49, —135°

51. 45" &3 L] or approximately 209 in.

5§5.35 57— 3 59.450°

61 —105" &63.B4in. &5 1261t

B67. 3309%s; 58 radians/s &9. 4974 in.

. 90°, 5 radians; 3w inches

7T3a. 1; Because a complete mtau:}n lakes

30 minutes, 5 minutes fepresenls . of & L ofa
kL]

complete rotation, and E L2 = T

13b. The radius r of the wheel is 67.5 m. The
distance the passenger traveled i the arc

length, so s = rf = 675(3) = 71 m.

T3c. The circumference is md, which is
approximately 3144 = 314{135) = 4239 m

and 3{423.9) = 70.65, which is close to 71, 50
the answer Is reasonable.

Selected Anawers SALT



75. Melinda is correct. The area of the M. sin A =$.mn.ﬂ=1ﬁ. CcsC A =13—ﬁ.
complete circle is wr* = (15)* = 2257 fi* R %
Because the area that gets watered tr,rrhe 2 5 - 15
sprinkler is 757 ft, this area is 225;; 1 ofthe B.sinf=55.cos =g, tan =7, csc =g,
circle. Therefore, the measure of the ::entral sec = E col = %
angle is 3(2w) = 75" 1B.sin@= 1? cos H— 5. lan 8 = —t:.
T1. Because s = rfl and r = 5, the function may O JEGE -y PP, I mlE=—£
be written as flx) = 5x This means the graph E"n a: P 15 0
i= a straight line with a slope of 5 that passes sin@=—75.cos 8= 41 tan 8= g,
through the origin. cer il = _‘;_ coc i = __ cotf = ¢i
T s 2 ﬂslnﬂ—ﬁmsﬂ——ir mnE—%_
B1. 4407 and —280° B i _.,.— B
csc = -u"_,ser_H—T,t:nlﬂ—l
¥
Hslnﬂ'=%,cns ﬂ=%,tan E—%
Bge cs:ﬂ=1"ﬁ,5&:ﬂ=%,cmﬂ=3
B T 23. sin 8= —23C, cos 8= tan 6= —3,
csc i = "I;D,secﬂ— “.:n ::ntﬂ——;

25.5in =0, cos #=1tan 8= 0,
cse B = undafined, sec # =1,

B3. One degrese represents an angle measure
o s M cot @ = undefined

that equals == rotation around a circle. One

radian represents the measure of an angle 27. sin =1, cos = 0, tan & = undefined,
in standard position that Iintercepts an arc of cec i =1, sec # = undefined, cot =0
length r. To convert from degrees to radians, 29, 50"

multiply the number of degrees by %ﬁ?“ To ¥

comvert from radians to degrees, multiply the
number of radians by Lot

o I

x
Lesson 9-2 8
1 sin # =5, cos !J 12 Janf = . cec @ = 13

ser_E—ﬂ cot =

— =5 — 17
3.sknﬂﬂ cnsﬂmﬂ mnﬂ—ﬁ,r‘_f.cﬂ—ﬂ. 31%
_5 ¥
ser_ﬂ—ﬁ cot 8 B & ,r
B. sinfl = tmE—Lm = E' e

ﬂcﬁ=gs 3_111..'“5 lﬂ—ﬂ v \
17 17

Teind= msﬂ—‘?mcﬂ——secﬂ—ﬁ x
15
15Inﬂ—£ 5&=%,cscﬂ=g_
1

sec B = ‘u"_.cntE=—

SA48 Selected Answers



33. 7
¥
In
V—"\
NV
35, 20°

-

an
Ly
¥
Bx
8 \
El
biY
39.7
¥
(1>%
e
\_ZT_“
4
8.2 4347 a5.-1 a7 tan7iE=2
aTb.about 40 ft 49.722% or = 0.998
51. 255 4= 0405

LE]

53.0 55.—5 57.undefined 58.(—1+3)
61. 75°

63.4V5 B5.2

67 Sample answer: 120°, 2407, 4207, For an
angle in Quadrant ||, 180° — 8= 80", =0 # =
1207 for an angle in Cuadrant [, & — 180° = 60",
s @ = 2407 60° plus any multiple of 360°

will have a reference angle of 60°, so

60" + 3607 = 420",

69, True; sin # = 2PP and the values of the
opposite side amdhme hypotenuse of an acute
riangle are posithve, 50 the value of the sine
function s positive.

T'I.N:r:[urslnﬂ=:£andlanﬂ= —1, the

reference angle is 45°. However, for =in # to be
positive and tan # to be negative, the reference
anghe must be in the second quadrant. So, the
value of & must be 135° or an angle coterminal
with 1357

73. We know that cot = f—, sin E=¥,ﬂnd

cos = % Because sin 180° = 0, It must be
true that cot 180° = % which is undefined.

5. First, sketch the angle and determine in which
quadrant It Is focated. Then wse the appropriate
rule for finding its reference angle @. A reference
andgke is the acute angle formed by the terminal
side of # and the x-axis. Next, find the value of
the trigonometric function for . Finakly, use the
quadrant location to determine the sign of the
trigonometric function value of 6.

LBMEUY POIDS|05

Lesson 9-3

1 cos E=—%. sin ﬂ'=%

3.cos 0= —32,snf="0

5. CcoOS ﬂ=é,slnﬂ= —%

15InE=%;t&5 ﬂ="l—1§,tan E=%, osc =2
sec E=%.mlﬂ=ﬁ

9. sin # =1 cos # = 0,tan 7 = undefined.
cee =1, sec 0= undefined, cot 8= 0

Nenf=0cosfi=—1tan =0,
cse = undefined, sec @ = —1, cot # = undefined

13.10 15.F 1.4



19, period = 4 seconds

¥
a0 -

w04

Distance of
Notch {in.}
B

[l 1 1
[=] I I I

1 1
2 4 6 &8 w0
Time {s]
21— 23.0 252 22298
20, -38 341 33.24s

35a. Sometimes; the cosine function can only
result in values between —1 and 1, inclusive.
35b. Always; the sine function has a period
of 2.

35c. Sometimes: cos # = 1 when n s even and
cos = —1when n s add.

35d. Never; the y-coordinate of the
corresponding point on the unit circle is
negative.

37a. E:TT meters; becayse the radian measure
of the angle is the length of the arc on the unit
circle subtended by the angle.

]

I7c. The period is 27 because the values of
the functlon repeat every 2 radians. This is
shown in the graph when the shape of the
curve from O to 27 s repeated from 27 to 47
The heights of point P above or below the
surface of the water repeal once as the wheel
makes a complete rotation (2w radians).

37d. The x-intercepts are whole-number
multiples of =. These are the angles of rotation
for which P is on the surface of the water.
37e. Sample answer. {% ET“} as the wheel

rotates through an angle from %f&dl&ns to E'T“
radianzs, P moves downward.

39a. 72°F 39b. March 3%8c. 12°F

SAS0 Selected Answers

39d. September
41. Benita; Francis incormrectly wrote
T ™
cos {—3] = —cos 3.
43, Sometimes; the period of a sine curve
could be % which s not a multiple of n.

45, The period of a periodic function is the
horizontal distance of the part of the graph that
is nonrepeating. Each nonrepeating part of the
graph is one cycle.

Lesson 9-4

1Z2y=0:360° 3 Ly=0120"
5.2,360" 7.1,720° 9.3;180°

. 3, 360°
P
TRATA

A

N

e

15. 4; 180"

[y=deos20

fra

! I

1

17a. period: 2 frequency: % The object
completes 5 of a cycle per second, and It will
reach maximum distance from the equilibrium
point every 2 seconds.



17b. Domain: all real numbers; because time 33b. i) = —45cosnr + 75
cannot be negative, the relevant domain in the FTI11 T |
context of the siiuation is [0, =}. The range is ﬁ
[—25, 25] %
=k 2w M
19. hix) = 1.5 cos TX 2
1] ‘:If I
2 & IIFIRLAF I
4 |
/ amAAmAANAS g
o X | | | | =
5 O 123466178808 a
|
| 35, Sample answer: y = 2 sin 6& the amplitude E
21. 3; 5407 ls|n|=2.Thepeﬂn-dis.fﬁ=%=%, so there -
f L y=35h1%ﬂ' are 3 complete cycles botwean # = 0and § = . §
ﬁ%_lfr 31 The graph of y = %gln # has an amplitude

¥ = Ein %Ei has an amplitude of 1 and a period
Y of 720",

39. Sample answer: Determine the amplitude
and perod of the function; find and graph and
23. 4 1080° x-intercepts, extrema, and asymptotes, use the
parent function to sketch the graph.

2
!' %‘L J ﬁ nf% ard a period of 360°. The graph of
¥
I

Lesson 9-5

| 1. period = 367, asymptotes: (36n + 18)°,
|_E where n is an odd integer; x-intercepts: O°, 36°,
i -:-JII 1] 72° 1087, _: midline: y = 0. Bacause o =1,
the function is not vertically dilated In relation
25.180% y = 5 sin2@ to the parent function. Because b = 5, the
27T Sample answer: The sine functon has the function is compressed horizontally In relatlon
same shape as an ocean wave Additionaily, the to the parent function.

sine function and ocean waves shane similar
behaviors, as they both repeat themselves over a
consistent interval of time and distance.

29a. 12: a calendar yoar

29b. B5°F; July 15 3ta. 200 nm, 520 nm
31b.yeliow 3c. violet, red

33a. amplitude: 4 5. period: 2 seconds

P 1 LT p——

|
___..__aﬁ b ccassos ool

Selected Answers SAS51



3. period = 907, asymptotes: (900 + 45)°,
where n s an odd integer, x-inteccepts: 0°, 907,
180°, 2707, . midline: y = 0. Because g =1,
the function is not vertically dilated in relation
to the parent function. Because b = 2, the
function is compressed horizontally in relation
to the parent function.

B. period = 3607 asympiotes: (3600 + 1BO)°,
where n s an odd integer; x-intercepts: 0°,
3607, 720°, 1080°, _: midliine: y = Or Becausa
g =2, the function is stretched vertically in
redation to the parent function. Because b = 21
the function is stretched horzontally in relation
to the parent function.

Foat *
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7. period = — asymptotes: x = ‘3“" - “—;n.

where n is an Integer, relau-.fe minima at
rany 0w

X=FL,X="F,0/X="7F 3 -E-—n wherenlsan
Integer; relative maxima at x = 2w, x = T or
X = Eﬂ+33 1, where nis an integer.

9. period = 2w, asymptotes: ¥ = 2% + 270,
where n is an integer, relative minima at
x=2 x =3 orx == + 2nn, where n Is an
2 2 3y 5w 3w
integer; relative maxima at ==, 5. or x = 5

2rn, where n ks an integer.

+

i

sssscsssjtsssssssa

M. perdod = 360°, asymplotes: x = 2mn, where
n Is an integer; x-intercepts: 1807, 540°, ._; fodd
multiples of 1807,

-q--.-.----.-.-.-.--E—---.-.-.-.-—-—-rr-.-p.
"
s

13. perod = 350°; asymplotes: x = 270 + 360n,
¥ =180 + 360n, where n is an integer




15. period = %* asymplotes: x = 3.7" %
x =g + 3nwhere n is an integer

il
I

17a. v = 200 col x
17b. ¥

|

n,

E

i
=

&
=

Lengthof shadew {f1]

o s 90* 1200
Angle af Sun

17c. Sample answer: In the context of the
situation, only x-values between 0° and 90° are
relevant, 5o focus on analyzing that portion of
the graph.
domain: x| 0 > x > 90]
range: [y —20 = y < x0)
x-mercept: 90
w-intercept: nona
relathve minimum: none
relative maximom: none
The period of y = 300 cot x is 180°.

19. period 4507

=

21. period: 307

r
4

2]
-n--—————————-ﬁ-—-———————————-r-

]
=3
—i]
23. penod: 3607
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25. d = 2000 csc X

Z7. Tyler: It appears that Lacretia gave the
period of the function p = % tan #, rather than
¥ = lan %ﬂ_

29. Sample answer: Datermine the amplitude
and period of the function, then find and graph
any x-intercepts, extrema, and asymptotes.
Sketch the parent function and transform the
graph to graph the given function.

Lesson 9-6

1 1 27 7w to the left

—3{ AN a0 *

=k

domain: —a < # < oo range: —2 < fif) <= 2
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3. 1; 360°%; 90" to the left
¥
P

Ao

domain: —oo << # < oo range: —1= F(#) =1
5. no amplitude; T; ¢ to the left

domain: T < # < % + un, where nis an
Integer; range: —oxx < f{f) < oo
7. 3; 360°; 45" to the right

¥

AN /N

1 L] L] L
| s N\ o9 3ece asoe NP

= S

domain: —oo < # < oo range: —3 < @) < 3
9. 1 2% % 0 tha right

2343
¥
1h==
0.5
N=/r = Q\yf !
=i.5= X 2 3
—104

domain: —o < & < oo; range: —05 < fi#) = 0.5

SAS4 Selected Answers

"M 2; 360 90° to the left

¥

f o “Wﬂ* - BW
=71

domain: —oao < § < o0 range: —2 < fl#) < 2
121360 k=3y=13

fis
g
o
N S T
r .

1

[¥=13]
i i I I

@ e wr e e

L

domain: —oo < # < 20 range: 2 = fifl) = 4
15. no amplitude; 180° k= %; ¥= %

1|
ly=mnd+
Ik k
] I
i ]
i ]
I ]
1 (]
' e
} —
i B
: i jorf 380
[ ]
T ]
: :
]
i I
[} (]
1 I
i ¥
i ]
I

domain: 90 + 180n < &< 180 + 180n, where n
is an integer; range: —oo < fi#f) < o
172,360 k=—4y=—4

F

90" w0t 270t 360 o

i ]
—&T F::'mﬁl—q-

domain: —oo < # < 20 range: —6 < f(#) = —2



19a. The amplitude is 3; the midline is y = 79,
the period is 60 minutes.
19b. hi) = 3 cos (g5t) + 79

19¢. ¥

A i [ 1 4 i il [l 1 [

—
20 40 &0 om0 oot

19d. 2 imes: these are the times when tha
minute hand & on the &6 (Le., 12:30 and 1:30).

Ha. k = —3, =0 the vertical shift is 3 units
down; amplitude =1 21bh. none Me. w

Hd.y=cos28—3 23.y=sinx—4)+ 3
. y=wnx—mn)+ 25 27 3:180% —451

29, Sample answer: sine; Because as a Ferris
wheal tums, the distance a rider is above the
ground varies sinusoldally with time. Note: any
phenomenon that can be modeled with a sine
function can also be modeled with a cosing
function using the appropriate horizontal shift
andfor reflection about the horizontal axis.
31a. 120, in 2.5 years  31b. 125; In T years
33.(3 2) 35. no maximum values

37. The graphs are reflections of each other
over the x-axis.

39. The graphs are identical.

41. 360°; Sample answer. y=sin#—5

43. 3607 Sampie answer: y =4 cos # + 1

45, Sample answer: MM = 1.5 cos 28 — 2

47. The graph of y = 3 sin 28 + 1 has an
amplitude of 3 rather than-an amplitude of 1.1t
i= shifted up 1 unit from the parent graph and is
compressead so that it has a pardod of T80°.

49, Sample answer: ¥y = 2sin #— 3

¥
2=
| i
—ar © s 00 o
24
=& :r:IE'I'Iﬂ—E!

51. Sample answer: y = sin {E+g:| —3is
equivalent to y = cos [#). When the sine graph
is shifted % units to the left, it s equivalent to
the cosine graph.

Lesson 9-7
1305 30 % 535 7453
9.905F 1.-102 13.071 15.095

1205 19.5313° 21.60° 23. 574

25, 567" 27 2045 29.7552°
31a. 482

31b. Sample answer: | assumed that the angla
at which the doors would be opened would be
equal in measure.

™ n 5w
33.3 35.0.2n 35

39 37, 53", 90°
41. Sample answer: Meither: cosine is not
positive in the sacond quadrant.

43, Sample answer: ¥ = tan™' ¥ is a relation that
has a domain of all real numbers and a range
of all real numbers except odd muttiples of %_
The relation is not a function. y = Tan"x is a
function that has a domain of all real numbers
and arangeof —3 sy = 3.

45. Sample answer: y = Cog~! %E + 1; this
function i a horizontal stretch by a factor 2 of
the parent function y = Cos~' A, 50 the domain
ig{—2 = 0 < 2] Itis also a vertical translation
1unit up, sothe rangeis[1s y< T+ 1)
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Glossary

English

Espanol

30°-60°-90° triangle A right triangle with two acute
angles that measwre 30° and 60°.

45%-45°-90° riangle A right triangle with two acute
angles thal measure 457,

absolute value  The distance a number is from 2ef0 on
the number Hne.

absolute value function A function written as
fix} = |x|, in which fx} = O far all values of x.

accuracy  The neamness of a measurament to the true
value of the measure.

additive identity Becauwse the sum of amy number o
and 0 is equal to o, 0 s the additive identity.

additive inverses  Two numbers with a sum af 0.
adjacent angles  Two angbes that lie bn the same plang
and have a common vertex and a comman skde but
have no common interor points.

adjacent arcs  Arcs in a circle that have exactly ane
point in commorn.

algebraic expression A mathematical expression that
contains at least one variable.

algebraic nolstion  Mathematical notation that
describes a set by using algebraic expressions.

alternate exterior angles  Whon two lines are cut by a
transversal, nonadjacent exterior angles that le on
opposite sides of the transversal.

alternate interior angles  When two lines are cut by a
transversal, nonadjacent interior anghes that lke on
opposite sides of the transversal.

altitede of a perallelogram A perpendicular segment
between any two paralied bases.

tridnguio 30°-60°-90°  Un trigngulo reddngolo con
dios dngules agudos que miden 307 y &0°.

tridngulo 45°45°20°  Un tridngulo recténgulo con
dos dngulos aqudos que miden 45°

valor absoluto  La disfancia gue un nimero es de cera
en la linga numdérica.

funcitn del valor absoluto  Una funcidn que se escribe
fix} = |x|. donde fix) = 0, para todos los valores de x.

exactitvd La proximidad de una medida al valor
verdadera de la medida,

identidad aditiva  Debido a que la suma de coalguier
namera o y 0 es igual o, 0 es la identidad aditiva.

inverso aditives  Dos ndmeros con una suma de 0.

dnguios adyacentes  Dos dngulos que se encuentran
en el mismo plano y Henen un vérilce comidn v un lado
comdn, pero no tenen punios comunes en ef interior,

arcos adyacenies - Arcos enun circulo que tenen un
salo punto en comdn.

exprecidn algebraica  Una expresidn matematica que
contiene al menos una variable.

notacién algebraica  Motackon matemdtica que
describe un conjunto usando expresiones algebralcas.

dngulos alternos externos  Cuando dos linees son
codtadas por un dngulo transversal, no adyacente extarion
i se encuentran-en lados opuestos de la transversal.

dngubas allernos internces Cuanda das lineas son
cortadas por un Anguko transversal, no adyacente intanor
gue se encuentran en lados opuestos de & transversal

altiteed de un paralelogramo  Un seqmento
perpendicular entre dos bases paraletas.

Glossary G1



altitude of & prism or cylinder A segment perpendicular
o the bases that jolns the planes of the bazes.

altilude of a pyramid at cone A segment
perpendicular to the base that has the vertex as one
endpoint and a point in the plane of the base as the
other endpoint.

altitede of & triangle A segment from a veriex of the
triangle to the line containing the opposite side and
perpendicular to that side.

ambiguous case  When two different triangles could
be created o described using the given information.

amplitude For functions of the form y = o sin b or
¥ = a cos b, the amplitude is |a|.

analylic geometry  The study of geametry that uses
the coordinate system.

angle  The Intersection of two noncollinear rays at.a
commaon endpobnt

angle bisector A ray or segment that divides an angle
into two congruent angles.

angle of depression  The anghe formed by & horizontal
lime and an observer's line of sight 1o an object below
the harzontal lne.

angle of elevation The angle formed by & horizontal
live and an observer's line of sight to an ohject abowve
the horizontal line.

angle of rotation  The angle throwgh which a figure
rotates.

apothem A perpendicular segment between the
canter of a reguiar polygon and a side of the polygon o
the length of that line segment.

approximate error The positive difference between
an actual measurement and an approximate or
estimated measurement,

arc  Part of a circle that is defined by two endpoints.

arc length  The distance between the endpodnts of an arc
measuned along the arc in linear units.

G2 Glossary

allitud de un prisma o cifindro  Un segmento
perpendicular a s bases que une los planos de las bases.

altitud de una pirdmide o cono  Un segmento
perpendicular a la base que Gene el virtice como un

punto final y un punto en e plano de la base como el
otro punto final.

altitud de triangulo. Un segmento de un wertice dal
triangubo & la linea que contiene of lado opuesto y
perpendicular & ese lado.

caso ambiguo  Cuando dos tridngulos diferentes pueden
sy creados o descritos usando la informacion dada,

amplitud  Para funciones de la forma y = osen b8 o
¥= o cos bd, la amplitud es |al.

geomelria analitica  El estudio de la geometnia que
utiliza el sistema de coardenadas,

dngulo  La interseccion de dos rayos no colineales en
L extremo comun.

bisectriz de un angulo  Un rayo o seqmento que
divide un dngulo en dos dngulos congreentes.

dngulo de depresidén  El dngulo formado por una inea
horizontal v la linea de visién de un observador a un
objeto por debajo de la linea horizontal,

dngulo de elevacién  H dngulo formado por una linea
horizontal v [a linea de visidn de un observador a un
objeto por encima de la linea horizontal.

dngulo de rotacidn
una figura.

El déngulo a través del cual gira

apolema  Un segmento perpendicular entre e centra
de un poligono ragular ¥ wn lado del poligono o la
longitud de ese segmento de linea.

error aproximads  La diferencia positiva entre una
medida real y una medida aprodmada o estimada.

arca  Parte de un circulo gue se define por dos puntos
finales,

longitude de arco  La distancia entre los extremos de
un arco medido a lo largo del arco en unidades lineales.



area  The number of square units needed 10 cover a
surface.

arithmetic sequence A pattern in which each term
after the first is found by adding a constant, the

common difference d, to the previous term.
meymplole A line that a graph approaches.

auxiiary e An extra line or segment drawn in a
figure to help analyze geametric relationships.

average rate of change  The change in the value of
the dependent variable divided by the change in the
value of the independent variable.

xiom
prood,

A statement that is accepted ac true without

axiomatic system  Aset of axioms from which
theorems can be derived.

axiz of syrmmetry A line about which a graph is
Syrmmetric.

ais symmetry I a figure can be mapped onto itself
by a retation between 0° and 360° in a line.

drea  El ndmero de wnidades cuadradas para cubrir
ura superficie,

secencia artmética  Un patrdn en el cual cada
término después del primero se enceantra adadiando
una constante, la diferencia comun &, al térming anterior.

o
:
g
=
[
i
g.

asintola  Una linea gue se aproxima a un grafica,
lines awxdliar  Una linea o segmento extra dibijado en
urna figura para ayudar a analizar las relaciones
geamétricas.

tasa media de cambio  El cambio en el valor de ia
variable dependiente dividido por el cambio en el valor
de la variable independiente.

axioma Una declaracion que se acepla como
verdadera sin prueba,

sistema adiomatico  Un conjunto de axiomas de los
cuples se pueden derivar teoremas.

efe de simetria  Una linea sobre la cual un grifica es
simetrico.

eje simetria S uma figura puede ser asignada sobre si
misma por una rotacidn entre 07 y 360° en una linea

bar graph A graphical display that compares
categories of data using bars of different helghts.

base Ina power, the number being multiplied by
itselt

base angles of a trapezoid  The two angles formed by
the bases and legs of a trapezoid.

base angles of an kosceles triangle  The two angles
formed by the baze and the congruent skdes of an
Isoscobes triangle.

base edge  The intersection of a lateral face and a
bate in a sobid figure.

base of a parallelogram  Any side of a parallelogram.

base of a pyramid or cone  The face of the solid
opposite the vertex of the solid.

grifico de barra  Una pantalla grafica que compara las
categorias de datos usando barras de diferentes alturas.

basz  En un poder, el nikmero se multiplica por si
i,

dngulos de base de un trapecio  Los dos dngulos
formados por las bases y patas de un lrapecio.

dngulo de la baze de un ridngubo isosceles  Los dos
angulas formados por [a base y los lados congruentes
do wn tridngubo isoscebes.

arlsta de la base  La interseccidn de una cara lateral y
urs base en wna fgura solida.

base de un parabebogramo  Cualguier lado de un
paralelograme.

base de una piramide o cono . La cara del salido
opuesta al vértice ded salido.

Glossary G3



bases of a prism or cylinder
congruent faces of the sodid,

The two paraliel

bases of a traperold  The paraliel sides in a trapezoid.

best-fitling  The line that most closely approximates
the data in & scatter phot.

betweennesz of pointz  Point Cis between A and BIf
and anly If 4, 8, and C are collinear and AC + CB = AB.

blas  An error that results in & misrepresentation of a
population.

blconditional statement  The conjunction of &
conditional and i1 converse.

binomial The sum of two monomials.

bisect Toseparale a line segment into two congruent
Segmients.

bivariate data  Data that consists of pairs of values.

boundary  The edge of the graph of an inequality that
separates the coordinate plane into regions.

bounded  When the graph of a system of constraints is
& pohygonal region.

box plot A graphical representation of the five-
number summary of a data set.

bases de un prisma o cilindro  Las dos caras
congruentes paralelas de ka figura solida.

bases de un trapecio  Los lados paralelos en un
Irapecho.

lnea de ajuste dptima  La linea que més se aproxima
a los datos en un disgrama de dispersidn.

infermediacion de puntos Bl punto Cestd entre Ay B
&l y sdlo si A, B, y C son colineales y AC + CB = AR

sesga Unmerror que resulta en una tergiversacion de
una poblacidn.

declaracion bicondicional  La conjuncidn de un
condichonal v su inverso.

binomin La suma de dos monamios,

bisecar Separe un segmento de linea en dos
segmentos congruentes.

datos bivariate  Datos gue constan de pares de valores.

frontera  El borde de la grifica de una desiqualdad
gue separa of plano de coordenadas en reglones.

acotada Cuando la grafica de un sistema de
resiricciones es una regidn paligonal.

diagram de caja  Una representacian grafica del
resumen de cinco ndmerss de un conjunio de datos.

categorical data  Data that can be organized Into
different categories.

causation  When a change in ane variable produces a
change In anather variable.

center of a circle  The point from which all points on a
circle are the same dsiance.

conter of & regular polygon  The center of the circle
circumscribed about a regular polygon.

center of dilation  The center point from which
dilathons are performed.

datas categoricos  Datos que pueden organizarse en
diferentes cateqgorias.

causalidad Cuando un cambio en una variable
produce un cambio en olra variable,

centro de un circudo Bl punto desde el cual todos los
puntos de un circulo estan a la misma distancia.

centro de un poligono regulzr  El centro del circulo
circunscrito alrededor de un poligono regular.

centra de dilatacidn  Punio fijo en torno al cual se
realizan las homotecias.



cenler of rotation  The fed point about which a
figure rotates.

center of symmetry A point in which a figure can be
rotated onto itealf

central angle of a circle  An angle with a vertex at the
center of a circle and sides that are radi,

central angle of a regular polygon - An angle with its
vertex al the cemter of a requiar pofygon and sides that
pass through consecutive vertices of the polhyogon,

centroid  The point of concurrency of the medians of a
triangle.

chord of a circle or sphera A segment with endpolnis
on the circle or sphere;

circle  The setof adl points in & plane that are the
same distance from a given podnt called the center.

circular function A function that describes a point on
a circle as the function of an angbe defined in radians.

circumcentes  The point of concurrency of the
perpendicular bisectors of the sides of a triangle.

circumierence  The distance anound a drcle,

circumscribed angle  An angle with sides that are
tangent to a crcke.

circumacribed polygon A pohygon with vertices
outside the circle and sides that are tangent to the clrcle.

closed i for amy members ina set, the resull of an
operation is also in the sel.

closed hall-plane  The solution of a linear inequality
that includes the boundary line.

cotdomain  The sat of all the y-values that coukd possibiy
result from the evaluation of the function.

coofficient  The numerical factor of a berm.

coofficient of delermination  An Indicator of how well
o function fits a set of data.

centro de rolacidn Bl punto fijo sobre el que gira

dngule central de un circudo  Un dngulo con un wertkee
en el centro de wn circulo v 1os lados que son radios.

i
e figura, 5
g
centro de la simetria  Un punto en el que una figura =
so puede girar sobre s msma. [
£
— 8
[n’

dngule central de un poligono regular  Un dngulo con
s vidrtice en el centra de un poligonao regular i lados gue
pasan a través de vartices consecutivos del poligono,

baricentra  El punto de interseccion de las medianas
de un rangubo.

cuerda de un circwlo o esfera  Un segmento con
extramos en el circubo o esfera,

circulo  Elconjunto de todos los puntos en un plano
e @stan a la misma distancia de un punto dado
[lamado centro.

funcidn circudar  Funcidn que describe un puntoen wn
circulo coma la funcion de un angulo definide en radianes:

circuncentra  El punto de concurrendia de as
bisectrices perpendiculares de kos lados de un tridngulo.

cireunferencia  La distancia atredadar de wn elreula.

angule circunscrite - Un déngulo con lados gue son
langentes a un ciroulo.

poligono circunserito Un poligono con wértices fuera
ded ciroulay dos que son tangentes al ciroulo.

cerrado 51 para cualguier ndmeno en el conjunto, el
resuflado de la operacidn es también en el conjunta.

semi-plano cerrado  La soluckn de una desigualdad
linear que Incluye ka linea de limite.

codominar  El conjunto de todos los valores y gue

podrian resulftar de la evaluacion de la funcidn.
coeficienta  El factor numerkoo die wn termino.

cosficiente de delerminacion  Un indicador de lo bien
gue una funcidn se ajusta a un conjunto de datos.



cofunclion identities  ldentities that show the
relatbonships between sine and cosine, tangent and
cotangent, and sacanl and cosecant

collinear  Lying on the same lne.

combination A selection of objects in which order is
not important

combined variation When one quantily varies directly
and/or Inversely as lwo or more other quantities.

commaon difference  The difference between
consecutive terms in an anthmelic sequence.

common logarithms  Logarithms of base 10.

commaon ralia  The ratlo of consenitie terms of a
geomelric sequence.,

comman tangent A line or segment thal is [angent 1o
two clrcles in the same plane,

complement of 4 Al of the outcomes in the sample
space that are not Induded as outcomes of event A.

complementary angles.  Two angles with measures
that have a sum of 90°.

completing the square A process used 1o make a
quadratic expression into a perfect square trinomdal.

complex conjugates  Two complex numbers of the
form o + bi and 0 — B,

complex fraction A rational expression with a
numerator andfor denominator that is also a rational

BXpreSSion,

complex number  Any numbaer that can be written in
the form & + b, where o and b are real numbers and /
i the imaginary uniL.

component farm A vector written as <x, y>=, which
describes the vecton in terms of Its horizontal
compaonent x and vartical component .

identidades de cofuncidn  Identidades que muestian
las relachones enlre seno y coseno, tangente y
colangents, y secanis y cosecante.

cofineal  Acostado en ba misma linea.

combinacidén Una seleccidn de objetos en los que el
arden no es importants,

varlacidn combinada  Cuando una cantidad varia
directamente v / o imversamente coma dos o mas
cantidades,

diferencia comin  La diferencia entre términos
consecullvas de una secuencia adtmética,

fogaritmos comunes  Loganiimos de base 1.

razén camun Bl razdn de términos consecutivos de
una secuencia geometrica,

langente comin  Una linea o segments que 85
langente a dos circulos en el mismo plano.

complemento de 4 Todos los resultados en al espacio
muesiral gue no se incluyen como resultados del
evento A,

angulo complementarios  Dos angulos con medidas
que tlenpn una suma de 90°

completar el cuadrada  Un proceso usado para
hacer una expresion cuadratica en un trinomio
cuadrado perfecto.

conjugados complejos  Dos nimeros complejos de la
formaa + biyo—bi

fraccién compleja  Una expresidn racional con un
numerador y / o denominador que tantbién es una

expresion racional,

nimero complejo  Cualguier ndmero que se puede
escribir en la forma o + b, donde @ y b son ndmeros
reales e { ex |a unidad imaginaria.

forma de componente  Ln vector escrito como
<, =, que describe el vector en términos de su
componente horizontal x y componente vertical p.



composite figure A figure that can be separated into
reglons that are basic figures, such as triangles,
rectangles, irapezoids, and circles.

composite salid A three-dimensional figure that is
composed of simpler solids.

composition of functions  An operation that uses the
results of one function to evaluate a second function.

composition of transformations  When a
transformation is applied to a figure and then another
transformation ks applied to its image.

compound evenl  Two or more simple events,

compound ineguality  Two or more inegualities that
are connected by the words and or ar.

compound interest  Inferest calculated on the

principal and on the accumulated imterast from
previous periods.

compound statement  Two or more statements joined
by the word and or of.

concave polygon A polygon with one or more interior
angles with measures graater than 180°.

concentric clreles
same center.

Coplanar circles that have the

conclusion The statement that immediately folliows
the word then in a conditional.

concurrent ines  Three or more lines that intersect at
& common pointL

condittonal probability  The probability that an event
will occur given that another event has already occumed.

conditional relative frequency  The ratio of the joint
freguency to the marginal frequency.

conditional statement A compownd statement that
consists of a premise, or hypothesks, and a conclusion,
which ks false only when ils premise is true and s
conclusion is false.

figura compuesta  Una fhgura que se puede separar
en regkones gue son figuras basicas, takes como
triangulos, recténgulos, irepezobdes, v circulos.

solido compuesta  Una fgura tridimensional que se
compaone de figuras mas simples.
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composicion de funciones  Operacion que wtifiza
los resuliados de una funcion para evaluar una
sequnda funchon.

composicidn de ransformaciones  Cuando una
transformacidn se aplica a una figura y lvego se aplica
ofra ransformacién & su imagen.

evento compuesio  Dos o mas eventos simples.

deciqualdad compuesta Dos o mas desiqualdades
que estdn unidas por las palabras y u o

interés compuestio  Intereses calculados sobre af

principal y sobre el interés acumulado de periodos
anferinres,

enunciado compuesto.  Dos o mds declaraciones
unidas por la palabra y o o.

poligono céncavo  Un poligono con uno o mis
dngubos interores con medidas superiores a $80°.

circulos concéntricos  Cinculos coplanarios que tienen
el mismo centro.

conclusion  La declaracién que inmediatamente sigue
la palabra emtonces en un condicional,

lineas concurrentes  Tres o mas lineas que se
intersecan en un puwnto comn.

probabilidad condicional  La probabilidad de gue un
evento ocurra dado gue otro evento ya ha ocurrido.

frecucncia ratativa condicional  La relacidn entre la
frecuencia de la articulacién y la frecuencia marginal.

enunciado condiclonal  Una declaracidn compuesia
Ouee COmsisie an una premisa, o hipotesis, y una
canclusion, gue es falsa solo cuando su premiss es
verdadera y su conclusion es falsa.



cone A solid figure with a circular base connected by
& cunved surface to & single verlex.

confidence interval  An estimate of the population
parameter stabed a5 a range with a specific degree of
certainty.

congruent  Having the same size and shape.

congruent angles.  Two angles that have the same
MBasue.

congruent arcs  Arcs in the same or congruent circles
that have the same measure.

congruent polygons Al of the parts of one pohygon
are congruent to the corresponding parts or matching

parts of another polygor.

congruent segments
same length.

Line segments that are the

congruent salids  Solid figures that have exactly the
same shape, size, and a scale factor of 1:1.

conic sections  Cross sections of a right circudar cone.

conjecture  An educated quess based an known
information and specific examples,

conjugates  Two expressions, each with two terms, in
which the second terms are opposiles.

comjunction A compound statement using the word
and.

consecutive interior angles  When two lines are cut by
a transversal, interlor angles that lle on the same side of
the transversal,

consistent A system of equations with at least one
ordered pair that satisfies both equations.

constant function A linear function of the form y = b
The function fx) = o, where a is any number.

constant of varation  The constant In a variation
function.

cono  Una figura sofida con una base circular
conectada por una supesficie curvada a un 5olo wértice.

intervalo de confianza  Una estimacion del pardmetro
de poblacidn se Indica como un rango con un grado
especifico de certeza.

congruente  Tener el mismo tamafio y forma.

angulo congruentes  Dos dngulos gue tienen la misma
medida,

arcos congruentes  Arcos en los mismos crculos o
congruentes gue thenen la msma medida.

poligonos congruentes  Todas las partes de un poligono
son congruentes con las pares correspondientes o partes
coincidentes de olro paligona.

segmentos congruentes  Linea segmentos que son la
misma longliud.

sdlidos congruentes  Figuras solidas que tenen
expctamente la misma forma, tamafio v un factor de
escaladet:l

Lecciones conicas  Secchones transversales de un
cono chreular derecho.

conjetura  Una suposicién educada basada en
informacién conocida y ejemplos especificos.

conjugados  Dos expresiones, cada una con 4os
Iérminas, e [a gue los segundos términos son opuesins.

conjuncidén  Una declaracidn compuesta usando la
palabra y.

dngulos internos consecutives  Cuando dos lineas se
cortan pos un dngulo transversal, interhor gue se
encuentran en el mismo lado de la transversal.

consistente  Una sistema de ecuaciones para ol cual
existe al menos un par ordenado que satisfice ambas
BCUaCchongs.

funcion constante  Una funcidn lineal de la forma p = &,
La funcidn fix) = o, donde o es cualguier ndmera.

constante de varacion  La constante en uma funcktn
de variacldn.



constant term A term that does not contaln a variable,

constraint A condition that a solution must satisfy,

constructions  Methods of creating ligures withoul the
use of measuring looks,

continuous function A functlon that can be graphed
with a line or an unbroken cume.

continuous random varable  The numencal cutoome of &
random event that can take on any value.

contrapositive A statement formed by negating both
the hypathesis and the concluslon of the converse of a
conditional.

convenience sample  Members that are readily
available or easy to reach are selected.

converse A statement formed by exchanging the
hypothesis and conclusion of a conditional statemant.

convex poalygon A polygon with all interor angles
measuring less than 180°.

coordinate proofs  Proofs that use figures in the
coordinate plane and algebra 1o prove geometric

concepls.

coplanar  Lying n the same plane.

corollary A theorem with a proof that follows as a
direct result of another theorem,

correlation coafficlent & measure that shows how
well data are modeled by a regression function,

corresponding angles  When two lines are cut by a
transversal, angbes that e on the same side of a
transversal and on the same side of the two lines.

corresponding parts  Corresponding angbes and
corresponding sides of two polygons.

cosecant  The ratio of the length of a hypotenuse to
the tength of the leg opposite the angla.

termino constante
varable.

Un térming gue no contiens una
restriccion  Una condicidn gue una solucion debe
salisfacer.

construcciones  Métodos de creacion de fliguras sin el
uso de herramientas de medicidn,
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funcién continua  Una funcidn gue se puade represeniar
gréificaments con wna linea o wna curva ininteosmplda

variable aleatoria continua Bl resultado numérico de
un evento aleatorio que puede tomar cualquier valor.

antitesis  Una aflirmacion formada negando tanto la
hipdtesis como la conclusion del inverso del
condicional.

muestra conveniente  Se selecclonan bos miembros
g estan faciimente dispomnibles o de facll acceso.

reciproco  Una declaracidn formada por el
intercambio do la hipdtesis v la conclusidn de la
deckaracidn condiclonal

poligono comvexs  Un poligono con todos los dngulos
intertores que miden menos de 180°.

prughas de coordenadas  Pruebas que utilizan flguras
en el plano de coordenadas y dlgebra para probar

conceptos geomeétricos.

coplanar  Acostado en el mismo plano.

corolario.  Un tearema con una prueba que sigue
como un resultade directo de ofro tegrema.

coeficiente de correlacidn  Una medida que muestra
como los datos son modelados por wna fenclon de
reqresion.

dngulos correspondientes Cuando dos lineas so
cortan transversalmente, los Anguios gue se encuentran
en el mismo lado de una transversal y en ¢l mismo ado
de las dos lineas.

partes correspondientes  Anguios correspondientes y
lados corespondiontes.

cosecante  Relacidn entre la longitud de la hipotenusa
v la lonigitud de la plerna opuesta al angulo.
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cosing  The ratio of the length of the leg adjacent to
an angle to the length of the hypotenuse.

cotangent  The ratio of the length of the leg adjacent
to an angle to the length of the leg opposite the angle.
coterminal angles  Angles in standard position that

have the wame terminal side.

counterexample  An éxample thal contradicts the
conjecture showing that the conjecture is not abways true.

critical values  The zvalues coresponding to the most
commaon degrees of certainty.

cross section  The intersection of a solld and a plane.

cube oot One of three equal factors of & number.

cube oot function A radical function that contalns the
cube root of & variable exprescion.

curve fitting  Finding a regression equation for & sel of
data that is approximated by a function.
oycle  One complete patfern of a periodic functhon.

cylinder A solld figure with two congruent and
parallel circular bases connected by a cunved surface.

cosena  Redacidn entre fa longitud de la plerma
adyacente a un dnguls ¥ ka longited de la hipotenusa.

colangente  La relacidn entre ta longitud de la pata
adyacente a un dngulo v la longited de la pata opuesta
al anguio.

dngulos coterminales ingulus en posiclén estandar
gue tienen ef mismo lado terminal.

contraejemplo Un ejemplo que contradice [a conjetura
gue muestra gue la conjolura no slempre es ciorta;

valores criticos  Los valores 2 carrespandientes a los
grados de certeza mas comunaes.

sepccidn fransversal  Inferseccidn de un sdlido con un

plana.

falr cibica
nimera.

Uno de los tres factores iguales de un

funcidn de [a rafz del cubo  Funcidn radical que
contiene la raiz cibica de una exproskon variable.

ajuste de curvas  Encontrar una ecuacdn de regresian
para un conjunto de datos que es aproximads por una
funcidn.

ciclo  Un patron complato de una funcién perlodica.

cliindra  Una figura sdlida con dos bases circulares
congruentes y paralelas conectadas por una superficie
curvada.

decay factor
orl—r.

The base of an exponential expression,

decomposition Separating a fhgure inlo two or mare
nonoverlapping parts.

decreasing  Where the graph of a function goes down
when viewed from left to righ

deductive argument  An argument that guarantees

the truth of the conclusion provided that its premises
are frue.

factor de decaimiento  La base de una expresion
exponencial, o 1—r.

descomposicidn  Separar una figura en dos o mas
partes que na se solapan,

decreciente  Donde [a gréfica de una funcidn
disminuye cuando se ve de [zquierda a derecha.

argqumento deductive  Un arguemeanto que garantiza ia

verdad de la conclusién slempre que Sus premisas sean
vordaderas,



deductive reasoning  The process of reaching a
specific valid conclusion based on general facts, rules;
definitions, or properties.

define a variable  To choose o variabbe 10 represent an
unknown value.

defined term A term that has a definition and can be
explained.

definithons  An explanation that assigns properties to
a mathematical object.

degree IFE- valwe of the exponent in a power
function, 0 of the circular rolation about a poinL

degree of a monarmial
all its variables.

The sum of the exponents of

degree of o polynomial  The greatest degree of any
tarm in the polynamial.

density A measure of the quantity of some physical
property per unit of length, area, or wolume.

dependent A consistent system of equations with an
Infenite number of solutions.

dependent evenls  Two or more events in which the
outcome of one event affects the outcome of the other
events.

dependent variable  The variable in a relation, usually
¥, with values that depend on x.

depressed polynomial A polynomial resafting from
division with a degree one less than the original

pohynomial.

descriptive modeling A way o mathematically
deccribe real-world situations and the {actors that
calse them,

descriptive statistics  The branch of statistics that
focuses on collecting, summarizing, and displaying
data.

diagonal A segment that connects any two
nonconsecutive vertices within a polygon.

razonamiento deductive Bl proceso de alcanzar una
conclusiin valida especifica basada en hechos
generales, reglas, definiciones, o propiedades.

defindr una varisble  Para elegir una varishbe goe
represente un valor desconocido.

o
:
g
=
[
i
g.

término definida  Un 1érmino que tene una definbcion
¥ s& puede axplicar.

definiciones  Una explicacidn que ashgna propledades
a un objeto matemdition.

grado ".l'allllzr del exponente en una funcidn de
pntawjnfﬁde |a rotackon circular alrededor de
uin punta,

grado de un monomba  La suma de los exponants de
todas sus variables.

grado de un polinomio  El grado mayor de cusiquier
término del polinomio.

densidad Una medida de la cantidad de alguna
propiedad fisica por unidad de longitud, area o volumen.

dependiente  Una sistema consistente de ecuaciones
con un ndmens infinito de soluciones,

eventos dependientes  Dos o mas aventos en gue el
resultads de un evento afecta e resultado de los atros
evenlos.

varable dependiente  La variable de una relacidn,
generalments y. con los valores gue depende de x.

polinomio reducide  Un polinomio resultante de la
divisbon cen un grado uno menas que el polinomio

originak.

modelado descriptive  Una forma de describir
matematicaments [as situaciones del munda real y los

factores que kas causan.

estadistica descriptiva  Rama de la estadistica cuyo
enfoque @5 [a recopllaciin, resumen y demostracion de
los datos.

diagonal  LUn segmento que conecta cualquier dos
veértices no consecutivos dentro de un poligono.



diameter of a circle or sphere  Achord that passes
through the center of a circle or sphere,

difference of squares A binomial in which the first
and last terms are perfect squares.

difference of two sguares  The square of one quantity
minus the square of another quantity.

dilation A nonrigbd motion that enlarges or reduces a
geametric figure: A transformation that stretches ar
compresses the graph of a function,

dimensional analysis  The process of perfarming
operations with unlis.

direct variation  When one quantity s equal to a
constant times another quantity.

directed line segment A line segment with an initial
endpoint and a terminal endpoint

directrix An exterior line perpendicular to the line
containing the focl of & cumve.

discontinuvous functon A function that ks not

conbinuous,

dizerete function A function in which the points on
the graph are nol connected.

dizerele random variable  The numerical outcome of a
randam event that s finite and can be counted.

dizeriminant  In the Quadratic Formida, the expression
under the radical sign that provides information about
the rools of the quadratic equathon.

disjunction Acompound statement uskng the word or,

distance  The langth of the line segment betwean twao
points.

distribution A graph or lable that shows the
theoretical frequency of each possible data value.

domain The set of the first numbers of the arderad
pairs in a relation; The set of ¥-values ta be evaluated
by a function.

didmetro de un circulo o esfera  Un acorde que pasa
por el centro de un circulo o esfera.

diferencia de cuadrados  Un binomio en ef que los
términos primero y dltimo son coadrados perfectos.

diferencia de dos cuadrados Bl cuadiado de una
cantidad menos ol cuadrado de otra cantidad.

dilatacidn  Un movimients no rigido que agranda o
reduce una figura geométrica; Una transformacidn gue
estira o comprime el gréfico de una funcidn,

andlisis dimensional  El proceso de reallzar
opefaciones con unidades,

varlacion directa  Cuando una cantidad es bgual a una
constante multiplicada por otra cantidad.

segment de linea dirngkdo  Un segmento de linea con
i punto final inicial y un punto final terminal.

directriz  Una linea exterior perpendicular a la inea
que contiene los focos de una cunva;

funcidn discontinua  Una funcidn que no es
continua,

funcién discreta  Una funcion en [a gue los puntos del
grafico no estdn coneclados.

variahle alestoria discreta  El resultado numérnico
de un evento aleatorio gue es finito y puede ser
contada.

dizeriminante  En la Fdimula cuadratica, la expresidn
bajo ol cigno radical que proporciona informaciin sobee
las rafces de la ecuacidn cuadritica,

disyuncion  Una declaracion compuesta usando la
palabra o.

distancia
punios.

La longitud dol segments de linea antre dos

distribucion  Un grafico o una table gue muestra a
frecuencia tedrica de cada valor de datos posible.

dominko  El conjunto de los primeros ndmeras de los
pares ordenados en una relacidén; El conjunto de
valores x para ser evaluados por una funcidn.



dot plot A diagram that shows the frequency of data
on a numbser ling,

double root  Two roots of a quadratic equation that
are the same numbar,

grifica de puntos  Una disgrama que muestra [a
frecuencia de los datos en una linea numérica,

raices dobles  Dos raices de una funcldn cuadrética
guee son el mismo nimara,

@ An irrational number that approximately equals
232818

edge of a polvhedron A line segment where the faces
of the polyhedron intersect

elimination A method that imvolves aliminating a
variable by combining the individual equations within a

system of equations.

emply set  The set that contains no elements,
symbodized by { | or &

end behavior The behavior of a graph a1 the positive
and negative extremes in its domain.

enlargement A dilation with a scale factor greater
than 1.

eguation A mathematical statement that conlains two
expressions and an equal sign, =.

eguiangukar polygon A polygon with all angles
congruent,

eguidistant A point is equidistant from other points i
it is the same distance from them.

equidistant lines  Two lines for which the distance
between the two lines, measured along a perpendbcular
line or segment 1o the two lines, s ahways the same.

equilateral polygon A polygon with ail sides
congruent.

equivalent equathans
solution.

Two equations with the same

eguivalent expression:  Expressions that represent
the samea value.

evaluate  Tofind the value of an expression
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g Un ndmero irracional gue es aproximadamenta
igual a 2. MB2818 ...

arista de un poliedro  Un segmento de linea donde las
caras del poliedro se Cruzan,

efiminacién  Un método gue consiste en eliminar una
variable combinands las ecuaciones individuales dentro

che un slstema de ecuaciones.

conjunto vacio  El conjunto que no contiene
efementos, simbolizado por (] o2,

comportamiento extrerna B comportamiento de un
grifico en los extremos positivo v negativo en su dominia.

ampliacién  Una dilataclén con un factor de escala
mayor que 1.

ecuacion  Un enunciado matematico que contlene dos
BHprEsiones ¥ un skgno igual, =.

paligono equangatar  Un poligono con todos jos
angulos congruentes.

equidistante  Un punto es equidistante de otros
puntos sl esid & la misma dislancia de ellos.

lineas eguidistantes  Dos Wneas para las cuales ka
distancia entre fas dos lineas, medida a lo largo de una

linea o segmento perpendicular a las dos lineas, es
shempre |a misma.

paligono equilitera  Un poligono con todos [os lados
CONGrenies.

ecuaciones equivalenties  Dos ecuaciones con la
misma saluckin,

expeesiones equivalentes
represantan el misma valar.

Expresiones que

evatbuar  Calcular of valor de una expresion.
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eyven functions  Functions that are symmetric in the
J-Exis.

event A sithset of the sample space.,

pxtluded values  Values for which a functhon = not
defined.

exporiment A samphe is divided imo two groups. The
experimental group undergoes a change, while there is
no change to the control group. The effects on the groups
are then compared; A situation imolving chance.

experimental probability Probability calculated by
using data from an actual experiment,

exponent  When n s & positive integer in the
expression x”, i indicates the number of times x ks

multiplied by itself

exponential decay  Change that occurs when an initial
amount decreases by the same percent over A given
period of time.

exponential decay function A function In which the
independent vanable is an expanent, where o > 0 and
D=<b<1l

pxpliclt formula A formula that allows you 1o find any
term o, of a sequence by using a formula written in
terms of i

exponential equation  An equation in which the
independent variable s an exponent.

exponential form
form xn.

When an expression is in the

exponential function A function in which the
independent variable is an exponant.

exponential growth  Change that occurs when an
initial amaunt increases by the same percent over a
given period of time.

exponential growth function A function in which the

independent variable is an exponent, where a > 0 and
b=1

Glossary

incliso funciones
eje y.

Funciones gue son simétricas en ef

evenio  Un subconjunto del espacio de muestra,

valores exclhuidos  Valores para los que no so ha
definide una funclén.

expariments  Una muestra se divide en dos grupos. El
grupo edperimental experimenta un cambio, mientras
fue mo hay cambio en el grupo de control. A continuachin
so comparan los efectos sobre ks grupos: Una situacidn

de riesgo.

probabilidad experimental Probabilidad calcufada
utilizando datos de un experimenta real.

exponents  Cuando n es un entero positive en la
expresion x°, m indica el ndmero de veces gue x se
multiplica por sf misma.

desintegracidn expanencial  Cambio gue ocume
cuandao una cantidad inicial disminwye en el mismo
porcentaje durante un periodo de tempo dado.

funcidn exponenciales de dacaimienio  Una ecuacidn
en ka que la variable independiente &5 un expanenls,
dondea > 0y0<b<1

farmula explicita  Una fdrmula gue e permite
enconirar cualguier [érmino o, de una secuencia
usando una fdrmula escrita en términas de n.

ecuacion exponencial  Una ecuacion en la que la
variable independiente es un exponente;

forma exponencial  Cuando una expresidn estd en la
forma an,

funcién exponencial  Una funcidn en la gue la varabhe
independionte o5 el exponents.

crecimientn exponenclal Cambio que oourre cuando
Lna cantidad Inicial aumenta por el mismo porcentape
durante un pericdo de tempo dado.

funcion de crecimiento exponencial  Una funcidn en
la gue la variable independiente es el exponente,
dondea > 0yb > 1.



exponential inequality  An inequality in which the
independent variable s an exponent

exterior angle of a triangle  An angle formed by ane
shde of the triangle and the extension of an adjacent
side.

exterior angles  When two lnes ane cut by a
transversal, any of the four angles that lie outside
the reglon between the two intersected lines.

exterior of an angle  The area outside of the two rays
of an angle.

extraneous solution A solution of a simplified form of
an equation that does not satisty the original equation.

extrema Points that are the locations of relatively high
of low function values.

axlrems values
of data:

The least and greatest values in a sl

desiqualdad exponencial  Una desigualdad en la guee
la variable independiente o5 un exponentes.

dngulo exterior de un tridgngulo  Un dngulo formado
por un lado del ridngulo v la extension de un lado

adyacente.
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dngulos externos  Cusndo dos lineas son cortadas pod
ura transversal, cualgulera de los cuatro dngulos gue
se encuentran fuera de la regldn entre las dos lineas.
intersectadas.

exterior de un dngule  El drea fuera de los dos rayoas
e wn Angudo.

solucidn extrafia  Una solucidn de una forma
simplificada do una ecuacidn gue no satisface la
ecuacion orginal.

pxtrema  Puntos gue son las ubicaciones de valares
de funcion relativamente alta o baja.

vitlores exiremos  Los valores minimo y mdximo en un
conjunto de datos.

face of a polvhedron A flat surface of a poalyhedron.

factored form A form of quadratic squation,
0 = alx — plx — q). where a + 0, inwhich p and g
are the x-intercepts of the graph of the related function.

factorlal of ' The product of the positive integers less
than or equal 1o n.

factoring  The process of expressing a polynomial as
the praduct of monomials and polynamials.

factoring by grouping  Using the Distributive Proparty
to factor some polynomials having four or more lerms.

family of graphs  Graphs and equations of graphs that
heve at keast one characteristic in common.

feasible region  The intersection of the graphs in a
system of constraints.

finite sample space A sample space that contains a
countable number of culcomes.

cara de un poliedro  Superficie plana de un poliedra.

forma factorizada  Una farma de scuachin cuadratica,
0 = afx — pllx — g). donde o # 0, en la que py g son
las intercepciones x de la gréfica de ta funcidn
redacionada.

factorial de n  El producto de los enteros positivos
inferbores o iguales a n.

factorizaclon por agrupamiento  UtiEzanda ka
Propiedad distributiva para factorizar polinomios gue
pOssen cuatro o mds terminos.

factotizacion  El proceso de expresar un palinomio
como el producto de monamios y polinomios.

familla de graficas  Graficas y ecuaciones de graficas
gue tienan al menos una caracterislica comuin.

regian factible  La interseccitn de bos graficos en wn
sistema de restricciones.

espacio de muestra finito Un espacio de muestra gue
contiene uh nimero contable de resultados.
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finite spguence A sequence that contains a Amited
number of terms.

five-number summary  The minimum, quariiles, and
mandmum of & data set

flow proof A proof that uses boxes and arrows to
show the logical progression of an argument.

focus A paoint inside a parabola having the property
that the distances from any point on the parabola to
them and to a fixed line have a constant ratio for any
polnts on the parabola.

formula  An equation that expresses a relationship
between certain quantities.

fractional distance  An intermediary point some
fraction of the length of a line seqgment.

frequency  The number of cycles in & given unit of
time.

function A relation in which each element of the
domain is paired with exactly one element of the rangs.

functicn notation A way of writing an equation so that
¥ = fix}.

secuencia finita  Una secuencia que contiens wn
ndmers imitado de tErminos.

resumen de cinco nimeras  El minima, cuartiles y
méximo de un conjunto de datos.

demosiracién de flujo  Una prueba gue usa cajas y
flechas para mostrar 1a progresian légica de wn
argumento.

foca  Un punto dentra de una pardbala que tiens la
propledad de gue fas distancias desde cualquier punto

de la pardbola a ellos ya una linea fija tenen una
relacidn constante para cualgquier punfto de la pardbola.

fdrmula  Una ecuscidn que expresa una relacion entre
clertas cantidades.

distancia fraccionarla  Un punto intermediario de
alguna fraccion de la longitud de un segmento de linea.

frecuencia Bl ndmero de clelos en una unidad del
tiempa dada.

funcidn  Una relacién en que a cada elemento del
dominio de corresponde un Gnico elemento ded rango.

notackdn functional  Una farma de eseriblr una
ecuaciin para gque y = fx).

geamelric means  The terms betwean two
nenconseculive terms of a geometric seguence; The
nih rool, where 7 is the number of elements in a set of
numbers, of the product of the numbers.

geamelric modsl A geometric figure that represents a
real-fife object.

goeametric probabifity  Probability that involves a
geamelric measure sich as length or anea.

geometric sequence A pattern of numbers that
beqins with a nonzero torm and each term after is

found by multiplying the previows tarm by a nonzero
canstant r.

geometric seres  The indicated sum of the terms in a
geomelric sequence.

Glossary

medios geométricos  Los términos entre dos términos
no consecutivos de una secuencia geomeéirica; La
enésima raiz, donde n 25 el numero de elementos de
un conjunto de nimeros, del producto de los ndmeros.

modelo geométrico  Una figura geométrica que
representa un objeto de |a vida real.

probabilidad geométrica  Probabilidad que implica
wna medida geométrica como longitud o drea.

secuencia geométrica  Un patrdn de nimeros que
comienza con un Wermino distinio de cero 'y cada
LErming despisds se encuenira multiplicando ef término
anterior par una constante no nula r.

serjes geomélricas  La sumaindicada de los términos
201 g secuencia geomstrica.



glide reflection  The composition of a transkation
falbowed by a reflection in a line paraliet 1o the
translation vector

greatest integer function A step function in which
flx) is the greatest integer less than or equal to x.

growth factor  The base of an exponential expression,
ort=+r.

reflexian del deslizamiento  La composicidn de una
traduccion sequida de una refledon en una linea
paralela al vector de traslacidn.

funcidn entera mas grande  Una funcidn dal paso en
guee M) es el ndmers mas grande menos que o igual & x
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factor de crecimiento  La base de una expresion
exponencial, 014+ r.

half-plane A reglon of the graph of an inequality on
one side of a boundary.

heght of a paralielogram  The length of an altitude of
the parallelogram.

height of a colid  The length of the altitude of a solid
figure.

height of a lrapezold  The perpendicular distance
between the bases of a trapezoid,

histogram A graphical display that uses bars to
display numerical data that have been arganized in
equal intervals,

horizontal asymptole A horizontal line that a graph
approaches,

hyperbola  The graph of a reciprocal function.

hypothesis  The statement that immediately follows
the ward if in & conditional.

semi-plane  Una regidn de la grifica de una
desigualdad en un lado de un limite.

aftura de un paralelogramo  La longitud de ks altilud
ded paralelogramo.

altura de un sdlido  La longitud de fa altitud de una
figgura solida.

allura de un trapecio Lo distancia perpendicular entre
[as bases de un trapecio.

histograma  Una exhibécion grafica gue utiliza barras
para exhibir os datos numéricos que se han organizadao
en imervalos iguales.

asintola horizontal  Una linea horizontal que se
apreedma & un grafbeo.

hipérboly  La grafica de una luncidn reciproca.

hipdtesis La declaracidn que sigue inmediatamente a
| palabsa s en un condicional.

Identity
varlable.

An equation that is true for every value of the

identity function The funiction fx) = x.

if-then siaternent A compound statement af the form i
p, ther g, where p and g are statements,

image  The new figuere in a ransfiomation.
imaginary unit/ The principal square root of —1.

incenter  The point of concurrency of the angle
bisectors of a triangle.

Identidad Una ecuacion gue es verdad para cada
valor de la variable.

funcidn ientidad  La funcién fx} = &

enunciado si-entonces  Enunciado compuesto de
forma </ p, enfonces g, donde py g son enunciados,

imagen La nueva figura en una transformacian.
unidad imaginafia i Laradz cuadrada principal de —1.

incentro Bl punto de interseccidn de las bisecirices
interkors de wn tridngulo.



included angle  The interior angle formed by Dao
adjacent sides of a triangle.

included side  The side of a triangle between two
angles.

inconsistent A system of aquations with no ordecad
padr that satisfies both equations.

increasing  Where the graph of a function goes up
when viewed from left to rght.

independent A consistent systom of equations with
exactly one solution.

independent evenls  Two or more events in which the
outcome of one event does not affect the cutcome of
the other events.

independent variable The variable in a retation,
usually x, with a value that ks subject o cholce.

index  In nth roots, the value that indicates to what root
the value under the radicand is being taken.

indirect moasurament  Using similar figures and
proportions to measure an object.

indirect prool  One assumes that the skatement (o
be proven is false and then uses logical reasoning to
deduce that a statement contradicts & postutate,
theorem, or one of the assamptions.

indirect reasoning  Reasoning that eliminates afl
possible conclusions but one 5o that the one remaining
conclushon must be true.

inductive reasoning  The process of reaching a
conclusion based on a pattern of examphes.

ineguality A mathematical sentence that contains
<, > o8, 2,00F

inferential statistics  When the data from a sample ks
used to make infesences about the cormesponding

populathon.

infinite sample space
that cannot be counted.

A sample space with outcomeas

infinite sequence A sequence that continues
withoat end.
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angulo inchudo El dngulo interdor formado por dos
lados adyacentes de un tridngulo.

lads incluido  El lado de un tridngubo entre dos
dngulos.
inconsistente  Una sistema de ecuachones para el cual

no existe par ordenado alguno gue satisfaga ambas
BCuacionges,

crecciente  Donde la grdfica de una funcian sube
cuando se ve de izquierda a derecha.

independionte  Un sistena consistente de acuaciones
Con exactamente wna soludidn,

eventos independientes  Dos o mas eventos en los
gue el resultads de un evento no afecta of resultado de
los olros eventas.

variable independiente  La variable de una relackin,
generalmente x, con el valor gue sujeta a eleccidn.

indice En enésimas raices, el valar gue Indica a qué
raiz esta ef valor bajo la radicand.

medicion indirecta  Usando figuras y proporciones
similares para medir un objoto.

demosiracidn indirecta  Se supone que la afirmacian
a ses probada es falsa y luego utiliza el razonamiento
logico para deducir gue una afirmacidn contradice un
postulado, teorema o uno de los supuestos.

razonamients indirecto Razonamiento que eliming
iodas kas posibles conclusiones, pero una de manera
gue [a conclusidn que gueda una debe seq verdad.

razonamients inductive  El proceso de llegar a una
conclusidén basada en un patrdn de ejemplos,

desigualdad  Una oracidn matematica gue contione
uno o misde <<, >, =, =, 0F.

estadisticas inferencial  Cuando los datos de una
muestra se utilizan para hacer inferencias sobee ia
poblacidn correspondiente.

espacio de muestra infinita  Un espacio de muestra
con resultados que no pueden ser contados.

secuencia infinfta
gin fim.

Una secuencia que continda



informal proof A parageaph that exphains wiy the
conpecture for a given situation 5 true.

imitial side  The part of an angle that is fixed on the
M-mtks.

inscribed angle  An angle with is vertex on acircle
and sides thal contain chords of the cincle.

inscribed pelygon A polygon Inside a cirche in which
all of the vertices af the palygon le an the cincka.

imtercept A paoint at which the graph of a function
intersects an axis.

intercepted arc  The pait of a circle that lies between
the two lines intersecting IL

interior angle of a triangle  An angle at the vertex of a
trianghe.

imterior angles  When two fines are cut by a
transversal, amy of the four angles that lie inside the
reglon between the two intersected lines.

interior of an sngle  The area between the two rays of
an angle.

imerquartile range  The difference botweon the wpper
and lower quartiles of a dala sel.

intersection A el of poinis common Lo fwo or more
geometnc figures; intersection  The graph of &
compound ineguality containing ana.

inersection ol A and 8 The set of all outcomes in the
sample space of event 4 that are aiso in the sample
space of event 8.

imerval  The distance between two numbers on the
scale of a graph.

interval notation  Mathematical notation that describyes
& sel by using endpoints with parentheses or brackels.

imverse A statement formed by negating bath the
hypothesis and conclusion of a conditicnal
statement

pruebs informal  Un pérrafo que explica por gué la

dngule Inscritc  Un dngulo con Su wértice en un circula
y lados que contienen acordes del circula.

conpetura para una situacion dada es verdadesa. EE
3
lado inlcial  La parte de un dngulo que se fija en el =
efe x. )
£
g.

poligeno mscrite  Un poligono dentro de wn circulo en
el que todas los vértices del poligono Se ancueniran en
el circula,

imMerceplar  Un punto en el gue la grafica de una
funcién corta un eje,

arco intersecada  La parte de un circubo que se
encuentra entre las dos lneas que se cruzan.

angulo interior de un tridngulo  Un déngulo en el
wértice de un tridngulo.

dngulos interiores  Cuando dos Hneas son cortacdas
por una transversal, cuslquiera de los custro dngubos
gue se encueentran dentro de la regian entre las dos
lineas intersectadas.

interior de un dngulo  El drea entre los dos rayos de
un Angubo.

rango intercuartil  La diferencia entre ef cuartil
superior ¥ el cuartil inferior de un conjunto de datos.

inferseccién  Un conjunto de puntos communes a dos
o mds figuras geométricas; Interseccién  La gréfica de
una decigualdad compueesta que contiene la palabra y.

imersecckdn de Ay 8 B conjunto de todos los resultados

en el espacio muestral del evento A que tambien se
encuentran en el espacho muesiral del evenio 8.

iMervalo  La distancla entre dos niimeros en la escala
die wn gréfica.

notacian de intervalo  Motackan matemidtica que
describe un conpunto utilizando puntos finales can
paréntesis o soportes.

inverso  Una declaracion formada negando tanto la
hipdtesis como la conclusidn de la declaracidn
condicional.



imverse cosine  The ratio of the length of the
hypotenuse o the length of the leg adjacent to an
angle.

inverse functions:  Two functions, one of which
contains points of the form (o, b) while the other
contains points of the form {b, o).

inverse relations  Two relations, one of which contalns
points of the form (@, b) while the other contains poinis
of the form (b, o).

inverse sine  The ratio of the length of the hypotenuse
to the length of the leg opposite an angle,

inverse tangent  The ratio of the length of the leg
adjacent to an angle to the length of the keg opposite
the angle.

inverse trigonamelnc functions  Arcsine, Arccosine,
and Arctangent.

inverse varation When the product of two quantities
is equal to & constant k.

sosceles trapezoid A quadrilateral in which two sides
are parallel and the legs are congruent.

sosceles tiangle A triangle with at least two sides
congruent.

inverso del coseno  Relacion de a longitud de la
hipotenusa con la longitud de la pierna adyacente a un
dngulo.

funciones inversas  Dos funciones, una de kas cuales
contiene puntos de ka forma (o, b) mientras que |a otra
contiene puntos de [a forma (b, o).

relaciones inversas  Dos relaciones, una de las cuales
contiene puntos de ka forma e, b) mieniras que |a olra
contiene puntos de ka forma (b, o).

inverso del seno  Relacidn de la longitud de la hipotenusa
con la longited de la plerna opiesta a un angulko.

inverso del tangente  Relacién de la longitud de fa
piema adyacente a un dngulo con la longitwd de la
plerna opuesta & un dngulo.

funciones rigonométricas inversas  Arcsine,
Arccosine v Arctangent.

variacidn inversa  Cuando el producto de dos
cantidades es bgual 8 una constante k.

trapecio isosceles  Un cuadrildtero en el que dos
lados son paralelos y [as patas son congruentes.

Iridngule kosceles  Un iridngulo con al menos dos
lados congruentes.

joint freguencies  Entries in the body of a two-way
frequency table. In a tiwo-way frequency table, the
frequencies in the interior of the table.

Joint variation  When one quantity varles directly as
the product of twa or more other quantities.

frecuencias articulares Enfradas en el cuerpo de una
labla de frecuencias de des vias. En wna tabla de
frecoencia bidireccional, las frecuencias en of interior
e la tabla,

variacion conjunta Cuando una cantidad varia
directamente como ef producto de dos o més
cantidades:

kite A convex quadrilateral with exactly two distinet
pairs of adjacent congruent sides.

cometa  Uncuadrbitens comasn con exactameants
dos pares distinlos de lados congruentes adyacentes.

lateral area  The swum of the areas of the lateral faces
of the figure.

area l[ateral  La suma de las dreas de 85 carms
laterales de la figura.



lateral edges  The intersection of bwo lateral faces:

lateral faces  The faces that join the bases of a salid.

lateral surface of a cane  The curved surface that joinsg
the base of a cone 1o the vertex,

lateral surface of a eylinder  The curved surface that

joins the Bases of a cylinder.

leading coefficient  The coeflickent of the first term
when a polynomial is in standard form.

legs of a trapezoid  The nonparalled sides in a
trapezald.

legs of an Isosceles triangle  The two congruent sides
of an isosceles trisngle.

like radical expressions  Radicals inwhich both the
index and thie radicand are the same.

like terms  Terms with the same variables, with
corresponding varlables having the same exponent

line A line i= made up of pednts, has no thickness o
width, and extends indefinitely in both directions.

line of fit A line used to describe the trend of the data
in & scatter phol

line of reflection A line midway between a preimage
and an image; The line in which a reflection flips the
graph of a function.

line of symmetry  An imaginary line that separates a
figure into two congruent parts.

line =egment A measurable part of a line that consists
of two poinis, called endpelnts, and sl of the points
between them.

line symmetry A graph has line symmetry If it can be
reflected in a vertical line so that each half of the graph
maps exactly to the other half.

linzar equation  An equathon that can be written in the
form Ax + By = C with a graph that is a straight line.

aristas laterades Lo intersecchdn de dos caras laterales:

caras lalerales  Las caras que unen las bases de un
salido.

superficie lateral de un cono  La superficie curvada
quea une [a bace do wn cono con el wirtica.
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superficie lateral de un clindro  La superficie curvada
gue une las bases de un cllindro.

coeficiente lider  El coeficlente del primer térming
cuando un polinombo estd en forma estdndar.

patas de un trapechs  Los lades no parabelos an un
traperabde.

patas de un tridngulo lsdsceles  Los dos lados
congruentes de un trigngulo isosceles.

expresiones radicales semejantes  Radicales en los
que tanto el indice como el radicand son iguales.

términos semejantes  Términos con las mismas
varlables, con las varlables correspondientes gue
tienen el mismo exponents.

linea Una linea estd formada por puntos, no Leng
espesor mi anchura, y se axtiende indefinkdamentea en
ambas direcciones.

linea de ajuste  Una linea wusada para describir la
tendencia de los datos en un disgrama de dispersian,

linea de reflexién  Una linea & medio camino entre
una prefmagen y una imagen; La linea en la que una
reflectidn voltea la grafica de una funcion.

linea de skmetria  Una nea imaginaria gue separa
urs figura en dos partes congruentes.

segmento de linea  Una parte medible de una linea
gue consta de dos punios, lamados extremaos, v todas
los puntos entre efios,

simetria de linea  Un grdfico tiene simedria de linea si
puede reflejarce en wna linea vertical, de modo gue cada
mitad del grifico se asigna exaclamente a la otra mited.

ecuacian fineal  Una ecuacion que puede escribirse
de ka forma Ax + By = C con un grafico que es una
linea recta.



lingar extrapolation  The use of a linear equation to
predict values that are outside the range of data.

linear function A function in which no independent
variable is ralsed to a power greater than 1. A function
with a graph that ks a line.

linear inequakity

a-straight line.

A half-plane with a boundary that is

linear interpolation  The use of a linear squation to
predict values that are inside the range of data,

linear pair A pair of adjacent angles with noncommon
sides thal are opposite rays.

linear programming  The process of finding the
maimum or minimum values of a function for a region

defined by a system of inegualities,

linear regression  Analgorithm wsed to find a precise
lime of fit for & set of data.

linear transformation  One of more operations
performed on a sel of data ihat can be wrillen a5 a
limear function.

literal equation A formuda or equalion with several
variables.

logarithm
of x.

Inx = b, yis cafled the logarithm, base b,

legarithmic eguation  An eguation thal contains ane
of mare logarithms,

legarithmic function A function of the form A = log
base bof x, where b > Qand b+ 1

logically equivalent  Statements with the same truth

yalue.

lower quartilie  The median of the lower half of a sel of
dista,

extrapolacién lneal  El uso de una ecuacian lineal para
predecir vabores que estan fuera del rango de datos.

funcidn lineal  Una funcién en la que ninguna
variable independiente se elova a una potencia mayor
gue 1; Una funcidn con un grafico gue es una linea.

desiguaidad lineal
25 una linea recta.

Un medio plano con un limite que

interpolacion lineal B uso de una ecuacion lineal para
predecir valores que estén dentro del rango de datos,

par lineal  Un par de dngulos adyacentes con lados no
COMUNESs Gue oM Fayos opuestos.

programackan lineal  El proceso de encontrar los
valores miximos o minimos de wna luncidn para una
regian definida por un sistema de desigualdades.

regresidn lineal  Un algoritmoe utilizado para encontrar
una linea precisa de ajuste para un conjunto de datos.

transformacién lineal  Una o mds operaciones
realizadas en un conjunts de datos gue se pueden
escribir como una funcidn lineal,

ecuacldn literal  Un foarmuda 0 ecuacidn con varkas
varkzbles.

logaritma  Enx = br,  se denoming logariime,
base b, de x.

ecuacion logartmica Una ecuacidén gue contiens uno
o mds logaritmos.

funcidn logaritmica  Una funcldn de |a forma k) =
base log bde x, donde b > 0yb# 1.

logicamente aguivalentes  Declaraciones con el
mismo valor de verdad.

cuafthl inferlar  La mediana de la mitad Inferar de wn
conjunto de datos.

magnitude  The length of a vector from the indtial
polnt to the terminal polnat.

magnitud  La longitud de un veclor desde ol punto
inlcial hasta el punto terminal.



magnitude of symmetry The smallest angle through
which a figure can be rotated o that it maps onto (tsedl

major are  An arc with measwe greater than T80°.

mapping  An illustration that shows how each element
of the domain is palred with an element in the range.

marginal frequencies  In a two-way frequency tabla,
tha frequencios in the totaks row and column; The totals
of each subcategory in a two-way frequency table.

maximum  The highest point on the graph of a funclion.

maximum error of the estimate The maximum
difference between the estimate of the population
mean and s actual value,

measurement dats  Data that have units and can be
measured.

measures of center  Measures of what is averange.

measires of spread  Measures of how spread out the
data are.

median  The heginning of the second quartile that
soparates the data into upper and lower halves,

median of a triangle A line segment with endpodnts
that are a vertex of the triangle and the midpoint of the
Sitle opposite the vertex

metric  Arule for assigning a number o some
characteristic or aftribute.

midline  The line about which the graph of a function
oscillates.

midpaint The point on a line segment halfway
between the endpoints of the segment.

midsegment of & trapezoid  The seqment that
connects the midpobnts of the legs of a rapezoid.

midsegment of a trlangle  The seqment that connacts
the midpoints of the legs of a triangle.

minimum  The lowest podnt on the grapgh of a function.

magnitud de la simetria  El Angulo mas peguedio a
través del cual una figura se puede girar para que se
cargue sobre &l mismo.

arco mayor  Unarco con una medida superior a 1807

cartografia  Una lustracian que muestra cdma cada
elements del dominio estd emparejado con un
elemento del rango.
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frecuencias marginales  En una tabla de frecuencias de
diors wias, las frecuencias en los iotales de fila y columna;

Los tolales de cada subcategoria en una tabla de
frecuencia bidireccional,

méximo  El punto mas alto en b grafica de una funclon,

errof mdxdmo de la estimackin  La diferencla maxima
entre la estimacidn de la media de la poblacidn y su
valor real.

medicion de datos
puaden madirse.

Datos gue tanen unidades v que

medidas del centro Medidas de lo gue es promedio.

medidas de propagacién  Medidas de cdmo se

etienden los datos san.

mediana  El comionzo del sequndo cuartil que separa
los datos en mitades superior e inferior.

miediana de un trigngulo  Un segmento de linea con
extremos que son un vértice del trigngulo y el punta
medio del lado opuesta al vértice.

métrico  Una regla para asignar un ndmero a alguna
caracteristica o atribuye.

linea media  Lalinea sobre la cual oscila la grafica de
una funcian peribdica,

punto medio  El punto en un seqgmanto de linea a
medio caming entre los extremos del segmento.

segment medio de un trapecio  El segmento que
conecta los puntos medios de las patas de wn rapecio.

segment medio de un triangulo  El seqgmento que
conecta los puntos medias de [as patas de wn tridnguio.

minima  El punto mas bajo en ke grafica de una fundon,
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minor arc An arc with measure fess than 1807,

mixture problems  Prablems that involve creating a
mixture of iwo or more kinds of things and then
determining some quantity of the resulting mixture.

manomial A& number, a varlable, or a product of a
number and one of more variables.

monoimial function A function of the form fx) = a®,
for which o is & nonzero real number and n is & positive

integer.

multi-step equation  An equation that uses more than
ofie operation (o solve it

multiplicative identity Because the product of any
number o and 1is agual to a, 1is the muliplicative
Identity,

multipticative inverses  Two numbers with a product
of 1

multiplicity The number of times a number s a 2er0
for a ghven polynomial,

mitually exclusive  Events that cannot occur at the
samea Lime.

aico menor  Un arco con una medida infeior a $80°.

problemas de mezela  Problemas que implican crear
Lna mezcla de dos o més tipos de cosas y luego
determinar una cierta cantidad de la mercia resultanta.

monamia  Un ndmero, una variable, o un products de
Lin AAMero ¥ una o méds vatiables,

funcién monomial  Una funcidn de ka Torma fx) = ax®,
para la cual @ es un ndmero real no nulo y M es un
entero positiva,

ecuaciones de varios pasos  Una ecuacidn que utiliza
mas de una operackin para resolverla.

identidad multiplicative Dado que of producto de
cuakguier ndmend oy 1es igual o, 1 s la identidad
mubtiplicativa.

imversos multiplicatives  Dos nimveros Con un
products es igual a 1.

mudtiplicidad  El niimers de veces que un ndmaro es
cero para un polinomio dado.

mutuamente exclusivos  Eventos que no pueden
aCurrir al mismo tiempo.

natursl base exponential function  An exponential
function with base e, written as y = &

natural logarithm  The inverse of the natural base
exponential function, most often abbrewated as.in x.

negation A statement that has the opposite meaning,
aswell as the opposite truth value, of an original
staternent

negative  Where the graph of a function lies below the
x-ans.

negative correlation  Blvariate data inwhich y
decreases as ¥ increases.

negative exponent  An exponent that is a negative
numbet.,

funcidn exponencial de base natural  Una funckon
exponencial con base 8, escrita como ¥ = &

logaritmo natueral  La inversa de la funcidn exponancial
de base natural, mds a menudo abreviada como bnx.

negacion  Una declaracidn que tene el significado
opuesio, asi como el valor de verdad opuesto, de una
declaracion original.

negative  Donde la grafica de una funcidn se
encuantra debajo del eje x.

correlacidn negativa  Datos bivariate en el cual p
disminuye a ¥ sumenta.

exponente pegativo
negativo.

Un exponente gue 5 wn NUMeno



negatively skewed distribution A distribution that
typically has a median greater than the mean and le<s
data on the left side of the graph.

noet A two-dmenskonal figuee that forms the surfaces
of a three-dimensional object when folded.

no correlaton
related.

Bivariate data in which x and y are not

nonlinear function A function in which a set of points
cannol all lie on the same line

nonrigid motion A transformation that changes the
dimenzions of a given figure.

normal distributien A continuous, symmetric, bell
shapod distribution of a random variable.

ath oot f o0 = b for a positive integer n, then a is
the ath root of b,

nth term of an arithmetic sequence  The mth term of
an arithmetic sequence with first term o, and common
difference disglvenbya, = a, + (n — 1)d, wheren s a
positive integer.

numerical expression A mathemalical phrase
involving only numbers and mathematical operations.

distribucion negativamente sesgada  Una distribucion
e tipkcamente tene una mediana mayor gue la media
y menos datos en e lado zqulerdo del grafico.

red Una figura bidimensional gue forma las superfichas
de un objeto tridimensional cuando se dobla,
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sin correlacign  Datos bivariados en o8 que x @ p no
estin relacionados.

funcidn no lineal  Una funcién en la que un conjunto
de puntos no puede estar en la misma linea

movimiento no rigida  Una transformacidn gue
cambia las dimensiones de una figura dada.

distribucion normal  Distribucion con forma de
campana, simétrica y continua de una varlable aleatoria.

raiz enésima  Shoe = b para cuadquier enteno positive
n, entonces @ se lkama wna ralz endsima de b,

enesima término de una secuencla artmetica  El
endsima arming de una secuencia aritmética con el
primer términe a, y la diferenca comun o viene dadeo por
g =g, + {n —1id, donde n es un numero enterd posithe.

expresién numénca  Una frase matemdtica que
implica solo ndmeros y operaciones matematicas.

obliguee ssymptote An asymplote that is neither
horizontal nor vertical,

observational study  Members of a sample are
measured or observed without being affected by the
sludy.

octant
SOACE.

One of the eight divisions of three-dimensional

add functions
origin.

Functions that are symmetric in the

one-o-one function A function for which each
element of the range s paired with exactly one eflement
of the domaln.

onto function A function for which the codomain is
the same as the range.

asintota ohlicua  Una asintota gue no es ni hoslzontal
ni vertical.

estudle de abservacldn  Los miembros de una
muestra son medidos o obsenvados sin ser afectados
por el estudio.

octante  Una de las ocho divisiones del espachy
tridimensional.

funclones extrafias  Funciones que son simétricas en
ef origen.

funcion biunivoca  Funcidn para la cual cada
elemento del rango estd empareiado con exactamente
un elemento del dominio.

sobre la funcidn  Funcidn para 1a cual el codomain es
el mismo que el rango.



open half-plane  The solution of a llnear nedguakity
that does not indude the boundary line.

opposite rays  Two collinear rays with a commaon
endpoint.

optimization The process of seeking the aplimal
value of a function subject 1o given constraints,

order of symmetry  The number of times a figure
maps onto itself,

ordered triple  Three numbers given in a specific
order used 1o locate points in space.

orthocenter
of a trianghe.

The point of concurrency of the altitudes

otthographic drawing  The two-dimensional views of the
top. left, front, and rght sides of an object

oscillation  How much the graph of a function varies
between its extreme values as it approaches positive or
negative infinity.

outcome  The result of a single event; The result of a
single performance or trial of an experiment.

outlier A value that Is more than 1.5 times the
intergquartile range above the third quartile or below the
first quartibe.

medio plano ablerto  La solucidn de una desigualdad
linear que no incluye la linea de lmite.

rayos opuestos  Das rayos colineales con un punto
final comin.

oplimizacidn  El proceso de buscar el valor dptimo de
Lna funcidn sujeto a restricciones dadas.

orden de la simetria  El nimero de veces gue una
figura e asigna a si misma.

riple ordenade  Tres ndmeros dados en un orden
especifico usado para localizar puntos en el espacio.

ortacentro B punto de concurrencia de las altitudes
de un triangulo.

dibujo ortografice  Las vistas bidimensionales de los
fados superior, lrquierdo, frontal y derecho de un objeto.

oscilacion  Cuénto ka grafica de una funcidn varia
entre sus valores extremos cuando e acerca al infindta
positive o negativo.

resultada  El resultado de un solo eventa; El resultado
de un sola rendimiento o ensayo de un experimenta,

parte aislada  Unvalor gue es mas de 1.5 veces el
ranga intercuarilico por encima del tercer cuartil o por
debajo del primer cuartil,

parabola A curved shape that results when a cone Is
cut at an angle by & plane that intersecis the base: The

graph of a quadratic function.

paragraph proof A paragraph that explains why the
conjecture for a given situation s tree,

parallel limes  Coplanar lines that do not intersect;
Monvertical lines in the same plane that have the same

slope.
parallel planes  Planes that do not intersect.

parallelogram A quadrilateral with both pairs of
opposite sides parallel

pardbola  Forma curvada que resulta cusndo un cono
es cortado en un angulo por un plano gue interseca ba
base: La gréfica de una funcidn cuadrética.

prueba de pitrafo  Un pdrrafo que explica por qué la
conjelura para una situackon dada es verdadera.

lineas paralelas  Lineas coplanares que no sg
intersecan; Lineas no verticales en of miemo plano que
tienen pendientes iguales,

planas paralelas  Planos que no se intersecarn.

paralelogramo  Un cuadrildtero con ambos pares de
lados opuestos paralelos,



parameter A measure thal describes a charactesistic
of & population; A value in the equation of a function
that can be varied to yield a family of functions.

parent function  The samplest of functions in a famiiy.

Pascals triangle A triangke of numbers in which a
row represents the coefficients of an expanded
binomial (o + by,

percent rate of change The percent of ncrease per
time perod.

percentile A measure that tells what percent of the
total scoros were below a given scora.

perfect cube A rational number with a cube rool that
Is a rational number.

perfect sguare A rational number with a square roat
that is a rational number.

perfect square trinpmials  Sguares of binomials.

perimeter  The sum of the lengths of the sides of a
polygon.

period  The horlzontal kength of ane cycle,

periodic function A function with y-values that repeal
at reqular intervals,

permutation  An arrangement of abjects inwhich
order is important.

perpendicular  Intersecting at right angles.

perpendicular bisector  Any line, segment, of ray that
passes through the midpoint of a segment and is
perpendicular o that seqgment.

perpendicular lines  Nonvertical lines in the same plang
for wihich the product of the slopes s <1,

phase shift A horzontal translation of the graph of a
trigonametric function.

ocumferance
P Thertle e

parametro  Una medida gue describe una
caracteristica de una poblacion; Un valoren la ecuacian
de una funcion que se puade variar para produci una
familla de funclones.

funcion basica  La funchin méds fundamental de un
familia de funciones.
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tridmguio de Pascal  Un fridnguio de mimeros ened
gise una fila representa los coeficientes de wn. binomio

expandido [o + b

por clento tasa de cambio
por periodo de tempo.

El porcentaje de aumento

percentl  Una medida que indica gué porcentaje de
las puntuaciones tolales estaban por debajo de una
puntuacion determinacda,

cubo perfecta  Un numero raclonal con un raiz cdbica
fise &5 un nimers racional.

cuadrado perfecto  Un ndmers rachonal con wn raiz
cuadrads gue es un ndmero racional.

trinamio cuadrads perfects  Cuadradas de los binomios.

perimelro  La suma de las lengitudes de kos lados de
un poligona.

perodo  La longitud horizontal de un ciclo,

funcion periddica  Una funcidn con y-valores aguella
repetickon con regularidad.

permutacion  Un armeglo de objetos en el que el orden
25 importante.

perpendicular  Interseccidn en dngulo recta.

mediatriz  Cualguber linea, segments o rayo gue pasa
por el purnto medio de un segmento y es perpendicular
B @8 sogmento.

lineas perpendiculares  Lineas no verthcales en el mismo
phana para las que el products de las pendientes es —1.

cambio de fase  Una traduccian horlzontal de la
grafica de una funchon trigonométrca.
Lircunferencia

pl Relacion Tt



plecewise-defined function A function defined by at
least two subfunctions, each of which is defined
differently depending on the intenval of the domain.

plecewise-linear function A funclion defined by at
least two linear subfunctions, each of which is defined
differently depending on the interval of the domain.

plane A flat surface made up of paints that has no
depth and extends indefinitely in all directions.

plane symmelry  When a plane intersects a three-

dimensional figure so one halfl is the reflected Image of
the other half

Platonic solld  One of five reqular polyhedra,

point A location with no size, only position.

point discontinuity  An area that appears to be a hole
in & graph.

polnt of concurrency  The polnt of intersection of

concurrent ines.

point of symmetry  The point about which a figure is
rotated.

point of tangency  For a line that imersects a cinche in o
podnt, the point at which they intersect.

point symmetry A figure or graph has this when a
figure is rofated 1807 about a point amd maps exactly
onto the other part.

polygon A closed plane figure with at least three
straight sides,

polyhedron A closed threg-dimensional figure made
up of flat polyganal reglons.

polynoméal A monomial or the sum of bao or more

momomials.

polynomial function A continuouws function that can
be described by & polynomial equation in one variable.

funcidn definida por plezas  Una funddn definida por al
menos dos subfunciones, cada una de las cuales so define
de manera diferente dependiendo del inftervalo del dominio

funcidn lineal por plezas . Una funcidn definida por al
menos dos subfunclones lineal, cada una de las cuales
sg define de manesa diferente dependiendo ded
intervalo del dominio.

plana  Una superficie plana compuesta de puntos gue
no tene profundidad y se extiende indefinidamente en
todas bas direcciones.

simetria plana  Cuando un plano cruza una figura

tridimensional, una mitad es la imagen reflejada de la
olra mitad.

solido platdnico  Uno de cinco poliedros requiares.
punto  Una ublcacidn sin tamafio, salo posicida.

discontinuidad de punto.  Un drea que parece ser un
aqujera en un grafico.

punto de concumencis Bl punto de intersecchon de
lineas concurrentes.

punto de simetria  El punio sobre ol que se gira una
figura.

punto de tangencia  Parauna linea que cruza un
circulo en un punto, el punto en el que se cruzan.

simetria de punio  Una figura o gréifica tens esta
cuande una figura se gira 180° alrededor de un punto y
oo mapoa exactaments sobeo la olra parte.

poligono  Una flgura plana cerrada con al menos Lres
ladas rectos.

poliedros  Una figusa tridimensional cerrada formada
por regiones poligonales planas.

polinomio  Un monomio o la suma de dos o mas
IR,

funcién polindmica  Funcién continua que pusde
describiree medante una ecuacidn polindmica en una
variabla.



polynomial identity A polynomial equation that is true
far any values that are substituted for the variables.

population Al of the members of a group of interest
about which data will be collected.

population proportion  The number of members in the
population with a particular characterstic divided by
the total number of members in the population.

positive  Where the graph of a function lies above the
J-anis.

positive correlation  Bivariate data in which y
increases as ¥ increases.

positively skewed distribution A distribution that ty pbeally
has a mean greater than the median.

postulate A statement that is accepted as troe
without proof.

power function A function of the form fix) = ax®,
where 5 and 7 are nonzero real numbers.

precision  The repeatability, or reproducibility, of a
measurement.

preimage  The origingl gure in a transfoomation,

prime polynomial A polynomial that cannot be written
as a product of two polynomials with integer
coefiicients.

principal root  The nonnegative root of a number.

principal square root
& numbser,

The nonnegative square root of

principal values  The values in the restricted domains
of trigonometrc functions.

principle of superpasition  Two figures are congruent
if and only if there is a rigid motion or series of rigid
motions that maps one figure exactly onto the other.

prism A polyhedron with two parallel congruent
bases connected by parallelogram faces.

identidad polinomial  Una ecuacidn polindmica que es

verdadera para cualguder valer gue se sustituya por las
varlables.

poblacion  Todos bos miembros de un grupo de interés
sobre cudles datos serdn recopilados.
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proporcion de la poblacidén  El nimero de miembros
en la poblacion con una caracteristica particular dividida
por el nimero totat de miembros en ks poblacion.

positiva  Donde la grifica de una funcién se encuentra
por encima del eje x.

correlacidn positiva  Dalos bivariate en el cual y
aumenta a x disminuye,

distribucidn positivamente cecgada  Una distribucidn
que tplcamente tiene una media mayor que la mediana.

postulade  Una declaracidn que se acepta coma
verdadera sin prueba.

funcidin de potencla  Una ecuacién polinomiad gue e
verdadera para una funclén de la forma fx) = o,
donde oy 6 son ndmeros reales na nulos.

precisién  La repetibilidad, o reproducibilidad, de una
medida.

preimagen  La figura orlginal en una transiormacian,
poliromio primo. Un polinomio gue no puede
escribirse como products de dos polinemios con
coefichentes enteros.

raiz principal  La raiz no negativa de un ndmero.

rair cuadrada principal  La raix cusdrada no negativa
dhe wn mamero.

valores principales  Valores de los domindos
restringidos do las functiones trigonométricas.

principio de superposician - Dos figuras son
cangroentes siy sdlo si hey un movimiento rigido o una
sefle de movimientos rigides gue traza una figura
exariamante sobre ia otra.

prisma  Un poliedro con dos bases congruentes
paraledas conectadas por caras de parselogramo.

Glossary G229



probabiity  The number of outcomes in which a
specified event occurs 1o the total number of trials.

probabibity distribution A function that maps the
sample space to the probabilittes of the outcomes in
the sample space for a particular random variabile.

probability model A mathematical representation of a
randam event that consists of the sample space and the
probability of each outcome.

projectile motion problems  Problems that invole
ohjects being thrown of dropped.

prool A logical argument in which each statement s
supported by a statement that ks accepted as true.

proaf by contradiction  One-assumes that the
statement to be proven i false and then uses logical
reasoning o deduce that a statement contradicls a
posiulate, theorem, or one of the assumptions.

propostion A statement that two ratios are equivalent.

pure imaginary number A number of the form b,
where b is a real number and { s the imaginary unit.

pyramid A polyhedron with a palygonal base and

three or more triangular faces that meet at a common
T

Pythagorean identities  |denlities that express the
Pythagorean Theorem in terms of the trigonometric
functions.

Pythagorean triple A sot of three nonzera whole
numbers that make the Pythagorean Thearem true.

probabilidad Bl ndmerno de resultados en los gue se
produce un evento especificado al nimero total de
BNsayos.

distribucion de probabiidad  Una funcién que mapea
el espacko de muestra a las probabilidades de los
resultados en el espacio de muestra para una varlable
aleatoria particular

modelo de probabilidad  Una representacidn
matemética de un evento aleatorio gue consiste en el
espachko muestral v la probabilidad de cada resultada.

problemas de movimiento del proyectil  Problemas
gue (nvolucran objetos que se l[anzan o caen.

prseba  Un argumento gico en el que cada
sentencla estd respaldada por una sentencla aceptada
como werdadera.

prusha por contradiccidn  Se supons que [ afirmacian
a sar probada es falsa y luego utiiiza el razonamiento
lbgico para deducir gue una afimacidn contradice un
postulado, tearema o uno de los supuestos,

proporcidn  Una declaracion de gue dos proporciones
son eguivalentes.

nimero imaginario pure  Un ndmero de la forma b,
donde bes un nimero real e { es la unidad Imaginaria.

pirdmide Polledro con una base paligonal y tres o

mas caras iriangulares gue se encuentran en un vérlice
COmiin.

identidades pilagdricas  Identidades que expresan el
Teorems de Pitdgoras en Darminos de kas funciones
Irigonométricas.

triplete Pitdgorico  Un conjunto de thes ndmeros
enteros distintos de coro que hacen que el Teorema de
Pitdgoras sea verdadero.

guadrantal angle  An angle in standand position with a
tarmminal side that coincides with ane of the aes.

guadratic equation
quadratic expression.

An equation that includes a
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dngulo de cuadrante  Un &ngulo en poskcion
estandar con un lado terminal que calncide con una
de los ejes.

ecuacion cuadrdtica  Una ecuacion que Incluye una
expresion cuadratica



quadratic expression
with a degree of 2.

An expression in one varable

quadratic form A form of polynomial equation, au’ +
bit + ¢ where u bs an algebraic expression in x

quadratic function A function with an equation of the
form = ax® + bw + ¢, where o # 0.

guadratic ineguality  An meguality that includes a
quadratic expression.

quadratic relalions  Equations of parabolas with
horizontal axes of symmetry that ane not functions.

guartic function A fourth-degree funchion,

quartiles  Measures of position that divide a data set
arranged In ascending order into four groups, each
containing about one fourth or 25% of the data.

quintic function A fifth-degree function,

expresion cuadratica  Una expresidn en una variabbe
con un grado de 2.

forma cuadratica  Una forma de ecuacion polinomial,
mr + b + ¢, donde i es una expresidn algebraica en x.

funcidn cuadratica  Una functidn con una ecuacidn de
la formay = @ + bx + ¢, donde g # 0.
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desigualdad cuadrdtica  Una desigualdad que incluye
Lna expresion cuadratica

relaciones cuadraticas  Ecuadones de parabaolas con
ejes horfzontales de simetria que no son funciomes.

funcidn cuartica  Una funcidn de cuarto grado.

cuartiles  Medidas de posician que dividen un
canjunto de datos dispuestas en orden ascendente en
cuatre grupos, cada uno de los coales contiens
aproximadamente uwn cuarto oel 25% de los datas

funcidn quintica  Una funcién de quinto grada.

radian A unit of anguiar measurement agual m@ or

aboul 57.296°

radical equation  An equation with a variable in a
radicand

radical expression  An expression that contains a
radical symbod, such as a square root.

radical form - When an expression conlains a radical
gymibod.

radical function A function that contains radicals with
vatrlables in the radicand.

radicand The expression undar a radical slgn.

radius of a circle or sphere A ine segment fram the
center to a point on a drcle of sphere.

radius of a reguler polygon  The radius of the circle
circumscribed about a regular palygon.

radidn  Una unidad de medida angular Igualcrg
alrededor de 57.296°.

ecuacidn radical  Una ecuacitn con una variable en

un radicand.

expresidn radicales  Una expresicn gue contiens un
simbolo radical, 1al como una ralz cuadrada,

forma radical Cuando una expresion contiene un
simbolo radical.
funcidn radical  Funchan que contiene radicales con

varlables en el radicand,
radicando  La expresidn debajo del signo radical.

radio de un circulo o esfera  Un segmento de linea
decde el centro hasta un punto en wn circwlo o esfera.

radio de un poligono reqular  El radio del circubo
circunscrito alrededor de un poligons regulac



range The difference between the greatest and least
values in a set of data; The sel of second numbers of
the ordered pairs in a relation; The set of y-values that
actually result from the evaluation of the function.

rate of change How a guantity ks changing with
respect to a change in another quantity.

ratlonal equation  An equation that contalns at least
one rational exprossion.

rational exponent  An exponent that Is expressed as a
fraction.

rational expression A ratio of twa polynomial
eXpressions.

rational function  An equation of the form fAx) =ﬂ.
where ofx} and bix) are polynomial expressions and
#0.

rational inequality  An inequality that contains at least
one ratbonal expression.

rationalizing the denominator A method used o
eliminate radicals from the denominator of a fraction or
fractions from a radicand.

ray  Part of a line that starts at a point and extonds to
infinity.

reciprocal function  An equation of the form fix) = ﬁ
where n is a real number and bix} is a linear expression
that cannol equal 0.

reciprocal irigonometric functions:  Trigonometric
functions that are reciprocals of each other

reciprocals  Two numbers with a product of 1.
rectangle A parallelogram with four right angles.

recursive formula A formula that gives the value of
the fiest term in the sequence and then defines the next
term by wsing the preceding tenm.

reduction A difation with a scale factor batween 0
and 1.

reference angle  The acute angle formed by the
terminal side of an angle and the x-ais.
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rango  La diferencia entre los valores de datos mas
grande of menas en un sistema de datos: El conjunto
de loz sequndos nemeras de los pares ordenados de
wna refacian; B conjunto de valores y que realmente
resultan de la evatuacidn de la funcidn,

tasa de cambio Cdmo cambia una cantidad con
respecto s un cambdo en olra cantided.

ecuacion racional  Una ecuachén que contiene al
MEnDs una expresion racional.

exponente racional  Un exponente que se exprésa
comao wna fraccidn.

expresion racional
polinomiales.

Una relacidn de dos expresiones

funcidn raclonal  Una ecuacién de la forma fx) = ﬂ.

donde alx) y bix) son expresiones polinomiales y bix)
0.

desigualdad racional  Una desigualdad que contiens
al manos una expresion racional.

racionalizando ol denominador  Método utllizado para
eliminar radicales del denaminador de una fraccidn o

fracciones de una radicand.

rayo Parte de una linea que comienza en un punto y
se extiende hasta el infinito.

funcidn reciproca  Una ecuacion de la forma fx) = ==,
donde 1 es un nimero real v bx) es una expresion Hnﬁl
gue no puede ser igual a 0.

funciones trigonoméltricas reciprocas  Funciones
Irigonométricas que son reciprocales entre si.

reciprocos Dos nimeros con un producto de 1.
rectingulo  Un paralelogramo con cuatro angulos rectos.

formuda recursiva  Una fdrmula que da el valor del
primes teemino en la secuencia v luego define 2l
sigulents término usando el erming antetor.

reduccidn  Una dilatacién con un factor de escala
entre Dy 1.

dngulo de referencia  El déngulo agudo formado por el
tado terminal de un dngulo en posicion esténdar y ol epe x.



reflection A function in which the prelmage is
reftected in the line of reflection; A transfarmation in
which a figure, line, or curve Is flipped across a line.

regression function A function generated by an
algarithm to find a line or curve that fits a set of data.

regular pobvgon  Aconvex polygon that is both
equitateral and equiangdar.

regular polyhedron A polyhedron in which all of its
faces are reqular congruent polygons and all of the
edges are congruent.

regular pyramid A pyramid with & base that s a
regular palygon.

regudar tessellation A tessaliation formed by only ong
type of regular polygon.

relation A set of ordered pairs.

relative fraguency  Ina two-way frequency table, the
ratios of the number of observations in a category o
the tofal number of observations; The ratio of the
number of observations in a categary to the total
number of observations.

relathve maximum A point on the graph of a function
where no other nearby points have a greater
y-coordinate.

relathve minimum A paint on the graph of a function
where no other nearby points have a lesser
y-coordinate.

remole mierler angles  Interkor angles of a triangle
that are not adjacent o an exterior angle.

residual  The difference botween an observed p-value
and its predicted p-value on & negression line,

rhombus A parallelogram with all four sides
congruent,

rigid motion A transformation that preserves distance
and angle measure.

reflexién  Funchin en la que la prelmagen se refiefa en
la linea de reflexidn;, Una transformacian en la que una
figura, linea o curva se voltea a traves de wna linea.

funcidn de regresidn  Funcidn generada por wn
algoritmo para encontrar una linea o curva que se
ajuste a un conjunio de datos.
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poligeno regular  Un poligono convess gue es a 1a wez
pquititero v equiangular.

poliedro reqular  Un poliedro en el que todas sus
caras son poligonos congreentes regulares y todos los
bordes son congruentes.

pirdmide regular  Una pirémide con una base gue es
un paligono regular

tezelada regular  Un leselado formado por un sola
lipo de paligono requkar.

relacion  Un conjunto de pares ordenados.

frecucncia ralativa  En una tabla de frecuencia
bidireccional, las relaciones entre el ndmero de
obsarvaciones en una categoria y el nimera total de
observaciones; La relacidn entre el ndmero de
observaciones en una categora y el nimero total de
obsarvaciones.

méximao relative  Un punto en la grafica de una
funcidn dende ningun olra punto cercano tene uns
coordenada ¥ mayor.

minima refative  Un punto en la grifica de wna funcidn
donde ningun otro punto cercano lene una coordenada
¥ menaor.

angulos internos no adyacentes  Angulos interiores
de un tridngulo que no estdn adyacentes a un dngulo
eterior.

residual  La diferencia entre un valor de y observado y
s valor de p predicho en una Hnea de regresidn.

romba  Un paraledograme con bos cuatro lados
congruentes.

movimiento figido  Una transformacion gue preserda
la distancea y ke medida del angulo.



raot A solution of an eqguation.

rotation A function that moves every paint of a
preimage through a specified angle and direction about
a fixed paint

rotational symmetry A figure can be rotated less than
3607 about a point =0 thal the Image and the preimage
are indistingushable.

ralz  Una solucidn de una ecuachn.

rolacidn  Funcidn que mueve cada punto de una
prefmagen a través de un dngubo y una direccidn
especificados alrededor de un punto fipo.

simetria rolacional  Una figura puede girar menos de
3607 alrededor de un punto para que ka imagen ¥ la
premagen sean ndistinguibles,

sample A subset of a population.

sample space  The set of all possible outcomes,

sampling error  The varlation between samples taken
fram the came population,

zsrale  The distance between tick marks an the x- and
RS,

seale factor of & dilation  The ratio of a length on an
image to a corresponding kength on the praimage.

seatter plot A graph .of bivariate data that consists of
ordered pairs on a coordinate plane.

secant Ay lne or ray thal intersects & cirche in
exactly bwo points; The ratio of the length of the
hypotenuse to the length of the leg adiacent to the angle.

sector  Aregion of a circle bounded by a central angle
and its intercepted arc.

segment bisector  Any segment, line, plane, or point
that intersects a line segment at its midpoint.

solf-sefectod sample  Members volunteer to ba
included in the sample.

semicircle  An arc that measures exactly 1807

semiregular tessellation
or mofe regular palygons.

sequence A list of numbers in a specific ordes.

A tessellation formed by two

muestra  Un subconjunto de una poblacién.

espacio muestral
posibles.

El conjunto de todos los resullados

error de muestren  La variackin entre muestras
tomadas de fa misma poblacidn,

escala  La distancia entre las marcas en los epes x e .

factor de escala de una dilstacion  Relacidn de una

longitud en una Imagen con wuna lengitud
correspondiente en la preimagen.

orifica de dispersion  Uina grafica de datos bivaniados qise
consiste en pares ordenados en un plano de coordenadas.

spcante  Cualquier lnea o rayo que cruce un circulo
en exactamente dos puntos; Relacion entre a longitud
de la hipotenusa y & longliud de Ia piema adyacents al
dnguio.

secior  Unareghdn de un circubo delimitada por un
angulo central y su arco interceptado.

bisectriz ded segments  Cualguier segmento, linea,
plano o punto gue Interseca un segmento de linea en
Su punto medio.

muestra auto-seleccionada Loz miembros se ofrecen
como voluntarios para ser incluldos en la muestra.

semicirculo  Un arco que mide exactamente 180°.

leselado semiregular  Un teselado formado por dos o
mis poligonos regulanes.

secuencla  Una Hsta de ndmeras en un orden
especifica.



series  The indicated sum of the terms in & sequence.

set-builder notation  Mathematical notation that
describes a set by stating the properties that its
members must satisfy.

sides of an angle  The rays that form an angle.

shgma notation A nolation that uses the Greek
uppercase latter S to indicate that a sum should be
fownd.

skgnificant figures  The digits of a number that are
used to express a measure 1o an appropriate degree of
BCCUTACY.

cimilar polygons  Two figures are similar pohygons if
one can be obtained from the other by a dilation or a
dilation with one or more rigid motons.

similer solids  Solid figures with the same shape but
not necessarity the same ira,

similar triangles  Triangles in which all of the

corresponding angles are congruent and all of the
corresponding skdes are propartional.

similarity ratio The scale factor between two similar
polygons.

similarity ransformation A transformation composed
of a dilation or a dilation and one or more righd motions.

simple random sample  Each member of the
population has an egual chance of being selected as
part of the sample.

simplest form  An expression s in simplest form when
it Is replaced by an equivalant expression having no ke
terms of parentheses.

simulation The use of a probability model 1o imitate a
process o sHuation so it can be studied.

sine  The ratio of the length of the leqg opposite an
angle to the length of the hypotenuse,

sefe LA suma ndicada de los términos en una
SECLenCia.

notacién de construcidn de conjuntos  Notacidn
matemdtica que describe un conjunto al declarar las
propiedades que sus miembros deben satisfacer.
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lades de un dngule  Los rayos que forman un dngulo.

notacian de slgma Una notacion gue uliliza ka letra
mayiscula griega S para indicar que debe encontrarse
LIFkE Suma,

digitos significantes  Los digitos de un nimero que
s ulilizan para expresar una medida con un grado
aproplado de precisidn,

poligomos similares  Dos figuras son poligonos similanes
&l uno puede ser oblenido ded otro por una dilatackin o
una dilatacién con uno o mas movimientos rigidos.

salidos similares  Figuras soldas con ks misma foarma
pero no necesariamente del mismo tamaiia.

tridngulos similares  Trianguios en los cuales todos
los dnguios correspondientes son congruentes y Wodos
Ia% lados correspondientes son proporclonales,

relacion da similitud B factor de escaka entre dos
poligonos similares,

transformacidn de similited  Una transformacidn

compuesto por wia ditatacidn o una dilatacion y uno
0 méas movimientos rigidos.

muesira aleatoria simpie  Cada mbambro de la
pobiacidn tiene la misma posibifidad de ser
seleccionado como parte de la muestra,

forma reducida  Una expresidn estd reducida cuando
e pueds sustiltir por una expresicn equivalente gue
no tene ni lErminos semejantes ni paréniesis.

simulacicn  El uso de un modelo de probabilidad para
imiitar un proceso o situacisn para gue pueda ser
estudiada.

sena  La relacian entre [a longitud de la plerna
opuesta a un dngulo v 1a longitud de la hipotenusa,



sinusoidal function A function that can be produced
by translating, reflecting, or dilating the sine functhon.

skew lines  Moncoplanar lines that do not Intersect,

elant helght of a pyramid or right cone  The length of
a segment with ane endpoint on the base edge of the
figure and the other at the vertex,

slope  The rate of change In the y-cocrdinates {rise) to
the corresponding change in the ¥-coordinates {run) for
points on a line,

slope criteria  Outlines a methed for proving the
relationship between lines based on a comparisan af
the slopes of the lines,

solid of revolution A solid figure obtalned by rolating
a shape around an axis.

solution Avalue thal makes an equation true.

solve an equation  The process of finding all values of
the variable that make the equation a tree statement,

solving a lrangle  'When you are given measurements
to find the unknown angle and side measures of a
triangle.

space A boundless three-dimensional set of all
paoints.

sphere A sel of all points in space equidistant from a
given point called the center of the sphere.

sguare A parallelogram with all four sides and all four
angles congruent.

square root  One of two equal factors of & number.

sguare root function A radical function that containg
the square root of a variable expression.

sguare rool ineguadity  An inequality that contains the
suare root of a variable expression.

standard deviation A measufe that shows how data
deviate from the mean.

Glossarny

funcidn sinusoidal  Funcidn que puede producirse
traduciendo, reflelando o dilatando la funclon sinusoldal,

lineas alabpadas Lineas no coplanares que mo Se oruzan.

altura inclinada de una pirdmide o cono derecho  La
longitud da un segmenta con un punto final en ef borde
base de la figura ¥ el otro en | vértice.

pendienie  Latasa de cambio en las coordenadas y
(subida) al camblo correspondiente en las coordenadas
X [carrera) para puntos en una linea.

criterios de pendiente  Describe un método para
probar [a relacién entre lineas basade en una
comparacidn de las pendientes de las lineas.

solido de revolucidn  Una figura solida obtenkda
girando una forma alrededor de un eje.

solucién  Un valor gue hace que una ecuacion sea
verdadera.

resolver una eceacién Bl proceso en gue se hallan
iodos los valores de la vartable que hacen verdadera la
ecuachin.

resolver un tfdngulo  Cuando se le dan mediciones
para-encontrar el dngulo desconocido v las medidas
laterales de un trianguio.

espacio  Un conjunto tridimensional limitado de todos
hos puntos.

esfers  Un conjunto de todos los puntos del espacio
equidistantes de un punto dado llamado centro de fa esfora,

cuadrade Un paralelogramao con los cuatro bados y
los cuatro dngulos congruentes.

raiz cuadrada  Uno de dos factores iguales de un
Mimero.

funcidn rair cuadradn  Funcldn radical gue contiene la
raiz cuadrada de una expresion variable.

square rool inequalily  Una desigualdad que contlene
la rai? cuadrada de una expresidn variable.

desviaclén tipics  Una medida gue muestra cdma los
datos se desvian de la media.



standard error of the mean  The standard deviation of
the distribution of sample means taken from a
population.

standard form of a linear equation  Any linear
equation can be written in this form, Ax + By = C,
where A = 0, 4 and & are not both 0, and A, B, and C
are integers with a greatest common factor of 1.

standard form of a palynomial A polynomial that is
wiitten with the terms in order from greatest degree o
least degree.

standard form of a quadratic equation A quadratic
equation can be written in the form o’ + bx +c =0,
where @ # 0 .and &, b, and ¢ are integers.

standard normal distribution A normal distribution with &
mean of 0 and a standard deviation of 1

slandard position  An angle positioned <o thal the
vertex is at the origin and the initial side is on the
pOSithve x-axis.

slatement  Any sentence that is either true or false,
but not both.

statistie A measure thal describes a characteristic of a
sample.

siatistics  An area of mathematics that deals with
collecting, anaklyzing, and interpreting data.

step function A type of plecewlse-fnear function with
4 graph that is a series of harizontal line segments.

straight angle  An angle that measures 1807,

stratified sample  The population |s first divided
into similar, nonoverlapping groups. Then members
are randomly selected from each group.

substitution A process of sotving a system of
equations in which one equation is sobved for one
wariable in terms of the olher.

supplementary angles  Two angles with measures
that have a sum of 180°,

erfor estandar de la media  La desviacion estandar da
la distribucion de os medios de muestra se toma de
ura poblacion.

forma estandar de una eceacion lincal  Cualguier
ecuacidn lineal se puede escribir de esta forma, Ax +
By=C donde A =0 AyBnosonambos 0.y A, By C
son enferos con el mayor facior coman de L
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forma estandar de un polinomio - Un polinomio que se
egeribe con los términos en orden del grado mas
grande a menos grada.

forma estandar de ura ecuacion cuadratica Lina
ecuacldn cuadritica puede escribirse en la forma ax® +
b + ¢ =0 donde 0 + Oy a, b,y c son enleros.

distribucian normal esténdar  Distribuckén neemal con
una media de 0y una desviacidn estandar do 1.

posicidn esténdar  Un dngulo colocado de manera
guee @l wirtice estd en of orgen v el lado inkcial estd en
el pje ¥ positivo,

enunciado  Cualquier oracidn que sea verdadera o
falza, pero no ambas,

estadistica  Una medida que describe una
caracterstica de una muestra.

estadisticas  El proceso de recoleccidn, andlisis e
interpretacidn de datos,

funcidn escalonsda  Un tipo de funcidn lineal por
piezas con un grafico gue es una serle de segmentos
de linea horizontal.

dngulo recto.  Un dngubo que mide T80°.

muestra estralificada  La poblacian se divide primero en
grupos similares, sin supenposicin. A continuackin, los
miembros se seleccionan aleatorameants de cada grupo.

sustitucién - Un proceso de resoluchin de un sistema
de ecusciones en el que una ecuadldn se resuelve para
urea variabbe en términos de la otra.

dngulos suplementarios  Dos dngulos con medidas
guee tlenen una suma de 180°,



surface area  The sum of the areas of all faces and
side surfaces of a three-dimensional figure.

survey Data are collected from responses given by
members of & group regarding their charactesistics,
behaviors, or opinions.

symmelric distiibution A distribution in which the
mean and median are approximately equal.

symmetry A figure has this if there exdsis a tigld
motion—reflection, transkation, rotation, or glide
reflection—that maps the figure onlo itself.

synthetic division  An alternate method used 1o divide
& polynomial by a binomial of degree 1.

gynithetic geometry  The study of geometric figures
without the use of coordinates.

gynthetic substitution  The process of wsing synthetic
divisbon to find a value of a polynomial function.

system of aguations A sel of two or more equations
with the same variablbes.

system of ineguatities A et of two or mone
imequalities with the same variables.

systematic sample  Members are selected according
o a specified interval from a random starting painL

drea de superficle  La suma de (85 dreas de todas las
caras y superficies laterales de una flgura tridimensional,

encuesta Los datos se recogen de [as respuestas
dadas por los miembros de un grupo con respecto &
sus caracteristbcas, compaoriamientos u opinlones.

distribucién simétrica  Un distribucidn en ka gue la
media y la mediana son aprodmadamente iguales,

simetria  Una figura tene esto sl exicte una reflexidn-
reflexidn, una traduccion, una rotacidn o una reflexidn de
deslizamiento rigida-que mapea la figura sobre si misma.

divisidn sintética Un método afternativo utilizada
para dividir un polinomio por un binomio de grada 1.

goomelria sintélica  El estudio de figuras geométricas
sin el uso de coordenadas.

systilucion sintética  El proceso de utilizar la divisidn
sintética para encontras un vakor de una funcion
pobymomial

sistema de ecuaciones  Un conjunts de dos o mas
ecuackones con las mismas variables.

sistema de desigualdades  Un conjunio de dos o més
desiguadades con las mismas varables.

misestra sistemitica Los miembras se seleccionan de
acuerdo con un intervalo especificado desde un punto
de partida aleatonio.

tangent  The ratio of the length of the leg opposite an
angle 1o the length of the log adjacent to the angle.

tangent to a circle A line or segment in the plane of a
gircle that intersects the circle in exactly one palnt and
does not contain any points in the intetdor of the circle.

tangent to a sphere
in exactly one podnt

A line that Intersacis the sphire

terrm A numbet, & variable, or a product or quatient of
numbers and variabbes.

Glossarny

tangente  La refacion entre la longitud de la pata
opuesta a un dngulo y la bongliud de la pata adyacente

al dngulo.

tangente a un circule  Una linea o segmento en el
plano de un oreula que Interseca el circulo en
exactamente un punto y no contiena ningln punto en el
intedior del circulo,

tangente a una esfera  Una linea guoe intersaca la
esfera exactamente en un punto.

térming  Lin ndmero, una varable, o un producto o
coclente de nimeros y variahles.



term of a sequence A number In a sequence.

terminal side  The part of an angle thal rotates about
thie center

tessoflation A repeating pattern of one or more
figures that covers a plane with no overapping or
Emply Spaces.

thesrem A siatement that can be proven true using
undefined terms, definitions, and postulates.

theoretical probability Probability based on what is
expected 1o happen.

transformation A function that takes points in the
plane as inputs and gives ather points as outputs. The
movement of & graph on the coordinate plane.

translation A function in which all of the points of a
figure move the same distance in the same direction; &
transformation in which a figure is skid from one
position ta another without being turned,

tranciation vectar A directed line segment that
describes both the magnitude and direction of the
slide if the magnilude is the length of the vecter from
it= initial point to its terminal point.

transvessal A lne that Intersects two of more lines In
a plane at different points.

trapezoid A guadrikateral with exactly one pair of
paraliel sides.

trend A general pattern in the data.

trigonometric equation  An equation that includes at
least one trigonometric function,

trigonometric function A function that redates the
moasure of one nonright angle of a right triangle to the
ratios of the lengths of any two sides of the triangle.

trigonametric identity  An equation involving
trigonometric functions that is true for all vakues for
which every expression in the equation is defined.

terming de una sucesidn  Un nimano en una

tesplado  Patrdn repotitive de una o mas figuras gue
cubre un plano sin espacios superpuestos o vacios.

&
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lado termingl  La parte de un dngulo gue gira =
alrededor de un centro. o
#
g.

eorema  Una afirmacidn o conjelusa que e puede
probar verdad wtiizando Werminos, definiciones y
postwados indefnidos.

probabilidad tedrica  Probabilidad basada en lo gue
52 eSpera que suceda.

translarmacion  Funchon gue toma punios en el
plano como entradas ¥ da otros puntos como salidas,
El movimiento de un grafico en el plano de
coordenadas.

trastacion  Funcidn en la que todos los puntos de una
figura se mueven en la misma direccidn; Ef movimiento
de un grafico en & plano de coordenadas.

vector de traslackdn  Un seqmento de linea
dirigido gue describe tanto la magnitud coma la
direccidn de la diapositiva i la magnitud es la
langitud del vector desde su punta inicial hasta su
punto terminal.

transversal  Una Hnea gue Interseca dos o mas Hneas
en un plano en diferentes puntos.

trapecio  Un cuadridters con exactamente un par de
[ados parakelos.

tendencia  Un patrén general an los datos.

ecuacidn rigonomiétrica  Una ecuacidn gue inchuye al
mendas una funcidn trigonométrica.

tuncidn trigonométrica  Funcidn gue relaciona la
medida de un &ngulo no recto de un tridgngulo
rectangulo con las relaciones de las longitudes de
cualguiera de los dos lados del tridngulo.

identidad trigonométrica  Una ecuacion gue implica
funciones trigonometricas que es verdadera para todos
los valores para kos coales se define cads expresion en
la ecuacidn.
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trigonometric ratio
of a right triangle.

A ratio of the lenigihs of two shdes

trigonometry  The study of the relationships belween
the sides and angles of triangles.

trimamial  The sum of three monomiaks.

truth value  The truth or falsity of a statement

two-column proof A proof that contains statements
and reasons organized i a two-column format

Iwo-way freguency table A table used to show
frequencies of data classified according to two
categories, with the rows indicating one category and
the columns Indicating the other.

two-way relative frequency table  Atable used to

show frequencies of data based on a percentage of the
total number of absarvations.

relacion trigonométrica  Una refacion de fas
longitudes de dos lados de un ridngulo rectandgulo.

rigonometria  El estudio de las refaciones entre los
lados v los dngulos de los tridngulos.

frinomia  Ls suma de (fes monombos.

valor de verded Lo verdad o ka falsedad de una
declaracion.

prueba de dos columnas  Una prueba que contiene
declaraciones y razones organizadas en un formato de
dos columnas,

tabin e frecusncia bidireccional  Una tabla utflizada

para mostrar las frecuencias de los dales clasiicados
de acuerda con dos caleqorias, con las filas que indican
wna categoria y [as columnas que indican la otra.

tahis de frecusncia retativa bidireccional  Una tahla

usada para mostrar las frecuencias de datos basadas
en un porcentaje dol niimers total de observaciones.

unbounded When the graph of a system of
constraknts is open.

undefined terms  Words that are not formally explained
by means of more basic words and concepls.

uniferm motion problems  Problems that use the
formula d = #f, where d s the distance, r s the rate,
and I iz the time.

uniferm tescellstion A tessellation that contains the

same arrangement of shapes and angles at each vertex.

unign  The graph of a compound mequality containing
or.

unisnof A and & The set of all outcomes in the
sample space of event A combined with all outcomes in
the sample space of event 8.

unlt circke A circle with a radius of 1 unit conterad at
the adigin on the coordinate plane.

univariate data  Measurement data bn one variable.

no acotada  Cuando ka gréfica de un sistema de
restricciones estd abierta.

términos indefinidos  Palabras que no se explican
formakmente mediante palabras y conceptos mas beciros,

problemas de movimiento uniforme  Problemas que
utilizan la formula & = rf, donde o o< la distancia, res la
velocidad y I es el iempo.

teselado uniforme  Un teselado que contiene la
misma disposicién de formas y dngulos en cada wertice.

unkén  La gréfica de una desigualdad compeesta gue
contiene la palabra o.

unlén de 4 v 8 El conjunto de todos bos resultados en
e espacio muestral del evento 4 combinado con Lodas
bos resultados en el espacio muestral del evento 8.

cipculo wnitario  Un circubo con un radio de 1 enidad
cemntrado en &l origen en el plano de coordenadas.

datas univariate Datos de medicldn en una variable.



upper quartile  The median of the upper hall of a set
of data.

cuartl superior  La mediana de (3 mitad superor de
un conjunio de datos.

valid argument  An arqument 1S valid if it & mpossibla
for all of the premises, or supporting statements, of the
argument 1o be true and its conclusion false,

variable A letter used to represent an unspecified
number or value: Any characteristic, number, or guantity
that can be counted or measured.

variable term A term that contains a variable.

varance The square of the standard deviation

vertex  Either the lowest point or the highest point of a
function.

vertes angle of an isosceles triangle  The angle
botwoon the sides that are the legs of an soccales
trianghe.

vertes form A quadratic function written in the form
My =ualx—h + k.

vertex of a polyhedran  The intersection af three
edges of a polyhedon,

vertex of an angle  The common endpoint of the twa
rays that form an angle.

vertical angles  Two nonadiacent angles formed by
two Intersecting ines.

wertical asymptote A vertical line that a graph
approaches,

vertical shift A vertical transiation of the graph of a
trigonometric function.

volume  The measure of the amount of space
enclosed by a three-dimensional figure.

argumento vilide Un argumento s vilido <l eg
impaosible que todas las premisas o argumentos de
apoyvo del argumento sean verdsderos v su conclusidn
sea faksa.
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variable Uma latra utilizada para representar un
ndmers o valor no especificado; Cualguier
caracteristica, nimero, o cantidad gue pueda ser
contada o medida.

término variable  Un término que contiens una variabbe,
varlanza  El cuadrado de la desviacldn estandar.

vértice  El punto més bajo o @l punto mas alio en wha
funcidn.

dngulo del vértice de un tridngulo sdsceles  El dngulo
entre los lados que son las patas de un tridgnguio
istsceles.

forma de vértice  Una funcidn cuadrdtica escribirse da
la forma flx) = alx — hf¥ + k.

wértice de un poligono  La interseccidn de tres bordes
de un paliedro,

vertice de un dngule Bl punto final comin de los dos
rayos gue forman un nguls.

dngulos verlicales.  Dos dngulos no adyacentes
formados por dos lineas de Interseccidn

asintola vertical  Una linea vertical que se aproxima a
un grafico.

cambio vertical  Una traduwccidn vertical de la grafica
do una funcidn trigonométrica.

volumen Lamedida de la cantidad de espacio
encerrada por wna figura tridimensional.

work problems  Problems that involve two people
working at different rates who are trying to complete a

singfe job.

problemas de trabajo  Problemas que involucran a
dos personas rabajando a diferentes ritmos que estan
tratando de completar un solo trabapo.



xintercept  The x-coordinate of a point where a graph intercepcidn x  La coordenada x de un punto donde ka
crosses the k-ais. grafica corte al eje de x.

y-intercepl  The p-coordinate of a point where a graph intercepcitn y  La coordenada y de un punto donde la

crosses the y-axis. grifica corte al eje de y.
rvalue  The number of standard deviations that a valor 2 El ndmero de variaclones estandar que separa
given data value is from the mean. un vakor dado de la media

rero  Anx-intercept of the graph of a function; a value cero  Una intercepcidn x de la grifica de wna funcidn;
of x for which fix) = 0. Ln puinto x para los que fx) = 0:



Index

algebra tides, 34, ¥
amplitudes, 445

Analyze See Proctice for the
lessons.

angles
central, 419
coterminal, 417
general, 427
guadrantal, 427
of rotation, 417
reference, 428

apply example, 96, 48 162, 240,

272, 406, 438

arc kength, 419

asymptotes, 217
horizontal, 327
obligues, 340
wertical. 327

bias, 3N

binomial, %3
expansion. 109

closure

of polynomial expressions, 93
of rational expressions, 319

coeffickent of determination, 249
commaon ratio, 239

completing the square, 35
complex conjugates, 23
complex fractions, 313

complex numbers, 23
anthmetic operations with, 24
properties of, 23

compound interest, 225
continuously compounded

interest, 233, 295

confidence intervals, 403

conjugates, 197

Create See Frochcoe for the
lessons,

critical values, 403

cubes
difference of two, 123
sum of two, 123

cycles, 437

decay factors, 219

degrees, 73
Descartes’ Rule of Signs, 144
differences of sguares, 29
discriminants, 45
distributions. 387
bimodal, 387
coameparing, 350
negatively ckewed, 387
normai, 396
positively skewed. 387
probability, 353
standard normal, 398
symemetric. 387
division of polynomials
algorithm, 101
long, ¥

synthetic, 03

e, 233

The Empirical Rule, 396
equations
exponential, 225
logarithemic, 269
quadratic, 13
radical, 203
rational, 355
estimation, 89, 236, 2832, 294
excluded values, 327
Expand, 244

expected values, 393
experiments, 372
exponential
continuous decay, 297
continuous growth, 295
decay, 219

equabons, X35
form, 175
functions, 217
growth, 217
inegualities, 228

extrema
maximum, 3
mirdmum, 3

factored form, 27

factoring
by wsing the Distributive

Properny, 27

differences of sguares, 28
perfect square trinomials, 2%
trinomials, 27
Zero Product Property, 27

Find the Error See Procice for
the lessons.

FOIL method, 95

formulas
Change of Base, 274
explicit, 234

recurshee, 239

frequencies, 449

functions
adding, 159
Arccosine, 473
Arcsine, 473
Arctangent, 473
clroudar, 435
composition of 160
cosecant, 458
cosine, 445
cotangent, 458
cube root, 186
dividing, 155
exponential, 217
irverse, 167
imverse trigonometric, 473
logarithmic, 261
monomial, 73
multiphying, 159
natural base exponential, 285
periodic, 437
pobymomial, 75
poweer, 73
guadratic, 3
quartc, 75



quentic, 75
radical, 183
rational, 337
reciprocal. 327
reciprocal trigonometric, 458
regression, 245
secant, 458

sine, 445
sinusoidal, 449
sguare root, 183
subtracting, 159
tangent, 455
trigonometric, 425

geometric means, 239
growth factars, 218

hyperbolas, 327

identities, 131
pobynomial, 131
imaginary uniti, 21

Indexes, 175

inequalities
exponential, 228
quadratic, 51
rational, 359
sguare root, 183

initial sides. 417

inwerse
fusnctions, o7
relations, 167

leading coefficients, 73

like radical expressions, 194
Location Principle, 83
logarithms, 254

common, 277
natural, 285

math history minutes, 29, 87,
132, 177, 220, 259, 340, 381,
428

maximum enror of the
estimate, 403

midiines, 445

Modeling See Prochice for the
lessons.

multiplicity, 143

notations

sigma, 243
mth roots, 175

ohservational studies, 372
oscillation, 445
outcomes, 393

outliers, 387

parameters, 371
Pascal's triangle, 109

perfect square trinomials, 29

periods, 437

Persevere Seo Proctice for the
lessons.

phase shifts, 463
point discontinuities, 341

polynomials, 75, 93
adding, 93
degrees af a, 75
depressed, 137
dividirg. 101
factors of, 135
functions, 75
identities, 131
multiplying, 85
prime, 123
standard form of 2, 75
subtracting, %3

populations, 37

population proportions, 405
principal roots, 175
principal values, 473

probability. 379
distributions, 393
experimentsl, 379
model, 380
theoretical, 379

probiems
mixtwre, 357
projectile motion, 37
uniform motion, 358
woork problems,; 358

properties
Power Property of

Logarithms, 270

Froperty of Equality for

Exponential Equations, 225

Froperty of Equality for

Logarithmic Equations, 2649

Froperty of iInequality for

Exponential Equations, 228

Froduct Property of
Logarithms, 270

Froduct Property of
Radicals, 193

Owiotient Property of
Logarithms, 270

Owiotient Property of
Radicals, 1653

Sguare Root Property, 33

Zero Product Property, 27

pure imaginary numbers, 21

quadratic

eguations, 13
form, 125
functions, 3
inequalities, 51
relations, 60

Cuadratic Formula, 43

radians, 419

radical
equations, 203
form, 177
functions, 183

radicands, 175

random sampling, 3H
random variables

continuous, 393
discrete, 393

rates of change, &
average, &
percent, 218

rational
eguations, 355

exponent, 77
expression, 311



functions, 337
imegualities, 358

rationalizing the denominator, 23
Reasoning See Proctice for the

lessons.

samples, 31
comvenience, 3T
self-selected. 3T
simpde random, 37
stratified, 3M
systematic, 3M

sample spaces, 393

sampling emors, 403

seguences, 2359
as functions, 239
finite, 23%
geometric, 23%
infinite, 239
mth term of a, 239

senies, 241
geametric, 241
partial sum of 5 geometric, 241

simulations, 380

sguare oot
functions, 183
inequalities, 183
standard deviations, 387
standard errors of the
mean, 403

standard form
of a polynomial, 75
of a quadratic equation, 13

standard position, 417
statistic, 37
statistics
descriptive, 387
imferemntial, 403
surveys, 372

SyTnmELry
axis of, 3

symthetic substitution, 136
Systems

linear-nondinear, 57

term of a sequence, 235
terminal sides, 417

theorems
Binomial Theorem, 105
Complex Conjugates
Theorem, W5
Factor Theorem, 137
Fundamental Theorem of
Algebra, 143
coroliarg, 143
Remainder Theorem, 135
trigonometric
functions, 425
ratios, 425
cosecant, 425
cosine, #25
colangent, 425
secant, 425
sime, 425
tangent. 425
reciprocal functions, 458
sinsoldal functions, 445

trigonometry, 425
trimomials, 93
turnimg points, 83

unit circle, 435

variances, 387

variations
comthined, 348
constant of, 347
direct, 347
inwerse, 348
joint, 347

wertexes, 3

wertex form of a guadratic
equation, 37

wertical shifts, 465

Write See Practice for the

lessons,

z-values, 398




