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In the midern business world, companics must find the miost
cost-cfficient method of handling their mveniory. One method is
Jjusi-in-time inventory, where new inveniory amives just as exist-
img stock is running oot As a simplified example of this, suppose
that a heating oil company’s terminal receives shipments of 8000
barrels of oil at a time and orders wre shipped oot o costomers al
& constant e of [0 barrels per day, where each shipment of
oil arrives just as the last barrel on hand is shipped owt. Inventory
costs are determined based on the gverage number of harrels held
at the terminal. So. how woold we caloulate this averape™

To transhate this into a caleuls problem, let f(2) represent the
number of barrels of o i the terming of tome ¢ (daysh, wherne a
shipment arrives at time § = (. In this case, fi0) = S000. Further, for 0 <71 < &
there 15 po oil coming in, but oil is leaving at the mie of 000 barrels per day.
Since "rute”” memns derivative, we have ©if = — 1000, for 0 < ¢ < & This tells us
that the graph of v = f{r) has shope — D000 until Gme r = 8, at which point another
shipment srrives to refill the ierminal, s that f{R) = §000. Confinning in this
way, we genernie the graph of f{r) shown here af ihe kefi.
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Simce the mvemiory ranges from O barrels 1o SO0 barrels, you might guess
that the average invemtory of oil is 4000 barrels. However, look at the graph af the
right. showing a different inventory function g(r), where the o1l is not shipped out
it & constant mte. Although the inventory again ranges fmom O o 2000, the drop
in inventory is so rapid immediacly following cach delivery that the avemge
nuimher of harrels on hand is well below 000

As we will see i this chapter, our usual way of averaging a set of numbers
is annlogous io an area probleme Specifically. the average valoe of & function is
the height of the rectangle that has the same ares a5 the area between the graph
of the funcrion and the v-axis. For oor original firj, notice thar 4000 appears o
work well, while for gir). an average of 2000 appears m be better, &s you can see
in the graphs.

CHAPTER




2 CHAFTER 1 == |niegation

1.2

Motice that we have miroduced several new problems: Minding s funciion from - its
derivative, finding the average value of o function and finding the area under & curve. We
will explore these problems in this chapter.

(@) 1.1 ANTIDERIVATIVES

{Limg, 1N st Wosios, HE (19900) Thee
Theag: A Prive= fin Matenedicians.

I Tg 137- L5F.

Space shntle Eddeavor
g I 23R F o

Caloulus provides us with & powerful set of ools for understanding the world around us.
Initial designs of the space shunle included airerafl engines to power its flight through
the wimosphere after re-eniry. In onder to cut costs, the aircmfi engines were scrapped and
the space shutthe became & huge glider. NASA engineers wse calculus o provide precise
anpswers 1w fhight control problems. While we are not in a position 1o desl with the vast
complexities of a space shattle flight, we can consider an idealized modet.

As we often do with real-world problems, we begin with = physical principleisp and
use this wo produce a satfemstical saodel of the physical system. We then solve the math-
ematical problem and interpret the solution in terms of the physical problem.

If we consider only the vertical moiion of an object falling toward the ground. the
physical principle governing the motion is Newton's second Lew of maotion:

Force = mass ¥ sccclemion  or  F = s

This says that the sum of all the forces acting on an ohject equals the product of 15 mass
and seceleration. Two forces that you might idemtify here are gravity pulling down-
ward and air dmg pushing in the direction opposile the motion. From experimental
evidence, we know that the force doe o air drag, Fa, is proporiional to the sqoare of the
speed of the object and se1x in the direction opposite the motion. Se, for the case of a
falling ohject.

Fi=hk'

for some constant & = 0.

The force due to gravity is simply the weight nj' the ohject. W = —myg, where the
gravitational constant g is approximately 9.8 m/s®. (The minus sign indicates  that
the force of grovity acis dowmwandl ) Putting this fopether, Mewton's second law of
maotion gives us

F = mu=—mg + "
Recognizing that & = v"{1h, we have
il = —nrg 4 b (1.1}

Notice that equation { 1.1y involves both the unkoown function v(f) and its derivative v'(i}.
Such an equation is called a differential equation. To get started now, we simplify the
problem by assuming that gravity & the only force acting an the object. Toking & = 0 in
(1.1} gives us

'y =—mg of Vif=—g

Now, let vir be the position funciion, giving the altimde of the object in fece 1 seconds after
the start of re-eamry. Since vk = v} and @y = vk, we have

VYith=—98

From this, we'd like 1o determine yirl More genernlly, we need o find a way o umdo
differentingion. That is, given & function, f, we'd Tike 1o And another function F such that
Fix}=flxk We call such a function F an antiderivative of ©



1:3 SECTHOM 1.1 == Antrierivatiees 3

EXAMPLE 1.1 Finding Several Antiderivatives of a Given Function
Find an sntiderivative of fix) = .
Solution Mobce thot Fix) = %r' is an anfiderivative of f{x) since
! d 1 P
F'{.r}_E{ir’}_:..
Further. observe tha i{_xl+j}=f
a3
X suthﬂﬂfxl=il:’+iisakummﬁ.dﬂi\'nli\=:nfﬁqua:Lli:lnnyl:mrsunl-:'.“hn\t

dfl
i —£+:}=
d'.l:(j
Thus, Hix) = $x' + ¢ is also an antiderivative of fix), for any choice of the constant «.
FIGURE 1.1 Grruphically, this gives us a fumily of antiderivative curves. as illostrated in Figure 11
A farmly of amtiderivalive carves Mode that each curve is a vertical franslation of every other curve in the family. =

1

=4

-

In gencral, observe that if F s any enfiderivative of fand c 5 any constant, then
o
E{F'Irl+c'] = F'ir) + 0 =fix)
Thas, Fix) 4+ ¢ is aleo an antiderivative of fi{x), for any constant ¢ On the other hand,

ure there any other antiderivatives of f{x) besides Flx) + 7 The answer, 35 provided in
Theorem 1.1, is no

THEOREM 1.1
Suppose that F and & are both sntiderivatives of fon an interval I Then,

Gz = Filx) + ¢,

fior s0me constant .

PROOF

Since F and & are both antiderivatives for £, we hove that G = Fix). It now follows,
from Coroflary 5.1 tn Grade 11, section 8.5, that (A1) = Fix) 4 ¢, for sene constant, o,
uh desired. m

DEFINITION 1.1
Let F be any antiderivative of fon an interval I The indeflinite integral of fx) (with
respect io i) on J, is defined by

uwmmﬂm er"t'ﬂm“'

rﬁﬁm" IqI*I f“ e where ¢ is an arbitrary constant {the constant of integration)

The process of computing an imegral is called imtegration. Here, fix) is called the
imtegramd ond the term Jx identifics v as the variable of integration.
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EXAMPLE 1.2 An Indefinite Integral
Evaluate | 3c'dr.
Solution  You should recognize 3x” as the derivative of @' and so.

fl‘r‘d.l::.l“-r-i.‘.

EXAMPLE 1.3 Evaluating an Indefinite Integral
Evaluate f rdr.

Solution  We know m%ﬁ = 6¢ and so. %[ér“] = i*. Therefore,

fﬁﬂ:é:"+f. .

We should poim out that every differemtiation rule gives rise to a corresponding ine-
o
gration rule. For instance, recall that for every rational puwcr,nEI'=r.r‘"". Likewise,

we have
ix’“::r{-lp‘_
REMARK 1.1
TT!:umnl-Iujslhnt THEOREM 1.2 (Power Rule)
f leprote h powes of For any rational power r# —1.

& {other than 5", you

simply muize the power by
I and divide by the new ffd'.[:
power. Notice that this rule
obviously doesn’t work for

rt!
+&
F+ 1

Here, if r = —1. the interval f on which this is defined can be any imerval that does

r=—1, since this woukd :

produce 4 division by 0. nex el 7.~

Later in this section, we

develop o rule o cover

this casc. EXAMPLE 1.4 Using the Power Rule

Evaluaie [x''dx
Solution From the power rule. we have

| N | L}
T S
f‘lﬂ_nnh_m"“' s

EXAMPLE 1.5 The Power Rule with a Negative Exponent
I

Evaluate | —di

! Jrf

Solution  We canuse the power rule if we first rewrite the integrand. In any interval
not contaming 0, we have

f_'ﬂ_fl-:ﬂ_i+._ T -
ek SR T T e
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EXAMPLE 1.8 The Power Rule with a Fractional Exponent

Evaluate {:‘pfﬁi: md{b:fig:.
v

Solution  {a) As in example 1.5, we first rewrite the miegrnd and then apply the
power rule. We have

N EY | t_'?"'
I . e
f“i‘ﬂ_f‘ T P R T
Nﬁ.'rn:llmtﬂmﬁmhuiinﬂ:lui:xpminnismu}'wlmhmkﬁmmmdﬂ:n:w
exponent 32, (This is whit happens il voo differentiate. )
(b} Similarly, in any interval not containing 0.

-
+:=‘—3‘.r“+4:.

1 A .r—l.l!i-l.
—dr= [ =———
f.,}:; J’r 7 T
= 3y
=gR He=SET e o

)
Motioe that since Esin::ms.t. we hmve

ffﬂi.l:u.[t‘:i.il:l:+f.‘.

Again, by reversing any derivative formula, we get a comesponding integration formula
If we take the latter exaomple a step forward, we end up having:

d f1 | |
2is] s 2 = 7 = —&i
d’(lsmllﬂ) ki fan i ey mm}:fmq_rm 2:l.'nlllt.l+.:
The following whie contains a8 number of importem formulas. The proofs of these are
casily verified by differentiating the general form for the antiderivative—a simightforwarnd.
yel impaortant process o understand the beaoty of calculus.

r+l
ffni{: E + ¢, for r = —1 (power mule)
r+l
fsinh:ir:—imﬂ.:+r fﬂh’lﬂﬂd‘f:%mﬂ+t‘
1 1
fmshdr:;ﬂnh-!—r: fﬁck{cﬂtbi‘::—kmh+:‘
¥ I I
fm-t.rd:::imi:r+c fr“d.r=i¢"+|:
Jri:'a::.la:r:i'c = j::m.l:.r+r:' f : di=sin"" x4
' k Vi-i
L 1
— dr=tan x40 f—cﬂ:m":+:
L+ v — 1

Al this point, we are simply reversing the most basic derivative rules we know. We
will develop more sophisticated technigues later. For pow, we need a general rule o allow
a5 to combine our basic integraion formulas.

THEOREM 1.3
Suppose that £(x) and glx) have antiderivatives. Then. for any constants, o s b,

f[qﬂ:r + hgixifdyv=u f_.l"lf.t.hit + b f,qqxhir.
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PROOF

We ]:l.l.l.\ll:llmlifff.r]ir:f{ﬂmd%fmﬂdx:gu}. It then follows that

o
E[ﬂfﬁh}tq-bjrxmdxl = afix) + beix),
&% desired m
Note that Theorem 1.3 says that we can casily compute inegrals of sums, differences

and constemt moltiples of fokctions. However, it tums oot that the inegral of a produsct (or
a quotient) is oot generally the prodact {or quotient) of the integrals.

EXAMPLE 1.7 An Indefinite Integral of a Sum
Evalusic {3 cos 5x 4+ 41)dx.
Solution

f{3mﬁi:+4:‘]it=3fmsjrdj +4 ff-ix Pty T | %

| i
=3 -—ginfx4+d—+
jk-lﬂ. ? «©

iz g
=ES.ID.I.'+—I 4+

EXAMPLE 1.8 An Indefinite Integral of a Difference

Eulma:f{#r!'— s }.:[r.

1448
Solution
, 2 i 1
fd..r‘— - d:=dfej‘dr—21{ —dr=d-=e -2~ x4 ¢
1+ 1+ 2

=25 _Han'4e m

From the power nibe, we know how to evaluate (o dy for any rational exponent excef

r=—1.We can deal with this exceptional case if we make the following observation. First,
recall that fior @ =0L
o 1
el ==
ey = A
MNow, note that In [x] is defined for x 2 0. For x > 0, we have In |5] = In @ end henee.
i) i 1
;u'""'_icl'"_x'

Similarky. for v« 0. In ¥l = In {—x}, and hence.

i F )
—In |1} = —In{—x)
dr i dr

= ——E:—_[} By bl diile

—xuly
1

|
=—‘_—!]=-—_
e X

Motice that we god the same derivative in cither case. This proves the following result:



SECTHOM 1.1 == Antrierivatiees 7

THEOREM 1.4

o 1
Forr#0, —njt| =—.
i :

EXAMPLE 1.9 The Derivative of the Log of an Absolute Yalue
mey:ﬁxni&hm:#&nﬂm:i]nlmﬂ.
Solution From Theorem 1.4 and the chain role, we hoave

iI|J.|ta|1.ﬂ —Limu
X T imnxdy
1 1 1
= S Y= 2
tamn x Sin¥oory o

With the new differentiation rule in Theorem §4, we get a new integration mle

COROLLARY 1.1
In any interval not containing 0,
fl.:tt=ln]:[+:'.
X

More geremlly, notice that if filx) # 00 and f s differentiable, we have by the chan
rule that

o 1 1ixd
—l = — -
&y U =l =T
Thas proves the following imtegratsnn mile:
COROLLARY 1.2
i, ,
oy dr = In|flxd| + o,
in amy imerval in which f{x) = 0.
Fix)
EXAMPLE 1.10 The Indefinite Integral of a Fraction of the Form H
Evaluate Jr e
mn %

Solution Motice that the numerstor {sec’ 1) is the derivative of the depominstor (tan x).
From Comollary 1.2, we then have

e X
dr = In al + e
f:..u el 4.

Before concluding the section by examining unother falling object, we should empha-
size that we have developed only 2 small number of integration rubes. Further, unlike with
derivatives, we will never have rules to cover all of the functions with which we are famil-
iar. Thas, il s imgportant @ recognize when yvoo canral find an antiderivative.
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EXAMPLE 1.11 Identifying Integrals That We Cannot Yet Evaluate
Which of the following integrals can you evialuaie ghlnu the rules developed in this

err_:i:: {h}fm:_td: fch fd:ff:-iﬂ'x

(e} f{: + THx — Dy Eﬂﬂiﬂfl’ sin 2y dr
Solution  First, notice that we can rewrite problems (o), (e {db and (&) into forms
where we can recognize sn antiderivative, as follows. For (u),

section? (ap

.l
Jr = ffm‘d:‘_'rm fe="te

_i"'l

In pore §c). nme:llm—u"+h_._:[lh:mmﬂanFm11Eumﬂﬂj£‘ we then
hawe

2r + %
f ——dr=In|C+ | +e=lnir+ 1 +e
41

where we can remove the absobute volue sigussinn:f+ 1 = hor all x
In prart (d}, if we divide out the integrand, we find

ffi: L qf+rlm=:—lf +injx)+e
Finally, in part (e}, if we muluply oot the inicgrand, we get
f:u Tix — Ihh':j{r‘— 1]1&:%1"—1+::.

Parts (b) and {F} require us to find functions whose derivatives equal sec x ad 1 sin 2o
A yet, we do not know how 1o evaloate these inicgrals. &

Mo thar we know low 1o find antiderivatives for 3 number of functions, we refum o
the prohlem of the falling object that opened the section.

EXAMPLE 1.12 Finding the Pasition of a Falling Object
Given ts Accealeration

If an object’s downward scocleration is given by ¥™(fh = —9.8 mis". find ihe position
functon yiry. Assume that the initial velocity is ¥'(0) = — 100 mv's and the initial
position is W) = HKLHO0 m.

Solution  'We have to undo two derivatives. so we compuie two antiderivatives. First,
we have
yin= Jﬂ"{ﬂaﬂ: f{ —Q B =—08K + o
Since v'{1) is the velocity of the object {given in units of m per second), we can deter-
mine the copstant ¢ from the given initial velocity, We have
Wl =xy{n=—98 +«¢

and W) = v { = —100 and so.

— 10 = Wiy =-98(0) + c=¢.
s0 that ¢ = — 0. Thus, the velocity is vif) = =98 — 10, Next, we have

Wik = f Vi(tdr = Jr {—9.8r — [00)dr = —4.9" — 100r + ¢
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Now, vir) gives the height of the object (messured in m) and so, from ihe nitial position,
wi have

1ML = w(Th) = —<4.90) — 1D0) + ¢ =«
Thas, & = 1041, 06K and
Wil = —4.9¢ — 100k + 100,000

Keep in mind that this models the ohject’s height assuming that the only force acting on
the object is gravity (i.c.. there is no air drag or lift). =

EXERCISES 1.1 (@)

L I the fexi we emphesized tha the indelindle iniegral repre- 5 ft]:*_iﬂdr & fi.r"—lﬁdt
semls aill ambiderivativis of & given function. To understand

why this s tmportant, consider 3 sifuation where you knoaw 7. I{Sa&—%]dr E f(h':i-L_}.ﬁ
the niet force, Firl, scting oo an object. By Mewion's secomi * =
low, F = mur. For the velocity fumction ). this translates o . j’ﬁ"—idj 1L fj-'-wd;
mli = v = Fim To comypube il L you nedd by ooapuls an 5 o
antiderivative of the force [enctaon Fiim However, suppase ) o
you wene arible o find ol antsdenvatives. How woold you ]L fﬁlm.f+m.t]|:[r = I{Sﬂmlr—mg}it
know whether you had computed the antiderivative thal cor- 4
nesponds 1o lhe velocily lmetion” In phyacal berms, explain 13 fi wet x ban 1 dr 14 f dly
why il i reasonnble 1o expect thal there i only one antileriv- 1—5
alive corresponding bo o given sel of nitkal conditsons, 15, Jrim':-l.ni: 14 4“":1_&

SIA° X

2 In the iexi, we presenisd 3 ooe-dimensional model of the
matiim af o Gling ohpecl We ignored some of the ferces on 17 ‘l'uf"_:h‘l-" 185 f“-"_—f'-'d-'
the object so that the nesulimg msthenatical equation would

e wmee that wae could solve. Wieigh the retabive worth of aving 14, f{]nm:—]ﬂ:lﬁ: . fllr"+:.‘ird'|":!|ld':

an unsilvable bul realistie model verses having a solution of a

misdel tha is only partially scourage. Keep in ouind that when dr i

yoi loss irash o 2 wastehesdker you do nod take thee curvatiane 2 F4d , J’r;f_.__jd"

il the earth endis accoun].

: n [=Eg 2 [ (2oosx— Ve

A, Werily that fxede =36 + cand [ dr=xe* — &' + o by A

compating derivatives of the propesed antidenivatives. Which e P

derivative rules did you use'? Wiy dies thas muake i unhikely 2= f,'.[__td" h‘f s e

thig we will lind 3 general product (antbderivative) rule for

S gt ols? 7. f S gl % Jl'f"f:-*"—sm.
4 We stated i the text that we do not yet hasve o formala for the - -

antiderivative of several elementary fonctions, including ln .~ 2% I“ﬂ'(gﬂ'}mﬂ(iﬂ')ﬂ“ 30 fhﬂﬁfﬂﬁﬁ'—h'm

s v and cse x Caven a funcibon fich explain what deter- =

mines whether or nod we have a simple formuia for [fin de 3L M1 a2 fﬂ""’
Fat enarmple, why i there o simple formals for S x tan Vi 3

but ot e x e

i exercises 33-36, ane of the Do antiderivatives con be deter-
Bhuﬂrﬁul—ﬁﬂmﬂmﬂﬂm‘enﬂﬁtiﬂﬂyifu- mnvimed using basic alpebra and the sntiderivative formulas we

tiomes defined by the antiderivative. have presented. Name the method by Tnding the antiderivative
i J"r.dl 3 f!J-"—Il‘tf-l of this vme and lobel the other =NAS
33w f*-“'x‘{--idr ib) f{'.-"?+¢'_jd..

i fr'u'.r -I.Jrrm:.n'.r s 2
. A uﬂf dy ) Jrh___*d.u

)
X
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bl wectx s

by f,‘ e
r—1

35 (a) fzm;m;

38, fa) f[:l—l.:—t}u':r

In exervises 37-4Z, find the function fix) satisfying the given
condditioms.

3. =3+ fili=4

I =4 fiy=13

W =12+ P =2 fiip =3
4. =20+ 2 Py =3, fi =2
dL. =2+ fiti =2 f[({3)=12

42, Fi=d 4t il =3 fi-li=-2

In exercises 4346, Mind all fonciions salisfying the given
coinifi G,

43, fFirl=3sinxe+ A"
44
45,
4,

Fia=vT—2onr
iy =4 -2

Fixi=smzx—e'

47, Determine the position funcien if the velocity [usction is

vin =3 — 121 and the tsfal position i A= 3.

Dieterimine the posifion functon if the velocity function s
vidh =3¢ — 2 amd the inital position s ol = 0.

Dietermine the position functon i the scceleratson (uncbon is
wif) =3 s i + L the imiteal selocity s vill) = i and the imtial
pusirtin 15 (0 = 4.

Dietermine the position funcieon i te soceleration lancison
e alty = F + 1, the manal velocity is vill) =4 and the imtial
posieibon a4 ol = (.

Skeich the graph of two lunchions fin) cormesponding o the
given graph of ¥ = {x]

£y ¥

-j/-i I T
_— 3

i 7
4
k] G—————a
Qe ¥
—r
X

T Bk
+ f
2 =l L 2 3

-3

5 S

=, |

5L Repeal exencise 51 i the given graph s of il

53 Fod a function fix) soch thal tee point {1, 3} = on de graph
al v = fixh the shope of the langent hne a1 (1, 2) & 3 and
Fly=x—L

S Fmd o function {{x) such that the poinat (—1, 1) on the graph
il % = fiirk the sbope of the wagsar line o (=1, 1) & 2 snd
o =f A

I exercises S5=td, lind an antiderivative by reversing the chain
rule, produc rle or quethent rle.

58, jzlmfdx 36, ff»f.'u.i:
. Pt ke
57. f115m1r+ru|:u-1r:n'.r 58, f%dﬁ:

X 1
59, ar
f"ﬁ':ii.l'l.lz

1
lb. f(? T o x4 E:m:]lﬁ:

Ei]. Im enample 111, e your CAS 10 evaluae the anbdenvatives
in parts (b) mnd (T Verily that these sne correct by computing
the derivatives

For each of the problerms n exercises 33-36 that you labeled
NAA oy o foned an asliderivative on your CAS. Wihere posat-
e, verily thar the antidenvative i oorrect by computing the

derivakives.
E B Use aCAS o find an antiderivative, then vertly the answer by
computing a derivanve.
{a} ffe"'d.: b f_;:& ich f:.u.- xar
e |

Use 3 CAS t find an antiderivative. then verily the answer by
comprling o derivalive,
{a) fﬁﬁ b f_ha'm'r_:.d.: teh fandr

Fo ss

Shiwa Ihﬂf_—l_d.r= com™x 4 o and

Wi—a

-1 .
et = —sin” x4 . Bxplain wiy this does ool imply
Vi—x

that cos™'r = —sin™'x. Find on equation relating oo™ r and
i1
£t 1
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b, Derive the fomiulss fsec™ rdr = tn s+ c and 5. The lollowing lable shows the sccelérsthon of a car awwing
Seer rumrde=seva+ o im 2 drsghi e, I the car is traveling 70 mfs of gme 1= 100,

&7, I]:rwrlh!imnmlﬂ.hjlrtln.f_t=r'+cand_|re"ult=—r"+r. i the 5g ol chuclod st each

6B, For the antiderivative éd.:. {a) Bactor ou the b and then tis) 0 L5 1.0 15 | 20
1 rk 7 2
e bl I andd () FEwrins the Bl MIIEJ—I o) {md7y | —4.2 24 L& —14 L&
amdl s formuls {141 Dhiscuss the dilference between the & The following ahle abows. the. accederation of & cir ioving
ustiderivattves {a) and (b) amd expioin why they are both im & saraight Hoe. I the car is iaveling 20 mfs ad Home f= 00
CLTRCy eadimale the speod and distusce traveled ol each ime
(EY] 1] (5 1. | ] 20
@ APPLICATIONS o imfcty | b | 22 | —48 [ -0 | 03

1. Soppose that a car can socelerate from 36 kmib o 54 kmin
4 seeonds. Assuming o consant acceleration, (ind the scceler-
ation of the car and T the distance raveled by the car during
Ihe 4 secomds,

@ EXPLORATORY EXERCISE
L Suppose that 3 car can come o rest from 72 kmih o3 seconds.

Assirming o constal (negative) acceleration, find the sccel 1. Cormpiibe the derivatives of £ and £ Given e dertvatives,
erabion (in melers per second syuared) of the car and find evaluate the mdefinite megral { oox oe® drasd [ 20e= o
Ill.r.-d::ﬂh'u.‘.t travieded by e car during the 3 seconds (Le., the Nexr, exalute Jr::r' de (Hint: f re‘de=14 [0 £l B
Sopping dntunee b ¥

ilarly, evaluare Jrf £ de B peneral, evalunge
A The following table shows the velocity of o Glting obyect @

different times. For ¢ach time inderval estimste the distance S

fallem and the accelertmon. ‘Ir"r e
1{s) a s Lo 15 i Mext, evaluate ¢ cos (¢') dr, [ 2v conix™) d and the misre
Wi imfsy | —40 | -8 | -309 [ 377 | —395 penerd

4 The following iable shows the velocsty of a Glling object a
different mes, For each tme ngerval estimate the distance fj‘rﬂmuhmb_
fallen and the seveleratmon.

m 0 20 30 a0 As we have saased, there s oo general rule for the anbideniva-
L . Saix : tive of a product, {0 gio de Instead. there i mony special
vinimisy | 00 | 94 |-1g6 [ —240 [ 2%s et thdd yom evakinte cais B £,

@) 1.2 SUMS AND SIGMA NOTATION

In secton 1.1, we discussed how o calcolate backward from the velocity funciion for an
object ey arrive at the position function for the object. 15 no surprise thar driving w3
constant 60 km/'h, youo travel 120 km in 2 hours, or 240 km in 4 hours. Viewing this graph-
ically. note that the prea under the graph of the (constan § velocity function vif) = 60 from
t=0tni=2is 1M, ithe distance traveled in this ime interval. (Sec the shoded orea in
Figore | 2a.) Likewise. in Figure 1.2b, the shaded region from # =0 to f = 4 hos an anca
equal to the distance of 240 km.

It turns out that. in general, the distinee waveled over a pamicalar Gme interval equals
the area of the region bounded by v = v and the r-axis on that interval. For the case of
constant velocity, this is no surprise; as we have that

d=rxi=velocily ® fime.
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il
Bl
20
3
| 3 d 5
FAGURE 1.4

Approsinale area

Velociy Velocisy
+
4]
- F
a4+
i i+
——t ——— Time t } +—t — Tims
1 2 5 . x -3
FIGURE 1.2a FIGURE 1.2b
v=w{h on L 2] ¥ =1 [, 4]

Our aim over the next several sections is (o compute the ares under the curve for o noncon-
stamt function, soch as the one shown in Figure 13, Our work in this section provides the
first step toward o powerful technique for computing such arcas: To indicate the direction
wiz will take, nobe that we can approximaie the ares in Figure 1.3 by the sum of the arcas of
the five rectangles indicared in Figure 1.4:

A= 60+ 45 + 50 + 535 + 50 = 260 km.

OF course, this is a crude estimate of the area. but you shoold observe that we conld et a
better estimate by approximating the arca using more {and smaller) rectangles. Certainly,
we had no problem adding wp the areas of five rectangles. but for 3000 rectangles. youo will
want same means for simplifving and sotomating the process. Dealing with such sums s
the topic of this section.

We begin by iniroducing some notsiion. Suppose thal you wim (o-sum (he sguares of
the first 20 positive integers. Matice thm

144 4+94+---+d=1"+2+F+---+ HF,

where each term in the sum has the form i°, for i = 1, 2.3, .., 70, To reduce the amount
of writing. we use the Greek capitol letier sigma. X, as a symbaol for s and write the sum
in summation notation o

0
I e .
ml
to indicste that we add topether terms of the form ¢, starting with § = | ond ending with
{ = 0. The vorizble { is called the index of summation.
In general, for any real numbers &y, a3, . - - dy, Wi have

Zm=u.+u;+---+d,

=

EXAMPLE 2.1 Using Summation Notation
Wrile in summation notation: {a) vT + vZ + 3+ -+ + 10 and
3 +d 5 o dF
Solution  (a) We have the sum of the square roots of the imegers from | o 10:
in
VI4VI+VI+ 3 WT= TV

il

(b} Similarly. the suwm of the cobes af the integers from 3 o 43:

4t
kR R IE o e W
=3 |
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REMARK 2.1

The index of summation is a dummy variable, since it is used only as a counter io
keep irack of terms. The value of the summation does not depend oo the letter nsed
as the index. For this renson, you may wse any letter yoo ke as an index. By tradi-
tion, we most frequently use i, j & @ oond o but any index will do. For instance,

Yo~ },: p

EXAMPLE 2.2 Summation Notation for a Sum Invelving Odd Integers
Write in summation notation: the sum of the first 200 odd positive integers.

Solution  First, notice that (20 is even for every integer § and hence, both (20 — 1) anad
(X + 1) are odd. So, we have

||
14+34+54+---+399= (2 —1),
iwl

(L]
Alicrnatively. we can write this as the equivalent expression 2 (28 + 11

{(Write out the terms to sec why these are equivalent.} = =

EXAMPLE 2.3 Computing Sums Given in Summation Notation

Write ot all serms and compuote the sums (&) i11i+ L1 b isiﬂ{lﬂ';m&tﬂlfi

=il y=3 =4
Solution  We have
L
(a) TR+ D=3+5+T7+9+11+13+15+17=80.
fm]
i
() ¥ sin (2 {) = sin 4z 4 sin 6z + xin 82 + sin 102 + sin 120= 0.

im}
[Mote that the sum started at § = 2.) Finally, we have

I
() ¥ I =5+5+5+54+5+54+5=35

=4 ]

We give several shortcuts for computing sums in the illowing result.

THEOREM 2.1
If m &5 any positive integer and © is any constant, then

] = o7t | sum of constanis),

nin + 1
(i) ¥i=""""" (sum of the first n positive integers) and

= 7
(i) EF:EmemMﬂmmﬂlmimwﬂ.
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HISTORICAL
: NOTES

Kar Friedrich Gauss
(1777-1855)

A Garman mathematician
widely considensd (o be
e geeatest matbemalesimn
of all time. A prodigy who
hiad groved mpafant
thearems by age 14, Gauss
s the acknwledged
mistier of almost all aread
af mathematics, He proved
the Fundamental Theorem
of Algetrs and numerous
AU in rumber theary
i mathematical physics.
AU wad mafrumental in
starting v Telds of ressarch,
Ieluding the pralyass ol
complex variablis. statistics,
vector calcllus st non-
Euclidesn geometry. Gaiss
weas Buly the "Prince of
Mathemathcinna ™

Imegration

PROOF

(i} Erhﬂcﬂmmnﬁil&mcmrujm”mmm,umis
iwl
simply © fimes A

(i} The illowing clever proof has been credited o then 10-year-odd Karl Friedrich
Ganss, { For more on Ganss, see ihe historical note. ) Fiast notice thal

Fi=1+2+3+-+ta—-+in—-1+n (2.1)

Since the order in which we add the terms does not mearier, we add the terms in (2.1) in
reverse order. o get

Er'=u+{u—I}+[u—1}+---+3+1+]. 22}

=l

wstie n trrnes (b foward

Adding equations (2.1 and {2.2) term by term, we gef

2pi=ll+m+i2+n—-l+B3+n-21+---+in—1+21+{n+1)

=n+li+in+li+tin+li+---+in+ li+in+li+in+1)

=nln+ 1),
since (0 + 1) appears # times in the sum. As desired, dividing both sides by 2 gives us

Makhing ced L= ox praisnl Mies

i‘_=nm; ]

iml
The prood of (1§} requires & more sophisticated proof wsing mathematcal indocton and we
diefer it to the end of this section. m

W also have the following gencral rule for expanding sums. The proof is straightior-
ward and is lefi as an exencise.

THEOREM 2.2

For any constants ¢ and o,

y il + il = r.'iu. +d$b..

= a=l il

Using Theorems 2.1 and 2.7, we can now compuie several simple soms with case.
Niovte that we have no more difficalty summing 800 terms than we do summing 8.

EXAMPLE 2.4 Compuling Sums Using Theorems 2.1 and 22

L] L]
Compute (a) 3,(20 + 1) and (b) (2 + 1),
e |

Solution  {a) From Theorems 2.1 onad 2.7 we hawe

8(9
Y =2% +(1H8) =72+ 8 =80,

L]
2+ 1)=2Yi+
=i

L e BOKNEO]
2i+11=2 J+EL=JM+11::W}|

= = i 2

= 40,800 + 800 = 64 LE6D0. =

{b) Similarly,
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EXAMPLE 2.5 Computing Sums Using Theorems 2.1 and 2.2
20 , 20 i 2

Compute (2) 321 m:m;[{ﬁ].
Solution (a) From Theorems 2.1 and 2.2, we have

2 LD

A== =
) =T g, 1 MNZIN4I) ]

=T = = -— ——- =—2 =

ib) g(m} zu_,;}:r T 55 T =T.175.

In the beginning of ihis section, we approximated distance by summing several values
of the velocity function. In section 1.3, we will further develop these sums o allow us o
cumpue areas exactly. However. ooar immediate imerest in sums is to wse these o sum 3

nomber of valoes of o function, a5 we illwstrate in examples 26 and 2.7,

EXAMPLE 2.6 Computing a Sum of Function Values
Sum the values of flx) =1 + Ievaluted st x =01, =02, __. .x= 10,

Solution  We first formulaie this in summation rotaton, so that we can use the moles
we huve developed in this section. The terms wy be summed mre a =f0 =01 43,

ar=fi02) =02 4 3 and soon. Mote ehat since cach of the x-values i a multiple of 001,

we can wride the £°s in the formi (L4 fori= 1.2 . .. _ 10 In genemml, we hove
@ =fllLly= 01 +3, fori=12,.... 10

Fromm Theorem 2.1 (i) and (i§i), we then have

L] | i i L]
:u. = ¥ oty = Yo' + 31=0ry # + T3

i . il LL ]
= 0.0 w 4+ (3 0y =385 + 30 = 3385

EXAMPLE 2.7 A 5um of Function Values at Equally Spaced x's
Sum the values of fix) = 3" — 4v + 2 evalusted st v = 105, vr= 115,

Solution  You will noed to think carefully aboui the 1's. The distance between

successive r-values is 001, and there are 20 such values, (Be sare o count these for

vourself. ) Motice that we can write the x°s incthe form 0.95 + 01 ford =1, 2, . 20
We now have

pe 1] p [}
005 + 00i) = ¥ [30.95 + 0.0iF — 4(0.95 + 0.10) + 2]

=i imf

1]
= };mmﬁ + 0,177 + 0.9075) (rwe—
k] 81} 1
=003 ¥ #+017 )";r + ¥ 09075 P Thermiss 2.2
=l (L] =l
2541 21 ot Tt 2|
=003 228N 07220, gomrsqaey T e

=

=13995 =
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Ohver the pexi several sections, we will see how sums soch as those found in
cxamples 2.6 and 2.7 play a very significant role. W end this section by looking ata pow-
erful mathematical principle.

O Principle of Mathematical Induction

For any proposition that depends on a positive integer, a, we first show that the result is
true for a specific value & = ny,. We then assime that the result is troe for an ivespecified
f=k = mo (This iscalled the induction assumption. ) If we can show that it follows that
the proposition is e for 8 = & + 1. then we have proved that the result s troe for any
positive imteger & 2 iy Think about why this muost be troe. (Hinc I Py §s toe and Py true
implics Py, is true, then Py e implics P @s troe, which i tom imeplies Py b5 true and
A0H (ML
We can now use mathematical indoction to prove the last part of Theorem 2.1, which
o L2+ 1
states that for any positive integer n, Ef‘:iﬂ—'“' :'" )

rel

PROOF of Theorem 2.1 {iil)
Forn = 1. we have

o 1(2K3)
=I§r= ﬁ 5

& desired. 3o, the proposition 15 mrue for n = 1. Next, assome tha

ij:_k:k-l- N2k + 1)

ﬁ. laletmon semi s m "ZJI&

for some integer k = 1.

In this case, as desired. we kave by the induction assumpion that forn =&+ 1,

;I‘l: F=ii‘1+ E P Skt ihe il ko

=—I+{t+ I]- Frtn i1

kkE T2+ D)+ Bk + 1P
i
=1k+ LHK2E+ 10 + 60k + 1))
[
k4 [ + Tk + 6]
[
(k4 1)k +2p2k + 3]
i

ik Dk £ 13+ L3R+ 1)+ 1]
- fi

bl 15 [t

Fazhisi e gisalizitic

Loisiiet D oxmia

_ il + 120 + 1)
e et
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EXERCISES 1.2 @)

[~ WRITING EXERCISES

L In the nexl, we mentionesd that one of the benelits of using
the summastion nostkm is the semphifecation of cabcalatons.
'l;ulrilpuﬂkntm]ﬂti:.wﬂzmlinmwhhmﬂhj’

Fizd—di+ 111

i=l

2 Fulkrmq
Et’r i 4 11)and then deseribe o words Bow youe did go.
Buuremth:ibe:rn- formuakis aned yous use of then in vards.

pp  on oexercise 1, calewlae  the  sum

I exercises 1 and 2, transiate inlo summation oetabion.
L HIF+22Fr+23F+---
L VIl +v3i-T+4d-1+---4++15-1

+ 2014y

L exercises 3 and 4, caleulations are described in words, Trans-
lade each inlo summaiion notation and then compate the sun

A ja) The sam of ihe squares of the G 50 positive mlegers.
(k) The sguare of the som of the Tirs 30 positive fnlegers.

d a) The sumoof the sqaane soots of the Grst 10 podsive mlbegers.
ib)  The sjuare rsol of this st of te Tt 10 positive inlegers.

lin exercises S=8, write ool all lerms and comgaaie Uhe sums.

L] ¥

5 Y@ 6 Xi+0)
J:ul -:I

= Emr‘+ 3 £ )i+
=k imf

In exercices 9-18, gse summation rabs bo compate U sum.

i) 41
% FiE-1 M ¥ (di—4)
=1 =l
fa ]
L Y- 1L Yis—i
imrl iml
i =
13 Fir—3n+2) 14 Fir+4In-
mm] wml
m
15 EE[J—!J‘-F—I—SI 16, i —3i+ 3
17. Eu—'-m 1 T+ 5
=¥ =b

ln exercises 19-22, comypuie sums of the form E_f{.:lja.:ﬁurthe
given valwes of x,. it

1, _Iﬁ.'rl=_|""+ dr; x=0204 06 DK LEAr=02n=2%

M fixl=Jr+5r=04 08 12 1620 Ar=04;na=5

SECTION 12 += Swms and Sigma MNotation L)

2 =4 —2x=3122 3534 30
Ax=101,m= [

1 fld=x"+4x=205 215335 235 ., 2405
Arv=10L];n=T0

In exercises 23-26, compuile the sum and Uhe mit of the sam

‘;;i(i):ﬂ(i}l e S0
@) = SE) )

Y. Use u:ﬁﬂ:ﬂ'u.n.m:llmihﬂJmuptmthEJ el
for all miegers m 2= 1. 4
M. Use  motbemarical induction by
'E win+ 1F2a" + 2 — 1)
=i 13

5. l
I:I

e that
for all integersm > 1.

In exercises 29-32, ase the ormulas in exercises 27 and 28 1o
compuie il sums

]
o R N T RS 0. Eﬁ"-{-.ﬂ
il im1
Hl 1]
3 Y- 3 E:zr“’+1:'+n

33, Prove Theorem 2.2

A Use imbuction b denve the peometric seres  formoala
_o—ar™!

1=r

a4 ar a4 for comslanls o and

r# 1

i exercises 35 and 36, uwse the resoll of exvercise 3 o evaluate
the swin al the lmit of the sum s m — oo,

35, 3ot w Tl

= f izl n

{® appLIcATIONS

L. Suppese that o car has velociry 50 kenfh for 2 bours, veloc-
ity &l ki for | hous, velocity 70 kimds for 30 minudes and
velisaty Bl kvl For 3 bours. Fusd the dastonee traveled.

L Suppose that o cor has velocity 50 kmth for 1 houwr, velic-
ity 20 ket for 1 hour, velocity B0 kmds for 30 minutes and
vebociry 55 ko'l fior 3 hours. Find the distance traveled.
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The tahle dhows the velocity of o projecitle =1 varsous Himes.
Estimate the distance traveled

Limne () 0 025005 JO75]00 [1.35(1.5° L7520

vielocity fows) | 120 176 (113 J 100 | 108 | 106 | 104 | 1A | B2

4. The ighle shows the {dowmwand) velocity of a Glling object.
Estimate the distance [allen.
L [ @ (05 J10 Jis [20 |25 |30 (3.5 j40

welociny (o) (10| 149 198 |24.7 [ 196 [ 34.5 | 394 |43 Jawd

5 EXPLORATORY EXERCISES

L

Suppuose Tt the velocaty of a car is given by vt = 347 + 30
koh ol tzme ¢ bours (€ ¢ < ) We wiall iy o deer-
mine e distance troveled in the 4 howss, The velocity
at ¢ = 0 i wi0) = 30 + 30 = 30 km/h and the velocity =1
pmie = Lis w1 = 34T + 30 = 33 kmh. Since the iver-
age of these welocibes s 315 kmh we could estimale tha
the car ravebsd 315 kni in the Girst howr Carelully explom
wihy ths ks oot eecessarily comect Sinee w1} = 33 kmh
and v(2) = 33 + 30 = 34 kb, we estbnue that the car
travebed 3305 kim in the secomd hour, Using W 3) = 35 kend'h and
vid) = 36 kv, find sinvibar estmates for the dstance raveled
i the thand and fowrth howrs and then estimale the ol dis-
tnce. T imgprove this estimste, we can find o estimate foc
the distance covered each hall bour. The Gest estimate wouald

1-18

take W) = 30 kel and »(05) = 321 ko' and estinasie a
dbistamce of 15575 km. Estumate the average velocity asd them
the disgance (or the remainmmg 7 halll hours and estimate the
total distance. By estimaling the average vebocily svery guar-
ler howar, Tind o terd estimate of the tstal distance. Based oa
these three estinoies, comjeciere the limit of these spproxima-
Hofs = the e msrval conssdered goed 1o fem.

I this exercise, we imvesdigaie 3 fensralizaion of o finite sum
cilled an wrfiite serier. Suppose a bouncing ball has coefT-
chenl of restitolion coual o (U6 This means tet of the ball
habs the ground with velocity v mis, it rebounids with velociy
(e, Dgnoring: air resistance, a ball lunched with vedocity v
mi's will sty in the abr w16 sesconids efore hiting the groumd.
Suppose a ball with coefTicien of restitotion (b i laanched
with mmitial vebociry S0 ms. Explain why the total thme in the
air i given by HV16 + (0ENEOVT6 + (0B ENE0M16 + - - -
It il soem Tike the ball would continie 1o bounce fonever.
To see otherwise, use the resull of exencise 0 1o find the i
that these sums approsch. The limi 1= the cumher of seconds
thit te ball combnines 10 boiace.

The folkvwing sistement s obviously fdee: Given any e
ol n niambers, e nombers are all egual. Find e aw s
the atiempled e of mathematical indoction. L » = L
Oinee niamiber 1= wgual W itsell, Assume tha e n = L any
kb numbers are equol, Let § be any st of & + 1 numbers
o fy oo anean By the iduection hypothess, the fust &
nmaimbers are equal: & =on = -+ + = ay mid ihe lost k nambers.
are cgual: gy = ay = - - - =y 4 . Combiming thess resalts, all
&+ 1 numbers are egual oy = gr=- - - = = 4 1.5 desarod.

@ 1.2 AREA UNDER A CURVE AND INTEGRATION

In this section. we develop a method for compuiing the area bencath the graph of v = filx)
and above the r-axis on an imterval o < x £ & You are familisr with the formulas for com-
puting the area of a rectangle, a circle and a triangle. However. how wounld yoo compate
the area of o region that's not a rectangle, circle or riangle?

We peed a more general description of arca, one that can be wsed to find the area of
almost any two-dimensional region imaginable. It twns oot that this process (which we

generalize o the notion of the definite ingegral in section 1.4} is one of the central idegs of
caleulos, with applications i a wide varicty of ficlds.

First, assume that fiz) = 0 snd (is continooues on the interval [o, 5], asin Figore 1 5. We

FIGURE 1.5
Area wnder v = fix)

stari by dividing the micrval [a, &) mio negoal pieces. This is colled a regulsr partition

b —u

of |a. #]. The width of each subinterval in the panition is then . which we depote

n

by Arv (mecaning a small chunge in x). The points m the parition are denoted by
Ta=it, Xy = Ja+ Ax. ;3 =mx + Av and 50 on. In general.

X = Mg+ fAx

fordi=1.2_.-,n

Soe Figure 1.6 for an illustration of a regular partition for the case where s = 6. On cach
subimterval [x,_ ., x] (fori = 1,2, .. ., &) construct a rectangle of height f{x) (the value of
the function at the right endpoint of the subinierval), as illustrated in Figure 1.7 for the case
where a = 4. It should be clear from Figure 1.7 that the area under the curve A is roughly
the same 45 the sum of the wreas of the four rectingles,

A = fix ) AY 4+ flrs) Ar + flx) Av 4+ e Av = A,
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FIGURE 1.8
A = Ally

FIGURE 1.9
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FHGURE 1.10
Azde
n Ay
| 033
0| 03325
| 30| 0333963
40| 033312%
50| 03332
B0 | 0333241
TO| 0333265
| 0.33328)
a0 | 1333292
i | 0,3333
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FIGURE 1.6

Repuler portition of [, B

In pariicular, notice that alihough two of these reciangles enclose more ares than that under
the curve and two enclose less area, on the whole, the sum of the areas of the four rectan-

gles provides an approximation o the total area under the ourve. More generally, if we
constrect 8 rectangles of equal width on the nterval fe, 5], we have

A i) Ar + fix) Ax 4+ - - -4 ) A
= ¥ fln) Av=A. {3.1)

'Es

EXAMPLE 31 Approximating an Area with Rectangles

Approximate the area under the curve y = f{x) =2 — 24" on the interval [I, 1]. using
{a) 10 rectangles amd (b)) 20 reciangles.

Solution  (a) The partition divides the interval into 10 subintervals. each of length
Ax =01, namely, [0, 0C1], f0cl, 2], - (029 1.0). In Figure | &, we have drawn in
rectangles of height f{x,) on each subinterval [x, L xJfori= 1,2, . .. 100 Notioe dhai
the sum of the aress of the 10 rectangles indicated provides an approximation o the
orea under the curve. That is,

Amdy=F flx)Ax

(L3}
=004+ fi02+ - - -4+ LML
=08+ 032 +042 + 048+ 05+ 048 + 042 + 032 + OL1I8 + OWDLL)
=033

(b} Here. we partition the interval [ 1] into 20 subintervals, cach of width

Wi then have o= 01 =04+ Ay =005, x» =1 + Ac= N05) and s0 o, so that
=006 fori=10. 1. 2. . _ . N From (3.1} the aren is then approximaielby

i 0
A=mAw=Y flu)Ar= ¥ (2 — 2} Ax
(] | rml
1
= ¥ 20050 — (0050 [(O5) = 03325,
(] |
where the details of the calouloion are lefi for ihe reader. Figure 1.9 shows an approxs-
miation using 20 rectangles and in Figure |10, we sce 40 rectangles.
Based on Figures |LE— 110, you should expect that the larger we miake n, the better
A, will appreccimaie the aciual area, A. The obvious drawback o this idea is the lengih
of time it would ke o comgpuate A, for n large. However. vour CAS or programmashle
calculator can compuie these sums for you, with ease. The table shown in the margin
indices approximate values of A, for voeriouws valoes of
MNotice tha as # gets larger and larger. A, seems to be ppproaching é -

Example 3.1 gives swrong evidence that the larger the number of rectangles we use,
the betier our approximation of the area becomes. Thinking this through, we armive an the
following definition of the anca under a curve.
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DEFINITION 3.1

For a function [ defined on ibe interval [a, B if s continuous on [ b) and fiix) =0
on [a, B). the area A under the corve v = fix) on (o b] 5 given by

-

A=lim A= lim ¥ fix) Av (32)

In exomple 3.2, we gse the limit defined in (3.2) to find the exact area under the curve
from Example 3.1.

EXAMPLE 2.2 Compuling the Area Exactly
Find the ares under the curve v = fx) = 2x — 2 on the mterval [0, 1].
Solution Here, using a subintervals, we have

1—10
"

Ar—=

1 2 i
znd 50, =10, 1 =;,1;=.l.| - M=;mﬂmﬂﬂ.m..t.=i,fﬁ'i=ﬂ. L2 ..
From {3.1). the arca is approximaicly
-(]C)
] " ]

sea=E1()() -2
-SRI -ERE) )

il
. B 1 n
== ’——lzf
! =

_2mn4 1) 2aind INZn41)

= Fuuern Thetmeen 21 i el 4idiG

w2 " L
_n+1  im+ 1320+ 1)
T in’

{m+ I{n— 1}
=T

Since we have a formuls for A,, for any m we can compoie varous values with ease.
We have

(200 i 19

Ay = —————=10L333325,
0 T3140,000)
{5000 A9,

Ay = —————=10L333332
=07 34250,000)

and =0 on. Finally. we can compute the Emiting valoe of A, explicitly. We have
-1 -l 1

lim A,= lim —— = 1
n—ql [ hl B— 3 3

Therefore, the exact area in Figore 18 is 173, as we had suspected. =

EXAMPLE 2.3 Estimating the Area Under a Curve
Estimeate the arca under the corve v = fix) = +/'x + 1 on the mberval [1, 3]
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3505495

145357
I 44589
344830
S000 | 344743

HEHEAE.

HISTORICAL
NOTES

Bernband Riemann
{1826-1866)

A German mathematcian who
st Impoitar gerecaies-
tions to the deBnftion of the
imtegred. Riemann died at a
young age without pubilishing
mary pages; but ssch of his
papers wae highly influential,
His wark e imMegraton weas
& amsll potion of & paper

o Foumier sefbes, Pressured
by Gauss o delver & talk on
peomelry, Riemann developed
his cwm geomelry, which pro-
vided a genearaiiration of bath
Evclidean and non-Euclidenn
gecamielry. Riemann's work
cten fommes unespectsd
and nssghtful connections
behesed analysi s
gecmielry.
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Solution Here, we have

3
ond xy = 1, w0 that 1|=1h+du=i+§.

Z
n=I1 -I-E[—\]
n

24
n=1%—
H

andd 20 on. 50 that ori=0.1,2 ...,

Thaes, wie have from (3.1 ) ths

A::A.:ifu.lﬂ.::iv";.-l— 1A

dml
x

2 2
-£((-3) 1)
rerr n n
1 3
X0 2 T
Hi'ﬂl A
Wi have no formuolas like those in Theorem 2.1 for simplifving this last sum {unlike the
sum in exampie 3.2} Our only chvice. thew, is o compoie A, for a number of values
of n using a CAS or progmmmehle calculaior The table shown in the margin lists

gpproximate values of A, Although we can’t compuie the area exactly (as yet). you
should get the sense that the area is approximately 34475, m

We panse mw o define some of the mathematical ohjects we have been examining.

DEFIMITION 3.2

Let (& ¥ ... . Xa ] be a regubar pantition of the interval la, b]. with

=
L—r =Ar= = d, fior all £ Pick points cy. e, .. .. ¢y Where ¢ is any point in
the subimterval [x_,. x ) fori=1.2 ... _m {These are called evaluation points: §

The Riemann sum for this partition and set of evaluntion points is

i S A

5 far, we have seen that fior a continuous, non-ne gative function f the srea under the carve
¥ = fixh s the limit of the Riemonn sums:

A= lim ¥ fie) Ax, (3.3)

=i

where o; = o for £ = 1. 2, . . . . p Surprizingly, for any contineous function 0 the limit
in {33} is the same for gny choice of the evaluation points ¢, € |x;_;. 1] (although the proof
is beyond the level of this course). In examples 3.2 and 3.3, we used the evalumion points
€, = x, for each i (the right endpoint of each subinterval). This is uswally the maost con-
venient choice when working by hand. but does mot generally produce the most sccarate
approximation for a given value of n
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REMARK 3.1

Most ofien. we canned compute the limit of Riemann sums indicated in (3.3) exacily
{at least not directly). However, we can alwiays obigin an spproximotion (o the ares
by cakeulsting Riemann sums for some Inrge values of a2 The maost common ( and
obwious) choices for the evalustion points ¢, are ¥, (the right endpoint), x, {the

left endpsoint § wmd i-[.t,_| + ;) (the midpoint). See Figures 1.11a 1.11band 4.11c
for the righi n_:m.!p-:tinl.. left endpoint and midpoint approximations, respectively,

for flxi =% + 2, on the interval [, 1], using n = 10, You should note that in this
case (45 with any increasing funciion), the rectangles corresponding to the nght
endpmnt evaluntion (Figure 1.1 kay give too much ares on each subinterval, while
the rectangles corresponding w left endpoint evahustion (Figure 1.1 1h) give too litle
area. We leave it to you 1o observe that the reverse is rue for & decreasing function.

0T 04

FIGURE 1.11a

G=4

) TODAY IN
&= MATHEMATICS
Louis de Branges.

who proved the Bisbasbach
conjecture in 1985 To sobwe
this famous TO-year-ald
probiem, de Branges aciuslly
proved & related but much
Stronges result in 2004,

de Branges pasied an the
Iternal what e belisved s a

To quality fas the 1 millian
firize offared far Bhe et prood
ol the Riemana hypotheti,
e et will have to be vl
fieed by expast maihematicians,

-I.
124 124
Ei] / (L ?[
8 1 A
b 51-
i at
24 |
: | - - t : * 1 - B S -1
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FAGURE 1.11b FAGURE 1.11c
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EXAMPLE 2.4 Computing Riemann Sums with Difierent
Evaluation Points

Compute Ricmann sums for fixl = /1 + | on the interval [1. 3], for m = L0 510, 1KR,
500, 1000 anc 5000, sing the left endpoint. right endpoint and midpoint of cach
subinterval as the evaluation points.

Solution  The numbers given in the following table are from 2 program written for a
progremmable calculator. We suggest thal you Lesi your own program of one bailt inio
vour CAS against these valoes (manded off o six digits).

n | Left Endpains | Midpoint | Right Endpoint
10 JARETO ja4TEY I A05495
50 AR89 44772 345042
L8] JA4IES 344772 345357
SEM) 344654 3T 3.A4HE0
(LR H] F44713 344772 344530
S0 344760 344772 4473

There are several oonclusions o be drawn from these nombers. First, there is good
evidence that all three sets of numbers are converging o u common limit of
approximately 3 4477 Second. even though the limits are the same, the differem roles
appraach the limit at different rates. You should oy computing lefi and right endpoint
sums for larger values of & to sec that these evenioally approsch 344772, also. =
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Ricmann sums using midpoint evaluation are usually more sccarate than lefil or noght
endpoint rules for a given & I§ you think about the commesponding rectangles, you may be
oble to exploin why. Finally, notice that the left and right endpoint sums in exomple 3.4
approach the timit from opposite directions and of aboot the same rate.

BEYOND FORMULAS

We have now developed a technigoe for using limits 10 compole cenuin sreas exactly.
Thiz parallels the derivation of the slope of the tangent line as the limit of the slopes
of secont lines, Recall that this limit became known as the derivative and turmed out to
have applications far beyond the slope of a tongent line. Similarly. Ricmann soms lead
us fo 4 second major arca of caleules, called integration. Bazed on your experience
with the derivative. do you expect this new limit 1o solve problens beyond the ares of
aregion? Do you expect that there will be rules developed to simplify the calcolations?

EXERCISES 1.3 (@)

EXERCISES In exervises 11—14, use Hiemann sums and & limil o compaie
Ej WRETIGH ES ihe exact area under the corve.
1. -Poc many fancelons, the twh. of the: Mo s fe indn. 10y =2+ Von (e} [0, 1) (b3 0. 2] ¢y [1. 5]

pendent ol the chsee afl evaluntion points. As the number of
partition poinis geds larper. the distance between the endpaoinis
wets smaller. For o contimaous fmcton i), explan why the
difference between the funcion values al any Bwo poaiis oa
given subinterval will have to gei analles

L Rectangles @ not the only basic geomietnic shapes for wiach
wie heave an area formula. Disenss bow yoo nogh spproximiste
the area under s paraboli using circles or roangles. Which
peamedric shiape do you think 5 the e 1o mee?

In exvercises 1—4, lst the evaluation points corresponding o the
midpudint of each subinterval, shetch te Tunctbon and ppprogi-
mnting rectangles and evaluite the Rismann sum.

L fisi=x+1, (a) [0, 1), n=4 (&) [0.2n=4
L fin=¥-1. (@ [La=4 (&) {L.ILa=4
i fivy=smx (2 [0, =].n=4; (b} [haln=4

4 firi=d—7, (@ |-L1a=4& (b |=-3,-1La=4d

In exercises 5—10, approximate the area under the curve on
the given inferval using m reclangles and the evaluation rules
fa) lefi endpaini. (b) midpaiol, (c) righi endpoini.

5 r=rf+loall l].n=16
6 y=r+lon|02.n=1h
Toy=vr+2on|ld4),a=18
B vy=roaj-1 1nr=18
% y=cosxon [0, 22 n=>50
0 y=x"—1onf—1, ILn=100

1L =274 Aranfa) (0, 1) 6) 0, 2); (eh [ 1, 3]
B y=27+ Lonfa) 10, 1: (83 -1, 1); eh |1, 3]

14, :r=4.::—.r|.m|_a_|| |An, B); b f—1. 5 4ed [3.3)

Ehmfthﬁﬁ—ll.cuﬂnﬂthlbd‘khﬂummh

exanmple L4 to shaw el sums with right-endpoint, midposing womwd
lef-enadpoind evalustion all converge o the same valoe a5 n — oo.
15. fini=4-—5 -1 7] 16, fix)=sinx [0, 22)
17, fidi=2"— 1L [1.3] 1B firi=x'—1[-11]

In exercises 19—22, praphically determine whether o Rienmnn

sum with (@) lefli-endpoint, (b) midpaoin and (¢ dghi-endpain
evaluation points will be greater than or lss than e area
under the curve v = i) on (o, bL

19 fix) i increasmg and concave up o fa, b
D N e incressing and concave down on [, BL
21 fixd ivdecreasing and concave ap on [a, b

XL fix) s decreasing and concave down an [a, ).

I3, For the fusction f{r) = & o the iaterval [, 1], by trisl and
error find evaluation pornts for m = 2 such that the Riemann
st eiuals the exact ares of 15,

24, For the function fic) = 7 on the mierval [0, 1], by tral and
error find evaluation points fe o = 2 swch thal the Bemann
sim equals the exact ansa of 23,

25, {a) Show thul e righi-endpomt evalostion on the imierval
| &] wiah each subanierval af Jenagih Ac = (b — olin the
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(b} Find o fermula for the evalustion pomts for midpoin
evaluation.

(m) Shinw thai for lefi-sodpomi evalusiion on the inierval
. B wath esch subinterval of length Ax = (f — aim, the

b Find o formila for evaluation pouts that see one-thed of
e wiay from the lefl endpor fo the rghi emdpaint.

hﬂzﬁgﬂmn‘ﬁlﬂlmu.]mhﬂEﬁfl+ﬂn E'.’
n

ixl

e=l

1 —13

“h:humqtni:mz ;\-’I +"J;':'
[T

In exercies 2931, use the following definitios. The upper
sunm of fan £ i given by UCP,[) = 3 flci) Ax, where e, is the
maiinsum of [ n the sabinterva [, ;. ). Shmilarly, e lower
suim af fon P& given by LI fl= iﬂ-‘.! Ax. where fid) ) is the
mintmum of f on the sablnterval [x;. 5, 5]

29,

A0,

k1

Compuide the upper sum and loser siam ul'_ftx:n:fu]ﬂ.ﬂ
fowr the reguilar pantibon withn =4,
Cornpuie the upper sam and lower sum of fix =27 oo -2, 2]
fier the regular pantidion with n = %
Funad (a) the genernl upper sum and (b} the geneml lwer sum
for fixF on [0, 2] and dhow that both sums appeoach the same

nimber as n — oo,

Repe exercise 3 fio = o' + 1 on the imesval [0, 2],

The followiig resull hay been cradited o Anchimades. (See
the historical nobe in sechion 5.2.) For the general paribola
y=u —x with —o € r < a show that the ares under the
parabola is § of the hase times the height |tha i, 32z )a")).

Shuw that the arvg under ¥ = o for (£ 1 < b s § of the base
tirnes thee height.

In evercises 35—38, use The given Tanctlion values to edlnate the
area under the curve osing lef-endpaint and right-endpoint
evaluation,

i

Fixd |20 (24 |26 |27 |26 |24 J20 |14 |06

X L0 (02 04 j6 Jky | LIk 1Ld | 1.6

o 5=
<3 b

Fixp [20 |22 J16 (14 J16 [20 24 |20

X f0 J i1 Ji32 )13 Jid |05 (16 [0F |18
fixy | B8 [ L4 J10 JOT J13 L4 | LE [214 |26

Fied J0 g QG JOX J12 JL4 Jo2 B4 (LD

(X appLicaATIONS
L. Econormists ose a graph called the Lorenis corve o describe

hov equally & given quantity is digtribobed in o given pop-
ulateon. For example. the gross domestic prodoct (GDP)
varies considerably [rom country 10 counlry. The acean.
panyhng dots frsm the Energy Information Adodeistration
ahow percentages for the 100 op GDFP coumtries o e world
in HEMl. sfranged in onder of incresmg GDP The data
indecate teal the G 10 (lowest 1S ) countrees sccoian for
anly 0025 of the world's waal GODP; the fisa 30 coumrics
aceoant for (4% @nd 5o om. The Gt 9% countries sccoant for
TA6% of the wofal GDP What percentage does coantry #100
(the Unied Sistes) produce”? The Lorente curve {s a plot ol
w versus r Ciraph the Loreste corve for these dsia, Edimare
the aren betvween the curve and the 1-atis (Hmme Mobios that
the r-values are am eqially spaced. You will need w decide
I 1o handle this,

x |IL] k2 k3 o4 oS b 0.7
i LN | RNk | MR | D004 ) 2 ) ik | OL0RS

x |08 LY us (09 (o598 §i1d
v [ 1 | 265 | 039E | 0568 [ 0T36 | 1.0

The Lorents curve {see sxercise |} can be used (o compie the
Gaini index, o numencs] mexare of how meguiable a given
ibistributeon s, Let Ay equal the area between the Lorents
curve and the roaxis. Constrict the: Liventr curve Tor the sio-
ation of all countnies bemng exactly egusl in GO and ler Az be
the area bebween this new Lorents curve and the -, The
Gilni index € equals A; divided by A Explain why 0 €6 < 1
amd show that & = 24 Extmnale € for the dala i esencse 1.

@ EXPLORATORY EXERCISES
1. Biemann sums can also be delmead on irregular partitions,

fimt which subinlervals are nod of equal size An example aof
am irresgular paridon of the interval [0, 1] 8 =10, r, =02,
=06 5 =09 x, = 1. Explam why te cormespanding
Rsemann sum woitld be

Flee0.2+ fle=piid) + o i3+ flediiln

foar evalisstvon posinls oy, oz o and oo ldenlify the mterval from
which each o, must be chosen and give examples of evalus-
Hon podntz. T see why oregular partitions might be useful,
el i<l

4 e it vl
S+l Hr=gtmoom

comsuler the lancism fixd = {



[, 2). Oine weay bo approacimste the area under the graph of this E L

Tenction 1= ko compude Biemann suomes esang mclpont-evalus-
o fir p = 10, n = 51, m = 100 and 30 on, Show graplecaily
and numenecally el wath midpotnt evalimtion, the Rigmanmn
suim wiith o = 2 gives the correct snea on the subiaterval |00 L]
Then explain why it would be wasieful 0 commie Riemann
s om this subinterval for berper and larger valoes of e A
muoe eificeeid strategy would be b cormpule e anss on [0, 1)
and 1. 3} separately and add them wgether, The anes on [0, 1]
can be computed exactly usng 8 small value of n, while the
areaom |1, 2] mst be spprogimaied wsing brper and larger val-
e of o Usie this fechnigque 1o estimate tee area for i) on the
imisrwal [0, 2] Try s determine ihe area by within an ervor af
(001 and discwss why you belbeve your aiwer is this accuarake
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Ciraph the lenction fiv) = &% Yiu may recopnize this cirve
as the so-called “bell corve.” which is ol fundamental tmpior-
tance in sdatistbes, 'We define the area function girl 10 be
the area belween this graph and the raxis betwesn 1 =0
minl & = ¢ (for sow, assume Chat § = 0). Sketch the area that
defines. gil) amd gi2} and argee thad g2 > il Expluin
why the lroction g{x) b5 increasng amd hence g'(x) = O for
x = 0. Further, arpue that g'(25 < g'(1) Explamn wiy g'ix)
15 o decrraung lunction. Thus, g'iel has the sume general
properibes {positive, decreasing b thal fixd does, In By, we
will discover in section 1.5 that g'ix) = fixl Tocallec some
evidence for s redall, wse Riemann sams to esiimate g2,
gil 1}, gi1.01) and g{1). Use these values io estimate g'{1)
anel cumpare o {11

(@) 1.4 THE DEFINITE INTEGRAL

A sky diver who steps out of an sirplane (starting with zero downward velocity) gradeally
picks up speed untl reaching sermimal velociry, the speed st which the force doe o air
resistance cancels out the force due o gravity. A functon that modets the velocity © sec-
onds into the jump is fix) = 30(1 — &) (Koo Figure 1.12.)

Wi saw in section |2 that the area A under this curve on the inerval 0 € x < corme-
sponds (o the distance fallen inthe first r seconds. For any given valoe of ¢ the area is given
by the limi of the Riemann swms,

A=Tlim ¥ fie,)Ax, (4.1

=l

ok

A NN TN N T 1
[ 2 4 & & 1012 44 14

where for each i, o is taken o be any point in the subinterval [x_.. ). Notice tust the sum

FIGURE 1.12 in 4.1 ) still mokes sense even when some (or all) of the function valoes (e} oe neganve.
¥ =flaj The general definition follows.
REMARK 4.1

DEFINITION 4.1
For amy function §defined on [a, b]. the definite integral of £ from o o b is

Diefinition 4.1 is adequaie
for most functions {those
thiat are conGinmows CXCEpL
fior nt most & finite numbser
of dizscontinuities). For
musre general functions.
we broaden the definition
oy include partitions with
subintervals of different
lengths. W should observe that in the Riemann sum, the Greek letter E indicates & sum; so
does the elongated 57, with Jl"u.ﬂ:dm the imegral sign. The lower and opper Limits of
integration. o and b, respectively. indicute the endpoints of the interval over which you sre
integrating. The dr in the inegral corresponds w the increment Ay in the Ricmann sum
amdd also indicates the varinble of integration. The letter uvsed for the varable of integration
{called a dumimy variable} is irrelevant since the valoe of the inicgral is a consiant pd ot
o function of & Here, f{x) is called the integrand.

S0, when will the limit defining a definite integral exist? Theorem 4.1 indicates that
many familizr fonctions are inlegrable.

i u
f flody = lim ¥ fle)Ax,
- =i

whenever the limit exisis und is the same for every choice of evaluation points.
OO ooy . When the Emit exists, we say that Fis imtegrable on [a, &)
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THEOREM 4.1
If f &= continuous on the closed interval [a b]. then is integrable on fa. &).

The prosaf of Theorem 4. 1 is too technical 1o include here. However, if you think about
the ares imerpreation of the definite integral, the result should seem plansible.

To calculate a definiie integral of an imegrable fupction, we have two options: if the
function is simple enough (say. o polynomial of degree 2 or less) we can symbolically
compate the limit of the Riemann sams. Otherwise, we can numerically compate a number
of Ricmann sums and approximaie the value of the kmit. We frequently use the Midpoint
Rule. which uses the midpoints as the evalustion points for the Riemonn sum.

EXAMPLE 4.1 A Midpoint Rule Approximation of a Definite Integral
Lise the Midpoint Rule to estimate %3001 — e")dx.

Solution The imegral gives the area under the corve indicated in Figere 113, (Note
thai this corresponds i the distance {allen by the sky diver in this section’s introduc-
tioen. § From the Midpoint Rule we have

Jruaﬂl — ey iﬂc.}m 2= 3ui“ 5 !.-.-.u'(ﬂ)_

H

=l dm i

F+- - -
where ¢, = % Using u CAS or o calculstor program. you can get the sequence of

uppruximmjm.i—fnunﬂ in the tccompanying table.
One remaining question i when o stop increasing n. In this case, we continued 1o
increzse p unil it seemed elesr thar 361 meters was a reasonshle spproximanion. =

Now, think carefully about the limit in Definition 4_1. How can we imerpret this limit
when fis both positive and negative on the interval [a, &]7 Notice that if fich =< 0, for some
i, then the height of the reciangle shosn in Figure 114 15 —fic ) and 5o,

e Ar = —Area of the ith rectonghe.
To see the effect this has on the sam. consider example 4.2,

EXAMPLE 4.2 A Rie?n.um Sum for a Function with Posithve
and Negative Values

For fix} = sin x on [0, 2x]. giwnnminm‘ptmﬁunaf!:qg Z_,I"I;r,lﬂ.r_

=]
Solution - For this illustration, we take ¢, o be the midpoint of [x,_;, x|, for
i=1.2 _._ . n lInFigure | 150 we see |0} rectangles constructed between the x-axis
and the corve v = flx).

={5

=1.0

FIGURE 1.15a
Ten rectangles
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The first five rectangles [where fic) > 0] lic above the r-axis sod have height fic.
The remaining five rectangles [where fie) < 0] e below the v-axis and have height
—flcd. So, hene

1]
E{ﬁr.'.i.-ir = [ Arca of rectangles nhove the s-axis)
= —{Ares of rectangles below the x-axes).
In Figures 1.15b and 1.15c, we show 20 and 40 rectangles, respectively, constructed in
the same way. From this, observe that
J_Elll E_ﬂc'.rﬂj = { Area above the 1-axis) — { Area below the v-axis),
=

which turns out 1o be zeno, in this case.

FIGURE 1.15c
Forly reclanghes.

More penemlly, we have the notion of signed area, which we now define.

DEFIMITION 4.2

Suppose that f{x) = 0 on the interval [a, &} and A, is the area bounded between the
curve v = fix) and the w-axis for a = x = b, Forther, sappose that () < 0 on the
intervald [f, of and A is the area bounded between the curve v = fix) and the r-axis
for b = x =< . The sipned area between ¥ = i) and the r-axis fore < v £ cis

Ay — Ay and the total area hetween v = f{x) and the v-axis fora <5 £ eis Ay + A
{Sec Fagare 1.16.)

Definition 4.2 suys that the signed area is the difference between any areas lying above
the r-axis and oy arcas lyving below the y-axis, while the tofal area is the sum total of
the area bounded between the curve v = fix) and the -axis.

Example 4.3 examines the general case where the integrand may be both positive and
negative on the interval of integration.

EXAMPLE 4.3 Relating Definite Integrals to Signed Area

Compuie the integrals: (=) ,.; *{r* — 2x)dlx and (b) ,E {2* — Zx)ely, and interpret each in
terms of area.

Solution Fimt, note that the imtegrand is continoows everywhere and so, it is also
infzgrable on any mierval. {(a) The definite iniegral s the limit of & sequence of
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Riemunn sums, where we can choose any evaluation poinis we wishe It is usually essi-
est it write ot the formula using right endpoines., as we do here. In this case.

_2—0_32
T m W
2
w:ﬂmhm'cl..._ﬂn_n.+m_;
3 x> XX
= I|_+.ﬂ.I=—+—=ﬂ
F ]

-
and =0 on. 'We then have :.=;-,=ﬁ_mﬂm Riemann sum K, is then
n

R.= Y fixdAv= ¥ixf — Zrpix

1=l i

=§I(%)2-1(%)I(§)=.i‘.(“f:f—?)(i)

=£:

H i=1 |-

_{ )mfu+lj-|‘1n-i-l} [E)n:ﬂ+]l N )
H= 2 —_— tam=
A+ 1H2a+ 1) a1 BnT+12nsd dn+d
2 - 3 n A n
fﬂ_ﬁ 10 15 1o . Taking the limit of &, 25 # — aa gives us the exact value of the integral:
t B+ 12n+4 dn+4Y B 4
fr,t*—lﬂ.ﬂ:]jm( s i Bl )=——4= i
l] - L il 3 3

&gra.g:lhul’_r:]‘z— 2y om the imerval [0, 2] is shown in Figure 117, Motice tha
since the fonction is always negative on the interval [0, 2], the integral is negative and
pguals — A where A is the area Iving between the v-axis and ihe curve.

(b} On the interval [0, 3], we have Ax =2 and &y =0, ¢, =5, + Ar=3,

3 3 32
.t;g=.u+1.‘|.r=—+—=E
noon i
FIGURE 1.17 -
vy=1"—2roa |0 2] and =0 oo. Using right-endpoint evaluation. we have ¢ = x; = —. This gives us the

Ricmuimn sum

r=Z[G)Y-(|C)-2C-5)EC)

27 g 18 &=
=szl.rz—ﬁr-ll
min+12Zn+ 1) 18ymin+ 1) . ) -
= {?}T — (F:I 3 Fieme Theasres I Liskl and (s
_HNat+liin+1) Watl)
= 2 - P

Taking the limit a5 n — oo gives us

=—— 3=

3
f :f—‘l:_hﬂ:Eg w4+ 132m + Ii_?ﬁﬂ+li]_ I8
i

I n

Oin ihve interval |ﬂ,2|,nﬂiﬂ:lluidxtm:_E:f—".Jli:sh:hwlln:-ujsmniﬂt
ares bownded between the curve and the y-axis is ; On the interval [2, 3], the curve lies
ahove the r-axis and sa, the integral of 0 on the inerval [0, 3] indicates that the signed
arcas have canceled oul one anodher. (See Figure 1.13 for a graph of v = x° — 2x on the
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v imberval [{L, 3]) Mote that this also says thai il sres under the corve on the interval [2, 3]
must be 3. You shouald aiso observe that the total area A bounded between y = a7 — 2y
o | and the ¥-axis is the sum of the two aress indicated in Figure LIS A=3+3=5 4 |

[
i

We can also interpret signed srea in terms of velocity and position. Suppose tu v
is the velocity function for on object moving back and forth along a straight lne. Notice
T that the velocity may be both positive and oegative. IF the velocity is positive on the inter-

witl [, 1] then _,If’-‘l{ﬂd.l gives the distance taveled (here, in the positive direction). 17
: =1 the velocity is negative on the interval ¢, 5], then the object is moving in the negative
i direction and the distance traveled (here, in the negative direction} is given by —Jlr“v{:hdi_
ol | Nnﬂmﬂlﬁirﬂtuhj:ﬂmmmingnﬁntﬂmﬂsnp&mﬁnt'ﬂﬂtnjrv{mﬂghﬁm
distance travebed in the positive direction minus the distance traveled incthe negative direc-
HE"L!;JE.L[‘:}'II tion_ That i, JI'n’ wrhdt corresponds 1o the overall chinge in position from start 1o finish.
¥ =x" — Ixdm [l

(]
i oo

EXAMPLE 4.4 Estimating Overall Change in Position

An object moving along a straight line has velociny function v = sin . I the object
starts at position (. detcrmine the teal distance raveled and the object’s position at
time § = 382,

v Solution  From the graph {see Figure 119}, notice that sind = 0 for 0 <7 < xrand
sim r= 0 for & < ¢ = 3272 The wial distonee raveled corresponds o the area of the
shaded regions in Figure 119, given by

r T e
A=J’r s.j.n.::.!.r—f Sinr i
1k x

You can use the Midpoint Rule to get the following Riemann soms:

o | Roe [*° sindr # | R.= [ sin e

[[}] 2 2 (1] — 1 AN

0 2120 0 — 1 0003
FIGURE 1.19 S 20003 3 — 1 000K}
y=sinrom o, 3] 100 20044 [ — ] M)

Observe thar the sums appear 1o be converging o 2 and — |, respectively, which we will
sockn e able 1o show are indesd correet. The 1al area bo