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Vectors

--Then »"Now
graders, you ised ® Represent aml aperste el
bigmnamety i vertors algetraicaily m the
solve inangies R : .

I'wo- and three-dmensional
COMmaE sysisms

Fimd thee mroection of one
VECTIN CaTia Smatner

Fimd cross products of weciors
in space and find volumes of
paraislpoeds

Fimd e dot products of and
sngies Detween vedors

o s e P S

) beuscng 34

ed of Space. fom Caloshun Chapser 11

water and air cureats. For ssample a vector can be wsed io delemine
the resultant speed and Grection of 3 keyvak that is fraveling
12.9 kilom=etérs ped Ivoui Bgmnsk a 4 B mele-per-hodr rves CmTient.

PREREAD Scan the |l2ssan titkes and Key Concegpt boess in
Chapter 1. Use this information 1o predict what yoia will feam i
this chagter
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Get Ready for the Chapter

GQuickCheck )

New\ocabulary

Find the distance bebwesn each given pair of poinks and the midpaint of
ihe segment conmecting the glven posnts. :
L4 -2.4 2 -53L-58

A9 i-1-% A -4 -1, (6. ~8)

Find the waiue of . Round 1o e nearesl tenth il necessary.

o
L

9, BALLOOM A bt alr balieon is being held in pace by bao pecple
helding ropes and standing 35 mebars aparl. The angle formed between
e growrsd and e nape leld by each pesan 5407 Dedermine me
ety o each rope to the peanest tenth af a mele:

Find ali salutions far the given triangle, I possible. I no solution exdsts,
waile no salutfan. Round skde lengihs b the peades] benth and anghe

measures to the neares] degree,
0 a=M10b=7"4="138" . a=15b=164="11"

o o="hb=BA=57 & oa=30b=MA=97

vecior

initial point
t=rminal point
standard position
directian
magnitude
guadirant bearing
trise beanng
paralls| veciorns
equivalent vectors
Dpposiie veciors
resultant

IErD YECior
component form
Lt wector

dot product
orthogonal
r-axis

DCtants

prdered tnple
cross product

triple scalar product

ReviewVocabulary

| scalar & quastity with magnRiste only

dilation a translormatan is which the granh ol 8 fundtion i compressed
or expanted vesticaly or hosizanially

Horizontaldilation



& ‘fou used
trigonametry io
salve trizngles.

NewVocabulary
vector

initiad perind

terminal paini

standard pasitan
deneclion

magaitude

guadrant bearing

Lruse beating

parallsd vechoes
equivalent veckors
opposite veolars
resLftant

triangle method
patalletagram methad
D wechar

oM panels:
reclangular compeanenis

4 | Lesson 141

] Reprasent and
operabe with vectoes

geometrcally. speed of the ball after it & kicked s

P —— ceriznly Empariznt, the drecton the
ball goes s iImportant as well. We can

amd resohe vectars 3
describe both of these factors using

Into thelr rectangular i !

R a sngle guantity called 2 vecior.

o A sucrcessful goal attempt i focthall
depends on several faciors, While the

Vectors Many physical quantities, such as spesd, can be completely described by a single real
number called a sculir. This mumber ndscates the maguitude or size of the guantity. A veclor 5 a

quantity that has both magnitude and direchion. The velocity of a ball is & vector that deseribes buth the

specd and dinection of the ball .

State whether each quantity described is a veclor quantity or a scaler quantity.

a. a boat braveling at 15 kilometers per hour
This quantity has & magnsede of 15 kilomeéters per hour, but no direction s given. Speed 5 a
scalar quantity.

b. ahiker walking 25 paces due west
vechor quankrty.
£ a person’s weight on a bathroom scale
gravity. {Acceberation due bo gravity i also a vector.)

* GuidedPractice

T 2 car traveling 6l kilometers per hour 157 cast of south
1B. a parachutist falling straight down at 2002 kilameters per hour
1€ & child pulling a sled with a force of 40 newtons

A vector can be represented geametrically by a derected line Le'mé:i:[?aml
segmment, or arrow diagram, that shows both magnitude L
and direction. Consider the directed line segment with an §

imitial point A fals known as the fml) and erminal poink §

{also knwen as the lead or Hp) shiovwn. This vector i denobed

h‘.&.ﬂ_l.ﬂ'l_ A initial poink

If & wvector has its imitial point at the origin, it is in standard o tail

position. The direckion of & visclor i the drected angle
bebween the vector and the horizontal line that could be used

to represent the poaitive raxis. The direction of 25 35,

The length of the lne segment represents, and is proportional o,
the magnitude of the vector. I the scale of the arrow disgram
for ais 1 em = 5 ftfs, then the magnitude of a, denoted [af, i

26 = 5 or 13 fieet per second.

Tem: 5 fiks

This quantity hus o magnitude of 35 paces and o direction of doe west. Thes directed distance isa

Weight is a veclor quantity that is caloulated using 2 person’s mass and the downward pull due 1o

Eopmighl O Mo i ] Bl ation Wi See-HiE di cation



The direction of 2 vector can abso be given as a bearing.

A quadrant bearing (o (the Greek letter pin) is a dinectional
measurement between 1 znd 90° east or west of the north-sooth
line The guadrant bearing of vector ¥ shown i< 357 east of south

or southeast, written S35°E

A brue bearing i a direcHonal measurement where the angle
StudyTip is measared clockiwise from north. True bearings ane alivays
Troe Buarieg Wieen:s dogree Enmuugﬂnr::&ﬁls&ﬂ,:dn‘:chmﬂ:ﬂmumsﬁ
mpasie b giwen without sy clockwise from north would be written as a true bearing of 0257

mdditional dieectonal components,

& = mazsumee bo be a troe bearing.

el Eamplea L L

Use a ruler and a protractor to draw an armow diagram for each quantity described. Include a scale

on each diagram.

a. a =20 fert per second at a bearing of 030" ]
Using a scale of 1 in: 10 ft/s, draw and label

a 2 = hor 2nch arrow at an angle of 34°
dlockwise from the north. « fl

W o Ui i

B. v =75 newlons of force at 140° fo the borizontal ¥
Lsing ascale of 1in : 25N, draw and label o
73 4+ B ox d-inch arrow tn standard posstion v
at 2 140° angle to the r-axis.

1imi 25N © x

€. 2= 30 miles per hour at a bearing of S60°W

Lsing ascabe of 14n @ 20 mih, draw and label
a30 + 20 or 1.5-inch arrow 87 west of south.

P GuidedPractice

2. b= 20 meters per second at a bearing of (45°
28. u =15 kilomesers per hour at o bearing of 525°E
2C. m = 6l newoms of force at 8407 o the horsontal

.,

WatchOut! In your pperations with vectors, vwou will need to be familiar with the follswing vector types.
Magnitude The magntude of
mwoctor can represent disiance, = Paralle]l vechors have the same or oppostle

spoed, or force. When 2 vecior fimecting bast Aok b thas avie
m:;ﬂ ragritade: In thie Bgare, & [ b & [ & | £ /b
| ek m » Bquivalent wrkins have the sme magnitude

and direction. In the figure, 8 = ¢ becanse they

d
_—
have: the same magnitude and direction. Motice 4
that a # b, since |af # |b|, and a # d. sincea
and d dio net have the same direction. / I
= Dpposite vechirs have the samie magnitode but

opposite direction. The vector opposite a is written
—&. In the figure, & = —a,



When two or more vectors are added, their sum is a singbe vector called the resoltant. The resultant
vector has the same effect & applving one vector after the other. Geometrically, the nsultant can be

frand using either the triangle method or the panallelogram methad

KeyConcept Finding Resultants

Triangle Method (Tip-to-Tail) Paralleipgram Method (Taik-1o-Tail)
To fcd e vessitan of a and b, To fied the resudtant of @ and b,
g b 3 b
EER] Tracsisie b sothat ] Tenesinte boso that the til
the-tni of b inoches of bicuthes the ik of a b
thetipof a a b
EFH compiete the parsiieiogram
EEH e resutmt s e Lk thart s @ and b a5 two of e
vecior from the il hssides
of o fa the Sp ol b. iy
h Th:pﬂ.ﬂ.ltl:.m:wdz
tha fomms the mdcated
dizgomal of fhe paraliriogram
\
. Real-World Example 3 .
ORIENTEERING In an ori ing conypetition, Tia walks N50°E for 120 meters and then walks
B0 meters due east. How far and at what quadrant bearing s Tia from her starting position?
Let p = walking 120 meters N50°E and g = walking N M
80 meters due cast. Draw a dizgram ko represent p P
and q using a scale of 1 cm = 50 m. L1 34 o
- Lse a ruler and a protractor to draw a 120 = 50 or , —
st Ti 2 dcentimeter arrow 507 enst of north ko represent ﬂl E 9 16em E
udyTip P and an 30 + 50 or 1b-centimeter arrow due east
Bezuitants Tho parsisiogrem 10 mepresent g Tem:50m
meed munt be repeated in onddr
{o fimd the resutiam of meee thas i et st 7 I
tanrvectars. The isngie meshod, b elogram Method
hoverver, i eatier 1o use when Translabe q 5o that #ts tail touches the Bp Translate q 50 that its tail wwches the tail of p.
Mg el il i of p. Then draw the resultant vector p + g Then comphete the paralledogram and deaw the
Iﬂlmfmhm.ltﬁpﬂﬂ a8 b, diagonal, resultant p + g as shawn
the mitial pomd of subseqgumt
weciors al the termisal pont of the § P——
TS VecRDr
i
[ ]
p+q
Both methods e the same resoltant vecbor

the angle this vector makes with the north-south fin
as shivwm,

The vectoe's hength of
repredents 3.7 % 50 or 185 meters, Therefore, Tia s
apprenamately 185 feet at a bearing of 66" st of
north or Mee'E from her starting position.

6 | Leazon 141 | Introduction to Veciors

P+ g Measure the lengthof p 4+ g and then measure

1.7 centimeters

1em:50m

Copwighl © Mol ne Hil| Bdie ation
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StudyTip
Parailel Yectors with Same
Dvection T add twa o mare
pariel veciors with the sace
direciion, add Sweir magnitedes.
The resukant has the same
direction &= the criginal vectors.
[] L]
3mis 2mis

a+b
S miy

P GuidedPractice

Find the resultant of each pair of vectors using either the triangle or parallelogram method,
> State the magnitude of the resultant to the nearest centimeter and its direction relative to

dk A

3C. PINBALL A pinball is struck by flipper and is 2ent 310 at a velocity of 7 centimeters per second.
The ball then bounces off of a bumper and heads 055 at a velocity of 4 centimeters per secomnd,
L Find the resubting direction and velocity of the pinball.

W

When}uunddhmnppmifwmllmmmlum is the Ben vechor
or ull vector, denated by O or 0, which has a magnitude of 0 and .
no specific dirsction. Subtracting vectors is similar to subtraction
with integers. To find p — q. add the opposite of g to p. That is, —a
F_‘I=F+‘_‘I:' .-|--|—':I-'

A vector can alss be multiplied by a scalas.

KeyConcept Mulliplying Vectors by a Scalar

ff 8 vocior v 15 mulbplied by areal number scalar i, the soalnr mukiple kv bos a magnitode of |&] (] s direchon s
determined by the sige of ic

® Bk = 0. kv has the same dinection ss v
& M i< {0, v has the oppoxie deechion v

Dﬂ#rlﬂlﬁdilgﬂﬂﬂk*—%!. 1
Reverite the expression s the addition of two 1.':1:I|:|n'.3nt—%r=

wechon with opposie deections,
{ind e absoluie voloe of the
ditference in feir magnitsdes.
The resulant hms the same
direcfion =5 the wector with e
greater magnisde:

£
—_—

Ty
ohd d
—-—
Iyd Ay

x4+ {—%:f} To represient g, draw a vector 3 toes a8 bong as % in the samae
direction as x (Fggure 11.1). To represent —%r. draw a vector %H’u:h'qgﬂ'l

of ¥ in the opposite direction from ¥ (Figueee 11.2), Then wse the triangle
method to draw the resultant vector (Figure 1.1.3).

Figur= 111 Figure 11.2
P GuidedPractice
Diraw a vector diagram of each expression.
- A a-c+2b 4B, m - -11:

als




Vector Applications Vector addition and trigonometry can be wsed b solve vector problems
involving triangles which are often obligue.
In navagation, a beading is the direction in which a vessel, such as an airplane or boat, is steered o
owercome sther forces, soch as wind or curnent. The refnie seloaty of the vesssl is the resuliant when
the heading velocity and other forces are combined,

Real-World Exaimiple S

AVIATION An adrplane is flving with an sirspeed of 310 knots en a heading of 050°. If 2 78-knot wind
is blowing fram a true heading of 1257, determine the speed and direction of the plane relative o
the grovwnd.
f Draw a diagram to represent the hesding and wind velocities (Figure 1.1.4). Translate the
StudyTip wind vector as shown in Figore 1.1.5, and wse the triangle method to obtain the resultant
% i mmmthgwfphrf'iwlﬁtﬂy&hﬂwmﬂemw&ﬂmm
transiztion of the tad of the wid (Figure 1.1.6], ¥ = 125° — 50" ar 75"
werior o the g of the wecor
representing the plane's feadmg H #H bt
rodoces bwn parsllel veckors cul
bry & romorersal. Sinor alteraie Minats
wieror angies of two pamiel ¥
finrs cut by n tansersal are 8
congrue, the angles made by IR
these two vecton in both places 4
i Fageere 115 hayvn the samo 1;1 SHFknoty
A e
% A
Figure 11.4 Figure 115 Figure 116
L:::Iltel_:u.'niﬂmghﬁlﬂhLlitphne’::pued dative to the g d
f=a + b~ Jubeos g Law of € psirees
bgl? = 782 & 310% ~ ATHHANO) com 75 =gl e=T, 6 =11, and 7=T%
h:] = "HH:"H': 4+ 310% — 2(THNEUN cos 737 Takn tho poutse amuare coot of cach Tde
=g L™
The ground speed of the plans iz about 299.4 knots.
] The ing of the resultant g is el #, as shown in B 115
To find &, first calculate o using the Law of Smes.
.-.:.,.=m:1 Lawe o S
% = % = jgf or 2394 o=T8 aod 5= 15"
=in k= % Salve forwin a
ﬂ=m_1% Apphy the meurse zinp tunciom
= 146 iy
r The measure of #is 507 — o, which is 30° = W& ar 3547,
N B Therefore, the speed of the plane relative o the ground is about 2004 knots at
Wind Direction in Example 5, abiout 035",
motice that e wind s Howing
{rorm s bearing of D157 aad th " I
rckr b dmmsomugtpel | P GuidedPractice
:rfmﬂ; £ SWIMMING Al rows doe east at o speed of 3.5 feet per second across o river directly foward the
et Lk oF 25 opposite bank At the same tme, the current of the river is carrying him doe south at a rate of
e o e 2 fewt per second. Find Ali's speed and direction relative bo the shore.
'Lmthnlhl.l.h. )

8 | Leason 141 | Introduction o Vectors
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Twoior moee vectors with o suom that 15 a vector ©
are called components of r. While components
can have any direction, it 15 often usehd to
express or résafte a vector by bwo perpendicular

components. The rectangular components
of a vector are horizontal and vertical.

In the diagram, the force rexerted to pull the
wagon can be thought of as the sum of a
horizontal component foree x that moves the
wiagon forward and a vertical component foree ¥
that pulls the wagon wpwand.

Real-WorldLink

It talees & foroe of about

3 newlom 1o fip & light wwitch.
The fmoe due Jo grvily oo a

person B obout G0 newsons. The

fiorre enerhert by & weightiftes is
wbout 2000 mewions.

Seurts: Convemporary Colegs
Pypais

J

¥ mages

Turm

Real-World Example &

LAWN CARE Hala is pushing the handle of 2 lawn mower
with a farce of 450 newtons at an angle of 56° with the

ground.

a. Draw a disgram that shows the resolution of the force :
that Hala exerts into its rectangular components. ol

450N

Hala's push can be resolved o a borscontal push x forward and a vertical push y downward
as shawm.

b. Find the magnitodes of the horizantal and vertical components of the fonce.

The hasrtzontal and vertical componients of the force form a right triangle, Use the sine or cosing
ratics to find the magnitude of each fore.

oos 58" = % Hight trmmgle definitions of come s Tmn sin 5h = %
|xf = 450 oo 567 Silve fior w amd |¥] = 450 sin 56°
|xd = 253 it & cairulmoe fw| = 373

The magmnitude of the harsontal component is about 252 newtons, and the magnitude of the
vertical component is about 373 newtons.
’ GuidedPractice

6. FOOTBALL A plawver kicks a foothall so that it beaves the ground with a vehocity of 44 feet per
second at an angle of 33° with the groond.

m——

A Draw a diagram that shows the reselotson of this force inko its rectangular components.
B. Find the magnitude of the horzontal and vertical components of the velocity:




Exercises

State whether each quantity described is 2 vecior quantity ara
senlir quantiby. (S

1. a box being pushed with a force of 125 mewtons

wind Blowing at 20 knots

2 deer runining 15 meters per sevond due west

2 baseball thrown with a speed of B5 miles per hour

2 3 T5-kilogram stone hanging from a rope

a rock thrown straight wp ab a velocity of 50 feet per second

I

Use a ruler and a protracter to draw an areow diagram for each
guantity described. Include a scale on each diagram,

h = 13 centimeters per second at a bearng of 205"
g = b kalometers per bour at a bearng of X70°W
j = 5 meters per munite at HNF o the horzontal
k = 8 kiksmieters at 337 to the horizondal

m = 4} meters af a bearing of S55°E

n = 32 meter per second st o bearing of 0340

F 22w p

Find the resultant of each pair of vectors using either the
triangle or parallelogram method. State the magnitode of the
resuliant to the nearest tenth of 3 centimeber and its direction
relative to the horizontal. - !

i///

N

19, GOLF While plaving a golf vedeo game, Ornar hits a ball 35°
above the horceontal at a speed of 64.4-kiloawter per liour
with a & kilometers per hour wind blowing, as shown. Find
the resulting speed and direction of the ball.

10 | Lesson 11

Introdaction to Vectors

20. BOATING A charter boat leaves port on a heading of
Mb0'W for 12 naotical miles. The captain changes course
toa bearing of N253°E for the next 15 nautical miles.
Determine the ship's distance and directson from part

to its corrent localion, -

2. HIKING Maren and Avoub hiked 3.75 kilometers to a lake
35" vast of south from thesr campeite. Then they hiked
33" west of north to the nature center 5.6 kilometers from
the lake. Where B the nature cenber in relation to their

comprEate? (Eaamg
Determine the magnitude and direction of the resultant of each
vechor suom. oo i

22 18 newtons directly forward and then 20 newtons
directly backward

K meters duoe north and then 350 meters dioe soath

10 kibogrram of force a1 a bearing of 025° and then
15 kilmgrams of farce at a bearimg of 045

17 kilometers east and then 16 kikimeters south

BB oBEoH

15 meters per sevond squared ot 2 60° angle to the
horimental and then 9.8 meters per second squarned
dowrmwvard

Use the set of vectars to draw a vector dizgram of each

expreasion, e 4
m \
n
nif—
3
7. m - In H.H—Em
I 4
3L p+In—m 31—;:-.+F—.'.‘.n

33 _'in—-}p+n 3-ln—Jn+%p

35, AUMMING A runner's resuliant velocity s 8 mikes pes hour
chie wiest runming with 2 wind of 3 miles per hour N2EW.
What is the runmer’s speed, to the nearest oile per hour,
without the effect of the wind? o

36. GLIDING A plider is traveling at an air speed of 15 kilometers
per hour due west. If the wind s blowimg at 5 kilometers per
hour 11 the direction NolrE, what 1= the resabting ground
speed of the glider?

F7. CURRENT Sally is swimming due west at a rabe of 1.5 meters
per second. A strong current & fowing S20°E at a rake of
1 meter per second. Find Sally's resulting speed and
direction. Ters

Copwighl © Mol ne Hil| Bdie ation
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Draw a diagram that shows the resolution of each vectar nto

its rectanguiar components. Then find the magnitudes of the
vector's horizontal and vertical components. (£

8.
30
L1
41

i

3% centmmétirs at 310° ko the horizental

1.5 centimeters at o bearing of N4AYE

3.2 centimeters per hour at a bearing of $78°W
—3- centimeter per minute ot a bearing of 255

AMERICAN FOOTEALL For a fickd goal attempt, a ball is kicked
with the velocity shown in the disgram befow.

& Dmaw a diasgram thal shows the resodution of this force
indir ifs rectangular components.

b. Find the magnitudes of the horteontal and verbical
cumponients. i

CLEANING A push broom & pushed with a force of 19 newltons
at an angle ol 33" with the ground, i

a. Draw a diagram that shows the resolution of this
force indo its rectangular components,
b, Find the magnitudes of the horizontal and vertical

comporninds

GARDENING Rana and Sally are pulling a wagon full of
plants. Each person pulls on the wagon with equal force at
an angle of 307 with the axis of the wagon. The resultant
force ia 120 neswboms.

Hiw much force & each person exerting?

U each person exerts a force of 75 newdons, what is the
resultant foree?

How wall the resubtant force be affected if Rana and Sally
move closes together?

The magnitwde and true bearings of three forces acting on
an object are given. Find the magnitude and direction of the
resultant of these foroes.

45,
a6,

47

48.

50 kg at 37, B0 kg at 125, and 100 kg at 220

B newtons at 300°, 12 newtons at 457, and & newtons
at 1241°

18 kg at TWF, 3 kg at P, and 7 kg at 3X)

DRIVING Yasmin's school is on a direct path three kilometers
fromm hver howss. She drves om bevo different streets on

her way e school. She traveds at an angle of 20.49° with

the path on the first street and then turns 45.4° onte the
second street

8. How far does Yasmin drive onm the first street?

b How far does she drive on the second street?

& I it takes her 10 minutes & get to school and she
averages 25 kilomieters per hour on the Frst street,

whiat speed does Yasmin average after she turns onboe
the second strest?

SLEDDING Hamad s pulling his sister on a sied. The
direction of his resultant fiorce & 317, and the horizontal
component of the force is 86 newtons:

&. What 1 the vertical cosmponent of the foree?

b What is the magnitude of the resaltant fsce?

oY MULTIPLE REPRESENTATIONS In this problem, you will

srvestigate mmudtiplication of a vector by a scalar.

B GRAPHICAL O o cocerdimate plane, drew a vector a
50 that the tail is kocated at thi origin. Choose a value
fur a scalar k. Then dranw the vector that resalis if
voo multiply the original vector by k on the same
eoordimate plane. Hepeat the process for four
additional veckors b, ¢, d, and &. Use the same value

fuw k each time.

b. TABULAR Copy and complete the table below for each
vector that you drew in part a.

Terminad Poim
of Wescter = &

Termimai Poim

Vector
o Mescimr

c. AMALYTICAL [f the terminal point of & vector a is located
ak the paint (3, b, what is the lecation of the terminal
point of the vector ka?



An equaitbrant vector is the opposite af a resolbant vector. It
batanees a combination af vechrs soch that the sum of the
vecknrs and the is the zera vector. The equilibrant
vechor of a + bis —la + bl

'\_‘.\
LY
LS

—la¥b

Find the magnitude and direction of the equilibrant vector for
each set of vectors.
L a =15 kilometers per hour at a bearing of 125°

b = 12 kilometers per hour at a bearing of (M5
62, a= 4 metersat a bearing of NIOW

b = & meters at a bearing of NXE
Bd a= 13 meters per second at o bearing of 2057

b = 16 meters per second al a bearing of 345

Sd. MAGNITUDE A round objert is suspended from a ceiling by
two wires of equal kength as shown,

15" 15*

12 hy

& Draw a vector disgram of the shuation that indicates that
two bemsion vectors Ty and T, with equal magnstude are
keeping the object stationary or at equilibrivm.

b. Redraw the diagram using the trangle method to find
T, +T,

& Use vour diagram from part b and the Fact that the
equilsbrant of the resultant Ty 4 Ty and the vector
representing the weight of the object are equivalent
vertors bo cabeulate the magnitodes of T, and T,

S5. CABLE SUPPORT Two cables with tensions Ty and T
are tied together o support a 2500-kilogram load at

equilibrivm.

2. Write expressions fo represent the hortrontal and vertscal
components of T, and T,

b. Given that the equilibrant of the resultant T, 4 T, and
the vector representing the weight of the load are
equivalent vectors, calealate the magmiudes of Ty and Ty
1o the nearest tenth of & kilogram

€ Use vour answers from parts 2 and b to find the
magnitwdes of the horizontal and vertical compoments of
T, and T o the nearest tenth of a kilogram.

12 | Lesson 141 | Introduction to Vectoss

Find the magnitude and direction of each vector given its vertical
and horizontal components and the range of values for the angle
direction @ to the horizontal.

86. hortontal: 0032 o, vertical: 2,38 em, 90 < @ < 180°
7. horizmomtal: 3.1 m, vertical: 4.2 m 0 < @ < 90

B8 hortmomtal: 2.6 om, wertical: 9.7 cm, 270" < i < 36
59, horimomtal: 29 m, vertical 18 m, 180" < @ < 27
Diraw any three vectons a, b, and ¢. Show geometrically that

each uf the following vector properties holds wsing these
veclom.

80. Commutative Propertv-a+ b=b 4+ a
Bl Associatie Property: fa+ bl +e=a+ (b+ ¢

B2 Destributive Propertv: ka4 b} =ka &+ kb, for k = 2 (L5,
and -2

H.O.T. Problems

s Higher-Order Thinking Skills

63. OPEN ENDED Consader a vector of 5 units directed
along the posibive r-axis. Resolve the veckor into two
perpendicular components i which no component is
hortmomtal or vertscal

64. BEASOMING Is it somefimues, afunys, or nerer possible to find
the som of two parallel vectors using the parallelogram
method? Explain your reasoming.

5. REASONING Why is it important to establish a commun
reference fur measuring the direction of a vector, for
exarmple, Irom the positive r-axs?

B66. CHALLEMGE The resultant of a + b i= equal to the resultant
of a = b [F the magnitude of a is 41, what is the magnitude
of bi

67. REASOMING Consider the statement [a] + (bl = [a + b
&. Express this statement osing words.
b Is thes statement troe or false? fustify vour answer.

GE. ERRCR AMALYSIS Mansour and MNasser are ﬁndirgﬂw
resuliant of vectors a and b ls either of them cornect?

Explain voner reasoning,

69. REASONING s it pussible for the sum of fwo vectors to equal
one of the vectors? Explain.

TO. WRITING N MATH Compare and cuntrast the parallelogram
and triangle methods of finding the resobtant of b or

muore vechors.

Copwighl © Mol ne Hil| Bdie ation
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Spiral Review

M. EKEBALL Suppose a kickball plaver kicks a ball ak a 32 angfe to the honzontal with an mitzal
speed of 20 meters per second. How far avway will the ball land?

T Graph (1) 4 ' — 5 =1 if #t has been rotated 45" from 83 position in the y-plane.

Write an equation for a eircle that satisfies each set of conditions. Then graph the drele.

73, center at (4, 5), radins 4

Td. center ak (1, —d), dismseter 7

Dietermine the equation of and graph the parabola with the given foces F and verbex 1

TS R Ak W2 3

TI. CRAFTS

e A5, Vi-7.5)

Majed i selling wood carvings. He sells large statues for $60, docks for $40.

dollhouse Areniture for 525, and chess pisces for 35, He takes the following mumber
of ibemes bo the fair 12 large statues, 25 clocks, 45 paeces of dalliwouse furniture, and

50 chess pisces,

& Write an invenbory matri for the number of each ibem and a cost matrix for the

price of each item.
b. Find Majed's total income if be sells all of the items,

Solve each equation for all values of 1.

T dsmreosy—2smr=1

- b
M. sing— 2o 5=-1

Skills Review for Standardized Tests

BO. SAT/ACT If towm A is 12 kilometers from town B and
lewn s 18 kilommeters from towwn A, then which of
the followeng camrsd be the distance from fown B to

o 7
A Skm D 12km
B Tkm E 185 km
C Ikm

Bl A remaote control sirplane feéw along an indtial path of
32 to the horizontal at a velocity of 48 feet per second as
shuiwn. Which of the following represent the magnibudes
of the horizontal and vertical cemponents of the
velocity?

H 56.6ft/s, Wb fi/'s
I 906 ft/s, 56.6 ftfs

F 254 fifs, 407 fi/s
G 0T fitfs, 254 By's

L

BZ. REVIEW Tl'i..n'w;]lf ABC has vertices A(—4, X}, Bl—d4, =3,
and (3, =3} After a dilaton, triangle AR has
vertices AT—12, 6), 8{—12, =9, and C19, -] How
many timies as great is the anea of AAB'C than the
area of HARCT

1

AE C3

1
E 5 i
B3. REVEEW Halima is drawing a map of her neighborhood.
Her house is represented by quadrilateral ARCD with
vertices A{2, 2], {6, 2), 06, &), and [X2, 6} She wants o
use the same coordinate system to make another map

that is one half the size of the original map. What could
e the new vertices of Halima's house?

F AT, 0, 892, 1), C'(3. 3), Y0, 3)
G AT, B0, 1), O, 5, D90, 2
HATL 1), B3, 1), CR, 35, DL 3

} ATL 2 B3, 00, C2, 2, DY, 5
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& You performed

dr weiroes.

] fepresent and operate
vecior operations with vectors in the an airplane. Whie pilots can use scale drawings 1o
using scals coordnzte plane. determing the heading & plane should take 1o comedt

Wite 3 vecior as a Enear
combination of wnit vedtors.

Vectors in the Coordinate Plane

& Wind can impact the ground speed and directicn of

for wind, these caoulathons. are mare commanty
calcdated wsang wectors in the coordnate plane. !

G

-

NewVocabulary
oompanest form

uril wector

limear combinatsan

14 | Lesson 12

Vectors in the Coordinate Plane In Lesson 1-1, you found the magnitude and direction

of the resultant of bao or mere forces geometrically by wsing a scale drawing. Since drawings can
I inaccurate, an algebraic approach using a rectangular coordinate system is nesded for situations
whers more accuracy B reguired or where the system of vectors is comples.
A vector OF in standard position an a rectangular coordinate system {as in Figure 1.2.1) can be
uniguely described by the conrdimates of its terminal peing Pix, y). We denote OF on the coordinate
plane by (x. v}. Motice that ¥ and i are the rectangular components af O Feir this resson, (x, y) i
called the component form of a vector.

¥ Sk
Piz. ) L7 2
3
lig +
7 14
i¥ 12
r: (o] i -="'-l;-
X x 3
Figure 1.21 Figure 1.2.2

Since vectors with the same magnitude and direction sre equivalent, mamy vectors can be represented
by the same coordinates. For example, vectors p, L ¥, and win Figure 1.2.2 are ogiooelent becanse each
can be denoted as (3, 2} To find the companent furm of 2 vector that is not m standard poesiticon, you
can use the coondinates of its mitial and terminal pains.

HKeyConcept Component Form of a Viector

The companens sorm of aveciar A8 with initis pons
Ay, iy amed teweminal poim By, ¥yl i gven by

tra—xup— b

Fludihzml‘m‘md.ﬁnﬂmiﬁd point A{—=d, 2} and terminal point B{3, <5).

AR = s =2y We = Wy)
= {3 - [—4),-5—-2) 1=t~ and Sy
={7.-7
P GuidedPractice
Find the companent form of AF with the given initial and terminal points.
1 Af=2, =71, Bia, 1) 16, A0, 8], B{—4%, -3

Mol i Edic ation & T Yelatb Sy
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Norm The megeitude of § vector
i1+ sometmes calied the norr
of the vedee

StudyTip

Chseck Semphically A geaphecal
chec of Exempie 32 =ing the
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=]
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S

The magnitsde of 2 vector m the coordinate plane is found by asmg the Distance Formuda.

KeyConcept Magnitude of a Vector in the Coordinate Plane

if vz 2 wector with imitis point {x, ;] and termins pond
{3, Fol Beem The magniude of wis gves by

= 'I'F‘J_Il":"'?:_ﬂj'

# v e o companens foem of {a, B}, then |v] = Ya® + &

Find the magnitude of A1 with initial point A(—4, 2) and terminal point B3, —5).

[7E] = Virs = 1) + (y2 — 1)
=E- IR+ -5 -2
= 488 or about 5.9

Dyutancy Freemsm

b ¥ =4, 2innd LR L —ny

CmpEty.
CHECK From Example 1, vou know that AB = {7, —7). [A8] =7 + (=71 or VI v
P GuidedPractice
Find the magnitude of 75 with the given initial and terminal points.
A A2, =7, Bip. 1) 2B AfD, &), -9, -3

b

Addition, subtraction, and scalar multiplication of vectors in the coordinate plane is smilar to the same
operations with matrices.

Fu= [oy o) eed b = {By, by} are vecton and k is & scelar, thes the followeg are true.

Vectnr Addibon a+h=(o,+b, 0,+ 8}
Vector Subtracion  a—b={a,— &, 0, — b}
Seala Muliiplication k= Jho,, ko)
LN -

Find each of the following for w = {4, 1), y = {2, 5}, and » = [=3,0).
a w4y
why={=d 1) + (1 5)
= {=d + 2,1 45} or (-2 &}

Lormiture

‘Uecine addifinn

B z2=2y
F-2y=x+ (-2
= {=3, 0} + (=22, 5)
= (=30} + (=4, =10} or {=7, =10}

Erariie sl brarson . addthon
Cotrhiiin

Lol muittiphic ation and secior ssdman
P GuidedPractice

A dw+x 3B 3w 3 Iwtdy—z

e




Unit Vectors A vector that has augnitude of 1 wnit is called 2 anit vectar. B is sometimes
useful to describe a nonzen veckor ¥ as a scalar multiple of a unit vecter o with the same
directinn as v. To find u, dvede v by its magnitude [v].

l=l or i“i’

vl I«

Example 4 = 3 J g LE .

Find a unit vector u with the same direction as v = (=2, 3}.
o

u= F’r Uiniit weiny wiih e coee drecton e
23 Satrtute
s BEE o
Math HistoryLink :
Wilkamn Rowan Hamifton = ] 3} b =¥o" +5°
{ABOB-RBEL) fin ik Vi-2E+
murthemascan, Hamikon T
devcloped the theory of = ?—-I:—l Ay Simyriity
= lemions and pobimhed e
Lpchumes ovr Qunfermnns. Many i 3
B concepts af wectar sty =<__- - ) Srslar mustiodi radie
B thedr barses o this theory. Vi3 m
—<_J_""I'E ']—VI.E> SOGTm Ie OenTTEInInT
e, TE I 13 SOOI I OeTHITHTINIOS.
CHECK Since u is a scalar moktiple of ¥, i has the same direction a=v. Verify that
the magnibude of u s 1.
|II| - \{{_ EEE}_ + [:—J 13 5 Ceminnce Formula
A e af. t il
=Y e S
= \."‘]-:' or 1w Srmupitty.

P GuidedPractice
Find a unit vector with the same direction a5 the given vectar.
AA. w=[h, =2} AB. x = {—d, —H8}

WatchOut! Thie anit veeckirs in the direction of the positive r-ads and posstive y-axis are denoted by i = (1, 0)
Linit ¥ecior | Do not combese (e aric j = (i}, 1}, respectively (Figure 1.2.3). Vectors i and jare called shendard i oectors,
umit vecior | with the imaginary

memher i, n this et the enit ¥ YIE—
woctor iz denoled by n boid - 1= lab
monitalic letser L The imagemry
numbey iz denoied by & boid isfic L1 i IIr-"
|._-.'j i
N ENF x
Figure 1.2.3 Figure 1.2.4

These vectors can be used to express any vector v = (a, b} as ai 4 &) as shown in Figure 1.2.4.
v={a, & Cmempormmt form od

= {u, ) + (i &) Rewrite nx e 1= of fw woctor:

=a{l, 0 + k0, 1) Semturn

= ui + bj AR

16 | Lesson +2 | Mectors in the Cooedinate Plane
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StudyTip

Linit Vector From the stabement
thatw = {fu] cas & fv] sin #),

Il foliows Sl the und vecior m
the dieection of w ha She form

w=[lcosd §=mb|
| = {ioos i, min #},

The vector sum mi + & i called 2 linear cambination of the vectors §and .

Let DF be the vector with initial paint D(—2, 3) and terminal point E(4, 5). Write DE as a linear
combination of the vectars i and j.

First, find the component form of OF.
BE = (=T 9y = Wyl s e
={l-{-25-3) oy g = t—2. W amdl {5, i = 0. 5}
= {6, ) Simulily
Then rewnite the vector a3 a lnear combination of the standard wnit vectors.
OE = {6, 2 Commponent faam
= i + X} {o. b =oi+8

.- GuldedPractice

Let DE be the vector with the given initial and terminal points. Write DE s  linear
combination of the vectors i and §.

SA. Di—a, 00, B2, 5 BB. D{—3, —B), E-7.1)
A way to specify the direction of a vechor v = (a, b} is ¥ e, b
tor stote the direction angle # that v makes with the
positive s-axis, From Figure 125, it follows that ¥ e itiswid
|z

an be written in component form or as a finear
combination of i and j dsing the magnitude and

direction angle of the vector
v = (i k) Component fam
= {Iv] cos &, |v] sin &) Seemtibahon
= || fcus @l + vl (xin & Linrar comsttion of i amt

Example & i

Find the compunent form of the vector v with magnitude 10 and direction angle 1207,

v = {|v] cum d, |w| xin #) Compunent fuem ol v interms nf fy] and &

= (10 cos 120, T0 st 1207} fr} = 4 e 9= T

R

= {—5_ 5‘*@‘} Sy
CHECK Graphv = {—5, 5¥3) = (~5, 87). The measure of the 5,07 1]
angle v makes with the posibive f-aods is about 1201
as shown, and o] = V(=512 + (5v3 or 10. v ‘ﬁ‘
o
A
P GuidedPractice
Find the component form of v with the given magnitude and el Lx
direction angle.
H.H:g,ﬂ':lﬁ' “_lﬂ:lﬂ,ﬂ:m

L%
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-
i

Figure 1.2.7

It also follows from Figure 1.2.5 on the previoos page that the divection angls @ of vector v = {g, i} can
i A

be found by solving Mu@mmtmﬁnnmﬁ:%ﬂrmﬁ::.

Example® 1"

Find the direction angle of each vector fo the nearest tenth of 2 degree.
B p=3i+ T b or= (d, =5}
tan @ = % Duechnn angle squates tan # = ; [hrechion angie eoastoe
Ln.n!':-; p=3mis=T m#:% p=4aml 5=—5
#=tan™! § Eohvr for # #=tan! [—%} Solvw for i,
i# = hib 4 U clrudohes &= =517 L=e 5 cloointor
50, the direction angle of vector p is Since rlies in Quadrant [V as shown in
about 678 as shewn m Figare 1L.26. Figure 1.2.7, # =360 + (—51.3) or 308.7.
P GuidedPractice
M —6i+ % 7. (-3, -8)

Real-World Examiple 8 i

FOOTEALL A goalkeeper running forward at 5 meters
per second throws a ball with a velocity of 25 meters
per second at an angle of 40° with the horizontal. What
is the resultant speed and direction of the pass?

Since the goalkeeper moves straight forward, the
form of kis velovity vy is (3, 0). Lse the
mgnitude and direction of the ball’s velocity v, to

write this vector in component form,
Wy = {“hz{ cus @, |, sin i& Compument formal v
= {25 cos A, 35 sin 40°) ¥of = 3% and §= 40
= {192, 16y Simpdify,
Add the algebraic vecton representing v, and v, to find
the resultant veloctty, veotor r.
=¥y + ¥y Rrsubant werts
= {5, 0% 4+ {19-2, 161} Subritirtios
= {242,161} Werier Additon U‘i ¥y x
The magnitude of this resultant is |r] = V242" + 1617 or Notp- ot emer apdchle,

about 291 Next find the resultant divection angle 8.

lis 1 ]
tan @ = b = wharm (. Bh=(2 7 #51)

#=tan %urabuulilﬁ' fhe for @

Therefore, the reseltant velocity of the pass is aboot 291 meters per second at an angle of about
338" with the horizontal.
b GuidedPractice

B. FOOTBALL What wiseld the resultant velocaty of the ball be if the gratkeeper made the same pass
running 5 meters per secend backward?

1B | Lesson 2 | VMectors in the Coordinate Plane
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Find the compunent form and magnitude of A5 with the given
initial and terminal points.
1 A{-3.1), B 5 2. A{2, =7), B(-6.9)
3 A0 =71 B3, =5) & A[=2.T7), B—-9 -1}
B A5, —d]; 8 -2} B. “A[=2, b}, B{1, T}

7

Af2.5, —3), Bj—4, 1.5)
Alz~9).ols.3)

Find each of the following for £ = (8, 0), g = {—3, —5), and
h = {—#&, 2}. giie 1

B A{—4.3. L&), B(9d, =82

0. .4.|:9_-, - i;] Bi—1,7)

A

w

n idh—g 1 4+ Zh

1B 3p-%+h W MH+gp—h

% F—2g—2h 1. h—dF+5g

17 dg -3 +h 8. &h 4 5F- g

8. PHYSICS In physics, foroe diagrams are used to show the
effects of all the different furces acting upon an object. The
following force diagram coubd represent the forces acting
upon a child sliding diown a slade.

recmrial force

friction

& Using the blue dot representing the child as the origin,
expris each force as a vector in component firm.
b. Find the component form of the resudtant vector

representing the force that cotses the child to move
down the shide.

Find a unit vector u with the same direction as v. |

M0, v={-27) . ow={9 -3}
22 v={-8, -3 3 w=1{h3)
2w = (=2, 25 w= (-1 -5}
% v=(L7) 2% w= {3 —4)

Let IF be the vectar with the given initial and terminal
points, Write DE as a Bnear combination of the vectors §
and §. Exrmo

ZB. Did, 1), EG, =73
30. D3, 1), B2 —8)

. Di-3,-57), He, —8.1)

34, u{l% 3}. e, i]

2. D, -8, El-T 2
3. D{9.5, 1), B0, —73)
32 D—d, —&), B9, 5)

35 Di—31 15, B-3.15

36. COMMUTE To commute to school, Lamis leaves her house and
drres north om Al Masr Street for 2.4 kilometers. She tnms
left on Freedom Street for 31 kilometers and then turns right
an Hope Steeet for 3.8 kilomebers. Express Lamis" commube a5
a lingar combination of unil vectors fand §.

I7. ROWING Najat is rowing across a river at a speed of
5 kilometers per hour perpendicular to the shore. The

river has a current of 3 kilometers per hour heading
disnstrenm.

8. A what speed isshe traveling?
b Ar what angle is she traveling with respect to the
shiore?

Find the component form of © with the given magnitude and
direction angle.

. [v| =12, @0=al
40 v =6, 8 = 20
&2 fw| =28 8=27%

3 |v =4, 0=135
M v =16, 9=330"
43 v =15 8=135

Find the direction angle of each vector o the nearest tenth of
adegree. ! i

& 34 45. -2+ 5

46 Hi- 3 &L —di— 3§

a8 (-59) a9 (7.7}

BOL (-6, —4) 6. (3. —8)

62 SLEDDING Amno i puling a sled with a foree of 275 newtons

by holding its rope at a 538" angle. Her brother i going

to help by pushing the sted with a force of 320 newtons.
Determine the magnitude and direction of the total resslbant
force on the ded . |

ER Il

B3. MAVIGATION An airplane is traveling due st with a speed
off 600 mibes per hoor, The wind blows at BS miles per hous
at an angle of S59E. |!

]
M
I
I

i
I
b
i
I
]
]

8. Determing the speed of the airplane’s ight
b. Determine the angle of the airplane’s fight.



54, HEADING A pilet needs to plot a course that will result moa
velocity of 500 miles per hour in a directson of due wist I
the wind is blowing 100 miles per hoor from the directed
angle of T92°, find the direction and the speed the pilot
should set to achieve this resultant.

Muﬁﬁuﬁmﬁﬁmhmmm
pnmaqmdlefn,pmulhﬂﬂBumHﬂ,

mphhwh_-r:ﬂ_

65, A3 5), B, 9, O—4, —d). -2, 0)

56, Al—4, -5, Bi—8 1), O3, -3 ML Oy

S% A, —3). B0, —10), G118, D1, 1)

S8. RAFTING Hana's family s rafting across a river.
Suppose that they are on o stretch of the river that is
150 mieters wide, § south & a rate of L0 meter
per second. In still water, their raft travels 5.0 meters
per second.

8. What is the speed of the rafi?

b. How far downrives will the caft band?

& How kong does it take them to travel fram one bank
1 the other if they head direcHy across the river?

69, MAVIGATION A jetis ﬂ:.lmgwiﬂ‘lﬂ.n air speed of 480 miles
per hoor at a bearing of NE2'E. Becamse of the wind, the
ground speed of the plane & 518 miles per hour at a bearing
of NT9E

8. Draw a diagram to represent the sitwabion.
B. What are the spead and direction of the wind?
e. If the piot incressed the air speed of the plane to

300 miles per howr, what would be the resulting ground
speed and direction of the plane?

B0. TRAMSLATIONS You can translate a figure along a translation
vectar (@, b) by adding a to each rcoordinate and b bo each

yrouwrdinate. Consider the triangles shown bebow.

8. Describe the translation from AFGH o AFGH using
a ramslation vecior,

b. Graph AFGH and its translated image A G HT along
(=3, —a).

£ Describe the translation from A FGH to AFGH" uang a
translation vector.

L1

Given the mitial point and magnitude of each vector, determine
a pussible terminal paint af the vecthor.

BL (-1 4 VI 62 (—3, =7 1
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63. CAMERA A video camera that kollows the sction at a
sparting event is supported by three wires. The tension
in each wine can be modeled by a vector.

&. Find the component form of sach vector
b Find the component form of the resultant vecior acting,

o ke camera,

£ Find the magnitude and direction of the resabting force.

64 FORCE A boxis stationary on a ramp. Both gravity g and
friction are exerted on the box. The components of gravity
are shown m the disgram. What mast be true of the force of
friction for this scenario to be possible?

H.O.T. Problems ke Higher-Oedér Thinking Skills

65, REASONING If veciors a and b are parallel, write a vector
exquation relating 2 and b.

B6. CHALLEMGE To pusll luggage, Ahmed
exerts a force of 150 neswtons at an
angle of S with the horisontal.

1 thee resuitant foroe on the luggage
is 72 mewtons at an angle of 567
with the horizonial, what is the
magnitude of the resultant of

.E:i,"“ .ﬂﬂ.d F"""E'E"?

6. REASONING If given the mitial point of a vector and its
magnitude, discribe the locus of puints that represent
pussible locatsons for the terminal point

BB, WRITING IH MATH Explain how to find the direction angle of
a vecter in the foarth quadrant.

69. CHALLEMGE The direction angle of (x, y} i (4y)". Fnd xin

terms af y.

PROOF Frove each veclor property. Leta = {x;, w ), b= {,, w,),
and £ = (x5, 43}

T a+b=h+a

T a+bi+c=a+b+ch

T2 kia+ b) =ka+ kb, where k ix a sealar
T [ka| = k| |a], where k is & scabar

Copwighl © Mol ne Hil| Bdie ation
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Spiral Review

T4 TO¥S Fahd is pulling a foy by exerting a force of 15 newtons on a siring attached to

the oy

& The string makes an angle of 527 with the Ooor. Find the horisontal and vertical

components of Lhe foree.

b. If Fahd mises the string so that it makes a 78" angle with the floor, what are the
magnitsdis of the horzontal and vertical components of the force?

Wirite each pair of parametric equations in rectangular form.
™ oy=F+2r=3%-5

T8. UMEBRELLAS A beach umbrells has an arch in the shape of a parabola,
Write an eguation o todel the arch, assoming that the origin and the
verbex are at the point whene the pole and the canopy of the umbrells

meet. Express v in térms of ©.

Decompose each expression into partial fractions.
-1 Tt 4+ lHr—1
Tz —8  —tr+ 3
Veerify each identity.
B2 sim @+ 18} = —sin ¥
Express each logarithm in terms of In 3 and In 7.
B& [n 189 B5 In5d

Find each fic) using symthetic substibution.
BB fl=f"— 9! + 127 — 16" + 8x 4+ M;c =6

Skills Review for Standardized Tests

80. SATIACT Ui PR = KS, what i the area of triangle FES?

R
/\.
P i 5
A T C 18T E 363
B 9T D 18T

91. REMIEW Falch has made a game for his vounger sister's
gradisation celebration. The plaving board is a cirche
divided evenly info # sectors. B the circbe has a radius
of 18 centimeters, what i the approximate anea of one
of the swetors? H
E 4cm®

- )
G 32em-

H 127 em®
J 254 em®

7 oy=F-51=2+8

Ly="ha=F-=1

L i (604 @)+ s {0 = R =vIcmd

9

BB. Ind41 : 18 EHE

B9, firj =6y —12r' 4+ ' - 2’ + M — 8=

82, Paramedics lbrahim and lsmaif are moving a person
ot a siretcher. [brahim is pushing the siretcher from
behind with a foree of 135 newions at 58" with the
harizontal, while lemadl is pulling the strétcher from
the fronk with a force of 21 newbons at 437 with the
herrizontal. What i the magnitode of the horizontal
force exerted on the stretcher?

A 1M newtons C 20 newtons

B 26 newtons D 36 newhons

93, REVIEW Find the center and radivs of the cincle with
equakion {r—4)% + = — 16 =L
F Cl—4, 0p: r= 4 units
G Cil—4, 0); r= 16 units
H Ci4, 00; r = 4 units
1 €l 0 r = 16 omiks




Dot Products and Vector Projections

:*Why?

& You found the ] Find the dot product of two @ The woed wovk hias different meanings in everyday ie,
magnédudes of wechods, and use the dot bt in physics, i defimtion s wery specific. Wark & the
and operated with product bo find the angle magnitude of 3 fprce appled to an object mulsplied by
algebraic vectors. between them. the distance through which the cbject moves paraliel SEesS

1o this appéed force, Work, such as that dane 1o push

Fiad the o} = one a rar a spacific dstance, can also be caloulated using

wactor oato another 5
a vector operation called a ool produc.

- —
Dot Product In Leswn 1-3, vois stuchied the vechor operations
Hﬂ'wunfﬂb‘UIaw of vecior addition and scalar multiplication. In thes ksson, yoo Bib |
ol product will wse a third vector opermein, Consider fwo perpendicular B
ofthaganal vectors in standard position 2 and b. Let BA be the vecior between -
vector projeciion thitr terminal points 2 shown in the Ggure. By the Pythagorean ]
wiork Theonem, we koow that
B = |aj> + B} Y Al
Uiy the disfinition of the magnitude of 2 vector, we can fmd |Itr.-4-'|:
|H'.-’.‘|=1,,lr|.|,—r;:;3'_+ iy = by ? s Feriar magtcs
B = (e, — b + (2, — by}
(BA]" =, — 2a,b, + b2 4 0y7 = Dagh, + b,* ¢ spanit s5ch banomial squars
| 2 U PIC A DTS B N R T R 8 R ey ce—r—
BA = ja)® + [B4® — 2agb, + a,b) A g ]
| B = - B = +

Notsce that the expressions |af? + [bj2 and Ja|2 + |b|2 — 2{ak, + 2k} are equivalent of and ondy if
agly 4 ayky = O The expression ayby + a4k, is called the dot product of a and b, denoted a s band
read a3 @ daf b

KeyConcept Dot Product of Viectors in a Plane

The dof product of & = (o, oy} asd b= {by, B,) ndobmed mma«b=of, + o

Maokice that unfike vector addition and scalar multiptication, the dot 'pmdud ab fwo vechiors vields a
sealar, st a vector. As demuonstrated above, two noneero vectors are perpendicular if and ondy i
their dot product i 0. Two vectors with a dot product of 0 are said to be orthogonal

KeyConcept Orthogonal Vectors

The wectors a and b am ortbogona ifand caly fa«b =10,

Pl v U Bibiee didh b el rod TLZI AP

The ferms perperdicular and ertiogrud have essentially the same meaning, except when a or b i the séro
vector. The #ero vector is arthogonal to any vector 2, sinee (0, 0} « {0y, a3) = ey + a5 or 0. However.
since the zero vector has no magnitude or direction, it cannot be perpendicalar toa

Cojyrighl
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FH
Find the dot product of u and v, Then determine if o and ¥ are orthogenal.
a o= {=4,2),v= {3, &) b w= {2 5}, v= {8 4)
oev= —d{3) + 2in) o= v = 2] + 5(d)
= =1f
i Since u s v = 0, uwand v are orthogonal, Sinceu s v # 0, u and v are not orthogonal, as
Figure 131 a4 ilkustrated m Fgore 1301 illstrated in Figure 1.3.2.
P GuidedPractice
17 M o= 3, -2, v={-5 1) —17; not B w={-2 -3}, v= (9, —&) 0;orthogonal
orthogonal
] Dot products have the following properties.
i KeyConcept Properties of the Dot Product
ﬁ“m If w, . and ware veciors and ki a scefar, then the fofown g properises held.
Commutatine Property gV =¥r8
Disinbusirre Properry rfv+wi = uew+uow
Sealae Mumiplication Propery ke = ke w = @by
Lern Vector Dot Product Broperty few=10
fat #rnduct and Vectar Magnituds Reiabanstio wen= jul?
Prool
Proaf wen = juf?
Lt = [y, ag)-
Hﬂ&t:mm uru=w oy Got predoct
The dot product i alsa called =[mr Witite oa e st of S cguane oot ofur 4 a3
e = faf2 i+ =l
9 o

T wilk prove e et thres proprenies o Eneromes. 8072

Use the dot praduct to find the magnitade of & = (—5, 12).

Since |ajt = awa then Ja| = Vasa.

(=512 =y(=5.12) « (=5.12}  a=(-511
=R+ 12 a1y Sanpity

b GuidedPractice

Use the dot product bo find the magnitude of the given vector.
A b= (12 16) 20 B e= (-1 -7) 5V2or 07

8

The angle # betwieen any two mondero vectors a and b is the

corresponding angle between these vectors when placed in

standard position, as shown, This angle & always measured I L
such that = @5 wor F 5 @ 5 1807 The dot product can b

b useed b findd the anghe bebwoen bwo nosueero vectors, o



StudyTip
Parallei and Perpendicular
Vechors T veciors ane
pecpondicular if the asge
retwoen them: i 90" Two veciors.
ern paralied if the angle befeoen
them i 0 or 1807,

KeyConcept Angle Between Two Vectors

> oo =140

i @i the angle between noneem vectors a and b, then

Prood

Conzider the inangle determined by 2, b and b — a0 e figure ssove.

j=|? + b7 — 2 [a] [b] cos @ = jbr—a? Law af Cazimm

F? + 1bi7 — 2 fa] |b] cos 0= b — 2 - fb —a] julf =wau

[al* + b} — 2 ja| jbj ot @=b -b—bea—a-b+n.n Dixtrindnes Prepecty for Dot Prodioc

fal + |bi* —2 fa] |b] cos & = [b47 — 22 - b+ fa] wew= ful?

—2af |t} cos #=—Za+b Sutrtracd m}¥ + ]2 From smch side.
cm B= I:I.I:I Biviche nach s by —3aj o]

\ y

Find the angle # between vectors u and v to the nearest tenth of a degree.
a. o= {6, 2) and v = {—d, 3}
oo § = !:E-i:f Angic between b weclon
i, 3o [—d, B
ml:% p= (& 2} mdv={—4 17}
e ¥
mﬂ_m Euntame
-y mize3 8,21 |
= — Smpiify. B r
[=kid W ity 0 e 135 WP
= cos~! :I;Tg'ﬁ or about 1247 Sy tm ] 2
The messure of the angle between v and v 12 about 1247
b w= (3 1) and v = {3, =3}
s = ﬁ Ermie tefawmes e seciors
;1) = {8, —5
ml:% = (L 1) ami w= {1 —T}
SO £ | - HEL
—m YElamp
i 0 )
s = impiity
: o
i=n|5-_’?1gnrahmlﬁ3_l' L] Ny
3
13, —3}
The masure of the angle between u and v is about 63,4 L1
P GuidedPractice
3 u= (=5 -2 andv={4.4) 156.8" I wu=1{9 5 andv={-67) 101.5°

24 | Lesson 1.3 | Dot Products and Vector Projections
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StudyTip

Per pendiculnr Compones!
The wectar w. = calied the

Companent ofiu pereendicior o v,

“ﬂtﬂh’ﬂi‘ﬂiﬂl In Lesson 1-1, vou learned that a vector can be resolved or decomposed
it i& sometimes usefil mstead for one component to be parailel to another vechos.

KeyConcept Projection of u onlo v

Let w and w be nonrero vectors, and et wy and wy be vecion
pompoeen s of o sudh atwygis parallel fow s shown. Then
wortor w ks called the wechor prepection of u osio . dersoted

penl, i, and

(53

Proof

Smce prop,a is pambel 1o v, @ can be wegten @s 2 scalar meitipic of v, As § scalsr multiple of & onitvectar v, with e same
diFrpchion ax v, proju = fwg v, Use the right trissgie formed by w,, w, s o ond e cosine ratio 1o find an momes=ion
for ).

b
W=—
i

oos Coozing pomip

| |} cos & =lefjw] ﬂ” Multiphy anrh s by th scaiar quantityja| |

= " S " =
weu= | fw,| .:-.n'—ﬁ"_—l.ﬂ-:hd|'.'|.r.-.l.|_u-uI
L] =% Solve fo |wr,

How =z prog e = [wyf v, tofind projuas o scalar mulbplo of v.

Proju = fwg v,
- i ... -
_T'I.I-ll |y = e Vﬁ"_lvl
= ﬁ Murttinty mogminsies
L™ -

Example &

Find the projection of u = (3, 1} onte v = (5, —5}. Then write u as the sum of two orthogonal
vectars, one of which is the projection of u anto v.

BETE Find the projectson of u onto v, ENH Find w,,
Fmi‘n:l:;:}‘. Since m=w; 4+ W, Wy =n— W,
(.2« 5.-3) bz,
“SEar e e P
i =y - 1_!
=3 5, -5) =2 - (3 -3)
1 3
-2y o

Therefore, proj,u s wy = (3, ~3)as shown in Figure 135, andu = {§, ~D}+ (5. 3)

" GuidedPractice

4. Find the prajection of u = {1, ) onto ¥ = (B, 5). Then write u a5 the sum of two orthoegonal
vectors, one of which is the projection of n omto v, f90 g 184 “> ( 55 BE
= 4 L —

U= = g = (| == —
5 e a8 " B8 89" B9 89" 89




While the projection of o onti v is a veckor paralbel to ¥, this vector wall not aecessarily have the same
direction as v, a5 illustrated in the next example.

P fl'.:lf:-."} Example b

Find the projection of o = (4, =3) ondo v = (2, 6). Then write u as the sum of two orthogonal
wvectors, ane of which is the projection of u onio v

MNotice that the angle between u and v is obtese, 5o the projection of v onto v Bes on the vector
opposite ¥ or =+, as shewn in Figure 136

| =} 1
/u
[

¥ —hx m}_l.rdﬂ'lepr*dmnfumv. Fll.'l:'.'h':.
. . jmew Sine 11 = W, + W, W, =0 — W, or
. | = i 7= Wy 1
i =i =,
Figure 13.6 L T
- Itzjm’ =26 Srpma _3}_<_%' -3
—10 1 A _fe 3
=0 &5 =G

s i- 3 1- 3 3. 3
Therefore, projyo. wy = <—:, =+ and u = <_"_"' _i} .}.<Er _E}

P GuidedPractice
5. Find the projection of uw = {—3, 4} onto v = {6, 1). Then write u 23 the sum ot two orthogonal

vestors, one of which is the projection of mentov./ ga 4y 84 14 a7 162
o <_E- T}‘ i (‘ﬁ —ﬁ> v (‘ﬁ' ?}

If the vevtor u represents a furce, then proj u represents the effect of that foree acting in the direction
of % For exarmple, if you push a box uphill {in the directon ¥) with a force o (Figare 1.3.7), the effective
foree is.a component push in the direction of v, proj.o.

* 'Real‘World Example & |

CARS A 3,000-pound car sits on a hill inclined at 307
as shown. Ignaring the force of friction, what farce is
required fo keep the car from rolling down the hill?
The weight of the car is the foree exerted doe o gravity,
F={{i —3000}. To fird the harce —wy regquired to
keep the car brom rolling down the hill, posject F anto
a umit vechor ¥ in the direction of the side of the hill.
ETE] Eind 2 unit vector ¥ in the dirsction of the hill

w o= {]w| {cos &, bv] (sin &)} Commpon it furm ol w in A o v o @

F
Mate Mot deina Lo scale

= {Tlcoss 30°), 1sin 30°)) o % %} {vi = Tand #= 3

Find wy, the projection of F onto wnit vector v, proj F.

Faw

projF = T Projecbon.of Fomtaw
= {F = wi¥ Since v m = umil vechoe, fe] = L Simplify
=|:|:l]:, — 3001} « ?%}}v F={a —:;rau.mu-:v={:3:,i.-}>
= =15{0w Fine the doi pradurt

The: force requined is —w, = —(=1500 v} or 1500v. Since v is 2 unit vector, this means that
this force has a magnitude of 1500 pounds and is m the direction of the sade of the hill.

b GuidedPractice

6. SLEDDIMG MNiréen sits on a sled on the side of a hill mclined ot 60°. What keroe is required to keep

the sbed From sliding down the hill if the weight of Nisteen and the sled s 125 kilograms?
about 108.3 kg

Enjwyrighl £ Mol rwe il Bl st
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StudyTip

Linitz for 'Wirk - Wods 13 megsmred
in oot -poumss in the customarny
Tyxiem of measuremend and in
newion-meters {#-m| o josles {J}
in e mettic system,

Another agphcation of vector propection = the calculation of the work done by a force. Consuder a
constant force Facting on an ubject to mowve it from point A e point B as shown in Figure 138,
thlrlﬂ.h:lm;m,ﬂ'mﬂrﬂﬂ W done by F is the magnitude of the force times the distance
from A to B or W = [FJjAH].

£
A 1 “at
Figure 1.3.8 Figure 1.3.8

To calculate the work done by a constant force F in ary direction to mosve an object from point A to B, as
shown in Figure 1.3.9 you mnmﬂmmhrpﬂmdFmﬁ.

W= ||:u'n1'ﬂFI |AE] Prugection faemmidn fer sk

= [Fljcos @ |AF|  conv=

in |||-n.54'_="l:r:'.ﬁ'

=F+ AN -::&:i?nﬁ::i@-cm&:l\dﬁ'
Fi 1281

Therefore, this work can be calculated by finding the dot product of the constant force F and the
directed distance AT

Real-Warld Example 7

ROADSIDE ASSISTANCE A persan pushes a car with
4 constant force of 120 newhins at 4 constant angle
of 45" a5 shown. Find the work done in jooles
maoving the car 10 meters.

Lise the projection formula ke work.

The magnitode of the prijection of F
onto AR i |F] cos 8 = 120 cos 45", The
mmagnitde of the directed distance TF

is 10
W= |pn.qﬂ F||AK] fanjection bommd s tor s
= {120 o= A5 ){10) or about B485 Sustrstinniioe

Lise the dot product formuls for work.

The component form of the foroe vector F in terms of magnitude and direction angle
given is (120 oo {45, 120 sin (—457). The component form of the directed distance
the car is mweved is (10, 0).

We=Fa ﬁ Bol nrodod fmmulo for work
= {120 cos (—45"), 120 sin (—457) « (10, 0} Subsdfution
= [1200 cos {—457 1 or abeourt B85 Dhert pemctuart
Therehare, the person does abeet $48.5 jonkes of work pushing the éar.

P GuldedPractice

T CLEAMING Faris is pushing a vacuum cleaner with a
force of 375 newtons. The handle of the vaouom deaner
makes a 60 angle with the floor. How much work in
newton-metess does he do if be pushes the vacuum
cleaner 2 meters? 375 Nam




Exercises

Find the dot product of o and v. Then determine if uand v are

orthoganal. Lo

1 o= -5 v={h 2
ey L

3 o={4 =3} - 1. 3)

mlz -=¢-m,-1a}:.,u=¢-§;£|
& =1 —4).v=(75)
i B; not orthogonal

Ii.n—l:'l —-I}v-iiﬂ} E..—]Ii+r'.\'——1+11|
; ot ort

T o= {—d, ﬁ} w= (=5 =2 B w=4§ 4+ 'l'——:l-'-g
8; not orthogonal 4; not orthogonal

9. SPORTING GOODS The vector u = (406, 297) gives the

numbers of men's basketballs and women's basketballs,

respectively, in stock at a sporting goods store. The vecker

¥ = {275, 15) gives the prices mdnﬂa.r: of the two types

of baskethalls, respectively. :

a. Find the dot product v« v. 15,620

B. |.11I:-|:r t thie resolt i the context of the
giul revenue that can be made

33. WAGON Eiss s pulling his sister in a wagon up a small

slope at an incline of 157, I the combined weight of

Eissa’s sister and the wagon i M4 newtons, what force

is recpuired to keep her from rolling down the dope?
aboul 89 N

SLIDE Majla &= going down a shide but stops herseli
when she notices that another shudent is bng hurt at
the boktum of the slide. What force is required o keep
her fram slding down the slide if the incline 5 53" and
ahe weighs 373 N? (0 about Z18 N

PHYSICS Al s pushing a constrsction barrel up a

ramp 1.5 meters bong tnto the back of o trock. He i

using a fkwce of 534 newtons and the mmp is 257 from

the hosizontal. How nuch work in joules is Al doing?
a8l

ulﬂng all
nf'lile basketballs i= 515,620,
Use the dot product to find the magnitude of the given vector.,

0 m={-3 1} VI30 =14 1. r= (-9 -4 VoT=98
T n=612) §/5 =134 B v=(L-18 513 =180

W p={-T-7v53=173 15 t= (1, -1a) /785 = 28.0 36. SHOPPIMG Suha s pushing a shopping cart with a

furce of 125 newtons at a downward angle, or angle

Find the angle @ between o and v to the nearest tenth of of depresidion, of 5327 How much work in joobes would

degres. | Suhm do if she pushed the shopping cart 200 msters?
w= {0, -5}, v = {1, —d) 1.0° nee Tl about 15,391.5)

o= {7 10), v= (4 —4) 100.0°
= {-2 4} %= {2, -10) 164.T

.
m Find a vector erthogonal o each vector. 37-80. Sample answers given.
8.

M o=-H+§v=—1i-2 829"

20

.

.

37 (-2, -#) (—12,3) & (3.5 (10,—8)

30, (7, —4) (8, 14) 4. (-1.6) (6.1)
o= (-4 0, v={-1-1) 45.0°
o= —i=3,v==7i-3 48.4°
o= {60}, v={-10,8 M43

23 uw=—10i +jv= 10 -5j 1594

41. RIDES For a circular amusement park ride, the position
vector ¢ is perpendicular to the tangent velocity vector
ot any prrint on the circle, s shown below.

24. CAMPING Omiar and AH set off from their campsite to search
for firewood. The path that Ckmar takes can be represenied
byu = {3, —5). The path that AH takes can be represented

T I: e

by ¥ = (=7, ). Find the angle between the pair of vectars.
Etin about 161.6°
Frant Vigw
Find the projection of u onto v. Then write o 2s the sum of 8. U the radies of the ride i 20 feet and the speed of
two orthagonal vectors, one of which is the projection of u the ride is constant at 40 feet per second, write the
onde o 25-32. See Answer Appendix. componient frms of the position vector rand the

tangent velocity vector v when ris at a directed angle
af 157 {'ﬁﬂ 1147}, {HH —327T)
A, w=64jv="3+9 b What method can be wsed to prove that the position
veobor and the welocity vector that you develo in
e e S put:mp:rpﬁﬂlruiaﬂﬂmrm:tﬂthlmfm
are perpendicular. ot product:
{20 cas 35°)(40 cos 55'] + (20 sin 35°)(—40 sin 557) =

B o=3d+6v==5+3Y W a=(57)Lv={-d4)
7. u= {83, v={-d,1)
20. w= (24}, v= (-3, 8)

. w=5i -8 v=8i—dj R ou=-H-5vr=H+Tj

Cnjarighl 10 MG rwH ] Bl atisd
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Civen v and v o v, find v, §3=45, Sample answers given.
42 v={3 -6}, nsv=3 u=(5-3)

43 v={1. 6} o.wv=38 u={—17

8 v={-5 -1} uev=—5 u=(13)

@ v={-2Thusv=—g3 U= (4,—5)

#6. SCHOOL A student rulls her backpack from her Chemistry
clasy to her Math class using a foree of 175 newtons.

& I she exerts 3060 joules (o pull her backpack 31 meters,
what is the angle of her force?  about 55.7°

b, If she exerts 1315 joules atm:rr'.\gh.-ul &1, how e did
lh:pull h:rha.:kputk_’ about 15 m

Determine whether each pair of vectors are parallel, perpemdicilar,
ur ueither. Explain your reasoning.  47-50. See margin for

n=<—§, %},1‘= {9, %) perpendicular explanations.
= (=1 —d},¥v={3 &) nelther

u={3 7, v=1{-15 -2} parallel

o= {sec i csc ), v = [cee i, —sec i) perpendicular

88 85

Find the angle belween the two vectors in radians.
M-

52 n_.:uu{ }I+=in{%}j.v=m{l_’f1:i+m{5{-:]i %

R s o
s wm o (i (s v = (T o (7] 22

55. WORK Adnan lifts his nephew, who weighs 16 kilograms, a
distance of 0.9 meter. The force of weight i newtons can be
calculated using F = g, where m is the mass tn kilograms
ard g is 98 meters per second squared. How much work did

Adnan do to lift his nephew? about 1411 J

The vertices of a triangle on the coordinate plane are given. Find
the measares of the angles of each triangie wsing vectors. Round
to the nearest tenth of a degree.

56. (2,3), &, 7, @, 1) 37.9° 60.3°, B1.9°

B (=3, =3}, (-3, =7, (3, ~7) 30.8%, 50.2°, 90°
58, (—4, =3}, (-8, -2, (% 1) TLO° 30.7, 132.3°
68, {1, 5 (4, =3}, {—4. Oy 48.9", 65.6°, B5.6°

Given u, |v], and 8, the angle between v and v, find possible
values of v. Kound to the nearest hundredih.

B

&L
B2
B

B5.

PROOF Prove each dot

u={d =2}, |v| = 10,45 {9.49, 317) or (316, —9.49)

u = (3,4}, |¢| = V29, 121'(—5.36, 0.55) or (2.03, —4.99)
u= {1, -6}, [v| =7, 9% {—6.75, 1.87) or (6.99, —0.42)
u={~2,5), vl =12 27 (—9.03, 7.90) or (1.09, 11.95)

CARS A car is statiomary on a ¥ inching. Assuming that
the only foroes acting on the car are gravity and the

275 mewtom force a by the brakes, about how much
doess the car weigh?  abeut 17579 kg

H.Q.T. Problems

Use Higher-Order Thigking Skills

HEASONING Determine whiether the statement bebow

i bruie or filse. Explan,

If |]. fe|. and |f] form a Pyifagorean triple; and the angles
between d and e and between & and £ are acote, then the

angle between d and £ most be a right angle. Explain vour
resoning.  False; see margin for explanation.

ERROR ANALYSIS Mahmood and Mohommad are studying
the properties of the dot product. Mahmood conclades that
the dot product & associative because it is commmutative;
that is, fu = v} » W = o« {¥ » ). Mohammad disagress. [s
ither of them correct? Explain your reasoning

Mohammad: Sarr.pleumeruwhastiat.m

[u = v) = w Is undefined.
BEASONING Determine whether the statement below is frus

or falee.

If & and b are both orthogonal to v in the plane, then a and b

are paraflel. Explain vour reasoning. False; see margin for
explanation.

CHALLENGE If u and v are perpendicular, what is the

projection of u onto v? 0

PROOF Show that if the angle between veclon uand vis
907, b« ¥ = 0 wsing the formula for the angle bebween bwo
nonzero vectors. 588 Answer Appendi.

Letu = {uy, u,),

property.
v = (v v, and W= (wy, w,t. T0=TL. See Answer Appendix.

o
i
T

sy =y=u
gefvdwl=ueviuew

kf o W) = kit o v = 1 s by

WRITING IN MATH Explain how to find the dot product
af bwo noneen vectors. S8 margin.



Spiral Review

mm.im.-ﬁihnhﬁfma:{m,n.h{us.u}.uui::{%, -4}.
74 b-atde (—12,—3432) 7% c-3ath <_$ —u> % 2a—dbtc (:lﬁ-?: —u.z)

TL GOLF Yousif drives a golf ball with a velocity of 625 meters per second at an angle of 32° with
the ground. On the same hole, Saeed drives a golf ball with a velocity of 579 meters per secotud
at an angle of 41°. Find the magnitudes of the hordzontal and vertical components for each force.
Yousif: about 52.9 m/s and about 331 m/s; Saeed: about 43.7 m/s and about 38 m/s

Graph the hypertola given by each equation.  TB-B0. See margin.

x—5° ¥ i - T~
TR 15 —?=] Hﬁ—ﬁ:'ﬁ ﬂi—T=l
Find the exact value of each expression, if it exists.
1 V7
BL ::rl:sin{:in%} % B m'l:l.m{uné} 3 Bi .-\uir'.|{|.'|.'|:|_j %] T
Solve each equation.
i - In70 + 4
BA kg, (' 4+ 2 =log, 127 § BE. log, v =log, 6+ bogg, i —5) 6 % & l=m —5— =185
7. ELECTRECITY A simple electric crewit contains only a power supply and a resistor. M
When the power supply & off, thene is no carrent in the circuit. YWhen the power 12
supply is herned on, the current almost mstantly becomes a constant value. Thes i3
sitisabion can be modeled by a graph like the one shown at the nght. [ represents 1
current in amps, and § represents time in seconds. 6
a. Ab what fvalue & this function disoontimuous? =4 4
b. When was the power supply turned on? when f = 4 2 :
e I thrfmmwl'mhlnmdmﬂummmp:ph'hfl.md.m back howors later, & 2 ';' B 2 012 M 18 18
what would he or she measarse the current in the creuit o be? 10 amps
Tme |s)
Skills Review for Standardized Tests
BE. SATVACT In the figure below, SPOK ~ ATRS. What is 90. A smwnw sled is pulled by exerting a force of 25 newtons
the value of 17 G oni a rope that makes a 20° angle with the horitontal, as
a shown in the figure. What is the approximate work done
< in pulling the sled 50 meters? C
\"E N
PooVvwe R 2 T
AN 3 E 6
B 5 D W32 A 428 Nm C U5 Nm
B 1093 MNm D 1250 M-m
B9, REVIEW Consider C{—9, 2) and D{—d, =3} Which of
ﬂﬂeﬂ_ﬁnjhwmﬁhtl‘rtwﬂﬂ feirmm and magnitude 81 REVIEW Ifs = {4, —3) t = {—6, 2}, which of the
af C0? F N ) following represenis | — 257 H
F (5, =5).5vw1 H (& —5),5V2 F {14, 8) H (-14.8)
G (5 -5} 02 1 (6 —6), 6v2 . G {14, 6) ] (=14, ~8)

A
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#MMid-Chapter Quiz

iLessons 1-1 through 1-3
]
Findl the resultant of eaeh pair of vertors issing efther the triangle

of parailelogram method. State the magnitude af ihe resultant in
centimeters amd s deecion relative to the hoszontal.

. g, 2

6. SLEDDIMG Al puls 3 sled feoogh he snow with 3 s of S0 newions
at an ange of F5° with the heelzontat. Find fhe magniude of the
herizondsl and vertical companets of e farce. |

(8 D-e&wa'rea-:tﬂiagum-ur
—3d i _dp.

Let BE be the vertar with the given initisl and terminal pobts. Write BC
&5 & linear cambinaton of the vectars | snd |

il

Il.ll'l-

8. 8D, —-6), Ci—8, 3
10. 84, -10), 14, —10)

T BE.=0.C| =7
S 8112 E1-2. -9

. MULTIPLE CHOICE Which of the ol owing is the companent form
of AB wilth initsal peert A{—5, 3) and tarminal point 8{2, 17

A {a=1)
B (T —4)
C (T4)

D (—E,4)

12 BASKETHALL WALh Beme nunning cul in a game. Maysoun uns
towards Me baskel a1 @ speed of 2.5 meters per second and from
hab-court, kaanches 3 shot &t 3 specd of B mesers per second &1 an
angle of 36 to Me arnontal,

L
pmi B
P N
i
L 15 mh
w4,

|

& Wirite the component farm of the vedors ieprasenting Maysoun's
welocily @nd Ehe path of the bail,

b, What is the resultant speed and dieeclion of fhe shol?

Find the component lorm and magnitude af the vectsd with each inifial
and terminal poiml

. O, —5), R-7.8)
6. A% —2 502 -5

13, A[—4, Ij,HEI, Bl
15. X—3, -5, V2.5

Find the angh: § between u and v Lo the nearest lenth of & degree.

17, 4= {0, —d) v=[-1-2)
18, &= {52}, v= (=i, 1)
M o= (B4)v= (24}
20. u=(2,-2).v=1{(38)
1. MULTIPLE CHOICE Hu = (2.3}, v={=1, 4}, and w = {B. =5},
fend ful = ) - {w o WL
F -8
6 -2
H 15
J 38

Find the dot preduct of u and v. Then delesmine il b and v are

arthaganal,
72, (2.-5)-{0.2) 23 (4, ~3) (7,4
4. 1, =6« (5,8 5. {1, -8} (10,5

26. WAGON Hamad uses 8 wagon 1o casry nesspapers far his paper
reeite. He i pulling e wagon with & farce of 25 newlons 8t an
anghe al 307 with the harizonial.

& How much wark in |oules is Hamad doing when he puls he
wagan 150 meters?

b 1 the handie makes an angs of 407 with the grownd and he pults
1= wagon wATh [he sa@me distance and loace, = Hamad -Eﬂlﬂg
mane oF lest wark? Explain FOUF s

Find the prajection of woms v. Then write u s the sum of twe
arthoganal vecions, ame of which i the projection of u anls v,

21 w= (7 -3),v={25}
28 W= {2 4).v=(1.3)

= (3 E),v=[-03)
30, w={-14)¥=(-61)



® You represented ]
veciors bath
geametrically
and algedrascally
in two-dimensions.

NewVocabulary

e -dimersannal

coofdinate system
2

A

32 | Lesson 14

Piot paints. and Weclors (n ke L]
three-dimenshomal coordinale

Eysiam

Express algebeaically and
operate wilh veclors in space.

The duection of a rocket alter takeol is given in terms of "
voth a two-dimensional bearing and 2n angle relative 1o
the harizental Snce directed distance, velocites, and forces
are nod restricted to the plane, the concept of vectors must
extended from two- to three-dimensional space.

represent the vz and yz-planes.

S0 ¥
&

Figure 141

Example 1

B “l brla

I

P GuidedPractice
T (-3, -4, 3

Plot each point in a three-dimensional conrdinate system.

#
1 Coordinates in Three Dimensions The Cartesian plane is a two-dimensional coordinate
syatem made up of the = and waxes that allows vou to identify and locate points i a plane. We

need a three-dimensional coordinate system to represent a paint in space.

Start with the sy-plane and position it so that it gives the appearance of depth (Fgpere 141). Then add a
third axis called the s-axis that passes through the origin and i perpendicalar o both the x- and v-axes
(Figure 1.4.2). The sddstional axis divides space inko eyght regions called octants. To help visuakize the
first octant, kok at the comer of a room (Figure 14.3) The foor represents the sy-plane, and the walls

#*
},l
=t

Figure 1.4.2 Figure 14,3

A point in space is represented by an ordered triple of real numbers (v, v 2), To plot such a point, st
locate the point {x, ¥} i the xy-plane and move op or down parallel to the 2-ais according to the directed
distance given by 2.

b (=2, 4, =5)

Locate {4, &) in the ry-plane and mark i with Locate {2, 4} i the ny-plane and mark it
a cross. Then plot a point 2 units up from this with a cross. Then plot a point 5 onits down

location parallel o the z-axia, fromy this location parallel to the s-axis
¥
- :
:
6 3
B
kY
&
H
=
|
S
E
m (32 -3 WG =4, =1) 5;_
3



Real-WeorldLink

& fiour = Monbeverde, Costa Biea,
nilows visiton B0 wiow nabsee fom
5 system of b, uspeszion
Bridges, and zip-imes. The op
lines. afiow the gueshs (o view the:

suroandings from a5 mach s
455 fieet nbove the ground.

Sourre: Mot de inla

Fending the distance between pomts and the mudpoint of a segmint n space 15 simiar to finding
distance and a midpoint in the coordinate plane.

KeyConcept Distance and Midpoint Formulas in Space

TN

The distance between points A, y, 7] sed
Bixy. jpy. 24 i given iy

'“9=1lr1':-—‘f+i':—h"'+lf:—'?'-

The midpoin A of AR = ghen by

II'[;.+ £ HE :,rri}-
FEE B |

Alry py o2y

T wedl prawn these formuine . Exprone G

Real-World Example 2

Z-LINE A bour of the Sierra Madre Mountains
in the Philippines bets giests experience natune
by zip-lining from one platform to another over
the scenic surmpundings. Two platforms that ane
connected by a zip-line are represented by the

coardinates (10, 12, 50) and {70, 92, 30), where
the coordinates are given in meters.

a. Find the length of the zip-line needed o
connect the two platforms.
Lise the Dhstance Formula {or points in

!Fﬂ.‘l.

AR = !..r[.rl = 2Py — w4z =22 Destance Formuls

=\|'{?EI - Iujl-' + (92 — EZJ! + (30— M Dy e ) = IR T2 S ek e ) = (M 22,389

2= TOL.98 Smpiry

The rip-tine needs o be about 12 meters long o conmect the two towers,

b. An additional plathorm is bo be built halfway between the existing plathorms. Find the
coordinates of the new platform.
Use the Mickpoint Formuba for points in space.

I.'!.|+I_, !'!1'- ¥a :|+:]_:l
72 % 3 2

Mepoimt Fommsss

_{I:'l.l-i-'i'El 12 + 83 5I]I+II]
= A

5 ¢ o3 wr (40, 52, 40) W Wi £ = (M0, T2, 504 andH w5 s 55l = (0, 52 50

The covndinates of the new platform will be (40, 52, 40)

* GuidedPractice

2. AERPFLAMES Safety regubations requeire airplanes to be at léast o half a mile apart when in
the sky. Two planes are fving above Cleveland with the coordinates {300, 1540, 30000} and
(450, —250, 28000), where the coondinates ane given in feet.

A Are the two planes in violabon of the satety regulations? Explain.
B. If a firewirk was launched and exploded directhy in between the two planes, what
are the coordinates of the firework explosion?




Vectors in Space In space, a vector v in standard position with a terminal point bocated at

{8ty Bo 115 ) is denoted by (0, 05, £y} The zemo vector 580 = (0, 0, 0}, and the standard wmnik
vectors are i = (10,0}, j = (0, 1. 0), and k = (0, ¢, 1} as shown in Figure 1.4.4. The component fnem
of ¥ can be expressed as a linear combination of these anit vecors, (1), ¥, 7y} = 80 + v,f + 0,k

Locate and graph v = (3,4, =2). E |
Flot the point (3, 4, —2).
Diraiw % with terminal point at (3,4, =2}

P GuidedPractice

Locate and graph each vector in space.
M u={-4,2 -3}

3B ow=—i-3+dk

%,

As with two-dimensional vectors, o find the compuonent ¥
form of the directed line segmient from Alx), vy, 25) o
By, W 241, you subtract the coordinates of its initial point

from its terminal point i
Bly ¥z
A=y =2 Wy =¥ —3y) Fnr»? !
I
]
E-mﬁ!'l:--,.g'g:l—:r,]lhry:—!,r]]l+[:!—t,]lm' 3
Al g2 :
i!?.?:{-1.a,.53:|.ri-u1gHJI‘I= I,l-l-.ﬂg-l'-u;. e _,-" {,” ¥
= -l -:-d--------J‘
ﬂtmﬂvﬂlunhlhrdﬁmﬁ:nu!ﬂhsﬂﬂi:%. LLLLL L—"f

5

Example 4

mehﬂu&mﬁn&dﬁﬂmmpﬁﬂﬁ—l_ =2, 1) and terminal
point B3, 6, —b). Then find & unit wechur in the direction of A5 .

ik = {23 — Xy, W3 — Wy 23 — =) C emcsesred fren o wectm

= {3 — [}, b — (=2}, —6— 1) or {7, & =7} frp Fpd = —4, —F Gaod fr p_v b= 0, 6.—6

Using the component form, the m.ug:l.il'udzufnil
JAE| =7 4 B+ (-7 ar T B =[1e-T

Using this magnitude and component form, find a unit vector uin the dirsction of 1K,

i

o= Unit weiar in tae gimcban of A8
AT

=%- %E.lf.l‘f A = (T8 —7)and [AB| =2Z
P GuidedPractice

Find the camponent form and m;ﬁh&ﬂ.ﬁwﬁhﬁ:gﬁmﬂiﬂnﬁhﬁdpﬁﬂnm
find a unit vector in the direction of K.

A Al=2, =5, =53, B=L 4, =2) 4B. A{=1,4.6), B3, 3, B

34 | Lesson 1-8 | Vectors in Thres-Dimensional Space
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As with vecton in the , when vechors in are in nt form or expresied as a linear
combination of unit vectors, thiy can be added, subtracted, or multiplied by a scalar.

KeyConcept Veclor Operations in Space

StudyTip
Viertor Operations The proparties

for vector operaions in wpace are
the ssme s those o operations

in B plome

2
:

e i

o= o o o,) b={b. 0, b,), andeny scaler k. then

Vector Addition s+h={o+ b0y + 0o g+ by)
Vector Subtraction s—b=n+[—b=(n,—b,e,—b,0,—b )
Senlar Muliplcation  ka= ks, ko, ka,)
L .

Find each of the following for y = (3, —6, 2}, w= (=14, =4}, and z = {~2, 0, 5}.
B dy+ 22
dy + 25 = 4{3, —6,2) + 2{-2,0.5)
= {12, =24, 8} + {4, 0, 10} ar {8, —24, 18)

Subrstitute

Scalnr multiplicrt-on and vector sddifian

B, 2w —z4 3y
Iw—z+ 3y =M1 4 —4) - {-2.0,5) +3(3, -6, 2}
={~2 & —8) + (2,0, -5} + {9, —18, &)
= 9, —Hl, =7}

Soimphihote
Scnlar mttipl raton

Vertmr adridins

.' GuldedPractice

SA 4w — Bz SB. 3y + Jz — bw

-

Real-World Example &

ROCKETS After liftoff, a model rocket is headed due north and climbing ab an angle of 757 relative
to the horizontal st 200 kflometers per hour, If the wind blows from the northwest at 5 kikemeters
per hour, find a vector for the resultant velocty of the recket relative to the paint of liftodf.

Let i point east, j point north, and k point up. Vector v
representing the rocket’s velocity and vector w
represemting the wind's veloaky are shown. Notice
that w poines toward the southeast, since the wind

i% blowing fromn the nosthwest

Since v has a magnitude of 20 and a directson
angle of 757, we can find the component form of ¥,
as shown in Figure 1.4.5.

v = (0, 200 cos 75°, 200 sin 757 or about {0, S1.8, 193.2)

With east as the positive y-axis, w has direction angle of 3157, Since [w| = 5, the component form
of this vector 18 W = {5 cos 3157, 5 sin 315°, ) or abowt (3.5, —3.5, 0}, a3 shown in Figore 1.4.6.

The resultant velocity of the rocket is v + w.
v+ w= [0 518 1933} + (35, -35,0)
= {35,453, 1933} or 3.54 + 458.3j 4+ 193 2k

' GuidedPractice

6 AVIATION After tnkeotf, an airplone is headed east and is chimbing at an anghe of 18 relative to
the horizontal. lts air speed is 250 kilometers per hour. If the wind blows from the northeast at
1 kilomieters per howr, find a vector that represents the resultant velocity of the plane relative to
the point of takeoff. Let | point east, j point morth, and k point up.




Exercises

Plot each point in a three-dimensional coondinate system.

T =44 2 (3,.2.1)

3 (-5 -4, -3 4 (=2 -5 3)

5 {-5.3,1) 6 -3

7 @, =10, =9 B [—16,12,=13)

endpaints. 1oy

{—d4, 10, 4), (1.0, 9 . [—6,6,3), (-3 -2, -3
2 @54, (-4 -5

. (-7 3 -5} (-2 -5 -8

9

™ b, 1,10 (=%, =10, =4)

13 (=52 B} (9. 6,0)

15, VACATION A famidy from Wichita, Kansas, is usmg a GPS
device to plan a vacation to Castle Rock, Calorado, According
tor bhie device, the coordinates for the famaly's home are
377,972, 433 mb, and the coordinabes to Castle Rock are
(3947, T0E.8, 1981 . Dhertermine the Ii'lu!l;ill.l.l:h-.', latitnde,

and altitode of the halfway point betwesn Wichita and

6. FIGHTER PILOTS During a training session, the kcation of
two F-18 fighter jets are represented by the courdimates
{675, =121, 19,300} and {-289, 715, 16,10, where the
coordinates are given infeet. (Done

& Determine the distance between the two jets.
b. To what location would one of the fighier pilots have 1o

fly the E-18 in order to reduce the distance betasen the
twear jets by hald?

Locate and graph each wector in space.

17 a= (i, —4, 4} B b={-3 -3 -3

19 c={-1.3, =d) o d={4 =2 =3)

2 w=hi+ 8- Tk 22, w=—10 + 5k

23 m="Ti—bj+ 6k M n=i-41j-6k

Find the component form and magnitude of A with the given
initial and terminal points. Then find a unit vector in the
direction af AH. fom

5. A{-5 =5 -1, B11, =3, -1)

Al-4.0, =3), B{—4, -8.9)

A3, 5. 1), B0, O, =9)

Al=3, =7, =12}, Bi=7. 1, B)

A2, -5, 4), Bl 3, —8)

Af# 13, 7), B2, -3,11)

A, T4, =5, BT, =1, 0)

RN R

Al =18, =13), B[22, 14, 299
33 A{-=51217), BB, =11 4)
3 AR 3N B=5-E%

36 | Lesson 1-8 | Vectors in Three-Dimensional Space

35. TETHERBALL In the game of tetherball, a ball is attached o a
F-meter pole by a length of rope. Twe plavers hit the ball in
oppusing dinsctions inan attempt to wind the entire length
of rope arcund the pole. To serve, a certain plaver holds
the ball s that its coordinates are (3, 3.6, 4.7) and the
coardisates of the end of the rope connected to the pole
are (0, 0, 9.8}, where the coordinates are given in feet.
Determine the magnitude of the vector representing the
length of the rope. I

T

0

Find each of the following for 3 = (=5, —4, 3),
b= (6, <2 =T), and c = {=Z, 2, &). Toemy

36. Ba = Th + e I Ta-5hk
39 fb4+de—da
. —fa+b+Te

3B. a4+ 5b—'%
&0 Ba-5b—«c

Find each of the following for x = =% + 4j + 3k,

y=bi—2—7k andz=-0+ 3+ dk

42 Fx+ by 43. 3x— 5y 4+ 3z
Modx+ v+ 2z 45. —Bx — 2y + 5z
8. —by — 9z al -x-dy—=z

48. MRPLAMES An airplane is taking off headed due north
with an ait speed of 150 miles per hour at an angle of
¥ relative to the herizontal. The wind is blowimg with
a velocity of B mibes per hiner from the southwest. Find
a vecter that represents the mesultant velocity of the plane
relative to the pomt of takeoff. Let i point east, j point
north, and k paint up.

49. TRACK AND FIELD Maysa throws a pvebin due south ad a speed
of 18 miles per hoor and at an angfe of 458" relate fo the
horizongal. 1f the wind is Bowing with a velocity of 12 miles
per haur ab am angle of $15°E, find a vector that represents the
resusltant velocity of the javelin. Let i point east, j paint north,
:lndkpl.mltq:! ¥ -
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50. SUBMARIME A submarme beading doe west dives at a speed
of 25 knets and an angle of decline of 55, The current is
moving with a velocity of 4 knots at an angle of S200W.
Find a vector that represents the resultant velocity of the
stbmarine relative to the initial point of the dive. Let § point

east, j point north, and k point ap. (£

N is the midpoint of MP, find .
w3, 4,5 M %1, 2)

M{-1, —4, -9); 'm; -2,1, -5
M7, 1. 5); '\-.‘[:l - h]

M2 -5 0pN-2-2 14

VOLUNTEERING (Ormiar is wlunteering to help guide a balkion
in a parade I the balloon is 10.7 meders high and he is
holding the tether 0.9 micters abive the ground as shown,
how long & the tether to the nearest tenth of 2 meter?

EEIEIE“?

@

Determine whether the triangle with the given vertices is
tsodceles or soaleme.

B6. A(3,1,2). BE. —1,1), O, 3, 1)

51 Ald, 3, &), 8l b, 4], 4, 3, i)
BB, A{-1.4.3), B2, 5 1) Ci, —6, &)
B8, A{-23 43, 5.4), M0 93,156, O3.6, 143, 5.6)

B0. TUGBOATS Two tugbosts are pulling a disabled

b supertanker. One of the iow lines makes an angle 23
west of north and the other makes an angle 23" east of
nerth. Each tug exerts 4 constant foree of 2.5 x 107
newtons depressed 15 below the point where the lines
attach to the supertanker. They pull the supertankers bwvo
mides dhse north,

8. Write a three-dimensional vechor 1o describe the fonce

from exch tugboat.
b. Find the vector that describes the total force on the
supertanker.

€ If each tow kine 25 300 ket long, about bow far apart are
the: tugboats?

6L SPHERES I'se the destance bormida for two pomts m space
to prove that the standard fem of the equation of a sphere
with center (I, k. €] and radios ris /" = {x — ]2 4 [y — k)
+ (== 02

Use the formula from Exercise 61 o write an equation for the
sphere with the given center and radius.

B2 cenber = (—d, —2, 3); radins =4
63, cenber = jb, D-—l];ml.itu:é

B4 cenler = {5, —3, &) radis = /3

5. cenber = [, 7T —1); radius = 12

H.O.T. Problems

B66. REASONING Prove the Detance Formubs in Space. (Himt: Use
the Pythagmrean Thearem byvice.)

s Higher-Order Thinhking Skifls

67 CHALLEMGE Heferto Example 6.

135,483, 180,20
U 1

A 7’1
E

8. Calculate the resultant speed of the rocket
b. Find the quadrant bearing 3 of the rocket.

£ Calculate the resultant amgle of mncline # of the rocket
rlatives bo the horizontal.

BB. CHALLEMGE Muna & standing in an apen beld facing N50°E.
Shet is holding a kite on o 10, 7-metter string that is flving st a
20" angle with the field Find the nits of the vector
from Muona to the kite. (Hint: Use trigenometric rtéos and

v right trranghes o find x, v, and 2}

68, WRITING IN MATH Describe a sifuation where it is mons
reasonable to wse a two-dimensional corrdimate system and
ome where it is more ressonable o ose o three-dimensional
coordinate system.

a7



Spiral Review

Find the projection of u onto v. Then write u as the sum of two orthogonal vectors, one of which is
the projection of u onto v.
T0. u=in 8, v={(2,-1) L u={-14),v={51) T2 u={54),v= {4 -3

Hud&!ﬂﬂpnnuihm:rdmphd!ﬂﬁuﬂhh#ﬂnhﬂ:ﬂlﬂdmlpuuh
T3 Alg, =d), i=7, =7) T Al—d, =B}, B{1. &) TE A{-5 =13), 81, &)

6. ENTERTAINMENT The UAE Natiomal Doy freworks at Burj Khalify are fired at an angle
of B2° with the horizontal. The technician firing the shells expects them to explode about
914 meters in the air 4.8 seconds after thev are Fired.
&. Find the initial speed of a shell fired from ground level.
B. Safety barriers will be placed around the launch area to protect the spectators. If the
barriers are placed 91,4 meters from the point directly below the explosion of the shells,
haw far shoold the barriers be from the point where the fireworks are laanched?

T2 COMSTRUCTION A stoni door thar was designed as an arch in the shape of a semi-ellipse will
have an opening with a hesght of 3 meters at the center and a width of 8 meters along the base.
To sketch an outline of the dour, 2 contractor uses a string tied o two thumbtacks.

a. At what locations should the thumbtacks be placed?
B. What length of string newds to be used? Explan your reasoning,

Solve each equation for all values of &

TE e P4 Feotd=0 M, s’ @ —9=0 Bl 2o P—3=5%ind
Sketch the graph of each function.
BL y=cm x—2) 82 y=arcosy 4 3 B y=sin 3z

Ckills Review for Standardized Tests

84. SATFACT What percent of the aréa of rectangle PORS is 86. Durmng a storm, the foece of the wind blowing

shaded? against a skyscraper can be expressed by the vector
{132, 3454, —76), where the force of the wind is
measured in newtons. What is the approxioate
magnitude of ths foree?

A 5T N C 3e92 N
B 3568 M D 3TN
A 39 C A% E 354 BY. REVIEW An airplane is flving doe west of a velocity of
" 18 mectess per second, The wind ix blowing from the
B 25% D 334 south at 3 meters per seconed. What is the approximate
magmnitude of the airplane’s resultant velocty?
B5. REVIEW A ship leaving port sails for 75 kilmeters in F 4 mfs H 100 mfs
a directiom of 35° north of east. A that point, how far 3
G 954m's J 1044 m/s

north of its starting point is the ship?
F 43 kilometers H &1 kilometers
G 55 kilometers 1 72 kilometers

.

38 | Lesson 14 | Vectors In Three-Dimensional Spece
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e v ] DS oc iian

ey ghl

y | M Graphing Technology Lab

& Use a graphing calculator
to transform wectors using
maincas.

IWector Transformations
“with Matrices

In Le<san -4, yoo Eearned Mal a vector ie space can be wafsiomed when wiitban in Componest Hm
or when expressed a5 & Bnear combanation. A wedlor n gpace can akso be ranshormed wihen willen as

a3 = larl = 3 matdx
N

PJm[x ¥ 2]
z

i+ )+ rk =

Cince in mairi foim, 8 vector can be transtonrmed wsSing matris-vechar muhiplation

Activity Matrix-Vector Multiplication

3 0 0
Multiply the vectar B = 21 — j + 2k by the transformation matrix A = {0 3 0/, and graph both
vechors. oD o3
E=E] Vrite B as o matrix,

2

B=Ti—j+k=|-1

i

m Enter B and A in a graphing calculbator and fnd AB. Convert to vectar form,

ATRIZEIET & =1 [ATIEI
i s F i
e i 16 11
iri=2
AB =6i—3 + 6k
EITEl Graph B and AB on a coordinate plane. z

AB is a dilagsian of B by a factor af 3. T

¥
%,
Exercises
Multiply each vector by the transformation matrix. Graph both vectors.
L h=di+f+ Bk 2 oe=5+3—0% Z F=f+7j—3k
fozs a0 2 00 3 o
B= o 025 o F=j0 2 @ W=|0 =3 0
] g 035 n o 2 (1] 12 . |
g 01
A. BEASOMING Multiply v = 3i — 2j 4 4k by the transformation matrix B=| O 1 0, and graph
both vectors. Explain the tvpe of transformation that was perdormed. ~1 0 0




M r_Dot and Cross Products of Vectors

'in Space

® Youfoundthedot @ Find do1 products of @ The tendency of 2 hinged door 1o rotate when pushed
product of tao and angles betwesan iz affacted by the dstance between the location of the
vECTONS in the plang WECIIS In Space push and the hinge, the magnitude of the push, and the

Find 08 products of direction of the push.

wechars in space, and i quantity called forgue measiges how effectively 2
use Ccioss products ko force epplied to a lever causes motation about an axis
find area and volume.

-
MewVocab UI.EH'!" Dot Products in Space Calculating the dot product of bwo vectors in spade is similar to
ertas paniuet calculating the dot product of two vectors in a plane. As with vectons in a plane, nonziro vectons
torgue in space dre perpendicular if and onky i#f their dot prodoct equals zera.

paralisiepiped

triple scadar produdd FoyConcept Dot Product and Orthogonal Vectors in Space

The dot product of &= {0y, o 0 b med b = (b, by, b,) is dolined as 2« b= o, + a8y + 5585 Tho vooom a.and b
mie orthogoma f and only ifa-b =0

Find the dot product of u and v. Then determine if u and v are orthogonal.
& o= (=73 =3),v= (5175 boou= (3, =3,3),v= (4,7 3)
mew = =Ti5) + 1T + (=35 o= = 3] + (=37 + M3
= =353+ 31 # {=15)or 1 =124 [=21) + Sor D
Since o - ¥ 2 (o and v are not orthogomnal Stnce u » v = (), o and v an: orthogonal
P GuidedPractice
W o=0,-54),v={575 1B, a={, -2 -3}, v={13,-2
As with vectors in a plane, i #is the angle between nonzero vectors a and b, then cos = I:IF!EI"

Find the angle § between u and v bo the aearest tenth of 2 degres
ifu= {32 <1) and v = {=d, 3, =2}.

ey

Etﬁd=m Ange batwrt 5
ﬂ AL -1)-(—43 -2 g ) )
B T s 2 e 7 B e i Tt e
e =4 Evalumiy e dok proguct snd
14 v2e magritud
@ = tos ™! —ae e ot 1015 Simplity 2ot noben for i
W i

The measure of the angle between o and w is about 1015

P GuidedPractice
2. Find the angle between u = —4i + X + k and v = di + 3k to the nesrest tenth of o degree.

40 | Lesson 15
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Cross Products Ancther important product invelving vectors in
space is the cross product. Unfike the diot product, the cross product axh

of twio veckors a and bin space, denoted a = b and resd o criss b, &5 a vectar, :
nut @ scalar. The viector & % b is perpendicalar to the plane contanimng -l—':

vectors a and b,

KeyConcept Cross Product of Vectors in Space

o =0 +0;j +o,kand b = byl + b + b, the oros prodect of a and b & See vecior
" n b=, —ohi—jody—obli +eh; —ofidk
ReviewVocabulary \ ’

2 x 2 Determinant  The
drigiminas of the 2 = I main If we apply the formula for caleulating the determinant of a 3 % 3 matrix to the fellowing

{: :]ni: ﬂl:ni—d!. debermimant firm mobving i §. k and the components of a and b, we arrive at the same formuala
forax b
i T & - Put ther ot wectnrs i | el & bn Feee 1
adb=|a; &5 iy Pui the componmia of a im Row 2
by by by t=——— Pt the componants of b in Bow
@ i il [ i 1
= bz b; i- b: 1!'2 i+ |b: &;lk Anply the foermula for s 3 3¢ 3 decormrinamt

= filaley — dghdi = laghy — agh W 4 fnghy — a,b ke Compuste =xch % 3 debesrmnant:

( | Zo.o) FindtheCrossProductofTwoVedos

WatchQut! Find the cross praduct of o = (3, =2, 1) and v = (=3, 3, 1}, Then show that v X vis arthogonal
e Prodert The ooss prodect o both o and v
definition spplies onby to wectors,
in $eee-dimensionsl spaoe. The 1 1 k
cross prodert i not defined for axv=| 3 =2 1 a=3—3+ cmiv=—H+8+k
werinm in the beo-dimensonal 31
Ll:lnth-iqu_n. =3
= =
= ; :|i—|_i 1|i+|_i §|k Detesminnr of 23 = § matels
= =2 =3 —[3—{-3)]j+ @ - bk Dete=rmunamz of 2 = 3 matrices
= —5i—6j + 3k Smpdity
= =5, 6,3} Lemponont fam
In the graph of u, ¥, and u = ¥, u ¥ v is orthogonal to
wand u ® v 15 orthogenal to v,
To show that u = + is erthogonal to both wand v, find
the dot product of o % v with w and w x v with v.
= vi-n fm = whew
= (=5 =63}« (3, -2,1} ={-5, -6, 3« {~33.1)
= —5(3) + [—6H-2} + 3{1) = —5{=3} + [~} + 3(T)
==15+ 12+ 3arlv =154 [—18) 4+ Jor D w

Becomess both dot prosdocks ane 2efo, the vectors are
orthegomal

P GuidedPractice

Find the cross product of u and v. Then show that u X v is orthogonal to both u and v.
M ou={1.2 1), v={51.4) 3B w= (-2 -1, =3}, v={5 1.4)




Yoir can use the cross prodoct 1o find 2 vector quantity called auis of rotaskan
torque. Torque messures how effectively a force applied toa
lever conses rotation along the axas of rotation. The torque vector

T is perpendicular to the plane containmg the directed distance T

r from the axis of rotatien to the point of the apphed force and

the applied force F as shown, Thensfore, the torgue vector is "

T = r % F and is messored in newton-meters (M = m). “- F

Real-WarldCareer

Awrtomotine Mechanic

mechanicnl probleses o
Righ-lewel, tochnology-claled
repairs. They showid hese good
probiem sohnng siiks,
mechanical apbiude, sed
knowiedge ol efecroncy and
mathematics. Mol mechanics
compicte 8 vocabional treming
FECGTAM i aulomotie enioe

techombogy

Figure 15.3

* Real-World Example 4

ALTD REPAIR Muimnﬂ-lugmuﬂ:hhﬂhﬂ-n’ ..h:ﬁn.nl_

The wrench he uses is 50 centimeters or 0.5 meter long. Find the
magnitude and direction af the torgoe about the log oot if he
applies a force of 25 newtins straight down to the end of the
handle when it is 407 below the positive r-axis as shown.

EER] Graph each vector in standard position (Frgone 1.5.1).
Determime the component borm of each vector,

The component form of the vector representing the directed distance from the axis
of rotation o the end of the handle can be kund wsing the trianghe in Figere 1.5.2
and trigonometry, Vector ¢is therefore ({85 oos 4, 0, <0.5 sin 40°) or about
{0.38, 0, —0.32). The vector representing the fonce applied to the end of the handle
is 25 newtons straight down, so F = (0, 0, —25}).

0.5 os 41"

0.5 5in 400

Figure 151

Use the cross product of these vectors to find the vector representing the torque about
the heg ot

T=rxF Ternue Ceoca Proded Formeds
i k
= |03 0 037 Crmx prodatt of rand
o 0 =35
_ |U =32 " |'D.33 —ﬂle " (136" 1 I]| K ) AR
od [ P 4 i 2 o thaterminantef x 1 % § matris
= i — 95} + 0k Determmmmsts of 2 2 masrices
= (0, 9.5, 0} Companent fvm

Find the magnitude and direction of the tongue vector.
The compunent form of the brgue sectar (0, 9.5, 0)
befls s that the magnitnde of the vector B abont
9.5 neston-meters parallel to the positive -axds as shown,

P GuidedPractice

4. AUTO REPAIR Find the magnitude of the torque if Abdulkarim applied the same amount of force
to the end of the handle straight down when the handle makes a 40° angle above the positive
x-axin as shown in Figure 1.5.3,

42 | Lesson 1-5 | Dot and Cross Products of Vectars in Space
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The eross product of bwo vectors has several geometrae apphications. One is that the magnitode of
u ¥ ¥ represents the ares of the parallebegram that has wand v as its adjacent sides (Figure 1.5.4).

Find the area of the parallelogram with adjacent sides u = 2 4 dj — 3k and v = i — 5j + 3k.
ENE Findw = v

i i k
Xy =[2 & =3 p=H4+d—Tesndw=i—5+3k
1 =5 3
4 =3 2 =3 2 4 i
_|—5 3Ii—ll 3|i+|1 —n'lk Determinamt of 8 3 % 3 matne
= =3 -4 - Uk Dmizrmmania of 2 % 3 mstrices
Hru:[l‘l‘lzmuﬁ;ni:l.ldeduﬂ V.
hu=w= '\lri—:!-:l2 + {9 + (-1 Magni=iy of o wecion m 3o
= +f28h or about 16.9 Simplify.

Thie area of the parallelogram shown in Figure 1.5.4 = about 169 square amits.

P GuidedPractice
8. Find the area of the parallelogram with sdjacent sidesu = ~6i <3f + Skand v = di 43 + k

Three vectors that e in different planes bot share the same initial point determine the adjacent
edges of a parallelepiped, & polvhedron with faces that are all parallelograme (Figure 1.5.5).
The absolute value of the triphe scalar product of these vectors reprsients the volume of the
paralielepiped.

StudyTip HeyConcept Triple Scalar Product

Tripie Scaler Produc: Motice that =i+ — i = Fwid

ol g g sl pic ol o+ 15] 4tk =gl A 0gj 4 el v=w £ ey F vk, the iipke soelar prodect = gven

t. 1w, and v, you wiite the L &y &y

determinant reoresemting U X Byl-fpxwj=|2 U Oy)

iamd repiace Hoe top row with e oWy ¥y

walues for the wecier t

. - -

Example &

Find the valume of the parallelepiped with adjscent edges t = di— 2j = 2k, u =2 4 4j - 3k,
and v =1 = 5 + 3k

4 -2 =2 =i — 2 — M
trfuxvi=[2 4 -3 n=D+4— %
1 =5 q andy =it— &+ Tk

= |_; _: | )= |f _:] =)+ |i _;I =2 Betrsinait of m 3 & 3 s

= =12 4 18 4+ Z8 or 34 Simplify,

The vislume of the parallelepiped shosn in Figure 1.5.5 & [t- (o % vj| or 34 cubic units,

P GuidedPractice

6. Find the volume of the parallelepiped with sdjacent edges £ = 2§ — 3k, v = —ai = 2§ + 3k and
v=di+ 3j+

e



Exercises

Find the dot product of o and v. Then determine if uand v are
orthoganal. Lo

L oa={3 06, v=(—§27
2 uw= (510, —d), v= {6, —1,4)

2 o= -8B -Thv={59-T)

& o= (-7 3.1} v={-45-13}

5 w={1Ld, =2}, v={-1,3 #)

6 u=@i—- -5k v=3i- 2+ b6k
Tao=3di—-lj+kv=Ti+2j-k
Eo=%H-S+akv=6i+dj-3k

8. CHEMISTRY A vwater moleole, in which the oxygen

atenm i centered at the origin, has one bvdrogen atom
centered at (55,5, 55.5, —55.5) and the second hydrogen
alom centered at {—353.5, =555, —55.5). Determine
the bond angle between the vectors formed by the

ncypen-hydrogen bonds. ¢

Find the angle @ between vectors o and v to the nearest tenth of
adegree. [fan

W oa= (3 -2 v={14,-7)

T ou={6 =5 1), v={—H, —9,5)

2 o= {-H#112 v=[—642}

13 o= 10,8, -8}, v= (3. =1, - 12
Woo=-3+3+ %k v=di+ 3 — 10k

B o=—6+3+5kve—di+ 3+ 6k

Find the cross product of w and v. Then show that u X v is
orthogonal to both uand v. ¢ .

W o= =13 5, v= (2 =68 =3}

L u={4 7 -2} v={-5%91)

B w= {3 -6 2 v= {15 =8

W u={GE -80),v={-4 -2,7)

20 o=-H-2+5kv="i+j-ok
Hop=—d+j+ 8k v=3—dfj -3k

2. RESTAURANTS A restaurant server applies 50 newtons of

force to open a door. Find the magnitude and direction of
the: torgue sbout the door's hinge.

44 | Lesson 15 | Dot and Cross Products of Vectars in Space

I3. WEIGHTLIFTING A weighthfter deing bicep curds apphes
212 newtonis of force o Bt the dumbbell. The weighthifter's

furearm is (L3156 meters long and she begins the bicep curl
with her efbow bent at 2 15 angle below the: horizontal in

the direction of the positive raxis. (i

&. Find the vector representing the torgue about the
weightlifter's elbow in component firm.
b. Find the magnitode and direction of the torgue.

Find the area of the pasallelogram with adjacent sides w and v.

= (2,53, v= 4 6 —1)
v= (A, =5, 3}
o= {43 1), »= {12 -2
o= hi— 3+ 5k v=5— dj — 8k
u=i+dj-dkv=-2+3-7k
o= —3-5+kv=4di—j+ ok

ne= (=917,

BENHBE

Find the volume of the parallelepiped having t, u, and v as
adjacent

30 b= {—1,-92), a= {4, -7 -5 v={3 —1&)

B b= {—6 4 -8}, u={-3, —L&},¥= {25 -F}

32 b= ({2 -3 -1} u={{ =6 3. v={-05 —d)

W b=Adi+j+u=54+T7j-bok v=31—2j— 5k

Mot=itj-dku=-3i+4Thv=H-bj+ 8k

/ob=S5i-Aebku=3i-5+ Tk v=8i—f+dk
lbﬁdammmnhmhpdhuﬂw

36, (3, -8 4) 3 {-1,-2.5)

18 {u,—— —3} 39, (7.0, 8)

Given v and @ + v, fnd w.
B0 vw={} i —B),us¥=-12

1 3
LR \'={§.EI.I>.|:~1=T

42 v={-2.—& -5} usv=135

Determine whether the points are collinear.
43 (-1, 77 (=39 11), (-5, 11, 13)
11,8, =1L (175, =718, 11, 5)
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Determine whether each pair of vectors are parallel.
&6 m= (2 =1 6),a={3 =159

% a={63 -7} b={(-4-173)

a7 w =<—%. i— —%}_ g={-d 2 -3

Write the component form of each vector.

48, u i in the yz-plane, has a magnitede of 8, and makes
a B angle alsowe the positive y-axis.

49, w lies in the ry-plane, has a magnitode: of 11, and makes a
30 anghe fo the left of the negative r-axis.

Given the four vertices, determine whether
ABCD 15 a parallelogram. If it is, find 1S area, aod determine
whether it is a rectangle.

BO. A3, 0, —2), B0, 4, —T), O00, 2, 5), D3, 2, 4)
BL AT 5 5, Bid, 4, 4), O/, 6, 2), (7. 7. 3)

62 AR SHOWS Inan ar show, two asrplanes take off at the same
time. The first plane starts ai the position {0, —2, 0} and is
at the positiom {6, —1i), 15} after three seconds. The sscond
plane starts at the positian (0, 2, () and is at the posttion
i, 10, 15} after three seconds. Are the paths of the two
planes parallel? Explain.

Faru = (3,2 =2) and v = {4, 4, 5}, find each of the
following, if poasible.

63 w-fu = v S v u-v)

85 uxuxvy 86 w-v-n

5% ELECTRICITY When a wire carrving an electric current is
placed in a magnetic fizld, the force on the wire in newtons
h@mh:rf:]fhx E where [ represents the current
ﬁm‘h‘lgﬂmnﬁhﬂnmhmfmﬂmhlh\m
bength of the wire pointing in the direction of the corrent in
mters, and § is the force of the magnetic field in tesles. in
the figgire bebny, the wire i motated throagh an angle & in
the ry-plane.

& [If the kerce of a magnetc ficld &5 1.1 teslas, find the
magnitudi of the force ona wire in the oy-plane that
i3 015 metes i bength carrving a current of 25 amps
at an angle of 60°

bo 1 the force on the wine & F = {0, 0, —0.63), what is the
angle of the wire?

Given v, w, and the velume of the parallelepiped having adjacent
edges u, v, and w, find .

B8 v=(-L-L4)w= (L0 -2}, n={c -3 1) and
¥V =7 cubic units

H.O.T. Problems

60, PROOF Verify the formula for the solume of a parallelepiped.
{Hme: Use the projection of u onto v = w.}

Use Migher-Order Thinking Skiiis

e

THEW
-

7 PR
)

PPy U

6L REASONING Determine whether the following statement
is sametimes, dlidys, of mever troe. Explain.
For @iry Fuw stanzero, monparelie] vectors fn space, Here is 4
vector bt i perpendicular ke both,

62 EEASONING If u and v are paralle] in space, then how many
vectors are perpendicular to both? Explain.

63 CHALLENGE Given o= (4,6, c) and v = (=3, =3, 5}, find
the vabue of ¢ for which u ® v = Mi — 36§ + 10k

B4, EEASONING Explain why the cross product s not defimed for
vectors in the two-dimensional coordinate syatem.

65, WRITING IN MATH Comgrane and contrast the methods for
determining whether vecions in space are parallel or
perpendicalar.



Spiral Review

Find the leagth and midpoint of the segment with the given endpainis.
b, (I, 10k 13), {2, 22, —is) 61 (12, =1, =14}, (X1, 19, =23} B8R (=22, 24, <%, {10, 10, 2}

Find the dot product of u and v. Then determine if o and v are orthogonal.
68 (-8 -7)«{L3) MW (4, ~6)+ T.5) N (6 =)+ (~-3,5)

T2 BAMERY Abdulariz’s bakery has racks that can hold op to 904 bagels and mueffins. Due to costs,
the number of bagels produced masst be less than or equal to 300 phe hwice the number of
muffins produced. The demand for bagels & at least three times that of muffins. Abdulariz
makes a profit of 53 per muffin sold and $1.25 per baged sold. How manmy of each stem shoulkd
he make o maximize profie?

2m + 16

T3 Detompase a1t intn partial fractions.

Vﬂﬂrrﬂ.iﬂmﬁlﬂ.

T8, tam” i+ cost B 4+ sn” = sec @ 75 sec  foot  f—cot =1 76, tan” # — sin” &= tan” § s’ W
Solve each trisngle. Round side lengths to the nearest tenth and angle measures to the neanest

tﬁ.-srﬂ!.

T da=M c=M B=dF M A=35 F=TF =137 M. g=215F=167 =103

Wrike each decimal degree measure in DMS form and each DMS measure in decimal degree

form to the nearest thousandth.
8. -72575 BL 29" 4’4" 82 13218 a”°
Skills Review for Standardized Tests
B3. SATACT The graph represents the set of all possible Bd. What is the umsFFmdu:I of u=4{3, 8, 0} and
solutions to which of the following statements? v={—4,2 67
e i e F afi — 18j + 3tk
~G ~6 =& =3 0 2 4 6 & G 48 — 2% 4+ 38k
Alr—1]>1 Clr+1i<l H a6l — 22§ + 38k
B lx—1<1 B jr4+1)=1 ] asi— 18§ + 38k

BS5. FREERESPONRSE A batter hits a ball at a 30° angle with the
ground at an inital speed of 90 feet per second

& Fid the magnitude of the horizontal and vertical
components of the velocty.
b Are the vahees in part @ vectors or scalars?

£ Assume that the ball i not caught and the plaver hil it ane
yard off the ground. How far will it travel in the air?

d Asseme that home plate is at the arigin and second base Hes
due morth, I the ball is hit at a bearing of M200W and lands
at point [, find the component form of £,

& Determine the unit vector of O,

L The Gelder is standing at {0, 150} when the ball & hic At
what quadrant bearing should the felder run in onder to ==
et B ball whiere it will hit the growumnd?

A

46 | Lesson 1-5 | Dot and Cross Products of Vectars in Space
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Chapter Summary

: -'.Study Guide and Review

KeyConcepts KeyVocabulary
Iniroduction to Vectors campanent farm raclangular components
*  The dgerection of 8 weoiof is ihe deacted andgie biween the vector and COMponels resultant
a harlzontal Ene. The magnitude of & vadlor |5 its iengih, eress produrt standard positian
# When two of more vectors e combined, thei sum is & single vector Alrsetlen Lerminal point
called the resultant, which can be Fownd ssing e Liangie or
parafialogiam method dat product thres-dimesional coordnate
system
Triangle Method Parallelogram Methad equivaient vectors "5
ath " 3 initial posnt torgug
LY
whE N lnear combrnation Hisnge: metind
- B —F magnitude trisle scalar product
L) o cckinis truie beasing
opposits vecton unit wectar
Vectors in the Coordinate Plane arered tipls wechor
% The component form of a vecios with rectanguiar components arhagonal wector projeclion
I N
Xand y s (X)), parsiielspiped Wik
* The companent form of a seciod hat & not in standard positan, F-Exls
with Initiad point ACx,, y,) and teminal paint Blx,, ¥4} 5 given by paralisiogram method i
[ e parallel wechars o

* The magnitude of 8 vedlsd v = (¥, ¥y} 5 Qheen by

—
¥ = yley = m]° + dyz — pd”

# lta= (o, a0} andb = (b b} arevectors end k& a sealar,
ihena 4+ b= {oy 4+ by, 0y + by}, a—b = {0y — by, 87 — by},
and ki = {kir,, ko)

* The slandard unit velods | and jcan be used io Express amy
vechor v = (o, &) asal+ bj

Dot Products

* The ol productof & = {m, 0,) andb = (B, b,) & delined as
g+b=ab +ab,

* | i is the angle bebwesn nonzesn veciors & and b, then

asB
ial i

oS W=

Vectors in Three-Dimensional Space

* The distance betwaen A{xy py, 20 and Bixg, yg, I3 i given by

-

AR = 1.r"IL'r;. —x) 4y —pF 4y = 1)

X Bt :-—.r,'l

. Trem.duonmlﬁisgwennyﬂi 3 T 5

Dot and Cross Products of Vectors in Space

®  The dat product of &= (&, =F L"E} and B = I:I'.I-, .:l:, f.I!:I & delimad 25
a+h= o v, + ';_,.n'.'l: + u’EEI-,.

* la=od+ o.) + ﬂgh and b= &J + .'.'l:,l + I:!'.. he crass product
ol i andd b is the veclora » b =
|I‘le}3 =2 D_:.ﬂ'::-ﬁ— |I'.I-tl3 - !’Jgﬂll'l'* |I‘J'-£l; — I:'].'J.li..

quadran beasing

VocabularyCheck

Determing whelher each stalement & triee of fovse. I 1ais, replade the
undesined term or expression o make e siatement e

1 The terminal goent of & wecion is where the vector begins.
2 Ha= (-1 andb= (3, 2}, ihedol proded is caloulaled
By —40 4 Sl

A The medpaint HENDI.&I.‘LP}'- z) ard Ell.a.z._l.-l. 2
'|.|—J._. Pt ¥y 5t
isgventy |21 =5 =52)
A The pagaitisde of F i the initial poing i 4]—1, Z) and the ferminal
pointis B{Z, =} & {3, —B)

5. Two veoin are sgissl anly if they have the same direhion
and magailsde

B When tad nonzers weCioss are cethogional, the angle
bebaseen them s 18D

T. The companent of o omto v 5 the vecos with direction thai i< paraliel
Lo v ond with [engih that is the component of u along v.

8. To hnd bl least ane vecion arlhogonal i any Two waclors it Space,
ciiculade the cress produdt af the Two origingl weoines

8. When avedtor 5 subtracted, 1 is equivalent to adding the cpposie
VECION
|
0. 1 vis & uml vecior in the same direction & w, thenv = 5

a7
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Study Guide and Review continued

Lesson-by-Lesson Review

1 _1 Introduction to Vectors

Staie whelher sach quaniity described s a vecfar quaniity or a
seear guantity.

. acardriving 50 Kilbmebers an hour dee east

T2, a gust of wind blowing 5 mefers per sescond

Fird the resultant of each pair of vectors using either the briangle o
parallelearam mettnd. Stals e magnltute af the reillant o e
rearest terih ol  centmetes and da dirscton relative to the henzontal

13 t 14 L]

Determine ihe magnilude and direction of the resullant of each
vedtor sum.

17 70 meters dus west and then 150 meters dug east

18. B mewlons diveclly backward and then 12 neswions diracily
Dhackwaso

Fimd he resullant of r and & using edber the risnghes or
paratiefagram method. State the magnitude of the resultant
in eentimeters and is direction relative ta the hodzantal.

Triangle Method

Transiate r 50 that the o of r ouches W
1 2 of 5. The resultant is the wedio

Trdem e Exil of o 8o Ehe tip al s.

Paralledogram Method

Transiate 5 o0 that the tad ol s boscksss
{hee tall ol &. Complate Me paralielogram
that has ¢ and 5 a5 two of iz sdes. The
resallan |s the vectar that lorms e
Indicated diagonal of the parabalpgram

The magituce of e resultant 5 34 cm
amd the dersction &5 55

1-2 Veciors in the Coordinate Plane

Fird the eompenent farm and magnitude of A5 with the given initil
and tesminal points.

8. 4|-13,8(54) 0. A}, -3 8|-9.8§

L A(-8, —), BB, T 12, Af 101, 53, -5)

Find each of the foBowing for p = (4,0). 4 = (=2, =3},

andt= {—4, 7).
23 I9-p M. p+1

25 1-3p+4q 6. p4i-3g

Find & unlt veclor o with the same direction &5 v.
2T w= (-T2} B W= (3, -3

9. w= (-5 -8 30. w=(0,3)

L™

Firtd the companent lomm and magnitude of A8 with india point
A(3, =2) and tesminal paint B[4, =10

AB =g, — K. Fa— W)
= [4—3,=1-[=2)}
— |:'|.'|:;

Find the magndude wSing the Destance Formsa

o= = =

(A8 =\l — 0 + (g — ¥y
=\l =3 + [-1— -2

= /2 ar about 14

4B | Chapter1 | Study Guide and Rewvew
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i-
Firnd the dof product of u and v. Then detesmine if u and v ae
aithagonal.

M ou={-35Lv=(L1)

3 Dot Products and Vector ﬁm{ecﬁnnﬂ

32 u= (& 4),v={5T)

32 u= (=14, 9= {8 1) 34 l]=l:—1’.]:l.¥= i3}

Fimd ke Engie & between o and v 1o the nearest lenth of 2 degree.

35 u={5-Nv={-13) 36 u=(-18)v= {42}

Find the dol product of x = (2, —5) and y = (=4, T}.
Then deberming i 1 and y are orthogona,

Xey =X+ X0
= -4 + =5[h

=B+ |-35ar—43

Since x « y # 0, xand y are mat arthoganal

1

Plof each poant in & three-dimensional coordinate system,

qr Vectors in Three-Dimensional Space

AL - 38 [{.5.3)

B (5-3-2) a0. (-, -3, -3

Find ihe length and midpaint ol ihe segmen with the given
EATARIALE.
a1 (|~ 10, 4), (2, 0,8) 42, |-5,6 &), (-9, -2 -7

43. {3, 4 0~ —10.4) 44. 8, 3,.1) (-4, -85
Lesrte apd graph sach veclor in space.
45, a= (0 —34) 46. b= -4 3+ 2k

41 =<3 -=3f+ 5K 4B, d=(—i -5 -3

Pial (=3, 4, —4] in & three-dimensional coordinals Sysism.

Locate the paind {— 3. 4] in the ay-plane and marnk 7 with a cross
Then phot a goent 4 unks dewn froen Bhis location paraliel to the r-axis.

=
= 5
b=
=
o

§=3, 4, =4

1 = 5 Dot and Cross Products of Vectors in Space

Fird ihe dot praduct of i and v. Then determing If o and v ane
petivagomal
83 u={1532)v= {82 -

50. u

5,0, —6),v={-613)

Fird the enass product af u snd v. Then shaw that o X v S chogonal
e bodh  and ¥

Lo u= {1 -3 -2),v=(24,-3)
BZ u= ({1 —=2)v={5 -4 =1

Find the cross produc of u = {—4, 2, =3} and
v= {7 1, 2}. Then shaw that u ¥ v is arthogonal

b bk o1 and v.
s 1B s P i
4 = — 5
uEv=la 2 r ozl 1 ul®
= (47, —13, —58)

fu 2 W) - u = (37, —13, —58) - {—4, 2, -3}
= —W8 -4+ TMord v

o 2y s = (37, =13, —58) « {710, 2}
= 58— Ml - 1har s

49



Study Guide and Review continued

Applications and Problem Solving

53 HASEBALL A player throws a baseball with an initia] welocity of
6.7 mebers per Sechnd 81 an angee of 457 aove me horizantal, as
shown bedow. Find the magnilsde of the horizonial and wertoal
oomponents

25°
i' =
-

Bd. STROLLER Lailaic pushing & strofer with a Jorce of
206 pewbons at an angie of 207 below the Ronizoetal Find he

magnifude of e hodzontal and vertic sl companents of he
faroe

56, LIGHTS A walfic llght a an inbersection &5 hanging from two wires
of exqual ength 3@ 15 below the hovizoatad a5 shown. I 1he raffic
ligit wesghs 560 pounds, what s The tenskon in each wire keeping
e gt &t equilibeiem?

56. AIRFLANE Anaepiane s descendng ai a speed of TR mies pey
mour & an angie of ¥0° b=low the hosizontal. Fand e composent
farm of the vector thal sepresents the velodty of the ainplans.

57 LIFEGUARD & IReguard at & wewe pool Seims al a speed of
& kifomelers per wour &l 2 B0° angle to the side of the poal as
Shn.

. A whal spesd = e lileguard braveling & the current in Ehe pool is
2 kilamseters per howr parade o the side of the pool as shown?

b. A1 what angle is e fifeguand travelng with respect 1o the
slaning side ol the pool?

B0 | Chapter1 | Study Guide and Review

BE. TRAFFIC A GBO.4-kilogram car is slopped in tralfic on & il tal i

a1 an incng of 10°. Delerming e Force thal = reguired 10 keep he
car froen rodling down the hil

B9, WORK Al awanehouse, Jassen pusngs 3 bax on sliders wilh a

consiand farce of BO nerwons up a ramp thal has an indline of 15°
wibh ihe Barizenial. Delerming the amount o wock In joules that
Jassin does if e paushes the dolly B meters.

B0. EATELUTES The posibans of hwo saledites that are i orbdt can

be represented by the coondinates [2E.625, 32,461, — 38 426] and
[—31613, — 29,218, 43,015], where {0, 0, 0} represents The canter of
Earth and the coosdinabes are gwen in mikes. The radies of Eastn i
ahat 3569 miles.

& Determne e distance bedwieen e two sate{liles.

B. If & third satel e were 10 be placed directly bebwesn the two
Lalefes, what would the codrdinaies bes

e. Can athird satellite be placed af the coodinates found in part b7
Explain yous reasoning.

51, BICYCLES A bicycsst appbes T8 newinns of inme down on the
pedal to pul the bicyde n motion. The pedal has an ingtial position
ol 4T above The p-axis; and a length of 019 meders o the pedafs
dali, A5 ShOwm

L

& Find e vechor represenling me torgue aboal 0 e soke of The
bicyche pedal in componen famm.

b. Find i magndlude and dirdclion of The Tangme.

Pcd vy H | B abinn
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“FPractice Test

Find ihe resuliznt of each pair af veciors wsing eliber the irangle ar
paraBeiogram method. Hiate the magnitude of the resultani to te
neated tenth of a cemtimeder and fis direction retative 1o the horlzomal

Find the companent form and magnitude of AB with the given inikial
and Lerminal paliis.
% A -3 8-5.1 i .q{jl. 2).a-17

5. SOFTEALL A batter on the opposing saftball team hits.a ground
bl thiat rolls it B Lameya in lefl eld She nns toward ihe ball at
velnrity of 4 Meters persecond, seoops it, and praceeds 1o v I
b e cabcher ak a H‘JH’EN 30 malers pes second and &l an angle
of 25 with 1he honzenial in an atremp‘tm o ol & runmer ANl
iz 1he recultant spead and direction of the theow?

xm{, i TN

A4 mds

Find & unil vector in the same direclion a5

6 u=(-14} 1 u= {6 -3}

Find the dat product of u and v. Then determine if u and
¥ are arihoganal

B w={2 —8).v={-3 3}
B uw= {4 -3} v= (6 E)
0 =103, v=1+g

T MULTIPLE CHMCE Weile u a5 the sum of by eithogenal vectors,
one of whach Beng the projection af u oo vil u= {1, 3} and
v={—d 2}

z 1, f1m

A 4 5"5}*"[:5'5

_pan pn

B"‘{E‘s} {5'5

:u:{—i.% +<EE
55

55

RN S T |
e "‘{ 5'5}*(5' 5

12. MOVING Lamis & pushing a box Fong & level lioor with a force
of 54.4 newtors at an angle of depression of 207, Debermins how
miuch wiork i dome il the Box & moved 25 meters.

Find each of the fallowing tor a = {2, 4, =3), b= (=5, =7,1}, and
¢ = (8,5, —9).

13. Za+ 586 -3¢ 4. b—ba+dc

15. HOT AIE BALLOONS During & festival, twelve hot akr balloons Tais
off. A few minutes Bdes, the cooddinades of e firs] b bakoons are
[20, 25, 30§ and {—29, 15, 0] a= shown, whese ihe cooedinates are
aiven in fest

]
Ei)

® | =29, %3, 10)

120,25, 300
.

& Delefmne the distance betwesn e first hid ballsons thal
tiovk ot

b. A third balloon i hasway bewesn the first wo balloons
Determine M coorfmates of te third balison,

e. Find a unit vector In the diraction of th first batioce I 8 Lok
off at [0, 0, 0}

Find the argle 8 between vectons u and ¥ Lo the nearest leath of
& degres.

16, u=(—246}v={37110)

17 6= —%+ 5] 4+ Tk, w=—5i — 7} — &k

Find the cross product of u and v. Then show Ehat u X v is orthogonal
o bl & and v,

1B ou=0"13v={941)
M =B+ 2f—v="5 3] 2

20. BOATING The tiler is a kever that confrals the pasiticn of
the rudder on a boal. Winen lorce i apalbed 1o 1he L,
the boat will fum. Supposs the tiler an a centain boal is
075 meter in kengih and is curently resting in the r-plane
ata 15" angle from the positive ¥-2xis_ Find the magnitude
of ihe targue hat & developed aboul the axle of the tiller i
50 mewions af farce 15 applied in 2 diveciion paralel 1o the
poshive y-axis.



-+ Objective

® Graph vectors in and
\dentify graphs of vedior

52 | Chapter1

In ihés chagber, you examined ihe effects that wind and water cusrenis have on a moving
abjert The force produced by the wind and Oerent was represented by 8 singbe vectar,
Howiewer, we know thal the currend in @ body of water or the Torce produced by wind is

R

nitf necessarly constant; instead it differs from one region te the ned. |f we waniio 1 ’, 4 J, '!'
regresent ihe entire cosment or air flow in &n area, we would peed 1o assign & vecion o 3. I‘ l!i x \
each paint in spadce, thus creating a vector Fekd, :

NNy

Vector lislds are commaonly used in endginesring and physics 1o modsl air resstance, magnelic and graviiational forces,
and the motion of bquids. Whis these applications of vechor Hlelds require maliiple demensions, we will anakze vecio

fields in only tea dimensions.

Avector fietd B, ¥ 15 3 lonction Ihal comverts bao-dimen Sans conrdanates o @2t of heo-demensional veiors.
Fle i = (Fi b fyl i), where e ¥ and £[x, ) are scalar functions.

To mraph & vector field, evalsste Flo p) & (e, 1) and graph e vector using [ ) &s e inflial point. This i dene far
several points.

Activity 1 Vector Fields

Evabuate F{2, 1), Fi=1, 1), (L5, —2), and F(—3, 2) for the vector field Fix, 9} = (v, x = 1).
Graph each vector using {x, y) as the initial point.

m Toevalvate Fi2, 1), ketr=2and y = 1.

Woa—1p={1%2-1)
={11)
EEE  Tograph, let 3, 1) represent the initial pomt of
the wector.
This makes (2 4 1, T + 1) or (3, 2) the
terminal peint

E=E] Repeat Steps 1-2 for F(—1, =1}, F(15, -2
el F{—3, 24

}Anltpl the Results
1. Are the magnibudes and directions of the vechars the samic ar differerf?

Z Make a conjecture as to why 2 vector field can be defined as a function.
3. Is it possible o graph every vector ina vector field? Explain vour ressorning.

p

A gragh ol & werios feld Fle, ) should Bcude 3 variety ¥

of vertors all with inflial points &1 fx yh Graphing devices

e iypecaly used o graph vechor fiehds becauss sketching

wecior fields by kand i often too difficull il

Copwighl © Mol ne Hil| Bdie ation



StudyTip
{Grapke of Ve oo Firits
Every paint in a plese hos a

cooesponding wector The graphs

iof wectar ficids oniy show n
solection of poinks.

Tz ksep werines from oveslapping each oiher and o prevent the ¥

graph from kacking oo jumbled, the graphing devices propostionaly 2..'{*:}“11‘: i
reduce the lengihs of the vecioes and only construct veciors at h;:‘:l -y
cestain Infervals For example, Il we continue 1o graph mare ]"} } R R
wectors for the vecior feld fram Aciily 1, the resull would be LR
the gqraph on ihe righl t 'EE

LR
Analyze the component funclions of a vector field to identify "!.}t\
the type of graph It will produce.

Activity 2 Vector Flelds
Match each vector feld b its graph.

Fir. = (2, 1+2m) Ginw={("1) Higzy={"v}
|.5—;-r"r" A

P, P e
B Bl il Eail il

L R Y B

o lad o L
L N S L L
e e T T R 4 % LA o g
oW oW Ny P AAAfr A4

SRR E gL AR AL LAY
—15 o 15 =14 o 1.5

Figure 1 Figare 3

(1 + Zxy) will produoce a positive odtoome when 1 and ¥ have the same sign. The vertical
component of the vectors in Quadrants | and 01 s positive, which makes the vectorns in

these guadrants point upwand.
EEE] 1he graph that has vectars pointing apward in Chesdrants [ and U i Figure 2
EEE] fepeat Steps 1-2 for the remaining vector fields.

’ Analyze the Results
4. Suppse the vectors in o vector feld represent a force, What is the relationship batween the force,
the magnitude, and the length of a vector?

5. Representing wind by a single sectur assumed that the force ereated remained comstant for an

entire area. If the force created by wind &= represented by multiphe vectors in a vector field, what
assumprbion would have to be made about the third dimension?

\

Model and Apply {

6. Comphet the table for the vector om -2.%
field Fix, y) = {~u x}. Then graph =
each vecior. Lk, e

@ =1=d
By o2
-1.2 =3
=2.—% -1







Get Ready for the Chapter

-QuickCheck

Graph each lunction using a graphing calculator. Anafyre the gragh o
delemine wheiher each function i aven, oad, ar neifher. Confirm your
anawer algebraically. il odd o even, desciibe the symmetry of the
graph of the funcison.

1 rEl=xt+10

i gix)j=+x59

2 fxj=—ix45x
L oafry=vri-3

5. gix)=3x5—7x 6 hirj=yr?-58

7. BALLOOW The distance in mebers between a baloon and a persan

can be represented by dit ) = V17 + 3000, where { represents time

im seconds. Analyze the graph 1o delerming whethes the function &
EvER, ound, oF Redihar

Bppraximate 1o he nearest hundredih the relative of absalule extrems
of each function. Stale the r-values where they occur

B Hyj=dx!-Mr+2 8 gixj=—2rT+9x-1

W Hxj==r43x=2 N Mrj=x34xT -5z

12 ROCKET Arockef i fired into the air. The funcion Bif) = —18¢ Ty
Fhi 4+ 15 represents the haight i of the rockest in feel atter | saconds,
Fird he exirema af this funclion

Mentily all anghes that are colerminal with the given angle. Then find
and draw one posilive and ane negative angs cotesminal wilh the given

angle.
13 185° . 205" 1\ -
#® T @ 4 @ _1

B 1 ]

| polar coordinate system

pola

polar axis

polar coordinates
polar equation

polar graph

fimagon

cardioid

EsE

lemniscate

spiral of Archimedes
complex plane

real ans

imaginary axis
Mrogand plane
abzolute value of a complex number
polar fom
imigonometric form
miodulus

angument

| Review\ocabulary

L

initial =ide of an angle the staring position of the ay
{=ominal =de of an angle e ey's positon after roiafion
Angle
terminal
tide
yEriEy

nitial mde

measure of an ﬂﬂgiE the amount and deection ol rofatnn necessany
1o e froem the initial side ta the lermingl ssde of he anghs



® ‘You drew positive L
ant negative angles 1
gewen in degrees and
radians in standand

pasition.

NewVocabulary
polar cosrdinate system
pole

pealar asis
polar conddinates

paiar eguation
palar gragh

BB | Lesson 21

Graph points with
podar coordinates.

Graph @mple podar
equations.

Polar Coordinates

s

® To prowide safe roites and travel, alr traffic controfiers use
advanced radar systems to direct the flow of airplane traffic.
This ensures that airplanes keep a sufficient distance from
other giroraft and landmarks. The radar gses angle measue
and disectional distance to plot the posftions of asoraft
Controllers can then relay this infommation to the pilots.

Graph Polar Coordinates To this puink, veu have graphed equations in a rectangular
coardinate system. When air traffic controllers record the locations of airplanes osing distances

and angles, they are using a palar coordinate system or polar plane.

[rv a recinngmibar coordinate system, the - and y-antes are
herrizintal and vertical lines, respectively, and their poing of
intersection (1 is called the origin. The location of a point P &
identified by rectangular coordinates of the form {x, v}, where
1 and v are the horizeatal and vertical direcied drsfences,
n.-rpn-.u'mlv. to the point. For example, the point (3, =4} is

3 units o the rght of the y-axs and 4 units below the raxis.

In a pular coordinate system, the origin is a foed point O
called the pobe. The palar axis is an imitial ray from the pole,
wsually horizontal and directed toward the right. The location
of a peint P in the pelar coordinabe sysiem can be idenkified
by polar coordinates of the fem ir, 8}, where ris the directed
distance from the pole fo the poing and #is the diretted mile
from the-polar axis o OF.

Rectangular Coordinats System
¥

Pl i

Pelar Coardinate System

e, al

o Polar Aus

To graph a poant given in polar coordinates, remember that a positive value of 8 indicates 2 counter-
dockwise rotation from the polar axiz, while a negative vahee indicates a dockwise rotation. I r s

pasitive, then P lies on the terminal side of @ 1f r is negative. P lies on the ray opposite the terminal
sidle of &,

Graph each paink.
a. A2 457

Because # = 45, skelch the lerminal side of a 457 angle with
the polar axis as its initial side. Because r= 2, plota point
2 units from the pole along the terminal side of this angle.

b a[—x_';, 531

Because §# = -l-jE. sketch the termina sidie of a 1—: angle with

the polar axis as its initial side. Becawse r is negative, extend
thee terminal side of the angle in the oppoesite direction and
plot a pint 1.5 units from the pole abong thes extended my.

Palar
Bt

E|:—1.5-. ‘—.:’]



e £f3, —30°)

Becawse 8= 30, sketch the terminal side of a <30 angle a Folar
with the polar axis 25 its initial side. Becouse r = 3, plota vt A
point 3 units from the pole along the termimal side of this 3 s, — 3%
angle.
P GuidedPractice
Giraph each point.
™ y 5=
w of-1.3) B. E[25, 200) . K4, 3F)

Just as rectangular coordimates ane graphed on a rectangular grd, polar coordinates are graphed ona
circular or polir grid representmy the polar plane.

Example 2

Graph each point on a polar grid.

l“qa%;
Becauise 0 =, sketch the terminal side of a
4T angle with the polar axis as its initial side.

Because r = 3, plot a point 3 units from the
pole along the terminal side of the angle,

b, [N—3.5, 1507)
Because § = 150, sketch the terminal side of
a 150" anghe with the polar asis as its mitial
side. Beeanse ris negative, extend the
terrminal side of the angle in the opposte
direction and plet a pednt 3.5 anits from the
pole along this extended ray.

P GuidedPractice

. #f15, -2 8. 5(-2 —135)
5‘“““]] In a rectangular coordinate system, ach point has 2 unique set of coordinabes. This is tof true ina
Pole The pode: can be represcmed polar coordinate svstemc A, voo kearned that a given angle has infinitely mamy coterminal angles. As a
oy [0, ). where & is amy angie result, if a paint has polar coordinates (r, #), ther it also has polar coordinates r, @ = 3607 oe {r, @ = 27)
a5 shonm,

Plr, o8 or
Flr. @+ 36071

W




TechnolegyTip
Graphing Polar Equabons

To graph e polsr egeshon r= 2
oma g cairutaton, Sret
press MODE |and change the
gaphiny seieng {rem FUMC 10
notice Bxat the dependent varishie
s changed from I 1o rand the
indepondent wariahie from rbo @
Graphr=21,

sl Mg
e

i, 2=} :rl:.—';'b;r |—4. bl
el by [—, 41 sk |

Additionally, because r is a drected distance, (r, #)
and (—r, @ £ 180°) or {—r, # % 7] represent the same
pannt as shown.

Flr, o
Pl—r, it £ 1807

Palar Axi

In general, if o is any integer, the point with poelar coordinates {r, 8) can abo be represented by
polar coordinates of the form (r, # 4 36007 or (-, @ + {20 + 1j1807. Likewise, i §is given

in radizns and 1 i8 any indeger, the other representations of (r, #) are of the form (r, @ 4 200) or
(—r, 8+ {2r + 1jmh

Find four different pairs of polar coordinates that name
Iﬁﬁrﬂ'“m'ﬁiiw.

Onie pair of polar coordinates that name point Tis (4, 135°).
The other three representations are s follows.

{4, 1357 = (4. 135" — 340°)

Sobiract 3507 rom |/

= (4, —2257

{d, 135') = =4, 135" 4 180 Regioce - wits —r ang
= [=4, 3157 noid 185" 1o .

{d, 135') = |—4, 135" — 180 Regince - with —r and

matriTact THET trom {7

= (=, —-|.5-:|

B GuidedPractice

Find three additional pairs of polar coordinates thal name the given paint if 360" = # 5 380°
ar=2F S 85w

34 {5 )

38, {z.{}

Graphs of Polar Equations An cquation expressed in terms of polar coordinates i called a

polar equation. For example, r = 2 sin 9 is a polar equation. A polar graph i the set of all points
with cordinates {r, #) that satisfy a ghven polar equation,

B'I'm abready ke hinw bo graph equations in the Cartesian, or motmyular, coordinabe svstem. Graphs

of eguations constants kke r = 2 and vy = —3 ane consadensd basic i the Cartesian coordmate
syvstem. Similarly, the graphs of the palar equations r = k and # = k. where k is a constant, are
considered basic in the polar coordinate system.

Graph each polar equation.
Br=32

The solutions of r = 2 are ordered pairs of the
torm (2, @), where # is anv real number.

The graph consists of all puints that are 2 units
trom the pade, so the graph is a corcle centered
at the orign with radins 2

| Lesson 241 | Polar Coordinates
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b l'_-l{-
The solutions of 8 = Em{n‘dlﬂudpmd!h:m
Er. 1}, where ris any real number. The graph consists
3 3

of all points on the line that makes an angle nf% wath

b GuidedPractice
Graph each palar equation.

ah r=3 AR g = %

The distance between two points in the polar plane can be found esing the following formmsla

KeyConcept Polar Distance Formula

WatchOut!

Mods ‘When using me Polar
Dintanon Formesla, if @1 given in
degiees, moke RIT your graphng
calrulstor s set i degres mode.

M i pos -HIT Dol

..

[EE

Real-WorldLink

Germany developed & racar
dhevaor in T936 St oould deiect
plones @ 0 12E kdicmeter rades
The ioliowing year, Gemany
e crediied with supphyng 4
batfieship, the Erof Spee, with
the first imder sysiem

Sowmes: A Hiszory of e Woidd
SETRCntu skamy

B Py, 8] and Pojr 5. #5) ane two points m the
polar plane, {hen the disiance PPy is gven by

\lllr.:' i — Bryy oo iy — di

Fou will prowe this toomiils n Exorose 61

" 'Real-World Example 5 ! ;

AR TRAFFIC An air traffic controller is tracking two airplanes that are flving at the same altitude.
The coordinates of the planes are Ai5, 3107) and Big, 345%), where the directed distance i measured
in kilometers.

8 Sketch a graph of this sitution. i o &

Arrplane A & located 5 kiksneters from the pole on . Ny -

the terminal side of the angle 310, and airplane B R ftﬁggg;fﬁ #

i bovated & kilometers from the pole on the terminal - g W g @

side of the angle 345, as shown, i

ca " £, 3457

b W rewulati hibit airpl : . Pl 3

within three kilometers of esch other, are these MY gy W

airplanes in violation? Explain_

LUse the Polar Distance Formuola

AB = -"|1 + 1"11 = Iryracos {8 = i) Poiar Degtance Fommuin

i, 3457) mo

= /5% 4 52 — 2[5)A) cos (345" — 31 or about 344 s A5 =

W= fa. JTHFY

The planes are about 3,44 kilometers apart, 5o they are not in veslagion of this regulation

} GuidedPractice

> 5. BOATS A naval radar is tracking bao afreraft carriers. The coondinates of the two carriers ane
I8, 150°) and (3, 857}, with r measured m kilometers,

A Sketch a graph of this situation,

B. What i the distance bebween the two sircraft carmiers?




Graph each point on a polar grid.

1 Rl 13) 2. Ti-25 3307
v "
1 r|:—z.T a :1.{3-. ;]
S .
s of+.-) 6 B, —60)
S oy - 11w
1 ;_1{_1, -ix B L-|:3_1. _T:I
I I 0 M5 250
. P{S, -0 o W(-15, 1507

13 ARCHERY The target in compelitive
targed archery consists of 10 evenly
spaced concentric circles with score
valiwes from 1 to 10 poinits from the
outer circle to the center. Suppose
an archer using a target with a
Alcentimeter radines shoots armows
at (57, 457), (41, 315", and {15, 200,

& Flot the points where the archer's armows hit the target

on a polar grid.
b. How many points did the archer earn?

Find three different pairs of polar coordinates thak name the
EimFﬁll:I'HEW'ﬂiiiﬁﬂ'{t—Etilﬁl‘l.

{1,150} 15. I:—:’_, HW07Y
. (o7 n (23]

1. {5. “{T'} 1. |:-5.#
20, 2, -3 2L (—1, —2u0)

2k SKEYDIVING In competitive accuracy landing, skvdivers
atternpt b bland as fear as possible o “dead conter,” the
center af a target marked by a disk 2 meters in diaimeter.

a. Write polar equations representing the three target
boundaries.

b. Graph the equations on a polar grid.

Graph each polar equation.

23 r=d 28, =235
B r=15 6. ﬁz_?T“
7 4= -15 M or=-35

&0 | Lesson 21 | Poler Coordinates

29. DARTBDARD A certain dartboard has o radius of

225 millimeters. The bull'swve has oo sections. The

S-pairtt section has a radius of 6.3 millimeters. The

25-paint section surrounds the 50-poink secton for

am additional 9.7 millimetess. g

&. Write and graph polar eguations representing the
oundaries of the darthoard amnd these sections.

b What percentage of the dartboard’s area does the
Iuells-eme comprrise?

30 (2,30, (5, 120 3 (3,3) (5.7

32. (6,457, (=3, 3007 5 (7-5 [T

a4 (-5,2F) (0.2) 1 3. (4, —315). (1. &)
. (-2, —30), (8, 70T # (-3.47). (-2
(e E) e
a0 (s,—3) (0. -3 a1 (~5,135), (-1, 240)

B

SURVEYING A surveyor mapping out the band where
a2 new housing development will be built identifies
a landmark 223 meeders away and 457 keft of center.
A second land ok is- 418 meters away and &7 right
of center. Determine the distance between the two
bandmarks.

SURVERLLANCE A mounted surveillance camera oscillates

and views part of a ciraular region determined by

=il = @< 150" and 0 < r < 40, whese riz in meters.

a. Sketch a graph of the region that the security camera
can view an a polbar grid.

k. Find the ares of the segion.

Find a diffesent pair of polar coordinates for each point such
that 0= 8= 180" ar D = & = 1.

A4 {5, 9607 45, f-"—"'r i;_f]
4. {a“T‘ &1 (125, -9207)
ag. {—1. —T'T‘]- 49, (—f, —1460")



F ]

50. AMPHITHEATER Suppuosea singer is perlorming at an
amphitheater. We can model thes situation with palar
coordinates by assuming that the singer is standing at
the pole and is facing the direction of the polar axis.
The seeats can then be described as ocoupying the area
defined by —45" < 85 45" and 30 < r = M0, where ris
masired in meters,

& Sketch a graph of this region on a polar grid.
B. If each peron needs 5 square meters of space, how many
seats can fit in the amphitheates?

5L SECURITY A security light that is mousted above a houwse
illuminates part of a circular region defined by & = o< 25
and ¥ < r=< 20, where ris measured in teless. T[Hu.uut
area of the region is approximately 31416 square melers,
finel .

Find a value far the missing conrdinale that satisfies the
fullowing condition_

8 P, =(3.35% 0, = 75); PP, = L1

Ba P, =5 125 Py =(2 8); P, =4 0= &= 180
54 r,=13,u;.-,r,=[4,7—'}:i-m:=3,-usu_r.n
.p, = {7, 1207; Py = (4, 160 PP, = 3.297

56. ¥ MULTIPLE REPRESENTATIONS In this problem, you will
mvestigate the relationship between polar coordinates
and rectangular coordinates,

8. GRAPHICAL Flot points A(2. T} and B(4. 2%) on a polar
grid. Sketch a rectangular coordinate system on top of
the polar grid so that the omgins coincide and the
x-axis aligns with the polar axds. The y-axis should
align with the line # = 7. Form one right triangle by
connecting puint A to the origin and perpendicular to
the raxis. Form another right triangle by conmedting
point B te the origin and perpendicular to the -axis.

b. NUMERICAL Calculate the lengths of the legs of each
triangle.

e ANMYTICAL How do the lengths of the legs relate to
rectangulbar coordinates for each point?

d. AMALYTICAL Explain the relatiwniship between the

polar courdinates {r, # and the rectangular
coordinates (1, ¥).

Write an equation for each palar graph.

= T
= gl

=l
BTNy
TS
R ™

H.O.T. Problems

Use Heghes-Order Thinking Sdlls

6L HEASOWING Explain why the order of the points used in
the Polar Distance Formula is not important. That is, why
can you chouse either point o be P, and the other o be P,7

62, CHALLEMGE Find an ordered pair of polar coordinabes to
fepresent the point with rectangular coordinates (—3, — 4
Riund the angle measune ko the nearest degree.

63. PROOF Prove that the dstance between two pomts
with podar coordirates Pyir,. 8 ) and Pylr,, @) is

PP, = 'l'|llrl3 i 2rrpcm (B — fy).

64 REASONING Describe what happens to the Polar Distance
Formmla when iy — 8 = = Explain this change.

65. ERROUR AMALYSIS Sona and Suhaila both graphed the polar
coordinates {5, 457, Is either of them correct? Explain

VT Teascng
Sana Erina
3
¥
o = &5
Polar
e Aol

Pdar Ais

B6. WRITING M MATH Make a conjectiore as o why havng
the polar coordinates for an arreraft is not enough to
determmine o exack posikion,



Spiral Review

Find the dot product of u and v. Then determine if u and v are orthogonal.

BT w= (4, 10,1}, v=(-3,1,7} BR w=[—54,2),v=(—4 =9 K R u= (-8 —3,13), %= {4, —&, 0]

Find each of the following for a = (=4, 3, =2), b = (2, 5, 1), and ¢ = (3, =&, 5).

T0. 3a+ Ib+ Be T —la4db-5c TL Sa-9b+c

Far each equation, identify the vertex, focus, axis of symmetry, and directrix. Then graph

the parabola.

p - TV R M- =320y -12) 7’ oy=37 - Y

T6. STATE PR If Hareb and Laved each purchased the number of game and rice tickets shown
bedii;, what was the price for each type of ticket?

Perzon Tecket Type Tichets Tokad (51
game &

Hareb: il 15 53
game 7

Loyed e 1 L1

Wite the augmented matrix for the svstem of linear equations.

T 13w + Uy — Ly =23 B -4+ 2y+5=18 M4y —3=15
dir — 5y + Az =33 Sr—Fy+d==—8 Pt =Sy+1lz=13
Mo =13x + 2= ==19 = 1% = =32 —5y 4 Bz =20
1r -ty + Tz = =15 Br=3y 4 2==9 y=idz=17

Solve each equation for all values of .

B Zeos’r4 Ssiny—-5=10 BL tan’r + 2tanr+1=0 B2 cos'r 4 Iemr=—2

Skills Review for Standardized Tests

B3, SATACT If the hgure shows part of the graph of f{x), B5. The lawn sprinkler shown can cover the part of the
which of the fullowing could be the range of fix)? circular region determined by the polar inequalities
=W =i I and 0 = r < 20, whene ris measured
—ﬁ in meters. What i the approsimate area of this region?
i | 130 i B
: g
y S ATITAN
1" .!Li""y

Al

A {w|lv= -2} D {¢|-2=yv=1}
B {wly=-1} E {#ly>-1} A 821 m? C 852 m?
C {y|-2<p<1} B 53 m” D 66 m’
Bd. REVIEW Which of the following is the component B6. REVIEW What tvpe of conic is represented by
torm of RS with initial paint B(—5. 3) and terminal 557 = i) £ Tar
point $(2, 737 F circle H hyperbola
F (7. -10} H {~%30) G el ) paabola
G (-3,10) ] <3, =10

A

62 | Lesson 21 | Polar Coordinates



ﬂ @™ Graphing Technology Lab

& |fse 3 graphing calculator
1o explore thee shape and
gymmetry of graphs of
polar equations.

StudyTip

Sgquare the Wedow To wew L

grapghs in e acivty without any

disiomion, square the wisdow by

selecting ZS5quare ender the
.\_ID{H’I meme

Zlnvestigate Graphs of
~Polar Equations

in Lessan 2-1, wou graphed palar coondinales ani simgle polar squations on the polar consdnate
systam. Mow yoa will expiore e shape and symmetry of more comples graphs of polar equations
by using a graphing cabosston,

Activity h Palar Equations
Graph each equation. Then describe the shape and symmetry of the graph.

i r=3cosld

Frrst, change the graph mode to polar and the
angle mode o radians. Next, enter r = 3 cos & for
£y the v Dt Use the viewing windimy shinwn. '..r"‘_““-\..l

Thee grageh of r = 3 cis #is a ciecle with a center al "-_\_,_—r""l
{15, 0} and radius 1.5 units. The graph is symmetric
with respect to the polar axis.

I, 2 sl 2 by l—4, 4l sk 1y [, 4l ek

b r=2cos38
Clear the equation from part a in the ¥= list and
mnsert r= 2 cos 3. Use the window shown. ‘_“1.'
The graph of r = 2 oo W & a classic pu].ar ourve g i:::
called a rose, which will be covered in Lesson 2-2. 4

The graph has 3 petals and s symmetric with
respect to the polar axia

I, 2l S(I:zlab!.-l--.‘. 3acl Vhyl=3, 3] 511
E r=142sn@

Clizar the equation from part bin the Y= list, and
enterr= 1 4 2 sin 8. Adjust the window o
display the entire graph.

The graph of r = 1 4+ 2 sin # s a classic polar curve
calbed a bmagos, which will be coversd in Lesson 2-2
The graph bhas-a cone with an inner loop and is

symumetric with respect to the bine 8 = ;

|D.J‘:|:::Ld:£l‘h5'|—!. ek by =2 415d:1

L

Exercises

Graph each equation. Then describe the shape and symmetry of the graph.

L r=—3coad Z r=3sing 2 r==3gn @

& r=2cosdi B. r=2conal B r= 1o b9

T r=24+ ds5und B or=1=3sm# 9 re=1+42anl=i
Analyze the Results

M. AMALYTICAL Explain how each value affects the graph of the given equation.
& the value of m i r= o ook md
b, the value of [¢] inr = b £ 0 sin

TL MAKEACOMMECTURE Without graphing r = 10 cos 248, describe the shape and symmetry of the
graph. Explaim your reasoning.



® ‘You graphed o
functions i the 1
rectangular
coardinate system

NewVocabulary
limagen

cardeaid

rase

|emniscate
spirad af Archimedes

&4 | Lesson 2-2

Graph polar ® To redoce background nolse, nefwaorks that broadcast sporting
equations. events use directsonal mécraphones to capiuwe the sounds of the
game. Directional meoophones hawe the ability to pick up sound
E:sh'r:taiacrfweg : primasihy from e diredtion or gion. The sounds that these
3 microphones can detect can be expressed as polar finctions.
e

Graphs of Polar Equations When vou graphed equations on o rectangular conrdinate system,

vorur begran by using an equation to obtain a set of ordered pairs. Yoo then plotted these covrdinates
as points and connected them with a smooth curve. In this lesson, vou will approach the graphing of
polar eguations in a similar manner.

Graph each equatiin,
B r=qoad

Muske a talde of values to find the rvahees corresponding to various vahees of @ on the interval
|0, 27]. Round each rvabve fo the nearest enth.

| L} " In i = ax LY 5w =
vlelzlzl = & » B 3 2 3 & I
1 08 | as 1] -0 | -9 | — | —08 | —0E& a (11 asg 1

Giraph the ordered pairs {r, #) and connect them with a sawooth corve, [§ appears that the graph
shown in Figure 2.2 1 is a circle with center at (015, U} and madivs 0.5 oot

b r=sni

x| =] =] 2= | = 7 [ ax [2m | 5= | Im
el lT| T 3 = £ 3 2 ] & im
a &5 g i a8 a5 a —0E —0g -1 -9 | —05 ]

Ciraph the ordeered pairs and connect them with a smooth corve. Ib appears that the graph shown
i Figrire 2.2.2 is a cirche with center at [nj, | and radis 0.5 unit.

P GuidedPractice

W r= —sini# B or=2cosi 1. r=secit

Matice that as @ increases on [0, 2%], each graph abowve is traced bwice. This is because the polar
coordinates obtained on [0, 7] represent the same points as those obtained on [, 2]



Bl G i)

StudyTip

Gramhing Polar Equmions

It v customary fo geaph polar
funrtior in mdians, ratfer than
in degrees.

Like knowing whether a graph in the rectangular eoirdinate system has symmetry with respect to
the r-axis, y-axis, or origin, knewwing whether the graph of a polar equalion is svmmaetric can help
reduce the number of points needed to sketch its graph. Graphs of polar equations can be symmetne
with respect to the line # = ;,ﬁwplhr.:u:ia,urﬂﬁzpdu. ax shown bealosw.

KeyConcept Symmetry of Polar Graphs

Symmetry with
tﬂﬂlELh!ﬂ-'E'

The graphical definitions above provide a way of testing a polar equation for symmetry. For
example, if replacing ir, #) in a polar equation with [r, —#) or {(—r, % — #) produces an squivalent
equation, then its graph & symmetric with respect to the polar axis. If an equation padses ane of
the symmatry tests, this i sufficent b guarantee that the equation has that bvpe of symmuetey.
The converse, however, i not troe. i a polar equatson fails all of these tests, the graph may sl
have symmetry.

Example d ..

Use symmetry bo graph r =1 — 2 cas &t

Replacing (r, #) with {r, =8} yields r = 1 — 2 com {— 8}, Becasse cositie is an even fonction,
cos | =i = cos 8, 5o this equation simplifies to r =1 = 2 cos 2. Becowse the replacement produced
an equation cquivalent to the original equation, the graph al this equation is symmetric with
respect to the polar axis.

Become of this symmietry, vou need only ouake a table of vabees to find the Fvalues corresponding
tor fhan the imberval |0, @),

.| x x = | Im]| 3g| 5=
o BE 4 3 ] 3 4 5 x
— | —o7 | 04| 0 ] 2 |28 | a7 | 2

Plottimg these points and wsing polar axis symmetry,
you obiain the graph shown,

The type of curve is called a limagon. Some
limaguns have inner loops like this one. Other
limagomns come: o a poant, have a dimple, or just
curve ofward.

.' GuidedPractice

Use symmetry ko graph each equation.
M or=1— s @ iB. r=24+cos @




In Examples 1 and 2, notsce that the graphs af r = cos @ and r = 1 — 2 cos # ane symmetric with
=

respect o the polar axas, while the graph of r = sin F s symmetric with nespect to the line 8= 5.
These observations can be gemerahized as follows. -

MeyConcept Quick Tests for Symmetry in Polar Graphs

‘Words The gragh of 8 pols equason & symmesnc with nespect 1o

» e poler mas if i i 0 fonction of cos 8, and

" mzmﬂ:%-inu. funcson of xin

Exampla Thgmphdr=3+mﬂlssmﬂmmr='pndlnﬂ1!h1zﬂ=g.

Tou well padrhy theee tesh far speciic cones 0 Bxererses, B8

Symmietry can be wsed to graph polar funchions that owdel reak-worid sifuations.

-, Real-World Example 2 - i { :

>' AUDD TECHNOLOGY During a concert, a directonal microphane was placed facing the audience
from the center of stage to capiure the crowd noise for a ive reconding. The area of sound the

captures can be represented by r = 3.5 4 3.5 sin 0. Suppose the front of the stage
faces due nocth.

& Graph the polar pattern of the microphane.
Berause this polar equatson is o function of the sine function, it is symmetric with respect to
the line 8 = % Therefore, make a table and caleulate the valoses of ron [—1:, -:]

w o T x L1 p m w
# == "w|=| "] Fl3l] 5l 75
r=3%54 38 gind 8] s i} LR 15 515 (1] ES 7
Real-WorkdLink
Liwe Aid wers & 1085 mck ooocert FPlotting these points and wsing svmmetry with

faeld i nn efiort inoreise 1 millon

s Saia '|-.| respect to the line # = %. viru obtain the graph

liueshcan, P kil sl ot ahawyn. l'h.istypnmnn:.-uumihdam'ﬁﬂd
2R wWiTE iekevmod and aeand (CAR-dee-oid). A cardivid is a special limagon
by et 1.9 billion peagle in that has a heart shape.

150 cossines. The event mised
a total of $150 million.

Saasre, THN

b. Describe what the polar pattern tells vou about the microphomne.
The polar pattern indicates that the microphone will pick up sounds up to 7 units away

i A direetly in front of the microphone and up o 3.5 unils away directly o the left utr.ipﬂ'l.t. ol
WatchOut! the microphone.
Graghirg ower the Perind |
Usunty ®e ponod of the # GuidedPraclica
Imgomome e kenction usad in
a podar egsation o wffoent o >! 3. VIDEOTAPING A high school teacher & videotaping presentations performid by her students
trace the entire grapk;, but using a statsonary video camera positioned in the back of the room. The area of sound captured
zometimes & s not. Tee best way by this camera’s microphone can be represented by r = 5 4 2 gin 8. Suppiess the front of the
tuhmi]:::::rw dlassroom is due north of the camera.

| :I::llr::“mlmu ) A Graph the polar pattern of the microphone.

B. Describe what the polar pattern fells you about the microphone.
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rShld]"Tip

Allemarer Method
Solving the rectanguisr fumciion
= 2 ros Xe, wo Sind that The

fomchon has exirema when
Fod

x=0,3. 5 or w. Smitariy

the huncticn hes sems wen

Previonsly, vou osed maximum and minimm pomnis along with ceros bo aid m graphing trgonoemetr
functions. On the graph of a polar function, r & at ibs maximom for a valoe of @ when the distance
between that poant Ir, # and the pole & maamized. To find the maximum pomtis} on the graph at a
polar equation, find the #-values for which [+ is maximized. Additiomally, if r = 0 for some value af 8,
you kniaw that the graph intersects the pole.

Example 4 i
Use symmetry, peros, and maxinm rvalses to graph r = 2 cos 38,
Determine the symmetry af the graph.

This function is symmetric with respect o the polar axis, w0 vou can find points on the interval
[0, ] and then use polar axis symmetry b complete the graph,

Find the rers and the maxdmuom rvaltee.

Sketch the graph of the rectanpular hunction y = 2 cos 3r on the interval [0, =,

T

it
3 T,II'H‘IT]I‘I’I;I—DI"‘IEL‘II—E_'

w

From the graph, voo can see that [y = 2when r=10,
md.STTr.

()

7:/=\ |
VAR

Interpreting these results in terms of bhe polar equation r = 2 cos 34, we can say that [r] has a

3
muaxcimarm vadoe of 2 when & = (, %. '—;.uta.nd r= 0 when & = E, £ :r?.

wl

Graph the funchion.
Use these and a few additional points to sketch the graph of the function.

gl EZ|=z| 2| =2 | &= | x| x| 2w} Ix| 5¢| B | _
r] B i 3 el 7 Lr] 3 4 & 2
2 4|0 -] -2 —14 | @ | 14 2 1.8 o —-14 -3

Motice that polar axis symmetry can be used
complete the graph after plotting points on ’l.l-r ;—}
This tvpe of curve is called a rose. Roses can have
three or muore equal loops.

P GuidedPractice
Use symmetry, reros, and maxinium raalues to graph each funcbon.

A r=3smM dB. r = com 54

L%



Classic Polar Curves Circles, fimagums, cardioids, and soses are examples of dasic curves,
The forms and model graphs of these and other classic curves are summarized below.

ConcoplSummary Special Types of Polar Graphs

Circles
r=oosforr=osn#

h
i

Lirmagon with smer loop Cardiond Carmpled limagan
a<h o=k b<a<ib
F=g—byn g P Do 8 =g — b d
Rozes

r =0 oo mif orr = o sin s, where 0 3 2 i an integer
The rose hes = petal f v s odd and 20 petefs if o ks even.

r=gsinnl

Lemnbscates fEW n=-beyis) Spirals of Archimedes [ahr-uuh-MEE deery
=0 pos 2 or = o7 sin 20 r=goll+ 8

i = i ona 20

A= att+ b e O =il = b

8
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TechnologyTip

Window Settings  #min and
Fmau determine the wehoes of #
that will be geaphed. Nomal
seitings for Swese ane #min=0
and imar=1, stbough it may

jpicling poinis. The srmlier this
walue i, the smpother the look of

L:Ih:g:ru.ph.

Identify the type of curve given by each equation. Then use symmetry, zeros, and maximum
r-values to graph the function.

8 r2=16sin 28
Type of Curve and Symmetry

The equation iiﬂﬂlrﬁnmﬁ:lzmzﬂ,mﬂ:tp# it a lemmiscate, Replacing [r, # with
{—r. 0} viekds | —r)® = 16 sin 20ar = 16 sin 20. Therefore, the function has symmetry with

respect to the pale.

Maximam r-Value and feros

The equuation = 16 €0 29 is equivalent to r = 24y sin 28, which is undefined when

sinn 2 < [, Thensfore, the domain of the hmckion & restricted to the indervals [ﬂ, ;] or ['I'l.. :LE]
Because vou can use pole symmetry, vou need only graph points in the mberval [I:l, % . The
function attains a muoximuom evalue of [i] or 4 when & = %IIIIIHI‘H rvatue when x = [

Geaph
Lse these points and the indicated symmetry be sketch
the graph of the functicn.
s | = == ===
ir; B i 3 ] s
a +18 | #£37 +4 =17 | +IB o
b r=30
Type of Curve and Symmetry

The ecuestion & of the ferm r = aif 4+ b, 50 its graph 18 a spizal of Archimedes. Replacing [z #)
with {—r —#) vields [—r) = 3(—#) or r = 38 Therefore, the Renction has symmetry with

F o
respect to the line # = -

> Maximum r-Valwe and Ferns

Spirals are unbounded. Therefore, the function has oo masdmem rvaloes and onby one zero
when @ = 0

Graph
Lse pomnts on the inberval [0, 47] to sketch the graph of

the function. T shiw svenmetry, points on the interval 331 %
[—d, 3] should also be graphed.
o | Sl F|=| F|l=|w| m

] 24 | 47 | 44 1 we | B3 | I

P GuidedPractice
BA L= 0cm 0 BB. r=3sm354




Graph each equation by plotting poinis.

Lr=—cusd L r=csci

a r=—;rnﬁ-# 4 r=3sm¥

B r=—asec @ 6. r=%s|r|ﬂ

T or==dcou @ B or=—=cxc i
Use symmetry to graph each equation.

B r=3+3cma W or=14+2sm#¥
W red—3omd Ror=24dcmd
13 r=21-2sinp W or=3—3Fcox@
B r=5+4d=nw W/ or=6-2smd

Use symmetry, feros, and maximum r-vahees to graph each

function.

1L r=sandd B or=2cm 24

W r=5cm 3 H. r=735n 28
Hr:%tm:'l-ﬂ 2. r=4cos 58
11r=;5:i1'|.59‘ 4. r=3Fcos 48

5. BMARINE BIOLOGY Kose curves can be dbserved im marine

wildlife. Determine the symmetry, zeros, and madmem
rvalues of sach function mudeling o marine species for
0 = #< 7 Then use the indormation te graph the hmction

a. The pores forming the petal pattern of a sand dollas
{Fgure 2.2 3) can be modeled by r = 3 cos 58

b. The outline of the body of a crown-of-tharns sea star
{Figure 2.2.4) can be modeled by r= 20 cos Bil.

Figure 2.2.4

symmetry, penod, and maximum r-valoes to graph the function,

2. r=1coss 27 r=48+ 18>0
IR r=2sinda M or=h+Gcoad
oA =dom 2 H or=58+28>0
I or=3-2snd W - =Yan

g

FIGURE SKATING The orlginal focus of fgure skating was
o carve Bgures, known as Ltlmp'u!:llrg'_flpn'.'.. min the ice.
]:.l'l‘: shape of one of these figunies can be modeled by

r =25 an . ([Esamp

8. Which classic cusrve does the Ggure model?

b. Graph the model

70 | Lessan 2-2 | Graphs of Polar Eguations

ite an equation for each graph,

’Fﬂ.ﬂ A ceiling fan has a cendral motor with five blades thai
each extend 4 units from the center. The shape of the fan
can be represented by a rose carae.

& Write two polar equations that can be used to
represent the fan.

b. Sketch bwe graphs of the fan using the equations that
you syrole.

Use one of the three tests to prove the specified symmetry.
4L r=3 4 sin i svemetric about the line # =

rafd

43, ¢ = I sin 20, symmetric about the pole

84 r =3 sin 28, svmmetric about the polar s
&5, =3 pos B, symmetric about the line =2
& 2

r=2 uin 48, symmetric about the pole

47. FOUR-LEAF CLOVER The shape of a certain type of dover can
be represented using @ rose curve. Write a polar equation for
the: cliver i it has:

&. 5 petals with a length of 2 units each.
b. 4 petals with a kength of 7 units ach.
€. 8 petals with a length of b units each.



&8, COMCERT Foraconcert. a circular stage is constrocted and
placed in the center 5o fans can completely surround the
musicians. To record the sound of the crowd, two directsomal
microphones are placed next o each other on the skyge,
one facing due east and the other facing due west. The
patberns of the microphones can be represented by the
polar equations r =25 4+ Z5cus #and r = =25 — 15 cus .
& [dentify the type of curve given by each polar
equation.

b. Sketch the graph of each microphone pattern on the
same podar prid.

€ Describe what the graph tells vou about the area

49, CANDY Write an equation that
can mode] this lollipop in the
shape of a fimagon of i is
symmiestric with respect b
the line 8 = T and measures
4 centimeters From the fop of
the lollipop (o where the candy
mieets the stick

mummﬁnmmwh

0. r=1+ 4 com 34 Mor=1—dsmde

B r=1-3sn3# 8 r=14+3coadd

Fnd x bor the interval | 5 # 5 ¥ so that 1 is 3 minimum and
the graph is complete.
Bl r=3+4+ 2o

‘r:l—:inlﬂ

S6. r=1+cr.u-§

Match each equation with an equation that produces an
equivalent graph.

B r=5+dcm @ A r=3+dsm#

BB r=—54dsind b r==54dcosd

88 r=5—dsini £ r=3—dcoséd

Bl r=—3—dcodd d r=e=3—44an#

61 &l MULTIPLE REPRESENTATIONS In this problem, you will
mwvestigate a spiral of Archimedes.

a. GRAPHICAL Skeich separate graphs of r = 8 for the
inbervalb 0 < §< 3w, It =<0, and -3w = #< 3Im

b. VERBAL Make a conpectune as bo the ssmmetry of r = i
Explamn your reasoning.

€ ANALYTICAL Prove your conecture from part b by
using o of the symmetry tests discussed in this
lesson.

d. VERBAL How does irgg, the interval for # affect
the other classic curves? How does this differ from
hinw the interval affects a spiral of Archimedes?
Explain your reasoning.

H.Q.T. Problems

Use Higher-Order Thigking Skilla

6. ERROR ANALYSIS Halima and Eiman are graphing palar
eeations. Emman says that r = 7 sin 28 is not a function
because it does nok pass the vertical line fest. Halima says
the: vertical line test does not apply in o polar grad_ s
sither of them correct? Explain your neasoning.

61 REASONING Sketch the graphs of vy = cos &,
r:=cu1{ﬂ— -11T-:|,.:|:mir3=cml;ﬁ— o) om the same
palar grid. Describe the relationship bebween the three

graphs. Make a conjecture as to the change ina graph
when a vahee J is subtrocted from 8

B4 CHALLEMGE Selve the following system of polar equations
algebraically on [, 27]. Graph the systém and compane
the points of intersécthon with the solutions that vou found.
Explain any descrepancies.
r=1+2sing

r=asini

65. PROOF Prove that the graph of r=a + b cos 20 s

symmetric with respect to the line # = ;

66. PROOF Prove that the graph of r = 4 sin 20 is symmetric
with respect o the polar axix

67, WRITING IN MATH Describe the éffect of & in the graph of
F= & cos i

BB. OPEN ENDED Sketch the graph of a rose with & petals. Then
write the equation for vour graph,

™



Spiral Review

Giraph each palar equation.

B r=35 ma:—% M 8=235

Find the angle @ between vecturs o and v to the nearest tenth of 2 degree.
72. u=(d, -3.5), v= {26, —B) 7 ou=2-dj+Tkv=5i+6-1k M u={-115,v={7 69

Let DIE be the vector with the given initial and terminal points. Write DE 25 a linear
combinatindgmn of the vectors § and j.

75 UE—E,:;],E{—%, u] 76, D{—%, i} r_f—:—, 3} 71 DR 2.4y, E{—61, —&5)

TB. TARDWORK Ahmed i pushing o wheelbarnow full of Teaves with 4 force of
575 newtons at a 48 angle with the groand,

8. Draw a diagram that showws the resalution of the force that Kyle B-exerting

525 H
indo its rectangulir components:
b. Find the magnitudes of the horizontal and vertical components of the force.
Giraph the hyperbola given by each equation.
2 - i+ 1P [y}
s 5 WA T g SabE St B
Write an equation fer and graph each parabola with focus I and the given characteristics.
H2. Fi—5, 8); opens right; contains (<5, 12) 83. F|—1, —5); opens left; contains (-1, 5)
Skills Review for Standardized Tests
B4, SATACT In the fynere, Cis the center of the crcle, Ba. Which type of curve does the figure represent?
AC = 12, and miZBAD = 60", What is the perimster
of the shaded region?
i
A C
i)
A 12437 D 12v3 4+ 3n
B A3 &+ dm E 1243 +4dm
C 6v34n
A lemmiscale C mse
85. REVIEW While mapping a level site, a survevor identifies B limagon D cardsoid
a laredmark 450 meters away and 307 lef of center and
anather landmark: 600 oeters away and 50 right of BT. REVEEW An air traffe controller is tracking bwo ot
center, What is the approximate distance between the at the same altitude. The coordinates of the jets are
by lamsdmark 7 (5. 31K} and {6, 3457, with r measured in kilmeters:
F E72m H 691 m What is the approximate distance between the jets?
G 325km 1 371 km

T2 | Lesson 2-2 | Graphs of Polar Equations



P
" _JPolar and Rectangular Forms

Yof Equations

® “You wsed & polar o Corwert betwaen ® An ultrasonic sensor attached to a robot emits an owtwand
coordinate system 1 podar and rectangular beam that rotates through a full decie. The sensor receives
ta graph points and coodinates. & return signal when the beam intercepts an objedt, and it
equations. calculates the position of the obfect in terms of its distance
zfmverthel.we-en rand the angbe measure & relalive to the front of the mbot
:’;Eﬁ:ﬁ:rmgm The sensor reiays these polar coordinates io the robaot,
which corverts them to rectanguiar cooedinates so it can
phat the object an 20 intarnal map.
-

Polar and Rectangular Coordinates The coordinates of a point

Mz, y) corresponding to an angle @ on a onit circle with radins 1 can Pyl or v
be written in terms of # as Peos @ sin #) becanse Picos &, sin i
L N T
amd===<oary and sinil === Tary.
r 1 r 1
AT
1§ we let r take on any real value, we can write a paint Plx, y) in terms of a ¥
both rand &
" u
cos l=F and sin#=7F
reos #= 1 ranf=g Wiy vach side by

1§ we let the polar axss and pole in the polar coondimate system comesde with the posibive r-axas and
arigit in the rectangolar coordinate system, respectively, wie now have a mesns of converting polar
coordinates to rectangubar coordinates,

KeyConcept Convert Polar 1o Rectangular Coordinates ]
|f & pont F hes polnr cosedimstes |r, 8], then the ¥ Pl
recianguinr coordinabes {x, p) of P are ghes by % F‘l'.-i
¥ =ronil and F=rsa il ! ¥
That i [x, ¥] = jr cos ¥, rm W) i Polar Asis
ﬂl X ¥

= '. | Polar Cooedinates to Rectangular Coordinates
Find the rectangular consdimates for each point with the given polar coordinates.
o i!{t.ﬂ

me'[-l.%},r:-land.l’:l:-.

T=rmsid cevemraion fmm ¥=rsnfd
L] My
='l|.1r:|-l-|- =i and 8 =2 =d sin P
- \“-T) i _afd ']
-] - ~af2) :
=23 =3 .ll{'; —e

i
-1
> The rectamgular coordinates of P are (243, 2) or approcimately (3.46, ) as shown.




b (H-2, 135

For (—2.135°} r= —2 and & = 135" E gy
P
=7 cos i Cansermon farmuin ¥ = rsin# i
= =2 ¢os 135° r=—3 sl iF =138 =—2 sin 135 T :
]
= —.'E(—g &ty = —I’:—EI o . x
o Y
=1 =2 L
o

The rectangular l:m’dl.na.lﬂnfﬂmh"i ,—104"51-|.|u.'a'|:|'|:rr'|:':'n'|'|:hI].I (141, =141} as shown.

e Vi3, =120
For Vi3, =120¢), r = 3 and @ = —120°.
=7l Comesrzze formule y=rsin i
= 3 om —=120¢ r=13and ff=—130

A

The rectangular coordinates of "'m{—g, -

l' GuidedPractice

2 B W Ri—6, —120r) 8. 5'{5_ E:l 0. T1-3,459
. 5
StudyTip
Coocdingte Comverunns
The process for comwerling
rectanguler coordnates to polar To write a pair of rectangular comrdinates in podar form, yoo need to find the distance r a point (¥, )
coorsnates 5 the Lame s the is from the arigin or pole and the angle measure & that point is from the £ or polar axis.
mooew wsed fo determine the :
otk e e o To find the distance r from the point (x, y) to the origin, use .'Ij’. ¥
okt the Pythagorean Theerem. |
L= i Plic y
f=14 ?‘,1 Pythegoemmn Thooomm
[
r= 1,'1' + :l.r! [y thae pp it snuame ront of each side: o A i
x [ Fi
The anghe # & related to x and v by the tangent enction.
tan @ = ; Tamges Anim
#=tan"! :— Befimbon of wverse langen b %

Fecall that the inverse fangent funcison i only defined on the interval —%, %Iur[—m', S0, In the
rectangular coordinate svstem, this refees to fovakoes in Quadramts [and IV or when x > ), as shownin

Frggare 2 3.1, 1f o point s Jocated in Chaadrant 1 or 11, which is when x < 0, yoo mast add 70 or 180° to
thie angle measure given by the inverse tangent knction, as shown m Figure 232

= z
i P, 2 1Y .
£
! - ¥
- a+ r i =Tan T
i ?ﬂ?‘:\ 9
™ a %" = o F
iz Is
T Pap T
m:::n.a:m"%. mx:b.n:m"§+rms=|an“7'+m‘.

Figure 234 Figure 2 32

T4 | Lesson 2-3 | Polar and Rectanguiar Forms of Eguations
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TechnologyTip
Coordinate Comersions

To convert rectangular coordinaies.
o polar coordinates n
calculstor, m@hh
wiew the ANGLE memu. Select
RoPr( mnd evder the coardinsies.
Thix vall calrumie the wale of r_
To caiculate &, repeat this prooess
url meeert AP

KeyConcept Comvert Rectangular to Polar Coordinates
[ = point P ks recteegelar cooedmates [ £, ) then Sbe polar coondinales =
ir, 8} ol Pare gven by S xﬂ
;=ﬂ|.rT-I-|r" and E'=m"£.-hm:}ﬂl
ﬁ=|:1'1£:+tu ; ¥
i Palir s
#=tn'L 4 80 wheox <@l = - -
W, .

Recall that polar coordinates ans not wiigue. The converssan from rectangular courdinates o polar
coordinabes resolts in just ore representation of the polar coordinates. There are, howeéver, infinitely
muy polar representations for a point given in reclangalar form

Example’ 2 ! |

> a. 5{1. —v/3)

For Sir, vl = (1, —ﬁh::]mly:—ﬁ.ﬂu:am:} D.mm_l;hﬁndﬂ.

7 - !

F= '||||'_1::I + Conunrrzion fmmula i# = tan ™" ¥
=\|'l’+:—-EBF r="Tlaody=—y3 =um"%di

=yloer2 Simiity —%13—“

One set of pular coordimate for Sis (2, —T).
Anither tation that wses a positive
h-alu.:a{z,—‘;+3n]m|[z_zﬁ},umvn_

b. Ti-3, &)
For Tir, i =(-3.8hx=-Jandy =6
Hecause x < u.mun'l%+ T o fimel @,

f= "u'.t! +y!
= Vi=3"+ 8"

= /i3 or about 6.71

Eomeermon formuia
I=—lmiy=%&

i pidy,
One set-of polar coordimates for T is
approximately (6.71, 203). Another

representaticon that uses a negative rvalue is
(—6.71. 2.08 + =) or (—6.71. 517, as shown,

P GuidedPractice
Find two pairs of polar coordinates for each poini

with the given cordinates. Round to
the nearest hundredih, if necessary.
28 VIR, 10 2B Wi-9, —d)




Real-WorldLink

NASA's Spedal Perpose Dextorous.
Mempuletor or Dextee, i a

1,542 dlogram robet that stands
A7 mesers tall with an arm span of
3.4 meters. Dextre & responsibile
lor periorming johs in space that
prenosly FEqurd astionauy.

Seourew: Tha K v Times

For some real-world phenemena, # = asefal b be able to comvert betiveen polar coordinates and
rectangular coordinates.

E Real-Warld Example 3

ROBOTICS Refer by the beginning of the lessan. Suppose the robot is facing due cast and its
sensor detects an object ak (5, 295°).

a. What are the rectangular coordinates. that the robot will need to calenlate?

¥y=rom Lonweroon doreman W= rsin @
= 5 cos 295° =% amd =384 = 5 sin 295"
= 211 Sanpdfy = —4.53

The object is Tocated at the rectangular coordinates (2,11, —4.53).

b. If a previoosky detected object has rectangular coordinates of (3, 7), what are the distance and
angle measure of the object relative to the front of the rubot?

i ¥
= '||I|:! + y: £ omvurzion iommia f=tan"'Z

)

=¥t 4+ 72 r=Jandy="T = i
a= TAT Smpdty = B AT

The object is Tocated at the podar coordinates (7.62, 66.8°).

P GuidedPractice

3. FISHING A fish finder s a tvpe of radar that is used to locate fish under water. Suppose a boat
is facing due eadd, and a fish finder gives the polar cosrdinates of a schood of fish as (6, 125%).
A What are the rectampular coordinates for the school of fsh?

8. I a previously detected schoal of fish had rectangular coordinates of (=2, 6), what are the
distance and angle medsare of the school selative to the front of the boat?

Polar and Euhngul.lrqun‘linnl In coleubus, you will sometimes need o comvert from

the rectangular form of an equation bo s polar frm and vice versa to faclitate some calculations.
Some comphicated rectangular equations h:n: |:r|'.|.|1:|.'| simpler polar equations. Consider the rectangular
and polar equations of the cirde graphed

Rectangular Equation

.'I‘l-!-!:ﬂ“

Likewise, some podar equuations have much simpler rectangular equations, such as the line
graphed below.
Polar Eguation
! L]
M= Tcma—lsme

76 | Lessan 2-3 | Polar and Rectanguiar Forms of Equations
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The comverson of a equation to a polar equation s iy straightforward. Replace ©with
reos @ and y with ¢ gin 8 and then simplif the resulting equation using algebraic manipulations and

trigonometric identibties

Identify the graph of each rectangular equation. Then write the equation in polar form. Suppurt

VL b

Bl G Wil E

gy

your answer by graphing the polar form of the eguation.
B —dt+y' =1

The graph of {r — 4)* 4 v = 16 is a circle with radius 4 centered at (4, 0). To find the polar
forrin of this equation, replace x with roos # and & with r sin 2. Then simplify.

=4+ =16
{rcos 8 — 417 + [rsin 8 =16

Driginn| sgquation

r=rcoo% @ andy =rsm #
ot §—Brom @+ 16 + P sin’ 0= 18 Wasttiprty
o 0= Srcos @ 4+ o sin® 8= Siititract 16 fronresch tde

Foos” B o sin @ = Srcos #
iens” @ + sin® @) = frcos @

nime the sgzoed tees

Facins

l‘zﬁ]'l = Hrcos ¥ Pyinogoneen ideniy
re= 8o Brade gach ude iy r
StudyTip The praph of this polar equstion (g 253} clrcle with zadivs & centsed 2 (4, 0)
Trigonometric identities
o will find i@ Belpful fo review
trigonometne identities you 1o > B, !l'-'ﬁ!
I:{FF“ I mp:h:’. The graph of v = * i a parabola with verte at the origin that opens up.
mmmiry of these identifies is 1
PRSI T e e !,r=:l Drpnai equation
ts tewt. rin = {roos m° = ooy @ and p = ruin @
rsind = 0 cost 8 Moty
m:i:r Dide earh side by ress” @
[oEte
sin @ ]
® == Remrite

cos ¥ oos

tan fsec @ =1 Qurtient pod Feooroca kenshen

The graph of the polar equation ¢ = tan #sec @ (Figure 234 is a parabola with vertex at the

P GuidedPractice
“. II+{I~'—3:1=E

%,




StudyTip

Alernative Method Two points
onthe fine =5 e {2, 7 | and
{t%}.lnmh“m
_ﬂ!“l’ﬁ.“dﬂﬁl#
The rquation of the fine frough
m;unurs;:%:

StudyTip

Comvertng to Rectangulsr Form
Dther wsrlul setradutons one
wimabons of the equations
r=roxsdandy=rsin i,

:m:hnr:mm:ir:mr

Emﬂrupﬂneqmﬂmhrﬂngtﬂnmpllﬂ:mﬂemufﬂrrdzﬁmd@!l:=1i+?.l],
r=reosd, and y = rﬁn#,uwﬂ]mﬂtrﬂnﬂmahlphﬂﬂ:%.ﬂreptmhmw,hmtu
straightforward as comverting from rectamgular to polar form.

Example b i

Write each equation in réctangnlar form, and then sdentify its graph. Suppart your answer by
graphing the palar form of the equation.

a #=x
= % Uwiginal romaten
hnil—ﬂ Firnd 1 bwngersd ot
3 mech aide
¥ 41 L
Sl ==
V3
y= T.r Rlsindy eenech mide by 2

The graph of this o is-a line through the
arigin w:ilh:ﬂ-u‘peTJur.nhuul %,umppnrhd
by the graph nfﬂ:%:hmvn.

hre=7
r=7 Original egmton
=49 Squme sach voe
r‘+y-'=l-'.||‘ r=r 4y

The graph of this rectangular equation is a circle
with center at the origin and radins 7, supported
by the graph of r = 7 shown,

& r==04ind
r==5sini# Criginal eowton
= —S5rsin# Muliply ¢och moe by r
. t=a 4 ad
4y’ =5y ielp
IJ+.¥1+5!’=U Hidd Sy o each side

Becanse in standard form, 1@ + (v + 2.5 = §.25,
yom can identidy the graph of this equation as a
cirele centered af 0, —2.5) with rdins 2.5, as
supported by the graph of r = —5 sin B,

P GuidadPractice
BA r= -3 G5B. @

=M

BC. r=3cosd
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Find the rectangular coordinates for each point with the given
polar coordinates. Round to the aearest hundredih, if necessary,

1 (1% 2 (L5 6. r=3sing o oe=-%
3 (5, 2407 a 25,2507 B r=10 3 r=dcos B
40, pan =4 M. r=Bcac i
5 {—"... ‘T“] 6. [—13, =707
82 r=—d 43 cotd= =7
" 1 3=
T {3,3] B = Frn ﬂ:jT" 45 r=seci
8. (=2 2N W 04, 210%
#6. EARTHOUAKE An equation o model the seismic waves
1 {—1, —%J o fﬁ,%] of an earthquake is r = 126 sin #, where r is measured
in kilometers.
Bind twn pales of pol Sinabes o each nobl with B i .. Graph the polar pattern of the earthquake.

rectangular coordinates if 0 < @ < 2%, Round to the nearest

hundredth, if necessary.

b, Write an equation in rectangular form to model the

SR WAV,

12710 WM. (=13, 4) % (=6, —13) & Find the rectangular coondinates of the epeenter of the
earthquake, and describe the ares that is affecied by

6. 4, -12) 7 =3 8. (0, =173} the earthaquake.

19 ﬁ.ll,lﬂhl.'-"ﬂ 0. (=M, 1) 2. (52 -31)

22 3b —ab k> 33 (1. =1} . '\Eb ‘ MICROPHOME The FH.H.I’ P:IHIm for a directional
microphone at a foothall game is gven by r=2 4 Jeos 8

5. DISTANCE Standing [ his apartment building, =

H2 AL . & Graph the polar pattern

Micoles determimes that a concert anena is 53° east of
narth. Suppose the arena is exactly 1.5 kilometers from
Micolas' spartment. (i

b, Will the microphone detect a sound that originates
from the poing with rectanguolbar coordinates (-2, 0F"

Explain.

Rﬂru:hqmﬁminrmnﬁuluhm and then identify
of the equation.
m

48 r= ﬂr-:mm(H’T“

ﬁlr:]m{#—;} 51 r=—2:ﬂ:{ll—”—"
8. How many kilometers north and east will Nicolas have b . o

travel bo reach the arena?

b W football stadiom s 2 kilometes west and 0.5 kilometer
soath of Micolss” apartment, what are the polar
coordinates of the stadium o Nicolas” apartment is

at the pode?

EECLHE+5HIIE
cas- # — sim- @

52 r=lm|:{ﬂ—-'!';-r 83 r

r=l:dn|:-9+§] 55.r=-|.n.~a[d-l-%]

ASTROMOMY Polar equations are used to model the paths
of satelfites or other arbiting bodses in space. Suppuse
the path of a satellite is modeled by r = a e

Identify the graph of each rectangular equation. Then write the
equation in palar form. Support your answer by graphing the

polar form of the equatiom, { PR A
, e = _ i measured in be f thousands of kilometers, with Earth

X%, ¥y==2 T e+ 5P 4y =35 ;*Iihm.:m I :
B y=-3 29 1=y 8. Sketch a graph of the path of the satellie.

2 5 _ . 2 b Dhetermine the minimum and masemmem distances ithe
B -2+ =4 A -1 - =1 satelflite & from Earth at any kime.
32 A4y +i=9 3ow=+3r € Suppuse a second satellite passes through a point with

' ' rectanggiar coordinates (1.5, <3}, Are the two satellites
B o sp+1=1 36 4 ly-BP=6d at risk of ever colliding at this point? Explain.



meufm equatiin, Then write the
equation in pular form. Support your answer by graphing the
polar form of the equation.
T A ElI—3:_|,|=I. BE. v 4+ S5y =12
S r—6r +{y—8P =100 60 [r+ 32+ (y—HT=13

Write rectangular and polar equations for each graph.
BL I_r

B
|

-4 -4 [ X

g —dl

i, —al

L

W3 —4al

65 GOLF Om the E8th hole at Hilly Pines Golf Course, the
circular green is surrounded by a rng of sand as shown
in the Hgure. Find the area of the region coverad by sand
assuming the hole acts as the pole for both equations and
mrmiky Are iven i mebers,

Kyl — 2y =139

66. COMSTRUCTION Boom cranes operae on thres-dimensional
cousiterparts of polar cosrdinates called spherical arondinates.
A point in space has spherical coordinates {r, &, g, whene
rrepresents the distance from the pole, # represents the
angle of rotation abeut the vertical axis, and § represents
the polar angle from the positive vertical aas. Given a
puink in spherical coordinates {r, #, ¢4 find the rectangulas
coordinates (v, y. =) in termesoof r, 8, amd g

BO | Lesson 2-3 | Polar and Rectanguiar Forms of Eguations

&7 ﬂlﬂﬂ'ﬁF‘LE REPRESEMTATIONS In this problem, vou will
imvestigate the relationship between complex. numbers and
polar coordinates.

8. GRAPHICAL The complex number @ 4 B can be
wn a complex plane using the ardered padir (g, b, where
the raxis is the real axis R and the y-axis & the imaginary
axis i Graph the complex number & 4 BL

b NUMERICAL Find polar coordinates for the complex
number using the oovrdinates plotted in
part aif O < # < 360", Graph the coordinates ona
polar grid.

€ GRAPHICAL Graph the complex number =3 4 3iona
rectanguiar coondinate system.

d. GRAPHICAL Find polar coordinates for the
number using the rectangular cooedinates plotted in
part eif 0 < @ < 360" Graph the coordinates on a

& AMALYTICAL For a complex number @ < b, find an
exprission for converting to podar coordinabes.

H.O.T. Problems

L Higher-Ordes Thinking Sdlis

BB. ERROR AMALYSIS Llsama and Saleh are writing the polar
equation ¢ = sin Fin rectangular form. Saleh believes
that the answer & 1 + {!.r - %]‘= % LUisarman believes that
the answer & simply y = san r. Is esther of them correct?
Explain vour reasoning.

68, CHALLEMGE The equation for a circle is r= 2a cos @ Write
this et in rectangolar form, Find the center and
radius of the circle.

TO. REASONING Given a set of rectangular coordinates {x, )
and a vahee for r, write expressions for fimding @ in terms
of sirse and n terms of cosine. (Hint: You may haw 1o
write multzphe expressions bor each functien, smilar o
the expressions given in this lesson using tangent )

TL WRTING IM MATH Make a conjecture about when graphing
an exjuation i made easier by representing the equation in
polar form rather than rectangular form and vice versa

TL PROOF Usex = roos @and y = r sin # to prose that
r=r1%ec Hand r= v csc &

CHALLEMGE Write rijd cos” 84 3sin” ) + rl—Bacos 8 &
B sin #) = 12 — 4 a* — 3b% in rectangular form.

{Himt: Eristribube before substtoting values for 2 and r
The rectangular equation shoewld be a conic.)

TA. WRITING IM MATH tht&ﬂﬂiﬂithnnfnpﬂlﬁr awis givern in
Lesson 2-1 to explain why it was necessary to state that the
robot in Example 3 was facing chuse east. How can the use of
quadrant bearings help o climinate this?

Tl



Spiral Review

Use symmetry bo graph each equation.
TS r=1—=25nd M r==2=2Zsnd T r=2xindd

Find three different pairs of polar coondinates that name the given point if =360° < @ 5 380°
or =2 < i 5 I

78, T(L5, 1807 78, u{— 1, E} 80. V4, 3159
Find the angle # between o and v to the nearest tenth of a degree.
BL u= (6 —d),v={-5-7) BL w={23),v= (-0 6) BL =L 10} v={8 =3}

Wirite each pair of parametric equations in rectangular form. Then graph and state any restrictions on the domain,

Bd w=i+ tandx =1 ﬂﬁ.¥=1r+'!md:=rT B v=-3sinfandy = 3cosf
BY. MAVIGATION Two LORAN broadcssting statiens ane located 460 kilometess
apart. A ship receives signals from both stations and determines that it is
108 kilometers Farther from Station 2 than Seation 1.
& Determine the equation of the hyperbola centered at the orgin on which
thi ship & located.
b. Graph the equation, mudicateng on which branch of the hyperbola the
ship is located,
£ Find the coordinates of the kcation of the ship on the coordinate grid if
it is 110 kilometers from the r-axs.

BB. BICYCLES Woodland Bacycles makes two models of odf-road bicyeles: the Adventure, which
sefls for $250, and the Grande Venture, which sells for 3350. Both models use the same
frame:. The painting and assembly time required for the Adventure is 2 hours, whie the
time s 3 hours for the Grande Venture. I there ane 175 frames and 450 hoars of labor
available for production, how many of each muodel should be produced o maximize

revenoe! What is the maximuem revenae?

Sulve each system of equations using Gauss-Jordan elimination.

B9 3xr4+ S+ h6z=0 . x &Sy —3r=-U §L Zy—dy+z=20
dr—1y + 3 =15 M —dy+5:=18 5I+l_\l—1.‘.=—-l
~Sxr4 1y —2r= ~§ ~Tx—pby—2c=1 br4y4h:=23

Shklls Review for Standardized Tests

82. SAT/ACT A square is inseribed in circle 8. If the 84. What is the polar form af x* 4 (y — 207 = &2
circumierence of the cirele is S0, what is the lngth [
of thie diaganal of Bhe square? B r=lsng
Cr=dsini@
A !”ﬁ n. _:'ﬂ ]J r=3!i:|'la
75 2
2 E 5012 95. REVEEW Which of the bllowing could be an egquation
€ 2543 fur a spiral of Archimedss that passes through the poin
.-1{1 5
" 2
93. REVIEW Which of the following could be an equation for
a rose with three petals? E r=w?“|:naﬂ He=2
Fr=3sin# H r=6skn# [ :
G r=sin 3 ] r=sin6@ Grag ] r=3




- IMid-Chapter Quiz

4" Lessons 2-1 through 2-3

Graph each point on a pelar geid.
L A]—2 45) 2. 0p, 3157

i L'{—1.5-, —%} " BI:J. _%ﬂ]

Graph each podar equathon,
A r=3 6. "=_J.T1r
T =50 8 r=-15

9. HELICOFTER3 A toy heboopier nobor consists af fhve equally spaced
biafdes. Each biade i 11.5 centimetees long. |

E

& if the angie biade A makes wih the polar s & 37, wile &
ardered pair o represent the Up of each biade on & polar gisd
Assume 1hat the nolar 5 cemeved af 1he pole.

b. ‘What i the distance o belween the lips of Me belicoples Bades
o T2 nearest cenlimetes

Graph gach eguation.
i i

W r=—ssC# M r=—wns @
4 3

12 r=3¢scd 13. r=dsinw

1A, STAINED GLASS A soss windaw is 3 carula window seen in
guthic architecture. The pafiern af the window radiates fom the
cenfes The window chown can be approximated by the sguation
= 350 b Use symmely, 26905, and masdmum ~values of the
hunction te graph the funclion.

B2 | Chapter 2 | Mid-Chapter Qulz

identity and graph each classic curee.
15. r=1?sinu 16. .-=l]|r+1uz|:|

1 =1+ 2cos it 18. r=5sin3@

9. MULTIPLE CHOICE Identily Lhe polas graph af p2 =l!1

L
o

&,
i,
13
2l
S
%

Wi
L
Ll

]
3

o
"I
o
i
-
-

oL

7
H

i
®

Find the nectangular coordsnates for each paint with the ghven palas

coordinates. |
0. {qiﬁ n [—1. —ﬂ
22. |1, 710 7. (1.3

Finiel bwie pairs af pedat coardinales led each point with the given
rectangular coordinates il 0 < 0 < 2. Round to the nearest

Hushdredih.
2. [-3.5) 25. (&0
26. [T —H 27 (-4, -1

Write & reclangular equabion for each graph.




iPolar Forms of Conic Sections

o Identify poler equatiocns @ Palar equations of conic
1 of conics. sections can be usad to
miodel oehital motion,
such as the orbit of a
planet around the Sun
or the orbit of a satellite
aroiend a planst

Wirite and graph the
palar equation of a conic
given its eccendricity
and the equation of

s diredirid.
2

Use Polar Equations of Conics Previously, you defined conic sections in terms of the
distance between a forus and directrix {parabsola) or between two focd (ellipse and hyperbola).
Alternatively, we can define all of these curves using the focus-directrin definition of a parabola.

In general, a comic section can be defined as the locus of points L
such that the distance from a point P o the focas and the distance :il-l:}
from the point to o fxed line not comtaining P {the directrix i 2

PF 5
constant ratio. Thes constant ratio —— represents the eccentricity

L
of a comic and is denoted ¢ " L3
\
£ as Constant Rakio £ a5 Constant Multiplier %
PF direcirin
e or =g P{)
] LF,

}
Becall that for a parabola, PF = P'(). Therefore, a parabola has sccentricity % or 1. Oither values of ¢

give us other conics. These eccentriciies are summuarized below.

Conceptbummary Eccenftricities of Conlcs
Ellipze Parnbala Hyperaaln
O€e=i =1 - |
direxiris A
il | PO S.L of-4»
: IF. [] LY
i pa’F A e
[}
! s
gima 11 i .
[}
1 '
: i
¥ :
¥
fr o i
D{P_'I:l{ll Eﬁ_ll P—D}"
N g

Hecall too that when the center of a conic section bes at the origin, the rectangular eguations of conics
take on a simpler form.

Ellipses Parabaolas Hyperbalas
3wt r .yt ) . i 3
E4l=1ailsl=1] Pf=dyw oor v =dpr 1—.——_='I.1:|.'—,—1-.=I
R B o : P R




Usimg the fscus-directrnc defimtion, the equation of a conic # polar form & sumplified if a facus of the
oonic ks at the origin.

Comsider a conic with its focus lecated at the origin and ¥ el
its directrix to the right at © = d. For int Pz, ) on m:\ f
the curve, the distance I'F is given by Y5 + v°, and the section | Pl |
distance PO is given by d — 1. We can substitute these # it s
expressions i the definition of a conic section FLr :-]'
Stul:hr'l'ip PE = ¢« P} Defmtom of 3 come secton / I[
xher Comos When definm R
ot A +y = eld—x A=y’ mdPS=d —s w 1':‘
ecconincty, eie & stnctly positee:
constant. There are no drces,
fines, o ather degeserste canice. The: excpression 4 v 4+ ¥ shonld make v think of polar cosrdinates. In fact, the eguation above
hax & simpler form in the polar coordinate syetem.
4 y‘t = pld — 1) Recinnguisr iomn of cons: defined m e of i eccenneity @
r=pld = roos &) re= '.'Il '.1-.r‘ and § = roe i
= el — e o if Dhatnibufree Property
r+ evons = od tucdaze Fhpeme
fl + reos ) = od Fach
L R rrr—— Soiw for
This last eqguation i the polar form of an egquation for the conic sections with focus at the pole and
vertical directrix and center or vertex to the right of the pole. Different orientations of the fooes and
directrix can produce ditferent forms of this polar equation as summarized below.
: HeyConcept Polar Equations of Conics
ReadingMath B : :
Ecoenicity In pach of these The tonic section with ecceniricey ¢ > 0, d 2> 0, eed foces at the pole Bas the poler ecuation
poiar pquations, e lefior e s a SN | ; £ o
R, s . T oo g 111he direcing b the vertical lee s = o {Fiqure 2.4.1),
exceniricity ol the comc. & should d
ol be confumed wits the » =gt the divectni = the vertical lmes = —o (Figure 2.4.7]
tmmscendeninl rumber e, wihich
Lu.umm:tml. - ;=ﬁfﬂnm=hhmﬂme_r=dmmm

= ;=ﬁ if the direcir i the honzostal iney = —d [Figee 24.4).

in mach of fre examples below, ¢ = 1L w0 tho coni: takes e form of 0 pambola

=
i
I'-ntus\
[x=dp

- - -

/1';\

{
:

Figure 243 Figure 2.4.4

Yoo will duerrve tha lexl Bree of these sooaboos k= Exsyoae 5082

Notsce that for 7 = T—— the directrix of the comic is b the left of the pole. For r =

ﬁe&rﬂﬂhhahmﬂzphhr:ﬁﬂtﬂhﬂﬁﬂhﬁhrﬂiﬂpﬂh

1+ esn @

B | Lesson 2-4 | Polar Forms of Conic Sections
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StudyTip
Focus-Imectns Paim. Whie a
parabola e oo focus and one
dinechin, elipses and typetholas
Either focss-deetten per con be
imed o genemte the conic.

| CHECK Skeich the graph of r =

To analyze the polar equatson of & conic, begn by wrting the equation i standard form,

F= 11:‘:3' 1 IEIh..Inthhfumukh:rmhuﬂEnc:mhiityuﬂ&!hhvﬂurtn
identify the tvpe of conic the equation represents. Then determine the equation of the directrix,
and o it B0 deseribe the orsentation of the conic.

Determine the eccentricity, type of conic, and equation of the directrix for each polar
equation.

urr=

q
-
R P T —
. nan ad
Wrrile the equation in stendard { —
EESY 1+ ecoxF
9 fats . o
=3+ 25cme -
r= i Focior the smmmeator snd denomemor
MW + 1L.73 cos
3

F=— Diiwrde e nurmermior = desosssator by 3
I+ 0 5coad ’ ¥

In this form, vou can see from the dencminator that ¢ = (.75, Therefore, the conic i an ellipse.
For polar equations of thes kam, the équation of the direchrix is ¥ = J. From the numerator,
we know that ed = 3, sod = 3 + (.75 or 4. Therefore, the: equation of the directrix isr = 4.

[ ;
37 15 s "0 s directrix

1 = 4 using either the techmiguees shinwn in Lesson 2-2

or a graphing caleulator. The graph is an ellipse with
its chirectrix to the right of the pole. v

C S Tame—2
Wrrite the: equeation in standard form.
—_—“ i [
e P Criging equAton
r .. . fooior (ke merseaninr sne denorsmrine
=2 —2san @
gl o Diirche Bve murmeeminT s deviomseato | by —
1—2=and

ﬁuqﬂﬂmhd&ehﬂr:ﬁ,ﬂr:l 2, Therefore, the conic is a hyperbala,

P
For polar equations of this ferm, the equation of the directri is ¥ = —d. Because o = 8,
d =8 = Zor d Therefore, the equation of the direciric s y = —id.

CHECK Shetch the graph of r = 1" _and its directrix
¥ = —d. The graph i a hyperbola with one focues
at the origin, abowe the directrix. ¥

P GuldedPractice

= —& L g o 1
L = Tomi—1 18. r=3+isne K r= + i loosd




StudyTip

Effedh of Wariews Ecoeninciies
You will rrvestigete the effects of
WO errentricne for & fised
deectro and vanous direcinizes.
for a fwed eccentricity m
Exercise 49

Write Polar Equations of Conics You can vrite the polar equation of a conic given its
ecventricity and the equation of the directrix or ils eccentricity and some other characteristics.

Write and graph a polar equation and direcirix for the conic with the given characteristics.
& ¢=12; directrin: y =4

Because ¢ = 2, the condc is a hyperbola. The directrix w = 4 iz above the pobe, so the equation
hﬂhmr:ﬁu;:ﬂtw}msfmanrﬂdhuﬁhﬂuequaﬂ:u

I+e
F =L. Fal ar-fem of reckcwith direckds p=d
1+ esin i
2id) )

P s tame T+ 2ans o leas=d

Sketch the graph of this palar equation and its directrix.
The graph is a yperbola with its directrix above the pole.

> b. &= 0.5: vertices at {—4, 1) and (12, 0)

Because ¢ = (L5, the conic is an ellipse. The center of the ellipse is at {4, U}, the midpoint of

the segment bebween the given vertices. This point is to the right of the pole. Therefure, the
directric will be to the left of the pale at x = —d. The polar equation of a conic with this directrix
& ed

A

Use the value of ¢ and the polar form of a point on the conkc to find the value of d. The vertex
£ E] i |
puint {12, O) has palar coordimates (r, #) = [\l 12° 407, tan !ﬁ}uu.'{ll .
el

e Polnr-kowm of oot with drecsie e = —d
1 — coos &
054 .
= f—tscmb e=0% =120 md #=06
[ 54
L T 5 o =1
12=d Sampirty,

: s 05-12
Therefore, the equation for the ellipse & r= I—O5cme

r=;_3emud=]lﬂmquhmn“]tdhﬂm:

I—050ms@
is 3= =12 The graph is an ellipse with verticss at (-4, 0}
and {12, ).

P GuidedPractice
. =T directricr =2 2B. ¢ = 25; vierbices at (0, =3 and (0, =T}

-

Previowsly, vou analyred the rectangular equations of conics in standard form o describe the geometric

properties of parabolas, eflipses, and hyperbolas. You can use the geometric anabvsis of the graph of a
comic: given in polar form ko write the equation in rectangolas form.

BE | Lesson 2-4 | Polar Forms of Conic Sections
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- 20000 ) Wilte the Polar Form of Conics in Rectangular Form
Write each polar equation in rectangular form.

4
=i—=ar

E=E] Analyze the polar equation.
For this eguation, ¢ = 1 and d = 4. The eceentricity and form of the equation
determine that this & a parabola that opens vertically with focus at the pole and a
directrix ¢ = —4. The general eguation of sach a parabola in rectangular form =
fr — hi* = gl — k).

A r

m Dustermine valoes for &, & and p,

The vertex lies bebween the focus Fand directrix of the parabola, ocenrring when
8= 27 as shown in Figure 245, Evaluating the function at this value, we find that
the vertex lies ot polar coondinates (2, 22 which correspond to rectangular
coordinates {3, —2). Sa, (4, k) = ({0, =2} The distance p from the vertes at [0, =2)
bor the focus at (0, 0 is 2.

ETE Sutstitute the values for b, & and p into the standard form of an equation for
a parabola.

ir— k" = dply = k)

fxr = EI:I! = 4 2)[w — (=2} h=10 k= —2 amfa =2

1 =Hy+ 18

Sandmd fomm of 8 parsbola

Sr=nbiy

32
1 —Décoad

EXE] Analvee the polar equation.
For this equation, ¢ = 0.6 and d = 5.3, The eccentricity and form of the equation
determine that this & an ellipse with directrin 1 = —5.3. Therebore, the magor axis
u!ﬂudljp:elk:ahngﬂmpdum.:—;ﬂ;ﬁpmﬂqmﬁmﬂuﬂmdﬁpxm
r— i (u—k

r:rtln_p.ﬂm'fmilT-l- T_ 1L

b =

ETE Determine valomes for & k o, and b
The vertices are the nits of the major axis and vecur when 8 = () and ® as shown
in Figure 24,6, Evaluating the finction at these values, we find that the vertices have
polar coordinates (8, () and (2, ®), which correspond o rectangular coordinates (8, )
and (=2, 0). The ellipse’s center is the midpaint of the segment between the vertaces,
o [k &) = (3, 0).
The distance o between the center and each vertex & 5. The distance ¢ from the center
tor thie focus @t {0, @) is 3. By the Pythagoreas relation b= Vit -2 b=V5 -3 ard.

ETE] Substitute the valoss for b, & o, and # into the standard form of an eguation for an

ellipse
- _.H- +LW= 1 Standmd fom of an sikpae
a” B
-3 gy
3 —=1 h=1¢=00=% sdbe=4
L n a-
-3 w )
B Sty

b GuldedPractice

M or= 23

St - S
1— l5eon @t B r=Tme




Determine the eccentricity, type of conic, and equation of the

direcirix for each polar equation.
e . {
L T Y el ey
H 24
B i a F=Ssne+8
e s 4
B ors =5 B F=g 3
ES —8 P |
T EmE—-015 PE IR 15

' TELESCOFES n'nrl'_':lsm.'ﬁl'ﬂ.i:n TL'i:i-rupc-, mmvented in 1692,
produces an image by reflecting light off of parabualic and
hyperbolic mirnrs. Determine the eccentricity, tvpe of
conic, and the equation of the directrix for each equation
misdeling a mirror in the telsscope

P

_—
kY e
light path ] i
Hyperbolic Mirar Praralbskic Wirnee
F 24
S P el T T x-

Write and graph a polar equation and directrix for the conic with
the given characteristics, | ]

W ¢= 1 direciriz: ¥ = b . ¢ = L75; directrix r = —8

e=5; dinctri: r = 2 B, ¢ =01; directrin: w =8

1
M. p=6; directric gy = =7 16. ¢ = 1:directrix: s = =1.5
. ¢ = (.5; veriioes at {36, U} and {d, 0

17

L ¢= 15; vertices at [—3, () and {—15, i)

Wirite each polar equatin in rectangular form.

8 et LR

M, rep S T
n = T T
e B r= oy

bﬁﬂ”ﬂmﬂmm‘lm Determine the type of condc for each
equation, then graph.

2 3
5. T — 27 =
| Ernfer]] T3
Iﬂ.r=;ﬂ 2, r= a =
1‘““:“""{;] E+2=-m||l!+é£'-
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10 4
W r=y 00 M =TT
5 12
e it pescrry 3 s i+ 3sn#@

Determine the eccentricity, type of conic, and equation of the
direetrix for each palar equation. Then sketch the graph of the

equation, and label the directriz.
_ 2 _ 1
g ey S ST
= i FETR
W = Zmeria Lo B e 5

IB. ASTROMOMY The comet Borrelly travels in an elliptical
orbit sround the Sun with eccentricity £ = (0624, The
point ina comel’s orbit nearest to the Soan is defined a<
the perthietion, while the farthest point from the Sun 5
defined as the aplielion. The aphelion occurs at a distance
of 5,83 AL fastronomical units, based on the distance
between Earth and the Sun) from the Son and the
perihelion ocours at a distance of 1.35 ALL The diameter
of bhe Sum is about 0003 AL

& Write a polar equation for the elliptical orbit of the
comet Borrelly, and graph the squation.

b Determine the distonce in kilometers between the comet
Borrelly and the Sun at the aphelion and perihelion i 1 AL

w= 1497 million kilometers,

PROOF Preve each of the following,
38, |!l'=|?'llt—|:'!.|:l:|r.ll'l=ul|:l'5!

80 b=V — 1 fora hypesbola



AL PROOF Use the definition for the sccentricity of a comnde,
b PE = eP), and the deawing ol the byperbola shown

=—1),
below, to venfy that d = %Jur amy hyperbala
¥ b
]
]
]
i
F gobg et
— S S
o i ¥
]
0
]
'
¥

Write each rectangular equation in polar form.
2 P =dy il 2 =1y +25=1"

{r+df ¥

Ir— 3* y
TR Tk o i

i

46, ASTROMOMY [he plancts travel aroumd the San in

apprecimately elliptical orbats with the Sun al one focus,
s shavyil belon,

perhelion .

& Show that the polar equation of the planets’ erbit can

; wl -
be writlen as r = —————
1 — ¢ cos

b. Prove that the penbelion distance of any plamiet is ai1 — e,
and the .Iphl.'[n.ln. desfance i &1 + ).

£ Lise the hormulas from part a boe bend the ].11.'.'||.'1-.'|:u11 and
aphalion distances for each of the planets.

Lare L0 | Q07 | Mepune | 006 | 0006
Jupiter E203 | Q08 | Lahim 8538 | QSR
o 1524 | @053 | Uranus 1o o047

Mooy Oy | 0306 | enus 0723 o007

d. For which planct is the distance bebtwern the peribelion
and aphelion the smallest? the greatess?

Wirite each equation in polar form. (Hinf: Translabe each conic
%0 that a focus lies on the pole.)

— o
ix =1 _:_=]

= L

&8 3fr+ 5P + 4y =192

49, 55'-' MULTIPLE REPRESENTATIONS In this Fm-'l.-]l.'m_. vour will
imvestigate the effects of varyving the eccentricity and the
directrin on graghs of conic sections.

B. NUMERICAL Write an eguation for a conic section with
focus (0, O) and directrixx = 3for e = 04, 06, 1, 16,
and 2 Then identify the type of canac that each
equation represents.

b. GRAPHICAL Ciraph and label the socentricity for each
of the equations that vou found m part 2 on the same
cordmate plane.

. VERBAL Diescribe the changes in the graphs from part b
as ¢ approaches 1

d. NUMERICAL Write an equation for & conse section with
focis [0, O and eccentricity ¢ = 15w d =0.25,1,
and 4

&, GRAPHICAL {uraph each of the equations on the same
coirdinate plans.

L VERBAL Describe the relationship between the vahue of
d and the distances between the verbices and the foc of
the graphs from part e

Derive each af the fellowing polar equations af conics For

the equation r= il Include a diagram with each
g1 oo 1+ecosd
derivation.
o
el oot Ewe
i
5L F_—I.';"\."‘-Ln“
i
B B i — ¢ xin @

H.O.T. Problems  se Higher-Order Thiaking Skills

B3. 'WHITING IN MATH Describe two delmibions that can be dsed
b0 deting a condc sectinm.

4. FEASOMING Explamn why r=—2—

does not produce a
l+esing

trioe circle for any valos of &

CHALLENGE Determing a polar equation for the ellipse with
the given vertices if one focus is ab the pole.

® s = 3

At

BY. WRITING IN MATH Explain how you can find the distonee
froem the focus at {0, 0) o any point on the conic when
the rectangular covedinates, polar coordinates, or & is
provided.



Spiral Review

Find two pairs of polar coordinabes for each paint with the given rectangular coordinabes if

05 8= 27 I necessary, round bo the nearest hundredih.
58 (-vI v3) 59. (-2, -5)

Identify and graph each classic curve.

BL r=3+3csd B r=—25in 38

Determine an equation of an ellipse with each set of characieristics,

B co-vertaoes {5, 31, (5, (0
foci (8, 4, {2 4)

66 magor axis =3, 4) to {#, 4);
minor axis {3, 1) 40 (3, 7)

80, (B, —12)
5
BL r=288=0

BE fod (1, -1), (% =1}

length of minor axis aquaks &

67, OLYMPICS In the Olvmpic Games, beam standings are determined according to each beam’s
total pomts. Each type of Olvmpic medal eams a team a given number of points. Use the
mfurmation to determine the Olvmpics in which the United States sarned the most points,

Otympice | Gaid | Sihvor | Bromze
gaoid |
2000 ” 24 Eyl s 1
2004 35 L] e Brones 1
2008 i 38 3%

Find the vahses of sin 28, cos 20, and tan 28 for the given value and intesval,

BE. :mu:%,ru.

Loeate the vertical asympiobes, and sketch the graph of each function.

Fa :|,|=:1-|:|:[:+1]-

3 Rn:lml%

90} 89, tani= -2, %=

P | 3%
TOo. !ln'u——g, 'I'I.T}

T3 u=2udl%{:—'11£]]+l.'l.:‘:"|

Find the exact values of the five remaining trigonometric functions of @

Td sec =2, where sn @ > 0 and cos @ > 0

7o cscll= 'o,l"g. whese sin @ > 0 and cos @ > 0

Skills Review for Standardized Tests

T6. SATACT A pulley with a S-centimeter diameter s belted
ter o pulley with a 6rentimeter dinmeter, as shown in the
figure. I the Larger pulley runs at 120 rpm {revolutions
per minate), how fst does the smaller pulley run?

A Bl rpm C 160 rpm E 200 rpm
B 120 rpm D 180 rpm
T What type of condc is given by r= "—I]ljm?
F circle H parabola
G ellipse ] hyperbula

L

T8. REVEEW Whch of the i'nFJ_lJ\._vi.ng includes the companent
form and magnitude of AF with initial poimt A(3, 4, =2}
and termanal pant B{-35, 2, 1)7

A (B, =234/
B {4 ~2,3), V77
C {=8, -2 33,4109
O (& —23), 3109

79, REVIEW What is the eccentricity of the ellipse
r— 12

o
. 1 y o I

described by T + T =17

F O3B H 053

G 041 ] 042

90 | Lesson 24 | Polar Forms of Conic Sections



- Complex Numbers and

FDe Moivre’s Theorem
“Why?

You perormed Corwert complex @ Flecirical engineers ose complex numbers to
operations with mumbess from diescribe cenain refsticnships of elecincity, Voltzoe E,

=

comples numbsars rectangudar to polar impadance 7, and asrent | are the three guantities

written in rectangular form and wioe versa edated by the equation £ = /- £ used o describe

farm aftemating curment. Each variabde can be wrhitten as
Find products,

A compéex number in the form o -+ b, whene |is

PR P, an imaginary number [enginesss use | o not b
MI d:::“ﬁfum confused with current 1. For impedance, the real
© part o represents the cpposition to current fiow
due to reskstors, and the imaginary pan b = related
1o ihe opposition due to mdudors and capacitos.
-
NewVocabulary Polar Forms of Complex Numbers A complex mumber imaginary U}
complex plans given in rectangular furm, @ + M, has a real component d and an
mead ails imaginary component b You can graph a complex number on the
imaginasy axls complex plane by representing it with the puint (4, b). Similar o a
Angand plane coordinate pl:.me we need two axes o graph a complex numbes. The = prer i}
absale vabue of & real component & plotied on the horizontal axis called the real axis,
crmgiles e and the i imaginary component s photied on the vertical axis called the
palar fam imaginary axis. The complex plane may also be referred 1o as the
trigoncmelsse fam Argand Flane (ar GON)
ES TR Comglex Plane
S Ciomnider a ¢ bex rember whese b= 0, 2 + 0. The resolt i a real number o that can be graphed
it rots of wnity o §

using st a real number line or the real axes. When b # 0, the imaginary axis is needed to represent
the imaginary clompenent.

imaginary | imagisary li)
ﬂl:l'-w'l}J
<]
Ol @405 realiRl o real ()

Recall that the absohite value of a real auember 1 sis distanee from sero on the member lme. Smilarky,
the absahute value of a complex number is its distance from #ero in the complex plane. When & < b
is graphed m the complex plans, the distance from zero can be caloulated vsing the Pythagorean

Theorem.

HKeyConcept Absolule Value of a Complex Mumber

The abschite wabse of the comples member . = o + b

|r] = =+ i ='I.|'r|1"+lr'l




S_TI.BII.‘II‘EC.I’!EL&IT coordinates (¥, ¥) can be written in polar form, so

Graph each aumber in the camplex plane, and find its absolute value,
a z=d+3 b z==2={
e, b} = (4, 3) e, bh = [—2. -1}
) L I A
- &
&£ "l
=
Ee = o F. m_ _.I [ .-'ﬂ" 'i}
3 (o2, —fhop
| |
I I..
| i
g =Val+ 1 Abmoiuts vk fmmiia |8 =vYa?+ i Abrobde value iormui
=yit+3? r=dmnd f=13 = yi=2) + (=1} g=—Fmdb=—1
= VE::S Smphly 3 VEDTI.H Simokdy.
The absolute value of 4 + 31 =5, The absolute vabue of ~2 — = 224
P GuidedPractice
MW 5+ 2 1B -3+ 4

WaichOut!

felar Form The polor fovm of o can the coordinates that represent the graph of a complex number in i b b

campien romber thould not be the complex plane. The same trigonometric matios that were used to

carkeed with pobr coordingtes of | find values of v and v can be applied to represent values for @ and b 74

o covpier’ memiber, The poinr form .

of a compies number v anoge cosfi=S  and sin#=73

Wy i NSRBI & Comyples

number. Polyx cocedisates of a rios =g rsm il = b Mtullepicy mach side by r

compioy namber will be deoresed

lter im this feswom.

5 Substituting the polar representations for @ and b, we can cabculate the polar form or brigonometric
form of a complex mumber.
z= 4 In Orig=al roeepion russt
=F¢'I?l'+frlh-qf e=rim i mmd b= rom ik
= ricos 8 + @ s i) Factar
In the case of a complex numbses, rrepresents the absolute value, or modulos, of the complex
nammber and can be foond nsing the same proces von used when finding the absolute value,
r=|d =Va® 4 b The angle @ ts called the argument of the comples number, Similar to finding #
\Iﬂﬂhﬂznﬁuhrdﬂnﬂin:ﬂn[x,g}_hhznlﬂinﬁatﬂm}ﬂnnnﬂhﬂ;l:t.u.n_l;ui=!.u.n_l-:+l'
iff oo

-

StudyTip
EeyConcepi Polar Form of a Complex Number

Begument The argument of & Pt - -

complos mumeer o aiso caded the > The painr or trigoscmatic Sorm of S comples nusmber 7 = o + b

ompktede. fustas in polar r=rjcos @ + f=n #), where

coondinabes, # 5 nol unique,

afthiooge it & mormally green m the r=jr|=Yo'+ ,u=rm&§.h=rmldﬂ=h!'1%h

imterval —3% < 1< 3n 4
e>0e@=tm~ L+ xioro<l

h.
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ReadingMath

Pelar Form r [oos &4 F 3 81
is.ofien abhrovisted scrom
In Exampie 2a, —6 + Bf can alue
e e zed as W os 220
where 10 =y {—BF + ¥ and
1.21:1:::“—%_
L

TechnologyTip
‘Campicx Mamber Comersans
Yo can convert & complex.
mumberin polar fom ko
rectangelar form by entenng the
expiesion in polar form, hen
sejecting [ERTER]. To be in polar
mode, weipcd |,.":'_', then
a+hi

{E?S{Jt-fﬁ I+ising
P =]
=11 e T O T

. 2.0l ComplexNumbersinPolarForm
Express each complex number in palar form.

B =& + Br
Find the modubhes r and anguoment i

r=Yat 4+ i
=V(=6) + 8 ar 10 = m_l—:-le-i'[ur.nhnn.llll

Y
Convnamion formuia #l = tan IT: + @

a=—Sandio=§

The polar form of —6 + Biis about 10fcns 2,21 4+ f4in 221}
b 44430

Firid the modubus r and anguement i

r="1 a4 b Conw e kormuls = I.zrn"'%
=1,||1+|;-.,-"_'i|1 g=dmnd b=+1 =tl.|1_'%ll'_-1
= % 19 or about 4 36 Lmpiry = a1

The polar form of 4 + /31 is about 4.36(cos 041 4 § sin 0.41).

" GuidedPractice
28 8+ Ik =2 —HN

\

Yo can use the polar furm af a complex rumber to graph the number on a polar grd by using the r
and #vakwes as your polar coordinates {r, #). You can also take a complex number written in polar form
and eamvert it to rectangalar form by evaheating.

Graph == E{m{--i-in‘n-:-}ul pular grid. Then express it in rectangular form.

The value of ris 3, and the valus nl'-!i:l%.
Plot the polar courdinates (3, ),

To express the number in rectanguldar form,
evaluate the trigonometric values and semplify.

3[1111%4— I-'!Iﬂ%] faler fzrm

-4 43)

taninsle for coune SN,

it

Ceinbwsrer Peopedy

4

The rectangular form of = =3{m:%+!ﬂn%}ﬁt=% +%i'_

P GuidedPractice
Graph each complex number on 4 polar grid. Then expresa it in rectangular form.

3, 3feos 2+ din 3T 38 4fcos T 4 iain T




Products, Quotients, Powers, and Roots of Complex Numbers The polar form of
complex numbers along with the sum and difference formulas for costne and sine, greatly od in
thee mudtiplication and division of comphex memisers. The krmola for the prodoct of fwo complex.

243y = rylous @) 4 sin gy - roloos By 4 1 sin i) Omgnat pounnos

= ryryleos 8, oox @y + §oos #) sin gy 4 fsin @y cos @y + 1 sin ) sinb,) FiiL

; - 4 = ~1 and grmg
ox rl'l’-‘m’ ﬂI oo '1 I ﬂl vk "—';I + Hm ﬂ. sin '1 +1sin p' o ﬂ_-.;l] imaginary e

= ryralicos @, cos #; — sin @, sin #,) 4§ (cos @, sin 8, £ sin 8 cos 8,5 Farior out i

= F;":{L‘D&IE‘. + ill:l- + :'J.i:n.{ﬂ’ = E‘.._}l Sz idpnbbes b

cosme mecl mne

KeyConcepl Product and Quotient of Complex Numbers in Polar Form
Grven the complex numbers. 2, = rjcos 84 3w @) and 1y = rgoos 85 4 fsin Bk

Product Formula ry = rypfonslf + B + Fun(f + #,]]

Cuotient Formula :—;::—im&,—i,]+fm¢,—ir,]1ma,mr,a&n

¥ou wall prove tne Ductent Formuls in Esercise TT

ReadingMath Notice that when multiplying complex mumbers, you multiply the moduli and add the arguments. When
Plurnl Form Modiil s the plural dividing, vou divide the moduli and subtract the angument=.

of modukry

| 2.0 Productof Complex NumbersinPolacForm
¥ind 2{cos 5% 4  sin 2% #(cos X 4+ i sin %) in polar form. Then express the product in
réctangular farm.

I{cu.l. ST“: + fsn %} - ‘{ﬂ.ﬂ% 4 1 sn %:l Onpgruat prmenssicn

= 1{!}[115 {ST' + %! 41 %in IETT + %}] Produrt Formula

= E{E:EIHT“ + i sim HTE} Limpiihy

MNoww Fired the rectangular form of the product.

e ;.. = o
E[cu.'l o + 1 sn T] Podar fom=
3
= H{% - %) Evelemin
=t l'u'|-3- - i Dikzibtve Property

The polar form of the product is 8cos 12 4 i in 217}, The rectangular farm of the product
isdy3 - &,

P GuidedPractice
Find each prodoct in polar form. Then express the product in rectangular form.
A 3{“; +fﬁ1;}t5{m%+!dn%}

4B —6{:.:-3._' 4 fusn E]+1[uu.lzl+fn'n1_"
1 1 3 3
\,
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Real-WorldCareer

Elertrical Engmeers Elocinical
cngreers desgn and oreale mew
technology used jo manuinchare
glcisal pasitomeng systems, ganl
‘generaiors Sl power endng
cities, urbine engines osed m s
siccrafty, and radar and navgation
systems. They also work on
INEFTVING Manous products soch
as ceidl phones, cans, and robats.

As mentioned at the beganmaing of this lesson, quotients of complex numbers can be used 1o show
relatiomaips in electricity.
° Real-World Example 5

ELECTRICITY If a circuit has a valtage E of 150 volis and an impedance £ of & — 3f ohms, fnd the
carrent [ amps in the circnit in rectangolar form. Use E= 1 2

Expres each number in palar form.
150 = 150{e0ns O + § 3in ) =0 5 O o 150, #=tan

h—-3= EJE[ELBE—UJEP + f simd—{0.46]] r= 184+ —1 or 35 0= tan~" —3 or st

Solve for the corrent lin !« £ = E

[e =F

UMEnal eguasinn
I=§ Dwide cach side by J
150i{cos & 4 p san 1§ — 1k S04
[ = = 1Elrme 4
3 Fcosi—0. 48} + f win{—0. 4] = o I3 ] i
I= ;—:“?min ~ (~0.48)] + jein [0 ~ (~0A6)])  Gustiznt Formata
[=10%5icos 0.46 + § sin 0.46) it
Moy convert the current to rectangular form.
| = 10% 5 cus 0.46 + f sin 0.46) Piiial ey
= 10v/5(0.90 + 0.44f) Eunluzin
= 2012 + 9.54f Desirixsires Propedy

The current is abouat 2012 + 4.5df amps.

P GuidedPractice

5. BELECTRECITY Wi a carcuit has a valtage of 120 valts and a current of § 4+ 6f amps, find the

impedance of the cireait n rectangular form,

Before calcubating the powers and roots of complex numbers, it may be helpiul to express the complex
numbers in polar form. Abraham De Moivre is credited with discovering a weful pattern for evaluating
powers of comples numbers.

We can wse the formaula foc the product of complex muembers to help visualize the pattern that De Moivre
discovered,

Farst, find =* by taking the productoff 2« =

v 2= ricos # + 1 sin @) - rlcos @ 4 7 sin @) ity
22 = pHcos (@ + @) + 4 sin (@ + 8] Prodiect Formsis
' = Peos 20 + 1 sin 23) Smpiliy

Mowy find = by |:.1]-|:|.1i.1I:i.1'1]:;:2 E
tlez= rl'ln.mlﬂ-l-l'nnlﬂ'ln s 4+ dsm 8) Ml by
= PHeos (280 4 B) + i sin (28 + #)] ~TOnL b ot

= Pleos 30+ § 50 38) T

Mutice that when calculating these powers of & complex mumber, you take the rth power of the modudus
and muslizply the argument by o



This pattern i summartoed bebow.

Flnd{-l. +iﬂ}i.mduptu-ihmdquluhm

Farst, wiate 4 +i\l";:-:in'|:|uturi:rrm.

T -1 b
r=%a + kK Cnrmecrenm formuls #=tan ]i

, - A3
SN FERYTH % e=damab=4y1 =tan ,TJ'
=W Ib + s Simpibfy = tan~! 1,,5
=8 Simmlity. =%

The polar form of 4 + 4V3i 8 8(cos T 4 #sin 7).

Mo ume De Moivre's Theorem bo find the sixth power.

4+ iﬁl‘}l": [lq:l:u: -.;- + i_'nn-g-}r Oragmal pruation
= ‘il:l:ﬂ EE—;—} + 15 ﬁ{;}] O borae s Theerem
= 262 1ddicos 2 4 1 sin 2) Smpidy.
=162 T44{1 + ) Dvatuare
=202 144 Rirrmiity

Therefure, (4 + 4w/ 316 = 262144,

B GuidedPractice

Find each power, and express it in rectangular form.
BA {1+ vEpt 6B (13 — 2

In the real number system, 1* = 256 has two solutions, 4 and —4. The
Fﬂinlq::‘—ﬂiﬂw}ﬂ:ﬂﬂ:ﬂemlﬁuuﬂﬂﬂ::lﬂd
¥ = —d. Inthe complex number system, however, there are fwo real
sulutions and two comgplex solutions,

Through the Fundamental Theorem of Algebra pobynomials of degree n
hve exactly n zeros in the complex member system. Therefore, the
equatiin I'=Eﬁ,mﬁﬂrﬂn P = 0, has exactly four solutions,
or rosstss A, =4, 44, and — 44 In general, all nonzero complex numbers
have p destinct pth roots. That i, they each have two square roots,

thiree cube roots, four fourth roots, and s on.
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I'"r - HeyConcept De Moivre's Theorem
Math HistoryLink :
Be Mohurn [8E7-T754) I the geckiar foem of a complex cember is 7 = rioos @ + § sin @), fhes for possive mtegers @
& Fresch mathemasician, = @4 i né +i ]
Oe Mowee is knowm for the L i id Bl o i
b e R Weu wall grose De Mesre's Theores o Lesson 34
oo probability theory,
The Doctone of Chonoes.
He i credited with teing one
0 s b | CLlli)DeMowesTheorsm

w0
s}

| i |, B =

—i -4 [0 X
el

fio. 25
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ReviewVocabulary

Fundemprsted Theonem of Algesm
# pohynomial function of degree m,
whene 0> 0, has o least one
2o [reel or immaginary} in e
comploy member wystem

To find all of the roots of a potynormal, we can e De Moivre's Theorem o armve at the followang
EXpTESsiOn.

KeyConcept Distinct Roots
For a positve isteger p, the tomplex member rjcoos 4+ [ sm #) has p dxtoct pth roots. They are Sound by

1
r"[l:m H"‘:”'-j-j‘ '+:T','

wherer=0,1%....p—1

We can use this formuda for the different values of v, but we can stop when i = p — L When o equals
or exceeds p, the roots repeat as the following shows.

l-I-H
]

=;+2'rr Er_u:'m.lnn!n'rrh'E whnno =14

Find the fourth roots of =4 — df.
First, write —4 — 4 in polar form.
—l—ﬁ=lﬁ{m¥+£jﬂ¥} .=".'r|—‘&;.:.-:.|h—;:.l:rdﬁ'é,[.l:'m""-1:_1;“-:5.;!
Mosw wirite an expression for the fourth roots.

E‘I' 3m

+rx S 4 B = i .
uﬁh‘(m +isin 24— } 0="" p=d i = 7
= \EE s }+lﬂ.ﬂ[ + HH Limpiity

Ldnnﬂ.l.luﬂ3lmmiﬂyhruﬂﬂbhmﬂ1rmh.
Leta =0 i-"ﬁlm{_.+_!_}+!:rn[5“+ "” thstr Baom

= 'a‘rﬁ{rm—+ !_'nn— or 0LEA 4+ 1785 First fousth roat
Letn =L y'?l:us{s" nh—}-l—l [:"" [lh'r”

='\?3-1{|:m% + Jm?—ﬂ ar —1.28 4 [.84f Sormnd foorth rost

i 5% om
tetw=2 YT Joos (33 4 %) + i 3+ )]

=432 m— +!mnT or —0.B6 — 128 Third fourth root
Letn = 3. {-”.Elm{-'%+ T}+i.ﬁn|{%+5:1}]

=32 m%+i:m%}ml.lﬁ—ﬂ.ﬂﬁf Fomrit bosth root
The jvarth roots of —4 — 8 are approsamately 086 4 1.38i, —1.28 + 0860, —0L86 — 1.284, and
1.28 — (LBAE

P GuidedPractice

i Fired the cbe roots of 2 4 34 TB. Fine the fifth roots of 83 — 4.




We can make observations abot the distinet roots of a nimber [T TTT 11
by graphing the roots on a coordinate plane. As shown at the 1 1] _'1 I |;C[ il )
right. the four fourth roots found in Example 7 e on a circle. I 1—128, 06t P71 i iy
we ook at the pedar form of @ach complex number, each has the
same moduohes of Y 32, which acts as the radius of fhe drde, The =g 1= 12 I
rixrts are also equally spaced around the cirele o a result of the -1 ||
arguments differing Irlr'g [ T T ':1[_!BI.—II}.H|
1 I s |

A special case of finding roots oecurs when fnding the pth eoots of 1. When 1 & writtén in polar form,
r= 1 As mentioned in the previows paragraph, the moduhes of our roots & the radius of the cincle that
is furmed Erom plotting the foots on a coondinate plane. Thas, the pth roots of 1 le on the anit circle.
Fnding the pth roots of 1 is referned to as fnding the pth roots of oty

[ I Example 8 ]
StudyTip
Find the eighth roots of unity.
The pth Roots of o Compées the
Murnter Ench toct wil have > First, write 1 in polar form
Ih-m-:d.lhnlir’.'l'hb 1 =1 +{cosd + i xmn0) r='-'r1"—.|.:'|:|=.1n.:ﬁ'=lzm"%n||:'
mm‘tdmhnmtuﬁ.
i ik i ot SOy . .
E mj—':} Marw wirite an expression for the eighth roots,
the argument. t I{cmn"'h*in'nu"'mlt g=0p=0 mdr =1 a1
L) o B B !
=m%+iﬂn% Limplity.
Lkt v = i ibxr Fimad e Frst oot al 1
a=0 nu? +lﬁnEI1T— Dmatanei Foots
= omll +fsmorl Fireh soak

Nmimﬂmlﬂu:rmﬁlluﬂ:ﬂ:mq:hx nmumber 8 l-ﬂ-ar_gunuﬂ:mlnmﬂbyﬂ—w. :r'nul:irgin:

to each previous &,
cosl + fsniflorl i ook
m%+!m%m¥+%l 21 pomt
E‘H%+!:h¥mf I root
m¥+[!hl—lznr—v?1+% din roak
cos W 4 1 5in T or —1 ixh rond
) 5 a3
ifl | um?"‘[!‘!‘l?ﬂl’—%—gr‘ &h romd
2 = A
FIRE {‘-'_3 NE
rl_j;:_:' L F] ¥ m% <+ i sm % or =1 1+ oot
I .
m7 = 2 mfrim?fm%_f_fi o
HEL S5 .| .
_\l"-i_ﬁt-' 1"—5\.-—""_? mwmn"m]'£+¥£L_£+£I—r—1.—¥—¥i_jlm
N el 3 %
= == F! %—%iuﬂﬁmmwz_ﬁl
Figure 2.51
P GuidedPractice
BA. Find the cube roots of unity, BB. Find the seventh rocts of unity,
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Cirzph each number in the complex plane, and find its absolute
value,

Loe=d+ 4 L == =34
ILz=—d—ti & ==2-5
S oz=34 ¥ 6. z==745i
L z==3-Ti B z=8-%

8. VECTORS The force on an object is givemn by = =10 + 154,
where the compuonents are measured in newioses (N}

&, Hepresent a3 a vector in the complex plane.
b, Find the magnitude and derection angle of the vector

Express each complex number in polar form.

W A4+ A o =24
o 4 —3 I B T
W A+ 5 1m 24+ dr
% —1—3i i3+

Cirzph each complex number on a polar grid. Then express it in
rectangular form. |

B, 1cos & + § sin &) M Hcos 3+ imnd)

20, dfen T +idsin T} 2. 3cos T+ {sin

S R S
25.

24, —3fcos 1807 4+ ¢ gin 180 %I:EL‘H—M 4+ f gin 360}

Find each product or quotient, and express it in rectangular

1

h‘m§+i:un %}-4{L‘[H%+I‘}h‘l%]

Sjcos 1357 4 4 .sn 1357 « 2 (pas 457 + 4an d5)

Etn.u—+::|.n3% -.'-_t-u.u-rr+um:,|

Zoos WY 4 §zin 907) » Zicos 2707 4§ s ZF)

g B B 4 H

3|:n.u + i%in —] -r-ll:nl:u.% 4+ 1 sin 2;]

il-ll:n.u%-i-:ﬂn— 2[m1—=+|=m1;
2. —I:I:LI!I. B + i sin B} = Bfcos 1507 4+ § sim 154
33 6 [l:us:'ﬂ-i-fnn—;l l[l:l.n—+!=m—:|

B Sfcos 180° + § sin 1807 » Meoos 135 + § sin 1357)

35, .Hr.mg 4 f xin ;} + EI-{n.u "_:.-l-:'.u'n %}

36 2+ 10 I (12 - 5)
3 [4fees T4isnZ)]' 20 WFoip
&0 3 — 544 4L 2 & 400
a2 {3 -6t e I
4. is[nu Z 4 din E]!J a5, [z{::..«{ +isin }}}4

&

DESIGN Suha works for an advertising agency. She wants
to incorporste a design comprised of regular hexagons as
the artwork for one of her proposals. Suha can locate the

vertices of one of the central regular hexagons by graphing
the solutions to 1" — 1 = Uin the complex plane, Find the
vertices of this hexagon. |

U}_f {5

Find all of the distinct pth roots of the complex number.

47, sinth roots of d

fifth roots of —i

fourth rocds of 433 — dd
cube roots af —117 + 44
fifth roats of —1 + 11V2i
square root of =3 — 4f

find the square roots of unity
find thie Soaarth roots of nnily

- A

ELECTRICITY The impedance in one part of a senes circuit

s Sleos (L9 £ f sin 0.9 ohms. In the second part of the

circudt, it is Bfeos (L4 4+ § stn 0 4) ohms.

&, Convert each expression bo rectangular form.

b, Add your answers from part & to find the wotal
impedande in the cireuil

& Convert the total impedance back o palar form.

Find each product. Then repeat the process by multipling
the polar forms of each pair of complex numbers using the
Product Formula.

B6. (1 — M4 + 40 5L G +i3—1
BB ({{+d3—40 §9. (=6 + 52 — 3i)
80 (V2 + 2001 + 4 BL 53— 2001 + V39



LUse the Distinck Roots Formula to find all of the salutions of

6. FRACTALS A frechsl i a geometric Bgore that is made wp ot a
each equation. Express the solutions in rectangular form.

pattern that is repeated indefinstely on successively smaller
seales, as shivwn bedow.

B =1 BE P +3=12%
68 =481 0. 2 —1=1023
o +1=4 2 f-24i==

H.O.T. Problems  ikse Higher Order Thinklng Skilis

T3 ERROR AMALYSIS Almaand Bilal are evaluating

{——+ } Alma wses De Moivre's Theorem and ges
manmruftm5—+!bm—— Bilal tells her that she
has only ::-:l'np&h:'d park -u-.[i.h:: problem, s edther of them

corpect? Explain vour redsaoning

In this problem, you will generate a fractal thnngh
fterations of (2] = 2. Consides = =08 +05

& Calcalabe =, 24, 24 2, 20, 2, and = where 2, = fizg),
2, = fiz,), and soon.

b. Graph each of the mmmbers on the complex plane T4, REASONING Suppose = =i + hiis one of the 29th roots of 1.

e Predict the location of 2, Explain. 8. What is the maxzmmem value of 87

b. 'What is the maxcimum valoe of B

Sge=

b1 TRAMSFORMATIONS There are cértain operations
with complex numbers that correspond te geometric
transformations in the complex plane. Describe the
transformation applied o point 2 to obtain point © in
the complex plane for each af the following operations.

CHALLENGE Hlﬂll!liﬂﬂ:ihﬂivum-ﬂhﬁi'ﬂimdﬂrﬂr
them in polar form. Then identify the complex number with
the given roots.

A w=zx+ {3 —di) 6.

b. iy the complex conjugate of =
Loz

d. =025

M:Mhpﬁrﬂ:i:ﬁmhﬁﬁ!h following.
s 53

B p=173, unurubemu‘l.u———l—-l

65 p =4, one fourth rook 5 <1 < f TI PROODF Given 2y = ryloes By 4 i st @) and

= rylewm B 4 £ sin &), wherne i # @), prove that

66. GRAPHICS By representing each vertex by a complex A _E:m (= ik} + § sim {f — i
nurmber in polar ferm, 4 programmer dilates and then 2
rofabes the square bebow 457 counterclockwise so that

the new vertices lie at the midpoints of the sides of the

i REASDONING Determing whether each statement is sounedimes,
original square,

altrays, or never brue. Explain your reasoming.
T8. The pth roots of a complex number = are equally spaced

=23 T .2 around the circle centered at the origin with radios « .

T M. The complex conjugate of : =@ + Wis T =4 — b _ For any
[} = &4+ Tand = + T are real aombers.

a

—3,-2 4 12, -2}
-4+ B0. OPEN ENDED Find two complex numbess a 4+ b inowhich
@ 3 0 and b # 0 with an absolobe value of V17

8. By what complex number should the programmer

muliiply each number o produce this transfermation?

B. What happens if the mumbers representing the origimnal
vertices are mudeiplied by the square of your answer to
jpart af

100 | Lesson 2-5 | Complex Mumbers and De Moivre's Theorem

WRITING M MATH Explain why the sum of the imaginary
parts of the p distinct pth roots of anypositive real nuember
must be zero, (Hink: Theroots are the vertices of 2 regular

pobygom. |



Spiral Review

Wirite each polar equation in rectangular form.

i5 id —d
Bhrmad B.r=-—M _ B4 =
e T+ domd LR P =y

Identify the graph of each rectangular equation. Then write the equakion in polar form,
Suppart virer answer by graphing the polar form of the equation.
-HE.‘I—3:|'1+:HJ=H H.:I._‘—_H':=] n_:.l-l-gll:}llu

BREy=1r"+3x+1 B3yl =27 -1 =0 0.+ + 2 -2y + 33 =10

Find the center, foci, and vertices of each eflipse.
!_lu‘+!|-'|: Lla-—T"l-:_
[ B

| 82, 257 4 4y 4 150 + My = =161 83, dx” + Iy — St + Ty = —484

Solve each system of equations using Gauss-Jordan elimination,

Srt+ytz=12 85 94+ Th=-30 96.2%k—n=3
fir—2y—==1f Bk + 5/=11 3p=11
Ir+dy+2==18 —3g 4+ Wy =73 dk+ p=19

S POPULATION In the beginming of 2008, the world's population was about 6.7 billion. 1f the
wurld’s population grows continuously at a rate of 7%, the foture population P, i billions,
can be predicted by P = £ 5002 phere | is the time in years since 2008,

8. According to this modeal, what was the world's popualation in 20087

B, Some experts have estimated that the world's feod supply can support a population of
at moest 18 billion people. According fo this model, for how many more years will the food
supply be able to support the trend inoworld population growth?

Skills Review for Standardized Tests

98. SATACT The graph on the my-plane of the quadratic 98. Which of the follewang expresses the complex nomber

funciion § is a parabola with vertex af (3, -2 If 20 — 21iin polar form?

£l = 0, then which of the follewing must alsoe E Mg 5 A7 4 Fuin S4T)

equal i & _| e

A gi2) 2cem 552 4 1 min 5.52)

B 3} H 3eos 54T + i xin 547)

C i) J 3eos 552 4 i sin 5.53)

D b

E o7}

100. FREE RESPONSE Comsider the gragh at the right.
&, Give a possible equation for the henction.
b. Describe the svmmetries of the graph,

£ Give the peroes of the lunction over the domaim
D= @=2m

d What = the muinimum vakee of r over the domain
0=<g=<3n?




Chapter Summary

';Study Guide and Review

KeyConcepts

l | KeyVocabuary

Polar Coordinates

« Inthe polar codrdinale Sysiem, & posnt (7, @) is DCabed wsing 5
directed distante rand direcled anghs &,

« The distance bebwesn Pir. &) and P;l'fz. 'J].‘ﬂ‘. Hse palar plane

BPP = fr 4l — vy, cos (o, — )

Graphs of Polar Equations

«  Cittle: r= @ ons @of F= o sin i

. Limafenr=g%bosforr=o+bsnda>0b>0
+ Roser=poosndorr=gsinpiln=2aER

»  Lemaiscate: i = g% cos 2@orr? = o’ w0 28

+  Sphals of Archimedes r=a@ 4+ b, 0 =0

Polar and Rectangular Forms of Equations

« A poim B, &) has reckangular cocedinales {r 0os 8, r S8 #).
+ Toconved a point Ax, ¥ rom reclanqean i Dol Codrdinstes,

: ¥
use the eguations r = yf= 4 7 and #=tan™" 5, whens >0

-4 ¥
wd=tEn 4w owhens <0

Polar Forms of Conic Sections

«  The podar equatan of a conic sedtion s of the form r = ﬁ
o= H:m.demn:lmg o thes location and oriemdation of the
Hiredn.

Complex Humbers and De Moivre's Theorem

+  The podar of rigonomesric fosm of the comgles nember o 4 o
15 (cos & 4 f sin 8.

«  The product feemula for twe comalex nembers 2, and 2, bs
T3 = rg|oes fily 4+ By + §sin [y 4 8]
«  ThequoBent femula for twa comies numbers 2, and 2, i

Fs e
T =5 leos (0, = by} 4 Fain fiy — )| wihere 2, ana 1, #0.

« DeMobre’s Theorem stabes that if the pobar form of a comgiles
number 52 = 1 (cos @ 4 fsin @), then 2% = r® jcos of 4 i sinnd)
far posithee integess o

102 | Chapter 2 | Study Guide and Review

absolute walwe of o consples polar coordinate sysiem
s polar coordinates

Augand plane golar equation

Anguitser palar farm

cardiold gk g

complex plans 'ltll-E

Emaginary axis pih rosts. of unlty

lemniscate ks

mﬁ nose

e spiral of Archimedes

P trigomometric form

VorabaryCheck

Chodse ke coned lerm from the kst above 10 complele each senlence.

L Al

i5 the 5t of all paints with coardinales v, @ that
safisly & given polar equation.

4. A plang that has an 3k lor e real component and an as far e

imaginary componsant is ain)

A The location of & paml i the

i identified using

e directed distance from & ieed poind and the angke rom a

Foned s

A A special bype ol limagon wilh squslion of 1k Tarm
F=a4 boos fwbane s = bis called ain)

5 The
farm rleos & + 1 sin #)

is the angle @ of a compiex nismber wiillen in he

6. The origen of 8 polar coordinate system ks called the

‘E The abuolithe value of a8 compies nmmber is aiso caled the

B. The

15 anoihesr namss for the comgples plane

9. The praph of & polar equation of the famm r? = o2 cos 2o

¥ = a® sin 28 called ajn)

0. The

is an inikial 13y from the pole, wsweally horzantal
and directed toward the right



Lesson-by-Lesson Review

y ": Polar Coordinates
=

Graph each point an & polar grid,
fi. W05, 28 1z x{tj%
¥id, — (_3 5=
12 ¥j, 1207 w (-3
15 #=—&0 6 r= %
1 r=7 1B. H:M
3

Find the distance between each pair of points.
1 [‘.1: - [

=

20. =3, 607, [, 240

(-1, —457 (B, 2707 = (1= J'.quT]

Graghr =5,

The solulbans of r= 5 ame prdered padrs of The Tomm (5, #) whered s
any read numbes. The graph consists of all points Biat are 5 units fnom
Ihet pole, S0 The graph € 3 decle centered &1 Me pole with radius 5

: - E‘_ Graphs of Polar Equations

Lise symmelry, 2eros, and maximum rvalses to graph each functian

23. F=35:n34 il r=32C0s8
28, r=5005 28 26. r=4s5in44
Eh r=1+2cos i 2B, =158 =D

Use symmeiry 1o graph each equation.
M/ r=1-zng 30, r=1+5c0s#
3 r=3—2esi 3, or=4+ 4z

3. r=-—3sm# M, y=~=5430058

Use symmetry to graph r= 4 + 3 ced 6.

Replacing [r, @) with [r, — ) yiehds r = 4 4 3 cos{—#|, which
simplifees 0 r = 4 4+ 308 @ because Cosine i even The eguabkans
Are Bfuivalent, 5o the geraph of is equation (S Symmeiric with respea
1 e peDlar AiS “'IE"I.'—'!I:'"'.-.T.'IIJ can makes a 1abie ol valses 1o find the
ryalues ooerespnnding 1o @ oo the interval (0, )

4] T

w | B+37

T 2

u

1 d e
| E-1T

] ?

w 1

By plotting these points and using polar adis symmelry, you cdiain ihe
graph shown,

102



7
i, =

Find two pairs of polar coardinates for each ol with the given
reclamgular esardingtes if 0 5 0= 27, Roursd to 1he peaned

Polar and Rectangular Forms

Wiite ¢ = 2 cos @ bn rectangulas form, and then idemtify ks graph.

R, Suppart your answe by graphing the polas form of the squation.
il o r= Zoosd

36, (17 # = Zreos

3T 2a0,a>0 4t X =i+ 1=

2 ¥, =
38 (b, —Gh), =0 ik SR

In slandand foom, [x — T +

Wrile each equation in reclangular fonm, and then identiy iks graph, o =1 you can idendy The

Suppart your answer by graphing The potar fom of The equation. graph.of his equation as a
gt e ceamterag 2 (1, O) with

WL = radius 1, &5 supperted by the

40, r=—dsnd graph of r = 2 cos @

4 r=Gsecd

PR |
42 ¢ = 3 osC @
- il

2 = ._'T. Polar Fnrmé af Conic Sections

Determine the sccentricity. type of conic, and equation of the direckrix
BAK SICE, priwr £, Determine the eccentricity, type of conic, and equation of the
15 7

aa. r= e

g i = .

_— S g
a4, r= 1+ D3om B Wrile ihe equation in slandasd oam, r = e
4 7

B ey i TR T
46 ;=15 1503

| — cos i |=3—541—:|-'.l.l
Witte and graph & polar equation and directris for the cansc with he Fo—d
given characterkstics. 1—omi
47, & =10.5; vertices at |0, —Ihand [0. 6) In this fodm, you can see Iram the denominator that & = &, herslare,
& & =15 direcric k= § i conic & a parabola. For polar equations of this fanm, e equatien

of the directii |5 5 = —&. From e ndmeialo we onow thal &d = 2,
gad =2 + Tor 2 Therefore, the aquation of the direcirix s x = —2
White each polas equation in rectangular form,
Lii

N y=—

f—02=ni
50, f=—3

I+ tosd

Xy .
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Eem

Graph each number in the complex plane, and fnd s shsolute
value,

BL r=3=/ B r=4A
B r=—d+ X A, r=6—3
EH.pr-E-E'.l el ENH-pIH PimheEr i polar form.

55. 34N 56. —5+ &
1L —d - 68. /T 4

Gragh esch comples mimber on & polar grid. Then supress it in
rectangular form.

68, 7= Hdme.—+.lsm—:|
60. 2= 5[::-&%+uln %}

Bl z= —2|:|.::-5.—-| uﬂ”

6L = ﬂl::l.'ﬁh :‘u_ + fsin %]

Fimd each product or guotient, and express i In rectangular form.

&3. —2|:m5.—+ r5.|."|'5'—:| * —Fl|l:l:ﬁ-—+ rsu'\-?}

B Bjres 725 4 fsin 225':..11|.:.:-5 D0° 4 Jsin 1207
65. 5E1]‘i—+f5.-1‘— l:l:li-:d gif—
( 2 2 _‘l g Hien)

66. 6{cos 2100 + 50 ZWF) + 3cos 1507 4 150 1509

Fimt sach powes, and sxpress it in rectangular form.
61 [—if
63. l;\."'i +

Fimd all of the distinet pik rools of the complex na mbser.
68, ruibe ook of 6 — 4

O punih rsois ol 14 4

y i ‘3 Complex Numbers and De Moivre’s Theorem

Graph 4 — &l in the comples plans and sxpiess n polar fom.

T 1

L
=)

L~
e

s

iy

k"
HEE
- &l T
'
A" I
=0 ]
.

Find the modulus,
= 'l.-'-'n-: s ﬂj

R

=yl 4 -6 ar 13 s=dend b= i
Find the argumel
#=1an"12 i |
a
B

(- e

= —[.98

The palar foem of 4 — B & aparoximately
24/ G jtos[— 098 + § sni— 0.08)]

Find — 3[ms—u+asna—:| 5{m=—-+|ﬂn-?f-}mmlaium
Then expaess the product in reclangular fanm.

—3|:-:|:-5—+Js.n‘—] +J5.~|=-"[—."I|

=[=3+ ﬂ{cnﬂ: 412 !I+.-,.n| ..."'_1']]
- —1:-{-:.:5 [”TT }- #sin [% :I]

N lind 102 reclangoiar o of [ peodisct
_15’-:-:5{% ] - r'iill%?—;: :|l

= —§5{-0.26 + §—0497 By
=394+ W5

The polar foem of the produd i — rE.’-:m |:1;"—1" | +dsin l:*,r_; J'|}

Tl o id o § i il v b
o o



Applications and Problem Solving

n

T3

T

'Study Guide and Review continued

GAMES An ancade game conssls of ralling a bal up & incling
81 a Langel. 1he region in which ihe ball lands determines 1he
mumber of points eamed, The moded shaws 1 paint vakie for
Eai Region

W
SR
RIS
e,

240 e £l

B I, o0 a tumn, 8 player rolls the bad to e podnd [3.5, #6857,
how many poinds does he gets

b. Give bwd possibée jocations hat a player will recee
50 paoints

LANDSCAPING A landscaging company uses an adpsiable |awm
sprinkles thal can rotate 3507 and Can coves & CFcular regeon with
& radius of 20 meters

8. Graph the dimensions of the raglon that the sprinkier cam cover
an a polar grid IF 05 521 1o rofaie 360

b. Find the ares of the reglion that the sprenkler covers § the
rotation 5 adjusted to —30° < @ < JHF

BIOLDGY The patiern on the skl of a snail can be modsied usmg
r= ::IIT + :I i 2= 0 ldentity and ll_i.'aflr-"J'lE' CEESS Cuive that mpdals
this patiesn

RIDES The path of a Feens wisesl (an e modeksd by ¢ = 30 sin #,
WIETE 7 iS given in melees

™

a
]

Sy

L L]

a2 TR
g s
..-:;'._- T

i

B ‘Whal ane the polar cocedinates of a fder Incaled af & = _;l’
Round o the nearest tenth, I neCessary.
B. Whal & the reclangular cobndnabes of e nder 5 bation?

Bownd 1o the nearest temth, I necessary.

c. Whal i Ina rides’s dstance abowe 1he ground 0 e polar &xis
represents the ground?
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Th. DORIENTEERING Orienleanng réqiires pamiogants 1o mase thei

I.'-E'F'EHI'E-JET" Al ared USing 3 Dol rapiic mad O prseniaes s1a0s
a1 Checkpolnd A and walks S0 meters a an 3I“~Q|E iod 35" measured
Clnckwise Tham die east. A second Greanbesr sladts 3t |:|'I':"I'.k|:l:li-"liﬁ-
andl wiaics 3,000 meters due west and ten 2,000 meteds dus marth
Hir Bar, 10 the meares] malar, doe 1R it ofentesrs from &ach
olfwar?

. SATELLITE The orbdl of 3 salelile asound Earth kas eccentricity

of 0.05, and the distance from a vertes of the paih fo the center of
Earth i 32,082 kilometers. Write a paolar eguation thal can be sSsed
o model ihe path of 1he sxiedite if Earth is |ocated at ihe forus
closest 1o the ghven wertee

. ELECTRICITY Waost cirouils in Europe are designed 1o

mCoemmaaate 20 wolts. For pars a and b, use E = 1+ £, ahére

vollage £ & measured in woils, mpedance £ s measuned i ohins,
and car et [ 15 measuned @.amps. Round o the nearest 1enih

B I the circull has & current of 2 4 Sfamps, whal & the
Impedance?

b. It acircull has an impedance of 1 — 3 olins, whai i< the
current?

. COMPUTER GRAPHICS Gecenetric iansiormakon of Bgures

can be perfocmed wsing compled rumbers. I & o grammer

Slais with SQuaare ARCD, as shown bebow, Bach of The warlices

can be represented By a complex nsmber i paolar feam.
Muitiplication can then be psed 1o olaie and dilatle e squane,
profcang he S-Il'luﬂll':'-ﬂ.ﬁ"l._ﬂ'. Ey WAl Comdlex nembes Shockd ine
RIOQEGETITEY "IIL"'[I:]|:|I Barh nusmber 1o prodoce his ransiomation?

&
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Practice Test

Find fawr differam palrs of pelar conrdinates thal mame posnt P B
=M 0S I

Graph sach polar equation,

3 #=30r & r=1

5 r=15 3 n=§—“

1 r=2uns & r=—1iece
3 F

o or=—4cscd W r=2Lcosd

kientily and graph each classic curve,

N r=1541L5cosd 2. F=EI5sin2e

13 HADRR &nair railic controlier s racking an aepians with a cument
location of (B, 1157 The vatue of ris ghwen in Kilometers.

& 'What are Ihe rectangular cosdnates of the simlane? Roind fo
the neanest k2nth of 3 kil smeer

b. 1fasecond plans s located al the point {50, —T5), what are the
nosar Cooedinates of the plans it r > Dand 0 < @ < 36077
Round o e pearest klemeler and e nearest lenih af a
degres, i necessany

£ What i he dislance between the bwvo planes? Round 1o the
nigarest Kiloed et

identily the graph of each rectangular squation. Then wirite the
egualion im paiar fodm. Support your answer by graphing the palar
toem of the equatian.

W p-TF+yF=m9 B y=3

Delgiming the eccentricily, type of conic, and equation af e directi

for each palas eguation.
R S
f—dsme

B r=

Wiite the equation far each polar graph in rectangulas fonm.

20, ELECTRICITY H 3 circult has & voltage £ of 135 wolis and a8 cusrent |
ol 3 — d4f amps, find the impedance £ of the cecust in ohms in
rectanguiar famm. Use the equation E =+ Z.

21. MULTIPLE CHDICE identily the graph of point & with camgles
coordinates (= 3, =1} on the poéar (oordinale Hane,

Find sach power, and express 1L in rectangular foem. Round 1o the
nearest lenth.

23 -7
5. R-ofF

2 -1+ 4
24, [644)°
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" Objective
& Approaimate the arc length

of 3 curvs,

‘e can find ihe length of @ ling segment by using the Distance Fomda
feus can find the length of an arc by wsing proportions. o caloulus, you will

need ta calculate many lengihs st are nob representad by Bne segments
ar setions of &clrde,

lnregral colrudus focuses on areas, volumes, and lengths. | can be ¥
wsed o fnd the kength of & cune for which we do not have & standard
equation, such a5 & oueve defined by & quadratic, cubic, o polar functian.
R S and definile MRS, e CORCEps thal you will isam
mare ahoul in the follawing chapless, are needed o caloulabs ihe exad
lengih of & cosve, of ove lengih, denoled s,

I s lessom, we will approcimate the anc lengih of a comve using

8 process simdar o 3 melbod used o sppocaimate e rale of
cheanige af & poini. You an caloalate the slopes of secant Gne

fo appronimabe the rates of change for graphs at specific points.
Decreasing ihe distance bebeesn the two posbs on the secant lines
inCreases the accuracy ol the approdmatkons as shovin in the graph
& i right.

Activity 1 Approximate Arc Length
Appmmu'ﬂtmh#i&:pqﬂtd,-t’hﬂitiﬂ
Graphy = x* for 0 = x = 3 as shown,

Graph puints on the curve at = 1, 2, snd 3. Connect
the points using line segments as shown.

EFE]  Use the Distance Formula to find the length of each

line segment.
EPF]  spprocimate the length of the asc by finding the sum
of the lengths of the hne segments.
P Analyze the Results

1. s your approwimation greater or less than the actual lengeh? Explain your reasoning.
2. Approximate the are kength a second time wsng & line segments that ane frmed by

the puints
=0, 05 10, 15 20, 25, and 3.0. Include a sketch of the graph with your approcimation.

3. Describe what happens to the approcamation for the arc length s shorter line segments

are used.

the x-anci=. o yon think this will abways produce the most sccurate approimation? Explain

AR | e ) RiAa0y
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StudyTip

Polar Graghn - Cresie o ble of
waloes for r and #when
calculntiy the e length fora
polar graph This vl help o
reduce e cresled by functions:

(et produce negatre wakaes for

Malice that for thie Rl acthaly, the endpalats of the {ine segments were equally spaced 0.5 units agan Sang the
x-amts. When using advanced methods. of calculus 1o find eoct arc length, a constant difference betwesn @ pair of
endpoents along the s-axis & essential. Thes dtienence & denoed A

Accuralely appradmating are length by wseng a constant Ax ba create e 13 g
lime segements may not always be the most eflicient method. The shape A
of the are will dictate 1he spacing of 1 endpainis, s creating diflesaan
vales for A, For examgle, i a graph shows an increase of decrease over

& kange intenval bar i, 2 large Bne segment may be used lor the approdmation.
It & gragh inchedes & urnimg paint, it is betier io use smail line segments io
gccoant for the cumve in the graph

Previowsly, you leamed how 1o calosate the dstance batween polar
coordinates. This ioimuls can be ased to sppeoimale the arc lenglh of 2
curve represended by @ polar equation,

Activity 2 Approximate Arc Length
Approcimmate the are lemgth of the graph of r= 4 + d sin #for 0 = ¢ 5 2m.
EEEl Grophr=d + dsin#for 0 = v < 27 as shown,

EEEl Draw 6 points on the corve st 8= 0, 5, % 2 op and
pe A ETR
%whmumhwam

Use the Polar Distasice Formuda to find the length of
vach fine segment.

Apprisamate the length of the arc by finding the sum
of the lengths of the line segments.

P Analyze the Results
5. Explain how svmmetry can be used to reduce the number of calculations in Step 3.
6. Approvimate the are length nging at least 10 segments. Include a sketeh of the graph,

T. Leét m be the number of line segments used 0 an approxcimation and Af be a constant
difference in # bebween the endpoints of a line segment. Make a conjecture regarding
the relationship between r, #, and the approximation for an are length,

Model and Apply
Approximate the arc length for each graph. Inchute a sketch of your graph.
B. 9.
=== i+in =T +5
! _“runsggi redi)sf<in






Get Ready for the Chapter

- QuickCheck Mew\ocabulary.. i
Expand each biramial, TEguence
Lo+ 3P Z (g bk

Lisa the graph of each function 1o desoribe (15 and behavior. Suppart the
£BNjELiure numeraly.

. I 4. J¥ 7
| e i
Hl-:|=; el i
"'l'_ a

L
= 1] EI ] f‘l
Zy — ] 8 [ 12x
JIT 17, T
Iﬂ L lftlx) = 2E=3n=1

Sketch and analyze the graph of each function. Describe ity domsin,
range, inercepts, asymplotes, end behavior, and wherne e function is

5 flj=3"" & rigj=5""

T hpp=0p+1 B k)= -—2*
Evaluate each sxpression.

9. log, 0 log, 10 nlege—-

12, MUSIC The takde shews ihe type and numbes af Cs that Admean and
Lindsay beught Witte snd sotve 3 system of squations 1o determins
e price af each type of O

New CD Used
CD

Price [5)

Buyer

fenit= sequence
infinite sequence
FECUMSIVE SEqueEnce
explicit sequence
Fibonacce sequence
Comwengs

divergs

ZEMiEs

{mnite series

nih partial sum
infinite senes
sigma notation
arnthmetic sequence
common difference
anthmetic series
common ratio
GEDMELric means
geometric senes
hinomial coefficients

DOWET SETIES

| ReviewVooabulary
exponenta funchion a funciion inwhich the base i< a corstant and
i gxponent is 2 variabbe
Expeseniial Growh Fumciion




® You used functions

to generale ordered different types of high schood can posl thelr cwn socal networking
pairs and used SROUENCES. weD pages. A student at the high schood is given
raphs to analyza Use sigma notation a free page if he or she refers the website to five
end behaveor. f6 reprsent friends. The site stans with one page created by

ol s el Wafa, who in tem, rafers five frisnds that each

i oreaie a page. Those five friends refer five more

- peogple each, all of whom develop pages, and so on
-
NewVocabulary SBQUENCES In mathematics, a sequence is an ordered list of nombers. Each number in the
SEgUAnCE sequence B known as o term. A finite sequence, such as 1,3, 5. 79, 11, contains a finite mumbser
tetm of berms. An infinite sequence, such 21 1, 3, 5, 7, ..., contains an infinite number of terms.
BRI JeRLence Each term of a perce 18 @ lnction of it pasibion. Therebome, an inbingbs: fice i a hmction
s | P . e
inkinkte sequence whose domain is the set of natural numbers and can be written as ({1} = ay, /(2 = a2y, 3 = 25, -
FECLFSIVE Sequence Fieip = s, . ., where &, denotes the ath tezm. I the domain of the hmction B anly thve Firss o materal
;ﬂ:i?s;mm numbers, the sequence & finite.
CORVErQE Infinitely many sequences exist with the same first few terms. To sufficiently define a mue sequence,
diverge a furmula for the wth ferm or other informatien mesd be groen, When defined explicifly, an exphicit
seiies formula grves the mth leem a as a funchion of o
Tinite Sefies
sgma noistion =
infinite series 2.k} Find Terms uences
rih parizal sum -
8. Find the next four ferms of the sequence 2, 7,12, 17, ...

12 | Lesson 31

M .-Sequences, Series, and Sigma Notation

] Imvestigate several @ Wals developed & websile where studends at har

*Why?

The mth tetm of this sequence is not gheen. Une possible pattern is that each term s
5 greater than the previoos term. Therefore, n sampde answer for the next four terms &
X2 27 32, and 37

b. Find the next foor terms of the sequence 2, 5, 10, 17, ... .

The uth term of this smguence s et e, eee subtract each term from the erm that
fellows, we start to see a possible pattern.

dy—ity =5—2ar3 fy— ;=10 —-5ar3 dy —ay =17 - Waor?
It appears that each berm is generated by adding the next successive odd numbes. However,
looking at the pattern, it may also be determened that each term is 1 more than each perfec
re, ar @, = 1 + 1. Using either pattern, a sample answer for the ned four terms is 26, 37,
S, and 65
. Find the first four terms of the sequence given by a, = Zur[—1)".
Use the explicit formula given to find g _forw = 1,2, 3, and 4.

gy =241« (=1 ar =2 ity =2e2u (=T urd

d3=2:3. (-1 or -6 " = dg=Jed =14 or &

The first four terms in the sequence are =2, 4, —6, and 8.

P GuidedPractice

Find the next four terms of each sequence. 14~18. Sample answers are given.

W 32 16,84, .. 1.1*%.% 1B. 1,2, 4.7 11.18,22, ... 79, 37 46,56
. Find the first four termes of the sequence given by a, = =10, —8,—2, 17, 54

Mol Hil| B atlon  B3EPralansdkond (SHLesisdooem
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Sequiences can also be defmed recurinrely. Recorsovely defined sequeences give one or more of the Frst
few terme and then define the terms that ellow using thase previoos termes. The formula defining the
uth berm of the sequence is called a recumsive farmaula or 2 recurrence relitfon.

StudyTip | o0 ) RecusielyDefined Sequences
hotstice The iem denoied o, > Find the fifth term of the recursively defined sequence o, = L a, = a_ _ , 4 In = I, where
represengs the mth tem of e w2

anﬂme;tud Since the sequience is defined necursively, all the terms before the fifth term must be found first.
immedintedy bedooe o, The term Lise the: given first term, @, = 3, and the recursive formula for g,
a, _ jiepresen the eem fwe iy =iy + M2 =1 .=
s nin - =a;+3 Smplify
=243m5 =1

I]=H‘;_t+1'3]—l =13

= ity + Sor 1 =%
j":p‘_:-ll-zﬂl—'i m=a

=iy + Tor 17 my =10
=i+ 25 =1 n=5

=d,+ Por26 g, =11

P GuidedPractice
Find the sixth term of each sequence.
Mom=3 0= (~Na,_ . n=2 —86

B oay=8a =2, —7uz2 39

s

ey

The Fibanacei sequence describes many patterns found in nature, This sequence is ofien defined

recursively:

Real-World Example 3

HATURE Suppase that when a plant first starts to grow;, the stem has to grow for two manths before
it is strong enough to suppart branches. At the end of the second month, i¥ sprouts a aew branch
and will continue to sproat one new branch each month. The new branches also each grow for two
manths and then start bo sprout one new branch each month, If this pattesn continues, how many
branches will the plant have after 10 months?

During the first two months, there will onby be one branch, the stem. Al the end of the second

month, the stem will produce a new branch, making the kotal for the third month fwo branches.
The new branch will grow and develop twis months before producing 4 new branch of its own, but

Real-WorldLink
Adung with being found i fowe

s e
u

prtals, son shelis, amd the bones
in & humam hang, Fibomacci
sequences can akso be found =
poces of mrt, muse, poetry, snd
mchifectom.

Ssubed: Dol Proncils of Deskon

i

the original branch will now produce a new branch each month.

—= i ke e W e



WaichOutl

Waoilation The first temm of 0
sequence & occarscrally denoted
nﬂilﬂmlumnh

domain of S functon describing
the segaence is ihe soi ol whole
mumbers

TechnologyTip
Convergesst or Divergent
Spquences [ an exphcE formaoka
for 2 seguence i koown, yoo com
ender the formuiaim ibe Y= menu
of a graphing cairulator and graph
the pelated funcon. Analyzing e
end behavior of the graph o
tezip you 1o determine wieser
the seqeence is comvergent o
drerrget.

The flbowing table shows the patierm.

1Tjr|3|4|S|6] 7|8 |9 |®
1|23 |S|B]B]|H|M|5

Each term is the sum of the previows two terms. This pattern can be writien as the recursive
tormulag, = la, =La, =a, _,+4d wheren = 2.

="

b GuidedPractice

3. HATURE How mamy branches will a plant like the one described in Example 3 have after
15 maonths o no branches are remeved? 690

Previnesh: vou examined the end behavior of the graphs of hrmctioms. You learoed that as the domaing
of some functions approach o, the mnges approach a onigoe number called a limit. As a fonction, an
irfinibe sequoe e may also have a limit If a sequence has a limit such that the termes approach a unigque
namber, then it is said to converge. I not, the sequence & said 1o diverge.

Example 4
Determing whether each sequence is contergen! or divergel.

B o, ==3u 412 da,
The first eight terms of this sequence are 12, 9, 6, 3,
0, =3, —6, and — 9. Fromm the graph at the right, vou —
can see that o, does not approach a finite nomber.
Therelore, this sequience is divengent.

=

£y

u.niﬂl-s-,t_ﬂuin_,_-l__nzz _ljﬁl
The farst eight berms of this sequence are 36, —18, 9, {
—d5, 2.25, -1.125, 0.5625, —0L2H4125, and 0140625, —
From the graph at the right, you can see that a, 1
approaches 0 as n increases. This sequence has a
lirmit and is therefore comenzent.

1" = m
% o 2ef2 1
The first twebve terms of this seqoence are given
ay = =02 gy = 0232
oy = =231 ay == 0235
ap = —0.238 d, =0
a. = —.241 aig 2= (202
g #= —0L243 dy = 24
dy = —0L24 dyy = DS

Loa =

1

It appears that when s odd, &, up'pﬂnd‘lp—%,uﬂwﬁmnbmlnappnnthb%. Sineos
a1 dewes nok approach one particular value, the sequence has no limit. Therefore, the sequence
is divergent.

P GuidedPractice

an a, = 22 convergent

= &, a,=3-1)" divergent

B oy =%, =a _+4
divergent

4 | Lesson 31 | Sequences, Sesies, and Slgma Notation
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StudyTip
Cosverging befiniic Sequeoces
'While & iz necessary for an isfinite
sequencs 1o convenge o 0 in
ander for the corresponding
infiribe yomes to hiwen & som, A
5 mot sufficent. Some infinke
sequences momverge o O sed the
cooespanding infinite seoes si#l
o nof Rave s

oy

Series A series is the indicated sum of all of the terms of 2 sequence. Like sequences, series can
be finfle or infinite. A Fnlbe series is the indicated sum of all the teems of a fnite sequence, and an
infinite series is the indicated sum of all the teems of an infinite sequence.

1+3+5+7%19

LA575 1+3+5+7 594

T saem o the first i berms of a series is called the rth partial som and is denoted 5 The ith partial
sum of any series can be found by caleulabing each termoup to the nth térm and then Gnding the sum
of those terms.

a. Find the fourth partial sum of a_ = (<2}" + 3.
Fined the first foor terms.
==+ 3orl n=1
dy == w7 =1
gy ={=2% 4+ Jor -5 p=13
dg={=2 + 319 =4

'ﬂuﬁmﬂ:pa:ﬁ.ﬂMhS.: 1474 (-3} + 19522,
4
b, Hg!d‘rn‘ﬁ"

Fired the first thoee lerms,

l.:#n‘rﬁ.i =1
u,:meu.nl =1
iy = 5o 0,004 n=1

The third partial sum is 5, = 0.4 + 0.04 + 0.004 or 0.444.

P GuidedPractice
G [Find the sith partial sumof g, = 8, & =05{a,__ ). n= 2 15.75%

8. Find the seventh partial sum of o, = 3] . 0.3333333

Since an infinite series does not have a findte number of terms, you might assume that an indinite series
has r sum 5. This is true for the series below,

Infinife Sequence

1,8, T 10, . -

Infinite Series
144+7+10+ ..

Sequence of First Four Partial Sums
L5123 ...

Himwvever, sorme mfinibe sevies do have sums. For an mimite series to have a fixed som 5, the infinste
sequence ssnciated with this series mast converge o . Notkoe the sequence of partial suma in the
infinite serfes below appears to approach-a lmﬂﬂ.inr%.

Infinite Sequence
11, 0o, (i, ...

Infinite Series
01 4 Ll 0001 + ...

Sequence of First Three Partial Sums
A1, 010, 111, ..

We will take a choser look at sums of infinite sequences in Lesson 3-1.



Series are often mare conversently notated gsang the uppercase Greek letter ssgma A serses wiitten
using this better i said to be expresed using smmwelion notidion or sigma notation.

KoyConcept Sigma Notation
For any sequento 0y, 0. Ty, 0. <. e sum of the firsi k imms = denoled
Hﬂlﬂiﬁgﬂiﬂtﬁ. 5:_:
5 & IE-;.:B'.ET-I' .-15,=u'-,+u,+u,+...+n‘.
31#"”"_ et where @ it the rdex of summaton. k iz the upper bound of ssmmation, snd 1 i the lower bound of summabon.
h
In this notation, the bower bound indicates where to begin summing the terms of the sequence and the
upper bound indicates where o end the sum. [f the upper bound is given as oo, the sigma notation
represents an mnfimile series.
E‘:ﬂ.—ﬂ:+d1+l =
=l
- Find each som._
WatchOut! 3 5
e _ a. .E:_!Hu! i
The indes of wrmmation does ol
tumee 80 be the ieSes n Hcancbe 5
ropresentied by sy variabie: For E:If-l.n—:ﬁ = [#{1) — 3] + [dfZ} — 3] + [&{%) — 3] + [4(4) — 3] + [435) — 3]
evampie, the summatan in Example ==
A T =1+5+49+ 13+ 170rd5
a
Y -3 .
= y S Eu—d

T Gm—3_ M3 —3 60— 6@ -3 &6—3  &N-3
e T e T i T

54154+ 1354 165 + 195 or 675

o N P e S
I Rt T TR L S
T T T R T LR T LR T

i- GuJﬂedPrﬂcﬁ:e .
B E—!E af_;e..ﬂ—ﬁ?ﬂ!

A
[lng?
5l
s [

MNote that while the lower bound of 4 summation is often 1, a sum can start with any ferm pina
sequence as long a5 p < k In Example b, the summation started with the 3rd tecm of the sequence

and ended with the Tth term.

M6 | Lesson 31 | Sequences, Sesies, and Slgma Notation
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1-6. Sample answers given.
Find the next four terms of each sequence. 48, —96,

1 1,815 2% 28, 315,:31551 3. —6.13, —24,..192, —384
TR 1 P A R 41,3713, ... 2, 31,43, 57

P 7]
6 -2, =15, =28, —41... 6 1,4,10,19,. 31, 46, 64, 85

—54, —&7, —80, —93
Find the first four terms of each sequence. |

7 a=n"-1023818

Ba=-2+7 5319
_xt7 4251
9 89—y ?'35

W u"=|—I:|""1+n 2.1.4.3
n

AUTOMOBELE LEASES Lease agreements aften contain clanses
that limi the mumiser of klomsters driven per vear by
charging a per-kikeneter foe over that ot For the car shown
bedow, the lease requires that the number of kilkemeters driven
each yvear maest be no more than 15,000,

& Write the sequence diescribing the maximam number
of allowed kikemeters on the car at the end of every
12 mumiths of the lease i the car hos 1,350 kilometers at
the beginning of the kase.  16,350; 31,350; 46,350

b. Write the first 4 terms of the sequence that F'I\'E"i the
comulative cost of the bsase for a given monih

'3 Wr.ﬂ.enn:qﬂntﬁmﬂnunq:mnf&‘g?m 43295
partb. @, = 1699 + 399n

d. Determine the okl amount of money pasd by the end
of the lease. §16,063

Find the specified term of each sequence.
2 dthterm, oy =50, =31, _, + W, =2 —65

Tthterm, mg = 1,0, =05z, _y + 3, n=2 G125
a=2 2T

r
1I:I"_|:| _hn-

dth term, 0y = 0, 8, = 3oy,

13

W

H Iedterm. @, =3, 4, = |+rl,uz:-11ﬂ

. WEE SITE Wafa, the studdent from the beginning of the

lessomn, had great success expanding her websste. Each

student who received a referral developed a web page and
referned frve miore students to Wala's <ite.

&, List the first five terms of a sequence modeking the
number af new web created through Wafs's
ste. 15,25, 125,635

b, Suppose the schoal las 1576 students. After how many
rounds of referrals did the entire student body have a
with page! 5

1. BEES Female honeyvbers come from fertilized eggs (male
ard female parent}, while male honeybees come from
unfertilized eggs (one female parent).

8. Draw a family bree showing the 3 previoes generations
of a male honevbes (parents ondy). See margin.

b. Determine the number of parent bees in the Tith
previous generation of a male honevbee. 144

Determine whether each sequence is compergend ar dioergent.
18-27. See margin.
B gy, =4, L5, _,n=2 ™ a =#
20 a1, =—n"—#n+ 106 I’Lul——ni.%u".;,rlal
2 y=la,=d—na__, 2 g, =p—3u+1
m=2
B | “l-!_3
I-I.u,—g_'_n B iy =%a, = ) i g= 3
mﬂ_'=3||".'—n- 1 a _3:4-]
3
Find the indicated sum for each sequence.
28 5th partisl sum ol 4, = min = diin— 3 20
i E|I:|1'|:|.|1rh.u]*|1:.|.11'|.|.|ffa"—_5"-'-JI —22.65
30 Syefay =14 =d,_,+[18-nuzxl 478
I Slda|=bi.w,=—%ql_],n21 25
32 11th partiol sum of ay = 4, 0, = (=177 Y|, - 1]+ 3),
n=2 19
23 S,ola,=-354,=a,_,+Baz2 —2F
34 dthpartial sumofay = 3,0, =,y -2 n=2 —24
1"
3/ 5, ofa, = : ||:|] ]
ﬁ-.de::lum_ .
36 ¥, (bn—11) 128 3% B0 = di
o=l i g
38 Eh-‘m—api a4 3a ziu:—ﬁn+ 1 —17
m=] o=
27 . 1]
‘ﬂ. I:‘E-:#[E—i} _3-3 a1, g[lﬂ—l‘-‘ﬂ—:‘ﬂ m
£ 3 2. TOJOT
- =2y A kil
4z :"‘T‘:,Gu—ﬂ -9 —20 a3 ;EI.?I:IHJ 1000000
s Y s sk :| % 32 s
=l 1" J'-':lj .

&6, FINANCIAL UTERACY Mazen's bank acoount had an initial
depasit of $380, earning 3.5% inberest per year compounded

PRI $393.30, $407.07, $421.31, 5436.06,
8. Find the balance each year for the fisst five years. §451.32

b. Write a recursive and an explicit formula defining bis
aceount balance. B—g. See margin.

e For very large values of o, which formasda gives o mare
accurate balance? Explam.

"7



47, INVESTING Hivam vests 5200 every 3 months. The
imvestment pavs an annual percentage rate of 8%, and the
mberest i compounded quarterly. If Hivam makes each
pavmient at the beginning of the quarter and the interest &
pusted at the end of the quarter, what will the total valoe
of the irvestment be after 2 years? £1750.93

&8, RIDES The table shows the number of riders of the Mean
Sireak each vear from 1998 to MW7, This ridership data

1
- N =
T L3, where o =1

represents 1998, 0 = 2 represents 1999, and so on.

can be approximated by a, =

W\ezn Sirnok Roller Copsger

Mumber af | Pumser of
Riders Rncers

imalions| [Lulisitaiy
el in 2003 099
Ly {hi] 2004 095
2000 ] 2005 (Lag
m 104 2006 81
Firir] 1.05 2007 (B2

Sirured Cow Faw SISt COTEOy
a=b. See margin.

& Sketch a graph of the number of riders from 1998 o
2i17. Then determine whether the sequence appears o
bet covinergend or divergenl. Does this make sense in the
comtext of the sstuation? Explain vour reasoning,

. L' thee tabde b fimad the fobal number of dders from 1998
o 2005, Then use the explicit sequence o find the Sth
partial sum of a,,. Compare the results,

e lfthe sequence contenoes, find 2, What does this
number cepresent? fi:ﬂrl;ﬂ:‘%ﬁl! number of
Copy and complete the table. 49-56. See margin.
Recussnm Formula Sequerse f;;’:ﬂ':

43, 6 B 10,1
50, E|=1E,ﬂ_,=:r —lem2
5. L., 63,18 _
52, o, = E—3"
L g, =Br—13
54. g=fa,=dg, ozl
85 | ;;=lo =g, +In—lazl¥
5. g,=r"+1

Wirike each seéries in sigma notabion. The lower bound
i g &
: > (n—3)
=1

—1—1+H+1+I+3+I+5;n=la-_
i 1 i i | 1
E+Tj+ﬁ E'l'E:JT:‘ EE

i m=il
E+I-"+lﬁ-|+----l-]lm.'rr=32 1
o= T
1

1
+s 4

i"
=1
~H+1E6—-32 4+ 64— 1B+ 256 -512;n0 =13

1

2

= & ua

[

| ) —
+T+ -I-ﬁ..rr— g

32"

=3

o4 ol o2 oo Ty
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Determine whether each sequence is contergen! or dfvergent.
Then find the fifth partial sum of the sequence.
b5 i, = r_;m'l'l.'n

convergent; =—0.4

. T
B3 a, = sin—

dhlergmiﬂ

6d. o, =ncosW

divergent; —15

B6. WATER PRESSURE The pressure exerted on the human body
at sea level & 101,353 newton per square meter M/moh For
each additional meter below sea level, the pressare is about
9,205 N/m® greates, as shown.

sazlovel = 100,353 Nemd

T e e e s e

a=h. See margin.
& Write o recursive formula to fepresent d, . the pressure at
i mwbers bebow sea level. (Henk: Let ay = 10.7)
b. Write the first three bermas of the sequence and describe
what they represendt.
€ Scuba divers cannot sadely dive deeper than 100 meters.
Write an explicit formula to represent @, Then wse the

formula b find the water pressure at 100 maeters below
sea lopel @, =9,205n + 101.353; 408170 M

Match each sequence with its graph.
I L .
v s
12 18]
L
= ]
L 14 1
e 3 Ll
o - ol 1 | & L]
B9 [ J4 T0. T s,
€ & a rl EI.
s 12
] - 4 = Lﬂ .HI .
- Laf i
I
7B ' a6 bn
n a, T [ =
S d al
L
a | : in
P o :
T [ —Iml E
' M) B
P I
& a,=3m B, dgy=—=m4+4 £
3
[ o, = —E . ity = H— 3—‘{2“: i
3 4 -
& 4 =015 !.u"—[-}JH-FG §
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T3. GOLDEN RATIO Consider the Fibonaori s =
b!.l.!,l....l"_!ﬂrn"_l. a-d. See margin.
Il..
By =1

a. Find forr the second through eleventh terms of the
Fibonace seqpuence.

b. Sketch a graph of the terms found m pact 2. Let n — 1 be
the r-cooedinate and —— be the y-coordinate.

& Based on the graph found m part b, does this sequence
appear to be convergent? I so, describe the limit to theee
decimal places. IF not, explarn why not.

d. Ina giden rechingle, the rati of the length to the width =
about 118033, This is called the goliden ratio. How
does the limit of the sequence
gabden ratin?

& Guolden rectangles are commaon in art and architecture.
The Parthenon, in Greece, is an example of how golden
rectangles are used in architecture.

II: [ compare to the

€y

Besearch gobden rectangles and find two more examples
of golden rectangles in art or architecture.
Sample answer: the Mona Lisa and the Taj Mahal

Determine whether each sequence is comvergen or divergent.

TA G 1d 75. _1:m|- .
# L eol =
» L
G S T ] L] 1z 10|
A
o i I
divergent divergent
T6. t' T %
aq *
m
3 ] Fal T 3 ud il L4
1 -
E"“I 4 I
£ ]
EHI F1
I
_Ill [ 4 13 ] 16
LI= convergent
convergent

Wirite an explicit formula for each recursively defined
sequence.

T8 oy =M., =0, 45 0,=50+5

M gy =125 4, =d,_y—05 a,=—05a+ 175
BO. o =128 &, = 05a, nn=12!lﬂ.5-}"“

B # MULTIPLE REPRESENTATIONS In this problem, vou will
investigate sums of inhineke seres.
8. NUMERICAL Calculate the first five terms ol the infinite

sequenice 8, = I_;" 0.4,0.04, 0.004, 0.0004, 0.00004

b. GRAPHICAL Lise s graphing calculator to sketch
y= %_ See Answer Appendix.

€ VERBAL Describe what is happening to the terms of the
SEQUETICE A% 1 — 00, Asn — = the terms — 0.

d. NUMERICAL Find the sum of the first 5. 7, and 9 terms of
the series. 0.44444; 0.4444444; 0.4444449444

e VERBAL Describe what is ha

ng, to the partial sums
5, asirincreases. e=1. See

er Appendix.
L VERBAL Predict the sum of the brst o terms of the series

Explain vour reasoning.

H.Q.T. Problems  tse Higher-Order Thinking Skilis

B2, CHALLEMGE Consider the recursive sequence below:
B, =iyt formy=Lay=Tn21
2 Find the frst eght terms of the sequence. a=hb. S5ee margin.
b. Daescribe the similarities and differences bebween

this seqoence and the other recursive sequences in

this lesson.

B3 OPEN ENDED Wrile a sequence either recursively or explicitly
that has the following charcteristics. See Answer Appendix.
B comverges to(

b comverges to 3
e diverges

B4, WRITING IN MATH Describe why an infinibe sequence manst
net anly converge, but converge te 0, in order for there to
be asum. See margin.

REASDMING Determine whether each statement is frue or false.
Explain your reasoning.  85-86. 5ee Answer Appendix.

BS. Eain1+31r=in1+3irr

o= o] mam ]

B&. 2_1 3 = E_ Lt

o=l [ |

BY. CHALLEMGE Find the sum of the first 60 terms of the
sequence below, Explain how vou determined your
answer.  See margin.
15, 17, 3, =15, =17, ...,
whered, =a,_, —d, _jform=3

BB, WRITING IN MATH Make an outline that conld be used o
describe the steps imuolved in finding the 300th partial sum
of the infinite ssquence @, = 2n — 3. Then explain how o
express the sum oskng sigma notation. See students’ work.



Spiral Review

Graph each complex number on a polar grid. Then express it in rectangular form.  $9-94. See margin.
ﬂ:{mijTﬂ+iﬁ.ni—F] B0 25 (cos 1 4+ 140 1) B Sicos 0 + i sin )

Determine the eccentricity, type of conic, and equation of the directrix given by each polar

ﬂ]'n.l.h.:m.
1 fi 1
B r=y—pgEm B r=yTmsros M.r=g5 _nimms
&= 0.25; ellipse; x = —6 e=4; hyperbola;y =5 e =1, parabola; y = —5
Determine whether the points are collinear. Writé yes or s
96 {—3, —1, 4).43. & 1), (5. 12, () D 6. (4, 56, (0, &, 17), (8, 10, 0) yes
81 (0, —4, 3}, (B, =1L 5), 12, =13, 7) N0 88 (=T X =1}, (=0, 3 =d), (=5,1,2) yes

Find the length and the midpaint of the segment with the given endpaints.

9. 2, 15, 13, {1, -1, 15) 100 {4, 2, 8}, {9, 6, 0) 0. {7, 1.5) (=2 =5, -11)
V26 = 510; (1.5, —13, 13.5) /249 = 15.78; (2.5, 4, 4) s 373 = 19.31; (25, -2, -3)

102, TIMING The path traced by the Bip of the hour-hand of a chock can be mosdeled by a

with parsmetric equations x = & sin fand y = 6 coa &

& Find an interval for ¢ in radians that can be used to describe the motion of the tip as it
mewes from 12 o'dock noon to 12 o'dock noon the: nest day 0=t=<dm

b. Simulate the motion described in part a by graphing the equation in parametric mode
on a graphing calculator. See margin.

€ Write an squation in rectangular form that models the motion of the hour-hand.
Find the radius of the circle traced oot by the hoor-harnd if © and v ane given in
inches. 2 4 y?=36;6in

Find the exact value of each expression.

VB 42 V2 + 6
W03l 2—V3 104, sin 75° —mmgmr W, cos 165" —————
Find the partial fraction decomposibion of each rational expression.
W™ —11r 4+ 4 2 3 i 1 Fi r+1 1 x=1
: 5 — e e—— -
a — 341 .EI'-|+.I'-1 ‘mll'l—‘-r:l 2r+1 .1'.I+J_r ]':""‘
Skills Review for Standardized Tests
109, SATFACT The first teem in 2 sequence s =35, and L The frst four terms of a seqoence are 144, 72,56, and 18,
each subsequent term is 6 more than the term that What i the tenth term in the sequence? o
irnmediately precedes it. What is the vabue of the A O c 9
10dth berm? B =
9 a
A 07 B 0 &
B A13
C G M2 REVEEW Herw many Scentimeter cubes can be stacked
inside a box that & T centimeters long, 15 centimeters
o 619 wiide, and 5 centimeters tali? G
E 615
F 5
0. REVIEW Find the exact value of cos 28 sin 8 = -ﬁ G 6
and T80° ¢ § < 2707, J 7 H 15
g N6 g _¥¥ ] 20
o -]
05 1
e ) =5

A

120 | Lesson 31 | Sequences, Series. and Sigma Notatlon
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__._:'Arithmetic Sequences and Series

® You fpund terms of @ Find ath terms and © Wilth cross country sesson approaching, Meg
sequences and sums 1 atithmetic means of decides ko isin every day until the first day af]
of serias. afithmetsr sequences. practice. She pians taorum 1 mile the first day,
125 mfies the second day, 1.5 miles the third
day, and so on. Her goal i5to run atotalof

2 Find sums of n tesms
W miles hefore the first dey of padice:

aof arithmetic series.

F

HE‘WUﬂEEhUEﬂw Arithmetic Sequences sequence in which the difference between soocessive birms s a
arithmetsc sequence constant is called an arithmetic sequence. The constant is referred to as the common difference,
commaon diffesence denoted d. To find the common différence of an arithmetic sequence, subtract any term from its
arfthmetc means succeeding term. To find the next term i the sequence; add the commen difference to the given term.
st difier snce
second diflerence

Determine the common difference, and find the next four terms of the arithmetic sequencs

| i IR e

Farst, find the common difference.

ty—ay=12—1Tar—5  Fiodee HEteseT bl  rzmeuin

By — =T —12ar =5

The common difference is — 5. Add =5 to the third term o Gnd the foorth term, and so on

g =74 [=5pur2 gy =24 (~5Hjar -3 dg= =34 (~5jofr -8 a.=-8+4(-5Sor-13

The: next four berms ane 2, =3, —8, and =13

P GuldedPractice

Determine the commaon difference, and find the next four terms of each arithmetic sequence.
W —120, —98, —67, ... 1B 244, 187, 13, ...

Each term in an arithmetic sequence & found by addimg the commen difference to the preceding berm.
Therefore, @, =4, 4+ d. ¥ou can bse this reourshae formula to develop an explicit formuals for
grnerating an afithmetic sequence. Consider the arthmetic sequence in which o, = 6 and d = 3.

first ferm 4y dy B

sevond rm 87 oy +d B413=9
third term gy oy +2d b+ 23 =12
fourih term g, iy +3d B4+ 3HI=15
fafth term ds ay + d B+ 43 =18
aith term . dy + i — 1pf b+ (m—113

The parttern Bemed keads to the kllowing femula for fndig the sth berm of an arithmetic sequence.

KeyConcapt The nth Term of an Arithmelic Sequence

Wiords The mth tesm of an arithmedic sequence with first 1erm @, and comman difference 4 &
ghven by &, = a, + |7 = T

Example Thelethiemof 2, 5.8, _lsop =2 + (16— 1)« Jor 4T

Wik o P A ool oy | Fiesns




StudyTip

Expiiris Formain: B8 oo oiher
tfan o = given, the caplictt
formustn for findieg the ath term of
a spquence nerds io be sdpesied
Ths can be done by subincing
I murmier of the besm given
fram w. For example, # oy, & ghven,
tie pquadion wowld beoome

m, =0+ — 5 eiloy s
grven, then o, = o + od.

StudyTip

Rate of Cheoge Anthmelc
sequences: hawe o constant mbe
of change which ks equivaient o
the commaon difereece &

Find both an explicit formmla and a recursive formula for the wth term of the arithmetic sequence
12,7, 30, ...

Farst, find the common difference.

dy — oy =21 —12ar¥ Find tha dfforeece Be4wunn tea prin o comacaes

.El =, .J = 3“ =3 21 wg ST B wErTY I ConTesers Oita T

For an explicit formula, substibbe 6, = 12 and d = 9 m the formasla for the ath term of an arithmetic

Eﬂr.‘l'h:l.

ity = ity 4+ {n— 1)
=124 n =11 m=1]
=12+ W — Ljor %+ 3 Sy

For a recursive formada, state the ficst term ay and then indicate that the sext term is the sum of the

previms berm a8, _  and d.

=1L, =a, ;49

i e of A anihmeic Sy

e =%

b GuidedPractice

2. Findd both an explicit krmula and a recussive formula for the sth term of the arithmetic sequence
B0, .

Thet Boermuka for the irth term of an arithretic ssquenoe can be used o find 2 specific erm in 2 seqoende.

a. Find the 65th term of the arithmetic sequence 25, 17, 9, ...

First. find the common difference.
iy =iy = 17 = XSoor —8 Fndt the dilereace betwnen e pans of comeretie

e b wenity the commmon dSfeenre
l‘—l..=i—l'?m—3 : R

Use the formula for the ath term of an arithmetic sequence to Bod dg-

a, = g+ [m— 1 n'fh term of snesthmeic teguence
igg = 254 (b8 — 1){—8) i=E8 m =28 sdg=—4
dg, = —511 Sently

b. Find the first berm of the arithmetic sequence for which iy, = 139 and ﬂ%,

Substitule t,. = 139, ¢ = H,ardﬂ:%hﬂl:hmﬂafnrﬂ: uth term ol an arithmetic sequence
e Firaed
i, = iy + {n— 1)l

115=u,+{15—1:—i-

nih imm of an Smmedc e QUENCE

n= 35 g =18 andd ==
1

4 =121

Sty

P GuidedPractice
34 Find the 38th term of the arithmetic sequence —29, -2, 35, ...
38. Find d of the arthmetic sequence for which g, = 75 and a,; = 565,

1f two nonconsecubive ferms of an arithmetic sequence are kmwrwn, the terms between them can be
calculated. These terms are called arithmetic means. In the sequence below: 17, 27, and 37 are the
arithmetic means bebween T and 47

=3, 717, X7, 37, 47,57

122 | Lesson 3-2 | Mithmedic Sequences and Sares



Study Tip

Alternmve Method An sltnmate
method o ind o weeld be to
subimct the iird Seem from the
b=t term and dividie by thi botal
number ol teren mines 1

Write an arithmetic sequence that has foar arithmetic means between 4.3 and 125,

The sequence will resembled3, 2,1 1 T 128 Mote that 12.8 is the sixth term of the
SEx[UenCe Or i,

First, find the commaon difference dsing a, = 12.8, 4, = 43, and # = b,

a, =y + fn— Tid nih fexm of an armomets squance
128 =43 4 {6 — Tjd o=18 g =43 anda=1
128 = 4.3 + 54 Cpmmly.

d=17 Sovben by of

Then determine the arfthmetic means by using d = 1.7
;=434 LT 6

dy =6 4+ 17 0c 77

d, =77 + L7 ax 94

a=04417ar 111

The sequence i 4.3, 6, 77 9.4, 111, 128

b GuidedPaclice
4. Write a sequence that has six arithmetic means between 12,4 and —-24.7,

The first differences of 2 sequence are found by subtracting each = %
term from ity successive term,

VWY

When the first differences are all the same, the sequence 15 anthmetic and the rth term can be modeled
by a linear function of the form a, = dn + gy, a5 shown,

Sequence

1t differences

1f the: first differences are not the same, the sequence is mt arithmetic. However, the differences may
still help to identify the tvpe of function that can be used o maodel the sequence. Consecutive frst
differences may be subtracted from ane another, thos producing second differences.

—_ YWY
- NA'A'

If the second differences are constant, then the ath teem of the sequence can be masdeled by 2 quadratic
function. This function can be found by solving 2 svstem of equations, as demonstrated in Example 5.



StudyTip

Higher Dfforesoes The mumber
of variabies m the snndard form
ol the pouatinn dic trtes the
numberal equations nesded m
tie mysiom formed.

Find a quadratic model for the sequence 12, 20, 30, 42, 56, ...
Thrnﬂihrmmﬂl:mpﬁﬁurﬂrﬂlr}'uquadrﬂicquﬂﬁmliﬂirfmﬁid,:m!+h+c.i'i1:|.bdilul=
vabues for o, and n into the equation.

12 =af1F + b{l) + ¢ z=1ladn=1

M:qﬁF+h{1‘|+c
W= (3" 4+ HI +
ﬂtu\rlﬂd:-a:ﬂmdﬁnmqlmﬂmhthrmmuhhl

g, =20mndn =2

e=30adn=1

12=u+ b+
M=da+2b+p Smpifier s enmiton
=%+ 3+ Simphfied thed equation

Solving for a, b, and ¢ gives 0 =1, b = 5, and ¢ = 6. Substituting these valees in the equation for a,,
the model for the sequence e, =n" 4 3n + 6. as shown in Figere 10,21,

P GuidedPractice
5. Find a quadratic model for the sequence =14, -8, 0,10, 22,36, ...

, S
If caledating second differences does nob resualt in g constant
difference, higher differences may be found. This process i similar
1o the process needed for finding o quadratic equation. The: function first
will model 2 sequence i dependent upon how many computed second
differences are necessary before finding a constant difference.

thad
Higher differences may never result in constant differences, In this fourth
case, there may not be a polynomial model that can be wed 1o P
describe the sequence.

Difterenres

linear
guadratic
cubic
st
menhc

Arithmetic Series An arithmetic series is the indicated sum of the berms of an arithmetic
seyquEnce.
Arithumetic Series
—H% (=X +D+F+6
43544 +37543543325

el e T P e

Arithmetic Sequénce
—6, =3 0,38
4.25,4,3.75.35.3.35

Ay, By B - By
To develop a formula for finding the sum of a finite arithmetic secies, start by looking at the series 5,

that has terms created by adding midbeples of f to g If we combine this with the same series writhen in
reserse arder, we can find a formula bor caloulating the sum of a finite arithmetic series

5= ayp Hleyptd) +la +2f 4o, —2d) + b, — )+,
(+)h= a +ig=d) -2+ +{g+2N 4+ +d +a

28, = (i, + ) +lm, F ) by ) b+ a) &g +a) e
25 =nlay + ) The

o7 AT o Jewrren Wt e senet nll of wisch e fo, =)

ﬂirrrhre,ﬁ,:%[li + ). When the value of the bast term i3 unknown, vou can still determine the rth

partial sum of the series by combining the rth term of an anthmetic sequence formauls and the sum of a
finite arithmetic series formula.

=%tl1 2 -ﬂ.'l S of B Enile miffanetc wviey oyl e
s.= %[ll + [y + = 1] 5, =y & ke — Tt o th v m of am anFeewths ssqumee Toms
g = ;11;, + = 1id] himry

124 | Lesson 3-2 | Afthmetc Sequences and Sares



StudyTip

Artihmetic Senes AR it
anthmetic tequences dirmge
excepd for thise s widchd =10
Az a resslt. only a fniie arthmetc
series or the wifs partinl we ol am
infinite arthmetic sesies.can be
calcatmed.

KeyConcept Sum of a Finite Arithmelic Serles

The mom of 2 finfe arthmesc seres with @ o o the nth partisd som of an athmetic series con be foeed using ose of twa
refated formules

s=fimta)
[Formuts 2 JESE RS R ]

Find the indicated sum of each arithmetic secies.

B, =52 W 317
In this sequence, 4, = —35, &, = 317, and d = 2 — {=5) or 7. Use the ath berm karmuoba to find the

number of terms in the sequence 1.
&, =4, + {m = 10 rrih e of an amthmehc sesmmer
Ni=-5+in—1)7 r=0lg=—%mdd=1
F=n Sty

Moy use Formmela 1 to find the sum of the series.

i:-;-{l‘-l-l.l Formmuia 1

=454 mn =410, = -1 =11
e =i ) n=8loy=—Eamla, =M
= 733} Commihy

b. the 28th partial som of 27 + 1 4 1 4 ---
In this sequence, &y = 27 and d = 1 — 27 or =13, Use Formula 2 to find the 28th partial sum.

5,.=-;|'.'..".II + e — ] Formuis 3
Su= 20N + B - IN=13)]  s=2o,=Tanas=—1
= —i4154 Srzaly

(50 —17)

ng 38 {ng-

{5 — 17} = [506) — 17] + |50 — 17] & == + [5(28) — 17]

o

=13+ 18 4 -« 4113

The first erm of this series i 13 and the last term is 123, The number of berms i equal ko the

upper bowmnd mimes the lower bound phes one, whachis 28 — 6 4 1 or 23, Thesetore o) = 13,
d, =123, and # = 23 Use Formula 1 to find the sum of the series.

5, = S, + i) Farmds 1
5,_,:%:134»:3} n=21 &, =13, ind , =122
= 1564 ety

P GuidedPractice

BA. TIT 4 193 4+ 175 4 - + {—455) GB. H'I.-Ig'l.i'lpm'li.u]hlmuf—19+ 23 4 b5 + wes
# 7 ]
6C. {2+ 1) 60. Y i(—2n +57)
=211 n=12




Real-WorldCareer

Soltwore Engmneer Mot vrdeo
SAME poogEsmmers e s
engineer who plan and wite
pame sofware. Mos mogrammers
faree: 8 bochelor’s degrenin
competer sdenoe, infomrhon
wyuinms, o mathomatics. Somo
b obdsin fechmical of
profexsonal certdiration.

Arthmetic seres have many useful reallife apphcations.

Real-Weorld Example 7

VIDED GAMES A video game tournament, in which gamers compete in multiple gamies and
accumulate an overall seore, pays the top 20 finishers. First place receives 330040, second
place receives 54500, third place receives 34600, and s0 on. How much total prize money
is awarded?

5 = %ﬂn, + (m — 1] Foitrmitn 3
Syo = 2125000 4 (20~ 1){=200)] =20, o, = 5000 andd = —30%
= 62,00 Sty

The total prize money awanded is S62,0040,

b GuidedPractice

7. VIDED GAMES Selma is playing a video game. $he scores 50 points if she clears the first level.
Each following level B worth 50 more points than the previoos level. Thiss, she seores 100 pasnts
foor clearing the second level, 150 for the third, and 5o on. What & the total amount of pomnts
Selma will scome after she clears the ninth level?

The formuls for the sum of a finibe arithmetic series can also be used o solve for values of n

° Real-World Example 8

BASEBALL Carter has been callecting baseball cards since his father gave him a 20-card collection.
Duiring esch month, Carber’s father gives him 5 more cards than the previows month. In how many
munths will Carter reach 1000 cards?

5_=%[1u;+[.|:r—'.l}d'] Firrmsasa
1000 = %[ztzm + (=115 L= 00 oy = 20, nnd =5
2000 = ni5n + 35) Muttipiy £t vadr &y 2 o s=my
0 = 3 + 35n — 2000 Dexizne s setamet, MO0 bom eact side
F = ot 4 Tn— 400 Db £ach sidhe Sy §
—7 2 477 —an)—0m)
= 21} ot
== 168 and —23.8 Simmidy

Bevause time cannot be negative, Carter will reach 1008 cands in 17 months,

CHECK 20 4 25 4 - + 100 = 1 (20 4 100)
= 1020w

In sevienteen months, Carter will have 1020 baseball cards, which is owore than 1000,

P GuidedPractica

B LAWH SERVICE Kevim runs a lawn mowing service. He curmently has 1 clients, He has gained
2 new clients at the beginning of each of the past three vewrs, Each yvear, be mows each diznt’s
bawn an average of 15 times. Starting now, if Kevin continues to gain 2 clients each vear and if
he charges 530 per Lown, after how many years will he earm a total of 351,3007
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Dietermine the common difference, and find the next four ferms
of each arithinetic sequence.

b e | e ¢ L3160 ...

3. 117 108, 99, . 4 —83, -61, -39 ..
5. =150 B 4,20 38, ...

T =45, =95 -5, ... B 97 -39 ..

.Ill.ﬂﬂ-lﬂﬁ BAND A marching band begins its pedormance
in a pyramid formation. The first row has 1 band member,
the second row has 3 band members, the thivd oo has
5 band members. and 0 on
&. Find the number of band members o the Bth row.

b. Write an explicit formula and a recursive formula for
firudlimrg the number of band members in the gth roa

Find both an explicit formuls and 2 récursive formula For the nth

term of each arithmetic sequence.

W L5 8. i -6.518, ...
T =N =T0h, =23, B 418 M,
. 25,11, -3, ... 16 7 -35 -, ...
%6 —18 4, 26, ... i 137,73, ...

given characteristics.

B la,=B5andd =9, find s,
18 Find d for =24, =31, =38, ...

20 g, =M. 4 =36 and d =5, find n.

2. lay = 47 and d = -5, find .,

2 ey, =95ande =11, find d.

23. Find g, for 84,5, <74, ....

M W, = =20, 8, = 46, and = =11, find n.

2. Wy, = —63 and &, = 39, find d.

26. COMSTRUCTION Each S-toot section of a woaden fence

cuntains Td pickets. Let o, represent the number of pickets
m i sechons

& Find the first 5 lerms of the sequence.

b, Write a recursive formula for the sequence in part a

& 1 448 pickets were used to fence in the customer’s
backyard, how many feet of fencing was used?

Find the indicated arithmetic means for each set of
noncomsecutive terms.

7. I means; 19 and -5
29, 4 means, 3 and B8
3 T means: =45 and 75

8. 5 means; —62 and -8
30. B means: —5.5 and X3.55
32, 10 means: b and 259

Find a queadratic moded for each sequence.
12, 19 28, 3%, 52, &% ...

=11, -9,-5,1,9.19, .

B, 3, =8, =19, =34, 57, ...

~7. =L % 26,49, T8, ...

G, =2, =12 —M, ~34, =3, ...
=3,1,13,33, 81,97, ...

R

Find the indicated sum of each arithmetic series.
26th partial sum of 3 + 15+ 37 4 = + 303
=28 4 (=19 + (=20} + == + 242

#2nd partial sem of 120 + 114 + 108 + <=
5dth partial sum of 713 + 205 4 T97 4 -
=17 + 1 + T84 ==+ % 648

BY 4 58 4 27 4 - + (=562

B Eap 2B

RUMNNING Refer to the beginming of the lesson
8. Determine the mumber of miles Seg will nen on her
12th day of training,

b. Durng whach day of traming will Meg reach her goal
of 100 botal miles?

Find the indicated sum of each arithmetic series.

- 1] T

4. 3 (3+ ) A2 Y100 — dn)
n=J me=
18 53

a8, Y [~ — 25 0 N Trd1)
L =il
41 13

50. 3 (84 — 3n) Bl 3 [32 + dfn —1)]
o= =]
| " 5

B2, =9 53, ~15n -1
G- 2i-15n -1

B, COMSTRUCTION A crew is tiling a hedel lobby with a
trapezoidal mosaic pattern. The shorter base of the
trapezoid begine with a row of 8 tles. Each row has two
adiditional Hles untl the Hith row. Debkrmine the number
of tiles needed o create the mosaic design.

55. SHOWMOBILING A sAcwTo b hifor traveds
12 feet in the firsk second of a race. If the competitor

travels 1.5 additional feet each subsequent second, hiny
many feet did the competitor travel in 64 seconds?

Lorond 3
I
5E |
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56. FUNDRAISING Lalana organized a charity walk. In the firsg
vear, the walk penerated 53000, She hopes to increase this
mmthiﬂiﬂeuhvﬂn.ﬁnlhmﬂmmhw:. H her
Hun]umel_mhnwntnmttﬂrswﬂlﬂu1mllhn&twawd
a total of ak least $A5 0007

87 Find s, i 5, = 490, ay = =5, and » = 100

B U5, =RT =224 =-113, find oy

69 Find o for =7 + {—=5.5] 4 {—4) + - &# 5, = =14 and
o, =35

B0, Finde S =187 0=22 andd =5

Bl 5, = W56, and &y, = —19, find d.

B2 I8, =174, 8y = 39, find d.

Wiite each arithmetic series in sigma notation. The lower bound
i given.

B 64 12418 4« fhicir=1
B —-1+0+1+ =dTu=1
I7+A4+35+ -« 4bol:n=4

T4 (=1)4 (=) 4

65,

66, =4 {=13kn=#8
@ 245 +(L) s (-2
[=:3

B9

3

95 4+853+T7T T3+ -=-2n=1

COMCERTS The sealing in a concert auditoriom i arranged
as showin below,

& Write a series in sigma natation to represent the
number of seats in the asditoriem, if the sesting
pattern shiwn in the First 3 rows continues for each
SBOCESEIvE DO,

b. Find the total number of seats i the aodebormm.

£ Another auditoriom has 32 rows with 18 seats in the
first row and 4 more seats i each of the soccessive rows.
How maniy seats aré there in this audibormam?

Write a funchion that can be wsed bo muodel the ath term of each
SEYOENTE.
. 2581, M17 ...

T B, 13, X, 29 40, 53, ...

T2 32 4.8,14, 22, .

Ta 5, 31,97 27, 421, 715, .

T -6 —E —b 6, 34, 584, ..

TE 0,23 134 447100, 2355, .
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Find each commuom difference.

5. _§1M+EJ 7 [g__

w2l
T =063 ay=7

Lot

M iy =—d,apy=

BO. CALCULUS The area between the graph of a conbinuous
function and the r-axis can be apprincimated wsing
sequences. Consider /i) = 1” on the interval [1, 3.

& Write the sequence x, formed when there are 5
arithmetic means between 1 and 3.

b Write the sequence y, formed when y, = filxl.

£ Write the sequence p, defined by d » w,.

8. The lefi-humd approcdmation of the area is given
byl = 3o Find Ly

e. The right-humd approximation of the area s ghven by

(T}

H.O.T. Problems

Uzse Higher-Order Thinking Skilia

Bl. ERROR AMALYSIS Peter and Candace are given the anthmetic
sequence 2, 9, 16, ... . Feder wrabe the explicit formuls
i, =2 4 Tin —1] for the . Candace’s formula s
i, = Fn— 5. ls either of them correct? Explain

B2 OPEN ENDED You have learned that the sth term of an
arithmetic sequence can be modebed by a linear funcion.
Can the sequence of partial sams of an arithmetic series
also be masdeled by a linear function? If yes, provide
an examtple. I no, hmwmﬂwmn:rheumkhd?

Explain.

BY CHALLEMGE ['rove that for an arithmetic sequence,
i, = g, + (n — Kl for integers ki the domain of the
sequence,

REASOMING Determine whether each statement is brue ar false
for finite arithmetic series. Explain,

B I o koo the sumeand d, vou can solve for 4.

BS. i vou onby know the first and last terms, then you can find
the som.

B6. 1 the first three terms of a sequence are positive, then all of
the terms of the sequence ane positive or the sum of the
sETies is posative.

.CH!.I.I.EHEE Comgider the arithmetic sequence of odd natural
rizrbsérs.

a. Find 5 and 5.

b. Make a comjecture absat the pattern that resobts rom the
sums of the corresponding arithmetic series.

€ Write an algebraic proof verifying the conjecture that you
made m part b.

BR. WRITING (M MATH Explain why the arithmetic serivs
25 4 M + 15 + ... dows ot have a sam.



Spiral Review

Find the next four terms of each sequence.

912 16, 20, ... 83, T -1, 8. 31,24, 15,

Find each product or quotient and express it in rectangular form.

52 ﬁ[ﬂﬂ{—%} + ¥ 5 [—;}]'3[352;1 +:'1\..1.|'|5?'IT 93 .‘I{l.-u: E;- + |=4.115._.|E] + {:Ln. -"S_T-J-:l':in -.I_I_-}

Find the dot product of v and v. Then determine o u and v are orthogonal.
B ou={d =1}, v={15) 95 o= (8 —3),v={412) 96. u = {4, &), v= (¥, =5}

Find the direction angle of each vector o e nearest tenth of a degree.

81 —i— 3 88, (-9, 5) 85, (-7, 7}

100, MARUFACTURING A cam in a punch press is shaped lke an ellipse with the
exueation 5 + % = 1. The camshaft goes through the focus-on the positive
.

& Graph a model of the cam.

b. Find an equation that translates the model so that the camshalt is
at the origin.

& Find the equation of the mode] in pant b when the cam is nodated to an
upright pasition.

ML Use the graph of fix) = In 1 to deseribe the transformation that results in the
graph of glx} = 3 In (v = 1). Then sketch the graphs of f and .

Skills Review for Standardized Tests

102, SAT/ACT “'}ututh.uurl:itud.i]:;ilr.ﬂﬂh? 04 REVEEW i, = 3,4, = 5, and @, = a, _ 5 + 3n, find ay;,
AD A 59 C B9
B 1 B 75 o 125
cCa
D7 106, REVEEW Whach of the sequences shown below 15
£ comergent?
F " [
W3, Using the table, which kermula can be
used] {0 determine the mth term of the m
sequence? 1 &
F o=t 4 1 |£ = B =
G a,=r+5 3 fa l
= 4 i
Ha =241 o [ | [
] g, =dn+2
0 x P o
f |
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Geumetrlc Sequences and Series

““Why?

® ‘You found terms and @ 1 Fand mth ternrs and ® The first summer X Games took place in Rhode
means of anthametc geomeiric means of tsiand i 1995 and inclisded 27 events. Due to
sequences and sums geamelric seguenies. their growing populanty, the winter X Games

of anthmetic senss. were introduced at Big Bear Lake, Califomia,
in 1997 With 2n immense fan base, the annal
L Games now receive live 24-hour netwark coverage.
Since [tz inamgural year, the avent has s2en an

average grawth of 13% n revenue each year

Feand sums of n tesmns
2 of geonmetnc senes and
fhe sums of infnite

QEHMENTIC SeTies

w HEWUDE&I:IHLE[Y Geometric Sequences sequence in which the ratio between successive rms is o constant
QRomati Sequanse is called a gewinetric sequence. The constant is referred to as the common ratio, denoted r. To find
carmman ati the common ratio of a geometric sequence, divide any term following the first term by the preceding
grometic means ferm. Given a term of the sequence, o fnd the next term of the sequence, multiphy the ghven term by
peometic seies the common ratice. While the rate of change of an arithemetic sequence is constant, the rate of :hu.ngl.- of

a prometric sequence can efther incresse or decrease.

Determine the comman rato, and find the next three berma of each geometric sequence.

a. B =2 Er [
First, fmid the common rebio

1
dy T dy = —1+Hﬂ[—?

The commen ratio is —%. Mubtiphy the third term b —1— o Find thee fourth term, and so an.
T | P ol | L O | PP

oy =3{~3)or 5 “=-i-3)os o= (=3 or s

The maexd mmwmtm—é.%.md—ﬁ.

b w43 2uw4+b dw412, ...

First, find the common retio

NG - L . S W o = e £ T2 ana
i T A T
R i U +3)
- w3 TR

=1 =1 =
The commen ratio is 2. Multiply the third term by 2 fo find the fourth term, and so on.
dy =2 + 13} or Hu 4+ 24

d = 2{fir + 24} or Tha 4 48

a, = 21w + 4B} or 3w + Sb

The next three berms are 8o 4+ 24, Tow + 48, and 320 + 96,

P GuidedPractice
1 4,11, 3035, ... 1B bdr — 128, —Thr + 32 dr — 4, ...

I Dol TS TGl 1 s Sl (Vi ) rmmms
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WatchOut!

Type of Sequence Remember
tiat if & sequenco .ot
mrithmedic, § does not nocessacly
mear that the sequence =
geameitic Test seveml teomm
fiar & comeman rabo bedorn
determinmg that the sequence
|5 mdieed geometric.

In Lesston 3-2, you learned that arithmetic sequences can be defmed both recaersively and exphicitly,
This also applies to geometnic sequences. A grometric sequence can be expressed recursively, where

a berm i frund by taking the prodoct of the previous termd g and v, ora, = a _ roas illustrated
h-hphﬂmmh.Tn:h.ﬂnpmupﬁt&hmhfmnmd:iuqmm.mﬁﬁﬂupm
created by the grometric sequisnce for which i, = Jand r = i

Term  Expanded Form Expanential Form Examsple

first term iy diy iy A

secomd term iy dy*r iy d:d=12

third term ity dy et m!:r'! 347 =8

fourth term iy dgrrerer ayr 3edd =192

fafth kerm g dywFeparer rlr. 3. 4% = Thid

nth term a, By s Fspareisf gyt Fege—!
m—1 Eschors

KeyConcept The nth Term of a Geometric Sequence

Wards The wih term of s geomesnic sequence with frat teem o, nnd common rafio ris gvon by @, = oy -
[Example ﬁ-hmdlﬂ.m._.um.=1-5"'nm

b F

Write an explicit formula and a recursive formula for fnding the ath term of the geometric
sedquence given in Example 1a
For an exphicit formuba, substitute dy = 8 and r = —{0.35 m the sth term formula.

iy = g " ! AT AT Of B PEOTRFTIC SO

= Bj=0.25)" " o= Bt = 035

For a recursive formda, state the first term oy Then indicate that the aext teem is the product of
the previoes term g, and r.
iy =8, a, = (0,250

P GuidedPractice

2. Write an explicit formuls and a recorsive krmuola for finding the mth term in the sequence
2,75, 1135, ...

Finding the: uth term of a grometric sequence i simplified by explicit formadas.

Find the 27th term of the gerametric sequence 189, 151.2, 1496, ... .
Farst, find the common ratio.
iy tl =151.27 =+ 1M ar (1.8 Fnd the rabc betwerss twa o of cosstnine o e

wordhy e commmom Faiio
gy + mp= 12096 + 1512 ar 0.5

Use the formula for the rth term of a geometric sequence.
|

a3, =@t ity fmem of | Qe ric IeuEnCE
2 =100 BT Y s=20 s =0 sdr =08
#y- 5= 057 Srkly .



Real-WorldLink

The wakee cf o pewly peechased
wehicke can deprecite by as mech
25 30-35% in itx fryt year. Each
oo el the value comimees to
depeeciate by 7=-12% depending
oo the mske and model. Afer a
fve-yenr penod, on average, cars
ane worth 35% of the angral
siicker pricn, making car bayirg
costy.

Sowe Koy Bl oo

GuidedPractice
Find the specified term of each geometric sequence or sequence with the given characteristics.
3k og o d T4 49, 3. apifay=32andr= =4

Just as arsthmetic sequences ane binear functions with restricted domains, geometric sequences are alse
functions. Consider the exponential funciion fxh = 2{2)% and the explicit formula for the geometric
sequence q, = 21"

Notice that the graphs of the terms of the geometric sequence lie ona . I:Ii_.] FH|
i e i s Wi e T Lo
'l HE P
ot 12 )

_Real-Weorld Example 4 >ELH!

AUTOMOBILE Damisn purchased 2 bite-model car for $15,000. At the end of each year, the valoe of
the car depreciates 11%.

A Write an explicit formula for the valoe of Damian's car after o years.

If the car’s value depreciates at a rate of 1'% per vear, it retains 100% — 11% or 8% of ibs original
vahee. Mote that the original vahse given represents the ag and not the dy term, so

we rieed to wse an adjusied formuls for the mth term of thes geomedric sequence.

farst berm ay = dgr

secomd berm u:=a|:,a—"|

n:hllm:m u,;uhr“

Lise this adjusted formuola to find an explicit formola for the valhee of the car after o vears.
- llnT. At pih fBerm ol @ e wegUm
u, = 15 000{0.89)" By = W00, r= A0S

b. What i the value of Damian’s car &t the end of the seventh vear?
Evaluate the formula found in parta fie s = 7.

iy, = 15,000/

= 1500000897 o=

= b3 70 Bty

e

Tihe value of the car at the beginning of the
seventh vear i about 6634710,

The valoe of the car at each vear is shown asa
puint am the graph. The lunction connecting
the poinis nipresents exponential decay.

3
7

BaE

P GuidedPractice

4. WATERCRAFT Rohan purchased a personal watercraft for SSKL. Assume that by the end of each
vear, the vabue of the watercraft depreciates 3%,

A Write an explicit formula ke finding the value of Rohan's watercraft after o vears,

B. What is the value of Fohan's watescraft after 5 vears?
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Samilar to arthemetic sequences, if two nenconsecutive teroms of a geometric sequence are known, the
terms between them can be caleulabed. These terms are called geometric means.

Write a sequence that has two geometric means between 480 and <7.5,
The sequence will resemble a8, _F _ T 75

MNote that a; = 480, 0 = 4, and #; = —75. Find the common ratio using the sth term for o geometric

sequence formula.
ay =yt AEh tETm Of B QEOEETIT U
=75 = 48yt — 1 g, = =15 g =480, gml v =4d
1
—_—p Cempivdy ann it e3ch moe oy 400
4]
1
_I Talr fe cain o0 ol mach nide

ﬂlenm'mmﬂlﬂi:—%. Uikt r o find the grometric means.

" dy = A80(—0.23) ar —120 ity = —120N—1L25) or 30
Sh.Id“'Tm Therefore, a sequence with bvo geometric means between 480 and =75, is 480, =120, 30, —7.5.
Gromeine Seam Sometmmes,
mote than ome et of geometric
b three goometric meess l- GuldedPractice

betweer 3 and 48 can be 612,
hnd M ar—5, 12, and —M. Find the imdicated geometric meand for each pair of nonconsecutive ferms

. BA. —d andd 13.5; 2 means SB. 10 and (.076; 3 means
L

zmmﬂ A geometric seried is the sum of the berms of a geometric sequence.

Genmetric Sequence Geometric Series
24,8 16 32 2+ lb+32

i 1

I?,'i,ll.j I.?'+§|4.-:i+1+3

Wy W B Wy o Wy I|+-ﬂ.1+i'1+.ﬂl+---+i"
A formuda for the sum 5 af the frst n terms of a ﬁ:liﬂ.l!“ﬁ.ll:lﬂﬂ'll::ﬂrlﬂ can be developed by lookmig at

the series 5 and r5 To create the terms fue e5, each berm in 5 & multiplied by r.
“urmumﬂm:htptdmﬂdsmﬂum“g:mlﬂihw]urudﬂmﬁ 1%

subtractid from 5
S.= mAtagptmrdosdagt Tt
[=)rS,= gt e bt e a T ot
S.—rh,=ay —a Ly
5,00 =r) =ay = myr” Fae
5u=.l|__':r. Il i b =
) ,q’:_—'r-p 3

Thesefore, 5, = o, (A=),



-
StudyTip
k=finrie va Finne Goomminic
Lovies Hotice that the senes
gven in Example & is an miinte
promehic series. Berause you aon
maiard 0 fid the sum of S firg!
sin dorms of the series, you are

actuslly finding the sum of o finite
OV

%

b

1f the value af 7 & oot proveded, the sem of a finite geometne series can stll be foond. I we take a ook
at the next-to-last step of the proof, we can substitute for a0,

5. = I:%] Cum of & fimite gEomEtric wee ol

d;—IF
5, =— ol Wy
1-r
e A
T ] Facier ome ¢ Bpm =
1=»r 1
o ,
= = I =z mih lerm &4 8 goomeine swquence formeda

KeyConcept Sum of a Finite Geometric Seties

The sum of o fnite geometnic senes with o iems o the oth partial s of & geometne seces can be found wng one of two
relsied: formule.

1=r"
Formuis 1 RIS
—da
PR
L o

Example &

a. Find the sum of the first six terms of the geometrc seres B + 14 4+ 2454 ...
First, find the common ratio,

03+ ay = TS a or l.?.fl i 1y PO ESrTWET TG T OF COTmecEliee S b

= rray e Commmon
dy+dy=M5+MorL75 i

The: commean ratio is 175, Use Formula 1 ko find the sum of the
S .l(%} Fowmmuis 1

5.=E[1__L=5 r=h5 =L amdr=17%

Shbm.jl it

The sum of the first six terms of the geometric series is about 295,71

CHECK The next three tivms of the related sequence are 420875, T3.03125, and 131 346875,
B4 Tl 4 M5 £ 42875 + 7503125 + 1313046875 = 20571 »

b. Find the sum of the first o terms of a grometric series with oy = 3, a, = 768, and r = <2,
Use Formula 2 for the sum of a finite gerometric series.

iy — it
5, = .
% £y =1 o= Ml andr=—1
=513 ieruiy

The sum of the first # ferms of the geometric series is 513.

b GuidedPractice
6A. Find the som of the first 11 serms of the geometric series 7+ (~20.5) £ B375 4 . .

6B. Find the sum of the first o terms of a geometric series with a; = — 8 0, = 13L072,
and r = —4.

LS
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StudyTip

Infinste Seriex I the sequence of
pariinl sums 5 has & fmit, then
the comesponding infinke weoes
has & wem and e oih fem o,
of the series appmaches 0 as
m— a2z, Mowevo if the » th term
of the senes appoaches 0, the
hmve & sum. For examgle, the

hu'mmi:lrlul+_:T+31+

:—-I-_.ihﬂ-:-:nllm ssum.

Georetric serees may also be represented m sigma notation.

Find i 35— L
pal
Find 1, a1y, and r.
n=TF -2+ loark Upper boumd mimes lowar boud pin
t, =35 =1orls ==l
r=35 r e the baer ot e =xpomenbal tsochon

PEETE]  Subetitute s = 6, 0y = 15, and r = 5 into Formols 1.

Sp =y {% F et

o __._1_!‘ g =R =L mida—
- b(l—!- =M r=%anda=4d
5, = 58, 500 Sirmyricsy
Methed 2 RS
ity =g ! Tt lyrm o m geamrine ssquance
= 15{5)¢ 1 o, =8 r=%ama=
= JbES Simidy
Substitube a; = 15, &, = 46875, and r = 5 mto Formala 2,
. _ g —aar b
5 S Forein 2
a},:% £y =8, £y= 45875, med r=5
5= 58590 iy
Thirefore, ¥, 3(5)% ~ 1 = 58,590,
=]
P GuidedPractice
H ]
T 3 05(2) 1 . EIM{IE}' -1

"

>|nlﬂsm3-1,'_|‘n.|lrm‘m] that calculating the sums of infinibe series may be possible if the sequence of
terms converges to (L For this reason, the sums of infinite arithmetc series cannot be found.
The formula for the sum of 2 findte geometric series can be nsed o develop a formuls for the sumeof an
infinite grometric series. If |d > 1, then | @ | increases without limit as m — 0. However, when |7 < 1,
r" spproaches 0 as o = =0 Thus,

1— .
S= .I{ﬁ = Of 3 TINRE peessw T 18TES famule

1—0 .
=dyl=—— ¢~ sppmaches 0 gy g—== 00
i—r
i

Sepihy and multioy

=1=r

KeyConcept The Sum of an Infinite Geomelric Serkes
The sum ¥ of an infimbe geomeine seres for wihich |r] << 1m gaves by

5=—u|—.
1—r




StudyTip
Commmen Ratn Recail that
|r} = 15 eoutvwien: t

=1<Lr<€l

The forola for the sem of an mfine geometrc seres imvalves three varables: 5, a,, and « 1 a0y two of

Example E

LN

If possible, find the sum of each infinite geometric series.

B 943414 ..

First, fmid the common ratio.

gy =3 &+ Qar l T thee raie belweesn Den pavs of comsorbaer Emm
: iz wurily the mmmon aho

dy+ay=1 -?-3|:rr%

The comirmon ratio rh%,aﬂ|%|€1.ﬁ.ﬁiﬁ:‘lﬂrgﬁuﬂthitrrﬁhﬁamm Usis the formala
fior thee sum of an infindte gremetnic series.

a
5= I._l_r Sugm of An iy geEmETE e ke
Ll 1
= =% amir =4
- ; :
=135 Sampitfy,

The sum of the infinite series & 13,5

025 4 (=125 + 635 4 ...
First, find the common ratio,
dy 5@y = =125 £ 035 ar -5 i Hhee rater bertwees ben e of ComwerUiter e i

||!"|.:i e common rehn.

dy 4 @3 =625 + (=1.25) ar -5
The commsen ratio ris —35, and f—5] > 1. Therefore, this infinite geometric series has no sum.

A

pILTLEEE

e

The common ratio Fis 0.2, and J0.2] < 1. Therefne, this infinie geometric series has 2 sum.
Fird g

iy = dfp -1 Lower bound =4
= {1072 Srmmiity.

Use the formula for the sum of an infinite grometric series b find the stm.

5= e 2 Sizm of an mdmibe geomuirc smies farmils
-r
[N i 3
= 2L g =00 emar=01
1—102 !
= 0,4 Campity

Thie sutn of the infinde series 5 0L04.

P GuldedPractice
BA 10 4 (-5)+ 254 BE. 204 154+ 10+ . x_i}lmms}""
=
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Dietermine the common ratio, and find the next three terms of

each geometric sequence.
g, =11y 1L.338
Iﬂ 21 v 2‘ Er ul jan
0.5, 0.73, 1125, A B 20 5, ...

3

§. 2r,10r, S0, ... G b, 16x 41, ...
T r+53r+15 9+ 45, ..

B —9—y 27 & 3y, 81 — By, ...

8. GEOMETRY Consider asequence of cincles with diametess
that form a geometric sequence: dy, dy, dy, oy,

SO

& Show that the sequence of circumierences of the arcles is
also grometric. ldentify r.

b Show that the sequence of areas of the circles & abo
grometric. [déntify the common ratio.

Write an explicit formils and a récursive formula for foding the

rth term of each geometric sequence.

W0 36,12, 4, ... oo, 16,4, ...

e =2, Mk =50, ... o4, =12 34, ...

W o4 B 16, ... 15, 3, 30, 45, ...
- 5 1 1 1

ﬁ_ ]_'I. 5, 3, = 11_ ]-E, E' E, e

1B, CHAIN E-MAIL Melina recetves a chain e-mail that she
forwards o 7 of her friends. Exsch of her friends forwerds it
o 7 of thetr friends.

oy O By S O G *—L.l
a e e Tl e g Tl
e o e tfe e e e

& Write an explicit formula for the pattesn.
B. How many will recenve the e-matl after & forwards?

‘HEI.DGI‘I" A certain bacteria divides every 15 orndses o
produce two complete bacteria.

a. If an initial colony contains a popalation of by, bacteria,
wrike an egquation that will determine the number of
bacieria b, present after | hours.

b. Suppose a Petri dish containg 12 bacteria. Use the
equation found in part a to determine the mmber of
bacteria present 4 howrs Later.

Find the specified term for each geometric sequence or sequence
swith the given characteristics,

20. a, for 60, 30,15, ... H oag for 7, W28, ...

2 agher3, 1,2

- 23 a for 540,90, 15, ..

d-fd;=Mandr=05 B a ifd;=32andr=—05

u'hj.ln1='!&,ﬂﬂ]".1|ﬂr=% L ayifa, =-II]9bur|.|:|r=i-

BB B

ACCOUNTING ulian Rockman is an accountant for a
wrnall v, On fanuary 1, X4, the company
purchased 350,000 worth of compuless, printers,
scanners, and hardware. Becawse this equipment is a
company asset, Me. Rockman needs o determine how
much the computer epuripment is presently worth. He
estimates that the compuler equipment deprecistes at a
rate of 45'% per vear. What vatue should Mr. Rockman
assim the equuipment in his 2019 year-end accounting
report?

29, Find the sixth berm of a geometne sequence with a first term
of 9 and a commmon ratio of 2.

30 e =4 and ay = W, what & the first term af the grometric

serjusnce’

I XGAMES Hefer to the beginning of the lesson. The
X Gamees netted approximately 540 milfion in revenoe
in 2002 1f the X Games continue to generate 13% more
revenue each vear, how mach revenue will the X Games.
generate in 20207

Find the indicated geometric means for each pair of
nunconsecubive berms.

32 4 and 156; 2 means 33. 256 and £1; 3 means
L ,‘Faml.‘-":lmun 35. -2 and 5; 2 means
36, 1 and 27; 2 means . 4% and —~750; 2 means
3. dand —1; 4 means 39 M and £, 4 means

Find the sum of each geametric series described,

A0 st sic bermesof 34 9 4 27 4 -ee

#L. frst mine terms of 0.5 4+ (-1) £ 24 -
A2 first eight terms of 24 20T + 6 4

43 first o terms of @y = 4,0, = 00, r= =3
L ﬁ.r:sl:n!m:mnnfd‘,=5,r.rb='l,3-'“]',?'2|'.|.r=-1
&5, first i terms of @y = 1, 0, = 46,6875, r = =5
#6. first n lerms ofay = —8, 4, =-256,r=1
4% firstwiermsof ey = =36, 8, = 9L r=7



Find each sum.

-ﬂ.iﬂl}"" -E.E:—HS}"'J
o=} =]

mi{—_*.:l"l mizu.ﬂ-"
me=f e |

“E}“’"{z} Bgr{ =

MEHJ{—]'_" 55.23{1}-'1
=i =]

If possible, find the sum of cach infinite geometric series.

Byl gl eriod By

T T BD
BE IS L [—I7) 4+ 405 4 - BRI 4 (=72) 4 437 4 -
= 3

B0 > 6(—04)"?
; I-Jq ;

@ L @r-"

64. BUNGEE JUMPING A bunges jumper falls 35 meters before
I'n:c:rd.muuhh‘nhjqrinﬁhxhup.ﬂem}hmmh%ﬂ
the distance after each fll ’

8. Find the first fve terms of the infinife sequence
representing the vertical distance iraveled by the

bunges jumper. lnchade each drop and rebound
distance as separate ferms.

b. What is the tofal vertical distance the jumper travels
Iefore coming to reat? (Him: Rewrite the infimite
sequence suggested by part 2 as two mfinfs geametric
SeUETOS. |

Find the missing quantity for the geometric sequence with the
given characteristics.

5. Find 2,5, = 1365 andr =2

66 1S, = 196675, a, = 100, r = 05, find .

62 Find rifa, = 012, 5, = 590.52, and 4, = TE732
68 Find n for 4.1 4 82 4 16.4 4 - if §, = 61.5.
69 1F15 — 18 4 216 — -, §_=23.784, finda_
e = —04, 5; = W4.32, and a, = 200, find a..
TL Find &, if 5, = 468 4, = 375 andr = 5.
s, =5 2+ 1+ 2u o ndn

73. LOANS Marc i making monthly payments on a loan,
Suppose instead of the same munthly payment, the
bank requires a lonw imitial pavment that grows at an
exponential n'hetadlnmll'l. The todal cost of the loan

& represented by El S{1a) L

8. What is Mares initial pavment and at what rate is this
pavimnent increasing!

B. I the sum of Marc's payments at the end of the loan i
57052, how many payments did Mare make?
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Find the common ratio for the geometric sequence with the
given berms.

Mooy =124, =1875

15, &, = —h, 0, = =192

™, i, = —28, a, = —1372

TL i, =8, iy = —0.046

TB. ADVERTISING Word-ol-mooth advertising can be an effective
form of marketing, or i can be very harmiul, Consider a
mew restaurant that serves 27 custome s on its opening
night.

a. Of the 27 customers, 25 frund the experience enjovable
and each told 3 friends over the next month. This group
each told 3 friends over the next month, and so on, for
& moniths. Assumimg that no one heard twice, how many

peopde have had & positive experience or heard positive
reviews of the restanrant?

b Suppase the 2 unhappy cestomers each iold & friends
over the next mumth abook the experience. Thiz group
then each told & fdends, and so on, for & months.
Assuming that no one heard a seview bwice, how
many peaple have had a negative experience or heard
a negalive review !

Wake the first 3 terms of the infinite geometric series with the
given characteristics.

=i1.:r=_.—|l B S=-35r=02

E-13-

BL 5=dd 8 a; =36 ﬂS:%,;,:

Bl S=—0d), r=04 B4, 5 = —126.25, &, = =505

Aol 1
Bh S= o r=—3

= 1 f2ie—1
mgaiﬂ
Determine whether each sequence i3 aritinnelic, genneltric, ar
netter. Then find the next three terms of the sequence.

1 273 4 9 17 15-
a1 e i
92 128, W6, 725 ..

85, &= —115, 4, = —138

a3 12[--

91. 12, 24, 36, 48, ...
93. 36k, 40k 64k, N1k, ... 94, 7.2y, 91y, 11y, 12.9y, ...

95, 35 15, 15v5. 75, . 96 13, /e, 2, n12.

Wiike cach geometric séries in sigma notabion.
97 3 4 12 4 &8 4 - 4 3072

BE. 9+ 18 4 38 + - + 1152

99, 50+ 83 + 15 + -+ + 17605
1 i 1

et S A A,

WL 02145 =n25



102, HORSES For each of the fArst few months atier o hose s
born, the amount of wesght that it gains & about 130% of
the previous month's weight gain. In the fiest month, a
hoese has gamed 30 pounds.

8. Write a Seties it Sigma notation that can be
used b model the horse's weight gain for the first b

momths,

b. About how mnch weight did the horse gain m the fourth
mmith?

e I the horse wes 150 pounds at birth, about b
much did it wigh after 5 months?

d. Will the horse contimse toogrow at this rate indefinitely?
Explain.

103, MEDICIME A newly developed and researched medicine hus
a hali-life of about 1.5 hoors atter & is administensd. The
medicine is grven to patients in doses of 4 milligrams every
& huuirs,

& What fraction of the first dose will be left m the patient's
system when the second dose is taken?

b. Find the first four terms of the séquence that represents
the amount of medicine in the patient’s svstem after the
first 4 doses.

£ Write a recursive foromsla that can be used to determine
the amuunt of medicine in the patient’s sysbem after the
arth e,

104, #HLH.“FLEREF‘HEEHT.&WHS In this probiem, you will
1—p
1—r"
-
1—r

imvestigate thie limits of

for =02, 0.5, and (.9 on

8. GRAPHICAL Craph 5, =
the same graph.

b. TABULAR Copy and complete the table shown befow.

€ ANAIYTICAL For each graph in part a, describe the valoes

of 5, asn — 2,

d. GRAPHICAL Graph 5, = 1= for r=12,25 andd an
the same graph *

€. ANALYTICAL For cach graph in part d, describe the values
of 5 asm— o0,

. AMALYTICAL Make a conjecture about what happens 1o 5

_1—E#E

a.'.n—-ﬂl'-fnr!t:u—m

H.O.T. Problems

Use Heghes-Order Thinking Skl

ERROR ANALYSIS Emilio believes that the sum of the infinite
grumetric series 16 4 4 + 1 + (L35 4 can be calculated.
Annie disagrees. [s either of them correct? Explain vour
reasOrng.

106, CHALLENGE A ball & dropped from a beight of 5 meters, On
each boumce, the ball rises to 65'% of the height it reached on

..,E,m}m_,l L

'

& Approcimate the total vertical distance the ball travels,
until it stps bouncing.

b. The ball makes its first complete bounce in 2 seconds,
that is, from the moment it frst touches the ground
until it next tooches the ground. Each complete bounce
thit follows takes 0.8 times 25 long as the preceding
bounce. Estimate the total amount of tme that the ball
bounces.

= e
a

15 m

L S
e

107. WRITING IN MATH Explain why an infinite geometric series
sweill ot have a sum i o > 1L

BEASOMING Dietermine whether each statement is frie or false.

Explain your reasoning.

108, If the first twu terms of o geometric sequence are positive,
then the third term is posstive.

W8 I voun krww £ and the sum of a finite geometric séries, vim
can find the last term.

0. If 7 is negative, then the geometric sequence comeTges,

TH. REASONING Determing whether the fallowing statement &
sowieivies, aliays, of eer brise. Explain your neasoning,

If il of Hhie terms of an pifenle peontelrre scres dre négatoe, then
tire series Jues @ s N 15 0 mepotive mmmher,

ML CHALLEHGE The muidperinis of the sides of 2 square ase
conniected so that a new square is formed, Suppose this
process i repeated indefinitely.

T. @

8. What is the perimeter of the square with side lengths of
T inches?

b, Wihat & the sum of the pecimetess of all the squares?

& What is the sum of the areas of all the squares?




Spiral Review

Find each sum.
3 T 1=

S 2 ™3 @ +d) 5. {11 + 2n)
=i el nmf

HE TOURIST ATTRACTIONS To prove that objects of different weights fall at the same rate,
Marbene dropped two objects with different weights from the Leaning Tower of Pisa in k.
The ohjects hit the ground at the same time. When an object i= druﬁadﬁmnuﬂhnﬂd:n&
it falls abaoast T8 feet i the first second. 48 fest in the second second, and S0 feet in the thind
second, regardiess of its weight. If this pattern continues, how many feet wouald an object
fall im the sixth second?

L TEXTILES [IPatterns in fabric can often be created by mdifving a mathematical graph. The
patbern at the right can be modelsd by a lemniscale,
& Suppase the designes wanted to begin with a lemniscate that was & anits from end te
end, What polar expuation coald have been used?
B. What polar equation could have been wsed to generate a lemniseate that was B units
from énd to end?

Graph each palar equation on a polar gris.

m.u:—% M r=15 120. ¥ = =150

Find the cross product of u and . Then show that u % v is arthegonal o both o and
Lu={L% -1hv=(-26 -4) T u={-382Lv=(L-5 -1 1B.ou={90 -4} v={(-h25}

Find the component form and magnitude of AR with the given initial and terminal points.
Then find a unit vector in the direction of AB.

24, Ald, T, 9, B8, 71, 18} 125 AlM, —6, 18], WA 12, —4) 126. A3, —5.9), B{—-1,15 =T}

Skills Review for Standardized Tests

127, SATVACT In the geometric mq_m:r.u:\.-% % %u, .o, each 128, The first term of a geosmetric series i —1, and the
term after the first is equal to the previous berm tmes a comnmun matio B —3. How many eoms are in the series
constant. What is the valoe of the 13th term? if s sorm i 1827
A ¥ Al
B 2 B 7
coar C 8
n 24 oo

E EH
0. REVIEW Cora begins a phone tree to notify her

Iriends aboot a party. In step 1, she calls 3 Eriends.

In step 2, each of those friends calls 3 new friends. In
step 3, each of those friends calls 3 more new friends.
Adter step 3, how many people know about the: party,

128. REVIEW The pattern of dots shown below continues
imifirditely. with more dots bemng added at each step.
ee eee S8 ed

o9 2a0 2808 including Cora?
First Second Third F 12
g
Siep tep Sep G 13
Which expression can be used to determine the number H 39
of dots at the wih step? } a0
F 2u H nim + 1)
G min 42} ] Zim+1)

L
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_ ‘_raphing Technology Lab

& |fse 3 graphing calculator
1 represent continoed
fractions

JContinued Fractions

An expression af (e folowing bonm & calied a comtineed frachion. Connuesd Maclions an b esed o

wiile sefuences thal appmach imis.

Activity 1
Evaluate 1+ -
1
1+ T
14 ]
1 1+. 1
StudyTip - 141-Fins
m On the home sereen, press 1 and [249ERL
Me=ary You mey neod io desr the — | GE.EE..EE%E.?
calculmion's memary o slminme . o Tl T e
— S B Then typein 1% 1 = | 200 [ANS] ENTER, Lh&
m Press E_rv_IIEIH | foir emore Bimes
',
Analyze the Results
W Write the expression that was evaluated bo generate each of the values oltained in Steps 2-3.
1B. Press [ENTER] 20 more times and record the resalt o approximate the limit of this sequence
This namber is an approximation for the galiden rafio.,
K. Soher=14 .Jl. Hunw dio vems think this relates to thee golden ratin?
=
- . — " 4
Then type in 3 2] 2 [Z] 208 AN [ERTER] $21
i ) S SB1GIBIGS
m FPress | ENTER | foor mare times.
L
Annlyn the Results
Wirite: the expression thal was evaluated to generate éach of the values oblained in Steps 2-3
1 ZB. Press ENTER| 20 more times. What iz the approcdmatsen for the bmit of this sequence?
STHd'ﬂ'TID >]ﬂ. MUAKE A COMJECTURE Use o = 3 and the approximation bound in Em:lﬂ-lud:w.-lup an expressaon for
Findieg Expressioes When buth @ and b, (Hint: Sole for the radicand, and determine how b can be osed o make it eqoal,) This
developing me epression in 2L, & the general expression bor the limit of the contineed fraction sequence for any vakees of @ and b
tisink of ditferent ways in which ' ’
b can make the expeession
eguisniest (o the fmit of the Exercises
segence. Use diferom wnlees of
g Approximate the value of the continued fraction with the given values for a and b.
| ’ y

Lasdandl=3 L g=5and =2 R a=3andy=1




_Slessons 3-1through 3-3
——_—
Find e reendd Fousr 1esms of each sequenie.

1 109978573, _
2 Z,6,W 30
3 05N,
& —E7 TA, —243 BA, ...
5. MATURE A petting zoo slarts 2 population of rabibts with one
mEwibann Mass and one Rewbonm m.ﬁfﬁdmll‘lg‘hﬂ Eah
adult pair will produce ane maks and one femats offsaring pes

manih stasting ot bwo months, Raw mamy rabbils will thera be alier
B months?

Determéing whether ach SequEnS (S convergent of divengent

6. 15812 .

11
T o=Bo,=—g —

48, 24,12, 6.

% o =nt45n
Fand each sum.

!r;‘! -]
ﬂ.zﬂ— mn El:ﬁ'!'f?l

el A==

B it |
7 -4 13 ) i - 10)

=i A=§

. GOLF In & charity goll tournament; each of the top ten lnshars
wins & donation to the charity of his o hér chosce. The amount of

e donation iallows e arifmelic sequsenie Shawn Delow Wil
15 the Totad amount of money donsisd o chadily &5 a resel of ihe
balemameant?

Wirite an exglicit lormuls and 2 recursive formuda for linding Bie aih term
of each aihemetic sequente.
—f1, =15, ~W, -3, _
-6, -84, -7 —B60, .
7.0, 13,46, .
32 3D, 28, 26,
| Chapterd | Med-Chapter Quiz

EH;?‘H

9. JEWELRY Mary Anne is hosting & jewelry party. For each guest
wiho busys an fem of fewelry, she gels a bosiess bonus in the
amounl shown_She 1eceies & karger amount for 2ach gues! making
a purchase.

Gusrsts Purchasing Ampunt Mary Ammn

Foamiry Recomes {5
firgl 10
socond 15
third il

&. How moch will Mary Anme receive for the 1210 guest who makes
& puschaze?

B 1 she wadals 8 bolsl hostess bonws al $100, how many guests
e 1o s 3 pubchage?

Wit an explicl lormala and a recursive formula fod finding the mik tesm
of each geometric sequence.

1380
o r - S R

i
M 9 -31 T
22. 1,18 108, 648,

23—, 30, -0, 500,

24, POPULATHON The population of Sandy Shares ks cormently 55 000
and ts decreasing at  rate of 3% ennuady.

. Write s explicit formaila for finding the popuation of Sandy
Shores during e mth year

B What 82 you predict will be ths papelation of Sandy Shiores after
10 years?

€. ARer how masny years do yau predict the poputaticn of Sandy
shanes will reach 370007

25, MULTEPLE CHOICE If possible, tind the s of the geoenetiic sedes

. P
R43I4+544
LA
A 135
B 18
[

D mofpessible



® You fpund the next @ 1
term In 2 saguence
0¥ SEFIES.

NewVocabulary

peimciple of mathematscal
Intfuciion

amchot step

indluctive hynothecs

inductive step

extended peenciple of
mathematical mduction

Use mathematscal @ Rainl draes points on a drcle and connects
induction to prove every pair of paints with & chord, dividing
summation formudas and the circle info regsons: After drawing cecles
propirties of divisibility with 2, 3, and 4 paints, Baini conjectures
inwalving a pasitive that if there are o points ona crcle, then
iMegar . connecting each pair of paints will divide
the circle ima 2"~ ! regions. Whia his
conjecture halds for r = 2,3, and 4,

are these three examples sufficient to
prove that his conjecture s tus?

Lize extended
maihematcal induction.

Mathematical Induction When booking e patterns and making conjectuns, it is often
temphing o assume that i a conpecture holds for several cases, then it is troe in all cases. In the
situation above, Raini may be convineed that his conjecture is triee once he shows that it holds for
# = 5 because connecting 5 points does form 16 or i regions. “Proaf by examgple,” however, 8 nof a
logically valid method of proof becanse it does not show that a conjecture is broe for all cases. In fact,
vou can show that Raini's conjecture fils when i = 6.

While all that is reguired to prove mathematical conectures false is 2 counterexample, proving one tre
redquires a more formal method. One soch method oses the prindple of mathematical indoction. The
essential idea behind the principle of mathematical induction is that 2 conjechume can be proven true of

Yo camn:
1 show that something wirks for the first case (base or anchor stepl,

2. assume that it works for any particular cse (inductive hypothesis), and then
3. show that it works for the next case (induchive sbep).

This principle, described more formally below, & a powerful toel for proving many conpectures about
positive infegers.

KeyConcapl The Principle of Mathematical Induction

Let P, b & stxtement about a postiee integer 7. Then P, s toe for all postive integers = if and ondy if

« P bue, and

+ for overy pasitee mbeger i, 8 P, isinee, then P, _ | b e,

e F

To understand why the principle of mathematical induction works, imagme a ladder with an infinste
number of rungs (Figure 341} I vou can get on the ladder (anchor sbep) and then move from one
rung to the next (inductive hypothesis and step), you can climb the whole ladder. Similady, imagine an
unending line of domino [[151111:3 4.2) arranged so that i any kth deminoe falls, the (& + I:Ith dhoring
will sl Eall {inductive hypotheses and stepd. By pushing over the Ferst domino tanchor step), you start a
chain resction that knocks diven the whole line.




To apply the principle of mathematical induction, follew these steps.
EPR Verify that a conjectire I, i broe for 0 = 1. {(Anchor Step)

¥ Assume that [ & tree for v = k. (Indwctive Hypothesis)
EITE] Lise this assummgption to prove that P is abso true forn = & + L {Indoctive Step)

Use mathematical induction to prove that the sum of the first « even positive integers is
' 4 n. That s, prove that 2 4 4 4 b 4 === 4 2n = 1" 4 n is true for all positive integers n.

Conjectare Let I, be the statement that 2 + 4 + 6 4+ + In=n" 4+,

MAnchor Step Verify that %, is true for g =1L
P-l4+d+b+-4+n= o n Chviganai stmomes &

Py 1=1%4%1 P loro="1 e first paial sum
Becaiess 2= 17 4 1 is 4 troe stabement, P i broe forn = 1
Inductive Hypothests  Assume that &, 1% troe for e = L

Tor write the inductive hyperthess, replace rwith k in P, That &s, assume that
Frl4d +o4 -+ = 4kitbroe

-~

B‘ Inductive Step Lise the inductive hypothesis to prove that P s troe for e = £+ 1

StudyTip
Ropresemding ife Next Term Ta . . )
determine the fk 4+ §if e To prove that P, & tree jor n = k + 1, we need to show that P} | | owst be brue. Start with vour
subsithiie the gaantity k + 18ark inductive hypothesis and then add the next erm, the (4 1)th term, & each side.
= the exprossion for the general
form of the next ferm in the seres B e T Y roartive hypethe
I Exsmpie 1, became 2 X =2 Rkl s e B e e e

e kth tmm, 24k 41 244 +64 + 2+ k41 =+ k4 2k +1) Rl the th $er {0 o h i
Topresents the [k + Tgh term. A0+ U424+ =2+ k+ 242 Simpidy the right - hona e
%, o

R R I T . ST 3 o | I S e T S U ¥ S e 3 o |+ 1 et regmmup
E+-I-I-Er-l----+H:+I{E+H=ﬂ+I}I+I;i:+lh Cocend 7+ 241
This final statement is exacthy the statement for P oo I | s troe. 1§ follows that if P& troe for

[ n=k thm P isalsotroeforn =k + L
WatchOut!
Lise the Ewforive Hypobess Conchmion Because P, & brue for 0 = 1 and P implies Py _ P, s troe for e = 2, 0 = 3, and 50 on.
T st thiaf P i broe far That is, by the principle of mathematical induction, Pz 2 4 4+ 6 + <« + 20 = ® 4 mis troe for all
ﬂ:]’-l-",,:llmlﬂﬂdﬂ]tl.ﬂl mw’u
&+ for man each side of the
equation for P Doing sowoukd
give you ROSing o prove.
Srcomy b e mniios Xiap. P GuidedPractice
WO et e S inductive
fypathesis. 1L U::rmlhmhu]hﬂmhpm-:I}mlﬂbemmnllilrﬁrﬂn:\m?matntjrﬁ:#n-uh That
! o is, prove that 1 + 3 4 5 4 - + (=T =n" is true for all positive integers .

In Example 1, notice Hhak vou are maf triving to prove that I, is troe for o= & Instesd, you gssume that
P, iz true for o = k and use that assimption to show that P, s true for the next number, & = &+ 1L I
while trying o complete either the anchor step or the inductive step oo arrive at a contradiction,
then the assumptivn you made in your indwctive hypothesis may be false. For example, if there is a
contradiction in the anchor step, then you-know it does not work for St selue oy, The indockive
hvpothesis may still be troe.
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Mathematical induction can be used to prove divisibiity. Recall that an integer s divisible by an nteger
i if p = gr for some integee F.

Tip

Inductive Sep There i no “fispd”
wmy of oompleting S inducine
shep for aiproof by mathemasosl
indection. Each problem hax it
omm specal chacaciensSos that
require a diffevent techngee 1o
complete the prool

5

B

Prove that 3 — 1 is divasible by 2 for all positive inbegers .

Conjecture and Anchor Step Let P, be the statement that 3% — 1 s divisible by 2 P, is the statement
that 3* — 1 is divisible by 2. P, i breie isiees 51— 1 i 3, which is divisible by 2.

Inductive Hypothesis and Step Assume that 3° — 1 & divisiblee by 2. That is, assume that
3% — 1 = 2r for some integer r. Use this hypothesis to show that 30 * 1 — 1 ia divisibbe by 2.
¥-1=2r

ThnCie ypoitessn

A =241 Ll 1t Aok wdn
3.3 =327 4+ 1) alisttpaty mrh sddhe fry 2
L Simpiity
3P = G2 Setrnrt | from e ch sse
Sl =W+ Feom

Becmess ris an integer, 3r £ 1 s an indeger and 23 4 1) is divisible by 2. Therebore, 30 i
divisible by 3

1is

Conchnion Because P, = broefor n= Tand P implies P _ P, & breefor i = 2, 0= 3, and 30 on.
By the principle of mathematical indwction, 3% — 1 is divisible by 2 for all positive integers o,

GuidedPractice
L. Prove that 4" = 1 is divisible by 3 for all positive inbegens .

Yot can also prove statements of inequality wsing mathematical induction.

StudyTip
Presals of Inequefities The
apmoach af showing thai e
difforonoe betwesn some guan bty
mnd & + 1 i groatery thes o less
then mno, siong with the Transtue
Preperty of Inegpsiity, s usedin
maTy mequality proats by
methematical mduchon:

4

LS

Prove that s < 2% for all positive infegers .

Conjectare and Anchior Step Lot P, be the statement i < 2% P and P, are true, smee 12 7 and
I':Ii.l.tzh'mrrruqnnins Showing i, hhh‘nepmﬂﬁﬂtn&:hmhﬂiemﬂpaﬂnfum
ve hyputhesss below,

Inductive Hypothesis and Step Amﬂutkﬂ.!'ilh-n:imupmﬂimkbl.lfubnthpnhidr}i!
inductive hypothesis to show that k + 1 =28 L s troe.

kgt roiiive ppothesis i>1
okl k-1>0
o thk=k—1>0
%—fk+l >0

N>k41
L+1<2k

By th Transitivee Property of Inequality, if & +1 < 2k and 20 < 28 L themk + 12 2051

Conchmion Because P, & troe for n = L and 2 end Py implies P, | fork 22, P, is troe for
i=3, =4, and s on. By the principle of mathematical mdoction, n < 2% is true for all positive
integers .

GuidedPractice

3. Prove that 2 < 3" for all positive integers i




Real-WerldLink

Moz auiomatc teler machines
dispenze withdravals in $30 or
430 increments, bt o few can
poas lmwes §5

Somor. M Fronoess

Extended Mathematical Induction Sometimes vou will be dsked to prove a statement

that is true for an arbitrary value greater than 1 In shoations like this, you can use a variation on
the principle of mathematical nduction called the extended principle of mathematical induction.
Instead of verifving that P i true for g = 1, you can instead verify that P, is true for the first possible

Prave that m! > 27 for integer valoes of o 2 4.

Conjecture and Anchor Step Let P, be the statement of > 2% P, s troe sinee 4F > Moar > l6ina
frue staterment,

induetive Hypothesis snd Step Assume that kf = 2% & trie for a positive integer b 2 4. Show that
(k4 1)1 = 28V s bruse. Uise this inductive hypothesis and its restrichion that k 2 &

ko 2d Inductiee Srppuitewr
b T) o B2 g 4 1) . 2 Wbty mmch sitn e b 4
e+ =(k+1)-1" 1] =
k4 1 =k +1)- e e I i+ 1 =2k o e b 3 4 theredore iy e Muieiceson Frope y of
Insguuiity i 4 1= ¥ =2 T
{E41)>2,2 Tramsine Syopoety of upgesl ity
(E4+1) = gl iy

Therefore, (k + 1) = 28+ s prpe.

Conclusion Because P, & tue for v = dand P implies Py fork =2 4, P stnm iorn =5, 0 =6,
and so an. That is, by the extended principle of mathematical induction, ! > 2" is troe for nteges
vahees of m = d

b GuldedPractice
A, Prove that o! > 3" for integer values of 1 2= 7.

Real-Werld Example 5

MONEY Prove that all multiples of $10 greater than $40 can be formed wsing only $20 and
50 bills.

Conjecture and Ancher Step I There exists 2 set of $30 ancd S50 bills that adds $o 510w for m > 4,
For 1 = 5, the first possible cese, the conjecture & e becanse S10(3) = S2000) + 55041).

Inductive Hypothesis and Step Assume that there exests a set of 520 and for 5540 bills that adds
tor 3106 Show that this implies the exigence of & st of $20 and/or 550 bills that adds to
SUME + 1)

Caze 1 The set contains at keast one 550 bill. Replace one 550 bill in the set with three
£20 bills and the value of the st is increased by S0 o $HE + 10 or ST + 1), which
is exacthv P, .

Case 2 The set contains no S50 bills. The set musé contarn at least three 820 bills becavse the valse
af the set mast be greater than 540, Replace two of the $20 bills with a 350 bill and the value
af the set is increased by S0, to 510k 4 10 or 5100k 4 1), which is exactly P,

Conclusion In both cases. P_ is troe foror = k + 1. Because P i troe for o = 5 and Py implies Py
k=5, u{'n:lnrn—-b_r—?urllmm t'hatua,b}rth:ﬂh:uhdpnnnphﬂnmﬂ'umuh:nl
uﬂmﬂmnﬂzpk:nfﬁlﬂwtﬂmmstﬂmheﬁmmrdusmt;pﬂlmmdﬁﬁlﬂ&

P GuidedPractice

5. AMUSEMENT Prove that all rides at the fuar regquinag mare than 7 tickets can be paid for ssing
only I-ticket and S-ticket vouchers offered by the school fur donations of canned goods.
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Use mathematical induction to prove that each conjecture is true
For all positive integers o,

L 345474+ n+1)=mnn+3)

mwin + 1)

Fl

Z 142434 w4n=

B 242244 pan=afan )

& 34740+ o+ ln—T=24n

& !+4+?+-"+13H—H=M
{n+ 1F

6. 1+E+3T+'--+r:"'=%

7142444 md 2l

m2m — 1)2n + 1)

B P43 455 e -1 = 3

o lelaelig o1
- G LS g o
LG Fip—Ll o W
T+ | T.1 nin -+ £) e |

.'I'H_I.MEIJLII.E NUMBERS Triangulsr numbers are numbers
that can be represented by a triangislar arcay of dots, with
# dots on each side. The first three triangoiar numbers are
1.3, and &.

1 3 &
o Q o
D0 o0
Q0
n=1 a=1 n=23

&. Find the next five triangolar numbers.
b. Write a general formuka for the mth term of this

SequeTICe

£ Prove that the sum of first o triangular numbers can be
uin + THm+ 2}

found wsing 5, 3

1. ICEBREAKER At Freshman orieniation. studenks are

separated into groups to play an scebresker game.

Thet game requires sach shudent ina growp b have

one mdividusd inkeraction with every other stdent i

the growp.

& Develop a formasla b calculate the total aumber of
interactons taking place during the icebreaker for a
proup of o shadends.

B. Prove that the formula is troe for all positive micges
vitloes of o

& Detesmuine the length of the ebreaker game in minutes
for a group of 12 stodents if each interaction is allotted
3 secomds.

Prove that each conjecture is true for all positive
integers m.
1B. 97 — 1 is divisible by 8,

W E" + 4 is divisible by 5.
5 2% 1is divisible by 7.
%. 5" — 2"is divisible by 3.

Prove that each inequality is true for the indicated values
of

7 3" =8n=1 W o> w9

M\ > ez=] . G353 m= A

2L 3n=d" n=1 2. "> 10m 4+ 7, o= 10
B3 15 =7 M. 15>104050,n=7
sl

POSTAGE Prove that all postage gredter than 20¢ can be
formed using just 3¢ and B¢ stamps:

26. ENTERTAINMEMT All of the activibies at the hlnul.:l.' Fun
Entertainment Center, such as video games, painthall,
and go-kart raceng, require tokens worth 352, 506, 75¢,
and 5o osu. Prove that all of the activitses costing more than
51.50 can be paid for using just 50¢ and 75¢ tokens.

27, DBLONG HUMBERS Obleng mumbers are numbers that can
b represented by 2 rectangular array havving one mane
cohumm than rows.

1 3 12
o oo Q00
o0 00OQ
OO0

n=1 m=d nrl

Prove that the sum of the first n oblong numbers is gnen
e

bys,= 3

Use mathematical induction to prove that each conjecture is true
for all positive nbegers o
W Y (da—3)=nidn—-T1)

2 3 (3u-2=Jn-1)

Tal@+ 1] 2m+ 1)

1 = I
— e+ 1+ n+d

147



Prove that each skatemient is trwe for all positive mibegers i or find
4 counterexample,

146410 4 o 4 (Su = dp = nf2n = 1)

i 1 i i ]
o+ + e 4 =
Tod " T-h BeA mZa+ 2} MIm+ 2

u—p + 5 is prime.
3"+ dn + 1 & divisible by 4.

47 + Ay — 1 & divizable by 9.

B # 4 8 B8 ¢

2= 38 g divisible by 5

Prove the inequality for the indicated nteger values of o and
indicated values of g, b, and x.

0. {ﬂ';ﬁ]'”,nzlwu-:.crr

MM 4+ 1"z a=landxr =1

2 14+a)">1 4t n=2anda >0

Find a formuls for the sum 5 of the first & terms of each
sequence. Then prove that your formula is true wsing
mathematical induction.

43 26, 1L 4, . (du—=2)

M. 271215 (B - )
1111 _4

45 2" 478 W 3=
R e 1

bl o T o T e T

47. FIBONACCI NUMBERS In the Fibonacel sequence, 1, 1, 2,
3, 5. B, ... each clement after the first bao is found by
adding the previous two ferma. Numbers in the Fibornaec
seruence occur throughout nature. For example, the
muraber of scales im the clockwise and coonterclockwise
spirals on a pinecone are Fibonacel numberss. If f,

the uth Fibonacci number, prove that
fid -t fy=f =1

&8, COMPLEX MUMBERS Prove that Dedoivre’s Theorem for
finding the power of a compliex mumber written in polar form
i true for any positive inkeger o

[ricos &4 fsin A" = rOloos ol 4+ 4 sin 0 f

49, GEOMETRY According to the Interior Anglhe Sum Formula,
the sum of the measures of the mterior angles of a comax
pobvgon with n sides iz 180{r — 2) degrees. Use extended
mathematical induction o prove this formula for e = 3.

18 | Lesson 34 | Maihematical Indiscian

Use mathematical induction o prove that each conjécture is true

for all positive integers .

50, (ry" = xy" 51 F} =z
L} L]

§2 s =L §3. cosnm=(-1)"

1

Use mathematical induction to prove each formala for the sum
of the first o berms in & series.

s S-sfi=7)

55. 5,:'_1']1u,+ (i = 13d]

H.O.T. Preblems

Use Higher-Order Thinking Skills

B6. CHALLEMGE Prove that m! < n" whens > 1.

.U‘P‘EI ENDED Consider the fullvwing statement.
4" 4 b s divisible by «
& Make a divisibility conjectire by replacing 4, b, and ¢ with
st 1oy
b Use mathematical induction to prove that the conjecture
vou found in part & is true. I8 it is not true, fGnd o

counterexample.

BB. BEASONING Describe the erfor in the proof by mathematical
induction shovm bedow:

Conjecture and Anchar Step
Lt ' be the statement that i a soom with i shedents,
all of the students have the same birthday. Whenn = 1,

Py is troe since one student has ondy one birthday.

Indisctive Hypothesks and Step

Aszsume that in a room with b stodents, all of the stodenis
have the same birthday:. Suppose b 4 1 students are ina
ronm. I ome student beaves, then the remaining & students
must have the same birthday, sccording to the inductive
hypothesis. Then of the first student réturns and another
student leaves, then that group (one) of & students mest
honvet the same birthday. So, P istrug fora =L + 1
Thereture, P, is troe for all positive miegers v, That i,

in a room with o stdends. all of the stodents have the
same birthday.

9. CHALLEMGE Ufa, is represenied by the sequence

ﬁ_\l'rh+v';i-r',"q'rh +y‘lb+£,’]ll’ﬁ+‘|||lb+\jb+ﬁ.---.

prove that the rth term in this sequence is always less
than 3.

0. WRITING I MATH In the inductive hyputhesss shep of
mathematical induction, you assurme that P is true for
n = k. Explain why vou cannot simply assume that P, is
trie for .



Spiral Review

Find the specified nth term of each geometric sequence.
&L u'i,kl:rj=%_.1.5,.... BL |.r_|=ll':-,r=lJ..=.|.rr=l"- B3 Lrt=."|.r=1.1|=11

B GAMES Ina game, the first person ina group states his or her name and an interesting fact
about himself or hersell. The next person maest repeat the fmt person’s name and fack and then
say his or her own information. Esch person must repeat the indormation for all those who
preceded him or bee. If there ane 20 people in a group, what & the total number of tmes the
mames and facts will be stated?

Cirzph each number in the complex plane, and find its absolute value.
G5 z=5—3Xi BE = -U-—38 GBL =246

Find rectangular coordinates for each point with the given polar coordinates.
&8 {1—?} 5. [1 %“J 0. (—4,1L4)

Wirite the component form of each vectar.
TL wlies tn the xo plane, has a mognitede of 2, and makes a 45" angle 1o the lef of the positive s-axis.
7L ulies in the u= plane, has a magnitude of %, and makes o 3 angle to the right of the negative saxis.
For each equation, identify the vertes, focus, axds of symmetry, and directrix. Then graph
the parabala.
TR fr—di=—(v+7) M Bix +6)={y—d)* T (v—8t=dx
T6. BUSIMESS A factory is making skirts and drvsses from the same fabric. Each ckirt requires
1 héwr of cutting and 1 heur of sewing. Each dress requines 2 howrs of cuiting and 3 hours of
sewing, The cutting and sewing departments can work op by 120 and 150 bowrs each week,

respectively, If profits ere $12 for each skirt and $18 for each dress, how many of each item
should the fxctory make for maximum prodit?

Skills Review for Standardized Tests

77 SATACT Trisngle ABC is inscribed in circle 0. (D 79, REVEW What is the first term in the arithmetic
i5 fangent b carche O at point C I s BCD = 407, Sequence?
Firnd pr A, 1 5 =2 ;1
_H—, ey 4:
3 3" 3
B
\ IJ A 3
‘]
B 9%

1
C 'I:I:lg
D1
&

BO. REVEEW What is the tenth berm in the arithmetic

] <M B oH sequence that begins 10, 56, 1.2, =32, .
B 50 D 3
F =396
T8, Which of the fullowing is divisible by 2 for all positive L —29.6
imtegers ot H X8
F 17-1 H 3°-1 ] b
G 2°-1 | 4°-1




, ®*SThe Binomial Theorem

**Why?
® Suppose a blolpgest studying an endangened species of
gibbon has found that on average 80% of gibbon oifspring

® ‘You represented
infinsle series usmg

L U=e Pascal's nangle
to wwrite binomial

=sgma notation e L) are female and 20% are mais. foo workers anbopate that
) thair captive gibbons wi produce o offspring and want o
g R S knaow the probability that none of these offspring will be
Theosem to write and :
S The e male. The bicdogist can use 3 tenm from the binomizd
expansion of (0.8 + 027 to sohe this problem.
of specified terms in
hinomial expansions
-

- HEHUD:EhUha Pascal's Triangle Recall that a biwsmiaf is an algebraic expression imvolving the sum of two
binpmial coeflicients unlike terms. An important series is generated by the expansion of a binomial raised o an integer
Paseal's triangle posver. Examine this series generated by the expansion of (i + 87 for several nonnegative integer values
Binemia! Theosem ol

a4+ 4" = 1%

fa+ Bl = | GRS P

(o + B = b 4 2a'h 4 1

[+ K= a0 4 bl 4 Tath? 4 P

(i 4+ B = bl 4 R B+ Gt 4 da D 4 1l
[+ W= k0 4 St 4 100%et 4 10e7F 4 Sa'h 4 wlpE

Observe the kellowing patterns in the expansions of (g + Bj* above.

+ Fach expansion has n + 1 lerms.

= The Farst term s a”, and the Last term is b7

* In successive berms, the powers of @ decrease by T and the powers of b increase by 1
= The sum of the exponents in each term is a.

+ The coefficients, in red above, increase and then decrease in a symmetric pattern.

If just the coefficients of these expansions, called the binomial coefficients, are extracted and arranged
i a triangular array, they form a patiern called Pascal's triangle, named after the French mathematician
Bladse Pascal, The h.rI:! rody in this triangle is called the 2emith riie becanse it correspands to the bisuamdal
expansion of {o + b)?

1 D romw
1 1 s roew
i F 1 Inad roew
1 3 - 1 Ird roew
i i @ i i
1 5 i} 0 5§ 1
i @ 18 il B i 1

Notice that the first and Last numbers-in each mow are 1 and every other number i formed by adding the
twor numbers immediately above that number in the previous row, Pascal's briangle can be extended
indefinitely using the recursive nelationshep that the coetficients in the (v — Thth sow can be used o
determine the coefficients in the uth now

Pt ol o g e i S s k-
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StudyTip
Fimcing the Comect Row The
serend mumber s oy row of
Pezcals riaogie m shwrygs e
same a5 b power fo which the
iincrind is raised. For example,
the second number in the Tt now

ot Poescal's triangle s 7.

StudyTip

Aftrrneteg Sons Koboe tat
when qﬂlgl powerala
tinominai difference, e sigs ol
the terms in S seres plipmaie.

By extending Pascal’s triangle and usmy the patterns ohserved m the first 5 expansions of (@ + b)®, vou
can expand a binamial raised to amy whole number power.

Use Pascal’s trisngle to expand each binomial.
& fa 4 BT
ENE) Write the ssries for (o 4 87, omitting the coefficients. Becanse the power ix 7, this serie
should have 7 + 1 ot 8 terms. Use the pattern of increasing and decressing exponents o
complete the series.

R R e S L L ST SR SR

Leponents of o decmmia from Tinfl
Exponents of & momese froe B s 7

B L the numbers in the seventh row of Pascal's triangle as the coefficients of the erms.
To Fimud these numbers, extend Pascal'y triangle o the Fth row.

1 ﬁ‘n ,.fl; fl"ﬂ 15 [ 1 it rom
+ N4 + + .7
N Nt N NG R Ny
7 b | 35 35 n 7 N rovs
fa+ B = 1o b + FaF + a8+ 354507 + 35070+ N 4+ T 4 105
=" 4+ Tifk 4 TaSk2 4 35050 4 35870 4 T1a7h5 4 Tuls 4 57 Lrmby

b {3x+ 2)*
W:‘i:lzI.i'h::ai-:lhrll+hﬂl,mtﬂngth=cneﬂici:nhardrqﬂqulhﬂ3rlrﬂ
brwdith 2. The series has 4 4 1 or 5 lerms

BANH + B3 4+ GHAT + (N + (30 Exponenis of A dorreree from 4 w i

Expononts ol 2 mosacs from e 4
mnn‘:mm'hﬂ!nth:lﬂzmufpﬂal'lh'inﬂ,ﬁ:ml_i,b,l,mﬂll.“::ﬂﬂ.ﬂm.m!xn
a3 the coefficients of the terms in the series. Then simglify.

(3 4 2 = 100427 4 A+ e0a7 YT #4302 4 1Yt
= B1r? 4 216 4 216 + 967 + 16

GuidedPractice
e a+ B)°

[

i
.,

1B (2r 4 3)°

To expand a binomial difference, first rewrite the expression as a binomial sum.

Lse Pascal’s triangle to expand {r = du)".
Becase fr — dyl™ = [z + (—43)], write the series far (o + 5%, replacing a with © and b with —dy. Use
the numbers in the Sth now of Pascal's treangle, 1, 5, 10, 10, 5, and 1, as the binomial
{x = Ayl = Lr—du)" + Ert—dy)' + 10— + 1003 —dw)? + Sl i—dy)! 4 Leti—d)®
=57 — 20ty + 1600y — sl Yy 4 1280yt — 10247

P GuidedPractice
Use Pascal's triangle to expand each binomial.

M =T b1 B TV

b




ReadingMath
Combinstions The sotsbons.
.E,;m:l{:}nﬂnr-dn
the combnariod of w Hangs
okesy - ot o b

The Binomial Theorem While it is possible io expand any binemial using Pascal’s triangle,

the recursive method of computing the binomial coeffsgents makes expansxemns of (@ + 8" for
larye vahees of n time consuming. An explicit formola for computing each binomial coefficient i
developed by considering (¢ + 4" as the product of & factors in which each factor confributes an 2
of a b b each product in the expandion.

(o4 B = (& Bl 4 bjla + D) da + B)orfa 4 b)) = _+a" B %

G omiisd It there are Flefier §'s thed theee ore o — r) leSer o's

Consider (@ 4 Ha.hmﬂum“q':mﬂnu:]dmdill': frim eanch of its three factors to form the
F:ndul:hllrl.mdSisll'ﬂbinumhl coefficient of the o term in the: expansiem.

b+ b+ b= ab® s {'I+“F!=13+3*!*‘+i-'"1+-l'3
{4+ Bia + Wila + B = __ 4+ ab® 4+ _ 1 vy
fir+ Ifm + Wi+ b= __ +ab® + _.

Berause those factors that do not contribute a b will by default contribute an @, the number of ways
to form the prodiuct 0 ™ "8 can be more simply thought of as the: mmmber of ways to choose r factiors
hmﬂ:ﬂmknhhﬂmpﬁdﬂﬂﬁmﬂjrnﬁchﬂmﬂa&ﬂﬁuﬂzmn#mby

> &= o’ "L“"“"E“”

KeyConcept Formula for the Binomial Coefficients of {a + b)”

Wards Thhh:—':lnzﬁ:udmln"’k'mmmmdh+hthmh_r,L‘,:ﬁ:.

Exampiz fo+ b= Lt + D'l + (C'h + oL ynh?

=3 gty F gpy F g I
E-opm”  @-wi 0 @A-E ==

=ta'+ b+ 2" + 1"

In the example above, nobice that for the first term r = 0, for the second term r = 1, for the therd term
r=1 and % om. In general, to find the binomial coefficsent of the kth term m an expansson of the form
{4 b}", s the Formula (C and ket r=k -1

Find the coefficient of the Sth term in the expansion of o+,

To find the coefficient of the Sth beroy, evaluate O, va =T andr=5 - 1 or d.
FL ~ i

A = — o=—" _
N T T
= _ﬂ SulemcL
M
:.M frwrin Tian T e & - & « & ane drade oul common faccnan
g
Tahe5
=5 ar 35 Sty

The coetficient of the Sth term in the expansion of 1i+b'|?i£|]5.
CHECK From Example Ta, you know the Sth term in te expansion of (o + B is 350708, v

b GuidedPraclice
Find the coefficient of the indicated term in each binomial expansion.
3. i + vpY, bth berm 3B (o — K1Y, 3ed term

L
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P gt ik

Real-WorldLink

A ol bt m basebad & ang Sme
tiaat o hitor foces o pebcher
exnepd whes the player “[[] et

a sacrifice bunt or saceice fy;
[ii) is awrardhed firs2 basee on fowr
calfled baik; (i is hit by & piiched
balk or fiv] is ewended fist base

)

Find the coefficient of the "y term in the expansion of (4x — 3.

ﬁarﬂr—lﬂ*tnhweﬂmhnnil+ " let o = dx and I = =3y The coefficient of the kerm
contaiming 4%~ B in the expansion of {o + b)" is given by O S0, to find the binomial coedficient
of the term containing n';rblmll'l.:ﬂqnn:ijm uf 11+b]{'.. evaluate O for i = 9and r =2,

- M
L e

E—=in
W
71 2|

ErLr
e

Tufniract

Reweme U e 9 s 4 7 andd devion put oommeom facionate

Sipiiy.
Thus, the binomial coefficient of the 8”5 term in (8 + 7 is 36, Substitute dx for & and —3y ko b o
find the coufficient of the 17y term in the original binomial expansion.
36a7b = -3 o= demdis= -3

= 5308 416"y
Therefore, the cosfficient of the 17 y® term in the expansion of (r - 35" is 5308 416,

L=y

P GuidedPractice
Find the coefficient of the indicated term in each binomial expansion.

AL (2r — 3", 24 term 4B (2p + 1), 11th term

e

ot can pse the coefficients of binomial expansions o solve real-waorld problems m which these an
only bwo itsteames for an event. Probliems that can be solved using 2 binomial expansion are called

Frinoniial experments. Such experiments occar if and only if: (1) the experiment consists of n sdentical
trials, (2) vach trial resubts in eue of two oufcomes, and (3} the: trials are independent.

For n independind trials of an experiment, if the probability of a success is p and the probability of

a failureis g = 1 — p, then the term _C_ g™ ™ * in the expansion of { g + ¢} gives the probability of

¥ successes for those o brials.

Real-World Example 5 ;
BASERALL The i Mﬁdﬂ#lﬂlﬁiﬂiﬁh-}mhhpﬂﬁmu
Andres gets exactly 4 hits during his next 10 at bats?
A success in this sthualion s Andres getting a hit, sop = :E—I::nl:tq='| - lm’%.l:‘lhll!ﬂt

5
ts & krial, =0 § = 10. You want to find the ility that Andres succeeds 4 times out of
those 10 trials, so let x = 4. To find this probability, find the value of the term O, p%y® ~ © in the

exparsion of (p + g/".

o e IR L 1 - IR RS PR
B im—mdl.y! 4-.{%}1 {%}r f=r—e
= [.0ER Uive @ coiuinte:

S0, the probahifity that Andres gets 4 hits doring his next 10 at bats is about 0,088 or 8 8%

} GuidedPractice

5. COINTOSS A fair coin s thipped 8 times. Find the probability of each outcome.
A exactly 3 heads B. exactly & tails




The foromla for Anding the coeficients of a binomial expansion leads s toa theosem about expanding
pemwers of binomials culled the Binomial Theorem.

KeyConcept Binomial Theorem
For any positte integer n, the expansion of o + &1 is given by

o+ = L a4 e P e T e T e L e

whemr=01321__.m
e i

You wall prove e Beomial Theorss= m Exeroe 15

TechnolegyTip Uve thee Binomnuisl Theorem b expand tach binomial.

Combinetions. To evaleste y

inimg o coiculstor, oreer B, uelect a Br—u

e e Apply the Binerinl Thesse b cdpand (1 3+ B)%, whered = 3and b= =y,

Bx - W = 0, G-yl 4+ €, Br)Y—g)' + G (A N—? +
4G5 B (=9 + ., (AnY )"
= 1ELHT + M N—y) + 69y + 43—y + 1%
= 81t — Wy + 540 — 120 + o
b 2p+ )
Apply the Binomial Theorem bo expand fir + 57, where d = 2pand b= 4"
(2p 4+ 7 = o (217071 + 201 Rp)ie) + 502 2p g™ 4+ 56 e + Ca (20 ) +
o 20 4
= 1{32p%)(1) + S{16p40p7) + 10Ep" ) + 100pT)g™ + SCpN® + 11y
= 32%° + 80p'y” + B0p'y" + d0p’7" 4 10pg® + g
P GuidedPractice
Bh (S + 4 BB (8T — 2y)"

Becawse a binomial expansion & a sum, the Binomial Theorem is often written nsmg sigma notatn. n
addition, the notation ,C, i usually replaced by (7).

o+ Bj':é{f]w"‘b’
St/ Wilte a Binomial Expansion Using Sigma Notation

Represent the expansion of (3r — 7)™ using sigma notation.

Apply the Binomial Theorem to represent the expansson af (@ + K2 wing sigma natabion, where
#=35rand b= =Ty

{5z — Ty = g{lﬂ G (=T

P GuidedPractice

T Represent the expansion af 3 + 125 wsing sigrma notation.
%

154 | Lesson 35 | The Binomial Theorem



Use Fascal's triangle o expand each binomial.

12+ 08 2 i+ wm)®
3 o - A fc+a°
5 (3r+ My)" G {n—4)*
T Pe—dt B. (m— a)°
9 fa— 0 @p-29°

Find the coefficient of the indicated term in each expansion,

dr— 230 Sth berm T+ 108, 3ed teem

{r + 39", Bth term M. (2 — d)", Bthterm
{4+ #)%, dth term 24+ )" Sth term
ix + y}', Tth term

¢ — 38, Seh tesm

o

12

g

1% fr— )", bth term
19 r + 297, dth kerm
n

2u 4 30, A%+ term Zr + 3%, v term

23 {: e }]_ dth term [: - .f,}m, Bth term

B R R BB B

ir 4+ l_\li:, :z_n'ﬁ berm

B

I:'I:-I-_’l!,r:lmJ y" term

27 TESTING Alfonso is taking a test that contains a section of

16 bruie-false queestions.
& How many of the posaible sets of answers to these
guestions have exactly 12 correct answers of fakbse?

b, How many of the possible sets of answers to these
questions have exactly 8 correct answers of true?

ZB. BUSIMESS The probability of a certain sales representative

successiully making a sale = :: The sales representative has

12 appointments this week.

a. Find the probability that the sales representative makes
i sales this wesk.

B. What is the probabilsty that the sales representative
makes exactly 3 sales this week?

& Find the probability that the sales representative will
mmake 10 sales this week,

29, BIOLOGY Refer bo the begmning of the lesson. Assame that
the roo workers expect 30 gibban offspring this year.

a. What is the probability that there will be no male gibbon
offspring this year?

b. Find the probability that there will be exactly 2 make
gibbon offspring this vear.

€. What is the probabalsty that there will be 23 female
gibbon offspring this yvear?

30 BOWUING Canol av 2 strikes every 10 frames. Wihat
is the probability that Carosl will get exactly 4 strikes in the
mext 10 frarmes?

Use the Binemial Thesrem to expand each binomial.

4 32 @ -5
35 (Zm - n)® 34 (W4 294
3 (3p gl 36, 2® - 2W°
T 77+ 3d)° 38, (2w — oY’

ntation.

(2 + 55 a0 im—

il (Tx + ™ 42 {dae+ THM
@ (y-3° “ (fo-s)*

COMPUTER GAMES In a computer game, when a treasure

chest is opened, it contxins either gold coins or rocks. The

probability that it contains gold coins is %

8. The treasure chest b opened 15 tmes per game. In one
game; how many different ways is it possble to open the
chest and find gold coins exactly 9 bmes?

b, Wihat is the probability that a person playing the game
wiill find goldd in the chest more than 12 times?

46, COMMUNITY OUTREACH At o food bank, canned goods are
receved and distributed fo peophe in the commumnity whao
are in need. \hhmum:hﬂﬂwthhu!lhefmﬂh-ﬁle
destribubion. The probability that o canned good receved at a
food bank is distributed to the needy s 3.

8. A volunteer checks 3 canned goods per hour. In one
hour, how many different ways is it passable to check a
m‘nﬂdmmﬂ.mﬂ donate it exacthy 23 times?

b.. What is the probability that a volunteer checking canned
goods will find themselves throwing out ftems less than
4 times!

Use the Binomial Thesrem to expand and simplify each
expression

a7 (24 + 5"
48, {h-l-%\l'r

a8 (3 -
50. (’F— 3.:]“



Find the coefficient of the indicated term in each expansion.
8L ik — 4/5)", 5th wrm

82, (VZ + 20" middle term

83, (1p+4) . 7th term

54 (Vi —3,f)", 6th term

Use the Binnmial Theorem to expand and simplify each power of
4 complex. aumber.

55, {f + 3)¢ 6. (i — 3
S7 (1 —4° 5a. (2 =5}
58, {%i—%}! s0. {\gi+3)

The graph of g (1) is a ranslation of the graph of f{x). Use the
Binomizl Thearem to find the polynomial function for g (1) in
standard form.

BL fix) =" 4 5¢ 2 firy=141

gl =flz+3 gl = flz— 4}
m 'y v .
Tt =
v [4] u Hll
| 1F
(-] %
o
—T{eil fis
] I

63 flr) ="+ 2 B fini=0 —3'+ X

g =flx—1) gl =flz+ 2}
Afy [ f
[ gl
= L £ == -ﬁd (7] = -
| i
x i
it '

B5. EII!'I.H.TIFLEREP‘HEEH'IITIIJHE in this problem, you will use
the Bincmial Theorem o investigate the difference
o il ol — T
q'l.l.l.'llﬂl.l —|'I
2. BMALYTICAL Use the Hinomial Theorem to expand and
simplafy Eheﬂ.ﬁl’mmmt ﬁ_:rﬂ.r'l =17 fixy = x4,
fix) = 27, fixh = £°, and fix) = 1 . Use the pattern to
simplify the differénce quotient for {3} = 17,
b. TABULAR Evaluate sach expression in part a for
&= {11, 000, 0,001, and 0.0001 and record your
results in o table. What do vou observe?

€ GRAPHICAL Graph the set of resulting functions from
part b for fir) = & om the same coordinate plane. What
do oo observe?

d. AMALYTICAL As kagproaches 0, write an expression for
the difference quotient when ((x] = 1" where nisa
jpositive inbeper.

for power hanetions,
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B6. In the expansion of (or + B the nomerienl coefficient of the
serpnd berm s A0 and the numerical coefficient of the third

fermm s W0, Fined the vaboes of o and b

6. RESEARCH Although Pascals fridngle & named for Blaise
Pascal, other mathematicians applied thetr knowledge of the
triangle hundreds of vears before Pascal Use the internet or
another source to research at least one other person who
used the properties of the triangle before Pascal was born.
Then describe other patterns found m Pascal’s triamgle that
are not described i this besson

H.O.T. Problems

Use Hegher-Order Thinking Skifis

68. ERROR ANALYSIS |ena and Gil are fnding the 6th term of the
ECFI.L‘ISi'IIIDI‘I'}"H:lH.lETﬂ!I_FS that the coefficient of the
termm ks 3003, Gil thinks that it = 2002 Is either of them
correct? Explain vour ressoning.

69. CHALLEMGE Describe a strabegy that wses the Binomial
Theorem by expand [x + v + )" Then write and simplidy
an expansion for the expression.

T0. PROOF The sums of the coefficients in the first five rows of

Pascal's triangle are shown below.

roow () 1 =

roni 1 141 =1

o 2 14241 =2

roni 3 1434341 =r

row 4 14+d4b6+d+1 =g
.

1454104+ 1W+541

=
T O

Prove that the sum of the coefficients in the rth row of
Pascal's triangle is 27, (Hint: Write 2% 24 (1 + 1)" Then use
the Binamial Theorem to expand. |

TL WIRTING IM MATH Describe b b fined the nombers in
each row of Pascal’s thiangle. Then write a few sentences i
deseribe luny the expansons of (2 4 5"~ Vand (i — B ame
different from the expansion of {a + §}*"

TL REASONING Determine whether the following statement is
sdraetimes, phodys, o never tre_ Justify your reasoning,

if' 0 bmsrantal ts rodsed B dtae potser 5, the b addle ferors of B
erpatnsdon firse Hee srme coefficlenfs.

‘CHAI.I.EH'EE Explain how v could find o term in the
expansion of {-iE - fl:!I}lﬂ'lﬂ.lllL'I!! et cuntain the
variable v. Then find the lerm.

T4, PRODF Use the principle of mathematical induction b prove
the Birwrmzal Theorem.



Spiral Review

Prove that each skatement is true for all positive integers o or find a counterexample.

bl - EH_E Ao
® e Pty a0l 76 107 '+ 1 is divisible by 11.

77, GEREALOGY In the book Hools, author Al Haley traced his family history back marmy
generations. If vou coold trace vour family back o 15 gEnerations, starting with v parents,
o mamy ancestors woidd there be?

78. Let BE be the vector with initial point IN5, —12} and tesminal point B8, —17). Write BF asa
fimear combimation of the vectors § and §.

Write each equation in standard form. ldentify the related conic.

M ey - lhr s 1y 4B =0 B0, v 4 Thr — 1y + 57 =0 BL ¢ 4 2r 4 My 4+ Ml =0
Find the partial fraction decomposition of cach rational expression.

St — r— B’ & My —12 A
m 2 M gy L _Frels 2 B

L i X Br+ 15 [xr—3

Dietermine whether each matrix is in row-echelon form

§ i B

1 10 —5: 3 I 3 —.T':Il 1 |:|: ]
8. |0 1 14r-=2 Ba |0 1 =138 BL [0 1+ —4

] 1 L LA ] o 0 1 o g 3

] L] L]

Find the exact value of each trigonometric expression.
BB. tan 195 B9, osc :-]'—1: 90, sin ]—T;
91 SAVIMGS Janet's fathier deposited $30 into a bank account for her. They forgot Elnpeed Time fyrl | Batance (51

about the momey and made no farther depostts or withdrawals. The table shows
the: account balance for several years

a. Make a scatter plot of the data.
b. Find an exponential fanction to model the data,
& LUse the function to predict the balange of the account in 41 vears.

20 wEn
15 4LE3
L tol.L3

Ckills Review for Standardized Tests

§2. SATIACT Inthe fynere below, ABCD & a par, anm. 84 Mirs. Thomas s giving a four-question multiple-choice
Wiat are the coondinates of point C7 guiz. Each question can be answered A, B, C, or [ How
A d+aw ¥ mumy ways could a student answer the questsomns using
i.nl.hmu'l-rl.-r.l'l., B. C, or D onge?
B d—a B
&b Bla sl C A 20 c
B d+aM B 22 D 26
E {d+ ba) 95. REVIEW Which expression i equivalent to (2r — 2)%
o Ao al Did, al x F 16 4 6l = 9807 — fdr + 16
G 1ar" =320 — 102t~ Bdr + 18
o . 3 .
93. REVIEW What is the value of =7 2‘: :::4 L :; J: r;":r : _u:: ++u;h
F 495 H &il
G 500 J 7o
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BFunctions as Infinite Series

& “You found the nih L Uze a poweer series '@ The music to whech you listen on a digital audso player is
term of an Efinite to represent a ralional  first performed by an antist. The wavefom of each sound in
saries expressad function that pesfoamance is then broken down imo its companest
usirg sigma notation paris and stored digilally. These paris ame then retrieved

and combined to reprotuce each origingl sound of the

performance. The analysis of a special senes is an
essemtial ingredient in this process.

zl.:lsenmver SETEE
representatons o
approvimate valwes

of iranscendental
functions
’
NewVocabula y Power Series Earlier in this chapter, vou saw how same series of numbers can be expressed az
powed Setles functions. In this lesson, you will see thal some functions can be broken dinwn into indindte series of
exponential series component functions,

Eer's Farmala

In Lesson 3-3, you learmed that the sum of an infinie geometric series,

L4 rdF 4 e b P e g, =1

1

. . . By . :
with common ratio r, comanges ke a sam of T if jr| < 1. Replacing rwith x,

LS
El"'l+.‘!+1"+ s o o LAEE -I—l_,J':l'I.:l'] <1

It fodlonwess that fixh = - I_ _ can be expressed as an infinite series. That i,

fix) =

i =Er'm1+ ¥4 50 A eee b 1" 4 e lor i) < 1
l—x =l
ot LF
1—x

S4x) of the series: Sofrd =141, S)fxj =145+ .'I::.."i-‘l.ll =14r4r7 45" and

The figares below show the graph of x) = and the second thooogh fifth partial sums

Six) = ldr+t+ ¥ 408

[T I} =351 [l ] ¥ _& rF_H
L=t B s uy LV s IF ()
e

= 17
y=5_11:|]|

[X]

LX)

._
=
1]
SR

¥
el

y=50| Ll y=1ld

= | | v=Ffix
B ] e —i o X T —1 [0 1 [a
| | | Fl | t il

Notsce that as n increases, the graph of 5, (1) appears fo come closer and doser o the graph of f(x) on
the nderval {~1, 1) or jof < 1. Notice too that each of the partial sums of the series is a pofhynomial
functise, so the series can be thowght of as an “nfinte” polvnemial. An infinite series of thes type is
called o power series.

KeyConcept Power Sefies ]
An mfinite senes of fhe foom

iu,l‘:a,_--.‘-a,j--n_,r’+ﬂ,|:+---.

mai

where v and o, can fake on any wlvs Smro =0, L2, = caled & power series w

K o | g L b o Bty

S




e

WatchOiut!

‘When finding s ith partisd sum

ol 5 meres where the iower baond
k=1

MIUMHME

ol
For estance n Exampie 1, S
sinthy partial sem i3 colied for, bet
since the lower bound is 3, the
me&i—fu&wi

StudyTip

Graphs of Series MoSce Bl the
guaphs ot fix) and £ {x) any
converge om an mterval The
graphs may differ gremfy outside
iof that mterval

If vou know the series representation of ane funciion, you can wse it b find the power series
representations of other related functions.

lhei.t"!nﬂ-ﬂ.l power series nepresentation ﬁ;ﬁi=3]—;.hﬁ:ﬁihwmn&hh
= =

series comverges. Use a graphing calculator to graph g{s) and the sixth partial sum of ils power

series.

To find the transformataon that relabes fix) o glr), use psubstitution. Sabstitube u for o in £ equate
the two fumictions, and sobe for ©as shown,

i) = flul

n=x—2
herehore, ) = flx = 2 Replacing xwith x = 2in i) = L= 3 4% for o] < 1 yelds
ft:—zi=§;tr—zrﬁn|:—zj¢:1.
ﬁmmﬂ:hliftmbemub,mpummugh— 3
Thais sertes converges fos [r — 3| < 1, which s equivalent o —1 <3y -2 < lorl <5< 3
The sixth partial sum 5, {x) of this series i

iq:—zr"ml $fr=T4lr=0P 4l p- 2z 0%
i)

The graphs of gl) = x L _and St = 1+ r— 2+ r =274+ =2 + 1= 2%+ fr— D are
shown. Notice that on the interval (1, 3), the graph of 5500 comes close to the graph of gz,

PR —

fﬂ!r.l!-]:.r:l:u_‘.q-[ﬂl.«!]::kd;

105, 3.6]scl: 5 by 0, 4l scl: 05 05, 3.5] 50k 05 by [0, 4] sk 0.5

P} GuidedPractice
l&ffhﬂd.muﬂmﬂmdxﬁﬂhﬂnhwmhﬂ&ﬂﬂ
um:;u.lheasnpurguhhhrmwhghhndlhlhﬂpuﬂﬂmdﬂnpmmit
1 g;;:ﬁ 1B. girh=

1-7

In calcubus, powier serfes representations are often easier bo use in calculations than other

tations of functions when determining funchons called dericatives and infegrals, A
more immadiate application can be seen by looking at the power series representations of
iranscendental functions such as fix) = ¢, fl1} = sin x, and fix) = cos x.



Transcendental Functions as Power Series In a previous lesson, vou bearned that the
e transcendental number ¢ & given I:f_r"m':l-|-%r.Thm:':ll_l'n;;{1+%]n_“':rmwwt|ﬁ.l

ReadingMath =g ; i , , 3
s A tinition akmg with the Benonial Theorem to derive & power series representation for fiz = &%
mattemetian Leonhand Euler i
mmﬂw' lfmletu:%arldi:u,ﬂm[l +%] hEIII'ﬂH“'I-E}L. Apphving the Binomial Theseem,
work i whsch he developed this i

wational numses, called " - - - -
AT 04 = 0 4 G Y G R e Gy N e
L=
& MEHI-I- t'l 1‘f1:|u+—1|1 T 1)t -|-—Iu_ T Tiad + -
= ik — 19 Mk — 1k — 3¢ 5 bk — 1k — ek — 3t 5 o
=1+t gz * ¥ E—mga 0
, ME—=1) 5 k- -3
=l+kn+—F5—u'+ o R
Nowr replace o with ’nrldkﬂhrulrﬁﬁtdﬂtlhnltanlnrmdﬂ nfimity. Use thie fact thak as m
lwrmclﬂu‘lfhdlv,ﬂmﬁacﬂ:n—ﬂ:blﬂnmmﬁhﬁmﬂl:rm |.|'|:|1—— B
4 i, momr—1) rgyz o omwier— dfnr — 3 g3 .
Jemfre 2 =1 4l e {24 6] {3) 4~
| .
vt e,
i LY, ey
—1+k+i*?+
This series = often called the exponential series.
-
. KeoyConcept Esponential Seres
Studylip
fufining ¢ The expomential The posver series repeesenting £ is maled the exponential series and i given by
sories providies et another way o >
- ‘—i:-ﬂ—n S I L
define ¢, Weenx = 1, S LT T R Ty T e f
o r A
E Z"“_“gﬂl o LMumgnthrlHl. 5

The graph of i) = ¢" and the partial sums 5;3(0, Syx) and Sl of the sxponential series are

shover below.
111 H‘#_

|
L
=
[ 1

Yoir ean see from the graphs that the partial sums of the exponential series approxcemate the gragh of
fix) = &" on increasingly wider intervals of the domain for increasingly greater values of o

Motice that the calculations invelved in the exponential serses are relatively simple: multiplications {for
porwers and factorials), divisions, and additions. Because of this, caloulators and computer programs use
partial sums of the exponential series to evaluate ¢ (o desired degrees of acouracy.
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y=fkl




|—15, 2 5] -Subsequent partisl
sunms, such as the sixth asd
seventh partal mes, are moe:
aconte for wider sfervals o
Eaynkees

Math HisteryLink
it ety o Sy rE—nr—
(13401425

£ Indisn mashemabician torm
ey Cochin, Madhayvs discowered
e szries equmbent bo e
mopansioes of sin X, oos x, and
ancian x mroond 1900, two
fundred years bedore ther
diacovery m Ewope.

Use the fifth partial sum of the exponential series to approximate the value of ¢
Found fo three decimal places.

eeldr+sl 42
¢S] 15+

&= 4308

CHECK A caleulator, using a partial sum of the series with many more terms,
feturns an approlimatxn of 4 48 for £15. Therelore, an approxdmation of 4.398 is reasonable.
¥

P GuidedMractice

Use the fifth partisl sum of the exponential series to approximate each valoe. Round bo three
decimal places.

2 07 8. A5

Other ranscendental functions have power sermes representations as well. Calewdators and computers
use pawer series to approxamate the values of codine and sine functions.

HeyConcapt Power Series for Cosine and Sine
The power series nepeesentations for cos ¢ s sin = are given by

ST LSS L
I!'J""‘r il il ST
““-L e et e T
witich ano comemgent for ol 2
L r,

By replacing 5 with any angle measure expreased in radians and carrving oot the computations,
approximate values of the cosine and sine hmctxms can be fumd b any desined degree of accuracy.

Example 3 : :

3 4 w
a lhethﬁﬁhprhdmiﬂupuuuiﬂhmﬂuhwmhﬂh&mTw

to three decimal places.

g b b e
mrt]_f-‘-%_ﬁi-ﬁ l:.:—-._-___ o

2 & " L]
rus-;-i': 1= ﬂ]‘.-;l"'l + 1341;:93 o 1“-':':93 +* L :I!.ﬂ = :,a-':u:m:'. 45n
= 1,91 Larmpicy

CHECK A calculator, using a partial sum of the power series for cosine with many

more ferms, returns an approximation of 0900, Iuﬂlmduci:na]plxu,ﬂn‘m}
Therefore, an approximation of 0901 is reasenable, »



StudyTip

Fitsh Partis Sum Winle addscnnl
pariind sums provide a beSer
mppeoximation, the ffs partal
sum wypicaly is accarnte fo Swoe
doomal plares

b. Lise the fifth partial sum of the power series for sine bo approximate the vale nfﬂn%.

Round to three decimal places.
| 5 o}
=T T X X
el S i Tl Rl
&3 0. 628 &28) 2Ry
n‘n!-hﬂ.bzﬁ—mn#+lhm—m' F+ﬂ J s = o grabout 045
3t 5 i [ 3
= {1554 Gimpliy

CHECK Using a calculator, sin . & 01588, Therefore, an approodmation of (L5885 is
reasonable. ¥

P GuidedPractice

Use the fifth partial sum of the power series for cosine or sine to approximate each value. Round to
three decimal places.
.3 2
-

Yo oy have noticed simbaritis in the power series representations of fix) = ¢° and the power series
representations of fir) = sin x and ({1} = cos v A relationalip is derived by replacing ¢ by i@ in the
exponential series, wherne §is the imaginary unit and 8 s the measure of an anghe in radians:

1 - » - 5 - . T
IR s L B L M L SR +_‘.'-"1’ R

] B ] il
=148 %—i%+£l+lji;—%—f%+m

=(1—%+T':—5 +-a-}+|:w—i%+l%—i;+ j

S (R TJ JPON I PO DS

=ms+.{a—§+§_;_l_+..}

= cus # 4 1 =in # .

KeyConcept Euler's Formula

Fut.'rrrldnld:erﬂ.t':mﬂ+lm i

i "

From vour work in Lesson 2-5, vou should recognize the right-hand side of this equation as being part of
the podar foem of a complex mumber. Applving Euber's Formuba to the polar form of 2 complex nuember
vields the following readt.
a4 W= rjcos O+ { an # Poler-torm of o comples mamrhe
i

=m Eamer s SOTmIHe

Therefore, Ealer's Formula gives us a way of expressing a complex number in exponential form.

KeyConcept Exponential Form of a Complex Number

The esponesial feem of a comples murmber @ + & bs green By
o+ si=n'"

wheser=Vo' + 0% and 0 =tan""Yira > Dand =t 2+ m o<

%,

162 | Lesson 3-6 | Functions as Infinite Seres



Example 4
Write /3 + i in expanential farm.
Write the polar form of —V/3 + 1. In this expression, a = —\/3, b= 1, and & < 0. Find r

F= :—\I&-}z-‘-l" =y 4+

= Wd or 2 Limyney
Mo finad 8
ﬂ=hn_lL+‘l'l' U=tan "E 4 o< B
¥ g
5
=%+“W‘E Sty

-
Thenefore, because o + bi = ", the exponential form of =3 + s 26+

P GuidedPractice
Write each complex number in exponential form.

aa 143 4B VI

From your stsly of logarithms in Grade W0, voo know that no real number can be the logarithm ofa
negative number. We éan use Eoler's Formula to show that the natural logarithm of a negative member
dibes exist in the compler number system.

&% = cps 4 f ain B

F% =os 4 fsnw

= —1 i)
£ =1

In ™ = In (=1}
i =In{-1)

Euler's Fommss

e =—m.

mEs=—1mdmw =12

Tampedy

Taise the maberni logarfos of oo zan

Powar Procecty of Logarhes

This result mdacates that the natwral logarithm of —1 exists and is the complex number #7. Yoo can s
this resulbt to find the natural kgarithm of ame negative member —i, for & > 0.

In {—k) = In [{-1)k]

=ln{-1) +Ink
=in+nk
=k + i
TechnologyTip
Cormgles Numbiers You can ose
your calinsator So evalusie the
natural iogarithm of 3 negatve In{-5}= In5+m
number by changng from \
REAL to o+ bi sntier MODE. RS

P GuidedPractice

SA I (—8)

LS

Pretnrt Provgerty | gt s

BE—ll=m

Winde an fbe farm o+ b

Find the value of In (=3} in the complex number system.
nf—=m§ -+

Lize n molculmos (o compete I S

Find the valus af each natural logarithm in the comples aumber system.

SB. In{—6.2d4)




Lise E.\:'hﬁﬂﬂl power series representation of ¢ (1.

LT+
Indicate the mterval an which the series converges. Use a
graphing calculator to graph g (o) and the sixth partial suom
of ils power series.

il o
Lok = 2 g =5
3 gin=—2 4 gin=_2

— K Pl
S gin) = — 6 gir)=—2
L =y

Use the fifth partial sum of the exponential series o
approximate each valoe. Round to three decimal places.

T 'I'I_= 8 E'I:I.E
§ priF wn L8
03 w S5

‘EEDLD'E'I' The populatxm density [ per square meter of
zebra mussels in the Upper Mississippi River can be modeled
by = 3_'1;-'}'“". where [ 38 measured in weeks. Use the Rith
partial sum of the exponential series fo estimate the zebra
mussel popalation density after 4 weeks, 12 weeks, and
1 year.

Usie the fifth partial siem af the power series for cosine
of sing to approvimate each vahee. Round te three decimal

places.

u uLnlJ- 15 m:%ﬂ
] In

5. sin 5% 1. T
n In

8. cos T 1. sin 5

20. AMUSEMENT PARK. A ride at an amusement park i in
the shape of 2 giant pendulom that swings riders back
and forth in a 24 are o a masimum height of 137 feet.
The pendulum is supported by a ower that 5 85 feet tall
and dips below ground-level into a pit when swinging
below the tower. Use the fifth partial sum of the power
series for cosie ar sine to approximale the kength of the
pendulum.
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Wiite each complex number in exponential form.

 RRVER 2 Vi-i

73 VI -3 24 -V3-i
Ho1-vE 2% —-14+V3
. I3 m -1-v3

Find the valee of each nataral Joganthm in the complex aumber

system.
9. In(—46) 0. In (~35)
3 In (—245) 2. Ini-7)

33 In(—d38) 3. In(-912)

35. POWER SERIES Use the power series representations of

sin & and cos ¥ o answer each of the follwing questions.

8. Graph fix] = sin xamd the third partial sum of the power
series representing sin o Repeat for the fourth and fifth
partial sums. Describe the interval of convergence for
each,

b Repeat part 4 for fiz) = cos 1 and the thind, fourth, and
ifth partial sums of the power series representing
v . Deseribe the inteérval of comvergence for each,

€. Describe how the interval of comvergence changes
as n increases. Then make a conjechurs a4 to the
relationship between vach trigonometric function and
its related power series as n—oxc,

Solve for = over the complex numbers. Round to three decimal

. 4+ 5=10 I T 412=0

My 7 | HE -1+ 5=-2

8
=
i
P

a1 I0eS 417 = =3

™
IJ
I
£
1]
(53

A2. ECONOMICS The total wahee of an imvestrosnt of P dodlars
compounded continuowsly at an annoal interest rate
of rover | vears B P Use the frst five terms of the
expoential series to approximate the vahee of an
irvestment of $10,000 compounded continuoasly at
5.25% For 5 years

431 RELATIVE ERROR Relafive error s the absolute error in
eatimmating a quantity divided by its troe valoe. The
r:higi'n.* lemrui an approximation & of 4 guandity b is given

br—a

by T Find the relative error in approxdmating £
usimig, two, three, and six terms of the exponential series.

ity Wraage & e el



the value of each using the frst four
terms of the power series for sine and cosine. Then find the
expected value of each.
LR | 21

+L‘D‘|'E

&5, sectl = tan® ]

ad sin®2

46, HAINBOWS Arry's equntion, which is used in physics to mxdel
the diffraction of light, can also be used to explain how a
Eight wave front is converted inio a corved wave Font in
forming raimbows.

This equatien can be represenited by the power series shown
below.

X

Bk — 1) - D]

”’]‘“Eﬂ 35 - &) ;

Use the fifth partial sum of the series to find {3}, Bownd to
the neanest hundeedih,

47. ELECTRICITY When an ebectric charge = accompanied by

an equal and opposite charge nearby, soch an object is
called an electric dipele. I§ consists of charge § &1 the point
r = d and charge — at 2= —d, as shown bedow.

3 5

e g
f———a——dlora+ & ———|

Along the r-ands, the electric field strength at 1 i the sum
of the slectric fields from each of the bwo charges, This is

given by Elsh =

Y W.Hmﬂupmmum

representing Elx) if k b a constant and d = L

48. SOUND The Fourier Series represents a peridic function
of tirne fif} as a summatioen of sine waves and cosine
waves with frequencies that start ot 0 and increase by
mbeger mubtiples. The series bebow % & souwnd
wave from the digital data fed from a CD indo a CD
plaver

fify = 0.7 + {': 1 n'.ul?'llbru'+

Graph the series for u =-l..‘|"h.r_n.analm H‘!.EFI.IPt‘L

m-u I:'"I.'Ibr:l.l']

IDENTITIES Use power series representations from this lesson to
verify each trigonnometric identity.
.:dnl:—ﬂ:— B cos(—1) = couT

5L  AFFRONIMATIONS The infinte series for the inverse famgent

tam™ l:mﬁnml:ryzr L E g+l

Huowiever, this series 5only valid [L'zv.n]uad.t om the
interval (—1, 1).

function iz} =

8. Write the Brsi frve teros of the infinibe series
representation for fix) = tan ™ x,

B Use the ferst frve teems of the Series b approsamate
tan~t {11,

& On the same coordinate plane, graph fir) = fan

and the third partial sxm of the powier series nepresenting
Fixd = tan ! . On another coordinate plane, graph f{x)
and the fourth partial som. Then graph f(x) and the Gith
partial sum.

d. Describe what happens on the interval (<1, 1) and in the
regione ¥ = larr s —1

H.O.T. Problems

Use Higher-Order Thinking Skifls

B2, WRITING IN MATH Describe how using additional

B3 HEASONING Llse the series for sine o explain why,
for x-values on the interval [=0.1, 0.1}, a close approximation
of sinris 1

54 CHALLEMGE [*'l.'l.'l'a.'llzIl‘h.'ul:I:il!lh:\l,:lsﬂ=E
55 REASONING For what values of & and 3 dows ¢® = %7
Excolai

FROOF Show that for all real numbers x, the following
are troe.

" e
B6. ’m:='n—1: 5L cost r-"-l;:r 3

58. CHALLEMGE The hyperbulic sine and hyperbolic cosine
functions are anakogs of the trigonometric functioms that
you stufied in Grade 10, Just as the poings {cos x, sin x)
form a anit circle. the points (cosh 1, sinkh ) form the right
bhalf of an eguilateral hyperbola. An equilateral hyperbala
bas perpendicular asymipiotes. The byperbalic sine {smh)
and hyperbolic cosine {cosh) functions are defined belew:
Find the power series répresentations for these functions.

ol

s'i:uh.t:% cosh ¥ 3




Spiral Review

Use Pascal’s triangle to expand each binomial.

59. (3m + V3)' &0. “r: + 2}': BL (p 4+ gi"

wfdm + 5

6L Provethatd + 7+ 104« 4+ 3n+ 1)l = 'Ilur.lﬂpr.r_:il:i\'emh:pnrt.

Find each power, and express it in rectangular form.
62 (—2424° sa (1+3)° 66 (V3 + V3™

66 Givent = (-9 <3, o), u= (8 —4;3), v= (1.5, =6}, and that the volume of the parallelepiped
having adjacent edges | o, and vis 93 cobic anits, find ¢

Use an inverse muakrix to solve each system of equations, if possible.

6L 1 —8y=-7 88 dx+Ty=22 B w42r4 Iy=18
24 Sy=28 —Gr 4 1y =4 det — Br 4 Ty = dl
- 4 Oy — 2y =—1

Digtermine whether 4 and B are inverse makrioes.
ma:{-' _2],£=[_E 1] na:[_” _:]'ﬁ=l | 5}
7 —-a -7 1 @ 4 -4 =11

73, COMFERENCE A university sponsored a conference bor 680 women. The

Yenn diagram shows the number of participants in three of thie ackivities

offered. Supposs women who attended the conference were randomly

sefected for & survey.

& What is the probability that a2 woman sebected participated in hiking ar

sculpling?

b. [rescribe aset of women such that the probability of being selected =
about (34

Skills Review for Standardized Tests

T4, SATIACT PORS is & square. a i 6. REVIEW What is the sum af the infinie geometric series
What 15 the ratso of the L NP SRR I SN
length of disgonal {5 to 28 12 H .
the length of side B5? F 2 1l
=3 .

. W2

A2 b = G 1 N E
3 W3 P 5
B V2 E
C1
T6. FREE RESPONSE Consider the patiern of dots shown,
RS (o] [o]e]| [e]e]e] e]e|ee
a. Dvaw the next figure in this SEqUETICE.
o y: ole| [o[e[o| [o[e[o]®
rite Lhie sequence, starting with 1. that represends the number of

duots that must be added to cach fgure m the sequence o get the 80 o006

number of dots in the next fgene. e e e
€ Find the expresson for the rth term of the sequence found in part b
d. Find the expression for the number of dots in the sth Bgure o the origenal sequence.
& Prove, through mathematical induction, that the sum of the sequence found in part bis

equal to the expression found in part d

s
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® Organge and desplay data
mEing spreadshests to
detect patterns and
departes from patierns.

Spreadsheet Lab
Detecting Patterns in Data

In Chagter 3, ywou kearmed how Ex detect paitems in 2 sequence and describe tham by wsing funcBons.

Pafiern im Oata Patiem m Graph of

Dizta Segoence

Fanchon Descrbang

Logornie

Seguencs

comman tut differences dala m o knesr pasem anthmete tinpar
daia m an expomenial
commmon rabo natinm QEOMETIC expon pniis

I thés; L, yeou AR 158 & spweadisheet t onganize and disply paired data in arder to lock Toe such pattems.

Activity 1 Datect Patterns

DOGS A certain golden retriever had a mass of 1.45 kilograms at birth. The table shows the puppy's
muass in the first 70 days of fis growth. Use a spreadsheet to find a pattern in the data.

Dearys after Birts 1] 20 i} & 50 B0 i
Mo (g 151 | 248 | 37 480 | 522 | &8 | BE3

EE] Enter the data into the spradsheet.

m To determine if the sequence of masses & arthmetic, enter a formuola i the next cobemn to
find the average daily rabe of change in the puppy's mass.

Ty determine if the sequence is grometric, enter the formula shown im b next cobumn
to find the average ratio of change in the puppy's mass each day

il E3

£ [ B C D
Doys offer Marss Avarage Rote Avevoge Ralio

A: Birth fhgy) of Charge of Change

F & 0 145

3 10 191 ~{B3-BA3A2) EVEZHAT-AZH | =
4 20 245

5 30 i

[ 40 FE]

7 ] 522

[ &0 681

] 0 &53
W[a[r o]\ stwert [“Shoetz [ shest3 ]

< 1] >

LS

Analyze the Results

1. Explain the formulas wed in the spreadsheet.

2. Dwscribe any pattern you see in the dats, What type of sequence approximates the data? Explain.

3. Use the chart tool o create a scatter plot of the data, Does this graph support vour answer to
Exereise 27 Explain.

A, Wrile an eqpuatinm ap procmssting thi dig's mass y after ¥ davs.
5. Use your equation to predict the dog's mass 35 days atter birth and 365 days after birth. Are these
predictions reasonable? Explain
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StudyTip

Lerizin Dmn To oechigase
wenies in data, yoo o use the
Sans Som tool. For Activity 2,
enter =B in coll [ and
=SUNEZ B3| in cefl D3, Copy this
socond fiormula 3o e remainmg
ol in Bue oolumn fo create s

sequen e of partal s

You can aleg wse a spreadshes] o detect and snalyze depanures rom patiems.

HOMEWORK Adrian recorded the numiber af precaleulss problems and bow lang he worked on them
for eight nights. Look for a pattern in the data and any departures from that pattern.
Humber of Froblems o 3 5 & g 9 L L]
Tiome {minj o n a9 M 72 [+ % a0
EfE] Enter the data inbo e =
spreadsheet. ! m
L= A B C ~
B Enter formuolas in the Mumbes af | Time Average Rate
adjacent codumns o ditect 1 | Problems {rrin} of Change
whether the sequence of 2 ] a
is arithmetic or geamistric, 3 3 27 900 |=
Then copy these formadas ] 5 § .50
mbo the cells belkmy 5 B 70 26,00
] 8 100
Look for patterns. Motice T g a1 9.00
Ii'rLa.th.:ﬂ but-:h-w: of the :I'J::I:';- 8 0 an E.00
uf change cluster around 9. 5 % T 540
M A FIMf Shoet? § Sheetd | Shectd el
4 1] >
e
Analyze the Results

6. Where does the departune in the pattern occur?
7. Write a spreadshest formula that could model the data if this data value wee removed,

B. Use the Chart Wieard to create o scatier plot that shows the actual data and the medel of the data.
Does this graph support vour answer to Exencise 77 Explain,

8. Lse wour formula from Exercese 7 to predict bow long it would kake Adrian to complete
12 problems and 20 problems. Ane these predictaons reasonable? Explain.

Exercises

Use a spreadsheet to organize and identify a pattern or departure from a pattern in each set of data.
Then use a calculator to write an equation to model the data,

W, INTERMET The table shows the number of times the main page of a popular blog i= read (hits) each
muonth.

F L B B 0 ¥ 15 20
LE] L4 265 368 474 2 wis | am

. COLLEGE The table shows the composite ACT scores and grade-point averages (GPA) ol X studends
after their firs semester in college, (Hut First wee the Sort Ascending tool io orjganize the data. )

ACT Scoew ) L] -] 2 n i 5
Colege GPA 19 25 7 15 X3 14 n
ACT Scoee .3 L] s H ) 8 7
College GPA 44 | 15 FL 40 15 i
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Chapter Summary

KeyConcepts

KsyVocabulary

Sequences, Seres, and Sigma Notation
« B finfe sequence is 3 sequence with & sel mumber of fems.
An irfinle segoance has infnledy many Erms

« A sequence wilh 3 Emil s said to comverge. A sequence with no kmit
i= sal 10 dfverme.

Divergem Sequence Convergent Series
EEE.'ERE AEE R
L]
= .
L
4

o A [0 el bl
i1 1 .

1 LT ) ¥

« Asenes s ihe sum of all of the lemms of & sequence.

tﬂ_, =04 Oyt ay 4o 4 4,
A=
Arithmetic Sequences and Series
»  Thee arth term ol an aifthenetic sequence with st tem o, 30 Comimon
difference o is gheen by o, = o, + {0 = Ta.
= T suim ol & finite arthenelic Sedes 15 gaven by 5, = .'E—llh]'l +a)
ai 5, =§|3ﬂ'. +ir = 1)d]

Gepmetric Sequences and Series

«  Thenih tem of 3 geometsic sequende with st 1emm o, and cammon
ratio r s given by a, = o001
o Thve sumof the first o terms of 3 geomelic Lerkes 5 ghen by
gy—a,r
—r
a
«  The cum al an infinlle geomeirc senes s given by 5= 1—'
—F
for Jr| =1

§ - o
5.,=a,ﬁ:|m5..=

Mathematical Induction

- 11 P, = & siaenent aboul & posilive Eeges o, ihen P, kS tss for 2l
positive integers o il and ealy i P is frue, and for every pesitve
inkager k, 1P, s true, then B, . jsie

The Binomial Theorem
»  The expression io 4 b)" can be sxpanded using Me oth row of Pascais
triangle o determine the cosfficents of each leom

»  The bnomeal coetficient of the 0" ™'t term in the expanséon of
o+ Bj" isgwven by L, = ol

fn— rijl et
Functions as Infinite Series

Es
v A perwer senies in i ks an infinile sesles of e form % a,x"
sl
«  Euhers Fommida stales tat lor any real ramber g,
&%= s @ -+ fsin

anchor siep
anithmetic means
afthmeatic seguence
anthemetic sefies
birsaimaal coalfhkenis
dancmial Thearem
comman differencs
commen ratic
COME e

diverge

Eulers Formisia
apen enlEal Leries
Fibanaod sequence
finMe sequence

finie sevies

geametic means
Qenmetns Sequemnte
QEDmens Seqies
indurtive hypothecs
Wduclrd S1en
nfnite saquence
ifinite saries

fih pariial swm
DOWEr SEFjES
regursee Tanmala
sepond diferenos
SEfuehe

LN

Sigma natation

1eshim

first dilferemce

¥ocabularyCheck

Staie whedher eadh seplance is nse of lalse. i faloe, replace the
umdedired 1&mm to make a lrss senlence.

1 |n mathematical nduction, the assamgtion Mal & conpeclre works
lor any parficular case is cabed The indoclive vpofhesis

L Asequence hat has a set number of berms i called an glinfe
SEGUEnCE

3. A Seguince ¢, defined &5 & lundton of 0 & defned [Eursiesy.

& The step inwhich you show Mhat soemething wioeks for the first case is
called the inductive step in mathematical inducticn,

5. Explicily defined seguenies give one of moee of he lirst lew 2ms
and then define the tenms That follow using Bose previous [erms.

6. The sum of the firstn terms of 3 finfle ar Evinge SEquence I5 raked
a [inite ek

1. The dfference bebween the tams of an adimslic seguende 15 called
the OB Sic

B A W 15 e s of the tarms ol a feomelic Sequence.

9. I asequence 00eS No1 Reve @ [ImiL, it 1S 536 00 Cofvenae.

The Binomizd Thete®am is a reCursive Sequends (st gecrribas masTy
patiemns lound in nalure
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2Study Guide and Review continued

Fimd thie nigst Tour Werms of sach Sequeanoe.

T L9825, T -1 20,

Fired [he indecaled sum l'or each seqguence.
13. tounh partiad sum of @, = Zn = 10

. 5. ata, = —r

Fimd gach sum.

15. iﬁE 6. i?rx—d
] i

i .3
Find the sumof 3 n — 5

[T ]
Find the values fora, forn = 1,2, 3, and 4
gy = [)F — 5.0 -4
a2y = @2 — Sor —1 =
py={3" — Sord =
7, = {4 — GarH =4

4
Therefors, Erhl = o= =f o [=T) & 4+ Nor
._‘!

r- :" Arithmetic Sequences and Series

o -'I

Wrile an exphiil formala and & recursive hrmala for Rndeng (e nith
tenm af @bch arithmelic Sepuence.

1. —B —14. 1B 351

Fimd 2ach sum.
B. 50t paiial sam of 55 + 62 + 89+ .. + 358

20, 1/h padtial cam af9 + 3 & [ +

Find 2ach sum.
35 I

2 S -3 ZZ S e d
] ] =i

Fired Bhe 43rd paniad sum of the ambemetic sedes
104 4 100 + 86 + ...

Use Me second 5um of 8 fnile arthmel Sefies Tommies.
L= %;1;1 4+ [n— 1]
a3
Sqa = S 120104) + {43 — 1§—4)] :
= 860

The 4300 partal sumiis 5, = 360

Geometric Sequences and Serles

Dedermine the common rabka, and {ind e next e terms of each
DeMMBNC SEqUENDE.

4. 5,05, M5, ..

24, 3+ o, -1 — 40 48 + Ta0,

Write an exphCil formala and a recursive larmala for Ending
Ihe nth lemm of each geomslnic segquence.,

28, 10, —20, 40, _ IB. T2 5408,

Fird ®ach sum.
2T. first seven terms of 83 + 32 -%q* 3

28. a,="10,= 360,448, r=8

Determine the common ratk, and find the nexd theee terms
of 27, <8 3, ... _

First, Timnd the Common fatio.
L LI'1=—§ '—?]‘I:Ir—'J_.I
ay+ 0, =3+ —Bor—

The cammon ratio ks —5‘ WilBgily the third tmrm by —i'im.nn
I fourih lesm, srsd S00an.

Y] = P
|1_,|-3- J_|:|r-1 |'J-:——1- Jmi
E'——] 1'|:|1 .

Bog- R4
1

The ned Thees lerms are —r.f. and —'E'I
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9_/1  Mathematical Induction

1;-' h- I.-.l-

pashive mnbegers m,
2. 6" — 9 is divisibls by 3
30, T — 55 divisible by 2.

31 5"+ 3 is divesible by 4

nfr + Hldn + 5
3

1 1 1 _ nmp+3

1-2.3  Zaded Ao+ T+ din+ 2

32 2-344:-5+6-FT4 -+ Infin4 1=

Prove sach imeguasty for the indicated valuss of n,
B4 4" =dn, Tor a8 posiive nbegess n

35. Sn < B, for 2l posithve integers A

Use mathematica ndudlion bo prove that each canpscluie S true lor 28

Prove thal 5 — 1is divisible by 4 for all positive Inbegers n

Ceonjecture and Ancher Step  Let 2, be the stalement that
5 — s duishie by 4 Whenn=15"-1=58" -1 4. Since A |
divizitle by 4, e stalement P, is rues

Induckive Hypothesis and Step. Assums that 5° — 1 iz divisibie
by 4. That is, assweme thal 8% — 1 = dr lor some me0ed r. Use this

inductive hypothesis to show that 5~ — 1 is dhvisible by 4.
5 —1=a
B =t 41
65 =8lr+ 1)
1=+ 5

Sl i=Jared

L, B T |

Sirece ¢ s an integes, 5r4- 15 an integer and 45 + T)is divislble by 4
Thenefore, 5 * 7 = 1is divicible by 4

Cendusion  Since P,k tiueforn = Tand Py nplec P, P, i rue
foe = 2,/ = 3, and sa on. By the principle of mathematcs
indurtion, 5 — 16 divisibe by 4 for all pasitive integers a.

The Binomial Theoram
Use Pascal's iriangle (o expand esch binemial.
36 jx + 6)°

a1 ym— Saff

Fird the coefficient of ihe indicabed 1erm in @ach expanskan
IR (Bx— M Y E term

38 |2y + 35 B8 farm

Use the Binomial Theorsm to EIFIEI"] each Binamial
a0 (27 -7

&1 {dm + 3n)°

Use the Bineenizl Thearem b expand [3u 4+ 10)5

Agpdy thie Hisamibal Theorem 1o expand (o 4+ .'.'l!IE. WiErE

= 3 and b =10

x4+ 09 = L0 + O poy’ + oo et +
i T o R e T

K24 5)n + SR )R 4+ 0T H00) +
B0 SWR000) + SExN0.000) + WHI00,000)

243x5 4 4050 4+ Z7.000x7 4 90,000 4
150,000 + 100,000




. Study Guide and Review continued

-

~ : e rfinl
<-b Functions as Infinite Serles

w
Use " x® b find & powes sesfes representation of g jx |
=)

. N
Indlicate the ivberval on which the series converges. Use a graghing lse 3 x" o finda sk peprissaktion of
calculaies o graph g x) and the Gth pariial sum of @S power =
serieg,
gix) = ri: Inelicate the mberval on whach the seres converges,
1 e i
palt Ll pur A geomeiric seres comerges 1o Fix] =1—1 =% &
— A
e =t
bl Lol b T |xi-n1.ﬁ:eula:e:.wl:‘n’%3mgu]ﬁe
X " _gfr+3 I
Use the TiFtls partial sum of Me axpanential senas 1o appraimate eacl iransharmation of flx} and: gle] = -’|: . :| The sesulis
value, Round Lo thiee decimal places. ; s
1 "1_”3:|=E||*+3‘| ‘rﬂr“'Jlnat
a4 & - =1 .
e i Therefone, gix) = %, £an be represented by
) e ) e = IR K | e
Find the walue of each naturad Bgarkthem in the complex namber E:_l. 4 :| This seres converges for | = |*~ L
tem. ,
o which is equivalent o —1 < 253 < jar-T < <1,
46. |4 :
&1 (=715
e "

Applications and Problem Solving

48, RETAIL A chain of retail coffes stores has a business plan that S1. MUMEER THEORY Considerihe siatement 08 =1
inclisdes opening & new siodes naticmwide anngally. H Ihere were
480 sioses on fanuary 1, 2012, how many stores will There be a & Peovethat 0094 008 4 0009+ o4 L -1 any
the end af the year in 20187 peisitive Integer a. e wr

b. Use your undersianding of bmils and e stalement you proved

48, DAMNCE Mara™s dance 12am (s perfoeming at a recital. Is i par & to explain wivy 0 §=1isrue

ane farmation, thede are hree dancers in the frant rew 2nd
two additional dancers in eadh row behind the first row. B2. BASKETBALL Jule wsoally makes 4 oul of every © free thiows
that she atlempis. Whatis the probabilty that JuSe wil make

a. How many dancess are in the fourth row? S oul of B od the medt free thiows that she allempls?

b. IFthere e eight rows, i many members does the dance
feam hawe? B3. HEIGHT Lina ks estimaling the heighi of & fres. She stands
30 lect Irom The base and esimates Mal her angle of sigat o
the top of the iree = 40, If she uses the fifth paral sum.of The
Lrgomnomelric Sefies 100 Cosing and sme approximaied 1o three
decimal plaes to caloulate the height of the tree, what s Lina’s

estmale?

Bl AGRICULTLARE The populaiion of 8 herd of 00ws inCréases a5
shown owes The course of four years.

Toar 1 i i 2

Popuiation 7 5| 56 | &

& Write an expbeit femmuls far finding the poplation of te herd
after YEEE. Assume hal the seguenoe shiwn abive S
gEamElric

B. 'Whal will the population of the herd be alter T yaars?

c. Alroul bow many years will i 1aks e populalion of te herd to
exread 157

172 | Chapter 3 | Study Guide and Beview
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Fnd ihe specified term ol sach sequente.

=1
1 I"I.ITﬂ'.I!E"I'I'Lﬂ‘II= 3

21—

2

=

Z cidhterm, a, = 1560, =

Fnd ihe indicated sim for each sefes.
3. fifth partisf sem ola, =37 + 4

& S;l-2.3.8.0,

s e dlicated arithmistic means for esh Sel of Renoonsecive Ferms.
b, Imeans; —10 and -2

B, & means; —4 and 56

7. EXERCISE While training for a S-mile fun mum, Kiesten mn 1 mile
earh wirkol during the first wesk of raining and added 0.5 mile
per week 1o @ach s £o that she ran 5 miles each wodkoul the week
betare the run. Il Kirsten had training firee imes. per weelk, how
many meles did she run during ber training?

B. FAREWDRKS If the year b0 year infrease i ancngdance at e
Rreworks shaw is constant, whal was the aftendanie each year from
2003 1o 20077

— o oy,

Show a success

Attendance at annual feewarks
shows increases fram 12,000 in
AHI2 fo T332 n 0E

L

i passshle, find the swm of each infinfe geomein seriss.

448 P
-8 WE 5~ 10. E 200.6]

. GEDMETRY The measure of sach inferlor angle o of &

reguiar palygon wilh i sides isa, = Eﬂ"+_:ﬂ whare
n=i
i’ M
i il
n=1 n=4 n=%

& Find the measure of an exerlos angle of & regular triangle,
square, perlagos, and hexagon.

b. Wrile a genesal formuila lor the measare of an exieror angle af &
regudar podygan with m sides.

¢ Determins whether the sequente is comergent or divesgenl
Does this make sense in the contest of the situation? Explain
FOUT FEaSaninG

Prowe sach insguallly Yor the indicated values of n_

12 m>5"nx=12
13 <M p=l
W F*>n+8023
15.

L
1rr-:[._75] A=

Uz Pascal’s riamgle 10 expand each hinamisl.

;B [2x+ Bt 17 w—a'

1B, MULTIPLE CHOICE ENs’ bazkeiball scofing stafisthios are shivwm
below. Based on his stalistics, whal is ihe prohabdty 1hat e will
sCore & 2- ar 3-point field goal o 3 08 his next 7 shors?

Theis on Z-point Shok 3. pomnt Shols
Gaal Seored Senned
20 n k]
A 0%
E 04%
C 971%
O 238E%

Use the Binomial Thearem o expand and simalily each expressian

| [x— 4 20. (o + b

Use E:“mﬁnﬂapm series repraceniation of gix L
L]

Indicats the imleval om which 1he series comerges. Use a graphing

calculalor tograph g« ) and the Bih parial sum of s power series.
3 2

A gl =3, 22, gir) = -

23, SKATEBDARDING A skaleboarding ramp has an inchne of 247 Use

the Sth partial sum of he ingonomelic series lor cosine of Sne
approaimabed to three decimal plades to nd the Eagiheof the famp.

178 #

Write eath complex numBber in exponenisal lesm.

M4, -1 5. 1-v5
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Yo Can appedimate the @rea bebwesn a curve and he v-ais, You
an divide the area into reciangles, find the area of each indhvidual
rectangle, and then caloolate he sum of The areas. In cabrsbes, his
process b asshgned special nodation and s studied hather in an effort
i calcidate ewart areas. We will anayze the components of this process
i betler nderstand the nolalion.

4 =
as

The gvea 4 af the regaon shown above can be approdmated 23 ol ows.

A=05-fN+ 05 /LS + 05 20} + 05, N2.5 4+ 05 430) + 05§35 + 05, fj.0) + 05, (a5)
Motice that we can tactos out the wedih.

A= 05 [11) + r{L5) + f2.0) + 2.5 4+ (50§ + 7.5 4+ A0y 4 rias)]

Lo =i1y] aum al the g
The appeeadmation is egual to ihe product of the width of the reciangles and ihe sum of their helghis. We will examine
bath o Mese ComMponents. Sepanaisly),
The first component used 1o appradmabe the area of 8 regeon 1S the width of he etangles. The width of the
rectangles, denoied Ax, [s the difference between the belt endpaint and e raght endpaink of a rectangle. such as
25 — 2o 05 Genarally, we are nol given amy af he x-cooidinales of ouw rectangias. instead, we gt the wer
Bond o and the uaper booung B of the Entereal o &) and the nuember of redangles

Activity 1 |

Find Ax if we want bo approximate the area between Ih.-pqﬂtifhi:la—-—rz+5:uhiuu
seaxis on the interval [1, 4] using 6, 12, and 24 rectangles.

Find the total length of the interval by
caleulating b — a.

EFE  Divide the answer from Step 1 by 6

5] Repeat Step 2 for 12 and 24 rectangles.

’ Analyze the Resulis
1. As the number of rectangles increases, what is happening to Ax? How would this affect vour
approximation bor the area?

2. Find Ax if we want o approximate the area between a carve and the s-axis on the interval
|, b] wsing i nectangles,

3. Aswapproaches o, what i happening io Ar?

%




LR T P

Figure 3.CAPY

%,

StudyTip

lolation Whon Bsang to
evalushe e xum, it may be easiar
1o nepresent the approcmation for
the aros of o megion ax

mgﬂ

The second component needed to approximate the area ol a region is the sum of e heights of ike rectangbes The
surm of e hedghts resembies (he sum of & series. For he exampie presented in Ay 1, this sem is
i+ A5+ N2 4 f25) + fE00 + /354 40 &+ f5.
Since these ware B redangles, fx) & evaluated dov B values of k. We can wrile this senes as
Pl + Flag) + Fleg) 4+ Flag + Fleg] + Pieg) + Feg + Fleg)

wherex, &, ., x; ase I p-coondinaies wsed to find the heights of e reclanghes, as shawn in the figure. We can
3

rwuﬂmmmma ;). For example, e sum of 16 hesghts jor flx) can be weiben in

expimded farm a5

L5 I_- I-. iy L™ l_‘ { 7] J.'

[
E;:m=r{1p+rp.5]+t;zn]+tp_a+r|;1q+r{35+ 100+ 1 a5

L]
umnmﬂmmmnmamumﬂasg?ml
Yo e hawe the i comMponents Tee sopronimating e aea of a regeon using M ieciangles.

We can mulinly our wedth by our expression for ihe-sum al the heights to develog the nokatian 1+ A This.
eapecsiod i (afied & Semoan sum. =

Activity 2 Approxdmate Ar Vi

hppmﬂuﬂtﬂ!uﬂbﬂﬂmﬂ!pqﬁﬁﬂﬂ:~x’+ﬁrndﬂx—uﬂ:mﬂuhiﬂnl

[1, 4] using & rectangles. Let the left endpoint of each rectangle represent the height.

EEEl Leia=1b=4d andn =6 Caboulste Ax

BETEl  Write the approxmation in sigma mofation.
Sobstituibe the value foond in Step 1 for Ar and
letm= b

g fir) 0.5

Wik the ian i desed form.
EXPTESSION. M EXpan
Em

¥

05 [flry) + flrg) + flzg) + flxg) + flzs) + fix )]

Find each vahee for x. x, will start at 1.
Each soccssine valoe for ¥ con be found

by adding Ax to each previoos value.
For example, ¥, = 1 + 0.5, 1y = 15 + 05, and 50 an.

B™E  Calculabe the area of the rectangles.

P Analyze the Recults

4 i nincreased to T2, how woukd it change the expression in expanded form? What would hagpen
o the rvalues found in Step 47

5. Asu approaches oo, what happens to the caloolation?

e

Model and Apply

Given n and an interval [a, I, find Ax. Then write the approximation for finding the area between the
wum=-f+mmmemh@mmmuumummwu
each rectangle represent the height.

B. m=4d]13] T =1k 5 10] B n=24;[3.9]
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of center and spread
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EALETTY e EFINEms

. in 'rl_ﬂnrq;. I emnvironmeetal engireering, 'rq'pnmm

e R e L testing can be w=ad o determing if a change m an emesshon ievel
m'ﬂmw“ for 2 chemical hes 3 sgnificant mpact on ovesall pollution. Also,
T PSS confedencs ménes can be wsed o help swggest resrictions an

B Copstruct and wse probshil ity oy-product wastes o grommd warsr
distriutions.

PREREAD Scantbe study guide and review end wee i {o make two
® Use the Czmtral Limit Thesrem. or three predictions about what yob vl Eam e Chaples 4
® [Fiad and e condidence
rifesvEds; and perfonm
Iypattsesis Secting.
B Analyse amd predot using
[Divanats ostn.
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Get Ready for the Chapter

| QuickCheck

Find each value.

L '5& 2, f.l £ tE3‘

. INTERMET The iahle shows ihe sureey resulis of 18 hiah schoal
Shucents whi were acied how many hours they spent on the intemet
ihe previous waek

Hoaers Spent on the Internet
2 15 1 B | A5 | 1§

Lt 4 [5S]| 35| 715 | 15
45 | 1 |15 | 5 B | &5

B Make & hstagram of the data
b Were there more siudents on the Imtesmet Ios lewer than 3 hours
&f more than & hous?

For Exercises 5 and 6, comglete each step.

&, Lneasize the dala accarding 1o ihe ghven modél.

B. Graphthe lineavized data, and find the Tinear regression equation,
€. Use'ihe [inear moded in find 8 moded for the original data.

5. exponential 6. goadiatic
EEA EEA

a 1id o | 240
i a7 i | G4
2 w5 1 | 6O
3 | G484 3| 13
E il 4 | MB

TIRIA § | 85

|] [ New\Vocabulary

percentiles

random varizble
probabifty distribotion
hinomial distribution
nzrmal distribation
zvalue

standard error of the mean
inferentiad statistics
confidence level
critical walues
confidence interval
{-dastribution
hypothesis fest

level of significance
p-walue

correlation coefficen
reqgression lins

residual

l ReviewVocabulary |
| statistics the science of callecting, analyzing, inerpeeting, and
presenting data

histogram mumerkcal data ofganized svio equal infervals and displayed
using bars

Winning Scores of the Super Bowl

0

1]

-
=3

Frequency
-3

19 2019 10-19 4049 Sp-5%
Sonre




® You found measwwes @
of central tendency
ani stamdand
daviations.

NewVocabulary

univarlats

negatieely skewed
distributian

symmedrical distributson

posithaly skismed
distribution

restsiani statisiic

clusher

Imodial disirbution
percemtiles
percerdile graph

178 | Lesson 441

A

Identify the shapes of ® A high school newspaper repoits that acconding
distributions in order
o select mare

approprizie statistics.

Use measiwes of
pasition b compane
twd sats of data

IDescriptive Statistics

*Why?

1o 2 random survey of stdents, the mean and
median number of inescused tardies receied
by students last year were 7 and 5, respectivaly.
While both of hese values can be wsed to
describe Ehe center of the survey data, anly a
gragh of the data can reveal which measwre best
represents the typical number of student tardies.

Describing Distributions You described distribotions of pnivartate or onevariable data
numerically. You did this by calculating and reporting a distribution’s

& center using erther the mean or median and
L] :.'Fu'rad or variababigy :L-:irl_g wither the standard deviation or fvemumber summary [puartibes).

To determine which summary statistics vou should choose o best describe the center and spread of
a data set, vou must identify the shape of the distribution. Three comman shapes ane given below

KoeyConcept Symmetric and Skewed Distributions

Symmetrical

Positive or Right-Skewed
Distribution i

AT

fail

=
=

mcian pypas

%
P, mesdian

*
mean median

Imi o negatively skewed distribution.
the mean = less than the median, the
majority of the data & on the righd, and
the tail extonds o the left

In a symmetrical Ssinkstion, the data
er evenly cdatribuled om botl sides of
the mean, The mean aod medan me
spornarmately equal

In a positively soewed distrietion, the
mean is giesier than the median, the
masfority of Sw dala i oo the lef, and
the tail extends 1othe right

When a distribubion i neasonably symmetrical, the mean and median are chose together. In skewed
distributions, hawever, the mean is kcated closer to the tail than the median, Cutiers, which are
extremely high or low values in a data set, will cause the mean o drift even farther toward the tail
e median is less affected by the presence of outliess., For these reasons, the median is called a
resistant statistic and the mean a morressbond sdadefie,

Since standand devistion measures the spread of 2 distnbution v how far data values are from the
mean, this statestic is alsy nonresistant fo the effects of outliers. This leads to the following gridelnes
nl:luut choosing summary statistics fo describe o distribotion.

KeyConcept Choosing Summary Statistics

iren choosing monsures of center and speead to describe a distibubion, first examine the shage of the distribution
* i the distribetion & reavonobly symmenonl and hee of outiers, e the moan and sisedard dewabon.

& | the distriseSion & skewed or ks strong oeSiens, the: five-number summany jmmimem, quartiie 1, medine, quartie 3
maucenu m| wssally provides a betier summeary of the overall patbeen m the data

Mol Hi| Edie atlan Maibdih Shulbesiockosn

Copaghl



Techmology Tip

Ein Width Om a graphing
cnkculater; pnch bas b= called &
B The bin wackhs are chosen By
the calosiator when yoo use the
ZoomSiat ieatere. The bin wadth
an be adissted by changng the

¥scl peremeior under WINDOW,

A b width that s oo ma e o
oo wide wil| afiec! the apparent
shapss of n desdribarbon

L.

WatchQut!

Suew Direction The tsil of the
distrémsfon radcabes m winch
direchon o distriburtion = skewed,
not the pase.

When identifving the shape of a distribubion, focus on majer peaks in the graph mstead of mimar wps
and downs.

AEAL ESTATE The table shows the selling prices for 2 sample of new homes in a commumnity,

New Home Sefing Prces

[thou=amds of dolars)

ME | M8 | X4 | 250 | 7S
299 | 305 | M2 | N5 | M5
157 | XM | I | B3 | M2
20| 13 | 1M | N | e
IR | M3 | M| M| s
MA | 327 | e | M2 | T

&, Construct a histogram and wse it to describe the shape af the distribation.
On a gragshing caboulator, press | .ﬂ‘FAT.|EEHm|:|.'irq:uI:H'|:|:|..anirl‘hrL1 Then twrn on Plot! wader

the STAT PLOT menu and choose dit Graph the histogram by pressing 2oomStat or by pressing
GRAPH and adijusting the window manually.

The graph shown has a single peak. Using the TRACE feature, you can determing that this peak
represents selling prices from 5210 to 5220 thousand.

Mo b,

1200, 300 scl: $0 by 00, 81 5c1: 1 1204, 00 sl 10 by 10, 87 5k

The graph is pusitively skewed. Most of the selling prices appear o fall between 5210
and 5251 thousand, but a kew were muoch higher, so the tail of the distribotion trails off
tex thee right.

b. Summarise the center and spread of the dats using either the mean and standard deviation
ar the five-number summary. Justify vour choice.

Since the distribution is skewesd, wse the fivenumber U= Sials
summary instead of the mean and standard deviation Tre 20

; mirel=2E5
hlwﬂrmﬂruﬁdﬂn‘ﬂﬂdﬂhﬂ.j’u 1=21
display this summary, press _STAT L select 1ar Stais L i |
pnder the CALC submerm, and seroll down. Eg a

The fve-muember summary (mink, G, Med, Q3. and maxx) indicares tho while the prices range
from 5205 to 5299 thowsand, the median sefling prive wias 52275 thouwsand and half of the prices
were between 5217 and 5245 thousand.

P GuidedPractice
1 LABGRADES The labormtory grades of all Lk Grades ipsrcant]

af the students in 4 biskogy class are shown ] e L6 |81 95 |6

.- W ek shee 0o BE | 76 | BY | 00 | WE | T
describe the shape of the distribution.

8 Summarize the center and spread of the ] il ool ) B B
data wsing cither the mean and standard 52 | 73 | &0 |88 | 4 | TR

deviation or the fve-mumber summary.
Jusshy your chaice.




studylip

Uit Distribubon i ancther
typo of destribution, kniown = o
umTGrT cisiribefion, cach value
hhas the same relatve frequency,
s shown Setow,

Real-WorldLink

in 3008, Grome Washmgion
Uinnersiy hod the highest mision
ot m e LS o SITENE
peryear T wos roughiy 8%
of the mockar anrus fsmiy
moome of S48 T

Sennce: Fote: Mg s

180 | Lesson 41

Dhstributions of data are not always symemetrical or skewed, Sometimes data will fall mito
subgrowps ar chastérs. If a distritution s a gap in the middle, twi separate clusters of data
mary result. A distnbution of data that has two modes, 2nd therefore fwo peaks, is knownoas a
bimodal distribution.

In data that represent a reparted preference about a topic, a kimodal distribution can indicate a

podarization of opinions. Often, however, a bimodal distribotion indicstes that the sample data
cunmmies from twe oF more sverlapping distributions.

* 'Real-World Example 2
TUITION The annual cost of tuition for 3 sample of 20 colleges at a college fair are shown,

College Tuition Costs (5]

3000 | 10100 Noo0 | m.000 150
500 | 35000 | S0E00 £ 500
1400 15,104 B0l | Fh600. | 3300
36200 | 32000 | I0A00 | 300 | 12800

a. Construct a histogram, and use it o describe the shape of the distribution.

The histogram of the data has not one bt bve major
peaks. Thesefore, the distributaen s neither
symmetrical mor skewed bt bimodal, The two
separate clusters sugpest that two types of colleges
are mived in the data set 1t is likely that the

11 colleges with kess expensive tuitions are public
colleges, and the @ colleges with more expensive
tuitions are private colleges.

[0, 0,000 sck 2000 by (0, 6 sck 1

b. Summarize the center and spread of the data vsing either the mean and standard deviation ar
the five-number summary. Justify your choice.
Since the distribution & bimodal, an overall summary of cenber and spread would give an
inaccurate depiction of the data. Instead, summarize the center and spread of each duster. Since
each dluster appears fairly symmetrical, enter each duster separately and summarize the data
wsing the mean and standard deviatwn of each cluster.

1Mar Siatle 1-Var Sials
"x-l??ﬂﬁ :::-3 EEIE-. BLET
1 033

et b S

memadEl, 442 b= ]
=11 =9

The mean cost af Cluster T is 510,900 with a standard deviation of about 5405, while the mean
cost of the Cluster 2 s $31 866 with a standard desdabion of about $2837,

P GuidedPractice

2. TRACK The numbwers of minutes that 30 members of a high schisel cross-country team ran daring
o practioe sesaann are shown,

I -] | 58 1] a9 55 k| &l 36
] &0 45 22 B4 45 k] i 53 E5
1] w 28 &4 3 B Bl -] &2 £

A Conatruct a histogram, and use it o describe the shape of the distributson,

B. Summuarire the center and spread of the data using esther the mean and standard deviation or
the five-number soommary. fustify vour chodce.

Diescriptive Statistics

Pl H | Bl atlan P Dk o't mdock. cam

Copaghl



Your can alss examine a bos-and-whisker plot or bar plof of a set of data to identsfy the shape af a
distribution. To determine symmetry or shewness from a box plot, vou must consider both the position
of the line representing the median and the length of each “whisker

KeyConcept Symmetric and Skewed Box Plots

Review\Vocabulary
interguartile range the
ditference tetween the opper

quartile and iower quartiie of
data set

MNegatively Shewead Symmetrical Pasitively Shewed

= b || e P | el

The leti whisker is longer than mght The whekers ave the same fengts, and | The right wisskes & longer than left

whizker, and S Ime representng the e Ine representng the medan & whizicer, and the line representng the
median s ckser 100, than so O ety hietween 0, and 0y mechian i choses 1o 0, than to O
Example 3

POPULATION The table shows the populations, in thousands of people, during a recent year bor
fifbeen cities in Florida,

Population [Thousands)

151
B2 | 13T | W | B2
e

&
&
2
E

&, Constroct a box plot, and wie it to describe the shape af the distribution.

Input the data mito Lt on a graphong caleulator. Then turm on Plot! ander the STAT PLOT menu
and chwiose S Graph the box plot by pressing ZoomStat or by pressing WINDOW and adjusting

the windomw manwally.
{D—. .

Since the right whesker s longer than the left whisker
and the fine representing the median & closer to 0,
than to O, the distribution is positively skewed.
Motice that the distribution bas an outlier at 736,

16, 8000 sl St by [0, 1] sck: 0,5

b. Summarice the center and spread of the data osing either the mean and standard deviation or
the five-number summary. Justify your choice,

Since the distribution is skewed, use the fivenumber [—=r Gizi=z
summary. This summary indicates that while the HrslS
papulations ranged foam 89,000 to 736,000, the Rinee
median population was 151,000, Populations in the EEEF =l
midclle half of the data varied by 208000 — 109,000 E3E¥§

ar 139,000 people, which is the interquartile Nanss b
Carpe

P GuidedPractice

3. TRUCKS The costs on a used car website for twelbwe trocks
that are the same make, masdel, and vear are shown.

A Comztruct a box plot, and wse it to describe the shape of

Used Truck Costs (%)

the distribution.
B Summarize the center and spread of the data usng either ki Lk 7800
the mean and stameard devgation or the free-member B000 [ ] 5 500

summary. fustify vour choice.




Measures of Position The quartiles given by the five-number summary specify the posstions
of data values within a distribution. For this reason, box plots are st useful for side-by-sade
comparisons of two or mose distribotions.

Exampile 4

are shown. Construct side-by-side box plots of the data seis. Then use this display to compare the

dhistribrstiomns,

45 |57 | =8 | 57 | &0 43 | 13 15

EO | 54 | &2 58 E L] aE s | ao

54 | & | M | 44 | 5B & | W] a5 | 1 L]
Input the data inte L1 and L2. Then turn on Plof and m
Plol2 under the STAT PLOT menu, chooses S5 and
graph thie bow plots by pressing ZoomStat or by —]] =

pressing GRAPH and adjusting I‘J.'IEI.I.’EI'H.‘IJ‘I'I'D‘I.:;I‘I.I.H‘:F.

Lo, &3] sk Sy [0, 1 ack 5

Compare Measueres of Position

The median number of games won each season i the first 15-year period i greater than those
wun every season in the second 15-vear period. The first quartile for the first 15-vear period &
appracimately squal to the maximom valoe for the second 15-vear period. This means that 75%
of the daka values for the first 15-year period are greater than any of the: valaes in the second
15-ywar period. Thersfore, wie can conchsde that the Celties had significantly more successful
seasons during the first 15-year period than during the second 15-vear period.

Compare Spreads

The spread of the middle half of the data, represented by the box, & roughly the same in each
distribution. Therefore, the varability m the member of games wion each season m those 15-year
periods was about the seme,

B GuidedPractice

4. BASERALL The number of home runs hit in Major League Baseball in 1927 and 2007 by the
tevp 200 home run hitters i shown, Constroct side-by-side box plots of the data sets. Then
use this display to compare the distributions.

\m|m|ae|xn]s 40 | X | 47 | N | e
||| |12]ed 3 |3 | 3| 3| A
||| |5 | s | M| n|a2
2| n|w|w]| T 3| N | M| 55|35

Slud'f“p Iy additson to quartiles, vou can also use percembiles bo mdscate the relative position of an individual
R e e ue within a data set. Percentiles divide a distribution inte 100 equal groups and ane srmbolized by
S s At PPy, Py Py The wth percentile or P, & the value such that o'% of the data are less than P, and
o st thal thvicke {1 — mi% af the data are equal b or grester than P, The highest percentile that a data value can be
nn moened sef of data into equsl is the 90 percentile,

grows. Becies diade o dats sed

lemmlm A percentile graph uses the same valwes a5 a cumudative relative frequency graph, except that the

proportions are mstead expressed as percents.

182 | Lesson &1 | Descriptive Stakstics
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Your can use a percéntile graph to approcmste the percentile rank of 2 given value for 2 variabie.

Example5 (= Brcer

GPA The table gives the frequency i
distribution of the GFAS of the Bocsidaries
200 students at .H..llﬂ".rl' H.El:‘l bl
" o s 200-235 W 100-125 3
2.25-250 28 125-350 E ¥
250275 3 I150-375 26
2T5=-3100 32 I 754 00 B
-
WatchOutl 8. Construct a percentile graph of the data,
Perendoge t:::::::h:u First, l-m_d. the cummulative frequencies. Then I|n.|:|.. the cumulative percentages by expressing the
Pﬂ“m; . iudent gots 15 curmulative frequencies as percents. The caleulabions for the first two clases are shown
probiems comect oot of o poasibie
00, he chiaies o percentage , e - & =
oS sttt el | 2| Wrssmsivll i raand Students at Ash|yn's School|
whether S grade was high o law - . .
| il kot st s 200225 | w© 0 a5k b 1) 1]
E-] Es :
225150 8| W+ ZMor3l ﬁnr'l?-ﬁ 5
L
25037 | 30 & s -
.30 | 32 1080 505 E " A
100-325 | 38 ] E2% s
15350 | 2 s s o bt ]
T = o v 2 35485 4l
35400 & 200 i GindrFoint
Firually, graph the data with the class boundaries along the r-axis and the comulative pescentapes
abirg the y-auis, as shoven.
b hm:ﬂ*ﬂ:’r“':ﬁ 'Ih:;f'" Hi;:"” . Students at Ashlyn's School
Find 3.4 o the raxis and draw a vertical line bo chi EE RS rl-—
the graph. This point on the graph cormesponds an .."..L.. i
tor appriodmately the 7ith percentile Therefon:, ?
a stricdent with a GPA of 3.4 has a better grade-paint = H '
aves than about 75% of the studenis at Ashlyn's 1
schoal, ¥ AN
B i
H T
Wt o #dr | L
2 ra 3 i3 i
Grade-Point Average
P GuidedPractice
8. HEIGHT The table grves the frequency R = =
- ™ distribution of the heights of gids in B{,u_nlf;-lr 'f':::::“ e
TP G ——— A Construct a percentile graph of the data. g =
Serying that o gl height is at the > B Fstimmbe the percentibe ank o gic with o e
Tiith percentile does nof mean height of 169 centimiters woald have in this 1615165 s
thal her hesght s 755 of some distribution, and interpret its meaning 169-176.5 i
ideal height. inslend, ber keigh =
greater San T5% of ail g in the 6 54 7
precainsius dass.




For Exercises 1-4, complete each step.
8. Construct a histogram, and wse it o describe the shape of the
distribution.

b. Summarize the center and spread of the data using either the
miean and standard deviation or the five-number simmary.

Justify vour chdce.

1. AVIATION The landing speeds in kilometers per hour af
20 commercial airplane fights at a certain airpart are

shown
Landing Speeds fmphj

B0 | & | =3
155 | 158 | 158
M3 | M3 | 1
B | W | M8
1548 4 151

RIE(R(E(E

2, COMPUTERS The retail prices of kiptop and deskiop
computers at a certain electronics store are shown.

350 o0 o7s
1,150 250 1075
ETE 1,280 40
1025 1180 a5
580 o500 L)

3. BOWLING Bowling scores tange from (0 1o 300 The scores
for randomly selected plavers at a certain bowling alley ane

shiivn

L B | 34 | 73 75
G | 25 | 82 | ¥& | 158
B4 | 759 | 373 | 53 4
I | 190 | o4 27 | 235
225 | 28 | 36 e
by | 223 | W2 | W G2

4 SALARIES The stasting salary for an emploves at a certain
néw Compaiy ranges fram S20,000 te $90,000. Starting
salary depends in part en the emplovee's vears of previoos
experience and the [ of the position for which they were
hired. The starting salaries for all the company’s new hires

Last yeear are showr

Lalaries {thaxrsands of dollars)

24 a0 a4 2 )
&8 52 &5 &4
68 il ES ¥,
36 42 13 45
38 89

184 | Lesson 81 | Descriptive Sialistics

For Exercises 5-6, complete each step.

a. Construct a box plot. and wse it to describe the shape of the
distribution.

b. Summarize the center and spread of the data using either the
mean and standard deviation or the five-oumber summary.
Justify vorsr chmice.

S VIDED GAMES The: amount of time that 3 sample of students
at East High School spends plaving video games each week
is shown,

Time Spent Fixying Video Games (Boors)

15 25 ] L5 15 L

25 4 2 a5 15 &

6. ACT The students in Mrs. Erman’s homenoom class recently
took the ACT. The soore for each student is shown,

| x| M| = |29 |28 |30
B | s | w10 | 22|23 )35 |22
BWwW| T M| Tl N|E

Far Exercises 7-8, complete each step.
4. Construct side-by-side bax plots af the data sets,
b. Use this display to compare the two distribotions.

7. HYBRID CARS The fuel effsciency in miles per gallon
fur 1# bybrid cars manufactured during two recent years
are show,

X3 |48 | M |27 | (S| 7| 28|

29 | 34 |25 |33 | [ 35 | F7 | a0 | 27
22 |48 |22 | % | W [ | 29| 2 | 4

8. EARTHOUAKES The Richter scale magnituces of
18 earthquakes that occurred in recent vears in Alaska
and Califormia are shown,

e i H | B i itk

E5 | BE | B4 | T2 | G5 | &7 | 4B | 68 | &2
JB |89 | M |GE | 1O | &7 |53 (MG | 17

Caliomia
Gd | 54 | 56 | 44 | 42 | 43 | 52 | 45 | &7
65 | 48 | 72 | 52 | A1 60 | 30 | &6 | 35

Copaghl
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9. MARINE BIOLOGY The table gives the frequency distribution
of the weights, in kilograms, of 40 adult female sea otters in
Washingion | !

a. Construct o percentile gragh of the data
b. Estimate the percentile rank a weight of 25 kilograms
wonild have in this distnibution, and intecpret o

TR,

Class Boundones :

E-06 -
105-23 5
23-355
155-28 12
FB-305 a
30535

0. BAUNFALL The table gives the fregiaensy distributicon
of the average anmeal rainfall fur all 50 LS. states.

Clasr Boondarias |

=20
2040
A0-80
-
BO-100
00=-11

& Construct a percentile graph of the data

Estimate the pereentile rank an average rinfall of
10 centimeters would have in this distribotion, and

inberpret it meaning

Wirite the letter of the box plot that corresponds to each of the

30 40 56 &0 0 B

&) 50 60 T0BD M 40 50 6D M &

5. ATTEMDANCE The average nusmber of New York Yankes
heme game attendees in thousands of people, per season,
from 1979 o 208 &5 showmn,

Hzme Game Attendance

7 | 324 | M3 | 252 | 215 | 225
5 | 280 | 200 | 327 | 00 | ME
a0 | & | =& | 29y | 235 | 278
e | 35 | 407 | 320 | 402 | 427
48 | 478 | 505 | 519 | BT | 533

a. Construct o hestogram and box-plot, and wsee the
graphs to describe the shape ol the distribution.

b. Find the average number of people who atiended home
games during the past 30 vears.

¢ Which of the graphs wonld be best to wse when
estimating the sverage? Explain your reasoning.

d. Can either of the graphs from part a be wed to describe
any trends in home geme attendance during that period?
Explain vour reasomning.

6. VACATION The percentile graph represents the asges of
people who went on three different Bvo-week vacations.

Ages of Travelers

2.7
g w

]

&

50
v &1 it e
§ e -"'_,"' pLVacation
§ 0 ..rJ 1

10 Wacation ¥

g [ e

# 20 M 40 S B0 T

Age [years)

& Describe the shape of sach of the detnibetions.

b. Which vacation had younger travelers? older travelers?
Explain vour reasoning.

17, MAMUFACTURING The ldetimes, measered m number of
chargemg cycles, bor byvo brands of rechargeable batberies
are shown,

it 950 1,030 1,003 950
942 hi i 973 K aft
o4y T ga7 i 1,003
Ba3 iod4 oM EEE] 833
OEQ g8 aga 1,002 oa5
550 Loed | 1,005 997 L4

& Construct a histogram of each data set.
b, Which of the brands has a greater variation in lifstime?



8. BASKETBALL The heights in meters for the plavers on the
LS men's and women's national basketball teams durimg
the 2008 Olympics are shown.

lien 's Heightx

2061483 | 203 | 199 | 108 | 153
198 | 3N |208 | 183 | 206 ) 2.03

LTS | 185 | 175 | 173 | 185 | 196
183 |1B8 | 183 | 158 | 18O | 193

& Construct a peroentibe gragh of the data

b. Estimaie the percentile ranks that a male and a female
plaver with a height of 1.91 meters would have in each
distribution. Interpret thedr meaning.

c. Suppese the 1.9%8-meter-tall women's plaver is replaced

with a 1.88-meter-tall plaver. What percentile rank would
the aew plaver have in the corresponding dastribution?

Anather measure of center known as the mtdqurartile is given

by 2T ind 0, Q, ©,, and the midquartile for each set

of data.

Ml |pms | 6w |aw|am| om
041 | 029 | 032 | OF | oo | O3S
025 | 007 | 026 | 09 | BN | 023

2 Wi | 18 | M0 | 6 | 1ee
W05 | 13 | 18 128 16 | 154
167 | 202 | MW | 43 | X5 | 130

1. ENERGY Petroleum consumption from 1988 to 2007 fur the
Lnited States and for Morth America is shown,

United Skates fthowzands of bamelciday)

16,70 17200 17,300 7, 0 .00
1000 [ 300 7380 -]
P 18,000 w500 00 1,600
R0 20,000 0700 H0E00 20700

Morth Amerea (thoussnds of Gereiyday)

B 500 20600 20800 20,600 20,200
20,600 0,800 400 3o 22,00
22 400 22,800 13 500 300 FEW
23 B 24100 25,000 500 25,00

8. Construct side-byv-side box plots and histograms.

b. Compare the memge petrolenm consumption for the
L5 and Morth Amesica

& Which of the graphs is vasier to use when comparing
measures of center and spread?

d: On aversge, what percent of petrodenm consumption in
Marth America can be attribuied to the LL5S.? Bound o
the nearest percent.

186 | Lesson 41 | Descriptive Statistics

2 #l MULTIPLE REPRESENTATIONS In this probdem, vou will
imvestigate huinw o linear transformation atfects the shape,
center, and spread of a distrebution of data. Consider the

table shiwn.
| I 5Q x| =
22| 48 | 42 | 65 | =
40 | 5 M| & |56
B |33 | 77| 44 | M

2. GRAPHICAL Constroct a histogram and wse i to describe
the shape af the distribution.
b HUMERICAL Find the mean and standard deviaon of the
data sef
e TABULAR Perform each of the following linear
transformations of the form X' = & 4+ bX, where Xis the
imitEal data value and X' i the transformed data valoe.
Record each st of transformed data valees (i-ii) in a
separate table
L ag=34=05 La=10,b=1 W a=0b=5
d. GRAPHICAL Hepeat parts 2 and bofur each set of
transfoemed data values that you found in part ¢ Adjst
the bin width for esch appropriately.
& VERBAL Describe how a linsar tronsformation affects the
shape, center, and spread of a distributon of data.
L AMALYTICAL If every value in a data set b multsphied by a

constant ¢, what will happen to the mean and standard
deviation of the dstrilution?

H.O.T. Problems

Lise Higher-Order Thinking Skills

I3 WIRITING 1M MATH Explain why wsing the range can be an
ineffective method for measuring the spread of a distribution
of datn_

24, CHALLEMGE Suppose 200 of a data set lies between 35 and
55. If 10 &= added to each value in the set and then each
result i doubded, what vahees will 20% of the resulting data

hie between?

REASOMING The gas prices, in dollars per gallim, at four gas
statinns over 3 period of ane month are shown,

1.5
A %
EL o e
ﬂilzl_!_r L:#
a2 -
ER
A B £ D
Statlon

25, Which of the stations has the grestest vaniation in prices?
the beast varmation? Explain your reasoning,

26. Which of the distributions is positively skewed? negatinely
skewed! symmetrical? Explain your reasoning.

I7. WRITING IM MATH Why & the median less affected by outliers
than the mean? fustify vour answer.

e i H | B i itk
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Spiral Review

Wirite each complex number in exponential form.

2 3+ 43 29. V5 -5 30. 2 - i
Use the Binomial Theorem to expand each binomial.
I (a4 4B I (5c 24 I (—2r 4 4"

Find the sum of each geametric series described.

34 first e terms of = + 5 + 15 + = 36 first smcterms of 65 + 13 + 16 + «-

3 Hﬁmtlmm'iul'.l—%+i—'-'

Find the angle # between vectors u and v.

Hou=0-2+%yv=3i4Tj-1k 38 w=(-T4.2),v=(9 -51] M u= (44 -6}, v=(8 -5 2)
Graph the ellipse given by each equation.

=3 r+8f  w—-57 [ L
W =1 W 7 =1 L —Fp—+g =1

43, SURVEYING To determine the new hefght of a volcano after an efu & survever
mieasured the amgle of elevation to the top of the volcans to be 37 457 He then
moved 1,000 feed closer o the voleano and misswred the angle of elevation to be

dir 3. Determine the new height of the veleano,

Skills Review for Standardized Tests

44. REVIEW An amupsement park ride operates like the bob
of a pendulum. O its longest swing, the ship travels
through an are 75 meters long. Each successive swing
it two-fifths the length of the preceding swing. What &
the total distance the ship will travel from the beginning
of ifs Jongest swing if the ride is allewed to continoe
without intervention?

A 75m

B I35m
C 150m
D 1475m

45. REVIEW The value of a certain car depreciated at a
constant rabe, B the mital vahee was 825 (00 and the
car was worth 58192 after five vears, fnd the annual
rate of depreciation.

F 1
Go2rE

H 30%
J dos

46. SAT/ACT The vahues of each house in a citv ane colbected
and amalyzed. Which descriptive statistic will best
describe the data?

A mean D range
B maedian E standard deviation
C mode

47 The table shows the frequency distribution of scores on
the state driving best at o particular center on a given
day Estimate the percentide rank of somenne who scored

2 72 that day,

¥k Clacs

G 3% Boundaries TRR—Y

H 34'% 0-85.5 12

) 7 B55-705 3
ME=T55 ]
T8 5-805 1
B 5055 9
BS 5-005 et
ol 5-95.5 B
85 5100 1




& You found ] Construct a probathility @ Car msuwance companies use slatstics to meawure the

prababilities
of events invokving
Combinations.

NewVocabulary
rardam veriable
discrele randam variable
continuauws randem
waiakde
probabty distsitlan
expected valug
tenemial experiment
benowmial desiribution
Iénaenial prabakbility
distribution function

188 | Lesson 4-2

distribartion, and risk associated with particular events, such as collisicns.
calulate s summany Using data about what has happened in the past, they
stabstics Fssign probabdties to alf possible oulcomes relating to

Construct and use a
banomial distrbution,
and caboulate s
summary statistics.

thie event and calculate siatistics based on how these
probabilites ane distibuted. With these statistics, they
can predict the likelikood of certain cufcomes and make
decisions aocodingly.

Fl'ﬂlhﬂh“ih" Distributions in the previews lesson, vou psed descriptive stabishics o analvee

a puiriatly, a characteristic of a population. In that lesson, the values the variable could take on
were determined by collecting data. In this besson, you will consider variables with valoes that ane
determined by chance.

A randodm variable X represents a numerical value assigned to an outcome of a probability expeniment.
There are two types of random variables: discrete and contimsoes.

EeyConcept Discrete and Continuous Random Variables
& dizcrete mndosn vanable can ke on & continuous random varishile can tnke on o inhnte
& fimte or countatie number of poscibie vviseL mumber ol possible vaiues within 8 speofied mbermi
Example Exnmpia
Musmiber of Car Accidents Per Year, X Humiber of Miles Deiven, X
=44+ i e e e
a1 1 45878 B 1 & & H 10

Since different statistical technigques are vsed to analvee these bwo tvpes of random variables, it is
imgportant to be able to dstingnish between them. To correctly classify a random variable, consider
whether X represents counted or measured data.

Example i

Classify each random variable X as dizorele or conifinnois. Explain your ressoning.

8. X represents the weight of the cereal in a 450-gram box of cereal chosen at randam from those
om an assembly line.
The weght of the cereal could be any werght between §f and 450 grams. Therefore, Xisa
conimmoous random variable.

b. X represents the number of cars in a school parking lot cvesen at a random time during the
school day.
The number of cars in the parkimg kot is countable. There could be 0, 1, 2. 3, or some other whalbe
number of cars. Therefore, X is a discrete random variable.

P GuidedPractice

1A Xrepresents the time it takes o serve a fast-food restaurant customer chosen at random,
18, X represents the attendance at a randomly selected monthly school board meeting.

CFren P e (g o i i

S gh 10 Ml | Bdis atlon



The sample space for the famliar theoretical probability experiment of tossmmg two coins i [T, TH,
HT, HH}. If X is the random varizble for the number of heads, then X con assome the value 0, 1, or 2
From the sample space, you can find the theoretical probabahity of getting no, ane, or bwo heads.

i 1 At 1
Hﬂl':] H]'I:E M= q Pyt
P B oo
ReadingMath The table below and the gragh at the right show the =
Biobaisbires of Bacadam prshallity distrebicfum of 3 0,35
Varishies The notabon P} =
rend e probobily ot fe Numser af ajnr|z P
monginm wenohie X is agual o L N 2 1 ; X
Probabiity, PLE) 2133
Number of Heads
HeyConcepl Probability Distribution
& probability distriboetion of & random varisbée X is o table, eguation, or graph that links each possible velue of X with its
probability of ocnsrning. These probaehifibes s determined theonescalty or by ofsorvation,
& prohabil ity distribution mimd safiady the foliowng condifions.
= The probability of each value of X must be between 0 ond 1 Thatis, 0 S P = 1
 The sum of all the probatatities. foe il the values of X mest eeal 1 Thatis, 3o AEj=1
StudyTip To construct a descrete probability distribution wsing observed instead of theoretical data, use the
Comtinaous Distributions frequency of each sbserved value to compate its probabality.
This lewson fomses on deoets
mndom yeriabies.

TEACHER EVALUATION On a teacher evalnation form,
shudents were asked to rate the teacher's explanations of
the subject matter using a scare from 1 o 5, where 1 was 1 1
too simeplified and 5 was too technical. Use the frequency 2 f
distribution shown to construct and graph a probability 3 0
L] 1
5 5

distribution for the randam variable X,

To find the probability that X takes on each value, divide the

frequency of each vn]nrby the total mumber of stodents rating
this teacher, which 51 + 8 + 20 4+ 16 + 5 or 50,

M1 = E%m'ﬂ_l.lll M= m’ll"ulfl Pﬂ]:?ﬂ-wl}.m
Pib) = B ora2 PI5) = o or 0.10

The probatality distribution of X &= shown below,
and its graph i shown at the right.

1
E

2

=K
]

e | A | D32 | OE

(<]
.
un
Probability
&

=
-

CHECK Note that all of the probabilities in the b 3 AL ol
table are between (fand 1 and that Score
M =002 4016 +04+032+0Tarl

'- GuidedPractice

2. CARSALES A car salesperson tracked thu"rmmber
of cars he sold each day during a 30-day e S ——
Luh&qwmmndmmium gty i)
construct and graph a probability distrebution fore
the random variable X, rounding each probability
toy thi mearest hundredih




StudyTip

Rounding Aule The mean, m
wel & e vanance and standsed
devaation, denetsed on the noat
jpoge, should be rounded |0 one
decimal place more Han St of e

Ll:h.l.l'llhﬁ'l.lil'c- aszume

To compute the mean of a probability distributson, we most pse a formula different From that ased to

compute the mean of a population. To understand why, consider computing the mean of the number

off heads X rmdlmuﬁum:nrdmﬂrmmbﬂu!lmmkm“ﬂ cannot compute the mean wing
X

=22 since N would be infinite. Huvwever, the probability distribution of X tells us what fraction of

lelnmhumuﬂpﬂilniuvrnvﬂuzuiﬂ,l.url

Mumber of Heads after Two Coin Tosses

[TT, TL, ... TLTT, HT, HE, ., HT HT, TH, TH, . TH, TH,  HH, HH, .., HH, HH}
A T TR R TR R i e v SR S e R

bl | 4
PR

B a

Therefore, we would expect that on average the number of heads for many o an infiaite member
of tosses would be £ 0 + 1 -1+ 5+ 2or 1 This method for finding the mean of 2 probability
diistribubin & summarized below:,

HeyConcept Mean of a Probability Distribution

Waords: To find fhe moan of n mobahiity deinbehon ol J, mefiply coch yakes of X by its probabikby and find fe
s ol the peodocds.

Symibols The menn of & random wariable X s gren by o = 3 0 PIXTL whee X, K, . X, ane the values of X
and P M), .., P ame the corespondieg probabilities.

Example 3

TEACHER EVALIAATION The table shows the probability distribution m
For the teacher evaluation question from Example 2. Find the mean

score bo the nearest hundredth, and interpret its meaning in the
context of the problem situation.

Multiply each score by its probability, and fnd the som of

these products. Criganize your calculations by extending
the table.

Loz =002 =002
6 2-0E =032
g 3040 =130
032
ool

[l T L
(=]
=

4032 =138
5. 040 =a548
L

W e | ke | e | =

Thexefore, the mean g of this probability distribotion is sboot 3.3,

Since a score of 3 indicates that the teaches's explanations were neither foo simpkified nor fow
technical, a mean of 3.3 indicates that on average, students kel that this teaches's explanations
were appropriate but leaned shightly towands being koo technical

B GuidedPractice
3. CARSALES Find the mean of the probability distribution that vou constricted in Guoided Practice
2 anad interpret its meaning in the context of the probdem situation.

e
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StudyTip

Anlrimate Formula

A mathemastally egqunsient
lormeda for the variance of &
probatslity destnbu bon that com
significantly smgpithy the
calcuziation of this shatitic &

| = T Pt —

-~

WatchOut!

Mizarterpreting Expected Value
Am papeciod wslue such as thet
oalosaied in Exampile 5is ood an
imvdicattion of how much & person
mighi v or lose. in Example &, 0
persan cam lose anfy $1 for each
liciet parcisece and can win only
kim. $50, or Yild

The variance formela vsed for population distributions can also not be osed to colculate the vananoe o
standard deviation of a probability distribution, becanse the value of N would be infinite. Instead, the
following formadas are used to find the spread of a probabiliby distribution.

KeyConcept Variance and Standard Deviation of Probability Distribution

Words To find the variance of a probobiity distrbotion of X, subtract the mean of the probability dstribution from
each vaiue o X and squere the ciffercsace. Then mulliply sadh diffenecce by its comesponding probashifty
and i the sum of e prodocts. The standard devirbion i the square root of the warance

Symbals The untiamoe of a rantdom varisble X given by o = 5006 — w1 « PINTL and the standard devinbion i
g;\!ntlfu':‘l.l";

TEACHER EVALUATION Find the variznce and standard m
deviation of the probability distribution for the teacher
evaluation question from Example 2 to the nearest hundredih, ! L0
Subtract each value of X from the mean found in Example 3, - s
332 and squeare the difference. Then multiply each difference by k] Q.40
its corresponding probalibity and find the sum of the prodoces. & 032
5 (iR 1]

1 oz M—2132° =538 538 . 0,02 = 001078

2 Kk R-13 =174 174 - k1= D272

3 (V1] A-13n' =0 030 = 040 = L0430

] iz 1 —13% =048 046 » 022 = J4B0

5 it E—118 =388 282 . 000 = 02832

S — g - P = 0SNG
The varianes o is abeut 0,86, and the sandard deviation is W0 8576 or abot 0,93,
B GuidedPractice
4. CARSALES Find the varance and standard deviation ol the probability distril that you
constructed in Guided Practice 2 o the neanest hundredih.

The expected value E{(X) of a random variabbe for a
random variable, That &, E[{X) = p= 5 |X « WXL

FUNDRAISERS At a fumdraiser, 500 tickebs are sold at 51 each for theee prizes of 5100, 550, and $10.
What is the expected value of vour net gain if you buy a beket?

Construct a probability distribution bor the possible net gains. Then find the expected value. The net
gan for each prize & the valoe of the prize minus the cost of the tickets puschased,

probabikity distribution is eqoal to the mean of the

Eain, ¥ 100 — 1ar §08 €50 1o Lan 0 _1ais 80—t 81
Pemalifty, A(X] o o0 0002 o o 0.002 g o 0002 S o098

E(X) = %[ - P
= (99 « L.00Z) + {49« 0L.002) + {9 - 0.003) & [T - 0.5994) or sbout —50.68

This expecied value means that the average loss for someone purchasing a ticket is 50,68,



Real-WaorldLink

D= in fve American teons
eges 12 yeamn and cider owns &
pearinhie MP3 player bore tham
oo in Bwenty lmens omm moce
than ooe player.

Soipre Digta Ticay

GuidedPractica

5. WATER PARK A waber park makes 5350000 when the weather is noemal and luses SEO,000 per
seasun when there are more bad weather days than normal. I the probabality of having more bad
weather davs than sormal this season is 35%, fnd the park’s expected profi.

Binomial Distribution Many probability experiments can be reduced 1o one imobving anly

two outcemes: success or Bilore. For example, a multiple-choice question with five answer choioes
can be classified as simpdy correct or incorrect, or a medical treatment can be dassified as effective or
ineffective. Such experiments have been redoced fo brsmial experments.

KeyConcept Binomial Experiment

& bimomial experiment i= a probabiity cxperiment that satrhes the following condibons.

» The esperment & repoated for 3 fived number of indeperdent trals m

# Each tripl han coly two possible ouicomes, success § o talure £

& T probabifty of socoess P15 j or pis the seme w every trial. The pobabibty of tsilee PIF jorpe1—p
# The andom varsbie X epresents the member of soooesses in @ imals

BY  Real:World Example 6 mial E

Determine whether each experiment s a binomial experiment or can be reduced ko a binooial
experiment. I it can be presented as a binomial experiment, state the valoes of n, p, and . Then
lisk all possible values of the mandom vardable. If it is not, explain why oot

> 8. The results of a school survey indicate that 68% of students own an MP3 player. Six students are

randomly selected and asked if they own an MP3 player. The random variable represents the

number of students whe say that they do own an MF3 player.

The experiment satisfies the condibions of a binomial experment.

* Each student selected sepresints one trial, and the sefection of each of the six students &
indepeadent of the others.

* There are only bve pussible outcomes: esther the student owns an MP3 plaver 5 or does not
own an MP3 plaver F.

* The probability of surcess is the same for cach shudent selected, F5) = (a8,

In this expersment, # = & and p = P{5) or 0.68. The probability of milure 5 g =1 — p,
50§ =1 — (LbS or 32 X represents the number of students who own an M3 player
ouk of those selecied, so X =10,1,2. 3, 4.5, or B

b. Five cards are drawn at random from a deck to make a hand for 2 cand game. The random
variable represents the number of spades.
In this E:r:pﬂ'n'rl.:nl H.d'lmdulﬂ:hd represents one trial. The probability of deawing a spade for
I}mﬁ.rsl:cm'd.u——u'r . Hinvever, since this card is kept to make a plaver's hand, the trials are no

independent, a.nd the Fr-:!l:n.ubﬂd}- of suicoess for each draw will not be the same. Therebore, this
experiment cannot be redoced o a binomial experiment

GuidedPractice

GA, The results of & survey indicate that 61% of students like the new school uniforms and 24% do
ik, T-u.-unl::rrh.d:nharl randomiy selected and asked if they ke the uniforms. The random
vnﬂhrcpmnmthnmberwlmmﬂullhm :h:ld.cﬂ-mﬁnm

68, You complete o test by randomby guessing the answers 1o 20 multiplechoiee questions that each
hove 4 answer choices, only one of which is correct. The random variable represents the number
of correct answers.
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Study Tip

Leok Back Reler to Lewson 3-5
o revoew Banomal expereon and
the Binomai Theorem

The distribution of the vutoemes of 2 binomal experment and ther correspondmy probabilitees &

called a binomial distribution. The probabilities in this distribution can be caleulated using the folkwving

formula, which represents the p®y® ~* term in the binomial expansion of {p + )"

HKeyConcept Binomial Probability Formula

TechnologyTip

Bircrmial Probshiity o oalosts
poch hmominl probabilty an @
grapiung caicufator, o
binompdiin, p, 1] mndes the
DISTH menu.

The probabdity of X maccesses in @ independest triaks of o bnomial experiment s
PIRI= Lo = L

wihere p i the piobabiity of seoress and o is the: prokability of failee for an mdiidual trial

b

Motice that this formuls represents a discrete- function of the random variable X, known as the binomial

probability distribution function.

EXERCISE In a recent poll, 35% of teenagers said they exercise regularly. Five eenagers chosen at
randum are asked if they exercise regularly. Constroct and graph a binomial distribution for the
random variable X, which represents the aumber of teenagers who said ves. Then find the
probability that at least three of these teenagers said yes.

This 1= a binomial experiment inwhich = 5, p = .35, ¢ = 1 — 0.35 or 0.65. Use a calewdator to
compute the probability of each possible valee for X asing the Binomial Probability Formusla.

Py = 05+ 035" . 0657 = 0116
M= O -035% - 065% = 0.512
PRi= oC;+0.35%« 065 = 0.336
PE) = - 0357 « 0657 = 0181
Pid) = ;C, +0.35%. 065" = 049
P = .« 0355 - 065" = 0005

The probability distrebution of X and its graph are shown below.

B o
(5
o | Dme 5 03
1| o 2 018
2 | nas 13
1 [ om LAES
4 | oova 5
045

5| noos o

e 1 3z 3 ¢ g5 f
Teenagers

To find the probability that of eas! three of the teenagers exercise regulay, find the sum of M),
Pid), and F{5),

X = 3) = P 4+ M) + P(5) P {1 hepet thees)
= 0181 4+ 049 + (L5 P =i P = (U088, eed 1S3 = (008
=235 or 23,5% Smaindy

P GuidedPractice

T CLASSES Ina certain high school gradusting dass, 48% of the students took a workd
during their Grade 12 year. Seven students chosen at random are asked if they took a world
lamguage during thesr Grade 12 year. Construct and graph a probability distribation for the
random variable X which nepresents the number of students who said ves. Then find the
probabikity that fewer than 4 of these students sad ves.

| S —




Lise the following formulas to fmd the mean, varsance, and standard deviatson of a bmoral

distributisn.
HayConcept Mean and Standard Deviation of a Binomial Distribution
The mean, varianoe, and standard deviston of a random varahie £ the fas 8 binomal destribotion are gves by e
fallowing formutas.
ean p=np
Variance o’ = npg
Stancord Derviarticn B=\f'u_jm\Fr:?
8 r

These formulas are ssmpler than, but algebraically equivalent to, the formasdas that vou used o find the
mean, variance, and standard deviation of probabulity distributions.

* 'Real-World Example B

EXERCISE The table shows the binomial distribution in Example 7. Find the mean, variance,
and standard deviation of this distributicn. Interpret the mean in the context of the problem
sisaiiom.

4] 1 Fl 3 4 ]
- ans b312. | 3B QEE bods | DO0S

Real-WorldLink ) ) _ |
R M A . [ Method 1| E;E“t:::lmh:fmﬂirn:m,vm,mdﬂmﬂuddzkmdapuhﬁty
sppromimabely 58% of LLS, rens

ore ciassied ax highly noimee. a=501% - BiX])

Aictivities in which the toens said

ettty reguiany partEineE = DI0116) + 103170 + 240.336) + O IS1) + 440 049) + 5(0.005)
u:!.l:&tﬂﬂﬂ._ng, = 1. 744

eaging, bikmg, and swimming.

Sowree T Gadep Pl o’ = THX - u - PN

= {0 — L7a&)? - 0106 + (1 — 178 - 0312 + (2 — L8 - 0336 +
(3 = LTEF 0051 + @ = L7387 - DAM9 + 5 — L8 - 0,005

= 11354

=T1354 ar about LOG56

m s the formulas for the mean, varianos, and standard desviation of a binomial
probabifity distribution. In this binomial experiment, 5 = 5, p = 035, and § = (L85,

a=mnp
= 5.35) or 175
ol = ey
= 5{L35H0.65) or 11375
sl
=W 11375 or about 1.0665

Both methods give approsamately the same resulls. Therelore, the mean of the distribution is sl
1.8 or 2, which means that on average about 2 out of the 5 students would say that they exencise
regularly. The variance and standard deviation of the distribukion are both about 1.1

GuidedPractice

B CLASSES Find the mean, variance, and standard devaation of the distribution that you constructed in
Cuided Practice 7. Inferpret the mean in the context of the problem situation.
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Classify each random variable X as disereie or confinnons.
Explain your reasoning.
% Xrepresents the number of et messages sent by 4
randomby chosen student during a given day:
L Xrepresents the ime it takes a randomly sebected student
to complete a phyvsics test.

3. Xrepresents the weight of a chocolate chap cookie selected
at random i the school cafeteria,

4 Xrepresents the mmber of CDys owned by a stodent chosen
at random diering a given day.

5. Xrepresents the number of vobes received by a candidate
sefected o random for a particular election.

6. Xrepresents the wesght of 2 wrestler selected at random on
a given day.

Constroct and graph a probability distribution for each random
variable X. Find and interpret the mean in the context of the
given situation, Then find the variance and standard deviation.

T MUSIC Students wers saked how many MP3 plavers

they own.
| P x| roqumney |
L 5
1 n
2 ]
3 5
L 1

B. AMUSEMENT There were X participants i a pie eating
coritest ab a county fir.

Pies Exten_ X | Freqguency

1 1

U | | e | R
Lol L L ]

9. BREAKFAST A sampie of high school students was asked
how many days they ate breakfast last week.

Bim e |u|w

i o i e e | | e

10. HEALTH Patients at a dentist’s affice were asked how many
trmes o week they floss their teeth.

. CAR IMSURANCE A car insurance policy that costs 5300 will
pay 525,000 if the car is stoben and not recovered. I the
probability of a car being stoden & p = (L0002, what is the
expected value of the profit or bess to the insuramee compay
for this policy?

12 FUNDRAISERS A school hosts an annoal fundraiser where
tickets are sold for baked goods, the values of which are
indicated below. Suppose 100 tsckets were sold for a
drawing for each of the fmer cakes.

What is the expected vahse of a participant’s net gaim o ks
& she burys o ticket for AED 17 0

Determine whether each experiment is a binomial experiment or
can be reduced to a bingmial experiment. If it can be presented
25 a binomial experiment, state the valwes of r, p, and g. Then
list all possible values of the random variable. If it is not, explain

why not.

13, You survey 25 students to find out how many are lefi-handed.
The randiom variable represents the number of left-handed
people.

W Yoo survey I-L'I.I-Prl.-r.llﬂ&‘hum:if ihey wakch Monday Night
Football. The random variable represents the number whao
watched Monday Night Football.

5. Yoo roll a die 10 times b see if a 5 appears. The random
variable represents the number of 55

. Yoo toss a coin 20 Bmes to see how many tails occur. The
ramdom variable represents the number of tails.

1. You ask 15 people how old they are. The random variable
represents their age.

B Yoo survey 40 students o find oot whether they passed their
driving test. The randoem variable represents the number
that passed.

1. Yoo select 10 cards from a deck without replacement. The
random variable represents the number of hisres



Constroct and a binamial distribution for each random
variable. Find and interpret the mean in the context of the given
sitwation. Then find the variance and standard deviation.

0. Ina recent poll, 39% of Américans order kyppings on their
pizea. Five teenagers chosen at random are asked if they
order toppings.

3. In Eureka, California, 21% of the davs are sunmy. Consider
the number of sunny days in February,

23 According bo a survey, 26% of a company's emplinees have
surfed the internet at work. Ten co-workers were selected
ot random and asked if they hove serfed the mbernet at
wrk.

23. A high school newspaper neporied that 65% of students
weear their seatbelts whale driving, Eight students chosen at
random are asked if they wear seatbelis,

24. According to s recent survey, $1% of high school students
omwn a car. Seven stisdents chosen ab random are asked if

they owm a car.

5. VOLUNTEERING In a recent poll, 62% of Americans
said that they had donated their tme volunteering
fur a charily in the past year. If a random sample of
10 Americans is selected, find each of the: following

probablities.

a. Exactly b people donated their time fo a charity.

b. At least 5 people donated their tfime to a charity.
€ Armost 3 people donated their time to a charity,
d. Maore than 8 people domated Hieir me to a chariiy.

6. #lﬂ.ﬁ.ﬂF‘LE REPRESENTATIONS In this probilim, vou will
P investigate the shape of a binsimial distribution.

& GRAPHICAL Construct and graph the binomial
distribution that corresponds 1o each of the fulkwing

experiments.
Lua=#hp=05 iLp=fp=03
i n=48p=07 b a=8.p=05

woa=1kp=05

b. VERBAL Describe the shape of each ol the distributions
voul found m part a.

e AMALYTICAL Make a congecture regarding the shape of a
distmibution with each of the following probabalities of
suceess: p = 05, p=05, and p > 0.5,

d. AMALYTICAL What happens to the spread of a binomzal
distribution as r mcrenses?

196 | Lesson 4-2 | Probabiy Distributions

H.O.T. Problems

Use Higher-Order Thinking Skills

ZF. PROOF Use the distribution below to prove that g o= myp
and o* = npg for a binoemial distribution, given
o= N P and &8 = 30N — pb? « M) for s
probability distribabon.

8. REASONING Suppose acon is iissed ben times and lands
on heads each tme. Will the probabidity of the comn

WRMIT TSN,

29. OPEN ENDED A probability distribution m which all of the
valhses of the randam variable occur with equal probabdsy
is called a winfarm probateitty distribution. Describe an
example of an experiment that would produce a uniform
distribution. Then find the thesretical probabilities that
wirtald result from this experiment. Include a table and
graph of the distribution.

REASONING Determine whether each of the following statements

is trane or false. Explain vour reasoning.

30. The probabilities associated with rolling two dice are
determined theoretically.

. The mean of 2 random varable is shvays a possible outcome
of the experiment.

32 CHALLEMGE Consider a binomial distribution in which
m = 50 and o = 154 What 5 the mean of the distribution?
{Himt: p i cliser bo 0 than 1.)

33 WRITING M MATH Deseribe another way vou could find
the probabality that ak keast three of the benagess exercise
regulardy ar N = 3} from Example 7. Give an examgple of
when this method woold be Easter to use.

Copwighl © Mol ne Hil| Bdie ation
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Spiral Review
34 MAT The prices in dirhams of paintings sold at an art auction are
shown - i

1,800 B0 ] B L] 1800
1350 as0 1,200 a0 B00

2. Construct a histogram, and ose it to describe the shape of the distribution

]
B. Summarize the center and spread of the data using either the mean and
standard deviation or the Fve-number summary. Justify vour chosee. 50 450 | 2.0 | S00 750 | 300
TE0 1300 (] 450 200G | 1,200

Use the Fifth partial sum of the exponential series to approximate each value to
three decimal places.
35, N2 26 04 37 07

Find the indicated geometric means for each pair of nonconsecative ferms.
3B. 8 and 3125 3 means 39, %and:’ll:in‘uﬂm 40, %and_—li—ij.imﬂm

Find the next four terms af each sequence.

M ooy=—12a,=8 _+I ozl AL py=19a,=d _;—13hux=2 B s =8La,=d,_ —Fluzl

Find the dot product of u and v. Then determine if u and v are orthogonal.

M =129 =2} y= (-4, 76 M5 6=3—3+ and 86 o= (8 -2~ ¥={—6 & —10)
v=—Fi4 8+ 9k

v+ 8 -1 e - e fg+3"  +50
A T T O R T Pt o T R G T
Find AE and BA, if possible.
i =1
3 i =2 i 1 2 ¥ =3
. 4=tz -] wasl 2peefsl] masls Slafi 2
5 -

Skills Review for Standardized Tests

83. REVIEW Fnd thesammoof 16 4 8 4+ 4 + . 55. SAT/ACT Find the area of the shaded region
A 1: I:-— ok m —l
B 3
; X
C 4 J 300
D &4 : 4
—l |-e0tm—]|
4. [na recent poll, 45% of Americans said that they shopped 00 m
onfine for at keast one halsday gift. If a candom sample of
H A:ruﬂimuu:li:hﬁd. wh.'l'l“:ﬂ: dw;uub.ﬂ:ulm that at A 90,000 m? C 130,000 m? E 210,004 =
least 7 shorpped online for a gei? . B 110,000 m? 0 150,000 m?
F 34'%
56. REVEEW Which of the nllowing distributions best
G 4% describes the data?
o 10 {14, 15, 11, 13, 13, 14, 15, 14, 12, 13, 1, 15)
] W1
F positively skewed H normal
G negathely skewed ] birwommial




® You analyzed
perababillity
destribations for
discrete mndom
vanaiokes,

MewVocabulary

maimal distribulion

empirical rubs

F-viskie

standard marmal
distributian

Find arez under normal @ In a recent year, appraximately 107 milkon Americans
diestribaibion curves. 20 years and obder had & total bbood cholesienl level

Find probahilities for
normal distrbatiens, and
find data values given
probakbilibes.

of 200 milgrams per deciiier ar higher. Ptysiclans use
vanables of this type to compare patents cholesteral
tewels 1o marmal chelesterol ranges. In this lesson, you
will determéne the probability of 3 mndomiy selected
person hawng 2 specific chodesiern| lewel.

1

ithae

The Normal Distribution The probatality distribution for a continuous varable is called a
covfbimins probibitity dstrebubion. The most widely used comtinoous probability distribution is called
murmal distribution. The characteristics of the normal distibotion are as follows.

KeyConcep! Characteristics of the Narmal Distribution

T graph of the comve s bel-shaped ond symmetric with nespect fo the mean
The mesn. median, and mode are equal and fccated at e center

The oarve o oo

T corve approaches, il meyer fouckes, the raes

The: iotal ares unider the curee = equal & 1o DL

Comsider a continuous probabifity distriboton of times for a 400-meter run n a random sample of

10 athbetis. By increasing sample siee and decreasing class width, the distribution becomes maore and
more symmetrscal. If it were possible to sample the entire popolation, the distribution windd approach
normal distnbution, as shown.

it il

=10

the

For every normally distributed random varable, the shape and position of the normal distribubon curve

are

= 10,000 = papulation

dependent an the mean and standard deviation. For example, in Figure 4.3.1, vou can see that a

larger standard deviation results moa fatter corve. A change in the mean, as shown in Fgure 4.32,
results in a horizontal translation of the cwre.

LAE

Figisre 4.3
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StudyTip vabhses that fall within that interval The empirical rule can be used to describe areas under the normal
Empuricel fufe The emgiical curve over intervals that an= one, two |, or three standard deviatsons from the mean.
rube b5 alsn imows as the
68-85-58.7 rie.
KeyConcept The Empirical Rule

in & normal distribution with moen g end standand deviation o-

1.35% 135%

1
1 135% g 13.5% 7
=3 jp—3x p— ol p+a pt+do p+io
| et
G55,
b ]

* appromimatety 65% of the datn whees fail betwern g — orand i + o
* pporonmabety 35% of the datn vabees fall between u — Joraed ju + 3o
*  pooeomimatety 327 of S daln volees fall betwoen g — 3o and 0+ 3o

e r

You ean solve problems involving approcdmately normal distridsutions wsing the empirical fue.

HEIGHT The heights of the 850 students at East High School are normally distributed with a mean
af 168 centimeters and a standard deviation of b centimeters.

. Approcimately how many students are more than 180 centimeters tall?

Tor determine the number of students that are more
than 180 centimeters tall, find the corresponding
area under the curve,

In the fgure shown, you can see that 180 & 2o from
the mean. Because 95% of the data valoes fall
within two standard deviations from the mean, 168 174 @0
each tail represents 2.5% of the data. The area _m__]
the right of 180 iz 2.5% of 880 or 22

Thus, about 32 students are more than 180 centimeters tall

b. What percent of the students are between 159 and 174 centimeters tall?

Eiuﬂrm The percent of students between 159 and
174 centimetens tall is represented by the shaded

f‘_,"'":::;::_ﬂ area in the figue at the right, which is between
2.5%, white m Exampe T, we mart o= o and p 4 o The total area under the
235% Wehen youme asked s curve between 159 and 174 is equal to the
grmater #om or iess fioe, you peed sum of the aress of each region.

e A g b S 235% + 13.5% + 68% = H185%
l::itdﬂm;qi:.

Therslone, about 84'% of the students are
between 15% and 174 centimeters tall.

P GuidedPractice

1. MANUFACTURING A machine used to fill water bottles dispenses slightly different amounts into
ench bottle, Suppose the volume of water i 120 botles is normally destriboted with 2 mean of
1.1 Fiters and a standard deviation of 0002 lner.

A Apprisimately how many bottles of water are filled with less than 106 liers?
B What percent of the botthes have between 108 and 114 liters?




While the emprrical rule can be dsed to analyee a normal distrebastion, it @ only wseful when evaluating
specific values, such as g + o A normally distributed varable can be transformid into s standard vabue or
svalue, which can be wsed to analyee any range of values m the normal distiibetion. This transformation
is kronwn as shanderdiznng. The 2-value, also known as bhe zscore and 2 leststatistic, represents the number
of stanadard deviations that a given data vidue is from the mean.

KeyConcept Formula for 2-Values

R,

F

StudyTip

Bositive sad Negatee = Values

¥ vt yslue i s San the
mean, the comesponding rusiue
will be megative, Alemately, o
data value shat i greater than the
mmezan will hove B positive oouake.

L

StudyTip

firlative Position  Like percontiles,
valers o be wsed t5 compers
the relaive positions of two values
n tao different sets of datn.

x—
Ihl:\-iiuchlliﬁ'I'lh.l-hI&Hﬂﬁﬂhwlﬁ::"‘:&!,mxhhmﬂ,phh moae, and o the
simnciand ceviasiion.

Yol can use =vahws bo determine the passtion of ary data vabse within a set of data, For example,
congider a distribation with p = 40 and o = 6. A data value of 575 & located about 292 standand
deviations away from the mean, as shown. Therehore, in this distribution, ¥ = 575 correlates to
a zvaloe of 292

-g.-.-lp-.-.-—-.-—-.-.-.--

Eu...

i

Find each of the following.
A z#X=2 p=2%9 and c=4.2
G
..'.='—"t Formula bor rouatues
Lod
BB o -
=33 X¥=M y=29 = =41
= =119 Leenlbiy

The svalue that corresponds to X = 2 is — 119 Therefore, 24 i 1.19 standard desiations
less than the mean in the distribution.

b Xifz==173, p=d8, and o =23

¥
1= = Forrmula lor rvaioes
=17 =I!—J-tl =48 o=1Landzr=—1T1
=3979 = X = 4R Mutiiphy each side by 21
Mor =X Laid 4l ba mwech midn

A svabee of —1.73 corresponds to o data valoe of approcimately §4 i the distribution.

P GuidedPractice
M sl X=1lpu=8 and o =17 28, Xif: =215 p=WWando=04

Every nosmally distributed random variable has a uniqoe mean and standard deviation, which affect the
puersition and shape of the curve. As a resuly, there are infinitely many normal probability distritmstions.
Fortunately, they can all be related fo one distribotion known as the shimtard normal disgribustion. The
standard normal distribubion is 4 normal distribotion of svaloes with a mean of 0 and a standard
devintion of 1.
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The characterstics of the standord normal distribution are summareeed beloa,

& The tobal aeea under the curee is equal to 1o TR
* fimosd all of S aren i befween r= —Jand r =3,
# The dminbution &= symmetnc

& The mpoam is 0, and the siandeed dewisfon s L

& The corve spproaches. ud never touched tho rass.

1N -

Yout can solve normal distribution problems by finding the svalue
that corresponds to a given X-value, and then finding the spproximate
area pnder the standard normal cerve. The correspanding ansa can be
founed by nsing 2 table of zvahies that shows the area fo the leff of 2
given =valoe. For éxample, the area under the curve fo the left of 2
zovalue of 142 is (L9223, as shown

You can adso find the area under the curve that corresponds to any
z-value with a graphmg caleubator. This method will be used for the

remainder of this chapter.
142
™
StudyTip Uzing the Nermal distribution takles 1o detesmine the area <o gding to r = 142
'Yioma can use tfhe Normad ng espad
mﬁl‘-:::d * Locate the tabie of positive 2 vsues.
the region corespondieg to 8 & Locnie m the frst colomn the valoe 14 sno i the Sl cow the vakos 0002,
given xvaiue ar b determine the # The aren comrespanding to the rvafue of 1.42 s boated at the nbersection of the row and oolemn, which b 55323
rosiue oeeresponding fo & gvers Py
mma.

COMMUNICATION The average number of phone calls received by a customer service

representative each day during a 30-day month was 105 with a standard deviation of 12.
Find the number of days with fewer than 110 phone calls. Assaume that the number of calls

is normally distributed.
K—p
E I e Famuin for 5wt
b i — 105 < X
'[E:j'lmlﬂwﬁﬂ = T:r.ahntl}_ll K= =08 and >=12
kﬂm“_umm"h Although the standard normal distribution extends to negative and positie infinity, whien you ane
canuse a gisphing cakuator o finding the area less than or grester than a given valoe, you can use a lower value of —4 and an
find the ama under a standeed ke ok A :
normal crve St conesponds o > FI ormalcdfc ~d.8.4
r par of 2 vakes by seiecting In thes case, enter a kower s-value of —d and an vpper zvabue of (41 : 6627255515
il The resulting aren is 066 Since there were 30 davs in the month, .

a2 skslat, syt vkl k! there were fewer than 170 calls oo 30 « (066 or 198 davs.

Therefore, there were approcarmatedy 20 dayvs with fewer than
110 calls.

I' GuidedPractice

3. BASMETBALL The average number of puints that a basketball feam scored during a single season
was 63 with a standard deviation of 18. If there wene 15 games during the season, find the
percentage of games in which the team scored more than 70 points. Asoume that the number
of points is normally distriboted.




StudyTip
Symmatry The nomal
dednbution i symmetrical, so
when pou are asked lor the
muddio of mutsice: set of data, the
Z-valurs wil e oppothey.

In Exampde 3, vou found the asea under the normal curve that cormesponds to a z-valee. Yoo can also

find svabhees that correspond to specific areas. For example, vou can find the =value that correspands o
a cumulatove area of 1%, 20%, or %9%. Yoo can also find intervals of swvalues that contain or ans between
a certain percentage of data.

middle a0

Example 4

4

Find the interval of =-valees assocated with each area.
a. middle 50r% of the data

autsida 1%

The micddle 50 of the data correspands to the data between 25% and 75% of the distribution,

o (.25 and 5.75, as showno

To find the =-scores that correspond o 0,25 and 0,75, select
End [DISTR] o display the DISTR menu an a graphing
calrulator. Select inviMorm| and enter 0.25. Repeat to find
the value corresponding bo (.75, As shown at the right. the
zvabwe crresponding to 025 is —{(L67 and the zvalue

eormesponsding bo 0,75 is 067,

Therelore, the mterval that represents the middle S0 of the
data s =067 < = < 067

b. the ootside 20°% of the data

T 8 70

teT s e

The outside 20% of the data represents the top 10% and the bottom 1% of the distribution

or {1 and 0.9, as shown,

%

— 10—
B

|
30 |

To find the vatue cormesponding to .10, enter (L1 ntoa
graphing cabculator under iwNonm| and repeat for (1.9,
As shopwn, the 2value corresponding to 0,10 & —1.28 and

the =vahee corresponding o (.90 is 128

Therefone, the interval that represents the ootside 20°0% of
thedatais —1.28 > zorz > L4

GuidedPractice
dh. the middle 25% of the data

-
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StudyTip

Percentage, Propartion,
Frobobiity, and Ares When o
jprobiem asie. for @ percentage,
jproporion., or probabiliy, it s
asiong for the same valug--

the tomesponding area under
the normal norve

StudyTip

Comtimaty Factors ina
continuces fisinbuban, there & o
dilerence betwees Plx = o] and
P > ] beceuse the probabikty
therlx = equal to c & zero.

1o r =15 & S imenecion
ol the row amd colemn. The
oros = 05332,

# b the tabie of negatve
raalves, we locate m the Sest
colums the value —18 snd o
the frst romr 003 Feen we

lipcaie Sve area coresponding
o r=—1E}at the

wwersecion ol the row and
column The ares = 8.0334

* The noeded ares is the ares
1o the ieft of the gremter
raafue minus the arpa bo e
et of S vmnler romine
that is

09335 — 0033501 B50E

Probability and the Normal Distribution Yoo have seen how the ares under the normal

curve cormesponds be the proportion of data valies in an interval. The area also corresponds to the

ilety of dlata values falling within a given interval. If a svalue & chosen randomly, the probabality

of choosing a value between 0 and 1 would be squivalent to the aréa under the curve between 0 and 1,
which iz (1.3413. Therefore, the probability of mndomly choosing a value betwern 0 and 1 would be

approximately 3%,

Example 5

METEQOROLOGY The temperatures for one month for a city in Californda are normally distribated
with 2 = B1" and o = b°. Find each probability, and use a graphing caleulator to sketch the

corresponding area under the curve.

A P70 < X < 90%)
The question is asking for the percentage of temperatures that were between 700 and W1 Firss.
find the corresponding svalues for X = 70 and X = 90.

X—p
ir

=

Fermuia tor resiues

_ 70—
T B

r=M.u=tLondor=4

= —1.83 Sepily

L= 91 b Find the other zvahae.

R . 7 .
=" TEMLUA 16T & valurT
i "
Usitig the Standard Hormal = -8 o= e =4
Distrittbon tabiles fo find o : :
the arvn botwesn =
r=-18dands =15 =18 i
5. 1 s o vl e Yiou can wse a i beul di th
graphing calculator fo display the area
e i that corresponds to any x-value by selecting [20d [DISTR]
R L Y R Then, under the DRAW menu, select ShageNorm
focate v aree comrespoiding (fowrer = vaive, ppper = otlie). The area betwren = = <183

z = 1.5 & LEMISER, as showm.

i,

Therefure, approximately 5% of the emperatunes were |4, &l sck: ¥ by [0, 0.5 210,125

betwesn 70 and Sk
b PX = 957
X—p
= —— Farmuila tor Fesives
_5-8 e 2 o
—. 3 I=590 i=Hledo==
= 233 TEphly

Lsing a graphing caleulabor, vou can find the
area between = = 233 and = = 4 o be (L0094

Therefore, the probability that a randomly selected
temperature is at least 957 is abowt 1%

P e

[—a, 4l gk 1 by lo, 25 sel: 0325
‘- GuldedPractice

6. TESTING The scores an a standardized test are normally distributed with g = T2 and o= 101
Find vach probability and ose o graphing cakeulator to sketch the cornssponding area under
the curve.

A PX < B9 B Ma5 < X < &5)

R —




Yoir can find specibic intervals of data for given probabilities or percentages by nsing the standand
muoarmal distribobion.

> Real-World Example 6 = - -
COLLEGE The scores for the entrance exam for a college’s mathematics department s normally
distributed with g = 65 and = =5,
a. If Fatemna wanis o be in the top 20%, what score must she get?

To find the top 20% of the exam scores, vou maest Find the exam seore X that separates the
upper 20 of the area under the normal curve, as shown, The top 200% cormelates with 1 — 0.2
or (8. Using a graphing caboulator, vou can find the corresponding =valoe to be (L84,

Real-WorldLink

In aTetend yem, the sverage
natioral SAT scores were 507 in
Crivcaf Resding, 5% in Math,
ardd 494 @ Writing. The average

natiooal 8T score in that =ame B4
yearwas 211
Saurm: LS TO0AY Minw;, use the formula for the zvalue for a population to find the corresponding exam score.
= X
g — r :
— &5 S S
0.Ed = T 1 =i — i

Fatema needs o scome of at least 72 to be in the op 2%

b. Fatema expects bo garn a grade in the middle 90% of the distribution. What range of scores fall in
this category?
The muicdddle % of the exam scores
represents 45% on each side of the mean
and therefore correspands. o the interval
of area from 0.05 to .95, Using a graphing
cabeulator, the svalues that correspond to
.05 and 095 are —1.645 and 1.645, respectively.

Lse the zvaloes o find each valoe of X

X—n X—p
= —y— Formuila for 5-walies I=—
—I.ni5=1_ﬂ{'1 p=Emd z=1 1645 ='k_s+b5
1116 = X - &5 Mulliphy BlE=X-85
5184 =X Semlity BlE=X

Therefore, Fatema expects to soore between 52 and 75,

P GuidedPractice

6. RESEARCH As partofa medical study, a researcher selects o shudy groop with a mean weight of
£6 kilograms and a standard deviation of 5.5 kilograms. Assume that the weights are normally
distribabed.

A I the study will mainky focus on participants whose wesghts ane in the middie 80% of the data
set, what range of weights will this include?

B U participants whose wsights fall in the outside 5% of the distribution are contacted 2 weeks
after the study, people in what weight mnge will be contacted?

-
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L MOISE POLLUTION Aspart of a noise pollution study,
researchers measured the soond level in dectbels of a
busy city street for 30 days. According to the study, the
average noise was B2 deibels with a standand deviation of
6 decibels. Assume that the data are normally distributed.

& If a mormal cofwersation is held ot aboot 64 decibels,
determing the number of hors during the study that
the noise level was this low.

b. Determine the percent of the study doring which the
nnise was bebween 76 decibels and 88 decibels.

L GAS MILEAGE Khamis commubes 290 mihes each week for
work. His car averages 29.6 miles per gallon with a standard
deviation of 5.4 mikes per gallon. Assume that the data are
normally destribisted Foe
a. Appridmate the number of miles that Khamis's car gets

& jrxs mileage of 35 miles per gallon or better.
b. For what percentage of Khamis's conmaste does his car

have a gas mileage between 24,2 miles per gallon and
404 mmiles per gallon?

Find each af the fullowing.

L 2 X=19 p=77 and o =16
& Xifz=23p=fl andor=13
G 2ifX =5 p=d3, and o= 3.7
6 Xif:=25p=2 and o= 04
Lol =3p=38 and o= 28
B Xifz=17 p=d¥ and o= 41

8. ICHTHYDLOGY As part of a science project, Mazen studsed
the growth rate of 797 green gold catfish and found the
fullowing imfurmation. Assume that the data are normally
distributed. |

The green gokd catfish reaches
its maximiam Bength within
its first 3 manths of Ble.

= Average lengih at birth 4,69 miliméters
« Standard deviation 0,258 milllmeters i

8. Determine the nuomber of fish with a length less than
4.5 millimeters at birth,

b. Determine the number of fish with a length greater than
5 maflimesters ab birth.

0. ROLLER COASTER The averages wast in line for the 16,000
datly passengers of a ruller cosster is 72 mimsdes with a
staradard devviation of 15 minubes. Assome that the data are
normally distributed. (£
& Determine the number of passengens who wait bkess than

6l minotes o ride the roller coaster,

B. Dwtermine the number of passengers who wait oure
than 20 minules o dde the moller coaster.

Find the inferval of z-values associated with each area

L middle 30% 2. outside 15%
13 ombside 40% . madele 10%
B onbside 25% 1. middle B4'%

12 BATTERY The life of a certain brand of AA battery is
normally distributed with g = & hours and o = 1.5 haers,
Firud each probabifity. (o
8. The battery will last less than & hours:

b The battery will lact mome than 12 hours.
e The battery will Last between 8§ and ¥ hours.

8. HEALTH The blood cholesteral bevel in adult
Americans B X3 mg/dL (milligrams per deciliter)
with o standard deviation of 38.8 mg/dL. Find each
probabiity. Assume that the data are normally
distriboted. 00

8. a blood cholesterol kevel below 1680 mefdL which is
eomsidered bow and can lead bo 2 higher msk of stroke

b a blood cholestenol bevel above 240 mg/dL, which &=
considensd high and can lead 1o higher risk of heart
dimease

e a bood cholesterol kevel betweesn 180 and 200 mg/dL,
which & considersd normal

. SHNOWFALL The average annoal snowfall in centimeters for
the U5, and Canada region from 45N to 55N is normally
dastributed with g = 260} and o= 27,

8. Determine the minimem amount of snowkall oceorring in
the top 15% of the distribotion.

b Determine the masdmum amount of snowfall occurring
in the battom 3%

& What range of snowifall ocowrs in the middle 60°%?

20. TRAFFIC 5PEED The speed in kilometers per hour of traffic
on Morth Street is normally destributed with @ = 60 and
o= =
&, Determine the maximum speed of the skvwest 107% of cars

driving on North Street.
b. Determine the minimum speed of the fatest 5% of cars
driving on North Street

£ At what range of speed do the middle 25% of cars on
Murth Street drive?

2L TESTS Saleh ook the ACT and SAT and carned the math
scores shown Which of the scores has a higher selative

pasition? Explain vour reasoning.

Stamdard
Devertion

Mabwoinal
L erage




). EXAMS Asma scored T om a physacs test that had a mean
of 72 and a standard deviation of 1. She also scored 81 on
a socialogy test that had o mean of 78 and a standard
deviation of 9. Compane her relative scores on each test
Assume that the data are normally distribauted.

Hnﬁlhuﬂlhlmw.lhudi shaded region.

27. FRACTILES (Juartiles, percentiles, and deciles are thres types
of fractiles, which divide an ardered set of data into equal
groups. Find the =valees that correspond o each of the
fallowing fractiles.

8 Doy O and By
B Qg Oy ond 0y

[ Pm, .!",'“. and P*.

28 METEOROLOGY The humidity observed in the morming
during the same day in Chicags, Orlando, and Phoenix &
shown. Assnme that the data are normally distribwbed.

Average Standavd
Hrmidity [eviation

Which city has the highest humadity? the lowest
hurmidity? Explam your neasoning.
b. How wauld a fourth city compare that has a humidaty

of 81% and a.na'vmfp:hunm:hh af B% with o standard
deviation of F%?

29, 10BS The salaries of employeess in the sales department
of an advertising agency are normally distributed with a
stancdard deviation of S0 Durimy the holiday season,
emplovees who earn bess than 535,000 receive a gift
hasket

& Suppase W' of the emplovess receive a gift basket. Wit is
the mean salary of the sales depastment?

B, Suppese implovers whi make $10,000 greater than the
mean salary receive an incenthve bonus If 200 emplovess
work m the sales dépariment, how many emplovees will

recetve a bonus?

206 | Lesson 4-3 | The Mormal Distriution

30, ﬁl MULTIPLE REPRESENTATIONS In this probdem, you will
b, imvestigate the shape of a normal distribotion. Consider a

population of 4, 1, &, B.

& GRAPHICAL Construct a b:l:rEth, and isse 5t to describe
the shape of the distribution. Then find the mean and
standard deviabion af the data set.

b GRAPHICAL Select esght random samples of size 2, with
replacement, from the data set. Constrict a bar graph,

and use it to deseribe the shape of the distribution. Find
the mean and standard deviatson of the sample means.

& TABULAR The table inchodes all samples of size 2 that
can be taken, with replacement, from the data set. Find
the mean of each sample and the mean and standard
deviation af all of the sample means.

Sampie | Meon Sampie | Mean

a4 54
L8 0,8
am 88
R £
5.4 w4
& 0.8
a8 0.8
.10 1,1

d. GRAPHICAL Construct a bar graph of the sample means
from part ¢ and use it by describe the shape of the
distribution. What happens b the shape of a distribution
of data &5 the sample size incresses?

& ANAIYTICAL Divide the standard deviabion of the
population that you found in part a by the square oot of
the sample size. What do you think happens to the mean
and standard deviation of a distrituetion of data as the
sample sixe increases ?

H.O.T. Problems  Use Higher-Order Thinking Skills

3. ERROR AMALYSIS Husam and Salem are finding the = mterval

assoctated with the outside 35% of a distribution of data
Haesarm thinks if is the mterval z < —0.39 o 2 > 039, while
Salem thinks it is the mterval 2 < <093 orz > 093 1s
cither of them correct? Explain your reasoning,

BEASONING In real-life apphcatsons, vahaes usually Fall
between —3 and +3 in the standard normal distribution. Why
dir yon thank this & the ease? Explain your reasoning.

CHALLEMGE Find bwor s-values, one positive and one
negative, so that the combined area of the fwo equivalent
tails ix epual to each of the Edlowing,

B 1% b 5% e 1%

REASONING Contimuous varisbles smneinmes, always, or never
hanve normal distributions. Explain your reasoning.

WRITING 1M MATH Compare and contrast the characteristics
of a normal distribution and the standand nesrmal
distribubion.

Copwighl © Mol ne Hil| Bdie ation
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Spiral Review

36. BASEBALL The number of hits by cach Wildcats plaver during a doubleheader is
shown in the freguency distribatson.
a. Construct and graph a probability distribution for the mandom varable X
b. Find and interpret the mean in the contesxt of the stuation.
€. Find the varianoe and standard deviakmon.

37. AMERICAN FOOTEALL The number of penalties a foothall teamn received ko each

game during two recent seasans is shown, Constroct side-by-side box plots of the

data sets. Then use this display bo compare the distributions.

[ n E 3 a 1 3 5
a = | 8 i1} B 3 [ i
B M M 9 hli] [ 3 1
& g hii] 5 5 5 3 i
Find the sum of each arithmebic series.
8. 55 of =92 4 (=88} + [<Bd) +. .. 9. Hmpurﬁ:]muf—tE-‘-E-‘-]?‘-..

Find rectangular coordinates for each paint with the given polar courdinates.

1 = =
o3 AL {3'_3'}
Given v and u s v, find 0. There may be more than one anawer,

M ov={—12 - n+v=17 A5 v = (2, 8.5}, n-v=—0

Find the direction angle of each vector.
a7 hi+ Y #E -3+ d4j

Wirite an equation of an ellipse with each set af characteristics.

B0. wertices (=3, 11}, (=3, =0);
foch (=3 7, (=5, -5)

5L covertices (—1, —#&), (=3, —&);
length of major axis equals 10

B

Hits, X | Tregaenoy
o k}
1 1
2 B
3 2
- 5

Ggp 0F 205 & TH1 + 267 +

=5
rd

V= {i,—ll}.n-\'= 1

-
|
.3

verbees {—4, 2), {8, 2);
lemgith of minor axds equals 8

Skills Review for Standardized Tests

53. SATACT U Xis the sum of the first 1000 positnee even
ntegers and Y is the sum of the first 30 positive odd
indegers, about what percent greater is X than 17

deviation for scores oo the ACT was 210 and 4.7
Aasome that the soeres were normally distriboied.

What is the approcimate probability that a tesd taker F =
scored higher than 30.27 C -3
F 1'% H 2%

G 15% ] 25%

A TN C 300% E 500r% -
B 200% D 400% SRS
A 1%
S4. REVIEW In a recent year, the méan and standard B 19N

.\
D 89%

56, REVEEW Findw-w.

H -6
] 47

66. The length of each seng in a music collection is
normally distributed with g = 4,12 oinodes and
o = (168 minutes. Find the probability that 4 song
selected fram the collection at random is longer than

g

T
]

5, —6! )
L1
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Graphing Technology Lab

plransforming Skewed Data

It is commom for biodogical, medical, and other dats o be positively skewed. It can sometimes be helpiul
o dransfornr the original data so that & better resembles a normal disteibstion. This alkes for the data o
be spread out as opposed to being bunched at one end of a display.

@ Use a graphing calculator
to transform skewad data
into data that resemable a
normial distrihtion, Activity  Transform Data Using Matural Logarithms

Use the data to construct a histogram, and describe the shape of the distribution. Then fransform
the data by calcalabing the commaon logarithm of each entry. Graph the new data, and describe the
shape of the distribution.

Data

-] 7 2 S lajm | & | E 1 4
] m |2 |0|9 (23| 2| W0
7 LY E 35 | 48 | M &

=

ET Input the data into L1, Constrsct a histogram
fur the data wsing the intervals and seales shown.

The data agrpear to be positively skewed.

I, sal scl; vy [0, 150 50l 0

Input the commeon legarithm for each vahse into L2 ] L3 2
Place the cursor on L3 Press LGS and enber L. ;5 ST N
Press [EnTen]. 1 | Bk
5 q;
] .ﬁgﬂ
i LeJoy
[ Li7El

te=logtly Yl

ETE] Construct a histogram for the new data using
the intervals and scabes shmm

Thee diatn apspesar o have a noemal distriboton.

fio, 20 sl o2 by Loy, 100 gk 7

LS

Data mav also be transfrmed by calculating the square toots or powerns of the entries. When data are
transformed, the type of operation pedormed should slways be specibed. A transformation will not
abways resadt in the new daka being normally distributed

Exercise
Use the data to cunstroct a histogram, and describe the shape of the distritntion. Then transform the

data by calculating the square oot of each entry. Graph the new data, and describe the shape of the é
distribution. Explain how the transformation affecied b susmmary statistics. E
X3 | M0 O| W O| 3| 36 | 24 | W | 33|42 | 3G 2
|| 4 |as5 | | M52 n | = |13 E
&3 | 20 | 24 | 34 | 30 | &0 | 2| 3E | # 35 ::'E'
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® 'You used the normal @

distribution fo find
prohabiitios for
intenvais of data
values in distributans.

NewVocabulary

sampling distribaiion

standard error al the
mean

sampling errod

cantinuity carrecton
achod

lisa the Cantral Limit
Theorem to find
probabites

Find nomal

aporcaamations of
binoemial distribitions

@ In manufacturing processes, quality contral
sysiems are used fo determing when a
process s outside of upper and lower comtral
Emets or "out of conirol” The mean of the
process s controlied; therefore, successive
samphe means shousd be normally distributed
arund the aciual mean

Lample

The Central Limit Theorem Sampiing is an important statistical foal in which subgroups of

a population are selected so that inferences can be made about the entine popalation. The means of
these subyroups, or sample means, can be compared to the mean of the population by wsing o sampling
distribution. A sampling distribution is a distribubion of the means of random samples of a certain sire
that are kxken from a populstion.

Consider a population consisting of 16, 18, 20, 20, 22, and 24, with g = 20 and & = 2552, Suppose
12 random samples of size 2 are taken, with replacement. The mean T of each sample 15 shown_

20,22 08 22,33
18 i, 22 18,18
20, 24 0, 0,16
20, 7 oM b |

21

22

every pussible

Figure 4.41

The mean of the means of every possible sample of siee 2 from the population is
16+17+ .+ FH)
= == = I or

The distribution of the means of the 12 random samples, shawn n Figure 4 401, does not appear (o be
nirmal. However, if all 36 samples of size of 2 from the popolation are feund, the distibution of sampbe
means will approach the normal distibution, as shown in Figure 442

Means of Every Possible Sample

16

e

MNaotice that this value is equal o the population mean p = 20. S0, when the mean of the means of
of sive 2 are found, p- = p. The standard deviation of the sample means o
and the standard deviation of the popadation o when divided by the squane root of the sample of
siEE i are

3018 —2002 + {17 — 2 = . & (24 — 2"
E %

Since these two values are equal, the standand devistion of the sample means, also known & the
standard error of the mean, can be found by using the formula o7 = :ﬁ:—l.

anid

17 18 19 W 1




ﬂruud:ﬁn'zmn!:nmdh lﬂqﬂl‘m which occurs barluse'thenu'q:!l: i= mot u-nuu'q:ll.ﬁ:c
whﬂmﬂﬂrwﬂlhsnl'hurm if all possible samples of size m are taken from a population
with mean @ and & standand disviation o, the distribution of zample means will have:

* amean pythat is equal to pand

. nmﬂaﬂmmuiuﬂuquﬂm—t.

When the sample size o is large, regardless of the shape of the origmal distribation, the Central
Limit Theorem states that the shape of the digtribution of the sample means will approach a normal
distributisn.

StudyTip

Kormally Distributed Yaneties
[ She original vanable = not
noemally distnbubed, then & must
o gremer thes 30 in ceder to use
the standard pormal detribation
12 appemimate o detributon of
L:.lnimm:

HayCaoncept Central Limil Theorem

#a the =2mpleg siaw 0 noreeses:

# the shape of the detribution of the sample mesres of o popolation with meon u and dandsed devinson o will approach o
nocmal distnbution and

- hﬂiu.lmﬁlhmlmnpmd-mrdlﬂdnlﬂal=4ir

. o+

The Central Limit Theorem can be used o answer questions about sample means in the same way that
the normal distribution was wed fo answer qoestions shout individual valees. In this case, we can wea
formasls for the svalue of 2 sample mean.

MeyConcept 2-Value of a Sample Mean
Tn::umhllm_unmip:pdmm?mw:=;:.mi s the sampie mear, j2 i the mean of the
popadation, and oy i ke shandard erac

AGE According to a recent study, the sverage age that an American adult leaves home is 26 vears
old. Assume that this variable is normally distribubed with a standard deviation of 2.4 years_ If a
random sample of 20 adults is selected, find the probability that the mean age the participants left
home is greater than 25 years ald.

mﬂmhnaﬂtﬁmrrmlu_kdmh:hﬂu] the distribution of the sample means will be approcimately

mormal with p = 26 and o, = or about (0337 Fnd the =wahee.
w21
i= % remive dor o wemple mean
="?}5_j?h =M, p = and o, = 0517
= —1 ko & emmirly

— .86

The area to the rght of a =value of —1E6 is (L9685, Therefurne, the probability that the mean age of
the sample is greater than 25 oc PIE 2 25) s about 96 85%.

P GuidedPractice
1 TORMADOES The average number of bornadoes in Kansas is 47 per vear, with a standard devistion

of appremimately 1.2 tornadoes. If a random sample d’lﬁ}mh;uhcbd,ﬁnﬂtlzpd:ﬂhﬂﬂy
that the mean number of tornadoes is less than 50_

-

M0 | Lesson 4-4 | The Central Limit Thearem
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Your can also determing the probability that a sample mean wifl Gl within a given mterval of the
sampling distribution.

Real-World Example 2

BATTERY LIFE A company that produces rechargeable batteries is designing a battery thal
will need b be recharged after an average of 19.3 hours of vse. Assome that the distribubion
is normal with a standard deviation of 2.4 hours. If a random sample of 20 batteries is
selected, find the probability that the mean life of the batteries before recharging is between
18 and 20 hoars.,

The area that corresponds to an interval of 18 to

) hours is shown at the right.
Real-WarldLink
In P34, a nonpeol organoation
ruied Tre Aechamenbie Basery
Eecyting Cmpoention was formed
o peomete e recyring of First, find the standard deviation of the sample means.
rechamgenbie batteries in Modh
America |tp1'm5mh4m o = - Slandar dewsbon &f 8 sample mem
for ower 50,000 collection o
IDCILONS NATIoEAEE WiETE = 24 N oy sy
rechargeabis batteries com be: T o =S =N
recycled forfree N
5 B o #= [1.530 Samply.
Use the svalue formiila for a sample mean o find the eormesponding svalues for 18 and 20,
=wakue for ¥ =18
F—py
r=E ramlue foresds for 5 sampde mamn
=tuﬂ—ﬂl:1 F=Hp—11 and v, =080
= =142 Simphify.
svahee for ¥ = 20:
f—p
B Fownlun tooesis lor @ wmpEE men
Eﬂ;;:.i =20 p=18) md-r; =05
=130 et
E_I Using a graphing caleulator, select nommalods] boe t?qalc_cﬁ'd -
find the bt 2= —242and =130, 1.357
i . B954391997
;
B
& The area bebwiesn s-vabees of =242 and 1.30 & 08954 Therefore, P{IE < p < 20) & FE54%.
5, the probability that the mean [ife of te batteries i between 18 and 2 hours is B9 54%.
P GuidedPractice
I 2. DAIRY The average cost of a gallon of milk ina ULS. city s 5349 with a standard deviation of
G 50.24. If a random sample of 40 1-gallon containers of milk is selected, Fnd the probability that
3 the mean of the sampls will be between 53,40 and 53,60,
1
"
3




StudyTip

rWaiue Foemutas Notice that
the crfferemon beewern
rvalue formuls {or an indvidust
data vaiue and the rvafue
farmula for & sample mean s
that ¥is ssbrisubed for X aed o
= sabxtiuind for o e the formuls
ar an indreidual v lue

CLASS SIZE According fo a recent study, the average class size in high schools nationwide is
24.7 students per class. Assume that the distribution is normal with a standard deviation of
36 students.

8. Find the probability that a randemly selected class will have fewer than 23 stodents.
The question is asking for an individual value i which Plr < 23). Use the z-valuse formaula e
an indvedual data valoe ks find the corresponding svalue.
X—p
T=E=
_ -y
T

The area associabed with 2 < —0.47, or Pz < —0L47), & 0.3192. Therefore, the probability that
a randomily selected class has fewer than 23 students s 31 9%,

ranlur formsis for an mdsedusl vales

or aboul —(L4T

A=21 =347 wul o= 1K

b. If a sample of 15 classes is seleched, find the probability that the mean of the sample will be
fewer than 23 students per class.

This question deals with a sample mwen, 5o wse the -value formula for 8 sample mean o fnd
the corresponding s-valwee. First, find the standard error of the mean.

oy = "\I;.'!IT" Standard orror of sho man
——"Lm'ahnll'llﬁ r=18mao=10
N
Mext, find the =value using the value formula for a sample mean
i—p
=" ramiun o for & Lample memn
Dn#?mﬁmt— F=2 p=247 and o, = (093

The area associated with = < =183, or Mz < =153, is 0.0334. Therefore, the probability that
a sample of 15 clasies will have a metan class sze of fewer than 23 stsdents is 3.38%.

P GuidedPractice

3. APPLES Comsumers in the US, eat an average of 19 kilograms of apples p:r:.'uu: Assume that
the standard devaation & 4 kilograms and the distribution 14 approcimately normal

A Find the probability that a randomly selected person consumes more than 21 kilograms of
apphes per vear.

B Ifa samphe of 30 people i selected, find the probability that the mean of the sample woulkd
be more than 21 kilograms of apples per year.

Natice in Figure &.4.3 that the probability that an individual class has fewer than 23 students is moch
greater than the probability associated with the mean of a sample being fewer than 23 shown i
Frgure 4.4, This means that as the sample size incresses, the distnibution becomes narrower and

23
Cula3e

11 M7 T
Fegure 4.4.3 Figure 4.4.4

M2 | Lesson 4-4 | The Central Limit Thecsem
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Math Historylink
Piere-Saman Lapiace
({1145-182T)

A French mathemasician and
assrunomes, Pierme-Simon Laplsce
‘wie born in Beaumecat -on Auge,
Franoe. Laplsce frst apmonmated
S hinominl Ssirketion with the
nomal distribarton in ks 1812
wirk Theore Anoltigur des

Probohilifés. ,..-"

Pl fg =

The Normal According o the Central Limit Thearem, any sampling

distributiom can approach the normal distribution as @ increases. As a resuli, other distrilastions
such a5 the binomial distribotion can be spproximated with the mormal distributson. The binemeal
distribution can be determmed by using the equation

POO = Crg" ",
where n s the number of traaks, p is the probability of success, and g & the probability of fabhere.

If thie number of trials increases or the probability of success gets close y, P=lin=t
to (15, the shape of the binomaial distribution beging to resemble the 0.4

nurmal distribution, For . consider the binomial distribution i
dh@LWhp:ﬂlnﬁu:hﬂuMhﬂnapnﬁvdy :
skwsd. 0z

1

123458

However, when p = 05 and n = & or when p = (.2 and n = 5, as shown belinw, the distribution
is approximately normal.

¥

p=0%a=350
0%

0

0as

0123456 a 4 B 12 W W

When the probability of success is close fo 0 or 1 and the number of trials is relatively small, the normal
approxemation is mot accurate. Therefore, as a rule, the normal approximation is typically osed only
when iy = 5 and ng = 3.

KeyConcept Approximation Rule for Binomial Distributions

-H]:H:E The peemal distribution can be used o appeoemate & binomal dishibution whennp = Sand mg 2 &

Example IFp s 04 and wis 5, them ng = S04} or 2. Since 2 <C 5, fee noomn] dadribution should mot be used io

appromEm ate the Binomial dstrition.

It also is important ko remember that the normal distribution should anly be wsed fo approximate a
binomial distribution if the original variable is normally distritasted or g 2= 30,

Since binomial distributions are discrete and normal distributions are conbmmors, a correction for
continuity called the continnity correction factar must be used when appromimating a binonrial
distributien. To use the correction factor, 05 umnit is sdded to or subtracted from a given discrete

- For example, to find PX = 6} in a discrete distribstion, the correction would be bo fnd
M55 < X < 6.5) bor a continuouns distribution, as shown belowe.

Continuous

Discrete

—_— Pe-05<X<E4+05) —

35 &5




Lise the following steps to approcimate a binamial distribution with the mormal destribution.

MeyConcept Nermal Approximation of a Binomial Distribution
SIUdFTIp The procedane fior the oomal sppeoadmation of & binomal detrbeton 15 i fofior.
Binomial Fosmulas The mean g
s standand devabion ared o m&ndﬂmunnpundﬂmdudﬁntrm
tmominl destnbubion sce foandd e = .
i LAl Write ® probiem im probabiliby rotason using JC
o Step 2|
TESpECIRER m&dmmmm.ﬂmammtmhcmmﬁqmnmmw
cisriburtion.
m!"nd-pmmnﬁq::mh[
hupmq:aﬂamrnﬁndhm@g:m

COLLEGE A school newspaper reported that 20% of the current Grade 12 class would be attending
an out-of-state college. 1f 35 Grade 12 students are selected at random, find the probability that
fewer than 5 of the the students will be attending an out-of-state college.

In this binomial experiment, it = 35, p = 0.2, and g = 0.8.
EEH] Find the mean pand standard deviation o

= ng Maan amnd siamdard devabon cF 8 isnoma disinbobon o= \Inlnpq
=35.1.2 n="T a=02 andg=010 = o 1.2+ 10
=T Sirmitty = 237

Since np = 3503} or ¥ and ry = 35008 ar 28, which are both grester than 5, the normal
distribution can be used to approximate the binomial distribatson.
g Write the problem in probability natation using X

The probability that fewer than 5 of the senioes will be aftending an out-of-state college
s A[X < 5),

] Rewrite the problem with the continuity factor inchaded.

Since the question i asking for the probability that feaer than 5 will be attending, subtract
(1.5 tamit from 5.

PX<5=PYX<5-05mPX<45)

o~

WatchOut L] Fand the cormes irggr z-vale for X
po

rifaiue Fomula When X—p

sppeouimatmyg the binomal I=—g— rogiue formde

distribution using tho cormal 5=

daribubon, remember to use the =55 =05 =7 amd p =227

rvaloe fermuis for an menidusl

dlafen vadusn, et the formmuls for s ==1405 Smpiify

Lmr_m.

3] Use a graphing caloulator to find the anea to the left of 2. aledre 4, -1,

The approximate area bo the left of 2 = <1054 0147,
a5 shown at the right. Therekore, the probability that » 146927 3246

fewer than 5 seniors will be attending an cut-of-state
cillege in a random sample of 35 seniors B about 14,75

P GuidedPractice

A, ADVERTISING Accordimg to the results of an advertising survey send to customers selected
at random, §5% of the customers had not seen a recent belevision advertisement. Fnd the
probability that from a sample of 50 customer responses, 15 or more had not seen the

advertisement.

M4 | Lesson 4-4 | The Central Limit Thecsem
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Real-Worldbink

Product necalls ocow when 2
mamdacturer soecs ool 8 request
B0 S consamers A0 cerlum &
product after discowering 2 sfety
iszme. Recalls are costly, bt ane
sooe 1o kmit the istdity of the
maAnutaciuTer.

Seastin: Maiosa Hapbmay Trafe
Sabory R et

MGy H| Do simn | L ropSh uifesieckimm

eHErighi o

* | Real‘Werld Example 5

MANUFACTURIMG An automaker has discovered a defect in a nﬂ#’mndd.ﬂtdd:tlucrp:dﬂlh
affect 30% of the cars that were produced. What is the probability that there are at least 10 and at
mast 15 cars with the defect in 2 random sample of #0 cars?

In this binomial experiment, # = 4, p = 03, and g = 0.7,
Begin by finding the mean p end standard deviation o

= up Mpar ang sinndord ik = -.'f-ri-FE
=40-03 r=dp= 01 mdg= =+40-0307
= 13 =ik e

Since npr = A00L3} or 12 and my = MY ) or 25, which are both Hru.ﬂeril‘um 3, the noromal
distritnetion can be used fo approximate the binomial distribubion,

EEE] Write the problem in probability notation: #710 < X < 15).

m Rewrite the problem with the continuity Bctor included.
Ml X=<15=M10=05< X<15+05)or %5 < X < 15.5)

EEY Eind the corresponding -valoes jor X =95 and X =155

i'i—.n I—p
==y AW Hrle I=—y—
_a5—12 = _ 155—12
EI] ST .=y
= =[1.BA Simpiiy =12

EEE Use 2 graphing calcolator to find the ares betwesn
r=—={8band z = LI
The apprsdmate area that corresponds to
—{LBh = 2 12T i A0, as shown at the right.
Theretore, the probability of thiere being at least
10 and at most 15 cars with the defect i a
random sample of 40 cars is about 69 2%

P GuidedPractice

5. MAMUFACTURING Suppuse a defect ina sscond model by the same sutomaker is expected to affect
2% of the cars that were produced. What is the Fmbab'll.mr that there are at beast B and at most
1 defects in a random sample of 30 cars?

WatchOut!

‘#rrting Inequaities. Whes: a
probiom b5 asking for o probability
benween two velues, vie the
Inoguity as Pl < X < £5) no
P, = X = o) For imsance, i
Example 5, the probabsity e
Erere are between 10 and 15

I‘:hﬁ:':huwldhcﬂﬂ{l{ L.7]

1t may seem difficult to know whether to add or subtract 035 unit from a diserete data value bo fiod the
contimuity correction factor. The table below shows each case.

ConceptSummary Binomial Distribution Correction Factars

Wi usimg Hae nomal disiribeSon io spproximaie o biscmisl dishibution, the following comection faciors shoeid be smed,
wheoe ¢ i a given data value in the bmomisl distnbubion

Binomial Mormal
P=r] Ple— 05 < X o+ 05
P> o) P = o4 05}

P =) B = — 05}

P <) B = ¢ — D5}
Pzl Px < ¢+ 05)




Exercises

1 VIDEQ GAMES The average prices for three video games at
an online anction site are shown. Assume that the variable

& normally distributed. S

& For a sample of 35 online prices for Colomn Craze, fmd
the probability that the mean price is more than 3338, #
the standard deviation s $9_

b. For a random sample of 40 enline prices for Space Race,
find the probability that the mean price will be between
550 and 535 if the standard deviation is 512,

2. CHEWING GUM Americans chew an average of 182 sticks.
of gum per vear. Assumi: a standard devistion of 13 shicks
fur each qouestion. Assume that the variable is normally
distribubed. .

8. Find the probability that 50 randomly selected people
chew an average of 175 sticks or moze per year.

b. If a random sample of 45 people is selected, find the
probabikity that the mean number of sticks of gum they
chew per year is between 180 and 185.

3. EMERCISE The sverage number of davs per week that
Americans from four different age groups spent exencising
during a recent year is shown, Assume that the variable is
nurrrably distributed 2

Time Spent Exercising

18-24

2534

i

45-54

4. Find the probability that a random sample of 30 Americmns
ages &5 bo 54 spent mone than 1.5 davs a week exercising,
if the standard deviation is 0.5 day.

b, Assuming a standard deviation of 1.2 dayvs, in 8 random
sample of 30 Americans ages 13 to 24, I'm.d.rl'u.*p'mhahl'd'\r
that the average tine spent exercising i between 2 and
2.5 davs per week.

& MEDICINE The mean recivery Hme for patients with a
certain vires is 4.5 days with a standard deviation of
2 dm':. Assume that the variable is normally distributed.

& Find the Prnhhﬂ&yiimnﬂ:ﬂrmw timme of less
than 4 days for a random sample of 75 people.

b. In arandom smple of B people, fnd the probability that
average recovery time & between 44 and 4.8 dayvs.

ME | Lesson 4-4 | The Central Limit Thecsem

§. TOURESM The average nember of bourksts that visit a national
monsiment every month s 55,000, with a standard deviation
of 5,000, Assume that the variable is normally distributed.

& W a random month is selected, find the probabaliby that
therd wonld be fewer than 50,000 tourists visasting the
mdmm ek

b 1fa sample of 10 mionths s selected, find the probability
that there would be fewer than 50,000 vissting tourists.

6. NUTRITION The average protein content of a certain brand
af energy bar is 12 grams with a standard deviation of
2 prams. Assurme that the vanable & normally distributed.

#. Find the probability that a randomly selected bar will
have more than 10 grams of protein.

b In a sample of 15 bars, find the ility that the
average protein content will be greater than 10 groms.

7. WORLDCUP In a recent year, 33% of Americans said that
they were planning to walch the World Cop football
tournament. What is the probability that in a random
sample of 45 people, fewer than W peaple plan o watch the
World Cup? Assume that the variable i mormally distributed,

8. MOVIES According toa national poll, in a recent vear, 275
of Americans saw 3 or more mevies in thesbers. What is the
probability that in a random sample of 40 people, between
6 and 11 people saw more than 3 movies in a mewvie theater
that year? Assame that the variable is normally distributed.

9. LBRAAY A poll was conducted at a hbrary to approsimate
the percent of books, ChDs, magarines, and owuwvies that
wire checked out during one month. The results are shown,
Assume that the variable is normally distribated.

| Pemeni

Resooroes

ook L]
s L]
MOAITeT 1
OIS a2

&. What is the probability that of 65 randomly sebected
rescurces, exactly 33 were books?

b. Find the probability that of 85 mndomly selected
resonrees, at least 15 and at most 18 were Chs

1. DRIVING A driving imstructor has found that 12% of students

cancel or forget about hl.tm:.. Assarrme that the variable is
nrrrmally distributed. e

&, I the instructor has 60 students, what is the probabality
ithat maere than 10 of the studends will miss a kesson?

b What iz the probabity that of B stsdents, exactly
T students will miss a lesson?

Copwighl © Mol ne Hil| Bdie ation
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. TESTS A mudhi wee test consists of 50 questions, with
pussible answers A B, C and D. Find the probabitity that,

with random guessing, the number of correct answers waill
be wach of the following.

B e than 18
£ at ket 14

b exactly 12
d. betwern 10 and 15

Find the minimwm sample size needed for each probability so
that the aormal distribution can be used to approximate the
binomial distribubion.

7 p=01
W op=05

m =04
1B p=08

6. BASKETBALL The average points per game scored by foar
different basketball plavers ane shown,

B B C 4]
a1 63 a5 a3

8. Find the mean and standand deviation of the sveragss.

b. ldentify ecach possible combination of 3 plavers’ averages,
and find the mean of each combination

& Find the mean of each of the means that vou kaend
in part b, How does this comparne ko the mean that
vou found i part a7

17, BICYCLES Consider the bicycle rim shawn, where
bg:ﬁmﬁnﬂbﬂmmda:ﬂ]?j centmeter.

The diameters for 10 random samples of 3 bicvele rims from
a company's assembly line are shown.

Dearmaeier Lample Diamseinr
1 153 M09 75 B 245 751 48
2 LA/ B T 5.3, M9, 351
3 153, 189 48 B 254, 148 253
Ll 249,351,152 | ME 0 352
5 5, 5T M7 10 25, 253, M7

& Find rand s for each sample.

b. Construct a scatber plot with the sample number on the
r-axis and the sample means on the yaxis.

£ In this process, U‘le-uplpcftmtnﬁ Eirmit :i:lf+;,|]u-.:|.m“i!

lower contral limit is T — <= If the process is in control,

all wahses should fall ml]un H'u: conkrl Bmits U the
graph from part b to determine whether the process is in
control. Explainyour reasoning.

8. BLOOD TYPES The distributions of blood types of U5 and
Canadian citieens are shiwm

153 Canada
Tyme Distidmriion e | Detibution
o 45 o 8%
& 47 A 7%
B s B ¥
LH 4% L] 1%

B LS50 LS. clbizens are selected at randoem, find the
probability that fewer than X of those chosen will have
trpe O blood.

b. Find the probability that out of 100 randdomby selected
Camadian citizens, between 30 and W) of those chosen
will have types O or A blood.

& What is the probability that bwo randomily chosen
people from the LS. or Canada will have the same
blood type?

H.O.T. Problems  Use Higher Order Thinking Skills

19. ERROR AMALYSIS Halima and Hammtﬂkul:l‘hrlg
resulls fur a survey that they are taking as part of a
SUIMTeT I.T!I‘.E'I'I.'I'."ll.'ll]:! They found that of the ressdents
they surveved, 63% do not recvele. Habima found the
probability that fewer than 30 ot of 30 random resdents
div nok reeviele is 18.7%, while Hana found that it
woald be 27.7% Is either of thesn correct? Explain your

FEASOTENG.

20. WRITING IM MATH Explain how the Central Limit Thearem
can be used bo describe the shape, center, and spread of a
distribution of sample means.

2. CHALLEMGE In the Ulnited States, 7% of the oule
population and 0.4% of the female popobation are
cokor-blind. Suppose random samples of 100 men and
1500 women are selected. bs there a greater probability
that the men's or women's sample will mchsde at beast
10 peopie whao are color-blind? Explain vour reasoning,

Z2. OPEN ENDED Give an example of a population and a
sample of the population. Explain what is meant by the

cornsspoending sampling distribution.

REASDMING Determine whether each statement is frue or false.
23, As the number of semples mervases, a sampling destribuoation
of sample means will approach the normal distribation.

24, In a binomial distribwbion, NX = cf # MK > o

Z5. WIRITING IN MATH Explain why the normal
distribution can be used by approximate a binamial
distribution, what conditions are necessary o
da 50, and why a correction for continuity &
neseded.

217



Spiral Review

26, COMBUNITY SERVICE A recent study of 1,286 high school seniors revealed that the students
completed an average of 38 hours of volontesr work over the summer with 2 standard deviation
of 6.7 hirs, Determine the number of seniors who completed maore than 42 hoars of community

service, Assume that the variable i normally distribuied,

Z7. GAMES Maonapgers of a fitness club randomly surveyed 56 members
and recorded the number of days that exch member attenaded the
ciub in a given week. Use the frequency distribution shown to

Find each sum.
1% ]
. Y, 50+ 58 M 3, 5-4
= m=13
Find the specified term af each sequence.
A TFthiterm d,={a_ _, —6}% 8 =4 32 bth lerm, @, = 37 — dit

construct a probability distribution foiv: b Fainchos wviable X
Then find the mean, variztion, and standard deviabon of the

probablity distribuion.

Days, X | Froquency Diays, X | Fresquency
o 1 4 n
i 5 1 9
2 L] E 3
3 u ¥ 1

h :gll 1“" i

A3 dthierm a, =g, — 1,4, =3

Find rectangular conrdinates for each pomnt with the given polar coordinates.

34

Find each of the following for p = (4, 0), g = (=2, —3), and t = (—4, 2).

37

1 =

(23 L o

p—t— 1y 38 g-—dp+ 3

36, (6, 210K}

29, dp+3qg— 6t

Wrike an equation for and graph each parabola with focus I and the given characteristics.

A

Fi—#, 8); opens up; containa {0, 16)

4L F2. -5); opens down; contains (10, —11)

A2, YOGURT The Frowen Yogurt Shack sells cones in three sizes: small, $2.89; mediom, $31%; and
targe, §3.39, On Friday, 78 cones were sold totaling 5206 42 The Shack sold six muore medim
cones than small comes that day. Use Cramer's Role to determine the nomber of each type of

cone sold on Friday,

Skills Review for Standardized Tests

43, SATFACT What is the value of 37

C 53
B S D 10

44. REVIEW In a study. 62% of registered voters axid they

voted in the 2008 presidential elechon. If b regestered

45. The average number of

. REVEEW Find the area that corresponds

fenis whe are seéen every
week at a certain hospital s normally distribasted.
The aversge per week is 12 423, with 2 standard
deviation of 3289, If a week is selected at rendom,
find the probability that there would be fwer than

DM patierts.
A 0,50 C 322r%
B 2.3T% D 36.73%

1o the shaded region of this standard
nurmal distribation.

vobers are chisen at randaom, what is the probability that F oor
at least 4 of them voted? o 00
Firs H 55.46% q a9 -1
G d12% ] 732% ] 098
L%
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..-MMid-Chapter Quiz

Il Lessons 4-1 through 4-4

1 ALDITIONS hreage-sut-mmmelmmnﬂﬂmﬂ far podess in @ high Classity each ramdam variahie X as discrete of continpous. Explain your
S0l produsction o Game with Bhe Wing are showsm 1. reasaning.

A, Xrepresends the number of imes 3 coin lands on heads Il fpped &

| dgeotsidens | random nubesof s,
el il L5 B2 Lo 5. Xrepresents the lime it lakes for a randeenly chosen marathes
o il B [ B reinfes 10 oomgiele & race.
s | 6 % 15 7
il et A R R 6. TRAVEL inarecent poll, 20% of American teenagers said that
Iay have visiled Washingion, D.C. Fnd the probability that cal af
e Cosstruct ahigu.g-ramr and use I o descoibe the shape of the Bmeﬂﬁl Chosen Teeasess, al least 3 hawe wisibed thesr nation's
distsibwBan. capital.
b Summarize the cemsler and spread of the dala usang sher the
mean and standard dewlation or e lve-nuembes sEmmarn. 7. SHAMPOOD The amount of waber i millilitess in @ particitas
Justity yomr choice shamgod is normaly dietited with u = 125 and o = 7. Find 2ach
of 1 felawing. |
B PUX <05
2. VACATION Suhaia is plannéng a trip far spring vacalion. She has B X = a0)
narowed her chalces down Lo b locations. The lemperstures e P <X < 10)

duming teahes days around the time of sprng vacation are showm

Do 1o sach |oatiodn
8. GOLF A random sample of 130 golfers resulted in an verage scome

of T8 wilh a standard devialion of 6.3, Find the rumber of gollers
L dcomo

53 &0 EZ 57 55 %]
&4 58 54 52 54 03]
Ortando, Flomds

L T ] Fi] 2 Il . e
12 M M i FE ] T ﬁ
B, Consiruc side-try-side boe phots of the dala se1s, and use this —
—id

dhsplay 1o compare the cenler and spread af the distribitions

Find ihe ases thal corresponds with ke shaded regon.

b Which lecation Tias e greaber varkation in lemaerature?
1. PROUECTS The scofes on ascience paoject for one class ade
nesmally distribisted with p = 78 and = = 8. Find each probadility.

3. MULTIPLE CHOICE ‘Which of he folowing displays a daia set that

is posiively skewed? o Ppxeoe)

b FiB0< X< 85

A c
Find the prabability of eath sample mean.
12 PF<38p=40.0=55n=25
B PF>B22u=825c=4n="50

B ._m o . om WM. EMPLOYMENT According 1o a recent stisdy, the average age tat
8 perses stants hs of by first job is 95 B years old. Assuame that
thés variahbe is narmaly distributed with a standard deviatian of
LT years. If arandom sampée of 25 people is sebected, find the
profialsiity that the mean age the paricipants sarted thess firsl

——— jul:ﬁls greele-j mm'ﬂ'was:ﬂi E

e i D MG ey M SO san



® You analyzed sample @ Lz the normal ® Executives at a film studio want 1o know the

means and the efiect distributians 1o find avesrape age of people sesing 2 movie. A
of the Centrad Limit confidence intervals survey of 200 people who saw the mavie
Thearem on a fior the mean. finds 1hat the average age was 2004 years.
sampling distributon. TRy i The studio executives decsde to estimate the

to i confidence mean ags o lor a8 customers 25 between

ik R o i, Wland 227 or 81 <o < 127

P
HewVocab ular}' Mormal Distribution in inferential statistics, o sample: of data is anahered and conclhusions ane
fefential sLatisties ade about the entire popualation. This procedere is usetd beeause it i prsally bow challenging b et
parameter miformatson fom every member of a population. Anmutlhahlurnbuarhamrtﬂnﬂmul’apq:uhhun
paint estimate such as the mean or standard deviation, is called o parameter. Mamy different parameters may be wsed to
nienal estamats analyze data: but in this kssen, wee will concentrate on the mean.
confidence level The average age of 20 4 vears is an example of a point estimate, a single value estimate of an unknonen
Makimum eror of perpulation parameter. Duee to sasmpling error and relatively small sampling sice, the point estimate will
estimate mast fikely oot maich the population mean. For this neson, the studio swecutives wsed an inderval

critical walue estimate of 181 < 2 < 227, An interval estimate & o range of values used to estimate an unknwn
confidence inberval population parasneter, To form an interval estimate, 2 point estimate is uied as the center of the inberval
HEstribution and a margin of error is added to and subtracted from the point estimate. For this shdy, the studio
degrees of eedom ’

220 | Lesson 4-5

eecutives bet the margin of error be 2.3 vears.

Lisft Bosinairy Poimt Estimste Right Boisndary
WA —=T3or 180 ¥ =204 204 4 2307 21T

) /

17 1 L) i in 22 13 4

Before an interval estimate is created, it is helpiul bo know jost how reliable yoo want it to be. The
probability that the interval estimate will include the actual popadation parameter s known as the
oonfidence level, and is denoted as ¢ We can dhestrate a confidence level using the normal distribution
if the standard deviation of the populabion o 15 known and the population is normally distributed or if
i 2= 30. Recall that the Central Limit Theorem states that whien r 2= 30, the sompling distribution of
sample means resembles a mormal distribution.

The contsdence level for a normal distribution i equal to the area inder the standard normal curve

bebtwern —= and 2, as shimne The remaining sreas in the tws tails s then 1 — ¢, o8 1[_ {1 = ¢ for mach
tail.

¢
1

=£

Suppose vou are conducting an experiment in which you want a confidence level of 95%. When

€ = 95%, 2.5% of the area fies to the left of —2 and 2.5% lies to the right of = Using a graphing calculator,
vou can find the corresponding value for —2 to be —1.96 and = o be 198, By calculating the product

of thie =values and the standard devistion of the sample mesns o, the maximum error of estimate £,
the masirmem difference between the point estimate and the actual value of the parameter, can be
deberovived.

i cam

P i H | B i itk

Copaghl



-

StudyTip
Mexmmum Eror of Eslimate

The moximum error of exlimate £
will be' o positive value soce it i
the masireum Siterence between
the pont esimate and the sctunl

walue of the parameter.

KeyConcept Maxmum Error of Estimate

The maxmum eeor of psimale £fora populsfon mean i gven by
-
E=zamy orye =g,

m:nuuﬂ:huhrltutnnun:nhtnlplﬁmlnmﬂ'mhﬂ,-iﬂ'lE:E-ﬁmumm
of the sample meaes. When o 2 3, 5, e sample standand dewiation, may be substity ted for o

s

The zvalues that correspond to a parbicular confidence level are known as critical valoes. The three
muist widehy used confidence levels and thesr cornesponding critical vahses are shinwn below.

TEXTBOOKS A poll of 75 randomly selected college students showed that the students spent an
average of 5230 on textbooks per session. Assume from past shudies that the standard deviation
is 535. Use 2 99% confidence level to find the maximum error of estimate for the amount of money
spent by students on textbooks.

In a 9% confidence interval, 0.5% of the area lies inoeach tail.
Yoo can find the corresponding s-value to be 2576 by using

a graphing calculbator or the table above.
E=:. :'E Mavimuom Lreor of Extimate
= o7 -5% F=150 =5 amin= M
= 1634 Ly

This means that vou can be 9% confident that the population mean of money spent on kextbooks
will be no more than $16.36 from the sample mean of $230.

P GuidedPractice

L MUSIC Executives ol a music label surveyed 125 people who actively downboad music and
frerd that the listeners have an average of 780 songs downloaded to their computers.
Assume a standard devistion of B6 songs. Use 4 '%4% confidence level fo find the maximuom
error of estimate for the mumber of somgs on the computer of someone who actively
downloads rusic.

Dhce a confidence level &5 established and & masimom error of estimate is caloulated, it can be osed 1o
determine a confidence interval. A confidence mterval, denoted CF, 15 o spevific interval estimate of a
parameter and can be found when the maedmum error of estiouate i sdded to and subtracted from the

samgle mean.

KeyConcept Confidence Interval for the Mean

A confidenoe imterval £F for & popolabon mesn e i gioen by

n=;¢£un:-j":.

wheoe i i e sampile mean snd F & tho masmum eemor of estimale.

e




Real-WorldCareer

Engineering Engineers wse
soienco and math ko find
economeca solutons bo techeical
probiems. A backeloc’s degree
engneenng = uusiy equired for
mat ety leved job.

HOMEWORE A pull of 20 randomly selected high schoal students showed that the students
spent 2 mean time of 35 minutes per on himewark. Assome a normal distribution
with a standand deviation of 12 minutes. Find a %% confidence interval for the mean of all of
the students.,

Substitute 1645, the cormesponding z+value for a 90% confidence interval, nto the confidence
interval Formuda.

O=% i:'?r.r: Confidence intervel lor the Mezm
BEI6S . T
= = L =30 r=10% =11 andun = 20
V2o -
= 35 & @4l Emmplity
Add and subtract the margin of error.
Lefi Houndary fligid Snumdary

35 — 4l = 350 35 4+ 441l = 3941

A 0% confidence interval is 30.5% < g < 3941 Therefore, with 90% confidence, the mean time spent
on homeswork by stodents is between 3006 and 304 minubes.
P GuidedPractice

2. SHOPPING A sample of 65 randomly selected mall patrons showed that they spent an average of
570 that day. Assume a standard deviation of 312, Find a 95% confidence interval for the average

=

Technology Tip

Calculete Confeimre
Intervals Yom can chock your
answer by wsiog o gmphing

calcnlaiorn. Press | E AT |and
setoct Zinterenl under the
TESTS mema. For Inpat: seinct
Stats and Sen emier gach of the
L\lﬁ.ﬂhmhdta}:m.

-

amuisrit spent by a mall patron that day,

In many real-world situatiions, the popalatin stndard deviation is unknown. Wheen this s the case, the
statidard deviation s of the sample can be used in place of the population standard deviation, as long as
the variable is normally distributed and o = 30

Real-World Example 3
ENGIMEERING Tensile strength is the stress at which :uﬂrm.lh-nhnrdﬂmm.hu-qmj
wanis {o estimate the mean tensile strength of a new material. A random of 40 units is
normally distributed with an average tensile strength of 2,552 pounds per square inch psi) and a
standard deviation of 203 pounds per square inch. Find 2 98% confidence interval for the mean
tensile strength of the material.
Ern.Hl:frn
S8 ditery

In a 95% confidence mterval, 1% of the area lies in =ach tail,
lwqﬁ'fﬁagﬁ%??

You can find the corresponding s-valoe to be 2.33 by using
a graphing caleulator.

Since the distribution is nosmal and o = 30, the sample
standard deviation can be used o find a confidence tmterval

k3

=Tzt z+ W {onhdmce Imerval for e lean
= 1552 4 133-?2?'—“ F=1551 r=233 5=301 amin= 40
=2552+ T4 Crrridy

> Therefore, a %% confidence interval is 2478 < p< 2626,

P GuidedPractice

3. ENGINEERING Suppose a random sample of 5 units of the same material is normally distributed
with an tensile srength of 39.2 pai and a standard deviation of 3.1 pei. Estimate the mean
tensibe strength with W% confidence.

232 | Lesson 4-5 | Confidence Intendats
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t-Distribution Iy marry cases, the population standard devisbion & not known and, due
to constrainis such as ime and cost, sample sizes exceeding 30 are not realistic, Io these cases,
another distribution called the f-distribution can be used, a3 long as the variable is approxinately

; normally distributed.

StudyTip

P sticiers Tt A The P-distribution is a Bamily of curves that are dependent on a parameter known as the degrees of
Wormal You camncd e o normal freedom, The degrees of freedom (£ are equal o r — 1 and represent the number of values that
dedniczan o -dstrostian o are free io vary after a sample statistic is determined.

comstnast & oonfidence mierol §

hi. ppn i =t 6 gremilly o For example, if ¥ = 4 in 2 sampbe of 10 values, 9 of the 10 values are free bo vare. Once the first
9 values are sebectied, the tenth valoe must be a specific namber in order for ¥ = %_S-n,llu

degrees of ireedom are 10 — 1 or 9, which corresponds to a specific curve.

Notice in the bigure below that as the degrees of freedom inerease, or as df approaches 340, the
i-distribrtion approaches the standard normal distritsotion.

The characteristics of the idistribution are sommarized below,

KeyConcept Characteristics of the f-Distribution

* The distrbution is betl shapod and symmetic sbouol the mean

® The mean, median, sad mode egenl O and are st the cemer of the Sesibuton
* The oorve never fouches the raxe

# The standand devirtion is grester an ©

T disinbution tx a family of corves besed on e sampie see o,

* A mimoenses, the disringion appoaches the standand nomoal distrieson.

Ll

Similar to the normal distribution, the distribation can be dsed o constrsct a confidence interval
by using a f-value rather than a z-valoe o cabeulate the maximum error of the estimate E. A Fealus
can be found by

I= I:Fmr—;l—ﬂ,'rﬁ'l.mp is the populatin mean.

Your will wse a graphing caleubator to fnd valoes for Fsinee the population mean j is the parameter
that vou dre attempiing bo estimtate. You can find a confidence interval when using the fdistribution
h}'lﬂﬂ!ﬂt"l! formula sheown

StudyTip
Distributions Whenn = 30, KeyConcept Confidence interval Using {-Distribution
il = s=emcdard peocedurne o use ] |
tha Hetribaation. 38 & confidence imterval O for See Fdisiribution i ghven by
Fdmimbotions can shil be used.
ﬂ':::r-:‘?
wihere M e sample mean, £is 8 antical vekee with o — 1 degress of freedom, 5 is the sample siandeed devistien, and mis

[ = F=linl Bi-0

e,




CAPACITY The capacities of eight randomly selected tanks are measured. The mean capacity is
143 liters and the standard deviation is 3.0. Find the 95% confidence interval of the mean capacity
af the tanks. Assume that the variable is normally distributed.

The population standard deviatson is unknown and & < 30, so the tdistribubion muss be used.
Since n = 8, there are 8 —~ 1 or 7 degrees of freedom. You can use a graphing calculabor to find the

corresponding Fvalue.

In the DISTR Menu, select bwT(o, df). The & value represents the anea of one tail of the distribution
and df represents degrees of feedom. 5o, for a 95% confidence interval, the area in either tail of the

p=distribotion is half of 5% or 0.025.
: a# 423
‘""’“& 8534505
L5 L
> - Rl

' ﬁ Loofidence imenal Lhing St
=13t I.}ﬁr% F=WL =238 3= mda=08
=3I+ 25 Ly

Therefore, the 95'% confidence inderval is 1405 < u < 1455,

CHECK ‘You can check vour answer by using a graphing i
ealcoladoi. T the STAT meti, select TESTS and gf@; 143.51%
Tinterval. Under the Tinterdal meno, select Stats
and enter sach of the values. Then select Calculate.

b Guided Practice

4. RESTAURANTS The waiting time of ten randomly selected customers at a restaurant was
mieasured with o mean af 25 minoles and o standard deviation of 4 minobes. Find the 9595

tonfidence interval of thi mean waiting time for all cestemers, assuming that the variable

iz normally distributed.
smd-.ﬂ_ll:! It may e difficult to determine whether to ase a iormal dastribution or 2 -distribution for a given
:::;Hu.rhmhm e prablem. The chart shown bebow summartzes when bo use sach, assuming that the population is
il s . z
= LYY normally or approsimately aoemally distributed,
completed umng the e
bocare o B rarody kKnown Yes ¢
b e knewun ! —-'I-| Lise novenal idstribation
Mo
— —— - m —_— —————rrr—
I:J'!EKIF_ —F-'l Use normal d@stnbution.
L]
Use t-distribution.
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Int all statistical experiments, the user determines the confidence level, which directly affects the
confidence interval. With all other variables held constant, increasing the confidence level will
expand the confidence mterval. Expanding a confidence interval reduces the accuracy of the
estimate. For example, observe the confidence interval from Example 2 when the confidence level
is raised to 99%.

i o5%
Lemhidence Level ComdenTe Level

&l 3058 < p< O < A
e
0
'] '] L I [l
L] ¥ ] I I
005 1050 1% 41 4.9

Generally, a high confidence level and a small confidence interval are desired. This can be achdeved by
meredsing the sample size . You con find the otinimum sample size needed for a specific maximum
error of estimate by starting with the formuola for E and solving ke o

E==z..L bzsimmnm Lrrm of Extvmme
Wi
WisE=zemn Moy wachtite by =
ZaaT £
ﬁ:—:— kv emch sde by £
2k
n={F Soumn narh ude

KeyConcept Minimum Sample Size Formula

The mimmem sample size needed wien finding & confidesce mierml for e moons = gven by o = rﬁ:]:,'lhmrri:l.r:
sample sire and £ m fe maomem o of sstimade

e, -

PRODUCT DEVELOPMENT You are kesting the reliability of a thermometer. Your manager asks vou
to conduct an experiment with results that are accurabe to £0.05 deégree with 95% confidence. If
o = (LB, how many measurements are aeeded?

n= {-:E}I plinimum Samie Sze Formuta
_{I.‘}Mﬂ.l]}: e e
- BRI r="15%5 =00 ana e = 00%
-~ = 9345 Simpiy.
StudyTip

Anunding s not possbio & At least 984 observations are nevded 1o have a mangin of error of 200065 with 95% confidence.

e & sample sxe tat i a
fraction. Thesefore wher fesdiog. | ), Guidied Practice

I minimum sampin siae, siways

m'*m‘-“:lhh'"'"dl 6. MARKETING Execotives at a car dealership want o estimate the average age of their
fraction or a docimal to the next custemers before making a television commercial. They want to be 9% confident that
Lg:uhr-‘r:hm-tlr. the mean age is £2 vears of thee sample mean_ If the standand deviation from a previos

shisdy is 12 years, how large should the sample be?



Exercises

1 TRAMSPORTATION A random sample of 85 New York City
residents showed that the average commuting Hme b
work was 3.5 minubes. Assume that the standard
deviation from previous shedies was 113 mingtes. Find
the maximum error of estimate for 3 9% confidence
bevel Then create a confidence imberval for dee mean
commuting Hme of all New York City residents.

2. ORAMGES The swrier af an orange grnnve randomly selects
50 oranges-of the same bype and weighs them with a
resulfing mean weight of 2086 grams and a standard
deviation of 225 grame. Find the maximuom error of
estirmabe for a 8% confidence level. Then estimaie the

mean weight of the oranges wsing a confidence interval.

3. TEMPERATURE The average body temperature bor
15 randomly sebected polar bears was 36.4°C. Assume
that the standard deviation from a recent study was 1.68°C
Fimd the maamum error of estimate for 2 5% ambdence
level Then estimate the mean body femperature for all
palar bears in that regien nsmyg a confidence interval.

4. TYPING SPEED In a mandom sample of 20 students in
a computer class, the average kevboarding spesd was
40 words per minute (WPM) with a standard deviation
of & WPM. Estimate the mean kevboarding speed for all
students taking the dass oxing o W% confidence level

S. TEXT MESSAGES A random sample of 25 students with
cell phones found on average, the shudents send or recenve
68 text messages a day with a standard desiation of
13 messea Estimate the mean numbser of text messiges
for all students with cell phones using a %% confidence
level fes

6. COLLEGE WiSITS A random sample of 20 college-bound
Grade 11 students found on aversge they visited 6.4 colleges
with a standard deviation of 1.9, Estimate the mean nomber

of college visits for all :‘nﬂq;e—hmard jumiors using a 95%
condfidence level. §

Dietermine whether the normal distribution or f=distrbobon
:Inuhibamdhu:hqtﬂimht‘mdnthmﬁdeu:

L 0 r=120 s=T.n="0
5% F=65. 3 =159, n= 300

B T=Whs=1E =15

1
B
9.
0, W T=1723, =22, u= 20N
n Wy i=283o=d3n=

1L

QU ¥ =248, o= 183, n = 0
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13. COFFEE The owner of a coffee shop wants to determine
the average price for a small cup of cotfee in his city. How
karge should the sample be if he wishes o be accarate
tor wthin 50015 at 90% confidence? A previois study
showed that the standard devaation of the price was 50,10

W, TESTS A teacher wants to estimate the average amount
of tims: it takes students to finssh a 25-questaon test. How
Large should the ssmiple be if the teacher wishes to be W5
accurate within B minutes? A previonss study showed that
Ilie:r.u::.d.unl déevviation o the Hme was 11.3 minuies.

5. SCHOOL A survey was taken by 26 randomly selected
students, recordemng the amount of ime each student
participated in after-school activities for agiven week.
Assme that the fime is normally distribuoed.

7 | 2| 8
4 | a 7
L & 5
W s|l12]0a

=l |

| =B
[N I N ]

8. Decxde the type of distribution that can be used
to estimate the population mean. Explain vour
Teascming.

b Caleukate the mean and the standard deviation o the
mearest tenth.

e. Construct a 93% confidence nterval for the sverage
amount of time students participate in after-school
activibes.

d. Interpret the confidence interval in the context of the
problem.

6. WAGES In a previous stody, the starsdand deviation for
starting wages among emploved high school students was
50.50. A swrvey of 20 rndomily selected emploved high
schonl students was conducted and their starting wages
were recordidd. Assume that the wages are normally
distributed.

Wages (5]

BTS | 650 | 650 | 550 | 675
575 | 850 | 750 | 135 | BOD
650 | 735 | 675 | &00 | 535
B00 | 650 | 675 | 700 | &5

& Decsde the type of distriboton that can be used
1o estimate the population mean. Explain your
TEAsEIT

b Calculabe the mean to the nearest hundredih,

& Construct a %% confidence mierval for the average
starting wage for an emploved high school student

d. Interpret the confidence interval in the context of the
problem.
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1L AGE Yousif wants to estimate the average age of trachers
with a 95% confidence level. He knows that the standard
deviation from past studses is 9 vears If Youssf has only
Sl teachers at his school to survey, how accurate can he
make his estimabe?

18, TELEWISION Nasser and Avoub want to congpare the average

armuurit of ime per day in minokes that bovs and girls
waich telesvision. Thw:mﬂ!d!ﬁﬁnﬁemw
16 nlﬂrmnlum-rhr.mn.al mndumand recorded the

wiewing times.
|
w | ai | wo
25 | 1o 2o | m
1o | 120 s | s
5 | s 125 | 120
m | 16 ws | oo
ws | m 150 | ©s
u | us 2o | ™
mw | w | a0

a. Caleulate the mean and sample standard deviation foe
each data st

B. Construct b 9% confidence intervals for bhe average
amount of Hme spent watching television for both boys

€ Make a statement comparing the effectiveness of the
two intervals

18, RESTAURANT The osvmer of a restaurant wants o mean

preparation tme of 2 mimedes for each onder that is placed.
To help ensaze that the goal is achieved, the owner timed

24 randomly selected orders and found an average preparation
time: of 12 minubes with a standord desviation of 4 orinutes.
The owimeir will be satisfied if the poal preparation tme falls
within the 99% confidence inderval &l which the restanrant

& currently operating. Is the vwner satisfied? Explam vour
redsuing,

20. INCOME Khalifa i being transferned by his emplover

and has his choice of three cities. Before making a
decisaon, he wants to compare the average imcomes of
his Fellow emplovess in the three cities. With help from
the human resousce department, be records the
following information. The sample size for each caty
was 35 emplovess.

City | TS | om

1 6700 5,200
2 AT800 1,004
E| 45000 | B.000

&, Construct a 95% confidence interval for the average
income of emplovees in cach city.

B. If salary is all that s comsidered, o what ity should
Khalifa chacrse to be transferred? Explain vour
TEASKTET.

2. CELL PHONES A cell phone manofachirer wants the mean
talk tirme, the time a phone is engaged in sending a
message or ransmitting a comversation, for its long-life
batteries o be 62 hours. To ensure the quality of its
batteries, the manufacturer randomby samgples 14 phones
and records the talk times in s

B10 €11 | 833 | 5499 | B24 | 615 | 60O
626 | 623 | 603 | 625 | 613 | &X4 | 636

The manufacturer will be satisfied i the mean talk mme
falls within the 99% confidence interval at whach the
batberies are currently operating. 15 the manuiacturer
satisfied? Explain vour reasoing.

I3 READING Rana iscondocting a study on the averags
amount of tme that people between the ages of 17-25
spend reading each day, She surveys 20 people chasen at
random. She currently has o confidence interval with a
maximum error of estimate of 10 minasbes, What will
Rana's sample size need to be if she wants to redoce the

ernor o 5 mintes!? 2.5 mimmates?

H.O.T. Problems

s Higher-Order Thinhking Skills

23 CHALIFMGE A comfidence interval of 400872 < p < J9128 1=
created by 2 random study. If the sample standard devistion
witd 10 and the bvalue used was 2064, find the degrees of
freedom for the distribotion.

24, WRITING |N MATH Mot studics desire resolis with htﬂ'l
confidence levels. Explein why a 9% confidence level &
not used for every study.

REASOMING Determine whether each statement is friee or false.

Explain your reasoning.

5. [Increasing the sample siee will expand a confidence
inkerval.

26. Increasang the combdence level will expand a confrdence
inkerval.

IL Increasing the standard deviation will expand & confidence
inkerval.

2. Incressing the mean will expand a confidence interval

29. HEASONMNG If a person condocting a stody wants o reduce
the muimum error of esfamate by %, swhat wanld the person
have o do fo the sample size?

30, CHALLEMGE A study comducted with a random samgple of
size n = bl results in a confidence interval of 339 < p< 4.01.
If the interval was created wsing a 90% confsdence level, find
the sample standard deviation.

I WRITING N MATH Explain why parameters are nesded in
statasbics,

227



Spiral Review

32, EDUCATION According boa necent survey, 35% of adult Americans had obtained a bachebors
degres. What is the probability that in o random sampie of 50 people, between 12 and 16 people
had earned a bachelor's degree?

31 CARBATTERY The useful bife of 2 cortain car battery s normally distributed with a mean
af 10,000 kilometers and a standard deviatson of 100,00 kifometers: The company makes
20,000 batteries s month. What is the probability that if you select a car battery at random,
it will last bebween 80,000 and 170,000 kilometers?

Use the fifth partial sum of the trigonometric series for cosine or sine in approximate each
valoe to three decimal places.
o !LTII_1-.T 36 :us:.:'—T 36 uin:—?—

Determine the eccentricity, tvpe of conic, and equation of the directrix given by each

o= —— IR r—; M or= £
* T omd+ 5 T Tomw+4 T oEim A+ 3

Use the dot product to find the magnitude of the given vector.

&80, u= -8} i v= (712} 42 u=(48)

43. THRILL BIDES At an ammusement park, there is an additional Cloud l Banger Ccaster Totd Paid
cost per person fo ride the Cloud Coastes as well as the P Coaster | i Pr?{n:l-|l1;tr,n:1 -T__-l per,_,:..lu [L.E20]
Danger Coaster as a 1-persim, 2-person, and 3-person ride.

The: table shows how many people paid for the rides diring 1 g = L 3 =
the first four hours that the park was open. Woite and sche a 2 i | 2 B B4
system of equations to determine the cost of each ride per 3 1% 4 g 3 B
persan. Inderpret your solutson. P p o P 2 —

Skills Review for Standardized Tests

44, SATIACT Which line best fits the data in the graph? 46. In a random sample of 38 college-educated adults

7 aged 25 1o 35, the average amount of student-haan
debt was 85566 with a standard deviation of 1831
al Estimate the mean student-loan debt for all college-
educated adults ages 25 1o 35 wsing o 9%0% confidence

interval.

¥ A LIRH 2 g bEA4
B 439 < p = 6813
C 4507 < p < 6035
0.5 4 0.5x D 4997 < p o< A135

bt

A V=1 D w=
B yv=-=05r+4

%

Cy=-05r—-4

45. REVIEW People were chuisen at random and asked
how many times they went out to eat per week.
f o = (i, the resubts had 95% confidence, and they
were accurate to 20,05, aboot how many people
were asked?

F & G x H 4 ) 554

. REVIEW A school has two independent backup

genérators having probabilities of (.9 and (.95,
respectively, of successiul operation in case of a power
vutage. What is the probability that at least one backap

gEnerator gperates dm'in.E & ponwer oukage?
F 0.855 H h95

G 0# J G995
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MNewVocabulary
Iypothesis test

uall by perthessls
altermative hypathess
level of significamce
lett-tailed 15t

weo-lailed test
righit-talhed lest

Ervalue

Write mull and altemative @ Saced and Fahd are shooting
ypotheses, and identify which lbaskets when Fabd prowdly boasts,
represents the clams. I can make at least S0% of my free-

2 Perfomm hypothesis testing wsng
test stalistics and p-valies.

"yHypothesis Testing

throws.” Saeed |s cunious about
Fahd's remark and wanis o test
ihe acowracy of his clamm

-

Hypotheses A hypothesis test assessss evidence provided by data aboat a claim concerning a
population parameter. A claim of this type is called a diafisil bypotlieds and may or may not be
true. Fahd's claim at the beginning of the lesson is an example of 2 statistical hypothesis

To test the valickity of a claim, write it a5 o mathematical statement. Fahd's claim can be written as

p 2= %, where u is his average shooting percentage. The statement g < 90% is the complement of

the ariginal statement, which represents Fahd not meeting his claim. These two statements represent

the pair of hypotheses that need to be stated o best a claim.

= The null hypothesis H;: There is rod a significant difference between the sample value and the
population parameter. It will contain a statement of apualtty, such as 2, =, or <. In this example,
jo = W% & the null byvpothesis.

* The aliernative bypothesis 1 There is a difference between the sample value and the popalation
parameter. [t will contain a statement of incgeality, such s >, #, or <. In this example, g < 90% s
the alternative hypothesss

If & claim k is made abowt 2 populstion mean . the possible combinations for the hyvpotheses are:
Hep=kand H:p ¥k Mypzkand H:p<k Hyep=kand H:p >k

For each statement, write Ilzmll.lnddﬂr_rnl.hut hypotheses. State which hypothesis represents
the claim.

a. Makers of a gum brand claim that their gum will keep its flavor for at least 5 hours.
This claim becormes g 2= 5 and & the null hypotheiis since it inchsdes an egquality symbaol.
The complement is g < 5.
|'1'":J.|.15 [ £ Hep <35
b. Technicians of an sutomotive company claim that they will perform an oil change on a car in
less than 15 minubes.
This claim becomes g = 15 and & the alternative hypothess sinee it nchades an inequality
symbal. The complement is p 2= 15,
Hyp =15 Hy:w =15

& A teacher clams that the average amount of bme that his students are spending on homewark
every night is 35 minoies.
Thiz claim becames g = 35 and is the null hypothesis since # inchsdes an equality symisd, The
complement is g # 35

Hyp=35 H:p#35

¥ GuldedPractice

1A A foutball plaver claims that he can schieve maone than 100 rushing vards per game.
18, A cross country star claioes that it will take him no maore than & minuies to run a mile

1. A salesperson claims that she averages 12 sales per month,




WatchOut!

Repoct or Mot Repect The nul
irpathesis & the hypothesi

bl i ey ot rep
the chiim. For exampie. i the
termaine hypothess ropresanty
the claim and the mail kypothesis
s rejecied, Sew the damis

actunily being uppodod.

StudyTip

Errors The mlof making o Fype |
v is identcs in e sgnficae:
Iovel. Reduring the koot a Type |
e increases the sk of o Type @
ierror by widening Se acceptance
nieral

ﬁlﬂiﬂl‘lﬂ and Tests To validate a claim, the ool hypothesis is always tested. In the
exarmple at the beginning of the lésson, g = W would be tested, After a sample of data is
analyzed, one of bwo decissons s made.
Reject the null hvpothesss.
* Do not reject the null hypothests.
Every shot that Fahd could ever take cannot be recorded. Saced can only analvee a sample of data, such

as having Fabd take 100 shots, Thus, there is abways a chance that Saeed con make the wrong decision.
When the decision is incorrect, it i either a Tpe [ or a Type 1 erros.

Type | Errar Carect decision
Thie rasll iyppothicsss i eojeriod, when | Seecd rejects tie statement 2= 907
H_in i b3 octinlly true when Fahd actuslly shoots less than
' Soped rejects the sintement o 2 80% | 30
wiven Faid octsally shoots 90% o
betuer
Elpect e Type il Exrar
Saped does mot reject the siatement The null hypothess s nof regecied,
My i it prjected P 50% when Fabd actenfy shoots when it is sctunly false.
S0%or beter Sazed dows nat eject the stalemers
i3z 90% when Fahd actually shoots
s than S0

This sugpests that there are actually foor possible outcomes shen a decision about the: mall hypothesis is
made. The ondy way o puaranies complete accuracy i by test the entire population

Thie level of , denoted a, s the masimom allowable probabality of committing a Tvpe Lerros.
For example, if o= 000, there is a 10% chance that Hj was rejected when it was actually troe, or there is
& 90r% chance that a correct decision was made. Any level of significance can be chosen. The three most
commonly wsed levels are o = 010, & = (005, and & = 0L

Adver a level of significance is chosen, a critical value can be found using either a =- or Fvalue.
Similar o confidence intervals, the decsion to ose 2 = or Fvalee is based on the characieristics of
the shady.

® i s known o f o2 W use a svalue.
® If o= unknown and < 30, wse a eabne

The =- or value and the aliemative bvpothesis will determine the crition reogion, the range of vahees that
suigghest a significant enough différence to reject the null bvpothess, The location of a eritical region is
determimned by the inequality sign of the aliernate hypothests, which indicates whether the test is lefi-
tailed, right-tailed, or two-tailed.

ConceptSummary Tests of Significance

B > i the hypothess besd 5 4
right-taiked test.

Critical Critical o Crizical
mgf:m F] egion, 1 b3 m;:;ﬂﬂ

Onece the area corresponding bo the level of significance is determined, a fest shibide for the sample
mean is calculated. The test statestic is the = or fvalue for the sample and will be referred to as the
= stafrshe or | afebishic. If the = or | statistic for the sample:

* s in the critical region, Hy should be nejected.

* ismodin the critscal rejgion, Hy, shookd not be rejected.

B H- L # i, the hypothesis
fed & o b daded best

B M- < i, the bypolhess todl o s
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| KeyConcept Steps for Hypothesis Testing

-
Real-WorldLink

The Heferion Labetmg and
Ediication Act of 1900, or MLEA.
reqquired mutrition labeiing for
moat foocks, exchading meat and
peosalirg.

Sairee L5 Faod sl i
L Adminiraion

The steps to conduct 3 hypothesis test are summareeed below:

ESR] 5oxe the hypotheses, ond identify the dam
[htum:ileuiliuluanHﬂmgm
LTl Cokculate the test statistc.

EETE] Geject o tnil to ject the nl rypathesis

Real-World Example 2 :

HUTRITION Representatives of a company report that their product contains o more than 5 grams
of fat. A researcher tests a random of 50 and finds thatT = 5.03 grams. If the
standard deviation of the population is 0. gram, use a 3% level of significance to determine
whether there is sufficient evidence to reject the company's claim.

The claim writben as o mathermatical stabement & p < 3. This is the null hypothesis: The

alternative hypothesis is p > 5.
Hyip=<3s H:u>5

i

Determing the critical value(sh and region,
The population standard deviation is known and r 2 30, o you can use the =vahe. The
test ks right-tailed since p 2> 5. Because a 5% hevel of significence is called for, o = 0.05. Lse
a graphing cabtulator to find the zvaloe.

irraHorm
LT 20
Critical
region
+1.645
EEEl Caleulate the test stabistic.
Find the = statistic. Since o= 014 and n = ﬂa_;:%crlhmﬂﬂ.ﬂl
= I_—# Formuln or ¢ stalistic
=ill]]?[!;5 =500 =5 and o= 0101
=15 Gty

EZTX] Reiect or fail to reject the mall hypothesis.

Hy s not repected since the et statistic does not
fall within the critical region,

Critical
region

i
15 +1.645

Therefore, thens is not enough evidence o repect the daim that there & no more than
5 grams of tat per product.

P GuidedPractice

2. J0BS Employees at 4 bookstore claim that the mean wage per bour is ke than the competibor’s
mean wage of $10.50. If a random sample of 20 employees shows a mean wage of $10.05 witha
standard deviation of 30.75, test the emplovess” clabm at o = QU001




WaichOutl

Determming Criticad Walues.
Remember o use the md|
fanction to find ralues for the
tdatriiton and isvdiem| o find

raaues for the normal desrbubon.

For a two-sded test, the level of significance o must be divided by 2 in arder to determine the critical
value at each tail.

FRUIT SMACKS Representatives of a company have stated that each box of fruit snacks contains

B0 pieces. A researcher wants in determine if this is true. A random sample of 25 boxes is seleched,
with & sample mean of B4.1 pieces and a standard deviztion of 7 pieces. 15 this statistically
significant at o = 0.017

ETR] Seate the oull and alternative hypotheses, and identify the datm.

The clazm writben as a mathematical statement is = B0, This i the null hypothess.
The alternative hypothesis & p # 8.

Hyp=80  fciam] H,: w2 80
r] Determine the critical valuse{s) and region.
The fvalue shouldd be wsed smee = 30 and o is ondoeeen, The test i two-tatled since

## B, s the critical values are determined b‘y‘%mﬂ.ﬂﬂﬁ.ﬂrj‘mamﬂﬁnsﬂhﬂnﬁ:ﬂt
critical values for o = 0005 with 25 — 1 or X degress of fresdom are f = =28 and F = 218,

T s

EEE] Calculate the test statistic.

r— g
= 5 Foormssin Tor +xEatiuic
A1 — A0 4
- =041 p=80 ent 0, =——ar 1.4
i4 - s
= 143 Sarmmity
EITE] Feject or fail to reject the noll hypothesis,

Hy i rejected since the test statistic falls within the crifical regpon.

Critical riical
regicn regan

2 S,
2E oL T

There ks enough évidence to feject the claim that thene are 80 pieces in each box.

’ GuidedPractice

4. TRAVEL Representatives of a travel boreau ina LS. city claim that in a recent vear, an average of

110 perple wisited the city every day. Ina sample of 90 davs, there was an sverage of 115 visitors

per day, with a standard deviation of 18 visitors, At o= 005, is there enough evidence fo reject
|hu:1mn11‘

-

The paalue can also be used o determine whether Hj; should be rejected. The pvaloe is the howest level
of significance at which H; can be rejected for a given set of data, After caloulating the = or § statistic ke
a hypothesis test, it can be converted inbe a pvaloe using a graphing calculator. To use the pvaloe fo
evaluate Hy, compare the pvalue to oo

* W p = o, then neject Hy.

* I p > o, then do oot reject M,

232 | Lesson 4-6 | Hypothesis Testing
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StudyTip

Law of Lange Mumb=rrs The yaloe
of ¥ Is rarely i dentcal to e tnee
{x and atten varies rom sampie 1o
sample. Howeset, dee o the L
of Large Hombers, if we 1ake
larges and lerger sampiex, ¥
garambeed to get choser and
giceer ioibe truo . This i tue
for anydistrbution

L.

e

TechnologyTip
Cairolming toe Aron Undor a
#:Carve You tan wse o graphing
calcsintor &2 find the anes undes
e focunae Sial cosnesponds o
any fomime by sefecling
[ENSTR] and toci{lower  vmiue,
Lmluﬂglﬂ,‘l.

The to the area found under the normal curve to the left or oght of the £ or
¢ statistic cabculated for the sample data. The location of the area is determined by the type of test

being preformed.
lefi-tailed test ﬂ'ﬂl—[ﬂtﬂlﬂl
2orl Jort

The or valoe & chosen by the researcher befure the statistical test is performed, while the pvaloe is
calevlated after the sample mean is determinesd.

Example 4

HORTICULTURE A biologist treated 40 planis with a chemical and then compared the amount

af growth with untreated plants. For the untreated plants, the mean height is 21.6 centimeters.
The treated plants have a mean height of 224 céntimeters and 5 = LB centimeters. The biologist
claims that the chemical increased plant growth. Determine whether this resuelt is significant

at o= 0.01.

Thie claim written 2 o mathematical statement is u > 216, This is the alternative hypothesis,
The muall hypothesis is p = 3.6,

Hy p= 21.& Hiep>Xa {ciaim]
Sinoe i 2= 30, the = statistic i peed.
I—p
= Farmuin or 7 v
214214 i3
=24 p=F% aom o = = o aboo 0705
[T ~ 5 B =
=2 j7 t—mmby

This i= a right-tailed test since the altematioe bypothesis is g > 216, The area associated with
2= 2807 & 00025,

right-tallad test

;uir“:l cdf (. 7,

. e s Ty

pevalun

= 260y

The p-valoe 0.0025 = less than (LOL. Therefore, the null bypothesis is rejected and there s significant
evidence that the chemical mcreased plant growth.

" GuldedPractice

4. DRUGS Makers of a sleep-aid claim that their prodisa provides more than 8 inees of
uninterrupted sleep. In a test of 30 patients, the mean amoont of unintermupted sleep was
E.07 hours with a standard deviation of 0.3 hour. Find the pvalue and determine if there B
endazgrh evidence fo reject the claim at o = 0003,

It is imsportant to remember that statistical tests do not prove that a claim is trae or false. These
tvpes of tests simphe state that thene is or is not encugh evidence to say that a claim is likely o be
brue.



Exercises

Wite the null and alternative hypotheses for each statement,
and state which hvpothesis represents the claim. -
1. Makers of a cereal brand claim therr product contains
4 grams of fber,
2. A student claims that he has received at et an 85% on his
math tesis

3. Khadga claims that she can drive to schood from her house in
fass than 10 minwtes

4 Ayesha claims that her bowking average is 183.

& lan claims that he can recite the names of more than
38 former presidents of the United States.

Calculate the test statistic, and determine whether there is
enough evidence to reject the null hypothesis. Then make a
6. ADVERTISING Coempany represenfatives clatm that they
will ship a product in bess than four davs. If a random
sedection of 60 delivery Himes has o sample mean of
3.9 days and a standard deviation of (.6 dav, & there
enough evidence to reject the claim st a = 0,057 Explain.

7. HEALTH A researcher claims that a supplement does naot
micrease bone density by ot least 0.05 gram per square
centimeter. If 3 study shows that the supplement increased
bune density in a random sample of 35 peopbe by 0043 gram
per square centimeler with a standard deviation of 0.004, i
lhmumughmdﬂmlnnjﬂ:lﬂwdmuﬂ fm?

Explain. |

B. HOTELS Orwmeers of a hovtel chain claim that the average cost
of one of their hotel rooms in the U5, is 382, Sample data
fur 25 hotel rooms is collected. The average cost was foand
tot be B85 with a standard deviation of $8. 1a there enough
evidence to reject the ownens” claim at o= 0,027 Explain.

8. CALCULATORS A teacher claims that the mﬂﬁ!nﬂt-ﬂf
a certain brand of graphing caloudator & ag least 590, A
ranchom sample of 40 stores shows that the mean cost ks
584975 with a standard deviation of 54.95. 1s these enough
evidence to repect the teacher’s daim at o = 0,057 Explain.

Fae each claim k; use the specified infarmation o caleulate the
test statistic and determine whether there is enough evidence fo
upﬂlhnnllhyputhzﬂs_ﬁtnnnhaﬂmmkmﬂmﬁh
original claim. 100 L

W, bpo=130 0= 005 F=1M5 s =30 n=>50
H Ep>88a=005F=912 =38 =22

12, kp< 500, 8 =001, T=490, s = 27, n = 35

13 k& p #5500, & = (U0, £= 5430, 5 = 296, r = 200
W e p < WO, =001, F= 10015 s =565 n=18
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16, BEAL ESTATE A researcher wants to test a claim that the
average heme sale price m the U5, is less than $260,000.
She selects a sample of 4 homes and finds the mean
sale price of the sample to be 5354, 500 with a standard
deviation of $§12,500. Find the pvalue, and determine
mﬂmtuwmmbﬂlppml}ﬂthmﬂ

=105 Ean

6. MUSIC Representatives of an electronics comparny claim
that the sverage lifetime of an MP3 plaves is at beast 5 vears.
A randoan sample of 100 MP3s shows a mian life span of
5.2 years with a standard deviation of 1.2 years. Find the
prvaloe, and determine whether there is enough evidence
to suppor the daim at o = 0L0L =

T7. BASEBALL Faris believes that the cost of attending a
baseball game for a amily of two adults and twe children
is under $125. Hemm'.lﬂ families sebected at random
and finds that the average cost & $122.88 with a standard
deniation of $513.21. Find the pvahee, and detes mine
whether there i eniugh evidence Bo support the caim at
o= (10,

8. CROSS COUNTRY Mansour claims that the average 16800-meter
time for the students in his school is ks than 7 minotes.
He: records the Toid-meter times of 20 randomby selected
students. Determine whether Mansour's claim is supported
at o = 05,

00 Meter Tenes |memeries)

525 | 727 | 546 | 7EX | 775 | 542 | 600 | 817 | 945 | BI0
463 | 128 | 697 | 285 | 03 | 653 | 687 | 732 | 146 | 692

& Write the null and alternative hypotheses, and state
which hypothesis represents the claim,

b Determine whether there is enough evidence to reject
the null bypothesis using critical values.

£ Make o statement regarding the original claim.

19, HOMEWORK Ms. Buthaina claims that her math student=
spend 25 mirmites each night on homework. Mona asks
her classmates to record the average amount of time that
they spend on homework each night over the course of &
wiek. Determine whether M. Buthaina's claim is supported
at &= 0.1,

Tenes |mmeres)

Blmjiln|lRn M| B|M|EB|A|S

&. Write the mill and altemative hypotheses, and state which
hypothesis represents the claim.

b Determine whether there is enough evidence fo refect the
null bypothesis using critical valoes,

e ke a statement regarding the origmal claim.

Copwighl © Mol ne Hil| Bdie ation
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Describe the outcome if a type 1 or a type I enror 18 committed
when the aull hypothesis is tested.

WE B MRS

B

The accused person is not gailty.

The X-ray came: back positive for an ankle sprain.
Students wee study time efficenth:

The: majority of Sudents do not have jobs.

The average lifespan of a goldfish is 2 years,

The venom from the snake is not poisanods.

SLEEP Mr. Abculkarim belimves that college stodents ged les
than & hours of sleep each night. He randomby sebected a
group of students and recorded thee average amount of sleep
each shudent gets sach night.

54 | 67 | &5 | &5 | 55 [ &0 | S8 | 67 | EB
45 |57 | IS | 54 | 53 | A0 | 45 | 45 | 50

& Write the null and alternative hypotheses, and state
which hypothesés represents the claim.

b. Find the pvahse

£ Determine whether thene is enough evidence o refect the
null kvpathesis at o = 005

d. Make a statement reganding the original elaim.

ACT The average composite score on the ACT s a 21
Instructors of an ACT preparation class claim that they can
saise test takers” scores. The scores of randomby selected
attendees were recorded.

|23 T | w | |33 |30 | 2F(XS)I| 2
O| |2 |8 |28 || M|%2 |0 24
Slmjvn|n|w| @ |M|S5|xn]u|n

=}
2

& Write the null and altérnative hypotheses, and state
which hypothesis represents the claim.

b. Find the pvalse

& Determine whether there is enoogh evidence ko reject the
null hvpothesis at o = 001,

d. Make a statement reganding the orfgnal claim.

GUANTITY A chocolatier clabms that his candy averages af
beast 81 preces per bag, Omar randomly mbﬂrhbapnil}be
candiss and counts the pieces. Assume that o= 1.2

Mamber of Peces

= | B B2 | &3 | B2 | B4 a1 L]
Bo | &Y | 83 B2 n | 8o | B4 | A1 &

& Write the null and alternative hypotheses, and state
which hypothests represents the claim,

b. Determine whether there is enoogh evidence ko reject
the: nuil hypothesis at o = (.03 nsing critical values.

& Find the pvalue. Determine whether there is enough
evidence to reject the null hypothesis at o = 0.05.

29,

30

H.Q.T. Problems

GRADES Mr. Eissa claims that the average grade for his
students & an B5%. Two of his shudents, Adnan and Crbaid,
collect the fodliwmg samples of grades from students n
their classes.

hdnea's Srores

B4 | B4 | 86 | B8 | V& | SO ™ | 4 | B
B4 | &5 | BE | =1 | BO | BS T | BE | 9B

95 | B& | o5 | B3 | BE | &5 | B4 | BR
88| BE | &7 | B | 95 | BS | BG | 'S5

& Write the null and alternative hypotheses, and state
which hyvpothesss represents the cdaim,

B. Suppose a = 0.7 For each class, determine
whether there is enough evidenoe o reject ths
null kypothesis and make a statement regarding
the original claim.

e Determine whether there is enoogh evidence b neject
the nuil hypothesis of the two samples af data are
combined. Use the resolt to make 4 statement regarding
the original claim.

d. Make a conjecture in regaed 1o e result foond in
part € and the Law of Large Numbers.

Use Higher-Order Thinking Skills

ERROR ANALYSIS Abdalls and Abdulrahman ane ing
their statistics hainework. Abdalls claimes that it is always

better to have a type | ermor rather than a type Il error.
Abdufratiman disagrees. 13 either of them correct? Explain

-'!KI.D' m-a:':umlq.

WRITING M MATH Describe the difference betwesn
conducting a hypothesis best wking test statisties and
critical vakhees and conducting a bypothsesis test using
prvakoes.

REASOMING Determine whether each statement is Friie or false.

3

33

I the mll hypothess is refected, theén the daim is always
rejected.

The altermative bypothesiz can incdude @n equality symbal i
it represents the claim.

The pvalue is alwavs going to be a positive value,

CHALLEMGE For a random set of dota, p = 000, 5 = 0.3,
and T'= 14.9. If the stody was conducted bo test a claim of
p o= 15, find n.

WRITING IN MATH Explain why it may not always be in
the ressarcher’s best interest to have the kswest possible
sigmificance level in order o reduce the possibility of 2
tvpe | ermor.



Spiral Review

37 SHOES A sampleof 35 pairs of running shoes found the average cost to be 545,35 witha
standard deviatson of $7.60. Estimate the mean cost for runming shoss using a confidencs
mberval given a 90% confidence kevel

38. RARE BOOKS The average prices for thoee antiquebooks ane shown, Boak | oo Peics Pi}
The prices vary doe to the age and condition of each book.
Do Qwomie =]
8. For a sample of 25 copies of Don Qurrote, find the probability that the Moby Dick o8
mean price & mare than $160, if the standasd deviation is 518, o po
b. For a randon sample of 80 copies of (lmer Thedsd, Fend the probabikity :
that the mean price will be between $115 and 3120, of the standard
deviation is 5§15,
Determine whether each sequence is conmergens or dfvergent.
o, = (10— u)® B0 1, = nd 4 U= aL g =20t2

Find the angle # between vectors u and v,
2 u=2+8+7kve=Ti—-3-%% Boa=-l-H+ilkv=3i—-dj-Tk WM o=J5i-%%v=7Ti-3j-8k

Find a unit vector in the same direction as v
s oy={-913) &6 v = {—3, 1) 41 v=(4,3)

Wirite an equation for the hyperbala with the given chasacteristics.

48. wvertices {—6, 3}, 4, 3); conjugate axis i B units 49, vertices {(—2. &), (=2, —d); conjugate axis i 6 units
Skills Review for Standardized Tests
50. REVIEW Estimaie the median and spread of the data | 62 SAT/ACT Which of the following statements are troe
represented by the bux plot if m ks an integes?

F L 3r 4 s divisable by 3.
i -!:I:I—- I 10 + 8 is divisible by 2.

ML i — 2 is divissble by 4.

[ A londy D 1 and [ only.
& B [only E L IL and Il are true.
I & sk 10 by 0y 10 sk 1 C Land 1T amly
A median = 30, spread = 50 63. Rashid believes that the average price of gasoline is stll
B median = 3, spread = 63 under $2.50 per gallon. He randomly calls 40 different
C median & 50, spread = 50 g stations and Fnds that the average price is $2.51
D median = S0: i 65 with a standard deviation of 3006, Find the pvalue, and

determine whether there is enough evidence 1o support
the cladm at o = L10.
i F 0.85%; not enough evedence
B . G 0.95; envugh evidence
G coa L4 fsin Zandeos 2E 4+ fgin 2n H 015 no Y,
] 1 1 1 15; not encugh e ©
H | 0.05; enough evidence

51 REVIEW Find the solubions of 17 = i

iand =i

1 and -1

g TR Iy o O . U
]l.'u:-!_'—+|1=m§lnd|.us?+!.\.m—a-

A
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inivariate data.

McSima ] Deuc simn Lorenn FemardancShu fs mdock oom

ey ghl

MNewVocabulary

corredation

Ivariate

explanabory variabie

respanse vasdable

correlation coeficient

regression lins

line of best M

residual

least-squares
regression Ene

residual plot

Infusentiad

interpotatian
extrapalatian

a Measure the linear correlations for @ A faature writer for a school

2

seis of bivariate dala using the
comelation cosfficent, and
determine i the correlations ans
sigmificant

newspaper i interested in
determining whether the number
of hoars of skeep a student gets
e night &= related to his or her
averall grade paoint averaoge. In
statistical terms, the writer would
ke 10 know i there is a correletion
betwesn sleep and grades.

Generate lkasi-squares regression
limes for sets of bivariate data, and
use the lines to make predsciions.

-

Correlation Thus far in this chapter, you have graphed., characterseed, and used summary

statistics 1o describe distnbutions of one-variable data sets. Yoo have used sample statistics of
such univariate data to make inferences about a population by developing confidence intervals
and performing hvpothesis tests. Correlabion = another area of mferential statistics that involves
determining whether o relationship exists between bwo variables in a set of bivariate data.

Bivariate data can be represented as ordered pairs (x, y), where 1 & the ndependent or explanatory
variable and v i= the dependent or résponse variable. To determine whether there may be a linear,

a nemilinear, or no correlation between the variables, yvou can vse a scatter plot

¥ ¥ ¥ ¥
- L - L] - =
'l:- -:a-' = .l -'.:-
e g T . g & b
. ., = e o
- * " a e . ". -
- . L]
.l .l- l‘.I l. - & - 5 t.
o x o x o X o ¥
Megative Linear Pasitive Linear Ka Correlation Monbeear Cerrelation
Correlation Cearefation

We say that the data have a strong linear nelatsonship if the points be dose o a straight line and
weak if they are widely scatiered about the line, but interpreting correlation using a scatter plot
tends to be subjective. A more precise way o determine the tvpe and strength of the lmear

relationship between two variables is o calowlate the correlation coefficient. A lormula for this

mmisasure B givien below

KeyConcept Correlation Coefficient

For 7 par. of sampie dats for the varisties ¢ and y, the ooreelstion coeificient r beteeen x and i given by
1 g [} F
"u—ll-{ 3 “, T ]

wiheer &, and ) repeesent the unihers foc fue (& poir of deta, ¥ and §Frepresent the mosns of the by warisbles, and 5, and 5,
represent the siandard devintoes of e two varisbies.

a

The correlation covificient can take on vidues from —1 fo L This value indicates the strengih and tvpe of
linear correlation between xand v as shown in the diagram below.

Ha linssar relationship or Stennd poshive

wwak linear relatiorship

strong reganive
linear soenelation linpas correlation

[ —— ———

1
|
1
1 L] 1




StudyTip

Resicismce of Cosreration
Coafiiciom Lie ihe mean st
stonderd deaation, ris s
nooressiant strlishic i con be
afieried by outfers.

184 b |
1548 14
il £51
1.22 657
184 BB
135 15
565 463
& 00 a5

Figure 473

Notice fram the formula that the correlation coefficient s the average of the products of the
standardized values for 1 and the standardiced values for v, The correlation cocflcient can
be tedions to calculate by hand, so we most often rely on compoter software or a graphing
calculabor.

SLEEF/GPA STUDY A feature writer for a student
newspaper conducts a study to determine whether Hours o
there is a linear relationship between the average Sleep
number af howrs 4 student sleeps each night and his
ar her overall grade point average. The table shows
ihe data that the writer calleched. Make 2 scatber plist
of the data, and identify the relationship. Then

EEH Graph a scatter plot of the data.

Enter the data into Ly and L2 on your calculator.,
Then turn om Ploft ender the STAT PLOT menu
and choose I ysing L for the Kiist and L2

for the ¥ist Graph the scatterplot by pressing
2oomStal or by pressing GRAPH and adjusting
thi window manually [Fyuee 4.71). From the
graph, it appears that the data have a positive

lrvenr correlation. 75 27 T 14
%) 21 % 11
78 28 832 18
78 T 82 15

Calculate and interpret the correlation cosfficient.
Press [BTAT ] and select LinReg(ax+b) under the CALC menu (Fegure 4.7.2). The correbation

coefficient ris about 09148, Becanse ris close to 1, this siggests that the data may have a
strong pasitrve linear correlation. This numerical assessment of the data'is consistent with

our graphical assessment.
® e
-y ¥'§+b
z "I. a" b= %Eg%’g%
h Ii* e E :-:ﬁ
ls.'sl.:.ﬁ-:d: 1 uyllz.q.':wll 1
Figure 471 Figure 4.7.2

B GuldedPractice

1 METEQROLOGY A weather program is featuring a special an a city where a study was conducted
ter determine whether there is a linear relationship between the average monthly rainfall and
tempetature. The table i Figure 4.7.3 shows the data collected. Make a scatter plot of the data.
Then calewlate and interpret the correlaticn coetficient for the data

In Example 1, the data collected represent fust a sample of the entire schooll population; theretore, ¢
represents a siirple eorrelintar corfficend. Inarder for 7 1o be a valid estimate of the popplofion correlafing
coefficent p, the following assumptions musg be vakid.

#» The variables x and v are Frerrdy related
» The variables ar: rondom variables.

* The two variables have a broariade sovmal distributios. That is, x and ¢ each come frem a normally
distributed population.
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We wonld ke to use the valoe of ¢ to make an mference about the relstionshup between the variables
¥ and v for the entire population. In order ko do that, we need fo determine whether the value of [+ is
great encagh to conclude that there 15 a significant relationshep between x and y.

To make this determination, you can perform a hypothesis test. The noll and alternative hypotheses for

ReadingMath a twartailed test of the population correlation coefficient p are as fullos.
Carrelati
mh#mp Hyp=10 There i nit correlation between the rand y variables in the population.

used io represent e popuiation Hyap+0 There & a crrelation between the 1 and v variables in the population.
carmelation coelfident is
provounced rixc, We can use o et as described below to test the significance of the correlation coefficient.

HeyConcept Formula for the £-Test for the Correlation Coefficient

For a rest of far cornel ation between teo werisbles, the test statishic foe o is the sample comelation coelficent ramd the
stanclardined best sintrtic [ & gven by

"_j,ﬁlnn—?hﬁmiwdhrﬁm

Real-World Example 2

SLEEMGPASTUDY In Example 1, you calculated the correlation coefficient r for the 30 pairs of
student sheep and GPA data to be about 0.9148. Test the significance of this correlation coefficient

at the 5% level,
TR tate the hypothescs.
Hyp=10 H,;:p#0

i ™
Abaut 40 million people n the Testing for significance at the 2% level means that ira TR, d
RS wpf Rk sl e = (.05, Since this s a two-tailed test, the critical 113
every yenr Lack of deep can ] e i H e T 10 B25: 555
mie many serices modizal walnes are determmined by o or (L25. Using a & BAE4ETIIT
coozeCuEnCEL graphing calculbator, the critical values for o = 0025
s Thie Matiorad Contar s Sk with 30 — 2or 28 degrees of freedom are § = £2.0,
1 Dtumidars Rseach T

Calenlate the tust statistic

1-#

= (. 9148 'HIIT;‘HF or about 12.0 r= Q8148 and n= 314

EEE] Reject or fail to reject the noll hypothesis,

Simce 120 > 2.0, the statistic falls
within the critical region and the

=y Crindate e el sbaimir-tor p

. Cricical Crical
nll hyvpesthesis is rejected. region regiin
=L Zir

At the 5% level, there s enowgh evidence to conclude that there i a significant correlation
between the average amount of sléep a shadent gets each night and his or her overall GPA

' GuidedPractice

2. METEOROLOGY In the Guided Practice for Example 1, youo calculabed the correlation coeffsdent
for the 12 pairs of rainfall and temperature data, Test the significance of this correlation coefficent
at the B0 lewvel.




ReadingMath

The syméxl  is remd y ot and
= used bo emphanirn Shat the:
uabion gives the prediciod and

mot the actusl resporree pforany r,

Linear Regression Omce the cormelation hetween two variables is determined to be
signifacant, the next step is to determine the equation of the regression line, also called a
linie of best Fit. The regression line desertbes bow the response variable v changes as the explanatosy
variable ¥ changes.
While matwy lines of best fit can be drawn through a ¥ a1
:dufpnuﬂﬂmmum!mndufl:nuﬁ:lu‘md oibareed y- valug 1_!
regression line shown. The difference J between an
observed yvalue and its predicted w-value on the
regression lme is called a ressdual

Residuals are positive when the observed valoe is above the line, negative whin the observed vabue i

below the line, and sero when it iz on the line. The least-squares regression Hne i< the line for which the
sum of Hhe squares of these residuals 15 a avinimuom,

KeyConcept Equation of the Least-Squares Regression Line

!'hlmdﬂuhﬂ.mwhnimmuﬁmh*umﬂzmdmnm&rh}:m +h
The siope o and y imieroept & in this equalion are given by
|:r=r%.mdb= F—ar,

wiere { represents fhe comelation coeflicent between S o werinbles, 7 and § represent Seir means, and 5, and 5,
represent their standard devistioos.

Mg with the correlation coefficient, i s not necessary b cabeulate the least-squares regression eguation
by hand. Computer software or a graphing calculator will provide the slope o and the wintercept b of the
least-syuares regresion line {or keyed-in vahees of the variables.

SLEEF/GPA STUDY Find the equation of the regression line for the data esed in Example L Inberpret
the slope and intercept in context. Then assess the fit of the modeling equation by graphing it,
alomg with the seatter plot of the data, in the same window.

Using the same screen you used to obtain the correlation coefficient (Fgure 4.7.4), the least-squares
regression equation is approximately § = 0.457x — (L8667, The shope # = 0457 indicates that fur each
additional hour of sleep, a student will raise his or her GPA by 0457 poind. The w-intercept b= —L6467
indicates that when a m-&::tmnﬁum:iﬂ:p his o her GPA will be less than 0, which is not
pussible

Since the data appear to be randomby scattered about the fine § = 0457 — 0.667, this regression line
appears to be a good fit foe the data (Figure 4.7.5).

i

Figure 4.7.4 Figure 4.7.5

[, 550 501 by 12, 40501

P GuidedPractice

3. METEOROLOGY Find the squation of the regression line for the rainfall and temperature data
used in the Guided Practice for Example 1 Interpret the slope and intercept in context. Then
assess the it of the modeling equation by graphing it and the scatter plot of the data in the
sarme window.

!

5,
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A least-squares regressson lime describes the overall pattern in a set of bivarate data. As with
univariate data analvss, vou should abways be in the loekout fer striking deviations, or outliers,
from this pattern. Remember that the residuals measure how much the data deviate from the
regression lme

Scatterpbot with Regression Ling

7} ¥

Examining a scatter plok of the residuals, called a residual plot. can belp vou assess how well the
regression line describes the data. In & residual phot, the horizontal bne at 2ero corresponds to the
regression ling. You can create a residual plot using your graphing calculator. If the plot of the
residhuals appears to be ndomly scattered and centered about ¥ = (0, the use of 2 inear model foc
the data is supported. |F the plo displavs a cwrved pattern, the wse of a linear moded would not be

supported,
Ressdual Flat
¥
T
dl I D'J.' ﬁ‘"’ I:er
h——*—‘—'—'—‘—f * -
a d"irhl ﬂ'.; %

Wyl SLEER/GPA STUDY Graph and analyze the residual plot for the average sleep hours and GPA data
sl 0 Sy orepw o e in Example 1 to determine whethes the linear model fund in Example 3 is appropriate.
calcoisted rom smy regression
line fified (o the dags, the resde by N . .
i il it in Example 3, you can obtain the residual pl of e .
The mese of the Iesstaquares the: data by turning on Ploi2 arder the STAT PLOT = .
nesidusis will abweys be zero. merm and choosing &, using L1 for the Xlist and P A
e RESID For the YHst. You can obtain RESID by a . ="
pressimg | @nd CETAT |and selecting RESID from
the list of names. Liraph the scatter plot of the 16, .50 sel: 1 by 1=05,0:50 sl 1
residuals by pressing ZoomStal

The residuals appear to be randomly seattered and centered about the regression line at y = 0.
This supports the daim that the use of a lmear model & appropriate.
P GuidedPractice

4. METEOROLOGY Ciraph and analvee the resicdial plot for the ramfall and temperature data 1o
determing if the linear mudel found in the Guided Practice for Example 3 s appropriate.

The residual plot magnifies deviations of the data ¥ o = Lutlerinthe

paints fram the negression Ene, making it essier o Jrdirection

see outhiers i the data that lie in the ydirection. >

Oruthers in the y-direction can indicate ermors in % & o

data recording or unigue cases, especially when L | "'. a

describing sadetal trends or behanviaral traits. "'=
1]




StudyTip
influence The mfivence of =

oty b5 nob a yes or 0o guesion.

It = a maiter of degres and i

Outhers m the s-direction can have a strong influence ¥
on the position of a regression line. In the figure, two
least-mpuares regression lines are shown. The solid bnse
is caleulated using all the data, while the dashed line &
caleulated leaving out the outhier in the s-direction. i the
Notice that leaving out this point noticeably moves the e dmertion

regression lme.

midividual data paint that substantially changes a regression line i said to be fnfluential Outliers
in the r-direction are often inflential to the keast-speres regression ne. To determine if a pomnt is
ani influential outlier, calculate and graph regression lines iwith and without this point. The point is
influential if there is a sobstantial difference in the positions of the regression lmes when the point
is rermoved,

Example &

SLEEP/GPA STUDY Suppose the feature writer in Example 1
conducting the sleep,/GFA study Later received the
addstional piece of data listed in the table, which is

an oulier.

Hours of Sleep | GRA

a. Make a new scatter plot of the sleep/GPA data that

Add the data puint o the end of U1 aned L2 and then ' -
graph the data, adjusting your window as necessary. at =
From the graph you can see that this poeint is an E:‘I
onxtlier in the r-direction. .':.'l L]

a

b. Calculate the correlation coefficient and least squares = 1 1 t ¥
regression line with this outlier. Describe the effect 16, 171 sek 1 by 2, Absel: ¥
this autlier has on the strength of the correlation and
on the slope and intercept of the regression line.

Origimal data: re= LYI4E ¥ = [1A57x — (667
Dhata with outhier: r&= 0,934 ¥ = 0,3%x — 18]

The puthier has reduced the strength of the correlation. The change in the slope of the regression
equation has caused the rate at which a student's GPA is raised due to additional sleep to drop
from (.457 points per howr to 0.3 per hour. At the same time, this ootlier has raised the
winbercept, indicating that a student whao gets no sleep will have a GPA dose 10 0

¢ Plot both regression lines in the same windao
Then state whether the outlier is inflisential.
The graph of the regression lnes shows that
the regression lne moves maore than a small

amount when the ouilier i added. : e ; :

¥ = DASTy — 0567

=035 — 0,181

B GuidedPractice

5. METEOROLOGY Suppose the valoe (2.51, 50.4) for the raindall and temperature data from Guided

Practice 1 was replaced with (L5, 50.4).

A Make a scatter phiot of the original tensperatorerainfall data that inchudes this outlier.

B Calewate the correlation coefficient and lewst squares regression kine with this outlier. Describe
the effect this outlier has on the strength of the correlation and on the slope and mtercept of
the: regression line.

C Plot bath negression lines in the same window, Then state whether the outlier = influential.
Explain voror reasoming.

I."\_
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i Omnece vou determine that the lmear correlation coefficient for a set of data i ssgnificant and you
WatchQut find the least-squares regression line, vou can then use the equation to make predictions over the
Sy Pipelictiion D ki range of the data. Making sach predictions i= called interpalation. Lsing the equatim to make
ezsd squares regrossian ling fo predictions far outside the range of the svaloes you used to obtain the régression line is called
e pradictions pess & fmaer extrapolation. Extrapolation shoold be avoided, since few real-world relationships are linear for
modet ks apcenprine sad e all values of the explanatory variable.

correlation cosfficent js sgnificant.

kh”“m‘“"“‘" et | I :

SLEEPIGPASTUDY The regression equation foc the average hours of sleep x and GPA v fram
Example 3 was {f = 0,457 — 0,667, Use this equation to predict the expected GPA (1o the nearest
tenth) fiar 3 student wha averages the fullowing hours of sleep and state whether this prediction
is reasomable. Explain.

&, B howrs
Evaluate the regression equation for x = # to calealste 4.

# = 457 — 06467 Regression eoamticn
= (LAST(H) — 0667 =1
= 1656 — (L6bT Puispy
=2 989 Sotemart,

Using this model, we would éxpect that a student sveraging 8 howrs of sleep woidd have
GPA of abodt 3.8 This GPA & neasenable since § & an rvalue in the range of the original

data.
b. 10.5 hoors
i = 0457 — 0667 Reqression soamtion
= 0457(105) — 0667 s=105
= 4.79E5 — DLhad Mgy
= 4.1315 Sobimact.

Using this model, we would expect that a student sveraging 1005 hours of sleep would have
a GPA of about 4.1 This vahee i ot reasenable, since we are extrapolaling a y-valiee for an
raadue that falls far outside the range of the onginal data. 1t & abo not meaninghel, sinee 3
student cannot earn a GPA higher than a 4.0 in this medel

r\‘l‘.lt i P GuidedPractice
(iF]
- ; 6. METEOROLDGY Lse the regression equation for the rainfall and temperatore data from Gusded
P ':.: .un:I " Practice 3 to predict the expected bemperature {to the nearest tenth of a degree) for oxenths with
gy e e e each sverage ramifall State whether this prediction is reasonalbile. Explain
necessandy imply a cauze-and- A 3em & #con
eflect relationship. & sgnificant
coaTelation inchcmes onby that i o
0 some Wy associated with

When analyzing bivartate data, follow the steps summarieed below.

peoptSummary Analyzing Bivariate Data

Mhnmud.mﬁdmdemmmwmhmm

ETE tithey acpear io be lincary retaied, oriculaie the strengtn of e relatiomsitio by calosdating e comelabon
coefficen.

Uiz o f-test {0 dieiermies i the coreelation b ggnilicent.
ﬂnﬁmmhhﬂ-mmmmﬂmﬂnﬁhu




For Exercises 1-6, analyze the bivariate data.

8. Make a scatter plot of the data, and identify the
relationship, Then calculate and interpret the correlation
coefficient.

Determine if the correlation coefficient is significant at the
1%, 5%, and 10% levels. Explain your redsoning.

I the correlation is significant at the 10% level, state the
and intercept in conbext.

Graph and analyze the residual plot.

Identify any influential outliers. Describe the effect the
ovuathier has on the af the original correlation and
on the slope and intercept of the original regression line,
If any data were removed, reassess the significance of

the correlation at the 10% level and, if still appropriate,
recaleulate the regression equation.

Use the regression equation to make the

predictions. Interpret your results, and state whether

the prediction is reasonable. Explain your reasaning.

1L FAT GRAMS AND PROTEIN An athlete wondered if thens &
a stgnsficant linear correlation between grams of fat and
grams of protein in various foods. H appropriote; use the
data below to predict the amount of protein (per serving)
of an item with 1, 3, or 13 grams of fat.

Fat g | Brotein {gi Fatigl | Brotem ig)
12 L] 5 o]
LT E ] =B Pl
L ] E 1) 5
0 5 B 5
12 ] a2 ¥l
x FL]

2. FIEER AND CALDWES The fulkwing data shows the caloric

counts and amount of fiber in a variety of breakfast ceneals,

Use the data to predict the calonies in a serving
of cereal that has 4.5, 5.5, or 7 grams of fiber,

Fiker igh Lalories Fikeer [gh Cafories
15 EEES 1 148
os = 15 5
1 k] L 855
25 1045 1 ng
a " 15 ™
as el o 515
as w2 | 1868
05 105 05 995
& 1865 £5 45
1 154 EE 1405
i isg 05 1225
' 1S 2 TH
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3. EDUCATION AND HEALTH CARE The following data hists the

performance rankings of education and bealth care in
14 states. If appropriste, use the data to predict the health
care ranking if the eduecation ranking is 15, 28, or 42,

Education | Health Care Erfircatinn | Heatih Care

1 45 B 15
2 43 ]

E| 50 L] o
z 7 ] 21
5 ] 2 28
i ¥ 17 -]
7 n 1" 9

WEIGHT AMD MPG A shopper wants o determine if there is a
sigmificand linear correfation between the weight of cars and
their highway forl efficiency. If appropriate, wse the data
below to predict the gas mileage of attomabiles that weigh
2,900, 3,300, and 4,00 pournids.

Weightfh) | MPS  Weightph) | Mec
1450 3 1450 1
16 x 2847 e
1636 ] 2805 12
2 80 a0 3,067 .
2875 51 2,6 n
2403 ) 2505 1
2572 B 2.3 19
2En M 2om 30

GRADUATION AND UNEMPLOYMENT An economist ivok a
sample of the graduation rates and unemplinment rates of
varions stades in & given vear. Uappmpnn‘l.c s thee data

below b predict the mern.ﬁ-u:l.ment rate if the graduation
rates are TG, B0PL, ar W%,

Gradugted BS |8 [ 79 | BB | B2
Unemployed 41 | 32 |-29° | 43 51
Endanted 3] TE | n a2
Linompigyed 55 5 BE | 48 52

POPULATION AMD CRIME The fullowing daa lists the
periormance rankings of population and crime in 14 states.
If appropriate, use the data to predict the crime ranking if

the population ranking is 15.
2 3 i 5 L 7
15 | 13 L3 5 ] 7
5 0 n|s|83
3 2| m 2 1 &

e i H | B i itk
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[ Match each graph to the corresponding correlation
cuefficient.

=i

b

d
r=—090 b B. r=050 €
r=1.00 d . r==100 &

INCOME AND DIMING DUT A restaorant is condicting a
study to determine the relationahip between a person’s
muonthly income and the number of times that person
dines out each month.

s 30 =i 12650 | 450

500 ]
4 L] | & a2 ]

& Make a scatter plot of the data, and linearize the data
by finding (x, In y).

b. Make a scatier plot of the inearized data, and cabculate
and interpret r.

£ Determine if ris significant at the 5% level.

d. Uf ris significant, find the ares regression
equation by using the model for the linearized data
to Find & model for the original data.

[ nﬁu’npri.a.tl:, s Hlerl.-ﬁn:ﬂxinl: eqml:iun b F'ru.iict e
numiber of times that a person with a monthly income of
S2000 will dirwe out. Is the prediction sessonable? Explain

ADS AND SALES An advertising firm wants to determine
the strength of the relationship between the number of
television ads aired each week and the amoont of sabes

tim thonzsands of dollars) of the product.

2 3 5 7

i L & -] |
8 g 1] W ¥
1 2 12 £} 15

& Make a scatier plot of the data, and wdentify
the relationship. Then find the correlation
coefficient.

b. Determine if the correlation coefficient & significant

at the UrS level. If 5o, find the least-squares regression
equation.

& Suppose the firm airs 15 ads during one week and 18 ads
during the fullowing week, and each ad spot costs $500.
Make a prediction about the increase in profit from the
first week o the second week.

13

H.O.T. Problems

#HUL'H.PLE REPRESENTATIONS In this probdem, vou will
investigate the coefficend of defermimation,

8. GRAPHICAL Make a scaster plot of the data below. Then
calaalate the comrelation coefficent r.

1 2 3 4 3 &
4 F 1| E | |M
b. NUMERICAL Find the mean 7 of the yvaloes.

£ NUMERICAL Determine the least squanes regresson
equation, and find the predicted g-values by substitnting
each vahee of x inko the equation.

d. HUMERICAL L"hrﬂlefuﬂm\ilwitlmulﬂ ber o thaee fokal
variation £{ ¥ — 717, explained variation £{ § — 7)* and
unexplained variation X{ y — §)%.

€. HUMERICAL The coetficient of determination is given by

. explained vanation :
o Use the formula and your
answers from part o to find re.

L AMALYTICAL Lf the explained variation is the variation
that can be explained by the relationship between 1
and v, what do vou think the value of the coefficient of
determination that vou found means?

Use Higher-Order Thinking Skills

REASOMING Determine whether each statement is frie or false.
Explain your reasoning,

L8

15

An rvalue of —0.85 indicates a stronger linear correlation
than an r valoe of (175,

I the mnll hypothess is rejected, it means that the value of g
is not significantly different from 0.

CHALLENGE Consider two sets of bivartabe daka, C and D,
which represent exponential relationships. With an
expumential regresidon, the valoe of the base b in C is the
reciprocal of the value of bin . The correlation coefficients
for each are equal to 0.9 What is the relationship of the
finearized regression lines of Cand D7

L REASONING Consider thie data set bebow where now A

represents the explanatory varable and row B represents
the responas variable.

n (] a4
4 127 ME
8. Make a scatter plot of the data. Then determine the
equation for the beast squares negression line and graph
it im the same window as the scatter plok

b. Interchange A and 8 and repeat part 2.

£ What effect does switching the explanatory and response
variables have on the regression line?

& 52 55
154 | #69 | T

WRITING 1M MATH Diescribe the strengths and weaknesses of
the correlation coefficient a a measure of lnear correlation
for a set of bivariabe data



Spiral Review

19, FOOTBALL Jason claims that she can theow a football at beast 55 vards, After 37 throws, has m
averape distance s 57.7 yords with a standard devisbion of 3.6 vands. 14 there enough evidence
toi rejict Jason’s claim at o = (1057 Explain your reasoning. M | w09 ) B2 | e
20, BOWLUNG 5Suha and Shatkha want ke compare their bowhing scores. They recorded their soones i L
for 16 ganves as shown. 3 ot § 5 55
& Cabcalate the mean and sample standard deviation for each data set we | s | o | aoa
b, Construct two 9% comfidinece intervals foir the: average secore for both Saha and Shaikha |12l s | W
e Make a statement comparing the effectiveness of the fwo intervals. pa | 1m | m | =
iR 7] il 1
If passible, find the sum of each infinite grometric series. 0 | e | 2%

23 164+ 12494 .

Lt =i

I'Lu']=l_r=% Iom=Tr=

Wite an explicit formuls and a recursive formula for Anding the sth term of each arithmetic
ﬂtlm.

- 1n 13
2. 10, 265,43, ... 25 15, —9 =33, . 26. 3,-:—,-1—,....

Express each complex aumber in palar form.
Ir G- Bi b Y | 29 3+ 24

Determine whether each pair of vectors are parallel.
30. g= (3,4, —6),h={9, 12, —18) I j=(9 1511} k= (1410, 7} 32 n=(-16, -8, —13),p = (—15,9. 5

Skills Review for Standardized Tests

3. SATIACT Which of the 7 34. The table shows the total attendance for minor league
ollewwigs I:|'I'|.I.:1. I:: -EI baseball in some recent years, Which of the kellowing
true about the graph? is & regression equeation for the data?

3 &
Ceamnes =N
real mumbsers. L af—ae e w4
IL The hemction is i . 3
V=T + 35 r
2000 331
HL The range is about o ST e &£ ] 8 1z
lv | y=35) Fia 74
Yl D 1l ook F w=131r — 256815 H y=131r - 184
B land I E 1l anly G y=tsa-BEy ] y=L-14
C 11 and N

35. FREERESPONSE For the following problem, consider a real-life situation that exhibits the
characteristics of exponential or logistic growth or decay.

A ldentifv the situation and the tvpe of growth or decay that it represents.

Pose a question or make a claim about the sibuation.

Make a hvpothesis o the answer of the question,

Develop, justity, and implement a method to collect, organice. and analyee the related data,

Exkend the nature of collected, discrete data bo that of a continoous fometion that describes
the known data set.

L Generalire the results and make a condusion.
Compare the hypothesis and the conclusion.

PR

e

L

2486 | Lesson 4-7 | Correlation and Linear Regression
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& Use a Graphing Calcuator
techanlogy 1o find
a medéan-fit kne to model
a relationship shown in
a scatter plot

-

TechnologyTip

loorm Lise diierent icons for the
Mz poants o ey dsnguish
them from e reguiar datn pomts
Eraty et paint and seiecs
Attribuses i change the kon type

} EIH Divide the data into thres nelatively equal

raphing Technology Lab
Median-Fit Lines

| previcars ELsnns, you Rive wSed regression equations oo represent a sef of data. Anothed Type of regressan wsed to
midel dala i & mediann-ii Ene.

A meedkan-fit lines is douwnd by dividing 3 581 of data imo theee equal-sized groups and using the medians aof these groups
bo cetermine 8 regression equation for he data.

Activity 1

Draw a Madian-Fit Line
Use the data in the table to draw a median-fit line.

U5, Energy Related Carbon Dioxide
Emissions (million metric tons)

Year Emissions fear Emizzions
L=k 5.3m H02 SEM
HoE 5489 i AT
1997 5570 il 5958
1905 5807 IS5 5074
=i 5,654 i il 5,
2000 5.Ba8 M7 5584
2001 5154

Seaina: B Wiaan ARTRNETang

Enter the data in a spreadshect. Then make a seatter plot of the data, Let the r-axis
represent the number of vears where 0 represents the vese 2000 and the yaxds the
meetric bons of carbon dioxide.

Fl|_ LS T |:p L I°F) s LT = ﬁ
™= af .ll. s WIKI 4 o8
e =] | & A9 ]
N - iy Ean | B
o 1 0
|M Il gy g | -
1}. } £T, . { &
7| AT 4 L1
¥ | ' B
1|1'r a0 1L R —— _—
= of =i - O 3ol B
|.-il|.ub-. vr_ind

:ln“. [Suial 41 t
and symmetric groups. The second group mctoay| | 500,540, 07 0000 [ rmatet B
will have 5 data values, and the other groups |1 |
=
1

will have 4. Then find the medians for the ;
r-and y-values of each group i | S8 A R T
Group 1 median: (—3.5, 5529.5)

Ciraup 2 median: (1, 5820 L]

Group 3 median: (5.5, 597 [,
The median-fit line wves the median points mnpw AN ]
from the Lt and 3nd growps to determine s B e
slope and the average of the three median P B ki
points as 2 poink on the line, By using the ahife Bl
point-sbpe form, ¥ = miy — &) + b, where n
= slope and (o, b} is the average, you can = T
form Ehe mediam-fit lme |
e




StudyTip

[recemedric inlerpertotion
Geomoiicaly, Ewe three median
Dol doiermne B mangle aad the
menrage of thewe & and peaimsis
the centeoid of tee triangie.

| Step 4 WA the average of ¥ ns G [T 1 v Fevas i =i ]
mrdwl + e + medyd ——y |. —
avey =
3 L. el a
Drefine the median-fit line as |
med_med{y) = 48 3d{x = 1} 4+ 577317 Pl
Then graph the medmn-fs line. o "
| e

L

Activity 2  Calculate a Median-Fit Line

Uise e daka bn Activity 1 to caloulste the median-fit line.
ER] Femove the three ordered paies that

represent the medians. Then make a
scatier plot of bhe data,

£
e —
el X 1 3 d I
7
Calculate the equation of the median-fi line. I s e L]
Then j.'g':l'F‘I'l the tl.l'.f Meills! gy wem L CoprVarasd Replm e
Open a new Calculator screen. Under the [ 4 i Ao =
| agha =)
Siatistics: Stat Calculations meni, sebect ol .
Median-Median Line. Enter the lists for | i ST
the v- and wvalmes. ! L et
I — - i

Motice that the egquation of the median-fn
birve found in Activity 1 is sdentical o the
calcubator regression equation.

Analyze the Results

1. Explamn the meaning of the skope of median-fit-line m this setuation,

L s it reasomable to expret this line to represent the data ndefinitely? Explain why or why not
3. How marty metric fons of carbon dicxide emissions were expected in 20157

248 | Extend &7 | Graphing Technology Lab: Median-FIt Lines
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Study Guide and Review

Chapter Summary

KeyConcepts KeyVocabulary
Descriptive Statistics alternaiive hypothesis negatively skewed distribution
s  The thiee most comman shapes far distibations of dals ane pegalively bimomiad distritian nammal destribution
shewed, Symmeelrical, and posifively skewed confidence imterval null hypethesis
Fmti“tr Distributions canlinusus randam varale pEM-EH.I-IH
correlatian &l skevwed distribulion
» The probablity disiribufion of 8 random variable X links each possible i PASY I -
villiie Tar X with its peohabity of accurming carfelation copffesent probabsty distributien
y . critical values random variable
The Mormal Distribution
discrete random variabie regression ne
®  The r-value iepresents the omber of standard di‘nﬂ_jlfl"j that A given enpirical rule respanse variable
s vakie is from the mean, and & gheen byz = — explanatory varisble samgiing distribution
® The standard nosmal distribution is a distribartion od ralues with mean
extrapalation samgling erm
0 ared standard deviation 1. B o
hypotheas best slanifard normal disthbulson
Interential statsstics symmedrical distibution
mterpalation I-fEstribution
beast squares regression line rvalue

The Central Limit Theorem

* A% the samplng Size i incregses, the shape of the distribution of
Ihe sample means appnoaches a normal dstribition.

Confidence Intervals

o When = 30, 0= F£ - — when n < 30 and o s utiknown,
W

H=oti e
W

(]

Hypothesis Testing

*  The sieps io conducl a frypothess test are &5 lollows.
Step 1 Sate e Mypotheses, and identify the claim
Mep 2 - Delenming (e ol values) and region
Slep3 Cairidae the lest satisibe
Sepd  Accepd of refect e mull hypolhesis

Correfation and Limear Regression

» Toanalyze bivakaie data

Siep 't Make a Scafes piol, and oeCide wheiher he variabies appaar
b b lineariy redeted.

Siepd  Cairisaie he oormelaton ooeldent
Siep 3 USE a Hest 1o oelemne (F T Comelabon (S skgnifiant
Hepd  Find the East-squares regression eguatbon.

VocabularyCheck

Identily the word or phrase thal best completes eaeh senlence.

1 The mean S | ess than the median and the majorly af the daia are on
the right n a |regatively siewed, posively skewsad) disiribution,

2. A [conlimupus, discrede) ianiom variabke can 1ake on an infnis
meimber of possibie vahes within 8 specied inbencal

3. A destributon of 2-valees with a mean of 0 and a siandand devialion
of 1= cabed & {imomisd, standard rormad) distriltion

4. The standad dewiation of the sample maans is caled the fsampling
Erree, standard emor of the mean]

5. The fCentral Limn Thecrem, empiical rule) states ihat as n increases,
Ehe shage of the distribution of the cample means will approach a

rarmad distrinstion

B Asnge vwahie eslimate of an unknown papulation parametsr is afed
i) (poind, Interval) esimate

L. The [aiernative, mull] hypotmesis states thal there S not a sigedicant
difference between 2 sample vaies and a populstion parame ey

B Using an eguaton to make predicions far outside the range
of e r-waiues you doed b obiain the regression A s caled
[Etiaporiaton, irespolatan]



Study Guide and Review continued

Lesson-by-Lesson Review

ﬁnr.-:riplivé Statistics

9. SAT SCORES The table ghees the math SAT scoees for
24 precalculus stadents,

373 | &7 | 477 | 49 | BOG | G
392 | 454 | 479 | 491 | 0@ | 5M
405 | 463 | 485 | 492
417 | &M | 485 | 499 | H13 | 533

A Consiruc ﬂ"IIS.II'."gIHII!.iI'lIJ use il i describe the shape af
e disaribution

b. Summarize the centas and spréad of the data uSng Siher s
mean and standard deviation or U Tive-number susmmary,

10, RADDON GAS The lable shows fhe amaunt in pioocuries per BEer ol
fadon O ina Sampie o hommes

05 | 11 | 19 | 24 | 40
0F | 1e | 22 | 25 | 42
|15 | 22 | 29| 54
10 | 17 | 22| 35 | &3
1| ™0

4] 18 | 23

A Consirucl a box plat, and use | 1o describe the shape of
e distribution

b. Summarize the centar and spréad of the data using either e
mean and standard deviatbon ar 1he ve-nismbear Summang.
Justify your chosce

M. MARATHON The tahle gives the frequency distribution of the
completson imes for the Boston Marathon o the st 122 wemen
finishess. Construdt a pescentile graph. Eslimate the percentide
rank for (s fingshing below 3 hours, and ntempeet is meaning.

Time {hours) | Honmser

ZaE-24srEs 3
Z50-2-54 50 4
25525854 28
=104 59 a5
053005 54
Ti-314:55 B

5+ 118

L™

BACKPACKS The table shows the weight of schoed backpacks far
a sampile of Kigh schaod studests.

Average Backpach Weight fibj
ns | 150 | 60 | W0 | M@0 | ME
15 | 155 | WD | 75 | 20 | we
WE | B85 | W5 | WO | 2H0 | wo
ME [ 155 | 70 | WO | AS | 0
w0 | B0 | 7D | RS | 75 | 30D

&, Comstrucl a histogram, aad use il to describe the shape af
e distribution.

110, 340 sel: 4 by 00 14] 5cl: 4

The graph 1= positively skewsd. Mozt of the backpacks appear 1o
wilgh between 1 and 22 pounds with 3 {ew that are heaiers
50 M 12 ol the distriution trails of 1o the right.

b. Summarize the center and spread of the data using either the
mean and standasd deyiation or the five-number summary.
i=Uar Stals

=5
mink=11.5
@1=15.5
Hed=17

A=
mEE N =5a

The distrEtion of data is skesed, theiefoee, he fee-mambe
SIENmEry Can e wsed iy describe the distribution, The five-
filimbes SLETHTERNY Inedicaies that wiiie 'I||E"."."E|gfl|.'i fanoe Beemi
TLS 1o 30 pounds, the median weigm is 17 pounds and hall ol
the wiiggns are between 15.5 and 27 pounds

250 | Chapter 4 | Study Guide and Review
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Probability Distributions

Classily each randam warlable X as discrete ar contiavous. Explaln

YOUF Feasaning.

12. X represenis ihe number of peopls anending an opeaning show of
& Mew Mo 0N 3 given day.

13. X reprecents (the aimaunl ol Bood donated per person Sl 8 recent
blood drive.

4. FAMOUS PEOPLE Ina survey, b3% o aduls said ey recognired
a cartaen famous athlele. Frve adulls are selecied at random and
ashed I they recognize ke athlete
& Construc and graph 2 bnomial distribution for the random
variabie X rapresenting the numer of adalls who fecognized
the athiste.

b. Fired the prabatility that mone than 2 adutls recognized the
athlese

15. DOES Find the variande and siandard deviaton of the probabity
disirimstion for the number of dogs per household n Gresmdia,

Soaith Cangling

Dogn | Erequency

o ks
i piF
2 1
E| m
a 4]

GRAPHING In & school survey, 45% of the students sald 1hal they
knew how 1o graph 8 conic. Five students chosen a1 random are
asked if they can graph & camec.

a. Comstruct and graph a binamaal distribution fae the randam
wariable X representing the number of sludents wha said they
could graph a come.

Here n=5,p =045, and g =1~ 0.45 or 0.55
Pl = oL, + 045" - (557 = D050

Bl = o0, + 088" « 0.55% = 0,206

Pl) = L« 057 « 0557 = 0337

P} = O+ 0,457 « 0557 = 0276

Pil) = C, - 0.45% - 055" = QM3

PiS) = (O, + D55+ 0,557 = 0LOW

pix
030 M
- R S—
010 1
0= 1 ] 1 4 5 X
Students

b. Find the probabdity that fewer than three of the sludents
interviewed could graph a cenlc

PLX < 3) = PO) 4+ P 4+ PR)
=005 & .21 + 034 ar 080 o 60%

The Normal Distribution

Fimd each af the IoSowing.
B =158 p=1Lamd =03

T Xir=234, p=105ando="1:0
18 200X =015 p=10 sl o =15

B Il r=<11 p=135a0o=34

Find the imerval of 2values associated wilh each area.
20, pulssde 55% Z1. middie 24%

4. middie 36% 43, outside 49'%

Find X =36, p =31, and ¢ =13.

Lot
ir
_ -

B
= 285

e

=

251



Study Guide and Review continued

The Central Limit Thearem

school s 288 with a standard deviatan of approximatedy 067,
Find each probability For -8 ramdosm <ampde of S studenls feom
fthat schosl.

A the probabilty thal ;e mean GPA will be le<s tham 2.75
b, e probabilty Ihal me mean GRS will be grealer than 300

€ e probabily thal the mean GPA will be greater than 3.0 but

|ess Man 3.5

25. FHOTOGRAPHY A local pholographes reporied that 55% of
Gratde 12 students kad e gradualion phabos faken cutdoors.
1115 Grade 12 are seledied al random, find the probabity that
fewer than 5 ol thesm will get thesr pRclures ken oultnors.

Fird each of the folowing il zis the z-value, x 5 the sample mean,
B ke mean of Bee population, m S he sample e, and o S the
slandard deviation.

26. rfF=58pu=55 =188 o=02
ZI pif=Ma r=448,n=HW anda="15
2B, nilz=15k=22] p =224 and o =10
B oifz=-181F=342 p=dl andn =16

24. GRADES The average qiade-paint averane of GPA in 3 particular

WEATHER The average anrual snowlall for Albany, New York,
is 62 eantimeters with & standard deviatian of appeoasmately
20 centimetess. Find the probability that the mean snowtall wil
b btwiaan 60 and TO cenlimeless LG & rARdam 'S.H.I'Iﬂﬂﬂ"lﬂ
data far 7 years.

ryalue for x = 6

_B0-§ :
156

=-—020

Iyalue lorx = T

_ M —g2 . .
— I5& J B

= L5

Thereis a 45 8% prababilily thal the snowlall will be befwesn
B and 0 cenimetars.

Frrnal cdifd 0. 28,
1. &K
M T =T

L™

-

i;r-

—

-

Confidence Intervals

Delermane wihether the normial distribution or [-destributon should

bt iesed for each questson. Then find each confidence inberva glven

e lofloweng infeamation

3. c=¥E =13 s=4En=12
HNc=WEFf=3oc=23n=38

2. c=WE =B s=1hnAa=55

A =W i=5Ro=1Ln=4
Determine the minkmum sample sire needed to conduct an
experiment that has the ghven requirements.
M =%k o=39E=08

/B c=Wh o=16E=04

6. c=9% =608 =12

I e=WE =101 E=135

Dietermne whelher the narmal distibution o Fdistbutsan
should be used to find & 95% confidence imtenval in which
F=128 5=38 and n = 50. Then find the confidenes inemval
Since @ 2= 30, e nodmal Estnbuboan shaild he gsed
I & 95% oonfidence interval, 2 5% of the anea lies in each il
Use &grabh-ng rakcifales o tind 2
fi=ftz-—=
Wi
1 :
=128 186 - —= — 08 r= {95 = 18, =nd 1 = &0
WS
=128 +105

The §5% confidence misnval 5 1175 < g < 1385

252 | Chapter 4 | Study Guide and Review
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Hypathesis Testing

For each statement, write he null and alternative hypatheses, and
state which hypolhesis reprasents the elaim,

38 Haousiyya claims that she oid nod drive abowe 120 kil cmeders per
i during the entine rip.

39. Hamdah clains hal she can Iypes fasher han 60 wosds Pt
mimube.

40, Reham clatms that of average, It lakes ey ks han 3 days
rEad 3 SNar el

A1 Hessa claens that he tan bake ai least b AoTen Cookes per haur

Far each claim &, use the specified mloemation to cabouate e les
statictic and debermine whelhsr there & entugh svddente 1 reject the
full Prypothesis. Then miake & slatement regariing the orginsl daim

42 kps=HSo=007=2T8s=10n=46
3 kp=5%ao=0057=589.s=67n=88
4 kp<Ba=00LF=T8i=08Bn=2%

46 kip=39a=010,F=3865=26n=42

Fou clasm k, uwse he specifed information fo caloulate the best
siatistic and delsrmene whether there i enough evidence 1o
reject the null hypothesis. Then make & statement regarding the
originad chaim.

kip bl a=006F=5i=43n=70

State the null and alternative hypeiheses, and identity the claim.
Hy oz 62 M, p<62

Detemine the oritical valuefs) and regian,

Lize the 2-vale snce 1 2 30
and a'lefi-miled test sinde

i < B2, Snce o = 0.05, you
Lar use & graphing cakaudaion
iz find 2 = =1.645;

aFretorme B
-1. 64

. G5
4855675

Calculate the tes] statistic.
B1.5 — 52
r= 5 &= —{0.98 { B2 and o, =

Reject ar kil b reject e null hypotiesis.

Hi 15 R0t fejected Since e 1250 sttt does not tall within he
critical region. Theselore, there is nol encegh evidencs to reject
the chaim.

schood collége prep dass. [ = pre-lest y = fnal]

Sreees for a College Preg Closs
E ¥ ] F ¥ ¥ E ¥
B | 35 § 77 | 25 | BS | 1D | &2 (]
TO| 30 ) 87 | 3G | &5 | B O @2 | 34
W0 | 40 § ™ | 30 Q| 68 | 22 | B4 | 30
87 | 18 f 69 | 24 § 73 | 24 | B2 | 25
oy | 40§ & 21 o 17 M | 28

& Make a scatier péol af the data, and identily the relalionshin
Then cabtidate and Evienprel the cornélataon cosffaient

B. Fes e significance of this comelation coeMient & the
1075 leyel

. GHADES Thetahle shows the pre-test and Tisal graces dor a high

HEIGHT The table shaws the hesghits of brodlsers and sisters.
Make 2 scalter plot of the data and kdentify 1he redalionship.
Then calculale and mierpret e comelation cosficienl

Brothor | B8 | 66 | & | M

Secher B9 | B4 | 63 | 63 § &4

Brotier | M| T3] TR | &S

Lexher Ea | &7 m n Bl
The correlation cosfficient :
1 &5 aboisl 19773 Since ris E =
thos 1o 1, Mis sweggests thal a ®
the: dsta Nave & sEong i
posifive linear comeialion i
This nismesical assessman . &

of the dafta 3gqrees wilh oul
graphical assessment

ilh, 71 ek 1 by L0, 750 ac): 1

253



A=

Study Guide and Review continued

Applications and Problem Solving

41

49.

SPORTS The Dody-fat levels ol 20 professiongl baskeball playess

B 5P
Body Fak Lovels [

34 | 55 | BF | 48
B3 17 | 85 | A5
a5 39 | 40
73 | B9 |95 | 98
15 k] B3 | &1

B Constnsd a bistogeam, and wse il b0 Gescribe the shape of the
disiribution.

B. Summadize the cenber and spread of the daia using eithes e
mean and slandard deviation of Me fve-numbed SHmmany
Juistity il € hadite.

EMERCISE The number of hoars Ihat 5 zample of students sseicces
each week 15 shonwrn

k| 15 o
15 . 2
35 2 o
15 a5 ]
2 as 15
1 L 4

8. Lonsksct a bax plof, and wse i 1o desoribe ihe shape ol he
distribistion.
b. Semmarize the center and spread of the dats wsing either the

mean and Standad deviation o e fve-umbes SUrmary.
Justily yoor Choics.

AP CLASSES The tahle shdows the number of AP dasses pey
Grade 12 siudend Find the mean, variance, and standart deviaton
of this distribition

(%]
(]
f=

x 4} 1
Frequency 12| B[ 5

-]
=

WD 0= for a oraup o penple ana [‘-l'.ll"'l'lﬂ":.l tesiziburied wilh & mean
o 105 and a tandard deviatior al 22 Find the probability that a
mr-dnmh- chibsen persan will have an 1D that corresponads Lo eah
o the falloeig.

& above 107
b. Dedow B4
. Between 110 and T80
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51

52.

53.

CODKIES The aumber of choonlate chips ina cookde i ol
distrifiied with p = 25 and o = 3 Fand each of te following.

B Fpr<35)
b P <X <20
£ P15

WRESTLING The average number of fans aitending Easl High
Schoal & wrestiing meets S namally dsEibuted with o = BR and

o =16, Il & random meets are sehecied, nd the prebabslity thad the
miean of the Sample would be mare Man 90 fans

EXERCISE A zample of 58 studesis found that on average, the
studednls spend TS minutes engaged in piysical activity ead
wiesh. fssume thal the standard deviation from a recent study wis
24 minutes. Estimate the mean lims fudenls spend enganed in
physical acivily each week using & confidence intzrval given a
95% confdence ieved

. FLIGHT &n airne claims Mal s fhghis Irom Clevefand fo Texas

take less than 3.0 hours. A random sample of 30 feghts found an
average time of 2.9 hours and 8 slandan desfation af 0,25 how
Deeteming waehes ine aifine s daim s supponed afa = 005,

A Write ihe naill and aliernative hypotheses, and siate which ang
represen|s the claim

b. Lalciate the [est statistic.

£ Dedeimene wihvelher hers EI’fJuI':'I!'I Evudencs o nejecl the mill
ypathesis
d. Make aslatemend |eg:5|dm|;.1r-e "..rfigl."lﬂ claim.

SCORES The table shows the aplitude and willing test scares fod
& (Rass oved 1he Same malerial.
Agtitude ! Wnting

1 e B3 B4 @ | 3w B s w B
tH oWs B om owe |3 4 om ;.
M1 W4 ME Ma wWI| @ W & %
e W3 M6 W 26|47 B ¥ m I8
W 151 155 W0 3| 3 4 B o3 oL
|mome o o s | a2 B oM 3

i
5]

B Make & scatter plof of the dala, and idently the relationship. Then

raiiiale and interprel the cosmelabion cosfickent

b, Test the sagnificance of this coeredation coedficiend af the 5%
levs.

£- Find 1he equation of 1he regressian Bme.

d. Use mic aquatbon 1o predict the wiiling soore for 8 stodent who
sooed & B on the apifsde test

Pcd vy H | B abinn

Copaghl
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Practice Test
i

1. HACING The ages of the Gst 20 winners al the indisnapolic 500

272 Shnn.

hge {years|

M| M| 2W |13 |40 |8 |7 | N | a2
o [ e P e O e R O

8. Constrecta histogeam, and use i o descrite the shape of
the distribation.
b. Swmmarize the center and spread of the data wsing

either e mean and standard deviaton or 1he
lve-aumbes Sumimany

TELEWISION The number of televissns per househobd for
100 studends i Shown,

1 I |n |V |s &

8. Uss the Mrequency distsibadion by construct and giaph &
probabeity distrbistion Tof e randoem vasiable X

b. Find the mean score, and mtesaret Bs meaning in the costext of
the peohlem Suation

& Find the variance and standard geviation of he probability
distrition.

FOOD M= Sumayya’s math class took 8 poll to find how masmy
arive-{nrongh fips Sudenls made in 2 week

X ] 1 2 3 “ 5

i

Freguency 1] ] 12 22 a2

8. Useine frequency desteibaiion of the results to construct and
graph A probanility destributian far the random vanahle X,
rounding each probabdity i the nearest hundredin,

b. Find fhe mean of e probability distibution.
¢ Find the vakance and standard devialion.

1

CONCESSIONS & survey of 5T movie patrens found (hal cstamers
spent an average of $12.50 at the concessions counter. Asssme That
thi standard deviation feam 2 recent study wias $2.35 Estimale the
mean amount of money customers spend given a 95% confidence
lesnel.

HENT Monammad claims that the average college Stutent spends
less than S400 2 manth on rent. & sampée of 43 students found that
sluherts spenl 2n average of $385 on rent each month and a
stamdand deviation of $30. AL o = 00, determine whamer hers is
enunh evidens io reied the null ypothesis, and make a statement
regarding e orhgina claim

MULTIPLE CHOICE ldentily the graph that could have & coereiation
coelficient af —0.96 in & insar Megeession.

B ¥ c ¥
. = = .ll'."
* - H
-
‘i ] . :
.
. ® e L5
- L - L]
L] L] -
o ¥ o [
] ¥ o r
: L]
=® 8 -
--: e
L] naa®
-
"'.- st
'-..I L
- .
o x o F

10. DRAING The fable lists ihe avemge rimber ol accidents per

mondh foe sections of Righway with the given speesd limits.

B Make ascatier plot of the:

WACATION In the summer, the averane lemparatss at 8 Canhbean spasd |
vaEaton fesnet is 32°C with a standasd deviation of 2 5°C. Fot & data, and identify the gy | -
randodnly setacted day, find the probability fhat e temperaiire relabonship i i
will be s follows. b. Calculate and Inferpeet e = 7
A Showe 72T cormelatkon coefcent -
b, beirw 20 e Determing if the corelation = i
E £ between 20°C and 34°C Crefiical & St N - ui
5 i 5% level. Explain your 5 &7
g TG 2] 1
3 PACKAGING The mean weight of a bax of cereal is 362 grams and
5 siandand deviation of 5. 1f & random selection of 5 baves ts samgpled, el iad
2 find the following. s 248
g . probaillly Mal the mean wiight s less than 355 5 10
a 6. probabililty Mat the mean wesght is greater than 310 T 291




Ennnect o AP Calculus

Population Proportions

-+ Objective

# Create confidence
intervals for population

StudyTip

Wormal Decinkxmion sad 2 :Valaet
Reecrl that o posmal dednbobon =
et o il b s
ez Semdog = B Thus wercen
g and use rmives i iioulsin £

256 | Chapterd

4

Yeu learmead thai the probabllity of & success in a singie irial of a bnemial experiment is o and If can be expressed
&5 a fraciion, dedmal, or percentage. For example, the probabdity of tessing a fair coin 2nd reconding 8 =il
is%.-ﬂ_“r.nr!im. This prababillly s a papulofian praportion berause for the fair coin, ihe enlire population, bath
heads and (a5, & alcounted foo

I is not always plawsible to caloalate popalation proporiions. For example, (abndsiing the percentage of high school
stuptherts thak own thes awn car wouald require surveying every high school student. Thas, popuiation propostons can
be esfimated using Sompke progovtions in the same way that sample means wede used 1o esfimate population means
in this chagier.

The sample propariion & is the proportion of successas n g sample and & given by A =i.-ﬂfs:lﬁﬂu mumber of
successes i ine samgie and i & the sample size. The probability of fadare b= then gvenbyd =1— A

Activity 1 Sample Proportion

A sample of 2,552 high school students found that 362 students pwn their own car. Estimate the

population proportion of high school students that own their own car by caleulating the sample
propurkion g

Substitute v = 362 and » = 2583 nfo the frmula for § and simplify.

m Interpret the result
The percent of all high school students that own their own car is approcimately 1%

P Analyze the Results

1. s the sample proportion an accurate extimate for the population proportien? Explain

2. [ the sample is conducted with & karger s, what can be said about the relationship betwesn the
sample progaortion and the population propartson?

3. Will the sample proportion ever equal the population preportien? I not, what can be done to e
sample proportion in addition o increasing m to give a betler estimate for the population
proportion? Explain your ressoning.

A

‘Wie ko that the & found in Actvity 1 s a point esfimate. f we waniad 10 oeate 8 betier estmate, we would want
fo construct &n interval, The behavior of the distibution of sample proportens i similas o he distibution of sample
means. A5 e sample size increases, the distibution becomes approximately normal and the average of the sample
praporiions appraaches the populafion progosion o.

}.h.ﬁ!as.amrﬂm interval can be calculated for 3 popuiation mean by adding and subibracting & masdmum emar of
ectimate £ 1o and from 8 samgle mesn ¥ & maximum evor of estimale c2n be agded o and sublracied from a samgle
prapartion & k4 creaks & conlidende ntenai for 8 population praparion.

MoyConcept Confidence Interval For a Population Proportion

The confidence mtersal £F for a populason proportion i green by
e=5%E

mﬁnhmﬁ.mﬂthmmmﬂmeﬂmhzﬁ
5
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Activity 2

StudyTip
Fndimng rVelees Recall that the
mos comman cnnfidence kevels

] Sty correspooding raalues
e s foBowes

A random sarvey imwwwm
students’ high school grade point average a. Find the

b=

90 confidence interval for the proportion of all college 33
applicants with a grade point average of 3.0 or higher. ilso<dd 600
10z o< 10 s
EFEl find jiand i. s .
|H-=% Sargie Proporbon Formoi
=%ﬂl‘ﬂlﬂ‘ﬂ.ﬁ r= 813 and n = E24

Therefore, § = 1 — 077 or about 0L23,

Verify that nji = 5 and nijf = 5.

i BIS[0.7T) or 63575 nif = (B25H0.23) or 189,75

Simce it 2 5 and g 2= 5, the sampling distribution of f can be approcimated by the
istributiom.

mormal o
SELEY  Find the —value.

For a W% confidence level, - = Lad5.
ETL] Find the maximum error of estimate.

baemem B of Ectimate Farmul

::ﬁ
Fl:].ﬁ-lﬁ'v' or aboart (1.0Z41 r=1645 5 =077, ¢ = 031 ed r= 129

Find the beft and right endpoints of the confidence inberval.
I=3x E
= 077 £ 00301

Left Boandany
.77 = L0241 = 0. 7459

Confidence: interved for = Poporion
=107V amd £ = Q0041

Right Boundary
0.77 4 0.0241 = 07941

The 90% confidence interval is then 0,746 « p < 0794 _ Therefore, we are %% confident that
the propartion of apphicants with a G F.A_of 3.0 or higher is between 716% and 79.0%

P Analyze the Results
4. Describe twao ways that the amfidence interval und in Step 5 can be narmowed.

6. Ui the confidence level is held constant, what wiondd 1 need o be to reduce the masimmm emror
n&mﬂ:im:hhl.r%.'

L

Model and Apply

6. Ina 2006 Gallup Foll of 1,000 adults, 450 feit that the money the government spent on the space
shuttle shoubd have been spent on something ebse, Find the 95% confidence interval for the
proportion of all adults who felt this way.

1. A random sample of 279 households found that 58% had ae least ome sport-utility vebricle (SUV). Find
the 99% confidence inderval for the proportion of all howseholds that own an SUV.
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symbaols

R

LTI N S SRR S - S

EE
|
g

C 2N m

is not equal to

is approomately equal to
is similar 1o

is greater than, & greater than or equal to
is less than, is less than or equal io
opposite or additive imverse of o
absolute valse of o
princpal sguare root of o
mtoofotob

orderaed pair

ordered tripfe

the imaginary unit

nth root of b

rational mumbers
irrational numbers
integers

whale numbers

natural numbers

infinity

negative infinsty
endpoint included
endpoints mot included
logarithm base b of x
oomimon legarithm of x
natural logarithm of ®
wmegd, anguiar speed
alpha, angle measure
bela, angle measure
gamma, angle measirme
theta, angle measure
lambda, wanvelangth

phi, angle measure
wector a
magnitude of vector a

i an element of
is asubset of
intersection

union

~p
pAg
pvyg
p—q
p—q

0B F~= amamgbﬂ'bhg

o)
CR

Sy

EE]E]E]IE |

I'ﬂ.
-]
N

empty sat

negation of g, not p

conjunctien of pand g

disjunction of g and g

condifional statement, § p then g
biconditional stalemant, p if and only if g

degree measure of L4

line containing points J and B
segment with endpaoints A and B
ray with endpoint 4 comaining B
measure of A8, distance between
points 4 and B

is parallel to

is not parallel o

is perpendicular e

imangle

parallefogram

polygon with o sides

vector o

vector from 4 io 8

magnitude of the vector from 4 to B
the image of preimage 4

is mapped onio

circle with cemter &

minor arc with endpoints 4 and B
major arc with endpaints A and T
degree measure of arc AF

sing of ¥
cosine of x
tangent of ¥
Arcsin x
Arceos X
Archan




Symbols

Functions Prokability and Statisiics
fx fof x, the value of fatx Fio) probability of o
={ piecewse-defined function P, i) o7 P permuation of nobjects taken rat a time
A = |x| ahsolute value function Om, Aor ,C; combination of n objects taken r at a time
= fx] function of greatest integer not greater Pia) protability of 4
than & Pia|g) the probahility of A given that B has
e ¥ fof x and y, & function with two variables, already occurred
xand y nl Factorial of i bn being a matural number)
I'fa glix} [of g of x, the composition h =igmia (uppercase), summation
of functions fand g i3 mu, population mean
Y imverse of fx) o sigma (lowercase), population
Caicutus _ standand deviahion
Jm limit as x approaches c o poputation variance
Mgy slope of a secant line 5 sample standard deviation
F[x) derative of fx) 5: sampds variance
P} delta, change z summation fromn = 1tk
f g g i ﬂ;' x-tear, sample mean
& Hy null hypothesss
_1_( chefinlie Tkegrad H, alternative hypothesis
Flaeh antiderivative of fx)
L
Measures
Metric Customary
Length
1 llometer [km) = 1000 meters [m} 1 miile {mi) = TH&D yards [yd)
1 meter = 100 centimeters {cmj 1 mile = 5280 feet [i)
1 centimeter = 10 millimeters jmm 1yard = 3ieat
1{oot = 12 inches {in)
1yard = 36 inches
Volume and Capacity
1 liter |Lj = 1300 milliliters {mL) 1 gallon [gal} = 4 guans gt}
1 ldloliter (kLj = 1000 fiters 1 galion = 128 fluid ounces {fl oz)
1 quart = 2 pints {pf)
1pint = 2 cups )
1 cup = E fluid ounces
Weight and Mass
1 kilogram (ko) = 1000 grams (g} 1 ton (T} = 2000 pounds ()
1 gram = 1000 miligrams {mg) 1 pound = 16 ounces {oz)
. 1 metric ton [fj = 1000 kilograms

EM-2 | symbok, Formulas, and Key Concepls
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Arithmetic Operations and Relations

Identity Foranynumbero, o +0=0+ao=pandag-1=10=0
Substitution |{=) i o = b, then o may be replaced by b.
Reflexive [=) o=
Symmetric (=) Ho=b.thenb = o
Transitive =] Eo=bandb=citheng=c
Commutative For any numbers oandb.o+b=b+ ocando-b=b-0 |
Associative For amy numbers o, b,andc, (o + b} + c=o+ {b+cland (g« b)+c =g« (B« c) :
Diestributrve For any numbers o, b, and ¢, a{b + ) = ob + ocand e(b — c} = ob — or.
Additive lnverse For any number g, there is exactly one nomber —o such that o + (—a) = 0.
Multiplicative Inverse meynumher%_ﬂmeu.h#I],ﬂrereiseuanjymmmm%mthﬂ%-%=T.
Multiplicative (0} Foramy number g, o« 0=0-0=10
Addition {=) Foramy mmbers o, b.and c.fa=b thena+c=d+cC
Subtraction [=) Foramy numbers o, b, and ¢, fa=b, thene —c=b -
“I:' i'i_ (=) and Fnran‘grrrumhersu.b.andc.w‘ilhc#[r.ifu=tr,1themx=th':a|d%=%_
Addition =) For amy numbers o, b, and ¢, ifo > b theno +c > b+ C
Subtraction |{2=)* For amy numbers o, &, apd ¢, ifo > b othenga—c > b=
For amy rumbers o, b, and ¢,
Wultiplication and 1 ifa> bandc > O, then oc = bc and = > 2.
Division [} . o
2 fo>bandc <0 thenoc < bcamd 7 < &

Lero Product For amy real members oand &, ifob = 0, then o = 0, & = 0, or both o and b equal 0
*® These properiies are afso e for <, 2, and =
h I
Algebraic Formuias and Key Concepis
_?.'h === == F P

Matrices

o b e Ffj_la+e b+f Multiplying by a a b kx kb
Adding {c d]*[g .I‘il'_[r.:-l-g d+h Scatar k[E d {kr kol
z a b e fl_la—e B—F s g b| [e F|_[oe+ af + b

Telstracton {f ﬂ']_[F h]*[t'-sr d—h] Muitiphying E: d *[9 h]"{m+$ L‘f+r:|'|'1:|

Paolynomials
Quadratic oz —DEVE —dor 'l.fn’—h:ﬂ#n Square of a o= =(o—bjo— b
Formula Za d Difference =g’ —2ob+b

iz + bf = o+ bilo + B Product of Sum [ + bjjo — &) = o — blig + b}

it = o* + 2ob + b* and Difference =o' -

Logartthms=
Product
P log, ob = log, o + log, b Power Property  log, m” = p log, m
Quotient o _ 7 lesg, ®
T log,§ =log, 0~ log, b6 #0 ChangeclBaee  Jg 0 =d p.




Algebraic Formulas and Key Concepis

| Exponential and Logarithmic Functions
Compound i ynt Exponential - '
SRR a=pl1+4) S N= N1 +1)
Compound A=pe” Exponential N= Ng"
| Interest Growth or Decay
| Product
Property M&I}':h}ghlﬂ'fﬂghj‘ Power Property I:gng‘I:pk.gh]-
" Quotient x
P hgh—;. = log, & — bog, § Change of Base  log, x =T::E
:Lmll:m ﬂﬂ_ﬁ
]i Sequences and Series
nth term, mth term, =
s i o, =a, + jp—Tid TN o, =gyt
| Sum of
E . I _n Sum of — oy _ By ay
Mm 53-"[11 }urSn-E[Zm-F-:n—!]d] & tric Seri 5= =T o 5, ’1_]. r#
Series
Sum of Infinite ﬂ
Gepmetric 5=‘T1r,|r|{1 Euler's Formuia F=tns@+isinh
| Series
: 3 o Exponential Y g
Power Series E "= g+ o oyt ogr 4 - goii 2 _Ei‘i+x+'1'_!+'—+ 2
Binomial Theorem [+ b)" = Co0"6% + 00" 0"+ (Co0" ™ 3B 4 o= + 00" 70 4 v # £, 270"
= (=1 T iﬁm" S L
Cosine and Sine E!E.I=E_ =] = e T !'-II'I.!_ Y e e
£ S (2] 2" a g B TR T
Vectors
Addition in Plane a+ b= o+ by, o5+ by} Addition in Space a+h={m+ b, o5+ by 0y + b}
|
AT e _ . = a—h=a+[-h}
Subtractionin Plane a— b= (o,— b, 0, by} Subtraction in Space = oy By 0 = i, 1y = B
Scalar Multiplication -y Scalar Multiplication <
in P ka = {ka,, oy} nS ka = (ko koy, kog)
Dot Productin Plane  a-b = o.b, + 0,05 Dot Product in Space asb=oby + a;b; + oghy
Angle Between Two . g 2-b : proju = { }
iy fal[h] Projection of u onto v [w]?
I h &k
Magnitude of a Vectar |v1=1‘lr¢:}—x1f+hrz—y.|:|z Triple Scalar Product ™ t-uxwi= |0 Uz Iy
¥y ¥y ¥y
! Equations of a Line on a Coordinate Plane

| Slope-intercept formofaline y=me+b

l{uirt—shpeimnuiaﬁte y=p=mkx-x)

EM-4 | symboks, Fomulas, and Key Concepis
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Algebraic Formulas and Key Concepis
Conic Sactions
Parabala e—h=dply—Korly— k) =4plx— 4 Cirde Pryi=rlax-hP+ -k =r?
—H —it =K =
L2 1 = e I =F‘{F5=J =
o a
e [ e Py [ N et
B 7 =1 ] 7 1
o @ a o]
Rotationof Conics x'=xros P+ psinfandy'= yoos @ — xsin B
Parametric Equations
4 . 1 Horzontal
Vertical Position _'.r=hr,:,5|nﬂ—igi'z+hn Dist ¥= tvgcos B
Complex Numbers
= j =i L
Product Formuta 772 = AT IR TMOA G |t B icoe(o, — 0) 415010, - 03
Distinct Roots l( 8+ 2o _,.94.1,“1} D& Moivre's 7" = [ricos @ + i sin #)1° or
r#|cos + i sin i
Formula P p Theorem rcos nd + §sin nd)
L A
Geometric Formulas and Key Concepts
Coordinate Geometry
Slope m=ﬁ+§’l,12#11 Distance on a number line d=jg— b
Distance on & =
vhi: d=\||'l{1:—x,f+{y1—ydi Arc length £=gz e 20T
Midpoint on a _(H"‘-":Jn"‘l*j‘}’ R _o+h
finate ol M= 7 3 Midpomt on a number line M= 7
4 +y; Ntz
Midpoint in space H=(‘z”.“;’.’z“} Pythagorean Theorem o+ b =t
Distance in space ﬁ':f[xj—x1f+{y1—y.,]z+{rj—z.,]]
Perimeier and Circumference
Square P=4s Rectangle P=2i + 2w Circle C=inrowC=wd
Lateral Surface Area
Prism =Fh Pyramid I'.=%F!'
Cylinder L = 2wrh Cone L= wrl
Total Surface Area
Prism S=Ph+ 28 Cone  S=mrl + ol Cylinder 5 = Zmrh + 2mr”
Pyramid 5=3'ﬂ:+a Sphere S = dwr? Cube 5§ =fs?
Volume
Prism  V=Bh Cone  V=1wr'h Cylinder  V=wrh
Pyramid V=8 Sphere V= 17 Cube V=5
L‘Herhlghfm V= fwh i




Ir'ﬂmaml:ri: Functions and ldentities
Tri wric Eunch
— _ _mp _ sind
T : slnH--hw msH-—hw til'lﬂ--aq e
il Vs e _ 1 =M 1 _ M
E"'Eﬂrnm"mn SEtE"aﬂj'msﬁ tmﬂnmpnmﬂ
Law of Cosines of =b% +c® — Zbccos il b*=o"+c? = 2occos B cl=g+bp?—20bcosC
Law of Sines ""'T‘=”TH=% Heron's Formula Area = /sl — ajjs — bjs — o)
Linear Speed u=% Angular Speed .'..::i:
Trigonometric Identifios
1 1 1
sinfl=—— mmsll=—— tan #=———
Reci i ] L] ool
e = —— sec = —— bl = ——
sin o= i tan
Pythagorean sin? §+cos? B =1 tan? @+ 1=sect @ wf fr =l
5inB=tu5[-g-—ﬂ] Elnﬂ'=|:ut[i£—ﬂ} 5&:9:5:{%—#}
Cofunction
R i - x _ - x _
‘EIJE-E--!IIT[j ﬁl) cof i hn[i vH} csc & 5.&1:{2 H}
sin {—#) = —sin # tos|{—d)=ms 8 tan |{—&) = —tan &
Odd-Even
s [=8) = —csc B sel {—H] = sec & oot (=8} = —cof &
cos b+ B = cos g cos 3 — sina =0 3 cos b — ) = cos o cos @ + sina sin 3
.’nnr"l sin f -+ ) = =in o 005 3 + ooz oo sin A sin j — G} = sinacos § — cosasin 3
_ tange+tand . fana—tangd
L i L | —tanatan g e =M= T mams
tos 28 = cos? @ — €in? B cos 20 =2 cos? 6 —1 tos20=1— 2sin” &
Double-Angle
sin 28 = 2 sin Bcas B tan 26 = 2
T=tn" A
2 Ly 1= s 2 _ T4 W 7o V— oo 28
Power-Reducing sin” = ———— ms*a-—] el b=
L + f— cos B B _ 14 cos @
s sin 3 = 3 s 3 = 3
g t E—t 1—cos @ B _1—ensd . # _zun@
i T 1+ cos R Ty i Bk Y
5inuﬁ1,ﬂ=%[mtu'—.ﬂ|—:n5h+,|’.ﬂ] 5hlcrcus.if=%[sin{n+ﬂh+5h:iu—ﬂﬂ
Product-to-Sum
4 1 . 3 [ ¥ 3
tusucnsﬂ=3[cu5h—,ﬁ]+ms[u+ﬂ}] :nsunn,’:l=i[s.|r|[n+|'.ﬂ—5mh:|—,|3]]
a4 oa—f i+ H -
sinu-d-s'l'r,nh‘:lsin[ E'B]cus[ 3 } :usu+cﬂ5ﬁ=2m( 3 }cm( 7
Somn ) . a+ @y fa-g0 ) e+ dy fa-8
sin o — s = 2 cos 3 sin 3 tos o — oos i = —2 sin 3 }EI‘I 7
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Parent Functions and Funclion Operations

Parent Functions

Linear Functions Absolu

te Value Functions

Quadratic Functions

Sguare Root Funcions
b
T El
— -
Function Operations
Addition if + giix) = fix} + gix) Multiplication  {f- gjix] = fx} = gix)
Subtraction F~ glix) = 1{x} — gix) Division (3)wr =gy g # 0
M A
Cajculus
| Limits
Sum Jim [fix] +glxj] = [ flx) + lim glr) Difference Jim [ — gix] = lim fx} = im gix}
Scalar Multiple  lim [k flx|] = k fim fix} Product Bm [fix) + glx )] = lsm fx) « Em gx}
. A m A g
Quotient G = g M OW # 0 Porser i [ilx) ]-[}I_nﬂf[x!]
o ey = o B e Byerage Instantaneous
nth Root g 'Tf"] S fie), i lim ) > O Velocity - o e o)
wihen i is even b e s H“',','[",,,T
=l
- Sum or
Power Rule IF Az = x" ) = me? =7 Dif. If Fixj = ge % hix), then Fix) = gix) = A
ProductRule  -Iffelgb] = Flrlgle) + fixlg OuotiemRule £ | 3| - Tl
Integrals
r Fundamental &
Integral Jfix)olx = Fx) + C Theorem of ifkld1=FWFF1ﬂ

EM-7



Statistics Formulas and Key Concepts

"'_
r-Walues J'=----?-‘il
Binomial - =t m
Probahility P) = .Cyn'g = ® 9
Confidence
Interval, Normal m:itfmfﬂ::-T“,’!
Distribution

oo =720 (557
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Cover label guide

\_ Cycle 03 Colar _/

lzon indicates the book hvpe
(Example, Course book)

Mumber-3 has besen
Grﬂde —— shioded to repaesant the

wvolume of Course book

0 9 w——— Mumber & Shows grode
I

Advancede+—— Shows stream type

HEDEBE D Q

Course book

| Activity book (workbook)

Reading book (Arabic. social)

I Inferoctive Student Guide (Mafh)

Activity Lab Manual (Science)

| Teacher Guide

Ministry of Education

Call Centre
For Suggestions Inquiries

& Complaints

e 80051115 \I"\
0 04-2176855 \
O WAL ITHIE. OV, BB

0 COCMOEEEOE, gov. a0



